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Abstract

We provide representations in geometric algebra for m�dimensional boundaries�
to describe and analyze the geometry of wave propagation� This operation also is the

essence of collision avoidance in robotics� object growing in graphics� and milling�

The most promising result is to represent boundaries as versors in an �m � �� ���

dimensional Minkowski space� wave propagation then becomes a geometric product

of versors�

� Collision detection� object growing� milling� forms

of wave propagation

When we perform a Huyghens�style wave propagation� we place copies of a �propagator� A
at each position on a wave front B� The caustic of these secondary wave fronts then forms
the resulting propagated front� which we denote A��B �see �gure �b	� Each point P of B
in this way �causes� a point in the result �at least when A is convex and B is di
erentiable	�
see �gure �a� By performing a linear approximation to B at P � it is easy to see that at
every point of the resulting caustic� the tangent is equal to that of the point that caused
it� and equal to the tangent at the corresponding point of the �propagator� A� Also �in a
Euclidean space	 the outwardly directed unit normal vectors at the corresponding points
of the original front� the propagator and the resulting front are identical�

�Work performed while on a sabbatical with David Hestenes� group at ASU� Tempe� AZ� USA�
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Now consider �gure �c� which depicts the collision of a movable object A� with a �xed
obstacle B� The reference point of A is prevented from moving freely due to the collision
at P � Computing such local contacts for all translational motions of A� generates the
boundary of the �free space� for the reference point of A�� A linear approximation shows
that the tangents at P of B� A� and the reference point on the result are proportional �with
the outwardly directed normal vector at A� having an opposite sense	�

In fact� the two operations of wave propagation �or �object growing�� or �morphological
dilation�	 are mathematically closely related� Indeed� the boundary of free space in the
collision problem is precisely ��A�	 ��B� i�e� the propagation of B with the propagator
�A� � f�a j a � A�g� Thus an analysis of either is applicable to the other� Another
related problem is �milling�� in which one desires to move a milling tool A� over some
boundary C such that a desired object B is produced� This is in this sense a destructive
form of collision� obviously restrained by C � ��A�	 ��B in the class of boundaries B that
can be produced with a given tool A�� In this paper� we will use the wave propagation
application to provide the basic terminology� when required� since it has the simplest
relationship between tangents �no inverse orientation of the normal of A�	�

The computation and detection of collisions is an important problem in robotics and
computer graphics� but there has been very little quantitative analysis of the mathematical
structure of the interaction� Instead the focus has been on algorithms for some object rep�
resentations� or on topological properties �see e�g� �
� for an interesting qualitative analysis
of the milling problem	� An exception is ��� which computes the di
erential geometry of
such interactions of boundaries for the ��dimensional case� using Legendre transformations
and their coordinate free generalizations� There is an obvious need for extension of those
methods to higher dimensional spaces� but dealing with the boundaries as oriented hy�
persurfaces �with a de�nite inside and outside	 is not easily achieved using conventional
geometric techniques� In this paper� we use geometric algebra ��� �� to analyze the oper�
ations� It is crucial to �rst develop a proper representation of m�dimensional boundaries�
extending classical di
erential geometry with a parametrization�free notion of �inside�� Ge�
ometric calculus ��� can be used to do this very compactly� as we show in section �� enabling
consistent treatment of the �signs� involved in orienting boundaries� But for a good im�
plementational and analytical framework� we need a better representation of boundaries
as geometric objects� this is developed in section �� where we show that geometric algebra
permits a powerful description of the boundaries of objects from Euclidean m�dimensional
space� using an embedding in a �m� �� �	�dimensional Minkowski space� We show in sec�
tion � that in this space� wave propagation assumes a simple additive form� and analyze
some of the di
erential properties �such as� Gaussian curvatures are additive under propa�
gation	� Then in section � we go one step further� we show that this representation can be
cast in terms of versors� specifying the boundary as a direction�dependent translation on
a point at the origin� In this representation many boundary operations �such as rotation�
translation and propagation	 are represented as geometric products of versors�
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Figure �� Wave propagation and collision are mathematically similar 	see text
�

� Boundary geometry

In classical di
erential geometry� one speaks of curves and surfaces without necessarily
viewing them as boundaries� i�e� as borders in the appropriate space with an inside and
an outside� An ad hoc introduction afterwards of a �positive side� to such a curve or
surface using a �left�hand rule� bases the indication of inside on a parametrization� and
is therefore not geometrically invariant� This creates problems when studying outward
wave propagation as an operation on boundaries� for the non�convex parts of an original
wave front will eventually generate secondary wave fronts in which this rule does not
provide the correct outward propagation direction� notably in the pieces where swallowtail
catastrophes have occurred during propagation �see �gure �	� We thus need to have a
consistent geometrically invariant way of specifying the �sides� of a boundary� In ��� this
was done for the ��dimensional case by embedding the boundaries into a projective space�
in classical terminology� In this paper� we treat the m�dimensional case� using geometric
algebra and geometric calculus ��� �� as our language of expression for oriented �sub	spaces�

��� The oriented tangent space

In an m�dimensional Euclidean space G��Im	� with pseudoscalar Im� we consider an object�
noting speci�cally its boundary� This boundary is an �m � �	�dimensional hypersurface�
with locally two �sides�� an inside and an outside� Assume the boundary to be smooth �we
will not treat edges in this paper	� then at every point p of the boundary� the boundary
surface has a local tangent space with pseudoscalar I�p� of grade m � � �which we will
mostly denote by I� with p understood	� Dually� we may represent this by its normal
vector n �with again p understood as parameter	� de�ned by the geometric product with
the inverse pseudoscalar�

n � �II��m � ��	

The ��� is introduced here to avoid awkward signs later on�
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Figure �� Close�up of a swallowtail catastrophe in wave propagation� Note the apparent
reversion of order of points between the cusps� which may seem to be a sign change in the
�rst derivative of the normal vector 	it is not� as we will see
�

We wish to denote the notion of �inside� geometrically in the boundary representation�
This involves orienting n �and hence I	� The usual convention for a circular blob in �D
�with the usual right�handed pseudoscalar I�	 is �when following the contour� the object
is at the left�hand side�� So with a tangent I in the direction of motion� we have II� as
inward pointing direction� Therefore n � �II��� � II� is the inward pointing normal� We
generalize this to m dimensional space� deriving the sign of I using eq���	 from the desire
to have n be the locally inward pointing normal�

��� Di�erential geometry of the boundary

The boundary surface at position p in G��Im	 has tangent I�p�� when we move along the
boundary surface� the tangent will change� The description of these changes can be found
in ����chapter � � �	� and we repeat the elements relevant to our analysis�

A surface is described by the points on it� this is the identity function of the surface�
denoted by id�x	 for a point x� �Example� an origin�centered sphere with radius � is de�ned
by id�x	 � �x�jxj�	 This identity function determines the formula for the projection onto
the tangent space I at any point p of the surface� the projection is the di�erential of the
identity� In formula� the projection of a vector a to the tangent space I at p is�

P�a	 � �a � �x	id�x	 evaluated at p ��	

�We follow Hestenes� convenient notation of suppressing the argument p� and we will write
� for derivatives to x� We used a bold P and � to denote that these operators are in the
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space G��Im	� If we need to denote the point p at which a quantity is to be evaluated�
we will do so using square brackets�	 �Example of eq���	� for the sphere� we obtain the
familiarP�a	 � p�p���a	 � a�p�p�� �a	�	 This same projection operator to the tangent
space with pseudoscalar I can be written in terms of the normal n at p as�

P�a	 � �a � I	I�� � �a � �nIm		I
��
m n�� � �a � n	n�� � n���n � a	 � a� �a � n	n��� ��	

Therefore a unit normal to the surface is�

n � �
a�P�a	

ja�P�a	j
� ��	

The sign needs to be chosen to represent the desired inside of the boundary� since the
de�nition of the boundary surface in terms of id�x	 does not yet include this speci�cation
� it could bound a �blob� or a �hole��

If the positions on the boundary surface are implicitly de�ned by a scalar�valued func�
tion equation ��p	 � �� then there is no need to solve for p to derive id�x	 and perform
the procedure above� For taking the di
erential of � � ��p	 to a we obtain

� � �a � �x	��p	 � �a � �x	��id�x		 � �P�a	 � �p	��p	� ��	

But �P�a	 � �p	��p	 is the P�a	 component of the vector derivative �p��p	� Since this
is zero� �p��p	� which is a vector since � is scalar valued� is proportional to n� It still
needs to be normalized and endowed with the appropriate sign� about which �as before	
the equation specifying the position of the boundary is silent� We thus obtain�

For a boundary implicitly given as ��p	 � �� the inward pointing normal is�

n � �
�p��p	

j�p��p	j
��	

with the sign determined by the desired �inside� at p�

We will refer to this sign as ��p�� or just � with p understood�
The second order di
erential structure of the boundary is obtained by di
erentiating

such a properly oriented n using a vector derivative in some direction b� We denote the
resulting position�dependent linear function of b by n�b	 �leaving the dependence on p

understood implicitly	�
n�b	 � �b � �	n� �
	

Since n�b	 is a linear function of the vector argument b� we may extend it to arbitrary
multivector arguments as an outermorphism �i�e� a ��preserving linear operator	� Speci��
cally� we can form n�b� �b� � � � �bm��	� with the bi forming a basis for the tangent space
G��I�p�	 at p� The quantity n�I	 thus denotes the total change of n as we move over a
local tangent volume the size of the tangent pseudoscalar I� the ratio with I �which is the
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determinant of the mapping n	 is related to the Gaussian curvature of the boundary at p
by�

� � ���	m��n�I	I��� ��	

where we obtain an extra sign relative to the standard convention for the de�nition of
� which uses the outward pointing normal� due to the fact that n � �n gives n�I	 �
���	m��n�I		� �Although this is not totally standard� ��� uses both conventions � switching
between them verbally due to a lack of convenient mathematics to denote orientation�	

The vector n�a	 gives the change in unit normal when moving in the a direction� this
value is unique for the regular surfaces we treat� It is one of the properties of di
erentials
that n�P�a		 � n�a	 for all a � and so a unique inverse to n��	 does not exist� But even
when we limit the inverse to have values in the tangent space G��I�p�	� there may not be a
unique solution� �An example is a cylinder with axis z� where only the component of P�a	
perpendicular to z determines the value of n�a	�	 Therefore the inverse of n��	 usually
produces a set of vectors in the space with pseudoscalar Im based at p �we will denote this
space by G��Im�p�		� We prefer to limit the values to the local tangent space G��I�p�	� and
so de�ne�

n�� � G��I�p�	� G��I�p�	 � n���m	 � fa j n�a	 � mg� ��	

Such set�valued functions can be added� using the Minkowski sum �denoted by �	 as set
addition�

A� B � fa� b j a � A� b � Bg ���	

�Note that if one of the arguments is 	� then so is the result�	��

� The boundary as a geometric object

In the representation of the boundary so far� we required a description of the position p �of
which the di
erential structure gives us the local tangent space� characterizable by I or n	
and an orientation ��p� to specify �inside� �which then gives the proper sign to I or n	� Thus
the boundary is not yet a single geometric object� It is actually possible to combine this
into a single geometrical representation� but we should look towards higher�dimensional
spaces to construct it� A classical construction is an embedding into a projective space
�this technique is called �homogeneous coordinates�	� where we have to be careful to use
oriented projective geometry to maintain the proper signs �see ���	� We start with that�
but we will see how it naturally leads to the use of �generalized homogeneous points�� a
recent development in geometric algebra ����

�The �inverse� should be interpreted in the sense of sets� there is no identity but a containment re�
lationship for n�� � n� a � n

���n�a��� although for the regular surfaces we study here� we do have�
n�n���m�� 	 fmg �where we naturally extended n to work on sets by n�A� � fn�a� j a � Ag�� In what
follows� we will not be pedantic about overloading our functions to operate on sets of operands� sometimes
omitting the set brackets in our expressions�
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��� Embedding in oriented projective space

We embed the boundaries of the Euclidean space G��Im	 in a higher dimensional space
G��Im��	� Choose a basis vector e� in this space� perpendicular to Im� and construct the
pseudoscalar Im�� such that Im�� � e�Im� Note that e� � x � � for any x � Im�

Let the point p be embedded as

p � e� � p ���	

�we will consistently use bold symbols for elements of G�Im	� and italic for elements of
G�Im��	 not also in G�Im		� As we have seen� a boundary element at p is characterized by
a pseudoscalar I�p�� which we will often write as I� In this paper� we take the boundary to
be regular� so that I is an �m � �	�dimensional blade� In the embedding space G��Im��	�
this tangent is represented by the homogeneous blade �see ���	�

�e� � p	 � I � p � I� ���	

Its dual is a vector n in G��Im��	� and it is going to be our representation �as p varies over
the boundary	� We compute the dual as�

n � �p � I	I��m�� � p � �II��m e��� 	 � p � �e��� n	 � n� e��� �p � n	� ���	

We will write e� for e��� � noting that so far the only demand on this inverse is that e� �e
� � ��

i�e� e� is reciprocal to e�� We will also need the obvious e� � e� � � and e� � e� � � and of
course e� � x � � for all x � G��Im	�

The n�representation is a function of n and p� non�linear in p but linear in n� We
denote it by R�n	� with p understood as usual� Di
erentiating this to a we obtain�

�a��	R�n	 � n�a	�e��P�a	�n	�e��p�n�a		 � p��e�n�a		 � R�n�a		 � R��a � �	n	� ���	

so the representation commutes with di
erentiation to an element of G��Im�p�	� This
di
erential vector n�a	 is in I�p�� and so we �nd by linearity that any vector a � G��Im�p�	
�note� Im rather than merely I�	 can be represented by

R�a	 � a� e��p � a	 � p � �e�a	� ���	

Since this is linear in a� we may extend it as an outermorphism to any blade in G�Im�p�	�

R�a� � a� � � � � � ak	 � R�a�	 �R�a�	 � � � � � R�ak	� ���	

and then by linearity to all of G�Im�p�	� Thus we obtain as our representation�

R�A	 � A� e��p �A	 � p � �e�A	� for any A � G�Im�p�	� ��
	

�Note that for a scalar � this yields R��	 � �� as it should� Note also that the represen�
tation of p itself� p � e� � p� does not satisfy this formula � but of course� it is not an
element of its own a�ne space G��Im�p�	�	






Thus the representation of eq���
	 maps the whole geometric algebra at p to G�Im��	�
However� it does not necessarily preserve the geometric product� for the outermorphism
property gives�

R�a � b	 � a � b ���	

whereas
R�a	 � R�b	 � a � b � �e� � e�	�p � a	�p � b	� ���	

and the two are unequal if e� � e� 
� �� Therefore the inner product is not preserved� and
so neither is the geometric product� We will mend this in the next section�

The representation R�A	 satis�es�

p � R�A	 � p �
�
p � �e�A	

�
� �p � p	 � �e�A	 � �� ���	

so that p is perpendicular to the representation of any of the elements of the algebra
G�Im�p�	 based at p� Since R�n	 spans an m�dimensional hypersurface within an �m��	�
dimensional space� we can use this property to obtain p from the di
erential structure of
the representation� as follows�

If we assume e�e� � �� then�

p � ���	mR�n � n�I		e��n � n�I		�� ���	

� R�n � n�I		I��m e���� ���	

with n � n�I	 computable from R�n	 by�

n � n�I	 � e� �
�
e� � R�n � n�I		

�
���	

Proof�

R�n � n�I		e�I
��
m �

�
p �
�
e��n � n�I		

��
e�I

��
m

� p �
�
e��n � n�I		e�I

��
m

�

� ���	mp �
�
e��n � n�I		I��m e�

�

� ���	m�n � n�I		I��m p � �e�e�	

� ���	m�n � n�I		I��m p�

where we use the fact that �n � n�I		I��m is scalar� In fact its value is�

���	m�n � n�I		I��m � ���	m���n � n�I		I��n

� ���	m��n � �n�I	I��n	 � n � ��n	 � �

so that we obtain
R�n � n�I		e�I

��
m � �p ���	

�
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Figure �� The multiplication tables for e�� e
� and E � e� � e� for the geometric product

	GP
� the inner product � and the outer product �� respectively� First factor is the column
index� second factor the row index�

�Note that dually� it is quite clear that R�n � n�I		 should be a multiple of p�
since each of the factors in the wedge product is of the form p � �e�A	� therefore
the dual of the total wedge product is a meet with factors of the form p��AIm	�
The meet of m such blades with p as common term must be proportional to p�	

It is easily veri�ed that the representation of an element A from the tangent
algebra G�Im�p�	 is invertible by the standard projective split method�

R���R�A		 � e� � �e
� � R�A		 � e� �

�
e� � �A� e��p �A	

�
� e� � �e

�A	 � A

���	
and this relates n � n�I	 to R�n � n�I		� �

In practice� one only needs to computeR�n � n�I		e�I
��
m � and then perform scalar rescaling

to bring it in the form e� � p� This provides p � and� incidentally� also ��

��� Generalized homogeneous representation of boundaries

We have seen in eq����	 that the inner product is not preserved under the mapping R��	 if
e�e� 
� �� So it is now reasonable to turn e� into a null vector� i�e� a vector with norm zero�
This is not possible if we take G��Im��	 to be Euclidean � we must extend it to a Minkowski
space� Also� if we still want to preserve the relationship e� � e

� � �� then e� must be a null
vector as well� We thus �nd ourselves with two extra dimensions required beyond m for
a product�preserving representation� This is precisely what was done in the �generalized
homogenous point� embedding for Euclidean spaces used in ���� where a Euclidean G�Im	
was mapped into a Minkowskian G�Im����	� into which basis vectors �e� and e � �e�	 were
then chosen on the null cone� We denote the pseudoscalar formed by e� and e� by E�

E � e� � e� ���	

and �nd the multiplication tables of �gure �� We will follow the same convention as in
the previous section� indicating elements of the Euclidean space in bold� and those of the
embedding space by italic �unless they are contained in Im as well	� The total pseudoscalar
for the Minkowski algebra we de�ne as�

Im���� � EIm� ��
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In ��� it is shown that we can now homogeneously embed the point p by the null vector�

p� � e� � p� �
�
p�e� ���	

�Check that indeed �p�	� � ��	 We will use the notation p� to distinguish this embedding
from the projective embedding p � e� � p in the previous section� Note that� under
identi�cation of e� in both cases� the two are related by�

e� � p� � e� � p �� �E � e�p	� ���	

i�e� if we take the wedge product with e�� the algebraic structures should behave similarly�
In ��� it is shown that e� � p� � q� � � � � is the representation of a hyperplane through the
points p� q� � � �� which we may call the 
at through p� q� � � � following ���� In this view�
by eq����	 the projective representation of p is similar to considering p as a �at� i�e� as
a ��dimensional linear subspace� �For your intuition� it may be useful to know that �e�

represents the point at in�nity� and e� obviously represents the point at the origin�	
The tangent space is a �at with pseudoscalar I at p� and this is represented by�

�e� � p�	 � I� ���	

which is� dually in G��Im����	�

R��n	 � �e� � p� � I	I��m E � �e� � p	 � �II��m E	

� �p � e�	 � �En	 � p � �e�n	 � R�n	

So the dual representation of a �at is the same as the dual projective representation of a
hyperplane �although the interpretation of e� di
ers slightly in both cases	�

As before� we can establish by di
erentiation and linearity that a general element A
from the algebra G�Im�p�	 can be represented as�

R��A	 � �p� � e�	 � �EA	� ���	

and this is numerically the same as R�A	� so that we could now drop the distinction
in notation� But there is an important di
erence in interpretation� since the Minkowski
representation preserves the geometric product�

R��a	R��b	 �
�
�p� � e�	 � �Ea	

� �
�p� � e�	 � �Eb	

�

�
�
a� e��p � a	

� �
b� e��p � b	

�

� ab� e� ��p � a	b� a�p � a		 � �

� �ab	� e��p � �ab		 � p �
�
e��ab	

�

� �p� � e�	 � �Eab	 � R��ab	

Therefore this representation of the tangent algebra is isometric� As a consequence�

�R��n		� � n� � � ���	

��



�a	 a circular hole �b	 a circular blob

e� � �
�

R��n	 � R�n	

�e� � p	�curve

e� � �

R��n	 � R�n	

�e� � p	�curve

Figure �� The representation of a circular hole and a blob in I�� For the �e��p	�curve 	we
factor out the �e��� from the full representation� for simplicity
 the vertical axis denotes e��
this curve resides in the plane e� � � which is indicated� For the R��n	 curves� the vertical
axis is e�� and the curve resides on the sphere R��n	� � �� which due to the Minkowski
geometry looks like a Euclidean cylinder� The curves have been made into cones to better
indicate their spatial nature� and to help see that �e� � p	 is everywhere perpendicular
to R��n � n�I		 Alternatively� the �gure can be viewed as a depiction of the embedding
R�n	 into projective space endowed with a Euclidean metric� then the vertical axis denotes
e� � e�� 	See also ����


so the �m � �	�dimensional R��n	�surface resides on the intersection of the �m � �	�
dimensional unit sphere in Im���� with the plane e� � R��n	 � �� It is essentially the
Gaussian sphere of directions augmented with a perpendicular �ber in the e� direction�
�Due to �e�	

� � �e�	� � �� when drawn this section of the unit sphere looks like an �m��	�
dimensional cylinder to our Euclidean eyes� see �gure ��	 Similar to eq����	� we can now
derive an expression for p in terms of the representation R��n	�

With a boundary represented by R��n	� one can recover the positional aspects
as�

�p� � e�	 � ���	mR��n � n�I		E �n � n�I		��

� ���	mR��n � n�I		EI��m ��� ���	

with n � n�I	 recoverable from R��n	 as e� � �e
� �R��n � n�I			�

Proof� This proof follows that of eq����	�

R��n � n�I		EI��m �
�
�p� � e�	 � �En � n�I		

�
EI��m

� �p� � e�	 �
�
�n � n�I		I��m

�
� ���	m� �p� � e�	�

�

Thus as R�n	� the representation R��n	 of the boundary contains su�cient information
to reconstruct both its position representation and its inward pointing normal � it is a
complete boundary representation�
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� Propagation of boundaries

We are interested in studying the properties of boundaries under the operation of propaga�
tion � a term borrowed from the similarity of this operation to Huyghens wave propagation�
As we showed in the introduction� this operation is essentially equivalent to translational
collision detection in robotics� object growing in graphics� and an inversion of the milling
process�

��� De�nition

Propagation combines two boundaries A and B to produce a boundary A��B according to
the following rules �which can be taken as the de�nition of propagation� or alternatively
derived from a formulaic de�nition as in ���	�

Propagation de�nition�

� The resulting position vector after combining a point pA on A and a point
pB on B is the position pA � pB�

pA��B � pA � pB ���	

� The points pA and pB must have the same inward pointing normal �to A
and B� respectively	� and this is also the inward pointing normal at the
resulting position in the resulting boundary� Symbolically�

nA��B�pA��B� � nA�pA� � nB�pB�� ���	

See �gure � for an illustration of these conditions in ��dimensional space�
These conditions together fully determine the propagation result and the dependence

of its geometry on the geometry of A and B�

��� Propagation in the embedded representations

We denote the embedded boundary representation by n �since numerically�R�n	 andR��n	
are identical� see eq����	� there is no need to distinguish between them	�

Since n is a full description of a boundary� if we can construct the n�representation
of the wave propagation result then we know what the resulting boundary is� But this is
extremely simple� since the n�representation lends itself to direct implementation of the
de�nition of propagation of eq����	 and eq����	�

Let pA�n� be de�ned as�

pA�n� � fx � A j nA�x� � ng� ���	

and similarly for pB���� Then the propagation result of two boundaries

nA � n� e��pA�n� � n	 ��
	

��



and
nB � n� e��pB�n� � n	 ���	

is

nC � n� e� ��pA�n� � n	� �pB�n� � n		

� n� e� ��pA�n�� pB�n�	 � n	 � ���	

so�
pC�n� � pA�n�� pB�n� ���	

So basically� the e� components add up �we use the � since there may be several values of
p�n� for a given n in each boundary� if the boundaries are non�convex	�

This is a simple result � in fact� deceptively simple since the fact that both nA and nB
are written in terms of n may require an inversion and a reparametrization to obtain p as a
function of n valid over a �nite domain �if the boundaries were originally given in terms of
parametrized position	� However� this can be done� if necessary numerically� and then the
result is useful to construct the resulting boundary �in its n�representation form	� and to
derive its properties� Collision detection and wave propagation �and the other� equivalent
operations of the introduction	 can be done fully in this representation� It is only when
one desires the result to be drawn as a positional surface again that the inversion formula
eq����	 or eq����	 needs be invoked �so really only for rendering purposes	�

Figure � was generated in this way� adding the representations of a cardioid and a
circular blob� and then �inverting� the result to a position curve with a local notion of
�inside�� Note the occurrence of swallowtail catastrophes in some of the wave fronts �see also
�gure �	� Classically� these have been considered hard to treat� and even non�di
erentiable�
however they are fully di
erentiable in our directed representation of the tangent space� In
fact� these spatial cusps correspond to in
ection points in the n�representation� and are thus
nothing more unusual than a vanishing second derivative of n �please convince yourself
in �gure � that n�a	 retains its sign � it is the second derivative of n which undergoes
a sign change	� The locations where the boundary surface self�intersect �important for
the analysis of the �millability� of surfaces	 correspond to non�local properties of the n�
representation� the intersection point corresponds to a straight part of the convex hull of
n �for some more details see ��� � but the computational consequences are a subject of
ongoing research	�

��� Analysis of propagation

We can derive a di
erential property of the propagation operation�

The propagated boundary C � A��B obeys the �velocity law��

n��C �m	 � n��A �m	� n��B �m	� ���	

��
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Figure �� The propagation of waves from a cardioid shape� both two units inward and
outward� using a circular propagator� Computed using Mathematica via the embedded rep�
resentation�
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where the quantities are to be evaluated at the related points of eq�	��
� 	So a
fuller description is�

n��
A��B�m	�pA � pB� � n��A �m	�pA�� n��B �m	�pB�� ���	

but it is convenient to omit the point references�

The result is 	 for m not in the common range of nA�pA���	 and nB�pB���	�

Proof� Introduce three tangent vectors a� b and c� to measure the derivative
on each of the surfaces� and use the chain rule of ��� to rewrite them in terms
of derivatives of p�n��

a � PA�a	 � �a � �	pA � �nA�a	 � �p	pA�n�

b � PB�b	 � �b � �	pB � �nB�b	 � �p	pB�n�

c � PC�c	 � �c � �	pC � �nC�c	 � �p	pC�n�

Now select these such that nA�a	 � nB�b	 � nC�c	 � m� This implies that

a � n��A �m	� b � n��B �m	� c � n��C �m	� ���	

We then �nd from the above that these tangents add as position vectors�

c � �m � �p	pC�n� � �m � �p	 �pA�n� � pB�n�	 � a � b� ���	

and therefore� over all possibilities of choosing a and b given c� we obtain�

n��C �m	 � n��A �m	� n��B �m	� ���	

The right hand side produces 	 for any element not common to both sets con�
tributing to the Minkowski sum� hence only elements in both ranges contribute
� which implies that m must be in the common range of nA��	 and nB��	 at pA
and pB� respectively� �

This interaction of the local di
erential geometries can produce involved results� especially
for surfaces with torsion� However� there is an interestingly simple property when we �lump�
over all tangent directions at p�

In a propagation operation� Gaussian curvatures add reciprocally�

�
��
C � �

��
A � �

��
B ���	

	locally� at every triple of corresponding points
�

Proof� We extend n to an outermorphism over all of I� Eq���	 gives nA�I	 �
���	m���AI� Then n��A �I	 � nA�I

�	I��� det�n	 � ���	m��I��A �where nA is
the adjoint of nA� see ���	� and similarly for B and C� and the result follows
from eq����	 since the Minkowski sum translates into a sum for each triple of
corresponding points� �

��



� Object boundaries as versors

XXX observe somewhere� in to out is ��
The equation for the representation R��n	 can be written in an interesting alternative

form using versors in G�Im����	 �versors are multivectors that can be factored into geometric
products of vectors� see ��� pg����	

R��n	�p� � n� e��p � n	 � ��� e�p��	n�� � e�p��	 � e�e
�p��nee

�p��� ��
	

Thus the n�representation can be constructed from a vector n via the general versor equa�
tion

U�x	 � Ux bU�� ���	

�we follow Hestenes� convenient convention of indicating the action of a versor U by its
underlined symbol� b� denotes the grade involution	 using the versor

U � Tp � e�e
�p�� � �� e�p��� ���	

�This happens to be the versor Tp of a translation over p in the standard homogeneous
model of a Euclidean space G��Im	 in the Minkowski space G��EIm	� see ���� However�
those versors work on vectors represented as e� � x � e�x���� not on n� Note that this
equals T x�e�	� a translation of the �point at the origin� e� over the vector x�	

We thus have� in versor notation�

R��n	�p� � T p�n��n	� ���	

So in this view� we can see an object boundary �as represented byR��n		 as an n�dependent
translation p�n� applied to the unit normal vector n� Since the latter is the n�representation
of a point object at the origin as a �trivial	 function of its orientation� this provides the
view�

Any object boundary can be represented as a deformation by orientation�
dependent translation of a point object at the origin�

Non�convex objects may have a particular inward pointing normal n at di
erent points
p� so for those the function p�n� should be considered set�valued� We will overload our
notation to include this�

As before� the representation commutes with di
erentiation� and so we can extend
this representation from n to tangent vectors� and then by linearity to the whole algebra
G�Im�p�	 of multivectors at p� Interpretation for this representation� back to a positional
representation of the boundaries� can be done by using its di
erential structure as in
eq����	�
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boundary operation action on boundary versor

identity versor remains Tp � �� e�p��
translation over t left�multiply by Tt � �� e�t��
wave propagation by a boundary Tq left�multiply by Tq�n� �same n�	
rotation �center c� spinor R	 left�multiply by Rc�R � R� e��c �R	
mirroring in hyperplane �support d � �m	 left�multiply by Md � m� e����
point re�ection in c left�multiply by Pc � Im � e��c � Im	
scaling by � replace by ��� e�p���	

Figure �� Changes of the boundary versor Tp used in the boundary representation TpnT
��
p

under some common operations on the boundary�

��� Versor representation of boundary operations

The advantage of the versor representation is that many important operations �including
wave propagation�	 have a simple representation as a versor pre�multiplier� We show this
now� results are collected in �gure ��

� Boundary translation
When the boundary translates over t� the point p�n� should become p�n� � t� di
er�
entiation shows that n does not change� Thus the new versor for construction of the
representation should act on the same n� and be ��� e��p� t	��	� This is achieved
by multiplying the versor Tp by Tt � ��� e�t��	� for�

T t�p�n	 � T t�Tp�n		 ���	

� Wave propagation
Rewriting the combination law eq����	 to produce the n�representation of the result
from its constituents in terms of versors� we �nd�

The versor of the wave propagation result A��B is the geometric product
of the versors of A and B of wave front and propagator�

TA��B � TA TB � TB TA ���	

	where� for set�valued T � all combinations of products should be performed
�

Proof� For single �valued p�n�� this is essentially the same as the transla�
tion above�

TB TA �
�
�� e�pB�n���

� �
�� e�pA�n���

�
�
�
�� e��pB�n� � pA�n�	��

�
�

�




For set�valued p���s� we should combine all possibilities in the product� to
produce the result agreeing with eq����	�

�� e��pB�n�� pA�n�	��� ���	

We assume this to be included in an overload of the geometric product
notation� �

The somewhat strange �addition law� eq����	 for the n�representations ��add only
the e��components� for the same n�	 is thus just a disguised form of the geometric
product of translational versors�

� Boundary rotation
When the boundary rotates around c over a bivector angle characterized by a spinor
R �we use boldface since this spinor is in G�Im		� then p becomes �R�p�c	R���c	�
This is achieved on its versor Tp by� Tp� � Tc�R�T�cTp	R

��	� as is easily veri�ed�
Di
erentiating yields that n is rotated as well� to n� � RnR��� Therefore the new
n�representation is achieved by applying Tp� to n� as a versor�

T p��n�	 � Tp�n�T��
p�

�
�
TcRT�cTpR

��
�
RnR��

�
TcRT�cTpR

��
���

� �TcRT�c	TpnT
��
p �TcRT�c	

���

so the total result is the application of a new versor to n which is Tp left�multiplied
by�

TcRT�c � ��� e�c��	R�� � e�c��	 � R� e��c �R	 � Rc�R� ���	

� Mirroring
Under re�ection in a hyperplane with unit normal m� a point p becomes �mpm�
re�ection in a plane with support vector d�� � �m�� �with � � �	 results in�mpm�
d� Di
erentiating gives n� � �mnm�

We observe that the transformation of the versor Tp of p can be achieved by sand�
wiching between two versors Md � m� e���� and m�

MdTpm � �m� e����	��� e�p��	m � �� e���mpm� d	��� ���	

and so combining with the change in n we obtain for the new boundary versor�

��MdTpm	mnm�MdTpm	�� � �MdTpn�MdTp	
�� � MdTpn

d�MdTp	
��
� ���	

Note that the required minus sign gets absorbed into the grade involution of the
general versor equation eq����	� since the versor is of odd grade� So we simply
need to multiply the boundary versor by Md �in its scaled form used here� or the

��



unscaled form �d � e�jdj��	� the inversion in the general versor equation takes care
of normalization �	�

� Point re
ection
A re�ection Pc in a point c can be constructed using m planar re�ections� This yields
for p �translating back to � and doing it there	� P��p � c	 � c� and for n it gives
P��n	� The m re�ections in planes with perpendicular unit vectors ei are represented
by the versor �m

i��ei � Im� For instance� P��n	 � �n � Imn
bI��m � We obtain�

�
TcImT�cTpbI��m

�
Imn

bI��m

�
TcImT�cTpbI��m

���
� �TcImT�cTp	n

�
TcbImT�cTp

���
� ��
	

so that the versor representing point re�ection is�

Pc � TcImT�c � Im � e��c � Im	� ���	

�Note that in even dimensions Im is even and can be written as a product of rotors�
which itself is a rotor� Thus in those dimensions� point re�ection can be implemented
as a rotation� a well�known fact�	

� Scaling
Scaling relative to � replaces p by �p and does not change n� It changes the versor
of p to ��� e��p��	� which cannot be represented by a left�multiplication�

For our application in wave propagation and collision avoidance� the Euclidean opera�
tions of translation and rotation are especially relevant� plus the point re
ection �since it
is the operation that connects �collision avoidance� to �wave propagation�� see section �	�
and of course the wave propagation operation itself� Fortunately� table � shows that all of
those can be represented by a simple left�multiply by an appropriate versor� We can thus
study them in combination� In particular� this waives the restriction on the use of purely
translational collisions only� still present in ���� we can now analyze the e
ects of rotations
on the propagation operation�

��� Rotations and wave propagation

In almost all earlier analyses of the wave propagation �or morphological dilation	� results
were limited to purely translational propagation� in which the propagator was used in
a �xed orientation� The main reason may have been that the parameter space for this
problem �translation vectors	 is isomorphic to the space in which the objects are de�ned
� propagation of a boundary in the Euclidean m�dimensional space produces a boundary
in Euclidean m�space� However� for the use in collision avoidance� this is an unnatural
restriction� the possible collisions form a boundary in the full parameter space of the
robot� and this includes rotational motion parameters �unless the robot is a sphere	�

�And even that is not required since we can derive the 
nal scaling factor from the fact that the
representation should have the form n� e

��p� � n��� with n a unit vector�

��



It is thus necessary to understand the collisions as a function of orientation� The versor
formulation enables us to treat those in the same framework as the translational collisions�
Many results need to be established� here we study how a small translation a
ects the
collision boundary� As always� we use the wave propagation terminology� so as not to be
bothered by point re�ections upsetting the symmetry of the problem�

The versor representation of the central rotation of a boundaryA operating on a normal
vector m is�

R� e�Rp�m����

which leads by eq����	 to the n�representation�

RmR�� � e� �p�m� �m	 � ���	

For combination in a versor product with another boundary B of the form n�e�pB�n��n� we
need to make sure that the versors operate on the same n� or it will not be a representation
of the propagation result� We �reparametrize� the boundary A to be a function of n as
well� Obviously we need to set RmR�� � n� so m � R��nR� yielding the versor product�

�
R� e�Rp�R��nR���

�
R��nR

�
R� e�Rp�R��nR���

���
�

�
�
�� e�Rp�R��nR�R����

�
n
�
� � e�Rp�R��nR�R����

���
�

Thus the rotation of A is represented� on the original direction n� by the versor�

�� e�Rp�R��nR�R����� ���	

Since p is an arbitrary function �it is capable of characterizing arbitrary boundaries A	�
this reparametrization can not be simpli�ed in general and related to the original p in any
simple manner� However� if we consider small rotations� we can linearize p and study the
local e
ects of rotation� We set R � e�i��� � �� i��� in �rst order in �� and obtain�

Rp�R��nR�R�� � ��� i���	p ��� � i���	n��� i���	� �� � i���	

� ��� i���	p �n� n � i�� �� � i���	

� ��� i���	
�
p�n�� n���n � i�	

�
�� � i���	

� p�n� � p�n� � i�� n���n � i�	 �to �rst order in �	

Therefore the versor for the rotated boundary is� to �rst order in ��

�� e� �p�n� � p�n� � i�� n�n � i�		 ��� ���	

and this produces the new boundary�

n� e�p � n� e��n � p	 � i� � R��n	� e��n � p	 � �i�	� ���	

The tangent I thus shifts over a perpendicular distance �n � p	 � �i�	� �Note that this
is orientation�dependent� and changes sign when n and p go beyond being parallel� as it
should� Note also that it does not depend on the second order di
erential structure of
p�n�� for n does not occur in the result�	
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� Conclusions

This paper demonstrates that the rather involved operation of wave front propagation in
m�dimensional space �which also represents collision detection� object growing and milling	
can be represented as a geometric product of versors� These versors represent boundaries
in Euclidean m�space� within a Minkowski space of dimension �m � �� �	� as direction�
dependent translations of the point ��

This representation combines well with Euclidean operations on the boundaries� We can
use it to analyze di
erential properties of the propagation operation by Hestenes� geometric
calculus� We are currently working on the practical implications of this simple and possibly
powerful representation of the propagation operation on boundaries� for robotic collision
avoidance�
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