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Abstract

The well known Procrustes method determines the optimal rigid body motion
that registers two point clouds by minimizing the square distances of the residuals.
In this paper we perform a complete error analysis of this method for the 3D case,
fully specifying how directional noise in the point clouds affects the estimated param-
eters of the rigid body motion. These results are much more specific than the error
bounds which have been established in numerical analysis. We provide an intuitive

understanding of the outcome to facilitate direct use in applications.

Index terms: rigid body motion analysis, pose estimation, attitude estimation, Pro-
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polar decomposition



1 Procrustes attitude estimation

1.1 Problem statement

There is a common need in vision and robotics to estimate the rigid body transformation
between labeled sets of points. The problem is concisely formulated as follows. Let us
assume that we have a set of labeled points {X}}”_,, and that this has been brought into

a new position and orientation. The resulting point set is {Y}}™ |, where, approximately:
Y. =RX,+T.

Both the X! and Y/ will be measured point locations, so both point sets may have some
noise relative to this ideal equation (typically describable as some low-level non-isotropic
Gaussian noise). To estimate R and T, one draws up the very reasonable cost function

measuring the sum of the squared distances between corresponding points:
n
=2 IIVi— RX +T)|% (1)
i=1

Minimization of this then gives sensible estimates of T and R. This is known as the
Procrustes problem (estimation of R when T = 0 is the ‘orthogonal Procrustes problem),
and the solution has long been known (and reinvented repeatedly), in various formulations
in various fields from biomechanics [5](1952), satellite control [4][16](1960s) and statistical

shape analysis [13](1978) to vision and robotics [1][7][8][17](late 1980s). This solution is



optimal (in the sense of least variance) if the data points have identical and isotropic
Gaussian noise in the data points Y} (if not, one should consider using the non-linear
method of [12]).

An important question in a practical application: of the Procrustes method is: how
does noise in the data actually affect the computed rigid body motion parameters? Some
bounds are known (see e.g. [15]), but since the parametric noise depends rather strongly
on the shape of the point cloud, one would prefer a more detailed understanding of the
directional characteristics of the noise. We provide that in this paper, in the form of the
calculation of the error propagation, for the 3-D estimatin problem, as covariances of the
rigid body motion parameters, computed to first order in the noise. We follow it by some
rules-of-thumb to be used as a guide in practical usage of the Procrustes method, and

illustrate the results by simulations.

1.2 Standard solution

We briefly summarize the standard solution of the orthogonal Procrustes problem of miniz-
ing ¢? in eq.(1), to introduce notation and representation. First of all, the cost criterion
can be rewritten by considering the point clouds X! and Y/ relative to their centroids X

and Y. Let us denote the relative vectors as X; and Y;, then:

=3 IIVi= RX.+ TP = n Y = RX=T|[" + 3 [IY; — RX;|I” (2)
=1

=1



We can minimize the first contribution using the translation estimate

A

T=Y-RX (3)

once we have found the rotation estimate R*. The second term involves only the rotation
and therefore produces the optimal R*. To describe its solution, we first use the column
vectors X; and Y; to make two 3 x n matrices of the points relative to their centroids:
X=X, Xg, o, X = X=X X=X, oo, X =X and Y = [Y1, Y, ..., Y] = [Y) =Y, Y, —
Y,...,Y! —Y]. Then we form

A=YXT.

The least variance estimate of the orthogonal transformation which aligns all X; and Y; is

now

R* =A(ATA)"/? (4)

if A is non-singular. This has been shown (e.g. in [13]) to be the best orthogonal matrix (in
the sense of the Frobenius norm) solving the correspondence between X and Y. This best
transformation is a rotation if det(R*) =1 or a rotoinversion (a.k.a. rotation/reflection) if

det(R*) = —1.

1.3 Alternative formulations

The solution eq.(4) can be given in various different but largely equivalent forms. In terms

of a singular value decomposition (SVD) of A = YXT as A = UAV', the optimal rotation



is ([16], [6]):

R* = Udiag(1,1,det[UVT]) V. (5)

The diagonal matrix ensures that this always produces the best rotation and never a
rotoinversion, for it makes det(R*) = 1. (This is a useful refinement over eq.(4).) This
SVD formulation has been the basis for some error analysis approaches: in [9] it is used
to find the covariance of fitting an orthonormal frame, with independent variations in the
three vectors e; of that frame — which is unfortunately a rather special case.

The literature on the analysis of perturbation bounds (such as [14], [15]) often uses the
more convenient, polar decomposition, in which A is written as the product of an orthogonal
matrix and a symmetric matrix. It can be derived simply from the SVD of A by rewriting
that as A = (UVT) (VAVT): the first factor is an orthogonal matrix (and in fact equal to
R* if we merely want to limit the solution to the best orthogonal mapping), the second
factor is a symmetric matrix S (even positive semi-definite). This is the decomposition we
will use for our error analysis. In what follows we revert to the ‘best orthogonal matrix’
formulation, not including the diagonal matrix to find the best rotation. This is done for
simplicity in the math: the error analysis for rotations and rotoinversion is exactly the
same, but the non-linear flipping between the two possibilities as det(UVT) changes sign is
hard to model. In practice, with enough non-degenerate points, that sign is stable under
noise anyway, and will be positive if the data was known to be generated by a rotation.

As [3] has shown recently, all representations of the solution give the same numerically

stable results (when the point clouds are not degenerate).



2 Perturbation analysis

2.1 Characterization of orthogonal transformation errors

For an orthogonal matrix R, we have RRT = |. A noisy perturbation of R to R +dR should

also be orthogonal to first order in the error dR and therefore:

= (R+dR) (R+dR)" =RR" +dRR" + RdR" + O(dRdRT) ~ | + dRR" + (dRR") .

Therefore, to first order, dRRT = —(dRRT)T. Defining the relative transformation error
OR as:

SR=dRR! =dRR",

it is clear that this matrix must be skew-symmetric. For a more compact representation,
remember that any skew-symmetric map M in 3D is equivalent to the cross product with
an appropriately chosen vector. That vector is in the 1D kernel (nullspace) of the mapping

M, with the appropriate magnitude. Let us simply denote it by vec(M), then

Mz = vec(M) x z, for all z.

Vice versa, if the components of the axis are known as vec(M) = m = (my, my, m3) , we

can construct the associated operator as M = m™, where the latter notation is defined



through:

0 —Ms mo
Mz=mxz=m"z=| p, 0 —my |2 (6)
—MmMy mq 0

Now we use these notations to characterize the perturbation. Let the orthogonal trans-
formation R be perturbed to the new orthogonal transformation R + dR. We rewrite this
disturbance multiplicatively, so that the perturbed orthogonal transformation is obtained

by a small additional rotation Ry, applied to R:

R+ dR = RyaR.

It follows that Ry, is a small disturbance of the identity rotation, expressible as a relative

rotation error, which is a skew-symmetric map characterizable by a vector:

Ria =1+ dRR™' =1+ 5R= |+ da*. (7)

This defines da as

da” = dR or,equivalently, da = vec(dR). (8)

It is easily verified from eq.(7) that da is in fact the axis of the small rotation Rya, since

the kernel of da™ is the solution to the eigenvalue problem determining its axis:

X = Rgax = (I +da™) x = x + da*x.



We therefore call da the error azis vector of the perturbation. To reiterate precisely, da
is the axis vector of the extra rotation that needs to be done after R to achieve the total
perturbed transformation R + dR. Even if R is a rotation, it is not correct to say that the
new rotation axis is a + da, the actual relationship is more subtle (and may be gleaned
from [10]).

We will characterize the perturbation using this vector da, for instance computing its
variance as a consequence of the noise variances in the data X; and Y,;. This convenient

characterization of the error is also used in [12] for rotations.

2.2 Perturbation of the orthogonal transformation

Let us characterize the errors in the X; and Y; as small additional matrices dX and dY
representing the errors in X and Y. Then the error propagation into A = YXT is to first
order

dA =dY X" +YdX". (9)

Since there is an error in A, there will be an error in the Procrustes estimator

R*=A(ATA) /2, (10)

Our goal is to give an explicit expression for this error, to first order, expressed in dX and
dY. In principle, we do this through a first order Taylor-series expansion in a suitable

representation of the estimator. The direct matrix representation eq.(10) is not easy to



work with: differentiating non-linear functions of matrices is not elementary. We also avoid
the SVD of A = UAV', since degenerate singular values mean that U and V do not have
stable differentials (their eigenvector columns tend to permute with even a small amount
of noise in A). Instead, we use the polar decomposition of A, writing A as the product of

an orthogonal matrix R and a symmetric matrix S

A = RS. (11)

As we saw in Section 1.3, R is precisely the Procrustes estimation (from now on we denote
it as R rather than R*, to unclutter our formulas). As to the meaning of S, if noise were
absent Y would equal RX, and then S = RTA = RTYX"T = RTRXX"T = XX'. Thus in
the noise-free case, S is the inertia tensor of the point cloud (assuming unit mass for
each point), and therefore characterizes its principal shape. (If one needs to compute S in
practice, one can only do so based on the actual measurements X and Y, and this causes
some first order perturbation dependent on the amount of orthogonal transformation since
now Y does not exactly equal RX. Still the intuition of ‘inertia tensor’ is basically correct.)

Now do a first order perturbation of eq.(11):

dA = (R+dR)(S+dS) — RS ~ dRS + RdS.

Because they are defined through a polar composition, R is orthogonal and S is symmetric;

and for the same reason, (R + dR) is orthogonal and (S +dS) is symmetric. It follows that



dRR" is skew, and that dS is symmetric. Therefore the relative error 6A in A equals
6A = dAA™' ~dRRT + RdSS™'R" =§R+RdSS™'R" (12)

By transposition,

(0A)" ~ =R+ RS™'dSR".

We use this second equation to express dS in terms of 0R and (5A)T:

dS ~SRT((6A)" — (6R)")R
and substituting this in eq.(12) we get an equation free of dS:
S6R — (6R)" S~ S6A — (6A)7S, (13)

where we defined the shorthand S = RS™'RT. Solving this equation for R requires quite a
bit of fairly ingenious algebraic manipulation, see appendix ??. The solution is most easily

specified as the error axis vector da = vec(dR):

da = vec(0R) = R(tr(S)I — S)'R" <Z(RX), x dY; + (RdX); x Y,») (14)

2

for A=YXT = RS. This is the central result of this paper.
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2.3 Interpretation of error formula

The expression for da = vec(dR) is not too hard to interpret. Ideally, RX; and Y; should
have the same direction and length. The cross product term accumulates those parts of
the errors in X and Y that are perpendicular to the desired direction. Only those will affect
the error in the orthogonal transformation (the other parts would go into a scaling error,
if we were using the general Procrustes method).

This measure of mismatch between RX and Y is weighted by a factor related to the shape
of the point cloud as encoded mainly in the symmetric factor S of the polar decomposition
of A =YX". As we have seen, S is closely related to the inertia tensor of the cloud shape,
and this suggests an interpretation for the term R(tr(S)l —S)~!RT. It is the R-transformed

version of a term we will denote H:

H = (tr(S)l — §)~!

It is insightful to relate the eigenvalue structure of S to H. We derive that when

S = Vdiag(Ay, Ao, Ag) VT with Ap > Ao > A3 >0

then

1 1 1
Ao+ A3 A3+ A1 A+ Ao

1 1 1
v’ ith > > > ()
) R T T VI W WIS Wk

H = Vdiag(
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Therefore the weighting matrix H has a similar ordering to the inertial shape of the cloud,
but the terms are ‘harmonized’ in a manner which mutes their ratios. For example, if
the point cloud is very elongated as in S = diag(1,0.01,0.01), then H ~ diag(50,1,1),
half as elongated (but 50 times larger). If the point cloud is very flat and circular as in
S = diag(1,1,0.01), then H ~ diag(1,1,0.5) is much less flat, even almost spherical. Of
course a spherical cloud S = diag(1, 1, 1) remains spherical, with H = diag(0.5,0.5,0.5).

If the two smallest singular values of S are small (as happens for the line-like point cloud
in the example), there may be stability problems in the estimation. This corresponds to the
results on perturbation bounds for the Procrustes method in numerical analysis literature

such as [15]. We will discuss the correspondence in Section 2.7.

2.4 FError covariance propagation

We are interested in a measure of the distribution of da. Note that da involves the sum
of n error terms. For sufficiently large n, the central limit theorem tells us that da will
be distributed normally if the {dX;} and {dY;} are uncorrelated (and even when they
have some small correlation). Under this assumption, the first and second moments are
therefore propagated through the linear mapping eq.(14) of the errors dX; and dY; to da.

Determine the first moment is straightforward from eq.(14). Note that if the noise dX;
and dY; has zero mean, so does da.

For the second moment, the contribution to the covariance of da of the covariances Cyx

12



in the X-error and Cy in the Y-error are immediate from the linear relationship of eq.(14):

Csa = —RHRT (z (RX)XCy(RX)* + 3 Y;(RCXRUY;) RHR' (15)

)

where the minus sign is due to the skewness of the x-operators, see eq.(6). If you prefer,

we can rewrite this into matrix form as (see appendix A for a derivation):

Cga = det(Cy)RH (tr[RTc;lexT]RTc;lR— RTc;lexTRTc;lR) HR™

+det(Cx)RH (tr[Cx'RTYYTR] G — Cx'RTYYTRCK' ) HRT. (16)

It is this consequence of the main result that is most useful in applications.

In a typical usage of the Procrustes method, the X; may encode the standard points
of an object, and therefore be much less noisy than the Y; which are the measurements of
their positions after displacement, for instance by some imaging system. Then the second

term involving Cx in eq.(15) is negligible, and only the first term in eq.(16) remains.

2.5 Two prototypical cases of transformation errors

Two special cases of the error covariance are easily computed. If we have uncorrelated
and isotropic noise, then Cy = 021 and Cx = oxl. If that noise is small, we may set

H = (tr(XXT)I = XXT)"t and Y =~ RX. We obtain after simplification
Cda ~ (0% + 0%) RHRT. (17)

13



So for small isotropic noise, the covariance of the transformation R is like the R-transformed
harmonized inertia tensor of the point cloud. In this isotropic case, the least squares method
produces the optimal estimator.’

As a second special case, take an elongated rod-like object with H, o diag(1,0,0) (for
convenience we placed the principal axis in the z-direction). Then observe that eq.(15) is
of the form Cqa = RH,NH,RT with N a matrix depending on the noise model. With the

particular form of H, for the rod, this always simplifies to

Cga = 111 RH,RT. (18)

(where nq; is the (1,1)-element of N). This clearly shows that whatever the noise, the

major transformation error will be in the direction of the R-transformed principal axis.
The simulations in Section 3 will confirm these special cases. The bottom line of the

analysis will be that understanding the H of the point cloud provides good insight in the

behavior of the errors.

2.6 Translational errors

The error analysis of the translational part of the estimation

T=Y-RX

Tt should therefore coincide with the renormalization estimator of [12]; but since the results in that
reference are not given in closed form, this is not obvious.
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(this is eq.(3)) propagates the error of the transformation, as well as of the centroid com-

putations. So we obtain to first order
dT =dY — RdX —dRX =dY — RdX — (dRR™")RX =dY — RdX + (RX) x da,  (19)

where da is the axis error vector of the estimated transformation. We introduce T = RX

and the ‘form factor’ F = RHRT, and can now write

7

dT = 137(dY; — RdX;) + > T F(RX) dY; — > T°FY* (RdX);. (20)

Then assuming uncorrelated noise, we get the covariance. We express it in terms of matrices

using the same techniques as in the previous section, but it is convenient to define some
shorthand to see the structure of the result. Let Y = F~'Y, Cy = FICyF X = F7IRX,

Cg = F'RCxRTF!, then

Car = L(Cy +RCxRT) (21)
+det(F)? (FTCyFEXXT — CyFF ' XX — XXT7F ' Cy +F' XX T Cy)

+det(F)? (FTCEYY — i YY = YYT#ECy + T YYFCy).

The expression becomes much simpler when T = 0, i.e. when the original point set X'
is centered. In the motivating application of section 1, in which we match observations

Y’ to the standard pose of an object coded in X', this seems simple enough to achieve.
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But it is not always possible to maintain such a registration. If occlusion occurs, the
set of measured Y may not contain the same number of points as the original X. Before
doing Procrustes we should remove those points, and the remaining set of X-points may no
longer have a zero centroid. We then have the choice between re-centering and applying
Procrustes — which means we have to regauge the outcome if we want to compare it with
different estimates from a different position of the camera — or doing Procrustes with a
non-centered point cloud. In either case, we will encounter the additional noise term in the
translation covariance when merging measurements from different locations (for instance

using a Kalman filter).

2.7 Perturbation bounds

Our results are a refinement of the perturbation results for the Procrustes problem, as
computed in numerical analysis literature. The analyses are often on the n-dimensional
Procrustes problem, for which directional dependence is hard to formulate. Perhaps be-
cause of that, the focus is on perturbation bounds. The numerical stability of the estimation
process is typically also studied.

Some directly applicable results for 3D may be found in [15]. They show that the bound
on the transformation error in the 3D orthogonal Procrustes problem is proportional to

the condition number

rx = (6 +&) 717
where &; is the i-th ordered singular value of X. This % is, as [15] remarks, the inverse of

16



the summed of squared distances to the major axis of the point cloud.

The correspondence to our results is clear. With the observation that S is approximately
the inertia tensor XX (see Section 2.2), we can relate the singular values & of X and \; of
S as & ~ \;. The dominant term in the isotropic noise approximation for the covariance in
eq.(17) is caused by the highest eigenvalue of H, which is 1/(A24+A3). The main contribution

~1/2 y kx. So our detailed

to the standard deviation is therefore proportional to: (As+ A3)
analysis of the directional effects in errors agrees with the coarser (because non-directional)
analysis on perturbation bounds.

In this context, the latter can be seen as bounding the H matrix ellipsoid by the smallest
sphere surrounding it, specifying only the worst effects that may occur. Since the H matrix
is a harmonized version of the inertia tensor, this is actually not that bad for isotropic noise

if the point clouds are not too elongated. But for the effects of non-isotropic noise (such as

that of stereo vision) or cloud elongation, we need the more precise directional description.

3 Characteristics of the noise propagation

The equations eq.(16) and eq.(21) are straightforward to compute, but it is much better
to get an intuition of the kind of errors that might occur in various situations. We there-
fore evaluate the consequences of some typical scenarios for objects and types of noise.
We remark here that the theoretical results have been compared to simulations of these
situations, typically for 1000 trials each, and that the estimated covariances match the

predicted covariances as well as can be expected for trials of that size. Even with noise

17
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Figure 1: The effect of shape and kind of Y'-noise on the translational and rotational errors

in the Procrustes method (see text).
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levels of 0 = 0.5 (about half the typical size of the objects!), the covariance as predicted by
eq.(15) is an accurate estimate of the actual value in the simulations. The error propagation
formulas are therefore apparently quite robust for all circumstances.

Since only the second order inertial shape of the cloud matters to our computations,
it is sufficient to study a cube, a block and a rod as a sensible representation of the range
of shapes. (We saw that a flat block with S = diag(1,1,0) has H = diag(1,1,0.5) and is
therefore intermediate between a block or a sphere, sufficiently similar not to merit special
treatment.) For the cube, the singular values of S are all similar; for the block we took
them in a ratio 4 : 2 : 1, and for the rod 10: 1 : 1.

For the noise, we are interested in having it present in Y’ (which mimics the situation
where X' is a fiducial reference object with little noise), or both X" and Y’ (for a relative
orientation estimation). Types of noise of practical interest are isotropic Gaussian noise,
and noise in one preferential direction, to approximate e.g. the effect of a stereo vision
observation of the point set. All noise will have zero mean, but we will study the effect of
a non-centralized point set, leading to extra errors in the translation estimation.

To be specific, in all cases, we do a rotation over -60 degrees around the axis (1, —2, 3)T
through the origin, followed by a translation over (3,2,2)". We may offset the X' data by
(=0.5,1, 0)T to obtain an impression of the non-centered contributions to the translational
noise. The isotropic noise has a standard deviation of 0.1 in all directions, the vertical

noise of 0.1 in the vertical direction.
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3.1 The effect of shape

Let us first study the effect of the object shape, under isotropic noise. The first column of
Figure 1 shows the simulations. The subpictures in all figures are composed in the same
manner, at the same scales. On the left of each sub-picture, an instantiation in task space
is shown: in grey the object data (with the possibly noisy X' in the lower left near the
origin and the noisy Y’ in grey at the top right); in white the reconstruction applying
the parameters of the Procrustes estimation to X'. In all cases, the result is close enough
to Y’ (the polyhedral faces of data and reconstruction intersect in all figures). At the
right of each sub-picture, we show the error covariance ellipsoids. The rotation ellipsoid is
typically oriented with the major axis of the rotated object Y', NW-SE; the translational
error ellipsoid will tend to be elongated (in many of our examples) and run NE-SW in
most of our pictures (a consequence of our chosen parameters). Showing them both in one
figure provides relative size and orientation and gives a slightly better appreciation of their
spatial nature.

First look at Figure 1(e) for the rod, as a clear example to help you read the pictures.
The rotational error is the cigar-shaped ellipse, the translational error is the sphere. The
cigar shape indicates that the major error in rotation is in the direction of the major axis
of the rod (see the task space picture). This is what eq.(18) predicted. It means that we
quite probably have to do a sizable correction of the rotation by an extra little turn around
an axis in this direction, over a small angle proportional to the size of the major axis of

the cigar. This makes sense, since a rotation over this axis is more sensitive to noise: the
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points of X" and Y’ have small distance to the principal axis and their moments relative
to it are easily disturbed by noise, severely affecting rotation estimates. In perpendicular
directions, the elongation of the object implies that a perturbation of its points affects its
estimated orientation much less. And indeed, the cigar is rather thin in those directions,
so little adjustment of the estimate is likely.

The covariance ellipsoid of the translational error is a sphere, indicating that the error
is isotropic. This is to be expected, since it is merely the noise in the classical estimation
of a centroid under isotropic noise (this is eq.(21) for T = 0).

In Figure 1(c), we see that the effects are similar for a block. The rotation error is more
isotropic than for the rod, since H is more isotropic, but it still maintains alignment with
H as it should according to eq.(17). The translation error is not affected by the shape.

For the cube in Figure 1(a), the rotation error is totally isotropic, i.e. the rotational
correction is equally likely to be the same in all directions. In that figure, the translational

error is not visible, but is of course identical to that of Figures 1(a),(c).

3.2 Non-isotropic noise

In the second column, we have given Y’ vertical noise instead of isotropic noise, to mimic
the effect of the noise of stereovision which tends to be in a predominant direction. The
effect on the translational error is clearly that it now lies mainly in that direction; in fact,
the shape directly mimics the covariance of the noise in Y’. The rotational error is more

interesting. Comparing Figure 1(a) and (b), we see that the rotational covariance is very
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small in the vertical direction, i.e. almost no rotation around the vertical axis needs to
be made to correct the estimate. This makes sense, since with hardly any noise in the
non-vertical components, the rotation parameter around the vertical axis is almost exactly
what it should be. In perpendicular directions, however, the disk-shaped covariance shows
that a rather large correction may be required due to the vertical errors in the points.
Similar effects can be observed for the block and rod in Figure 1(d) and (f). For
(f), we expect an alignment with the principal axis in agreement with eq.(18). One can
characterize the nett effect for all cases by saying that the isotropic rotation covariances

are flattened in the vertical direction.

3.3 Noise before and after the motion

The first column of Figure 2 studies the effect of noise in both X' and Y’. This is what
might happen when the Procrustes method is used to determine a relative rotation rather
than an absolute orientation (relative to a standard pose). We have take vertical noise in
both to mimic the effects of stereo vision. When we compare this column to column 2 of
Figure 1, we should correct for the increase of about /2 which we would expect in the
magnitude of the noise. We then see that the flattened rotational ellipsoids have thickened,
and the cigar-shaped translational ellipsoids have become flattish ellipses. Both are the
consequence of the addition of distributions, which corresponds to the convolution of their
covariance ellipsoids. For the translation, a pure z-oriented cigar due to the vertical noise

in Y’ needs to be convolved with the R-rotated z-cigar due to the vertical noise in X’. The
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result is a flat ellipsoid in the plane of rotation, with a principal axis in the direction ‘z
rotated by half the angle of R’. This is independent of the shape of the point cloud.

The thickening and tilt of the rotational ellipsoids is due to the same effect: they are
the result of convolution of the rotational ellipsoids in column two of Figure 1 with their
R-rotated versions. This has a large effect for the cube: since its rotational ellipsoid tilts
most upon rotation, it thickens most. It has the smallest effect for the rod since eq.(18)
shows that its orientation tends not to depend on the noise. And indeed, the rotational

ellipsoid in Figure 2(e) is approximately a \/2-scaled version of the one in Figure 1(f)

3.4 Incorrect centroid

In column two of Figure 2, we have offset the centroid of X' to X = (—0.5,1,0) ", while Y’
has isotropic noise. This offset is rather large, to show the effects. (In practice one would
not expect the effect to be more than a fraction of the dimensions of the point cloud, at
most about half when optical occlusion occurs in a solid object.)

Equation (19) shows that the extra term in the error is perpendicular to RX, and
proportional to the magnitude of the projections of the da contributions on this plane
(as well as perpendicular to them). This extra error is added to the uniform distribution
of the translation error which we saw in column one of Figure 1. This implies that the
distributions are convolved, and we therefore expect to see ellipsoids mostly in the plane
perpendicular to RX, with an orientation perpendicular to the projections onto it of the

rotational ellipsoids for each shape. This is indeed what column two of Figure 2 shows.
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There is no effect on the rotational errors, which are the same as Figure 1, column one.

4 Conclusion

In deriving the sensitivity of the Procrustes method in estimating orientation and position
(or, equivalently, rotation and translation), we were able to get a full understanding of its

accuracy. We summarize our findings as follows.

e The exact error propagation formulas are given by eq.(14) (orthogonal transforma-
tion) and eq.(19) (translation). Their effects on the covariance under uncorrelated

noise are eq.(15) and eq.(20). The matrix forms of those are eq.(16) and eq.(21).

e The transformed harmonized inertia tensor makes its influence felt on all errors and
is the clue to understanding the behavior of Procrustes estimation. Only the second
order shape of a point cloud is relevant. But the inertia tensor diag(A1, A2, A3) itself

is not what matters — it needs to be harmonized to diag(1/(A\> + A3), and cyclic).

e The isotropic noise approximation eq.(17) and the rod shape approximation eq.(18)

are sufficient to ‘explain’ most features of the directional noise distribution.

e Noise in one direction, such as typical of stereo vision, can ‘flatten’ the covariances

considerably and lead to strong directional effects in the orientation estimation.

e The translational noise is affected by whether or not the point cloud is centered;

occlusion may make this a significant contribution in practice.
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We re-emphasize that the Procrustes method is only optimal when the noise on the
data points is isotropic, identical and independently Gaussian with zero mean. If one’s
circumstances significantly deviate from this, one should consider the non-linear optimal
method of [12].

We are currently developing a Kalman filter for pose estimation, taking into account
the special nature of orientation parameters. It computes the optimal combination of
estimated poses, based on the covariances of their parameters [2]. We are using the result
of the present paper to do ‘Kalman on Procrustes’, and hope to report on the results in

applications soon.
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A Derivation of error propagation result

To solve eq.(13) for 6R, note that it and the right hand side are 3 x 3 skew matrices. They
can therefore be characterized as cross products with certain vectors. Since both sides are

of the same form, let us first derive the following property of 3 x 3 matrices A and B:
vec(BTA— ATB)=>"A] x B}, (22)
k

where Ay, with A a matrix, denotes the k-th column of A, and we define A = (AT);. To
derive eq.(22), we first observe that a cross product acting after a cross product can be

written as a linear mapping:
(axb)yxc=bla-c)—a(b-c)=(ba" —ab")c (23)

so that

vec(ba' —ab") = a x b.

By rewriting an anti-symmetric product of matrices in this form we can thus find its

characterizing vector.

(BTA—ATB);; = > (BT )ir(A); — (AT)ix(B);

= S (BDAD); = (AD(BD))
= S (D -alm),
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and from comparison with eq.(23), the result of eq.(22) follows.
Using eq.(22), we can determine the characterizing vector of the left hand side of eq.(13).

We rewrite the result using a x (b x ¢) = (¢'a — ca’) b, which is a variation of eq.(23):

vec(SOR — (6R)'S) = S 6R] xS
k

= Y (da¥), x S

k

= ng X (da>< Ik)

k

= (Itr(S) —S) da. (24)
For the right hand side of eq.(13), we obtain

vec(S6A — (5A)'S) = S (5A)] x Sy

k

= Y (ATTdAT), x S
k

= Y (ATTXdYT + A TdXYT), xSy
k

ST(SRXAYT +SRdXY "), x S
k

Z (SRX); x (5dY); + (SRdX); x (5Y);

1=

[0

det(S)S™* (Zn:(RX) x dY; + (RdX); x Y; ) (25)

=1

[lee

In making these simplifications we used in step 1 the relationship S = RS™'RT = RA™! =

A=TRT. In step 2, we rewrite the sum over the 3 dimensions of the basis to a sum over
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the n data items. This is easily demonstrated using the anti-symmetric tensor symbol € to

write the components of the cross product. Let B be a 3 x 3 matrix, then:

(Z(XYT)k X Bk>m = Y €m(XY)iBjx

ijk

= > €ijmXinYinBji

ijkn

= Z Gijmxm(BY)jn

n

= (znj X, X (BY)n>

m

In step 3 above, we used the transformation of a cross product under a linear mapping,
which is:

B(x xy) = (B™"x) x (B "y) det(B) (26)

to pull out a factor of det(5)S™'. Combining eq.(25) with eq.(24), we then get as the

solution of eq.(13), to first order:

da = vec(6R) = (tr(S)1—5)7'S~" det(S) (Zn:(RX)i x dY; + (RdX); x Y)

=1

We can rewrite the factor involving S = RS™'RT, in a manner that is best seen by rewriting

S using the SVD of A as VAV, with A = diag(\, A2, A3):

31



= RV ((A"tr(A™) = AT'AY) det(h)) T VTRT

-1
1 1 1 1 .

= RV ((fll?:]g()\—l()\—1 + A_Q + /\—3) — /\—%, and CYCIIC) )\1)\2)\3) VTRT

= RVdiag(Xs + A3, Ag + A1, A + X)) 'VIRT

= R(tr(S)I-S)'R".

This proves eq.(14) in the main body of the paper.

B Derivation of conversion formula

For the conversion of eq.(15) to eq.(16), you need to consider the covariance matrix as a

mapping of a vector, and invoke the properties eq.(26) and eq.(23):

@jz;cz;) 7 = zijz,»xc(z,»xz)
= ZZ x ((€C71Z;) x (C'2)) det(C)
= det(C) 1 (C'Zi(Zi - (C7'2)) — (Zi (C7'Z4))C'2)
= det(C) Xl‘j(c—lzizjc—1 ~72/C1'Z,C Yz

= det(C) (C7'ZZTC! —txfZ7CT'ZICT) 2

= det(C) (C'ZZ'C! —tr[C'ZZ"]C) #

We used the cyclic reordering property of the trace to obtain some symmetry and compu-

tational gain in the final expression.
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