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Abstract

In traffic applications research in devices that can in-
crease the safety and comfort of vehicles is an important
topic. In this paper a digital rear-view mirror is presented
that helps the driver to analyse situations on the road be-
hind him. From the observations from a camera the opti-
cal motion in the image plane can be estimated. Based on
this motion estimation the real-world motion of the vehicles
behind our car is interpreted. The motion interpretation
problem is very sensitive for errors introduced in the mo-
tion estimation. This paper describes a method that shows
how accurate the motion estimation must be to enable the
required accuracy of the motion interpretation. This will be
done by means of simulation experiments for characteristic
situations (vehicle approaching, retreating or shifting lane).

1. Introduction

1.1. Moving vehicles around you

Far over a 90% of road traffic accidents are attributable
to human error. To increase the safety on the road, research
is done in a diversity of assistance systems to increase the
safety and comfort of vehicles. Important topics are for ex-
ample automatic cruise control and obstacle avoidance sys-
tems [5]. On highways, many accidents occur when a car
shifts lane. The work described in this paper is part of a
project to develop a digital rear-view mirror. This device
should inform the driver whether it is safe to shift lane or
not.

To retrieve information about the environment of a vehi-
cle a diversity of sensing devices (based on radar or vision)
can be used. A small overview of the methods investigated
so far can be found in [8]. Like in [8], we use a camera-
based sensor to collect the information. One of the main
advantages of vision compared to radar is that it doesn’t af-
fect its environment in any way; it is a passive sensor.

The sensory part of our device observes the behaviour of
other vehicles behind the car that limit our motion possibili-
ties. From the image sequences provided by the camera the
behaviour of other vehicles must be derived. The images
are the projection of the 3D-scene behind the car on the 2D-
image plane of the camera. The optical motion in this plane
contains information about the real motion of the cars. In
literature this problem is generally addressed in two steps:

motion estimation In this part of the motion estimation al-
gorithm the image displacements between successive
image frames are computed.

motion interpretation In the second part the 2D-image
velocity provided by the first part of the motion algo-
rithm is used to estimate parameters of the (3D-) real-
world motion.

To solve the motion estimation problem, discrete features
are matched in successive frames or the complete optical
flow field is computed. A geometric model of image forma-
tion is used for the motion interpretation. In the application
we are looking at, the motion of the objects is in or parallel
to the plane in which the camera is moving (vehicles cannot
fly and we assume a flat road). This simplifies our motion
estimation problem and restricts the theory explained in this
paper to this class of motion problems. However, the theory
will still be useful for motion problems encountered when
dealing with mobile robots.

In the past, research on motion estimation has concen-
trated mainly on issues of existence and uniqueness [1] [2]
[4] [9] [13]. Since most uniqueness aspects of the prob-
lem are now well understood motion estimation research
has shifted its focus on the robustness issue. The motion in-
terpretation part of the motion algorithms appears to be very
sensitive for errors introduced in the motion estimation part
[7]. This robustness problem can be seen as the sensitivity
of the geometric projection model for errors introduced in
the motion estimation part.



1.2. Problem de�nition

In our paper we will investigate the sensitivity of our ap-
plication to errors introduced in the motion estimation. We
will try to find an answer to the question how accurate the
motion estimation should be to enable a satisfying motion
interpretation. The typical motion problem in traffic appli-
cations is illustrated in figure 1. A camera mounted on the
back of a vehicle is used to collect images of the scene be-
hind the car. From these images we want to estimate the
number of vehicles present in the scene and their position
and motion relative to our vehicle.
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Figure 1. How many vehicles are driving be-
hind you, what is their position and what is
their motion relative to your own vehicle?

From the angle' between the ego-motion of the camera
and the relative motion of another vehicle we can classify
its behaviour (vehicle stays, is approaching or retreating, or
shifts lane). The time it takes for a vehicle to reach the cam-
era is used to identify possible dangerous situations. This
motion parameter will be referred to as the time-to-contact
(TTC).

We assume the vehicles in the 3D-scene to be rigid ob-
jects and to be moving in or parallel to the plane in which
the camera is moving (a flat road). We only consider trans-
lational motions. The images obtained with the camera will
be affected by the ego-motion of our vehicle. We will as-
sume the translational ego-motion to be known with a spe-
cific accuracy ([12]). The results of the motion estimation
problem are provided by an optical flow estimation method
described in [6].

The geometric model to solve the motion analysis prob-
lem is introduced in section 2. The sensitivity of this model
will be investigated for two simplified cases in section 3.
Once we have formulated the sensitivity of the projection
model mathematically we will look what these relations
mean. In section 4 we will show some simulation results.
We will discuss the meaning of this work for our application
and conclude this paper in section 5.

2. The projection model

In this section we will derive a projection model for sev-
eral situations. This projection model approximates the re-
lation between the motion as observed by the camera to the
real-world motion. Different geometric projection models
have been employed. The most general model is based on
perspective projection ([7]). The camera model is illustrated
in figure 2. The perspective projection(rx; ry) of a point
(X;Y; Z) in the environment on the image plane is given
by

rx = FX=Z and ry = FY=Z (1)
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Figure 2. Perspective projection in case of a
static camera.

Here, the constantF denotes the focal length of the
camera. Previous work [3] [10] [14] [15] has shown how
geometric distortions of the camera can affect the obser-
vation of the motion and explains how to correct for it.
When an object point moves with a translational motion
~Trel = [trx; try; trz]

T ) relative to the nodal point of the
camera, its motion on the image plane is given by

_rx =
Ftrx � rxtrz

Z
and _ry =

Ftry � rytrz
Z

(2)

The parameters_rx and _ry are the projection of the
motion on the image plane. Consider the camera mov-
ing with constant translational motion given by~Tego =

[tex; tey; tez ]
T , relative to the static part (background) of the

scene. The coordinate frame is attached to the nodal point
of the camera and the z-axis matches the viewing direction.



We introduce 2 angles (:� and�) to define the viewing
direction of the camera in relation to the driving direction
of the vehicle. The choice of these angles is illustrated in
figure 3. These angles will be chosen in such a way that the
camera observes the appropriate part of the scene behind the
vehicle. These parameters might vary in time due to several
reasons, like for example irregularities in the surface of the
road. As mentioned earlier we will assume the translational
ego-motion (and thus the angles� and�) to be known with
a specific accuracy.
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Figure 3. The angles � and � define the re-
lation between the viewing direction of the
camera and the direction of driving of the ve-
hicle.

To investigate the sensitivity of the motion parameters
(angle' and the TTC) for variations in the estimated ob-

served motion
�
_̂rx; _̂ry

�
and variations in the viewing direc-

tion of the camera (� and�) we have to derive the following
relations:

' = 6

�
~Tego; ~Trel

�
= f (F; rx; ry; _rx; _ry; �; �) (3)

TTC = g
�
~Tego; ~Trel

�
= g (F; rx; ry ; _rx; _ry; �; �) (4)

The appendix shows how the relations can be derived for
the motion parameter' for the case� = 0. The relations
for ' for the situation� 6= 0 and the relations for the TTC
can be found in [11]. It is important to notice how these
relations depend on the action in the scene. They depend on
the relative speed of the objects, their position, etc. To gain
insight in the robustness problem, we have to analyse char-
acteristic situations. These situations are ’car shifting lane’,
’car approaching’ and ’car retreating’. In case of approach-
ing vehicles (with a possible lane shifting steering action),
we find the following expression for the motion parameter
':

'j�=0
= arctan

�
ry _rx � rx _ry

F _ry

�
� � (5)

'j�=0
= arctan

 
[ry � F tan(�)] _rx � rx _ry

F _ry
p

1 + tan2(�)

!
(6)

3. Sensitivity of the projection model

From equations 5 and 6 we can derive the sensitivity for
errors in the parameters_rx, _ry, � and�. This is shown in
the appendix for� = 0. If � = 0 and we observe the motion
of an approaching vehicle, we get the following expressions
for the sensitivity of' (expressed in coordinates(X;Y; Z)):

@'

@ _rx

����
�=0

=
Ztrz

F (t2rx + t2rz)
(7)

@'

@ _ry

����
�=0

=
Z (Ztrx �Xtrz)

Y F (t2rx + t2rz)
(8)

@'

@�

����
�=0

= �1 (9)

Some conclusions concerning the sensitivity of the mo-
tion parameter' for errors in the estimation of the parame-
ters _rx, _ry , � and� (ref. appendix and [11]) are:

� The sensitivity of' for errors in _̂rx or _̂ry is inversely
proportional to the focal length of the camera.

� The sensitivity of' for errors in�̂ or �̂ does not de-
pend on the focal length.

� The sensitivity of' for errors in _̂rx is not a function
of the coordinatesX andY . In other words: the sensi-
tivity of ' for errors in the x-component of the optical
flow does not depend on the position in the image plane
where the flow was estimated.

� The sensitivity of' for errors in _̂ry or �̂ does depend
on the position in the image plane where the flow was
estimated. The sensitivity for errors in these estima-
tions will be large when the plane in which the esti-
mated motion occurs is close to the plane in which the
nodal point of the camera is moving (infinity in case
the motion occurs in the same plane).

� The sensitivity of' for errors in _̂rx or _̂ry increases
when the approaching vehicle is further away.

� The sensitivity of' for errors in _̂rx or _̂ry decreases
when the relative motion of the vehicle in the negative
z-direction increases.

� In case of approaching or retreating vehicles, the sen-
sitivity of ' for errors in �̂ does not depend on the
distance of the vehicle. However for the situation of a
vehicle that shifts lane, this sensitivity increases when
the lane shift occurs farther away from the camera.

Equations 7, 8 and 9 should be used to calculate worst
case scenarios for', using (combinations of)



�' _rx =

���� @'@ _rx

���� ��_rx ; �' _ry =

���� @'@ _ry
���� ��_ry (10)

�'� =

����@'@�
���� ��� ; �'� =

����@'@�
���� ��� (11)

The same goes for the sensitivity of the motion parame-
ter TTC.

4. Simulation results

The previous approach enables one to investigate the ro-
bustness of the motion estimation algorithm for traffic ap-
plications. Simulations are required to describe characteris-
tic situation of the application. The typical traffic situations
(like illustrated in figure 4) are analysed by simulation ex-
periments. The conclusions in the previous section showed
that the distance between the plane in which the camera is
moving and the plane in which the observed motion occurs
should be as large as possible. In our case the camera is
placed on top of the vehicle (1.5m above the surface of the
road). Therefore it is wise to consider the motion of points
of the observed vehicle close to the surface of the road. We
have chosen to look at points around the licence plate of the
observed vehicle. The vehicles behind us are represented as
a moving plane perpendicular to the motion direction of the
camera. This plane of size (hxw=0.15x1.7m) moves at an
average height of 0.35m above the surface of the road.

The experiments give an answer to the following prob-
lems:

1. Given the accuracy of a solution for the correspon-
dence problem, what error in the estimation of the mo-
tion parameters is to be expected for specific situations.

2. Given a specific situation, how accurate should the es-
timations of the correspondence problem be in order to
enable estimations of the motion parameters with sat-
isfying accuracy.

your carother car

Tego

t=t0

t=tend

Figure 4. Example of the simulation for the
characteristic situation ’vehicle in same lane
shifts to the left’.

The results of simulations for the first class of problems
depend heavily on the situation one is looking at. For ex-
amples of these results we refer to [11].

The results of the second class are of a more general
character. The following figures show the simulation results
for three different situations. In each simulated situation the
camera is moving with 30m/s (108km/h) in the negative z-
direction (� = � = 0). FurthermoreF=5mm and the pixel
size equals 33�m.

Figure 5: This figure is based on the simulation of a ve-
hicle that approaches our vehicle in the left lane with con-
stant speed. The results are shown for vehicles moving with
32m/s (115km/h) and 36m/s (130km/h). The figure shows
the required accuracy for the estimation of the parameter_ry
that is necessary to estimate the motion parameter' with
an error less then5�. This required accuracy is plotted as
a function of the time-to-contact. For example, one might
be interested in a solution to estimate the motion parame-
ter' for objects approaching with 2 m/s (or more) from the
moment they are within 4 seconds from contact. The fig-
ure shows that for the simulated situation one needs to esti-
mate the optical flow in the y-direction with approximately
1 pixel accuracy in order to estimate the angle' with the
required accuracy.

Figure 6: This figure is based on the simulation of a ve-
hicle that first approaches in the right lane, than shifts left to
reach the left lane and finally overtakes in the left lane. The
results for lane shifts that are shown are initiated at four
different distances (: 15m, 20m, 25m and 30m). The ap-
proaching speed of the vehicles is 32m/s (115km/h). Dur-
ing the lane shift an extra component is added of 0.9m/s
(3km/h) in the x-direction. Again the relation between
the required accuracy in̂_ry and the motion parameter' is
shown.

Figure 7: This figure is based on the simulation of a vehi-
cle that approaches in the same lane with 32m/s (115km/h)
and 36m/s (130km/h). In this figure the relation between
the required accuracy in̂_ry and the TTC is given under the
condition that the maximum allowed error in the estimation
of the motion parameter TTC does not exceed 10% of its
true value.

5. Conclusions

The figures give an indication of the required accuracy in
the estimations of the correspondence problem. However,
the results heavily depend on the situation one is looking at.
For example the focal length and pixel size of the camera,
the height at which the camera is placed, the position of the
points under consideration at the observed vehicle, etc. One
can use the theory explained in this paper to gain insight in
the influence of different parameters on the sensitivity prob-
lem. This insight will, together with restrictions following
from the specific application, provide enough information
to derive the relations like illustrated in the figures 5, 6 and
7.
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Figure 5. Simulated situation: ’vehicle ap-
proaches in left lane’. The figure illustrates
which accuracy is required for _ry in order to
estimate the angle ' with a satisfying accu-
racy.

We used simulations to gain insight in the sensitivity
problem. Next we will test this theory on real-world image
sequences. The theory presented in this paper only consid-
ers vehicles driving on a straight road. We will extend this
work for the case of curved parts of the road. We will also
look at the influence of rotations of the camera around the
y-axis (e.g. due to irregularities in the surface of the road).

References

[1] G. Adiv. Inherent ambiguities in recovering 3-d motion and
structure from a noisy flow field. InProc. IEEE Conf. on
Comp. Vision and Pattern Rec., pages 70–77, 1985.

[2] F. Bergholm. Motion from flow along contours: A note on
robustness and ambiguous cases.Int. J. of Computer Vision,
3:395–415, 1988.

[3] H. A. Beyer. An introduction to photogrammetric camera
calibration. Invited paper, seminaire Orasis, St. Malo, sept.
24-27, 1991.

[4] T. Brodsky, C. Ferm¨uller, and Y. Aloimonos. Directions of
motion fields are hardly ever ambiguous.Int. J. of Computer
Vision, 26(1):5–24, 1998.

[5] Demo98. Automated vehicle guidance. Demo’98, Rijn-
woude, The Netherlands, June 15-19, 1998.

[6] A. Dev. Visual Navigation on Optical Flow. PhD thesis,
University of Amsterdam, 1998.

[7] C. Fermüller and Y. Aloimonos. Qualitative egomotion.Int.
J. of Computer Vision, 15:7–29, 1995.

[8] A. Giachetti, M. Campani, and V. Torre. The use of opti-
cal flow for road navigation.IEEE Trans. on Robotics and
Automation, 14(1):34–48, Feb. 1998.

[9] B. K. P. Horn. Motion fields are hardly ever ambiguous.Int.
J. of Computer Vision, 1:259–274, 1987.

[10] S. Kuijpers. Robot navigatie op basis van optic flow. MSc
thesis, University of Amsterdam, 1998.

2 3 4 5 6 7 8 9 10

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

TTC (s)

lane shift no.1

lane shift no.2

lane shift no.3

lane shift no.4

focal length = 5mm

pixel size = 33 mm

v
ego

= 30m/s

re
q

u
ire

d
a

c
c

u
ra

c
y

fo
r

(p
ix

e
ls

)
r y.

maximum error in less then 5ϕ °maximum error in less then 5ϕ °

Figure 6. Simulated situation: ’vehicle shifts
lane(s)’. The figure illustrates which accuracy
is required in _̂ry in order to the angle ' with a
satisfying accuracy.
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In this appendix the relation' = 6

�
~Tego; ~Trel

�
= f (F; rx; ry; _rx; _ry; �; �) is derived. This relation is given by the

geometric model formulised by equations 1 and 2. From this relation, the sensitivity of' for errors in the estimations of_rx,
_ry, � and� can be derived.

Assuming a flat straight road and a constant translational motion of the camera, the motion of an object behind you will
be in a plane parallel to the surface of the road. For the case� = 0 (see figure 3) the relative motion of an object point in the
y-direction will be equal to zero. Using the equations from 2 we can find the following expression for the ego motion and
relative motion:

~Trel = Z �

�
ry _rx � rx _ry

Fry
; 0;�

_ry
ry

�T
and ~Tego = tez � [sin(�); 0; cos(�)]

T (12)

From these vectors the direction of the relative motion of the object points can be derived. The angle' equals the angle
between the vectors

[� sin(�); 0;� cos(�)]
T and sign(ry _ry) �

�
cos(�)

ry _rx � rx _ry
F _ry

; 0;� cos(�)

�T
(13)

Notice that sign(Z) = +1 and sign(tez) = �1 for our application. Previous relations can be simplified depending on the
situation we are looking at. From these results, the angle' can be derived. Equation 13 shows that the estimation of the
motion parameter will heavily depend on the situation we are looking at. In this appendix we will use equation 13 to derive
the expression for the angle' in case of approaching objects.

We will consider0 � � < +�=2. It is easy to show that (� = 0) sign( _ryry) > 0 in case of approaching vehicles and
sign( _ryry) < 0 in case of retreating vehicles. Using relation 13 we find the following expression for':

'j�=0 = arctan

�
ry _rx � rx _ry

F _ry

�
� � (14)

From 14 we can derive the sensitivity for errors in the parameters_rx, _ry and�:

@'

@ _rx

����
�=0

=
ryF _ry

(F _ry)2 + (ry _rx � rx _ry)2
;

@'

@ _ry

����
�=0

=
�ryF _rx

(F _ry)2 + (ry _rx � rx _ry)2
;

@'

@�

����
�=0

= �1 (15)

Inserting the relations for perspective projection (: equations 1 and 2) in previous equations results in

@'

@ _rx

����
�=0

=
�Ztrz

F (t2rx + t2rz)
and

@'

@ _ry

����
�=0

=
Z (Xtrz � Ztrx)

FY (t2rx + t2rz)
(16)

Analogous the following relations can be derived for the case� = 0. For the derivation of these relations see [11].

@'

@ _rx

����
�=0

=
F _ry [ry + F tan(�)]

p
1 + tan2(�)�

F _ry
p

1 + tan2(�)
�2

+ ([ry + F tan(�)] _rx � rx _ry)
2

(17)

@'

@ _ry

����
�=0

= �
F _rx [ry + F tan(�)]

p
1 + tan2(�)�

F _ry
p

1 + tan2(�)
�2

+ ([ry + F tan(�)] _rx � rx _ry)
2

(18)

@'

@�

����
�=0

= �
F _ry [(ry _rx � rx _ry) tan(�) � F _rx]

p
1 + tan2(�)�

F _ry
p

1 + tan2(�)
�2

+ ([ry + F tan(�)] _rx � rx _ry)
2

(19)


