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Introduction n 

Inn this thesis we study aspects of convexity in Banach spaces of holomorphic func­
tions.. Typically the Banach spaces we consider are the classical Hardy space H1 of 
thee unit disc D in C and the Bergman space A1 of the unit disc. The Hardy space 
HH11 has been well-researched since it first appeared in the 1920's, and has yielded a 
particularlyy rich theory. On the other hand, some of the most important work on the 
Bergmann space was done in the last ten years. Throughout this thesis we are mainly 
concernedd with the study of the geometry of the boundaries of the unit balls of these 
twoo spaces. 

Thee aspects of convexity that we are interested in involve so-called extreme 
points,, exposed points and strongly exposed points. In a way one can measure 
thee flatness (or roundness) of the boundary near a point using these three concepts. 
Lett us illustrate the notions of extremeness and exposedness in less than a thousand 
wordss (the formal definitions are in Section 1.2). 

_ _ 

CD CD 
Considerr the convex and compact set C in the plane bounded by two intervals and 

twoo semi-circles as drawn above. It is rather easy to see that any point x in the interior 
off  C is not extreme, that is to say: there exist points a and b in C, both different 
fromm x, such that the point x lies on the line segment between a and b. (Of course 
thenn the entire line segment is contained in C by convexity.) In other words, extreme 
pointss can only be found on the boundary of the convex set C. But not all boundary 
pointss are extreme. Consider the two intervals h and I2 in the boundary. Clearly, 
thee interior points of these two intervals are also not extreme. It is not difficult to 
verifyy that the remaining points of C (the two semi-circles, whose endpoints coincide 
withh those of Ii  and I2) are all extreme: no line segment through any of these points 
iss entirely contained in C. At the very least, our findings support our intuition as to 
wheree the boundary of C is "round" or "flat." 

Amongg the extreme points of C further distinctions can be made. Take a point y 
onn one of the semi-circles that is not one of the four endpoints. Consider the tangent 
linee L to C at the point y. More generally we can think of L as a hyperplane that 
separatess the extreme point y from the convex set C\{y}. Because L only touches C 
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att y, we say that y is exposed. At each of the four endpoints the situation is rather 
different.. Indeed, it is here that the "round" semi-circles go over into "flat" intervals. 
Moree formally speaking, we see that the tangent line at each of the four endpoints 
hass all the points in one of the intervals I\, J2 in common with C. This means that 
thee four endpoints are not exposed. We summarize our conclusions in the following 
picture: : 

Theree is yet a higher degree of "roundness" that (some) exposed points exhibit, the 
so-calledd strongly exposed points. In finite dimensional spaces strong exposedness 
coincidess with exposedness (by compactness), so unfortunately we cannot illustrate 
differencess between strong exposedness and (ordinary, or weak) exposedness. (Section 
1.22 contains an abstract example.) We have the following implications: 

stronglyy exposed => exposed =>- extreme. 

Inn Chapter 1 we develop the necessary background and proper definitions. We then 
showw in Chapter 2 that there will be no strongly exposed points in a Banach space 
iff  (loosely speaking) there is "too much" algebra structure within the Banach space. 
Too be precise, we prove that following: 

Theoremm 2.4 There are no strongly exposed points in the unit ball of an infinite 
dimensionaldimensional function algebra. 

Ass we mentioned, the Banach space of holomorphic functions we usually consider 
iss the Hardy space H . (We briefly remark that descriptions of extreme, exposed 
andd strongly exposed points in the unit ball of the Hardy space Hp are trivial when 
11 < p < co, that is: all functions in the boundary of the unit ball are strongly exposed, 
whencee we do not discuss these spaces in great detail.) Many of a mathematician's 
powerfull  techniques in working with the Hardy space H1 of the unit disc are based 
onn the following important facts: 

 iï1-functions have boundary values on the unit circle and 

 iJ1-functions admit a canonical factorization involving inner functions and (zero-
free)) outer functions. 

Factorizationn allows one to replace an i?x-function by its corresponding outer function 
thatt is roughly of the same size near the boundary, retains important properties of 
thee original function, and is zero-free on D, thus opening the door for H2-Hilbevt 
spacee techniques after taking a square root. 

Inn fact, the outer functions in Hl are the very starting point of our investigations 
inn Chapter 3. By a celebrated theorem of K. de Leeuw and W. Rudin (Theorem 
1.10)) a function in the boundary of the unit ball of Hl is extreme if and only if 
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itt is an outer function. In the case of exposed points, the situation is not quite 
ass clear. Because outer functions can be described explicitly, there is a basis of 
hopee that one may be able to give an effective structural characterization of the 
subclasss of exposed points. However, no such characterization has yet been found. 
Substantiall  progress has been made by D. Sarason [58, 59], T. Nakazi [34, 35, 36], 
H.. Helson [26, 27], K. Yabuta [68, 69] among others, but the author knows of no 
effectivee description of the exposed points (one that can be used "in practice"). It 
mayy come as a surprise then that the strongly exposed points in the unit ball of 
HH11 can be characterized explicitly. We offer two approaches to these results due to 
T.. Nakazi [37] (unpublished) and the author [3]. They both elaborate on a rather 
abstractt description of strong exposedness derived by D. Temme and J. Wiegerinck 
[63]]  and Wiegerinck [66], but are quite different otherwise. Nakazi's approach uses 
functionn theory and is straightforward. The author's approach is more involved and 
reliess heavily on operator theory, in particular the theory of Toeplitz operators and 
Dee Branges-Rovnyak spaces, as inspired by D. Sarason's important work on exposed 
points.. The main result on strongly exposed points in the unit ball of H1 is the 
following: : 

Theoremm 3.20 A function f in the boundary of the unit ball of H1 is strongly 
exposedexposed if and only if it is an outer function and \f\ is a Helson-Szegö weight on the 
unitunit circle. 
Helson-Szegöö weights arise in problems in prediction theory [24]. This description of 
stronglyy exposed points has a number of consequences. For example, if the function 
ƒƒ is a strongly exposed point in the unit ball of H1, then 1 // is also contained in H1. 
Thiss seems somewhat surprising in light of the fact that it is known that invertibility 
off  a function in H1 is a sufficient but not necessary condition for exposedness. 

AA natural question now is what can be said about extreme, exposed and strongly 
exposedd points in the Hardy space //^(ft) of a (sufficiently nice) domain ft in C, 
whichh is the subject of Chapter 4. These spaces were introduced by M. Parreau 
[45]]  and W. Rudin [52] in the 1950's. In our dealings with H1 (D)-functions, H2-
techniquess played an essential role and could readily be applied to extreme points. 
Afterr all, extreme points are zero-free on the unit disc so taking a square root is an 
admissiblee operation and lands us in the Hilbert space H2. When the complement 
off  ft has finitely many components, the extreme points in H1 (ft) are reasonably well 
understoodd thanks to work by F. Forelli [18], T. Gamelin and M. Voichick [19]. Still 
wee are faced with three obstacles: 

 Factorization in if 1 (ft) is not as powerful as on the unit disc. 

 Unless the domain ft is simply connected (and thus conformally equivalent to 
thee unit disc) there may not exist a global branch of the root of a zero-free 
holomorphicc function. 

 Even more distressing, when the complement of ft has at least two components, 
theree exist extreme points with zeros. 

Noww it can be shown that extreme points in Hl (ft) are the product of a polynomial and 
ann outer function, so an extreme point cannot have too many zeros on ft. Furthermore, 
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thee zero sets of extreme points are generic for extreme points in the sense that the 
(normalized)) product of a polynomial and an outer function in H1 (ft) is extreme if and 
onlyy if the (normalized) polynomial is extreme. If the same would mutatis mutandis 
holdd for exposed points, then we could reduce the study of exposed points to exposed 
outerr functions, to which one could conceivably apply #2-techniques. This turns out 
nott to be the case. We can give an explicit example of a (strongly) exposed point in 
J ?1 ^ )) that when multiplied by a suitable polynomial of degree one is extreme but 
noo longer exposed. Unfortunately a proper understanding of the zero sets of exposed 
pointss is beyond our grasp, as is an effective description of the strongly exposed points 
i n i / 1 ^ ) . . 

Onee other space we study is the Bergman space A1 (which can be embedded in 
thee Hardy space H1 of the unit ball of C2) (Chapter 5). For the purpose of our 
investigationss it holds a distinct advantage over all other spaces considered, in that 
alll  points in the boundary of the unit ball are exposed (but not all exposed points 
aree strongly exposed). For our study of the strongly exposed points we derive an ab­
stractt characterization of strong exposedness which resembles Temme & Wiegerinck's 
criterionn for Hl(D). Namely, we show that an extreme point ƒ in the unit ball of A1 

iss strongly exposed if and only if the L°° -distance of the function f/\f\ to the space 
{A{A11)-)-11 + C{D) is less than one (with {A1)-1 being the annihilator of A1 in L°°). We 
comparee the space {A1)1 + C(D) to its Hardy space analogue H°° + C and show 
thatt it is a closed proper subspace of L°° which is invariant under multiplication by 
continuouss functions. Next, we discuss several techniques for estimating the distance 
inn L°° to (A1)-1 + C. The most powerful technique involves the Bergman projection 
ontoo the Bloch space. As an application we study which polynomials are strongly 
exposedd in A1. We reduce this problem to simple polynomials of the form c(a - z)n, 
wheree the constant c is normalizing. This question can be solved in an elementary 
fashionn when the zero a does not lie on the unit circle. However, the problem for a on 
thee unit circle is much more complicated. We may then assume a = 1 and consider 
thee functions fp = cp(l - z)13, where we allow for non-integer exponents ƒ? > - 2. 
Usingg the Bergman projection we show that the L°°-distance of fp/\fp\ to (A1)1 + C 
iss at most i | s in(^) | / ( /? + 2) (/? > 0). It follows that for all (3 > - 1 , the functions fp 
aree strongly exposed. Our main result on the strongly exposed points in the Bergman 
spacee states that 

Theoremm All normalized polynomials are strongly exposed in the unit ball of A1. 
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Chapterr  1 

Preliminarie s s 

Inn this chapter we explain the notation and develop the necessary background for 
thiss thesis. In particular, we define the sets of extreme, exposed and strongly exposed 
pointss in a Banach space (Section 1.2), and we offer an elementary introduction to 
Hardyy space theory (Section 1.3) and uniform algebras (Section 1.4). 

1.11 Notation 

Thee following notation will be used throughout this text without explanation: 

 D wil l denote the unit disc {z € C : \z\ < 1} in C, with boundary 3D — T = 
{z{z G C : \z\ = 1} , the unit circle. 

 For n = 2,3,4, . . ., Bn = {z e Cn : ||z|| < 1}  is the (open) unit ball in Cn, with 
boundaryy S = Sn, the unit sphere. 

 If X is any Banach space with norm ||.||, we will refer to the closed unit ball 
{x{x e X : ||ac|| < 1}  of X simply as the unit ball of X, denoted Ball(-X"), unless 
explicitlyy stated otherwise. The obvious exceptions to this rule occur when we 
aree dealing with the open unit balls D in C and Bn in Cn. 

 Normalized Lebesgue measure on the unit circle will be written as |£; normal­
izedd Lebesgue measure on the unit sphere S = Sn as da = dan. Normalized 
Lebesguee (area) measure on the unit disc wil l be denoted by dA{z) = ^dxdy. 

 Let K be a compact topological space. The algebra of continuous functions on 
KK wil l be written as C(K). 

 If X is a Banach space, we wil l denote its dual space (equipped with the operator 
norm)) by X*. Al l functionals considered throughout this text wil l be (assumed) 
continuouss (bounded). 

1 1 
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1.22 Extreme, exposed and strongly exposed points 
inn Banach spaces 

Definition .. Let X be a Banach space, and let C be a convex subset of X. We say 
thatt x E C is an extreme point of C, or simply extreme, if the set C \ {x} is also 
convex.. Equivalently, we cannot find y, z in C not equal to x such that x = \{y + z). 

Iff  C is the unit ball of X, the definition of an extreme point x E öBall(X) can be 
reformulatedd as follows: if \\x + y\\ = \\x - y\\ = 1 for some y € X, then y = 0. 

Inn general it is an interesting question to describe extreme points in a locally convex 
space,, where there may be many extreme points, few or even none at all. For example, 
itt is not difficult to show that a function ƒ is extreme in the unit ball of C(K) if and 
onlyy if | ƒ (a:) | = 1 for all x E K. On the other hand, there are no extreme points in the 
unitt ball of L^O, 1] (equipped with Lebesgue measure for simplicity); indeed, given 
ƒƒ E Ll with |j/||i = 1, we find a number a E (0,1) such that J  ̂ \f{t)\dt = \. Let 
99 = /(l[o,a] ~ ![a,i])- T h e n 11/ + sill = 11/ - g\\i = 1, showing that ƒ is not extreme. 

Lett us recall that, for any given Banach space X, the weak*  topology on the dual 
spacee X* is the smallest (weakest) topology such that the functions x* E X* i-> x*{x) 
aree continuous for every x E X. Hence, a sequence x*n in X* converges weak*  to 
x*x*  E X* if and only if l im^oo x*n (x) = x*{x) for all x EX. The most famous result 
onn the existence of extreme points in a Banach space is the Krein-Milman theorem. 

Theoremm 1.1. A bounded, weak* closed convex subset of X* is the weak* -closure of 
thethe convex hull of its extreme points. 

Definition .. Let C be a convex subset of the Banach space X. We say that x E C 
iss an exposed point of C, or simply exposed, if there exists a functional L on X with 
thee following property: for all y E C, y  ̂ x =^> $lL{y) < ftL{x). (For A E C, 9£A 
denotess the real part of A.) We say that the functional L is an exposing functional 
forr x, or simply that L exposes the point x. This means that the real hyperplane 
determinedd by L through the point x touches C only at x. 

Inn the case where C is the unit ball of X, it wil l be convenient to rephrase the notion 
off  exposedness: there exists an (exposing) functional L on X* with L(x) = \\L\\ = 1 
andd x is the only point in the unit ball at which L attains the value 1. 

I tt is obvious from the definitions that an exposed point is also extreme. The simplest 
exampless demonstrate that the converse need not hold in general. However, we offer 
thee following easy "converse," the proof of which is left to the reader. 

Lemmaa 1.2. Let X be a Banach space in which every point of unit norm is extreme 
inin the unit ball of X. Then all points of unit norm are also exposed. 

Definition .. Let C be a convex subset of the Banach space X. We say that x E C 
iss strongly exposed in C if there exists a functional L such that for every sequence 
{a:n} ff  i nX : 

limm $lL(xn) = RL(x) <*==> lim xn — x. 
nn—>oo—>oo n—>oo 

Geometricallyy this expresses that the slices {y E C : $lL(y) > $L(x) - e) of the real 
hyperplanee through x determined by L have arbitrarily small diameters as e —> 0. 
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Whenn C is the unit ball of a Banach space, we will often work with the following 
conditionn on the functional L: for every sequence (xn) in the unit ball, L(xn) —  1 = 
L(x)L(x) occurs only when xn converges to x in norm. 

Off  course, any such functional L also exposes s, s oa strongly exposed point is 
exposed.. Exposed points that are not strongly exposed are called weakly exposed. 

Example.. Consider the Hubert space /2(N) = {(ar„)f ° : £ ?° \xn\
2 < oo}  and the 

convexx subset C = {(xn) G l2(N) : xn > 0} . It is easy to see that the element 
ÖÖ = (0,0,0, . . .) is the only extreme point of C. It is also exposed by every functional 
LL((xx)) = S^Li XnVn, with y = (yn) e Z2(N) such that yn < 0 for all n. However, if we 
sett en = (£n,i)f^ i then for any functional L: L(en) — 0 = L(G), so that O is in fact 
weaklyy exposed. Next, let C' be the intersection of C and the unit ball of l2(N). The 
extremee points of C' are Ö and all points e in C' of unit norm. The point O is still, 
off  course, weakly exposed, but now every e of unit norm is strongly exposed (by the 
functionall  Le(x) = (x,e)). 

Thee following theorem of R.R. Phelps can be seen as an extension of the Krein-Milman 
theorem.. It assures us that the spaces we wil l consider later (Hardy spaces, Bergman 
space)) contain many strongly exposed points. 

Theoremm 1.3 ([47]). Let C be a closed bounded convex subset of a separable dual 
BanachBanach space. Then C is the norm closure of the convex hull of the strongly exposed 
pointspoints ofC. 

1.33 Introductio n to Hardy spaces 

Inn this section we briefly review the theory of Hardy spaces Hp on the unit disc D. 
Thuss we only go through well-known properties of #p-functions and refer the reader 
too the literature for more details and full proofs, which can be found in a number of 
excellentt books, e.g., [15], [20] and [32]. 

Definition .. Let 0 < p < oc. The Hardy space Hp = HP(D) consists of all holomor-
phicc functions ƒ on D for which 

\\f\\\\f\\pp
HPHP:=:=  sup r\f{reiQ)\p f < oc. 

0<r<ll  Jo ÏK 

Forr all 1 < p < oo, the norm ||.[|#p turns HP(D) into a Banach space. When no 
confusionn is possible we will write | | / | |p instead of ||/||i/p. The Banach space of all 
boundedd holomorphic functions on D, equipped with the supremum norm f|ƒ||oo = 
supsupzeDzeD | /(2)|, wil l be denoted by H°° = H^iD). Clearly, H°°(D) C HP(D) for 
alll  0 < p < oo, and || / | |p < WfW  ̂ for_all ƒ e H°°. The disc algebra A = A{D) 
consistss of all continuous functions on D that are holomorphic on D, equipped with 
thee supremum norm. It is the uniform closure of the set of polynomials on D. 

Lett ƒ be holomorphic on D and choose 0 < p < oo. Because the function \f\p is 
subharmonic,, the expressions Mp(f,r) :=  j Q

v | / ( rei ö ) |p ^ are increasing in r. We 
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remarkk that the harmonic extension uT of the function | ƒ |p on the circle C(0, r) to the 
closedd disc B(Q, r) majorizes | / |p, because the latter function is subharmonic. Thus 
thee sequence of harmonic functions (ur) is increasing. If this sequence converges at 
aa single point of D, then it converges pointwise on D and uniformly on compact 
subsetss to a harmonic function U on D (Harnack's theorem) which must be the least 
harmonicc majorant of | ƒ |p on D, by construction. Now the value of ur at the origin 
equalss Mp(f, r), so we conclude that the holomorphic function ƒ is contained mHp(D) 
iff  and only if the function | ƒ |p admits a harmonic majorant on D. 

Wee continue to assume that 0 < p < oo. Let us describe the zero sets of HP(D)-
functions.. For every a G D \ {0} , the map 

„„  lal z — a . , _. 
BBaa:z»:z» 1 1 — — G i D 

—aa 1 — az 

iss an automorphism of the unit disc that has a zero at the point a. In particular, 
\B\Baa(z)\(z)\ = 1 for all z € T. We call this map the Blaschke function with zero at a. The 
identityy function Bo : z  z is, of course, the Blaschke function with a zero at the 
origin.. Suppose now that we are given a sequence of points (zn) in D \ {0} . We ask 
thee question: is there a bounded holomorphic function on D with zero set (zn) (where 
repetitionss of points in the sequence account for the multiplicities of zero)? One's first 
guesss would be to consider the product of the functions BZn, but a priori it is not 
clearr why it should converge. However, because all functions |i?2n| are bounded by 1, 
aa normal families argument shows that Y[n B*n converges to a bounded holomorphic 
functionn with zero set (zn) as soon as the product converges at a single point of D. 
Noww the product Y[n BZn (0) converges if and only if \[n \zn\ converges, or equivalently, 

tf£„(l-|*n|)<°°-tf£„(l-|*n|)<°°-
Conversely,, suppose ƒ ^ 0 is a function in Hp. Then it can be shown that the zeros 

(z(znn)) of ƒ satisfy this so-called Blaschke condition: 

£ ( 1 - I * n | ) < 0 0.. (1.1) 
n n 

Hence,, (assuming ƒ has a zero of order m at the origin) the so-called Blaschke product 

«<*)=== *m II r r ^ = 7 Mi>). 

iss a well-defined bounded holomorphic function on D whose zero set coincides with 
thatt of ƒ; we say that B is the Blaschke factor of ƒ. We see that the Blaschke 
conditionn (1.1) characterizes the zero sets of Hp(D)-iunctions. 

Noww given a function ƒ € Hp, let B be the Blaschke product of the zeros of ƒ and 
sett g :— f/B. Of course, g is holomorphic on D and zero-free by construction. For 
anyy N e N, let BN{z) :=  I ÏÜL I B*n(

z) De t n e product of the Blaschke functions of 
thee first N zeros of ƒ. Because \BN\ -  1 as \z\ —  1, \\f\\p = \\f/BN\\p. In particular, 
forr every r < 1: M p( / /£ jv , r) < ||/|| .̂ Letting iV — oo in this inequality, we obtain 
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MMpp(g,r)(g,r) < | | / | | P, whence \\g\\p < \\f\\p. This shows that the function g is contained 
inn Hp. On the other hand, because \B(z)\ < 1 at every z e D, \\g\\p > \\f\\p. We 
concludee that the function g is a function in Hp of the same norm as ƒ ([50]). In 
particularr we see that for all 0 < p < oo and all Blaschke products B, \B\P = 1. This 
factorizationn of ƒ is commonly referred to as Riesz factorization. 

Whatt we have seen so far is that we can write any ƒ € Hp as the product of a bounded 
holomorphicc function B (a Blaschke product) and a zero-free function g E Hp of the 
samee HP-norm as ƒ. Let G :=  gx>2p = E n

a n z " G H2{D). The fact that G e H2 

iss equivalent to the statement that ^ n | an | 2 < oo- Indeed, if we let Gr be the 
functionn z t-* G(rz) (0 < r < 1), then M 2(G,r) = £ n |an|2r2n is bounded in r if 
andd only if Y n̂ ! a«|2 converges. Let G* be the L2(T, ^ - funct ion with Fourier series 
X ^ 0 an e i n ö .. Then as functions on the unit circle T, Gr —* G* in L2. Because every 
GGrr is harmonic on D, Gr equals the Poisson integral of Gr (restricted to the unit 
circle)) everywhere on D. By a simple limi t argument then, G(z) = PZ(G*), where 
PPZZ(G*)(G*)  is the Poisson integral of G*: 

Usingg Lebesgue's theorem on the differentiation of measures and the fact that the 
Poissonn kernel is an approximate identity one obtains the important result that for 
almostt every £ = e%e € T, the radial limi t lim rfiG(r£) exists and equals <?*(£)  In 
fact,, one may even approach the point £ non-tangentially. Also, we see that the least 
harmonicc majorant of |G|2 equals l im r n Pz(\Gr\

2) = PZ(\G*\2), so ||G||2 = ||G*|Ua. 
Hence,, for any Blaschke product B, the non-tangential limi t B* satisfies \B*\ = 1 
almostt everywhere on T. Exponentiating the function G to the power 2p and adding 
thee Blaschke product B to revert to ƒ, we get the following result (with a bit of extra 
work). . 

Theoremm 1.4. Let ƒ 0 0 be a function in HP(D) (0 < p < oo,) with Blaschke factor 
BB and set g = f/B. Then g is zero-free and contained in Hp and \\f\\Hp = llfflli/p -
ForFor almost all £ G T the non-tangential limits 

A 0 : == lim ƒ(*) 
z-»£(n.t.) ) 

existexist and define an element f* of 1^(7). The functions fr(z) = f(rz) converge to ƒ 
inin Hp as r | 1. Furthermore, the following relations hold (for all z € D): 

WSWH*WSWH* = uriiLP, 
f{f{ ZZ)) = pz(n (p>i) 

\f(\f(ZZ)\)\
pp < pz(\m 

Finally,Finally, the function log |/* | is integrable on T and 

log!ƒ(*)!!  <P,Qag\rI) (1.5) 

(1.2) ) 

(1.3) ) 

(1.4) ) 

forfor all z e D. 
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Remark.. We will often drop the superscript in the notation of the boundary func­
tionn ƒ * of ƒ for reasons of convenience. 

Theoremm 1.5 ([49]). (F. &  M . Riesz) Let /i be a finite complex Borel measure on 
YY and suppose fQ * etn6dfi(eie) = 0 for n = 1,2,3, Then there exists a function 
ƒƒ eHl such thatdti = f*$L. 

Proof.Proof. For z € D we define 

p2np2n -i _ I |2 

/(*):== P,W\=I 1_2 j R ( ; ei i ) + N^^) -
Byy the assumptions on fi we obtain that /(z) = Yl^Loilo  ̂ e- m ed/i(ei ö))z", which 
expressess that the harmonic function ƒ is in fact holomorphic on D. Fubini's theorem 
givess us that M\(f,r) < \\fi\\ (the total variation of /i), so ƒ is contained in H1(D). 
Therefore,, if we set dv = dp - /*ff , then by equation (1.2), J^n ein6dfi{eiö) = 0 
forr all n € Z. Hence the measure v annihilates all continuous functions on T. We 
concludee that v is zero, which yields the desired representation of \i. D 

Corollar yy 1.6. Let AQ = zA be the algebra of functions in the disc algebra vanishing 
atat the origin, regarded as a subspace ofC(Y). Then H1 is isometrically isomorphic 
toto the dual space of C(T)/AQ. 

ProofProof Given a function ƒ e H1, let Lf be the functional 

°°€C€CW"LW"L  ''S' 
Thee norm of this functional is | | / | | LI — II ƒ II H1- By (1.2) Lf annihilates AQ. Conse­
quently,, i: ƒ i— Lf is an isometric embedding of Hl into (Ao)1- = (C(Y)/AQ)*. 

Inn the other direction, suppose L is a functional of C(Y) that annihilates A0. By the 
Hahn-Banachh theorem, there exists a finite complex Borel measure / i o nT such that 
L(g)L(g) = fjgdlAi g 6 C(Y). Because /i annihilates Ao, we can use the F. & M. Riesz 
theoremm to conclude that fi is of the form f  ̂ for some ƒ € H1. Subsequently 
LL = Lf = £(ƒ), so i is surjective and H1 ^ (C(Y)/A0)*. D 

Takee any ƒ € Hp, ƒ ^ 0. Let u be the Poisson integral of log |/* | e L 1 with harmonic 
conjugatee ü on D and set F(z) :=  exp(u(z)+iü(z)). It follows from Jensen's inequality 
andd the inequality (1.5) that F € Hp and for all z e D: \f{z)\ < \F(z)\. Thus the 
functionn I(z) := f(z)/F{z) is contained in the unit ball of H°°. Reasoning as above, 
itt is not difficult to show that u(z) —> log | ƒ*(£)! f° r almost a l l ^ G T a s D 9 z - »( 
non-tangentially.. Hence, \F*\ = \f*\ a.e. on T. This means that for every z e D, 
log|F(*)|| = Pz(log|.F*|) (cf. (1.5)). Also, | P| = 1 a.e. on T. If B is the Blaschke 
factorr of ƒ, then S(z) := I{z)/B{z) is a zero-free function in the unit ball of H°° with 
boundaryy values of modulus 1 a.e. on T. 
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Wee come to the following definitions. 

Definition .. If ƒ is a function in the unit ball of H°° with boundary values of 
moduluss 1 a.e. on T, then we say that ƒ is an inner function. If, in addition, J 
iss zero-free on D, then I is called a singular inner function. 

Definition .. Let F be a function in Hp (0 < p < oo), not vanishing identically on 
D.D. If for every z € D (equivalently: for at least one z e D): log \F(z)\ = Pz(log \F*\), 
thenn we say that F is an outer function in Hp. 

Implicitl yy this definition contains a recipe for constructing all outer functions in Hp. 
Startt with a function ip > 0 in LP(T) that is also log-integrable: JT | log^| dB < oo. 
Extendd log-0 harmonically to u on D. Then F(z) = exp(u(z) -I- iü(z)) is an outer 
functionn (and |F| — ip a.e.). 

Also,, we can construct all inner functions. Blaschke products are inner functions 
andd as we have shown, any inner function is the product of a Blaschke product and a 
singularr inner function. Without proof we mention that a singular inner function S 
iss of the form S(z) = exp(—u(z) — iü(z)), where u is the positive harmonic function 
givenn by 

forr some (any) non-negative measure / / o nT that is singular with respect to Lebesgue 
measuree dB on T. 

Collectingg the previous results, we state the following theorem which is commonly 
referredd to as the inner-outer factorization of Jï^-functions (the terminology is due to 
A.. Beurling, see Theorem 1.8). 

Theoremm 1.7 ([61]). Let f be any function in Hp, not vanishing identically on D. 
ThenThen there eocist a Blaschke product B, a singular inner function S and an outer 
functionfunction F in Hp such that: 

f(z)f(z) = B(z)S(z)F(z), zeD. 

WeWe call B, S and F the Blaschke factor of f, the singular inner factor of f and the 
outerouter f actor of f, respectively. Up to multiplication by unimodular constants, the three 
factorsfactors are unique. 

Wee state two famous results that underline the importance and nature of inner and 
outerr function in Hardy spaces. 

Lett S : H2 — H2 be the operator f(z) t—> zf(z). The map S is usually called the 
(forward)(forward) shift operator on H2. This terminology is easily explained when we observe 
thatt the monomials 1, z, z2,... form an orthonormal basis of H2 and the action of S 
iss given by Yl^=o a« 2 " l—*  5Z^Lo an^"+ 1. We say that a subspace V of H2 is invariant 
underr S, or shift-invariant, if S(V) C V. Equivalently, for every polynomial p and 
everyy ƒ € V: p{z)f{z) € V. 
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Theoremm 1.8 ([7]). (Beurling) Let V be a closed subspace of H2 invariant under 
S.S. Then either V = {0}  or there exists an inner function I such that 

VV = I-H2 = {I(z)f(z):feH2}. (1.6) 

TheThe inner function I is unique except for a constant factor. Conversely, every sub-
spacespace V of the form (1.6) is closed and invariant under S. 

Proof.Proof. Cf.[20], Theorem II . 7.1.

Corollar yy 1.9. Let ƒ G H2. Then f is an outer function if and only if the subspace 
VfVf — {pf : p a polynomial} is dense in H2. 

Proof.Proof. Suppose ƒ is an outer function. Let V be the closure of Vf in H2. V is 
aa closed S-invariant subspace of H2. By Beur ling's theorem V = I  H2 for some 
innerr function I. Because ƒ G V is an outer function, the inner function I must be 
constant,, i.e., V = H2. If ƒ is not an outer function, let's say ƒ = I  F, for some 
non-triviall  inner function I, then the closure of Vf is contained in I  H2, which is a 
properr subspace of H2 so Vf is not dense in H2. D 

Nextt we come to another famous theorem on outer functions. The De Leeuw-Rudin 
theoremtheorem tells us that the extreme points of the unit ball of H1(D) are the outer func­
tionss of unit norm. As such, it is the starting point of our investigation of (strongly) 
exposedd points in H1^). 

Theoremm 1.10 ([33]). (De Leeuw-Rudin) A function ƒ is an extreme point of 
thethe unit ball of Hl{D) if and only ƒ is an outer function and \\f\\i — 1. Furthermore, 
ifif  f is of unit norm but not extreme, then there exist extreme points F\ and F2 such 
thatf=\{Fthatf=\{F ll+F+F 22). ). 

Proof.Proof. Suppose ƒ is an outer function of unit norm and suppose g in H1 is such 
thatt || ƒ + g\\\ = || ƒ - <?||i = 1. Let dp, be the probability measure |ƒ | |f on the unit 
circle.. Then, with k = g/f on T, the relations ||ƒ + <?||i = ||ƒ — g\\i = 1 imply that 
J0

27rr |l+fc| + |l-Jfe|d/x = 2. Because for all z E C: | l+2| + | l - z| > 2, with equality if and 
onlyy if z G [—1,1], we conclude that for almost d/z-every ^ e T : g{0/f(0 e [—1» !]
Observee that this inclusion also holds for almost dd-every £ € T, because -  ̂ = \f\ ^ 0 
almostt dö-everywhere on T. In particular, | |̂ < | /| dB— a.e. on T. By the fact that 
ƒƒ is outer (1.5), then also for all z € D: \g{z)\ < \f(z)\. Hence g/f £ H°° has reai 
boundaryy values on T. A glance at the Poisson integral representation of g/f yields 
thatt g/f is constant. Finally, because ||ƒ + g\\\ = 1, this constant is zero, i.e., g = 0, 
soo ƒ is extreme. 

Inn the other direction, suppose ƒ = /  F is of unit norm, but ƒ is a non-trivial inner 
function.. Because for every : 

<< "" MM  ̂ = 2  2ft{eie) = 2  2cos(0) > 0, 

thee functions I and (1  I)2 have the same argument a.e. on T. Let g = gi — ^ r - -
Wee have 

 = J y |F|-/£). 
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Noww if we replace I by XI throughout the preceding, where A € T is arbitrary, then 
wee obtain: 

oo \F\-I^). 

Therefore,, we can choose A in such a way that 3?(A J0 * \F\  Hjfi-) = 0. Consequently, 
It//  fflli =  1, but g £ 0, so ƒ is not extreme. Let Fi = ƒ + g = (1 + I)2F/2 
andd F2 = ƒ — g = (1 — I)2F/2. The functions F\ and F2 are of unit norm in 
HH11.. Because the functions 1 + 1 and 1 — I have positive real parts, they axe outer 
functionss (see Lemma 3.3 below). Hence the functions Fi and F% are extreme points 
andd f=i(F 1+F2).

1.44 Introductio n to unifor m algebras 

Thiss section develops the necessary background on the theory of uniform algebras 
thatt is required for Chapters 2 and 3. For more details we refer to [62]. 

Definition .. A commutative Banach algebra A is a commutative complex algebra 
whichh is also a Banach space with a norm ||.|| satisfying ||a6|| < ||a]|  ||6|| for all 
a,, 6 6 A. In addition, we assume that A contains a unit element 1: 1  a = a for all 
aa e A. 

Definition .. Suppose A is a commutative Banach algebra. The maximal ideal space 
(orr spectrum) MA of A is the set of multiplicative (linear) functionals (homomor-
phisms)) m : A — C; that is, for all a, b € A and all A G C: m(a  b) = m{a)m{b) and 
m(A- l )) = A. 

AA few words about the terminology and the existence of multiplicative functionals. 
Iff  m is a multiplicative functional on A, then X = ker(m) is a maximal ideal in A. 
Ass a field, AjX = C. Conversely, if J is an ideal in A, the map m : a € A 1—> [a]  = 
aa + T G AjX is a homomorphism. By the Gelfand-Mazur theorem ([14], Theorem 
2.31),, if I is maximal, then AjX = C as a field, which means that we may regard m 
ass a multiplicative functional on A with kernel J. Hence, the maximal ideals in A are 
inn one-to-one correspondence with the multiplicative functionals on A. This settles 
thee question of existence of multiplicative functionals. 

Byy Zorn's lemma, an element a € A is not invertible if and only if a is contained 
inn a maximal ideal. In other words, an element a e A is invertible in A if and 
onlyy if m(a)  ̂ 0 for all m € MA and the set {m(a) : m G M} coincides with the 
spectrumm <r(a) = {X G C : a — A - l i s not invertible in M} of a. From this then it 
followss that every multiplicative functional m o na commutative Banach algebra is a 
contraction.. Thus MA is a weak*  closed subset of the unit ball of A*. Consequently, 
whenn equipped with the weak*  topology (as is customary), MA becomes a compact 
Hausdorfff  space. 

Definition .. Let A be a commutative Banach algebra. The Gelfand transform G : 
AA —+ C(MA) is the map ai->a, where a : m G MA *—> fn(a). 
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Becausee the multiplicative functionals are contractive we see that the Gelfand trans­
formm in turn is a contraction from A into C{J*AX)- The Banach algebras for which 
thee Gelfand transform is isometric are of special interest. 

Definition .. If A is a commutative Banach algebra and the Gelfand transform is 
isometric,, we say that A is a uniform algebra. 

Obviously,, if Hajloo = ||a|| for all a E A, then ||a2|j = ||a||2 for all Q G A Conversely, 
thiss latter condition also implies that the Gelfand transform is isometric by the for­
mulaa for ||a||. Indeed, by the spectral theorem the norm of a equals l imn-^ >/||an||, 
thee spectral radius of a (a). 

Corol laryy 1.11. A commutative Banach algebra A is a uniform algebra if and only 
ifif  for all a E A: \\a?\\ = \\a\\2. 

Definition .. Let K be a compact Hausdorff space. A function algebra on K is a 
subalgebraa of C(K) that separates the points of K and contains the constant func­
tions. . 

Thee corollary expresses that the Gelfand transform acts as an isometric isomorphism 
betweenn a uniform algebra and a function algebra on its maximal ideal space. 

Example.. The disc algebra A(D) is a uniform algebra. Let m be a multiplicative 
functionall  on A(D). Let zm be the point m(Z) E D, where Z indicates the identity 
functionn on D. It follows from the fact that the polynomials are dense in A(D) that 
thee action of m is point evaluation at zm. By the identification m E M.A <-+  zm E D 
wee see that the maximal ideal space of A(D) is nothing other than D and that A(D) is 
aa function algebra on D. Of course, this is nothing new. We can go further. Namely, 
wee can think of the disc algebra as a subalgebra of C(T), where the functions already 
attainn their norms and separate the points. In other words, A(D) can be regarded as 
aa function algebra on T. This motivates the following definition. 

Definition .. Let A be a function algebra on K. If K' is a closed subset of K such 
thatt for all f E A, \\f\\ = max2 ex' |/(^)|i then we say that K' is a boundary for A. 

Thee intersection of all boundaries is again a boundary (thus the smallest boundary) 
andd is commonly referred to as the Shilov boundary of A. Thus every function algebra 
iss a function algebra on its Shilov boundary. For example, the unit circle is the Shilov 
boundaryy of the disc algebra. Similarly, because the pairing ƒ E H°° <-> ƒ*  E L°°(T) 
iss isometric, we see that the maximal ideal space ML°° of L°°(T) is a boundary for 
H°°(D).H°°(D). (It is in fact the Shilov boundary of H°°{D).) 

Lett us exhibit special points that are contained in the Shilov boundary of a function 
algebraa A C C{K). 

Definition .. A point a E K is called a strong boundary point for A if for every 
neighborhoodd U of a there is a function f E A such that ||/|| = f (a) — 1 while 
maxbgf// |/(&)| < \- We say that a E K is a peak point for A if there exists a function 
ƒƒ E A such that j | / | | = / (a) = 1 and |/(6)| < 1 for all b E K, b  ̂ a. 



1.4.1.4. INTRODUCTION TO UNIFORM ALGEBRAS 11 1 

Promm the definition it is clear that a peak point is also a strong boundary point. In 
general,, a function algebra need not contain any peak points. Strong boundary points, 
however,, always exist in function algebras. First observe that all strong boundary 
pointss are contained in every boundary of a function algebra. In the other direction 
wee have the following: 

Theoremm 1.12. If A is a function algebra, then every function in A attains its 
maximummaximum modulus on the set of strong boundary points for A. 

ProofProof Cf. [62], Theorem 7.21. D 

I tt follows that the closure of the set of strong boundary points coincides with the Shilov 
boundaryy for A. Therefore, if A is any function algebra on K, through restriction of 
AA to its Shilov boundary, one may assume that the set of strong boundary points is 
densee in K without loss of generality. 
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Chapterr  2 

Exposednesss and strong 
exposednesss in Banach 
algebras s 

Inn this chapter we wil l discuss the sets of extreme and exposed points in the function 
spacess H°°(D) and A(D). These sets are non-trivial yet relatively easy to describe 
andd the classic proofs of these results offer a good illustration of the concepts from the 
previouss chapter. Next we investigate the question of strong exposedness. Our main 
resultt states that in infinite dimensional function algebras (which include H°°(D), 
A(D)A(D) and their several variables counterparts), there are no strongly exposed points 
inn the unit ball. It is here that the algebra structure of the Banach space plays a 
cruciall  role. 

2.11 Extreme and exposed points in H°°(D) and A(D) 

Lett us first describe the extreme points of the unit ball of H°°(D). We recall that 
aa function ƒ in the boundary is not extreme if and only if there exists a function 
gg G if00, not identically zero, for which ||ƒ + ff||oo = 11/ — d\\oo = 1- Suppose that ƒ 
iss not extreme and let g be as above. Then at every z £ D: 

\f(z)\\f(z)\22 + \g(z)\2 = \{\f{z) - g(z)\2 + \f(z) + g{z)\2) < 1. 

Hence,, \g(z)\2 < l - | / ( z ) !2 < 2(l-\f(z)\). Thus for almost every £ € T: \g(£)\ < 2 ( 1-
| / (0D-- Because g is not identically zero, the integral JTlog \g\  ̂ converges, so by our 
estimate,, /T log(l - | / | ) |f > - co. Conversely, suppose the function ip = log(l — | / |) 
iss integrable on T, for some ƒ in the unit ball of H°°. If we let u = P[ip]  < 0 be the 
Poissonn integral of u on D, with harmonic conjugate ü, the function 

g(g(zz)) =  e ( u + ^ ) 

13 3 
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belongss to H°° and satisfies \g(z)\ < 1 — \f{z)\ (cf. 1.5) at every point z e D. We 
concludee that \\f  g\\oc < 1, so f is not extreme in the unit ball of H°°. 

Onee can easily adapt the latter argument to apply to the disc algebra. Indeed, given 
aa function ƒ in A(D) such that /T log(l - | / | ) ff > — oo, one constructs a continuous 
functionn -0 : T —> [0,1] with the following properties: 

 0 < i - | / l ; 

 tp is smooth on the relative open set {|/ | < 1}  = {e10 : \f(eie)\ ^ 1}; 

 Jr^ff >-oo. 
Thenn with u = P[log0] as before, g = eu+lu e A{D) and again, j| ƒ =t ^|joo < 1, which 
showss that ƒ is not extreme in A(D). 
Lett us sum up the results on extreme points in H°°(D) and A(D): 

Theoremm 2.1 ([33]). Let ƒ be an element of the unit ball of H°°(D) or A(D), 
respectively.respectively. Then ƒ is an extreme point of the unit ball if and only if 

^ I o g ( l - | / | ) ^^ = -oo. 

Subsequently,, the exposed points of the unit balls of A{D) and H°° were described by 
S.. D. Fisher (1969) and E. Amar & A. Lederer (1971) respectively. Let us follow their 
proofss and briefly describe their results. Suppose ƒ 6 dBaH(H°°) has absolute value 
11 on some subset E of T of positive Lebesgue measure. We claim that the functional 

exposess ƒ. Indeed, suppose g e öBallfH00) is such that L(g) — L(f) = 1. Because 
W\W\ IE Mf f — 1' w e c o n c mde that gf = \g\ — 1, and hence g — ƒ almost everywhere 
onn E. By the fact that E has positive measure, ƒ and g coincide everywhere. 

Conversely,, if ƒ is exposed in A(D) by the functional L, then by the Hahn-Banach 
theorem,, L must be of the form L(g) = JT gfdfi for all g € A(D) and some probability 
measuree /i with support in the set E = {|/ | = 1} . We claim that E has positive 
Lebesguee measure. For otherwise, being a closed subset of T of measure zero, E 
wouldd be a peak set for the disc algebra. Thus, there would exist a function p € A(D) 
suchh that p = 1 on E and \p(z)\ < 1 for all z E T) \ E. But then L(pf) = L(f) = 1, 
contradictingg the exposedness of ƒ. 

Theoremm 2.2 ([17]). Let ƒ be an element of the unit ball of A(D). Then ƒ is exposed 
ifif  and only if \ ƒ | = 1 on a set of positive measure. 

Amarr & Lederer used the maximal ideal space of H°° to extend Fisher's result to 
H°°: H°°: 

Theoremm 2.3 ([1]). Let ƒ be an element of the unit ball of H°°. Then ƒ is exposed 
ifif  and only if \f\ = 1 on a set of positive measure. 
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2.22 Strongly exposed points in function algebras 
Inn the previous section we saw that there exist many exposed points in the unit balls 
off  the function algebras A(D) and Hoc(D). In fact, the exposed points are dense 
inn the boundaries of the respective unit balls. For strongly exposed points, however, 
thee situation is quite the opposite: unless a function algebra is trivial, i.e., finite 
dimensional,, there are no strongly exposed points. 

Theoremm 2.4 ([4]). There are no strongly exposed points in the unit ball of an 
infiniteinfinite dimensional function algebra A C C(K). 

Wee can make the idea behind this statement intuitively clear. Al l functionals on 
AA are given by integration against some regular Borel measure /z on K. Given any 
suchh functional, and a function ƒ in the unit ball of A, one can modify the size of 
thee function ƒ on a subset of K of small /i-measure without essentially changing the 
integrall  of ƒ with respect to /x. Specifically, we can find a function g in the unit ball 
off  A such that \L(f) — L(g)\ is arbitrarily small, yet || ƒ — g\\oo can be arbitrarily close 
too 1. 

AA word of warning though. It is the algebra structure of A that is used in an 
essentiall  way in the modification process: by a famous theorem of Banach, any Banach 
spacee X is isometrically isomorphic to a closed subspace of C(K) for some compact 
Hausdorfff  space K ([14], Theorem 1.29) and by Theorem 1.3, there are Banach spaces 
withh "many" strongly exposed points. 

Beforee we proceed with the proof of Theorem 2.4 we need a lemma. 

Lemmaa 2.5. Let Q C C be the interior of the Jordan curve 

{ z < E C : | 2 | < l , | a r g2 ii  = ( l - | z1 )2}U {0 } . 

Then Then 
limm s u p | l - 2n | = 1. 

Proof.Proof. By the maximum modulus theorem we need to show that 

limm sup |1 — zn\ = 1. 
n-*° °° z£dil 

Forr z € dü: 
|11 - zn\2 = 1 + \z\2n - 2\z\n cos(n(l - |*|)2). 

Iff  n(l — \z\)2 < -4jj, then the cosine is at least | and |1 - zn\2 < 1. On the other 

hand,, if n(l - \z\)2 > -4j, then \z\n is bounded above by (1 - ^è/ï)71 which behaves 

l i k e e -n V \\ G 

Wee are now ready for the proof of Theorem 2.4. The proof we give here has been 
simplifiedd based on an extension of the result to so called denting points due to 
O.. Nygaard & D. Werner ([44]). 
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ProofProof of Theorem 2.4- Let F be an exposed point of the unit ball and suppose L is 
aa functional on A that exposes F. Reasoning as in the paragraph preceding Theo­
remm 2.2, we see that there exists a probability measure p, on K, supported in the set 
EE = {|/ | = 1}, such that 

LL : g € A >-> / gFdp,. 
JE JE 

Choosee £ > 0. Because there are infinitely many strong boundary points, we can 
findd a strong boundary point x, an open set V 3 x in K such that fi(V) < £, and, 
subsequently,, a function p € A for which p(x) = \\p\\ = 1, and \p\ < ~ on K \ V. 

Next,, let (j) : D — Q be a Riemann map of the unit disc to the domain U of 
Lemmaa 2.5, with (f)(1) = 1. Because <f) is an element of the disc algebra, the function 
(pop(pop is contained in A. We set fn :=  (l-((f>op)n)F € A. By Lemma 2.5, limsup ||/n|| < 
1.. Because (<j>  o p)n —* 0 uniformly on K \ V, 

ff fnFdii^it{E\V) = l-ii{V) 
JE\V JE\V 

ass n —* oo. By the choice of V, \L(fn) — 1\ < 2e for all sufficiently large n. We fix a 
largee number n such that \L(fn) — 1| < 2e and ||/„|| < 1 + e. 

Becausee fn{x) = 0, we can find a small neighborhood W C V of x such that 
| / „ || < £ on W. Let q e A be such that ||g|| < 1 = \F(x) - q(x)\ and \q\ < e on 
K\W.K\W. Consequently, \L(q)\ < 2e. Let G = fn + q. We then have j|G|| < 1 + 3e and 
\L(G)\L(G) — 1| < 4e, but ||F - G|| > 1, whence F cannot be strongly exposed. D 

Thee following corollary follows easily from the previous theorem and Theorem 1.3. 
Wee see in particular that the disc algebra is not a dual space. 

Corollar yy 2.6 ([30]). No infinite dimensional separable uniform algebra is a dual 
space. space. 



Chapterr  3 

Stronglyy exposed points in if 1 

Thee strongly exposed points in H1 are studied in this chapter. The starting point 
forr this is, of course, the De Leeuw-Rudin theorem which taught us that the extreme 
pointss in H1 are the outer functions. In Section 3.1 we review some results on exposed 
pointss in the unit ball of if 1. Section 3.2 contains an abstract characterization of the 
stronglyy exposed points in the unit ball of H1; it is this criterion that wil l be relied on 
heavilyy throughout the remainder, for both if 1, Hardy spaces of other domains and 
thee Bergman space (Chapters 4 and 5.) In the last two sections we give two explicit 
descriptionss of the strongly exposed points. The first approach uses function theory 
(Sectionn 3.3) and is rather straightforward. The second approach is more involved 
andd uses operator theory (Section 3.4); we explain how Toeplitz operators can be used 
too study (strong) exposedness in the context of De Branges-Rovnyak spaces. 

3.11 Exposed points in H1 

Supposee ƒ is an exposed point of the unit ball of H1 with exposing functional L. By 
thee Hahn-Banach theorem there exists a function tp € L°°, H^Uo^l, which represents 
thee action of L: 

L{9)L{9) = 1 9VY, 
Becausee L(f) = |fƒ||i = 1, and because the function ƒ has mass (almost) everywhere 
onn T, there is only one tp that has the desired properties, namely <p = f/\f\ = 
exp(—iarg(/)).. In particular we see that the exposing functional for ƒ is unique and 
off  the above form. 

Givenn a function tp € L°°, we let Lv be the functional 

LLMM  = J 9<P% (9 EH1), 

andd S<p = {g € öBallfif 1) : Lv(g) — \\LV\\}. The structure of the set S  ̂ has been 
investigatedd by several authors, particularly when S  ̂ contains more than one element, 

17 7 
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e.g.,, [22], [34], [35]. We are content to restrict our attention to exposed points; that 
is,, those <p = 7 / | /| (ƒ G H1) for which S  ̂ = {ƒ} . 

Definition .. We say that a function ƒ E Hl \ {0}  is rigid if every function g E H1 

thatt has the same argument as ƒ a.e. on T is a scalar multiple of ƒ. 

Roughlyy speaking, an H1 -function is rigid if its argument on T essentially determines 
thee function. By the representation of exposing functionals, a function is exposed in 
thee unit ball of H1 if and only if it is rigid and of unit norm. Therefore, whenever 
wee wish to avoid cumbersome and trivial normalizations, we will conveniently discuss 
rigidityy rather than exposedness. 

Example.. Let ƒ be a rigid function in H1, and assume g G H1 is an outer function 
thatt satisfies \g\ > \f\ a.e. on T. (The inequality \g\ > \f\ persists on D because g is 
outer.)) Then g is also rigid, for if h G H1 has the same argument as g, then hf/g is 
containedd in H1 and has the same argument as ƒ, whence fh/g = Cf, or h — Cg for 
somee constant C > 0. This example illustrates that in some sense rigidity has to do 
withh how small a function can be on the circle (see also Theorem 3.5 below). 

Lett us give some examples of functions that are not rigid. By the De Leeuw-Rudin 
theoremm (Theorem 1.10), any if 1-function with a non-trivial inner factor is not rigid. 
Inn such cases, inspection of the proof of the theorem explicitly gives another H1-
functionn with the same argument: if ƒ = ƒ  F then g = (1 + I)2  F has the same 
argument.. This argument can be reversed: suppose ƒ ^ 0 is divisible in H1 by 
thee outer function (1 +1 )2 (see Lemma 3.3 below), where I is any non-trivial inner 
function,, then ƒ and If/{1 +1)2 have the same argument, so ƒ is not rigid. In other 
words s 

Iff  ƒ is rigid then f /{I  + I)2 £ H1 for all non-trivial inner functions /. (3.1) 

Definition .. If ƒ G H1 is an outer function such that f/(z — A)2 ^ H1 for all A G T, 
thenn ƒ is called a strong outer function. 

Inn [34, 35] it was conjectured that strong outer functions are rigid, which would imply 
thatt condition (3.1) can be relaxed considerably to demonstrate rigidity; indeed, one 
wouldd have to test (3.1) only for inner functions of the form I(z) = \z, where A € T. 
Thiss conjecture was refuted by E. Hayashi [22] who gave an example of a non-trivial 
innerr function I for which (1 + I)2 is strongly outer. A few years later there was 
somee support for the conjecture that condition (3.1) in its full strength is equivalent 
too rigidity, i.e., that a function ƒ G H1 is rigid if and only if for no non-trivial inner 
functionn /, f/(l + I)2 G H1 ([58, 59]). However, this was again refuted, by J. Inoue: 

Theoremm 3.1 ([29]). There exists an outer function ƒ G H1 that is not rigid, yet 
forfor all non-trivial inner functions I, f/(l + I)2 £ H1. 

AA necessary and sufficient condition for rigidity that resembles condition (3.1) was 
foundd by Helson [27] (Theorem 3.2 below). It extends the test for rigidity that is 
expressedd in (3.1), but Helson's result is not easy to use "in practice" as Inoue's 
constructionn demonstrates. 
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Theoremm 3.2 ([27]). Let ƒ be an outer function in H1. Then ƒ is rigid if and only 
ifif  for all inner functions p and q, not both constants, f/(p + q)2 £ Hl. 

ProofProof First we remark that for all inner functions p and q, p+q is a non-zero constant 
iff  and only if p and q are constant. Assume ƒ is divisible in H1 by (p + q)2 for some 
innerr functions p and q that are not both constants. It is easy to verify that 

(P+Q)(P+Q)22''

a.e.. on T (and not a constant). Thus ƒ has the same argument as g = — fc^s ƒ, so 
ƒƒ is not rigid. This proves the theorem in one direction. 

Too establish the other half suppose ƒ is not rigid. Choose any g E H1 that is 
nott a scalar multiple of ƒ but has the same argument as ƒ. If g has a non-trivial 
innerr factor ƒ, then we replace g by the outer function (1 + I)2g/I. If this latter 
functionn is a scalar multiple of ƒ, then the theorem is satisfied with p — 1, q — I. We 
mayy therefore assume that the function g that we have chosen above is also an outer 
function.. Let F = f1/2 E H2 and G = gx'2 E H2. Then F/G is real valued (a.e.) 
onn T. Let A = F + iG, f2 = F - iG. Because | / i | = \f2\ = y/\F\2 + l^l 2 o n T> t h e 

ff 2-functionss f\ and f2 have the same outer factor, say h E H2. Whence we find two 
innerr functions p and q such that f\ = ph, ƒ2 = qh. Consequently, F = (p + q)h/2 
(andd G = —i(p — q)h/2), so ƒ = F2 is divisible in Hl by (p + q)2. This proves the 
theoremm in the other direction. (Note that p and q are not both constants, because 
thiss would imply that g = G2 is a scalar multiple of ƒ.) D 

Wee wil l end this section with two sufficient (but not necessary) conditions for rigidity, 
duee to K. Yabuta, which are also of practical interest. We start with two lemmas. 

Lemmaa 3.3. Suppose ƒ G /fx\ {0}  satisfies 3?/ > 0 a.e. on T. Then ƒ is an outer 
function. function. 

Proof.Proof. By the Poisson integral representation of ƒ, the inequality 5ft ƒ > 0 extends from 
thee unit circle to the unit disc, that is 9lf{z) > 0 for all z E D. Therefore ƒ cannot 
havee a zero on D. Let g :=  f1^2 € H2 where the root is chosen in such a way that 
%lg%lg > 0 also. If we can show that g is an outer function, it follows that ƒ = g2 is also 
outer.. Because $tf(z) > 0, \aigg(z)\ < f and |arg 1/0(2)! ^ f f° r a n z E D. Thus 
|31/0|| < m/g everywhere on D, hence \l/g\ < 2&1/g so Mx{l/g, r) < 2m/g{0). We 
concludee that \/g E H1, so by the inner-outer factorization ofl = g-l/g,g must be 
outer,, as desired. D 

Lemmaa 3.4 ([25],[42]). Every function f E H1/2 that is positive a.e. on T is con­
stant. stant. 

Proof.Proof. The proof is straightforward once we know that any such ƒ is an outer function. 
Thenn g = ƒ1//2 E H1 is real valued a.e. on T, which implies that g (and ƒ) are constants 
byy the Poisson integral representation of H^functions. Let us shows that ƒ must be 
outer.. We argue by contradiction. Assume ƒ contains a non-trivial inner factor I. 
Thenn look at the outer functions g = (1 4-1)2 f /I and h = — (1 — I)2 f'/I that are 
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positivee a.e. on T and contained in H1/2. By the preceding remark g and h are 
constants.. Therefore (1 + -02/ ( l  — -02 '1S constant, which contradicts the assumption 
thatt ƒ was non-constant. D 

Remark.. The function ƒ (z) = z/{\ + z)2 is contained in Hp for all 0 < p < \ and 
positivee a.e. on T, which shows that Lemma 3.4 is sharp. 

Wee are now ready for Yabuta's results. 

Theoremm 3.5 ([68]). If f E H1 is invertible in H1, then f is rigid. 

Proof.Proof. ([35]) Clearly, because ƒ is invertible in H1, it is an outer function. Suppose 
ƒƒ and g have the same argument on T. The function h = g/f is then positive on T 
andd contained in if 1/2, being the product of two H^functions. By Lemma 3.4, h is 
constant,, so g is a scalar multiple of ƒ, whence ƒ is rigid. D 

Example.. The functions (1 + z)a are rigid for all a e (—1,1). 

Theoremm 3.6 ([69]). Suppose there exists h e H°°\{0} such that $t(hf) > 0 a.e. on 
T.. Then ƒ is rigid. 

ProofProof ([35]) Suppose g G H1 and ƒ have the same argument a.e. on T. We wish to 
showw that g is a scalar multiple of ƒ. Multiplying ƒ and g by suitable constants we 
mayy assume that ||/i/||i = \\hg\\i = 1- Then also || ^ g| |i = 1 because hf and hg 
havee the same argument a.e. on T. Also, ^t(hg) > 0, so by Lemma 3.3, ^ g is an 
outerr function. Thus it is an extreme point of the unit ball of H1 (Theorem 1.10), so 
hfhf = hg, and ƒ = g. We are done.

Example.. The functions (1 + z)a are rigid for all a € (—1,1]. Similarly, with a 
suitablyy chosen h € H°° one can show that every polynomial with no zeros in D and 
singlee zeros on T is rigid. (When a > 1, the function (1 + z)a is not rigid by (3.1).) 

3.22 A criterion for strong exposedness 

Inn this section we discuss a characterization of the strongly exposed points in the unit 
balll  of H1 due to D. Temme & J. Wiegerinck [63]. In subsequent chapters we wil l 
generalizee this result to other spaces (Chapters 4 & 5). For the Hardy space H1 we 
wil ll  use this rather abstract characterization to describe all strongly exposed points 
explicitlyy (Section 3.4). 

Throughoutt this chapter, let H°°+C denote the subspace H°°+C(T) of L°° = L°°(T). 

Wee saw in the previous section that an exposing functional L for ƒ € H1 is unique 
andd of the form 

2TT T 

L.geHL.geH11^  ̂ ƒ gcp—, 

wheree <p = f/\f\ € L°°  Thus it seems reasonable that strong exposedness of the 
functionn ƒ (i.e., the functional L\) may be expressed in terms of the function <p. That 
thiss is indeed the case is the main result of this section: 
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Theoremm 3.7 ([63, 66]). Let f be a function in the unit ball of H1. Then f is 
stronglystrongly exposed if and only if f is exposed and the L°°-distance of ip = f/\f\ to 
H°°H°° + C is less than 1. 

(Observee that the L°°-distance cannot exceed 1.) We will strengthen this result in 
onee direction: 

Theoremm 3.8 ([3, 5]). If the function ƒ is strongly exposed in the unit ball of H1, 
thenthen the L°° -distance of tp = f/\f\ to H°° is less than 1. 

ProofProof We argue by contradiction. Suppose the L°°-distance of (p to H°° is 1 and 
ƒƒ is strongly exposed. Let V be the restriction of the /-exposing functional L(g) = 
Joo 9P Jn *° #o = zHl  By the Hahn-Banach theorem, the operator norm of L' 
equalss the L°°-distance of tp to H°° = ( # o )x . Thus we can find a sequence of 
functionss (/n) in the unit ball of HQ such that L(fn) —  \\L'\\ = 1. Contrary to the 
assumptionn of strong exposedness, the functions ƒ„  do not converge to ƒ in norm, 
becausee norm convergence implies pointwise convergence on D, which fails at the 
origin.. (Note that /(O) ^ 0 because ƒ is outer.) D 

Example.. For a € (-1,1), let fa ~ ca( l + z)a, where the constant cQ > 0 is 
chosenn such that ƒ has unit norm. As we saw in the examples at the end of Section 
3.1,, the functions fa are exposed. Furthermore, setting ipa = fQ/\fa\, we have 
\\<p\\<paa + cos(^p)||oo = | s i n ( ^ )| < 1. Therefore the functions fQ are strongly exposed. 

Wee postpone the proof of Theorem 3.7 (in the other direction) until the end of this 
section.. Let us first borrow two examples of weakly exposed points in the unit ball of 
HH11 from Temme & Wiegerinck [63]. 

Examplee 1. A polynomial is rigid in H1 if and only if its zeros on the unit circle are 
singlee zeros (and it is zero-free on D, obviously). Any normalized polynomial with at 
leastt one single zero on T is not strongly exposed however. For simplicity consider the 
normalizedd function f*{z) = c( l+z), with exposing functional L(g) = f0

 n gf*/\f*\  |f. 
Recalll  that a.e. on T, - (1 - z)2/(l + z)2 > 0. Consider the /^-functions fn(z) = 
c„( ll  + z)1 +n  ( - (1 - z)2/(l + z)2), where the cn > 0 are normalizing. Observe that 
CnCn  0 because l/(z + 1) ^ LX(T). Thus the functions fn tend to zero pointwise on 
D.D. Setting ip = ƒ*/!ƒ*  |, we calculate 

Now,, ||e n — lHoo — 0 as n —> oo, whence 

ass n —> oo, yet the functions ƒ„  do not converge to ƒ pointwise, much less in Hl-norm. 

Examplee 2. Let f#{z) be the extreme point c(l -I- z) log2(l -I- z) in the unit ball of 
HH11.. Because ƒ# is outer and because 1/|/#| € L1, we conclude that ƒ# is exposed 
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(Theoremm 3.5). As in the previous example, the sequence of normalized H1 -functions 
ffnn(z)(z) = cn(\ + 2)1+«  (- (1 - z)2/(l + z)2) readily shows that ƒ# is not strongly 
exposed. . 

Wee wil l now build up to the proof of Theorem 3.7. First we review some well-known 
factss about the space H°° + C that occurs in this theorem. 

Theoremm 3.9 ([25, 54]). The linear space H°° + C is closed in L°°. 

Proof.Proof. Many proofs of this result are known. We find the following proof (due to 
Helsonn & Sarason) very appealing (despite the fact that other proofs are more con­
structive).. By Corollary 1.6, H&  ̂ {C/A)*, hence (C/A)** =*  (Hi)*  * L^/H00 and 
thee embedding * : C/A -> L^/H00, * ( ƒ + A) = ƒ + H°° is isometric. Consequently, 
W{C/A)W{C/A) = (H°° + C)/H°° is closed in L^/H00. Let TT : L°° -> L°° / H°° be the 
naturall  projection. We derive that H°° + C = T T " 1 ^ 0 0 + C)/H°°) is closed in L°° 
byy the continuity of n. D 

Thee closedness of if00 -f C has a remarkable consequence: 

Corollar yy 3.10. The space H°° + C is a closed subalgebra of L°°. 

Proof.Proof. In order to prove that H°°+ C is an algebra it suffices to show that the product 
ƒgg is contained in H°° + C when ƒ G H°° and g e C. By the Stone-Weierstrass 
theoremm and the fact that i7°° + C is a closed linear space we need only consider the 
casess 5(2) = z and 5(2) = 1. In the former case fg is trivially contained in H°°, 
whereass in the latter case we write ƒ(z) = zfi(z) + /(O), for some ƒ1 G #°° and 
observee that now .fa(z) = ƒ 1 + J/(0) eH°° + C.

Wee wil l regularly use the following result of D.J. Newman to prove strong exposedness 
(itt is an essential ingredient in the proof of Theorem 3.7 below). 

Propositionn 3.11 ([41]). Let (/n)i ° be a sequence of functions in the unit ball of 
HH11.. Suppose fn converges pointwise to f € H1 on D and \\fn\\i — ||/||i as n  oc. 
ThenThen fn converges to ƒ in H1-norm. 

Corollar yy 3.12 ([63]). Suppose ƒ 6 H1 is exposed and <~p = f/\f\ is continuous on 
T.. Then ƒ is strongly exposed. 

Proof.Proof. Let L(g) = JQV 9<p  ̂ be the exposing functional for ƒ and suppose (/„)ï ° is a 
sequencee in the unit ball of Hl such that L(fn) —> 1 as n —> 00. Clearly this implies 
thatt ||fn ||i —> 00. We claim that there is a subsequence ( / nJ that converges to ƒ 
inn H1. By weak*  compactness of the unit ball of (C(J))* the sequence of measures 
ƒ„! ££ has a weak*  convergent subsequence /nfcf£ with limi t d/i(0), and ||/i|| < 1. For 
alll  n = 1,2,3,..., we have JQ

27r einddfi(6) = 0, so by the F. & M. Riesz theorem p is 
off  the form dp,(9) = F | | for some F in the unit ball of H1. Because ip is continuous, 

L(F)L(F) = / F < ^ = lim / / „ t ¥ > - = hm L ( / n J = 1. (3.2) 
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Wee conclude that F = ƒ because ƒ is exposed. Also, fnk converges pointwise to ƒ by 
(1.2).. Prom Theorem 3.11 we infer that fnk —* ƒ in H1. Thus under the assumption 
thatt 11 ƒrz 111 < 1 and L(fn) — 1, we can always find a subsequence converging to ƒ. 
Thiss implies that any such sequence (ƒ„) converges to ƒ in H1. This proves that ƒ is 
stronglyy exposed. D 

Remarkk 1. Let 1 < p < oo and let 1 < q < oo be the conjugate exponent: 
1/p+l/q1/p+l/q = 1. Take any function ƒ in the boundary of the unit ball of Hp and let 
<p<p = f  \f\p~2 € Lq. Imitating the proof of Corollary 3.12, and using the fact that the 
spacee Hp is reflexive, that is Hp = (i/p)** , one readily shows that the function ƒ is 
stronglyy exposed in the unit ball of Hp under the functional L : g G Hp t-* f0

 w g</? jL # 

Thiss remark combined with the results of Chapter 2 illustrates why we focus on the 
Hardyy space H1. 

Remarkk 2. Continuity of the function <p was used only in the (crucial) step (3,2). 
Wee can relax this assumption somewhat and still show strong exposedness, for exam­
plee the proof works equally well when ip € H°° + C. In such a case, write ip = tpi + </?2 
withh ipi e HQ° = zH°° and <p2 € C. Because H™ annihilates H1, the weak*  conver­
gencee of fnk H implies that 

2?rr in r2ir jn r2-K 

L(F)L(F) = rFv^-=rFVS- = Jim / * fnkVl 
JoJo  ̂ Jo *n *-»°°./o 

TT ig 

==  lim / fnk<fir-  = lim L(fnic) = 1, 
k—k—+oo+oo JQ ZlT k—*oo 

whencee F = ƒ, etc. 

Inn other words, we have a proof of Theorem 3.7 in the other direction if one can 
showw that the assumption that the L°° -distance of <p to H°° + C be less than 1 still 
guaranteess the validity of (3.2). 

Howw do we go about this? As we remarked, in general weak*  convergence of the 
functionalss (measures) fnk  ̂ on C(T) does not guarantee (3.2). We could however 
vieww the L1-functions fnk as functionals on L°° (L1 C (L°°)*) , then take a weak* 
convergentt subsequence and (hopefully) show that it (still) converges to ƒ ̂ , in which 
casee (3.2) is immediate and ƒ is shown to be strongly exposed. 

Inn order to keep control over (L°°)*  we use maximal ideal space theory (Section 1.4). 
Wee recall that L°° is isometrically isomorphic to C{X) under the Gelfand transform, 
wheree X is the maximal ideal space of L°° (the Shilov boundary of the maximal ideal 
spacee of H°°). Given any measurable subset E of T, the Gelfand transform (1^) of 
thee characteristic function of E assumes only the values 0 and 1, so there exists an 
openn and closed subset E of X such that (1^) = 1^ and vice versa. The sets Ê 
generatee the topology of X. For a measurable subset E of T we define: 

«*-LZ «*-LZ 
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Byy the preceding remarks this yields a measure fio on X. For every (measurable) 
simplee (step) function s on T we have /T-sff = j^sdfio- A standard limit argument 
thenn gives that for all s G L°°: 

7TT  2?r Jx 
sd[io.sd[io. (3.3) 

Inn particular we see that JIQ is the (unique) representing measure on X for point 
evaluationn of i?°°-functions at the origin (a homomorphism on H°°). 

Thee equality (3.3) extends to the following isometry theorem: 

Theoremm 3.13. Let 0 < p < oo. The correspondence 

extendsextends to a unique positive isometric linear operator from Z/P(T, ^) onto LP(X, duo). 

Proof.Proof. Cf. [20], Theorem V.4.3. D 

Wee also need the Helson-Löwdenslager generalization of the F. & M. Riesz theorem 
forr X (cf. [20] Theorem V.4.4; [28]): 

Theoremm 3.14. Let A be a uniform algebra on the compact Hausdorff space K and 
letlet m be a multiplicative functional on A with unique representing measure no on K. 
SupposeSuppose v is a measure on K that annihilates the kernel of m. If v = va + losing 
isis the Radon-Nikodym decomposition of v with respect to fi, then both va and vSing 

annihilateannihilate the kernel of m. 

Wee are now ready for the proof of Theorem 3.7 in the other direction. 

ProofProof of Theorem 3.7. Suppose ƒ is exposed in the unit ball of H1 with exposing 
functionall  L and assume the L°°-distance of </? to H°° + C is less that 1. We wil l 
showw that ƒ is strongly exposed. Let (ƒ„) be any sequence in the unit ball of Hl 

suchh that L(fn) — 1- We view the functions fn as functional on C(T) and next 
onn L°° = C(X). We find a subnet (fnk) such that /nfcf f converges weak* to the 
measuree F  ̂ for some F E H1. Taking a further subnet (if necessary) we may also 
assumee that on X the measures fnic dfio converges weak* to the measure v. We see 
thatt ||F||i < 1 and |[i/|| = 1 because §x<pdv = 1. Let // be the measure Fd^io on X\ 
clearly,, /i<C/io. 

Wee claim that /i _L v — fi. Let v — /i = g/i0 + vsing be the decomposition of 
vv — n (for some g € L1^!)). We observe that v — /z annihilates H°° + C, thus we 
havee that for every m € Z the measure zm{u — /z) annihilates H00. By uniqueness 
off  the Radon-Nikodym decomposition, we see that zm(u — /i) = zmgfjiQ + zmusing. 
Byy the Helson-Löwdenslager theorem (Theorem 3.14) each of the measures zmgdno 
annihilatess H°°. In particular, for every m € Z: 

ƒ ƒ 
JT JT 

™™ dB 
zzmm97r97r = o, 
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hencee g = 0. Therefore v—p = using _L \i. We conclude that 1 = ||^|| = j|/i|| + | | i / - ^ | |. 
Also,, we have with d(cp) being the L°°-distance of <p to H°° + C: 

11 = l<pdv=l(pdn+i $d{v — p) 
JxJx Jx Jx 

<< y\\ + d(<p)-\\u-fii 

becausee v — p annihilates H°° + C. By the assumption on tp we find that \\v — p\\ = 0, 
i.e.,, p = v. It follows that JQ

 n Ftplj^ = 1 so F = ƒ, independently of the choice of the 
subsequencee (fnk)- By Theorem 3.11 we again have ƒ„  —  ƒ in H1 and this proves 
thatt ƒ is strongly exposed. D 

3.33 Strong exposedness and Helson-Szegö weights 

Inn this section we wil l explicitly describe the strongly exposed points in the unit ball 
off  H1: they are the outer functions induced by so-called Helson-Szegö weights on the 
unitt circle. We wil l discuss three different (albeit related) proofs of this result. The 
firstt proof quickly establishes that strongly exposed points are induced by Helson-
Szegöö weights and uses littl e background on exposed points and Hardy space theory. 
Thee second proof uses function theory to show that Helson-Szegö weights give rise to 
stronglyy exposed points and is essentially due to T. Nakazi [37]. The third approach 
(too be discussed in Section 3.4) uses operator theory and the relation between exposed 
pointss and Toeplitz operators [3] to prove that strongly exposed points and Helson-
Szegöö weights are "the same". These last two proofs use the characterization of strong 
exposednesss obtained in the previous section (Theorem 3.7). To put the results in 
perspective,, we mention some surprising properties of strongly exposed points. 

Lett p be a finite (positive) measure on T. Let V be the collection of polynomials in 
zz and let Q be the space of polynomials in 2 vanishing at the origin. On the unit 
circlee V and Q consist of the trigonometric polynomials of the form J2n>o an^in$ and 
J2n<oJ2n<o anein$, respectively. Finally, let p = p{p) be the number 

pp :=  sup k k pqdp, pqdp, 

wheree the supremum is taken over all p 6 V and q € Q restricted by ||P||L2(M) < 1 
andd ||5||i,2(A() < 1. By Cauchy-Schwarz, 0 < p < 1. We see that the spaces V and Q 
aree orthogonal if and only if p = 0. On the other hand, when the L2 (/i)-closures V 
off  V and Q of Q have a non-trivial intersection, then clearly p = 1. The size of the 
numberr p is related to the question when the sum V + Q is closed in L2(p). Namely, 
whenn p < 1, then for all p e V, q G Q in L2(/i)-norm, 

lipp + sll2 > I N 2 + IMI 2 - 2P  iipii  (Mi > (i - p)(\\p\\2 + IMI 2) , 

whichh implies that V + Q is closed in L2(p). When p < 1 we say that V and Q are 
att the positive angle cos-1(p) > 0. When the spaces V and Q are at positive angle, 
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wee have that the projection 

NN N 

-N-N 0 

whichh is densely defined on L2(/i) , extends to a bounded operator on L2(fi). Con­
versely,, if the intersection of V and Q in L2(fi) is trivial, then the definition of P+ 

actingg on trigonometric polynomials is well-defined and extends to a bounded operator 
onn L2{fi)  if and only if V and Q are at positive angle. 

Definition .. We say that a function w > 0 on T is a Helson-Szegö weight (on T) if 
theree exist real valued u7v € L°°(T) with HvH ,̂ < § such that w = eu+v. (Here v is 
thee boundary function of the harmonic conjugate of the harmonic extension of v to 
D.) D.) 

Thee following theorem of H. Helson & G. Szegö elegantly describes all measures // for 
whichh V and Q are at positive angle. 

Theoremm 3.15 ([24]). The subspaces V and~Q are at positive angle in L2(ti) if and 
onlyonly if the measure \i is of the form dy, = wd9, for some Helson-Szegö weight w on 
T. . 

Corollar yy 3.16. If  the function ƒ is strongly exposed in the unit ball of H1, then \f\ 
isis a Helson-Szegö weight on T. 

Proof.Proof. Assume ƒ is an exposed point, such that | ƒ | is not a Helson-Szegö weight. We 
wil ll  show that ƒ is not strongly exposed. Let /z be the probability measure | f\&. By 
thee theorem of Helson and Szegö the spaces V and Q are at zero angle (p = 1). Thus 
wee can find sequences (pn) and (qn) in the L2(/z)-unit balls of V and Q respectively, 
suchh that 

T T 

// PnQ^dfi -  1, (3.4) 
./o o 

ass n -  oo. For n = 1,2,..., let fn be the tf ^function pnq^f. These functions are 
containedd in the unit ball of H1: 

l l /nÜH ii  = IIPn^rllLifc O ^ IIPn||l,3(/i) ' lkn||L^(M ) < 1-

Iff  we set (p = 7 /| ƒ | (as usual), then the /-exposing functional is given by 

ff22**  dO 

Noww (3.4) expresses that L(fn) -* 1 as n -»  oo, yet the functions fn do not converge to 
ƒƒ in H1 because /n(0) = qn[0) = 0. We conclude that ƒ is not strongly exposed. D 

Observee that the proof of the corollary uses very littl e of the background on strongly 
exposedd points developed in the previous sections, in particular, we did not use The­
oremm 3.7. 
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Alreadyy we can mention a surprising property of strongly exposed points. 

Corollar yy 3.17 ([3]). If the function f is strongly exposed in the unit ball of H1, 
thenthen for all small e > 0, the functions ƒ and 1/f are contained in H1+£. 

Thee corollary illustrates that in the backward direction of Theorem 3.7 one verifies 
thee exposedness of the function ƒ by checking whether 1/feH1. (It is worth noting 
thatt there exist exposed points ƒ G H1 such that 1/f is in no Hp, p > 0, [43, 58].) 
Thee proof of the corollary is immediate from the following lemma (using the fact that 
ƒƒ and 1/f are outer functions). 

Lemmaa 3.18. If the function w is a Helson-Szegö weight on T, then for all small 
ee > 0, we have w G L1+£(T) and 1/w G L1+£{T). 

Proof.Proof. Let u, v G L°° be such that w = exp(u + v), and j|^||oo < f - We wil l show 
thatt w G L1+£ and 1/w € L 1 +£ for all e > 0 that satisfy 1 + e < p j j ^ . Fix any 
suchh £. Observe that we may without loss of generality assume that u = 0. Also, we 
needd only show that w £ Ll+e because then the same reasoning can be applied to the 
Helson-Szegöö weight 1/w = exp (—v). 
Lett g(z) be the holomorphic function v(z) — iv(z) on D, and let ƒ (z) be the outer 
functionn e9^z\ (Here v(z) is the Poisson integral of v, with harmonic conjugate v on 
D.)D.) We claim that ƒ € H1+e. We essentially repeat the proof of Lemma 3.3. For 
everyy z € D, 

|a rge( 1 + e)^ ) |< ( l+e)HU=:^< | . . 

Thus,, for all z, |3e(1+e>^>| < 3te<1+eM* V cos<5, hence 

| / (2)|| = |e(i+Os(*)| < (i + l/cos<y)3fte<1+e>»<*>. 

Therefore,, Ml+£(f,r) < (1 + 1/cosö)me^1+£^°\ which proves that ƒ G H1+£. Con­
sequently,, w; = | f\ G L 1 + £. D 

Lemmaa 3.19. If tp is a measurable real function, then the LP°-distance of e~%  ̂ to 
H°°H°° is less than 1 if and only if there exist e > 0 and h G H°° such that 

\h\\h\ > e and \tjj  + arg/i| < — - e (mod 27r) (3.5) 

almostalmost everywhere on T. 

Proof.Proof. (Cf. [20], Lemma IV.3.3, p. 148.) Suppose h G H°° is such that | | e- ^ - h  ̂ < 
1.. Then a.e. on T, \h\ > 1 - ||e-* ^ - /i||oo =: £ > 0. Also, 

| e -^^ - fc| = |1 - |/i|c*^+ar«h>| < 1 - e, 

thuss almost all values of |/ i |et^+arg'1) are contained in the closed disc with center 1 
andd radius 1 — e. It follows that a.e. \ip + &rgh\ < arcsin(l — e). 

Conversely,, if the function h G H°° satisfies (3.5), then for all sufficiently small 
AA > 0 (almost) all values of |A/i|et^+arg(Aft ^ are contained in a closed disc centered 
att 1 with radius less than 1. Consequently, ||e~*̂  — A/ij|oo < 1- D 
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Wee are now ready to prove the converse of Corollary 3.16, and thereby give an explicit 
descriptionn of all strongly exposed points. 

Theoremm 3.20 ([3, 37]). Let ƒ be an extreme point of the unit ball of H1. Then f 
isis strongly exposed if and only if | ƒ | is a Helson-Szegö weight. 

Proof.Proof. ([37]) Let us assume that the outer function ƒ is such that \f | is a Helson-Szegö 
weightt on T, say, | ƒ | = exp(w + v), where ||u||<x> < | . We remark that the function is 
exposedd by Theorem 3.5 and Lemma 3.18. Next, again using the fact that ƒ is outer, 
wee notice that 

ftftzz\\ _ eu(z)+iü(z) , ev(z)-iv(z) 

becausee the right hand side is an outer function with the appropriate absolute values 
onn T. We set ip = f/\f\. Then tp = e~1  ̂with ip = ü — v. Now the function 
h(z)h(z) = exp(u(z)+iü(z)) is invertible in H°° and has argument ü a.e. on T. We observe 
thatt condition (3.5) in Lemma 3.19 is satisfied by the pair of functions tp = e~1  ̂ and 
hh 6 H°°. We conclude that the L°°-distance of <p to H°° is less than one. Therefore, 
byy Theorem 3.7, the function ƒ is strongly exposed. 

Too establish the proof in the other direction one can reverse the reasoning above 
(withh some modifications). As indicated however, the theorem in the forward direction 
iss already contained in Corollary 3.16. D 

Anotherr way of formulating Theorem 3.20 is as follows: 

Corol laryy 3.21. An extreme point ƒ of the unit ball of H1 is strongly exposed if and 
onlyonly if f can be written as the product gh, where g is invertible in H°° and h G H1 

satisfiessatisfies | arg/i| <\— e a.e. on T, for some e > 0. 

Recalll  Corollary 3.17: if ƒ is strongly exposed then for all small £ > 0, the functions 
ff1+£1+£ and l / / 1 + e are contained in Hl. This result can be sharpened somewhat using 
Theoremm 3.20: 

Propositionn 3.22 ([3]). Let f be a strongly exposed point in the unit ball of H1. 
ThenThen for all sufficiently small e > 0, the (normalized) functions c£f

l+£ and d£/f
1+£ 

ofof unit norm are again strongly exposed in the unit ball of Hl. 

Thiss proposition (alternatively, Corollary 3.17) explains on an abstract level why the 
functionss ƒ*  and ƒ# from the examples in Section 3.2 are not strongly exposed: 1//* 
failss to be in H1, and while l / / # 6 H1, for all e > 0, l / / # £ H1+£. More generally, 
wee see that any extreme point ƒ in the unit ball of H1 such that 1/f is contained in 
HHll but not in any smaller space H1+£ is weakly exposed. 

3.44 Toeplitz operators and De Branges-Rovnyak spaces 

Lett P+ be the orthogonal projection of L2(T) onto H2: 

ooo oo 

- o oo  0 
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andd let P_ be the orthogonal projection of L2 onto (H2)1- = H$: 

ooo - 1 

—ooo —oo 

Definition .. Given a bounded function ip G L°° the Toeplitz operator T  ̂ is the 
boundedd map T  ̂ : H2 -*  if2 given by 

7V(/)) = P+(W). 

Wee say that ^ is the defining function of the Toeplitz operator T^. 

Wee see that the norm of the Toeplitz operator T  ̂ is at most ||-0||oo- It is not difficult 
too show that the norm of T  ̂ is in fact equal to ||^||ooi but w e w* u n o t need this result. 
Also,, it is a routine exercise to verify that the adjoint of T  ̂ is the Toeplitz operator 
T^.T^. Clearly, if ip G H°°, then T^{f) = ipf. Combining these two observations we 
havee the following result: 

Lemmaa 3.23. If ip or ip is contained in H°°, then T^T  ̂ = T^. 

Givenn a function ip G L°°, the flankei operator H  ̂ (with defining function ip) is the 
boundedd operator 

HM)HM) = *f- T*(f) = {i-  P+)W) =  P-W) 
fromm H2 into {H2)-1. By the same reasoning the norm of H  ̂ is at most Halloo- If 
twoo functions <p and ip in L°° differ by an element of #°°, then the associated Hankel 
operatorss coincide. Hence the operator norm of H  ̂ is at most L ^ - d i s t ^ , / /0 0) . The 
basicc fact about Hankel operators (due to Z. Nehari) is that equality holds: 

Theoremm 3.24 ([40]). The operator norm of H  ̂ equals the L°°-distance of ip to 
H°°. H°°. 

Proof.Proof. The norm of H  ̂ equals the supremum of the expressions | JQ * ipfg ^ | taken 
overr all functions ƒ in the unit ball of H2 and all g in the unit ball of HQ. For 
suchh pairs, the product fg ranges over all functions in the unit ball of HQ, by the 
factorizationn theorem (Theorem 1.4). Using the Hahn-Banach theorem we conclude 
thatt the norm of H  ̂ equals the L°°-distance of ip to (H&)x = H°°. D 

Thee following result (and its corollaries) wil l be of great importance. 

Theoremm 3.25. (Devinatz-Rabindranathan) If ip is unimodular, then T  ̂ is left-
invertibleinvertible if and only if L^-dist^tp.H00) < 1. 

Proof.Proof. We need the preliminary observation that a bounded operator L : X —  Y 
betweenn the Banach spaces X and Y is left-invertible if and only if L is bounded from 
below,, i.e., there exists a constant C such that for all x £ X: \\Lx\\ > C\\x\\. Now, 
becausee ip is unimodular, the map T  ̂ + H$ from H2 into I? = H2 ® (H^)  is an 
isometry.. We conclude that Ty is bounded from below if and only if the norm of H^ 
iss less than 1. By Nehari's theorem we are done.
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AA bounded linear operator L : X — Y is said to be left-Fredholm if the range of X 
underr L is closed and of finite codimension in Y. 

Corollar yy 3.26 ([13]). (Douglas-Sarason) If ip is unimodular, then T  ̂ is left-
FredholmFredholm if and only if the L°°-distance of ip to H°° -\-C is less than 1. 

Proof.Proof. Cf. [56], p. 119. The main step involves the observation that T  ̂ is left-
Fredholmm if and only if the distance of the Hankel operator H$ to the compact 
operatorss is less than 1. It is known that this distance is equal to the L°°-distance of 
ipip to H°° + C (for general ip € L°°). D 

Corollar yy 3.27 ([11, 65]). (Devinatz-Widom) If tp is unimodular, then T  ̂ is 
invertibleinvertible if and only if ip can be written as ê

u+i)\ where u and v are real functions 
inin L°° such that |j^||oo < ?!"

Proof.Proof. Cf. [56], p. 121. G 

Wee wil l now explain the relation between Toeplitz operators and rigidity (exposedness) 
off  functions in H1. 

Lemmaa 3.28. Let ƒ be an outer function in H1. Then f is rigid if and only if the 
ToeplitzToeplitz operator with defining function <f = f/\f\ is injective. 

Proof.Proof. Suppose ƒ is rigid and assume G 6 H2 is contained in the kernel of Tv. Let 
uss write ƒ = F2 for some outer function F e H2. Then <p = T/F. The fact that 
TTVV(G)(G) = 0 means that there exists a function H e H$ such that ~FGjF — H. Unless 
HH is the zero function, the //^-function GH(= F/F~  \H\2) (which vanishes at the 
origin)) has the same argument as ƒ a.e. Because ƒ was rigid we conclude that H = 0 
andd hence G = 0. This means that T  ̂ is injective. 

Forr the converse suppose the outer function ƒ = F2 is not rigid. Then there is an 
outerouter function g = G2 in H1 that has the same argument as ƒ but is not a scalar 
multiplee of ƒ. Because T^F) = F(0) and TV(G) = P+(G) = G(Ö), the function 
FF - F(0)G/G(0) is a non-trivial element of the kernel of Tv. D 

Nextt we use Toeplitz operators to discuss De Branges-Rovnyak spaces. These spaces 
weree introduced and studied by L. De Branges and J. Rovnyak in [8, 9]. De Branges 
subsequentlyy utilized them for his famous proof of the Bieberbach conjecture. D. Sara-
sonn used the spaces to describe exposed functions in the unit ball of Hl; Sarason's 
bookk [60] and his earlier articles [58, 59] provide a detailed account of this remark­
ablee theory. Borrowing Sarason's notation, we wil l explain these ideas (albeit rather 
succinctly)) and show how to adapt them to give a third approach to the (explicit) 
descriptionn of the strongly exposed points that was discussed in the previous section. 
Inn our situation the De Branges-Rovnyak spaces are Hubert subspaces H of H2 with 
anotherr inner product, such that the inclusion map i : H — H2 is contractive. For 
thiss reason such spaces are also called contractive spaces. We can realize such spaces 
ass operator ranges of bounded maps on H2. 

Noww then, let a be a function in H°° that is not constant. The linear space M{a) is 
thee set of all functions a/, ƒ G H2. We equip M{a) with the inner product 

(af,ag)(af,ag)MM :={f,g)2-
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Thiss makes M(a) a Hilbert space, and the Toeplitz operator Ta : H2 —> M(a) unitary. 
Clearly,, when ||a||oo < 1, the inclusion i : M{a) - > J ï2 i sa contraction. 

Lett 6 be a non-constant function in the unit ball of H°°. We wil l construct the space , 
H{b)H{b) the so-called complementary space to M(b) in a similar fashion; the name reflects 
thee fact that M(b)+H{b) = H2 (although the intersection M{a)C\H{b) is trivial only 
whenn b is an inner function). Observe that I — T^T^ is a positive contraction on H2, 
hencee the operator (/ - T^T^)1/2 is well-defined on H2 and contractive. As a linear 
spacee H(b) consists of all #2-functions in the range of the operator (I — TfcT^)1/2 on 
HH22.. We also use this map to give H{b) a Hilbert space structure. Namely, if ƒ or g 
iss orthogonal in H2 to ker(7 - TfeT^)1/2 = ker(7 - TfcrF), we set 

((ƒƒ - TVZy1/2/, (I - TbT^2g)b := (ƒ, </)2-

Ass a consequence (ƒ — X ^ ) 1 / 2 is a coisometry from H2 onto H{b) and the inclusion 
mapp i : H{b) —> H2 is another contraction. Moreover, we see that if ||6||oo < 1> then 
H(b)H(b) is all of H2 with an equivalent norm. 

Givenn an outer function ƒ e H1 (not a constant) we construct three auxiliary holo-
morphicc functions: 

' MM  = ^ ï '  (3-8) 

wheree we may take any branch of y/J. Observe that we can recover the function ƒ 
fromm a and b: ƒ = F2 , with F = a/(l - b) € H2. The function G is reasonably well-
behavedd on D: because #lG(z) > \f(z)\ > 0, G is contained in Hp for all 0 < p < 1 
(seee the proof of Lemma 3.18). Because the real part of G is positive and majorizes 
y/\f\,y/\f\, we conclude that a and b are contained in the unit ball of H°°. The fact that 
SRGG = J/] a.e. on T gives us that |a|2 + j6|2 = 1 a.e. on T. Therefore the functions a 
andd b are not extreme in the unit ball of H°° (Section 2.1). It is known in such cases 
thatt the polynomials are contained and dense in H(b) (cf. [60], IV-3). 

Wee shall also encounter Toeplitz operators on H2 with unbounded defining functions. 
Forr a function ip G L2, the Toeplitz operator T$ (with defining function ijj)  acts as 
follows.. Take a function g e H2, then tpg is an L1 (T)-function with Fourier series 
E - o o C n M e ^ a n d w e s et t 

oo o 

TTM)M){g){g) = Y,cn^g]zneH{D). 
n=0 0 

Forr bounded ift this coincides with the Toeplitz operators (with bounded defining 
functions)) as defined earlier. For the other ip, the map T  ̂ is a densely defined operator 
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fromm H2 to H2 and is continuous from H2 into the space of holomorphic functions 
onn D with the topology of uniform convergence on compact subsets. In this light 
itt is perhaps surprising that the product of the operators Ti-b and T-p (the former 
iss ordinary multiplication by 1 - b) is bounded on H2. This is a consequence of 
thee following theorem. We omit the proof which uses that G = j ^ | is the Herglotz 
integrall  of an absolutely continuous measure (cf. (3.6)). 

Theoremm 3.29. The operator Ti-bTy is unitary from H2 onto H{b). 

Proof.Proof. Cf. [60], IV-13, p. 30. D 

Nextt one can show that 

FF/p/p — li-blfpj-p — li-blp — la 

(comparee with Lemma 3.23). Therefore Ti-^T-p maps the range of TF,-p on H2 onto 
M{a)M{a) C H(b) (Theorem 3.29). Consequently, M(a) is dense in H{b) if and only if 
thee range of TFfp on H2 is dense in H2, or equivalently if Tp,F = T* — is injective 

onn H2. Combining this with Lemma 3.28 we have the following: 

Theoremm 3.30 ([58]). Let ƒ be an extreme point of the unit ball in H1. Then ƒ is 
exposedexposed if and only if J\4(a) is dense in 7i(b). 

Thiss fundamental result has several striking consequences, one of them being that if 
ƒƒ is exposed, then so are the squares of the i/2-functions F\ = a/(l — Xb) (A € T). 
Wee sketch the proof of this result ([58, 60]). While it is relatively easy to show that 
thee outer functions F\ are contained in H2, the fact that they are of unit norm is a 
deeperr result. Assuming this, we set: 

"2TTT ie 

G*M=r^i*< e">i ai--
Itt can be shown that then 

Therefore,, the De Branges-Rovnyak spaces that are associated with F2 are the old 
spacess H(Xb) = H(b) and M{a), which is dense in Ti(b). Correspondingly, F2 is 
exposed. . 
Inn the next step one may even replace A by any inner function u. Sarason proves that 
thee square of Fu = a/(l — ub) is exposed in H1. Assuming that these functions are 
indeedd of unit norm, let us explain why they are exposed. The contractive spaces that 
aree associated with F2 turn out to be M(a) and H(ub). The space M{a) is dense in 
H(b).H(b). In turn, the space H{b) is contractively contained in H{ub) and dense in H{ub). 
Densityy follows from the fact that W(6) contains the polynomials (which are already 
densee in H(ub)). Combining these observations we conclude that M(a) is dense in 
H{ub),H{ub), whence F2 is exposed. 
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Wee now formulate a variant on Theorem 3.30 that deals with strongly exposed points. 

Theoremm 3.31 ([3]). Let f be an extreme point of the unit ball of H1. Then f is 
stronglystrongly exposed if and only if M(a) =H(b). 

Proof.Proof. We make the preliminary observation that for any F £ H2 \ {0} , the Toeplitz 
operatorr TF,-p is injective. Sarason's reasoning preceding Theorem 3.30 shows that 
(withh ƒ — F2 as before) 

M(a)M(a) = H{b) if and only if TF/T maps H2 onto H2. (3.9) 

Hence, , 
M(a)M(a) = H{b) <&  TF,-p is invertible & Tp/F is invertible. (3.10) 

Supposee ƒ is strongly exposed. By Theorem 3.7, the L°°-distance of F/F to H°° + C 
iss less than 1. We call upon the Douglas-Sarason theorem (Corollary 3.26) to conclude 
thatt the operator Tp,F has closed range in H2. As we have seen its adjoint TF,-p is 
injective,, the range of T-p ,F is dense in H2 too. Thus Tp ,F : H2 — H2 is surjective. 
Thee operator is also injective by the rigidity of ƒ = F2 (Lemma 3.28). By (3.10), 
M{a)=H{b). M{a)=H{b). 

Too establish the other half of the theorem suppose M(a) = H(b). We observe 
thatt ƒ is exposed by Theorem 3.30. By (3.10), the operator Tp,F is invertible, in 
particular,, it is left-invertible. Theorem 3.25 implies that the L^-distance of f/\f\ 
too H°° is less than 1. We conclude that ƒ is strongly exposed by Theorem 3.7. D 

Theree is an alternative proof of the implication "ƒ strongly exposed =$> 1/f € H1" 
thatt lies on the surface: if ƒ is strongly exposed, then 1 G 7~L(b) = -M(a), because 
H(b)H(b) contains all polynomials. Thus If a E H2 and \/f = (1 - b)2Ja2 € H1. It 
shouldd come as no surprise that 1/a is actually in Hp for slightly larger p > 2. For 
thiss we use the result that equality of the spaces M(a) and H(b) occurs if and only if 
thee operator Ta/a is invertible and the non-extreme pair (a, b) satisfies the so-called 
Coronaa condition: 

inff  |a(2)j2 + |&(*)| 2>0, 

seee [58] and [60], IX-5, p. 66. We see in particular that for strongly exposed ƒ, 
aa22/\\a\\/\\a\\22

22 is also strongly exposed (cf. (3.10)), and that 1/a € H2+e, 1/(1 - 6) € H1+£ 

forr sufficiently small e > 0. 

Lett us go back to the distance condition used in Theorem 3.7 and assume ƒ is an 
extremeextreme point such that the L°°-distance of f/\ f \ to H°° + C is less than 1. Starting 
withh the Douglas-Sarason theorem (Corollary 3.26) and exploiting the full strength 
off  the statement that T-pip is (left-)Fredholm it follows that the operator Tprp has 
closedd range in H2 of finite codimension, say, N. Hence M.{a) is closed and of finite 
codimensionn N in H(b). Using [25], Theorem 6 or [60], X-18, p. 77, we conclude that 
ƒƒ is of the form ƒ = p2g: where g is strongly exposed in the unit ball of H1 and p is 
aa polynomial of degree N that has all its zeros on T. Conversely, if ƒ is of the above 
form,, then 

dist( / / |ƒ| ,H°°° + C) = dist(J2iV  g/\g\,H«> +C)= dist(g/\g\,H°°+C)< 1, 
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byy the algebra structure of H°° + C, but d ist ( / /| ƒ |, H°°) = 1 when N > 0. 

Thiss calculation serves to illustrate that if for a given extreme point ƒ the distance 
off  / / | / | to H°° + C is less than 1, the ("only") thing that can prevent ƒ from being 
exposedd (and hence strongly exposed) is the divisibility of ƒ in H1 by functions of the 
formm (1 — u)2 with u(z) = Xz (A e T) a particularly simple inner function. Remember 
thatt the functions in H1 that lack this divisibility property are called strong outer 
functions.. We see that for any strong outer function that is not exposed (for example, 
thee function from Inoue's construction, Theorem 3.1), it is true that the distance of 
ƒ /|| ƒ | to H°° +C is 1. Alternatively, the strongly exposed points are the (normalized) 
strongg outer functions ƒ that satisfy d is t ( / / | / | , i / °° + C) < 1. 

Havingg described the strongly exposed points of the unit ball of Hl and their prop­
erties,, we raise the question what can be said about strongly exposed points in more 
generall  Hardy spaces. There are two likely candidates: the Hardy space Hl of a 
generall  domain in C, and the Hardy space H1 of the unit ball Bn of Cn. We will take 
upp the question for domains in C in the next chapter. In the unit ball of Cn we run 
intoo the problem that not even the extreme points of H1 are well understood, whence 
thee strongly exposed points are very much out of reach also. In the final chapter we 
compromisee by investigating the strongly exposed points in the so-called Bergman 
spacee of the unit disc in C, which can be seen as a subset of Hl(B2)-
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Stronglyy exposed points in 

Havingg studied the sets of exposed and strongly exposed points in the unit ball of the 
classicall  Hardy space Hl of the unit disc, we wil l investigate how these results hold 
upp for the Hardy space H1 of a domain of finite connectivity in C We define this 
spacee in Section 4.1. There are two important differences with the classical Hardy 
spacee that make our analysis very different. On domains of finite connectivity, H1-
functionss may not allow a classical factorization using Blaschke products, (singular) 
innerr functions and outer functions. Secondly, and in a way related, there now exist 
extremee points in the unit ball with (finitely many) zeros (Section 4.3). While such 
zeroo sets are somewhat generic for extreme points, their location plays a surprisingly 
cruciall  role in its being a (strongly) exposed point (Section 4.4). 

4.11 Hardy spaces of planar domains 

Inn this section we define the Hardy spaces HP(U) of a domain Q in C and explain 
howw they may be seen as subsets of the classical spaces HP(D). More details can be 
foundd in [16]. 

Definition .. Let Q be a (bounded) domain in C and let 0 < p < oo. The Hardy 
spacespace HP{Q.) consist of all holomorphic functions ƒ on Q for which \f\p admits a 
harmonicc majorant on Q. The space H°°(Q) consists of all bounded holomorphic 
functionss on Q and is equipped with the sup norm. 

Wee can make the spaces HP(Q) (1 < p < oo) into normed spaces, Banach spaces 
indeed,, in the following way. Fix any point ZQ 6 £1. For a function ƒ in HP(Q), let 
uu = uj be the least harmonic majorant of | / |p. The definition || ƒ ||HP(0) : = (u(zo))1^p 

turnss Hp(£l) into a Banach space. When Ü = D and ZQ = 0 this definition coincides 
withh our previous definition of HP(D). We wil l refer to this norm as the Hp(Q)-noTm 
relativee to the base point ZQ. Of course, different base points yield different (albeit 

35 5 
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equivalent)) norms on if p(f2). We wil l shortly introduce another (equivalent) norm 
thatt is somewhat easier to work with. 

I tt wil l be convenient to assume that the domain fi has a "nice" boundary dii. To be 
precise:: we assume that dü, consists of finitely many disjoint continua. We call such 
aa domain a domain of unite connectivity, in short, a finite domain. (For a discussion 
off  Hardy spaces on domains of infinite connectivity, we refer to [21].) By repeated 
applicationn of the Riemann mapping theorem, we may without loss of generality 
assumee that the finite domain fi is a subset of D and that T — d$l consists of 
mm + 1 disjoint closed smooth (analytic) curves To — T, T i , . . ., Tm. Throughout the 
remainderr of this chapter fi wil l denote a finite domain of this type, unless explicitly 
statedd otherwise. Also, because we have already dealt with H1(D) theory in the 
previouss chapter, we will implicitly assume that m > 1, i.e., the domain fi is multiply 
connected. . 

Lett 0 < p < oo and choose ƒ £ HP(U). We define new functions fo,fi,...,fm on ft 
ass follows. Given a point z 6 O we find closed (oriented) paths 70 = C(Q,R)(R > 
\z\),\z\), 7 1 , . . ., 7m near the boundary curves To = T, T i , . . ., Tm, chosen in such a way 
thatt 7i encircles I \ but not the point z (i > 1). We then set: 

fi{z)fi{z) - k T=l SS' 
Byy Cauchy's theorem, these functions are well-defined on £1. In fact, /o is holomorphic 
onn D and for i > 1, the integral definition of fi makes sense for all z in the exterior of 
7i.. Hence the function fc is holomorphic on the exterior of I \ , by shrinking the curve 
7ii  to i y Also, ƒ(z) = fo{z) + fi(z) +  + fm(z). The next step is to regard the 
functionss fi (i > 1) as functions Fi on D using a Riemann map of the exterior of Fj (in 
thee extended complex plane) onto D. Because the functions ft are holomorphic across 
Tj,Tj, hence bounded near Tj (i,j > 0,i 7̂  j ) , it is easy to see that the function | / |p 

admitss a harmonic majorant on D if and only if the functions |/o|p, | - f i |p, . . ., |Fm j p 

admitt harmonic majorants on D, that is, if and only if / o , F i , . . . , Fm € HP(D). 
Consequently,, as a space of holomorphic functions we may identify HP(Q) with the 
productt of m + 1 copies of HP(D). Also, from the representation of ƒ = ]T)i ft - a 
summ of if p(D)-functions - it is immediate that every ƒ e HP(Q) has non-tangential 
boundaryy values ƒ*(.) almost everywhere with respect to arc length da on d$l. Unless 
ƒƒ vanishes identically, it follows that log |/* | is dcr-integrable on dft and that for every 
zz e fi : 

ƒ(*)=/  P^§-.= [ ne)<M«,*) 
wheree UJ(.,Z) is harmonic measure on dfi with respect to Q and the point z, and 

logi/(2)ii  <[  iQgir(Ê)i<M£,z), \m\< f \rmMtz). 

Inn other words, for the finite domain Q we can do the function theory for Hardy spaces 
onn the boundary c?Q. 
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Forr 1 < p < oo we make Hp(ft) into a Banach space with the following norm: 

ll/lltf"(n )) = \\f*\\Lp(dft,d<7)-

Whenn no confusion is possible we will simply write || ƒ ||p. 

Buildingg further on these ideas, one can embed Hp(ft) in HP(D) for all domains ft 
(possiblyy infinitely connected) in C. For this we use the universal covering space 
off  ft that must be the unit disc D if Hp(ft) contains non-constant functions. Let 
7rr : D —> ft be the uniformizer. The map IT is holomorphic and locally invertible. 
Associatedd to n there is a group Q of automorphisms (Möbius maps) ip of the unit 
discc under which n is invariant: IT otp = IT. We call Q the group of automorphisms 
off  7T. If the function ƒ on ft is of one of the following types: holomorphic, harmonic, 
continuous,, then the function F = ƒ o n is of the same type on D and (/-invariant; 
wee call F the lift  of ƒ. Conversely, if the function F on D is (/-invariant, then the 
functionn ƒ := F o n~l (where 7T-1 is any local inverse of 7r) is well-defined on D, and 
becausee -K is locally biholomorphic, ƒ inherits properties of F such as holomorphy, 
harmonicityy and continuity. 

Lett the functions ƒ on D and F on ft be related by F — ƒ o 7r. If | ƒ |p admits 
aa harmonic majorant u then the harmonic function «o?r majorizes |F|P. If \F\P 

admitss a harmonic majorant on D, then there is also a least harmonic majorant U 
thatt must be (/-invariant because jF|p is. By the preceding remarks there exists a 
harmonicc function u on ft that lift s to U and majorizes | / |p on ft. Therefore, the 
liftin gg process allows us to identify Hp(ft) with the collection of Zfp(i3)-functions that 
aree ^-invariant. 

Definit ion.. Let Q be a group of automorphisms of D. We say that a Lebesgue 
measurablee subset E of T is ^-invariant if the symmetrical difference of E and ip(E) 
hass Lebesgue measure zero for all ip e Q. The a-algebra of all Lebesgue measurable 
ö-invariantt subsets of T will be denoted by C/Q. Finally, the collection of C/Q-
measurablee ZAintegrable functions on T wil l be denoted by IPjQ (where, of course, 
wee identify functions that are equal almost everywhere) (0 < p < oo). 

Itt should come as no surprise that LP jQ consists of all Irp-functions ƒ that are Q-
invariant:: ƒ = ƒ o tp (a.e.), for every ip € Q. We can summarize the preceding by the 
statementt that Hp(ft) can be identified with the subset Hp/Q := HP(D) D LPjQ of 
HHPP(D),(D), where Q is the group of automorphisms of n : D —  ft. 

Lett £ : Ll — Ll jQ be the conditional expectation operator with respect to the <r-
subalgebraa C/Q of C (all Lebesgue measurable subsets of T). This means that given 
aa function f € Ll, £(ƒ) is the (unique) Ll/(/-function such that for all E e C/Q: 

ff  fdO= f 8{f)dd. 
JEJE JE 

Existencee of £ follows from measure theory. The operator f is a bounded map on L1, 
mapss L°° onto L°°/Q and acts as the identity on L1 /(/-functions. 
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Ass an illustration we will show that H1(Q) is a dual Banach space. The proof we 
givee works for all domains fi (possibly infinitely connected) in C and is inspired by 
thee proof of the classical duality result for Hl{D) (cf. Corollary 1.6). 

Lett £{C) and £(AQ) be the L°°-closures of the spaces £{C) and £(AQ) respectively, 
wheree AQ is the set of functions in the disc algebra that vanish at the origin. 

Proposit ionn 4.1 ([2]). Let Q be a finite domain, with uniformizer IT : D —  Q. The 
dualdual space of £(C)/£(A0) is Hl(£l) relative to the base point 7r(0). 

Proof.Proof. Take ƒ € Hl (H), and let F be the lif t of ƒ. By the choice of the base point, the 
HH11 (D)-norm. of F equals the norm of ƒ in iï1(f2). Consider the functional L = Lp'. 

L.geL.ge £{C) 

Off  course, L is bounded by ||F||i, hence L can be extended continuously to £(C). 
Wee wil l show that as an operator on £(C) L has norm equal to ||F||i. To this end, 
lett (gn) be a sequence of a continuous functions on T that converges to 4> — F/\F\ 
inn L1 and that is bounded by 1 pointwise (a.e.). It follows that £(gn) converges to 
£(<f>)£(<f>)  = <S> in L1. Taking a subsequence if necessary, we may also assume that £{gn) 
convergess to <p pointwise almost everywhere. By dominated convergence: 

ff  Hf) 
\\L\\>\\L\\> Urn L(£(gn))= U F - = \\F\\1. 

n-*oon-*oo Jj Z7T 

Thee functional L annihilates £(AQ): if g E AQ then 

L(S(L(S(9)9))) = / £(g)F f = \ SiaF) £=[gF^-=0. 
JjJj  Ait JT ^  JT *™ 

Hencee the mapping ƒ e Hl{Q) i-» LF e £{A0) = (£(C)/£(A0))*  is isometric. 
Wee will finish the proof by showing that this mapping is also surjective. Let 

££ e €(AQ) . Then let L be the bounded functional L(g) :=  e{£{g)) on C(T). By 
construction,, L annihilates Ao. Hence, by the F. &; M. Riesz theorem there exists a 
uniquee function F 6 Hl that represents the functional L: 

L{g) L{g) 
JTT ^ 

Byy the uniqueness of the representing function it is not hard to show that F is Q-
invariant,, using the properties of Q and a simple coordinate transformation. It follows 
thatt t = Lp as desired. D 

4.22 Factorization in H1^) 

Wee now come to the question whether iy1(S7)-functions admit an inner-outer factor­
izationization like in H1(D). Of course an easy "solution" would be to leave the domain Q,, 
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becausee as we have seen, we can embed if 1(Q) in / f 1(D), where we have the classical 
factorizationn at our disposal. However, if we insist on working with the domain fX, 
wee cannot circumvent certain problems intrinsic to the multiple connectivity of Q. In 
particular,, we will see that there are extreme points in the unit ball of H 1(Q) with a 
zeroo when m > 2. 

Wee call a function I E H°°(ü) an inner function if |/*| = 1 a.e. (da) on dQ. Conse­
quently,, 11[z) | < 1 for all z E Ü. We call a function F € if 1 (f)) an outer function if 
forr every z in fi (equivalently, for at least one z € £1): 

log |F(* ) |== [ \og\F*(t)\<L>(Z,*). 
JJ an 

Obviouslyy then, an outer function is zero free on S7. 

Cann we find an analogue in H°°(Q) of a Blaschke factor, i.e., an inner function with 
aa single zero ZQ, that is continuous on f2? Suppose such a function B exists. Then 
G(z;zo)G(z;zo) := — log j^(^J| equals Green's function for f2 with a pole at ZQ, SO that 
B(z)B(z) = Aexp(-<7 — %G) for some A € T, where G denotes the harmonic conjugate 
off  G. But it is well-known that unless Q is simply connected (m = 0), both G and 
exp(—iG)) are not well-defined (single valued) functions on 0,. Therefore, no such B 
exists. . 

Nevertheless,, for ƒ e H1 (X7), the zeros z\, z2) . of ƒ satisfy the so-called Blaschke 
condition condition 

^G{z;z^G{z;znn)) < oo 
n n 

forr all z € fï, z  ̂ z*. Given any such sequence of points (zn), one is tempted to write 
downn the following (formal) Blaschke product 

B{z)B{z) = exp(- J2 G&  z") ~ lY. G^ 2"))" (41) 
nn n 

Whilee in general, as we have pointed out, this is not a well-defined (single valued) 
function,, it has the following properties: 

 \B(z)| is well-defined; 

 |.B(2)| is bounded on Q; 

 Locally on J7, \B\ coincides with the absolutele value of a holomorphic function. 
Inn other words, for every z € 0. there is a neighborhood U of z in Q and a 
holomorphicc function ip defined on U such that |£?(.z)| = \ip(z)\ on U. 

Anyy (multiple-valued) function B that has these three properties wil l be referred to 
ass a function in MH°°(Q). If |B| also has non-tangential limits 1 a.e. on T, we say 
thatt B is an inner function in MH°°(Ü). The generalized Blaschke products (4.1) are 
inn fact inner functions in MH°°(Cl). If ƒ is a zero free inner function on Q, we say 
thatt ƒ is a singular inner function on Q. 

Inn general, we say that a multiple valued function F on f2 is modulus holomorphic if 
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 \F(z)| is well-defined; 

 Locally on Q, |F| coincides with the absolute value of a holomorphic function. 

Iff  in addition, |F(-z)|p admits a harmonic majorant on Q (0 < p < oo), then we 
sayy that F G MHP(Ü). One can show that if F G MHp{tt), then \F\ has non-
tangentiall  limits (denoted \F*\) a.e. on dft, \F*\ G Lp(dQ,da), and unless F = 0, 
log|F*|| eLl{dÜ,do) and 

log|F*(*) |<< / \og\F*{i)\Mii*)i  (4-2) 
JdQ, JdQ, 

forr all z e VI. If equality holds in (4.2) at all points z G fi (equivalently, for at least 
onee z e O ) , we call F an outer function in MH1(Q). 

Throughh the process of liftin g and factoring in HP(D) we can factor #p(f2)-ninctions 
usingg a (modulus holomorphic) Blaschke product, singular inner function and an outer 
functionn on f2. Let us pick a function ƒ G HP(Q) and let g = ƒ o n G HP(D) be its 
lift .. In HP(D) we factor g as g = B1  Si - Fi, where Bi is a Blaschke product, S\ 
aa singular inner function, and F\ an outer function. While in general the functions 
J5i,, S\ and Fi need not be ^-invariant (where Q is the group of automorphisms of TT), 
i tt is not difficult to see that the functions |i?i|, |Si| and |Fi| are (/-invariant. Thus 
theree exists functions \B\, \S\ and |F| on Ü with lift s |I?i|, |5i| and |Fij respectively. 
I tt is claimed that the former are modulus holomorphic functions on H. In fact, as one 
wouldd expect, they are a Blaschke product, a singular inner function and an outer 
function,, respectively. These are the contents of the following theorem. 

Theoremm 4.2 ([64]). Let ƒ G HP(Q,) and suppose ƒ is not identically zero. Then 
therethere exist a Blaschke product B G MH°°(Q,), a singular inner function S G MH°°(Q) 
andand an outer function F G MHP{Q) such that 

\f(z)\\f(z)\ = \B(z)\-\S(z)\-\F(z)\ 

forfor all z G ft. This factorization is unique in the following sense: if B\, S\ and Fi are 
aa Blaschke product, a singular inner function and an outer function on Q, for which 
\f(z)\\f(z)\ = |B!(z)|  |Si(*)|  l*i(*)| , then \B\ = \Bil\S\ = |Si| and \FX\ = \F\. 

4.33 Extreme points in H1^) 
Thee question arises which functions are extreme in the unit ball of H1^). After the 
Dee Leeuw-Rudin theorem (1.10), the following result is elementary: 

Lemmaa 4.3. If f G H1^) is an outer function of unit norm, then ƒ is extreme in 
thethe unit ball of Hl(Q). 

Anyy attempt to copy the proof of the DeLeeuw-Rudin theorem in the other direction 
wil ll  break down. For suppose f = I  F where ƒ is a non-trivial inner function (in 
MH°°(Q)).MH°°(Q)). Then De Leeuw and Rudin look at the function g = (1 + I2)F and show 
thatt || ƒ  5||i = 1. However, unless / is a single valued inner function, 1 + I2 is not 
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aa well-defined modulus holomorphic function. There is no remedy for this problem, 
becausee as we have already mentioned, when m > 2 there exist extreme points with 
aa non-trivial inner part. 

Thee following theorem of F. Forelli is crucial in understanding which inner functions 
cann appear in the inner-outer factorizations of an extreme points. 

Theoremm 4.4 ([18]). Let f be an extreme point of the unit ball of Hl{£l). Then the 
codimensioncodimension of the Hl-closure of f  H°° in H1 is at most y , when ft is bounded by 
mm 4- 1 closed smooth curves. 

Becausee all functions in the H^closure of ƒ  H°°(Q) inherit the zeros of ƒ, Forelli's 
theoremm implies the following: 

Corollaryy 4.5 ([18]). If f is an extreme point of the unit ball of Hl{£l), then the 
BlaschkeBlaschke factor of f is a finite Blaschke product with at most y zeros. 

Forelli'ss theorem also expresses that an extreme point in the unit ball of if 1 (ft) has 
aa trivial (constant) singular inner factor: Suppose S is a non-trivial singular inner 
functionn in MH°°(Ü). Let S1/2 be the singular inner function in Mi/°°(ft ) defined 
byy IS1/2! := ISI1/2. There exists an outer function H that is invertible in MH°°(Q.) 
andd a function h G #°°(ft) such that W/lHS1/2]  = | S1 / 2| / | #| = \h\. (Start with 
aa smooth real-valued function u on dQ and extend u harmonically to ft. One may 
choosee u on dCl in such a way that the periods of the harmonic conjugate ü of u along 
eachh of the boundary curves are the same as the those of the harmonic conjugate of 
\\ log |5 |. Finally, set H = exp(u + iü).) If ƒ = 5  F for some F eMff^f i ) , then 
byy construction g = HS1/2  F is a well-defined function in f /^f t ) . Furthermore, the 
HH11 -closure of ƒ H°° is contained in the H1 -closure of g  H°°. This inclusion is proper 
becausee any function in the closure of ƒ  H°° inherits the singular inner factor S of 
ƒ.. Repeating the above, we see that the if 1-closure of ƒ  H°° does not have finite 
codimensionn in Hl if ƒ is any i^-function with a non-trivial singular inner factor. 

Corol laryy 4.6 ([18]). If ƒ is an extreme point of the unit ball of Hl{Ü), then the 
innerinner part of f is a finite Blaschke product with at most y zeros. 

Inspectionn of the proof of the De Leeuw-Rudin theorem gives us the following criterion 
forr extremity (where we identify H^functions with their boundary values): 

Lemmaa 4.7. Let f 6 H1 (ft) be of unit norm. Then ƒ is not extreme if and only if 
therethere exists a non-constant real function k € L°°(dQ) for which kf € i f  x(ft) . 

Supposee ƒ = I  F is of unit norm where ƒ is a finite Blaschke product, and F outer. 
Lett us suppose that ƒ is not an extreme point of the unit ball of H1 (ft). Then let k be 
ass in the lemma, and let g € Hx(ft) have boundary values kf. Because F is an outer 
function,, for all z G ft: \g{z)\ < ||fc||oo  1^(^)1- Hence, because also | /| = 1 everywhere 
onn 9ft, the meromorphic function h = g/f is bounded near dfl, real-valued (a.e.) on 
oft,, and has its poles in the zeros of ƒ (with corresponding multiplicities). Conversely, 
iff  h is a meromorphic function on ft with these three properties, then with k :=  h on 
b\lb\l and g := hf € Hx(ft), we have g = kf on 9ft, so by the previous lemma, ƒ is not 
ann extreme point. We come to the following definition. 
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Definition .. Let ƒ be a finite Blaschke product. We say that I is an extremal 
BlaschkeBlaschke product if there exists no meromorphic function h on f£ that is bounded 
nearr ÖO, real-valued on <9Q and has its poles in the zeros of f, with no greater 
multiplicityy than the zeros of I. 

Thee conclusions of the previous paragraphs may thus be summarized as follows: 

Propositionn 4.8. Let ƒ G H1(Q) be of unit norm. Then f is an extreme point of the 
unitunit ball of i f *(£)) if and only if the inner part of f is an extremal Blaschke product. 

Wee wish to stress that Forelli's theorem also gives us an upper bound for the number 
off  zeros of an extremal Blaschke product on Q. Also, by the previous proposition we 
seee that it is only the location of the zeros of a function in H1 (S7) and not so much 
thee outer factor that decides whether or not the function is extreme in the unit ball 
(afterr normalization). 

Thee problem of determining the extreme points of i f *(fi ) has thus been reduced to 
aa problem on meromorphic functions on U with predescribed poles, that is: a problem 
concerningg meromorphic divisors on Q. 

Lett f be a finite Blaschke product with zeros z\,Z2,-..,zn repeated according to 
multiplicity.. Thus I has n zeros on Q. Let S :=  1  z\ + 1  Z2 +  + 1  zn be the 
divisorr on Q associated with I. If 8' = Ylzen d'(z)  z is another divisor on U we say 
thatt 5' > 5 if at every z e ft: 6'(z) > 5(z). The space of all meromorphic differentials 
u)u) on Q, that are real-valued on d£l and for which the associated divisor (u;) satisfies 
(to)(to) > 6 is a real linear space of dimension MD{5). Using a theorem of H.L. Royden 
[51],, based on the Riemann-Roch theorem, T.W. Gamelin & M. Voichick proved the 
followingg result: 

Theoremm 4.9 ([19]). The Blaschke product I is extremal if and only if MD(S)+2n = 
m. m. 

Inn particular, using only the fact that an extreme point has a finite Blaschke product 
ass its inner factor (as shown by Forelli), Gamelin h Voichick also arrived at Forelli's 
upperr bound ( y) for the number of zeros of an extremal Blaschke product. They 
provedd that this upper bound is also sharp. 

Theoremm 4.10 ([19]). The H1-closure of the set of extreme points in the unit ball 
ofof i f  X(Q) is the collection of all functions in H1^) that have unit norm and no more 
thanthan  ̂ zeros. 

Theree is a special type of finite domains where the zero sets of extreme points can be 
describedd explicitly, namely the so called real slit domains. 

Definition .. Let C*  be the extended complex plane. Any domain 1Z of form C* \ 
(f ii  U  U Im+i),  where h, h,-  Jm+i are disjoint, bounded and closed intervals in 
RR is called a reai slit domain. 

Theoremm 4.11 ([19]). Let 71 be a real slit domain and let z\, Z2,.  zn be points of 
1Z1Z (not necessarily distinct). Then the Blaschke product with zero set z\, z2, , zn is 
extremalextremal if and only if: 
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 n < — and 

 for all i,j:  Zi ̂  ~zj. (In particular, none of the Zi is real.) 

Proof.Proof. Because the meromorphic function - ^ - +  is bounded and real-valued 
onn &R, C R, we see that no zeros of an extremal Blaschke product are conjugated. 
Conversely,, if the sequence Zi,Z2,... ,zn satisfies the two conditions, the proof of 
Lemmaa 4.14 below readily shows that the function f{z) = c(z — Z\)(z — z?)  (z — zn) 
iss exposed, hence the Blaschke product with zero set z\,Z2,...,zn is extremal. D 

4.44 Strong exposedness and the location of zeros 

Inn this section we investigate exposed and strongly exposed points in the unit ball of 
i/1(f2).. We give several examples and criteria for (strongly) exposed points. Also we 
showw that the non-trivial properties of strongly exposed points in Hl (D) (for example: 
Z/Mnvertibilityy on the boundary) do not translate to finite domains. Finally, we again 
lookk at the zero sets of extreme points and the question of divisibility of extreme 
functionss by functions of the form (1 + w)2, where u is a non-constant inner function. 

Usingg the Hahn-Banach theorem it is again easy to show that if ƒ is an exposed point 
off  the unit ball of Hl{Q), then the exposing functional L for ƒ is unique and given 
by: : 

L.geHL.geH11^  ̂ f gJ-da. 
JmJm l/l 

Hence,, like iï1(Z>), a function ƒ in the boundary of the unit ball of if 1 (£2) is exposed 
iff  and only if it is rigid: apart from (positive) constant multiples of ƒ there is no 
iï^-functionn with the same argument a.e. (da) on dQ. 

Wee recall the following criteria for rigidity of H1 (-D)-functions which carry over to 
finitefinite domains word for word: 

 If ƒ € if 1 and l/f e H\ then ƒ is rigid (Theorem 3.5). 

 If there is a g e H°° such that Re(fg) > 0 a.e. on dfl, then ƒ is rigid (Theorem 
3.6). . 

 If u is a non-constant inner function such that f/(l + u)2 is in H1, then ƒ is 
nott rigid (or ƒ = 0). 

AA priori the first two conditions can only be used to demonstrate rigidity of outer 
functions.. In both cases | ƒ | cannot be too small near the boundary of Q: if ƒ satisfies 
thee second condition, then \jf G H1~£(dQ) for all e > 0, so ! / ƒ is "nearly" in H1. 
Wee will extend the first condition to allow for exposed points with zeros on Q. 

Propositionn 4.12 ([5]). If f is extreme in H1^) and l/\f\ e L^dfi ) then f is 
exposed. exposed. 

Proof.Proof. We remark that l/\f\ G Ll occurs precisely when the outer factor F of ƒ is 
invertiblee in MHl(U). Suppose g G H1 has the same argument as ƒ a.e. on dQ. 
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Lett M be the meromorphic function g/f. Near <90, away from the zeros of ƒ that 
is,, IMI 1/2 admits a harmonic majorant, and the boundary values of M are positive 
a.e.. on d£l. By a local version of Lemma 3.4 (the result that a H1/2-function extends 
holomorphicallyy across any subarc of T where it is positive; cf. [31],[20], page 95, 
exercisee 2.13), applied to M and subarcs of each of the boundary curves of fl one 
obtainss that M extends holomorphically across the boundary of Q. In particular, M 
iss bounded near dQ. Because the inner part of ƒ is extremal it follows that M is a 
positivee constant. In other words, g is a constant multiple of ƒ so ƒ is rigid. D 

Thee following theorem can be proved by a minor adaptation of the proofs of Theorems 
3.77 and 3.8. 

Theoremm 4.13. Let f be a function in Hl(Q). Then ƒ is strongly exposed in the 
unitunit ball of H1 if and only if f is exposed and L ° ° - dist(f/\f\,H°° + C(dü)) < 1. 

Beloww we will use this result only for functions ƒ for which f/\f\ is continuous, in 
whichh case the proof of strong exposedness can be simplified using the fact that H1^) 
hass a predual of continuous functions on Ü ([2],[16],[63]; compare with Corollary 3.12). 

Throughoutt the remainder of this chapter, the domain TZ wil l be the unit disc D with 
mm disjoint closed intervals I\, h,  Im C (—1,1) deleted. For convenience we assume 
thatt the origin is contained in 7£. The finite domain TZ is conformally equivalent to a 
reall  slit domain. Let us recall that a Blaschke product with zero set z\,Z2,...,zn in 
TZTZ is extremal if and only if n < y and Zi^~z] for all i,j (4.11). 

Notee that on T \ {i}  the function (z + i)2 has the same argument as iz so (z + i)2 is 
nott rigid in ^(D). 

Lemmaa 4.14 ([5]). For all m > 2, the normalized function f(z) = c(z + i)2 is 
stronglystrongly exposed in the unit ball of Hl(TZ). 

Proof.Proof. Suppose g g H1 has the same argument as ƒ a.e. on dTZ, and set h = g/f. We 
definee h(z) = h{l/~z) for z € C* (the extended complex plane) and 1/z € TZ. Because 
h*h*  > 0 a.e. on T and because 1 // is locally bounded on T \ {-i},  Schwarz reflection 
acrosss T gives that h extends holomorphically across T \ {—i} . Thus we obtain a 
holomorphicc function h on C \ {—i} with 2m slits in R deleted, that is bounded at 
infinity .. We will refer to this domain as 72-2  Note that g = hƒ is holomorphic on 7^; 
actually,, g is regular at —i as well. Recall that a.e. on T, (z + i)2 and iz have the 
samee argument. By the above reasoning g(z)/iz extends across all of T, so the same 
appliess to g. We conclude that h has a pole of order 2 or less at — i. 
Nextt we will show that h extends across the 2m slits. Pick one of these and extend 
itt to infinity from one side. Applying a square root, the resulting domain can be 
mappedd biholomorphically onto the right half plane with a finite number of slits in 
(0,, 00) deleted. Under composition with this nice biholomorphic map, h goes over 
into,, say, /i2, a function that is in Hl near the imaginary axis. Almost everywhere 
onn the image of the (half-open) slit we picked out, hï is positive. By reflection, h2 

extendss holomorphically across this open arc in the imaginary axis. Going back to 
IZ2,IZ2, and varying over the slits, h is easily seen to be continuous at all endpoints of 
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thee 2ra slits, as well as on the interior of the slits, in the sense that 

h+(x)h+(x) = lim h(z), h-(x) = lim h(z) 

aree well-defined continuous functions on R, that are nonnegative on the slits. 
AA priori, it is not obvious why on the interior of a slit h+(x) = h-{x) should hold. 
(Indeed,, the function ƒ is not exposed when m = 1; see also Theorem 4.15 below.) 
Lett k(z) = {h(z) - h(z))2. Then k is meromorphic on U2, bounded at infinity, 
continuouss on R, and its only singularities are poles found in  By Morera's theorem, 
kk is meromorphic on C, and for some polynomial p of degree 8 or less: k(z) = 
p(z)/(zp(z)/(z22 + l ) 4. But k has zeros at each of the Am endpoints of the slits and (double) 
zeross at , so k vanishes everywhere. 
Thiss shows in particular that h+ = h-, and another application of Morera's theorem 
yieldss that h is meromorphic on C, bounded at infinity, and it can only have a pole 
att z = -i. By the relation h(z) = h(z), h is regular at z = —t, so h is a constant C. 
Itt follows that g = Cf: ƒ is exposed. 
Finally,, it is easy to see that 7/1/I is continuous on dQ, so by Theorem 4.13, ƒ is 
stronglyy exposed. C 

Remark.. The technique of the proof of the Lemma readily shows that if m > k + 1, 
thenn the normalized function f2k{z) = c(z + i)2k is strongly exposed in the unit ball 
off  H1^). In particular we see that there exist strongly exposed points in the unit 
balll  of Hl(K) that are "small" on the boundary: l/|/2fe| £ L^^i&Jl). 

Wee recall that for ƒ = ƒ  F to be an extreme point the only requirement is that the 
innerr part ƒ of ƒ is an extremal Blaschke product - a generic zero set ; "most" of 
thee properties of the function ƒ then follow from its outer factor, i.e., the size of | ƒ | 
onn the boundary d$l. It is reasonable to ask whether exposedness is also essentially 
aa property of the outer factor. We make this question precise in the following sense: 
iff  ƒ e Hl is a rigid outer function, I is an extremal Blaschke product on Q, and g 
iss invertible in MH°°{U) and such that Ig € H°°(fl) (a single valued function), is 
thee extreme point Ig  f/\\Ig  f\\i also exposed? (Compare with the first example in 
Sectionn 3.1.) Proposition 4.12 tells us the answer is yes if l/f € ^{dU). However, 
wee wil l demonstrate that in general the answer is no. 

Next,, we recall that if ƒ is divisible in H1 by (1 + u)2 for some non-constant inner 
functionn u, then ƒ is not exposed. As we explained Section 3.1, Inoue [29] proved 
thatt the converse of this statement does not generally hold for H1 (D)-hmctions. 
Surprisingly,, for finite domains, the existence of extreme points with zeros leads to 
(another)) reason for failure of sufficiency of this criterion for exposedness. 

Wee combine these two results in the following theorem. 

Theoremm 4.15 ([5]). For m = 3, there exists £e1l such that the function 

f{z)=c{z-i){zf{z)=c{z-i){z + if 

isis extreme in the unit ball of Hl{R), but not exposed. For all non-constant inner 
functionsfunctions u on 7Z, ƒ / (! +u)2 is not contained in Hl(Q). 
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Proof.Proof. We wil l explain how to construct non-trivial H1 (R.) -functions with the same 
argumentt as ƒ a.e. on dU, for suitable £ e H \ R. 

Forr the moment, assume we have such a function #, and let h(z) = g(z)/f(z). 
Supposee the three slits are the intervals [xi, Ï/I] , [x2,2/2], [a?3.2/3]- By the arguments in 
thee proof of Lemma 4.14, h extends meromorphically to C minus 6 slits in R, its only 
singularitiess being poles of order 1 (or less) in £ and 1/f, and a pole of order 2 (or less) 
inn —i. Again the functions h+,h- are continuous on R and coincide on 7tC\R. Let 
k(z)k(z) — (h(z) - h(z))2. As before, k extends holomorphically across the slits, and is 
thereforee meromorphic on C, bounded at infinity, and its only singularities are poles 
off  order 2 (or less) in f, £, l/£, 1/f, and poles of order 4 (or less) in ; k has zeros at 
thee 12 points xf1, yf1, and double zeros at . Hence, for some constant A < 0: 

k(z)k(z) = Mz - xi)(z -yi)---(z ~l/x3)(z- l/y3)(l - z2)2 

(11 + z2Y{z - Q2(z - 02( 1 - ^ ) 2 ( 1 - iz)2 " 

Inn our approach A will be non-zero, and we may then assume without loss of generality 
thatt A = - 1 . 

Define e 

« < * > = ii - *vsf '  y^vi (*  -*> <* - IM €H°°
wheree the sign is to be chosen to make q(i) < 0. The function h will now satisfy the 
relation n 

h{z)-h^)h{z)-h^) = ^ l = . (43) 
(ii  + * 2 ) 2 ( * - 0 ( s - 0 ( 1 - £ * ) ( ! - £ * ) 

Becausee for all z € T (z - 0 (1 - \z)/z > 0, the right hand side of (4.3) is (indeed) 
negativee on the upper half of the unit circle, and positive on the lower half of the unit 
circle,, minus the point —i. 

Similarr considerations will show that the function h(z) + h(z) is meromorphic on C, 
itss only singularities being poles in , l /£, 1/f. There exists a polynomial p(z) 
off  degree 8 (or less) for which 

P(z) P(z) h(z)h(z) + h(z) = 
(l(l  + z2)2(z-t)(z-0(l-Zz)(l-Zz) 

Because_pp is symmetrical with respect to the unit circle and the real axis, we find 
a,pa,p e D, and a positive constant C such that 

p(z)p(z) = C(z - a){z - a) (l - az){\ - az)(z - f3){z - 0)(1 - #e)(l - (3z). (4.4) 

Therefore, , 

2h(z)2h(z) = P(* )+ j ( * ) ( 4 5 ) 

(z-0(z(z-0(z + i)2 
p(z)p(z) + q(z) 1 

(z-O(z-i)(z-O(z-i)22 ( 1 - £ * ) ( ! - £ * ) 
(4.6) ) 
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Wee are nearly done if we can find a, (3, £ for which the term in square brackets is in 
HHll(l£).(l£). For this we need to ensure that p(z) + q(z) has a double zero at i, and next, 
aa zero (£) on 71 \ R, implying our choice of £. 

Thee two equations 

p(i)p(i) + q(i) = 0 (4.7) 

p'(i)+q'(i)p'(i)+q'(i)  = 0 (4.8) 

aree reduced to the single condition 

p{i)p{i)  q{i) ' 
(4-9) ) 

byy choosing C > 0 appropriately (recall that q(i) < 0). 
Noww p{z)/q(z) is negative on the upper half of the unit circle, so {p(z)/q{z))'(i) is 

real.. In other words, ^M- - ^M e R, which means that the equation for the imaginary 
partt of condition (4.9) is trivially satisfied ($t(p'{i)/p(i)) = %(q'(i)/q{i)) = -4 i ) . 

Explicitt calculation shows that 

pWW _ 3ta(l + M2) S/?(l +\P\2) 
p(i)p(i) (1 - |a|2)2 + 4(3fo*)2 + (1 - |/?|2)2 + 4(5R/3)2' 

I tt is easy to see that a »-  9fc*(l + |a|2) / ( ( l - |a|2)2 + 4(5fta)2) maps D onto R. We 
cann therefore choose /3 arbitrarily, and find ae D such that (4.9) holds. Now fix any 
suchh a, p. 

Soo far we have established that the function 

p(z)p(z) + q(z) 

(ii  + * 2)2(*-0(*-OU-£*)(!-£* ) 
iss regular at z = z, real-valued on T \ {—i}, positive on the lower half of the unit circle 
minuss —i, and bounded below on &R, n {$z > 0} . 

Thus,, for large K > 0, the function 

2\2 2 p{z)p{z) + q(z) + Kz2(l + z2) 
{l{l  + z*y{z-0{z-l){l-iz){l-iz) 

wil ll  be strictly positive on &R, \ {-i},  and regular at z = i. (Of course, the func­
tionn p{z) + Kz2(l + z2)2 is again of the form (4.4), with (apparently) better suited 
parameterss a, (3, C than those we have chosen, while condition (4.9) is still satisfied.) 

Byy the argument principle applied to the function 

p(z)+q(z)p(z)+q(z) + Kz2(l + z2)2 

z* z* 

thatt is positive on &R, \ {i} , with a double zero at i, we conclude that p(z) + q(z) + 
KzKz22{\{\  + z2)2 has three zeros on K. Pick any of these, and call its conjugate £. We 
claimm that £ £ R. For p(z) + Kz2{\ + z2)2 is nonnegative on R, and q{z) <E z(R \ {0} ) 
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Let t 
__ p(z)+q(Z)+Kz2(l + z2)2 1 _ ™ , _ 

9{)9{)~~ (z-D(z-iF (l-tz)(l-t*)€ {Y 

Thee functions ƒ and g have the same argument on 71 \ {—i}, which implies that ƒ is 
nott rigid. Because the inner part of ƒ is the extremal Blaschke product with zero at 
£,, ƒ is extreme, however. 
Byy Lemma 4.14, (z + i)2 is rigid. We conclude that if u is any non-constant inner 
functionn on ft, {z + i)2/{\ + u{z))2 £ H1 (71), hence also (z - £ ) (*  + *) 2/(l + «(z))2 £ 
HHXX{JV).{JV). This concludes the proof. D 



Chapterr  5 

Stronglyy exposed points in 
Bergmann space 

Inn this chapter, rather than the natural generalization to the Hardy space H1 of the 
unitt ball in Cn, we study the strongly exposed points in the Bergman space A1 of the 
unitt disc D. At the same time, however, one can in fact embed the Bergman space 
ass a relatively small subspace of H1 of the unit ball of C2. However, we attempt to 
framee our questions in the Bergman space as much as possible. The results in this 
chapterr are largely based on [6]. 

5.11 The Bergman space A1 

Inn this section we introduce Bergman spaces and discuss their basic properties. Our 
treatmentt is quite elementary. As such, it may be skipped by anyone familiar with 
Bergmann spaces. For a more thorough overview of Bergman space theory we refer the 
readerr to [23] and [12]. 

Definition .. Let 0 < p < oo. The (unweighted) Bergman space AP = AP(D) consists 
off  all (area-integrable) holomorphic functions ƒ for which 

WIWA,WIWA, :=(  f \f(z)\pdA{z))'< oo, 
JD JD 

wheree dA{z) = -dxdy denotes normalized Lebesgue area measure on D. When no 
confusionn is possible we shall write || / | |p instead of | | / | U P- When 1 < p < oo, the 
Bergmann space Ap is a Banach space under the norm ||.||p. That is to say, with the 
inheritedd LP-norm, the space Ap is closed in Lp(D,dA(z)) (cf. [23], Proposition 1.2). 

Wee briefly mention that certain weighted Bergman spaces are also of special interest. 
Supposee a > 0. The measure dAa{z) = (1 + Q) (1 - \z\2)adA(z) is normalized on the 
unitt disc. For 0 < p < oo, the weighted Bergman space APa is the set of all holomorphic 

49 9 
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functionss ƒ on D for which 

\\f\\p-(f\\f\\p-(f Ifiz^dAaiz))' < OO. 
JD JD 

Itt is easy to see that for every 0 < p < oo, the Hardy space Hp is contained in the 
Bergmann space Ap and that || f\\AP < \\f\\Hp for all ƒ € Hp. Thus the spaces Ap have 
aa sufficiently rich structure to make them suited for our purposes. 

Next,, we will point out some similarities between the Hardy spaces and the Bergman 
spaces. . 

Propositionn 5.1. LetO <p < oo and let z 6 D be arbitrary. Then for all ƒ e Ap, 

i/(*)i << I l ; h 2 -
( 1 -- \z\)p 

InIn particular, the map ƒ £ Ap i—  f(z) is bounded. 

Proof.Proof. Let r = 1 - \z\ > 0. Since \f\p is subharmonic, 

(i-M)2-i/(2)r<< ƒ I / ( ^ ) I P ^H < 
./B(z,r) ) 

P P 
P' ' 

(*.r ) ) 

Thee estimate now follows. D 

Ass before, for ƒ <= #(£>), / r(«) is the function f(rz) on Z), where 0 < r < 1. 

Propositionn 5.2. Lei 0 < p < oo and suppose f € Ap. Then the functions fr 
convergeconverge to ƒ in the Bergman space Ap as r t 1. 

Proof.Proof. This result is actually much easier to prove in Bergman spaces than in Hardy 
spaces.. Given e > 0, one finds a number n close to 1 such that ƒ , , j \f(z)\pdA(z) < 
e.e. Integrating over circles and using that the \f\p is subharmonic, we obtain that for 
alll  0 < r < 1 also, / ^ < w < 1 \fr(z)\pdA(z) < JT?<k |<1 \f(z)\pdA(z) < e. Consequently, 

| | / - M i ; < 2 * + 1 e++ / \f(z)~fr(z)\pdA(z). 

Becausee the functions fr converge uniformly to ƒ on the disc \z\ < n as r | 1, the last 
integrall  can be made arbitrarily small by choosing r close enough to 1. This finishes 
thee proof.

Itt follows from the Proposition 5.2 that the polynomials are dense in the Bergman 
spacee Ap. (Indeed, the Bergman space AP may also be defined as the Lp(D,dA(z))-
closuree of the polynomials.) Also, one can strengthen Proposition 5.1 in the sense 
thatt for all ƒ e Ap, 

f(z)=o(f(z)=o( 1—^) 
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ass \z\ —> 1. Conversely, if ƒ € H(D) satisfies the estimate \f(z)\ < —^—g- for some 
( 1 - | Z | ) P P 

CC > 0,p > 0 and all z e D, then ƒ is contained in the Bergman space Ap for all 
p'p' < f. Thus UP>QAP consists of all holomorphic functions ƒ on D of boundary 
growthh at most (1_f ,^, for some /? > 0. Nevertheless, despite their moderate growth 
towardss the boundary, functions in the Bergman spaces sometimes exhibit a striking 
differencee with functions in Hardy spaces: 

Theoremm 5.3. There exists a function ƒ in C\p>oAp for which at all £ e T the radial 
limitlimit  linvf i ƒ(r£) fails to exist 

Thee Bergman space A2 is a Hubert space under the L2 (D, dA(z))-'mner product 
(ƒ>#}}  = JDf9dA. By Proposition 5.1, the functional Lz : ƒ E A2 \-> ƒ(2) is con­
tinuouss for every z E D. By the Riesz representation theorem there exists a func­
tionn kz(.) G A2 (the so-called Bergman kernel) that represents the action of Lz: 
LLzz(f)(f) = (f(.),kz(.)). (Thus A2 is a reproducing kernel Hilbert space.) It is not diffi ­
cultt to calculate kz(w) explicitly, because the functions (wn)^L0 form an orthogonal 
basiss for A2. Namely: 

vv ; ^ (w",™*1 ^ ( I - 2 W 2 

n—0n—0 N ' ' n=0 v ' 

Lett P : I? — A2 be the orthogonal projection of L2(D, dA(z)) onto ^42. We shall 
referr to P as the Bergman projection. We conclude that for ƒ € L2 and z £ D: 

Pf(z)Pf(z) = (ƒ,*,) = J ,J{w)_,9dA(w) (5.1) 
(11 — zw)2 

JT((n+l)-- ƒ / H ü J7 1^ ^ ) ) ^ . (5.2) 
n = 0 0 

Immediatelyy we see that the Bergman projection can be extended to Ll{D) by means 
off  the integral formula (5.1). As such, it reproduces A1. The Bergman projection 
playss an important role in our study of strongly exposed points in the Bergman space 
AA11. . 

5.22 A criterion for strong exposedness in A1 

Inn this section we derive a criterion for strong exposedness in A1 that resembles the 
onee we have encountered previously in Hardy space. We then use it to study which 
polynomialss are strongly exposed in the Bergman space. 

Proposit ionn 5.4. In the Bergman space A1 all elements of unit norm are exposed 
inin the unit ball 

Proof.Proof. It is not difficult to show that all elements of unit norm are extreme in the 
unitt ball of A1. The proposition then follows from Lemma 1.2. Nevertheless, we will 
givee a direct proof. Let f € A1 be of unit norm. Let L be the functional 

LL--3eA13eA1~IA~IA dAdA--
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Wee claim that L exposes the function ƒ in the unit ball. For suppose g 6 Ba l l ^1) 
iss such that L{g) — 1. It follows that almost everywhere on D: gf/\f\ = \g\, so the 
meromorphicc function g/f is positive (almost everywhere) on D, hence a constant. 
Becausee also \\g\\ = \\f\\ = 1, g must equal ƒ. D 

Thee proof of Proposition 5.4 that we gave amounts to the trivial observation that 
holomorphicc functions on D are uniquely determined by their argument on D up to 
multiplicationn by constants. Incidentally, one can use the Hahn-Banach theorem to 
seee that the exposing functional L for ƒ is unique. 

Noww let 

(A(A11)^)  ̂ = {^ e L°° : [ f\)dA = 0 for all ƒ € A1} 

denotee the annihilator of A1 contained in L°°. Thus {A1)1- = {A2)1- n L°°. We are 
noww ready to give an abstract characterization of the strongly exposed points in the 
unitt ball of A\ 

Theoremm 5.5. Let ƒ 6 A1 be of unit norm. Then ƒ is strongly exposed in Bal^A1) 
ifif  and only if the L°°-distance of f/\f\ to the space {A1)1- + C(D) is less than one. 

ProofProof We argue as in the proof of Theorem 3.8. Suppose the L°°-distance of f/\ ƒ | 
too the space (A1)1- + C(D) is 1. We wil l show that ƒ is not strongly exposed. Pick 
aa point ZQ such that f(zo)  ̂ 0. Let A\Q denote the subspace of all Bergman space 
functionss vanishing at ZQ. We let L' be the restriction of the (exposing) functional 
LL : g G A1 i—> j D gf/\f\ dA to Al

Z(y. By the Hahn-Banach theorem the operator norm 
off  L' equals the L°°-distance of f/\ ƒ | to (A1 ) . Now if ip is any function in (.A^)-1, 
thenn with the choice c = fDift dA, the function ip(w) — n_-£-w\$ annihilates all A1-

functions.. This shows that {A1^)1- is contained in {A1)1- + C(D). By our assumption 
onn ƒ / | ƒ |, L' has operator norm 1. Hence we find a sequence of functions fn in the unit 
balll  of A\Q for which L(fn) = L'(fn) —> 1. However, the functions fn do not converge 
too ƒ in norm, because norm convergence implies pointwise convergence which fails at 
thee point ZQ. 

Nextt we show that the distance condition is sufficient. In [66] it is shown that in 
thee unit ball of H1 of the unit ball Bn of Cn, a function ƒ is strongly exposed if 
andd only if ƒ is exposed and the L°°(5„)-distance of f/\f\ to (H1)1- + C(Sn) is less 
thann 1. Here, of course, (H1)1- is the annihilator of Hl(Bn) in L°°(Sn). (Observe 
thatt (Hl(D))  = H°° and compare with Theorem 3.7.) The Bergman space A1 is 
isometricallyy contained in the Hardy space HX{B2)- Namely, consider all holomorphic 
functionss F(z,w) on B2 which depend only on z, that is: F(z,w) = F(z,0). By 
Theoremm 7.2.4 in [53], the function F is in H1(B2) if and only if f(z) :=  F{z,0) 
iss in A1 and the corresponding norms are then the same: Js \F(z, w)\ da(z,w) = 
ffDD \F(z, 0)| dA(z). Similarly, (A1)1- can be seen as a subspace of (H1)1- and C(D) as 
aa subspace of C(S). 

Lett our function f E A1 correspond with F E / /^ ( i ^ ) - We claim that the function 
FF is exposed in the unit ball of H1(B2). For this we observe that all slices of the 
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functionn F that stay away from the point (1,0) € S2 yield invertible functions in 
A(D).A(D). Then applying Theorem 3.5 to all of these slices, one arrives at the desired 
conclusion.. Furthermore, because of the inclusion (A1)-1+C(D) C (H1) +C(S): the 
functionn F(\F\ has L°°-distance less than one to ( i f 1) - 1 + C(S), whence the function 
FF is strongly exposed in if 1. Thus F, or rather ƒ, is strongly exposed in A1 C if 1. 
Thiss concludes the proof. D 

Henceforthh we wil l simply write {A1)1- + C instead of (A1)1- + C(D). 

Thee question now is: how can we estimate the distance in L°° of ip — f /\f\ to 
{A{A11)-)-11 + C, where ƒ is a given function in -A1? (Clearly the distance cannot exceed 
one.)) Throughout the remainder of this chapter we wil l use various techniques to 
estimatee such distances. 

Lett us first look at polynomials, of a particularly simple form: f(z) = c(z — a)n, 
wheree c is normalizing. In Section 5.5 (Corollary 5.22) we will show that strong 
exposednesss of a general polynomial can be reduced to strong exposedness of these 
speciall  polynomials. We will assume n > 1 because the constant functions are strongly 
exposedd (Theorem 5.5). We distinguish three cases in order of increasing difficulty: 
\a\\a\ > 1, |a| < 1 and |a| = 1. 

Thee case where |a| > 1 is very easy: f/\f\ is continuous on D, so ƒ is strongly exposed. 
Inn fact, we may even take non-integer powers n and products of such functions and 
wee always obtain strongly exposed points after normalization. 

Whenn I a I < 1, the proof that ƒ is strongly exposed is a littl e more involved. The 
basicc idea is the following. Let us write ip = f/\f\. If we can show that the Bergman 
projectionn Pip is continuous on D (thus bounded), then ip - Pip is also bounded, so 
ipip = (ip — Pip) + Pip is contained in {A1)1- + C (cf. Lemma 5.15 for another proof of 
thiss statement). By Theorem 5.5 then, ƒ is strongly exposed. 

Writee ip = ipQ + xpi, where Vi is compactly supported in D and ip = tp\ on a 
neighborhoodd of a, and V>o is smooth on D. From (5.1) we see that Pipi is holomorphic 
acrosss the unit circle because tp\ is compactly supported in D. Next, because ipo is 
smoothh on D, partial integration in the series expansion (5.2) for Pipo gives us that 
PIJ)QPIJ)Q is smooth on D, thus continuous on D. This proves that P(p is continuous on D 
andd we conclude that ƒ is strongly exposed. 

Again,, our reasoning readily shows that the normalized product ƒ of functions 
(22 — ai)n <, for all n*  and all a*  ^ T, is strongly exposed. One simply writes ip — 
/ / II  ƒ I = V'o + ip\ H H ipm, where ipo is smooth on D and Vi , 1P2,  are compactly 
supportedd in D and account for the singularities of ip at the zeros of ƒ on D; calculation 
off  the Bergman projection then gives ip € (A1)1- + C. 

Thee following observation is now immediate: 

Lemmaa 5.6. The strongly exposed points in the unit ball of A1 are dense in the 
boundaryboundary of the unit ball. 

Proof.Proof. We recall that the polynomials are dense in the Bergman space. Combined 
withh Proposition 5.2 it follows that the normalized polynomials that are zero free on 
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TT are dense in the unit ball of A1. By the previous remark, all such polynomials are 
stronglyy exposed.

Lett us now suppose |a| = 1. For simplicity we may take a = 1. Let us write 
ffnn(z)=c(z)=cnn(l-z)(l-z)nn and (pn = fn/\fn\- The corresponding exposing functional L for 
f2f2 is given by 

^ )) = / D ^ ) j ^ f <"W = jD frit 1 -*><"«
Integratingg first over circles we see that there exist constants Co and C\ (independent 
off  g) such that L(g) = Co<?(0) + Cig'(0). There exists a polynomial p2 such that 
L(g)L(g) = JDgp2~dA. (Alternatively, show that pi := P<p2 is a polynomial.) But this 
sayss that <p2 — P2 is contained in the annihilator of -A1, hence that <p2 € (^l1)1" + C so 
ƒ22 is strongly exposed. 

Quitee similarly one shows that for all even n, pn is contained in (A1)1- + C and 
thatt fn is strongly exposed in A1. Again, we may introduce non-integer exponents. 
Lett fp — cp{\ — z)0, where /? > —2 is needed to ensure that fp E A1; the constant 
cpcp > 0 is chosen such that fp has norm 1 in A1. Finally, set ipp = fp/\fp\. 

Propositionn 5.7. For a// ƒ? > —1, the L°° -distance of (pp to (A1)1- + C is at most 
[sin(4p)|.. In particular, for all 0 > — 1, 0 ^ 1,3,5,..., the function fp is strongly 
exposedexposed in the unit ball of A1. 

Proof.Proof. Of course, there is nothing to prove for odd 0, so we take 0 > — 1 not odd. 
Wee wil l exploit the fact that the functions ipo, <p2, <P4,  are contained in the space 
(A^+C.(A^+C. We find an integer n > 0 such that (3 € (2n - l, 2n+l). Let 9 = \0-2n\ < 1. 
Becausee ipa+b = ipa<Pb, 

H^^^ - COs( r̂ ) ^2n | | oo = | | (?0-CO8( — ) | |0 0 = SUp | el * - C O s( — )j 
II  I l t l < ^  I 

.. 7rd . n0 
==  s i n ( y) = |sm( — )|. 

Byy Theorem 5.5, fp is strongly exposed. D 

Wee wil l come back to odd exponents in Section 5.5, once we have obtained a bet­
terr understanding of the Bergman projection. In light of the previous Lemma and 
Propositionn 5.5 (cf. Lemma 1.2), however, it seems reasonable to ask whether there 
aree any points in the unit ball of A1 that are not strongly exposed. 

2 2 

Propositionn 5.8. The normalized function f(z) = (1_ ,2^ i ( 1_ , is not strongly 
exposedexposed in the unit ball of A1. 

Proof.Proof. Recall the definitions of fp and (pp for (3 > — 2. By construction fD fpTppdA = 

11 for all (3. Let <£_2 = yrf  Because \\ipp — </?-2||oo — 0 as 0 J, - 2, it follows that 

l im^- 22 JD fppZjdA = 1. Let <p = f/\f\ = <p_2  § { $ £ ! } . Because j g ^ f }  - 1 

ass D 3 z —  1, the bounded function tp — </?_2 is continuous on D \ {0}  and vanishes 
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att z = 1. Now, the normalizing constants c@ that appear in the definition of the 
functionss ƒ# make the functions fp tend to 0 uniformly on D\B(l,e) for every e > 0, 
ass j3 I —2. Hence, l im^_2 JD fp(p—̂ 2) dA = 0, or lim^i- 2 JD fpipdA — 1. Because 
thee functions ƒ# tend to zero pointwise, they do not converge to ƒ in norm as /3 j —2. 
Wee conclude that ƒ is not strongly exposed. D 

5.33 The Bloch space B 

Recalll  the Bergman projection P : L2 —> A2, 

Wee have already used the Bergman projection P to prove strong exposedness, namely 
inn those cases where P projects the bounded function (p = f/\f\ to a continuous 
functionn on D. However, a priori we cannot even expect P to project bounded 
functionss to bounded functions. Clearly we would like to understand better how P 
actss on bounded functions. For this we need to discuss the Bloch space. 

Definition .. The Bloch space B consists of all holomorphic functions ƒ on D with 
thee property that (1 — |z|2) | / ' (z)| is bounded on D. Equipped with the norm 

l l / l | 5 := | / (0|| + s u p ( l - |2 |2 ) | / ' (2 ) | , (5.3) 

BB becomes a Banach space. The set of all functions ƒ in B for which the expression 
(11 — jz|2)|f'(z)\ —y 0 as \z\ —  1 is a closed subspace of B, called the little Bloch space 
Bo. Bo. 

Lett Co denote the continuous functions on D that are zero on T. We have the following 
theoremm of R. Coifman, R. Rochberg and G. Weiss: 

Theoremm 5.9 ([10]). The Bergman projection P maps L°°(D) boundedly onto B. 
Furthermore,Furthermore, P maps both C(D) and Co boundedly onto BQ. 

Beforee we prove this beautiful result, we recall a well-known lemma. 

Lemmaa 5.10. For all z E D, 

I. I. —rzdA(w)—rzdA(w) <
llDD \l-zw\3 v ' ~ T T 1 - | Z |2 

Proof.Proof. ([53], Proposition 1.4.10) Using the identity 

11
 = _L f W 

(l-zw)ï(l-zw)ï sft£?0 n! 

andd the orthogonality of the functions w71 (n = 0,1,2,...) with respect to the measure 
dA{w),dA{w), one obtains the following equality: 

ff 1 dAM - i f *  r (n+^ )2 up» 
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Onee readily checks that the expressions ^Un+iy. a re m c r e a s mS m n a nd that t n ei r 

limi tt is 1 by Stirling's formula: 

limm T(x+})(*)*  =  L (5.4) 
x—ooo J2TTX e 

Thus, , 

// .1 1 - l 3 ^ M ^ - Ê M 2 W = - / i \ 12V 
/ nn \l-zw\3 w n „  T T ( 1 - z2 ) 

D D 

ProofProof of Theorem 5.9. (cf. [23], Theorem 1.12) 
Firstt take ip e L°°(D) and let ƒ = Pip. Differentiating under the integral sign one 
obtains:: _ 

zw) zw) 
Fromm the previous lemma it follows that (1 - \z\2)\ f'(z)\ < f |M|oo- Also, one trivially 
seess that | /(0)| < |M|oo- We conclude that P maps L°°(D) boundedly into B. 

Next,, it is easy to see that if <p> is a trigonometric polynomial on D, then P((p) is a 
polynomiall  and hence is contained in BQ. Because the trigonometric polynomials are 
uniformlyy dense in C(D) and because Bo is closed in B, the boundedness of P implies 
thatt P maps C(D) into Bo-

Wee finish the proof by demonstrating the surjectivity. Suppose ƒ is contained in 
B.B. It wil l be convenient to assume /(O) = /'(O) = 0 which is no restriction because 
thee polynomials are contained in the image of Co under the Bergman projection. 
Thee fact that ƒ is contained in B means precisely that the function ƒ' is contained 
inn the weighted Bergman space A\. Reasoning as before, one easily shows that the 
('weighted')) Bergman projection P\ : L2(D,Ai(z)) —» A\ is of the form: 

andd that this integral operator extends to Ll(D, Ai ( 2))-functions and reproduces the 
weightedd Bergman space A\. Consequently, 

JDJD I1 - zw) 

Lett ip = ( H H ^ / V ) , By our assumptions on ƒ, we see that (p G L°°{D). Also, if 
ff E B0, then actually ip e C0. Through differentiation under the integral sign, one 
easilyy verifies that f' = (P(v>))', which proves that -P^naps L°°(D) onto B and Co 
ontoonto BQ. By the previous results, P then also maps C{D) onto B0. Ü 

Theoremm 5.11. The dual space of A1 is the Bloch space B under the following pairing: 

gg e B : ƒ € A1 H- lim f fr(z)gJz)dA(z). (5.5) 
rTii  JD 
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Proof.Proof. Cf. Theorem 1.21 ([23]). Note that equation (5.5) indeed defines a bounded 
functionall  on A1 because there exists tp € L°° such that Pip = g, so JD fr(z)g(z)dA(z) 

tendss to fD f(z)ij){z) dA(z) as r j 1. D 

Inn a similar vein, one has the following: 

Theoremm 5.12. The dual space of the little Bloch space Bo is the Bergman space A1 

underunder the pairing: 

ff e A1 : g G B0 *-+  lim / f(z)gr{z)dA(z). 
rTii  JD 

Proof.Proof. Cf. O 

Wee wish to stress that in Theorem 5.11, when one identifies (A1)*  with the Bloch 
spacee B, the operator norm on B yields a norm that is equivalent with but not equal 
too the norm ||.||g that we have previously defined on B. Hence, there exists a norm 
||.||«« on the Bergman space A1 that is equivalent to ||.||i and is such that the operator 
normm of g E B = {A1)*  equals ||<7||e. The strongly exposed points in the unit ball of 
AA11 with the norm ||.||. have been described by C. Nara ([38]), who also showed that 
upp to isometrical isomorphisms, A1 with the ||.||« norm is the unique pre-dual of B. 

5.44 The space {A1)1- + C 

Wee recall that {A1)1- + C plays the same role in Theorem 5.5 with respect to the 
Bergmann space as {H1)1- + C(T) = H°° 4- C(T) with respect to the Hardy space 
^(D)^(D) (Theorem 3.7). The space H°° +C(T) has been studied extensively. We recall 
fromm Theorem 3.9 that H°° +C is closed in L°°. From this then it followed relatively 
easilyy that H°° + C(T) is in fact an algebra. We will now discuss how these results 
extendd to the space (A1)1- + C. 

Theoremm 5.13. The space (A1)1- +C is a proper, closed subspace of L°°. 

Proof.Proof. We mimic the proof of Theorem 3.9. The kernel of the map P : L°° —* B is 
(A(A11))11-.-. Because Bo is closed in B, P~1(BQ) is closed in L°° by the continuity of P. 
Byy Theorem 5.9, L°°  ̂ P~l{Bo) - {A1)-1 + C and we are done. D 

Theoremm 5.14. The space {A1)1- +C is a C-module. 

Beforee we give the proof we need a lemma. 
Lett LQ° be the subspace of L°° consisting of all iy°°-functions that satisfy 

Kmesss\ipKmesss\ipr<r< ,,z]<1z]<1\f{z)\\f{z)\ = 0. 

Lemmaa 5.15. The space L™ is a closed subspace of (A1)-1 + C and {A1)1- + C is 
closedclosed under multiplication by functions in LQ0 . 
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Proof.Proof. The space LQ° is closed in L°°. Also, the product of a function in Lg0 and a 
boundedd function will again be in LQ° SO what remains is to show that Lg° is contained 
inn {A1}1- +  C. Take ip E LQ°. We write ip = ip\ + fa, where tpi is the restriction of tp 
too the disc around zero with radius r. If r is close enough to 1, then Halloo will be 
arbitrarilyy small by the assumption on I/J. Hence the Z?-norm of Pip2 wil l be arbitrarily 
smalll  by the continuity of P. On the other hand, Pipi is holomorphic across T, so 
PipiPipi E BQ . It follows that the 23-distance of Pip to BQ will be at most the 23-norm of 
Pip2,Pip2, i-e., arbitrarily small. Because Bo is closed in B, we conclude that Pip E BQ. By 
thee proof of Theorem 5.13, ip E {A1)-1 + C and we are done. D 

ProofProof of Theorem 5.14- The annihilator {A1)1- is closed under multiplication by z, 
becausee A1 is closed under multiplication by z. By the closedness of (A1)1- + C and 
thee Stone-Weierstrass theorem we need only show that zg(z) E (A1)1- + C when g is 
inn {A1)^. Take ƒ E A\ = zAl, say f{z) = zF(z),F E A1. Then, with the L2-inner 
productt {.,.), (f,zg) = <F, \z\2g). Because (1 - \z\2)g(z) E L§°, \z\2g E (A1)  ̂ +C by 
Lemmaa 5.15. Put \z\2g — g\ +<p\, where g\ E (A1)1- and <p\ E C. So {ƒ, zg) = (F, (£>i). 
Nextt we approximate ipi with a trigonometric polynomial p\ = pi(<pi) such that 
W^PiW^Pi — PiWoo < £  The integral (F,pi) then depends on the Taylor coefficients of 
FF in a finite fixed set of places. Because f = zF has the same coefficients, albeit 
shifted,, we can find a trigonometric polynomial P2 such that {F,p\) = (f,P2), for all 
ff = zFe Al 

Now, , 

(f,zg)(f,zg) = (F,^)  = {F,Pl) + (F,<p! - p i ) = {f,p2) + (F,<p1-p1), 

soo that |{/ , zg — p2}\ <  E\\F\\AI- Next, we remark that the ^ -no rms of ƒ and F are 
equivalentt in the sense that for all F E A1: 

\\zF\\\\zF\\AA>>  < | | F | U i < 4 | | * F | U i. 

Hence,, \(f,zg — P2)\ < 4£J|/||,4i, for all ƒ E AQ. By the Hahn-Banach theorem, 
thee L°°-distance of zg — P2 to the annihilator of AQ is at most 4e. And since P2 is 
continuous,, and (AQ)1- + C = (A1)1- + C, the L°°-distance of zg to (A1)1- + C is at 
mostt 4e, thus zero. By Theorem 5.13, zg E (A1)-1 + C and the proof is complete. D 

I tt is well-known that the space H°° +C(D) is closed in L°°(D) ([53], Theorem 6.5.5). 
Lett us write A := LQ° -I- H°° + C(D), where the bar denotes complex conjugation. 
Byy the preceding remarks, the space A is a non-trivial closed algebra contained in 
(A(A11))11-- + C, and the space (A1)1- + C is an .A-module. It should be stressed however 
thatt (A1)1- + C is not an algebra. 

Lemmaa 5.16. Let f0 = {l-z)0 and let y0 = f0/\fp\ for0 € R. Then <^_4 € (A1)-1, 
butbut (£-2 is not contained in the space (A1)1- -f C. 

Proof.Proof. Using the Stokes theorem one obtains that, at least formally, for every poly-
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nomiall  F: 

ff FlpZldA = f -d(F{z)(l - z) log(l - z)) dA{z) 
JDJD JD 

==  js-F{z){l-z)\og{l-z)^. 

F{z) F{z) lM^¥^\èi lM^¥^\èi 
jj  FU)d\{l-J)XJ(l-J)} F{z)F{z)gg  ̂ " >  ̂ *'\dA(z) 

LL z J 

== J F(z)C-X°f-J))dA(: 

and d 

\2 \2 JJDDF^F^ ididAA = | O 5 [ F W ^ | J ( U W 

F ( z ) . ( l - ) 2 ^ ^ L L ss (1 — z) 2iri 

== f -F(z)(l-z)z^=0. 
JSJS 27TZ 

(Inn fact, by the same argument, JDF(z)lpZ2kdA = O for all & = 2,3,4,... .) Here 
wee have used the identity z~z = 1 on 5 to simplify the integrals over the circle. We 
concludee that (formally) P(p-2{z) = ~z~ °f^1- , and P<£>_4 = 0, that is, </?_4 € 
(^l1)-1.. These arguments can be made precise by a standard limit argument involving 
integrationn over the unit disc with a small disc around the point 2 = 1 punched out. 
Alternatively,, one can directly calculate the Bergman projections. The lemma now 
followss because Pip-2 is not contained in the littl e Bloch space BQ. (In fact, it follows 
fromm our calculations in the proof of Proposition 5.8 that the L°°-distance of cp-2 to 
(A(A11))11-- + C is equal to 1.)

Corollar yy 5.17. The space (A1)1- + C is not an algebra. 

Indeed,, <p-4 and <p2 are both contained in (A1)1- + C, but their product (p-2 is not. 

Next,, let u be an automorphism (Möbius map) of D. If ip is an element of L°°(D) 
onee can define the composition tp o u in L°° of V and u as (represented by) the 
compositionn of * with u, where * is any representative of ip. That this yields a 
well-definedd element of L°° follows from the fact that u and its inverse map sets of 
Lebesguee measure zero to sets of Lebesgue measure zero. It is easily seen that the 
mapp ip  tp 0 u is an isometric isomorphism of L°°. 

Proposit ionn 5.18. The space (A1)1- + C is invariant under composition with auto-
morpshismsmorpshisms of D. 
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Proof.Proof. There is nothing to prove for the composition of a continuous function with 
ann automorphism. Take an element g G {A1)-1, and let u be an automorphism of 
D.D. We will show that g o u is contained in {A1)1- + C. Let ƒ be an element of A1. 
Thenn j D fföudA = JD(f o u~1)gJR(u~1)dA, where JR(W_ 1) is the real Jacobian of 
w_1,, an element of C. By Theorem 5.14 there exist g* € {A1)1- and h € C such that 
<?JR(U- 1)) = g* + h. Thus, because ƒ o u~l is contained in A1, 

ff fg^üdA = f UoU-1)hdA= [ f{hou)JR(u)dA. 
JDJD JD JD 

Wee conclude that gou— {ho U)JR(U) annihilates the Bergman space, hence g o u e 
(A^+C.(A^+C. D 

Propositionn 5.19. Let f be a strongly exposed point in A1. Then 

(a)(a) if u is an automorphism of D, then the normalized function f\ = C\{f o u) is 
stronglystrongly exposed; 

(b)(b) if v e A(D) is zero-free on the circle, then the normalized function f2 = C2fv 
isis strongly exposed. 

Furthermore,Furthermore, the functions <p = f/\f\,ifi = fi/\fi\  and ^2 = ƒ2/!ƒ2! have the same 
L°°-distanceL°°-distance to (>11)-L + C. 

ProofProof (a) There exist g € (^41) , h 6 C such that \\(p - g - fr||oo < 1. By Propo­
sitionn 5.18 the function g o u is again contained in {Al)L + C. Because y>\ = <p o u, 
\\<pi\\<pi  — g o u — h o u\\oo < 1, so we conclude that f\ is strongly exposed. Also, the L°°-
distancee of ip\ to {A1)1- + C does not exceed that of tp. Replacing u by its inverse, 
thee reverse inequality follows. 
(b)(b) With g and h as above and ip2 = tó, \\(p2 ~ ff£r — ^rjII00 < 1- One finishes the 
prooff  as before, using Lemma 5.15 and the fact that A is invertible in LQ° + C. D 

5.55 Strong exposedness of (1 — z)@ 

Wee saw in Section 5.2 that the functions fp = cp(l — z)13 are strongly exposed in 
thee unit ball of A1 for all j3 > - 1 except possibly when (3 = 1,3,5, This was 
deducedd from rather straightforward estimates of the L°°-distances of the functions 
V77 = /a/1 fp\ to the space (A1)1- + C (Proposition 5.7). In this section we wil l sharpen 
thesee estimates and answer the question of strong exposedness for odd exponents. 

Theoremm 5.20. For all (3 > 0, the Bloch distance of the function Ptpp to Bo equals 

7TT 0+2

Proof.Proof. We have seen in Section 5.2 that the functions P^2n are contained in Bo so 
henceforthh we will assume that /? is not even. It is conventient to rewrite <pp as 
<fp(w)<fp(w) = (1 — w)P/2/(l — w)13/2. Using the series expansions for the Bergman kernel 
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1/(11 - zwf (see (5.2)), as well as for (1 - w)0/2, and 1/(1 - w)13/2, we evaluate the 
Bergmann projection Pip p. One obtains P<pp = Y^=ocP,nZn, where 

n + 11 ^ > r ( m + f ) r ( m + n - f ) 
C ^ - r ( - f ) r ( f ) ^ 00 m!(m + n + l ) ! ' 

wee claim that for fixed {3 > 0: 

££ nrn+mrn + n-l) _ _ < ( 1 + o ( 1 ) ), ( , 6 ) 

^-^^ m!(m. + n + l) ! nzp(p + 2) 
m=0 0 

wheree the o(l)-term tends to zero as n —  oo. This implies that 

44 1 v - 2 s m ( ^ ), , x. 
<< j3n

»» = r(-f)r(f)^(/ ? + 2)(1 + o(1)) = ^ T 2 )n 

wheree the o(l)-term vanishes as n —  oo. (Here we have used the functional equations 
T[zT[z + 1) = zT{z) and r ( z ) r (l - 2) sin(Trz) = ir.) But then, 

.if?|(1-*WW || = ̂ g , 
soo the Bloch distance of Pipp to B0 is at least 4 ^ + | )  On the other hand, for large 

n=Nn=N n=N 

wheree the o(l)-term tends to zero as N increases. Using the fact that the polynomials 

aree contained in B0 it follows that the Bloch distance of P<pp to B0 is at most ^ + | )

Thiss then proves the theorem. 

Wee turn to the claim (5.6). Let us first assume 0 > 2. Given any large n € N, let 
MM = Mn be the integer nearest to y/n. We write 

^ r ( m + f ) r ( mm + n - f ) _ ^ 1
 | ^ 

2 -- m!(m + n + l ) ! ^ 0 ^ 

Becausee 0 > 2, r ( f ^ 3 ) is increasing in m. On the other hand, ( ^ ^ f t i s decreasing 
i n mm + n. The first sum can thus be esimated by 

V*'' < urw+f)r(n-f ) 
2 - - - ""  (M)! (n + 1) ! ' 

Thus,, by Stirling's formula (5.4), there exists a constant A, independent of n, such 
that t 

m = 0 0 n"Ta a » ))
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Hence e 
M-ii  f . 

m—0 m—0 

ass n —> oo. In the remaining sum, X)m=M' a^ t n e arguments in the Gamma functions 
andd factorials tend to infinity as n —> oo. Another application of Stirling's formula 
seemss in place. One obtains that, given any e > 0, for all sufficiently large n and all 
m>m> M, 

r ( m + f ) r ( mm + n - f ) / mf" 1 

/ / 
2.''  / _ ! << 5. 

II  m!(m + n + l) ! / (n + m) f+ 2 

Inn particular, 

II  ^ r ( m + § ) r (m + n - f ) / ~ rof-i 

II  ^ m!(m + n + l ) ! / ^ ( r ,+™ïf+2 *  < £' 

ass n —> oo. Therefore, by (5.7), the claim (5.6) follows once we show that 
000 2 -1 ^ 

™t^(nn + m)#+2 / « W + 2) ~*  h 

ass rc — oo. Let us investigate the functions gn{x) = —3L^-a—. For all a: > 1, 
( n + x ) ?+ 2 2 

5"(x)) — x(n+x)2>  so 5n( )̂ < J72 when x > M. There is a number x n̂ > 0 such that 
ggnn{x){x) is increasing on the interval (0, ££,„] and decreasing on the interval [##,„, 00). 
Hence,, the sum Y,m=M ~m—TIÏ  a nd the integral J7? x »— dx differ at most 

(n+m)2++ ( n + x ) 2+ 2 

-^t/2-^t/2 = ^r- By a change of variables, 

r°° ^l- 1
 J 1 /-°° x l - 1 _, 

Aff  (n + x)2+2 n2 JM. ( i + x ) f + 2 

Now,, with £?(.,.) the standard Beta-function, 

°° s f -1 0 4 
Vuu (l + : r ) f + 2 ( 2 ' 2 ) " /?( /? + 2 )' 

Onn the other hand, as n —» 00, 

nn T 2 x 

dxx = o(l). 
/ / 00 (l + a;)t+2 

Byy the preceding estimates, the claim (5.6) now follows for all (3 > 2. 
Whenn 0 < (3 < 2 we proceed as follows. Given a large n £ N, we let M = Mn be 

thee integer nearest to n 4. Now the terms in the sum 

-- r ( m + | ) r ( m + n - g ) = ^ ~ 
^^ m!(m + n + l) ! ~ ^ ^ 
m=00 v > m=0 m=M 
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aree decreasing. The first sum can be estimated by 

,£<„„  V (n + l)1 - n M n>-

Thee second sum can be dealt with as before. (Now the functions gn(x) are decreasing 
onn (0, oo), which makes the analysis even simpler.) We omit the details. This finishes 
thee proof of equation (5.6) for all /? > 0. Ü 

Corollar yy 5.21. Let d(<pp, (A1)1- + C) denote the L°°-distance of <pp to {A1)-1 + C. 
ThenThen for all/3>0, 

l|_sin(f)|| 4 j s i n ( ^ ) | 2 

Jnn particular, all fp are strongly exposed for j3 > 0. 

Proof.. Let q : B —> B/BQ be the quotient map. By Theorem 5.9, the map q o P : 
L°°L°° —  /3/<Bo is continuous and surjective. In the proof of Theorem 5.13 it was shown 
thatt the kernel of the map q o P is the space {A1)1- + C. It follows that the derived 
map p 

P*P* : L°° /((A1)1- + c ) -> B / B O 

iss bijective and bounded (by ^ upon inspection, cf. Lemma 5.10 and Theorem 5.9). 
Thiss gives the lower bound for d(ipp, (A1)-1 + C), because | | -P*^ || = % p+l
Byy the closed graph theorem, the inverse P * _ 1 of P*  is also bounded. Actually, 
wee will show directly that | |P*- 1 || < 1, which in turn yields the upper bound for 
dfap^Adfap^A11))11-- + C). Let us suppose that F e B/BQ has norm 1. We need to show 
thatt P*~1{F) has norm at most 1 in L00/((A 1)-L + C). For any e > 0, we can find a 
representativee ƒ G B of the coset F such that || f\\s < 1 +£. We recall from the proof 
off  Theorem 5.9 that 

satisfiess f(z) - PTJJ(Z) = /(O) + / ' (0)z € B0. Thus ^ is a representative of P*_ 1(F) 
inn L00. Hence, by Lemma 5.15, 

||jP*-1(JF)||Xr»/((>li )J.+C7)) < d ( ^ ( A 1 ) - L + C ) < l i m e 8 s s u pr < H < 1 | ^ ( u ; )| 

== limsup |(1 - \w\2)f(w)\ < || ƒ ||B <l  + e. 

D D 

Corollar yy 5.22. Suppose g E A(D) vanishes nowhere on T. Let z\, Z2,..., zn € T be 
distinctdistinct and let 01,02,.  ,/3n be real numbers greater than —2. Then the normalized 
functionfunction f(z) — cg{z) n r= i ( l  — 7^ifi *s strongly exposed in the unit ball of A1 if and 
onlyonly if all functions fpi = cp^l — z)  ̂ are strongly exposed. In particular, all choices 
ofof 0i > — 1 yield strongly exposed points and all normalized polynomials are strongly 
exposedexposed in the unit ball of A1. 
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Proof.Proof. By part (b) of Proposition 5.19, the factor g(z) has no effect on strong ex-
posednesss of the function ƒ. Let d* = d(ip0i,(A

1)1- + C) and let <f = f/\f\. We will 
showw that d(tp, (A1)1- + C) = maxj di? which wil l give the desired result. 
Wee find small pairwise disjoint neighborhoods Ui of the Zi and a partition \% °f the 
unityy relative to the U^s and D. That is to say, we find continuous functions Xi > 0 
onn D such that \% = 1 o n ^ a nd ^ X» = 1 o n ^ - Then <p = '%2i XW = J2i f^- For 
everyy i, there exists a unimodular constant A = Aj for which </?^(z) — \<ppi\z'z~i) E C. 
Consequently,, dt = d(tpW, {A1)1- + C). Using the C-module structure of (A1)1- + C 
andd the fact that Xi < 1, it is easily seen that d{^l\ {A1)-1 +C) < d(<p, {A1)-1- + C), 
hencee max, dt < d(tp, (A1)-1 + C). Conversely, if the functions «& e (A1)-1 + C are 
suchh that ||</?̂  — 5i||oo < d{ + e, then 

III  J"*  Xt V{, ) ~ X I Xi5i IIoo < max di + e. 
ii  z 

Becausee <p - £ \ X i ^ w = Ei Xi( l - XtV ^ C and Xi& G (A1)^ + C, it follows that 
d(yj,, (A1)-*-  +C) < m a xl d i + £. D 

Wee wil l now show that an estimate analogous to inequality (5.8) also holds for p e 
( -2,0). . 

Lemmaa 5.23. Let gn = £(1 - 2 )- 2+* . Then limn^oo \\gn\\i = 1-

Proof.Proof. Reasoning as in the proof of Lemma 5.10 we perform the calculation 

/ , , 
ff  II ; | -2+^ d.i(:) - Y"  r 2( f c + 1~ g ?) 

Thee terms <7njfc = fc!(fc+1)
2," are decreasing in k. For large n, let î T ^ .FiT̂  = [y/n\. 

Thenn ^ f e = 1 gn,k < \/™- I n the remaining sum, we can approximate the terms using 
Stirling'ss formula (5.4): gnyk ~ - ^ - . Therefore, YZ=K+\9n,k ~ / ^ "TTX ~ "
Thiss proves the claim. D 

Propositionn 5.24. For all - 2 < p < 0, 

<d(<p<d(<p 00,(A^,(A  ̂ + C), (5.9) 
2 | s i n ( ^ )ll   ̂ / / | 1 U. 
7TT 0 + 2 

w/ieree ojam d(</?/3, (^l1)"1 + C) denotes the L°°-distance of\pp to {A1)1- + C. 

Proof.Proof. Fix any P e (—2,0) and let L = L@ be the functional L : g e A1 t-+ fD gTp^dA. 
Wee wil l show that for the sequence gn from Lemma 5.23, 

limi(9n)) = ?Wp. (5,o) 
Fromm this we will get the desired lower bound as follows. The functions gn and 
alll  their derivatives tend to zero uniformly on compact subsets of D. Given any 
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(fixed)) integer N we define functions gn{z)  9n(z) - Ylk=o 9nk\ zk  **  f°l l° ws that 
linin^ooo H^ll i = 1 and 

M % )) = ^ . ( M D 

Furthermore,, by construction, the first N derivatives of the <?*  vanish at the ori­
gin.. If we let zNA1 C A1 denote the closed subspace of all functions in A1 whose 
firstt N derivatives vanish at the origin, then by equation (5.11), the norm of the 
functionall  L restricted to zNAx is at least J| sin(4p)]/(/? + 2). By the Hahn-Banach 
theorem,, the L°°-distance of tp& to {zNAl)-L is at least £ |s in(^) | / ( /? + 2). Conse­
quently,, the L°°-distance of (p to V = U ^ C ^ A 1 ) - 1 is at least f |sin(4p)|/(0 + 2). 
Observee that V is uniformly dense in {A1)1- + C, because it contains (A1)1- and all 
trigonometricc polynomials. Therefore, the L°°-distance of <pp to {A1)1- +C is at least 
2 |8 in(^) | / ( /JJ + 2). 

Lett us turn to formula (5.10). We calculate 

nL{9n)=nL{9n)=L(i-L(i- zzU-ui-^U-ui-^ dA{z dA{z 
(l-z)(l-z)22  (l-z)~% 

usingg the series expansions for (1 — z)a and (1 — ~z)a. After a routine calculation, one 
obtainss the following expression: 

n i ' ( s" )-r( 22 + f - i ) r ( - f ) ^ 0 (t + i)i w

Now w 
11 1 2 |s in (^ )| 

r(22 + f-i)r(-f ) r(2 + |)r(-|) * p + 2 
ass n — oo. So what's left to do is to show that 

r(22 + f - i + *)r(*-f ) 

"to"to  (fc + 1 ) ! k] 1, , 

ass n  co. This can easily be done by following the proof of Lemma 5.23. D 

Wee end this chapter with a conjecture on the functions fp for — 2 < (3 < 0, for which 
strongg exposedness is already implied by Proposition 5.7 when —1 < (3 < 0. Note 
thatt inequality (5.9) is "asymptotically sharp" for j3 j —2: 

Conjecturee 5.25. For all - 2 < /? < 0, d{<pp, {Al)L+C) = f | s lg(
+| } l . In particular, 

thethe functions f@ are strongly exposed for all said (3. 
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Samenvatting g 

Inn dit proefschrift bestuderen we de verzamelingen van extreme, geëxponeerde en 
mett name sterk geëxponeerde punten in de eenheidsbollen van Banachruimten van 
holomorfee functies. Deze meetkundige begrippen (gedefinieerd in Hoofdstuk 1) kan 
menn gebruiken als "maat" voor de kromming van de rand van de eenheidsbol (of meer 
algemeen:: een gesloten, begrensde en convexe verzameling) in een punt van de rand. 
Zoo zullen punten op een (open) lijnsegment dat geheel bevat is in de rand zich bevinden 
waarr de rand voor ons gevoel niet "rond" is. Dergelijke punten zijn (per definitie) 
nietniet extreem. Indien men daarentegen een raakvlak aan de eenheidsbol kan vinden 
datt de bol in slechts één punt x treft, dan heet het punt x geëxponeerd. Uit deze 
definitiess volgt reeds dat een geëxponeerd punt automatisch ook extreem is. Binnen 
dee klasse van sterk geëxponeerde punten kan men de subklasse van zogenaamde sterk 
geëxponeerdee punten definiëren. De voorgaande beschouwingen leren ons dat een 
goedd begrip van de verzameling van extreme punten op z'n minst wenselijk is voor 
dee bestudering van de geëxponeerde en sterk geëxponeerde punten in de eenheidsbol. 
Inn ons proefschrift uit dit zich in het feit dat de verzamelingen van extreme punten 
inn de door ons bestudeerde Banachruimten op vrij expliciete wijze kunnen worden 
beschreven. . 

Alvorenss te vragen om een bij voorkeur expliciete beschrijving van sterk geëxponeerde 
puntenn in de eenheidsbol van een gegeven Banachruimte is de vraag gerechtvaardigd 
off  er criteria zijn die het bestaan van (sterk) geëxponeerde punten garanderen danwei 
uitsluiten.. De beroemde stelling van Krein-Milman leert ons bijvoorbeeld dat in een 
separabelee duale Banachruimte elke gesloten, begrensde en convexe verzameling gelijk 
iss aan het gesloten convexe omhulsel van zijn extreme punten. Het is een resultaat 
vann R. Phelps [47] dat in dit geval elke gesloten, begrensde en convexe verzameling 
ookk gelijk is aan het gesloten convexe omhulsel van zijn sterk geëxponeerde punten. 
Inn het bijzonder garandeert de stelling van Phelps ons het bestaan van "veel" sterk 
geëxponeerdee punten in de eenheidsbol van een dergelijke Banachruimte. 

Inn Hoofdstuk 2 laten we zien dat Banachalgebra's zich aan de andere kant van het 
spectrumm bevinden. Het hoofdresultaat in dit hoofdstuk (Theorem 2.4) zegt dat in 
eenn oneindig dimensionale functie-algebra (zoals bijvoorbeeld H°° of de schijfalgebra 
A(D))A(D)) er in het geheel geen sterk geëxponeerde punten zijn in de eenheidsbol. In­
dienn men niet-triviale verzamelingen van sterk geëxponeerde punten op het oog heeft 
vormenn (separabele) Hilbertruimten eveneens een weinig vruchtbare basis voor onder­
zoek.. Met behulp van de Riesz-representatie stelling kan men betrekkelijk eenvoudig 
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latenn zien dat alle randpunten van een gesloten, begrensde en convexe deelverzameling 
sterkk geëxponeerd zijn. 

Dee Banachruimte van holomorfe functies, die in dit proefschrift het meest uitvoerig 
wordtt besproken is de zogenaamde Hardyruimte H1 van de eenheidsschijf D (en 
variantenn hierop). Hoofdstuk 3 biedt een bestudering van de verzameling van sterk 
geëxponeerdee punten in de eenheidsbol van H1. In 1958 wisten K. de Leeuw en W. 
Rudinn [33] een expliciete beschrijving te geven van de collectie extreme punten in de 
eenheidsboll  van H1. Zij bewezen dat de extreme punten de zogenaamde uitwendige 
functiess zijn. In 1993 heeft J. Wiegerinck [66] een abstracte beschrijving gegeven van 
dee sterk geëxponeerde punten in de eenheidsbol van H1. Gebruikmakend van de re­
sultatenn van Wiegerinck hebben T. Nakazi [37] en de schrijver op onafhankelijke wijze 
dee sterk geëxponeerde punten expliciet in kaart gebracht. Het is enigzins opmerkelijk 
datt men weliswaar de sterk geëxponeerde punten van de eenheidsbol van H1 duidelijk 
kann aanwijzen, maar men (ondanks veel onderzoek) nog altijd zoekt naar een bevredi­
gendee beschrijving van de geëxponeerde punten van de eenheidsbol van H1. Nakazi 
enn de schrijver bewezen het volgende resultaat: 

Stellingg 3.20 Een functie ƒ in de rand van de eenheidsbol van H1 is sterk 
geëxponeerdgeëxponeerd dan en slechts dan als f een uitwendige functie is en \f\ een Helson-
SzegögewichtSzegögewicht is op de eenheidscirkel. 

Inn Hoofdstuk 3 geven we een tweetal bewijzen van deze stelling. Het eerste is in essen­
tiee het bewijs van Nakazi dat sterk leunt op functietheorie. Het tweede bewijs is van 
dee schrijver en gebruikt de theorie van Toeplitzoperatoren en DeBrangesruimten. Als 
zodanigg is het meer omslachtig van aard dan Nakazi's bewijs, doch het geeft enige aan­
vullendee informatie. In hoofdstuk 3 geven we en passant ook een direct bewijs van de 
uitspraakk dat een sterk geëxponeerd punt in de eenheidsbol van H1 wordt geïnduceerd 
doorr een Helson-Szegö gewicht, zonder gebruik te maken van Wiegerinck's abstracte 
beschrijvingg van sterk geëxponeerde punten. Een van de verrassende gevolgen van 
dee Stelling 3.20 is dat indien de functie ƒ sterk geëxponeerd is in de eenheidsbol van 
HHll,, de functies f1+e en l / / 1 + e bevat zijn in de Hardyruimte H1 voor voor voldoende 
kleinee e > 0. 

Inn Hoofdstuk 4 houden we ons bezig met de vraag in hoeverre de resultaten uit het 
voorgaandee hoofdstuk zich laten vertalen naar de Hardyruimte 771(f2) van een gebied 
f22 in C van eindige samenhang. We lopen hier tegen twee bekende problemen aan: 
dee factorisatietheorie voor Hl(Q) is niet zo rijk als in H1. Het is daarom ook niet 
zoo dat de extreme punten van de eenheidsbol van H1^) alle uitwendige functies 
zijn;; er bestaan functies in de eenheidsbol van i / ^Q) die een of meerdere nulpunten 
hebbenn op £) maar die desalniettemin extreem zijn, hetgeen ons hindert in ons gebruik 
vann i/2-technieken. Beschrijvingen van de verzameling van extreme punten in de 
eenheidsboll  van Hl(Q) zijn bekend dankzij werk van F. Forelli [18], T.W. Gamelin 
enn M. Voichick [19]. Zij bewezen dat extreme punten geschreven kunnen worden als 
hett product van geschikte polynomen en uitwendige factoren. Wij laten zien dat 
Wiegerinckss beschrijving van sterk geëxponeerde punten in de eenheidsbol van Hl 

zichh laat generaliseren naar H1 (Q). Vervolgens kunnen we laten zien dat er sterk 
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geëxponeerdee functies ƒ in H1(fl) zijn die "klein" zijn op de rand van fï in de zin 
datt l/f niet integreerbaar is over de rand, dit in tegenstelling tot de bovenbeschreven 
situatiee voor de Hardyruimte H1 van de eenheidsschijf. Tenslotte onderzoeken we 
dee nulpuntsverzamelingen van sterk geëxponeerde punten in H1 (Q,) en laten zien dat 
hoewell  de nulpuntsverzamelingen van extreme punten generiek zijn, de precieze ligging 
vann de nulpunten een doorslaggevende rol speelt bij het al dan niet sterk geëxponeerd 
zijnzijn van extreme punten (Theorem 4.15). 

Hett laatste hoofdstuk behandelt sterk geëxponeerde punten in de Bergmanruimte 
AA11 van de eenheidsschijf in C, een ruimte waarvoor de belangstelling het laatste 
decenniumm een ware opleving heeft gekend. De Bergmanruimte kunnen we als brug 
opvattenn tussen functietheorie in één veranderlijke en de Hardyruimte H1 van de 
eenheidsboll  in C2. Enerzijds kunnen we namelijk de Bergmanruimte A1 inbedden 
inn H1 van de eenheidsbol in C2, tegelijkertijd zijn onze technieken in essentie die 
vann functietheorie in C. Opnieuw stellen we ons de vraag wat de sterk geëxponeerde 
puntenn zijn in de Banachruimte Al. Een eerste opzet hiervoor is de generalisatie van 
Wiegerinckss beschrijving van sterk geëxponeerde punten in H1. Aldus weten we onze 
vraagg te herformuleren tot de vraag voor welke functies ƒ in A1 de L°°-afstand van 
dee unimodulaire functie ip = f/\f\ tot (A1)1- + C kleiner is dan 1. Hier is (A1)1- de 
annihilatorr van A1 en C de ruimte van continue functies op D. 

Dee ruimte (A1)1- + C kan gezien worden als het analogon van de ruimte H°° + C die 
optreedtt in Wiegerincks beschrijving van de sterk geëxponeerde punten in H1. Nu is 
hett een bekend resultaat dat H°° + C gesloten is in L°° en op zich volgt daar met wat 
handigheidd uit dat het een deelalgebra is van L°°. In Hoofdstuk 5 laten we zien dat 
dee ruimte (A1)1- + C gesloten is in L°° en hoewel het geen algebra is,kent de ruimte 
(A(A11))11-- + C een moduul-structuur over C, de continue functies op D. In het vervolg 
houdenn we ons specifiek bezig met de vraag welke polynomen sterk geëxponeerd zijn 
inn de eenheidsbol van A1. Gebruikmakend van de moduul-structuur van (A1)1- + C 
kunnenn we onze aandacht beperken tot polynomen van de vorm f(z) = c(z — a)n en 
dee vraag voor welke a € C en voor welke machten n de functie ƒ sterk geëxponeerd 
is.. Met betrekkelijk eenvoudige middelen kan men laten zien dat men voor elke keuze 
vann n en a, |OJ|  ̂ 1 een sterk geëxponeerd punt krijgt, alsmede voor elke keuze van 
a,, |aj — 1 en even n. Het blijkt namelijk dat voor al deze combinaties van n en 
a.a. de functie (p = f/\f\ bevat is in {A1)1- + C. Om onze vraag voor |a| = 1 en 
onevenn n te beantwoorden is zwaarder geschut vereist. Dit komt in de vorm van de 
Bergmann projectie van L°° op de Blochruimte B. Voor |e*| = 1 en oneven n leiden 
wee de volgende schatting af voor de L°°-afstand d(<p) van ip = f/\f\ tot {A1)1- + C 
(Corollaryy 5.21): 

2 ^ ^ ( V ? ) ^ ( 2 T ^ < 1 ' ' 

hetgeenn het hoofdresultaat van Hoofdstuk 5 impliceert: 

Gevolgg 5.22 Elk polynoom van norm 1 is een sterk geëxponeerd punt in de een­
heidsbolheidsbol van de Bergmanruimte Al. 
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