ASKEY-WILSON POLYNOMIALS
FOR ROOT SYSTEMS OF TYPE BC

ToMm H. KOORNWINDER

ABSTRACT. This paper introduces a family of Askey-Wilson type orthogonal polyno-
mials in n variables associated with a root system of type BC,. The family depends,
apart from g, on 5 parameters. For n = 1 it specializes to the four-parameter family
of one-variable Askey-Wilson polynomials. For any n it contains Macdonald’s two
three-parameter families of orthogonal polynomials associated with a root system of
type BC,, as special cases.

1. INTRODUCTION

In recent years, some families of orthogonal polynomials associated with root
systems were introduced. The families studied by Heckman & Opdam [6], [4], [5]
become Jacobi polynomials for root system BC;. The families studied by Mac-
donald (see [11] for root system A,, and [12] for general root systems) become con-
tinuous g-ultraspherical polynomials for root system A; and continuous g-Jacobi
polynomials for root system BC; (see Askey & Wilson [1, §4]). For all root systems
Macdonald’s polynomials tend to the Heckman-Opdam polynomials as ¢ tends to 1.

This paper introduces a family of Askey-Wilson type polynomials for root system
BC,, which depends, apart from ¢, on 5 parameters. For n = 1 it specializes to the
four-parameter family of Askey-Wilson polynomials. For any n it contains Macdon-
ald’s two three-parameter families as special cases: for the pair (BC),, B,,) directly
and for the pair (BC,,, C,,) when ¢ is replaced by ¢2. Moreover, the weight function
integrated over the orthogonality domain was explicitly evaluated by Gustafson [3]
as a generalization of Selberg’s beta integral.

The proofs in this paper are very much inspired by Macdonald’s proofs in [12],
in particular by his proofs in case of root systems Fgs, Fy, G2, where there is no
minuscule fundamental weight available.

The contents of this paper are as follows. Section 2 summarizes Macdonald’s
results. The special case BC,, of these results is discussed in §3 and the further
specialization to BC in §4. The long section 5 introduces Askey-Wilson polyno-
mials for root system BC,,, shows that these polynomials are eigenfunctions of a
certain difference operator and establishes the full orthogonality of the polynomials.
Finally, in §6, special cases and open problems are discussed
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2. SUMMARY OF MACDONALD’S RESULTS

In this section we summarize Macdonald’s [12] results on orthogonal polynomials
associated with root systems. See Humphreys [7] and Bourbaki [2, Chap.6] for
preliminaries on root systems. Let V' be a finite dimensional real vector space with
inner product (., .). Write |v| := (v, v)/? for the norm of v € V. Write

vV i=20/|v]?, 0#wveV.

Let R be a not necessarily reduced root system spanning V. Let S be a reduced
root system in V' such that the set of lines {Ra | @ € R} equals {Ra | a € S}.
Then the pair (R, S) is called admissible and R and S have the same Weyl group
W. Now, for each o € R, there is a (unique) u, > 0 such that o, := ujla € S.
Assume that R is irreducible. It can be arranged, after possible dilation of R and
S, that u, takes values in {1,2} or in {1, 3}.

Let 0 < ¢ < 1. Put qo := ¢“~. Let a — t, be a W-invariant function on R,
taking values in (0, 1) (for convenience). Then t, only depends on |a|. Put ¢, :=1
if « € V\R. Let ko > 0 be such that gFe =+¢,,.

Let R™ be a choice for the set of positive roots in R. Let

Q = Z-Span(R), Q' :=7Z,-Span(R™).
Here, and throughout the paper, Z, := {0,1,2,...}. Let
P={ eV |Na")e€Z VYacR}, P :={NeV|(\a")eZ, VacR"}

be respectively the weight lattice of R and the cone of dominant weights. Define a
partial order on P by A > piff A —p e Q+.
For \ € P let e* be the function on V defined by

eMNx) =N peV

Extend this holomorphically to V 4:V. If f is a function on V' then put (wf)(z) :=
f(w™tx) for w € W, z € V. Hence we* = e®*. Let A be the complex linear span
of the e* (A € P). Let A" denote the space of W-invariants of A. Put

my = |[Wy| ™! Z e = Z e, e Pt

weW peWX

Here Wy denotes the stabilizer of A in W. The my (A € PT) form a basis of AW.

Note that my(z) = myx(—z) (A € PT, z € V). If —id € W then f(z) = f(—=z) for
f € AW, In particular, we will then have that my is real-valued on V.
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Let RV :={a" | « € R} be the root system dual to R. Let Q" := Z-Span(R").
Then T :=V/(2rQY) is a torus. Let & be the image in T of x € V. Let d& be the
normalized Haar measure on 7. For A € P the function 4 ~ e*(z) is well-defined
onT. For a,aq,...,a € C put

o) k
(CL; q)oo = H(l - CL(]‘]), (ah y Ak q)oo = H<a“ q)oo
7=0 =1
Define 1 Lo
A — H (t2a ea;qa)oo A+ — H (tQQ ea;qa)oo
' 1/2 ) ' 1/2
a€R (ta tQ(éz €% o) oo QR+ (ta tzé e ¢ ) oo

Then A = AT A+, Define a hermitian inner product on AW by
()= W™ [ 76) 90 o) di

Definition 2.1. For A € Pt let Py, € A" be characterized by the two conditions

(i) P\ =my + Zu<>\ ux,, my, for certain complex coefficients uy , ;
(ii) (Px,mu) =0if p <A\

Theorem 2.2.
(Px,P,) =0 if X% p.
Define
(To f)(z) := f(z —i(logq)v), =z,veV,

for functions f being analytic on a suitable subset of V + iV containing V. Hence
Tye* = ¢lvNer, NeP.

Let o € V be such that (o, a,) takes just two values 0 and 1 as « runs through R™
(o is a so-called minuscule fundamental weight for SV). Such o exists for all S not
being of type Eg, Fy or G5. In these last three cases we can choose o such that
(0, o) takes values 0, 1 and 2 as « runs through R*. Now put

T,AT
o= TAr

Esf = |WU|_1 Z w(®, T, f),

weWw
Dof = |Wo|™" > w(®@(Tof - f)),
weW
Mo (A) = [We|™h D g™,
weW
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Theorem 2.3. D, maps AW into itself. The Py are eigenfunctions of D, with
ergenvalue

¢ (g (A + pr) = 1o (p1))-
If S is not of type Eg, Fy or Gy then E, maps AW into itself, the Py are also
eigenfunctions of E, with eigenvalue

q'7P) g (A + pr)-

and

with E,(1) scalar.

3. THE cASE R = B(C,

Identify V' with R™ and let &1, ... ,&, be its standard basis. Consider in V the
root systems

R := {iej} U {ﬂ:2€j} U{te; + 5j}i<j of type BC,,

Sp = {iej} U {iei + 5j}i<j of type B,.

SC = {:tej}U{%(ﬂ:€i:t€j)}i<j oftype Cn.
Then Sp and S¢ are reduced, R, Sp and S¢ have the same Weyl groups and in
the mappings a — u;'a of R onto S and onto S¢, u, take the values 1 and 2.

Note that RY = R and that the weight lattice P and the root lattice QQ of R are
both given by

P=Q={mie1 +- - +mpen | m1,...,m, € 7Z}.
Take

R+ = {€j} U {2€j} U {81' + 5j}i<j~

Then
P+:{m151+"'+mn€n‘m12m22~-~2mn207 ml?"'amnez}7
Q+ :{ml(gl_52)+"'+mn—1<€n—1_gn)+mn5n | mi,...,Mnp EZ-l-}‘

The torus T := V/(27rQ") becomes R™/(27Z™). Recall that we have a partial
ordering on P such that A > piff A —p e Q™.
For the pair (R, Sp) we have

Qie;, = Q0 Qioe; =G5 Qaeite; =4,
and there are three different parameters t,, which we write as

a:=1tlte;,, bi=tioe,, t:=1lic,te,.
(Recall that t, = 1 if « ¢ R.) Thus

(3.1) AT = AT AT,
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where
(3.2) 17 (0270 (€507 w
. ]:1 b1/2 eci: q (b€25J7q )oo
ﬁ (%7 @) s
1 1/2653 _q1/265J abl/ZesJ _[)1/266J q)
]:
and

+ . (ea;Q>oo
(3.3) A} = H e

a=e;te;;i<]
For the pair (R, S¢) we have
Qie, = Qi2e, =@, Qhete, = ¢,
and there are three different parameters t,, which we write as
a:=1tlte;,, b:i=tioe,, t:=1lic,te,.
Thus (3.1) holds with

n b1/2 £j. q) (eQEj;QQ)OO

3.4 =
(3.4) 3:1 abl/Qesa @)oo (€253 ¢%) o0
ﬁ (€% ¢%) o
1 abl/QesJ qabl/QesJ bl/QGEJ,—qbl/Qeej;QQ)oo
j:
and

e?: q2)oo
3.5 AT = (%50 oo .
(3.5) ? 11 - (te*¢?)u
a=e;te;; i<y

Since —id € W in case of root system BC,,, m) will be real-valued and we can
read for condition (ii) of Definition 2.1 that

/TPA(:E) my(x) Alz)de =0 if p <A

For the element o of §2 we can take £; in the case Sp and €1 + &2+ --- + &,
in the case Sc. In both cases o is minuscule. So Theorem 2.3 is valid with these
choices of o. In particular, in the case Sp the polynomial P, is eigenfunction of
D., with eigenvalue

n

(3.6) S (abt* I (N — 1)+ (g - 1)),
j=1
The choice o := 27 in the case S¢ would give values 0, 1 and 2 for (o, a.) as «

runs through RT. It will turn out in §6.1 that, in case S¢, the Py are not only
eigenfunctions of E, ;... but also of Dy, .
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4. THE CASE R = B(C;

For n = 1 the two root systems Sp and S¢ coincide and the results of §3 specialize
as follows. We have T'=R/(27Z), P = Q = Z, P = Z, the partial order on P
is the ordinary total order on Z,

elr pemile 1 =12 ...,
my(z) =
1, [=0.

and

( 27@’ q)

(q1/2 6iw, _q1/2 ezx abl/2 ezx —pl/2 eix; Q)oo

_ ( 21x’q )
(abl/Zeiw,qabl/Qezw,_bl/2 ezx,_qbl/Q eix;qQ)oo

At (z) =

The inner product for W-invariant functions f, g becomes an integral over the period
of 2m-periodic even functions, so it can be written as

— 5 | f@ @ Aw) s

Askey-Wilson polynomials p,,(y;a,b,c,d|q) (n € Z) are defined, up to a con-
stant factor, as polynomials of degree n in y which satsify the orthogonality relations

2

(22x
dr =0, n#m.

$ q) oo
(ae™ bet* cet de'™; q) oo

(4.1) / (Pnpm)(cosz;a,b, c,d|q)
0

See Askey & Wilson [1]. Here a,b,c,d are real, or if complex, appear in complex
conjugate pairs, and |al, |b], |¢|,|d| < 1, but the pairwise products of a, b, ¢, d are not
> 1. When the condition |al, |b|, |¢|, |d] < 1 on the parameters is dropped, finitely
many discrete terms have to be added to the orthogonality relation (4.1).

When we compare the expression for A" (x) with the Askey-Wilson weight func-
tion we see that Macdonald’s polynomials for root system BC, coincide, up to a
constant factor, with Askey-Wilson polynomials

pl(COSCE; q1/2, —ql/Q,abl/Q, _pl/? ‘ q).

By Askey & Wilson [1, (4.16), (4.17), (4.20)] the continuous g-Jacobi polynomials
in M. Rahman’s notation can be expressed in terms of Askey-Wilson polynomials
by

Pl(a’ﬁ)(COS x;q) =const. py(cosx;q'/%, —¢*/?, q

a+1/2 a+3/2
4 )

a+1/2 ,6’—|—1/2|q)

=const. p;(cos z;q — B2 _Bt3/2 g2,
Thus, if we put a := ¢, b := ¢?%, then Macdonald’s polynomials for root sys-

tem BC, coincide, up to a constant factor, with continuous ¢-Jacobi polynomals
P(a+ﬁ—1/2,ﬁ—1/2)(
!

§9].

cos z; q). This observation was already made by Macdonald [12,
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If n =1 then, with o :=1,

(1 . abl/Q eim) (1 + b1/2 eix)

P, (2) = 1 _ e2iz

Thus, if we write '
Ri(e") := Pi(x)

then Theorem 2.3 yields
O, (—2) Ri(q~'e"™) + Do (x) Ri(qe’™) = (abg' + ¢~") Ri(e™).
Compare this with Askey & Wilson [1, (5.7), (5.8), (5.9)]:

A(—x) (Rl(q_lem) - Rl(em)) + A(x) (Rl(qem) - Rl(em))
=—(1- q_l) (1- ql_labcd) Ri(e™),

where ‘
R;(e") := const. p;(cosx;a,b, c,d|q)
e (1 - ac™) (1 - be™) (1 — ec) (1 - de*)
1 —ae*™) (1 —06e*") (1 —ce*) (1 —de*
A(x) = : . .
(QL’) (1 _ eQm) (1 _ q€22x>
If ¢ = ¢*/?, d = —¢'/? (the continuous ¢-Jacobi case) then
(1 — ae®) (1 — be'®)
A(z) = :
(.T) 1 — esz
and
A(z) + A(—x) =1 — ab,
SO

A(—z) Ri(qgte™) + A(x) Ri(ge™) = (¢7" — ¢'ab) Ry(e™).

Thus Macdonald’s difference equation for P, in case R = B(' coincides with the
continuous ¢-Jacobi case of the difference equation for Askey-Wilson polynomials.

5. ASKEY-WILSON POLYNOMIALS FOR ROOT SYSTEM B(C,,

We use the notation of §2 and §3. Let
Ry :={2}j=1,.n, Ry :={eiEejhicicjcn,

Ri:=R{U(-R{), Rs:=RjU(-R]),
Rf =Ry URJ, Ry:=RiURy=R/U(-R/).
Let R be the root system of type BC,, of §3. Then Ry = {a € R | 2a ¢ R},
a root system of type C), in V with subsystems R; of type nA; and Ry of type

D,,. (The subscript ¢ stands for ‘long’.) Let W be the Weyl group of R,. It is a
semidirect product of the group of permutations of the coordinates and the group
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of sign changes of the coordinates. Let p, p1, p2 denote half the sum of the positive
roots of Ry, R1, Rs, respectively. Then p = p; + p2 and
pr=¢e1+ex+ - +en, pr=Mm-—-1e+n—2)e2+ - +en1.
Let P, Pt and the partial order < be as in §3. Write e(w) := det(w) (w € W).
Let AW¢ consist of all f € A such that wf = e(w)f (w € W). Write
Jy = Z e(w)e, A€ P
weW
The Jyy, (A € PT) form a basis of AW¢. In particular, put
§:=J,= H (6%0‘ — e_%o‘) =ef H (1—e"9)
a€RS aERS
and
XA =06 "Jatp, AEP
The x» (A € P*) are in AW and form a basis of A". We have
XA =my + Z ax,mu, XE€PT,
HEPT; u<

for certain complex ay .
Fix ¢ € (0,1) and a, b, c,d,t € C. Let

(5.1) AT = H T ;(e ;ql)oo 1 H (ea;.iq)oo
(ae2® be2®, ce3®, de?®; q) 00 wert (te™; ) oo

a€RT
and
(5.2) A(z) == AT (z) AT (—x).
We are now ready to introduce Askey-Wilson polynomials for root system BC),.

Definition 5.1. Assume a, b, ¢, d are real, or if complex, appear in conjugate pairs,
and that |al, |b], |c|,|d|] < 1, but the pairwise products of a,b,c,d are not > 1.
Assume —1 <t < 1. Let T := [—7m,7]" C V. For A € Pt define P, € A" by the
two conditions

(i) Py =my+ ZuePJwKA ux,, my, for certain coefficients uy , ;
(ii) [ Px(x) my(z) A(z)de =0 for pe P, p < A

We will generalize the case R = BC), of Theorem 2.2 by showing that the Py are
orthogonal on T with respect to the weight function A. The proof will be based
on two lemmas, the first one giving the action of a suitable difference operator on
the m), and the second one showing self-adjointness of this operator with respect
to A on T, when acting on AW

Let o := g1, similarly as in §3 for the pair (BC,,, B,). Define ®, and D, as in
§2, with AT being given by (5.1). Thus

T,At
(5.3) P, = AT
and
(5.4) Dof :=|Wo| ™" Y w(@y (T, f — f))
weW

=[Wo ™" > (w®) (Tuof — f), feA”.

weWw
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Lemma 5.2.

D,omy = Z ax,, my
HEPT; u<
with
(5.5) ayy = Z(q—l abed 2T (gM — 1)+ (g — 1)).
j=1

Here a,b,c,d,t may be arbitrarily complex.

Proof. Tt will be convenient to replace a, b, ¢, d in the expression (5.1) for A" by
a, —b, q%c, —q%d, respectively. Thus

(56) A+ — H (ea;Q)OO H (ea;Q)OO )

(aez®, —bez®, q2cer®, —q2dez®; q) o (te*; q) oo

a€RYT a€RY

By substitution of (5.6) in (5.3) we obtain

1—aet) (1+ber) (1 — g2eet) (14 q2de?) H 1 —te®

o, =
(1 —e21) (1 — ge?e1) 1—ex

a=eg1*Fe;;l=2,...,n
(1—ate®)(1+bte 1) (1 — q_%c_le_gl) (1+ q_%d_le_el)
(=) (g Te )

1—tte @
R

a=¢egite;;l=2,...,n

= abed 2"

= abed 2" H 11—t o@ea H [(1 — a—<a,sj>e—sj) (1+ b—(a,€j>€_5j>

—« _ ,—2e;
ozGR;r L-e Jj=1 (1 € ])
- trses) (14 q‘%d‘<"’fj>6_6j)]
(=g e ™) '
Hence
D, =0""16"0,,
where
(5.7) W, = (abed)!7r) 02020 ert2 T (1 -t (7™

aGR;

x 111 - ge ) (1 — a9 e ) (1 + b (%) %)

1

J

x (1 — q—%c—<a,sj>e—€j) (1+ q—%d—<o,sj>e—€j)]
and §, is the following element of AW:
Tool1 . SR B 1.
(58) by =TT 0 be — ghe™) (ghets — g he)
j=1

J
n

=e2P H(l —qe %) (1 — ¢ te2%).
j=1
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If E C (3R1) U R, then write

1Bl =" o

a€EFR

Expansion of (5.7) yields

_ +201—2|Eo||—||E1||—--—|| Ea||—|| F
(5.9) VU, = E E CEy... B, F e’ T [ Eol[=I1E1]] [ Eal[—]] II,
Eo,...,EsCiRT FCRI

where

_1 _1
(5.10) ey, g, 1= (= 1) FOIHIEIFIEIHE gl Eol =31 Esl =5 1Bl

w gl ploor—IIE:ll) lo.p—I1Esll) glowor—[IBall) o.202=IF 1)

Now we can rewrite (5.4) as
_s—ls-1 7
Dyf=0""6"D,f
with

(5.11) Dof = |Wo|™" > e(w) (w¥,) (Two f — f).

weW

Consider (5.11) with f :=mj, (A € PT) and substitute (5.9). Then

wi,w2 €W gy . E,ciR} FCRY

% (q<w10,w2>\> —1) w1 (p2p1=2[|Eo|| = |[Er[| = —[| Ea|[=[|F[])+ w2

Put wy = wiw. Then

(5.12) Domy = W, | W71 Y >, > ey mar (@Y = 1)

weW Ey,...,BEsCiR} FCRY

X Jwr+pt+2p1—2||Bol|— || Ex||——|| Eal|—| | F||-

Hence D,my € AW, Now the J-function in (5.12) is either 0 or £(w’) § x,,, where
w' €W, v e Pt and

w'(v 4 p) = w\ + p+2p1 = 2||Eol| — || Er|| — - = || E4l| = || Fl,
so that

(5.13) v+ p=(w) tw
+ (W) Bp1 = 2/ Bol| = ||BA|] = - = [|Eall) + (w") "  (p2 — [|F1])-

Now

(5.14) (w") ™' (3p1—2||Eo| ||| Br||— - -—|[Eal]) = (w) ™ D kje; = Kje; < 3py
j=1 j=1
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with k;, &} € {~3,-2,-1,0,1,2,3},

G.15) (@) = IFI) = @) Y haa= > Ka<p
a€R+ a€R+

with ke, kl, = % and

(5.16) (w") " rwA <\

Substitution of (5.14), (5.15), (5.16) in (5.13) yields

(5.17) v+p < A+3p1+p2=A+p+2p.
Hence
(5.18) Dymy = > by Jyip

vePt;v<\+2p;

for certain coeflicients b,,.
In order to compute by42,, observe that equality in (5.17) holds iff equality holds
n (5.14), (5.15), (5.16), i.e., iff (w’) 1w € Wy and

(5.19) 1Bol| = |E1|l = - = [|Eall = 2(p1 — w'pa),

(5.20) |F[| = p2 — w'pa.

Hence, by (5.12),

(5.21) bayop, = [Wo| 7" W™ > e(w') epy.... par (@70 = 1),
w,w €W; (w')~lweWy

where Ey, ..., E4, F' are determined by (5.19), (5.20). It follows from (5.19), (5.20)
that
2ol + IFI| = p—w'p, hence (~1)FIHFI = c(uf).

Substitution of (5.19), (5.20) into (5.10) now yields:

CEy.... By F = (W) (abcd)%(1+<(w’)’1a,p1>) m=1+((w) " toypz)

When we substitute this last expression into (5.21) then we obtain

Datap, = [Wo | 7H WA
x > (abed) 3 (@) T op0) gt (@) o) (g ()TN )
w,w' €W; (w')~tweWy

= (W, |7 Y (abed) 1+ (wom)) gn-tt(wops) (glood) _q),
weWw



12 TOM H. KOORNWINDER

Hence

(5.22) barap, =D 3 (abed)2 ) gn= (=) (g2 1),

j=1 e==1

which is (5.5), when we take in account the replacement made for a, b, ¢, d.

Next we show that, for f € AW, Eaf given by (5.11) is divisible by J,. In view
of (5.8) this will follow if we can show that, for each w € W, (wVU,) (Twof — f)
is divisible by the 4n prime factors 1 & qi%e_sj. By (5.7), all but the two factors
1+ q_%e_w" are divisors of w¥,. We will show that these two factors are divisors
of Twe f — f. Write f as a Laurent polynomial F'(e!, ... e°"), invariant under the
transformations e — e~%/. If wo = ¢; then

Twof —f=F(e, ... ,qe%, ... ) — F(e', ... e, ... e")

becomes 0 for e = iq_%, hence it is divisible by 1 :i:q_%e_ej. A similar argument
is valid for wo = —¢;.
By (5.18),

(5.23) 5~ Dymy, = Z Cy My,

vePt;v<\+2p;

for certain coefficients c,, with cxy2,, = bay2,, given by (5.22). Also, 1 Dym
will still be divisible by &,. By (5.8), 6, € AW with highest term ms,,. Hence
Dymy =61 5q_1 D,my will be in A" with highest term b2, my. O

We have

e 1 q) oo (€% q)oo
a=1I ¢ I oo

20‘ 20‘ o 3o
we R, (ae be cez®, de2%; q)oc ch,

Hence

A@) = (wA) (@) = (WA™) (@) (WA*)(~a), w e W,
Lemma 5.3. With the assumptions of Definition 5.1 we have

(5.24) /T(D (@) g d:z;_/f (@) A()dz, f.ge AV

Proof. Since —id € W, f(z) = f(—=z) and g(x) = g(—z). By (5.4) and (5.3),
formula (5.24) can be equivalently written as

(5.25) Z/ wo(WA)) (@) (Two f)(2) — f(2)) (WAT)(—2) g(—2) dz

weW

Z / IUA+ ) ( WU(MA+)>(_x> ((Twag)(_x) - g(—m)) dx.

weW

Since T', f and g are W-invariant, formula (5.25) will be implied by the two identities

/T (A* )@ — i(log g)o) (A+g)(—z) dz = /T (A" f)() (A*g)(—z — i(log g)o) dz
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and
S (T,AN) (w ) AT (—w ) = > At (w ) (T,AT)(—w™'2).
weWw weW

The second identity is obvious, since —id € W. For the first identity observe that
the integral

/(A+f)(z —i(logq),xa, ... ,xy,) (A+g)(—z, —Zoy ..., —Tp)dz
C
over the contour
C=[-mmn|U[mm+ilogq)U[r+ilogq, —m +ilogq|U|[—m + ilogq, —7]

vanishes by Cauchy’s theorem. (By the assumptions on a,b,c,d,t there are no
singularities inside the contour.) Now the result follows, since A" f and A*g are
invariant under translations by 27o. [J

It follows now immediately from Lemmas 5.2 and 5.3 that:
Theorem 5.4. D, Py = ax P\ with axx given by (5.5).
Now we are ready for the main theorem.

Theorem 5.5. If \,u € P, X\ # u, then
/ Py (x) P,(x) A(z) dx = 0.
T

Proof. All integrals
/ m(z) my(x) A(z) de
T

are continuous in a, b, ¢, d,t. Hence the coefficients u) , in Definition 5.1 are con-
tinuous in a, b, ¢, d,t. This implies that

/T Py(2) Po(2) Ax) da

is continuous in a, b, ¢, d,t. By Theorem 5.4 and Lemma 5.3,

/TPA(x) P,(x) A(xz)dxr =0

if axx # a,,,. Fix distinct A and p it follows from (5.5) that, for fixed nonzero
a, b, c,d, the eigenvalues ay, ) and a, , are distinct as polynomials in ¢. This implies
the orthogonality of P\ and P, for a,b,c,d,t in a dense subset of the parameter
domain under consideration. Hence, by continuity, the theorem follows. [J

The method of proof in this last theorem is different from the method used in
similar situations by Macdonald [12]. While Macdonald leaves the parameters fixed
and shows that equality of eigenvalues for all ¢ implies (in most cases) equality of
weights, the above proof leaves ¢ fixed and shows that equality of eigenvalues for
all parameter values implies equality of weights.
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6. DISCUSSION OF RESULTS

6.1. Special cases. When we compare (5.1) with (3.1), (3.2) and (3.3), then it is
clear that Askey-Wilson polynomials for root system BC,, with a, b, c,d,t replaced
by q%, —q%,ab%, —b%,t become Macdonald’s polynomials for the pair (BC,, By,).
The operator D, given by (5.4) then specializes to the operator for which Theorem
2.3 is valid in case (BC),, B;,), and the eigenvalue (5.5) specializes to the eigenvalue
in Theorem 2.3, cf. (3.6). We can also work then with E, instead of D, .

Next, when we compare (5.1) with (3.1), (3.4) and (3.5) then it is clear that
our polynomials with a,b,c,d,t,q replaced by ab%,qab%, —b%, —qb%,t,q2 become
Macdonald’s polynomials for the pair (BC,,, C,,). The operator D, given by (5.4)
then becomes the operator Ds., for the pair (BC,,C),). Theorem 2.3 does not
say anything about eigenfunctions of this operator, but Theorem 5.4 implies that
Macdonald’s polynomials for the pair (BC,,, C,) are eigenfunctions of Ds.,. This
corresponds nicely with the cases Fg, Fy, G2 of Theorem 2.3, where (o, a,) takes
values 0, 1,2 as o runs through R* and we have to work with D, instead of E,. It
would be interesting to consider if P, might also be eigenfunction of D, for other
“quasi-minuscule” o.

Comparison of (5.1) and (4.1) makes it evident that the BC, Askey-Wilson
polynomials reduce to the one-variable Askey-Wilson polynomials for n = 1.

6.2. A Selberg-type integral and a conjectured quadratic norm. Let A be
given by (5.2) and (5.1) and let the parameters satisfy the inequalities of Definition
5.1. Gustafson [3, (2)] evaluated the Selberg type integral

1 27 27 n t tn—|—j—2 bed:
/ / A(x)d:z;zQ”n!H - (.’1 A?C’Q)Oo,l :
2m)m Jo 0 e (t7,q,abti=1 acti=1 ... edti=1; q) oo

On the other hand, Macdonald [12, (12.6)] conjectured an explicit expression for
the quadratic norm (Py, Py) for polynomials Py associated with any admissible pair
(R,S). It can be shown that Macdonald’s conjecture in case A = 0 and (R, S) =
(BC,, B,) coincides with Gustafson’s formula for (a,b,c,d) = (q%, —q% ,ab?, —b%).
In October 1991, when prof. Macdonald was visiting The Netherlands, first the
author has given a conjectured expression for (Py, Py)/(1, 1), where P) is an Askey-
Wilson polynomial for root system BC,, and next Macdonald [13] has rewritten
this as a conjectured expression for (Pjy, Py). On the same occasion, Macdonald
[13] has also extended his other conjectures in [12, §12] to the BC,, Askey-Wilson
case.

6.3. The Askey-Wilson hierarchy for BC),. It is very probable that all spe-
cializations and limit cases of one-variable Askey-Wilson polynomials have their
analogues in the case of B(),. Someone should certainly write down the orthog-
onality relations and difference operators with explicit eigenvalues for all these
specializations. In some cases these explicit formulas may be rigorously proved by
straightforward limit transition from the general Askey-Wilson case. In other cases,
the limit transition may only give a formal proof and, for a rigorous derivation, the
proofs of the present paper will have to be imitated.

g-Racah-type polynomials for root system BC,, should also be obtained. Here
analytic continuation from the BC,, Askey-Wilson polynomials will be needed and
residues, possibly higher dimensional, will have to be taken. Similar problems will



ASKEY-WILSON POLYNOMIALS FOR ROOT SYSTEMS OF TYPE BC 15

arise when the condition |al|, ||, |c|,|d| < 1 is dropped in Definition 5.1. In the
corresponding one-variable case discrete terms are then added to the orthogonality
relations.

6.4. Quantum group interpretations. It is known from work by Koornwinder
[9], [10], Koelink [8] and Noumi & Mimachi [15], [16] that one-variable Askey-
Wilson polynomials have an interpretation on the quantum group SU,(2). Noumi
[14] announces an interpretation of Macdonald’s polynomials for root system A,
as zonal spherical functions on the quantum analogues of the homogeneous spaces
GL(n)/SO(n) and GL(2n)/Sp(2n). According to Noumi, this was already done
for the quantum analogue of SL(3)/SO(3) by Ueno & Takebayashi. It would be
interesting to find quantum group interpretations of Macdonald’s polynomials in
case of all root systems, and also of the BC,, Askey-Wilson polynomials considered
in the present paper.
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