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CHAPTER 1

General introduction

1.1. Introduction

In this introductory chapter we give some historical background and discuss inte-
grable systems that are closely connected to the integrable systems treated in this thesis.
In the last section a brief summary of the contents of the thesis is given.

In this thesis we study mathematical generalizations of a quantum mechanical many-
body system introduced by Lieb and Liniger [56]. The system describesn spinless quan-
tum particles on a circle with pair-wise repulsive contact interaction. The Lieb-Liniger
system is related to the quantum system ofn spinless quantum particles on a line with
pair-wise repulsive contact interaction. This system is described by the following formal
quantum1 Hamiltonian

H = −
n∑

i=1

∂2

∂x2
i

+ k
∑

1≤i 6=j≤n

δ(xi − xj). (1.1.1)

Hereδ denotes Dirac’s delta-function andk is a nonnegative finite coupling constant that
determines the strength of the interaction between two particles.

It was early on realized that (1.1.1) is formally equivalent to the bosonicn-particle
sector of a quantum field theory. The time evolution equation of the corresponding infinite
dimensional quantum Hamiltonian system is given by a quantum version of the nonlinear
integrable partial differential equation in2-dimension known as the classical nonlinear
Schr̈odinger equation2,

i
∂φ

∂t
= −∂

2φ

∂x2
+ 2k |φ|2 φ. (1.1.2)

In the next section we give a sketch of this equivalence. This observation allowed the
study of (1.1.1) (and the Lieb-Liniger model) by quantum inverse scattering methods (cf.
Section 1.4)

1We work in units where Planck’s constant~ equals1 and the mass of the particles equals1/2.
2This equation arises for example in the theory of two-dimensional selffocusing of a strong light beam in

a nonlinear medium [52] and the theory of weakly nonideal Bose gas at zero Kelvin [30].
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12 1. GENERAL INTRODUCTION

1.2. The nonlinear Schr̈odinger equation and a quantum Bose-gas

Before considering the quantum field theory itself, we briefly recall some facts from
classical Hamiltonian systems of finitely many degrees of freedom. A state of such a sys-
tem is described byn position variablesq1, . . . qn andn momentum variablesp1, . . . pn.
The evolution of the dynamical system is determined by a single real-valued function
H(q1, . . . , qn; p1, . . . , pn) (the Hamiltonian) on the phase spaceR2n. In complex coordi-
nates

zj = (qj + ipj)/
√

2, zj = (qj − ipj)/
√

2

the time-evolution of the system is described by Hamilton’s equations:

dzj/dt = {H, zj} = −idH
dzj

, (1.2.1)

with the{, } the standard Poisson bracket on the phase space which is completely deter-
mined by the fundamental commutation relations

{zj , zk} = 0 = {zj , zk}, {zj , zk} = iδjk. (1.2.2)

We now consider a classical Hamiltonian system of infinitely many degrees of free-
dom i.e. a classical field theory (for a detailed account we refer the reader to the book [21]
by Faddeev and Takhtajan) with phase spaceS(R) the space of the Schwartz space of
rapidly decreasing functions on the line,

S(R) = {f ∈ C∞(R)| lim
x→±∞

∣∣∣∣xk d
lf

dxl
(x)
∣∣∣∣ = 0 ∀k, l ≥ 0}.

The observablesA are certain so-calledpolynomialreal-valuedsmoothfunctionalsF on
S(R). They are polynomials in the functionψ(x) andψ(x) (x ∈ R), and their derivatives,
whereψ(x) andψ(x) are given by,

(ψ(x))(φ) = φ(x), (ψ(x))(φ) = φ(x).

There is a Poisson bracket{, } onA, completely determined by the fundamental commu-
tation relations (cf. (1.2.2))

{ψ(x), ψ(y)} = 0 = {ψ(x), ψ(y)}, {ψ(x), ψ(y)} = iδ(x− y) (1.2.3)

(these relations have to be interpreted [21, Part 1, I.1] in the sense of distributions).
A smooth functionalH (the Hamiltonian) defines an infinite dimensional dynamical

system, with the time evolution equation given by (cf. (1.2.1))

∂tψ(x) = {H,ψ(x)} = −i δH

δψ(x)
(1.2.4)

The time evolution of an observableF ∈ A is given by∂tF = {H,F}.
We now introduce the Hamiltonian for the nonlinear Schrödinger model:

H(φ) =
∫

R

(
|∂xφ(x)|2 + k |φ(x)|4

)
dx. (1.2.5)
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A calculation shows that

(δH/δψ(x))(φ) = −∂2
xφ(x) + 2k |φ(x)|2 φ(x).

Therefore the time evolution equation (1.2.4) of the dynamical system corresponding to
the Hamiltonian (1.2.5) is given by the classical nonlinear Schrödinger equation (1.1.2).

It is easily checked that the observable

N(φ) =
∫

R
|φ(x)|2 dx (1.2.6)

is an integral of motion and is called thechargeobservable.
We now give a summary of the quantized version of this classical field theory (see

also [65, Formal Preliminaries and Part III, Chapter 1], [35] and [67, Section X.7]).
Quantization of a classical Hamiltonian systems of finitely many degrees of freedom

is in its simplest form the following procedure. Attach to the (complex) canonical vari-
ableszj andzj (necessarily unbounded) linear operatorsẑj andẑ†j on a separable Hilbert
spaceH such that they satisfy the canonical commutation relations (cf. (1.2.2))

[ẑj , ẑk] = 0 = [ẑ†j , ẑ
†
k], [ẑj , ẑ

†
k] = δjk IdH (j, k = 1, 2, . . . , n). (1.2.7)

LetA be a suitable classical observable (for example,A is a polynomial in thezj andzj).
One quantizesA (i.e. attaches a linear operator̂A onH to A) as follows. Bring all the
zj ’s to the left of thezi’s and replace in this expression anyzj by ẑj and anyzj by ẑ†j .

The operator one gets is denoted byÂ and is called thenormal orderingof A.
In analogy with the quantization of classical Hamiltonian system of finite many de-

grees of freedom, a quantization of the classical fieldsψ(x), ψ(x) is given by the follow-
ing prescription:

(i) For anyx ∈ R we attachquantum fields, i.e. “operators”Ψ(x) andΨ(x) on a
Hilbert spaceH satisfying thecanonical commutation relations:

[Ψ(x),Ψ(y)] = [Ψ†(x),Ψ†(y)] = 0, [Ψ(x),Ψ†(y)] = δ(x− y) IdH, (1.2.8)

(ii) Given a suitable classical observableA ∈ A, replace the fields in the normal
ordered form, i.e. put theΨ†’s in front of theΨ’s, to get a quantum observable
Â.

It is clear thatΨ(x), Ψ†(x) can not be bone-fide operators (not even unbounded) because
of the delta-function in (1.2.8). To make sense of (1.2.8) the quantum fields have to be
interpreted as operator-valued distributions.

Normal ordering of the classical Hamiltonian (1.2.5) gives formally

Ĥ =
∫

R

[
(∂xΨ†(x))(∂xΨ(x)) + kΨ†(x)2Ψ(x)2

]
dx.

A formal calculation shows then that we have

−[Ĥ,Ψ(x)] = −∂2
xΨ(x) + 2kΨ†(x)Ψ(x)2.
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Whence the associated equation of motion (cf. (1.2.4)) is given by the quantum nonlinear
Schr̈odinger equation

i∂tΨ(x, t) = −∂2
xΨ(x, t) + 2kΨ†(x, t)Ψ(x, t)2, (1.2.9)

with the time-dependent quantum fieldsΨ(x, t) andΨ†(x, t) given formally by

Ψ(x, t) = exp(iĤt)Ψ(x) exp(−iĤt), Ψ†(x, t) = exp(iĤt)Ψ†(x) exp(−iĤt).

We now construct the time-independent fieldsΨ(x) andΨ(x). The most commonly
used representation of (1.2.8) is the so-called Fock representation, defined on a bosonic
Fock space. This space has a distinguished cyclic vector called the vacuum vector, which
is killed by the annihilation operatorsΨ(x) and which is cyclic with respect to creation
operatorsΨ†(x).

The Hilbert space we work with is thebosonic Fock space

H =
∞⊕

n=0

Hn =
∞⊕

n=0

L2(Rn, dx)Sn ,

with Hn thebosonicn-particle sectorof H (convention:H0 := C).
HereSn is the symmetry group onn symbols, acting on functionsRn → C by

permutation of the coordinates. As vacuum vector any nonzero element ofH0 = C can
be taken. Denote the inner product onHn by 〈·, ·〉n and the inner product onH by 〈·, ·〉.
LetDn = C∞c (Rn)Sn be the space of symmetric compactly supported smooth functions
onRn (convention:D0 := C).

It is a dense subspace ofHn, and

D =
⊕
n≥0

Dn ( H,

is a dense subset ofH.
If D : D × D → C is a sesqui-linear (convention: linear in the first factor) form ,

we usually write〈Df, g〉 for D(f, g). Any linear operatorL : D → D defines uniquely a
sesqui-linear formD ×D → C by (f, g) 7→ 〈Lf, g〉H.

DEFINITION 1.2.1. Let x ∈ R. The linear operatorΨ(x) : D → D is uniquely
defined by:Ψ(x) : Dn → Dn−1 (n ≥ 0), and

(Ψ(x)f)(x1, x2, . . . , xn−1) =
√
nf(x, x1, x2, . . . , xn) (f ∈ Dn)

(convention:Ψ(x) : D0 → {0}).

The adjoint of the operatorΨ(x) (considered as an unbounded operator with domain
of definitionD) is given formally by

(Ψ†(x)g)(x1, . . . , xn+1) =
1√
n+ 1

n+1∑
j=1

δ(x− xj)g(x1, . . . , x̂j , . . . , xn+1) (g ∈ Dn).

(1.2.10)
As forms it makes sense:
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DEFINITION 1.2.2. Letx1, . . . xm ∈ R. The following defines uniquely a formD ×
D → C,

〈Ψ†(x1) . . .Ψ†(xm)f, g〉 = 〈f,Ψ(x1) . . .Ψ(xm)g〉n

=

√
(m+ n)!

n!

∫
Rn

f(y)g(x1, . . . , xm, y1, . . . , yn)dy

for f ∈ Dn andg ∈ Dn+m, and zero otherwise.

In other words:Ψ†(x1) . . .Ψ†(xn) is by definition the adjoint ofΨ(x1) . . .Ψ(xn) in
the sense of forms. The fact that formallyΨ†(x) is given by (1.2.10) suggests that we
should to see theΨ†(x1) . . .Ψ†(xn) as operator-valued distributions. In the mathemati-
cally rigorous treatments of quantum field theory (for example in axiomatic quantum field
theory [37], [76]) one therefore uses “smeared” fields.

DEFINITION 1.2.3. Let f ∈ S(R). The linear operatorΦ†(f) : D → D is uniquely
defined by:Φ†(f) : Dn → Dn+1 and,

((Φ†(f))g)(x1, . . . , xn+1) =
1√
n+ 1

n+1∑
j=1

f(xj)g(x1, . . . , x̂j , . . . , xn+1) (g ∈ Dn).

Forf, g ∈ S(R) one checks easily the commutation relations[
Ψ(x),Ψ(y)

]
= 0,

[
Φ†(f),Φ†(g)

]
= 0,

[
Ψ(x),Φ†(f)

]
= f(x) IdH,

which are the rigorous form of (1.2.8).

REMARK 1.2.4. Whenx1, . . . xm, y1, . . . yn ∈ R, we can always define

Ψ†(x1) . . .Ψ†(xm)Ψ(y1) . . .Ψ(yn) : D ×D → C,

a sesqui-linear form uniquely defined by,

〈Ψ†(x1) . . .Ψ†(xm)Ψ(y1) . . .Ψ(yn)f, g〉 = 〈Ψ(y1) . . .Ψ(yn)f,Ψ(x1) . . .Ψ(xn)g〉.

However if in an expression,Ψ(x) comes earlier then aΨ†(y) for somex, y, then such
an expression does not make sense, not even as a sesqui-linear form. Thus for example
Ψ(x)Ψ†(y) does not make sense.

Note that the quantization̂N of the charge observable (1.2.6) has the following prop-
erty,

〈N̂f, g〉 = n〈f, g〉 for f, g ∈ Dn (and zero otherwise),

and is called thenumber of particlesobservable. BecausêN is a quantum integral of
motion, it natural to consider the Hamiltonian̂H on the bosonicn-particle sectorDn (of
Hn), which is precisely the eigenvalue space ofN̂ with eigenvaluen .

To describe the action of̂H on Dn more concretely, we introduce the following
notation.
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DEFINITION 1.2.5. For 1 ≤ i < j ≤ n consider the hyperplaneLij = {x ∈
Rn|xi − xj = 0}. We denote byL the collection of hyperplanes{Lij |1 ≤ i < j ≤ n}
in Rn. For L ∈ L we denote byd′y the volume measure onL induced from Lebesgue
measure onRn. For example∫

L12

g(y)d′y =
1√
2

∫
R

(∫
Rn−2

g(t, t, y1, y2, . . . , yn−2)dy1 . . . dyn−2

)
dt.

Write ∆ =
∑n

j=1(∂/∂xj )
2 for the Laplacian onRn, acting on smooth functions.

The quantum Hamiltonian̂H takes the following form onDn.

PROPOSITION1.2.6. Letn ≥ 1. For f, g ∈ Dn the following holds:

〈Ĥf, g〉 =
∫

Rn

〈−∆f, g〉n +
√

2k
∑

1≤i 6=j≤n

∫
Lij

f(y)g(y)d′y. (1.2.11)

Also: 〈Ĥf, g〉 = 0 for f ∈ Dn, g ∈ Dm andn 6= m.

REMARK 1.2.7. Proposition 1.2.6 tells us, in physics language, that the restriction
of the HamiltonianĤ to the bosonicn-particle sector Hilbert spaceHn of H, is the
Hamiltonian for the quantum system ofn indistinguishable spinless quantum bosonic
particles on the line with pair-wise delta-function potential of strengthk. It seems that
this was realized for the first time by Kaup [50].

PROOF. Because of symmetry the Laplacian∆ we have〈∆f, g〉n = n〈∂2
y1
f, g〉

n
for

f, g ∈ Dn. Because of symmetry again, the right hand side of (1.2.11) can be written as

− n

∫
Rn

(∂2
y1
f(y))g(y)dy+

kn(n− 1)
∫

R

(∫
Rn−2

f(t, t, y1, . . . , yn−2)g(t, t, y1, . . . , yn−2)dy1 . . . dyn−2

)
dt.

(1.2.12)

In the same way the left hand side〈Ĥf, g〉 of (1.2.11) can be written as∫ ∞

−∞

(
〈∂x(Ψ(x)f), ∂x(Ψ(x))g〉+ k〈Ψ(x)2f,Ψ(x)2g〉

)
dx

= n〈∂y1f, ∂y1g〉

+ kn(n− 1)
∫

R

(∫
Rn−2

f(t, t, y1, . . . , yn−2)g(t, t, y1, . . . , yn−2)dy1 . . . dyn−2

)
dt.

Partial integrating once gives〈∂y1f, ∂y1g〉 = −〈∂2
y1
f, g〉, and therefore (1.2.11) follows,

proving the proposition. �

Denote byC∞c (Rn) the space of smooth functions onR with compact support and
byC∞c (Rn)′ the space of distributions onRn.
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DEFINITION 1.2.8. The quantum HamiltonianHn
k : C(Rn) → C∞c (Rn)′ is the map

defined formally by the formula

Hn
k = −∆ +

√
2k

∑
1≤i 6=j≤n

δ(xi − xj), (1.2.13)

which we interpret as

(Hn
k f)(φ) = −

∫
Rn

f(x)(∆φ)(x)dx+
√

2k
∑

1≤i 6=j≤n

∫
Lij

f(x)φ(x)d′x

for all f ∈ C(Rn) andφ ∈ C∞c (Rn).

With this definition, Proposition 1.2.6 is the following statement:

〈Ĥf, g〉 = (Hn
k f)(g) for f, g ∈ Dn.

1.3. Generalizations to finite reflection groups

A fundamental insight by Gaudin [26], Gutkin and Sutherland [36], [32] was that the
quantum system on the line described by the quantum Hamiltonian (1.2.13) has a natural
generalization in the context of reflection groups.

Let L be an arbitrary collection of affine hyperplanes in an-dimensional Euclidean
spaceV with inner product〈·, ·〉. For aL ∈ L denote bysL the orthogonal reflection in
V with respect toL. Consider the groupG generated by{sL|L ∈ L}. We may assume
with out loss of generality thatL is permuted byG. The groupG is called areflection
groupif L is locally finite, meaning that any compact set meets only finitely manyL ∈ L.

Any reflection group can be decomposed into the product of irreducible reflection
groups. These groups have been classified byÉ. Cartan and Coxeter. The most important
finite irreducible reflection groups are the so-called crystallographic ones.G is said to
be crystallographic if it stabilizes a full latticeL in V , i.e. gL ⊆ L for all g ∈ G.
The crystallographic reflection groups fall into families, theclassicaltypesAn (n ≥ 1),
Bn (≥ 2) , Cn (n ≥ 3), Dn (n ≥ 4) and theexceptionaltypes3 E6, E7, E8, F4 and
G2. The crystallographic finite reflection groups arise as the Weyl groups of complex Lie
algebras [44].

For any reflection groupG andk ∈ R (called a multiplicity function) consider the
formal quantum Hamiltonian onV given by

Hk = −∆ + 2k
∑
L∈L

δL, (1.3.1)

with δL denoting a delta-function onV supported onL and ∆ denoting the Laplace
operator onV . Gaudin [26] started the study of quantum Hamiltonian systems (1.3.1) on
V for general finite reflection groupsG.

3The subscript has the meaning of the dimension of the corresponding Euclidean spaceV .
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EXAMPLE 1.3.1 (TypeAn−1: symmetric groupSn). The symmetric groupSn is
an irreducible reflection group of typeAn−1. Consider the following (finite) collection
hyperplanes of hyperplanesL = {Lij |1 ≤ i < j ≤ n} (cf. Definition 1.2.5) in the
subspace

V = {x = (x1, . . . , xn) ∈ Rn|x1 + · · ·+ xn = 0} (1.3.2)

of Rn, whereLij = {x ∈ V |xi − xj = 0}. Note thatsij := sLij is the transposition that
exchanges thei-the position andj-the position ofx ∈ V . Then (1.3.1) takes the following
form,

Hk = −∆ + k
∑

1≤i 6=j≤n

δ(xi − xj),

i.e. it is the Hamiltonian (cf. (1.1.1)) of a system ofn quantum particles on the line with
a delta-function potential with strengthk between two particles. By going fromRn to V
corresponds to describing the system in a center of mass. Wave functions invariant under
the action ofSn describen spinless quantum particles on the lineR.

For a Weyl groupG of classical type,G-invariant wave functions of the quantum
system described by the Hamiltonian (1.3.1) have a reasonable physical interpretation.

EXAMPLE 1.3.2 (Type B: hyper-octahedral group).Consider the following finite
collection of hyperplanes inRn,

L = {{x = (x1, . . . , xn) ∈ Rn|xi = 0}|i = 1, 2, . . . , n}
∪{{x ∈ Rn|xi−xj = 0}| 1 ≤ i < j ≤ n}∪{{x ∈ Rn|xi+xj = 0}|1 ≤ i < j ≤ n}.

The corresponding finite reflection group is crystallographic, irreducible and acts onRn

by permutations and arbitrary changes of signs of coordinates. It is called thehyper-
octahedralgroup, is of typeBn and has ordern!2n. TheG-invariant wave functions of
the quantum Hamiltonian (1.3.1) describes in this case2n+ 1 spinless bosons on the line
with a delta-function potential that is constrained by the symmetryx 7→ −x of the line.
The middle particle is located at the origin because of this constraint. Alternatively, it is
the problem ofn quantum spinless bosons on the half-line[0,∞) with a delta-function
potential and with the particles interacting with the boundary0 of the half-line with a
delta-potential.

For finite reflection groupG, Gaudin [26] described the general form of the wave
functions invariant underG. ForG of typeAn−1 and repulsivek > 0 there is only purely
continuous spectrum and Gaudin [24], [25] was able to proof a Plancherel formula for the
wave functions. In the attracting case multi-particle binding may occur and this may give
rise to lower-dimensional contributions to the spectrum, what was shown rigorously by
Oxford in his thesis [65].

The Plancherel formula for general finite reflection group andk ∈ R was found
by Heckman and Opdam [40]. Furthermore they realized that the underlying symmetry
structures of (1.3.1) are governed by the graded Hecke algebra, an infinitesimal version
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of the affine Hecke algebra introduced by Lusztig [57] and Drinfeld [17]. Using Kazh-
dan and Lusztig’s [51] work, they were able to relate the spectrum of the system to the
Langlands parametrization of the irreducible representations of simplep-adic groups (and
more general to representations of affine Hecke algebras [39]).

1.4. Particles on a circle with pair-wise delta-potential

The dynamical system on the circle introduced by Lieb and Liniger has been studied
by physicists by different methods. Bethe [7] presented in 1931 a method for obtaining the
exact eigenvalues and eigenvectors of the one-dimensional spin-1/2 Heisenberg model, a
linear array of electrons with uniform exchange interaction between nearest neighbors.
By adapting Bethe’s idea, Lieb and Liniger were able to show that the spectral problem
for the interacting many-particle system governed by (1.1.1) is ruled by certain system
of transcendental equations, nowadays called Bethe ansatz equations. The corresponding
eigenfunctions nowadays are called Bethe ansatz eigenfunctions. Fundamental progress
was made by C. N. Yang and C. P. Yang in [81], where they evaluated the thermodynamics
at finite temperature. In [81] they introduced the Yang-Yang action (nowadays called the
master function), which enabled them to give a convenient parametrization of the solu-
tions of the Bethe ansatz equations and the corresponding eigenfunctions via a variational
problem.

Parallel to these investigation were important development in the theory of nonlin-
ear partial differential equations (PDE’s). Nonlinear PDE’s which at first sight seemed
intractable, could be solved explicitly by a nonlinear Fourier transformation (depending
on the nonlinear PDE under question), making the nonlinear equation linear and explic-
itly solvable. The methods are collected under the nameClassical Inverse Scattering
Method4 [1], [21]. One of the earlier examples of integrable nonlinear PDE’s treated
were the Korteweg-de Vries equation by Gardneret. al. in their famous paper [22] and
the nonlinear Schrödinger equation (1.1.2) by Zakharov and Shabat [82].

Further developments showed that the Classical Inverse Scattering Method could be
quantized to give methods to solve quantum field theories. Fundamental progress was
made by the Leningrad school of Faddeev, Sklyanin [71], [73], [74], [78]. Together with
the work of Baxter [5] on exactly solvable vertex models, this led toQuantum Inverse
Scattering Method. The work on Quantum Inverse Scattering Method was actually a
major inspiration in the development of quantum groups (this is described nicely by one
of the founders of the theory in [18, Section 11]).

The Lieb-Liniger system can be considered as given by the formal quantum Hamil-
tonian (1.1.1), with the wave functions subjected to periodic boundary conditions (see
also Example 1.5.1). Because the Hamiltonian (1.1.1) is equivalent to the bosonicn-
particle sector of the quantum field theory governed by (1.2.9) (see Remark 1.2.7), the
Lieb-Liniger system on the circle can be treated by Quantum Inverse Scattering Meth-
ods. This method yields for example the orthogonality and the norms of the Bethe ansatz
eigenfunctions (see the introduction to Chapter 6 for a more detailed description).

4Other names used areInverse Scattering TransformandInverse Spectral Method.
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1.5. Present work

The quantum system on an Euclidean spaceV defined by the formal Hamiltonian
(1.3.1) is for general finite reflection groups well understood since the work of Heckman
and Opdam [40]. One of the aims of this thesis is to understand the quantum system
defined by the formal Hamiltonian (1.3.1) for affine Weyl groups. These are certain in-
finite reflection groups that are intimately related to affine Lie algebras [48]. The funda-
mental property of an affine Weyl groupW is that it admits a presentation of the form
W = W0 n Q∨. HereW0 is a finite Weyl group acting on the same Euclidean spaceV
andQ∨ aW0-stable full lattice inV acting by translations.

Gutkin and Sutherland [36],[77] started the systematic non-symmetric study of quan-
tum system with Hamiltonian (1.3.1) for general reflection groupsG. By symmetricwe
mean the study ofG-invariant wave functions. In this thesis we mostly concentrate on the
symmetric theory. Now for an affine Weyl groupW the study of the symmetric theory is
equivalent to period conditions on the system because of the presentationW = W0 nQ∨.
Equivalently, it is the study ofW0-invariant wave functions of (1.3.1) on the torusV/Q∨.

EXAMPLE 1.5.1 (The affine Weyl group̂Sn). Let V ⊂ Rn andLij ⊂ V be as in
Example 1.3.1. Consider the following set of affine hyperplanes

L = {Lij | 1 ≤ i < j ≤ n} ∪ {Lij,m| 1 ≤ i 6= j ≤ n, m ∈ Z>0},
whereLij,m = {x = (x1, . . . , xn) ∈ V |xi−xj +m = 0}. The corresponding reflection
group acting onV is an affine Weyl group and is denoted byŜn (and is sometimes called
the affine symmetric group). It contains the symmetric groupSn as a normal subgroup.
Moreover,Ŝn admits the presentationSn n Q∨ with Q∨ theZ-span of theei − ej (1 ≤
i < j ≤ n), with e1, . . . , en the standard basis ofRn. The Hamiltonians (1.3.1) takes the
form

−∆ + k
∑
m∈Z

∑
1≤i 6=j≤n

δ(xi − xj +m). (1.5.1)

The Ŝn-invariant theory is essentially the study of the Lieb-Liniger system ofn spinless
quantum particles on thecircle (we will say more about this in Chapter 6).

We give now a summary of the thesis chapter by chapter. Detailed information can
be found in the introduction section of the chapters.

In the next chapter the main algebraic structure underlying the quantum system gov-
erned by the Hamiltonian (1.3.1)Hk for an affine Weyl groupW will be introduced, an
associative unital algebraH depending onW andk. It is the associated graded algebra
of Cherednik’s (suitably filtered) degenerate double affine Hecke algebra and contains the
group algebra ofW as a subalgebra. The main results is the construction of a representa-
tionQ of H on the space ofU -valued smooth functions onV , with the group algebra of
W acting by reflection-integral operators.

In Chapter 3, the heart of the thesis, we start with the systematic study of vector-
valued quantum integrable systems with delta-potentials associated to affine Weyl groups.
By vector-valued is meant that the wave functions of the quantum systems takes values in
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a finite-dimensional representationU of W . ForW = Ŝn and special choices ofU , these
systems describe quantum particles with spin. The formal quantum Hamiltonian (1.3.1)
corresponds to the case thatU is the trivial representation (we reserve the adjectivescalar
for this case). The associated spectral problem is formulated as a boundary value problem
in a space ofU -valued functions onV satisfying simple normal derivative jump conditions
on the hyperplanes corresponding toW .

After definingU -valued commuting differential-reflection operators, we show that
these Dunkl-type operators together with the the standard reflection action of the affine
Weyl group define a faithful representationπ of the algebraH. Gutkin’s generalization
of the equivalence between the impenetrable Bose-gas and the free Fermi-gas for the
scalar case is generalized to the vector-valued case by defining aU -valued propagation
operatorT . The formal quantum Hamiltonian is interpreted as an operator on a space of
U -valued function onV satisfying higher order normal derivative jump conditions on the
hyperplanes corresponding toW . The algebraic complete integrability of the quantum-
integrable systems is reflected by the commutativity of the Dunkl-type operators.

The propagation operator intertwines the representationsπ andQ. This allows us to
reformulate the boundary value problem in terms of a space ofU -valuedsmoothfunc-
tions onV . Using this reformulation we show that, under the assumption that the spectral
parameters are generic, the symmetric vector-valued theory is governed byU -valued tran-
scendental equations (called Bethe ansatz equations). After describing the general form
of the correspondingU -valued eigenfunctions, we show that for unitary representationsU
and positivek the spectrum of the boundary value problem is, at least generically, purely
imaginary.

In Chapter 4 we show that in the scalar case and positivek the results of Chapter 3
holds without the assumption that the spectral parameters have to be generic: the spectrum
of the boundary value problem is purely imaginary, regular and completely determined by
the Bethe ansatz equations. The regularity conditions is called the Pauli principle since for
W = Ŝn (see Example 1.5.1) it implies that the momenta of the quantum bosons are pair-
wise different. The main ingredient in the proof of these statements is a generalization
of the master function of Yang and Yang to all affine Weyl groups. The master function
allows us for example to give a convenient parametrization of the solutions of the Bethe
ansatz equations.

Chapter 5 deals with the functional analysis aspects of the scalar system for positive
k. The relevant Hilbert space is the space of square-integrable functions on a fundamental
domain for the reflection-action ofW (with respect to Lebesgue measure). Using per-
turbation theory of unbounded self-adjoint operators, quadratic forms and Sobolev space
theory, positive self-adjoint operatorsHk on this Hilbert space are constructed that are
associated to the formal quantum Hamiltonians (1.3.1). The completeness of the Bethe
ansatz equations for general positive multiplicity functionsk is reduced to the complete-
ness at zero couplingk ≡ 0. The precise conditions under which such an argument works
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was given by Dorlas [16] in his proof of the completeness of the Bethe ansatz eigen-
functions of particles on the circle with repulsive pair-wise delta-function potential. The
arguments of this chapter also give an independent proof of the Pauli principle.

In Chapter 6 we conjecture that the Bethe ansatz eigenfunctions are orthogonal in the
Hilbert space of square-integrable functions on a fundamental domain. We also conjecture
that the quadratic norms are expressible in terms of the determinant of the Hessian of
the master function at the associated spectral point. Similar conjectures about the Lieb-
Liniger system of quantum particles on the circle with repulsive pair-wise delta-function
potential were proved by Korepin (norms) and Dorlas (orthogonality). By relating the
formal quantum Hamiltonian (1.5.1) to the Lieb-Liniger system on the circle we show
that these two systems are essentially equivalent. This implies that our conjectures are
true for the quantum system of Example 1.5.1.

Publication details

Chapter 4 and the parts of Chapter 2 and 3 relating to the scalar case have been (for
the major part) published in

E. Emsiz, E. M. Opdam and J. V. Stokman,Periodic integrable sys-
tems with delta-potentials, Comm. Math. Phys.264(2006), 191-225.

Chapter 2 and 3 are joint work with Eric Opdam and Jasper Stokman and is research
in progress.

Chapter 5 will also be offered for publication.



CHAPTER 2

Fundamental representations of degenerate Hecke
algebras

2.1. Introduction

In [10] Cherednik associates to an affine root system and a multiplicity function an
associative unital algebra which he called the double affine Hecke algebra (DAHA, in
short). With this algebra at hand he was able to prove the general case of the constant
term conjecture of Macdonald [58]. This algebra extends the concept of an affine Hecke
algebra. Like affine Hecke algebras, double affine Hecke algebras also admit degener-
ations: a trigonometric one and a rational one. The trigonometric one [9] is called the
degenerate DAHA.

Degenerate DAHA admits a natural filtration. In our studies of integrable systems
with delta potentials, certain representations of the associated graded algebra will be of
fundamental importance. In this chapter we explicitly construct these representations.

Let Σ be an affine root system, considered as a subset of affine linear functions on
an Euclidean vector spaceV . LetX be a lattice inV lying between the co-root lattice
and the co-weight lattice ofΣ, WX the corresponding Weyl group,k : Σ −→ C a
WX -invariant function andU a finite dimensional representation ofWX . The associated
graded of the (suitably filtered) degenerate DAHA corresponding to the Weyl groupWX

will be denoted byHX
k . The main result of this chapter (Theorem 2.5.13), states that

certain integral-reflection operators together with constant coefficient partial differential
operators on the space of smooth functions fromV toU , defines a representation ofHX

k .
We now give a summary of every section separately. The second section is intro-

ductory and will be used throughout this chapter (and thesis). It is used mainly to fix
notations. After some well-known facts on affine root systems and affine Weyl groups,
the associated graded of the (suitably filtered) degenerate affine Hecke algebrasHX

k is
introduced.

Section 3 is the heart of the chapter. We start by attaching to any finite dimensional
representationU ofWX a representation ofHX

k onS(V )C⊗U , with S(V )C the symmet-
ric algebra of the complexificationVC of V . The group algebraC[WX ] of WX , consid-
ered as a subalgebra ofHX

k , acts via certain reflection-divided-difference operators (the
divided-difference part is also known as BGG-operators). By dualizing, we construct a
family of representations ofHX

k onP (V )C⊗U with C[WX ] acting by reflection-integral
operators. HereP (V )C is the space of complex-valued polynomial functions onV . We

23
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then show that this family contains, up to scaling isomorphisms, only two representations.
Our focus will be on the representation (denoted byQk) which is relevant for our studies
of integrable systems with delta-potentials.

In Section 4 we define another representation ofHX
k in terms of certain divided-

difference operators onO(V ∗C ) ⊗ U , with O(V ∗C ) the space of analytic functions onV ∗C .
This representations has the feature that it is the dual ofQk with respect to a natural
non-degenerate pairing.

Section 5 deals with extending the representation space of the representationQk of
HX

k from P (V )C ⊗ U to C∞(V ) ⊗ U , with C∞(V ) the space of smooth functions
on V . When this representations is restricted to the subalgebraC[WX ], we show that is
possible to extendQk to a representation onC(V )⊗U , withC(V ) the space of continuous
functions onV and withC[WX ] still acting by reflection-integral operators.

2.2. Weyl groups and degenerate Hecke algebras

2.2.1. Affine root systems and affine Weyl groups.Let V be an Euclidean space
of dimensionn. Let Σ0 be a finite, irreducible crystallographic root system in the dual
Euclidean spaceV ∗. We denote〈·, ·〉 for the inner product onV ∗ and‖ · ‖ for the corre-
sponding norm. The co-root ofα ∈ Σ0 is the unique vectorα∨ ∈ V satisfying

ξ(α∨) =
2〈ξ, α〉
‖α‖2

, ∀ ξ ∈ V ∗.

We write Σ∨0 = {α∨}α∈Σ0 for the resulting co-root system inV . We fix a basisI0 =
{a1, . . . , an} for the root systemΣ0. LetΣ0 = Σ+

0 ∪Σ−0 be the corresponding decompo-
sition in positive and negative roots. We denoteρ ∈ V ∗ for the half sum of positive roots
andϕ ∈ Σ+

0 for the highest root with respect to the basisI0. The highest rootϕ is a long
root inΣ0. We define the fundamental Weyl chamber inV ∗ by

V ∗+ = {ξ ∈ V ∗ | ξ(α∨) > 0 ∀ α ∈ Σ+
0 }. (2.2.1)

Let V̂ be the vector space of affine linear functionals onV . ThenV̂ = V ∗ ⊕ Rδ
as vector spaces, withδ the constant functionδ(v) = 1 (v ∈ V ). The gradient map
D : V̂ → V ∗ is the projection ontoV ∗ along this decomposition.

The subsetΣ = Σ0 + Z ⊂ V̂ is the affine root system associated toΣ0. We extend
the basisI0 of Σ0 to a basisI = {a0 = −ϕ + δ, a1, . . . , an} of the affine root system
Σ. Let Σ = Σ+ ∪Σ− be the corresponding decomposition in positive and negative affine
roots. Observe thatD mapsΣ ontoΣ0. The group of affine linear isomorphisms ofV is
denoted byAff(V ).

For an affine linear functionala ∈ V̂ with Da 6= 0,

sa(v) = v − a(v)Da∨, v ∈ V
defines the orthogonal reflection in the affine hyperplaneVa := a−1(0). The affine Weyl
groupW associated toΣ is the subgroup ofAff(V ) generated by the orthogonal reflec-
tions sa (a ∈ Σ). The subgroupW0 ⊂ W generated by the orthogonal reflectionssα

(α ∈ Σ0) is the Weyl group associated toΣ0. We denotew0 for the longest Weyl group
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element inW0. It is well known thatW (respectivelyW0) is a Coxeter group with Cox-
eter generators the simple reflectionssj = saj

for j = 0, . . . , n (respectivelysj for
j = 1, . . . , n).

Let Q∨ = ZΣ∨0 ⊂ V be the co-root lattice ofΣ0. For aξ ∈ V let τξ ∈ Aff(V ) be
the translation byξ on V , i.e. τξ(v) = v + ξ for all v ∈ V . For ana ∈ Σ we have the
simple but useful relation

sa = sDaτa(0)Da∨ (2.2.2)

in W , and in particulars0 = τϕ∨sϕ = sϕτ−ϕ∨ . Using (2.2.2) one sees thatW admits a
second important presentation given by

W 'W0 nQ∨, (2.2.3)

with the co-root latticeQ∨ acting by translations onV . The gradient mapD induces a sur-
jective group homomorphismD : W → W0 byD(sa) = sDa for a ∈ Σ. Alternatively,
Dw = v if v ∈ W0 is theW0-component ofw in the semi-direct product decomposition
(2.2.3).

The spacêV of affine linear functionals onV is aW -module by(wf)(v) = f(w−1v)
(w ∈W, f ∈ V̂ , v ∈ V ). Observe thatV ∗ isW0-invariant, and

sα(ξ) = ξ − ξ(α∨)α, ξ ∈ V ∗

for rootsα ∈ Σ0. Furthermore,

sα(Σ0) = Σ0, sa(Σ) = Σ

for α ∈ Σ0 anda ∈ Σ. The length ofw ∈W is defined byl(w) = #
(
Σ+∩w−1Σ−

)
. Al-

ternatively,l(w) is the minimal positive integerr such thatw ∈W can be written as prod-
uct of r simple reflections. Such an expressionw = sj1sj2 · · · sjl(w) (jk ∈ {0, . . . , n}) is
called reduced.

The root latticeQ is the lattice inV ∗ generated by all the rootsα ∈ Σ0; It is a full
lattice becauseV ∗ is spanned by the roots inΣ0.

The weight lattice ofΣ0 is defined by

P = {λ ∈ V ∗ | λ(α∨) ∈ Z ∀α ∈ Σ0}.

Another convenient description is

P = {λ ∈ V ∗ | wλ(ϕ∨) ∈ Z ∀w ∈W0}, (2.2.4)

which follows from the fact thatQ∨ is already spanned overZ by the short co-roots in
Σ∨0 . We denoteP+ (respectivelyP++) for the cone of dominant (respectively strictly
dominant) weights with respect to the choiceΣ+

0 of positive roots inΣ0. Recall that
P++ = ρ+ P+.

We writeVirreg =
⋃

a∈Σ+ Va for the irregular vectors inV with respect to the affine
root hyperplane arrangement{Va | a ∈ Σ+}. Its open, dense complementVreg := V \
Virreg is called the set of regular vectors inV .
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We denoteC for the collection of connected components ofVreg. An elementC ∈ C
is called an alcove. The affine Weyl groupW acts simply transitively onC. Explicitly,
Vreg = ·⋃

w∈Ww(C+) (disjoint union) with the fundamental alcoveC+ defined by

C+ = { v ∈ V | aj(v) > 0 (j = 0, . . . , n) }.
We call a vectorv ∈ Va (a ∈ Σ+) sub-regular if it does not lie on any other root hyper-
planeVb (a 6= b ∈ Σ+).

The symmetric algebraS(V ) is canonically aW0-module algebra. Using the stan-
dard identificationS(V ) ' P (V ∗) whereP (V ∗) is the algebra of real-valued polynomial
functions onV ∗, theW0-module structure takes the form

(wp)(ξ) = p(w−1ξ), w ∈W0, ξ ∈ V ∗,
on P (V ∗). We denoteS(V )W0 andP (V ∗)W0 for the subalgebra ofW0-invariants in
S(V ) andP (V ∗), respectively.

Form ∈ Z≥0 we denote byS(≤m)(V )C for the elementsq ∈ S(V )C of degree less
or equal thanm.

Let ∂v (v ∈ V ) be the derivative in directionv,

(∂vf)(u) =
d

dt

∣∣∣∣
t=0

f(u+ tv)

for f continuously differentiable atu ∈ V . The assignmentv 7→ ∂v uniquely extends
to an algebra isomorphism ofS(V ) onto the algebra of constant coefficient differential
operators onV (say acting onC∞(V ) or P (V )C). We denoteq(∂) for the constant
coefficient differential operator corresponding toq ∈ S(V )C ' P (V ∗)C.

2.2.2. Extensions of affine Weyl groups.In this subsection we consider some non-
trivial group extensions ofW by finite abelian groups. These extension will be parame-
terized by certain full lattices inV .

The lattice
P∨ := {ξ ∈ V |α(ξ) ∈ Z∀α ∈ Σ0}.

is called theco-weight lattice(and the elements in it are calledco-weights). It contains
Q∨ as a full sublattice. LetX be a lattice inV that lies betweenQ∨ andP∨. We have

sα(x) = x− α(x)α∨ ∈ X (2.2.5)

for all α ∈ Σ0 andx ∈ X becauseα(x) ∈ Z. Formula (2.2.5) shows thatX is W0-
invariant. The groupX/Q∨ is finite sinceX andQ∨ are both full lattices inV . SinceX
andQ∨ areW0-invariant we can define an action of the finite Weyl groupW0 onX/Q∨

in the obvious way. By (2.2.5) it follows actually thatW0 acts trivially onX/Q∨.
We attach toX its dual latticeY in V ∗:

Y := {µ ∈ V ∗|µ(X) ⊆ Z}.
Note thatQ ⊆ Y ⊆ P . LetWX be theW0 n X, i.e. the setW0 × X with the group
operation given by

(w′, x′) · (w, x) = (w′w,w−1(x′) + x) (w,w′ ∈W0, x, x
′ ∈ X).
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The groupWX is called theaffine Weyl group associated toX and acts faithfully onV
by affine linear isomorphisms via

(w, x)v = (wτx)(v) ((w, x) ∈WX , v ∈ V ).

By the presentation (2.2.3) we have a canonical isomorphismW ' WQ∨ . The group
WP∨ is also denoted byW e. Some authors (e.g. [59]) call W e alsothe extended affine
Weyl group.

The groupWX is an extension ofW by a finite abelian groupΩX :

WX = W o ΩX ,

where
ΩX := {w ∈WX |w(C+) = C+}.

We skip the subscriptX whenX equalsP∨ and writeΩ instead ofΩP∨ . Note that
ΩX is a subgroup ofΩ. The groupΩX depends on the alcoveC+. Another choice of a
fundamental alcove leads to aW -conjugate ofΩX .

Observe that aω ∈ Ω permutes the simple affine rootsI, becauseω(C+) = C+.

2.2.3. Representations of affine Weyl groups.If A andB are two sets, then the set
of all maps fromA toB is denoted byFun(A,B). [If B is a complex vector space, then
Fun(A,B) becomes a complex vector space in the obvious way]. We also writeFun(A)
for Fun(A,C).

Fix a latticeX betweenQ∨ andP∨. LetU be a finite dimensional representationU
of the affine Weyl groupWX .

The natural isomorphismFun(V,U) ' Fun(V )⊗ U will be used implicitly to iden-
tify these two vector spaces. Unless stated otherwise, we will use the convention that

Z(V,U) = Z(V )⊗ U (2.2.6)

for any function spaceZ(V ) onV , andZ(V,U) will also be considered as a subspace of
Fun(V,U) ' Fun(V )⊗ U in the obvious way.

For af ∈ Fun(V,U), w ∈WX definefw, π(w)f ∈ Fun(V,U) by

(fw)(v) = f(w−1v) (w ∈WX , v ∈ V ), (2.2.7)

and
(π(w)f)(v) = w(f(w−1v)) = w(fw(v)) (v ∈ V ). (2.2.8)

Both (2.2.7) and (2.2.8) define representation ofWX onFun(V,U), withWX -submodules
P (V,U), C∞(V,U) andC(V,U). We will use the notationMπ to indicate that the sub-
spaceM ⊂ Fun(V,U) is aWX -submodule with respect to theπ-action.

SinceW e permutes the affine roots, the set of regular vectorsVreg is invariant under
W e, i.e. w(Vreg) ⊆ Vreg for all w ∈ W e. Hence the usual action (2.2.7) and theπ-
action (2.2.8) also define an action onFun(Vreg, U). We have

π(w)(f ⊗ u) = fw ⊗ wu (f ⊗ u ∈ Fun(V )⊗ U).

Consider also theWX ×WX -action defined by

(w ⊗ w′)(f ⊗ u) = fw ⊗ w′u (w,w′ ∈WX , f ∈ Fun(V )),
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or equivalently

((w ⊗ w′)f)(v) = w′(f(w−1v)) (w1, w2 ∈WX , f ∈ Fun(V )⊗ U).

The restriction to the diagonalWX ⊂WX ×WX (i.e.w 7→ (w,w)) is then preciselyπ.

2.2.4. Associated graded of degenerated double affine Hecke algebras.The al-
gebras we consider are parametrized by what is called a multiplicity function. From the
viewpoint of physics, these will play the role of coupling constants between particles in
the integrable systems we consider.

DEFINITION 2.2.1. A multiplicity functionk is aW e-invariant functionk : Σ −→ C.
The space of all multiplicity functions is denoted byKC. We write alsoka for the value of
k ∈ KC at the roota ∈ Σ.

If k is a multiplicity function, then it satisfiesk(a) = k(Da) for all a ∈ Σ.
In this chapter we always writek for a multiplicity function, unless stated otherwise.
We are now able to introduce the fundamental algebraic structure of this thesis.

THEOREM 2.2.2. There exists a unique complex unital associative algebraHe
k =

He
k(Σ) satisfying

(a) He
k = S(V )C ⊗ C[W e] as vector space, withC[W e] the group algebra ofW e.

(b) The mapsq 7→ q⊗ e andw 7→ 1⊗w, with e ∈W e the unit element ofW e, are
algebra embeddings ofS(V )C andC[W e] intoHe

k .
(c) The cross relations

sa · v − (sDav) · sa = kaDa(v)

holds inHe
k for a ∈ I andv ∈ V ⊂ S(V )C. Here we have identifiedS(V )C

andC[W e] with their images inHe
k through the algebra embeddings of(b).

(d) The cross relations
ω · v = (Dω(v)) · ω

hold inHe
k for all ω ∈ Ω andv ∈ V .

REMARK 2.2.3. If the valueska of the multiplicity functionk are considered to be
independent central variables in the definition ofHe

k (we then use the adjectivegeneric),
thenHe

k is graded by imposing the degree ofw ∈ W e to be zero and the degrees of
v ∈ V andka to be one. As graded algebra, the genericHe

k is the associated graded
of Cherednik’s [12] degenerate extended double affine Hecke algebraHe

k, considered as
filtered algebra by the same degree function (the only difference in the definition ofHe

k

are the cross relations (see Theorem 2.2.2(c) and(d)), which are now of the form

sa · v − vsa · sa = kaDa(v) (a ∈ I, v ∈ V )

and
ω · v = vω · ω (ω ∈ Ω, v ∈ V ). (2.2.9)

TheW e-module structure onS(V )C in this relation comes from the action (2.2.7) ofW e

onP (V )C as functions onV and the identificationP (V )C ' S(V )C via the inner product
〈·, ·〉. Thenvs0 = sϕ(v) + 2‖ϕ‖−2ϕ(v)δ.
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In Section 3.4 a proof of Theorem 2.2.2 will be given. The proof is based on a
realization ofHe

k as differential-reflection (Dunkl-type) operators onVreg and makes no
use ofHe

k.

DEFINITION 2.2.4. We denote byHk the subalgebra ofHe
k generated byW and

V . For a latticeX ⊂ V betweenQ∨ andP∨, we denote byHX
k the subalgebra ofHe

k

generated byWX andV . ByH(0)
k we denote the subalgebra ofHe

k generated byW0 and
V . All these subalgebras admit similar descriptions asHe

k in Theorem 2.2.2.

REMARK 2.2.5. (1) The algebraH(0)
k is isomorphic to the graded Hecke algebra

(also called the degenerate affine Hecke algebra) and was introduced independently by
Lusztig [57] and Drinfeld [17].
(2) We have the following filtration

He,≤0
k ⊂ He,≤1

k ⊂ . . .

onHe
k , where

He,≤i := S(≤i)(V )C ⊗ C[W e].
The associated graded algebra with respect to this filtration is the cross-productS(V )C o
C[W e], and hence independent ofk. Note that we are not in the setting of(i), for theka

are complex values and not formal parameters, and hence of degree zero.

For anα ∈ Σ0 consider the BGG-operators

∆α : S(V )C −→ S(V )C, defined by∆α(q) =
q − qsα

α∨
. (2.2.10)

Here BGG stands for Bernstein-Bernstein-Gelfand. Some authors (e.g. [55]) call ∆α

(α ∈ Σ0) divided-difference operators, others call them (e.g. [13]) Lusztig-Demazure
operators. These operators were first introduced in [6], and independently in [14].

LEMMA 2.2.6. In He
k we have

sa · q − qsDa · sa = ka∆Da(q) (2.2.11)

for a ∈ I andq ∈ S(V )C, and
ω · q = qDω · ω (2.2.12)

for ω ∈ Ω andq ∈ S(V )C.

PROOF. This follows from induction on the degree ofq and the cross relations ((b),
(c) and(d) in Theorem 2.2.2) inHX

k . �

It is known (for a proof see [4, Proposition 1.3.6(i)]) that the generic degenerate
extended double affine Hecke algebraHe

k has trivial centerC[k], the polynomial subring
in He

k generated by the central independent variableska. But going over to the associated
graded algebra this changes dramatically:

PROPOSITION 2.2.7. The centerZ(He
k) of He

k containsS(V )W0
C . In particular

Z(Hk) andZ(H(0)
k ) containS(V )W0

C .
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PROOF. This follows from the cross relations (2.2.11) and (2.2.12) inHe
k . �

REMARK 2.2.8. In the case of the subalgebraH(0)
k , we can say more about the center,

namely:
Z(H(0)

k ) = S(V )W0
C .

For a proof see [57, Prop. 4.5].

2.3. The fundamental representations

We fix a latticeX betweenQ∨ andP∨. In this section we attach to any finite dimen-
sionalWX -moduleU aHX

k -module. TheseHX
k -modules are defined in terms of vector-

valued reflection-integral operators. The main result of this section is Theorem 2.3.7.
We fix a finite dimensional representationU of WX (or equivalently, aC[WX ]-

module). By seeingC[WX ] as a subalgebra ofHX
k , we may form the induced module

MU = IndHX
k

C[WX ] U = HX
k ⊗C[WX ] U.

By definition theHX
k -module structure onMU is giving by

b(a⊗C[WX ] u) := (ba)⊗C[WX ] u (a, b ∈ HX
k , u ∈ U).

The assignment

q ⊗ u 7→ q ⊗C[WX ] u (q ∈ S(V )C, u ∈ U)

defines a vector space isomorphism

S(V )C ⊗ U
∼−→ HX

k ⊗C[WX ] U. (2.3.1)

Transporting theHX
k -module structure fromMU to S(V )C ⊗ U under this isomor-

phism gives:

PROPOSITION2.3.1. The following uniquely defines anHX
k -module structure (de-

noted byδk) onS(V )C ⊗ U :

δk(v)(q ⊗ u) = vq ⊗ u (v ∈ V ),

δk(sa)(q ⊗ u) = qsDa ⊗ sau+ ka∆Da(q)⊗ u (a ∈ I),
δk(ω)(q ⊗ u) = qDω ⊗ ωu (ω ∈ ΩX)

for q ⊗ u ∈ S(V )C ⊗ U . In particular S(V )C acts onS(V )C ⊗ U by multiplication on
the first factor.

We call theHX
k -representationδk of Proposition 2.3.1 thevector-valued BGG-

representation(because of the BGG-operators∆Da entering in the description).

PROOF. Let v ∈ V , a ∈ I, ω ∈ ΩX , q ∈ S(V )C andu ∈ U . Considerq⊗C[WX ] u ∈
HX

k ⊗C[WX ] U with q ∈ S(V )C andu ∈ U . Then we have

sa(q ⊗C[WX ] u) = (saq)⊗C[WX ] u = (qsDasa + ka∆Da(q))⊗C[WX ] u

= qsDa ⊗C[WX ] sau+ ka∆Da(q)⊗C[WX ] u
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as identities inHX
k ⊗C[WX ] U . The first and third equality are a consequence of the

definition of an induced module, and the second equality follows from the cross rela-
tions (2.2.11) inHX

k . In a similar way we get,v(q ⊗C[WX ] u) = (vq) ⊗C[WX ] u, and,
using the cross relations (2.2.12), thatω(q ⊗C[WX ] u) = qDω ⊗C[WX ] ωu, as identities in
HX

k ⊗C[WX ]U . The results now follows immediately if one uses the isomorphism (2.3.1).
�

From now on we denote byMU theHX
k -module(S(V )C ⊗ U, δk).

REMARK 2.3.2. Restricting theHX
k -representationδk to the subalgebraC[W0] ⊂

HX
k gives a representation ofC[W0]. ForU the trivial representation this representation

was observed by Gutkin (see [34, Theorem 4.2]). The proof given in [34] is different from
the proof given here (the concept of a degenerate affine Hecke algebra is not considered
in that article).

LEMMA 2.3.3. The assignmentw 7→ w† := w−1 (w ∈ WX ) and v 7→ v† := v
(v ∈ V ) uniquely defines a unit preserving, linear anti-involution† : HX

k → HX
k .

PROOF. One easily checks that the defining relations ofHX
k are preserved (see The-

orem 2.2.2). �

The anti-involution† allows use to define aHX
k -module structure on the full dual

M∗
U = (S(V )C ⊗ U)∗ ' S(V )∗C ⊗ U∗ by

(hm∗)(m) = m∗(h†m) (h ∈ HX
k ,m ∈MU )

for m∗ ∈M∗
U .

For an affine lineara ∈ V̂ with Da 6= 0, we now consider an integral operator
I(a) : C(V ) −→ C(V ). The operatorI(a) (a ∈ V̂ , Da 6= 0) was introduced by Gutkin
in [32] to study integrable systems with delta potentials, and is defined by the formula

(I(a)(f))(v) :=
∫ a(v)

0

f(v − tDa∨)dt (2.3.2)

for f ∈ C(V ) andv ∈ V .
Consider the following non-degenerate pairing〈·, ·〉 : S(V )C × P (V )C −→ C, de-

fined by
〈q, p〉 = (q(∂)p)(0). (2.3.3)

We collect in the following lemma some properties of the pairing (2.3.3) for later use.
Note in particular that Lemma 2.3.4.(iii) states thatI(α) (α ∈ Σ0) is the adjoint to∆α

with respect to the pairing〈·, ·〉.

LEMMA 2.3.4. (i) The operatorI(a) (a ∈ V̂ ,Da 6= 0) is a linear endomorphism of
P (V )C.
(ii) We have〈qq′, p〉 = 〈q, q′(∂)p〉 for q, q′ ∈ S(V )C andp ∈ P (V )C.
(iii) We have〈∆α(q), p〉 = 〈q, I(α)(p)〉 for α ∈ Σ0, q ∈ S(V )C andp ∈ P (V )C.
(iv) We have〈qw, p〉 = 〈q, pw−1〉 for w ∈W0, q ∈ S(V )C andp ∈ P (V )C.
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PROOF. (i) This follows from

I(a)(∂Da∨(f)) = f − fsa (f ∈ C∞(V )), (2.3.4)

(recall that∂Da∨ is the derivative in directionDa∨) and (2.3.4) follows from an applica-
tion of the fundamental theorem of calculus.
(ii) This follows from

〈qq′, p〉 = ((qq′)(∂))(p)(0) = (q(∂)(q′(∂)p))(0) = 〈q, q′(∂)p〉.
(iii) Choose ap′ ∈ P (V )C with p = ∂α∨(p′). Then

〈∆α(q), p〉 = 〈∆α(q), ∂α∨(p′)〉 = 〈α∨∆α(q), p′〉
= 〈q − qsα , p′〉 = 〈q, p′ − (p′)sα〉.

Also
〈q, I(α)(p)〉 = 〈q, I(α)(∂α∨p

′)〉 = 〈q, p′ − (p′)sα〉,
and therefore〈∆α(q), p〉 = 〈q, I(α)(p)〉.
(iv) The proof is with induction ondeg(q). It is certainly true fordeg(q) = 0, i.e. for q
equal to a constant. The induction step follows from

〈(vq)w, p〉 = 〈qw, ∂wvp〉 = 〈q, (∂wvp)w−1
〉 = 〈q, ∂vp

w−1
〉 = 〈vq, pw−1

〉,
with the third equality following fromw∂v = ∂wvw (as operators onP (V )C). �

We can now state and prove one of the main results of this section.

PROPOSITION2.3.5. The following defines uniquely a representationLk ofHX
k on

P (V )C ⊗ U∗:

Lk(v)(p⊗ ψ) = (∂vp)⊗ ψ (v ∈ V ),

Lk(sa)(p⊗ ψ) = psDa ⊗ saψ + kaI(Da)(p)⊗ ψ (a ∈ I),
Lk(ω)(p⊗ ψ) = pDω ⊗ ωψ (ω ∈ ΩX)

for p⊗ ψ ∈ P (V )C ⊗ U∗.

PROOF. Consider the embedding

% : P (V )C ↪→ S(V )∗C,

defined by sending anp to 〈·, p〉. From Lemma 2.3.4 follows immediately

%(p) ◦ w−1 = %(pw) (w ∈W0),

%(p) ◦∆α = %(I(α)(p)) (α ∈ Σ0)

%(p) ◦ (v·) = %(∂v(p)) (v ∈ V ),

(2.3.5)

for all p ∈ P (V )C. Herev· denotes the multiplication operator byv on S(V )C. Recall
theHX

k -moduleMU = S(V )C ⊗ U (see Proposition 2.3.1). Proposition 2.3.1 together
with (2.3.5) shows that

%(P (V )C)⊗ U∗ ⊆M∗
U
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is aHX
k -submodule. Furthermore, (2.3.5) also shows that the pull back of thisHX

k -
module structure on%(P (V )C)⊗ U∗ to P (V )C ⊗ U∗ via the linear isomorphism

%⊗ idU∗ : P (V )C ⊗ U∗
∼−→ %(P (V )C)⊗ U∗

yields the representationLk. �

REMARK 2.3.6. Every representationU ofW0 can be extended to a representation of
WX in such a way that the lattice partX in WX = W0 nX acts trivial onU . Restricting
the corresponding representationδk of Proposition 2.3.1 to the subalgebraH(0)

k of HX
k

gives the finite type Hecke algebraH(0)
k version of this proposition.

We extend the pairing〈·, ·〉 : S(V )C × P (V )C −→ C to a pairing

〈·, ·〉 : (S(V )C ⊗ U)× (P (V )C ⊗ U∗) −→ C, (2.3.6)

by 〈q ⊗ u, p⊗ ψ〉 = (q(∂)p)(0)ψ(u). Although the following duality is by construction,
it is useful to state it explicitly for later reference:

〈δk(h†)(q ⊗ u), p⊗ ψ〉 = 〈q ⊗ u, Lk(h)(p⊗ ψ)〉 (h ∈ HX
k ) (2.3.7)

for q ⊗ u ∈ S(V )C ⊗ U andp⊗ ψ ∈ P (V )C ⊗ U∗.
In Proposition 2.3.5 we defined a representationLk of HX

k onP (V )C ⊗ U∗. In the
following theorem we define a different representation ofHX

k on the same representation
spaceP (V )⊗ U∗.

THEOREM 2.3.7. The following defines uniquely a representationQk of HX
k on

P (V )C ⊗ U∗:

Qk(v)(p⊗ ψ) = (∂vp)⊗ ψ (v ∈ V ),

Qk(sa)(p⊗ ψ) = psa ⊗ saψ + kaI(a)(p)⊗ ψ (a ∈ I),
Qk(ω)(p⊗ ψ) = pω ⊗ ωψ (ω ∈ ΩX)

for p⊗ ψ ∈ P (V )C ⊗ U∗.

REMARK 2.3.8. Restricting theHX
k -representationQk to the subalgebraC[W ] gives

a representation ofC[W ]. ForU the trivial representation this was shown by Gutkin [32].

The topological versions (see Theorems 2.5.12 and 2.5.13) of the above theorem
will be of great importance in the next chapters, when studying integrable systems with
delta-potentials.

The representationQk ofHX
k of Theorem 2.3.7 will be part of a general construction.

This will be discussed now.
We restrict ourself for the moment to the special caseX = Q∨. We construct a

family of representationsLg
k of Hk onP (V )⊗ U∗, parametrized byg ∈ Fun(I, V ). For

0 ∈ Fun(I, V ), the map that sends ana ∈ I to 0 ∈ V , we will recoverLk, i.e.L0
k = Lk.

The groupAff(V ) of affine linear isomorphisms ofV acts onP (V )C via

pA(v) = p(A−1v) (p ∈ P (V )C, A ∈ Aff(V ), v ∈ V )
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(compare with (2.2.7)). Note that under this actionV̂ ⊂ P (V )C is an invariant subspace.
For v ∈ V consider the linear isomorphismτv ⊗ idU∗ of P (V )C ⊗ U∗, acting as

translation on the first factor:

(τv ⊗ idU∗)(p⊗ ψ) = pτv ⊗ ψ = p(· − v)⊗ ψ

for p⊗ ψ ∈ P (V )C ⊗ U∗. For av ∈ V anda ∈ I consider the conjugation

Lv
k(sa) := (τv ⊗ idU∗)Lk(sa)(τ−v ⊗ idU∗)

of Lk(sa) by τv ⊗ idU∗ .

LEMMA 2.3.9. The following holds

Lv
k(sa)(p⊗ ψ) = psDa−Da(v)δ ⊗ saψ + kaI(Da−Da(v)δ)(p)⊗ ψ (a ∈ I)

for p ∈ P (V )C andψ ∈ U∗. HenceLv
k(sa) only depends ona and onDa(v).

PROOF. Let A ∈ Aff(V ) andb ∈ V̂ , Db 6= 0. ThenAsbA
−1 = sbA (as operators

on P (V )C). Furthermore, we have the intertwining propertyAI(b)A−1 = I(bA) as
operators onP (V )C (see [32, Lemma 2.1(i)]). The lemma follows from these two results
applied toA = τv andb = Da, and using(Da)τv = Da−Da(v)δ. �

COROLLARY 2.3.10. Letv ∈ V withϕ(v) = 1. Then

Lv
k(s0)(p⊗ ψ) = ps0 ⊗ s0ψ + k0I(a0)(p)⊗ ψ

for p⊗ ψ ∈ P (V )C ⊗ U∗.

PROPOSITION2.3.11. Let g ∈ Fun(I, V ). Then the assignmentsa 7→ L
g(a)
k (sa)

(a ∈ I) and v 7→ ∂v ⊗ idU∗ (v ∈ V ) defines uniquely a representationLg
k of Hk on

P (V )C ⊗ U∗.

PROOF. We divide the proof in four steps.
(a) The restriction to the subalgebraS(V )C is a representation. This is trivial.
(b) The cross relation

L
g(a)
k (sa)(∂v ⊗ idU∗)− (∂sDav ⊗ idU∗)L

g(a)
k (sa) = kaDa(v) (a ∈ I, v ∈ V )

follows from the cross relation betweenLk(sa) and∂v ⊗ idU∗ , and the fact that differen-
tiation commutes with translation.
(c) The quadratic relation is obvious:(

L
g(a)
k (sa)

)2

= (τg(a) ⊗ idU∗)Lk(sa)2(τ−g(a) ⊗ idU∗) = 1.

(d) The braid relations. We may assume that the rank ofΣ0 (= dimV ∗) is greater then
one, since there are no braid relations to check when the rank ofΣ0 is one. Choose
a, b ∈ I, a 6= b and denote bymab ∈ N the order ofsasb inW . Choose ax ∈ V such that
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Da(x) = Da(g(a)) andDb(x) = Db(g(b)) (possible since the rank ofΣ0 is greater than
one). By Lemma 2.3.9 we haveLx

k(sa) = L
g(a)
k (sa) andLx

k(sb) = L
g(b)
k (sb). Hence(

L
g(a)
k (sa)Lg(b)

k (sb)
)mab

= (Lx
k(sa)Lx

k(sb))
mab

= (τx ⊗ idU∗) (Lk(sa)Lk(sb))
mab (τ−x ⊗ idU∗)

= 1,

the last equality following from the braid relation betweenLk(sa) andLk(sb). �

Let g0 ∈ Fun(I, V ) be the map defined by

g0(a) =

{
ϕ∨

2 if a = a0,

0 if a ∈ I0.

COROLLARY 2.3.12. The following defines uniquely a representationQk of Hk on
P (V )C ⊗ U∗:

Qk(v)(p⊗ ψ) = (∂vp)⊗ ψ (v ∈ V ),

Qk(sa)(p⊗ ψ) = psa ⊗ saψ + kaI(a)(p)⊗ ψ (a ∈ I)

for p⊗ ψ ∈ P (V )C ⊗ U∗.

PROOF. Applying Proposition 2.3.11 withg = g0 and use Corollary 2.3.10. �

For v ∈ V and g ∈ Fun(I, V ) we denote byg + v ∈ Fun(I, V ) the function
(g + v)(a) = g(a) + v.

PROPOSITION2.3.13.The representations(P (V )C⊗U∗, Lg
k) and(P (V )C⊗U∗, Lg+v

k )
ofHk are equivalent forg ∈ Fun(I, V ) andv ∈ V .

PROOF. First observe that

(τv ⊗ idU∗)Lv′−v
k (sa) = Lv′

k (sa)(τv ⊗ idU∗) (v, v′ ∈ V anda ∈ I).

Sinceτv⊗ idU∗ : P (V )⊗U∗ → P (V )⊗U∗ is also a linear isomorphism, the proposition
follows. �

For at ∈ R andg ∈ Fun(I, V ) denote bytg ∈ Fun(I, V ) the map(tg)(a) = tg(a).
Proposition 2.3.13 tells us that every representationLg

k is equivalent to a representation
Ltg0

k for somet ∈ R. This reduces the(n + 1)-parameter family of representations
{Lg

k| g ∈ Fun(I, V )} to a1-parameter family of representations{Ltg0
k | t ∈ R} of Hk.

Although the1-parameter family of representations{Ltg0
k |t ∈ R∗} do not have to be

equivalent in the strict sense, they arescaling equivalent. To make this statement precise
we introduce for at ∈ R∗ the scaling mapSt : P (V )C −→ P (V )C, defined by

(St(p))(v) = p(tv) (p ∈ P (V )C)

for v ∈ V .
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LEMMA 2.3.14. Let t ∈ R∗. The assignmentsv 7→ v/t (v ∈ V ) and sa 7→ sa

(a ∈ I) uniquely defines a unit preserving algebra morphismΛt fromHk toHtk.

PROPOSITION2.3.15. Let t ∈ R∗ andg ∈ Fun(I, V ). Then we have

L
g/t
tk (Λt(h))(St ⊗ idU∗) = (St ⊗ idU∗)L

g
k(h) (h ∈ Hk). (2.3.8)

In particular the representations(P (V )C⊗U∗, Lg/t
tk ◦Λt) and(P (V )C⊗U∗, Lg

k) ofHk

are equivalent.

PROOF. Note that it suffices to show (2.3.8) forh = v (v ∈ V ) andh = sa (a ∈ I).
Forh = v this follows without difficulty becauseLg

k(v) = ∂v⊗ idU∗ . Forh = sa (a ∈ I)
equation (2.3.8) is equivalent with:

sDa−Da(g(a)/t)δSt = StsDa−Da(g(a))δ, and (2.3.9)

tI(Da−Da(g(a)/t)δ)St = StI(Da−Da(g(a))δ) (2.3.10)

as operators onP (V )C. Identity (2.3.9) follows from:

tsDa−Da(ξ/t)δ = sDa−Da(ξ)δ(t·) (ξ ∈ V )

as elements inAff(V ). Identity (2.3.10) is the statement forξ = g(a),

t

∫ Da(v)−Da(ξ/t)

0

p(tv − trDa∨)dr =
∫ Da(tv)−Da(ξ)

0

p(tv − rDa∨)dr ∀p ∈ P (V )C,

which follows after the change of coordinater 7→ r/t. The second statement of the
proposition follows from (2.3.8) and the fact thatSt ⊗ idU∗ is a linear automorphism of
P (V )C ⊗ U∗. �

Propositions 2.3.13 and 2.3.15 together imply that the family of representations
{Lg

k|g ∈ Fun(I, V )} of Hk contains essentially only two different representations: the
Qk representation from Corollary 2.3.12 (i.e.Lg0

k ) and the representationLk from Propo-
sition 2.3.5, while we keep in mind that we have chosenX = Q∨.

Now let X be any lattice betweenQ∨ andP∨, andU a finite dimensional repre-
sentation ofWX . By Proposition 2.3.5 we know that the representationLk of Hk on
P (V )C ⊗ U∗ admits a natural extension to the larger algebraHX

k . It is also possible to
extend the representationQk of Hk from Corollary 2.3.12 to a representation ofHX

k as
stated in Theorem 2.3.7. Before proving this we observe that

wq(∂) = qDw(∂)w (w ∈WX , q ∈ S(V )C) (2.3.11)

holds as operators onC∞(V ) (and hence also on the subspaceP (V )C ⊂ C∞(V )). It is
not difficult to see that the identity (2.3.11) also holds onC∞(Vreg).

PROOF OFTHEOREM 2.3.7. Because of the defining relations ofHX
k (see Theo-

rem 2.2.2) it suffices to prove:

(a) (i) and(ii) define a representation of the subalgebraHk ofHX
k onP (V )C⊗U∗,
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(b) the cross relations betweenQk(ω) (ω ∈ ΩX ) andQk(v) (v ∈ V ) holds (see
Theorem 2.2.2(d), but withΩ replaced byΩX ),

(c) sa 7→ Qk(sa) (a ∈ I) andω 7→ Qk(ω) (ω ∈ ΩX ) uniquely define a representa-
tion of the subalgebraC[WX ] of HX

k onP (V )C ⊗ U∗.

Use Corollary 2.3.12 to conclude that (a) is true. The cross relations of (b) follows directly
from (2.3.11). Recall from Section 2.2 that aω ∈ ΩX permutesI. Condition (c) follows
becausesa 7→ Qk(sa) defines a representation ofW (see (a)) and

Qk(ω)Qk(sa)Qk(ω−1) = Qk(sωa) (a ∈ I, ω ∈ ΩX). (2.3.12)

The idenity (2.3.12) follows from

ωsaω
−1 = sωa andωI(a)ω−1 = I(ωa) (a ∈ I, ω ∈ ΩX)

as operators onP (V )C (see also the proof of Lemma 2.3.9). �

2.4. Vector-valued modified BGG-representations

We know that the vector-valued BGG-representationδk (see Proposition 2.3.1) and
theLk-representation (see Proposition 2.3.5) ofHX

k are dual representations with respect
to the pairing〈·, ·〉. In this section we construct a representation ofHX

k that is dual to the
Qk-representation ofHX

k with respect to a similar pairing as〈·, ·〉. In the construction
so-calledmodified BGG-operatorsare used.

Denote byO(V ∗C ) the ring of analytical functions onV ∗C . The symmetric algebra
S(V )C is embedded naturally inO(V ∗C ) via the identificationS(V )C ' P (V ∗)C. We
extend the non-degenerate pairing〈·, ·〉 : S(V )C × P (V )C −→ C to a non-degenerate
pairingO(V ∗C )× P (V )C → C via the same formula:〈f, p〉 = (f(∂)p)(0) (f ∈ O(V ∗C ),
p ∈ P (V )C), and similarly we consider the non-degenerate pairing

〈·, ·〉 : (O(V ∗C )⊗ U)× (P (V )C ⊗ U∗) −→ C,
defined uniquely by〈f ⊗ u, p⊗ ψ〉 = (f(∂)p)(0)ψ(u).

For av ∈ V , denote byev ∈ O(V ∗C ) the analytic functionλ 7→ eλ(v) (λ ∈ V ∗C ).
Then a Taylor expansion shows thatev(∂) = τ−v (acting onP (V )C), or equivalently,

〈ev, p〉 = p(v) (p ∈ P (V )C, v ∈ V ). (2.4.1)

The finite Weyl groupW0 acts onO(V ∗C ) via algebra automorphisms in the usual
way:

(wf)(λ) = f(w−1λ) (w ∈W0, f ∈ O(V ∗C ), λ ∈ V ∗C ).
We extend this to an action of the affine Weyl groupWX = W0 nX onO(V ∗C ) by τxf :=
exf (x ∈ X, f ∈ O(V ∗C )). The correspondingWX -action is denoted bywf (w ∈ WX ,
f ∈ O(V ∗C )). Note that thisWX -actions does not act as algebra automorphisms, but

w(ff ′) = (wf)(Dw)f ′ (w ∈WX , f, f
′ ∈ O(V ∗C )).

Using (2.2.2) we get

saf = e−a(0)Da∨(sDaf) (a ∈ Σ, f ∈ O(V ∗C )).
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om (2.4.1)) it follows

〈wf, p〉 = 〈f, pw−1
〉 (w ∈WX , f ∈ O(V ∗C ), p ∈ P (V )C). (2.4.2)

LEMMA 2.4.1. Leta ∈ Σ. Then

∆af =
f − saf

Da∨
(f ∈ O(V ∗C )) (2.4.3)

defines a linear endomorphism ofO(V ∗C ).

The operator∆a (a ∈ Σ) is called amodified BGG-operator. Let α ∈ Σ0. Then
∆α = ∆α on S(V )C ' P (V ∗)C ⊂ O(V ∗C ), (with ∆α is the BGG-operator defined
in (2.2.10)). It is therefore natural to use the notation∆α for ∆α.

PROOF. The operators∆a is a priori a map fromO(V ∗C ) to the space of meromorphic
functionsM(V ∗C ) onV ∗C . We want to show that∆a actually leaves the subspaceO(V ∗C ) ⊂
M(V ∗C ) invariant. Choose complex-linear coordinatesz1, . . . , zn on V ∗C such that we
have

(saf)(z1, . . . , zn) = e−mz1f(−z1, z2, z3, . . . , zn) ∀f ∈ O(V ∗C )

for am ∈ R. Writing out the power series expansion off − saf one sees easily that
f−saf = z1g(z) for ag ∈ O(V ∗C ), whence∆af = g, and therefore also∆af ∈ O(V ∗C ),
what had to be shown. �

LEMMA 2.4.2. (i) Themodified Leibniz rule

∆a(ff ′) = ∆a(f)f ′ + (sDaf)sasDa∆Da(f ′) (a ∈ Σ, f, f ′ ∈ O(V ∗C )) (2.4.4)

holds.
(ii) We have∆a(ff ′)− (sDaf)∆a(f ′) = ∆Da(f)f ′ for a ∈ Σ, f, f ′ ∈ O(V ∗C ).

PROOF. (i) We start with the caseα ∈ Σ0:

∆α(ff ′) = ∆α(f)f ′ + (sαf)∆α(f ′) ∀f, f ′ ∈ O(V ∗C ). (2.4.5)

This follows immediately fromff ′−sα(ff ′) = (f− (sαf))f ′+(sαf)(f ′−sαf
′). The

general case (2.4.4) follows directly from (2.4.5),τ−a(0)Da∨ = sasDa (cf. (2.2.2)) and

∆a(f) =
1− e−a(0)Da∨

Da∨
f + e−a(0)Da∨∆Da(f) (a ∈ Σ, f ∈ O(V ∗C )). (2.4.6)

(ii) Using (2.4.6) we observe thatsasDa∆Da −∆a is multiplication by the function

(1/Da∨)(e−a(0)Da∨ − 1).

Therefore

(sDaf)(sasDa∆Da −∆a)(f ′) = (sasDa∆Da −∆a)(sDaf)f ′

= ((1/Da∨)(sa − sDa))(f)f ′,
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and where we used (2.4.3) for the last equality. Note that also∆a = ∆Da−(1/Da∨)(sa−
sDa), which easily follows from (2.4.6). Together with (2.4.4) these shows

∆a(ff ′)− (sDaf)∆a(f ′) = ∆a(f)f ′ + (sDaf)(sasDa∆Da −∆a)(f ′)

= (∆a +
1

Da∨
(sa − sDa))(f)f ′

= ∆Da(f)f ′.

�

We can reformulate Lemma 2.4.2(ii) by: the operators∆a (a ∈ I) together with
S(V )C ' P (V ∗)C, seen as multiplication operators onO(V ∗C ), satisfy the cross relations
(see (2.2.11)) ofH1, corresponding to multiplicity functionk ≡ 1. This observation will
follow also from the following theorem.

THEOREM2.4.3. LetU be a finite dimensional representation ofWX . The following
uniquely defines a representationδk ofHX

k onO(V ∗C )⊗ U :

δk(v)(f ⊗ u) = (vf)⊗ u (v ∈ V ),

δk(sa)(f ⊗ u) = (saf)⊗ sau+ ka∆a(f)⊗ u (a ∈ I),
δk(ω)(f ⊗ u) = ωf ⊗ ωu (ω ∈ ΩX)

for f ∈ O(V ∗C ), u ∈ U , and withvf ∈ O(V ∗C ) the mapλ 7→ λ(v)f(λ).

PROOF. Consider the injective linear mapξ : O(V ∗C ) −→ P (V )∗C defined by

ξ(f)(p) = 〈f, p〉 = (f(∂)p)(0) (f ∈ O(V ∗C ), p ∈ P (V )C).

Then we have

a) ξ(ev)(p) = p(v) (v ∈ V, p ∈ P (V )C)

b) ξ(wf) = ξ(f) ◦ w−1 (w ∈WX)

c) ξ(vf) = ξ(f) ◦ ∂v (v ∈ V )

d) ξ(∆af) = ξ(f) ◦ I(a) (a ∈ I)

(2.4.7)

Formula a) is a reformulation of〈ev, p〉 = p(v), (b) of (2.4.2), c) of〈vf, p〉 = 〈f, ∂vp〉
and d) of

〈∆a(f), p〉 = 〈f, I(a)(p)〉 (a ∈ Σ, f ∈ O(V ∗C ), p ∈ P (V )C). (2.4.8)

Note that (2.4.8) is a generalization of Lemma 2.3.4(iii) and follows from (2.4.2).
Recall the representationQk of HX

k on P (V )C ⊗ U∗ from Proposition 2.3.7. The
linear anti-involution† allows us to put a leftHX

k -module structure on(P (V )C ⊗ U∗)∗ '
P (V )∗C ⊗ U , and (2.4.7) shows that

ξ(O(V ∗C ))⊗ U ⊂ P (V )∗C ⊗ U
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is aHX
k -submodule. Furthermore, (2.4.7) also shows that the pull back of thisHX

k -
module structure onξ(O(V ∗C ))⊗ U toO(V ∗C )⊗ U under the linear isomorphism

ξ ⊗ idU : O(V ∗C )⊗ U
∼−→ ξ(O(V ∗C ))⊗ U

gives rise to the actionδk.
�

We can now state the duality mentioned at the beginning of the section: the following

〈δk(h†)(f ⊗ u), p⊗ ψ〉 = 〈f ⊗ u,Qk(h)(p⊗ ψ)〉 (h ∈ HX
k ) (2.4.9)

holds forf ⊗ u ∈ O(V ∗C ) andp ⊗ ψ ∈ P (V )C ⊗ U∗. It holds by construction. Com-
pare (2.4.9) with (2.3.7).

2.5. The fundamental representations: topological versions

Recall from Section 2.2.1 that we denote byC the collection of open alcoves inVreg.
For an alcoveC ∈ C we denote byC(C) the vector space of continuous functionsf on
C having a continuous extension to some openCf ⊃ C.

DEFINITION 2.5.1. Let
B(V ) =

∏
C∈C

C(C)

as vector space.

REMARK 2.5.2. We have a natural embeddingB(V ) ↪→ C(Vreg) of vector spaces,
defined by ∏

C∈C
fC 7→ f =

∑
C∈C

χCfC , (2.5.1)

whereχC is the characteristic function ofC ∈ C, and where we viewfC as continuous
function onV by arbitrary choice of continuous extension offC ∈ C(C).

We also have the injectionC(V ) ↪→ B(V ) of vector spaces defined by

f 7→
∏
C∈C

f|C .

We use these identifications repeatedly.
Note thatf ∈ B(V ) ⊂ C(Vreg) has an interpretation as multivalued function onV ,

where forv ∈ V ,
f(v) =

{
lim

C3v′→v
fC(v′)|C ∈ Cv

}
,

whereCv is the finite collection of alcovesC ∈ C such thatv ∈ C.

In the previous section we defined integral-operatorsI(b) : C(V ) −→ C(V ) (see
(2.3.2)) for anyb ∈ Σ. These operators will now be extended to linear endomorphisms of
B(V ).
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DEFINITION 2.5.3 (The integral operator [32]). Let b ∈ Σ, f =
∏

C∈C fC ∈ B(V ),
andD ∈ C. Let(I(b)f)D ∈ Fun(D,C) be the function defined by

(I(b)f)D(v) =
∑
C∈C

∫ b(v)

0

(χCfC)(v − tDb∨)dt ∀v ∈ D. (2.5.2)

LetD ∈ C andb ∈ Σ. LetAD,b be the smallest convex set inV containingD∪ sbD.
ThenAD,b is a compact subset ofV . Furthermore

CD,b := {C ∈ C|C ∩AD,b 6= ∅}

is finite andD ∈ CD,b, henceCD,b is nonempty. Then (2.5.2) indeed defines an element
in Fun(D,C), for the summation in (2.5.2) is actually over the subsetCD,b of C, since
χC(v − tDb∨) = 0 for all v ∈ D, t ∈ [0, b(v)] andC /∈ CD,b. Thus

(I(b)f)D(v) =
∑

C∈CD,b

∫ b(v)

0

(χCfC)(v − tDb∨)dt (v ∈ D). (2.5.3)

With identification ofB(V ) as multivalued functions onV (see Remark 2.5.2), we
have

(I(b)f)(v) =
∫ b(v)

0

f(v − tDb∨)dt (v ∈ V ). (2.5.4)

LEMMA 2.5.4 (Gutkin [32]). Let b ∈ Σ. The assignment

f 7→ I(b)f =
∏
C∈C

(I(b)f)C (f ∈ B(V ))

defines a linear endomorphism ofB(V ). Furthermore, the restriction ofI(b) to C(V )
(resp.C∞(V )) yields linear endomorphisms ofC(V ) (resp.C∞(V )).

PROOF. The first statement follows from (2.5.3), while the second statement follows
from (2.5.4). �

REMARK 2.5.5. In the proof of [32, Theorem 2.7] it is claimed that the integral-
operatorsI(b) (b ∈ Σ), in Gutkin’s notation, preserveCB∞(V ). This is not correct
however.

Consider the following measureµE (E standing for Euclidean) onV . Choose an
orthonormal basisη1, . . . , ηn for (V, 〈, 〉). Then(V, 〈, 〉) is isomorphic toRn (with the
standard inner product onRn) as Euclidean spaces via the mapΨ defined byei 7→ ηi

(i = 1, . . . , n), and withe1, . . . , en the standard basis forRn. The measureµE is by
definition the forward of the standard Lebesgue measureµLeb on Rn, i.e. µE is the
unique measure onV such that

µLeb(A) = µE(Ψ(A))
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holds for every Lebesgue measurable setA in Rn. It is independent of the choice of
orthonormal basis. TheL1-norm of a functiong ∈ L1(V, dµE) is denoted by

‖g‖1 =
∫

V

|g(v)| dµE(v).

Note thatµE is a Haar measure on the locally compact abelian groupV (the group struc-
ture being addition).

We now topologize the vector spaceB(V ).

DEFINITION 2.5.6. For anyC ∈ C we put theL1-topology with respect to the mea-
sureµE onC(C) ⊂ L1(C, dµE). The topology onB(V ) =

∏
C∈C C(C) is taken to be

the product topology.

REMARK 2.5.7. The topological spaceC(C) (C ∈ C) is a metric space, and there-
fore first-countable and Hausdorff. Since the collectionC of alcoves is countable, and
the countable product of first-countable (resp. Hausdorff) spaces is first-countable (resp.
Hausdorff), the topological spaceB(V ) is first-countable and Hausdorff. In particular
a mapΛ : B(V ) −→ Y , with Y a topological space, is continuous if and only ifΛ is
sequential continuous. (The reader is referred to [61], in particular paragraph 30 therein).

LEMMA 2.5.8. Let b ∈ Σ. The linear endomorphismI(b) : B(V ) −→ B(V ) is
continuous.

PROOF. Denote byprD (D ∈ C) the projection ofB(V ) =
∏

C∈C C(C) on the
componentC(D), i.e.

∏
C∈C fC 7→ fD. For a topological spaceY , a mapΛ : Y −→

B(V ) is continuous if and only ifprD ◦ Λ is a continuous map fromY to C(D) for all
D ∈ C. Taking forY = B(V ) and using (2.5.3) we get the desired result.

�

LEMMA 2.5.9. P (V )C ⊂ B(V ) is dense.

PROOF. Let f ∈ B(V ). Fix a finite number of alcovesC1, . . . , Cm. We have to
show that for allε > 0 there existsp ∈ P (V )C such that

‖χCj
fCj

− pχCj
‖1 < ε ∀j = 1, 2, · · ·m in L1(Cj).

Let ξ > 0 andM = max
(∣∣∣fCj

(v)
∣∣∣ |v ∈ Cj , j = 1, 2, . . .m

)
.

Set also

H =
m∑

j=1

∫
Cj

dµE(v) = µE(C1 ∪ · · · ∪ Cm).

LetCξ
j ⊂ Cj (j = 1, . . . ,m) be compact and such that

m∑
j=1

µE(Cj\Cξ
j ) < ξ.
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Let fξ be a continuous function on∪m
j=1Cj , uniformly bounded byM , such that

fξ |∪m
j=1Cξ

j
= f|∪m

j=1Cξ
j

(sofξ |Cξ
j

= fCj |Cξ
j

∀j).

By Stone-Weierstrass theorem on approximation of continuous functions by polynomials
on compacta there is apξ ∈ P (V )C such that

max
v∈∪m

j=1Cj

|pξ(v)− fξ(v)| < ξ.

Then
m∑

j=1

‖χCj
fCj

− pξχCj
‖1 =

m∑
j=1

∫
Cj

|f(v)− pξ(v)| dµE(v)

≤
∫
∪m

j=1Cj

|f(v)− fξ(v)| dµE(v)

+
∫
∪m

j=1Cj

|fξ(v)− pξ(v)| dµE(v)

≤
∫
∪m

j=1(Cj\Cξ
j )

|f(v)− fξ(v)| dµE(v) +Hξ

≤ 2MµE(∪m
j=1Cj\Cξ

j ) +Hξ

≤ (2M +H)ξ,

and this goes to zero asξ goes to zero. �

REMARK 2.5.10. Another natural topology onB(V ) is the product topology∏
C∈C C(C), with the topology of uniform convergence on the componentsC(C) (C ∈

C). However, with respect to this topology the subspaceP (V )C is not dense inB(V ).

LetX be a lattice inV betweenQ∨ andP∨, andU a finite dimensional representa-
tion of the affine Weyl groupWX .

The topology we put onB(V,U) = B(V )⊗U is the tensor product topology (which
simplifies enormously due to the finite dimensionality ofU ).

The spaceB(V,U) admits a natural embedding as multi-valuedU -valued functions
onVreg in an obvious way (see Remark 2.5.2 and (2.5.1)).

The groupWX acts onB(V ):

(fw)D = fw−1D(w−1·) ∀w ∈WX , f =
∏
C∈C

fC ∈ B(V ), D ∈ C. (2.5.5)

WhenB(V ) is interpreted as multivalued functions onV , the action (2.5.5) ofWX can
be written as

(fw)(v) =
{

lim
C3v′→v

f(w−1v′)|C ∈ Cv

}
∀v ∈ V.
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Note thatWX acts onB(V ) by continuous operators. Hence the integral-reflection
operators

Qk(sa) = sa ⊗ sa + kaI(a)⊗ idU (a ∈ I)
and the operators

Qk(ω) = ω ⊗ ω (ω ∈ ΩX)
define continuous linear endomorphisms ofB(V,U), with invariant subspacesC(V,U)
andP (V,U).

LEMMA 2.5.11. P (V,U) is dense inB(V,U).

PROOF. SinceU is finite dimensional, this follows directly from Lemma 2.5.9.�

TheQk-representation (see Theorem 2.3.7) ofWX onP (V,U) can be extended to a
representation ofWX onB(V,U).

THEOREM 2.5.12. The following defines uniquely a representationQk of WX on
B(V,U):

sa 7→ Qk(sa) (a ∈ I),
ω 7→ Qk(ω) (ω ∈ ΩX).

Furthermore,C(V,U) andC∞(V,U) are invariant subspaces.

PROOF. The operatorsQk(sa) (a ∈ I), Qk(ω) (ω ∈ ΩX ) (and hence also composi-
tions of these operators) are continuous linear endomorphisms ofB(V,U) by Lemma 2.5.8.
We know (Theorem 2.3.7) that the assignments (i) and (ii) define aWX -action on the
subspaceP (V,U) of B(V,U). Use now Lemma 2.5.11 and the first-countability of the
topology ofB(V ) (see also Remark 2.5.7) to conclude that the defining relations ofWX

for the operators extend continuously fromP (V,U) toB(V,U). �

A WX -submoduleM ⊂ C(V,U) with respect to theQk-action will be denoted by
MQk

.

THEOREM 2.5.13. The following defines uniquely a representationQk of HX
k on

C∞(V,U):

v 7→ ∂v ⊗ idU (v ∈ V ),

sa 7→ Qk(sa) (a ∈ I),
ω 7→ Qk(ω) (ω ∈ ΩX).

PROOF. It is immediate thatv 7→ ∂v⊗idU (v ∈ V ) uniquely defines a representation
of S(V )C onC∞(V )⊗ U . Because of Theorem 2.5.12 and the defining relations ofHX

k

(see Theorem 2.2.2) it therefore suffices to check the cross relations

Qk(ω)(∂v ⊗ idU ) = (∂Dωv ⊗ idU )Qk(ω) (ω ∈ ΩX , v ∈ V ) (2.5.6)

and

Qk(sa)b(∂v ⊗ idU )− (∂sDav ⊗ idU )Qk(sa) = kaDa(v) (a ∈ I, v ∈ V ) (2.5.7)
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as operators onC∞(V )⊗ U . Relation (2.5.6) follows directly from (2.3.11), and (2.5.7)
follows from (2.3.11) and

I(a)∂v − ∂sDavI(a) = Da(v) (a ∈ I, v ∈ V ) (2.5.8)

as operators onC∞(V ), which follows from a direct calculation using (2.3.4) (or see [32,
Lemma 2.1]). �

We will also use the notationMQk
to indicate that a subspaceM ⊂ C∞(V,U) is a

HX
k -submodule with respect to theQk-action.

REMARK 2.5.14. Proceeding similar as in Remark 2.3.6 we get a finite type Hecke
algebraH(0)

k version of Theorem 2.5.13. The corresponding representation ofH
(0)
k is

denoted byQ0
k.





CHAPTER 3

Vector-valued integrable systems with delta-potentials

3.1. Introduction

Given any affine root systemΣ, Gutkin and Sutherland [36], [77] defined a quantum
integrable system whose Hamiltonian−∆+V has a potentialV expressible as a weighted
sum of delta-functions at the affine root hyperplanes ofΣ. For the affine root system of
typeA, the quantum integrable system essentially reduces to the quantum Bose-gas on
the circle with pair-wise delta-function interactions, which has been subject of intensive
studies over the past 40 years.

The special case of the impenetrable Bose-gas on the circle was exactly solved by
relating the model to the free Fermi-gas on the circle (see Girardeau [29]). Soon after-
wards fundamental progress was made for arbitrary pair-wise delta function interactions
by Lieb & Liniger [56], Yang [80] and Yang & Yang [81], leading to the derivation of the
associated Bethe ansatz equations and Bethe ansatz eigenfunctions.

One of the aims of this chapter is to formulate vector-valued (i.e. the wave func-
tions of the quantum systems takes values in a certain representation space) versions of
Gutkin’s and Sutherland’s quantum integrable systems associated to affine root systems.
We furthermore generalize and extend the results of Gutkin [32] to the vector-valued sys-
tem.

Quantum Calogero-Moser systems are root system generalizations of quantum Bose-
gases on the line or circle with long range pair-wise interactions. In special cases quantum
Calogero-Moser systems naturally arose from harmonic analysis on symmetric spaces. A
decisive role in the studies of quantum Calogero-Moser systems has been played by cer-
tain non-bosonic analogs of these systems, which are defined in terms of Dunkl-type com-
muting differential-reflection operators. Degenerate double affine Hecke algebras natu-
rally appear here as the fundamental objects governing the algebraic relations between the
Dunkl-type operators and the natural Weyl group action.

In this chapter we define vector-valued Dunkl-type commuting differential-reflection
operators associated to the root system generalizations of the quantum Bose-gas with
delta-function interactions. We furthermore show that the Dunkl-type operators, together
with the natural affine Weyl group action (cf. (2.2.8)) realize a faithful representation of
the Hecke algebraH on certain vector-valued function spaces. These results show that
these quantum integrable systems with values in the trivial representation (also called the
scalarcase) naturally fit into the class of quantum Calogero-Moser integrable systems, a

47
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point of view which also has been advertised from the perspective of harmonic analysis
in [40, Sect. 5].

The quantum integrable systems under consideration for affine root systemsΣ of
classical type still have reasonable physical interpretations in terms of interacting one-
dimensional quantum bosons. In these cases various results of the present chapter can be
found in the vast physics literature on this subject. We will give the precise connections
to the literature in the main body of the text.

The contents of the chapter is as follows. Section 2 is meant to introduce the quantum
integrable systems and to state and clarify the results on the associated spectral problem.
We formulate the spectral problem for the quantum integrable systems under considera-
tion as an explicit boundary value problem.

In Section 3 we formulate for the scalar case the analog of Girardeau’s equivalence
between the impenetrable Bose-gas and the free Fermi-gas on the circle for the quantum
integrable systems under consideration.

In Section 4 we introduce vector-valued Dunkl-type commuting differential-reflection
operators and show that they realize, together with the natural affine Weyl group ac-
tion (2.2.8), a faithful realization of the Hecke algebraH (corresponding to the appro-
priate lattice and multiplicity function) as defined in the previous chapter. In Section 2.5
we showed that integral-reflection operators, together with the ordinary directional deriva-
tives, yield an realization ofH. In Section 5 it is shown that Gutkin’s [32] propagation
operator can be extended to vector-valued systems. It is furthermore shown that this op-
erator establishes an equivalence between these two realizations ofH. We furthermore
show that the Dunkl operators naturally act on a space of vector-valued functions with
higher order normal derivative jumps over the affine root hyperplanes.

In Section 6 we return to the boundary value problem of Section 2. Using the Hecke-
type algebraH we extend (and in the scalar case also refine) Gutkin’s [32] generalization
of Girardeau’s equivalence between the boundary value problem for the impenetrable
Bose gas and the boundary value problem for the free Fermi-gas as formulated in Sec-
tion 3 to vector-valued systems. The results in this section entail that the boundary value
problem is equivalent to a boundary value problem with trivial boundary value conditions,
at the cost of having to deal with the non-standard affine Weyl group actionQ as defined
in Section 2.2.

In Section 7 we study the reformulated boundary value problem for generic spectral
parameters. It is shown that, genericallly, a spectral parameter is contained in the spec-
trum of the system if and only certain Bethe ansatz equations, a family of transcendental
equations, are satisfied. Section 8 deals with the case of positive multiplicity function and
the integrable system taking values in a finite dimensional unitary representation. With
the aid of the Bethe ansatz equations it is shown that, generically, the spectrum of the
system is purely imaginary. For the scalar case a finer analysis shows that these results
holds not only generically but always. The details of this analysis one can find in the next
chapter.
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3.2. The boundary value problem

We use the notations and definitions from the previous chapter implicitly. In particu-
larX always denotes a lattice betweenQ∨ andP∨. In this section we attach to any finite
dimensional representationU of the affine Weyl groupWX a vector-valued integrable
system with delta-potential. Then we reformulate the spectral problem of this integrable
system in terms of a concrete boundary value problem. ForU the trivial representation
we recover Gutkin’s [32] reformulation of the spectral problem for periodic integrable
systems with delta-potentials in terms of a concrete boundary value problem.

REMARK 3.2.1. The space of functions, boundary value problems, Hamiltonians and
operators we consider will thus be dependent of the representationU ofWX . For the case
thatU is the trivial representation, we reserve the adjectivescalar. For generalU , the
adjectivevector-valuedis used.

We also adopt the convention that in any notation depending on a representationU of
WX , we supress theU from this notation ifU = Ctriv. HereCtriv denotes by the trivial
represenation ofWX . For example:C(V,Ctriv) = C(V ).

The quantum integrable system which we will define now in a moment depends on a
multiplicity function as defined in Definition 2.2.1. In the context of integrable systems
(of classical type) such functions have the interpretation of coupling constants. We fix
such a multiplicity functionk : Σ −→ C.

If D is a constant coefficient differential operator onV (say acting onC∞(V )), the
U -valued constant coefficient differentialD⊗ idU (say acting onC∞(V,U) = C∞(V )⊗
U ) is also denoted byD, unless stated otherwise.

We define the vector-valued quantum HamiltonianHk by

Hk = −∆ +
∑
a∈Σ

kaδ(a(·))⊗ sa, (3.2.1)

whereδ is the Dirac delta-function. Here we interpretHk as a linear mapC(V,U) →
D′(V,U), with D′(V,U) = D′(V ) ⊗ U the space ofU -valued distributions onV (the
concept of vector-valued distributions as defined by Schwartz [70] simplifies due to the
fact thatU is finite dimensional), as(
Hk(f⊗u)

)
(φ) := −

∫
V

f(v)
(
∆φ
)
(v)dµE(v)⊗u+

∑
a∈Σ

ka

‖Da∨‖

∫
Va

f(v)φ(v)dav⊗sau

(3.2.2)
for a test functionφ, with dµE(v) the Euclidean volume measure onV (see also the
paragraph coming before Definition 2.5.6) anddav (a ∈ Σ+) the corresponding volume
measure on the root hyperplaneVa.

The quantum HamiltonianHk and the associated quantum physical system has been
studied for the scalar case in e.g. see [77], [36], [32]. A key step in these investigations is
the reformulation of the spectral problem forHk in terms of an explicit boundary value
problem for the Laplacean∆ on V . We will extended this reformulation to the general
vector-valued case in a moment.
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The general vector-valued case has been studied for finite classical root systems in the
context of quantum mechanical systems of particles with spin in [3] (type A), [31](type
A, fermionic theory), [53] (bosonic theory).

DEFINITION 3.2.2. For a compact subsetA of V with nonempty interior we define
C1(A) to be the vector space of functionsf onA that have a continuously differentiable
extension to some openAf ⊃ A. Consider the vector subspace

B1(V ) =
∏
C∈C

C1(C)

ofB(V ). LetCB1(V ) = C(V ) ∩B1(V ).

DEFINITION 3.2.3. Let C1,(k)(V,U) be the space of functionsf ∈ CB1(V,U)
which satisfy the derivative jump conditions(

∂Da∨f
)
(v + 0Da∨)−

(
∂Da∨f

)
(v − 0Da∨) = 2kasa

(
f(v)

)
(3.2.3)

(as identities inU ) for sub-regular vectorsv ∈ Va (a ∈ Σ+).

REMARK 3.2.4. Note that the convention (2.2.6) breaksdown forZ(V ) = C1,(k)(V ),
i.e. we have in generalC1,(k)(V,U) 6= C1,(k)(V )⊗ U .

PROPOSITION3.2.5. For f ∈ CB1(V,U) andE ∈ C the following two statements
are equivalent.
(i) Hkf = Ef asU -valued distributions onV .
(ii) f ∈ C1,(k)(V,U) and∆f |Vreg = −Ef |Vreg asU -valued distributions onVreg.
A functionf ∈ CB1(V,U) satisfying these equivalent conditions is smooth onVreg.

PROOF. The first part of the proposition follows from a straightforward application
of Green’s identity (cf. the proof of [32, Theorem 2.7]). Since the constant differential
operator∆ + E is (hypo)elliptic is,(∆ + E) ⊗ idU only acts on the first component of
CB1(V )⊗ U andU is finite dimensional, the last statement of the proposition follows.

�

The quantum physical system with quantum HamiltonianHk is known to be inte-
grable. The spectral problem for the associated quantum quantum conserved integrals
can be translated into the following boundary value problem (for the scalar case, see
also [36], [32]).

DEFINITION 3.2.6. Fix a spectral parameterλ ∈ V ∗C . We denoteBVPk(λ,U) for
the space of functionsf ∈ C1,(k)(V,U) solving (in distributional sense) the system

p(∂)f
∣∣
Vreg

= p(λ)f
∣∣
Vreg

∀ p ∈ S(V )W0 (3.2.4)

of differential equations away from the root hyperplane configurationVirreg =
⋃

a∈Σ+ Va.

REMARK 3.2.7. TheW0-invariant constant coefficient differential operatorp2(∂)
associated to the polynomialp2(·) = ‖ · ‖2 ∈ P (V ∗)W0 is the Laplacean∆ onV . Now
Proposition 3.2.5 implies that a functionsf ∈ BVPk(λ,U) is smooth onVreg and satisfies
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the differential equations (3.2.4) in the strong sense. The fact thatf is an eigenfunction
of all W0-invariant constant differential operators onVreg in fact implies thatf|C is the
restriction of a (necessarily unique) analyticU -valued function onV for all alcovesC ∈
C, see [75].

Recall theπ-action (2.2.8) ofWX on the spaceFun(V,U) of functions fromV toU ,
i.e.

(π(w)f)(v) = w(fw(v)) = w(f(w−1v)) (w ∈WX , f ∈ Fun(V,U), v ∈ V ).

A function f ∈ C1,(k)(V,U) automatically satisfies the jump conditions (3.2.3) for
v ∈ Vb sub-regular andb ∈ Σ−. Hence the spaceC1,(k)(V,U) does not dependent on
the choice of positive rootsΣ+ in Σ. Since alsoω(Σ) = Σ (ω ∈ ΩX ) holds, we can
and will interpretC1,(k)(V,U)π andCB1(V,U)π asWX -submodules ofC∞(Vreg, U)π.
The subspace BVPk(λ,U) ⊂ C1,(k)(V,U) is aWX -submodule ofC1,(k)(V,U) under
theπ-action because of Proposition 2.2.7 and (2.3.11).

The central theme of this chapter is the study of the subspace BVPk(λ,U)W
π ⊂

BVPk(λ,U) of π(W )-invariant solutions.

EXAMPLE 3.2.8 (Scalar free casek ≡ 0 ). A function f ∈ BVP0(λ) (recal the
convention from Remark 3.2.1) is a weak eigenfunction of the Laplacean∆ = p2(∂) on
V with eigenvaluep2(λ), cf. the proof of [32, Thm. 2.7]. The regularity theorem for
elliptic differential operators now implies thatf is smooth. Consequently BVP0(λ)W is
the solution space to the spectral problem for the free bosonic quantum integrable system
on V/Q∨ associated to the Laplacean∆ on V . It is easy to show that BVP0(λ)W is
zero-dimensional unlessλ ∈ 2πiP , in which case it is spanned by the plane wave

φλ,0 =
1

#W0

∑
w∈W0

ewλ

(cf. with the analysis in the impenetrable casek ≡ ∞ in Section 3.3).

For any abelian groupA, we denote bŷA the unitary dualHomZ(A,S1) of A.
For root systemsΣ0 with propertyQ∨ 6= P∨ (i.e. all types, exceptΣ0 of type

E8, F4 and G2) the space BVPk(λ,U)W
π decomposes into nontrivial̂X/Q∨-isotypical

components. To make this statement precise we start with the following lemma.

LEMMA 3.2.9. The groupΩX is a finite abelian group isomorphic toX/Q∨. An
isomorphim : X/Q∨ ∼−→ ΩX of groups is defined as follows:(x + Q∨) = ωx, with
ωx ∈ τxW the unique representative inΩX . In particular x + Q∨ 7→ ωxW defines an
isomorphismX/Q∨

∼−→WX/W of groups.

DEFINITION 3.2.10. LetM be aWX -module, For a subgroupG ofWX the subpace
of elements inM fixed byG is denoted byMG, i.e. MG = {m ∈ M |gm = m ∀g ∈
G}. Letχ ∈ X̂/Q∨. We set

MW,χ := {m ∈MW |τxm = χ(x+Q∨)m ∀x ∈ X}
= {m ∈M |wτxm = χ(x+Q∨)m ∀w ∈W0, x ∈ X}.
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In particular,MWX = MW,triv and the chain of inclusions

MW,χ ⊂MW ⊂MW0 ⊂M (3.2.5)

holds.

LEMMA 3.2.11. For aWX -moduleM the subspaceMW ofM is aWX -submodule

and decomposes intô(X/Q∨)-isotypical components, i.e.

MW =
⊕

χ∈ ̂(X/Q∨)

MW,χ, (3.2.6)

PROOF. ThatMW is aWX -module, follows becauseW is a normal subgroup of
WX . The decomposition (3.2.6) follows from the last statement of Lemma 3.2.9 and
general representation theoretic considerations. �

Let us apply Lemma 3.2.11 to theWX -module BVPk(λ,U)π. We get

BVPk(λ,U)W
π =

⊕
χ∈ ̂(X/Q∨)

BVPk(λ,U)W,χ
π , (3.2.7)

with

BVPk(λ,U)W,χ
π = {f ∈ BVPk(λ,U)W

π |π(τx)f = χ(x+Q∨)f ∀x ∈ X}
= {f ∈ BVPk(λ,U)|π(wτx)f = χ(x+Q∨)f ∀w ∈W0, x ∈ X}.

Call aU -valued functionf , (W,χ)-invariant ifπ(wτx)f = χ(x+Q∨)f for all w ∈ W0

andx ∈ X.

EXAMPLE 3.2.12. Consider the case:χ is trivial andτ(X) ⊂WX acts trivial onU .
In this case

BVPk(λ,U)W,χ
π = BVPk(λ,U)WX

π = {f ∈ BVPk(λ,U)| fτx = f ∀x ∈ X}W0
π .

Hence in this case the study ofπ(W,χ)-invariant solutions amounts to studying the as-
sociated bosonic theory underX-periodicity constraints (or equivalently, we view the
vector-valued quantum system on the torusV/X).

The quantum Hamiltonian (3.2.1) forΣ0 of type An takes the explicit form

−∆ + k
∑
m∈Z

∑
1≤i 6=j≤n+1

δ(xi − xj +m)

in the scalar case. Here we have embeddedV into Rn+1 as the hyperplane defined by

x1 + · · · + xn+1 = 0. Although studying the(W,χ)-invariant (χ ∈ X̂/Q∨) solu-
tions to the boundary value problem is similar to the study of the spectral problem for
the system describingn + 1 quantum spinless bosons on the circle with pair-wise delta-
function interactions, they do not follows from each other directly. By generalizing the
constructions of this chapter to more general root systems [57], a precise connection can
be made. This system on the circle has been extensively studied in the physical literature,
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see e.g. [29, 56, 80, 81, 26, 47] (scalar case) and [23],[80] (spin-12 fermions). The up-
grade to other classical root systems amounts to adding particular reflection terms to the
physical model, see e.g. [72], [9], [28], [43], [53] and [62].

We call the spectral parameterλ ∈ V ∗C = V ∗ + iV ∗ regular ifλ(α∨) 6= 0 for all α ∈
Σ0. We callλ singular otherwise. The set of regular spectral parameters isW0-invariant
and is denoted byV ∗C,reg. Furthermore,λ is called real (respectively purely imaginary) if
λ ∈ V ∗ (respectivelyλ ∈ iV ∗). The set of all regular real spectral parameters is denoted
by V ∗reg.

DEFINITION 3.2.13. Letχ ∈ X̂/Q∨. Thespectrumassociated toχ is the set

Sk(U, χ) := {λ ∈ V ∗C |BVPk(λ,U)W,χ
π 6= {0}}.

Theregular spectrumassociated toχ is the setSreg
k (U, χ) = Sk(U, χ) ∩ V ∗C,reg. When

X = Q∨ we writeSk(U) (respectivelySreg
k (U)) for the spectrum (respectively the regu-

lar spectrum).

Note that by (3.2.7)
Sk(U) = ·⋃

χ∈X̂/Q∨

Sk(U, χ). (3.2.8)

A spectral parameterλ ∈ V ∗C is called generic if

λ(α∨) 6= ±kα ∀α ∈ Σ0. (3.2.9)

The set of generic spectral parametersλ ∈ V ∗C isW0-invariant becausek isW0-invariant.
Note that “generic” and “regular” are concepts that do not depend onU ,X andχ.

Two of the main results of this chapter are Theorem 3.7.16 and Theorem 3.8.3. The-

orem 3.7.16 states that for generic regularλ ∈ V ∗C andχ ∈ X̂/Q∨, the spectral parameter
λ is contained in the regular spectrumSreg

k (U, χ) iff λ satisfies certain Bethe ansatz equa-
tions (3.7.22), a family of transcendental equations.

Theorem 3.8.3 states that ifU is aunitary finite dimensional representation ofWX

andk a strictly positivemultiplicity function, then a necessary condition for a generic
regular spectral parameterλ to be in aSreg

k (U, χ) is thatλ is purely imaginary, i.e.λ ∈
iV ∗.

3.3. Generalization of Girardeau’s isomorphism

Let Cω(V ) be the space of real analytic functions onV , which we consider as a
W -module with respect to the usual action (2.2.7). Consider forλ ∈ V ∗C the space

E(λ) = {f ∈ Cω(V ) | p(∂)f = p(λ)f ∀ p ∈ S(V )W0
C }, (3.3.1)

which is aW -submodule ofCω(V ) under the usual action (2.2.7). We observed in Ex-
ample 3.2.8 that

E(λ) = BVP0(λ), λ ∈ V ∗C . (3.3.2)

In this section we give a convenient description of the solution space BVPk(λ)W of
the boundary value problem (Definition 3.2.6) in terms of the space of invariants inE(λ)
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with respect to thek-dependentW -actionQk (cf. Theorem 2.5.12). We will view this re-
sult as a natural generalization of Girardeau’s [29] equivalence between the impenetrable
quantum Bose-gas and the free quantum Fermi-gas on the circle to arbitrary root systems
and to arbitrary multiplicity functionsk. In order to convey the essence, while the tech-
nical details are kept to a minimum, we restrict ourselves in this expository section to the
scalar case. Later in this chapter the general vector-valued case is considered.

We start by generalizing Girardeau’s [29] results on the impenetrable quantum Bose-
gas on the circle (which relates to the extremal casek ≡ ∞ and to the affine root system
of type A) to arbitrary affine root systems.

We denoteE(λ)−W for the space of functionsf ∈ E(λ) satisfyingf(w−1v) =
(−1)l(w)f(v) for all w ∈ W andv ∈ V . Since translationsµ ∈ Q∨ ⊂ W have even
length,E(λ)−W consists ofQ∨-translation invariant functions. In particular,E(λ)−W is
the solution space to the spectral problem for free fermionic quantum integrable system
onV/Q∨ associated to the Laplacean∆ onV .

Following the analogy with Girardeau’s [29] analysis of the impenetrable quantum
bosons on the circle, we define now a linear mapG : Cω(V ) → C(V )W by(

Gf
)
(w−1v) := f(v), w ∈W, v ∈ C+. (3.3.3)

The mapG is injective: forg ∈ C(V )W in the image ofG, the functionG−1g is the
unique real analytic continuation ofg|C+ to V .

For k ≡ ∞ we interpret the boundary conditions (3.2.3) asf |Va ≡ 0 for all a ∈
Σ+. The solution spaces BVP∞(λ)W of the associated boundary value problem (see
Definition 3.2.6) can now be analyzed as follows.

PROPOSITION3.3.1. For λ ∈ V ∗C the mapG restricts to a linear isomorphismG :
E(λ)−W ∼−→ BVP∞(λ)W .

PROOF. A function f ∈ E(λ)−W vanishes on the root hyperplanesVa (a ∈ Σ+),
hence so doesg := G(f) ∈ C(V )W . The functiong furthermore satisfies the differential
equations (3.2.4), henceg ∈ BVP∞(λ)W .

Forg ∈ BVP∞(λ)W we definef = G̃(g) ∈ C(V )−W byf(w−1v) := (−1)l(w)g(v)
for w ∈ W andv ∈ C+. This is well defined sinceg vanishes on the root hyperplanes
Va (a ∈ Σ+). Sincef is W -alternating we havef ∈ C1,(0)(V ). The functionf sat-
isfies the differential equations (3.2.4), hencef ∈ BVP0(λ)−W = E(λ)−W , where the
last equality follows from (3.3.2). The proof is now completed by observing thatG̃ :
BVP∞(λ)W → E(λ)−W is the inverse of the mapG : E(λ)−W → BVP∞(λ)W . �

For root systemΣ0 of typeA, Proposition 3.3.1 is due to Girardeau [29].
For the generalization of Proposition 3.3.1 to arbitrary multiplicity functionk it is

convenient to reinterpret the spaceE(λ)−W as follows. Given a reduced expressionw =
si1si2 · · · sil(w) for w ∈W\{e}, the operator

Q∞(w) = lim
k→∞

k−1
w Qk(w) (3.3.4)
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is well-defined because of the specific form ofQk. Herekw := kai1
kai2

. . . kail(w)
for a

reduced expressionw = si1si2 · · · sil(w) . Recall the integral operatorsI(a) from Chap-
ter 2 (cf. (2.3.2)) acting onC(V ). Then

Q∞(w) = I(ai1)I(ai2) · · · I(ail(w)) (w ∈W\{e})

holds, wherew = si1si2 · · · sil(w) is a reduced expression. In fact, the integral operators
I(a) (a ∈ I) satisfy the braid relations ofΣ with respect to the fixed basisI of Σ. Fur-
thermore the limit (3.3.4) shows that the quadratic relationsI(a)2 = 0 holds fora ∈ I
(see also [34]).

Denote

E(λ)W
Q∞ := {f ∈ E(λ) |Q∞(w)f = 0, ∀w ∈W \ {e}}.

We now have the following simple observation.

LEMMA 3.3.2. For f ∈ C(V ) andb ∈ Σ we havesbf = −f if and only ifI(b)f = 0.
In particular,E(λ)−W = E(λ)W

Q∞
for all λ ∈ V ∗C .

PROOF. It is immediate thatI(b)f = 0 if sbf = −f . Conversely, supposeI(b)f =
0. It follows from (2.3.4) and (2.5.8) that

∂Db∨I(b) = 1 + sb (3.3.5)

holds as operators onC∞(V ) (or C(V ), which is easily seen). Applied tof we obtain
sbf = −f . �

By Lemma 3.3.2, Proposition 3.3.1 can be reformulated as the statement that the map
G yields an isomorphism

G : E(λ)W
Q∞

∼−→ BVP∞(λ)W . (3.3.6)

The generalization of (3.3.6) for arbitrary multiplicity functionk is now the statement
that the mapG restricts to a linear isomorphism

G : E(λ)W
Qk

∼−→ BVPk(λ)W (3.3.7)

for arbitrary positive multiplicity functionk, whereE(λ)W
Qk

is the subspace ofQk(W )-
invariant functions inE(λ). The proof of the isomorphism (3.3.7) (for the vector valued
version) will be given in Section 3.6.

In order to reveal the full symmetry structures underlying the isomorphism (3.3.7),
we will consider the upgrade of the mapG to ak-dependent linear endomorphismTk of
C(V ) which intertwines theQk(W )-action with the usualW -action (2.2.7), and which
acts asG when applied toQk(W )-invariant functions. The map which does the job
for the scalar case is Gutkin’s [32] propagation operator, defined by

(
Tkf

)
(w−1v) =(

Qk(w)f
)
(v) for w ∈ W andv ∈ C+ (see also (3.5.1) ) The propagation operatorTk

now restricts to an isomorphism

Tk : E(λ) ∼−→ BVPk(λ) (3.3.8)
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for all λ ∈ V ∗C (cf. [32] and Theorem 3.6.4), which implies (3.3.7) by restricting to the
subspaces ofW -invariant functions. In Section 3.6 we generalize (3.3.8) and (3.3.7) (cf.
Theorem 3.6.4) to the vector-valued case.

3.4. Dunkl operators

It is well known that conserved integrals for quantum integrable systems of Calogero-
Moser type can be conveniently expressed in terms of Dunkl-type operators, which are
explicit commuting first-order differential-reflection operators, see e.g. [38], [19] and
[8]. The Dunkl operators, together with the usual Weyl group action, form a faithful
representation of suitable degenerations of affine Hecke algebras, see [63, Cor. 2.9].
The exploration of these structures has been instrumental in solving the corresponding
quantum integrable systems.

In this section we derive the Dunkl-type operators and the underlying Hecke alge-
bra structures for the vector-valued quantum integrable systems with delta-potentials as
introduced in Section 3.2.

In this sectionX denotes as usual a lattice betweenQ∨ andP∨, andU a finite
dimensional representation ofWX .

We initially define the Dunkl operators as explicit differential-reflection operators
on the spaceC∞(Vreg, U) = C∞(Vreg) ⊗ U of smoothU -valued functions onVreg.
In Section 3.6 we obtain the key result that these Dunkl operators act on the solution
space BVPk(λ,U) to the boundary value problem. Together with theπ-action (2.2.8) of
WX , the space BVPk(λ,U) becomes a module over the associated graded algebraHX

k

of Cherednik’s (suitably filtered) degenerate double affine Hecke algebra (see [9] and
Theorem 2.2.2).

We denoteχ : R \ {0} → {0, 1} for the characteristic function of the interval
(−∞, 0), soχ(x) = 1 if x < 0 andχ(x) = 0 if x > 0. For a ∈ Σ the function
χa(v) := χ(a(v)) (v ∈ Vreg) defines a smooth function onVreg, which is constant on the
alcovesC of Vreg. In fact, forw ∈W anda ∈ Σ+ we have

χa|w−1C+ ≡

{
1 if wa ∈ Σ−

0 if wa ∈ Σ+,
(3.4.1)

henceχa is nonzero on a given alcovew−1C+ (w ∈ W ) for only finitely many positive
rootsa ∈ Σ+. The vector-valued Dunkl-type operators

Dk
v = ∂v +

∑
a∈Σ+

kaDa(v)χa(·)π(sa) (v ∈ V ), (3.4.2)

thus define linear operators onC∞(Vreg, U), which depend linearly onv ∈ V , and where
π(sa) = sa ⊗ sa (cf. subsection 2.2.3). Forf ∈ C∞(Vreg, U) andw ∈ W we have by
(3.4.1)

Dk
vf |w−1C+ =

(
∂vf +

∑
a∈Σ+∩w−1Σ−

kaDa(v)π(sa)f
)∣∣∣∣

w−1C+

. (3.4.3)
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In particular, for the fundamental alcoveC+ we simply have

Dk
vf |C+ = ∂vf |C+ . (3.4.4)

The Dunkl operatorsDk
v (v ∈ V ) and theπ-action (2.2.8) ofWX onC∞(Vreg, U) satisfy

the following fundamental commutation relations.

THEOREM 3.4.1. (i) We have the cross relation

π(sa)Dk
v = Dk

sDavπ(sa) + kaDa(v), v ∈ V, a ∈ I.

(ii) The Dunkl operatorsDk
v (v ∈ V ) pair-wise commute.

(iii) We have the cross relation

π(ω)Dk
v −Dk

Dω(v)π(ω) = 0 v ∈ V, ω ∈ ΩX .

PROOF. (i) Fix v ∈ V anda ∈ I. By a direct computation we have

π(sa)Dk
vπ(sa) = ∂sDav +

∑
b∈saΣ+

kbDb(sDav)χb(·)π(sb).

SincesaΣ+ =
(
Σ+ \ {a}

)
∪ {−a} we obtain

π(sa)Dk
v = Dk

sDavπ(sa)− kaDa(sDav)
(
χa(·) + χ−a(·)

)
= Dk

sDavπ(sa) + kaDa(v),

which is the desired cross relation.
(ii) We derive the commutativity of the Dunkl operatorsDk

v (v ∈ V ) as a direct
consequence of (3.4.4) and the cross relation. Letf ∈ C∞(Vreg, U) andv, v′ ∈ V . We
show by induction on the lengthl(w) of w ∈W that

[Dk
v ,Dk

v′ ]f |w−1C+ = 0. (3.4.5)

By (3.4.4), equation (3.4.5) is obviously valid forw = e the unit element ofWX . To
prove the induction step, it suffices to show that

π(sa)[Dk
v ,Dk

v′ ] = [Dk
sDav,Dk

sDav′ ]π(sa) (3.4.6)

for all a ∈ I. For the proof of (3.4.6), first observe that

π(sa)Dk
vDk

v′−Dk
sDavDk

sDav′π(sa) = ka

(
Da(v′)Dk

v +Da(v)Dk
v′−Da(v)Da(v′)Dk

Da∨
)

(3.4.7)
for all a ∈ I, which follows from applying the cross relation twice. Now (3.4.6) follows
from the fact that the right hand side of (3.4.7) is symmetric inv andv′.
(iii) Let f ∈ C∞(Vreg, U), v ∈ V, ω ∈ ΩX andξ ∈ Vreg. Then

(π(ω)Dk
vf)(ξ) = ω((Dk

vf)(ω−1ξ))

= (∂(Dω)vπ(ω)f)(ξ) +
∑

a∈Σ+

ka(Da)(v)χa(ω−1ξ)(π(ωsa)f)(ξ)

= (∂(Dω)vπ(ω)f)(ξ) +
∑

a∈Σ+

ka(Da)(v)χωa(ξ)(π(sωaω)f)(ξ)
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holds. In the second equality we have used (2.3.11), in the thirdωsa = sωaω and
χa(ω−1ξ) = χ(a(ω−1ξ)) = χωa(χ).

Using thatω(Σ+) = Σ+, thatk is aWX -invariant function and summing overb =
ωa ∈ ωΣ+ = Σ+ gives

(π(ω)Dk
vf)(ξ) = (∂(Dω)vπ(ω)f)(ξ) +

∑
b∈Σ+

kb(D(ω−1b))(v)χb(ξ)(π(sbω)f)(ξ).

UseD(ω−1b)(v) = (Db)(Dω(v)) to conclude the proof. �

By Theorem 3.4.1(ii) , the assignmentv 7→ Dk
v uniquely extends to an algebra mor-

phismS(V )C → End(C∞(Vreg, U)). We denotep(Dk) for the differential-reflection
operator onC∞(Vreg, U) associated top ∈ S(V )C.

We are now in position to give a proof of Theorem 2.2.2.

PROOF OFTHEOREM 2.2.2. We take forX = P∨ andU the trivial representation
in the proof. Suppose that

∑
w∈W e pw(Dk)w = 0 as endomorphisms ofC∞(Vreg) with

only finitely manypw ∈ S(V )C’s non zero. We show that allpw ’s are zero. LetB be
an open ball inC+ with the property that the closed ballsω(B) (ω ∈ Ω) are pairwise
disjoint. Equation (3.4.4) implies∑

w∈W e

pw(∂)(wf)|B ≡ 0, f ∈ C∞(Vreg). (3.4.8)

Applying (3.4.8) to functionsf of the formw−1g with w ∈ W e andg ∈ C∞(Vreg)
having support in the open ballB, we conclude thatpw(∂) = 0 as constant coefficient
differential operator on smooth functions inB, hencepu = 0.

Let H̃e
k be the complex unital associative algebra generated byv ∈ V , sa (a ∈ I) and

ω (ω ∈ Ω) with defining relations as in(b), (c) and(d) . By Theorem 3.4.1, the assignment
v 7→ Dk

v , together with the action (2.2.7) ofW e, uniquely defines an algebra morphism
πk : H̃e

k → End(C∞(Vreg)). By the previous paragraph and by the cross relations in
H̃e

k it follows thatπk is injective and that̃He
k ' S(V )C ⊗ C[W e] as vector spaces (the

Poincaŕe-Birkhoff-Witt Theorem forH̃e
k). The theorem follows now immediately. �

THEOREM 3.4.2. The assignmentv 7→ Dk
v , together with theπ-action (2.2.8) of

WX , defines a faithful representationπk : HX
k −→ End(C∞(Vreg, U)).

PROOF. Thatπk defines a representation follows immediately from Theorem 3.4.1.
The faithfulness ofπk in the scalar case forX = P∨ is the first part of the proof of
Theorem 2.2.2. The vector-valued case and generalQ∨ ⊂ X ⊂ P∨ follows analogously.

�

We will use the notationMπk
to indicate that a subspaceM ⊂ C∞(Vreg, U) is a

WX -submodule orHX
k -submodule ofC∞(Vreg, U) with respect to theπk-action (cf. the

paragraph following (2.2.8)).
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For trivial multiplicity parametersk ≡ 0, the operatorp(D0) (p ∈ S(V )C) on
C∞(Vreg, U) is the constant-coefficient differential operatorp(∂) onC∞(Vreg, U). We
have the following striking fact whenp ∈ S(V )C isW0-invariant.

COROLLARY 3.4.3. For p ∈ S(V )W0
C we havep(Dk) = p(∂) as operators on

C∞(Vreg, U).

PROOF. Let p ∈ S(V )W0
C andf ∈ C∞(Vreg, U). By (3.4.4) we havep(Dk)f |C+ =

p(∂)f |C+ . Let w ∈ W andv ∈ C+. By Proposition 2.2.7 applied twice (once with
multiplicity functionk, once withk ≡ 0), we have

w
((
p(Dk)f

)
(w−1v)

)
=
(
p(Dk)(π(w)f)

)
(v)

=
(
p(∂)(π(w)f)

)
(v) = w

((
p(∂)f

)
(w−1v)

)
,

hencep(Dk)f = p(∂)f .
�

REMARK 3.4.4. The Dunkl operatorsDk
v , Theorem 3.4.1, Theorem 3.4.2 and Corol-

lary 3.4.3 have their obvious analogs in the context of finite root systems. In that case, the
Dunkl-type operators are

∂v +
∑

α∈Σ+
0

kαα(v)χα(·)π(sα), v ∈ V

realizing, together with the usual restriction of theπ-action toW0, an action of the
degenerate affine Hecke algebraH(0)

k on the space of smoothU -valued functions on
V \

⋃
α∈Σ+

0
Vα. ForΣ0 a root system of classical type. these operators were constructed

using solutions of classical Yang-Baxter equations and reflection equations in [66, 60, 62]
(type A) and [53] in the scalar case. The above construction of the Dunkl-type operators
fits into Cherednik’s [9] general framework relating root system analogs ofr-matrices to
(degenerate) affine Hecke algebras and Dunkl operators.

3.5. The propagation operator

In this section we generalize Gutkin’s [32] propagation operator from the scalar case
to the vector-valued case. It will be shown that this operator intertwines theQk-action
(cf. Theorem 2.5.13) and theπk-action which is defined in the previous section in terms
of Dunkl-type differential-reflection operators.

THEOREM 3.5.1. The following defines uniquely an endomorphism ofC(V,U):

(Tkf)|w−1C+
= (π(w−1)(Qk(w)f))|w−1C+

(w ∈W ) (3.5.1)

for f ∈ C(V,U). The linear endomorphismTk of C(V,U) is called the propagation
operator. In particular,T0 is the identity operator onC(V,U).
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Before giving the proof consider the following integral-reflection endomorphisms of
C(V,U):

Qk,b = sb ⊗ sb + kbI(b)⊗ idU (b ∈ Σ). (3.5.2)

In particularQk(sa) = Qk,a for a ∈ I. We also have

(Qk,bf)(v) = sb(f(v)) (b ∈ Σ, v ∈ Vb). (3.5.3)

PROOF OFTHEOREM 3.5.1. Let f ∈ C(V,U). It is clear thatTkf ∈ B(V,U).
Whence it suffices to show thatTkf , considered as a multi-valuedU -valued function (cf.
Remark 2.5.2), is single-valued. Letv ∈ V andC,C ′ ∈ Cv (see Section 2.5 for the
definition ofCv). There is a sequenceC0 = C,C1, . . . , Cr = C ′ of chambers inCv such
thatv ∈ C for somer such thatCj , Cj+1 (j = 0, . . . , r − 1) are adjacent. Then

lim
Cj3x→v

(Tkf)(x) = lim
Cj+13x→v

(Tkf)(x)

follows from (3.5.3). WhenceTkf ∈ B(V,U) is single-valued and therefore
Tkf ∈ C(V,U). �

The operator defined in the previous theorem is theU -valued version of Gutkin’s
propagation operator (cf. [32, Theorem 2.6]). By constructionTk : C(V,U)Q −→
C(V,U)π isW -equivariant.

LEMMA 3.5.2. The propagation operatorTk : C(V,U)Q −→ C(V,U)π is a linear
endomorphism ofWX -modules.

PROOF. BecauseWX is generated by the subgroupsW andΩX (cf. Subsection
2.2.2.) and by theW -equivariance ofTk, it suffices to show thatTk is ΩX -equivariant,
that is,

Tk(Qk(ω)f) = π(ω)Tkf (ω ∈ ΩX , f ∈ C(V,U)). (3.5.4)

If w1 ∈W , ω ∈ ΩX , v ∈ C+ andf ∈ C(V,U), then

(Tk(Qk(ω)f))(w−1
1 v) = w−1

1 ((Qk(w1)Qk(ω)f)(v))

= w−1
1 ω[ω−1((Qk(ω)Qk(ω−1w1ω)f)(v))]

= w−1
1 ω[(Qk(ω−1w1ω)f)(ω−1v)]

= ω[(Tkf)((ω−1w1ω)−1ω−1v)]

= (π(ω)(Tkf))(w−1
1 v),

holds. In the third equality we have usedQk(ω) = π(ω) as operators onC(V,U), in the
fourth thatΩX normalizesW in WX and thatΩX leavesC+ stable. In other words,Tk

is ΩX -equivariant. �

Observe that the space ofU -valued real analytic functionsCω(V,U) is a HX
k -

submodule ofC∞(V,U) under theQk-action.
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DEFINITION 3.5.3. For a compact subsetA of V with nonempty interior we define
Cω(A) to be the space of functionsf onA that have a (necessarily unique) real analytic
extension toV . Let

Bω(V ) =
∏
C∈C

Cω(C).

We have injectionsCω(V ) ↪→ Bω(V ) ↪→ B(V ). LetCBω(V ) = C(V ) ∩ Bω(V ). The
vector-valued versions of these spaces are also considered, using the convention(2.2.6).

DenoteCω,(k)(V,U) for the space of functionsf ∈ CBω(V,U) satisfying

∂r
Db∨f

(
v + 0Db∨

)
− ∂r

Db∨f
(
v − 0Db∨

)
=
(
1− (−1)r

)
kbsb

(
∂r−1

Db∨f
(
v + 0Db∨

))
(3.5.5)

for b ∈ Σ+, v ∈ Vb sub-regular andr ∈ Z>0. Observe thatCω,(k)(V,U) is contained
in the subspaceC1,(k)(V,U) involving normal derivative jump conditions over affine hy-
perplanesVb (b ∈ Σ+) up to first order, which we have used in the formulation of the
boundary value problems (see Proposition 3.2.5 and Definition 3.2.6).

A function f ∈ Cω,(k)(V,U) automatically satisfies the jump conditions (3.5.5) for
v ∈ Vb sub-regular,r ∈ Z>0 and b ∈ Σ−. Hence the spaceCω,(k)(V,U) does not
dependent on the choice of positive rootsΣ+ in Σ. Since alsoω(Σ) = Σ (ω ∈ ΩX )
holds, we can and will interpretCω,(k)(V,U)πk

andCBω(V,U)πk
asWX -submodules

of C∞(Vreg, U)πk
.

Observe that the propagation operatorTk restricts to a linear map

Tk : Cω(V,U) → CBω(V,U).

We now obtain the following theorem.

THEOREM 3.5.4. (i) Cω,(k)(V,U)πk
⊆ C∞(Vreg, U)πk

is aHX
k -submodule.

(ii) The propagation operatorTk restricts to an isomorphism

Tk : Cω(V,U)Qk

∼−→ Cω,(k)(V,U)πk

ofHX
k -modules.

PROOF. We first show thatTk restricts to a linear isomorphismTk : Cω(V,U) ∼−→
Cω,(k)(V,U). For this we use the commutation relations

sa ·
(
Da∨

)r − (−1)r
(
Da∨

)r · sa =
(
1− (−1)r

)
ka

(
Da∨

)r−1
, a ∈ I, r ∈ Z>0

(3.5.6)
in HX

k , which follows from (2.2.11) applied toq = (Da∨)r ∈ S(V )C.
Let φ ∈ Cω(V,U) and denotef = Tkφ ∈ CBω(V,U). We show thatf satisfies the

derivative jumps (3.5.5) over sub-regularv ∈ Vb (b ∈ Σ+) for all r ∈ Z>0. In view of the
W -equivariance of the propagation operatorTk, it suffices to derive the derivative jumps
for f over sub-regular vectorsv ∈ Va ∩C+ (a ∈ I). Fix a ∈ I, v ∈ Va ∩C+ sub-regular
andr ∈ Z>0. Forε > 0 small we havev + tDa∨ = sa(v − tDa∨) ∈ C+ for 0 < t < ε.
Hence

∂r
Da∨f(v + 0Da∨) = ∂r

Da∨φ(v) = sa(Qk(sa)(∂r
Da∨φ)(v)), (3.5.7)
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where the second equality follows from (3.5.3). On the other hand,

∂r
Da∨f(v − 0Da∨) = (−1)r∂r

Da∨(fsa)(v + 0Da∨) = sa((−1)r∂r
Da∨(Qk(sa)φ)(v)).

(3.5.8)
Combining (3.5.7) and (3.5.8) now yields

∂r
Da∨f(v + 0Da∨)− ∂r

Da∨f(v − 0Da∨)

= sa

(((
Qk(sa)∂r

Da∨ − (−1)r∂r
Da∨Qk(sa)

)
φ
)
(v)
)

= sa

((
1− (−1)r

)
ka∂

r−1
Da∨φ(v)

)
=
(
1− (−1)r

)
kasa

(
∂r−1

Da∨f(v + 0Da∨)
)
,

where the second equality follows from (theQk-image of) (3.5.6). Thusf ∈ Cω,(k)(V,U).
The propagation operatorTk : Cω(V,U) −→ Cω,(k)(V,U) is clearly injective. We

now proceed to prove surjectivity. Letf ∈ Cω,(k)(V,U) and denoteφ for the unique
U -valued real analytic function onV satisfyingφ|C+ = f |C+ . The functiong :=
f − Tkψ ∈ Cω,(k)(V,U) satisfiesg|C+

≡ 0, hence the continuity ofg and the deriv-
ative jump conditions (3.5.5) forg imply that(

∂r
Da∨g

)
(v − 0Da∨) = 0

for r ∈ Z≥0, a ∈ I andv ∈ Va ∩ C+ sub-regular. Sinceg|C has an extension to an
U -valued analytic function on the whole Euclidean spaceV for any alcoveC ∈ C, we
conclude thatg|C ≡ 0 for the neighboring alcovesC = saC+ (a ∈ I) of C+. Continuing
inductively, we conclude thatg ≡ 0 onV , hencef = Tkψ.

It remains to show that the isomorphism

Tk : Cω(V,U)Qk

∼−→ Cω,(k)(V,U)πk

of WX -modules is in fact an isomorphism ofHX
k -modules. For this it suffices to show

that

Tk

(
∂vf

)
|Vreg = Dk

v (Tkf |Vreg ) (3.5.9)

for v ∈ V andf ∈ Cω(V,U). To prove (3.5.9) we use the commutation relation

w · v =
(
(Dw)v

)
· w +

∑
a∈Σ+∩w−1Σ−

kaDa(v)wsa (3.5.10)

in HX
k , which can be easily proved by induction on the lengthl(w) of w ∈ W using the

cross relations inHX
k (see Theorem 2.2.2(c)). Fix w ∈ W andv′ ∈ C+. By (3.5.10) and
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Theorem 2.5.13 we have

w(Tk(∂vf)(w−1v′))

= Qk(w)(∂vf)(v′)

= ∂(Dw)v(Qk(w)f)(v′) +
∑

a∈Σ+∩w−1Σ−

kaDa(v)Qk(wsa)f(v′)

= (∂(Dw)v(π(w)Tkf))(v′) +
∑

a∈Σ+∩w−1Σ−

kaDa(v)(π(wsa)Tkf)(v′)

= (π(w)∂v(Tkf))(v′) +
∑

a∈Σ+∩w−1Σ−

kaDa(v)wsa(Tkf(saw
−1v′))

= w(∂v(Tkf)(w−1v′)) + w
∑

a∈Σ+∩w−1Σ−

kaDa(v)sa(Tkf(saw
−1v′))

= w(Dk
v (Tkf)(w−1v′)),

where the last equality follows from (3.4.3), and hence

Tk(∂vf)(w−1v′) = Dk
v (Tkf)(w−1v′).

�

REMARK 3.5.5. The assertion [32, Theorem 2.7] that, in Gutkin’s notation, the prop-
agation operator (corresponding to the scalar case)Tk is an automorphism of theW -
moduleCB∞(V ) seems to be incorrect (see Remark 2.5.5). In [32], this result is used
to link BVPk(λ) to E(λ) (see (3.3.1)). We will show in the next section that Theo-
rem 3.5.4(ii) suffices to provide this link.

REMARK 3.5.6. Theorem 3.5.4 has an obvious analog in the context of finite root
systems (compare with Remark 3.4.4). For the scalar case andΣ0 of type A, the in-
tertwining properties of the propagation operator with respect to the degenerate affine
Hecke algebra actions were considered in [43] and the normal derivative jump conditions
of higher order were considered in [33].

COROLLARY 3.5.7. Fix v ∈ V . The Dunkl operatorDk
v is a linear operator on

Cω,(k)(V,U) satisfyingDk
v

(
Tkf

)
= Tk

(
∂vf

)
for all f ∈ Cω(V,U).

In the following proposition we relate the Dunkl operatorsDk
v to the quantum Hamil-

tonianHk (see (3.2.1) and (3.2.2)). Recall thatp2(∂) = ∆ for theW0-invariant polyno-
mial p2 = ‖ · ‖2 onV ∗.

PROPOSITION3.5.8. For f ∈ Cω,(k)(V,U) we have

−p2(Dk)f = Hkf (3.5.11)

asU -valued distributions onV .

PROOF. Fix f ∈ Cω,(k)(V,U), thenp2(Dk)f ∈ Cω,(k)(V,U) ⊆ C(V,U) and
p2(Dk)f |Vreg

= ∆f |Vreg
by Corollary 3.4.3. Furthermore,f satisfies the first order
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normal derivative jumps (3.2.3) over the affine hyperplanesVa (a ∈ Σ+). The identity
(3.5.11) then follows from a standard argument using Green’s identity, cf. (the proof of)
Proposition 3.2.5. �

By Proposition 3.5.8 it is justified to interpret the quantum HamiltonianHk on
Cω,(k)(V,U) as the operator−p2(Dk) on Cω,(k)(V,U). The complete integrability of
the quantum system is then directly reflected by the commutativity of the Dunkl opera-
torsDk

v (v ∈ V ). More precisely, the spaceCω,(k)(V,U)W
π serves as an algebraic model

for the Hilbert space of quantum states associated to the vector-valued bosonic quantum
system onV/Q∨ with HamiltonianHk = −p2(Dk). The pair-wise commuting opera-
torsp(Dk) (p ∈ S(V )W0

C ) onCω,(k)(V,U)W
π are the corresponding quantum conserved

integrals.

3.6. The boundary value problem revisited

The operatorp(Dk) (p ∈ S(V )W0
C ) onCω,(k)(V,U) satisfies

p(Dk)f |Vreg
= p(∂)f |Vreg

, f ∈ Cω,(k)(V,U)

by Corollary 3.4.3. This key observation leads to an explicit connection between the
spectral problem of the operatorsp(Dk) (p ∈ S(V )W0

C ) and the boundary value problem
as formulated in Definition 3.2.6. We will first do the analysis for the spectral problem of
the quantum HamiltonianHk (defined by (3.2.1) and (3.2.2)).

ForE ∈ C we writeE(E,U) for the space of functionsf ∈ Cω(V,U) satisfying
∆f = −Ef onV (cf. Example 3.2.8). By Proposition 2.2.7,E(E,U)Qk

⊆ Cω(V,U)Qk

is aHX
k -submodule. DenoteEk(E,U) for the space of functionsf ∈ CBω(V,U) satis-

fying Hkf = Ef asU -valued distributions onV .

THEOREM 3.6.1. Fix E ∈ C.
(i) We have

Ek(E,U) = {f ∈ Cω,(k)(V,U)πk
| p2(Dk)f = −Ef}, (3.6.1)

henceEk(E,U)πk
⊆ Cω,(k)(V,U)πk

is aHX
k -submodule.

(ii) The propagation operatorTk restricts to an isomorphism

Tk : E(E,U)Qk

∼−→ Ek(E,U)πk

ofHX
k -modules.

PROOF. (i) We first show thatEk(E,U) ⊂ Cω,(k)(V,U). Fix f ∈ Ek(E,U). By
Proposition 3.2.5,f ∈ C1,(k)(V,U) ∩ CBω(V,U) and ∆f |Vreg

= −Ef |Vreg
. Let

ψ be the uniqueU -valued analytic function onV satisfyingψ|C+ = f |C+ , thenψ ∈
E(E,U). By Theorem 3.5.4 and Corollary 3.4.3 we conclude thatTkψ ∈ Cω,(k)(V,U)
and∆(Tkψ)|Vreg

= −E(Tkψ)|Vreg
. Hence

g := f − Tkψ ∈ C1,(k)(V,U) ∩ CBω(V,U)

satisfies∆g|Vreg = −Eg|Vreg and has the additional property thatg|C+
≡ 0. Fix v ∈ Va∩

C+ (a ∈ I) sub-regular. The nontrivial normal derivative jump condition (3.2.3) forg atv
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trivializes sinceg|C+
≡ 0, henceg is continuously differentiable in an open neighborhood

N of v. Denoting by∆ + E the (hypo)elliptic constant coefficient differential operator,
we see thatg|N is a distributional solution of theU -valued operator(∆ + E) ⊗ idU on
N , henceg|N is smooth (cf. Example 3.2.8 and (proof of) Proposition 3.2.5). Since
g|C+

≡ 0, we conclude that

∂r
Da∨g(v − 0Da∨) = ∂r

Da∨g(v + 0Da∨) = 0, r ∈ Z≥0.

As in the proof of Theorem 3.5.4 we conclude thatg|saC+
≡ 0 for a ∈ I (alternatively,

this is a direct consequence of Holmgren’s uniqueness Theorem). Continuing inductively,
we conclude thatg ≡ 0 onV . Hencef = Tkψ ∈ Cω,(k)(V,U).

Formula (3.6.1) now follows from Proposition 3.5.8. Sincep2(Dk) = πk(p2), Propo-
sition 2.2.7 implies thatE(E,U)πk

⊂ Cω,(k)(V,U)πk
is aHX

k -submodule.
(ii) This follows from Theorem 3.5.4, (3.6.1) and the fact thatQk(p2) = p2(∂) = ∆. �

We now extend these results to the solution spaces BVPk(λ,U) of the boundary value
problem (Definition 3.2.6). For aHX

k -moduleM andλ ∈ V ∗C we define

Mλ := {m ∈M | p ·m = p(λ)m ∀ p ∈ S(V )W0
C }, (3.6.2)

which is aHX
k -submodule ofM in view of Proposition 2.2.7. By Remark 2.2.8 the

moduleMλ consists of the vectorsm ∈M transforming according to the central character
λ ∈ V ∗C for the action of the center of the degenerate affine Hecke algebraH

(0)
k ⊆ HX

k .

COROLLARY 3.6.2. Let λ ∈ V ∗C . The spaceBVPk(λ,U) is theHX
k -submodule

Cω,(k)(V,U)πk,λ ofCω,(k)(V,U).

PROOF. By Corollary 3.4.3 and Theorem 3.5.4 we have

Cω,(k)(V,U)πk,λ = {f ∈ Cω,(k)(V,U) | p(∂)f |Vreg
= p(λ)f |Vreg

∀ p ∈ S(V )W0
C },

(3.6.3)
henceCω,(k)(V,U)πk,λ ⊆ BVPk(λ,U). By Proposition 3.2.5 and Remark 3.2.7 we have

BVPk(λ,U) ⊆ Ek(−p2(λ), U).

Theorem 3.6.1 and (3.6.3) now implies that BVPk(λ,U) ⊆ Cω,(k)(V,U)πk,λ. �

Consider the spaceE(λ,U) ⊂ Cω(V,U). SinceQk(p) = p(∂) (p ∈ S(V )C),
we see thatE(λ,U)Qk

is theHX
k -moduleCω(V,U)Qk,λ. Note that the equality (3.3.2)

generalizes immediately to

E(λ,U) = BVP0(λ,U).

Lemma 3.2.11 applied to theWX -moduleE(λ,U)Qk
gives the decomposition

E(λ,U)W
Qk

=
⊕

χ∈ ̂(X/Q∨)

E(λ,U)W,χ
Qk

, (3.6.4)
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with theχ-isotypical componentE(λ,U)W,χ
Qk

being defined as

E(λ,U)W,χ
Qk

= {ψ ∈ E(λ,U)W
Qk
|Qk(τx)ψ = χ(x+Q∨)ψ ∀x ∈ X}

= {ψ ∈ E(λ,U)|Qk(wτx)ψ = χ(x+Q∨)ψ ∀w ∈W0, x ∈ X}.
(3.6.5)

We now generalize the isomorphism (3.3.7) to the vector-valued case. Before doing
this we recall some concepts from parabolic subgroup theory of affine Weyl groups (cf.
[45]). Let J be a subset ofI. The subgroupWJ of W generated bysa (a ∈ J) is called a
standard parabolic subgroupof W . The isotropyWv of a v (v ∈ V ) is by definition the
following subgroup inW :

Wv = {w ∈W |wv = v}.
A well known fact states that forv ∈ C+, the isotropy subgroupWv is a standard para-
bolic subgroup ofv. Moreover,

Wv = 〈sa|a ∈ I, sa(v) = v〉 = 〈sa|a ∈ I, a(v) = 0〉 (v ∈ C+). (3.6.6)

Consider the following subspace ofCω(V,U),

Cω
+(V,U) = {ψ ∈ Cω(V,U)|sa(ψ(v)) = ψ(v) ∀v ∈ Va ∩ C+, a ∈ I}.

LEMMA 3.6.3. The following

(Gψ)(w−1v) = w−1(ψ(v)), w ∈W, v ∈ C+ (3.6.7)

defines a linear mapG : Cω
+(V,U) −→ C(V,U)W

π .

PROOF. It is clear that (3.6.7) defines a linear mapG : Cω
+(V,U) −→ B(V,U)W

π .
We must show that the image ofG lies in the subspaceC(V,U)W

π ⊂ B(V,U)W
π (cf.

Remark 2.5.2). Letψ ∈ Cω
+(V,U). It suffices to show thatGψ is single-valued. This

follows because by (3.6.6) we have thatw−1
1 ψ(v) = w−1

2 ψ(v) for v ∈ C+ andw−1
1 v =

w−1
2 v. �

Note that in the scalar caseCω
+(V,U) (respectively (3.6.7)) reduces toCω(V ) (re-

spectively (3.3.3)).

THEOREM 3.6.4. Letλ ∈ V ∗C .
(i) The propagation operatorTk restricts to an isomorphism

Tk : E(λ,U)Qk

∼−→ BVPk(λ,U)πk

of leftHX
k -modules.

(ii) The mapG (3.6.7)restricts to an isomorphismG : E(λ,U)W,χ
Qk

∼−→ BVPk(λ,U)W,χ
πk

for all χ ∈ X̂/Q∨.

PROOF. (i) The restriction of the propagation operatorTk to the HX
k -module

E(λ,U)Qk
= Cω(V,U)Qk,λ defines an isomorphism

Tk : E(λ,U)Qk

∼−→ Cω,(k)(V,U)πk,λ

of HX
k -modules in view of Theorem 3.5.4. Corollary 3.6.2 now completes the proof.
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(ii) Note thatE(λ,U)W
Qk

⊂ Cω
+(V,U) holds, which follows from (3.5.3). Now use

(i) and the fact that the propagation mapTk acts onQk(W )-invariant functions in the
same way as the mapG (3.6.7), or in other words, the following diagram

Cω(V,U)W
Q

⊂ - Cω
+(V,U)

Cω,(k)(V,U)W
π

Tk *

?
⊂ - C(V,U)W

π

G

?

is a commutative diagram.
�

COROLLARY 3.6.5. Let λ ∈ V ∗C . The mapG (3.6.7) restricts to an isomorphism
G : E(λ,U)WX

Qk
−→ BVPk(λ,U)WX

πk
.

Theorem 3.6.4(ii) can be used to connect theχ-isotypical (χ ∈ X̂/Q∨) component of
the solution space BVPk(λ,U)W

π to the boundary value problem to theχ-isotypical com-
ponent of the space of invariantsE(λ,U)W

Q , whereE(λ,U) now is the solution space to
the boundary value problem with zero normal derivative jumps over sub-regular vectors.

3.7. The Bethe ansatz equations

As usualX denotes a lattice betweenQ∨ andP∨ andU denotes always a finite
dimensional representation ofWX , unless stated otherwise. In this section we show that

for χ ∈ X̂/Q∨ the spaceE(λ,U)W,χ
Qk

is not the null space (for generic regularλ) if and
only if the spectral parameterλ ∈ V ∗C satisfies certain transcendental equations. These
equations will be called Bethe ansatz equations (in short, BAE). For root system of type
A andU the regular representationFun(W0,C) (and the translation partX of WX =
W0nX acting trivial onU ) these equations are essentially the equations as [80, Equations
(9)]

In the scalar cases we recover forΣ0 of type A the Bethe ansatz equations of Lieb
and Liniger [56], and forΣ0 of typeD the Bethe ansatz equations of Gaudin [26], [28].
In the scalar case it is possible to prove stronger results, see Chapter 4.

In this sectionλ always denotes ageneric regularspectral parameter (cf. (3.2.9)).
For a simple roota ∈ I we set

Ia(λ) =
λ(Da∨)sa − ka

λ(Da∨) + ka
∈ C[WX ]. (3.7.1)

THEOREM 3.7.1. Let w = si1 . . . sit
ω ∈ WX be an expression forw in simple

reflectionssai
and withω ∈ ΩX . The following element inC[WX ] is well-defined,

Iw(λ) = Iai1 ((D(si2 . . . sit
))λ)Iai2 ((D(si3 . . . sit

))λ) . . . Iait (λ)ω. (3.7.2)
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In particular, theIw(λ) satisfies

Iw′w(λ) = Iw′((Dw)λ)Iw(λ) (w,w′ ∈WX). (3.7.3)

PROOF. This is analogous to the argument in [64, Section 4.1] (see also [63, Section
1] and [11]). Here we give only the main arguments and refer to [64] and [63] for more
details.

Letµ ∈ V ∗C . If N is a finite dimensionalHX
k -module we defineNµ = {n ∈ N |qn =

q(µ)n ∀q ∈ S(V )C}. We denote byCµ the following one-dimensional representation
of S(V )C, given byqc = q(µ)c for all q ∈ S(V )C and c ∈ C. For anyµ we call

P (µ) = IndHX
k

S(V )C
(Cµ) = HX

k ⊗S(V )C Cµ the (minimal) principal series representation

of HX
k with central characterW0µ (for the action of the center of the degenerate affine

Hecke algebraH(0)
k ⊆ HX

k ).
ThenP (µ) is isomorphic to the regular representation ofC[WX ] when restricted

to C[WX ] ⊂ HX
k (and has central characterW0µ). It has the the following universal

property: for a finite dimensional moduleN of HX
k and an ∈ Nµ there exists a unique

HX
k -module morphismP (µ) → N such thate⊗S(V )C 1 7→ n.

DefineJa = sa ·Da∨ − ka ∈ HX
k (a ∈ I) (the operator version ofJa0 (see (4.4.4))

will also be usefull in the next chapter). Then one shows in the same way as [64, The-
orem 4.2(ii) ] that theJa (a ∈ I) satisfy the braid relations ofΣ (but not the quadratic
relations). In particularJw := ωJai1

. . . Jail(w)
is well-defined for a reduced expres-

sionw = ωsi1 . . . sil(w) , and furthermoreJwq = qDwJw for all q ∈ S(V )C. By the
previous paragraphe ⊗S(V )C 1 7→ Jw ⊗S(V )C 1 uniquely defines aHX

k -module mor-
phismP ((Dw)λ) → P (λ). Denote byJλ

w the (unique) element inC[WX ] such that
Jw ⊗S(V )C 1 = Jλ

w ⊗S(V )C 1 holds inP (λ). Consider the following maps,

P ((D(ww′))λ) → P ((Dw′)λ) → P (λ).

Under the composition of these maps,e⊗S(V )C 1 is mapped to(JwJw′)⊗S(V )C 1 and also

to (J (Dw′)λ
w Jλ

w′)⊗S(V )C1. If l(ww′) = l(w)+l(w′), thenJww′ = JwJw′ and therefore by

(the uniqueness part of the) universal property above, we have thenJλ
ww′ = J

(Dw′)λ
w Jλ

w′ .
When normalized as

J̃λ
w =

Jλ
w∏

a∈Σ+∩w−1Σ−
(λ(Da∨) + ka)

,

they satisfyJ̃λ
ww′ = J̃

(Dw′)λ
w J̃λ

w′ for all w,w′ ∈WX . To conclude the proof observe that
Iw(λ) = J̃λ

w. �

REMARK . Note the similarity of relation (3.7.3) with the cocycle relations (cf. [64,
Section 4.1]).

For later use the relation

Iw(λ)−1 = Iw−1((Dw)λ) ∀w ∈WX , (3.7.4)
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will be useful, and follows directly from the relations (3.7.3) andIe(λ) = e.

COROLLARY 3.7.2. The mapC[X] → C[WX ] defined byx 7→ Ix(λ) := Iτx(λ)
(x ∈ X) is a unit preserving algebra morphism. In particular, for a fixedλ, the subset
{Ix(λ)|x ∈ X} of C[WX ] is an abelian subgroup of the group of invertible elements of
C[WX ].

PROOF. This is a direct consequence of the relations (3.7.3) and (3.7.4). �

REMARK 3.7.3. It is possible to defineE(λ,N)Q0
k

for finite dimensional represen-
tationN of W0, using the correspondingQ0

k-representation ofW0 onC(V,N) (cf. Re-
mark 2.5.14 and [40]). We denote the corresponding subspace ofW0-invariant elements
byE(λ,N)W0

Q0
k

. The following vector space identity is obvious by construction,

E(λ,U)W0
Qk

= E(λ,RestrUW0
)W0
Q0

k
,

and will be used implicitely in the whole thesis (cf. Definition 3.2.10). Here RestrU
W0

denotes the restriction ofU to the subgroupW0 of WX .

Consider the group algebraC[W0] overC as the regular representation ofW0. The
correspondingQ0-representation ofW0 on C∞(V ) ⊗ C[W0] from Chapter 2 (cf. Re-
mark 2.5.14) will be denoted byQu

k (u stands foruniversal).
The following vector space embeddings

C∞(V )⊗ C[W0] ⊂ C∞(V )⊗ C[W ] ⊂ C∞(V )⊗ C[WX ],

will be used implicitly, with⊗ denoting the algebraic tensor product overC (compare this
with (3.2.5)).

Before analyzing the spacesE(λ,U)W,χ
Qk

(χ ∈ X̂/Q∨) it is useful to first describe the

spaceE(λ,U)W0
Qk

. This can be done in a universal way.

DEFINITION 3.7.4. Letµ ∈ V ∗C . Theuniversal eigenfunction with spectral parameter
µ is theC[W0]-valued function

Ψµ = Ψµ,k =
1

#W0

∑
w∈W0

Qu
k(w)(eµ ⊗ e) ∈ E(µ,C[W0])W0

Qu
k
. (3.7.5)

For regularµ ∈ V ∗C the operator-valued functionΨµ admits the following plane wave
decomposition

Ψµ =
1

#W0

∑
w∈W0

ewµ ⊗ cw(µ), (3.7.6)

for certain elementscw(µ) = cw,k(µ) in C[W0].
The normalized intertwinersIw(λ) allows us to manipulate with thecw(λ) in an

efficient way because of the relations (3.7.3). To connectIw(λ) andcw(λ) we introduce
the followingc-function by

c̃k(µ) =
∏

a∈Σ+
0

µ(α∨) + kα

µ(α∨)
, (3.7.7)
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considered as rational function ofµ ∈ V ∗C , cf. [28], [40].

LEMMA 3.7.5. We have

cw(λ) = c̃k(λ)Iw(λ) ∀w ∈W0. (3.7.8)

PROOF. Let µ ∈ V ∗C,reg. Then

Qk,a(eµ ⊗ u) = sa(eµ)⊗
(
µ(Da∨)sa − ka

µ(Da∨)

)
u+ eµ ⊗ ka

µ(Da∨)
u (a ∈ Σ, u ∈ U)

(3.7.9)
holds, which follows by a direct computation. A simple calculation then shows

Qu
k(w0)(eµ ⊗ a) = ew0µ ⊗ c̃k(µ)Iw0(µ)a (a ∈ C[W0])

modulo termsevµ with v ∈ W0 andv < w in the Bruhat ordering (for the definition of
the Bruhat order, see [45, Section 5.5]). SinceQu

k(w)(eµ) (w ∈ W0) only consists of
termsevµ with v ∈W0 andv ≤ w in the Bruhat ordering, we conclude that (3.7.8) is true
for w = w0.

We also have

csαw(λ) = Isα
(wλ)cw(λ) ∀w ∈W0, α ∈ I0, (3.7.10)

which follows from the decomposition (3.7.6),Qu
k(sα)Ψλ = Ψλ (α ∈ I0) and (3.7.9).

The lemma follows from

cww0 = Iw(w0λ)cw0(λ) = c̃k(λ)Iww0(λ) (∀w ∈W0),

with the first equality following by induction on the length ofw and (3.7.10), and the
second equality fromcw0(λ) = c̃k(λ)Iw0(λ) and (3.7.3). �

LEMMA 3.7.6. LetH be a finite group andN a finite dimensional representations of
H. Consider the group algebraC[H] as the regular representation ofH. The assignment

n 7→
∑
h∈H

h⊗ hn (3.7.11)

defines a vecor space isomorphism fromN to (C[H] ⊗ N)H (the space ofH-invariant
elements in the tensor product representation).

PROOF. It is obvious that the map (3.7.11) is injective. For the surjectivity, letm =∑
h h⊗nh ∈ (C[H]⊗N)H , for certain elementnh inN . We have to show thatnh = ne

for all h ∈ H, with e denoting the unit element ofH. To show this we start with observing
that ∑

h∈H

h⊗ nh = m = g−1m =
∑
h∈H

g−1h⊗ g−1nh =
∑
h∈H

h⊗ g−1ngh

holds for allg ∈ H. Whencenh = g−1ngh for all g, h ∈ H. Takingh = e we conclude
thatng = ne for all g ∈ H, finishing the proof. �

The following lemma explains the universality ofΨλ.
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LEMMA 3.7.7. LetN be a finite dimensional representation ofW0 andµ ∈ V ∗C . The
mapN → E(µ,N)W0

Q0
k

, defined byu 7→ ψn
µ , and with

ψn
µ = ψn

µ,k =
1

#W0

∑
w∈W0

Q0
k(w)(eµ ⊗ n), (3.7.12)

is a vector space isomorphism.

PROOF. Since the representation theory of the finite groupW0 does not admit non-
trivial continuous deformations, the lemma will follow from the casek ≡ 0 and regular
µ. Let µ then be regular. Then it is immediate thatE(µ,N)Q0

0
is the tensor product

representation of the regular representation ofW0 andU . Moreover,

Q0
0(w

′)(ewµ ⊗ n) = ew′wµ ⊗ w′n (w,w′ ∈W0, n ∈ U).

Now apply Lemma 3.7.6 to conclude the proof. �

For regularµ ∈ V ∗C andn ∈ N (with the same conditions as in Lemma 3.7.7),
the N -valued functionψn

λ allows the following plane wave decomposition (compare
with (3.7.6))

ψn
µ =

1
#W0

∑
w∈W0

ewµ ⊗ cw(µ)n. (3.7.13)

The following theorem is a special of the main result Theorem 3.7.14 (corresponding
to the caseX = Q∨) and is used in the proof of Theorem 3.7.14.

THEOREM 3.7.8. Let λ ∈ V ∗C be a generic regular spectral parameter andu a
nonzero element inU . Thenψu

λ ∈ E(λ,U)W
Qk

if and only ifu is a simultaneous eigenvec-

tor of the family of commuting operatorsIx(λ) (x ∈ Q∨) with eigenvalueeλ(x), i.e.

Ix(λ)u = eλ(x)u ∀x ∈ Q∨. (3.7.14)

The equations (3.7.14) are calledBethe ansatz equations.

PROOF. Note that because of Corollary 3.7.2, theIx(λ) (x ∈ Q∨) indeed form a
family of commuting operators onU .

Sinceψu
λ ∈ E(λ,U)W0

Qk
, it suffices to determine what the conditions onλ andu are

such that

Qk(s0)ψu
λ = ψu

λ . (3.7.15)

Using (3.7.9) (applied toa = a0) and the plane wave decomposition (3.7.13) it is easily
shown that (3.7.15) holds iff

csϕw(λ)u = ewλ(ϕ∨)Ia0(wλ)cw(λ)u ∀w ∈W0.

Using (3.7.8) and Theorem 3.7.1 this can be reformulated as

ewλ(ϕ∨)Ia0(wλ)Iw(λ)u = Isϕ
(wλ)Iw(λ)u ∀w ∈W0. (3.7.16)
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Let α = w−1ϕ andb = w−1a0 = −α+ δ ∈ Σ. Usingwsα = sϕw, the relations (3.7.3)
ands0w = wsb, one immediately sees:

Isϕ
(wλ)Iw(λ) = Iw(sαλ)Isα

(λ)

and
Is0(wλ)Iw(λ) = Iw(sαλ)Is−α+δ

(λ) = Iw(sαλ)Isα
I−α∨ ,

where the second equality follows from (3.7.3) ands−α+δ = sατ−α∨ . Whence (3.7.16)
is equivalent with

Iw−1ϕ∨(λ)u = eλ(w−1ϕ∨)u ∀w ∈W0.

Since all long roots inΣ0 are conjugate toϕ we haveψu
λ ∈ E(λ,U)W

Qk
if and only if

Iβ∨(λ)u = eλ(β∨)u ∀ long rootsβ ∈ Σ0.

Now observe that the BAE (3.7.14) are “additive” inx. By this we mean: if (3.7.14)
is satisfied forx = x1 andx = x2, then it is also satisfied forx = −x1 andx =
x1 + x2. Together with the fact thatQ∨ is generated by short co-roots we conclude that
Q(a0)ψu

λ = ψu
λ if and only if λ andu satisfy the Bethe ansatz equations (3.7.14). �

In the scalar case Theorem 3.7.8 is equivalent to the following (use Lemmas 4.2.5,
4.2.2 and 3.7.7).

COROLLARY 3.7.9. Let λ ∈ V ∗C be a generic regular spectral parameter. Then
E(λ)W

Qk
is one-dimensional or zero-dimensional. It is one-dimensional if and only if the

spectral valueλ is solution of the Bethe ansatz equations∏
α∈Σ+

0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

= eλ(x) ∀x ∈ Q∨.

If E(λ)W
Qk

is one-dimensional then

ψλ =
1

#W0

∑
w∈W0

c̃k(wλ)ewλ (3.7.17)

is the unique function inE(λ)W
Qk

normalized byψλ(0) = 1.

In the next chapter we will analyze the scalar case more throughly and are able to
prove a stronger result, cf. Theorems 4.6.1 and 4.6.2.

Reformulated in terms of the original boundary value problem (cf. Definition 3.2.6)
the previous Theorem 3.7.8 can be reformulated as follows.

THEOREM 3.7.10. Let λ ∈ V ∗C be a generic regular spectral parameter. Then
BVPk(λ,U)W

π is nonzero iffTkψ
u
λ ∈ BVPk(λ,U)W

π for a nonzerou ∈ U . The lat-
ter holds iff (λ, u) is a solution of the Bethe ansatz equations(3.7.14). In particular:
λ ∈ Sreg

k (U) iff (λ, u) satisfies(3.7.14)for a nonzerou ∈ U .

PROOF. Follows from Definition 3.2.13, Corollary 3.6.5 and Theorem 3.7.8. �
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We now investigate the conditions onλ under which theχ-isotypical component

(with χ ∈ X̂/Q∨) E(λ,U)W,χ
Qk

of E(λ,U)W
Qk

is not the null space. Before we state and
prove the main result Theorem 3.7.14 of this section, we introduce more notations and
results concerning the groupsX/Q∨ andΩX .

Let ξ1, . . . , ξn ∈ P∨ denote thefundamental co-weightswith respect to the simple
rootsI0 = {a1, . . . , an}, defined as the vectors inV satisfying

ai(ξj) = δij ∀i, j ∈ {1, 2, . . . , n}.

A co-weightξ ∈ P∨ is calledminusculeif ξ ∈ (C+ ∩ P∨)\{0}. Alternatively, a co-
weightξ ∈ P∨ is minuscule if and only ifξ 6= 0 and0 ≤ α(ξ) ≤ 1 for all α ∈ Σ+

0 . Let
ϕ = m1a1+m2a2+· · ·+mnan be the expansion of the highest root as linear combination
of basis elements. Thenmi ∈ N = {1, 2, . . . }. Consider the subsetO∗ := {r|mr = 1}
of {1, 2, . . . , n}. The set of minuscule co-weights is known to be equal to{ξr| r ∈ O∗}
(see [64, Proposition 3.3]).

Let Jr := I0\{ar} (r = 1, 2, . . . , n) and consider the standard parabolic subgroup
W0,Jr

generated by the simple reflectionssα (α ∈ Jr). It is the isotropic subgroup ofξr
in W0. The longest element inW0,Jr

is denoted bywJr
.

PROPOSITION3.7.11. The groupΩ equals{ωr := w0wJr
τ−ξr

| r ∈ O∗} ∪ {1}.
In particular the set of all minuscule co-weights is a complete set of representatives of
(P∨/Q∨)\{0}.

For a proof see [64, Proposition 3.4]. Proposition 3.7.11 together withΩX = WX ∩
Ω, ω−1

r W = τξr
W (r ∈ O∗) gives

COROLLARY 3.7.12. The groupΩX equals{ωr| r ∈ O∗X}∪{1}, whereO∗X = {r ∈
O∗| ξr ∈ X}. In particular the set{ξr| r ∈ O∗X}∪{0} is a complete set of representatives
ofX/Q∨.

LEMMA 3.7.13. Letλ ∈ V ∗C be a generic regular spectral parameter andr ∈ O∗X .
We have

π(ωr)ψu
λ = χ(−ξr +Q∨)ψu

λ ⇐⇒ Ix(λ)u = χ(x+Q∨)eλ(x)u ∀x ∈W0ξr.
(3.7.18)

PROOF. First observe that forv ∈W0 andx ∈ X we have

π(vτx)ψu
λ =

1
#W0

π(v)
∑

w∈W0

e−wλ(x)ewλ ⊗ τxcw(λ)u

=
1

#W0

∑
w∈W0

e−wλ(x)evwλ ⊗ vτxcw(λ)u.

In particular, if alsovτx ∈ ΩX we get, using thatλ is regular,

π(vτx)ψu
λ = χ(x+Q∨)ψu

λ ⇐⇒ e−wλ(x)vτxcw(λ)u = χ(x+Q∨)cvw(λ)u ∀w ∈W0.
(3.7.19)
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Putvr = w0wJr
. Apply (3.7.19) withv = vr andx = −ξr to conclude

π(ωr)ψu
λ = χ(−ξr +Q∨)ψu

λ ⇐⇒

e−wλ(−ξr)ωrcw(λ)u = χ(−ξr +Q∨)cvrw(λ)u ∀w ∈W0. (3.7.20)

Whence, using (3.7.8) and (3.7.4) we see thatπ(ωr)ψu
λ = χ(−ξr +Q∨)ψu

λ if and only
if

eλ(w−1ξr)u = χ(−ξr +Q∨)Iw−1(wλ)ω−1
r Ivrw(λ)u ∀w ∈W0 (3.7.21)

holds. Use (3.7.20), (3.7.21),−w−1ξr+Q∨ = −ξr+Q∨ (cf. paragraph following (2.2.5))
and the identity

Iw−1ξr
(λ) = Iw−1(wλ)ω−1

r Ivrw(λ)
to conclude (3.7.18). �

We are able to prove the main result of this section.

THEOREM 3.7.14. Letλ ∈ V ∗C be a generic regular spectral parameter,u a nonzero

element inU andχ ∈ X̂/Q∨. Thenψu
λ ∈ E(λ,U)W,χ

Qk
if and only ifu is a simultaneous

eigenvector of the family of commuting operatorIx(λ) (x ∈ X) with eigenvalueχ(x +
Q∨)eλ(x), i.e.

Ix(λ)u = χ(x+Q∨)eλ(x)u ∀x ∈ X. (3.7.22)

The equations (3.7.22) are calledBethe ansatz equations(associated toX andχ).

PROOF. We start with the identity

E(λ,U)W,χ
Qk

= {ψ ∈ E(λ,U)W
Qk
|πk(ωr)ψ = χ(−ξr +Q∨)ψ ∀r ∈ O∗X}. (3.7.23)

This follows from (3.6.5),WX = W o ΩX , Corollary 3.7.12,ωr = w0wJr
τ−ξr

and
πk(ωr) = Qk(ωr) (r ∈ O∗X ) as elements inEnd(C∞(V,U)). By Theorem 3.7.8 and
Lemma 3.7.13 thenψu

λ ∈ E(λ,U)W,χ
Qk

if and only if the BAE (3.7.22) are satisfied forx ∈
Q∨ ∪ {wξr|w ∈ W0, r ∈ O∗X}. To conclude the proof observe that the BAE (3.7.22) are
“additive” in x ∈ X (cf. proof of Theorem 3.7.8) andX is generated as an abelian group
byQ∨ and{wξr|w ∈W0, r ∈ O∗X} (cf. second statement of Corollary 3.7.12). �

COROLLARY 3.7.15. Every solution(λ, u) ∈ V ∗C × U of the Bethe ansatz equa-
tions (3.7.14)has a unique decomposition(λ, u) = (λ,

∑
χ uχ) with (λ, uχ) ∈ V ∗C ⊗ U

a solution of the Bethe ansatz equations(3.7.22).

PROOF. This follows from the decomposition (3.6.4) and Theorem (3.7.14). �

Reformulated in terms of the original boundary value problem (cf. Definition 3.2.6)
the previous theorem takes the following form.

THEOREM 3.7.16. Let λ ∈ V ∗C be a generic regular spectral parameter andχ ∈
X̂/Q∨. ThenBVPk(λ,U)W,χ

π is nonzero iffTkψ
u
λ ∈ BVPk(λ,U)W,χ

π for a nonzerou ∈
U . The latter holds iff(λ, u) satisfy the Bethe ansatz equations(3.7.22). In particular:
λ ∈ Sreg

k (U, χ) iff (λ, u) satisfies(3.7.14)for a nonzerou ∈ U .
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PROOF. Follows from Definition 3.2.13, Theorem 3.6.4(ii) and Theorem 3.7.14.�

3.8. The spectrum

In this section we restrict ourself to finite dimensionalunitary representationsU of
WX (with inner product denoted by(·, ·)U ) andstrictly positivemultiplicity functionsk.
As in the previous section we always assume thatλ denotes a generic regular spectral
parameter. The main result of this section states that if the spaceE(λ,U)W

Q is nonempty,
λmust be purely imaginary, i.e.λ ∈ iV ∗. Note that a purely imaginary spectral parameter
µ ∈ iV ∗ is always generic under the assumptionk > 0.

LEMMA 3.8.1. The spectrumSk(U, χ) and the regular spectrumSreg
k (U, χ) areW0-

invariant.

PROOF. This is an immediate consequence ofE(µ,U) = E(wµ,U) (w ∈ W0,
µ ∈ V ∗C ), Corollary 3.6.5 and theW0-invariance ofV ∗C,reg. �

In particular we get for aw ∈W0:

ψu
λ ∈ E(λ,U)W

Qk
for a0 6= u ∈ U ⇐⇒ ψu′

wλ ∈ E(λ,U)W
Qk

for a0 6= u′ ∈ U.
Using Theorem 3.7.8 we can actually be more specific.

COROLLARY 3.8.2. Letu ∈ U . Then for allw ∈W0 we have

ψu
λ ∈ E(λ,U)W

Qk
⇐⇒ ψ

Iw(λ)u
wλ ∈ E(λ,U)W

Qk
.

THEOREM 3.8.3 (Purely imaginary regular spectrum).Assume thatλ is a generic

spectral parameter in the regular spectrumSreg
k (U, χ) for a χ ∈ X̂/Q∨. Thenλ is

purely imaginary, i.e.λ ∈ iV ∗.

PROOF. SinceE(λ,U)W,χ
Qk

⊂ E(λ,U)W
Qk

, the general case will from the special
caseX = Q∨, which we assume in the rest of the proof. Recall from Section 2 that the
set of genericλ ∈ V ∗ isW0-invariant. Whence by by Lemma 3.8.1 we may assume that
the real part ofλ lies in the closure of the positive chamber:λ = µ + iν, with µ ∈ V ∗+
andν ∈ V ∗. The essence of the proof is that the operatorIϕ∨(λ) is a contraction onU
with respect to the invariant form(·, ·)U onU , i.e.

(Iϕ∨(λ)u, Iϕ∨(λ)u)U ≤ (u, u)U ∀u ∈ U. (3.8.1)

Sinceτϕ∨ = s0sϕ (cf. (2.2.2)) and the relations (3.7.3) we have

Iϕ∨(λ) = Ia0(sϕλ)Isϕ
(λ).

Now letsϕ = si1 . . . sir be a reduced expression. Applying once again (3.7.3) gives

Iϕ∨(λ) = Ia0(sϕλ)Iai1 (si2 . . . sir
λ)Iai2 (si3 . . . sir

λ) . . . Iair (λ) (3.8.2)

Every term on the right hand side is of the form

λ(Da∨)sa − ka

λ(Da∨) + ka
(a ∈

(
Σ+

0 ∩ sϕΣ−0
)
∪ {−a0}). (3.8.3)
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To show (3.8.1) it therefore suffices to show that (3.8.3) is a contraction. Leta ∈(
Σ+

0 ∩ sϕΣ−0
)
∪ {−a0} and putα = Da ∈ Σ+

0 . Then

|λ(α∨) + ka|
2 = µ(α∨)2 + k2

a + ν(α∨)2 + 2kaµ(α∨), (3.8.4)

and with every term on the right hand side real and non-negative becauseµ ∈ V ∗+ and
k > 0.

Furthermore, ifu ∈ U , then

‖(λ(α∨)sa − ka)u‖2U =
(
µ(α∨)2 + k2

a + ν(α∨)2
)
(u, u)U

− ka((λ(α∨)sau, u)U + (u, λ(α∨)sau)U ) (3.8.5)

By the Cauchy-Schwarz inequality and unitary ofU we have|(sau, u)U | ≤ (u, u)U . By
unitarity ofU follows also(sau, u)U = (u, sau)U ∈ R. Whence the last term in (3.8.5)
is real and can be estimated by

−2ka(sau, u)Uµ(α∨) ≤ 2ka‖u‖2Uµ(α∨). (3.8.6)

It follows that

‖(λ(α∨)sa − ka)u‖2U ≤ (µ(α∨)2 + k2
a + ν(α∨)2 + 2kaµ(α∨))‖u‖2U

|λ(α∨) + ka|
2 ‖u‖2U ,

where the equality follows from (3.8.4). Hence the operators (3.8.3) are contractions, and
therefore alsoIϕ∨(λ).

Sinceλ is inSreg
k (U) and generic, by Theorem 3.7.8Iϕ∨(λ) has a eigenvectoru ∈ U

with eigenvalueeλ(ϕ∨). SinceIϕ∨(λ) is a contraction, it follows that the modulus of this

eigenvalue satisfieseµ(ϕ∨) =
∣∣∣eλ(ϕ∨)

∣∣∣ ≤ 1. But alsoeµ(ϕ∨) ≥ 1 sinceµ ∈ V ∗. Thus∣∣∣eλ(ϕ∨)
∣∣∣ = 1, implying thatλ(ϕ∨) is purely imaginary. Sinceϕ∨ =

∑n
j=1 nja

∨
j with nj

strictly positive integers and since the real part ofλ lies inV ∗+, we conclude thatλ(a∨j ) is
purely imaginary for all co-rootsa∨j (j = 1, . . . , n). This impliesλ ∈ iV ∗ and concludes
the proof. �

LEMMA 3.8.4. Let λ ∈ iV ∗reg andw ∈ WX . Then the operatorIw(λ) is a unitary
operator onU , i.e.

(Iw(λ)u, Iw(λ)u)U = (u, u)U ∀u ∈ U.

PROOF. With a similar argument as in the proof of Theorem 3.8.3 one easily shows
that

Ia(ν) =
ν(Da∨)sa − ka

ν(Da∨) + ka
(a ∈ I)

is a unitary operator onU if ν ∈ iV ∗reg. Now observe thatIw(λ) is a product of operators
of the formIa(ν) andIω(ν) = ω (as operators onU for ω ∈ ΩX ) with ν ∈ iV ∗reg, and
these are unitary operators onU . �
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Using the previous lemma, Theorem 3.7.14 can in this context be strengthened as
follows.

THEOREM 3.8.5. Let U be a finite dimensional unitary representation ofWX and
k a strictly positive multiplicity function. Let alsoλ ∈ V ∗C be a generic regular spectral

parameter,u a nonzero element ofU andχ ∈ X̂/Q∨. Thenψu
λ ∈ E(λ,U)W,χ

Qk
if and only

if λ is purely imaginary and(λ, u) is a solution of the Bethe ansatz equations(3.7.22).

Reformulated in terms of the original boundary value problem (cf. Definition 3.2.6)
the previous theorem takes the following form.

THEOREM 3.8.6. Let U be a finite dimensional unitary representation ofWX and
k a strictly positive multiplicity function. Let alsoλ ∈ V ∗C be a generic regular spectral

parameter andχ ∈ X̂/Q∨. ThenBVPk(λ,U)W,χ
π is nonzero iffTkψ

u
λ ∈ BVPk(λ,U)W,χ

π

for a nonzerou ∈ U . The latter holds iffλ is purely imaginary and(λ, u) is a solution of
the Bethe ansatz equations(3.7.22).





CHAPTER 4

Periodic scalar integrable systems with delta-potentials

4.1. Introduction

In Chapter 3 we attached to any affine root systemΣ and a finite dimensional rep-
resentation of the corresponding affine Weyl group a quantum integrable system with
values in this representation. In this chapter we restrict ourself to the scalar system, i.e.
our quantum system takes values in the trivial representation.

Our aim in this chapter is two-fold. The first one is to show that the results of Sec-
tion 3.8 holds without the assumption that the spectral parameters have to be generic.
Second, we we will show that the solutions of the Bethe ansatz equations are controlled
by a strictly convex master function, generalizing the results of Yang & Yang [81] for the
special case of the impenetrable Bose-gas on the circle.

We now give a summary of every section separately. In Section 4.2 we revisit the
intertwiner operators from Section 3.7. They act as scalar multiplication on the trivial rep-
resentation and we make these scalars explicit. In Section 4.3 we study the reformulated
boundary value problem (see Theorem 3.6.4). In particular the invariants underQ-action
of the finite Weyl group are analyzed for general spectral parameters (cf. Lemma 3.7.7
and (3.7.13)). This leads in Section 4.4 to the derivation of the Bethe ansatz equations
for X = Q∨. It is furthermore shown that the spectrum of the quantum system under
consideration is purely imaginary. In Section 4.5 we introduce the master function and
show that it is strictly convex. This allows us to proof that the boundary value problem
has solutions if and only if the associated spectral value is aregularsolution of the Bethe
ansatz equations. In case of root system of typeA, this is known as the Pauli principle
for the interacting bosons. In Section 4.6 we show that the results of Sections 4.4 and 4.5
holds for general latticesQ∨ ⊂ X ⊂ P∨.

In Section 4.7 some elementary facts about the connection between lattices and cosets
are given. It is al preparatory to Section 4.8, where we continue the study of the master
function from Section 4.5, leading to a natural parametrization of the solutions of the
Bethe ansatz equations. In Section 4.9 the solutions of the Bethe ansatz equations are
further analyzed, which leads to estimates for the momenta gaps.

In this chapter the notations from Chapter 2 and Chapter 3 are used. In particularX
always denotes a lattice between the co-root latticeQ∨ and the co-weight latticeP∨, and
Ctriv denotes the trivial representation ofC[WX ] (and occasionally ofC[W0]). Unless

79
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stated explicitly otherwise, we fix a strictly positive multiplicity functionk : Σ → R>0.
In particular all the results of Section 3.8 apply.

4.2. The intertwiners revisited

In this sectionλ always denotes a generic spectral parameter, unless stated otherwise.
An elementIw(λ) ∈ C[WX ] (w ∈ WX ) from Section 3.7 acts as scalar multiplica-

tion onCtriv. In this chapter we identifyIw(λ) with this scalar.
For aw ∈W e write Σ(w) = Σ+ ∩ w−1Σ−.

LEMMA 4.2.1. (i) Σ(τϕ∨) = (Σ+ ∩ sϕΣ−) ∪ {ϕ+ δ}.
(ii) Letα ∈ Σ0. Then:

α(ϕ∨) =


2 if α = ϕ,

1 if α ∈
(
Σ+

0 ∩ sϕΣ−0
)
\ {ϕ},

0 if α /∈ Σ+
0 ∩ sϕΣ−0 .

(4.2.1)

PROOF. (i) This follows fromτϕ∨ = s0sϕ (cf. (2.2.2)) and [59, (2.2.4).(ii)].

(ii) Usesα(ϕ) = ϕ−ϕ(α∨)α and thatϕ is the highest root to conclude thatϕ(α∨) ∈
Z+, and whence alsoα(ϕ∨) ∈ Z+. Letα ∈ Σ+ andα /∈ Σ+∩sϕΣ−. Thensϕ(α) = α−
α(ϕ∨)ϕ ∈ Σ+. Sinceϕ is the highest root andα(ϕ∨) ∈ Z+, we must haveα(ϕ∨) = 0.

Now assume thatα ∈ (Σ+
0 ∩ sϕΣ−0 ) \ {ϕ}. Together withα(ϕ∨) ∈ Z+ this gives

α(ϕ∨) ∈ Z≥1. Now consider the following identity,

sϕ(α) = α− α(ϕ∨)ϕ = (α− ϕ) + (1− α(ϕ∨))ϕ.

Becauseϕ is the highest root andα � ϕ, we must have1− α(ϕ∨) = 0, i.e.α(ϕ∨) = 1.
The caseα = ϕ is trivial. �

LEMMA 4.2.2. The following holds forx ∈ Q∨ ⊂ X:

Ix(λ) =
∏

α∈Σ+
0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

. (4.2.2)

PROOF. Note that

Ia(λ) =
λ(Da∨)− ka

λ(Da∨) + ka
(a ∈ I). (4.2.3)

The defining relation (3.7.2) ofIw(λ) gives therefore

Iw(λ) =
∏

a∈Σ(w)=Σ+∩w−1Σ−

λ(Da∨)− ka

λ(Da∨) + ka
(w ∈WX). (4.2.4)

Takingw = τϕ∨ and using Lemma 4.2.1 we see that (4.2.2) holds forx = ϕ∨.
The following identity

Iwx(λ) = Iw(w−1λ)Ix(w−1λ)Iw−1(λ) = Ix(w−1λ) (x ∈ X,w ∈W0) (4.2.5)
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follows from τwx = wτxw
−1 as elements inWX , the relations (3.7.3), (3.7.4) and the

commutativity of theIw(λ). Observe that the expression(
λ(x)− kα

λ(x) + kα

)α(x)

(α ∈ Σ0, x ∈ Q∨) (4.2.6)

is invariant underα 7→ −α. Together with the obvious identity

Σ+
0 =

(
(wΣ+

0 ) ∩ Σ+
0

)
∪ −((wΣ+

0 ) ∩ Σ−0 ) (w ∈W0),

(4.2.5) and the fact that (4.2.2) holds forx = ϕ∨, we conclude that (4.2.2) holds for
x = wϕ∨ (w ∈ W0). Since all short co-roots are conjugate inΣ∨0 underW0, we see
that (4.2.2) holds for all short co-rootsx ∈ Σ∨0 . To conclude the proof observe that
the (4.2.2) are “additive” inx ∈ Q∨ (cf. proof of Theorem 3.7.8) andQ∨ is generated by
the short co-roots inΣ∨0 . �

Let J be a subset of the simple rootsI0. We denoteΣJ
0 ⊂ Σ0 for the parabolic

root subsystem associated toJ . We writeNJ for the cardinality of the corresponding set
ΣJ,+

0 := ΣJ
0 ∩ Σ+

0 of positive roots inΣJ
0 .

LEMMA 4.2.3. The identity(4.2.2)holds for allx ∈ X.

PROOF. Because the equations (4.2.2) are “additive” inx ∈ X (cf. proof of The-
orem 3.7.14), the fact thatX is generated as an abelian group byQ∨ and{wξr|w ∈
W0, r ∈ O∗X} and Lemma 4.2.2, it suffices to show that (4.2.2) holds forx = wξr
(w ∈ W0, r ∈ O∗X ). Fix a r ∈ O∗X . Let us denote byη a generic regular spectral
paramter. For anu ∈W0 we have by (4.2.4)

Iw0(u
−1η) =

∏
α∈Σ+

0

η(uα∨)− kα

η(uα∨) + kα

=
∏

β∈Σ+
0 ∩uΣ+

0

η(β∨)− kβ

η(β∨) + kβ

∏
β∈−(Σ−0 ∩uΣ+

0 )=Σ+
0 ∩uΣ−0

(
η(β∨)− kβ

η(β∨) + kβ

)−1

.

(4.2.7)

Note thatIω(λ) = 1 (ω ∈ ΩX ). Usingτξr
= ω−1

r w0wJr
, (3.7.3) and (4.2.7) gives

Iξr
(λ) = Iw0(wJr

λ)IwJr
(λ) =

∏
α∈Σ+

0 ∩wJr Σ+
0

η(α∨)− kα

η(α∨) + kα
. (4.2.8)

Note thatξr is a minuscule co-weight, and whenceα(ξr) = 1 for all α ∈ Σ+
0 \Σ

Jr,+
0 .

Standard parabolic theory of finite Weyl groups implies also the following,

Σ+
0 ∩ wJr

Σ+
0 = Σ+

0 \Σ
Jr,+
0 .

Together with (4.2.8) we see that (4.2.2) holds forx = ξr. By (4.2.5) we getIwξr
=

Iξr (w
−1λ) (w ∈ W0). We conclude as in the proof of Lemma that (4.2.2) holds for

x = wξr (w ∈W0). �
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COROLLARY 4.2.4. TheIx(λ) is independent of the choice of positive systemΣ+
0 .

PROOF. This follows because the expression (4.2.6) does not change whenα is re-
placed by−α. �

Note that the coefficientscw(µ) ∈ C[W0] (w ∈ W0, µ ∈ V ∗C,reg) in the plane wave
decomposition (3.7.6) of the universal eigenfunctinΨµ acts scalar multiplication onCtriv.
In this chapter we identifycw(µ) with this scalar. We then have the following.

LEMMA 4.2.5. Letw ∈W0 andµ a regular spectral parameter inV ∗C . Thencw(µ) =
c̃k(wµ) and whenceIw(µ) = c̃k(wµ)/c̃k(µ).

PROOF. Becausecw(µ) and c̃k(µ) are both analytic inµ ∈ V ∗C,reg, it suffices to
showcw(µ) = c̃k(wµ) for µ in the dense subset of generic regular spectral parameters.
But if µ is generic and regular, thencw(µ) = c̃k(wµ) follows easily from (4.2.4) and the
definition (3.7.7) of̃ck. �

4.3. Invariants in E(λ)

In this section we restrict ourself to theW0-theory. We analyze the subspaceE(λ)W0
Q0

k

of W0-invariants ofE(λ)Q0
k

(cf. (3.2.5) and Remark 3.7.3). First we recall some well
known properties of the spaceE(λ) from [75] and [40]. For technical purposes it is
convenient to introduce the following terminology.

DEFINITION 4.3.1. LetJ be a subset of the simple rootsI0. The spectral parameter
λ ∈ V ∗C is calledJ-standard ifλ ∈ V ∗⊕ iV ∗+ and if the isotropic sub-group ofλ in W0 is
the standard parabolic sub-groupW0,J generated by the simple reflectionssα (α ∈ J).

LEMMA 4.3.2. Let λ ∈ V ∗C . TheW0-orbit of λ contains aJ-standard spectral
parameter for some subsetJ ⊆ I0.

PROOF. Taking aW0-translate ofλwe may assume thatλ = µ+iν with µ ∈ V ∗ and
ν ∈ V ∗+. The isotropy group ofν in W0 is a standard parabolic sub-groupW0,K ⊂ W0

for some subsetK ⊆ I0. Write V ∗ = V ∗K ⊕ (V ∗K)⊥ with V ∗K = spanR{α |α ∈ K} and
(V ∗K)⊥ its orthocomplement inV ∗. Set

V ∗K,+ = {ξ ∈ V ∗K | ξ(α∨) > 0 ∀α ∈ K},

which we view as the fundamental chamber for the action of the standard parabolic sub-
groupW0,K onV ∗K . Taking aW0,K-translate ofλ we may assume thatλ = µ+ µ′ + iν

with µ ∈ V ∗K,+, µ′ ∈ (V ∗K)⊥, andν ∈ V ∗+ as before. The isotropy sub-group ofλ in W0

then equals the isotropy sub-group ofµ inW0,K , which is a standard parabolic sub-group
W0,J for some subsetJ ⊆ K sinceµ ∈ V ∗K,+. �

Observe that aJ-standard spectral parameterλ is regular if and only ifJ = ∅. Note
furthermore that the moduleE(λ) (λ ∈ V ∗C ) only depends on the orbitW0λ. When
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analyzing the moduleE(λ), we thus may assume without loss of generality thatλ is J-
standard for some subsetJ ⊆ I0. In particular, we will now assume this condition for the
remainder of this section.

For j ∈ Z≥0 we denoteP (j)(V )C (respectivelyP (≤j)(V )C) for the homogeneous
polynomialsp ∈ P (V )C of degreej (respectively the polynomialsp ∈ P (V )C of de-
gree≤ j). TheW0-action (2.2.7) onP (V )C respects the natural gradingP (V )C =⊕∞

j=0 P
(j)(V )C. Furthermore,

EJ(0) = {f ∈ P (V )C | p(∂)f = p(0)f ∀ p ∈ S(V )W0,J}

is a gradedW0,J -submodule ofP (V )C, isomorphic to the regular representation ofW0,J

(see e.g. [75, Theorem 1.2] and references therein). We writeE(j)
J (0) = EJ(0) ∩

P (j)(V )C andE(≤j)
J (0) = EJ(0) ∩ P (≤j)(V )C.

Denote byW J
0 the minimal coset representatives ofW0/W0,J . Steinberg [75] estab-

lished the decomposition

E(λ) =
⊕

u∈W J
0

u
(
EJ(0)eλ

)
. (4.3.1)

Furthermore, we haveE(λ) =
⊕∞

j=0E
(j)(λ) with E(j)(λ) theW0-submodule

E(j)(λ) =
⊕

u∈W J
0

u
(
E

(j)
J (0)eλ

)
.

We denoteE(≤j)(λ) =
⊕j

r=0E
(r)(λ).

The vector spaceE(λ)W0
Q0 is one-dimensional for all spectral valuesλ ∈ V ∗C by

Lemma 3.7.7. In fact, by (3.5.3) the function

ψλ,k =
1

#W0

∑
w∈W0

Q0
k(w)eλ (4.3.2)

satisfiesψλ,k(0) = 1 and spansE(λ)W0
Q0

k
. On the other hand, by (4.3.1) there exist unique

polynomialspλ
u ∈ EJ(0) (u ∈W J

0 ) such that

ψλ,k(v) =
∑

u∈W J
0

pλ
u(u−1v)euλ(v), v ∈ V. (4.3.3)

By (4.3.1) we have

E(λ) =
⊕

w∈W0

Cewλ, λ ∈ V ∗C regular, (4.3.4)

so the polynomialspλ
w (w ∈W0) are constants for regularλ.

In fact we have

ψλ,k =
1

#W0

∑
w∈W0

c̃k(wλ)ewλ, λ ∈ V ∗C regular, (4.3.5)
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where thec-function c̃k is given by (3.7.7). This follows fromψλ,k = ψ1
λ,k (with 1 ∈

Ctriv), (3.7.5) and Lemma 4.2.5 (see also [28] and [40, Section 2]). In the remainder of
the chapter it will actually be more convenient to work with the regularizedc-function

ck(µ) :=
∏

α∈Σ+
0

µ(α∨) 6=0

µ(α∨) + kα

µ(α∨)
, µ ∈ V ∗C (4.3.6)

which is equal tõck(µ) for regularµ. We can then write

pλ
w =

1
#W0

ck(wλ), λ ∈ V ∗C regular.

For singularλ an explicit expression forpλ
u ∈ EJ(0) (u ∈ W J

0 ) is not known. For our
purposes it suffices to have explicit expressions for the highest and the next to highest
homogeneous components ofpλ

u, which we will now proceed to derive.
We let

δJ =
1
2

∑
α∈ΣJ,+

0

α ∈ V ∗.

Recall that the minimal coset representativesW J
0 of W0/W

J
0 can be characterized by

W J
0 = {u ∈W0 |u(ΣJ,+

0 ) ⊆ Σ+
0 }.

The following lemma now gives a derivational expression forpλ
u (u ∈W J

0 ).

LEMMA 4.3.3. Letλ ∈ V ∗C beJ-standard. Foru ∈W J
0 we have

pλ
u = K−1

J

dNJ

dtNJ

∣∣∣∣
t=0

 ∑
v∈W0,J

du(t)euv(t)(−1)l(v)etvδJ


with coefficients

du(t) =
∏

α∈Σ+
0 \u(ΣJ,+

0 )

(
uδJ(α∨)t+ uλ(α∨)

)−1
,

euv(t) =
∏

α∈Σ+
0

(uvδJ(α∨)t+ uλ(α∨) + kα)

and with strictly positive constantKJ = NJ !#W0

∏
α∈ΣJ,+

0
δJ(α∨).

PROOF. By (4.3.2),ψk
µ(v′) (v′ ∈ V ) depends analytically on the spectral parameter

µ ∈ V ∗C . In particular,ψλt,k(v′) with λt := λ+ tδJ ∈ V ∗C depends analytically ont ∈ C,
and we have the (point-wise) limit

lim
t→0

ψλt,k = ψλ,k. (4.3.7)

For ε > 0 we write

U0
ε = {t ∈ C | 0 < |t| < ε}, Uε = {t ∈ C | |t| < ε}.
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There exists anε > 0 such thatλt is regular fort ∈ U0
ε , hence

ψλt,k =
1

#W0

∑
w∈W0

 ∏
α∈Σ+

0

wλt(α∨) + kα

wλt(α∨)

 ewλt , t ∈ U0
ε

by (4.3.5). Splitting the sum into a double sumw = uv with u ∈ W J
0 andv ∈ W0,J and

using ∏
α∈Σ+

0

uvλt(α∨) = (−1)l(u)+l(v)tNJ

∏
α∈ΣJ,+

0

δJ(α∨)
∏

β∈Σ+
0 \Σ

J,+
0

λt(β∨)

= (−1)l(v)tNJ

∏
α∈ΣJ,+

0

δJ(α∨)
∏

β∈Σ+
0 \u(ΣJ,+

0 )

uλt(β∨),

we obtain

tNJψk
λt

= K−1
J NJ !

∑
u∈W J

0

∑
v∈W0,J

du(t)euv(t)(−1)l(v)etuvδJ+uλ (4.3.8)

as analytic functions int ∈ Uε (note thatdu(t) is analytic att ∈ Uε). By (4.3.7),ψλ,k is
theNJ th term in the power series expansion of (4.3.8) att = 0, which yields the desired
result. �

Define the strictly positive constantCk
J by

Ck
J =

1
#W0

∏
α∈ΣJ,+

0

kα

δJ(α∨)
.

The highest and next to highest homogeneous terms ofpλ
u ∈ EJ(0) (u ∈ W J

0 ) can now
be explicitly computed as follows.

PROPOSITION4.3.4. Letλ ∈ V ∗C beJ-standard andu ∈W J
0 .

(i) The highest homogeneous termhλ
u of pλ

u ∈ EJ(0) is of degreeNJ and is explicitly
given by

hλ
u = Ck

Jck(uλ)
∏

α∈ΣJ,+
0

α.

(ii) Suppose thatλ is singular(i.e. J 6= ∅). The next to highest homogeneous termnλ
u of

pλ
u ∈ EJ(0) is

nλ
u = ∂u−1ρk

uλ

(
hλ

u

)
= Ck

Jck(uλ)
∑

β∈ΣJ,+
0

uβ(ρk
uλ)

∏
α∈ΣJ,+

0 \{β}

α

with

ρk
µ =

∑
α∈Σ+

0

α∨

µ(α∨) + kα
∈ VC. (4.3.9)
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REMARK 4.3.5. The formula fornλ
u should be read as an identity between analytic

functions inkα > 0 (the possible singularities are easily seen to be removable).

PROOF. (i) Observe thateuv(0) = eu(0) is independent ofv ∈W0,J , and

du(0)eu(0) = ck(uλ)
∏

α∈ΣJ,+
0

kα.

Combined with Lemma 4.3.3 we conclude that the highest homogeneous termhλ
u of pλ

u

is given by

hλ
u =

Ck
J

NJ !
ck(uλ)

dNJ

dtNJ

∣∣∣∣
t=0

∑
v∈W0,J

(−1)l(v)etvδJ

=
Ck

J

NJ !
ck(uλ)

∑
v∈W0,J

(−1)l(v)
(
vδJ
)NJ

.

(4.3.10)

On the other hand, by the Weyl denominator formula forΣJ
0 we have

dNJ

dtNJ

∣∣∣∣
t=0

∑
v∈W0,J

(−1)l(v)etvδJ =
dNJ

dtNJ

∣∣∣∣
t=0

etδJ

∏
α∈ΣJ,+

0

(
1− e−tα

)
= NJ !

∏
α∈ΣJ,+

0

α.

Combined with the first equality in (4.3.10) we obtain the desired expression forhλ
u.

(ii) The next to highest homogeneous termnλ
u of pλ

u is

nλ
u =

NJ

KJ

{
d′u(0)eu(0)

∑
v∈W0,J

(−1)l(v)
(
vδJ
)NJ−1

+ du(0)
∑

v∈W0,J

(−1)l(v)e′uv(0)
(
vδJ
)NJ−1

}
in view of Lemma 4.3.3, where the prime denotes thet-derivative. The firstW0,J -sum
in this expression is identically zero since it is aW0,J -alternating polynomial of degree
< NJ . By a direct calculation the remaining expression can be rewritten as

nλ
u =

Ck
J

(NJ − 1)!
ck(uλ)

∑
v∈W0,J

(−1)l(v)(vδJ)(u−1ρk
uλ)
(
vδJ
)NJ−1

.

The desired expression fornλ
u now follows from (4.3.10). �

4.4. The Bethe ansatz equations

In the this and the next section we takeX = Q∨. This and the next section are
devoted to proving the following main results on the solution space of the boundary value
problem.
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THEOREM4.4.1. Letλ ∈ V ∗C . The spaceBVPk(λ)W ofW -invariant solutions to the
boundary value problem is one-dimensional or zero-dimensional. It is one-dimensional if
and only if the spectral valueλ is a purely imaginary, regular solution of the Bethe ansatz
equations ∏

α∈Σ+
0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

= eλ(x) ∀x ∈ Q∨. (4.4.1)

If BVPk(λ)W is one-dimensional, then there exists a uniqueφλ,k ∈ BVPk(λ)W normal-
ized byφλ,k(0) = 1. The solutionφλ,k is the uniqueW -invariant function satisfying

φλ,k(v) =
1

#W0

∑
w∈W0

c̃k(wλ)ewλ(v), v ∈ C+. (4.4.2)

REMARK 4.4.2. (i) By Lemma 4.2.1 and (the proof of) Lemma 4.2.2 the Bethe ansatz
equations (4.4.1) can be rewritten as

ewλ(ϕ∨) =
wλ(ϕ∨)− kϕ

wλ(ϕ∨) + kϕ

∏
α∈Σ+

0 ∩sϕΣ−0

wλ(α∨)− kα

wλ(α∨) + kα
∀w ∈W0. (4.4.3)

(ii) The Bethe ansatz equations (4.4.1) are independent of the choice of positive system
Σ+

0 by Corollary 4.2.4.

By Theorem 3.6.4(ii) , Theorem 4.4.1 is equivalent to the following theorem.

THEOREM 4.4.3. Let λ ∈ V ∗C . The spaceE(λ)W
Qk

is one-dimensional or zero-
dimensional. It is one-dimensional if and only if the spectral valueλ is a purely imaginary,
regular solution of the Bethe ansatz equations(4.4.1). If E(λ)W

Qk
is one-dimensional then

ψλ,k (cf. (4.3.5)) is the unique function inE(λ)W
Qk

normalized byψλ,k(0) = 1.

Theorem 4.4.3 is proved in this section under the assumption thatλ is regular. The
assertion thatλ is necessarily regular is proved in Section 4.5. Note that Theorem 3.8.5
(for U = Ctriv andX = Q∨) is the generic regular version of Theorem 4.4.3. This is
also the case for general latticesX, cf. Section 4.7.

We show thatE(λ)W
Q 6= {0} implies that the spectral parameterλ is a purely imagi-

nary solution of the Bethe ansatz equations (4.4.1).
From the results of the previous section it is clear thatE(λ)W

Q is one-dimensional
or zero-dimensional. In fact it is one-dimensional if and only ifQk(s0)ψλ,k = ψλ,k, in
which case we have

E(λ)W
Q = E(λ)W0

Q = spanC{ψλ,k}
(cf. with the analysis in Section 3.7). It is convenient to reformulate these observations in
terms of

Jk = ∂ϕ∨Qk(s0) + kϕ (4.4.4)

(viewed as an operator on e.g.C∞(V ) orE(λ)). The operatorJk is preciselyQk(−Ja0),
with Ja0 as defined in the proof of Theorem 3.7.1. The following elementary commutation
relations

Jk∂v = ∂sϕvJk, ∀ v ∈ V
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follows from the cross relations(c) in Theorem 2.2.2. The equalityQk(s0)ψλ,k = ψλ,k

clearly impliesJkψλ,k = (∂ϕ∨ + kϕ)ψλ,k.

LEMMA 4.4.4. If λ is regular, thenJkψλ,k = (∂ϕ∨+kϕ)ψλ,k impliesQk(s0)ψλ,k =
ψλ,k.

PROOF. By (4.3.4) we have a unique expansion

Qk(s0)ψλ,k − ψλ,k =
∑

w∈W0

dwe
wλ

with dw ∈ C. We conclude from the equalityJkψλ,k = (∂ϕ∨ + kϕ)ψλ,k

thatwλ(ϕ∨)dw = 0 for all w ∈ W0. Sinceλ is regular, this impliesdw = 0 for all
w ∈W0. �

For p ∈ P (V )C ' S(V ∗)C we write p(∂µ) for the associated constant coefficient
differential operator acting on smooth functions inµ ∈ V ∗C .

LEMMA 4.4.5. Letp ∈ P (V )C ' S(V ∗)C. For w ∈W0 we have

Jk

(
p(w−1·)ewµ

)
(v) = −p(∂µ)

(
(µ(w−1ϕ∨) + kϕ)eµ(w−1ϕ∨)eµ(w−1sϕv)

)
,(

∂ϕ∨ + kϕ

)(
p(w−1·)ewµ

)
(v) = p(∂µ)

(
(µ(w−1ϕ∨) + kϕ)eµ(w−1v)

)
,

where we view the left hand sides as functions inv ∈ V and the right hand sides as
functions inµ ∈ V ∗C . In particular,

Jk

(
P (≤j)(V )C e

µ
)
⊆ P (≤j)(V )C e

sϕµ,
(
∂ϕ∨+kϕ

)(
P (≤j)(V )C e

µ
)
⊆ P (≤j)(V )C e

µ

for j ∈ Z≥0 andµ ∈ V ∗C .

PROOF. Observe that(
p(w−1·)ewµ

)
(v) = p(∂µ)

(
eµ(w−1v)

)
,

andp(∂µ) (acting onµ ∈ V ∗C ) clearly commutes withJk and(∂ϕ∨ + kϕ) (which act on
v ∈ V ). Thus it suffices to prove the lemma forp ≡ 1, in which case the second formula
is trivial. To prove the first formula forp ≡ 1 we may assume without loss of generality
thatw = e is the unit element ofW0. Suppose thatµ ∈ V ∗C is regular. Then

Jk(eµ) = −
(
µ(ϕ∨) + kϕ

)
eµ(ϕ∨)esϕµ

holds by (3.7.9) (applied witha = a0). In this formula the regularity constraint onµ can
be removed by continuity. �

We denoteπ(j)
λ : E(λ) → E(j)(λ) for the projection ontoE(j)(λ) along the decom-

positionE(λ) =
⊕∞

r=0E
(r)(λ). Observe that

IdE(λ) =
NJ∑
j=0

π
(j)
λ (4.4.5)
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if λ isJ-standard in view of Proposition 4.3.4(i). In this section we consider the constraint
onλ such that

π
(j)
λ

(
Jkψλ,k

)
= π

(j)
λ

(
(∂ϕ∨ + kϕ)ψλ,k

)
(4.4.6)

for the highest degree componentj = NJ .
The mapu 7→ uJ , whereuJ ∈W J

0 is obtained from the unique decomposition

sϕu = uJuJ , uJ ∈W J
0 , uJ ∈W0,J , (4.4.7)

defines an involution onW J
0 . Observe that

(uJ)J = (uJ)−1, u ∈W J
0 . (4.4.8)

Recall thatck denotes the regularizedc-function (4.3.6).

LEMMA 4.4.6. Suppose thatλ ∈ V ∗C is J-standard.
(i) The equation(4.4.6)for j = NJ holds if and only ifλ satisfies the equations

ck(sϕuλ)(uλ(ϕ∨)− kϕ)e−uλ(ϕ∨)(−1)l(uJ ) = ck(uλ)(uλ(ϕ∨) + kϕ), ∀u ∈W J
0 .

(4.4.9)
(ii) For u ∈W J

0 and for multiplicity functionsk such thatck(uλ) 6= 0, we have

ck(sϕuλ)
ck(uλ)

= (−1)l(uJ )
∏

α∈Σ+
0 ∩sϕΣ−0

uλ(α∨)− kα

uλ(α∨) + kα
.

PROOF. (i) By (4.3.3), Lemma 4.4.5 and Proposition 4.3.4(i) we have

π
(NJ )
λ (Jkψλ,k) = −Ck

J

∑
u∈W J

0

ck(uλ)(uλ(ϕ∨) + kϕ)euλ(ϕ∨)esϕuλ
∏

α∈ΣJ,+
0

sϕuα,

π
(NJ )
λ

(
(∂ϕ∨ + kϕ)ψλ,k

)
= Ck

J

∑
u∈W J

0

ck(uλ)(uλ(ϕ∨) + kϕ)euλ
∏

α∈ΣJ,+
0

uα. (4.4.10)

The proof now follows by equating the coefficients ofeuλ
∏

α∈ΣJ,+
0

uα (u ∈ W J
0 ) in

(4.4.10) using (4.4.7).
(ii) We first compare the denominators ofck(uλ) andck(sϕuλ) = ck(uJλ). If µ ∈ V ∗C is
regular then∏

α∈Σ+
0 \uJΣJ,+

0

uJµ(α∨) =
∏

α∈Σ+
0

uJµ(α∨)
∏

β∈uu−1
J ΣJ,+

0

(uu−1
J µ(β∨))−1

= (−1)l(uJ )
∏

α∈Σ+
0

sϕuu
−1
J µ(α∨)

∏
β∈uΣJ,+

0

(uu−1
J µ(β∨))−1

= (−1)l(uJ )+1
∏

α∈Σ+
0 \uΣJ,+

0

uu−1
J µ(α∨).

Taking the limitµ→ λ we obtain∏
α∈Σ+

0 \uJΣJ,+
0

uJλ(α∨) = (−1)l(uJ )+1
∏

α∈Σ+
0 \uΣJ,+

0

uλ(α∨).
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A similar (and easier) computation leads to the comparative formula∏
α∈Σ+

0 \uJΣJ,+
0

(
uJλ(α∨) + kα

)
=

−

 ∏
β∈Σ+

0 ∩sϕΣ−0

uλ(β∨)− kβ

uλ(β∨) + kβ

 ∏
α∈Σ+

0 \uΣJ,+
0

(
uλ(α∨) + kα

)
for the numerators ofck(uλ) andck(uJλ). Combining both formulas leads to the desired
result. �

The set of solutionsλ ∈ iV ∗ of the Bethe ansatz equations (4.4.1) is denoted by
BAEk.

PROPOSITION4.4.7. Suppose thatλ ∈ V ∗C is J-standard. The equation(4.4.6)for
j = NJ holds if and only ifλ ∈ BAEk.

PROOF. We first show thatλ is purely imaginary ifλ satisfies the equation (4.4.9)
(see also (the proof of) Theorem 3.8.3). Letµ = uλ (u ∈ W J

0 ) be the element in the
W0-orbit of λ having its real part inV ∗+. Thenck(µ) 6= 0 since the multiplicity function
k is strictly positive, hence (4.4.9) and Lemma 4.4.6(ii) imply

eµ(ϕ∨) =
µ(ϕ∨)− kϕ

µ(ϕ∨) + kϕ

∏
α∈Σ+

0 ∩sϕΣ−0

µ(α∨)− kα

µ(α∨) + kα
. (4.4.11)

The modulus of the left hand (respectively right hand side) of (4.4.11) is≥ 1 (respectively
≤ 1) since the real part ofµ is in V ∗+ and the multiplicity functionk is strictly positive.
An argument similar to the argument in the last paragraph of the proof of Theorem 3.8.3
shows thatλ ∈ iV ∗.

Combined with Lemma 4.4.6(i) it follows thatλ satisfies (4.4.6) forj = NJ if and
only if λ is a purely imaginary solution of the equations (4.4.9). For purely imaginaryλ
we haveck(uλ) 6= 0 for all u ∈W J

0 due to the strict positivity of the multiplicity function
k. The proof now follows from Lemma 4.4.6(ii) and Remark 4.4.2(i). �

As an immediate result we obtain the following “regular part” of Theorem 4.4.1.

COROLLARY 4.4.8. Suppose thatλ ∈ V ∗C is regular. The spaceE(λ)W
Q is zero-

dimensional or one-dimensional. It is one-dimensional if and only ifλ ∈ BAEk. In that
caseE(λ)W

Q is spanned byψλ,k (3.7.17).

PROOF. By the observations at the beginning of the section it suffices to show that
E(λ)W

Q 6= {0} iff λ ∈ BAEk.
Since BAEk ⊂ iV ∗ is aW0-invariant subset andE(λ)W

Q only depends on theW0-
orbit of λ, we may assume without loss of generality thatλ is ∅-standard. IfE(λ)W

Q 6=
{0} then (4.4.6) holds, henceλ ∈ BAEk by Proposition 4.4.7. Conversely, suppose that
λ ∈ BAEk. Sinceλ is regular we have IdE(λ) = π

(0)
λ by (4.4.5), henceJkψλ,k =
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(
∂ϕ∨ + kϕ

)
ψλ,k by Proposition 4.4.7. By Lemma 4.4.4 this impliesQk(s0)ψλ,k = ψλ,k,

hence0 6= ψλ,k ∈ E(λ)W
Q . �

4.5. The Pauli principle

In this section we complete the proof of Theorem 4.4.1. In view of Proposition 4.4.7
and Corollary 4.4.8 it suffices to show the following root system analog of the Pauli
principle.

PROPOSITION4.5.1. If λ ∈ BAEk is singular thenE(λ)W
Q = {0}.

REMARK 4.5.2. In physics literature the regularity of the spectral parameterλ (see
Theorems 4.4.1 and 4.6.1) is usually imposed as an additional requirement, since it au-
tomatically ensures (cf. Lemma 3.7.7 and (3.7.13)) that eigenstates admit plane wave
expansion within any alcoveC ∈ C. The regularity condition for root systemΣ0 of type
An can be viewed as a Pauli type principle for the interacting quantumbosons, since it
implies that the momenta of the quantum bosons are pair-wise different. An actual proof
of the regularity of the spectrum was obtained by Izergin and Korepin [47] using quantum
inverse scattering methods. In this derivation the regularity condition follows from the
strict convexity of the master function (introduced by Yang & Yang [81]).

It is believed [47] that quantum integrable systems governed by a strictly convex mas-
ter function always have a regularity constraint on the spectrum, although a conceptual
understanding is not known as far as we know. Our derivation of the regularity constraint
on the spectrum is in accordance to this point of view.

REMARK 4.5.3. In Chapter 5 we give an independent proof of Proposition 4.5.1 that
is based on a density argument of the Bethe ansatz eigenfunctions in the Hilbert space of
square-integrable functions on the fundamental chamberC+ (see also Remark 5.6.8).

We first introduce themaster functionfor our quantum system.

DEFINITION 4.5.4. The master functionSk : P × V ∗ → R is defined by

Sk(µ, ξ) =
1
2
‖ξ‖2 − 2π〈µ, ξ〉+

1
2

∑
α∈Σ0

‖α‖2
∫ ξ(α∨)

0

arctan
(
t

kα

)
dt. (4.5.1)

We analyze the master functionSk(µ, ·) at a given weightµ ∈ P . Observe that the
HessianBk

ξ : V ∗ × V ∗ → R of Sk(µ, ·) at ξ ∈ V ∗ is independent ofµ, and is given
explicitly by

Bk
ξ (η, η′) = (∂η∂η′Sk(µ, ·)) (ξ)

= 〈η, η′〉+
1
2

∑
α∈Σ0

kα‖α‖2
η(α∨)η′(α∨)
k2

α + ξ(α∨)2
, η, η′ ∈ V ∗. (4.5.2)

By the strict positivity of the multiplicity functionk, it follows from (4.5.2) that the Hes-
sianBk

ξ is positive definite for allξ ∈ V ∗, henceSk(µ, ·) is strictly convex.



92 4. PERIODIC SCALAR INTEGRABLE SYSTEMS WITH DELTA-POTENTIALS

For the proof of Proposition 4.5.1 we may assume without loss of generality that
λ ∈ BAEk is J-standard (in particular,λ ∈ iV ∗+). We write V ∗J ⊆ V ∗ for the real
subspace spanned by the subsetJ of simple roots. Its complement inV is defined by

V ⊥J = {v ∈ V | ξ(v) = 0 ∀ ξ ∈ V ∗J }.

Observe thatV ⊥J = V iff J = ∅ iff λ is regular.
Consider the linear mapKk

λ : V → V defined by

Kk
λ(v) = v +

∑
α∈Σ0

kαα(v)α∨

k2
α − λ(α∨)2

, v ∈ V.

It follows from (4.5.2) that

Bk
−iλ(ηv, ηv′) = 〈Kk

λ(v), v′〉, v, v′ ∈ V

with ηv = 〈v, ·〉 ∈ V ∗. SinceBk
−iλ is positive definite,Kk

λ : V ∼−→ V is a linear isomor-
phism. Proposition 4.5.1 thus is an immediate consequence of the following lemma.

LEMMA 4.5.5. Let λ ∈ iV ∗ be a singularJ-standard solution of the Bethe ansatz
equations(4.4.1). Thenλ satisfies the constraint

π
(NJ−1)
λ

(
Jkψλ,k

)
= π

(NJ−1)
λ

(
(∂ϕ∨ + kϕ)ψλ,k

)
(4.5.3)

iff Kk
λ(V ) ⊆ V ⊥J .

PROOF. Fix a singularJ-standard solutionλ ∈ iV ∗+ of the Bethe ansatz equations
(4.4.1) (in particularJ 6= ∅). By a similar computation as in the proof of Proposition
4.4.7 we obtain from (4.3.3), Lemma 4.4.5 and Proposition 4.3.4,

π
(NJ−1)
λ

(
(∂ϕ∨ + kϕ)ψλ,k

)
= Ck

J

∑
u∈W J

0

ck(uλ)
∑

β∈ΣJ,+
0

uβ(auλ)euλ
∏

α∈ΣJ,+
0 \{β}

uα,

π
(NJ−1)
λ

(
Jkψλ

)
= Ck

J

∑
u∈W J

0

ck(uλ)e−uJλ(ϕ∨)
∑

β∈ΣJ,+
0

uβ(buJλ)euJλ
∏

α∈ΣJ,+
0 \{β}

uJuJα

with vectorsaµ, bµ ∈ VC (µ ∈ V ∗C ) given by

aµ = (µ(ϕ∨) + kϕ)ρk
µ + ϕ∨,

bµ =
(
µ(ϕ∨)− kϕ

)(
ρk

sϕµ + ϕ∨
)
− ϕ∨,
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where we have used the involution onW J
0 defined by (4.4.7), as well as (4.4.8). For

u ∈W J
0 we have

∑
β∈ΣJ,+

0

uβ(buJλ)
∏

α∈ΣJ,+
0 \{β}

uJuJα = (−1)l(uJ )

 ∑
β∈ΣJ,+

0

uβ(buJλ)
uJuJβ

 ∏
α∈ΣJ,+

0

uJα

=
1
2
(−1)l(uJ )

∑
β∈ΣJ

0

uu−1
J β(buJλ)
uJβ

 ∏
α∈ΣJ,+

0

uJα

= (−1)l(uJ )
∑

β∈ΣJ,+
0

uu−1
J β(buJλ)

∏
α∈ΣJ,+

0 \{β}

uJα.

Consequently (4.5.3) is equivalent to

ck(uλ)uβ(auλ) = (−1)l(uJ )ck(uJλ)e−uλ(ϕ∨)sϕuβ(buλ), ∀u ∈W J
0 , ∀β ∈ ΣJ,+

0 .

Sinceλ is a solution of the Bethe ansatz equations (see (4.4.9) for the convenient equiva-
lent form of the Bethe ansatz equations) this is equivalent to(

uλ(ϕ∨)− kϕ

)
auλ −

(
uλ(ϕ∨) + kϕ

)
sϕbuλ ∈ u(V ⊥J ), ∀u ∈W J

0 . (4.5.4)

Note that (4.5.4) only depends on the cosetuW0,J (u ∈ W J
0 ). Using the explicit expres-

sions forauλ andbuλ we can rewrite (4.5.4) as

(
w−1ρk

wλ − w−1sϕρ
k
sϕwλ

)
+

(
wλ(ϕ∨)2 − k2

ϕ − 2kϕ

wλ(ϕ)2 − k2
ϕ

)
w−1ϕ∨ ∈ V ⊥J , ∀w ∈W0.

(4.5.5)
We match (4.5.5) to the desired conditionKk

λ(V ) ⊆ V ⊥J as follows. SinceΣ0 is an irre-
ducible root system inV ∗, the conditionKk

λ(V ) ⊆ V ⊥J is equivalent toKk
λ(w−1ϕ∨) ∈

V ⊥J for all w ∈W0, which in turn is equivalent to (4.5.5) if

Kk
λ(w−1ϕ∨) =

(
w−1ρk

wλ−w−1sϕρ
k
sϕwλ

)
+

(
wλ(ϕ∨)2 − k2

ϕ − 2kϕ

wλ(ϕ)2 − k2
ϕ

)
w−1ϕ∨ (4.5.6)

for all w ∈W0. To prove (4.5.6) we first observe that

sϕρ
k
sϕwλ = ρk

wλ − 2
∑

α∈Σ+
0 ∩sϕΣ−0

kαα
∨

k2
α − wλ(α∨)2

by the explicit expression (4.3.9) forρk
µ. Using (4.2.1) this can be rewritten as

w−1ρk
wλ − w−1sϕρ

k
sϕwλ = 2

kϕw
−1ϕ∨

wλ(ϕ∨)2 − k2
ϕ

+ 2
∑

α∈Σ+
0

kαα(ϕ∨)w−1α∨

k2
α − wλ(α∨)2

.
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The second term can be rewritten as

2
∑

α∈Σ+
0

kαα(ϕ∨)w−1α∨

k2
α − wλ(α∨)2

=
∑

α∈Σ0

kαα(ϕ∨)w−1α∨

k2
α − wλ(α∨)2

=
∑

α∈Σ0

kαα(w−1ϕ∨)
k2

α − λ(α∨)2

= Kk
λ(w−1ϕ∨)− w−1ϕ∨.

Combining the latter two formulas yields (4.5.6). �

4.6. General lattices case

In this section we consider general latticesX satisfyingQ∨ ⊂ X ⊂ P∨.

Recall that a functionf is called(W,χ)-invariant (χ ∈ X̂/Q∨) if (wτx)f = χ(x +
Q∨)f for all w ∈W0 andx ∈ X. The main results on the solution space of the boundary
value problem is the following statement.

THEOREM 4.6.1. Letλ ∈ V ∗C andχ ∈ X̂/Q∨. The spaceBVPk(λ)W,χ of (W,χ)-
invariant solutions to the boundary value problem is one-dimensional or zero-dimensional.
It is one-dimensional if and only if the spectral valueλ is a purely imaginary, regular so-
lution of the Bethe ansatz equations∏

α∈Σ+
0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

= χ(x+Q∨)eλ(x) ∀x ∈ X. (4.6.1)

If BVPk(λ)W,χ is one-dimensional, then there exists a uniqueφλ,k ∈ BVPk(λ)W,χ nor-
malized byφλ,k(0) = 1. The solutionφλ,k is the unique(W,χ)-invariant function satis-
fying

φλ,k(v) =
1

#W0

∑
w∈W0

c̃k(wλ)ewλ(v), v ∈ C+. (4.6.2)

The Bethe ansatz equations (4.6.1) do not depend on the choice of a positive system
Σ+

0 (cf. Remark 4.4.2.(i)).

REMARK . The Bethe ansatz eigenfunctionsφλ,k and the necessity of the Bethe
ansatz equations (4.6.1) on the allowed spectrum were obtained by Lieb and Liniger [56]
for root systemΣ0 of type An, and soon after generalized to root systemΣ0 of type Dn

by Gaudin [26], [28] (see also [53])

By Theorem 3.6.4(ii) , Theorem 4.6.1 is equivalent to the following theorem.

THEOREM4.6.2. Letλ ∈ V ∗C andχ ∈ X̂/Q∨. The spaceE(λ)W,χ
Qk

is one-dimensional
or zero-dimensional. It is one-dimensional if and only if the spectral valueλ is a purely
imaginary, regular solution of the Bethe ansatz equations(4.6.1). If E(λ)W,χ

Qk
is one-

dimensional thenψλ,k (cf. (4.3.5)) is the unique function inE(λ)W,χ
Qk

normalized by
ψλ,k(0) = 1.
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PROOF OFTHEOREM 4.6.2. Observe thatψλ,k = ψ1
λ,k (with 1 ∈ Ctriv) by (3.7.12)

and (4.3.2). Since alsoE(λ)W,χ
Qk

⊂ E(λ)W0
Qk

(see (3.2.5), the first and last statement
follows from Lemma 3.7.7.

Assume thatλ is a purely imaginary, regular solution of the Bethe ansatz equa-
tions (4.6.1). In particular,λ is a generic regular spectral parameter. Whence by
Lemma 4.2.3 and Theorem 3.8.5 we haveψλ,k ∈ E(λ)W,χ

Qk
, and thereforeE(λ)W,χ

Qk
is

one-dimensional by the first statement
Now assume thatE(λ)W,χ

Qk
is one-dimensional. Thenλ must be purely imaginary

and regular by Theorem 4.4.3 andE(λ)W,χ
Qk

⊂ E(λ)W
Qk

. It satisfies the Bethe ansatz
equations (4.6.1) by Theorem 3.8.5 (see also Lemma 4.2.3), concluding the proof of the
second statement, and whence of the theorem. �

4.7. Lattices and cosets

This section is preparatory to the next section. For any abelian groupG let G∗ :=
HomZ(G,Z). Recall that the unitary dualHomZ(G,S1) of G is denoted byĜ. Assume
A ⊂ B, both free abelian groups of the same finite rank. ThenB/A is a finite abelian
group. BeceauseA andB have the same rank, the restriction map ofB∗ toA∗ is injective.
We identifyB∗ with its image inA∗ under this map:B∗ ⊂ A∗. We have a natural perfect
pairing

〈·, ·〉 : A∗ ×A −→ Z, (l, a) 7→ l(a).

SinceA andB have the same rank,〈·, ·〉 extends uniquelly to aZ-linear map fromA∗ ×
B → Q that coincides with〈·, ·〉when restricted toA∗×A. This map will also be denoted
by 〈·, ·〉. We get the perfect pairing

A∗/B∗ ×B/A→ S1, defined by(l +B∗, b+A) 7→ e2πi〈l,b〉 =: [l +B∗, b+A].

Since the pairing is perfect, the map

A∗/B∗ → B̂/A defined byl +B∗ 7→ [·, l +B] =: χl

is an isomorphism of groups. The inversêB/A → A∗/B∗ of the isomorphism above is
given by

χ 7→ {l ∈ A∗|χl = χ} =: A∗,χ.

It is easily checked that the composition maps in both directions are identity maps. In
particularA∗,1 = B∗, the “trivial” coset. As an immediate corollary we get

A∗ = ·⋃
χ∈B̂/A

A∗,χ (4.7.1)

We will apply the above theory with:A = Q∨, B = X. ThenA∗ = P , B∗ = Y ,
and whence by (4.7.1),

P = ·⋃
χ∈X̂/Q∨

Y χ, (4.7.2)
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and where

Y χ = {λ ∈ V ∗| e2πiλ(x) = χ(−x+Q∨) ∀x ∈ X} (4.7.3)

(note thatY χ = A∗,χ
−1

). In particularY 1 = Y . Furthermore, theY χ are precisely the
Y -cosets inP . For our purposes the following decomposition turns out to be more useful,

P = ·⋃
χ∈X̂/Q∨

ρ+ Y χ, (4.7.4)

which is the same decomposition as 4.7.2, but parametrized differently because of the
ρ-shift of theY -cosets.

BecauseW0 acts trivially onX/Q∨ (cf. Section 2.2.2) it follows easily thatY χ

(χ ∈ X̂/Q∨) isW0-invariant. Whence theY -cosets ofP areW0-invariant. SinceQ ⊂ Y
andY + Y χ = Y χ we also haveQ+ Y χ = Y χ.

The set of solutionsλ ∈ iV ∗ of the Bethe ansatz equations (4.6.1) is denoted by
BAEχ

k (note that BAEχk = BAEk if X = Q∨).
In the next section we will show that that the following decomposition is closely

related to (4.7.4).

PROPOSITION4.7.1. The setsBAEχ
k (χ ∈ X̂/Q∨) areW0-invariant. Furthermore,

BAEk admits the disjoint decomposition

BAEk = ·⋃
χ∈X̂/Q∨

BAEχ
k . (4.7.5)

PROOF. One easily shows that (4.2.5) also holds when one replacesIx(λ) by the
expression on the right hand side of (4.2.2) (x ∈ X, λ ∈ iV ∗). SinceW0 acts trivially on
X/Q∨, the first statement follows without difficulty from the definition of BAEχ

k .
The disjointness of the BAEχk is obvious, as well the fact that BAEχ

k ⊂ BAEk. There-
fore it suffices to show that everyλ ∈ BAEk lies in BAEχ

k for a χ. Let λ ∈ BAEk.
Consider the homomorphismχ′ : X −→ C∗ of groups defined by

x 7→ e−λ(x)
∏

α∈Σ+
0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

.

Sinceλ ∈ iV ∗, Image(χ′) ⊂ S1. Furthermore,Q∨ is contained in the kernel ofχ′

becauseλ ∈ BAEk. Whence the assignmentx +Q∨ 7→ χ′(x) gives a well-defined map

χ : X/Q∨ → S1, and is an element of̂X/Q∨. By constructionλ ∈ BAEχ
k . �

4.8. The master function

The main result in this section consists in the parametrization of BAEχ
k (χ ∈ X̂/Q∨)

by ρ+ Y χ.
We start with the parametrization of the set BAEk.
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PROPOSITION4.8.1. For µ ∈ P there exists a unique extremum̂µk ∈ V ∗ of the
master functionSk(µ, ·). The assignmentµ 7→ iµ̂k defines aW0-equivariant bijection
P

∼−→ BAEk.

REMARK . For Σ0 of type An, Yang & Yang [81] introduced the master functionS
(also known as the Yang-Yang action) and derived the special case of Proposition 4.8.1
using its strict convexity.

LEMMA 4.8.2. We haveλ ∈ BAEk if and only ifλ = iη with η ∈ V ∗ an extremal
vector of the master functionSk(µ, ·) for someµ ∈ P .

PROOF. We rewrite the Bethe ansatz equations (4.4.1) in logarithmic form. By a
direct computation using the elementary identity

e−2i arctan(x) =
1− ix

1 + ix
(x ∈ R) (4.8.1)

the Bethe ansatz equations (4.4.1) forλ ∈ iV ∗ can be rewritten as

−iλ(x) +
∑

α∈Σ0

arctan
(
−iλ(α∨)

kα

)
α(x) = 0 module2πZ (4.8.2)

for all x ∈ Q∨. On the other hand, forµ ∈ P the gradient of the master function
Sk(µ, ·) : V ∗ → R (see (4.5.1)) is determined by(

∂ξSk(µ, ·)
)
(η) = 〈η − 2πµ+

∑
α∈Σ0

arctan
(
η(α∨)
kα

)
α, ξ〉, ξ, η ∈ V ∗. (4.8.3)

Since the root latticeQ is a full lattice inV ∗ generated byΣ0, η ∈ V ∗ is an extremal
vector ofSk(µ, ·) if and only if

(
∂ySk(µ, ·)

)
(η) = 0 for all y = α ∈ Σ0, which by (4.8.3)

is equivalent to

η(x) +
∑

α∈Σ0

α(x) arctan
(
η(α∨)
kα

)
= 2πµ(x) (4.8.4)

for all x = α∨ ∈ Σ∨0 . SinceQ∨, as a lattice, is generated byΣ∨0 , the proof follows by
comparing (4.8.4) to (4.8.2). �

PROOF OFPROPOSITION4.8.1. We analyzed the master functionSk(µ, ·) at a given
weightµ ∈ P in Section 4.5 and showed thatSk(µ, ·) is strictly convex. Furthermore, for
all µ ∈ P ,

Sk(µ, ξ) ≥ ‖ξ‖2

2
− 2π〈µ, ξ〉 → ∞, ‖ξ‖ → ∞,

henceSk(µ, ·) has a unique extremum̂µk ∈ V ∗, which is a global minimum. It now
follows from (4.8.3) that̂µk (µ ∈ P ) is uniquely determined by the equation

µ̂k + σkbµk
= 2πµ (4.8.5)



98 4. PERIODIC SCALAR INTEGRABLE SYSTEMS WITH DELTA-POTENTIALS

in V ∗, whereσk
λ ∈ V ∗ (λ ∈ V ∗) is defined by

σk
λ =

∑
α∈Σ0

arctan
(
λ(α∨)
kα

)
α.

Combined with Lemma 4.8.2 it now follows that the mapµ 7→ iµ̂k is a bijection from
the weight latticeP onto BAEk. TheW0-equivariance of this map is immediate from the
equivariance property(

∂wξSk(wµ, ·)
)
(wη) =

(
∂ξSk(µ, ·)

)
(η), ∀w ∈W0

for ξ, η ∈ V ∗ andµ ∈ P , completing the proof. �

PROPOSITION4.8.3. Letχ ∈ X̂/Q∨. ThenY χ is aY -coset inP , and any coset is
of this form (for a uniqueχ). Furthermore,µ 7→ iµ̂k defines aW0-equivariant bijection
ρ+ Y χ ∼−→ BAEχ

k .

PROOF. The first statement follows from Section 4.7.
We claim thatλ ∈ BAEχ

k if λ = iµ̂k for aµ ∈ ρ+Y χ. To prove the second statement
it suffices to show this because of Proposition 4.8.1, Proposition 4.7.1 and (4.7.4). Let
thenµ ∈ ρ+ Y χ. By (4.8.1) we have

e−iσk
η(x) =

∏
α∈Σ+

0

(
−η(α

∨)− kα

η(α∨) + kα

)α(x)

= e2πiρ(x)
∏

α∈Σ+
0

(
η(α∨)− kα

η(α∨) + kα

)α(x)

(x ∈ X)

for all η ∈ iV ∗. Together with the fact that̂µk is uniquely determined by the equa-
tion (4.8.5) this gives

eiµ̂k(x) = e2πi(ρ+µ′)(x)−iσk
µ̂k

(x)

= χ(−x+Q∨)e2πiρ(x)e2πiρ(x)
∏

α∈Σ+
0

(
µ̂k(α∨)− kα

µ̂k(α∨) + kα

)α(x)

∀x ∈ X.

Now use that2ρ ∈ Q andµ ∈ ρ + Y χ to conclude that these equations are precisely the
Bethe ansatz equations (4.6.1) forλ = iµ̂k, and thereforeλ ∈ BAEχ

k . �

4.9. Moment gaps

In this section we prove the following proposition, which yields estimates for the
location of the deformed weight̂µ = µ̂k ∈ BAEk compared to the parametrizing weight
µ ∈ P .

PROPOSITION4.9.1. For µ ∈ P+ andβ ∈ Σ+
0 we have

2πµ(β∨)(
1 + hk

n

) ≤ µ̂k(β∨) ≤ 2πµ(β∨), (4.9.1)

wherehk = 2
∑

α∈Σ0
k−1

α . Furthermore,µ ∈ P+ if and only ifµ̂k ∈ V ∗+.
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The lower bound in (4.9.1) shows how far away the spectral valuesµ̂k ∈ V ∗+ (µ ∈
P++) are from being singular.

REMARK . Estimates for the momenta gaps of the quantum particles play a role in
the study of the thermodynamical limit, see [56] and [81]. See e.g. [28, Sect 4.3.2] for
the exact analog of the estimates (4.9.1) forΣ0 of typeAn.

In view of (4.8.3) and Lemma 4.8.2, the deformed weightµ̂k ∈ V ∗ (µ ∈ P ) is the
unique solution of (4.8.5).

The following lemma establishes the necessary bounds forσk
λ.

LEMMA 4.9.2. For λ ∈ V ∗+,

0 ≤ σk
λ(β∨) ≤ hk

n
λ(β∨), ∀β ∈ Σ+

0

with hk = 2
∑

α∈Σ0
k−1

α .

PROOF. Fix λ ∈ V ∗+ andβ ∈ Σ+
0 . Let Σβ

0 be the set of rootsα ∈ Σ0 satisfying
α(β∨) > 0, then

σk
λ(β∨) =

∑
α∈Σβ

0

{
arctan

(
λ(α∨)
kα

)
− arctan

(
λ(sβα

∨)
kα

)}
α(β∨). (4.9.2)

Each term in this sum is positive, henceσk
λ(β∨) ≥ 0.

For the second inequality, we use the estimate forα ∈ Σβ
0 ,

arctan
(
λ(α∨)
kα

)
− arctan

(
λ(sβ(α∨))

kα

)
=
∫ λ(α∨)/kα

λ(sβ(α∨))/kα

dx

1 + x2
≤ λ(β∨)β(α∨)

kα
,

leading to

σk
λ(β∨) ≤ λ(β∨)

∑
α∈Σβ

0

β(α∨)α(β∨)
kα

=
λ(β∨)

2

∑
α∈Σ0

β(α∨)α(β∨)
kα

(4.9.3)

in view of (4.9.2). Now note that

ξ 7→
∑

α∈Σ0

k−1
α ξ(α∨)α

defines aW0-equivariant linear mapV ∗ → V ∗. By Schur’s lemma it equalsCkIdV ∗ for
some constantCk ∈ C. To determineCk explicitly we fix a basis{ej}n

j=1 of V and we
denote{εj}n

j=1 for the corresponding dual basis ofV ∗. Then

Ckn =
n∑

j=1

∑
α∈Σ0

k−1
α εj(α∨)α(ej) = hk

with hk = 2
∑

α∈Σ0
k−1

α . Combined with (4.9.3) we obtainσk
λ(β∨) ≤ hk

n λ(β∨). �

COROLLARY 4.9.3. Letµ ∈ P . We havêµk ∈ V ∗+ if and only ifµ ∈ P+.
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PROOF. Let µ ∈ P and suppose that̂µk ∈ V ∗+. Then for allβ ∈ Σ+
0 ,

2πµ(β∨) = µ̂k(β∨) + σkbµk
(β∨) ≥ 0

by Lemma 4.9.2, henceµ ∈ P+.
Conversely, suppose thatµ ∈ P+ and letw ∈W0 such thatwµ̂k ∈ V ∗+. By Proposi-

tion 4.8.1 this implieŝwµk ∈ V ∗+. By the previous paragraph we conclude thatwµ ∈ P+.
On the other handP+ ∩W0µ = {µ}, hencewµ = µ ∈ P+ andµ̂k = ŵµk ∈ V ∗+. �

Proposition 4.9.1 is now a direct consequence of Corollary 4.9.3 and Lemma 4.9.2.



CHAPTER 5

Completeness of the Bethe ansatz eigenfunctions

5.1. Introduction

In this chapter we show that the Bethe ansatz eigenfunctions of the quantum inte-
grable systems with delta-potentials associated to affine root systems studied in the pre-
vious chapter are complete in the Hilbert space of square-integrable functions on the fun-
damental domain for the reflection representation of the affine Weyl group (with respect
to Lebesgue measure).

In their fundamental paper [56] Lieb and Liniger obtained the eigenfunctions of the
quantum Bose-gas on the circle with pair-wise delta-function interactions, given by the
formal Hamiltonian (1.1.1). They did not prove that the set of eigenfunctions thus ob-
tained is orthogonal or complete in the Hilbert space of symmetric square-integrable
functions on the unit square[0, 1]n with respect to ordinary Lebesgue measure. To at-
tack the completeness problem, Yang and Yang introduced [81] a certain function, nowa-
days called the master function or the Yang-Yang action (see (4.5.1)). Via a variational
problem analogous to our analysis in Section 4.8 this allowed them to give a convenient
parametrization of the solutions of the Bethe ansatz equations. They argued that the com-
pleteness of the Bethe ansatz eigenfunctions follows from the fact that they converge to
a complete set of eigenfunctions for the impenetrable bosonic particles ask → ∞. By
replacing the continuity argument at infinite coupling of Yang and Yang by a continuity
argument atk ↘ 0 and using the linear independence of the Bethe ansatz eigenfunctions,
Dorlas [16] gave a rigorous proof of the completeness of the Bethe ansatz eigenfunctions.

The techniques introduced by Dorlas [16] (and in particular [16, Theorem 3.2])
for the quantum Bose-gas on the circle with pair-wise delta-function interactions (cor-
responding toΣ0 of type A) can be generalized to general root systems and allows us
to give a proof of the completeness of the Bethe ansatz eigenfunctions for general root
systems in this chapter.

See the next chapter for some conjectures and partial results on orthogonality and
norms of the Bethe ansatz eigenfunctions.

We now proceed to formulate the main result on completeness. Before doing that let
us introduce the relevant Hilbert space. For this recall the Lebesgue measureµE on V
from Section 2.5 and the fundamental chamberC+ (see Section 2.2).

101
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DEFINITION 5.1.1. Let

H = {f is aW -invariantµE-measurable function onV |
∫

C+

|f(v)|2 dµE(v) <∞},

a Hilbert space, with inner product given by

(f, g)H =
∫

C+

f(v)g(v)dµE(v). (5.1.1)

In this chapter it is convenient to work with several classes of multiplicity functions
(see also Definition 2.2.1).

DEFINITION 5.1.2. LetB be a set. Amultiplicity function with values inB is aW e-
invariant functionk : Σ −→ B. LetKC, K+, K>0 andK+ be the space of multiplicity
functions with values in respectivelyC, [0,∞), (0,∞) and [0,∞]. On these spaces we
define the following partial ordering:k ≤ k′ if ka ≤ k′a for all a ∈ Σ and k < k′ if
k ≤ k′ andk 6= k′.

In this chapter we view[0,∞] as the one-point compactification of[0,∞).

DEFINITION 5.1.3. Leth be a complex Hilbert space.
(i) A setA in h is called linearly independent if every finite subset ofA is linearly inde-
pendent.
(ii) A setA in h is called total if the set of finite linear combinations of elements ofA is
a dense subspace ofh.

Note that the results of Chapter 3 (with the exception of the last section) holds for
k ∈ KC. In particular the space BVPk(λ)W0 is for everyλ ∈ V ∗C one-dimensional.
Denote byφλ,k the function in BVPk(λ)W0 normalized asφλ,k(0) = 1. Thenφλ,k =
Tkψλ,k with ψλ,k given by (3.7.12) (withn = 1 ∈ Ctriv, the trivial representation, in the
terminology of Section 3.7)) withTk the propagation operator corresponding to the scalar
case (see Definition 3.5.1 or [32]). Since BVPk(λ)W ⊆ BVPk(λ)W0 , the spectrumSk

(see Definition 3.2.13) can be described as follows,

Sk = {λ ∈ V ∗C | φλ,k isW -invariant}.

Functionsφλ,k (λ ∈ Sk) are called Bethe ansatz eigenfunctions. We setS+
k = Sk ∩ iV ∗+.

It will be shown thatS+
k is a complete set of representatives forSk/W0 (see Corol-

lary 5.1.5).
Recall thatC+ is a fundamental domain for the reflection action (2.2.7) ofW onV

(see for instance [45, Theorem 4.8]). Therefore the map

C(V )W ∼−→ C(C+) (5.1.2)

defined byφ 7→ φ|C+
defines a linear bijection. Whence the vector spacesC(V )W can be

seen as a subspace ofH in an obvious way. In particular the Bethe ansatz eigenfunctions
are elements ofH.
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We extend the inner product〈·, ·〉 onV ∗ to a (nondegenerate) sesqui-linear form on
V ∗C . Then〈·, ·〉 defines an inner product onV ∗C and we set‖λ‖ :=

√
〈λ, λ〉 ≥ 0 for

λ ∈ V ∗C . The following theorem is the main results of this chapter.

THEOREM 5.1.4. Letk ∈ K+. Then
(i) (Partial orthogonality) Ifφλ,k, φµ,k (λ, µ ∈ S+

k ) are two Bethe ansatz eigenfunctions
with ‖λ‖ 6= ‖µ‖, then

(φλ,k, φµ,k)H = 0.

(ii) (Completeness) The Bethe ansatz eigenfunctions{φλ,k|λ ∈ S+
k } are linearly inde-

pendent and total inH.

COROLLARY 5.1.5. Letk ∈ K+. The spectrumSk is purely imaginary andS+
k is a

complete set of representatives ofSk/W0.

The proof of this corollary be given together with the proof of Theorem 5.1.4.
We now give a section for section overview of the chapter. In Section 5.2 we gener-

alize Propositions 4.8.1 and 4.9.1 tok ∈ K+ and show that for a fixedµ ∈ P++ the map
K>0 7→ V ∗ defined byk 7→ µ̂k extends to a continuous mapK+ → V ∗+. This allows
us to give a continuous (ink ∈ K+) parametrization of the Bethe ansatz functions. The
main tool is an extension of the master function (4.5.1)Sk from Chapter 4 tok ∈ K+.

Section 5.3 is a preparatory to the Sections 5.4-5.6. It contains general results (with-
out proofs) on perturbation of positive self-adjoint unbounded operators.

Section 5.4 and 5.5 are devoted to construction positive self-adjoint unbounded oper-
atorsHk onH associated to the formal Hamiltonian given by (3.2.1) for the scalar case,
i.e.

Hk = −∆ +
∑
a∈Σ

kaδ(a(·)). (5.1.3)

In Section 5.6 it will be showed that the Bethe ansatz eigenfunctionsφλ,k (λ ∈ Sk) are
in the domain of the unbounded operatorHk for k ∈ K+, and furthermore are eigen-
functions ofHk. We then show that theHk are non-decreasing and continuous as a
function ofk. The proof of Theorem 5.1.4 follows from the completeness of the Bethe
ansatz eigenfunctions fork ≡ 0 and continuity ink. The precise conditions under which
such an argument works was given by Dorlas [16] (see Theorem 5.3.21) and is applied in
Section 5.6. After indicating why this gives another proof of the Pauli principle (Proposi-
tion 4.5.1), we end the section by generalizing Theorem 4.4.1 to allk ∈ K+.

In Section 7 we consider completeness for general latticesX satisfyingQ∨ ⊆ X ⊆
P∨. We end the chapter by generalizing Theorem 4.6.1 to allk ∈ K+.

5.2. Continuous parametrization of the Bethe ansatz eigenfunctions

In Chapter 4 we showed that fork ∈ K>0 the Bethe ansatz eigenfunctions{φλ,k|λ ∈
Sk} admitted a parametrization (see Theorem 4.4.1 and Proposition 4.8.1) byP++ via
the mapµ 7→ φiµ̂k,k. The implicit wayµ̂k is defined (see (4.8.5)) allows us to apply the
Implicit Function Theorem to conclude thatk 7→ µ̂k is a smooth mapK>0 → V ∗. The
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proof of the completeness of the Bethe ansatz eigenfunctions hinges essentially on the
fact that this mapK>0 → V ∗ extends to a continuous mapK+ → V ∗.

This will be sufficient to show thatk 7→ φiµ̂k,k is a continuous mapK+ → H.
For the quantum Bose-gas on the circle with pair-wise delta function interactions, i.e.

whenΣ0 is of type A, this fact is mentioned and used in the physics literature. See for
example [16, Lemma 3.3] and [56, Paragraph after (2.33)].

In this section we give a rigorous proof of the continuity of the above mapK+ → V ∗

for all affine root systemsΣ. In the proof the Implicit Function Theorem will not be used.
When analyzing the casek ∈ K+, the following functionΘ arises naturally.

DEFINITION 5.2.1. LetΘ be the function fromR× [0,∞] to R defined by

Θ(x, c) =


∫ x

0
arctan(t/c)dt if c ∈ (0,∞),

π
2 |x| if c = 0,

0 if c = ∞.

LEMMA 5.2.2. The functionΘ is continuous andΘ(·, c) is convex for allc ∈ [0,∞].

PROOF. Consider a point(x0, 0) (x0 ∈ R) andc ∈ (0,∞). Then

Θ(x, c)−Θ(x0, 0) =
∫ x

x0

arctan(t/c)dt+
(∫ x0

0

arctan(t/c)dt− π

2
|x0|
)
.

The first term goes to zero if(x, c) → (x0, 0) by the uniform boundedness inc of the in-
tegrand. The second term goes to zero by Lebesgue’s Dominated Convergence Theorem.
Continuity ofΘ in (x0, c0) with c0 ∈ (0,∞] is completely similar (forc = ∞, consider
the change of coordinatec 7→ 1/c).

The second statement follows forc ∈ (0,∞) because(Θ(·, c))′′(x) = c/(x2 +c2) >
0 for all x ∈ R. The casec = 0 enc = ∞ are obvious. �

In Chapter 4 we showed the importance of the master functionSk (see (4.5.1))
in analyzing the solutions of the Bethe ansatz equations (Proposition 4.8.1) in the case
k ∈ K>0. For example, in the proof of the Pauli principle (Proposition 4.5.1) it was used
thatSk(·, ·) (k ∈ K>0) is a strictly convex function in the second variable. We start by
extendingSk tok ∈ K+. Although in generalSk(µ, ·) (with µ ∈ P ) is not a differentiable
function anymore (and therefore has no Hessian), it will still be strictly convex. Together
with the growth behavior in∞, this will imply that it attains a global minimum in a
uniqueµ̂k. By carefully analyzing (see Proposition 5.2.11) how this minimum changes
whenk ∈ K+ changes, we can prove that the minimum changes continuously.

DEFINITION 5.2.3. For a k ∈ K+ we define themaster functionSk onP × V ∗ by

Sk(µ, ξ) =
1
2
‖ξ‖2 − 2π〈ξ, µ〉+

1
2

∑
α∈Σ0

‖α‖2Θ(ξ(α∨), kα).
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We consider alsoS′k : P × V ∗ → R, defined by

S′k(µ, ξ) =
1
2
‖ξ‖2 − 2π〈ξ, µ〉+

1
2

∑
α∈Σ0

0<kα<∞

‖α‖2
∫ ξ(α∨)

0

arctan(t/kα)dt. (5.2.1)

REMARK 5.2.4. Letµ ∈ P . The functionS′k(µ, ·) is always differentiable, while the
master functionSk(µ, ·) is differentiable if and only if0 < kα ≤ ∞ for all α ∈ Σ0.

EXAMPLE 5.2.5. We consider some extreme cases.
(a) If k ∈ K>0, then we recover the master function (4.5.1).
(b) Fork ≡ 0 we get

S0(µ, ξ) =
1
2
‖ξ‖2 − 2π〈ξ, µ〉+ π

∑
α∈Σ+

0

|〈ξ, α〉| ,

and restricted toV ∗+ 3 ξ givesS0(µ, ξ) = 1
2‖ξ‖

2 − 2π〈ξ, µ− ρ〉.
(c) Fork ≡ ∞ we haveS∞(µ, ξ) = 1

2‖ξ‖
2 − 2π〈ξ, µ〉.

We will also extend Proposition 4.8.1 to allk ∈ K+. The Bethe ansatz equations for
k ∈ K+ are the following equations inλ ∈ iV ∗,∏

α∈Σ+
0

kα>0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

= eλ(x) ∀x ∈ Q∨ (5.2.2)

(if k ≡ 0, we interpret (5.2.2) as:1 = eλ(x)). The set of solutionsλ ∈ iV ∗ of the Bethe
ansatz equations (5.2.2) is denoted by BAEk. Note that fork ∈ K>0 we recover the Bethe
ansatz equation (4.4.1).

Fork ∈ K+ andη ∈ V ∗ let

σ̃k
η =

∑
α∈Σ0

0<kα<∞

arctan
(
η(α∨)
kα

)
α. (5.2.3)

The next lemma partially generalizes Proposition 4.9.1, Corollary 4.9.3, and
Lemma 4.9.2.

LEMMA 5.2.6. Letk ∈ K+ andµ ∈ P .
(i) The functionS′k(µ, ·) is strictly convex and attains a unique global minimum at a
µ̂′k ∈ V ∗. Moreover,µ̂′k is uniquely determined (cf.(4.8.5)) by

µ̂′k + σ̃kbµ′k = 2πµ. (5.2.4)

(ii) µ 7→ iµ̂′k defines aW0-equivariant bijectionP → BAEk.
(iii) For a µ ∈ P+ andβ ∈ Σ+

0 we have

2πµ(β∨)(
1 + h′k

n

) ≤ µ̂′k(β∨) ≤ 2πµ(β∨), (5.2.5)



106 5. COMPLETENESS OF THE BETHE ANSATZ EIGENFUNCTIONS

whereh′k = 2
∑

α∈Σ0, kα>0 k
−1
α (convention:h′0 := 0). Furthermore,µ ∈ P+ if and

only if µ̂′k ∈ V ∗+.

PROOF. Becauseξ 7→ Θ(ξ(α∨), kα) is the composition of the linear functionξ 7→
ξ(α∨) and the convex functionΘ(·, kα) (Lemma 5.2.2), it must be a convex function
from V ∗ to R. The functionξ 7→ 〈ξ, ξ〉/2 is strictly convex. Since the set of all convex
functions is closed under addition (it is actually a cone) and linear functions are also
convex, the functionS′k(µ, ·) must be strictly convex. SinceS′k(µ, ·) is also dominated by
the‖ξ‖2-term if |ξ| → ∞, it attains a unique global minimum at âµ′k. Since

S′k(wµ, ξ) = S′k(µ,w−1ξ) ≥ S′k(µ, µ̂′k) = S′k(wµ,wµ̂′k),

S′k(wµ, ·) attains a global minimum atwµ̂′k, and by uniquenesswµ̂′k = (̂wµ)
′
k.

Statement(ii) and the fact that̂µ′k is uniquely determined by (5.2.4) follows analo-
gously as in the proof of Proposition 4.8.1. The proof of(iii) is analogous to the proof of
Proposition 4.9.1. (See also the proof of Lemma 4.9.2). �

Letµ ∈ P++. Note thatSk = S′k for k ∈ K>0. The map(k, ξ) 7→ S′k(µ, ξ) however
is not a continuous function fromK+×V ∗ to R. This is the reason to consider the master
functionSk instead ofS′k since(k, ξ) 7→ Sk(µ, ξ) turns out to be a continuous map from
K+ × V ∗ to R. We start with a prepatory lemma. Fork ∈ K+ let

ρshort =
1
2

∑
α∈Σ+

0
α short

α, ρlong =
1
2

∑
α∈Σ+

0
α long

α, and ρk =
1
2

∑
α∈Σ+

0
kα=0

α. (5.2.6)

LEMMA 5.2.7. Letk ∈ K+.
(i) We haveρshort, ρlong ∈ P+. Furthermore

ρshort =
∑

i
ai is short

ωi and ρlong =
∑

i
ai is long

ωi. (5.2.7)

Hereω1, . . . , ωn denote thefundamental weightswith respect to the simple rootsI0 =
{a1, . . . , an}, defined as the vectors inV ∗ satisfying

ωi(a∨j ) = δij ∀i, j ∈ {1, 2, . . . , n}.

(ii) ρk is one of the dominant weightsρ, ρshort, ρlong or zero. In particularP++ ⊆ ρk +
P+ ⊆ P+.
(iii) Assume thatα ∈ Σ+

0 andα =
∑

imiai. Thenmi ≥ 0 for all i and ifα is long (resp.
short) there is ani0 such thatmi0 > 0 andai0 is long (resp. short).
(iv) ρk + P+ = {µ ∈ P+|µ(α∨) > 0 for all α ∈ Σ+

0 with kα = 0}. LetP k := {µ ∈
P |µ(α∨) 6= 0 for all α ∈ Σ+

0 with kα = 0}. ThenP k isW0-invariant andρk + P+ is a
fundamental domain for the action ofW0 onP k.
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PROOF. (i) The set of long (resp. short) roots inΣ0 is stable under the action ofW0.
Fix a i = 1, . . . , n. Sincel(si) = 1 we havesiΣ+

0 = (Σ+
0 \{ai}) ∪ {−ai} and therefore

siρshort =

{
ρshort if ai is long

ρshort− ai if ai is short.

Analogously forρlong. Together withsi(λ) = λ− λ(a∨i )ai this implies (5.2.7).
(ii) Follows directly from(i).
(iii) Assume thatmi = 0 if ai is long (short) fori = 1, . . . , n. Thenα lies in the sub-
systemΣ0,J with J consisting of simple short (long) roots inI0. Since the corresponding
Dynkin diagram is simply-laced and connected, the root systemΣ0,J consists of only
short (long) roots. In particularα has the same length asai for all ai ∈ J , and is thus
short (resp. long).
(iv) The first statement follows from(i)-(iii) . The second statement follows form this and
the fact thatP+ is a fundamental domain forP for the action ofW0 onP . �

Note thatρ0 = ρ andρk = 0 if k ∈ K>0.

LEMMA 5.2.8. Letk ∈ K+. Then the following holds.
(i) Letµ ∈ P . ThenSk(µ, ·) is strictly convex and attains a unique global minimum at a
µ̂k ∈ V ∗.
(ii) The mapP → V ∗ defined byµ 7→ µ̂k isW0-equivariant.
(iii) Letµ ∈ ρk + P+ ⊇ P++. Then

µ̂k = ̂(µ− ρk)
′
k (5.2.8)

(iv) If µ ∈ ρ+ P+ = P++ thenµ̂0 = 2π(µ− ρ), if µ ∈ P+ thenµ̂∞ = 2πµ.

PROOF. The proof of(i) and(ii) is similar to that of Lemma 5.2.6(i)-(ii) . Assume
now thatµ ∈ ρk + P+. Let gk : V ∗ → R+ be the function

gk(ξ) = π
∑

α∈Σ+
0

kα=0

(
|〈ξ, α〉| − 〈ξ, α〉

)
. (5.2.9)

ThenSk(µ, ξ) = S′k(µ− ρk, ξ) + gk(ξ), gk(ξ) ≥ 0 andgk|V ∗+
≡ 0. Sinceµ− ρk ∈ P+

we have ̂(µ− ρk)
′
k ∈ V ∗+ by Lemma 5.2.6 and therefore (5.2.8) follows, completing the

proof of (iii) . Observe Example 5.2.5 for(iv). �

Recall the subsetP k of P from Lemma 5.2.7(iv). Working with the functionSk

instead of the functionS′k introduces aρk-shift in parametrization of BAEk.

PROPOSITION5.2.9. Letk ∈ K+.
(i) µ 7→ iµ̂k defines aW0-equivariant bijectionP k ∼−→ BAEk. Furthermore forµ ∈ P k,
we have:µ ∈ ρk + P+ iff µ̂k ∈ BAEk ∩ iV ∗+.
(ii) The mapP k ∼−→ BAEk of (i) restricts to bijections

P++ ∼−→ BAEk ∩ {λ ∈ iV ∗+|λ(α∨) > 0 ∀α ∈ Σ+
0 with kα > 0}, (5.2.10)
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and

P ∩ Vreg
∼−→ BAEk ∩ {λ ∈ iV ∗|λ(α∨) 6= 0 ∀α ∈ Σ0 with kα > 0}, (5.2.11)

PROOF. Statement(i) follows by Lemma 5.2.6(ii) and Lemma 5.2.8(ii)-(iii) .
For statement(ii) it suffices to show (5.2.10). Now observe that (5.2.10) follows from

(i), Lemma 5.2.6(iii) and Lemma 5.2.8(iii) . �

REMARK 5.2.10. Let k ∈ K+. SinceSk(0, ·) ≥ 0 andSk(0, 0) = 0 for all k ∈ K+,
we always havê0k = 0. Similarly we get̂0′0 = 0. Furthermore, by Lemma 5.2.8(iii)

we also havêρk
k = 0̂′0 = 0. Now assume thatk ∈ K+\K>0. Thenρk 6= 0. The map

P → V ∗ defined byµ 7→ µ̂k is in this case thus not injective.

Recall that we consider[0,∞] as the one point compactification of[0,∞). The next
proposition lies at the heart of the continuous dependence ofµ̂k (µ ∈ P++ fixed) on
k ∈ K+.

PROPOSITION5.2.11. Letm ∈ N andf : Rm × [0,∞]r −→ R a continuous map
such thatf(·, k) has a unique global minimum atµk for k ∈ [0,∞]r. Define the map
µ : [0,∞]r −→ Rm by k 7→ µk. Assume also there is a compactD ⊂ Rm such that
µ([0,∞]r) ⊂ D. Thenµ is continuous.

PROOF. Assumeµ is not continuous in a pointη ∈ [0,∞]r. Then there is aδ > 0
and a sequencek1, k2, . . . in [0,∞]r such thatkj → η and

∣∣µkj − µη

∣∣ > δ for all j.
Defining

m0 = min
x∈D

|x−µη|≥δ

(f(x, η)− f(µη, η)),

we havem0 > 0 by definition ofµη and compactness. Choose anε such that0 < ε <
m0/2. Sincef is uniformly continuous onD × [0,∞]r, there is a neighborhoodU of η
such that|f(x, η)− f(x, k)| ≤ ε for k ∈ U andx ∈ D. Hence fork ∈ U we have

f(µk, η)− f(µk, k) ≤ ε. (5.2.12)

By definition ofµk we havef(µk, k) ≤ f(µη, k), and continuity off in k implies that
there is a neighborhoodU ′ of η such thatf(µη, k) ≤ f(µη, η) + ε for k ∈ U ′, thus
f(µk, k) ≤ f(µη, η) + ε for k ∈ U ′. Together with (5.2.12) this yields

f(µk, η)− f(µη, η) ≤ 2ε < m0

for k ∈ U ∩ U ′, which leads to a contradiction fork = kj andj large enough. �

PROPOSITION5.2.12. Let µ ∈ P++. Then the map̂µ : K+ −→ V ∗ defined by
k 7→ µ̂k is continuous. In particular

lim
k→0

µ̂k = µ̂0 = 2π(µ− ρ) and lim
k→∞

µ̂k = µ̂∞ = 2πµ.
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PROOF. Let

D = {ξ ∈ V ∗| 0 ≤ ξ(β∨) ≤ 2πµ(β∨)∀β ∈ Σ+
0 },

a compact subset ofV ∗, and the functionf : V ∗ × K+ −→ R defined byf(ξ, k) =
Sk(µ, ξ), which is a continuous map, becauseΘ is continuous. From Lemma 5.2.8 fol-
lows thatf(·, k) attains a unique global minimum atµ̂k and from Lemma 5.2.6 it follows
thatµ̂k ∈ D for all k ∈ K+. Now apply Proposition 5.2.11. �

Recall from the introduction thatSk = {λ ∈ V ∗C | φλ,k isW -invariant}.
In the remainder of this section we put on the linear spaceC(V ) the topology of

uniform convergence on compact subsets ofV .

LEMMA 5.2.13. The map(λ, k) 7→ φλ,k is a continuous map fromV ∗C × KC to
C(V ).

PROOF. For every fixedw ∈ W0, (λ, k) 7→ Qk(w)(eλ) is a continuous map from
V ∗C ×KC to C(V ) becauseQk(w) is a composition of reflection-integral operators (see
Section 2.5). Because of (4.3.2) (and identifyingQ0

k(w) withQk(w) for w ∈W0), it then
follows that(λ, k) 7→ ψλ,k is a continuous mapV ∗C × KC → C(V ). Now observe that
(f, k) 7→ Tkf is a continuous map fromC(V )×KC toC(V ). �

From Chapter 4 we know that{iµ̂k|µ ∈ P++} = S+
k = Sk ∩ iV ∗+ for k ∈ K>0. We

shall show (see Corollary 5.6.7 and Remark 5.6.8) that this equality actually holds for all
k ∈ K+. For the moment we prove the following inclusion.

LEMMA 5.2.14. Letk ∈ K+. Then{iµ̂k|µ ∈ P++} ⊆ Sk ∩ iV ∗+.

PROOF. Let k0 ∈ K+\K>0, µ ∈ P++ and putλ = iµ̂k0 .
We first show thatφλ,k0 isW -invariant. Fix av ∈ V andw ∈W . Then

φλ,k0(wv) = lim
K>03k→k0

φiµ̂k,k(wv) = lim
K>03k→k0

φiµ̂k,k(v) = φλ,k0(v).

We used in the first en last equality that for a fixedv′ the mapK+ → C defined byk 7→
φiµ̂k,k(v′) is continuous by Lemma 5.2.13 and Proposition 5.2.12. The second equality
used thatφiµ̂k,k is aW -invariant function fork ∈ K>0. Sincev, w were fixed but chosen
arbitrary, it follows thatφλ,k0 isW -invariant. Since by definition0 6= φλ,k0 ∈ BVPk0(λ),
this shows thatλ ∈ Sk0 . The inclusionλ ∈ iV ∗+ follows from Proposition 5.2.12 and
Lemma 5.2.8(iii) . �

PROPOSITION5.2.15. Letµ ∈ P++. The mapk 7→ φibµk,k fromK+ toH is contin-
uous.

PROOF. From Proposition 5.2.12 and Lemma 5.2.13 follows thatk → φiµ̂k,k is a
continuous map fromK+ to C(V ). In particulark → φiµ̂k,k|C+

is continuous from

K+ to C(C+) (with the topology of uniform convergence onC(C+)). Sinceφiµ̂k,k is
W -invariant and the uniform convergence it follows (see (5.1.1)) thatk 7→ φibµk,k is
continuous fromK+ toH. �
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5.3. Perturbations of semi-bounded self-adjoint operators and quadratic forms

In this section we denote byH any separable Hilbert space with scalar product(, ).
This section contains some general results (mostly without proofs) on perturbation

theory of positive self-adjoint unbounded operators on Hilbert spaces, and is preparatory
to the Sections 5.4-5.6. The main reference for this section are the books by Reed and
Simon [69], [67] and Kato [49].

The problem we are faced with is the following. Sometimes one wants to make sense
of (unbounded) operators on a Hilbert space of the form−∆ + V (x) with V a singular
potential;V might not be a function, but only a distribution (see for example (3.2.1)).
Often there is some heuristic reason to believe whatβ(f, g) = (V · f, g) should be,if
there was such an operator “H = −∆ + V ”. The situation then arises to find an operator
H such that

(Hf, g) = (−∆f, g) + β(f, g)
for f andg in a suitable domain. This leads to the concept of a quadratic form, which we
now proceed to recall.

DEFINITION 5.3.1. A (quadratic) formis a mapq : D(q)×D(q) −→ C whereD(q)
is a dense subspace ofH called theform domain, such thatq(·, f) is linear andq(f, ·) is
anti-linear for f ∈ D(q). If q(f, g) = q(g, f) for all f, g we say thatq is symmetric. If
q(f, g) ≥ 0 for all f ∈ D(q), q is calledpositive, and if q(f, f) ≥ −M‖f‖2 for some
M ≥ 0 and for all f ∈ D(q), we say thatq is semi-boundedor that q is bounded from
below by−M . We also use the following abbreviation

q̃(f) = q(f, f).

REMARK 5.3.2. (i) It is assumed that all domain of definitions are dense inH.
(ii) Let (q,D(q)) be a form. By the polarization identity

q(f, g) =
q̃(f + g)− q̃(f − g) + iq̃(f + ig)− iq̃(f − ig)

4
(f, g ∈ D(q)), (5.3.1)

it follows that any semi-bounded form is automatically symmetric. The polarization iden-
tity also shows thatq is completely determined bỹq. This fact allows us to define forms
by only giving q̃.

Let (q,D(q)) be a semi-bounded form. A sequence{hn} ⊆ D(q) of vectors will be
said to beq-convergent toh ∈ H (although strictly speaking, we should say(q,D(q))-
convergent), denoted byhn −→

q
h, if hn → h with respect to the topology ofH and

q̃(hn − hm) → 0 asn,m → ∞. The semi-bounded form(q,D(q)) is said to beclosed
if hn −→

q
h impliesh ∈ D(q). The following theorem gives an alternative description of

closed semi-bounded forms (see [49, Theorem VI.1.1] for a proof).

LEMMA 5.3.3. Let(q,D(q)) be a form bounded below by−M . ThenD(q) becomes
a pre-Hilbert space with respect to the following inner product,

(f, g)q = q(f, g) + (M + 1)(f, g). (5.3.2)
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The formq is closed iffD(q) is a Hilbert-space with respect to(·, ·)q.

REMARK 5.3.4. It is not difficult to show that the norms

‖f‖q =
√

(f, f)q (5.3.3)

corresponding to different lower bounds are equivalent.

DEFINITION 5.3.5. Let (q,D(q)) and(r,D(r)) be two forms onH. We say thatr is
an extensionof q or that q is a restrictionof r (in short: r ⊃ q or q ⊂ r) if D(q) ⊂ D(r)
andq(f, g) = r(f, g) for all f, g ∈ D(q).

A semi-bounded form(q,D(q)) is said to beclosableif it has a closed extension.
The following theorem gives an alternative description of closable semi-bounded forms
(see [49, Theorem VI.1.17] for a proof).

THEOREM 5.3.6. A semi-bounded form(q,D(q)) is closable iffhn −→
q

0 implies

q̃(hn) → 0.
When this condition is satisfied we define the closure(q,D(q)) as follows.D(q) is

the subspace ofH of all h ∈ H such that there exist a sequence{hn} ⊂ D(q) with
hn −→

q
h, and

q(f, g) = lim
n→∞

q(fn, gn) for anyfn −→
q
f , gn −→

q
g.

Then(q,D(q)) is a closed semi-bounded form with the same lower bound as(q,D(q)),
and it is the smallest possible semi-bounded closed extension of(q,D(q)).

REMARK 5.3.7. If (q,D(q)) is a form onH bounded form below by−M for a
M ≥ 0, then one can take the abstract closure of the pre-Hilbert spaceD(q) with inner
product(·, ·)q given by (5.3.2). A a set this Hilbert space consists of equivalence classes
of Cauchy sequences[(hn)n] with respect to the norm‖ · ‖q. There is a well-defined map
from this Hilbert space toH, defined by sending a[(hn)n] to the limit limn hn inH. This
map is in general not injective. Theorem 5.3.6 shows that this map is injective in the case
that(q,D(q)) is closable, with imageD(q) ⊆ H.

When(q,D(q)) is a closed semi-bounded form, a linear subspaceD ofD(q) is called
a form coreof (q,D(q)) if the closure of the restriction(q,D) of (q,D(q)) is equal to
(q,D(q)). The following (see [49, Theorem VI.1.21] for a proof) gives an alternative
description of a form core.

LEMMA 5.3.8. Let (q,D(q)) be a semi-bounded closed form. A linear subspaceD
ofD(q) is a form core iffD is dense inD(q) with respect to the norm‖ · ‖q.

DEFINITION 5.3.9. We say that an unbounded operator(A,D(A)) onH (the do-
main of definition is always assumed to be dense inH) is closedif its graph Γ(A) =
{(Af, f)|f ∈ D(A)} is closed inH⊕H. An unbounded operator(A,D(A)) is closable
if there exists a closed extension(B,D(B)) of (A,D(A)), i.e.
(i) (B,D(B)) is a closed unbounded operator onH,
(ii) D(A) ⊂ D(B) andB|D(A) = A for all f ∈ D(A).
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A closable unbounded operator(A,D(A)) on H has a smallest closed extension
(A,D(A)), called theclosureof A. It is known that a symmetric operator is closable, and
a self-adjoint operator closed.

DEFINITION 5.3.10. Let (A,D(A)) be a self-adjoint operator. Consider the sym-
metric form(qA, D(A)), with qA(f, g) = (Af, g).
(i) (A,D(A)) is said to bebounded from below by−M for someM ≥ 0 if the form
(qA, D(A)) is bounded from below by−M . (A,D(A)) is said to besemi-boundedif
(qA, D(A)) is bounded from below by−M for someM ≥ 0. If M = 0 can be taken,
then(A,D(A)) is calledpositive.
(ii) LetD ⊂ D(A) be a dense subspace ofH. We say thatD is a operator corefor A if
(A,D(A)) is the closure of the symmetric operator(A|D, D).

It is possible to associate to any semi-bounded self-adjoint operator a closed semi-
bounded form.

THEOREM 5.3.11. Let (A,D(A)) be a self-adjoint operator that is bounded from
below by−M for aM ≥ 0. Then the form(qA, D(A)) is closable. We denote (by abuse
of notation) the closure (see Theorem 5.3.6)(qA, D(qA)) of (qA, D(A)) by (qA, Q(A)).
LetD ⊂ D(A) be an operator core for(A,D(A)). ThenD is a form core for(qA, Q(A))
and

Q(A) = {f ∈ H|∃fn ∈ D, fn → f in H
and(A(fn − fm), fn − fm) → 0 for n,m→∞}.

(5.3.4)

Furthermore,

qA(f, g) = (Af, g) f ∈ D(A), g ∈ Q(A). (5.3.5)

For a proof of Theorem 5.3.11 see [69, Example 2 in VIII.6 and Problem 16 of VIII]
or [49, Corollary 1.28].

The following proposition gives a description of the domain ofD(A) of a semi-
bounded closed self-adjoint operator in terms of a from coreD of (qA, Q(A)).

PROPOSITION5.3.12. Let(A,D(A)) be a semi-bounded self-adjoint operator onH,
andD ⊂ Q(A) a form core (for example, one can take here an operator coreD ⊂ D(A)).
If f ∈ Q(A), h ∈ H and qA(f, g) = (h, g) ∀g ∈ D, thenf ∈ D(A) andAf = h.
Furthermore,

D(A) = {f ∈ Q(A)| ∃h ∈ H such thatqA(f, g) = (h, g) for all g ∈ D}. (5.3.6)

For a proof of this theorem see [49, Theorem VI.2.1].
We have the following reverse to Theorem 5.3.11, sometimes calledthe first repre-

sentation theorem.

THEOREM 5.3.13. Let (q,D(q)) be a closed semi-bounded form. There exists an
unique semi-bounded self-adjoint operator(A,D(A)) such that(q,D(q)) = (qA, Q(A)).
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For a proof of this theorem see [69, VIII.15] and [49, Theorem VI.2.1].
Although the following theorem about positive self-adjoint operators is not used in

this thesis we state it here nonetheless, since it is illuminating (and all self-adjoint opera-
tors which we will encounter in this chapter are positive).

THEOREM 5.3.14 (Second representation theorem [49, Theorem VI.2.23]). Let
(A,D(A)) be a positive self-adjoint operator. Denote by(A1/2, D(A1/2)) the square
root ofA. Then we haveQ(A) = D(A1/2) and

qA(f, g) = (A1/2f,A1/2g), f, g ∈ Q(A).

A subsetD of Q(A) is a form core of(qA, Q(A)) iff D is a operator core of
(A1/2, D(A1/2)).

An important result in the theory of perturbation theory of self-adjoint operators and
forms is the so-called KLMN theorem1.

THEOREM 5.3.15 (the KLMN theorem).Let (A,D(A)) be a positive self-adjoint
operator onH and suppose that(β,Q(A)) is a symmetric form such that

|β(f, f)| ≤ a(Af, f) + b(f, f) ∀f ∈ D(A) (5.3.7)

for somea < 1 andb ∈ R. Then there exists a unique semi-bounded self-adjoint operator
(C,D(C)) such that the corresponding form(qC , Q(C)) has form domainQ(C) = Q(A)
and

qC(f, g) = qA(f, g) + β(f, g) ∀f, g ∈ Q(C) = Q(A). (5.3.8)

C is bounded below by−b and any operator coreD for (A,D(A)) is a form core for
(qC , Q(C)).

The proof of the KLMN theorem uses Theorem 5.3.13 (see [67, Theorem X.17]
and [49, Theorem VI.3.9] for details). Theorem 5.3.15 can be proved for much wider
classes of forms (see for instance [49, Theorem VI.3.4]).

We turn our attention to the question of convergence of unbounded operators. Our
basic reference is [69, Section VIII.7 and Supplement to VIII.7]. Let(A,D(A)) be a
closed operator onH. A λ ∈ C is in theresolvent setρ(A) of A if λ − A is a bijection
of D(A) ontoH with a bounded inverse. Ifλ ∈ ρ(A), Rλ(A) = (λ − A)−1 is called
the resolventof A at λ. Note thatρ(A) = C\σ(A), with σ(A) the spectrum ofA. In
particular for self-adjointA we haveρ(A) ⊃ {λ ∈ C| Im(λ) 6= 0}.

DEFINITION 5.3.16. Let(An, D(An)) (n = 1, 2, . . . ) and(A,D(A)) be self-adjoint
operators onH. ThenAn is said to converge toA in the strong-resolvent senseif
Rλ(An) → Rλ(A) in the strong operator topology for allλ with Im(λ) 6= 0.

DEFINITION 5.3.17. Let (q,D(q)) and (r,D(r)) be two symmetric forms. We say
that q ≤ r iff D(q) ⊇ D(r) andq(f, f) ≤ r(f, f) for all f ∈ D(r).

1The theorem is due to Kato, Lions, Lax and Milgram, and Nelson; see [67, Notes to Chapter X] for some
historical comments.



114 5. COMPLETENESS OF THE BETHE ANSATZ EIGENFUNCTIONS

Note that if(q,D(q)) ⊂ (r,D(r)), then(r,D(r)) ≤ (q,D(q)).
Although it is troublesome to define a partial ordering on the set of unbounded oper-

ators onH due to possibly non-overlapping domains, there is a natural definition for the
class of semi-bounded self-adjoint operators (see also Theorem 5.3.11).

DEFINITION 5.3.18. If A andB are semi-bounded self-adjoint operators, then we
say thatA is smaller thanB or thatB is greater thanA (in short: A ≤ B or B ≥ A)
wheneverqA ≤ qB .

THEOREM5.3.19 ([69, Theorem S.15]).Letq be any positive form. Then there exists
a largest closable formqr that is smaller thanq, i.e: If t is a closable positive form and
t ≤ q thent ≤ qr.

We define 0 to be the form with form domainH and form(f, g) 7→ 0.

THEOREM 5.3.20 ([69, Theorem S.16]).Let q1 ≥ q2 ≥ q3 ≥ · · · ≥ 0 be a sequence
of closed positive forms. ConsiderD∞ = ∪nD(qn). Then the pair(q∞, D∞) is a
positive (but in general not closed) form, where

q∞(f, g) = lim
n→∞

qn(f, g) = inf
n∈N

qn(f, g)

for f, g ∈ D∞. LetAn be the positive self-adjoint operator corresponding (in the sense
of Theorem 5.3.13) toqn andB be the positive self-adjoint operators corresponding to
the closure of(q∞)r. ThenAn → B in the strong-resolvent sense.

The proof of the completeness of the Bethe ansatz eigenfunctions (Theorem 5.1.4) is
based on the following theorem of Dorlas. We say that an unbounded operator(A,D(A))
onH has compact resolvent if(A− µ)−1 is a compact operator for allµ ∈ ρ(A).

THEOREM 5.3.21. [16, Theorem 3.2]Let {Ht}t≥0 be a one-parameter family of
positive self-adjoint operators acting on a Hilbert spaceH. Assume thatt 7→ Ht is
monotonically nondecreasing (in the sense of Definition 5.3.18) and right-continuous in
the strong-resolvent sense and thatH0 has compact resolvent. Suppose that there exists a
set of linearly independent eigenfunctions{φt

n}n∈N for Ht, parameterized by a discrete
setN , which depends continuously ont, and which is complete att = 0. Then{φt

n}n∈N

is a total set inH for all t ≥ 0.

REMARK 5.3.22. In [16, Theorem 3.2] it is assumed thatt 7→ Ht should be con-
tinuous in the strong-resolvent sense. From the proof follows that right-continuity in
strong-resolvent sense is sufficient.

For later reference we state some other theorems that will be used in the following
sections.

THEOREM 5.3.23. LetA be a semi-bounded self-adjoint operator onH. Then the
following are equivalent:
(a)A has compact resolvent.
(b) There exists a complete orthonormal basis{fn}∞n=1 of H in D(A) so thatAfn =
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λnfn, λ1 ≤ λ2 ≤ . . . andλn →∞.

For a proof, see [68, Theorem XIII.64].
The spectrumσ(A) of a self-adjoint operator(A,D(A)) decomposes into two dis-

joint parts, theessential spectrumσess(A) and thediscrete spectrum

σdisc(A) = {λ ∈ σ(A)|λ is an isolated point ofσ(A) with finite multiplicity}.

THEOREM5.3.24.Let(A,D(A)) be a positive self-adjoint operator onH,φ1, φ2, . . .
a total set of linear independent eigenfunctions,Aφj = mjφj such thatmj → ∞. Then
there is only discrete spectrum, i.e.σ(A) = σdisc(A). Moreoverσ(A) = {m1,m2, . . . } ⊂
[0,∞). For m ∈ σ(A) the eigenvalue spaceHm = {φ ∈ D(A)|Aφ = mφ} is finite
dimensional and is spanned by{φi|mi = m}. AlsoH =

⊕
m∈σ(A)Hm.

The only non-trivial part of Theorem 5.3.24 is to show that the essential spectrum
is empty. This follows immediately from the operator form of the min-max theorem
(see [68, Theorem XIII.1]). Note that by Theorem 5.3.23 a positive self-adjoint operator
(A,D(A)) satisfies the condition of Theorem 5.3.24 iffA has compact resolvent.

DEFINITION 5.3.25. LetA be a operator on a Hilbert spaceH. A vectorf ∈ D(A)
satisfyingAf ∈ D(A), A2f = A(Af) ∈ D(A), A3f = A(A2f) ∈ D(A) etc. is
called asmooth vector forA. A smooth vectorf for A is called ananalytic vector for
A if

∑∞
n=1 ‖Anf‖tn/n! < ∞ for somet > 0. In particular, any eigenvector ofA is an

analytic vector forA.

THEOREM5.3.26 (Nelson’s analytic vector theorem).LetA be a symmetric operator
on a Hilbert spaceH. IfD(A) contains a total set of analytic vectors, thenA is essentially
self-adjoint.

For a proof, see [67, Theorem X.39].

5.4. Definition of the Hamiltonians: the free system

We will apply Dorlas’ Theorem 5.3.21 to the Bethe ansatz eigenfunctions{φibµk,k|µ ∈
P++} and the self-adjoint operators obtained from the form interpretations of of the for-
mal Hamiltonian given by (5.1.3). Theorem 5.3.21 reduces the completeness for general
k ∈ K+ to the completeness for the uncoupled casek ≡ 0. We therefore have to investi-
gate this case first.

In Example 3.2.8 we have seen that Bethe ansatz eigenfunctions

φλ,0 =
1

#W0

∑
w∈W0

ewλ

are parameterized byS+
0 = 2πiP+. Our aim is to define a self-adjoint operatorH0 onH

that is related the Laplacian−∆ (see (5.1.3) withk ≡ 0) with compact resolvent such that
the Bethe ansatz eigenfunctions corresponding tok ≡ 0 are a complete set of orthogonal
eigenfunctions ofH0.
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It is sometimes more convenient to work with other Hilbert spaces that are isomorphic
to H via a unitary transformation. The measureµE on V induces a measure on the
compact torusT = V/Q∨, denoted byµT . It is the unique Haar measure on the abelian
groupT normalized byµT (T ) = #W0 · µE(C+). SinceW0 leavesQ∨ stable, the
following defines an action ofW0 onT

w(v +Q∨) = wv +Q∨.

Consider the mapı from W -invariant functions onV to W0-invariant functions on
T , defined by

f 7→ (v +Q∨ 7→ f(v)).
On the level of Hilbert spaces it defines a unitary isomorphism,

ı : H ∼−→ HT = L2

(
T,

dµT

#W0

)W0

,

with the inner product(·, ·)T onHT given by

(f, g)HT
=

1
#W0

∫
T

f(t)g(t)dµT (t).

The torusT has a smooth manifold structure. The mapı defines an isomorphism from
the space of smoothW -invariant functionsC∞(V )W onV to the space ofW0-invariant
smooth functionsC∞(T )W0 on T . There is a Laplacian∆T onC∞(T )W0 , defined by
∆T ◦ ı = ı ◦∆.

We define firstH0 as an operator onHT .

THEOREM 5.4.1. Consider the positive symmetric operator(−∆T , C
∞(T )W0) on

HT .

(a) The operator(−∆T , C
∞(T )W0) is essentially self-adjoint. Its unique self-

adjoint extension(H0, D(H0)) is positive andC∞(T )W0 is an operator core
for (H0, D(H0)).

(b) The set{φλ,0|λ ∈ 2πiP+} ⊂ C∞(T )W0 ⊂ D(H0) is a complete set of or-
thogonal functions inHT , that are also eigenfunctions ofH0,

H0φλ,0 = ‖λ‖2φλ,0 (5.4.1)

for all λ ∈ 2πiP+.
(c) H0 has compact resolvent.

PROOF. The symmetry and positivity of(−∆T , C
∞(T )W0) is obvious (see also

Lemma 6.2.6(i) and (5.5.7)).
Assertion (c) follows from (b) and Theorem 5.3.23. The orthogonality of the func-

tions in (b) is shown by a simple calculation. Consider the unital algebraA of functions
in C(T ) generated by{eλ|λ ∈ 2πiP}. We claim thatA is dense inC(T ) in the topology
of uniform convergence onT . This follows from the Stone-Weierstrass theorem. It is
obvious thatA contains the constants and is closed under conjugation. That it separates
points is equivalent with: for everyv +Q∨ ∈ T with v /∈ Q∨, there is aλ ∈ P such that
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λ(v) /∈ 2πiZ. This is the case sinceP andQ∨ are lattices which by definition are in per-
fect duality. Whence by Stone-WeierstrassA is dense inC(T ) and elementaryL2-theory
tells us that thereforeA must be dense inL2 (T, dµT /#W0).

Consider the bounded symmetrization operatorSymW0
fromL2 (T, dµT /#W0) onto

HT . On the dense subspaceC(T ) it is defined by

SymW0
(φ) =

1
#W0

∑
w∈W0

wφ.

The image ofA underSymW0
is dense by the continuity ofSymW0

. But SymW0
(A) is

equal to theC-linear span of{φλ,0|λ ∈ 2πiP+}. Noting that−∆Tφλ,0 = ‖λ‖2φλ,0

holds for allλ ∈ 2πiP+, we get (b). Since eigenfunctions ofH0 are analytic vectors for
H0 (see Definition 5.3.25), the essential self-adjointness of(−∆T , C

∞(T )W0) follows
from (b) and Nelson’s analytic vector theorem (Theorem 5.3.26). �

Let (h0, Q0) = (qH0 , Q(H0)) be the closed positive form corresponding to the pos-
itive self-adjoint operator(H0, D(H0)) (see Theorem 5.3.11). SinceC∞(T )W0 is an
operator core of(H0, D(H0)), it is also a form core for(h0, Q0) by Theorem 5.3.11. In
the next section we show thatQ0 is the Sobolov space of once differentiable function
functions onC+ (see Proposition 5.5.3).

5.5. Definition of the Hamiltonians: the coupled system

For technical reasons it is more convenient to work with the following Hilbert space,
which is unitary isomorphic toH,

H′ = L2(C+, dµE),

with the inner product the obvious one (see also (5.1.2)). A domain of self-adjointness
for H0 onH′ is then

D0 = {φ|C+
|φ ∈ C∞(V )W }

by Theorem 5.4.1(b).
For a bounded domainΩ in V andm ∈ Z≥1 orm = ∞ we let

Cm(Ω) = {f|Ω| f ∈ C
m(V )}.

Denote the wall of the fundamental chamberC+ corresponding to the simple rootai (with
i = 0, 1, 2, . . . , n) byLi,

Li = C+ ∩ Vai = {v ∈ V | ai(v) = 0, aj(v) ≥ 0∀j 6= i}. (5.5.1)

Since smooth functions symmetric with respect to orthogonal reflection in an affine
hyperplane have zero normal derivative jumps, we have

D0 ⊆ {φ ∈ C∞(C+)| ∂Da∨i
φ(x+0Da∨i ) = 0 for semi-regularx ∈ Li ∀ i}. (5.5.2)

In this section we construct positive self-adjoint unbounded operatorsHk onH′ (k ∈
K+) associated to the formal Hamiltonian (5.1.3). The Bethe ansatz eigenfunctions will
be contained in the domain ofHk. Moreover, they will be eigenfunctions. The operators
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Hk will be constructed by applying the KLMN theorem (Theorem 5.3.15). The most
natural way of defining the relevant forms is by using Sobolev theory and we therefore
recall some basic facts, referring for more details to the textbooks [79], [2].

Let Ω be a domain inV . Denote the space ofL1-locally integrable function with
respect todµE on Ω by L1

loc(Ω, dµE). Everyg ∈ L1
loc(Ω, dµE) defines a distribution

Tg ∈ C∞c (Ω)′ on Ω as follows: It sends a test functionφ in in the space of compactly
supported smooth functionsC∞c (Ω) onΩ to Tg(φ) =

∫
Ω
gφdµE .

For a homogeneous polynomialp of degreer and a distributionS on Ω, the dis-
tributional derivativeφ 7→ (−1)rS(p(∂)φ) (φ ∈ C∞c (Ω)) is denoted byp(∂)(S). We
extend this by linearity to all polynomials. Ifg ∈ L1

loc(Ω, dµE) andp(∂)(Tg) = Th

for a h ∈ L1
loc(Ω, dµE), thenh is unique and is called theweak partial derivateof g.

Thus “p(∂)g = h” in the weak sense for a homogeneous polynomialp of degreer,
providedh ∈ L1

loc(Ω, dµE) and
∫
Ω
gp(∂)φdµE = (−1)r

∫
Ω
hφdµE for every test func-

tion φ ∈ C∞c (Ω). If g is sufficiently smooth (sayg ∈ C∞(Ω)), then the point-wise
partial derivativep(∂)g is the weak derivative ofg. For ag ∈ L1

loc(Ω, dµE) we write
p(∂)g ∈ L2(Ω, dµE) wheneverp(∂)g = h ∈ L2(Ω, dµE).

Let {η1, . . . , ηn} be an orthonormal bases (in short, ONB) ofV . Assumef, g ∈
L1

loc(Ω, dµE) such that ∂f
∂ηj

∈ L2(Ω, dµE) and ∂g
∂ηj

∈ L2(Ω, dµE). Then it is easily
checked that

n∑
j=1

∫
Ω

∂f

∂ηj

∂g

∂ηj
dµE (5.5.3)

is independent of the choice of ONB.

DEFINITION 5.5.1. The space

W 1,2(Ω, dµE) = {f ∈ L2(Ω, dµE)| ∂f
∂ηj

∈ L2(Ω, dµE) for all j = 1, 2, . . . , n}

is called theSobolev space of once weak differentiable functions onΩ with respect to the
measureµE .

W 1,2(Ω, dµE) is a Hilbert space with respect to the inner product

(f, g)W 1,2(Ω,dµE) =
∫

Ω

fḡdµE +
n∑

j=1

∫
Ω

∂f

∂ηi

∂ḡ

∂ηi
dµE , (5.5.4)

with {η1, . . . , ηn} an ONB forV . The inner product is well-defined since by (5.5.3) it is
independent of the choice of orthonormal basis.

Let W 1,2 = W 1,2(C+, dµE) the Sobolev space of once weak-differentiable func-
tions onC+.

Denote the measure on∂C+ induced fromdµE onC+ by dσE .

THEOREM 5.5.2 (Trace operator).There exist a linear operator

B : W 1,2 −→ L2(∂C+, dσE) (5.5.5)

such that
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(i) Bφ = φ|∂C+ if φ ∈W 1,2 ∩ C1(C+),
(ii) B is continuous, i.e., there is a constantC > 0 such that

‖Bφ‖L2(∂C+,dσE) ≤ C · ‖φ‖W 1,2 ∀φ ∈W 1,2.

PROOF. This is an immediate consequence of [79, Theorem I.8.7]. �

For the rest of this section we fix an ONB{η1, . . . , ηn}.
Recall the closed positive form(h0, Q0) corresponding to the positive self-adjoint

operator(H0, D(H0)). Note in particular thatM = 0 is a lower bound forH0. The form
(·, ·)h0 onQ0 given by (5.3.2) has the following expression onD0 ⊂ Q0,

(φ, ψ)h0 = (−∆Tφ, ψ)H′ + (φ, ψ)H′ = (φ, ψ)H′ +
n∑

j=1

(
∂φ

∂ηj
,
∂ψ

∂ηj
)H′ = (φ, ψ)W 1,2 .

(5.5.6)
The second equality follows by Stokes’ theorem,

n∑
i=1

(
∂φ

∂ηi
,
∂ψ

∂ηi

)
H′

= (−∆Tφ, ψ)H′ +
∫

∂C+

∂φ

∂ν
ψdσE , (5.5.7)

with ν the inner normal toC+, and by observing that the second term on the right hand
side is zero because of (5.5.2).

SinceD0 is an operator core for(H0, D(H0)) (by Theorem 5.4.1), it follows by (5.3.4)
and (5.5.6) thatQ0 is precisely the closure ofD0 in H′ with respect to the Sobolev norm
‖ · ‖W 1,2 . SinceW 1,2 is a Hilbert space,Q0 is the closure ofD0 in W 1,2, i.e.

Q0 = {φ ∈W 1,2| ∃φn ∈ D0 such that‖φn − φ‖W 1,2 → 0 asn→∞}. (5.5.8)

The next proposition shows that in factD0 ⊆W 1,2 is dense, henceQ0 = W 1,2.

PROPOSITION5.5.3. The form domainQ0 of h0 is equal to the Sobolev space of
once differentiable functions onC+, i.e.Q0 = W 1,2. Furthermore,

h0(φ, ψ) =
n∑

i=1

(
∂φ

∂ηi
,
∂ψ

∂ηi

)
H′

∀φ, ψ ∈ Q0 = W 1,2. (5.5.9)

We introduce a regularization procedure that will be used in the proof of Proposi-
tion 5.5.3. For ar > 0 andx ∈ V let B̄(x, r) = {y ∈ V |‖y − x‖ ≤ r}. Choose
a j ∈ C∞c (V )W0 with j ≥ 0, Supp(j) ⊆ B̄(0, 1) and

∫
V
j(x)dµE(x) = 1. For

ε > 0 consider themollifier jε ∈ C∞c (V )W0 defined byjε(x) = j(x/ε)/εn. For any
u ∈ L1

loc(V, dµE) let uε ∈ C∞(V ) be the regularizationjε ? u of u by jε, i.e.

uε(x) =
∫

V

jε(x− y)u(y)dµE(y) =
∫

V

jε(y)u(x− y)dµE(y).

In the next lemma we collect some elementary properties ofuε.

LEMMA 5.5.4. Letu ∈ L1
loc(V, dµE).

(i) Let Ω be an open subset ofV andu|Ω ∈ C(Ω). If G is a compact subset ofΩ, then
uε → u uniformly onG.
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(ii) Letu ∈ L1
loc(V, dµE)W . Thenuε ∈ C∞(V )W and thereforeu|C+

∈ D0.

PROOF. (i) The method of proof is standard inLp-theory (cf. proof of
[2, Lemma 2.18(d)]). SinceG is compact, there is a compactG′ andε0 > 0 such that
G ⊂ G′ ⊂ Ω andB̄(x, ε0) ⊂ G′ for all x ∈ G. The statement is now an immediate
consequence of

|uε(x)− u(x)| =
∣∣∣∣∫

V

jε(x− y)(u(y)− u(x))dµE(y)
∣∣∣∣

≤ sup
y∈B̄(x,ε)

|u(y)− u(x)| ≤ sup
y,z∈G′,‖y−z‖≤ε

|u(y)− u(z)|

for all x ∈ G and0 < ε ≤ ε0 and the fact thatu is uniformly continuous onG′.
(ii) BecauseW = W0 n Q∨ it suffices to show thatuε is W0-invariant andτ(Q∨)-
invariant. Letx ∈ V , w ∈W0 anda ∈ Q∨. Then

uε(x+ a) =
∫

V

jε(y)u(x+ a− y)dµE(y) =
∫

V

jε(y)u(x− y)dµE(y) = uε(x).

Also

uε(wx) =
∫

V

jε(y)u(wx− y)dµE(y) =
∫

V

jε(wy′)u(wx− wy′)dµE(y′)

=
∫

V

jε(y)u(x− y)dµE(y) = uε(x),

where we in the third equality used thatj is itselfW0-invariant. �

PROOF OFPROPOSITION5.5.3. Because of (5.5.8) it suffices to show thatD0 is a
dense subspace ofW 1,2 (in the Sobolev topology) for the first statement. The second
statement then follows immediately from (5.5.6) and the fact thatD0 is a form core for
(h0, Q0) = (h0,W

1,2).
A standard result in Sobolov theory states thatC∞(C+) is dense inW 1,2 (see for

example [79, Theorem I.3.6]). To prove the proposition it therefore suffices to show that
everyφ ∈ C∞(C+) can be approximated inW 1,2 by elements fromD0.

Assume that aφ ∈ C∞(C+) is fixed. By (5.1.2) there is a unique continuousW -
invariant functionu onV extendingφ. By Lemma 5.5.4(ii) uε|C+

∈ D0. We shall show
thatuε|C+

→ φ in the Sobolev norm asε↘ 0.
Recall that we had fixed an ONB{η1, . . . , ηn} of V . Forj = 1, 2, . . . n, consider the

function invj ∈ L1
loc(V, dµE) defined by onVreg by ∂u

∂ηj
. We claim that∂uε

∂ηj
= (vj)ε for

all ε > 0.
For t > 0 andj = 1, 2, . . . , n consider the following function inC(V )τ(Q∨),

gt,j(y) = (u(y + tηj)− u(y))/t (y ∈ V ).

Because of the geometry of the hyperplane arrangement associated to the affine root sys-
temΣ, it is easily seen that there is at0 > 0 such that for everyy ∈ V and0 < t < t0,
the number of times the line segment betweeny andy + tηj changes from chamber is at
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most#W0-times. Observe thatu|C ∈ C∞(C), and therefore also
(

∂u
∂ηj

)
|C
∈ C∞(C),

for every alcoveC. A simple application of the mean value theorem (possibly multiple
times, but at most#W0-times) together with theW -invariance and continuity ofu, then
shows

|gt,j(v)| ≤ #W0 sup
C+

∣∣∣∣ ∂u∂ηj

∣∣∣∣ =: #W0Mj

for all t ∈ (0, t0) andv ∈ V . Fix ax ∈ Vreg. ThenSupp(jεgt,j(x − ·)) ⊂ B̄(0, ε), and
|jεgt,j(x− ·)| is dominated by(#W0Mj) supV j/(εn) andlimt→0 gt,j(y) = ∂u

∂ηj
(y) for

everyy ∈ Vreg andj. Observing that the complement ofx− Vreg in V has measure zero
and applying Lebesgue’s dominated convergence theorem gives

∂uε

∂ηj
(x) = lim

t→0

∫
x−Vreg

jε(y)gt,j(x− y)dµE(y)

=
∫

x−Vreg

lim
t→0

(jε(y)gt,j(x− y))dµE(y))

=
∫

x−Vreg

jε(y)vj(x− y)dµE(y) = (vj)ε(x).

Sincex ∈ Vreg was arbitrary andVreg is a dense subset ofV and continuity, it follows
indeed that∂uε

∂ηj
= (vj)ε for all ε > 0. Together withvj

|C+ ∈ C(C+) and Lemma 5.5.4(i)

this shows that(vj)ε → vj , and therefore∂uε

∂ηj
→ ∂u

∂ηj
, uniformly on compact subsets

of C+, and thus in particularly point-wise onC+. If a locally integrable functionf is
bounded byM , then so does the regularizationfε. Applying this observation tof = vj

and using∂uε

∂ηj
= (vj)ε gives∣∣∣∣∂(uε − u)

∂ηj

∣∣∣∣2 =
∣∣∣∣∂uε

∂ηj
− ∂u

∂ηj

∣∣∣∣2 ≤ 4M2
j ,

uniformly onC+. Lebesgue’s dominated convergence theorem now gives

lim
ε↘0

∫
C+

∣∣∣∣∂(uε − u)
∂ηj

∣∣∣∣2 dµE = 0.

Becauseu ∈ C(V ), it follows by Lemma 5.5.4(i) thatuε → u uniformly onC+. Together
with (5.5.4) applied toΩ = C+ andf = g = (u− uε)|C+

∈ C∞(C+), we see that

uε|C+ → u|C+ = φ in W 1,2, and this concludes the proof because of the remarks made
at the beginning of the proof.

�

We are now able to define the forms used to make sense of the formal Hamilton-
ian (5.1.3) as positive self-adjoint operators.
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DEFINITION 5.5.5. Letk ∈ K+. We denote byδk the form with form domainQ0 =
W 1,2 and

δk(φ, ψ) =
n∑

i=0

ki

‖Da∨i ‖

∫
Li

Bφ(v)Bψ(v) dσE(v) (φ, ψ ∈ Q0),

with B the trace operator from Theorem 5.5.2. Define also the formhk = h0 + δk (with
Q0 as form domain).

REMARK 5.5.6. If φ, ψ ∈ D0, then by Theorem 5.5.2(i)

δk(ψ, φ) =
n∑

i=0

ki

‖Da∨i ‖

∫
Li

ψφ̄dσE ,

and

hk(φ, ψ) = (−∆Tφ, ψ) +
n∑

i=0

ki

‖Da∨i ‖

∫
Li

ψφ̄dσE .

To apply the KLMN theorem, we need to check the inequality (5.3.7). This will be a
consequence of the following lemma.

LEMMA 5.5.7. There is a constantc > 0 (only dependent onΣ) such that

δ1(φ, φ) ≤ c (h0(φ, φ) + (φ, φ)) (5.5.10)

for all φ ∈ Q0.

This follows from Theorem 5.5.2 and Proposition5.5.3
For multiplicity functionsk andk′ inK+ such thatk ≥ k′ we denote byk−k′ ∈ K+

the following multiplicity function: (k − k′)a = ka − k′a. For k ∈ K+ let k∞ =
maxa∈Σ ka.

PROPOSITION5.5.8. For all k ∈ K+, there is an unique positive self-adjoint op-
erator (Hk, D(Hk)) onH′ with form domainQ(Hk) = Q0 such thatqHk

= hk. The
operatorsHk are increasing ink:

Hk ≤ Hk′ if k ≤ k′. (5.5.11)

PROOF. The uniqueness follows because a self-adjoint operator is uniquely defined
by its form (see Theorem 5.3.13). Equation (5.5.11) follows directly from the fact that
hk ≤ hk′ (see Definition 5.5.5) wheneverk ≤ k′, and the first part of the Proposition.

To prove the existence we use induction onk∞. Assume thatHk0 is defined for
somek0 ≥ 0 with the properties described in the statement of the proposition. Letβ be
the formδk−k0 . Thenhk is a perturbation ofhk0 byβ sincehk = hk0 +β. The following
estimation

β(φ, φ) = δk−k0(φ, φ) ≤ (k − k0)∞δ1(φ, φ) ≤ c(k − k0)∞

(
hk0(φ, φ) + (φ, φ)

)
is true for allφ ∈ Q0 since the formshk are nondecreasing and inequality (5.5.10).
The KLMN theorem (Theorem 5.3.15) tells us that there is auniqueself-adjoint operator
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(Hk, D(Hk)) with associated form(hk, Q0) whenc(k − k0)∞ < 1, i.e. for all k with
k0 ≤ k < k0 + 1/c. Apply induction to conclude the proof of the proposition. �

REMARK 5.5.9. AlthoughD0 is a form core for the form(hk, Q0) associated to the
operator(Hk, D(Hk)) it is in general not true thatD0 ⊂ D(Hk) for k 6= 0.

5.6. Proof of the completeness

In this section we shall prove Theorem 5.1.4. We finish the section with some corol-
laries to Theorem 5.1.4.

Now we have defined positive self-adjoint operatorsHk onH′, we turn our atten-
tion to the domain of definitionD(Hk). As observed earlier on (see statement Theo-
rem 5.3.21) the key step will be to show that the Bethe ansatz functions{φλ,k|λ ∈ Sk}
are in the domain of definitionD(Hk). We first define a convenient spaceDk containing
the Bethe ansatz eigenfunctions. For this recall the spaceCω,(k)(V ) from Chapter 3 (see
Section 3.5). Fork ∈ K+, k 6= 0, let

Dk = { φ|C+
| φ ∈ Cω,(k)(V )W }

(Note that fork ≡ 0, the above would not be equal to the spaceD0 defined at the begin-
ning of Section 5.5, but would only be contained in it). Alternatively,

Dk = {φ ∈ Cω(C+)| ∂Da∨i
φ(x+ 0Da∨i ) = kiφ(x) for semi-regularx ∈ Li,

i = 0, 1, . . . , n}. (5.6.1)

For aφ ∈ C∞(C+) we denote by∆φ the unique function inC∞(C+) that onC+ is
given by∆φ. It extends the operator∆ onD0 ⊂ C∞(C+) from Section 4.

PROPOSITION5.6.1. Letk ∈ K+.

(1) The Bethe ansatz eigenfunctions{φλ,k|λ ∈ Sk} are inDk.
(2) Dk ⊂ D(Hk).
(3) Hkφ = −∆φ in H′ for all φ ∈ Dk. In particularHkφλ,k = ‖λ‖2φλ,k for all

λ ∈ Sk.

PROOF. (1) follows from Corollary 3.6.2 andφλ,k ∈ BVPk(λ)W for λ ∈ Sk (note
that all the results in Chapter 3, with the exception of the last section, holds for complex
valued multiplicity functionsk).

Observe thatDk ⊂W 1,2 = Q0, the inclusion coming fromDk ⊂ C∞(C+) ⊂W 1,2

and the equality being Proposition 5.5.3. To prove(2) and (3) it suffices by Proposi-
tion 5.3.12 to show that for allφ ∈ Dk ⊂ Q0, hk(φ, ψ) = (−∆φ, ψ) holds for all
ψ ∈ D0. By symmetry of the forms, this is equivalent to:hk(ψ, φ) = (ψ,−∆φ) holds
for all ψ ∈ D0, and this is equivalent to

−(∆ψ, φ)H′ + δk(ψ, φ) = (ψ,−∆φ)H′ , ∀ψ ∈ D0, (5.6.2)
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by the definition ofhk (see Definition 5.5.5) and (5.3.5). By Stokes’ theorem:

(∆ψ, φ)H′ = (ψ,∆φ)H′ +
∫

∂C+

(
ψ
∂φ

∂η
− ∂ψ

∂η
φ

)
dσE ,

with η denoting the inner normal vector to∂C+. The second term of the integrand is zero
becauseψ ∈ D0 (see (5.5.2)). The remaining term gives

n∑
i=0

1
‖Da∨i ‖

∫
Li

ψ∂Da∨i
φdσE .

Now use thatφ ∈ Dk (see (5.6.1)) to conclude (5.6.2). �

We turn now our attention the right-continuity of the map defined byk 7→ Hk.

LEMMA 5.6.2. Letk0 ∈ K+. Thenhk0(φ, φ) = infk>k0 hk(φ, φ) for all φ ∈ D0.

PROOF. This follows from

0 ≤ hk(φ, φ)− hk0(φ, φ) = δk−k0(φ, φ) ≤ (k − k0)∞δ1(φ, φ).

�

COROLLARY 5.6.3. The map defined byk 7→ Hk (k ∈ K+) is right-continuous in
the strong-resolvent sense.

PROOF. Let k1 ≥ k2 ≥ · · · ≥ k0 be a sequence in{k ∈ K+|k > k0} s.t. kj → k0.
Thenhk1 ≥ hk2 ≥ · · · ≥ 0 as forms onQ0, andhk0 = limj→∞ hkj

= infj∈N hkj
by

the first part of Theorem 5.3.20 and Lemma 5.6.2. By the second part of Theorem 5.3.20,
Hkj → Hk0 asj →∞ in the strong resolvent sense. �

To apply Dorlas’ theorem (see Theorem 5.3.21) to our operatorsHk, we still need to
verify the linear independence of the Bethe ansatz eigenfunctions{φλ,k|λ ∈ Sk}. Recall
the Dunkl-type operatorsp(Dk) (p ∈ S(V )C) from Section 3.4 (which were defined
for all complex valued multiplicity functionsk). By Theorem 3.6.4(i) we have for any
λ ∈ V ∗C andp ∈ S(V )W0

C ,
p(Dk)φλ,k = p(λ)φλ,k. (5.6.3)

LEMMA 5.6.4. Let k ∈ K+. The Bethe ansatz eigenfunctions{φλ,k|λ ∈ Sk/W0}
are linearly independent inH.

PROOF. LetW0λ1,W0λ2, . . .W0λm ∈ Sk/W0 be pairwise different anda1, . . . , am

elements inC such thatφ =
∑m

i=1 aiφλi,k = 0 in H. We have to show thata1 = · · · =
am = 0. Sinceψ is µE-almost everywhere zero onV , it must be zero as a continuous
function onV .

SinceS(V )W0
C separates the orbitsV ∗C /W0 there arep1, p2, . . . , pm ∈ S(V )W0

C such
thatpi(λj) = δij . For any1 ≤ i ≤ m we therefore have

aiφλi,k =
∑

j

ajpi(λj)φλj ,k = pi(Dk)

∑
j

ajφλj ,k

 = pi(Dk)(0) = 0,
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(using (5.6.3) in the second equality). Whenceai = 0 for 1 ≤ i ≤ m, as desired. �

THEOREM 5.6.5. Letk ∈ K+. The functions{φibµk,k|µ ∈ P++} form a total set in
H.

PROOF. By Theorem 5.4.1(2) we may assume thatk 6= 0. All the conditions of
Theorem 5.3.21 are satisfied for the operatorsHtk and the Bethe ansatz eigenfunctions
{φibµtk,tk|µ ∈ P++} (t ≥ 0) by Lemma 5.6.4, Theorem 5.4.1, Proposition 5.6.1, Propo-
sition 5.2.15 and Corollary 5.6.3. Hence{φibµtk,tk|µ ∈ P++} is a total set inH for all
t ≥ 0. Now taket = 1 to conclude the proof. �

COROLLARY 5.6.6. Letk ∈ K+.
(a) The spectrumσ(Hk) ofHk is given by{‖µ̂k‖2|µ ∈ P++}.
(b) For am ∈ σ(A) the set of functions{φλ,k|λ = iµ̂k, µ ∈ P++, ‖λ‖2 = m} is a basis
for the corresponding eigenspaceHm (and thusHm is in particular finite dimensional).
AlsoH = ⊕m∈σ(A)Hm.

PROOF. Follows from Theorem 5.3.24, Proposition 5.6.1, Lemma 5.6.4 and Theo-
rem 5.6.5. �

PROOF OFTHEOREM 5.1.4AND COROLLARY 5.1.5. Because of the above corol-
lary it suffices to show that anyλ ∈ Sk is W0-conjugate to an element from{iµ̂k|µ ∈
P++}. Assume that this is not the case for aλ ∈ Sk. The eigenfunctionφλ,k of Hk

must be inHm for am = ‖µ̂k‖2 andµ ∈ P++ by the above corolllary. But this is in
contradiction with Lemma 5.6.4. �

The above proof gives immediately the following.

COROLLARY 5.6.7. For k ∈ K+ the spectrumS+
k is given by{iµ̂|µ ∈ P++} (cf.

Corollary 5.1.5).

REMARK 5.6.8. Note that in the proof of Theorem 5.6.5 only the inclusion{iµ̂k|µ ∈
P++} ⊆ Sk is needed. Fork ∈ K>0 the inclusion{iµ̂k|µ ∈ P++} ⊆ Sk follows (see
in particular Corollary 4.4.8, Proposition 4.8.1 and Proposition 4.9.1) without using the
Pauli principle (Proposition 4.5.1). By continuity (see Lemma 5.2.14) this inclusion holds
for all k ∈ K+. The arguments in this chapter thus give an independent proof of the Pauli
principle.

LEMMA 5.6.9. Letµ ∈ P++ andk0 ∈ K+. Then for allα ∈ Σ+
0 with k0

α = 0 we
have

lim
K>03k→k0

µ̂k(α∨)/kα = +∞. (5.6.4)

PROOF. By Lemma 5.2.6 and 5.2.8 we have fork ∈ K>0,

µ̂k + σkbµk
= 2πµ = µ̂k0 + σ̃k0bµk0

+ 2πρk0
,
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with σ̃k0bµk0
andσkbµk

given by (5.2.3) and the formula after (4.8.5). Proposition 5.2.12 thus
gives

2 lim
K>03k→k0

∑
α∈Σ+

0 , k0
α=0

arctan
(
µ̂k(α∨)
kα

)
α = σkbµk

− σ̃k0bµk0
= 2πρk0

.

In particular

2 lim
K>03k→k0

∑
α∈Σ+

0 , k0
α=0

arctan
(
µ̂k(α∨)
kα

)
α(v) = π

∑
α∈Σ+

0 , k0
α=0

α(v)

holds for allv ∈ V . Applying this to av ∈ V+ = {v ∈ V |α(v) > 0∀α ∈ Σ+
0 } ⊃ C+

and observing that0 ≤ 2 arctan(t) ≤ π for t ≥ 0, we get

2 lim
K>03k→k0

arctan
(
µ̂k(α∨)
kα

)
= π,

which leads to (5.6.4). �

Recall thec-functionc̃k, for everyk ∈ KC a rational function onV ∗C given by (3.7.7).
Note that for examplẽc0 ≡ 1. Lemma 5.6.9 leads directly to the following.

LEMMA 5.6.10. Letµ ∈ P++. Thenk 7→ c̃k(iµ̂k) is a continuous function fromK+

to C.

We now can prove the following extension of Theorem 4.4.1 tok ∈ K+.

THEOREM 5.6.11. Letλ ∈ V ∗C andk ∈ K+. The spaceBVPk(λ)W ofW -invariant
solutions to the boundary value problem is one-dimensional or zero-dimensional. It is
one-dimensional if and only if the spectral valueλ is purely imaginary solution to the
Bethe ansatz equations(5.2.2)satisfyingλ(α∨) 6= 0 for all α ∈ Σ0 with kα > 0. If
BVPk(λ)W is one-dimensional, then there exists a uniqueφλ,k ∈ BVPk(λ)W normalized
byφλ,k(0) = 1. The solutionφλ,k is the uniqueW -invariant function satisfying

φλ,k(v) =
1

#W0

∑
w∈W0

c̃k(wλ)ewλ(v), v ∈ C+.

PROOF. This follows from Corollary 5.1.5, Lemma 5.2.9(ii) , Theorem 4.4.1,
Lemma 5.6.10 and Proposition 5.2.15. �

5.7. General lattices

In this section we consider Hilbert space completeness for general latticesX in V
with Q∨ ⊆ X ⊂ P∨.

Formula (2.2.7) defines (cf. Definition 3.2.10) an action ofWX on H. Note that
W ⊂WX acts trivially onH.

LEMMA 5.7.1. The action ofWX onH is unitary.
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PROOF. If w1 ∈W , ω ∈ ΩX andf, g ∈ H we have

(w1ωf,w1ωg)H = (ωf, ωg)H =
∫

C+

f(ω−1v)g(ω−1v)dµE(v) =
∫

C+

f(v)g(v)dµE(v).

The last equality follows after the change of coordinatesv 7→ ωv and the fact that Jacobian
of this coordinate transform is equal to1 since it equals(−1)l(ω) andω has length zero.

�

LEMMA 5.7.2. The Hilbert spaceH admits the following orthogonal decomposition

H =
⊕

χ∈X̂/Q∨

Hχ, (5.7.1)

where

Hχ = {f ∈ H|wτxf = χ(x+Q∨)f ∀w ∈W0, x ∈ X}.

PROOF. The decomposition (5.7.1) as direct sum follows from general representation

theoretic considerations (cf. Lemma 3.2.11). That closed subspacesHχ (χ ∈ X̂/Q∨) are
pair-wise orthogonal follows directly from Lemma 5.7.1. �

When the closed subspaceHχ (χ ∈ X̂/Q∨) of H is considered as a Hilbert space
on itself, the inner product onHχ is denoted by(, )Hχ

. Thus(f, g)H = (f, g)Hχ
for

f, g ∈ Hχ.

Recall (see Definition 3.2.13) the spectrumSk(χ) associated to anyχ ∈ X̂/Q∨.

THEOREM 5.7.3. Let k ∈ K+. Then for allχ ∈ X̂/Q∨ the spectrumSk(χ) is
purely imaginary andS+

k (χ) = Sk(χ) ∩ iV ∗+ forms a complete set of representatives for
Sk(χ)/W0. Furthermore the following holds.

(i) If λ ∈ S+
k (χ) and µ ∈ S+

k (χ′) with χ andχ′ different characters inX̂/Q∨, then
(φλ,k, φµ,k)H = 0.

Letχ ∈ X̂/Q∨. Then the following holds.
(ii) (Partial orthogonality) Ifφλ,k, φµ,k (λ, µ ∈ S+

k (χ)) are two Bethe ansatz eigenfunc-
tions with‖λ‖ 6= ‖µ‖, then(φλ,k, φµ,k)Hχ = 0.
(iii) (Completeness) The Bethe ansatz eigenfunctions{φλ,k|λ ∈ S+

k (χ)} are algebraically
linearly independent and total inHχ.

PROOF. SinceSk(χ) ⊂ Sk, the first statement follows from the first statement of
Theorem 5.1.4.

Observe that BVPk(λ)W,χ ⊆ Hχ for all λ ∈ S+
k (χ). Therefore statement(i) is

an immediate consequence of Lemma 5.7.2. Statement(ii) follows directly from Theo-
rem 5.1.4(i). Statement(iii) follows from Lemma 5.7.2 and Theorem 5.1.4(ii) . �
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We now extend Theorem 5.7.6 to allk ∈ K+. The Bethe ansatz equations fork ∈
K+ andχ ∈ X̂/Q∨ are the following equations inλ ∈ iV ∗,∏

α∈Σ+
0

kα>0

(
λ(α∨)− kα

λ(α∨) + kα

)α(x)

= χ(x+Q∨)eλ(x) ∀x ∈ X (5.7.2)

(if k ≡ 0, we interpret these equations as:1 = χ(x + Q∨)eλ(x)). The set of solutions
λ ∈ iV ∗ of the Bethe ansatz equations (5.7.2) is denoted by BAEχ

k . For k ∈ K>0 we
recover the Bethe ansatz equation (4.6.1).

Recall from Section 4.7 theY -cosetsY χ in P . We have the following corollary.

COROLLARY 5.7.4. Let k ∈ K+ andχ ∈ X̂/Q∨. ThenSk ⊂ iV ∗ andS+
k (χ) =

{iµ̂k|µ ∈ (ρ+ Y χ) ∩ P++}.

PROOF. Proceeding as in the proof of Lemma 5.2.14 we conclude thatS+
k (χ) ⊂

{iµ̂k|µ ∈ (ρ + Y χ) ∩ P++}. The corollary now follows from (3.2.8), Corollary 5.1.5
and (4.7.4). �

Recall the subsetP k of P from Lemma 5.2.7(iv). We have the following extension
of Proposition 4.8.3 to allk ∈ K+.

PROPOSITION5.7.5. Letk ∈ K+ andχ ∈ X̂/Q∨. The assignmentµ 7→ iµ̂k defines
aW0-equivariant bijection(ρ+ Y χ) ∩ P k ∼−→ BAEχ

k .

PROOF. This is analogous to the proof of Proposition 4.8.3 (and using Proposi-
tion 5.2.9 instead of Proposition 4.8.1). �

THEOREM 5.7.6. Let k ∈ K+, λ ∈ V ∗C andχ ∈ X̂/Q∨. The spaceBVPk(λ)W,χ

of (W,χ)-invariant solutions to the boundary value problem is one-dimensional or zero-
dimensional. It is one-dimensional if and only if the spectral valueλ is purely imaginary
solution to the Bethe ansatz equations(5.7.2) satisfyingλ(α∨) 6= 0 for all α ∈ Σ0

with kα > 0. If BVPk(λ)W,χ is one-dimensional, then there exists a uniqueφλ,k ∈
BVPk(λ)W,χ normalized byφλ,k(0) = 1. The solutionφλ,k is the unique(W,χ)-
invariant function satisfying

φλ,k(v) =
1

#W0

∑
w∈W0

c̃k(wλ)ewλ(v), v ∈ C+. (5.7.3)

PROOF. This follows from Proposition 5.7.5, Corollary 5.7.4 and Theorem 5.6.11.
�



CHAPTER 6

Conjectures on orthogonality and norms

6.1. Introduction

In Chapter 5 we showed that the Bethe ansatz eigenfunctions of the quantum inte-
grable systems with delta-potentials associated to affine root systems studied in the Chap-
ter 3 and 4 are complete in the Hilbert space of square-integrable functions on the funda-
mental domain for the reflection representation of the affine Weyl group. In this chapter
we conjecture (Conjecture 6.2.4) that the Bethe ansatz eigenfunctions are orthogonal and
that their quadratic norms are expressible in terms of the determinant of the Hessian of
the master function.

Similar conjecture about quadratic norms were made by Gaudin [27] for the quan-
tum Bose-gas with repulsive delta-function potential. An important feature of the quan-
tum Bose-gas on the circle with pair-wise delta-function interactions is its realization as
the restriction to a fixed particle sector of the quantum integrable field theory in1 + 1
dimensions governed by the quantum nonlinear Schrödinger equation (see for example
Section 1.1). Korepin [54] managed to overcome the intimidating combinatorial difficul-
ties and proved the conjecture of Gaudin using quantum inverse scattering techniques.
However not much progress has been achieved in the conceptual understanding of this
quadratic norm formula since then.

Izergin and Korepin [46] introduced a lattice version a quantum integrable field the-
ory in 1+1 dimensions governed by the quantum nonlinear Schrödinger equation. By ap-
plying quantum inverse scattering techniques to this discrete model and letting the lattice
constant tend to zero, Dorlas [16] showed the orthogonality of the Bethe ansatz eigenfunc-
tions. Using a continuity argument at zero coupling he also showed these eigenfunctions
are complete (see also Chapter 5).

Another interesting approach is taken by van Diejen [15], where an integrable lattice
discretization of the quantum Bose-gas with delta-function potential is introduced. The
corresponding spectral problem of the integrable lattice model is solved by means of the
Bethe ansatz method. In the continuum limit the results of Lieb and Liniger [56] are
recovered and the orthogonality results of Dorlas [16]. Many constructions in [15] can be
carried over to the root system generalizations of the quantum Bose gas on the circle with
repulsive delta-potentials. This looks a promising path for proving the full orthogonality
for all root systems.

129
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In the next section we give the precise conjectures about orthogonality and the qua-
dratic norm formulas. The free case and the rank one case are calculated explicitly.

In the last section we show that the conjecture holds whenΣ0 is of typeA. This is
done by showing that it is essentially equivalent to the similar statement for the Bethe
ansatz eigenfunctions for the quantum Bose gas on the circle with pair-wise repulsive
delta-function potential.

6.2. The conjectures

Before stating our conjecture on orthogonality and norms of the Bethe ansatz eigen-
functions, we consider the free casek ≡ 0 and the the rank one case for generalk > 0.

To calculate the inner product of the Bethe ansatz eigenfunctions fork ≡ 0 it will
be useful to start with the following simple lemma (which is well-known from harmonic
analysis of compact groups, see e.g. [42]).

LEMMA 6.2.1. LetG be a compact abelian group andµ a Haar measure onG and
γ ∈ Ĝ = HomZ(G,S1). Then∫

G

γ(g)dµ(g) =

{
µ(G) if γ = 1 and,

0 if γ 6= 1.

PROOF. If g′ ∈ G, then applying the change of coordinateg 7→ g′g gives∫
G

γ(g)dµ(g) =
∫

G

γ(g′g)dµ(g′g) = γ(g′)
∫

G

γ(g)dµ(g).

The lemma follows easily from this equality. �

Recall the measureµT on the compact torusT = V/Q∨ (cf. Section 5.4). For a
λ ∈ 2πiP we defineeλ ∈ T̂ by

eλ(v +Q∨) = eλ(v), v ∈ V.

Thenλ 7→ eλ defines an isomorphism2πiP ∼−→ T̂ of groups. Applying Lemma 6.2.1 to
T gives ∫

T

eλ(t)dµE(t) = #W0µE(C+)δλ,0 (λ ∈ 2πiP ). (6.2.1)

Let λ andλ′ be in2πiP+. The following follows easily from (6.2.1) (see also Ex-
ample 3.2.8) ∫

T

φλ,0(t)φλ′,0(t)dµT = δλ,λ′µE(C+)#W0,λ,

with W0,λ = {w ∈ W0|wλ = λ} the isotropy subgroup ofλ in W0. Reformulated in
terms of the Hilbert spaceH′ = L2(C+, dx) (see Section 5.5) gives the following.

LEMMA 6.2.2 (Free casek ≡ 0). Letλ andλ′ be in2πiP+ with λ 6= λ′. Then the
following holds.

(φλ,0, φλ′,0)H′ = 0 (Orthogonality)
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(φλ,0, φλ,0)H′ =
µE(C+)#W0,λ

#W0
(Norms)

Recall that we denoted the set of strictly positive multiplicity functions byK>0 (see
Definition 5.1.2).

ForΣ0 of type A1 the inner products of the Bethe ansatz eigenfunctions inH′ can be
easily calculated.

PROPOSITION6.2.3 (Rank one).Let k ∈ K>0, λ, λ′ ∈ S+
k andλ′ 6= λ. Then the

following holds.

(φλ,k, φλ′,k)H′ = 0 (Orthogonality)

(φλ,k, φλ,k)H′ =
µE(C+) |c̃k(λ)|2

#W0

d2Sk(0, ξ)
dξ2

(−iλ), (Norms)

PROOF. We only give the details for the norms, since orthogonality follows similarly.
We identifyV ∗ with V = R and setΣ0 = {α,−α}, with α =

√
2. ThenC+ =

(0, ω) with ω =
√

2/2. Let λ ∈ S+
k ⊂ iR. Note thatλ 6= 0 becausek > 0 (By the Pauli

principle, Proposition 4.5.1). Whence

4(φλ,k, φλ,k)H′ =
∫ ω

0

(
2 |c̃k(λ)|2 + c̃k(λ)2e2λx + c̃k(−λ)2e−2λx

)
dx

= ω

(
2 |c̃k(λ)|2 + c̃k(λ)2

e2λω − 1
2λ

+ c̃k(−λ)2
e−2λω − 1
−2λ

)
,

with c̃k(λ) = (λ
√

2 + k)/(λ
√

2). Furthermore, sinceλ ∈ S+
k ⊂ BAEk (see (4.4.1)) we

also have

e2λω =

(
λ
√

2− k

λ
√

2 + k

)2

=
c̃k(−λ)2

c̃k(λ)2
.

A small calculation gives

4(φλ,k, φλ,k)H′ = 2ω |c̃k(λ)|2
(

1− 4k∣∣λ√2 + k
∣∣2
)
.

The derivative of the master functionSk(0, ξ) = ξ2/2 + 2
∫√2ξ

0
arctan(t/k)dt is easily

calculated,
d2Sk(0, ξ)

dξ2
(−iλ) =

4k∣∣λ√2 + k
∣∣2 =

4k
2(−iλ)2 + k2

Now use thatµE(C+) = ω and#W0 = 2 to conclude the proof. �

Observe that the Hessian ofSk(µ, ·) is independent ofµ (see (4.5.2) for an explicit
expression of the Hessian).

After these simple examples we now state the main conjecture of the chapter.
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CONJECTURE6.2.4. Letk ∈ K>0. Letλ, λ′ ∈ S+
k andλ′ 6= λ. Then the following

holds.

(φλ,k, φλ′,k)H′ = 0 (Orthogonality)

(φλ,k, φλ,k)H′ =
µE(C+) |c̃k(λ)|2

#W0
det(HessSk(0, ·)(−iλ)), (Norms)

REMARK 6.2.5. Note that when the Bethe ansatz eigenfunctionsφλ,k are consid-
ered as functions inC(T )W0 (with T = V/Q∨ anddt is the unique normalized Haar
measure (thusdt = dµT /(#W0µE(C+)) (see Section 5.4), then the norm formula of
Conjecture 6.2.4 is equivalent to∫

T

|φλ,k|2 dt =
|c̃k(λ)|2 det(HessSk(0, ·)(−iλ))

#W0
.

Recall the spaceC1,(k)(V )W from Chapter 3 (see Definition 3.2.3) that contains the
Bethe ansatz eigenfunctionsφλ,k (λ ∈ S+

k ).

LEMMA 6.2.6. Letk ∈ K>0.
(i) For f, g ∈ C1,(k)(V )W we have

(∆f, g)H′ = (f,∆g)H′ .

(ii) (Partial orthogonality) Forλ, µ ∈ S+
k and‖λ‖ 6= ‖µ‖ we have

(φλ,k, φµ,k)H′ = 0.

PROOF. Note that(ii) follows immediately from(i) and∆φλ,k|C+
= −‖λ‖2φλ,k|C+

.
As for (i), observe that by Stokes’ theorem we have

(∆f, g)H′ − (f,∆g)H′ =
n∑

j=0

1
‖Da∨j ‖

∫
Lj

(
f∂Da∨i

g − (∂Da∨i
f)g
)
dσE , (6.2.2)

with Lj (j = 0, 1, . . . , n) denoting the walls ofC+ (see (5.5.1)) anddσE denotes the
measure on∂C+ induced fromdµE onC+. Furthermore,

(∂Da∨i
f)(v) = kjf(v), v ∈ Lj ,

and similarly forg, because of (3.2.3) andW -invariance off, g. Therefore the right hand
side of (6.2.2) vanishes. �

Note that Lemma 6.2.6(ii) is actually Theorem 5.1.4(i). The proof above however is
elementary compared the proof in Chapter 5.

REMARK 6.2.7. Proposition 6.2.3 tells us that Conjecture 6.2.4 holds whenΣ0 is of
typeA1. Lemma 6.2.6 states that we have partial orthogonality for all root systems (for
Σ0 of typeA1 this is full orthogonality). In the next section we show that Conjecture 6.2.4
holds forΣ0 of typeAn−1 for all n ≥ 2.
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COROLLARY 6.2.8. Assume that Conjecture 6.2.4 is true. Forµ ∈ P++ we have

lim
k↘0

det(HessSk(0, ·)(µ̂k)) = #W0,µ−ρ. (6.2.3)

In particular
lim
k↘0

det(HessSk(0, ·)(ρ̂k)) = #W0. (6.2.4)

PROOF. This follows from Conjecture 6.2.4, Proposition 5.2.15 and Lemma 5.6.10.
�

REMARK 6.2.9. (i) The formula (6.2.4) shows similarity to the limit formula [41,
(3.5.14)] for the root system version of the Jacobi polynomials introduced by Heckman
and Opdam.
(ii) Compare (6.2.3) also with the fact that for a fixedξ ∈ V ∗ we have

lim
k↘0

HessSk(0, ·)(ξ) = 1.

Thus (6.2.3) shows the non-trivial nature of the limitk ↘ 0 for the quantum system with
delta-potentials we are considering.

6.3. The quantum Bose-gas on the circle with delta-potential revisited

In this section we show that Conjecture 6.2.4 holds forΣ0 of typeAn−1 (see Theo-
rem 6.3.14). This is done by showing that the quantum integrable system corresponding
to this case (see Example 1.5.1 and the paragraph following Example 3.2.12) is essentially
the same as the system ofn quantum bosons on the circle with pair-wise delta-function
potential and using the results of Dorlas [16] (orthogonality) and Korepin [54] (norms).

To show this relation we introduce some notations related to the root systemsΣ0 of
type A (we advise the reader to recall Section 2.2). Consider the Euclidean vector space
Rn with the usual inner product〈·, ·〉 and denote bye1, . . . , en the standard orthonormal
basis ofRn. We denote byRn∗ = (Rn)∗ the dual vector space ofRn. The dual basis
ε1, . . . , εn of e1, . . . , en, defined byεi(ej) = δij , is a basis forRn∗. We sete = e1 +
· · · + en andε = ε1 + · · · + εn. Denote byV the orthogonal complement ofRe in Rn,
i.e.

V = {x =
n∑

i=1

xiei ∈ Rn| 〈x, e〉 = x1 + · · ·+ xn = 0},

considered as Euclidean vector spaces with the restricted inner product〈, 〉. The dual
space ofV can be identified in a natural way with the following subset ofRn∗,

V ∗ = {λ =
n∑
i=

λiεi ∈ Rn∗|λ(e) = 〈λ, ε〉 = λ1 + · · ·+ λn = 0} (6.3.1)

With this identification we haveRn∗ = V ∗ ⊕ Rε. Let Σ0 = {εi − εj |n ≥ i 6= j ≥
1} ⊂ V ∗, andI0 = {a1, . . . , an−1} with ai = εi+1 − εi. ThenΣ0 ⊂ V ∗ is a finite
integral irreducible root system of type An−1 with a basis of simple rootsI0. We define
the usual latticesQ andP in V ∗ andQ∨ andP∨ in V . Let alsoΣ = Σ0 + Z ⊂ V̂ ,
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I = {a0, a1, . . . , an−1} with a0 = −(εn − ε1) + 1 ∈ V̂ . ThenΣ is an affine irreducible
root system of typêAn−1 with basis of simple affine rootsI. The fundamental chamber
corresponding to this choice ofΣ andI is given by

C+ = {v = v1e1 + . . . vnen ∈ V | v1 < v2 < · · · < vn < v1 + 1}.
The standard action of the Weyl groupW = Sn nQ∨ of Σ onV extends in a natural

way to an action onRn (it acts trivial on the subspaceRe). The finite Weyl groupSn also
acts onRn∗ via the adjoint of the action ofSn onRn.

An elementλ = λ1ε1 + . . . λnεn ∈ Cn∗ = (Cn)∗ = Rn∗ ⊗ C is calledregular if
λi 6= λj for all n ≥ i 6= j ≥ 1. The regular elements inRn∗ ⊂ Cn∗ are denoted byRn∗

reg.
A fundamental domain for the action ofSn onRn∗ is

Rn∗
+ = {λ = λ1ε1 + · · ·+ λnεn ∈ Rn∗|λ1 < λ2 < · · · < λn}.

We denote byX the standard full latticeZn in R with Z-basise1, . . . , en. Denote
by Y the (full) lattice dual toX in Rn∗. Thenε1, . . . , εn is aZ-basis ofY . SinceX is
invariant under the action ofSn we can form the semi-direct productG = Sn nX, with
X acting by translations onRn. The following subset ofRn,

D = {x =
∑

i

xiei ∈ Rn|1 ≤ x1 ≤ x2 ≤ · · · ≤ xn ≤ 0}.

is a fundamental domain for the action ofG onRn.
Since all the hyperplanesVa (a ∈ Σ0) for Σ0 of type A are conjugate, multiplicity

functionk ∈ K>0 must be a constant function. We fix such a multiplicity function for the
rest of the chapter and identify it with its constant value.

The system ofn quantum bosons on the circle with pair-wise repulsiveδ-function
interactions is described by the following formal Hamiltonian on[0, 1]n (cf. (1.1.1)),

Hn
k = −

n∑
j=1

∂2

∂x2
j

+ k
∑

n≥i 6=j≥1

δ(xi − xj). (6.3.2)

Recall the concept of a sub-regular point ofV from see Subsection 2.2.1. For an
a ∈ Σ, let Rn

a = {x ∈ Rn : a(x) = 0} = Va + Re, with Va = {v ∈ V | a(v) = 0}.
We call ax ∈ Rn

a (a ∈ Σ) sub-regularif it does not lie on any other hyperplaneRn
b .

Alternatively, anx ∈ Rn
a (a ∈ Σ) is regular if and only if the orthogonal projection ofx

in Va is sub-regular inV .
Let f be a continuousSn-invariant functionf on [0, 1]n satisfying periodic boundary

conditions. Because of theSn-invariance, the periodic boundary conditions are equivalent
with the single condition

f(0, x1, . . . , xn−1) = f(x1, . . . , xn−1, 1).

In the physics literature (cf. Lieb and Liniger [56]) such a functionf is considered an
eigenvector with eigenvalueE of the formal HamiltonianHn

k if:
(a)f satisfies the following boundary jump condition. Forx = (x1, . . . , xn) ∈ D,

∂x1f(0, x1, . . . , xn−1) = ∂xn
f(x1, . . . , xn−1, 1).
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(b) f is an eigenvalue of−∆ on the interior ofD with eigenvalueE.
(c) f satisfy the following boundary value condition,(

∂ei+1−ei
f
)
(x+ 0(ei+1 − ei))−

(
∂ei+1−ei

f
)
(x− 0(ei+1 − ei)) = 2kf(x) (6.3.3)

for a subregularx ∈ D ∩ Rn
εi+1−εi

, i = 1, 2, . . . , n− 1 (cf. this with Proposition 3.2.5).

REMARK 6.3.1. If f : [0, 1]n → C is aSn-invariant eigenfunction ofHn
k , we denote

the unique continuousG-invariant extension off to Rn also byf . It satisfies jump condi-
tions analogous to (6.3.3) on all sub-regular points ofRn. This is becauseG maps maps
the union of the{x = (x1, . . . , xn) ∈ D|xi = xi+1}, i = 1, 2, . . . , n− 1, ontothe union
of the affine hyperplanesRn

a (a ∈ Σ). Furthermore, away from these affine hyperplanes
Rn

a (a ∈ Σ) the functionf is differentiable because of (a). It is these facts that allows us
to relate (see e.g. Lemma 6.3.12) the system ofn quantum bosons with delta-potentials
on the circle to the quantum systems defined in the previous chapters for the root system
Σ (see also Example 1.5.1 and the paragraph following Example 3.2.12).

Let λ ∈ iRn∗
reg. A G-invariant eigenfunction ofHn

k on Rn that has a plane wave
decomposition ∑

w∈Sn

awe
wλ(x), x ∈ gD,

on every chambergD (g ∈ G) for certain constantsaw ∈ C (depending ong ∈ G) is
called aBethe ansatz eigenfunction with spectral parameterλ (more precisely,Snλ).

We extend thec-function (3.7.7) onV ∗C to a function onCn∗,

c̃k(µ) =
∏

a∈Σ+
0

µ(α∨) + k

µ(α∨)
=

∏
n≥i>j≥1

µi − µj + k

µi − µj
, (6.3.4)

which we consider as a rational function ofµ = µ1ε1 + · · ·+ µnεn ∈ Cn∗.

THEOREM 6.3.2 (Lieb-Liniger [56]). Let λ ∈ iRn∗
+ . Then there is a Bethe ansatz

eigenfunction with spectral parameterλ if and only ifλ is a solution to theBethe ansatz
equations

eλj =
n∏

k=1
k 6=j

λj − λk − k

λj − λk + k
(j = 1, 2, . . . , n). (6.3.5)

Letλ ∈ iRn∗
+ be a solution to(6.3.5). Every Bethe ansatz eigenfunction with spectral

parameterλ is a scalar multiple of the following function1 φLL
λ,k, uniquely defined by

φLL
λ,k(x) =

1
n!

∑
w∈Sn

c̃(wλ)ewλ(x), x ∈ D. (6.3.6)

1TheLL in φLL
λ,k stands for Lieb and Liniger. This is, however, not a standard notation
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The set of all solutionsλ ∈ iRn∗ to the Bethe ansatz equations (6.3.5) is denoted by
cBAEk (the prefix “c”, standing for classical, is added to distinguish it with the set BAEk

of solutionsλ ∈ iV ∗ of the Bethe ansatz equations (4.4.1) corresponding toΣ). We shall
now discuss the relation of cBAEk to BAEk.

DEFINITION 6.3.3. The Yang-Yang action(also called the master function)Bk :
(P ⊕ Rε)× Rn∗ → R is defined by

Bk(µ, ξ) =
1
2
〈ξ, ξ〉 − 2π〈µ, ξ〉+

∑
α∈Σ0

∫ ξ(α∨)

0

arctan(t/k)dt. (6.3.7)

Let prV ∗C be orthogonal projection ofCn∗ ontoV ∗C , defined by

prV ∗C (λ) = λ− λ(e)ε/n ∈ V ∗C , λ ∈ Cn∗.

Recall that the master function (4.5.1)Sk(·, ·) from Chapter 4. For aµ ∈ P it attains
a unique global minimum at âµk. The following theorem follows similarly as the results
in Section 4.8 (see in particular the proof of Proposition 4.8.1).

THEOREM 6.3.4. Letµ ∈ P ⊕ Rε. The Yang-Yang actionBk(µ, ·) is strictly convex
and attains a unique global minimum at âµc

k. The mapµ 7→ iµ̂c
k defines aSn-equivariant

bijectionP ⊕ Rε ∼−→ BAEk ⊕ iRε. Furthermore,̂µc
k is uniquely determined by

µ̂c
k +

∑
α∈Σ0

arctan
(
µ̂c

k(α∨)
k

)
α = 2πµ. (6.3.8)

Moreover,µ is regular iff µ̂c
k is regular. Alsoµ̂c

k = ̂̃µk + 2πµ(e)ε/n , with µ̃ = prV ∗C (µ).

Note that aλ ∈ iRn∗ is in BAEk ⊕ iRε if and only if λ is a solution of

eλ(q) =
∏

α∈Σ+
0

(
λ(α∨)− k

λ(α∨) + k

)α(q)

∀q ∈ Q∨.

The system ofn equations (6.3.5) Bethe ansatz equations can be reformulated in the
following “invariant” form.

LEMMA 6.3.5. The equations(6.3.5)are equivalent with the following set of equa-
tions inλ ∈ iRn∗:

eλ(m) =
∏

α∈Σ+
0

(
λ(α∨)− k

λ(α∨) + k

)α(m)

∀m ∈ X. (6.3.9)

PROOF. First note that (6.3.5) is (6.3.9) withm = e1, . . . , en. If (6.3.9) is true for a
m andm′, then it easily seen that is also true for−m andm+m′. Now use thate1, . . . , en

is aZ-basis forX to conclude that (6.3.5) implies (6.3.9). �

Recall that

2ρ =
∑

n≥i>j≥1

εi − εj = (n− 1)εn + (n− 3)εn−1 + · · · − (n− 3)ε2 − (n− 1)ε1,
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thatρ ∈ P+ and thatY ⊂ Rn∗ by definition the lattice dual toX = Zn is. Although the
following lemma is trivial, we state it for later reference.

LEMMA 6.3.6. (i) The projectionprV ∗C : Cn∗ → V ∗C mapsY ontoP and has kernel
nZe+ inZe.
(ii) P ⊕ Rε = Y + Rε.
(iii) Y + ρ = Y for n odd andY + ρ = Y + Zε/2 for n even.

Using Proposition 4.8.1, Lemma 6.3.5,Theorem 6.3.4 and Lemma 6.3.6 gives the
following.

THEOREM 6.3.7 (Yang-Yang [81]). The restriction of the mapµ 7→ iµ̂c
k defines a

Sn-equivariant bijectionρ+ Y
∼−→ cBAEk. Furthermore,̂µc

k is uniquely determined by

µ̂c
k +

∑
α∈Σ0

arctan
(
µ̂c

k(α∨)
k

)
α = 2πµ. (6.3.10)

Moreover,µ ∈ ρ+ Y is regular if and only ifµ̂c
k is regular. Alsoµ̂c

k = ̂̃µk + 2πµ(e)ε/n,
with µ̃ = prV ∗C (µ).

Recall the spectrumSk (see for example Theorem 4.4.1 and the paragraph following
Definition 5.1.3) and

S+
k = Sk ∩ iV ∗+ = {λ ∈ iV ∗+|φλ,k isW -invariant}.

COROLLARY 6.3.8. The assignmentλ 7→ prV ∗C (λ) mapscBAEk∩iRn∗
+ ontoBAEk∩

iV ∗+ = S+
k (cf. Theorem 4.4.1).

We now consider inner product of the Bethe ansatz eigenfunctionsφLL
λ,k. Denote

by dx the usual Lebesgue measure onRn. Then the measuredµE on V is precisely
the restriction ofdx to V . The relevant Hilbert space is the space of square-integrable
functions onD with respect to Lebesgue measure, i.e.

Hc = L2(D, dx)

THEOREM 6.3.9 (Dorlas [16]). The functionsφLL
λ,k (λ = iµ̂c

k, µ ∈ (Y + ρ) ∩ Rn∗
+ )

are pair-wise orthogonal inHc.

THEOREM 6.3.10 (Korepin [54]). The quadratic norm of a Bethe ansatz eigenfunc-
tionsφLL

λ,k (λ ∈ cBAEk ∩ iRn∗
+ ) is given by

(φLL
λ,k, φ

LL
λ,k)Hc =

|c̃k(λ)|2 det(HessBk(0, ·)(−iλ))
(n!)2

. (6.3.11)

REMARK 6.3.11. Theorem 6.3.10 was conjectured by Gaudin [26] and proved by
Korepin [54] using quantum inverse scattering method. Theorem 6.3.9 was proved by
Dorlas using a lattice version of the quantum inverse scattering method.
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Recall the Bethe ansatz functionsφλ̃,k ∈ BVPk(λ̃) (with λ ∈ S+
k ) corresponding to

the root systemΣ ⊂ V̂ (see Theorem 4.4.1) . Forλ̃ ∈ S+
k , theW -invariant functionφλ̃,k

is uniquely determined by

φλ̃,k =
1
n!

∑
w∈Sn

c̃(wλ̃)ewλ(v), v ∈ C+. (6.3.12)

LEMMA 6.3.12. Letλ ∈ cBAEk ∩ iRn∗
reg. Consider the decompositionλ = λ̃+ icε

with respect to the orthogonal decompositioniRn∗ = iV ∗ + iRε. Thenλ̃ = prV ∗C (λ) ∈
S+

k . Furthermore,

φLL
λ,k(v + te) = eitncφλ̃,k(v) (v ∈ V, t ∈ R). (6.3.13)

In particular,c ∈ 2πZ/n.

PROOF. SinceφLL
λ,k ∈ C(Rn)G we haveg = φLL

λ,k|V ∈ C(V )W . Because of the

plane wave form ofφLL
λ,k on all chambersgD (g ∈ G) and Remark 6.3.1, it follows

that g ∈ BVPk(λ̃). Because ofg(0) = φLL
λ,k(0) = 1, Theorem 4.4.1 givesg = φλ̃,k.

Now (6.3.13) follows from theG-invariance ofφLL
λ,k, theW -invariance ofg, (6.3.6) and

(6.3.12). �

LEMMA 6.3.13. Letfj ∈ C(V )G (j = 1, 2) such thatfj(te+ v) = etncjfj(v) for a
cj ∈ 2πiZ/n and all t ∈ R, v ∈ V . Putgj = fj |V . Thengj ∈ C(V )W and

(f1, f2)Hc
= δc1,c2

(g1, g2)H′√
n

.

PROOF. We consider the following auxiliary Hilbert spaceH0
c := L2(C++[0, 1]e, dx)

and full latticeX0 = Q∨+Ze ⊆ X in Rn. Consider the followingSn-stable fundamental
domain for the action (by translations) ofQ∨ onV ,

L0 =
⋃

w∈Sn

wC+.

ThenL0 + [0, 1]e is aSn-stable fundamental domain for the action (by translations) of
X0 onV . Using theG-invariance off1, f2 and theW -invariance ofg1, g2 gives

(f1, f2)H0
c

=
1
n!

∫
[0,1]e+L0

f1(x)f2(x)dx

=
1
n!

∫ √
n

t=0

∫
v∈L0

f1(te/
√
n+ v)f2(te/

√
n+ v)dtdv

=
1
n!

∫ √
n

t=0

∫
v∈L0

et
√

n(c1−c2)f1(v)f2(v)dtdv

= δc1,c2

√
n(g1, g2)H′ .
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Whence to conclude the lemma, it suffices to show that the following holds,

(f1, f2)Hc =
(f1, f2)H0

c

n
. (6.3.14)

Note that sinceX0 ⊂ X, this will follow from #X/X0 = n. We actually claim that
X/X0 is isomomorphic toZ/nZ as abelian groups. For this it suffices to show that
0, e1, 2e1, . . . , (n − 1)e1 are a complete set of representatives for the quotientX/X0.
We start with the observation thatce1 ∈ X0 if and only if c ∈ nZ. This is so because
ce1 = (ce1 − c/ne) + (c/n)e in the orthogonal decompositionV ⊕ Re and

ne1 − e = (e1 − e1) + (e1 − e2) + (e1 − e3) + . . . (e1 − en) ∈ Q∨.
Whence the cosetsX0, e1 +X0 . . . , (n−1)e1 +X0 are pairwise different cosets. For the
claim, and whence the lemma, it remains to be shown that these are the only cosets. This
follows from the following relation form = m1e1 + · · ·+mnen ∈ X,

m+X0 =
∑

i

(mi(ei − e1) +mie1) +X0 = (
∑

i

mi)e1 +X0.

�

THEOREM 6.3.14. Theorem 6.3.9 and Theorem 6.3.10 are equivalent with Conjec-
ture 6.2.4 forΣ0 of typeAn−1.

PROOF. If λ, µ ∈ cBAEk ∩ iRn∗
+ , then by Lemma 6.3.12 and Lemma 6.3.13 follows

immediately that

(φLL
λ,k, φ

LL
µ,k)Hc

= δc1,c2

(φλ̃,k, φµ̃,k)H′√
n

, (6.3.15)

whereλ = λ̃+ ic1e, µ = µ̃+ ic2e are orthogonal decomposition with respect toiRn∗ =
iV ∗ ⊕ iRε. Note thatλ̃, µ̃ ∈ S+

k . To compare the norms in the different Hilbert spaces
we relate the Yang-Yang actionBk to the master functionSk. Let η1, . . . , ηn−1 be an
orthonormal basis ofV ∗. Thenη1, . . . , ηn−1, ε/

√
n is an orthonormal basis ofRn∗. Let

ξ ∈ Rn∗ and putξ̃ = prV ∗C (ξ). With respect to these ordered bases’ the Hessian’s ofBk

andSk are related as follows,

HessBk(0, ·)(ξ) =
(

HessSk(0, ·)(ξ̃) 0
0 1

)
,

with the latter matrix a block diagonal matrix. Therefore

detHessBk(0, ·)(ξ) = det HessSk(0, ·)(ξ̃).

The choice ofΣ ⊂ V̂ taken in this section givesµE(C+) =
√
n/n!, which follows by

applying Lemma 6.3.13 tof1 = f2 = 1 and observing that the volume ofD equals1/n!.
The theorem now follows from Theorem 6.3.4, Theorem 6.3.7 and Corollary 6.3.8.�

COROLLARY 6.3.15. Conjecture 6.2.4 holds forΣ0 of typeA.
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Samenvatting

Dit proefschrift is het beslag van onderzoek aan wiskundige generalisaties van het
quantummechanische systeem van een vast aantal deeltjes zonder spin dat paarsgewijs via
een deltafunctiepotentiaal (dat we afkorten alsdeltapotentiaal) wisselwerkt. Informeel
gezegd betekent de deltapotentiaal: er is alleen een wisselwerking bij contact tussen de
deeltjes.

Zoals de titel van dit proefschrift al aangeeft heeft het onderzoek zich gericht opin-
tegreerbare systemen. Een integreerbare systeem is ten eerste een dynamische systeem.
Met dynamische systemen kan men allerlei belangrijke en nuttige (maar ook nare) zaken
die in tijd veranderen beschrijven. In ieder geval houden we ons in dit proefschrift niet be-
zig met (praktische) toepassingen. De toestand van een geı̈soleerd systeem vanN deeltjes
dat evolueert met de tijd kan vaak gekarakteriseerd worden door de waarden van bepaalde
(in tijd) behouden grootheden. Voorbeelden hiervan zijn de totale energie of het totale
impulsmoment van systeem. Het is uitzonderlijk als een systeem meer onafhankelijke
behouden grootheden heeft dan deze. Dit heeft te maken het feit dat de meeste systemen
chaotische gedrag vertonen. Hier tegenover staat de categorie van zogenaamde (volle-
dig) integreerbare systemen dieN onafhankelijke commuterende behouden grootheden
bezitten.

Het blijkt dat de quantummechanische systeem op een ring van wisselwerkende deel-
tjes via een deltapotentiaal generalisaties toelaat in de categorie van quantumsystemen in
de context van zogenaamdeaffiene Weylgroepen. Een van de resultaten uit dit proefschrift
is dat deze generalisaties integreerbare systemen zijn. Behalve affiene Weylgroepen zijn
er ook eindige Weylgroepen met eindig veel elementen(in tegenstelling tot de affiene ver-
sies). Affiene en eindige Weylgroepen vormen een bijzondere deelverzameling van de
verzameling van groepen voortgebracht door spiegelingen in (affiene) hypervlakken van
een Euclidische vectorruimte. De permutatiegroep opN symbolen is wellicht het bekend-
ste voorbeeld van een eindige Weylgroep. De dynamica van het quantumsysteem wordt
volledig bepaald door de quantum Hamiltoniaan. In ons geval bestaat de potentiaalterm
uit een gewogen som (met gewicht bepaald door koppelingsconstanten) van deltafunc-
ties over de affiene hypervlakken geassocieerd met de affiene Weylgroep. Men kan ook
integreerbare systemen met deltapotentialen beschouwen die corresponderen met eindige
Weylgroepen. Het quantumsysteem geassocieerd met de permutatiegroep opN symbolen
beschrijft bijvoorbeeldN deeltjes zonder spin op een lijn die paarsgewijs via een deltapo-
tentiaal wisselwerken. In dit proefschrift bestuderen we deze quantumsystemen voor alle
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affiene Weylgroepen tegelijkertijd. Hoewel niet alle zulke quantumsystemen wisselwer-
kende deeltjes beschrijven, is het vanuit wiskundige oogpunt vanzelfsprekend om ze voor
alle affiene Weylgroepen te bestuderen.

In het geval van quantumsystemen corresponderend met eindige Weylgroepen is veel
bekend. De spectraaldecompositie (i.e. de Plancherelformule) voor de symmetrische
golffuncties (dit zijn golffuncties invariant onder de Weylgroep) is bijvoorbeeld helemaal
expliciet gemaakt door Eric Opdam en Gert Heckman. Een fundamenteel inzicht van hen
was ook dat de symmetrie van het quantumsysteem gerelateerd is aan representaties van
de gedegenereerde affiene Hecke algebra via reflectie-integraal operatoren. Een belang-
rijk doel van dit proefschrift was om deze resultaten uit te breiden tot de quantumsystemen
geassocieerd met affiene Weylgroepen.

We laten zien dat voor quantumsystemen geassocieerd met een affiene Weylgroep de
relevante algebraı̈sche structuur Cherednik’s (geschikt gefilterde) gedegeneerde dubbele
affiene Hecke algebra is. Na een inleidend hoofdstuk bestuderen we in het tweede hoofd-
stuk enige representaties van deze algebra. Het belangrijkste resultaat uit dit hoofdstuk
is de constructie van representaties in termen van vectorwaardige reflectie-integraal ope-
ratoren en differentiaal operatoren. Met vector-waardig bedoelen we dat deze operatoren
werken op golffuncties die waarden aannemen in een vectorruimte die tevens een repre-
sentatie is van de affiene Weylgroep. Deze representaties zijn fundamenteel voor de hele
theorie.

Het derde hoofdstuk is de kern van het proefschrift. Hierin worden vectorwaardige
quantumsystemen met deltapotentialen bestudeerd. Voor affiene Weylgroepen van klas-
sieke types en bepaalde representaties beschrijven dit wisselwerkende quantumsystemen
van deeltjes met interne structuur, i.e. spin. We laten zien dat er een tweede representatie
is van Cherednik’s (geschikt gefilterde) gedegeneerde dubbele affiene Hecke algebra in
termen van vectorwaardige commuterende reflectie-differentiaal operatoren. Ook laten
we zien dat deze quantumsystemen natuurlijk passen in de klasse van quantum Calogero-
Moser integreerbare systemen door voldoende commuterende onafhankelijk behouden
grootheden, ook wel de hogere Hamiltonianen genoemd, te construeren. Dan laten we
zien dat de spectrum van het quantumsysteem volledig bepaald wordt door een stelsel van
vectorwaardige transcendente vergelijkingen en die we de naam Bethe ansatz vergelij-
kingen geven. Voor positieve koppelingsconstanten (voor quantumsystemen die wissel-
werkende deeltjes beschrijven komt dit neer op een afstotende wisselwerking) laten we
zien dat de spectrum van het quantumsysteem volledig imaginair is. Dit impliceert onder
andere dat de energiespectrum van het quantumsysteem reëel is.

In de rest van het proefschrift beschouwen we alleen het scalaire geval, i.e. we be-
schouwen golffuncties met waarden inC: de triviale representaties van de affiene Weyl-
groep.

In het vierde hoofdstuk beschouwen we alleen strikt positieve koppelingconstanten.
In dit geval zijn we in staat alle oplossingen van de Bethe ansatz vergelijkingen uit te
drukken als de kritieke punten van een zogenaamde meesterfunctie (master functionin
het Engels). Deze meesterfunctie blijkt een belangrijke rol te spelen in de hele theorie.
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Door bijvoorbeeld gebruik te maken van de convexiteit van de meesterfunctie tonen we
het bestaan aan van een affiene Weylgroep versie van Pauli’s uitsluitingsprincipe.

In het vijfde hoofdstuk behandelen we functionaalanalytische aspecten. De hoofdre-
sultaat luidt dat de simultane eigenfuncties van alle hogere Hamiltoniaan, die we de naam
Bethe ansatz eigenfuncties geven, een dichte deelruimte opspannen in de Hilbertruimte
van symmetrische functies. Dit bewijzen we met een continuı̈teitsargument in de koppe-
lingsconstanten en door gebruik te maken van methoden uit de theorie van perturbaties
van onbegrensde, zelfgeadjungeerde operatoren en kwadratische vormen op Hilbertruim-
tes.

In het laatste hoofdstuk formuleren we het vermoeden dat de Bethe ansatz eigenfunc-
ties orthogonaal zijn en dat de normen hiervan uitgedrukt kunnen worden als de determi-
nant van de Hessiaan van de meesterfunctie.
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