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Abstract

This paper proves the theorem “Invertible Homogeneous Versors are
Blades” for finite dimensional Geometric Algebras. This implies for Eu-
clidean and Anti-Euclidean spaces that all homogeneous versors are blades.
Furthermore, since an element is a blade regardless of the metric and since
there are easy tests to determine if an element is homogeneous or a versor
in a Euclidean space this translates directly into an easy test to determine
if an arbitrary element is a blade.

1 Introduction

In this paper we show that all invertible homogeneous versors are blades.
The following formulas are adapted from reference[3]:

Y =z|Y +zAY (1)
X|(Y]Z) = (X AY)]Z (2)
sAYZ)=(|Y)Z+Y(zAZ). (3)

Let B be the set of blades. Let V be the set of versors. Let Z be the set of
invertible multivectors. Let H, be the set of r-vectors and let H be the set of
homogeneous multivectors.

1.1 Versor Facts

A versor is defined to be the product of vectors in a Geometric Algebra[3]. A
blade is a k-vector that can be factored into £ mutually anticommuting vectors,
hence it is a special kind of versor.

XeH,and AeVNT = AXA™" € H, (4)

As described in reference[2], for each A € Z NV there is a projection operator,
P4, “onto” A, namely:

PA(X) = %(X —AXATY. (5)



2 The Theoreom

Theorem:

INHNYCB (6)

Proof:

Let B € TN H,NYV. As described in the appendix, let fo be a LIFT
that isomorphically embeds B into a nondegenerate Geometric Algebra over
an n dimensional vector space. Then B € B <= A = fA(B) € B, and
AeInH,NV. If Ais defined as {x € H;1 : A A = 0}, then it is clear that A
is a vector space. Since A € V it follows from equation (4) that

xE?—[1:>PA(1r)E’H1. (7)

In fact, Pa(z)A = £ (x—AzA~™")A = L(xA—Ax) = x|A € H,_1,50 Pa(z)ANA =
0, which implies the stronger statement

x € Hi = Pa(z) € A (8)

If A = {0} then Vx € H; x|A = Pa(x)A = 0 therefore by lemma (12),

A € Hy (and hence A € V). Therefore assume A # {0} and let ey, ea, ..., ex be
an orthogonal basis for A.

Choose a set of (n-k) vectors p1, pa, ..., pn—x such that ey, ea, ..., €5, D1, P2, -o, Pn—k
is a basis for H;. Then let exy; = p; — Pa(p;). The set ey, ea,...,e, is a basis
because P4(p;) € A. This basis is constructed so that i > k£ = e;]A = 0.
Now since ¢ > k = ¢;A = pA—piJ]A = pp AN A € Hppq, it follows that
i>k=e]|A=eA—e; ANA=0. Because

eil(lesAeaN.oNep)|A) = (eiNerAea A...Neg)]A (9)
= (=DferAesA..NeyNe)]A (1

(=Dfer](e2] (- exl(es]4)).)) (1)

it follows that line (9) is zero if ¢ < k and line (11) is zero if ¢ > k. Since
ei]((er Aea A ... Aeg)]A) is zero Vi it follows that | ((eq Aea A...Aeg)]A) =0
Va € Hi. Therefore lemma (12) applies and o = (e1 Aea A ... Aeg)]A € Hy.

Let E; = ejj1€i42...e Vi € {1,...,k — 1} and let E;, = 1. Then since
e1,€s,...,e is an orthogonal basis, it follows Vi € {1,...,k} that e;|E; = 0.
Since e; A A = 0 it then follows from equation (1) and (3) that Vi € {1,...,k}
eiEZ-A = €; (ElA) = eiJ (EZA) +e; A\ (EZA) = eiJ (EZA) + (eij EZ)A + Ei (61‘ A A) =
e;| (F;A). Using that identity k times and equation (2) it follows that

erer...eyA = erE1A=e](E1A)
= e1|(exExA) = e (e2]|(E2A))
~=er](e2] (.. (ex]A)...))
JA

= (e1ANeaA...Neg)

o(eg Nea Ao A ek)JA = e16...e, A.
Therefore A = —61 Aes A ...\ eg, and hence A is a blade.



3 Corollaries

This theoreom immediatly translates into a test to determine if an arbitrary
multivector is blade. Given an element B, check to see if it is homogeneous, if
not then it is not a blade, if the it is then fix a LIFT, fa, to a Euclidean metric.
Then A = fA(B) € B <= B € B. Every nonzero blade in a Euclidean space
has an inverse, so test to see if B has an inverse. If it does not have an inverse
then it is not a blade (unless it is zero in which case it is a blade). If it does
have an inverse then let el,e2, ..., e, be a basis for H; in the Euclidean space.
Then compute a; = Ae;A~". If each a; is a vector then A is a versor (for a
proof see reference[2] or a more classical text). Now if A is not a versor, then it
is not a blade and if it is a versor, then since B € ‘H and a LIFT sends H — H
then Aec HNVNZsoAekB.

4 Conclusion

Invertible homogeneous versors are blades. In a Fuclidean or Anti-Euclidean
space all the nonzero versors are inveritble, so in a Euclidean or Anti-Euclidean
space all homogeneous versors are blades (and all blades are homogeneous ver-
sors). This is useful because tests exist to determine if an invertible multivector
is a versor, so now tests exists to determine if an invertible multivector in a
Euclidean or Anti-Euclidean space is a blade. In fact since a LIFT[1] is a blade-
preserving map, tests now exist to determine if any multivector, in any space,
is a blade.

Appendix

The appendix contains two results used in the earlier proofs.

LIFT

As taken from[l], a LIFT (‘linear injective function’ transformation) from one
Geometric Algebra to another Geometric Algebra is defined as a linear injective
map that preserves the outer product and the scalars. In more detail, given two
geometric algebras, R, 4. and Rgp,c, and a linear injective function, f, from
the vectors of R, 4. to the vectors of R, then f, is a LIF'T between the two
algebras, where f is the outermorphism of f.

This paper uses a LIFT to isomorphically embed a degenerate Geomet-
ric Algebra into a nondegenerate algebra as described in reference[l]. Let
{p1,.-sPp,q1,--,4q,71, ...} be an orthogonal basis for the vectors in R, , ,

such that p; = 1, ¢ = —1, and r; = 0 and let {er,...,epr, f1, - fogr}
be an orthogonal basis for the vectors in Rpirq+r0 such that e = 1 and
fj2 = —1. Then let f be a linear function such that f(p;) = e;, f(q;) = f;j.

and f(ry) = eptr + fg+x. Then fn is an isomorphism embedding R, 4., into
Rptrg+r0-



Contraction Lemma

Let G be a Geometric Algebra over a nondegenerate finite dimensional vector
space R?%0 then

zJ]A=0 Ve eRP’ = AeR (12)

Proof: Since RP%Y is nondegenerate it has an orthogonal basis of invertible
vectors eg, ...,e,. The set {e; : I C {1,2,...,n}} is a basis for G where eg = 1
and er = [[; c;en- If A =3 a’es then e;]A = 0 implies that o’ = 0 when
i € I. Since e;|A = 0 for each e; it is clear that ol = 0 for all I # (), therefore
A is a scalar.
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