Hyperbolic Hypergeometric Functions

Fokko van de Bult



The cover shows an annotated version of the Clebsch graph. The Clebsch
graph is a strongly regular graph, since each of its 16 vertices have 5 neigbours,
each pair of neighbours has no common neighbour, while each pair of non-adjacent
vertices share two common neighbours. The annotation gives a method to find
symmetries of a very-well poised gWW7. Given any vertex, annotated with v, and
its 5 neighbours, annotated with p, ¢, r, s and t we can form the very-well poised

hypergeometric series (using the standard notation from [16], see also Subsection
4.5.1)

(v:19) oo W (—\/mjrstv

We will explain in a moment which choice of root of pgrstv to take. In whatever
vertex one constructs this hypergeometric series, for whatever order of the 5 adje-
cent vertices, the value of the the resulting series is always the same. The equalities
between the different instances of the hypergeometric series are instances of [16,
IT1.23 and T11.24].

The annotation of the Clebsch graph can be constructed by giving arbitrary
values to one vertex (suppose it gets value s) and its five neighbours (which get
values aq,aq,...,as) and subsequently ensuring that the product of the values of
each square in the graph equals s,/a1aza3a4a55. One must always take the same
root of \/aiazazasass and this choice determines naturally the choice of root of

Vvpgrstv in (i).

;p,q,r,s,t;q,v> . (i)
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Chapter 1

Introduction

In this chapter we introduce the basic concepts of this thesis and give an impression
of some of the methods used to study them. Moreover we describe the connections
to other parts of mathematics and thereby put the results of this thesis in a broader
perspective.

The main focus of this thesis is to extend some results about hypergeometric
functions and the algebraic theory related to it. Hypergeometric functions have
been studied for centuries by many, often famous, mathematicians including Euler,
Gaufl and Riemann. The continued interest in hypergeometric theory is due to its
many applications and the beautiful structures arising from it.

For me, a striking example of the wide applicability of hypergeometric func-
tions is that in the many PhD-defences I have attended on all areas of mathe-
matics Professor Koornwinder always seemed to be able to ask a question about
some hypergeometric function occurring in the work of the PhD candidate. Indeed
applications of hypergeometric functions are found in subjects ranging from com-
binatorics and numerical analysis to dynamical systems and mathematical physics.
Related to the last subject is their application in the theory of integrable systems
and in representation theory. Our interest in the subject stems mainly from these
last two applications.

To appreciate the kind of generalization of hypergeometric functions we con-
sider in this thesis it is necessary to first understand something about the classical
hypergeometric theory. Therefore we discuss classical hypergeometric theory in
Section 1.1. Subsequently, in Section 1.2, we consider basic hypergeometric the-
ory, a well-known generalization of classical hypergeometric theory. In Section 1.3
we consider the process of doubling, which is the essential concept which gives
the connection between basic and hyperbolic hypergeometric theory. Hyperbolic
hypergeometric theory is the main topic of this thesis. This is followed by a short
overview of the theory of Macdonald operators and their doubled version in Section
1.4. This gives an important example of the connections between hypergeometric
theory, integrable systems, and representation theory. This leads us to an overview
of the different chapters in this thesis in Section 1.5.
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1.1 Classical hypergeometric theory

In this section we will introduce the Gaufl hypergeometric function 5 F; as a funda-
mental example of a hypergeometric function. We introduce the o F} as a solution
to the hypergeometric differential equation. This exposition smoothly leads to
some essential structures of this thesis. In particular it indicates why gamma
functions are so important in this thesis. Moreover this approach to the Gauf3 hy-
pergeometric function is natural, as it is quite often due to the fact that o F; satis-
fies this differential equation that it appears in applications such as mathematical
physics and representation theory. For a general introduction to hypergeometric
functions and proofs of the results mentioned here see for example [2].
The hypergeometric differential equation is given by

(1l —2)y" +(c—(a+b+1)x)y —aby =0, (1.1.1)

for a function y = y(z) and parameters a,b,c € C. A general second order
differential equation with three regular singular points can be transformed into
the hypergeometric differential equation, which has regular singular points in 0, 1
and oo.

This equation has an analytic solution in a neighbourhood of zero, the Gauf3
hypergeometric function, which is denoted by o F} (a, b; ¢; z) and is for non-integer ¢
uniquely determined by the normalization o F(a, b; ¢; 0) = 1. Most hypergeometric
functions appearing in this thesis are in some way a generalization of 3F;. On
the other hand, specializations of the oF} include the logarithm and the inverse
trigonometric functions (arcsin, arccos and arctan). Moreover, several classes of
classical orthogonal polynomials, including the Chebyshev, Gegenbauer, Jacobi
and Legendre polynomials, can be expressed in terms of 5 F}.

One can find several expressions for the hypergeometric function oFj. For
instance one can give an explicit power series expansion for oF} at z = 0. We
instead give two integral representations, as in this thesis most hypergeometric
functions are defined by generalizations of one of these two integrals.

First of all we consider the Euler integral representation, given for R(c) >
R(b) > 0 and z € C with a branch cut from 1 to co by

1
oF(a, b, 2) = m/o 71 — 1)o7 (1 — 2t) At (1.1.2)

The branches of t*~1, (1 —¢)*7®~! and (1 — 2¢)~% are determined by the conven-
tion, employed throughout this chapter, that a* = exp(zlog(a)) for the principal
branch of the logarithm. Here I" denotes the classical Euler Gamma function. One
can show directly that this integral satisfies (1.1.1) by interchanging the order of
differentiation and integration and using integration by parts. For z = 0 this
integral reduces to the beta integral

! a—1 -1 _F(a)F(b)
/Ot (1—1t)° dt_—l“(a—i—b)’
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where $(a), R(b) > 0, which gives the normalization factor. Not obvious from this
expression for the o F} is the a < b symmetry of the 3 F; (which is obvious from
(1.1.1)).

The second integral representation we consider is the Barnes’ integral repre-
sentation given for a,b ¢ N and z € C with a branch cut along the positive real
axis by

I(c) /i°° L(a+ s)I'(b+ s)I'(—s) ds

BB 0 L Tews

3ms’ (1.1.3)
where the integration contour is indented to separate the poles of the integrand
at s = —a—nand s = —b —n from those at s = n (for n € Z>g). Again
a direct calculation involving interchanging differentiation and integration again
shows that the integral on the right hand side of (1.1.3) satisfies (1.1.1). This
calculation uses the fundamental first order difference equation

I'(z+1) =zT(z2) (1.1.4)

satisfied by the Gamma function.

In the Barnes’ integral representation we see that we have an integral repre-
sentation of o F}, where the integrand is expressed in terms of gamma functions.
Almost all integrals occurring in this thesis are of this form (with appropriate
generalizations of the Gamma function).

A property which makes the Gamma function suitable as building block for
hypergeometric functions is the fact that it solves the first order difference equation
(1.1.4). Indeed, the fact that the right hand side of (1.1.3) solves (1.1.1) depends
only on the fact that I solves (1.1.4) and satisfies good analytic and asymptotic
properties.

One can define four classes of different kinds of hypergeometric functions in-
volving four different types of gamma functions used as building blocks. These
generalizations of the Gamma function all satisfy first order difference equations.
Apart from classical hypergeometric functions we have basic or g-hypergeometric
functions with the g-gamma function as building block, elliptic hypergeometric
functions related to the elliptic gamma function and, the kind of hypergeometric
functions occurring most often in this thesis, hyperbolic hypergeometric functions
related to the hyperbolic gamma function. We describe the connections between
these different kinds of gamma functions in more detail in Chapter 2.

1.2 Basic Hypergeometric Theory

The hyperbolic hypergeometric functions are closely related to the much better
known basic hypergeometric theory, so now we first consider basic hypergeometric
functions. A standard reference for results on basic hypergeometric functions is
[16], which contains in particular the results mentioned here.

In basic hypergeometric theory there exists an extra parameter g, often chosen
such that |¢| < 1. Basic hypergeometric functions are a generalization of the
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classical hypergeometric functions in the sense that taking the (formal) limit ¢ — 1
generally returns us to the classical hypergeometric setting. Many of the results for
classical hypergeometric functions generalize to the basic hypergeometric level. For
example, where classical hypergeometric functions are related to representations
of (the universal enveloping algebra of) a Lie algebra, ¢-hypergeometric functions
are related to representations of quantum groupsl.

The infinite g¢-shifted factorials, or g-Pochhammer symbols, are defined for
|g] < 1 by the infinite product

o0

(@)oo = [J(1 = aq"). (1.2.1)

r=0

Observe that this product converges for |g| < 1, but diverges for other values of g.
The g-gamma function I, is now defined (for |¢| < 1, ¢ & (—1,0]) as

(4 9)oo -2
This is a generalization of the Gamma function in the sense that lim, 1 T'y(z) =
I'(z). Observe moreover that it satisfies the difference equation I'j(z + 1) =
1{_‘{; Iy(x) as analogue of (1.1.4).
The g-analogue of the o F} function is the 3¢, which has an integral represen-
tation similar to the Barnes’ integral (1.1.3)

r,(c P (a+s)Ty(b+s) —m ds
201(0%, 6% ¢% q,2) = a(0) / o(at 90+ 3) i

T ()04 (0) J_so Tylc+8)Tg(s + 1) sin(rs) . 2mi

(1.2.2)
for generic a, b, ¢, z € C with a suitably indented contour. If we recall the reflection
equation for the Gamma function, I'(—s)I'(s + 1) = —x/sin(ws), this integral
converges formally to the integral of (1.1.3) as ¢ — 1.

We defined 5¢; for variables ¢%, ¢° and ¢¢, although it is not immediately clear
that for a and o’ with ¢* = qa, the value of 3¢ is the same. However a careful
consideration of the definition of the g-gamma function shows this is indeed the
case. In a definition using ¢-shifted factorials instead of the ¢g-gamma function this
problem does not arise, hence in many expressions g-shifted factorials are used
instead of I';. There also exists a g-analogue of the Euler integral representation
(1.1.2), but in that integral the limits are less obvious so we omit this integral
representation here.

The 2¢1 is a solution to an analog of the Gaufl hypergeometric differential
equation (1.1.1). Let us define the ¢-differential operator D, as

flaz) = f(2)

qz — 2

(Dyf)(2) =

IFunnily enough, the fact that the g of g-hypergeometric and the g of quantum (groups) are
the same letter was purely coincidental. However they turned out to be intimately related, as
we will see in Chapter 3.



1.3. Doubling the ¢-shifted factorials 11

If g — 1 this operator converges to ordinary differentiation, i.e. lim,_,1 Dy f(z) =
4 f(z) for a function f which is differentiable at z. The function 261 (a, b;c;q, z)
is now a solution to the difference equation

1—¢ (1 —a)(l-=0)—(1—abq)
I—q " 1-q )D‘If

z(c— aqu)Dgf + <

~ (1=a)1-0b) _
Saog /=0 a2y

Substituting a — ¢%, b — ¢® and ¢ — ¢¢ and using that lim,1(1—¢%)/(1—q) =z
we indeed see that the limit ¢ — 1 of this equation is the hypergeometric differential
equation (1.1.1). In this way ¢-difference equations may be regarded as g-analogues
of differential equations. Applications of difference equations include combinatorial
problems involving recursion, and certain mathematical physical systems. An
important example of the last kind of application is described in Section 1.4. In
this thesis we study many such difference equations.

As mentioned before, g-hypergeometric functions are often defined only for
|g] < 1. Indeed the ¢-gamma function itself is not well-defined for ¢ on the unit
circle (and neither are infinite g-shifted factorials). Only when for special values of
the parameters the g-hypergeometric functions become polynomials (for example
201(q~™, b; ¢; q, z) is a polynomial of degree n in z) they can obviously be extended

o (generic) ¢ on the unit circle. However the g¢-difference equations for ¢ on
the unit circle do arise in applications (both in physics and in representation
theory), hence one would like to study these equations for |¢| = 1. Hyperbolic
hypergeometric functions provide us with a method to deal with such extensions.

1.3 Doubling the ¢-shifted factorials

In this section we explain the concept of doubling, using as the fundamental ex-
ample the doubling of g-shifted factorials. The process of doubling allows us in
some sense to “extend” the g¢-shifted factorials (and thus the g-gamma function)
to the range |g| = 1. For simplicity, in this section we first focus only on first order
difference equations.

The meromorphic function g(x) = 1/(2;¢)s for x € C* = C\{0} satisfies the
first order g-difference equation

9(qr) = (1 — z)g(z), (1.3.1)

for 0 < |g| < 1. In some sense g-shifted factorials also satisfy a second first order
difference equation, but this second difference equation is hidden due to the fact
that the step-direction in the difference equation (1.3.1) is written multiplicatively
(i.e. we multiply the argument of the function by the constant g, instead of adding
a constant to the argument).

To reveal the second difference equation we identify C* ~ C/wyZ for an ap-
propriate we € H = {z | S(2) > 0} by = = exp(2miz/w2). We subsequently write
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q = exp(2miwy /ws) for some wy € H (with wy /wy € H). The meromorphic function
onzeC
f(z) = 1/(exp(2miz/wa); exp(2miw; /w2)) oo (1.3.2)

now satisfies the pair of difference equations

fz+wi) = (1 - exp(2miz/w2)) f(2)
[z +ws) = [(2).

Clearly the two systems (1.3.1) and (1.3.3) are equivalent under this change of
variables.

Let us now consider, for wi,ws € H a general pair of first order difference
equations for meromorphic functions f on C,

f(z+w) =alz;wi,ws) f(2),
f(Z +w2) = b(Z;wth)f(Z)a

where a and b are non-zero meromorphic functions on z € C. In crucial examples of
(1.3.4) in this thesis it is natural to assume the condition wy,ws € H, which avoids
the case wy /ws € Reg. Furthermore, when a and b depend meromorphically on w;
and ws, it is natural to consider solutions to (1.3.4) depending meromorphically
on w; and we. In this introduction we simplify the exposition by insisting on
w1, we € H and discussing such systems only for fixed w; and ws.

(1.3.3)

(1.3.4)

Definition 1.3.1. We call a pair of difference equations (1.3.4) consistent for
given wi,ws € H if a and b satisfy the cocycle condition

a(z + woy wi, we)b(z; wi,wa) = b(z + wijwr,wa)a(z;w, wa). (1.3.5)

If (1.3.4) has a non-zero meromorphic solution f, then the cocycle relation
should hold, as both sides of (1.3.5) calculate the quotient f(z + w; +w2)/f(2) of
the solution in two different ways.

Observe that, for fixed wy,ws € H, the solution space of (1.3.4) is at most one-
dimensional over the field k,, ,,, of meromorphic w;- and wy-periodic functions on
C. For wy /wy & Ry, this field k,, o, is the field of elliptic functions on the elliptic
curve C/(w17Z + waZ), while for wy/we € R+¢\Qs¢ this field is just C. Finally for
wi/we € Qs the field k,, o, consists of meromorphic functions on the complex
torus C/pZ, where p is an element in wyZ + woZ with smallest modulus.

Note that the system (1.3.3) is consistent. Indeed, it is a special case of a
general method to obtain a consistent system from a g¢-difference equation on C*
which we describe now. Consider an arbitrary g-difference equation for meromor-
phic functions g on C*,

9(qz) = Au, 0, (2)g(2), (1.3.6)

where wi,ws € H and ¢ = qu,w, = exp(2miwi/we) and for some non-zero
meromorphic functions A, ., on C*. As before, under the substitution x =
exp(2miz/ws), the equation (1.3.6) is equivalent to the system

f(Z +w1) = a(z;wl,wg)f(z),

Pz +wa) = F(2), (1.3.7)
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for meromorphic functions f on C, where a(z;wi,ws) = Ay, w, (exp(2miz/w2)).
The system (1.3.7) is consistent as a(z;wi,ws) is we-periodic by construction.
Note that, given a solution g to (1.3.6), the function f(z) = g(exp(2miz/ws))
solves (1.3.7).

A second consistent system related to the g-difference equation (1.3.6) is given
by the following “doubled” system

f(z+w1) (Z;wlan)f(Z)a

f(z+w2) = alz;wae, wr) f(2), (1.3.8)

where the second equation is obtained from the first one by interchanging w; < ws.
This system is again consistent as a(z;wi,ws) is wa-periodic, while a(z;wq,wq) is
wi-periodic. If the original equation (1.3.6) has a solution ¢ for given w; and wsy
and a solution § when the role of w; and ws is interchanged in (1.3.7), then

f(z) = glexp(2miz/wa))g(exp(2miz/w1)) (1.3.9)

gives a solution to the doubled system (1.3.8). Note that the associated parameters
Gun o and g}, of (1.3.6) for g and § are related by modular inversion.

The doubled system related to the g-difference equation (1.3.1) satisfied by the
g-shifted factorials thus becomes

flz+wi) = (1 —exp(2miz/w2)) f(2),

f(z4+we) = (1 —exp(2miz/wi))f(2). (1.3.10)
Observe that for (w1 /w2) < 0 the function
f(2) = (exp(2mi(z — w1) /w2); exp(—2miw1 /w2)) oo (1.3.11)

solves (1.3.3). Together with the solution (1.3.2) for (w1 /wz) > 0 this thus gives
a solution _ )
(exp(2mi(z — wa) /w1 ); exp(—2miws /w1)) oo

(exp(2miz/wa); exp(2miwy /wa))co

, (1.3.12)

to the doubled system (1.3.10) for $(wy/wz) > 0. This is a concrete example of
the construction of solutions to a doubled systems from solutions of the under-
lying ¢-difference equation. The same function with wy <> wq solves (1.3.10) for
S(wg/wl) > 0.

The fact that a system (1.3.4) is consistent does not imply that there exists a
non-zero solution. In particular consider the case wy/ws € Rsg, which corresponds
to |¢| = 1. In this case there exist sequences ng, my € N with nyw; — miws — 0
and ni — oo as k — oo. For a nontrivial, meromorphic, solution f to (1.3.4) for
these particular values of wq,ws we must have

1= lim f(z +npwy —mpws) lim H;lial a(z + jwi — mpwa; wi, wa)
k—oo f(Z) k—oo H;nzkl b(Z — jWQ; wl,wg)

(1.3.13)
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In particular in the case of the system (1.3.3), associated to the g-shifted fac-
torial, this would become

ne—1
1= klirgc (1 — exp(2mi(z + jwi)/wa)),
j=0
but the right hand side does not converge to 1 for wi/ws € Rso. Hence (1.3.3)
has no non-trivial solution if wy/we € R, even though it is consistent. On the
other hand, we have seen that there exist solutions for arbitrary wi,ws € H with
w1 /wa & Ry (given by (1.3.2) and (1.3.11)).

However, it turns out that the doubled system (1.3.10) does have a non-trivial
solution when wj/ws € Rsg. In fact, the solution (1.3.12) as a meromorphic
function of (z,w1,ws) € {C x H? | $(wy/wz) > 0} admits a unique meromorphic
continuation to C x H2, which we denote by G(z;w1,ws). For any wy,ws € H (thus
including wy /wa € Rsg!) the function G(z) satisfies the doubled system (1.3.10).
To arrive at these results we will construct in Chapter 2, following closely [63], a
non-trivial solution I'j,(z;w1,ws), which is called the hyperbolic gamma function,
to the consistent system of difference equations

Th(z+ wy) = 2sin(mz/we)Th(2),

Lp(z +we) = 2sin(rz/w )Th(2), (1.3.14)

which is obviously well-defined for all wy,ws € H. The relation between G and T'y,
is then given by

G(2) = exp(miz? |2wiws — Ti(w + wa)2z/2wiw2)Th(2).

Note that the system of difference equations (1.3.14) for I'j, turns into the system
of difference equations (1.3.10) satisfied by G.

Note that if wy/we € Q¢ the condition (1.3.13) reduces to an algebraic equa-
tion. Indeed if wy/we = m/n we can use the sequences ny = kn and my = km,
after which the product within the limit on the right hand side of (1.3.13) becomes
the k’th power of the same expression (using the cocycle relation (1.3.5)). This
leads us to the concept of superconsistency.

Definition 1.3.2. The system (1.3.4) is called superconsistent for wi,ws € H such
that wy Jwe € Qsq if it is consistent and if we have

n—1 m—1
H a(z + jwi;wy,wa) = H b(z + jwa;wi,wa), (1.3.15)
§=0 §=0

if wi/wa =m/n with m,n € N and gcd(m,n) = 1.

Note that if the system (1.3.4) is superconsistent then (1.3.15) holds for all m,n
with wy/we = m/n, not only those with ged(m,n) = 1. Note that if the system
(1.3.4) has a non-zero solution for wy,ws € H with wy/ws € Qsg, then it must



1.3. Doubling the g¢-shifted factorials 15

be superconsistent, as both sides of (1.3.15) then represent f(z 4+ nwi1)/f(z) =
f(z +mws)/ f(2).

The system (1.3.3) is not superconsistent for such wy,ws as (1.3.15) reduces to
n—1
[T — exp@ril= + jon) ) = 1,
j=0
which clearly does not hold.
On the other hand, the doubled system (1.3.10) is an example of a supercon-
sistent system (as it should, since there exists a non-trivial solution to it). Indeed
super-consistency follows for wy/wy =n/1 from

n—1

[T (1 = exp(@ri(z + jws) /w1)) = 1 — exp(2miz/wy) (1.3.16)
j=0

for all z € C. Setting x = exp(2miz/w;) and writing ¢ = exp(2mi/n) for the n'®
primitive root of unity, this becomes

n—1

[[a-a¢g)=1-2am (1.3.17)

j=0
This equation holds as both sides are degree n polynomials in x with constant
term 1, which are zero at all n* roots of unity. The relation (1.3.15) for arbitrary
w1/wa € Qso also follows from (1.3.17). We conclude that (1.3.10) is super-
consistent for all wy,ws € H with wy/we € Qsg.

To indicate that the fact that a doubled system of difference equations is su-
perconsistent for all wy,ws € H with wy/we € Qs is rather special, we mention
the following result. The system of difference equations in the proposition corre-
sponds to a doubled system related to a g-difference equation (1.3.6) for a function
Ay w, () which is independent of wq and wy. The proof is given in Section 2.3.

Proposition 1.3.3. Suppose the pair of difference equations
G(z+w1) = c(z/w2)G(2), G(z +w2) = c(z/w1)G(2), (1.3.18)

where ¢ is a non-zero meromorphic function on C independent of wy and wsy, is
consistent for all wi,ws € H and super-consistent for wi,ws € H with wy/wa €
Qso0. Then c(z) = exp(A(z — 1/2))(2sin(r2))E for some constants A € C and
BeZ.

For such ¢(z) there exists a non-trivial solution to (1.3.18) which is given by

G(z) = exp(A2?/2wiws — A(w1 + wa)z/2wiws)Th(2)P.

For higher order difference equations the process of doubling can easily be
extended. Indeed, consider the general m’th order g-difference equation, for mero-
morphic functions g on C*,

D A (@)g(dx) =0, (1.3.19)
7=0
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where ¢ = exp(2miw; /ws), for some meromorphic functions A; ., o, on C*. A
general discussion of such linear g¢-difference equations is given in, for example,
[1]. Under the substitution = = exp(2miz/ws) the equation (1.3.19) is equivalent
to the system

> aj(zwi,ws) f(z + jwr) =0,

=0

(1.3.20)
fz+w2) = f(2) =0,
where a;(z;w1,w2) = Aj o, w, (exp(27miz/wz)). The related doubled system is given

in analogy to (1.3.8) by

aj(z;wi,ws) f(z + jw1) =0,

I

<
Il
o

(1.3.21)
a;(z; w2, w1) f(z + jwz) = 0.

NE

<.
Il
o

Let us call a pair of difference equations

(Bwl,w2f)(z) =0, (Cwl,WQf)(Z) =0, (1322)

where B, «,, respectively C,, .., is a difference operator with period wy, respec-
tively wo, consistent if B, ., and C,, o, commute. This reduces to Definition
1.3.1 for first order difference equations. Note that both systems (1.3.20) and
(1.3.21) are consistent, as a;(2z;wi,ws) is again we-periodic (and thus a;(z;wa, w1)
is wp-periodic). As for systems of first order difference equations, given a solution
to (1.3.20) for wy,ws € H and a second solution for wy and we interchanged, we
can construct a solution to the doubled system (1.3.21).

For g-difference equations for which there do not exist solutions for |g| = 1,
we may still hope that its doubled version does have a non-trivial solution for
w1/wa € Rsg. An important example is given by Ruijsenaars’ [65] R-function,
discussed in Chapter 3, which is an eigenfunction to a doubled version of the
Askey-Wilson second order g-difference operator and which is well defined for
w1 /we € Ryg (i.e. |g| = 1). The Askey-Wilson ¢-difference operator is an important
g-analogue of the Gaufl hypergeometric differential equation (1.1.1). It will play
an important role in Chapters 3 and 4.

The process of doubling also has a natural extension for multivariate g-diffe-
rence operators, an important example of which is given in the next section.

1.4 Macdonald operators

Now we continue by discussing the connection of (basic) hypergeometric theory to
integrable systems and representation theory by looking at the Macdonald opera-
tors of type A,_1. This provides us also with an interesting example for which we
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can describe the process of doubling in a more complicated setting. The discussion
here follows the lecture notes [33] of Kirillov Jr.

There exist Macdonald operators associated to any root system but to simplify
our exposition, here we only consider the operators associated to the root system
of type A, _1. For this root system the operators were first given by Ruijsenaars
in [62] and are also known as Macdonald-Ruijsenaars operators. We belief that
the doubling described in this section can be performed as well for Macdonald
operators on a general root system. The restriction to the root system A,,_1 implies
we can proceed without requiring any previous knowledge on root systems. To each
root system there is associated a certain finite group, called the Weyl group, which
is generated by reflections in Euclidean space. The Weyl group for type A,_; is
just the symmetric group S, in n letters. The significant role this group plays
in the following discussion thus reflects the fact that we are considering the root
system of type A,_1.

Given constants 0 < |¢| < 1 and t € (0,1] we define the function A, by

Ape(@) = ]I (23/ki @)oo (1.4.1)

1<isthan T3/ D)oo

Define the space M to be the space of S,, symmetric meromorphic functions on
(C*)™. Note that in particular A,; € M. We can write

Age = AT AT (1.4.2)

qt?
if ¢ € (0,1) and |z;| = 1 for all j, using
T/ Tk; @)oo

1<j<k<n (tZL']/,CL'k, q)oo

This shows A, ; is positive real if all z-variables are on the unit circle.
We define the translation operator T for j = 1,...n by

ij((E) :f(xl,acg,...,qxj,...,xn),

and for a subset J € {1,2,...,n} we extend this definition to Ty =[], ; 7} (note
that the T; commute with each other, so this is well-defined). We can now give

the following explicit formula for n g¢-difference operators D,., r =1,....n
Tho,..yAgaf
SCEES
€S, a:t

N (1.4.3)
=rln—r)t > I1 %I: T, f(x).

) ey
Jc{1,2,....n} \jeJ.kgJ
|

|=r

From this definition it is clear D, sends M*®» to M5=. Observe that the Macdon-
ald operators D,. make sense for arbitrary ¢ € C* using the second expression in
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(1.4.3). In [62] Ruijsenaars showed these operators can be interpreted as quantum
Hamiltonians of a quantum integrable system, which can be interpreted as a rel-
ativistic analogue of a quantum Calogero-Moser system, in particular he showed
that the D,. commute.

The natural question now is whether we can find joint eigenfunctions of these
operators. In this general setting this question is still subject to research. However
in the polynomial setting much more is known. Let us therefore consider the action
of D, on the space C[z,z!]%" of symmetric Laurent polynomials in z1,...,z,
with coefficients in C. If p € Cla, 27 '] we see that [, (2; — %) Dyp is an anti-
symmetric Laurent polynomial, hence it is divisible by [] i< w(x; — ). Therefore
the Macdonald operators map Clz, z71]% to itself.

We can define a sesqui-linear form on the space Clz, 2! by

n

Feahas = [ @58 [ 522 (144)

o2miz;’
j=1 J

where the contour is the product of n unit circles T = {z € C | |z| = 1} traversed
in the positive direction. For ¢ € (0,1), (-, )4, forms a non-degenerate complex
inner product as the weight function A, then is positive real on T".

The famous Macdonald conjectures [46], which have now been proven [9]2,
provide evaluation formulas for the constant term (1,1),.

A direct calculation shows that the Macdonald operators are symmetric with
respect to this inner product, i.e. (D,.f,g) = (f, D.g) for f,g € Clz,z71]% and
r=1,...,n. For generic ¢ and t the joint spectrum of the Macdonald operators,
acting on Clz,z~1]% is simple (i.e. the eigenspaces are one dimensional). The
corresponding eigenfunctions are the Macdonald polynomials. It follows imme-
diately that the Macdonald polynomials form an orthogonal basis of the space
Clx, 2715 with respect to the sesqui-linear form (1.4.4).

The Macdonald polynomials are a generalization of the Schur functions and
generalize simultaneously the Jack polynomials, which are multivariate generaliza-
tions of Jacobi polynomials, and the Hall-Littlewood polynomials, see [47]. Koorn-
winder polynomials [41] are generalizations of Macdonald polynomials, which in
the univariate case reduce to Laurent polynomial eigenfunctions (the Askey-Wilson
polynomials [3]) of the Askey-Wilson g¢-difference operator, mentioned already in
the previous section.

The Macdonald operators appear in certain representation theoretic contexts.
They essentially realize the action of the center of the affine Hecke algebra in
Cherednik’s polynomial representation. More pertinent to this thesis, as the rank
1 case of this situation is studied in Chapter 3, they can be found as the radial part
of the action of the center in suitable representations of the quantized universal
enveloping algebra of a semisimple Lie algebra.

Let us define the translation operators T, for j =1,2,...,n and w € H by

(Ti0f) (15 zn) = f(21, -y 25 Fw, ooy 20),

2Therefore some people [69] refer to them as Macdonald constant term ex-conjectures
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and by Ty = [[;e; Tjw for J C {1,2,...,n}. Substituting x = exp(2miz/w2)
and t = exp(27miT/wy) for a suitable wy € H and writing ¢ = exp(2miw; /ws) for
some wy € H in the definition (1.4.3) of the Macdonald operators, we see that the
Macdonald operators become

Dy (w1,w2) f(2)

627ri2j/w2 o e27ri(T+Zk)/w2)

=rln—r) > 11 i Tor o | Tren f(2), (1:45)

JC{1,2,...,n} \GE k]
|J|=r

for S,-invariant meromorphic functions f on (C/w2Z)".

We can apply the process of doubling described in Section 1.3 on the Macdonald
operators to obtain their hyperbolic version. We can extend the domain of these
operators to the space N*5» of S,,-invariant meromorphic functions on C™. The
doubled system of difference operators then consists of the 2n operators D,.(wy,ws)
and D, (wy,w;) for 7 = 1,...,n, viewed as difference operators on N5,

Due to the construction of doubling, as discussed in the previous section in
the univariate case, the operators D, (wi,ws) and D, (ws,w;) commute for all
r,r’ € {1,2,...,n}. Moreover, as the original Macdonald operators commute, we
see that D, (w1, ws2) and D, (w1, ws) commute for all r,r € {1,2,...,n}. Hence
we have 2n commuting difference operators (i.e. a consistent set of operators) on
NS and it is natural to wonder about the spectral analysis of these operators.

The Macdonald polynomials give us for generic w; and ws eigenfunctions to
the doubled system of Macdonald operators D,.(w1,ws) and D, (ws,w;) analogous
to (1.3.9). In particular, interesting results are to be expected when considering
the spectral analysis of the doubled system of Macdonald operators in the case
w1/we € Rsg. In the univariate case the spectral analysis of the doubled system
associated to the Askey-Wilson ¢-difference operator for wy/we € R (involving
the R function) is performed by Ruijsenaars [65] and [68].

Let us now give a hyperbolic version of the weight function A, (1.4.2). Ob-
serve that A, ; satisfies the first order difference equations

Agi(wr,.,quy, .. 1) H (1—axp/qe;)(1 —tx;/xx)

T T oy (1 —aj/ak)(1 —tag/qz;)’

for j = 1,...,n. If we double this system of g-difference equations analogous to
the previous section we obtain

flz1, o zj Fwi, .o, 2n)
f(zla"'vzja"'vzn)

(1 —exp (i}—”;(zk -z — wl))> (1 —exp (i—":(T +z; — zk)))

ey (1 — exp (i—’;(zj - zk))) (1 — exp (ZM—?(T + 2, — 25 — wl)))

)
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where j = 1,...,n and similar equations with w; and wy interchanged. A mero-
morphic solution to these 2n equations on C" is given in terms of the hyperbolic
gamma function I', by

A, = H M (1.4.6)
1<jihen T(2 = %)

Like the original weight function A, ;, we can split A, in two parts, given by

AF = H 1"h(7'—&—zj—zk)7 A- = H Fh(T—l-zk—zj)7 (1.47)
1<j<k<n Pn(zj = 2x) 1<j<k<n Prlan = 2j)

such that A, = ATA~. The Macdonald operators in logarithmic variables also
have a representation like the first definition of (1.4.3), now involving A}.

We would like to define a sesqui-linear form in this setting and a natural can-
didate would be

n—1
F)rinin = [ g FETEIA) [] s
> z;=0 j=1

Unfortunately it is unclear on which space of functions (-, )+ w, w, forms a well-
defined sesqui-linear form. Formally the proposed sesqui-linear form satisfies some
nice properties, for example the Macdonald operators are formally symmetric and
moreover the weight function is positive real if wy /ws € Rsg. Under certain condi-
tions on 7, wy and wo the constant term (1, 1), ., ., is convergent and there exists
an explicit evaluation formula for the constant term [79]. The hyperbolic version
of the constant term identity related to the sesqui-linear form corresponding to
the Koornwinder polynomials is precisely the evaluation integral (5.3.7) studied in
Chapter 5, while the univariate constant term identity plays an important role in
Chapter 4.

For wy /wy € Qs (i.e. the case that ¢ is a root of unity, in which the Macdonald
polynomials are not well-defined), certain algebraic relations exist between the
D, (w1,w2) and D, (wa,w7). For example if 2wq = ws a direct calculation shows

Dl(wl,wg)z — (’ﬂ — 1)(n — 1)!D2(w1,w2) = (n — 1)!D1(w2,w1).

This implies that the eigenvalues of an eigenfunction to all of these operators must
satisfy the same algebraic equations.

We expect that the process of doubling allows one to find solutions to integrable
systems, such as the Macdonald operators discussed here, for |¢| = 1. Integrable
systems governed by g¢-difference equations appear in several contexts, and the
condition |q| = 1 often corresponds to distinct physical properties of the system
under consideration. For example it corresponds to the massless region in the
XX Z model [26].

As for the construction of these doubled operators in the setting of quantum
groups, the doubling procedure is directly related to the notion of the modular
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double [13] of U,(sl,,). Instead of looking at one copy of U,(sl,) one considers
Uy (sl,) ® Ug(sl,) for parameters ¢ and G related by modular inversion, as in the
process of doubling the g-difference operators. For U, (sl2) the harmonic analysis
of the correspond modular double is studied in Chapter 3. A key feature of the
harmonic analysis of the modular double is that it is allowed to set |¢g| = 1 in the
results.

1.5 Overview of the thesis

In this section we will give a short overview of the different chapters of this thesis
and the aspects of the theory which are presented there.

In Chapter 2 we consider in a uniform way the rational (i.e. classical), trigono-
metric, hyperbolic and elliptic gamma functions as they play an important role in
this thesis.

In Chapter 3 we discuss the representation theory of the modular double [13] of
the quantum group U, (slz(C)). As shortly mentioned in the previous section this
modular double D is the tensor product of two copies of the quantum group associ-
ated to related parameters ¢ and ¢, in particular D = U, QUj for ¢ = exp(miw; /w2)
and ¢ = exp(miws/wy). Representing this modular double as multiplication dif-
ference operators as in [32] we can mimic the method used by Koornwinder [42],
Noumi and Mimachi [53] and Koelink [35] to obtain the Askey-Wilson polynomials
as zonal spherical functions on U, (suz). In this way we obtain a hyperbolic so-
lution to the Askey-Wilson difference equations, Ruijsenaars’ R-function [65]. In
this derivation we use a #-structure related to the noncompact real form sls(R) of
sl5(C), i.e. we consider |¢| = 1. Using this representation we can rederive several
basic properties of the R-function.

Chapter 4 deals with the similarities between hypergeometric functions on
different levels, in particular between basic, hyperbolic and elliptic hypergeometric
functions. On each of the three levels we begin with the appropriate analogue of the
Nassrallah-Rahman integral, [16, (6.4.1)], which is a generalization of Macdonald’s
constant term identity for the root system BC;. On the elliptic level this integral
is Spiridonov’s beta integral [71], on the hyperbolic level it was given by Rains [61].
Subsequently we consider the transformations and contiguous relations of a far-
reaching generalization of the 5 F, for the three different types of hypergeometric
function theory, which depend on 7 free parameters.

On the hyperbolic and trigonometric level we moreover take a limit of two
parameters to infinity to obtain degenerations and consider the transformations
and contiguous relations these degenerations satisfy. On the hyperbolic level the
degenerations correspond to the R-function and we obtain a new integral repre-
sentation for R, while we also (re)obtain many of the properties of R. On the
trigonometric level the degenerations correspond to very-well-poised gW7’s, and
we reobtain many classical results.

Finally we express the (hyperbolic hypergeometric) R-function as a sum of
products of basic hypergeometric series (for two different parameters ¢ and ¢ re-
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lated by modular inversion). This expression is the analogue of the construction
(1.3.9) of a solution to the doubled system of difference equations from solutions
to the original g-difference equation for the Askey-Wilson ¢-difference equation.
This expression exemplifies the intricate relation between hyperbolic and basic
hypergeometric theory, as discussed in Section 1.3.

In the final chapter, Chapter 5, we consider some multivariate hyperbolic hy-
pergeometric integrals which are generalizations of the hyperbolic hypergeometric
integrals considered in Chapter 4. Starting with the BC,, type hyperbolic hyper-
geometric functions from [61] we derive a family of interesting degenerations. In
this chapter we do not only consider first level degenerations, as in Chapter 4,
but we obtain the entire degeneration scheme until we are left with a Gaussian
integral. Examples of the integrals in this scheme are hyperbolic versions of the
Macdonald constant term identities for root systems of type BC),.

Like in Chapter 4 the degenerations of these top level integrals fall in two broad
categories, which correspond to generalizations of the Barnes’ (1.1.3), respectively
Euler’s (1.1.2), integral representations of the oF;. Using their expression as de-
generations, and the evaluation and/or transformation formulas of the top-level
integrals, we obtain the evaluations and/or transformations for the degenerations.
The most interesting situation occurs when we consider the multivariate generali-
zation of the hyperbolic hypergeometric integral with symmetries corresponding to
a Weyl group of type E7. This corresponds on the univariate basic hypergeometric
level to very-well-poised 1p¢9’s.

In this case we obtain both transformations between different kinds of integrals
and symmetries of the degenerations. The symmetry groups of these degenerations
show resemblance to the sequence of symmetry groups in the work of Kajiwara et
al. [28] on hypergeometric solutions to the different kinds of ¢-Painlevé equations.
The degeneration scheme itself is reminiscent of the ¢g-Askey scheme [34] of families
of orthogonal polynomials.

Several interesting open questions remain which are not considered in this
thesis. A continuation of this research would be to find more hyperbolic analogues
of the algebraic structures, associated to basic hypergeometric functions (such
as quantized universal enveloping algebras of semisimple Lie algebras and affine
Hecke algebras). In particular one would expect the doubled system of Macdonald
operators, as discussed in Section 1.2, to appear in these structures. In Chapter
3 we find that the modular double of the quantum group U,(slz) is the proper
“hyperbolic” version of U, (slz). We would like to extend this result to other semi-
simple Lie algebras. Through harmonic analysis of the modular doubles of these
quantum groups we would subsequently expect to find representation theoretic
interpretations of multivariate hyperbolic hypergeometric functions. This should
also give more insight in these modular doubles, which, apart from the modular
double of U,(sly,) [32], have not yet been studied much. Indeed the definition is
not yet completely clear for all semi simple Lie algebras; it has been suggested in
[32] that the second tensor copy in the modular double of U,(g) should be taken
as the quantized universal enveloping algebra associated to the Langlands dual of
g. Moreover it would be interesting to define a similar concept of modular double



1.5. Overview of the thesis 23

for Hecke algebras, and related to that, a theory of non-symmetric hyperbolic
hypergeometric functions.

Finally one might look for a theory of hyperbolic hypergeometric series. This
theory should include expressions of the form (1.3.9) if the functions g and g are ba-
sic hypergeometric series associated to ¢ = exp(2miw; /w2) and § = exp(2miws/w1)
respectively. In particular we would like to have extensions of the result in Section
4.6, which gives a representation of a specific hyperbolic hypergeometric integral
as a sum of products of two basic hypergeometric series.
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Chapter 2

Gamma functions

2.1 Introduction

In this chapter we consider the different gamma functions corresponding to the
different kind of hypergeometric theories (rational, trigonometric, hyperbolic and
elliptic). In particular we consider Euler’s classical Gamma function T', the ¢-
gamma function I'y, the hyperbolic gamma function I', and the elliptic gamma
function I'.. We try to give a uniform exposition of the main properties of these
different gamma functions and give some relations between the different gamma
functions. A uniform theory for these four gamma functions was first given by
Ruijsenaars [63]. Our exposition is intended to highlight the similarities of the
gamma functions. It does not contain any new results (except for the proof of
Proposition 1.3.3) and is included for the convenience of the reader, because the
gamma functions play such a prominent role throughout the thesis.

Throughout this chapter we use the convention for a € C\R<( that a* =
exp(zlog(a)), where we take the branch of the logarithm which is positive on the
positive real line and has a branch cut along the negative real line.

2.2 Gamma functions

We begin the discussion by giving a definition of all gamma functions involved.

Definition 2.2.1. i) The Gamma function is defined for R(z) > 0 by the in-

tegral
I‘(z):/ t*te *dz. (2.2.1)
0
it) The gq-gamma function is defined for |q| < 1, ¢ & (—1,0] as an infinite
product by
R
Ty(2)=(1—-q)' " ]] =
r=0

25
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iii) Let wi,ws € H = {z € C | S(z) > 0}. The hyperbolic gamma function is
defined for 0 < ¥(z) < S(wy + wa) by

Th(2) = exp (z /OOO (22 —wn—wp sint(2z —w — “’2))) @) . (2.2.2)

2twiws 2 sin(wqt) sin(wat) t

iv) The elliptic gamma function is defined for |p|,|q| < 1 as the infinite product

Lt
1—pighz

To(zipq) = []

J,k=0

Instead of the ¢g-gamma function we will sometimes use the g-shifted factorials
given by (1.2.1). Note that the integrand in the definition of 'y, does not have a
singularity near zero, as the singularities of the two terms in the integrand cancel
each other. Moreover at infinity the integrand converges to zero as 1/t? and thus
the integral converges.

Both I'(z) and T'j(2) have unique analytic extensions to a meromorphic func-
tion on z € C. The fact that such an extension exists can be shown using the
difference equations satisfied by both functions, which we consider momentarily.

In Figure 2.1 we give a diagram indicating the relations between the different
gamma functions. The solid lines represent limit transitions (which we will make
explicit later), while the dotted line indicates the concrete connection between the
hyperbolic gamma function and the ¢g-gamma function, as discussed already in
Section 1.3.

re
Th r,

r

Figure 2.1: The different gamma functions and their relations

There exist many different conventions on how to express the hyperbolic gamma
function. Indeed we use two different conventions in this thesis. The function G(z)
(not to be confused with the solution G to the doubled system (1.3.10) from Section
1.3) used in Chapters 3 and 4 was introduced in [63] and is related to I'j, via

1
Th(z;w1,we) = G(—iwy, —iws; 2z — JwW1— §w2). (2.2.3)
In particular this implies that the condition $(wq),S(we) > 0 in this chapter
and Chapter 5 corresponds to the condition R(w;), R(ws) > 0 in Chapters 3 and
4. Moreover the hyperbolic gamma function is related to the double Sine [43]
function Sy (itself a quotient of two copies of Barnes double gamma function) by

T (z5w1,w2) = Sa(z | wi,w2) ™t
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Finally, as discussed in Section 1.3, for wq/we € R we can express the hyperbolic
gamma function as a quotient of two g-shifted factorials by Shintani’s [70] product
formula, which gives the link to the 7-shifted factorials of [77]

(22 — w1 — wy)? (w? +w?)
8(4)1(4)2 24w1w2

1 (z; wi,ws) = exp (m — i

(exp(—27i(z — wa)/w1); exp(2miws /w1)) oo '

(exp(—2miz/wa); exp(—2miwt /w2))oo (2.2.4)

Let us now consider the first order difference equations satisfied by the different
gamma functions.

Proposition 2.2.2. ) For R(z) > 0 we have

I'(z+4+1) = 2T'(2). (2.2.5)

1) The g-gamma function, respectively the infinite q-shifted factorials satisfy

1—gq
1—¢q

Ly(z+1) = Ly(2), (1= 2)(2¢; @)oo = (25 Q) o0-

i11) The hyperbolic gamma function satisfies for 0 < $(z) < F(wq)

w4

T (z + ws) = 2sin ( ) T (2), (2.2.6)

w1
and a similar equation with wy < ws.

iv) The elliptic gamma function satisfies
Le(pz) = 0(2;q)le(2)

and a similar equation with p < q, where 0(z;q) = (2,q/2;9) 00 is a Tenor-
malization of the Jacobi theta function (in view of Jacobi’s triple product
identity).

Proof. The proofs of the difference equation for the g-gamma function (and thus
also the g-shifted factorials) and the elliptic gamma function follow directly from
their definition. The difference equation for the Gamma function is well-known
and dates back to Euler; a proof can be given by using integration by parts in the
integral expression for the Gamma function.

A proof of the difference equation for the hyperbolic gamma function is given
n [63]; here we give a slightly modified proof. By symmetry it suffices to prove
one of the two difference equations, let us therefore prove (2.2.6). Observe that
the conditions on z imply we can use (2.2.2) for both I'y(z) and T',(z + w2). Thus
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we find
Tn(z + we) e i/oo 22+ wo —wy _Sin(t(Qerwgfwl))d
Tn(z) P 0 2t2wywo 2t sin(wy t) sin(wat)
B Z_/oo 22 — w1 — Wy 3 sin(t(2z — wy — wg))dt
o 262w wo 2t sin(wqt) sin(wat)
. i/oo 1 sin(t(2z + wa —wq)) — sin(t(2z —wy — wg))dt
= ex —
P o PPwi 2t sin(w1 t) sin(wat)
>~ 1 t(2z —
= exp (z/ 5 — cos( ( : wl))dt>,
o 2wy tsin(wt)

using the trigonometric identity sin(a) — sin(b) = 2 cos(%F2) sin(%52) in the final
equality. The result now follows from the integral evaluation

/oo 1 cos(t(2z — w1))
0

— dt = —ilog(2si
2w tsin(wst) ilog(2sin(mz/ws)),

where we take the principal branch of the logarithm. This is a rather tricky integral
evaluation'. However, the integral in question is the sum of the integrals

<1 1
/ dt = —ilog(2),
0

2wy tsin(wit)

which is a rescaled version of [17, 3.529, no. 1], and

/°° 1 —cos(t(2z — wy))
0

tsin(wit)

dt = —ilog(sin(mz/w1)),

which follows from [17, 3.529, no. 2] by an analytic extension in the variables. O

Using the difference equation for T'(z) we can extend its definition as a mero-
morphic function first to the region R(z) > —1, by defining I'(2) =T'(z + 1)/z for
—1 < R(z) <0, and subsequently by induction we can define I'(z) as a meromor-
phic function for z € C. Similarly the difference equation in the direction w; for
the hyperbolic gamma function allows us to extend its definition as a meromorphic
function in z, first to 2wy + wa) > F(2) > —F(w1), and subsequently to z € C.
Clearly these extensions are the unique meromorphic extensions of these functions
to the whole complex plane. Moreover the difference equations (2.2.5) and (2.2.6)
are valid as identities between meromorphic functions on C.

Let us now consider the location of the poles and zeros of the gamma functions.
Observe that the definition (2.2.1) as an analytic function for $(z) > 0 together
with the difference equation (2.2.5) implies that I can have poles only in the non-
positive integers. Similarly the locations of the poles and zeros of the other gamma
functions are not surprising given the fact they satisfy the difference equations of
Proposition 2.2.2.

!ndeed, neither Maple (10) nor Mathematica (5.2) is able to calculate this integral.
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Proposition 2.2.3. i) T'(z) has no zeros, and poles only at Z<o. These poles
are simple.

it) For fized values of 0 < |q| < 1 the function (2;q)s has no poles, and zeros
at z=q~ " (n € Z>o). The zeros are all simple.

i11) For fized values of wy,ws € H the hyperbolic gamma function T'y(z; w1, ws)
has zeros at z = wi1Z>1 + wali>1 and poles at wiZ<o + waZl<o. For generic
values of w1 and wo these poles and zeros are all simple, in fact the multiplici-
ty of the pole at z = zg is equal to the number of ways to write zg = kw1 +Ilws
for k,l € Z<o. In particular the pole at z = 0 is always simple. A similar
result on the multiplicity of the zeros holds.

i) For fized 0 < |p|, |q| < 1 the elliptic gamma function has an essential singu-
larity at z = 0, zeros at z = p? 1"+ for j,k € Z>¢ and poles at z = p~ig="
for j,k € Z>o. These zeros and poles are all simple for generic values of p
and q.

Proof. The result for the Gamma function is well known and a proof can for
example be found in [81]. The results for the g-shifted factorials and the elliptic
gamma function follow directly from their product representation. A proof of the
result for the hyperbolic gamma function is given in [63] and basically only uses
that T'p, is defined as an analytic function without zeros in the strip 0 < $(z) <
S(wy + w2), together with the difference equation (2.2.6). O

Due to the difference equation (2.2.5) the Gamma function I' is quasi-periodic
(i.e. satisfies a non-trivial first order difference equation) in one direction. The g-
gamma function is quasi-periodic in one direction and periodic in another (namely
2mi/log(q)). The hyperbolic gamma function is quasi-periodic in two directions.
The elliptic gamma function is also quasi-periodic in two directions, and moreover
satisfies a “hidden” periodicity in the log of the argument z (as in the transfor-
mation of a g¢-difference equation to a consistent system of ordinary difference
equations discussed in Section 1.3).

In Figure 2.1 the three horizontal levels thus correspond to functions which
have the same number of (quasi)-periods, 3 for I, 2 for I';, and I'y, and 1 for T’
itself. Limit transitions between these functions can be obtained by sending one
of the periods to infinity (thus reducing the number of periods in the limit by
one). In particular, sending ¢ — 1 in the ¢g-gamma function yields the Gamma
function, and amounts to sending the period 27i/log(q) to co. Moreover setting
p = 0 in the elliptic gamma function gives the g-shifted factorial, and corresponds
to sending log(p) — —oo. Let us now explicitly give these limits, where we are
only concerned with pointwise limits (though stronger results do exist). As the
g-gamma function and g-shifted factorials differ only by a normalization, in each
formula we choose the version which is simplest.

Proposition 2.2.4. i) For z € C\Z<o we have
lim 'y (2) =T'(2).
ln T, (2) =T(2)
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i) For z € C\Z<o and wy,ws € H we have

2mow; ) E _ T(2)

lim I'y (zwq; w1, we /v
liy Dy n, /) (2

iii) For |q| <1 and z € C\g%=° we have

Le(2;¢,0) =

(219)00
iv) For z € C\ (w1Z<o + w2Z<p) and wi,ws € H we have

lim 1—‘6(62@’7“2; eiwlr’ eiwgr)eﬂji(?szl7w2)/12rw1w2 _ Fh(Z, w1, w2)~

\.0

Proof. A proof of the limit between the g-gamma function and the Gamma func-
tion can be found in [40, Appendix B|. The transition between the elliptic gamma
function and the g¢-shifted factorials is trivial as it only consists of setting p = 0 in
the product expansion of the elliptic gamma function and observing most terms
become equal to 1. The limits involving the hyperbolic gamma function are due
to Ruijsenaars [63, Propositions I11.6 and III.12]. O

An important role in this thesis will be played by the reflection equation and
its generalizations.

Proposition 2.2.5. We have

™

T(2)[(1 - 2) = (2.2.7)

sin(7z)
as an equality between meromorphic functions. Moreover we have for wy,ws € H
Th(z)Th(wr +we —2) =1, (2.2.8)

and for 0 < |pl,lq| <1
Le(2)le(pg/z) = 1,

as equations between meromorphic functions.

Proof. The reflection equation is well known for I'(z) and for a proof we once
again refer to [81]. The reflection equation for the hyperbolic and elliptic gamma
function can be directly obtained from their definitions as an integral, respectively
as an infinite product (for the hyperbolic gamma function this only shows the
result for 0 < ¥(z) < S(w1 + wa) but by analytic continuation the result must
then hold for all z). However we can also give a nice different proof using only the
the difference equations and the analytic properties of the gamma functions.
Assume wy/wy € Rsg. Observe, using the difference equations for the hy-
perbolic gamma function, that T'y(2)Tx (w1 + wa — 2) is an elliptic function with
periods w; and wy. Moreover, in the fundamental domain [0, 1)w; + [0, 1)ws the
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product 'y (2)I's (w1 + we — z) has at most a simple pole at 0. But there do not
exist elliptic functions with exactly one simple pole in a fundamental domain and
entire elliptic functions are constant, thus we find I'y(2)T'y (w1 + wa — 2) = ¢ for
some constant c. Now observe that I'y,(w1/2 + w2/2) = 1 by (2.2.2), hence ¢ = 1.
By analytic continuation (in w; and wsy) this result also holds for w;/ws € Rxg.
For the elliptic gamma function a similar proof exists. O

Observe that the reflection equation (2.2.8) for the hyperbolic gamma function
together with Shintani’s product representation (2.2.4) is equivalent to Jacobi’s
theta inversion formula.

One might wonder why we did not include a reflection equation for the g-
gamma function. What we would like to consider as the generalization of the
reflection equation in the basic hypergeometric setting is

(2:9)00 (/23 )0 = 0(2; ). (2.2.9)

As we defined 6 as this product this equation has become a triviality. However
one could consider the Jacobi triple product (which relates 6 with the Jacobi theta
function) as the reflection equation on the basic hypergeometric level. Indeed, a
proof similar to the above proof of the reflection equation for the hyperbolic gamma
function exists for the Jacobi triple product identity.

Observe that the right hand side of (2.2.7) is basically given by the quotient
I'n(2)/Th(z + wy). Similarly the theta function, the right hand side of (2.2.9) is
equal to the quotient T'c(pz)/Tc(z). In this sense the hyperbolic gamma function
is related to the Gamma function as the elliptic gamma function is related to the
g-gamma function.

We are also interested in the asymptotics of these gamma functions (and in
particular of the hyperbolic gamma function). For Euler’s Gamma function I" this
is of course Stirling’s formula [81, 12.33]. There exist no asymptotic formulas for
the elliptic gamma function.

Proposition 2.2.6. i) Forb € R, ¢ € (—m,m) we write z = exp(id)(a + bi)
(for a € R), then we have

) I'(z2)
lim
a—00 22=1/2 exp(—2)/2

The convergence is uniform on compacta of the domain (b, ) € Rx (=7, m).

ii) For b € R, ¢ € (7/2,37/2) and 0 < |g| < 1 we have (writing again z =
exp(ig)(a + bi))
lim (€%;¢)oo = 1,

a— 00

uniformly on compacta of the domain.

iii) Let ¢_ = min(arg(w),arg(wz)) and ¢4+ = max(arg(wy), arg(ws)), where we
take the