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Abstract

In this paper we introduce a novel way of modeling dis-
tributions with a low latent dimensionality. Our method al-
lows for a strict control of the properties of the mapping
between the latent and the feature space. Usually, as in
for example GTM, this mapping is constructed through the
maximization of the log likelihood of the data set. However,
if the data set is supervised, in the sense that we know the
corresponding latent vector value for each feature vector, it
is more sensible to use some regression method for finding
the mapping in advance. The mapping is then fixed during
optimization of the log likelihood of the data set.

It is concluded that in terms of log likelihood the methods
are comparable. The advantages however lie in the better
understanding of the properties of the mapping and a clear
interpretation of the latent variables.

1. Introduction

One possible approach for automatic pattern recognition
is through the use of probability density functions (pdf).
Given the class-conditional pdf p(x|C') for each target class
C4, classification follows through the use of Bayes’ rule,

p(x|Cy)p(Cy) )
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Each test vector x is then assigned the class label C; for
which p(Cy|x) is maximal.

Usually the true density p(x|C;) is not known, and con-
sequently has to be estimated form the available training
data. In this paper we focus on the case where the distri-
bution is governed by a low-dimensional parameter, i.e. a
latent variable.
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In many classification applications we have to deal with
high dimensional data {x,} € V generated by a process
which possesses only a few degrees of freedom. We would
like to model the distribution p(x) in V' parametrized by
intrinsic variables 0 in a low dimensional vector space M.

If we have knowledge of both x,, and the correspond-
ing 6,, during training this knowledge can be used to model
p(x]0) [1] by optimizing the log likelihood of the training
set {x,,, 8,,}. This distribution can be used during classifi-
cation provided that @ is known then as well.

If on the other hand, we know nothing about the underly-
ing 6’s, we can only guess the relationship between x and 6,
using @ as a dummy variable whose sole purpose is enforc-
ing the dimensionality restriction. After estimating p(x|6),
the dependence on @ has to be integrated out to obtain p(x),

p(x) = / p(x16)p(8)d6. @)

In the neural network community, the Generative Topo-
graphic Mapping (GTM) [2] is one of the more popular
methods for dealing with this situation. It is a mixture
model [3], which means equation (2) is approximated by
a sum over K kernels,

K

p(x) =Y p(x|6k) pr, ®)

k=1

in which p;, = p(65)d6. Usually the prior distribution over
0 is assumed to be uniform, p, = 1/K. In GTM, the ker-
nels are multivariate Gaussians A with variance o2, whose
centers p,, are restricted to a manifold defined by a mapping
F:M—V:0—x,50pu, =F(0). Then equation (3)
can be written as

K

p(x) =Y N(X|F,05,0) py. (4)

k=1
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Figure 1. Fully supervised modeling. Both
the mean (@) and the standard deviation
o(0) are modeled as radial basis functions,
such that the resulting likelihood of the data
set {x,,,6,} is maximized.

The mapping F' is constructed by optimizing the resulting
log likelihood of the training set {x,, }.

A third possibility is that the training set consists of su-
pervised data {x,, 0,,}, but during classification no infor-
mation regarding 6 is available. The question then arises
how this information can be used for estimating p(x). In
this paper we describe a new method for supervised model-
ing of high dimensional data with a low latent dimension-
ality which deals with this situation. We start with a short
introduction to fully supervised modeling (section 2) and
GTM (section 3). Our method, described in section 4 is a
mixture model like GTM, but unlike GTM is trained using
a supervised data set. We investigate whether this model
gives a better description of the data {x,, }.

2. Fully Supervised Modeling

Consider both p and ¢ as functions of 6, using a Radial
Basis Function (RBF) approximation [2, 4, 1]:

n(0) = We(0), (5)
o(0) = exp(Vg(0)). (6)
The conditional distribution of the data can now be written

as p(x|0, W, V) (see figure 1). The log-likelihood L is
given by

N
L = log H p(Xn |0na W7 V) (7)

n=1

N
Z log N (x [1(6), 0(6)). 8
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Figure 2. Schematic representation of the
GTM procedure. A total of K 6,’s are cho-
sen uniformly in an interval [—1,1]. The dis-
tribution p(x) is describes as a sum over K
spherical Gaussian kernels with variance o2
and centers u(6,;,W).

According to [1] this may be optimized using some gradient
scheme, but no explicit algorithm is given. This approach is
closely related to the work presented in [5, 4] on regression
with input-dependent noise.

Optimization of the likelihood is achieved through an it-
erative two-level procedure [5, 4]. First keep V fixed and
minimize with respect to W, then keep W fixed and mini-
mize with respect to V.

3.GTM

In the GTM [2] method, the centers 14(64) of the kernels
and their variance o2 (the same for all kernels) are adjusted
such that the likelihood of the training set {x,} is maxi-
mized (see figure 2). The positions of the centers depend on
the mapping & — p(0) and on the choice of 8. In GTM
the latter is fixed. The mapping from 6 to p is modeled with
a RBF:

p=p(6) =Wo(0). )
The choice of the number of basis functions determines the

‘smoothness’ of the curve on which the centers are posi-
tioned. The mixture model can now be written as:

K
p(x) = 3 p(x[W,0) pi, (10)
k=1

and the log likelihood of a data set {x,, } is given by:

N
L= logN(x,|W,0). (11)

n=1

This log likelihood is then optimized in terms of W and o
using an Expectation-Maximization (EM) algorithm.



4. Our method

So far, we have described two cases: either both x and 8
are known and so we’re interested in p(x|@) (section 2), or
we have no knowledge of 8 and use GTM to implement the
notion of intrinsic dimensionality and find p(x) (section 3).

In our application (aircraft recognition using radar), we
do have knowledge of both x and @ during training, but
during actual classification we only have x. Our aim is to
model p(x) as a mixture model as in GTM, while using
the information about @ for a better estimation of the kernel
positions. It has been noted [6] that in GTM the topological
ordering of the kernels does not necessarily correspond to
the ordering in the latent space. Our approach doesn’t suffer
from this problem.

The new method we propose is similar to GTM in that
the kernels of the mixture are required to lie on a low di-
mensional manifold in feature space defined by a mapping
from @ to x. The difference is that in our approach, this
manifold is constructed at the start of the algorithm, and is
kept fixed during further optimization steps. Also we al-
low for a separate o for each kernel. We accomplish this as
follows.

First, we construct the mapping F,

F:M—-V:0— F(@), (12)

using a regression method. The exact functional form of
this mapping is unimportant. If prior knowledge is avail-
able about the properties of the manifold (for instance, one
could demand the manifold to be linear), this can be incor-
porated into the regression. Otherwise, a general regressor
can be used. If gradient methods will be used for later op-
timization of the log likelihood (through equation (14), the
only requirement is that the derivative F’(0) has to be de-
fined for all 6.

Now, we want to model p(z) as a sum over K kernels,
as in equation (3). However, instead of updating the centers
of each kernel in high dimensional space (as in normal mix-
ture models), or updating the parameters of the mapping (as
in GTM) we update the location of the centers in the low-
dimensional manifold, i.e. we try tp find the optimal ’s.
This ensures that the kernel centers lie on the previously
constructed manifold in the high dimensional space.

Finally, denoting the inverse variance of each kernel by
Br = 1/02, the log likelihood is given by

N K
= log > p(xnl0k, B) (13)
n=1 k=1
with

P (xal6, ) = (%)D/Q exp (=5 1F®) - x.]?).

Because in general F' is non-invertible, an EM-type update
equation for the latent kernel centers cannot be found, and
we have to employ some non-linear optimization method.
Gradient methods can be used, with the help of

Yl

The update equation for 3y, is given by

F (0r) = %n) - F' (0)] p (Oklxn) -
(14)

-1 _ 1 Zn HF(ek) - xn||2p(9k ‘xn)
ﬁ;c 1_ 5 an AT , (15)

where D is the dimensionality of the feature space.

This method has a few advantages. First of all, it allows
control over the mapping, and thus it allows for the defi-
nition of properties of the manifold (like, for instance, its
shape). Furthermore, the latent variable @ is now ‘physical’
in the sense that its interpretation is clear.

If, however, we have no prior knowledge of our mani-
fold, the regression step can lead to problems. When using
a general regression method, we have to make a choice re-
garding the smoothness of the fit. In this context this im-
plies we implicitly choose a noise level as well. In cases
where we have no knowledge about the noise, this can lead
to overfitting.

5. Experimental Results

To illustrate the difference between GTM and our new
method described above, we run them both on a toy data
set. This data set consists of 100 2D points generated by
adding Gaussian noise to points randomly selected from a
1D manifold given by

x = 10 [sin(nt) ¢ 4 cos(3mt)]", (16)

with ¢ = [0, 1].

We trained all four methods on the same data set and
report the resulting log likelihood of the training set. The
results are given in figures 3. In each plot the data set is
shown, together with the 1D manifold given by the final
mapping.

In figure 3, the plot on the left shows the results from
GTM, the plot on the right the results from our kernel
method. Both distributions were modeled using 10 kernels.
Obviously, the main difference is the shape of the resulting
manifold. Since GTM is only concerned with the locations
of the kernels, the shape of the manifold does not reflect the
original ordering of our data set. Our method results in com-
parable locations for the kernels, while however preserving
the original manifold. Since this manifold is the result of a
normal regression, its shape now reflects the ordering of our
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Figure 3. Location and width of kernels after modeling, GTM on the left, our new method on the right.
Above each figure the resulting log likelihood for the training set is given.

data set. Furthermore, the kernel widths (specifically at the
endpoints of the manifold) indicate a distribution which is
peaked around the manifold.

6. Conclusion

In this paper we compared two different ways of mod-
eling the distribution of a high dimensional data set with
a low latent dimensionality. We proposed a hew method,
similar to GTM. In terms of log likelihood, both GTM and
our new kernel method perform comparably. However, as
can be seen in figure 3, our method results in a distribution
which is more localized around the underlying manifold.
This means that points outside the distribution will in gen-
eral have a lower log likelihood using our method than using
GTM.
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