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CHAPTER 1

General introduction

1.1. Introduction

In this introductory chapter we give some historical background and discuss inte-
grable systems that are closely connected to the integrable systems treated in this thesis.
In the last section a brief summary of the contents of the thesis is given.

In this thesis we study mathematical generalizations of a quantum mechanical many-
body system introduced by Lieb and Linig&6]. The system describesspinless quan-
tum particles on a circle with pair-wise repulsive contact interaction. The Lieb-Liniger
system is related to the quantum systemafpinless quantum particles on a line with
pair-wise repulsive contact interaction. This system is described by the following formal
quanturt Hamiltonian

H=— 82+/€ > b — ). (1.1.1)

< O
1<i#j<n

Hered denotes Dirac’s delta-function ards a nonnegative finite coupling constant that
determines the strength of the interaction between two particles.

It was early on realized that (1.1.1) is formally equivalent to the bosesperticle
sector of a quantum field theory. The time evolution equation of the corresponding infinite
dimensional quantum Hamiltonian system is given by a quantum version of the nonlinear
integrable partial differential equation xdimension known as the classical nonlinear
Schidinger equatioh

8¢ 02¢
Yot T " 9a2
In the next section we give a sketch of this equivalence. This observation allowed the

study of (1.1.1) (and the Lieb-Liniger model) by quantum inverse scattering methods (cf.
Section 1.4)

+2k|¢) 6. (1.1.2)

Iwe work in units where Planck’s constanequalsl and the mass of the particles equalg.
2This equation arises for example in the theory of two-dimensional selffocusing of a strong light beam in
a nonlinear mediumg2] and the theory of weakly nonideal Bose gas at zero Kel86j.[

11



12 1. GENERAL INTRODUCTION

1.2. The nonlinear Schiddinger equation and a quantum Bose-gas

Before considering the quantum field theory itself, we briefly recall some facts from
classical Hamiltonian systems of finitely many degrees of freedom. A state of such a sys-
tem is described by position variableg, .. . ¢, andn momentum variables,, ... p,.

The evolution of the dynamical system is determined by a single real-valued function
H(qi,-.-,qn;Dp1,---,pn) (the Hamiltonian) on the phase sp&#'. In complex coordi-
nates

z = (g5 +ip;))/V2, 7 = (g5 —ip;)/V2
the time-evolution of the system is described by Hamilton’s equations:
dH
5]_7
with the {, } the standard Poisson bracket on the phase space which is completely deter-
mined by the fundamental commutation relations

{Zj, Zk} =0= {Ej,?k}, {Zj,zk} = Z'(Sjk. (1.2.2)

We now consider a classical Hamiltonian system of infinitely many degrees of free-
domi.e. a classical field theory (for a detailed account we refer the reader to theibok [
by Faddeev and Takhtajan) with phase sp&¢®) the space of the Schwartz space of
rapidly decreasing functions on the line,

de/dt = {H7 Zj} = —1 (121)

()

The observablesgl are certain so-callepolynomialreal-valuedsmoothfunctionalsF' on
S(R). They are polynomials in the functian(z) andy)(z) (z € R), and their derivatives,
wherey)(x) andy(z) are given by,
(W(@))(9) = d(x), (¥(2))(9) = ¢(z).
There is a Poisson brackgt} on.4, completely determined by the fundamental commu-
tation relations (cf. (1.2.2))
{¥(@),¥(y)} =0={(2),¥(y)}, {¥(@),P(y)} =iz —y) (1.2.3)

(these relations have to be interpret@d, [Part 1, I.1] in the sense of distributions).
A smooth functionalH (the Hamiltonian) defines an infinite dimensional dynamical
system, with the time evolution equation given by (cf. (1.2.1))

0H
Op(z) = {H,¢(x)} = —i=
t 59 (x)
The time evolution of an observahié e A is given byo, F = {H, F'}.
We now introduce the Hamiltonian for the nonlinear Sxtinger model:

H(6) = / (12:6(2) + ko)) de (1.2.5)

dl
xk—]; =0 Vk,1>0}.
X

S®) = {f € C*(®) lim

(1.2.4)
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A calculation shows that

(6H/59(2))(¢) = —020(x) + 2k |$()|” ().

Therefore the time evolution equation (1.2.4) of the dynamical system corresponding to
the Hamiltonian (1.2.5) is given by the classical nonlinear 8dimger equation (1.1.2).
It is easily checked that the observable

N($) = /R (@) da (1.2.6)

is an integral of motion and is called tkbargeobservable.
We now give a summary of the quantized version of this classical field theory (see
also B5, Formal Preliminaries and Part Ill, Chapter 1R5] and [67, Section X.7]).
Quantization of a classical Hamiltonian systems of finitely many degrees of freedom
is in its simplest form the following procedure. Attach to the (complex) canonical vari-
ablesz; andz; (necessarily unbounded) linear opera@randﬂ on a separable Hilbert
spaceH such that they satisfy the canonical commutation relations (cf. (1.2.2))

2.2 =0=[L2], [5.2]=0ldn (jk=1,2,....n). (1.2.7)

Let A be a suitable classical observable (for examglés a polynomial in ther; andz;).
One quantizesi (i.e. attaches a linear operatdron 7 to A) as follows. Bring all the
z;'s to the left of thez;’s and replace in this expression agyby z; and anyz; by Ej
The operator one gets is denoted@;and is called th@ormal orderingof A.
In analogy with the quantization of classical Hamiltonian system of finite many de-

grees of freedom, a quantization of the classical figlfls), 1)(z) is given by the follow-
ing prescription:

(i) Foranyz € R we attachquantum fieldsi.e. “operators"¥(x) and¥(x) on a

Hilbert spaceH satisfying thecanonical commutation relations

[U(2), ¥(y)] = [¥(2), ¥ ()] =0, [¥(2),¥'(y)] =d(z —y)Idy,  (1.2.8)

(ii) Given a suitable classical observablec A, replace the fields in the normal
ordered form, i.e. put th&'’s in front of the ¥'’s, to get a quantum observable
A.

Itis clear that¥(z), ¥T(z) can not be bone-fide operators (not even unbounded) because
of the delta-function in (1.2.8). To make sense of (1.2.8) the quantum fields have to be
interpreted as operator-valued distributions.

Normal ordering of the classical Hamiltonian (1.2.5) gives formally

H :/ [(0:97(2))(0, ¥ (2)) + kU (2)?U(z)?] da.
R

A formal calculation shows then that we have
—[H,¥(z)] = -2V (z) + 26U ()W (z)2.
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Whence the associated equation of motion (cf. (1.2.4)) is given by the quantum nonlinear
Schibdinger equation

10y (x,t) = —0%W (x,t) + 2kVT (z, )V (x, 1), (1.2.9)
with the time-dependent quantum fieli$z, t) and ¥ (z, ) given formally by
U(z,t) = exp(iHt)U(z) exp(—iHt), Ui(z,t) = exp(iHt)U'(z)exp(—iH1).

We now construct the time-independent fieldgr) and ¥ (z). The most commonly
used representation of (1.2.8) is the so-called Fock representation, defined on a bosonic
Fock space. This space has a distinguished cyclic vector called the vacuum vector, which
is killed by the annihilation operatorB(x) and which is cyclic with respect to creation
operatorsb(z).

The Hilbert space we work with is tHesonic Fock space

H=EPH, =P L*R", dx)"",
n=0 n=0

with H,, thebosonicn-particle sectorof H (convention:H, := C).

Here S,, is the symmetry group on symbols, acting on function®™ — C by
permutation of the coordinates. As vacuum vector any nonzero eleméfif ef C can
be taken. Denote the inner product®n by (-, -),, and the inner product oK by (-, -).
LetD,, = C2°(R")*" be the space of symmetric compactly supported smooth functions
onR"™ (convention:D, := C).

It is a dense subspace &f,, and

D=PD.CH,
n>0

is a dense subset &{.

If D: D x D — Cis asesqui-linear (convention: linear in the first factor) form ,
we usually write(D f, g) for D(f, g). Any linear operatol : D — D defines uniquely a
sesqui-linear fornD x D — Cby (f,g) — (Lf, 9)y-

DEFINITION 1.2.1. Letz € R. The linear operatorV(z) : D — D is uniquely
defined by ¥ (z) : D,, — D,,—1 (n > 0), and
(\Ij('r)f)(‘r17x27 s 7xn—1) = \/ﬁf(.f, T1,T2,. .. 7x7l) (f € Dn)
(convention:¥(z) : Dy — {0}).
The adjoint of the operatoF (x) (considered as an unbounded operator with domain
of definitionD) is given formally by
1 n+1

(\IIT(J;)g)(xl,...,an):\/mZé(m—xj)g(xl,...7@,...,xn+1) (9 € Dy).

j=1

(1.2.10)
As forms it makes sense:
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DEFINITION 1.2.2. Letxy, ...z, € R. The following defines uniquely a forth x
D —C,

(Ul(z1)... W (am)f,9) = - U(Tm)g),

<f7\11($1) Tm
:W R F@g(zr, - m, Y1, yn)dy

for f € D,, andg € D,, ., and zero otherwise.

In other words:¥f(z) ... U (x,) is by definition the adjoint o’ (1) ... ¥(z,,) in
the sense of forms. The fact that formally (z) is given by (1.2.10) suggests that we
should to see th&T(z)... ¥'(zx,) as operator-valued distributions. In the mathemati-
cally rigorous treatments of quantum field theory (for example in axiomatic quantum field
theory [37], [76]) one therefore uses “smeared” fields.

DEFINITION 1.2.3. Let f € S(R). The linear operato®@(f) : D — D is uniquely
defined by®'(f) : D,, — D,41 and,

n+1

S F@)g(@1s e Ty nrn) (g€ D).

j=1

1
vn—+1

For f,g € S(R) one checks easily the commutation relations

[\IJ(I)7 \Ij(y)] =0, [(I)T(f)v CI)T(Q)] =0, [\P(‘T)v (I)T(f)] = f(l‘) Idy,
which are the rigorous form of (1.2.8).

(@1 (N9 (@1,- - Tngr) =

REMARK 1.2.4. Whenzy,. .. 2y, 1, - --yn € R, we can always define
Ul(zy)... U (2,) T (1) ... ¥(y,) : D x D — C,
a sesqui-linear form uniquely defined by,

(W) U (@) P (1) - W) fr9) = (T (1) - U (ya) £, U(a1) ... U (2n)g).

However if in an expressiony(x) comes earlier then &' (y) for somez, y, then such
an expression does not make sense, not even as a sesqui-linear form. Thus for example
U (z)¥f(y) does not make sense.

Note that the quantizatioﬁ of the charge observable (1.2.6) has the following prop-
erty,

(Nf,g) =nlf,g) forf,ge D, (and zero otherwise)

and is called thenumber of particlebservable. Becaus¥ is a quantum integral of
motion, it natural to consider the Hamiltoni&h on the bosonia-particle sectoD,, (of
‘H,.), which is precisely the eigenvalue space\divith eigenvaluer .

To describe the action off on D,, more concretely, we introduce the following
notation.
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DEFINITION 1.25. For 1 < 7 < j < n consider the hyperplané,;; = {z €
R"|x; — z; = 0}. We denote by the collection of hyperplanegl;;|1 < i < j < n}
in R™. For L € £ we denote byl'y the volume measure ah induced from Lebesgue
measure orR™. For example

1
gyd/yzi/ (/ gt>t7y17y23"'7yn72 dyldyn2>dt
| swav=— [ ([ )

Write A = z;’:l(a/axjﬁ for the Laplacian orR™, acting on smooth functions.
The quantum Hamiltonia#l takes the following form om,,.

PROPOSITION1.2.6. Letn > 1. For f, g € D,, the following holds:
@fg) = [ -ang,vEe S [ rwewidy (L2.10)
" 1<izj<n” Lii
Also: <f[f,g> =0for f € D,, g € D, andn # m.

REMARK 1.2.7. Proposition 1.2.6 tells us, in physics language, that the restriction
of the HamiltonianZ to the bosonici-particle sector Hilbert spack,, of H, is the
Hamiltonian for the quantum system afindistinguishable spinless quantum bosonic
particles on the line with pair-wise delta-function potential of strerigthit seems that
this was realized for the first time by Kaup(.

PROOF. Because of symmetry the Laplaciarwe have(Af, g),, = n(92, f, g), for
f,g € D,,. Because of symmetry again, the right hand side of (1.2.11) can be written as

- A,}aif(y»@dﬁ

kn(n —1) / </ . f by, Yn—2)9(t 6 y1y - oy Yn—2)dys .. .dyn_2> dt.
R \JRn—
(1.2.12)

In the same way the left hand sidﬁf, g) of (1.2.11) can be written as

/ T (0u(U(@) 1), 0, (U (2))g) + K{U(2) f, U (2)’g)) da

— 00

= n<ay1f7 ay1g>

+ kTL(TL - 1) / </ , f(t» tv Yiy .- ayn—Q)g(t, ta Yiy-evy yn—Q)dyl R dyn—2> dt.
R \JR"—

Partial integrating once give®,, f,0,,9) = —<8§1 f,g), and therefore (1.2.11) follows,
proving the proposition. O

Denote byC2*(R™) the space of smooth functions &with compact support and
by C°(R™)’ the space of distributions di".
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DEFINITION 1.2.8. The quantum Hamiltonia#l}! : C(R™) — C2°(R™) is the map
defined formally by the formula

1<i#j<n

which we interpret as

#N@ =~ [ r@@o@a+vae [ f@eeda

1<i#j<n
forall f € C(R™) and¢ € C(R™).
With this definition, Proposition 1.2.6 is the following statement:

(Hf,g) = (H.f)(g) for f.g € Dy.

1.3. Generalizations to finite reflection groups

A fundamental insight by Gaudir2§], Gutkin and Sutherlandp], [32] was that the
quantum system on the line described by the quantum Hamiltonian (1.2.13) has a natural
generalization in the context of reflection groups.

Let £ be an arbitrary collection of affine hyperplanes in-dimensional Euclidean
spaceV with inner product-, -). For aL € £ denote bys;, the orthogonal reflection in
V with respect tal.. Consider the groug generated by{s.|L € £}. We may assume
with out loss of generality thaf is permuted byG. The groupG is called areflection
groupif L islocally finite, meaning that any compact set meets only finitely marny L.

Any reflection group can be decomposed into the product of irreducible reflection
groups. These groups have been classifieﬁ.tiyartan and Coxeter. The most important
finite irreducible reflection groups are the so-called crystallographic ofieis. said to
be crystallographic if it stabilizes a full lattice in V, i.e. gL C L forall g € G.

The crystallographic reflection groups fall into families, ttassicaltypesA,, (n > 1),
B,(>2,C,(n>3),D,(n >4 and theexceptionaltypes Fs, E-, Fg, F, and

G5. The crystallographic finite reflection groups arise as the Weyl groups of complex Lie
algebras44].

For any reflection grougs andk € R (called a multiplicity function) consider the
formal quantum Hamiltonian oW given by

Hy=-A+2kY 6, (1.3.1)
Lel

with §;, denoting a delta-function ofr supported on, and A denoting the Laplace
operator ori/. Gaudin R6] started the study of quantum Hamiltonian systems (1.3.1) on
V for general finite reflection grous.

3The subscript has the meaning of the dimension of the corresponding EuclideaVspace



18 1. GENERAL INTRODUCTION

ExamPLE 1.3.1 (TypeA, _;: symmetric groupS,). The symmetric groufs,, is
an irreducible reflection group of typé,,_;. Consider the following (finite) collection
hyperplanes of hyperplanes = {L;;|]1 < ¢ < j < n} (cf. Definition 1.2.5) in the
subspace

V=A{x=(x1,...,2n) ER"| 21+ -+ 1z, =0} (1.3.2)

of R", whereL;; = {x € V|z; —xz; = 0}. Note thats;; := s, is the transposition that
exchanges thethe position ang-the position ofz € V. Then (1.3.1) takes the following
form,

He=—-A+k Y o —aj),

1<i#j<n

i.e. it is the Hamiltonian (cf. (1.1.1)) of a systemsfjuantum particles on the line with
a delta-function potential with strengthbetween two particles. By going froi™ to V'
corresponds to describing the system in a center of mass. Wave functions invariant under
the action ofS,, describen spinless quantum particles on the liRe

For a Weyl groupG of classical typeG-invariant wave functions of the quantum
system described by the Hamiltonian (1.3.1) have a reasonable physical interpretation.

ExampLE 1.3.2 (Type B: hyper-octahedral groupfonsider the following finite
collection of hyperplanes iR",

L={{z=(21,...,2,) ER"|z; =0}i =1,2,...,n}
U{{z e R"|z;—x; =0} 1 <i<j<n}U{{z e R"|z;+z; =0}1 <i<j<n}

The corresponding finite reflection group is crystallographic, irreducible and a@®$% on
by permutations and arbitrary changes of signs of coordinates. It is calleuyfies-
octahedralgroup, is of typeB,, and has orden!2"™. The G-invariant wave functions of

the quantum Hamiltonian (1.3.1) describes in this ase 1 spinless bosons on the line
with a delta-function potential that is constrained by the symmetry —x of the line.

The middle particle is located at the origin because of this constraint. Alternatively, it is
the problem of: quantum spinless bosons on the half-ljigeso) with a delta-function
potential and with the particles interacting with the boundaf the half-line with a
delta-potential.

For finite reflection groug=, Gaudin P6] described the general form of the wave
functions invariant unde®. ForG of type A,,_; and repulsivé: > 0 there is only purely
continuous spectrum and Gaudid], [25] was able to proof a Plancherel formula for the
wave functions. In the attracting case multi-particle binding may occur and this may give
rise to lower-dimensional contributions to the spectrum, what was shown rigorously by
Oxford in his thesisg5].

The Plancherel formula for general finite reflection group &nd R was found
by Heckman and Opdand(]. Furthermore they realized that the underlying symmetry
structures of (1.3.1) are governed by the graded Hecke algebra, an infinitesimal version
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of the affine Hecke algebra introduced by Lusz&g][and Drinfeld [L7]. Using Kazh-

dan and Lusztig'sg1] work, they were able to relate the spectrum of the system to the
Langlands parametrization of the irreducible representations of sjrgudéc groups (and
more general to representations of affine Hecke algeB&is [

1.4. Particles on a circle with pair-wise delta-potential

The dynamical system on the circle introduced by Lieb and Liniger has been studied
by physicists by different methods. Betl®g presented in 1931 a method for obtaining the
exact eigenvalues and eigenvectors of the one-dimensional spin-1/2 Heisenberg model, a
linear array of electrons with uniform exchange interaction between nearest neighbors.
By adapting Bethe’s idea, Lieb and Liniger were able to show that the spectral problem
for the interacting many-particle system governed by (1.1.1) is ruled by certain system
of transcendental equations, nowadays called Bethe ansatz equations. The corresponding
eigenfunctions nowadays are called Bethe ansatz eigenfunctions. Fundamental progress
was made by C. N. Yang and C. P. Yang&1], where they evaluated the thermodynamics
at finite temperature. Ir8[l] they introduced the Yang-Yang action (nowadays called the
master function), which enabled them to give a convenient parametrization of the solu-
tions of the Bethe ansatz equations and the corresponding eigenfunctions via a variational
problem.

Parallel to these investigation were important development in the theory of nonlin-
ear partial differential equations (PDE’s). Nonlinear PDE’s which at first sight seemed
intractable, could be solved explicitly by a nonlinear Fourier transformation (depending
on the nonlinear PDE under question), making the nonlinear equation linear and explic-
itly solvable. The methods are collected under the n&tassical Inverse Scattering
Method* [1], [21]. One of the earlier examples of integrable nonlinear PDE’s treated
were the Korteweg-de Vries equation by Gardegral. in their famous paper2P] and
the nonlinear Sclidinger equation (1.1.2) by Zakharov and ShaBa}. |

Further developments showed that the Classical Inverse Scattering Method could be
quantized to give methods to solve quantum field theories. Fundamental progress was
made by the Leningrad school of Faddeev, Sklyamil,[[73], [74], [78]. Together with
the work of Baxter §] on exactly solvable vertex models, this led@uantum Inverse
Scattering Method The work on Quantum Inverse Scattering Method was actually a
major inspiration in the development of quantum groups (this is described nicely by one
of the founders of the theory ii8, Section 11]).

The Lieb-Liniger system can be considered as given by the formal quantum Hamil-
tonian (1.1.1), with the wave functions subjected to periodic boundary conditions (see
also Example 1.5.1). Because the Hamiltonian (1.1.1) is equivalent to the basonic
particle sector of the quantum field theory governed by (1.2.9) (see Remark 1.2.7), the
Lieb-Liniger system on the circle can be treated by Quantum Inverse Scattering Meth-
ods. This method yields for example the orthogonality and the norms of the Bethe ansatz
eigenfunctions (see the introduction to Chapter 6 for a more detailed description).

40ther names used aleverse Scattering TransforamdInverse Spectral Method
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1.5. Present work

The quantum system on an Euclidean spEcdefined by the formal Hamiltonian
(1.3.1) is for general finite reflection groups well understood since the work of Heckman
and Opdam40]. One of the aims of this thesis is to understand the quantum system
defined by the formal Hamiltonian (1.3.1) for affine Weyl groups. These are certain in-
finite reflection groups that are intimately related to affine Lie algebk¥&s The funda-
mental property of an affine Weyl grodjy is that it admits a presentation of the form
W = Wy x QY. HereW, is a finite Weyl group acting on the same Euclidean sgéace
andQ@V aW;-stable full lattice inV acting by translations.

Gutkin and Sutherlan®p],[ 77] started the systematic hon-symmetric study of quan-
tum system with Hamiltonian (1.3.1) for general reflection groGpBy symmetriove
mean the study afi-invariant wave functions. In this thesis we mostly concentrate on the
symmetric theory. Now for an affine Weyl grolig the study of the symmetric theory is
equivalent to period conditions on the system because of the presentatioly x QV.
Equivalently, it is the study df/y-invariant wave functions of (1.3.1) on the toligQ" .

ExampLE 1.5.1 (The affine Weyl grouﬁn). LetV ¢ R"andL;; C V be asin
Example 1.3.1. Consider the following set of affine hyperplanes

L={Lij|1<i<j<n}U{Lijm|1<i#j<n, meZso},
whereL;; ., = {z = (z1,...,2,) € V|z; —2; +m = 0}. The corresponding reflection
group acting orV is an affine Weyl group and is denoted By (and is sometimes called
the affine symmetric group). It contains the symmetric gréyps a normal subgroup.

Moreover,§n admits the presentatiosl, x Q¥ with Q" theZ-span of thes; — ¢; (1 <
i <j<n),withey,..., e, the standard basis &". The Hamiltonians (1.3.1) takes the

form
“A+EY Y Sz +m). (1.5.1)
meZ 1<i#j<n
The §n—invariant theory is essentially the study of the Lieb-Liniger system spinless
guantum particles on tharcle (we will say more about this in Chapter 6).

We give now a summary of the thesis chapter by chapter. Detailed information can
be found in the introduction section of the chapters.

In the next chapter the main algebraic structure underlying the quantum system gov-
erned by the Hamiltonian (1.3.%, for an affine Weyl groupgV” will be introduced, an
associative unital algebrd depending oV andk. It is the associated graded algebra
of Cherednik’s (suitably filtered) degenerate double affine Hecke algebra and contains the
group algebra ofV as a subalgebra. The main results is the construction of a representa-
tion @ of H on the space df/-valued smooth functions o¥i, with the group algebra of
W acting by reflection-integral operators.

In Chapter 3, the heart of the thesis, we start with the systematic study of vector-
valued quantum integrable systems with delta-potentials associated to affine Weyl groups.
By vector-valued is meant that the wave functions of the quantum systems takes values in
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a finite-dimensional representatiéhof W. ForWW = §” and special choices @f, these
systems describe quantum particles with spin. The formal quantum Hamiltonian (1.3.1)
corresponds to the case tliats the trivial representation (we reserve the adjectnadar

for this case). The associated spectral problem is formulated as a boundary value problem
in a space of/-valued functions ol satisfying simple normal derivative jump conditions

on the hyperplanes correspondingta

After defining U-valued commuting differential-reflection operators, we show that
these Dunkl-type operators together with the the standard reflection action of the affine
Weyl group define a faithful representatiarof the algebraH. Gutkin's generalization
of the equivalence between the impenetrable Bose-gas and the free Fermi-gas for the
scalar case is generalized to the vector-valued case by defirfingadued propagation
operatorT’. The formal quantum Hamiltonian is interpreted as an operator on a space of
U-valued function orl/ satisfying higher order normal derivative jump conditions on the
hyperplanes corresponding ¥&. The algebraic complete integrability of the quantum-
integrable systems is reflected by the commutativity of the Dunkl-type operators.

The propagation operator intertwines the representaticarsd ). This allows us to
reformulate the boundary value problem in terms of a spadé-eéluedsmoothfunc-
tions onV. Using this reformulation we show that, under the assumption that the spectral
parameters are generic, the symmetric vector-valued theory is goverhedddyed tran-
scendental equations (called Bethe ansatz equations). After describing the general form
of the corresponding -valued eigenfunctions, we show that for unitary representations
and positivek the spectrum of the boundary value problem is, at least generically, purely
imaginary.

In Chapter 4 we show that in the scalar case and poditive results of Chapter 3
holds without the assumption that the spectral parameters have to be generic: the spectrum
of the boundary value problem is purely imaginary, regular and completely determined by
the Bethe ansatz equations. The regularity conditions is called the Pauli principle since for
w=2_5, (see Example 1.5.1) itimplies that the momenta of the quantum bosons are pair-
wise different. The main ingredient in the proof of these statements is a generalization
of the master function of Yang and Yang to all affine Weyl groups. The master function
allows us for example to give a convenient parametrization of the solutions of the Bethe
ansatz equations.

Chapter 5 deals with the functional analysis aspects of the scalar system for positive
k. The relevant Hilbert space is the space of square-integrable functions on a fundamental
domain for the reflection-action df” (with respect to Lebesgue measure). Using per-
turbation theory of unbounded self-adjoint operators, quadratic forms and Sobolev space
theory, positive self-adjoint operatof$;, on this Hilbert space are constructed that are
associated to the formal quantum Hamiltonians (1.3.1). The completeness of the Bethe
ansatz equations for general positive multiplicity functiéns reduced to the complete-
ness at zero coupling = 0. The precise conditions under which such an argument works
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was given by Dorlas16] in his proof of the completeness of the Bethe ansatz eigen-
functions of particles on the circle with repulsive pair-wise delta-function potential. The
arguments of this chapter also give an independent proof of the Pauli principle.

In Chapter 6 we conjecture that the Bethe ansatz eigenfunctions are orthogonal in the
Hilbert space of square-integrable functions on a fundamental domain. We also conjecture
that the quadratic norms are expressible in terms of the determinant of the Hessian of
the master function at the associated spectral point. Similar conjectures about the Lieb-
Liniger system of quantum particles on the circle with repulsive pair-wise delta-function
potential were proved by Korepin (norms) and Dorlas (orthogonality). By relating the
formal quantum Hamiltonian (1.5.1) to the Lieb-Liniger system on the circle we show
that these two systems are essentially equivalent. This implies that our conjectures are
true for the quantum system of Example 1.5.1.

Publication details

Chapter 4 and the parts of Chapter 2 and 3 relating to the scalar case have been (for
the major part) published in
E. Emsiz, E. M. Opdam and J. V. Stokmaeriodic integrable sys-
tems with delta-potential€omm. Math. Phys264(2006), 191-225.
Chapter 2 and 3 are joint work with Eric Opdam and Jasper Stokman and is research
in progress.
Chapter 5 will also be offered for publication.



CHAPTER 2

Fundamental representations of degenerate Hecke
algebras

2.1. Introduction

In [10] Cherednik associates to an affine root system and a multiplicity function an
associative unital algebra which he called the double affine Hecke algebra (DAHA, in
short). With this algebra at hand he was able to prove the general case of the constant
term conjecture of Macdonal&@]. This algebra extends the concept of an affine Hecke
algebra. Like affine Hecke algebras, double affine Hecke algebras also admit degener-
ations: a trigonometric one and a rational one. The trigonometric @rie falled the
degenerate DAHA.

Degenerate DAHA admits a natural filtration. In our studies of integrable systems
with delta potentials, certain representations of the associated graded algebra will be of
fundamental importance. In this chapter we explicitly construct these representations.

Let > be an affine root system, considered as a subset of affine linear functions on
an Euclidean vector spadé. Let X be a lattice inV' lying between the co-root lattice
and the co-weight lattice of, Wx the corresponding Weyl groug;, : ¥ — C a
W x-invariant function and’ a finite dimensional representationéfy. The associated
graded of the (suitably filtered) degenerate DAHA corresponding to the Wey! dgioup
will be denoted byH¥. The main result of this chapter (Theorem 2.5.13), states that
certain integral-reflection operators together with constant coefficient partial differential
operators on the space of smooth functions fiérto U, defines a representation B\ .

We now give a summary of every section separately. The second section is intro-
ductory and will be used throughout this chapter (and thesis). It is used mainly to fix
notations. After some well-known facts on affine root systems and affine Weyl groups,
the associated graded of the (suitably filtered) degenerate affine Hecke algigbrias
introduced.

Section 3 is the heart of the chapter. We start by attaching to any finite dimensional
representatioly of W arepresentation di;X on.S(V)c®U, with S(V)¢ the symmet-
ric algebra of the complexificatioli: of V. The group algebr&[IWx| of Wx, consid-
ered as a subalgebra &Y, acts via certain reflection-divided-difference operators (the
divided-difference part is also known as BGG-operators). By dualizing, we construct a
family of representations df;* on P(V)c ® U with C[Wx] acting by reflection-integral
operators. Her (V)¢ is the space of complex-valued polynomial functionsianwe

23
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then show that this family contains, up to scaling isomorphisms, only two representations.
Our focus will be on the representation (denotedyy which is relevant for our studies
of integrable systems with delta-potentials.

In Section 4 we define another representatiorfigf in terms of certain divided-
difference operators o@ (V) ® U, with O(V¥) the space of analytic functions o/
This representations has the feature that it is the du@ofvith respect to a natural
non-degenerate pairing.

Section 5 deals with extending the representation space of the represe@atidn
H¥ from P(V)c ® U to C>=(V) @ U, with C>°(V) the space of smooth functions
on V. When this representations is restricted to the subalgéfifay], we show that is
possible to exten@;, to a representation afi(V)®U, with C (V') the space of continuous
functions onV and withC[W x| still acting by reflection-integral operators.

2.2. Weyl groups and degenerate Hecke algebras

2.2.1. Affine root systems and affine Weyl groupsLet V' be an Euclidean space
of dimensionn. Let %, be a finite, irreducible crystallographic root system in the dual
Euclidean spac¥&*. We denot€-, -) for the inner product o¥* and|| - || for the corre-
sponding norm. The co-root of € Y is the unique vectat € V satisfying

Vy 2<€7O‘> *
flaY) = a2’ VEe V™.

We write 3§ = {a"}4ex, for the resulting co-root system ii. We fix a basisly =
{ay,...,a,} for the root systeny,. Let%, = ¥ UX; be the corresponding decompo-
sition in positive and negative roots. We denpte V* for the half sum of positive roots
andp € 2§ for the highest root with respect to the bakjs The highest roop is a long
root in¥o. We define the fundamental Weyl chambeti/ifi by

Vi={£eV*|&Y)>0 YVaeXih (2.2.1)

Let V be the vector space of affine linear functionalsion ThenV = V* & R§
as vector spaces, with the constant function(v) = 1 (v € V). The gradient map
D:V — V*isthe projection ontd * along this decomposition.

The subseE = ¥y +Z C V is the affine root system associatedip We extend
the basisly of ¥, to a basisl = {ag = —¢ + 4,a4,...,a,} of the affine root system
Y. LetY = T U X~ be the corresponding decomposition in positive and negative affine
roots. Observe thab mapsy ontoX,. The group of affine linear isomorphisms Wfis
denoted byAff (V).

For an affine linear functional € V with Da #0,

sq4(v) =v —a(v)Da", veV

defines the orthogonal reflection in the affine hyperplepe= a=1(0). The affine Weyl
groupW associated t& is the subgroup oAff(V') generated by the orthogonal reflec-
tionss, (a € X). The subgrougV, C W generated by the orthogonal reflections
(a € Xp) is the Weyl group associated ¥. We denotew, for the longest Weyl group
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element inlW,. Itis well known thati?” (respectivelyi?y) is a Coxeter group with Cox-
eter generators the simple reflectiosys = s,,; for j = 0,...,n (respectivelys; for
ji=1,...,n).

LetQV = ZX§ C V be the co-root lattice of,. Foraé € V letr: € Aff(V') be
the translation by onV, i.e. 7¢(v) = v + ¢ forall v € V. For ana € ¥ we have the
simple but useful relation

Sa = $DaTa(0)DaV (2.2.2)

in W, and in particulas, = 7,vs, = s,7_,v. Using (2.2.2) one sees théf admits a
second important presentation given by

W~ Wy xQY, (2.2.3)

with the co-root lattic&)" acting by translations oW. The gradient ma® induces a sur-
jective group homomorphist : W — W, by D(s,) = sp, for a € 3. Alternatively,
Dw = v if v € Wy is theW,-component ofv in the semi-direct product decomposition
(2.2.3).

The spacé’ of affine linear functionals ol is aW-module by(w f)(v) = f(w~1v)
(we W, feV,veV). Observe thaV'* is Wy-invariant, and

sa(§) =€ —&(a)a,  EeV”
for rootsa € Y. Furthermore,
Sa(zo) = Eo, Sa(E) =X

fora € £y anda € ¥. The length ofw € W is defined by (w) = #(STNw™'%7). Al-
ternatively,/(w) is the minimal positive integersuch thatv € W can be written as prod-
uct of r simple reflections. Such an expressior= s;, s, - - sj,,,, Uk € {0,...,n})is
called reduced.

The root lattice( is the lattice inV* generated by all the roots € ¥; It is a full
lattice becaus&™* is spanned by the roots M.

The weight lattice ob is defined by

P={AeV* | MaY)€EZ VaceX}.
Another convenient description is
P={)\eV* | w\p’)€eZ Ywe Wy}, (2.2.4)

which follows from the fact tha®" is already spanned ov&r by the short co-roots in
Yy. We denoteP™ (respectivelyP*+) for the cone of dominant (respectively strictly
dominant) weights with respect to the cholEg of positive roots in,. Recall that
Pttt =p+ Pt.

We write Vireq = U,cx+ Va for the irregular vectors iV with respect to the affine
root hyperplane arrangemefit, | « € £*}. Its open, dense complemeélit., := V' \
Virreg is called the set of regular vectorsin
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We denote for the collection of connected components9f,. An elementC € C
is called an alcove. The affine Weyl grolip acts simply transitively oi€. Explicitly,
Vieg = Upeww(Cy) (disjoint union) with the fundamental alcove, defined by

Cy={veV]ajv)>0 (j=0,...,n) }.

We call a vectow € V, (a € ) sub-regular if it does not lie on any other root hyper-
planeV, (a # b € X¥71).

The symmetric algebr& (V) is canonically a¥,-module algebra. Using the stan-
dard identificatiorS (V') ~ P(V*) whereP(V*) is the algebra of real-valued polynomial
functions onl*, the Wy-module structure takes the form

(wp)(g) = p(wilg)v w e W07 £ € V*7
on P(V*). We denoteS(V)"o and P(V*)"o for the subalgebra ofV-invariants in
S(V) andP(V*), respectively.
Form € Z>, we denote b)S(S’")(V)C for the elementg € S(V)c of degree less
or equal thann.
Letd, (v € V) be the derivative in direction,
flu+tv)

@50 =G|

for f continuously differentiable at € V. The assignment — @, uniquely extends
to an algebra isomorphism &f(V') onto the algebra of constant coefficient differential
operators orl/ (say acting onC> (V) or P(V)c). We denoteg(0) for the constant
coefficient differential operator correspondinggte S(V)¢ ~ P(V*)c.

2.2.2. Extensions of affine Weyl groupsIn this subsection we consider some non-
trivial group extensions of by finite abelian groups. These extension will be parame-
terized by certain full lattices i

The lattice

PV :={teV|a(§) € ZVa € Ly}.
is called theco-weight lattice(and the elements in it are called-weight}. It contains
Q" as a full sublattice. LeX be a lattice inl/ that lies betwee®" andPV. We have

so(2) =2 —a(z)a” € X (2.2.5)
forall « € ¥y andx € X becausex(z) € Z. Formula (2.2.5) shows that is Wy-
invariant. The group{/Q" is finite sinceX and@" are both full lattices ir//. SinceX
andQV areWy-invariant we can define an action of the finite Weyl grétip on X/QV

in the obvious way. By (2.2.5) it follows actually thf, acts trivially onX/QV.
We attach taX its dual latticeY in V*:

Y = {u e V' u(X) C Z}.

Note that) C Y C P. Let Wx be theWW, x X, i.e. the sef¥; x X with the group
operation given by

(w',2') - (w,2) = (Ww,w (2')+2) (w,w €Wy,z,2 €X).
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The groupWyx is called theaffine Weyl group associated £ and acts faithfully orl”
by affine linear isomorphisms via

(w,z)v = (wry)(v) (w,z) € Wx,veV).
By the presentation (2.2.3) we have a canonical isomorpfism- Wyv. The group
Wpv is also denoted byl’c. Some authors (e.g59]) call W¢ alsothe extended affine
Weyl group
The groupiWx is an extension ofl” by a finite abelian grouf x:

Wy =W x Qx,

where
Ox = {w € WX| w(C’+) = C+}
We skip the subscripX when X equalsPV and write() instead ofQ2pv. Note that
Qx is a subgroup of). The group2x depends on the alcov@,. Another choice of a
fundamental alcove leads td/E-conjugate of2 .
Observe that & € Q2 permutes the simple affine roatsbecauses(C.) = C..

2.2.3. Representations of affine Weyl groupslf A andB are two sets, then the set
of all maps fromA to B is denoted byFun(A, B). [If B is a complex vector space, then
Fun(A, B) becomes a complex vector space in the obvious way]. We also MitéA)
for Fun(A, C).

Fix a lattice X betweenQ" andPV. LetU be a finite dimensional representatign
of the affine Weyl groupVx.

The natural isomorphisfun(V,U) ~ Fun(V) ® U will be used implicitly to iden-
tify these two vector spaces. Unless stated otherwise, we will use the convention that

ZV,U)=Z(V)®U (2.2.6)

for any function spac& (V) onV, andZ(V, U) will also be considered as a subspace of
Fun(V,U) ~ Fun(V) ® U in the obvious way.
Foraf € Fun(V,U), w € Wx definef*, n(w)f € Fun(V,U) by
(fY) = flw ) (weWx,veV), (2.2.7)

and

(m(w)f)(v) = w(f(w™'v)) = w(f*(v)) (veV). (2.2.8)
Both (2.2.7) and (2.2.8) define representatiodof onFun(V, U), with Wx -submodules
P(V,U), C>(V,U) andC(V,U). We will use the notatiod/,. to indicate that the sub-
spaceM C Fun(V,U) is aWx-submodule with respect to theaction.

SinceWW ¢ permutes the affine roots, the set of regular vectprg is invariant under
We,ie. w(Vieg) € Vieg for all w € We. Hence the usual action (2.2.7) and the
action (2.2.8) also define an action Ban(V,..4, U). We have

m(w)(f®u)=f"@wu (f®ueFun(V)eU).
Consider also th&l'x x Wx-action defined by

(weow)(feou)=f"@uwu (w,w €W, feFun(V)),
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or equivalently
(w@w)f)(v) =w' (f(w ) (wi,ws € Wy, f € Fun(V) ® U).
The restriction to the diagon®V'y ¢ Wx x Wx (i.e. w — (w,w)) is then preciselyr.

2.2.4. Associated graded of degenerated double affine Hecke algebrdse al-
gebras we consider are parametrized by what is called a multiplicity function. From the
viewpoint of physics, these will play the role of coupling constants between particles in
the integrable systems we consider.

DEFINITION 2.2.1. A multiplicity functionk is aW ¢-invariant functionk : ¥ — C.
The space of all multiplicity functions is denoted&ly. We write alsds, for the value of
k € K¢ atthe roota € X.

If k& is a multiplicity function, then it satisfies(a) = k(Da) for all ¢ € 3.
In this chapter we always write for a multiplicity function, unless stated otherwise.
We are now able to introduce the fundamental algebraic structure of this thesis.

THEOREM 2.2.2. There exists a unique complex unital associative algeibfa=
Hi () satisfying
(@) Hf = S(V)c ® C[W*¢] as vector space, witB[1¥¢] the group algebra ofi’c.
(b) The mapg — ¢q® e andw — 1 ®w, withe € W€ the unit element ofi’¢, are
algebra embeddings &f(V')c andC[IV°] into Hj.
(c) The cross relations

Sa 'V — (8paV) - 8¢ = kqoDa(v)

holds inHj fora € I andv € V C S(V)c. Here we have identified (V)¢
and C[W*] with their images inH}, through the algebra embeddings(b).
(d) The cross relations
w-v=(Dw(v)) w
hold in Hf forall w € Qandv € V.

REMARK 2.2.3. If the valuesk, of the multiplicity functionk are considered to be
independent central variables in the definition’fff (we then use the adjectiggeneriq,
then H is graded by imposing the degreeofc W* to be zero and the degrees of
v € V andk, to be one. As graded algebra, the genéfi¢ is the associated graded
of Cherednik’s 12] degenerate extended double affine Hecke alg&ljreconsidered as
filtered algebra by the same degree function (the only difference in the definitidlfy of
are the cross relations (see Theorem Zd.2nd(d)), which are now of the form

Sq -V — 0% -84 = kg Da(v) (aclbveV)
and
w-v=0v"" w (weueV). (2.2.9)
TheWe-module structure o¥ (V)¢ in this relation comes from the action (2.2.7)19F
on P(V)¢ as functions oV and the identificatio®® (V)¢ ~ S(V')¢ via the inner product
(-,+). Thenv® = s, (v) + 2||¢]| "2 (v)d.
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In Section 3.4 a proof of Theorem 2.2.2 will be given. The proof is based on a
realization ofH}; as differential-reflection (Dunkl-type) operators Bn, and makes no
use ofH .

DEFINITION 2.2.4. We denote byd, the subalgebra ofi; generated by} and
V. For a lattice X C V betweenQ" and PV, we denote by?;* the subalgebra ofi{
generated byVx andV'. ByH,iO) we denote the subalgebra Hf; generated byV, and
V. All these subalgebras admit similar descriptionsfggin Theorem 2.2.2.

REMARK 2.2.5. (1) The aIgebraH,iO) is isomorphic to the graded Hecke algebra
(also called the degenerate affine Hecke algebra) and was introduced independently by
Lusztig [67] and Drinfeld [L7].

(2) We have the following filtration

HS"c HPS ...
on Hy, where
HS = §S)(V)e ® CW*].
The associated graded algebra with respect to this filtration is the cross-p&iditiet x

C[We], and hence independent fof Note that we are not in the setting @f, for thek,
are complex values and not formal parameters, and hence of degree zero.

For ana € %y consider the BGG-operators

—_ an
avV
Here BGG stands for Bernstein-Bernstein-Gelfand. Some authors @3}). cpll A,
(o € Xy) divided-difference operatorothers call them (e.g1pB]) Lusztig-Demazure
operators These operators were first introducedéh pnd independently inii].

Aot S(V)e — S(V)c, defined byA, (q) = 2

(2.2.10)

LEMMA 2.2.6. In Hf we have
Sa-q—q°P" - 8¢ = kalApa(q) (2.2.11)
fora € I'andgq € S(V)¢, and
w-qg=q% w (2.2.12)
forw e Qandg € S(V)c.

ProoF This follows from induction on the degree @fand the cross relationgh),
(c) and(d) in Theorem 2.2.2) il ;X O

It is known (for a proof see 4, Proposition 1.3.6(i)]) that the generic degenerate
extended double affine Hecke algebia has trivial cente(C[£], the polynomial subring
in H¢ generated by the central independent variableBut going over to the associated
graded algebra this changes dramatically:

PROPOSITION2.2.7. The centerZ(Hy) of Hy containsS(V)£°. In particular
Z(Hy) and Z(H\") contains(V) .
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ProoF This follows from the cross relations (2.2.11) and (2.2.12){{h 0

REMARK 2.2.8. In the case of the subalgebﬁﬁo) , We can say more about the center,
namely:
Z(H") = S(V)e°.
For a proof seeq7, Prop. 4.5].

2.3. The fundamental representations

We fix a latticeX betweenQV andPV. In this section we attach to any finite dimen-
sionalWx-moduleU a H;¥ -module. Thesé{;* -modules are defined in terms of vector-
valued reflection-integral operators. The main result of this section is Theorem 2.3.7.

We fix a finite dimensional representatiéh of Wx (or equivalently, aC[Wx]-
module). By seeind@’[Wx]| as a subalgebra df;X, we may form the induced module

X
My =Tndify, U = HY @cwy U.

By definition theH ¥ -module structure oi/ is giving by
b(a @y u) = (ba) @cpwy v (a,b € HY ,u e ).
The assignment
qRur qcwyu (g€ SV)c,uel)
defines a vector space isomorphism
S(V)c®U = HY ®cpwy) U (2.3.1)

Transporting thel ;¥ -module structure frond/y; to S(V)c ® U under this isomor-
phism gives:

PROPOSITION2.3.1. The following uniquely defines af;*-module structure (de-
noted byd;) onS(V)c @ U:

(v)(g@u) =vgu (veV),
O0r(54)(q @ u) = ¢°P* @ squ + kaApa(q) @ u  (a € 1),
Sk(w)(q®u) =¢"* @wu  (w € Qx)

forg®@u e S(V)c ® U. In particular S(V')¢ acts onS(V)c ® U by multiplication on
the first factor.

We call the H;X-representatiors,, of Proposition 2.3.1 thevector-valued BGG-
representatior{because of the BGG-operataks,,, entering in the description).

PROOF Letv e V,a € l,w e Qx,q€ S(V)candu € U. Considely @cpy | u €
H¥ @cpwy) U with ¢ € S(V)c andu € U. Then we have

8a(q ®ciwy) u) = (8a9) Ocwy] U = (¢°7*$q + kaApa(q)) @ciwy) U
= ¢°P* Acwy] Sall + kaApa(q) Scpwy] v
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as identities inH;* @cqw,) U. The first and third equality are a consequence of the

definition of an induced module, and the second equality follows from the cross rela-

tions (2.2.11) inH;X. In a similar way we gety(q Qcpw] u) = (vq) @cpwy] u, and,

using the cross relations (2.2.12), thay ®cw ] u) = ¢°* @cpvy) wu, as identities in

HY ®cwy] U. The results now follows immediately if one uses the isomorphism (2.3.1).
U

From now on we denote by/;; the HX-module(S (V)¢ ® U, dy,).

REMARK 2.3.2. Restricting theH,ﬁf-representatiorfi,C to the subalgebr&[W;] C
H;¥ gives a representation @f[W,]. ForU the trivial representation this representation
was observed by Gutkin (se84, Theorem 4.2]). The proof given i34 is different from
the proof given here (the concept of a degenerate affine Hecke algebra is not considered
in that article).

LEMMA 2.3.3. The assignmenty — w' := w™! (w € Wx) andv — o' := v
(v € V) uniquely defines a unit preserving, linear anti-involutionH;* — H;X.

PROOF One easily checks that the defining relationg#f are preserved (see The-
orem 2.2.2). O

The anti-involution™ allows use to define &;X-module structure on the full dual
M = (S(V)e@U)" =~ S(V)z @U” by
(hm*)(m) = m*(htm) (h € HY,m € My)
for m* € M.
For an affine lineaw € V with Da # 0, we now consider an integral operator
I(a) : C(V) — C(V). The operatoi (a) (e € V, Da # 0) was introduced by Gutkin
in [32] to study integrable systems with delta potentials, and is defined by the formula

a(v)
(I(a)(f))(v) == / F(o— tDa")dt (2.3.2)

for fe C(V)andv e V.
Consider the following non-degenerate pairing) : S(V)c x P(V)c — C, de-
fined by
(¢,p) = (a(9)p)(0). (2.3.3)
We collect in the following lemma some properties of the pairing (2.3.3) for later use.
Note in particular that Lemma 2.3(#i) states thaf (a) (a € X) is the adjoint toA,,
with respect to the pairing, -).

LEMMA 2.3.4. (i) The operator (a) (a € V, Da = 0) is a linear endomorphism of
P(V)c.
(i) We havelqq’,p) = (q,4'(0)p) for ¢, ¢’ € S(V)c andp € P(V)c.
(i) We have A, (q),p) = (g, I(a)(p)) for a € ¥g, g € S(V)c andp € P(V)c.
(iv) We havelq®, p) = (g,p® ) forw € Wy, g € S(V)¢ andp € P(V)c.
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PROOEF (i) This follows from

I(a)(Opav (f)) = f = > (feC=(V)), (2.3.4)

(recall thatdp,v is the derivative in directioa") and (2.3.4) follows from an applica-
tion of the fundamental theorem of calculus.
(i) This follows from

(aq',p) = ((¢4')(9))(»)(0) = (¢(9)(¢'(D)p))(0) = (q,¢'(D)p)-
(iii) Choose @' € P(V)c with p = d,v (p’). Then
(Aa(q),p) = (Aal9), Bav (P)) = (@' Au(q), P)
=(q—¢.p) = (¢, 0 — (1))
Also
(¢, I()(p)) = (g, I()(Davp")) = (g0 — ()",

and thereforéA.(q),p) = (. 1(e)(p))-
(iv) The proof is with induction orleg(q). It is certainly true fordeg(q) = 0, i.e. forg
equal to a constant. The induction step follows from

(v9)",p) = (¢, Qwup) = (@, (Buwwp)” ) = {g,0up" ) = (vg,p" ),
with the third equality following fromwd, = 9,,,w (as operators o (V)c). O
We can now state and prove one of the main results of this section.

PROPOSITION2.3.5. The following defines uniquely a representationof H* on
PV)co@U*:

Ly(v)(p@¢) = (9up) @9 (v eV),
Li(s4)(p ® ) = p°P* @ 5410 + koI(Da)(p) @ ¢ (a € 1),
Le()(p@v) =p"* @uwy (v e Qx)

forpyv e P(V)c U™ .
ProOF Consider the embedding
0: P(V)c = S(V)g,
defined by sending amto (-, p). From Lemma 2.3.4 follows immediately
o(p)ow™t =0(p”)  (we Wp),
o(p) o Aa = o(I(a)(p))  (a € Xo) (2.3.5)
o(p) o (v-) = 0(0u(p))  (veEV),

forall p € P(V)c. Herev- denotes the multiplication operator byon S(V)¢. Recall
the H;X-module My = S(V)c ® U (see Proposition 2.3.1). Proposition 2.3.1 together
with (2.3.5) shows that

o(P(V)e) @ U™ C M
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is a HX-submodule. Furthermore, (2.3.5) also shows that the pull back offiffis

module structure op(P(V)¢) ® U* to P(V)¢ ® U* via the linear isomorphism
o®idy+ : P(V)c @U* == o(P(V)c) @ U*

yields the representatiafy . O

REMARK 2.3.6. Every representatioli of 1/, can be extended to a representation of
Wx in such a way that the lattice paxt in Wy = W, x X acts trivial onU. Restricting
the corresponding representati@nof Proposition 2.3.1 to the subalgebﬁﬁo) of H¥

gives the finite type Hecke algebfb,io) version of this proposition.
We extend the pairing, -) : S(V)c x P(V)c — C to a pairing
() (S(V)e@U) x (P(V)c®@U*) — C, (2.3.6)

by (¢ ® u,p ® ) = (¢(9)p)(0)1>(u). Although the following duality is by construction,
it is useful to state it explicitly for later reference:

(Ok(P") (g @ u),p @ ¥) = (@ u, Ly(h)(p®@1)) (h € Hy) (2.3.7)

forgeue S(V)c@Uandp®y € P(V)cU*.

In Proposition 2.3.5 we defined a representatigrof H;X on P(V)c ® U*. In the
following theorem we define a different representatiod/gf on the same representation
spaceP (V) @ U*.

THEOREM 2.3.7. The following defines uniquely a representatiQp of H;X on
PV)c@U*

Qr(v)(p®Y) = (Owp) @Y (vEV),

Qr(sa)(p® 1) =p* @ 50 + kal(a)(p) @y (a € 1),

Qrw)(p@yY)=p" @uwip (we Nx)
forpoy e P(V)c @ U*.

REMARK 2.3.8. Restricting thelf{X -representatioty, to the subalgebr@[W] gives
arepresentation d€[W]. ForU the trivial representation this was shown by Gutidg][

The topological versions (see Theorems 2.5.12 and 2.5.13) of the above theorem
will be of great importance in the next chapters, when studying integrable systems with
delta-potentials.

The representatiof, of H;* of Theorem 2.3.7 will be part of a general construction.
This will be discussed now.

We restrict ourself for the moment to the special case= QY. We construct a
family of representations{ of H;, on P(V) @ U*, parametrized by € Fun(Z, V). For
0 € Fun(Z, V), the map that sends anc I to 0 € V, we will recoverLy, i.e. Lg = L.

The groupAff(V) of affine linear isomorphisms df acts onP (V)¢ via

pA(’U) =p(A ) (pe P(V)c,Ac Aff(V),v V)
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(compare with (2.2.7)). Note that under this actiorc P (V)¢ is an invariant subspace.
Forv € V consider the linear isomorphism ® idy- of P(V)c ® U*, acting as
translation on the first factor:

(1o @idy-)(p®Y) =p™ @Y =p(- —v) @Y
forp®1 € P(V)c ® U*. Forav € V anda € T consider the conjugation
Li(sa) = (1o ® idy+) Li(sa) (7—0 ® idyr+)
of Lj(s,) by 7, @ idy-.
LEMMA 2.3.9. The following holds
Li(sa)(p ® 1) = p*Pe=Pe? @ s41p + koI (Da — Da(v)d)(p) ® ¢ (a € 1)
forp € P(V)c andy € U*. HenceL}(s,) only depends on and onDa(v).

PROOF Let A € Aff(V) andb € V, Db # 0. ThenAs,A~! = 5,4 (as operators
on P(V)c). Furthermore, we have the intertwining propedy (b)A~! = I(b%) as
operators orP (V)¢ (see B2, Lemma 2.1(i)]). The lemma follows from these two results
applied toA = 7, andb = Da, and usingd Da)™ = Da — Da(v)d. O

COROLLARY 2.3.10. Letv € V with ¢(v) = 1. Then
Li(s0)(p @ ¥) = p™ @ so1p + kol (ao)(p) @ ¥
forp@y € P(V)c @ U™

PropPOsSITION2.3.11. Letg € Fun(Z,V). Then the assignment, — Li(“)(sa)
(@ € I)andv — 9, ®idy- (v € V) defines uniquely a representatidif of H; on
P(V)c®U*.

PrRoOOF We divide the proof in four steps.
(a) The restriction to the subalgeb#8V ) is a representation. This is trivial.
(b) The cross relation

L (52)(0 ® i) = (Do @ ider-) LY (50) = kaDa(v) (a € Lv e V)

follows from the cross relation betweén (s,) andd, ® idy+, and the fact that differen-
tiation commutes with translation.
(c) The quaderatic relation is obvious:

2
(Lz(a)(sa)> = (Tg(a) oY idU*)Lk(Sa)Q(ng(a) ® 1dU") =1

(d) The braid relations. We may assume that the rankof= dim V'*) is greater then
one, since there are no braid relations to check when the radk o one. Choose
a,b € I,a # band denote byn,;, € Nthe order ofs,s;, in W. Choose a € V such that
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Da(x) = Da(g(a)) andDb(x) = Db(g(b)) (possible since the rank &f; is greater than
one). By Lemma 2.3.9 we have(s,) = Lg(a)(sa) andL¥ (sp) = LZ(b)(sh). Hence

(22 628 6) ™ = (L Lan) ™
= (Tgc ® idy~) (Lk(sa)Lk(Sb))mab (T,x ® idy~)
=1

Y

the last equality following from the braid relation betwes(s,) and L (sp). O

Let go € Fun(Z, V) be the map defined by
<pv

)5 if a = aop,
go(a) {0 if a € Io.

COROLLARY 2.3.12. The following defines uniquely a representat@p of Hy, on

P(V)c®@U*:
Qr)(p®Y) = (Owp) @Y (vEV),
Qr(sa)(p @ ¢) = p* @50t +kal(a)(p) @9 (a€l)

forp@y € P(V)c @ U*.

PrROOF Applying Proposition 2.3.11 with = go and use Corollary 2.3.10. O

Forv € V andg € Fun(Z,V) we denote byy + v € Fun(/,V) the function
(9 +v)(a) = g(a) +v.

PROPOSITION2.3.13. The representations? (V) c@U*, LY) and(P(V)c@U*, LIt)
of Hy, are equivalent foy € Fun(/, V) andv € V.

ProOOF. First observe that
(70 @ idp=) LY "V (54) = LY (s4) (10 @ idp=)  (v,0' € V anda € I).

Sincer, ®idy- : P(V)®@U* — P(V)®U* is also a linear isomorphism, the proposition
follows. O

For at € R andg € Fun(/, V) denote bytg € Fun(I, V) the map(tg)(a) = tg(a).
Proposition 2.3.13 tells us that every representafiris equivalent to a representation
ij‘) for somet € R. This reduces thén + 1)-parameter family of representations
{L{| g € Fun(I,V)} to al-parameter family of representatiofis;” | ¢ € R} of Hy.

Although thel-parameter family of representatiofi;”° |t € R*} do not have to be
equivalent in the strict sense, they amaling equivalentTo make this statement precise
we introduce for & € R* the scaling mag; : P(V)c — P(V)c, defined by

(Se(p))(v) =p(tv)  (p€ P(V)c)
forveV.
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LEMMA 2.3.14. Lett € R*. The assignments — v/t (v € V) ands, — s,
(a € I) uniquely defines a unit preserving algebra morphisprirom Hj, to Hyy,.

PROPOSITION2.3.15. Lett € R* andg € Fun(Z, V). Then we have
LY (A()(S; @ idy-) = (S, @ idy-)LL(h) (b € Hy). (2.3.8)

In particular the representationsP (V)¢ ® U*, L%t oA)and(P(V)c®@U*, Lj) of Hy,
are equivalent.

PrROOF Note that it suffices to show (2.3.8) for= v (v € V) andh = s, (a € I).
Forh = v this follows without difficulty becausé? (v) = 9, ®idy-«. Forh = s, (a € I)
equation (2.3.8) is equivalent with:

SDa—Da(g(a)/t)(SSt = StSDa—Da(g(a))57 and (239)
tI(Da — Da(g(a)/t)0)S; = SiI(Da — Da(g(a))d) (2.3.10)

as operators o?(V)c. ldentity (2.3.9) follows from:

tSDa—Da(e/t)s = SDa—Da()s(t) (£ €V)
as elements iAff (V). Identity (2.3.10) is the statement for= g(a),

Da(v)—Da(&/t) Da(tv)—Da(€)

t/ p(tv —trDa")dr = / p(tv —rDa")dr Vpe P(V)c,
0 0

which follows after the change of coordinate— r/t. The second statement of the

proposition follows from (2.3.8) and the fact th&t ® idy -+ is a linear automorphism of

P(V)coU*. O

Propositions 2.3.13 and 2.3.15 together imply that the family of representations
{L{|g € Fun(I,V)} of Hy, contains essentially only two different representations: the
Qr, representation from Corollary 2.3.12 (i.B]°) and the representatidn, from Propo-
sition 2.3.5, while we keep in mind that we have choser- QV.

Now let X be any lattice betwee®" and PV, andU a finite dimensional repre-
sentation ofiWx. By Proposition 2.3.5 we know that the representatignof H; on
P(V)c ® U* admits a natural extension to the larger algelga. It is also possible to
extend the representati@py, of Hy, from Corollary 2.3.12 to a representation ®f* as
stated in Theorem 2.3.7. Before proving this we observe that

wq(9) = P (O)w  (w € Wx,q€ S(V)e) (2.3.11)

holds as operators afi>°(V') (and hence also on the subspd@’)c C C>(V)). Itis
not difficult to see that the identity (2.3.11) also holds@t (V;..,).

PROOF OFTHEOREM 2.3.7. Because of the defining relations & (see Theo-
rem 2.2.2) it suffices to prove:

(@) (i) and(ii) define a representation of the subalgelijeof H;X on P(V)c@U*,
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(b) the cross relations betweédk (w) (w € Qx) andQx(v) (v € V) holds (see
Theorem 2.2.@), but with 2 replaced by x),

(€) 34 — Qr(sa) (a € I)andw — Qi (w) (w € Nx) uniquely define a representa-
tion of the subalgebr&[Wx] of H;X on P(V)c ® U*.
Use Corollary 2.3.12 to conclude that (a) is true. The cross relations of (b) follows directly
from (2.3.11). Recall from Section 2.2 thavac 2x permuted. Condition (c) follows
because, — Q(s,) defines a representation Bf (see (a)) and

Qr(W)Qk(5a)Qk(w™") = Qr(swa) (a € Lw e Qx). (2.3.12)
The idenity (2.3.12) follows from
wsaw !t = 5,4 andwl(a)w™! = I(wa) (a € I,w € Nx)
as operators o?(V')c (see also the proof of Lemma 2.3.9). d

2.4. Vector-valued modified BGG-representations

We know that the vector-valued BGG-representatiprfsee Proposition 2.3.1) and
the L,-representation (see Proposition 2.3.5J&%F are dual representations with respect
to the pairing(-, ). In this section we construct a representatiogf that is dual to the
Qr-representation off;* with respect to a similar pairing &s,-). In the construction
so-calledmodified BGG-operatorare used.

Denote byO(V{) the ring of analytical functions of¥. The symmetric algebra
S(V)c is embedded naturally i(V¥) via the identificationS(V)¢c ~ P(V*)c. We
extend the non-degenerate pairiag) : S(V)c x P(V)c — C to a non-degenerate
pairing O(V¢) x P(V)c — C via the same formulaf, p) = (f(9)p)(0) (f € O(VY),

p € P(V)¢), and similarly we consider the non-degenerate pairing

() (00 @U) x (P(V)e®U") — C,
defined uniquely by f @ u,p ® ©) = (f(9)p)(0)v(u).

For av € V, denote bye? € O(V¢) the analytic function\ — *(®) (XA € V).
Then a Taylor expansion shows th&to) = 7_, (acting onP(V)c), or equivalently,

(e’,p) =p(v) (pePV)c,veV). (2.4.1)
The finite Weyl groupi¥, acts onO(V¢) via algebra automorphisms in the usual

way:

(wf)N) = Fw™'A)  (we Wo, feOVE),Ae V).
We extend this to an action of the affine Weyl grdlix = Wy x X onO(VZ) by 7 f =
e’f (x € X, f € O(V{)). The correspondingl'x-action is denoted by f (w € W,
f e O(VE)). Note that thigVx -actions does not act as algebra automorphisms, but

w(ff) = @f)(Dw)f" (weWx,f f €OVY)).
Using (2.2.2) we get

Saf = e ¥ OP (sp ) (a€X, feO(V)).
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om (2.4.1)) it follows

@f,p) = (f,p" ) (weWx,feOV).peP(V)e). (2.4.2)
LEMMA 2.4.1. Leta € X. Then
N _ f _%f *
Bof =5 (f € O(VE)) (2.4.3)

defines a linear endomorphism®{ V).

Th(ioperatoﬂa (a € X)) is called amodified BGG-operatorLet o € ¥y. Then
Ay = Ay onSV)e ~ P(V*)ec € OVE), (with A, is the BGG-operator defined
in (2.2.10)). It is therefore natural to use the notation for A,.

PROOF. The operatord\, is a priori a map fronO (V) to the space of meromorphic
functionsM (V) onVgF. We want to show thah, actually leaves the subspa@éV¥)
M(VE) invariant. Choose complex-linear coordinatgs. .., z, on V¢ such that we
have

(Saf)(21, . oyzn) = e " f(—21, 20,23, . .., 2n) V[ € OVY)

foram € R. Writing out the power series expansion pf- 5, f one sees easily that
f—=3af = z19(z) forag € O(V{), whenced,, f = g, and therefore alsa, f € O(V{),
what had to be shown. O

LEMMA 2.4.2. (i) Themodified Leibniz rule

Za(ffl) :Za(f)f/'i_ (sDaf)SasDaADa(f/) (a S Evf? fl € O(VE)) (244)

holds.
(i) We haved,(ff') — (spaf)Au(f') = Apa(f)f' fora € %, f, f' € oVg).

PrROOFE (i) We start with the case € ¥g:
Aa(ff) = Da(N)I + (sah)Aalf) VI, [T € OVE). (2.4.5)

This follows immediately frony f — so (f f') = (f — (o f) '+ (8o f)(f' —saf'). The
general case (2.4.4) follows directly from (2.475),(0ypov = sa5pa (Cf. (2.2.2)) and

Bulf) = L 0P () (e DO, (248
(i) Using (2.4.6) we observe thafsp, Ap, — A, is multiplication by the function
(1/Da")(e~®OPa” _ 1,
Therefore
(spaf)(BasDalpa — Au)(f') = (3a5DaA D0 — Da)(spaf) '
= ((1/Da”)(55 — spa))())f',
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and where we used (2.4.3) for the last equality. Note thatAlse- Ap,—(1/Da")(5,—
s$pa), Which easily follows from (2.4.6). Together with (2.4.4) these shows

Za(ff/) - (SDaf)Za(f/) = Za(f)f/ + (sDaf)(mADa - Za)(f/)

_ T
= (Aq + W(Sa —3%Dpa))()f
= ADa(f)f/-
g
We can reformulate Lemma 2.4ii by: the operators\, (e« € I) together with
S(V)c ~ P(V*)c, seen as multiplication operators 6X{V{), satisfy the cross relations

(see (2.2.11)) ofi,, corresponding to multiplicity functioh = 1. This observation will
follow also from the following theorem.

THEOREM2.4.3. LetU be a finite dimensional representationidf; . The following
uniquely defines a representatiopof H;X onO(Vy) @ U:

G@)(f@u)=@wf)ou (veV),
6r(sa)(f @ u) = (5af) ® sau+ kAo (f) @u  (a€T),
k(W) (fou) =wf wu  (we Nx)
for f € O(VE¥), uw € U, and withv f € O(V) the maph — A(v) f(A).
PrRoOF. Consider the injective linear map: O(V) — P(V){ defined by
() = (f;p) = (f(O)p)(0) (f € O(VE),pe P(V)e).

Then we have
(€”)(p) =p(v) (veV,peP(V)c)
b)E(@f) =&(f)ow™  (we W)
O¢wh) =€(f)od, (veV) @40
d)E(Auf) =&(f)oI(a) (ael)
Formula a) is a reformulation d&”,p) = p(v), (b) of (2.4.2), c) of(vf, p) = (f, Oup)
and d) of
(Aa(f)p) = (f 1(a)(p)) (a€ X, feOVE),peP(V)c) (2.4.8)

Note that (2.4.8) is a generalization of Lemma 2(iti)4and follows from (2.4.2).

Recall the representatial, of H{* on P(V)c ® U* from Proposition 2.3.7. The
linear anti-involution; allows us to put a left;X -module structure otP (V)¢ ® U*)* ~
P(V)&®@U, and (2.4.7) shows that

§O0Ve)@UcCP(V)eoU
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is a HX-submodule. Furthermore, (2.4.7) also shows that the pull back offifis
module structure o6(O(V{)) @ U to O(V¢) @ U under the linear isomorphism

ERidy : O(VE) @ U = EO0(VE) U

gives rise to the actioby,.
O

We can now state the duality mentioned at the beginning of the section: the following

O (f@u),p@ ) = (f®u,Qrh)(p®v)) (he HY) (2.4.9)

holds forf @ u € O(V¢) andp ® ¢ € P(V)c ® U*. It holds by construction. Com-
pare (2.4.9) with (2.3.7).

2.5. The fundamental representations: topological versions

Recall from Section 2.2.1 that we denotethe collection of open alcoves ...
For an alcove” € C we denote byC'(C) the vector ‘space of continuous functioh®n
C having a continuous extension to some opgno C.

DEFINITION 2.5.1. Let
B(V)= ][] ¢(©)
cec
as vector space.

REMARK 2.5.2. We have a natural embeddi®yV') — C(V,.,) of vector spaces,
defined by

I fe—r=> xcte. (2.5.1)

cec cec
wherey¢ is the characteristic function @f € C, and where we view as continuous

function onV by arbitrary choice of continuous extensionfef € C(C).
We also have the injectiof(V') — B(V) of vector spaces defined by

f=1] fe
CcecC

We use these identifications repeatedly.
Note thatf € B(V) C C(V,.4) has an interpretation as multivalued functionion
where forv € V,

fw)={_lim fe()CeC},
whereC, is the finite collection of alcove§' € C such that € C.

In the previous section we defined integral-operafdts : C(V) — C(V) (see
(2.3.2)) for anyb € .. These operators will now be extended to linear endomorphisms of
B(V).
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DEFINITION 2.5.3 (The integral operato8®]). Letb € ¥, f = [[cc fo € B(V),
andD € C. Let(I(b)f)p € Fun(D, C) be the function defined by

b(v) o
(I®)f)p(v) = Z / (xcfo)(w —tDbY)dt Vv € D. (2.5.2)

cec”’0

LetD € C andb € X. Let Ap ;, be the smallest convex setincontainingD U s, D.
ThenAp ; is a compact subset &f. Furthermore

CD,b = {C S C|6ﬂ AD,b #* @}

is finite andD € Cp p, henceCp ; is nonempty. Then (2.5.2) indeed defines an element
in Fun(D, C), for the summation in (2.5.2) is actually over the sulidet, of C, since
xc(v—tDbY)=0forallv e D, t € [0,b(v)] andC ¢ Cp . Thus

b(v)
10no = 3 [ txese)w -0 e D) (2.5.3)

CeCpp

With identification of B(V') as multivalued functions ol (see Remark 2.5.2), we
have

b(v)
(I(5) f)(v) = / Flo—tDb)dt (ve V). (2.5.4)
0
LEMMA 2.5.4 (Gutkin B2)). Letb € 3. The assignment

feImf=T[a®fc (feBV))

ceC

defines a linear endomorphism Bf(1"). Furthermore, the restriction of (b) to C(V)
(resp.C>°(V)) yields linear endomorphisms 6f(V') (resp.C>°(V)).

PrRoOOF The first statement follows from (2.5.3), while the second statement follows
from (2.5.4). O

REMARK 2.5.5. In the proof of B2, Theorem 2.7] it is claimed that the integral-
operatorsI(b) (b € ), in Gutkin's notation, preservé’B> (V). This is not correct
however.

Consider the following measurer (E standing for Euclidean) ofr. Choose an
orthonormal basig, ..., n, for (V,(,)). Then(V,(,)) is isomorphic toR" (with the
standard inner product dR™) as Euclidean spaces via the mapdefined bye;, — »);
(@ = 1,...,n), and withey, ..., e, the standard basis f@®"™. The measure.z is by
definition the forward of the standard Lebesgue meagug on R"™, i.e. ug is the
unigue measure owi such that

pres(A) = pp(¥(A))
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holds for every Lebesgue measurable gein R”. It is independent of the choice of
orthonormal basis. Th&!-norm of a functiory € L'(V, dug) is denoted by

lglls = /V 19(0)] dus(v).

Note thatu g is a Haar measure on the locally compact abelian gidihe group struc-
ture being addition).
We now topologize the vector spagdV).

DEFINITION 2.5.6. For anyC' € C we put theL!-topology with respect to the mea-
surepg onC(C) € LY(C,dug). The topology oB(V) = [[.c. C(C) is taken to be
the product topology.

REMARK 2.5.7. The topological spac€(C) (C € C) is a metric space, and there-
fore first-countable and Hausdorff. Since the collectibof alcoves is countable, and
the countable product of first-countable (resp. Hausdorff) spaces is first-countable (resp.
Hausdorff), the topological spadg(V) is first-countable and Hausdorff. In particular
amapA : B(V) — Y, with Y a topological space, is continuous if and onhifis
sequential continuous. (The reader is referred®id, in particular paragraph 30 therein).

LEMMA 2.5.8. Letb € X. The linear endomorphist(b) : B(V) — B(V) is
continuous.

PrRoOF. Denote byprp (D € C) the projection of B(V) = [[scc C(C) on the
componenC (D), i.e. [[occ fc — fp. For a topological spack, a mapA : ¥ —
B(V) is continuous if and only ifrp o A is a continuous map frori to C'(D) for all
D e C. Taking forY = B(V) and using (2.5.3) we get the desired result.

O

LEmMmMA 2.5.9. P(V)c C B(V) is dense.

PROOF. Let f € B(V). Fix a finite number of alcove§’,...,C,,. We have to
show that for ale > 0 there exist® € P(V)¢ such that

IXerde, —pxelli < Wi =12 min L'(T).

Leté > 0andM :max(‘fcj(v)‘ lveCj,j= 1,27...m> .
Set also

H= Z/iduE(v) = pp(CLU---UCy,).
=170

Let Cf Cc C; (j=1,...,m) be compact and such that

m

> up(C\CS) <&
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Let f¢ be a continuous function on”, C;, uniformly bounded by\/, such that
ff\uylzlcf = f\u;":lcj (Soff\cf, = ij\cf, Vi)
By Stone-Weierstrass theorem on approximation of continuous functions by polynomials

on compacta there isgg € P(V)c such that

max_ |pe(v) — fe(v)] <&

veus, C;

Then
> lxesfe, = pexesIh = Z/ 17 (0) = pe (0)] das (v)
=1 j=17Ci
: /um @) = fe(@)ldus(v)
" ~/LJ;'L1Cj |f£(v) B pg(’[})| d’uE(v)

< / 1£(v) — fe(v)| dup(v) + HE
U (C;\C%)

< 2Mpg(UJL,C\CS) + HE
< (2M + H)E,

and this goes to zero ggjoes to zero. O

REMARK 2.5.10. Another natural topology o (V) is the product topology
[Teec C(C), with the topology of uniform convergence on the componéHis) (C' €
C). However, with respect to this topology the subspB¢® )¢ is not dense iB (V).

Let X be a lattice inV betweenR" and PV, andU a finite dimensional representa-
tion of the affine Weyl group?x.

The topology we put o3(V,U) = B(V)®U is the tensor product topology (which
simplifies enormously due to the finite dimensionality bt

The space3(V, U) admits a natural embedding as multi-valuéeralued functions
on V., in an obvious way (see Remark 2.5.2 and (2.5.1)).

The groupiWx acts onB(V):

(f)p = fuip(w™ ) YweWx,f=[] foe B(V),Dec. (2.5.5)
cec

When B(V) is interpreted as multivalued functions ®h the action (2.5.5) of’x can
be written as

(f“)(w) = { lim f(w ')|C € CU} Yo eV.

Cov'—wv



44 2. FUNDAMENTAL REPRESENTATIONS OF DEGENERATE HECKE ALGEBRAS

Note thatWx acts onB(V') by continuous operators. Hence the integral-reflection

operators
Qr(Sa) = $a ® Sq + kol(a) ®@idy  (a € 1)
and the operators
Qrw)=wew (wex)

define continuous linear endomorphismsifV, U), with invariant subspaceS(V, U)
andP(V,U).

LEmmA 2.5.11. P(V,U) is dense inB(V,U).

PrRoOOF SinceU is finite dimensional, this follows directly from Lemma 2.5.90

TheQ-representation (see Theorem 2.3.7)i6t on P(V,U) can be extended to a
representation o’y on B(V, U).

THEOREM 2.5.12. The following defines uniquely a representati@p of Wx on

B(V,U):

Sa — Qr(sa) (a€l),

w Qpw) (wex).
Furthermore,C(V,U) andC*(V, U) are invariant subspaces.

PROOF The operatorg)(s.) (a € I), Qr(w) (w € Qx) (and hence also composi-
tions of these operators) are continuous linear endomorphisB&oiU ) by Lemma 2.5.8.
We know (Theorem 2.3.7) that the assignments (i) and (ii) defifésaaction on the
subspace’(V,U) of B(V,U). Use now Lemma 2.5.11 and the first-countability of the
topology of B(V) (see also Remark 2.5.7) to conclude that the defining relatioHsxof
for the operators extend continuously frdaiV, U) to B(V, U). O

A Wx-submoduleM c C(V,U) with respect to th&),-action will be denoted by
Mo,
THEOREM 2.5.13. The following defines uniquely a representati@p of H;X on
Cc>*(V,U):

v 0, ®idy (v ev),
Sa — Qi(sq) (a€el),
w Qrw) (weNx).
PROOF Itisimmediate that — 0, ®idy (v € V') uniquely defines a representation

of S(V)c onC*>=(V) @ U. Because of Theorem 2.5.12 and the defining relatiorf$;bf
(see Theorem 2.2.2) it therefore suffices to check the cross relations

Qk(w)(é)v & ldU) = (8Dw (24 1dU)Qk(w) (w € Qx,v e V) (256)
and
Qr(54)b(0, ®1dy) — (Osp,0 ® 1dy)Qk(8e) = keDa(v) (a€l,veV) (2.5.7)
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as operators 06/ (V) ® U. Relation (2.5.6) follows directly from (2.3.11), and (2.5.7)
follows from (2.3.11) and

I(a)0y — 0s,,,vI(a) = Da(v) (a€l,veV) (2.5.8)
as operators 06> (V'), which follows from a direct calculation using (2.3.4) (or s82 [
Lemma 2.1]). O

We will also use the notatiof/y, to indicate that a subspadd C C*>°(V,U) is a
H¥-submodule with respect to thig;-action.

REMARK 2.5.14. Proceeding similar as in Remark 2.3.6 we get a finite type Hecke

aIgebraH,iO) version of Theorem 2.5.13. The corresponding representatidﬂ,g@f is
denoted byQ?.






CHAPTER 3

Vector-valued integrable systems with delta-potentials

3.1. Introduction

Given any affine root systei, Gutkin and Sutherlandp], [77] defined a quantum
integrable system whose Hamiltoniai\ + ) has a potential’ expressible as a weighted
sum of delta-functions at the affine root hyperplane& ofor the affine root system of
type A, the quantum integrable system essentially reduces to the quantum Bose-gas on
the circle with pair-wise delta-function interactions, which has been subject of intensive
studies over the past 40 years.

The special case of the impenetrable Bose-gas on the circle was exactly solved by
relating the model to the free Fermi-gas on the circle (see Girard9u [Soon after-
wards fundamental progress was made for arbitrary pair-wise delta function interactions
by Lieb & Liniger [56], Yang [80] and Yang & Yang 81], leading to the derivation of the
associated Bethe ansatz equations and Bethe ansatz eigenfunctions.

One of the aims of this chapter is to formulate vector-valued (i.e. the wave func-
tions of the quantum systems takes values in a certain representation space) versions of
Gutkin's and Sutherland’s quantum integrable systems associated to affine root systems.
We furthermore generalize and extend the results of Gu8dhtp the vector-valued sys-
tem.

Quantum Calogero-Moser systems are root system generalizations of quantum Bose-
gases on the line or circle with long range pair-wise interactions. In special cases quantum
Calogero-Moser systems naturally arose from harmonic analysis on symmetric spaces. A
decisive role in the studies of quantum Calogero-Moser systems has been played by cer-
tain non-bosonic analogs of these systems, which are defined in terms of Dunkl-type com-
muting differential-reflection operators. Degenerate double affine Hecke algebras natu-
rally appear here as the fundamental objects governing the algebraic relations between the
Dunkl-type operators and the natural Weyl group action.

In this chapter we define vector-valued Dunkl-type commuting differential-reflection
operators associated to the root system generalizations of the quantum Bose-gas with
delta-function interactions. We furthermore show that the Dunkl-type operators, together
with the natural affine Weyl group action (cf. (2.2.8)) realize a faithful representation of
the Hecke algebr&/ on certain vector-valued function spaces. These results show that
these quantum integrable systems with values in the trivial representation (also called the
scalarcase) naturally fit into the class of quantum Calogero-Moser integrable systems, a

47



48 3. VECTOR-VALUED INTEGRABLE SYSTEMS WITH DELTA-POTENTIALS

point of view which also has been advertised from the perspective of harmonic analysis
in [40, Sect. 5].

The quantum integrable systems under consideration for affine root systesfis
classical type still have reasonable physical interpretations in terms of interacting one-
dimensional quantum bosons. In these cases various results of the present chapter can be
found in the vast physics literature on this subject. We will give the precise connections
to the literature in the main body of the text.

The contents of the chapter is as follows. Section 2 is meant to introduce the quantum
integrable systems and to state and clarify the results on the associated spectral problem.
We formulate the spectral problem for the quantum integrable systems under considera-
tion as an explicit boundary value problem.

In Section 3 we formulate for the scalar case the analog of Girardeau’s equivalence
between the impenetrable Bose-gas and the free Fermi-gas on the circle for the quantum
integrable systems under consideration.

In Section 4 we introduce vector-valued Dunkl-type commuting differential-reflection
operators and show that they realize, together with the natural affine Weyl group ac-
tion (2.2.8), a faithful realization of the Hecke algeliifa(corresponding to the appro-
priate lattice and multiplicity function) as defined in the previous chapter. In Section 2.5
we showed that integral-reflection operators, together with the ordinary directional deriva-
tives, yield an realization off. In Section 5 it is shown that Gutkin'8®] propagation
operator can be extended to vector-valued systems. It is furthermore shown that this op-
erator establishes an equivalence between these two realizatiéhs \¢ke furthermore
show that the Dunkl operators naturally act on a space of vector-valued functions with
higher order normal derivative jumps over the affine root hyperplanes.

In Section 6 we return to the boundary value problem of Section 2. Using the Hecke-
type algebrad we extend (and in the scalar case also refine) Gutk@Zsdeneralization
of Girardeau's equivalence between the boundary value problem for the impenetrable
Bose gas and the boundary value problem for the free Fermi-gas as formulated in Sec-
tion 3 to vector-valued systems. The results in this section entail that the boundary value
problem is equivalent to a boundary value problem with trivial boundary value conditions,
at the cost of having to deal with the non-standard affine Weyl group aGtias defined
in Section 2.2.

In Section 7 we study the reformulated boundary value problem for generic spectral
parameters. It is shown that, genericallly, a spectral parameter is contained in the spec-
trum of the system if and only certain Bethe ansatz equations, a family of transcendental
equations, are satisfied. Section 8 deals with the case of positive multiplicity function and
the integrable system taking values in a finite dimensional unitary representation. With
the aid of the Bethe ansatz equations it is shown that, generically, the spectrum of the
system is purely imaginary. For the scalar case a finer analysis shows that these results
holds not only generically but always. The details of this analysis one can find in the next
chapter.
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3.2. The boundary value problem

We use the notations and definitions from the previous chapter implicitly. In particu-
lar X always denotes a lattice betwe@ and PV. In this section we attach to any finite
dimensional representatidii of the affine Weyl grougVx a vector-valued integrable
system with delta-potential. Then we reformulate the spectral problem of this integrable
system in terms of a concrete boundary value problem.Urtte trivial representation
we recover Gutkin’s 32] reformulation of the spectral problem for periodic integrable
systems with delta-potentials in terms of a concrete boundary value problem.

REMARK 3.2.1. The space of functions, boundary value problems, Hamiltonians and
operators we consider will thus be dependent of the representatidml y . For the case
that U is the trivial representation, we reserve the adjectiwalar. For general/, the
adjectivevector-valueds used.

We also adopt the convention that in any notation depending on a represebtation
Wy, we supress th& from this notation ifU = C,;,,. HereC,,.;, denotes by the trivial
represenation diV’x . For exampleC(V, Ci,;,,) = C(V).

The quantum integrable system which we will define now in a moment depends on a
multiplicity function as defined in Definition 2.2.1. In the context of integrable systems
(of classical type) such functions have the interpretation of coupling constants. We fix
such a multiplicity functiork : ¥ — C.

If D is a constant coefficient differential operator Br(say acting orC*°(V)), the
U-valued constant coefficient differentiBl® idy; (say acting orC>°(V,U) = C>*(V)®
U) is also denoted by, unless stated otherwise.

We define the vector-valued quantum Hamiltortdp by

Hi=—A+ Y kad(a(-) ® sa, (3.2.1)
a€X
where/ is the Dirac delta-function. Here we interprii, as a linear ma@'(V,U) —
D'(V,U), with D'(V,U) = D'(V) ® U the space ot/-valued distributions oV (the
concept of vector-valued distributions as defined by Schwa@zqimplifies due to the
fact thatU is finite dimensional), as

ka
((fou)@) == | rw)(89) ()20t Y ey |/, F00weres

(3.2.2)
for a test functiong, with dug(v) the Euclidean volume measure oh(see also the
paragraph coming before Definition 2.5.6) ahg (e € ¥ ™) the corresponding volume
measure on the root hyperplalig.

The quantum Hamiltoniaf{;, and the associated quantum physical system has been
studied for the scalar case in e.g. séd,[[36], [32]. A key step in these investigations is
the reformulation of the spectral problem faf, in terms of an explicit boundary value
problem for the Laplaceai on V. We will extended this reformulation to the general
vector-valued case in a moment.
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The general vector-valued case has been studied for finite classical root systems in the
context of quantum mechanical systems of particles with spig]itype A), [31](type
A, fermionic theory), $3] (bosonic theory).

DEFINITION 3.2.2. For a compact subset of V' with nonempty interior we define
C'(A) to be the vector space of functiofison A that have a continuously differentiable
extension to some opety O A. Consider the vector subspace

B'(v)=]] c'(©
cec
of B(V). LetCBY(V) = C(V)n BY(V).
DEFINITION 3.2.3. Let C*(*)(V,U) be the space of functions ¢ CB(V,U)
which satisfy the derivative jump conditions
(Opav f)(v+0Da") = (Opav f) (v — 0Da") = 2kasq(f(v)) (3.2.3)
(as identities inJ) for sub-regular vectors ¢ V, (a € X7).

REMARK 3.2.4. Note that the convention (2.2.6) breaksdowngi’) = C*(*)(V),
i.e. we have in general>-(*)(V,U) # CHM)(V) @ U.

PROPOSITION3.2.5. For f € CBY(V,U) and E € C the following two statements
are equivalent.
() Hyf = Ef asU-valued distributions ofv.
(i) f e CH®(V,U) andAflv,., = —Ef|v,., asU-valued distributions o, .
A functionf € CB'(V,U) satisfying these equivalent conditions is smoottaz.

PrROOFE The first part of the proposition follows from a straightforward application
of Green'’s identity (cf. the proof of32, Theorem 2.7]). Since the constant differential
operatorA + E' is (hypo)elliptic is,(A + E) ® idy only acts on the first component of
CB*(V) ® U andU is finite dimensional, the last statement of the proposition follows.

|

The quantum physical system with quantum Hamiltoritgnis known to be inte-
grable. The spectral problem for the associated quantum quantum conserved integrals
can be translated into the following boundary value problem (for the scalar case, see

also [3€], [32)).

DEFINITION 3.2.6. Fix a spectral parameteh € V. We denotdVP, (A, U) for
the space of functiong € C':(¥)(V, U) solving (in distributional sense) the system

POy, =pNfl,.  YpeSE)W (3.2.4)
of differential equations away from the root hyperplane configuration., = J,cs+ Va-

REMARK 3.2.7. The Wy-invariant constant coefficient differential operajg0)
associated to the polynomigd(-) = || - |2 € P(V*)" is the Laplaceam\ on V. Now
Proposition 3.2.5 implies that a functiofiss BVP;, (A, U) is smooth ori/,.., and satisfies
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the differential equations (3.2.4) in the strong sense. The factftiman eigenfunction
of all Wy-invariant constant differential operators b, in fact implies thatf|c is the
restriction of a (necessarily unique) analyiiievalued function ori/ for all alcovesC €
C, see 5]

Recall ther-action (2.2.8) oV x on the spac&un(V, U) of functions fromV to U,
ie.

(m(w) f)(v) = w(f*(v)) = w(f(w™v)) (we Wx,feFun(V,U),veV).

A function f € C-(®)(V,U) automatically satisfies the jump conditions (3.2.3) for
v € V, sub-regular and € Y. Hence the spac€"(*)(V,U) does not dependent on
the choice of positive root8™ in 3. Since alsav(X) = ¥ (w € Qx) holds, we can
and will interpretC- (%) (V, U).,, andC B (V, U),. asWx-submodules o€ (V,.cy, U) .
The subspace BVFA,U) ¢ CL)(V,U) is aWx-submodule ofC'™(*) (V, U') under
ther-action because of Proposition 2.2.7 and (2.3.11).

The central theme of this chapter is the study of the subspace,BYP)Y C
BVP, (A, U) of m(IW)-invariant solutions.

ExamMPLE 3.2.8 (Scalar free case = 0 ). A function f € BVPy(\) (recal the
convention from Remark 3.2.1) is a weak eigenfunction of the Lapladeanp,(9) on
V with eigenvaluep, (), cf. the proof of B2, Thm. 2.7]. The regularity theorem for
elliptic differential operators now implies thdtis smooth. Consequently ByP\)" is
the solution space to the spectral problem for the free bosonic quantum integrable system
on V/Q" associated to the Laplaceanon V. It is easy to show that BVRA\)W is
zero-dimensional unless€ 27i P, in which case it is spanned by the plane wave

1 wA
¢A,o— m Z €

weWy

(cf. with the analysis in the impenetrable case ~o in Section 3.3).

For any abelian groug, we denote byi the unitary duaHomy (4, S') of A.

For root systemsy with property@V # PV (i.e. all types, excepE, of type
Es, F, and G) the space BVR(\, U)Y decomposes into nontriviat /QV -isotypical
components. To make this statement precise we start with the following lemma.

LEMMA 3.2.9. The grouplx is a finite abelian group isomorphic t&/Q"V. An
isomorphimy : X/QV -~ Qx of groups is defined as follows(z + QV) = w,, with
wy € 7, W the unigue representative ix. In particularz + Qv — w, W defines an
isomorphismX/QY — W /W of groups.

DEFINITION 3.2.10. Let M be aWWx-module, For a subgroup of W the subpace
of elements inV/ fixed byG is denoted by\/ ¢, i.e. MY = {m € M|gm =m Vg €
G}. Lety € X/QV. We set

MYX = {m e MY |r,m = x(z +QV)m Vx € X}
={m € Mwr,m = x(z + Q")m Yw € Wo,xz € X}.
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In particular, M"x = MW:triv and the chain of inclusions
MYx c MWV c MY c M (3.2.5)
holds.
LEMMA 3.2.11. Fga\WX-moduleM the subspacé/"™ of M is aWx-submodule
and decomposes infd(/ Q" )-isotypical components, i.e.
MYV = g M (3.2.6)
XE(X/QY)
PrROOF. That MY is a Wx-module, follows becaus# is a normal subgroup of

Wx. The decomposition (3.2.6) follows from the last statement of Lemma 3.2.9 and
general representation theoretic considerations. O

Let us apply Lemma 3.2.11 to th&x-module BVR, (A, U) . We get
BVP.(\U)Y = €D BVP(\ U)X, (3.2.7)
XE(X/QY)
with
BVP,.(\, U)X = {f € BVPL.(\, U)W |7(7) f = x(z + QY) f Vo € X}
={f € BVPL(\, U)|m(wre) f = x(z + Q") f Yw € Wy, x € X }.
Call aU-valued functionf, (W, x)-invariant if 7 (wr,) f = x(z + Q") f for all w € Wy
andz € X.

ExamPLE 3.2.12. Consider the case is trivial and7(X) C W acts trivial onU.
In this case

BVP.(\, U)V'X = BVP,(\, U)Y* = {f € BVPL,(\,U)| f7= = f Va e X}V,

Hence in this case the study of W, x)-invariant solutions amounts to studying the as-
sociated bosonic theory undéf-periodicity constraints (or equivalently, we view the
vector-valued quantum system on the tov{ysx).

The quantum Hamiltonian (3.2.1) fal, of type A, takes the explicit form

—A—l—k‘z Z O(z; —x; +m)

meZ 1<i#j<n+1
in the scalar case. Here we have embeddeidto R"*! as the hyperplane defined by
21 + -+ + xpy1 = 0. Although studying thgW, y)-invariant ¢ € X/QV) solu-
tions to the boundary value problem is similar to the study of the spectral problem for
the system describing + 1 quantum spinless bosons on the circle with pair-wise delta-
function interactions, they do not follows from each other directly. By generalizing the
constructions of this chapter to more general root syst&Tis4 precise connection can
be made. This system on the circle has been extensively studied in the physical literature,
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see e.g.29, 56, 80, 81, 26, 47scalar case) and?B],[80] (spin-% fermions). The up-
grade to other classical root systems amounts to adding particular reflection terms to the
physical model, see e.gr4], [9], [28], [43], [53] and [62].

We call the spectral parametere Vi = V* +iV* regular ifA\(a¥) # 0 for all o €
Y. We call X singular otherwise. The set of regular spectral parameté#$ igvariant
and is denoted by ... Furthermorey is called real (respectively purely imaginary) if
A € V* (respectively\ € iV*). The set of all regular real spectral parameters is denoted
by V*

reg-*

DEFINITION 3.2.13. Letx € X//Q\v Thespectrumassociated to is the set
Su(U,x) = {X € VE[BVPL(X, U)"™* # {0}}.

Theregular spectrunassociated toy is the setS;“ (U, x) = Sk(U, x) N V¢ ,..,- When
X = QY we writeS;,(U) (respectivelyS, “/ (1)) for the spectrum (respectively the regu-
lar spectrum).

Note that by (3.2.7)

SiU) = |J SU. (3.2.8)

XeX/QY

A spectral parametex € V¥ is called generic if
MaV) # +k, Va € Y. (3.2.9)

The set of generic spectral parameters V¥ is Wy-invariant becausg is Wy-invariant.
Note that “generic” and “regular” are concepts that do not deperid,oXi andy.
Two of the main results of this chapter are Theorem 3.7.16 and Theorem 3.8.3. The-

orem 3.7.16 states that for generic regWag V¥ andy < X//C?V the spectral parameter
Ais contained in the regular spectrh™ (U, x) iff \ satisfies certain Bethe ansatz equa-
tions (3.7.22), a family of transcendental equations.

Theorem 3.8.3 states that(f is aunitary finite dimensional representation Bf x
andk a strictly positivemultiplicity function, then a necessary condition for a generic
regular spectral parametarto be in aS,“ (U, x) is that\ is purely imaginary, i.eX €
iV*.

3.3. Generalization of Girardeau’s isomorphism
Let C¥(V) be the space of real analytic functions i which we consider as a
W-module with respect to the usual action (2.2.7). ConsideiferV the space
EN ={feC(V) | p0)f =p(\)f VpesSV)}, (331
which is aW-submodule ofC“ (V) under the usual action (2.2.7). We observed in Ex-
ample 3.2.8 that
E(X\) = BVPy (M), Ae Vg, (3.3.2)

In this section we give a convenient description of the solution space,BVYP of
the boundary value problem (Definition 3.2.6) in terms of the space of invariaf&in
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with respect to thé-dependentV -action@y, (cf. Theorem 2.5.12). We will view this re-

sult as a natural generalization of Girardea@9] equivalence between the impenetrable
quantum Bose-gas and the free quantum Fermi-gas on the circle to arbitrary root systems
and to arbitrary multiplicity functiong. In order to convey the essence, while the tech-
nical details are kept to a minimum, we restrict ourselves in this expository section to the
scalar case. Later in this chapter the general vector-valued case is considered.

We start by generalizing Girardeau2d results on the impenetrable quantum Bose-
gas on the circle (which relates to the extremal dase oo and to the affine root system
of type A) to arbitrary affine root systems.

We denoteE(\)~" for the space of functiong € E()) satisfying f(w~1v) =
(—1)!@) f(v) for all w € W andv € V. Since translationg € Qv C W have even
length,E(\)~" consists ofp"-translation invariant functions. In particulds{\) =" is
the solution space to the spectral problem for free fermionic quantum integrable system
onV/QV associated to the Laplaceanon V.

Following the analogy with Girardeau'29] analysis of the impenetrable quantum
bosons on the circle, we define now a linear ntapC« (V) — C(V)W by

(Gf)(w™ ) = f(v), weW, ve . (3.3.3)

The mapG is injective: forg € C(V)W in the image ofG, the functionG~1g is the
unique real analytic continuation gfc, to V.

For k = oo we interpret the boundary conditions (3.2.3)f4g, = 0 for all a €
¥ +. The solution spaces BVR(\)" of the associated boundary value problem (see
Definition 3.2.6) can now be analyzed as follows.

PROPOSITION3.3.1. For A € V¥ the mapG restricts to a linear isomorphisré :
E\)™W = BVP, (M)W,

PROOF. A function f € E(\)~" vanishes on the root hyperplangs (a € ©7),
hence so doeg:= G(f) € C(V)"W. The functiong furthermore satisfies the differential
equations (3.2.4), hengec BVP,,(\)"W.

Forg € BVP,.(\)"W we definef = G(g) € C(V)™W by f(w™tv) := (—1)"®)g(v)
forw € W andv € C,. This is well defined since vanishes on the root hyperplanes
V. (@ € ). Sincef is W-alternating we havg ¢ C() (V). The functionf sat-
isfies the differential equations (3.2.4), henfce BVPy(\)~" = E(\)~", where the
last equality follows from (3.3.2). The proof is now completed by observing ¢hat
BVP,.(\)" — E(A)~W isthe inverse of the mag : E(\)~" — BVP, (). O

For root systenkt; of type A, Proposition 3.3.1 is due to Girarde&$].

For the generalization of Proposition 3.3.1 to arbitrary multiplicity functioit is
convenient to reinterpret the spaké\) ="V as follows. Given a reduced expression=
Siy Siy * for w € W\{e}, the operator

Qoo(w) = Iim ko 'Qr(w) (3.3.4)

St
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is well-defined because of the specific form(pf. Herek,, := ka,, Kas, "'k“mw) for a
reduced expression = s;, s;, - - 5;,.,,,- Recall the integral operatorga) from Chap-
ter 2 (cf. (2.3.2)) acting o@’'(V'). Then

Qoo(w) = I(ai)I(ai) -+ I(aiy,,)  (weW\{e})
holds, wherav = s;, s, T Si is a reduced expression. In fact, the integral operators
I(a) (a € I) satisfy the braid relations At with respect to the fixed basisof ¥. Fur-
thermore the limit (3.3.4) shows that the quadratic relatibpg? = 0 holds fora € I

(see also34)).
Denote

ENG. ={f € E(\)|Qu(w)f =0, Ywe W\ {e}}.
We now have the following simple observation.

LEMMA 3.3.2.For f € C(V)andb € ¥ we haves, f = — f ifand only ifI(b) f = 0.
In particular, E(\)~" = E(\)#_ forall X € V.

PROOF Itis immediate thaf (b) f = 0if s, f = —f. Conversely, SupposKEb) f =
0. It follows from (2.3.4) and (2.5.8) that

anv[(b) =143 (335)
holds as operators afi*° (V") (or C(V'), which is easily seen). Applied tf we obtain
spf =—Ff. O

By Lemma 3.3.2, Proposition 3.3.1 can be reformulated as the statement that the map
G yields an isomorphism

G:E\G. = BVPL (W)Y, (3.3.6)

The generalization of (3.3.6) for arbitrary multiplicity functiéns now the statement
that the map( restricts to a linear isomorphism

G:EWNG. —BVP,(M)Y (3.3.7)

for arbitrary positive multiplicity functiork, WhereE(/\)ZQVk is the subspace @, (W)-
invariant functions inZ'(\). The proof of the isomorphism (3.3.7) (for the vector valued
version) will be given in Section 3.6.

In order to reveal the full symmetry structures underlying the isomorphism (3.3.7),
we will consider the upgrade of the mépto ak-dependent linear endomorphisfy of
C (V') which intertwines the), (17)-action with the usual-action (2.2.7), and which
acts asG when applied toQ,(1W)-invariant functions. The map which does the job
for the scalar case is Gutkin'8%] propagation operator, defined t(y“kf) (w™v) =
(Qr(w)f)(v) forw € W andv € C (see also (3.5.1) ) The propagation operdfpr
now restricts to an isomorphism
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for all A € V¥ (cf. [32] and Theorem 3.6.4), which implies (3.3.7) by restricting to the
subspaces df’-invariant functions. In Section 3.6 we generalize (3.3.8) and (3.3.7) (cf.
Theorem 3.6.4) to the vector-valued case.

3.4. Dunkl operators

Itis well known that conserved integrals for quantum integrable systems of Calogero-
Moser type can be conveniently expressed in terms of Dunkl-type operators, which are
explicit commuting first-order differential-reflection operators, see e3§], [19] and
[8]. The Dunkl operators, together with the usual Weyl group action, form a faithful
representation of suitable degenerations of affine Hecke algebras63e@dr. 2.9].

The exploration of these structures has been instrumental in solving the corresponding
guantum integrable systems.

In this section we derive the Dunkl-type operators and the underlying Hecke alge-
bra structures for the vector-valued quantum integrable systems with delta-potentials as
introduced in Section 3.2.

In this sectionX denotes as usual a lattice betwe@i and PV, andU a finite
dimensional representation f x .

We initially define the Dunkl operators as explicit differential-reflection operators
on the spac& ™ (V,..q,U) = C*(V,¢q) ® U of smoothU-valued functions ori/.,.

In Section 3.6 we obtain the key result that these Dunkl operators act on the solution
space BVR(\, U) to the boundary value problem. Together with thaction (2.2.8) of

Wy, the space BVR(\, U) becomes a module over the associated graded algéfra

of Cherednik’s (suitably filtered) degenerate double affine Hecke algebraQsaad
Theorem 2.2.2).

We denotex : R\ {0} — {0,1} for the characteristic function of the interval
(—=00,0), sox(z) = 1if z < 0andx(z) = 0if x > 0. Fora € X the function
Xa (V) := x(a(v)) (v € V;.,) defines a smooth function dr..,, which is constant on the
alcovesC of V.. In fact, forw € W anda € £+ we have

1 if wa € X~
alw- = ) 3.4.1
Xalw-10, {0 if wa € X, ( )

hencey, is nonzero on a given alcove 'C, (w € W) for only finitely many positive
rootsa € ¥.7. The vector-valued Dunkl-type operators

Dy =0y + Y kaDa(v)xa()w(sa)  (vEV), (3.4.2)
a€ext

thus define linear operators 6iv° (V;..4, U), which depend linearly on € V', and where
T(Sa) = Sa @ sq (cf. subsection 2.2.3). Fof € C*°(V,..y,U) andw € W we have by
(3.4.1)

Diflurc, = (0f+ > kaDa()n(s0)f) (3.4.3)

aEXtNw—13—

w10



3.4. DUNKL OPERATORS 57

In particular, for the fundamental alco¢g, we simply have

D} flo, = 0ufle, - (3.4.4)
The Dunkl operator®* (v € V) and ther-action (2.2.8) ofVx onC>(V,..,, U) satisfy
the following fundamental commutation relations.

THEOREM3.4.1. (i) We have the cross relation
7(s54)DF = DF  7(s4) + kaDa(v), veV, ael

SD’L)

(ii) The Dunkl operator®” (v € V) pair-wise commute.
(iii) We have the cross relation

7(w)DF — D%w(v)ﬂ(w) =0 veV, weQx.
PROOF (i) Fixv € V anda € I. By a direct computation we have
T(52) D57 (50) = Ospuv + D koDb(spav)xo(-)T(sp).

bEs, St

Sinces, X = (T \ {a}) U{—a} we obtain

7"'(Sa)p DL]:D ,T(s a) - kaDa(sDav) (Xa(') + Xfa('))
=Dk 7(sq) + kaDa(v),

sDav
which is the desired cross relation.

(i) We derive the commutativity of the Dunkl operatd® (v € V) as a direct
consequence of (3.4.4) and the cross relation. fLetC>(V,.4, U) andv, v’ € V. We
show by induction on the lengflfw) of w € W that

[ v 1; ]f|w 1oy — 0. (345)

By (3.4.4), equation (3.4.5) is obviously valid far = e the unit element ofVx. To
prove the induction step, it suffices to show that

m(sq)[DF, DF) = [DF . DF 7(sq) (3.4.6)

SpaV? 7 SDaV

forall « € I. For the proof of (3.4.6), first observe that

m(s4)DEDE, —DF  DE 7(sa) = ka(Da(v')DE+ Da(v)DE, — Da(v) Da(v')Dk,)
(3.4.7)

for all a € I, which follows from applying the cross relation twice. Now (3.4.6) follows

from the fact that the right hand side of (3.4.7) is symmetric andv’.

(iii) Let f € C°(Vyeq, U),v € V,w € Qx andé € V,4. Then

(m(w)Dy f)(€) = w((D’“f)( - ))

= (Ol + Y ka(Da)(v)xa(w ) (m(wsa) ) (E)
a€Ext
= (O(puwyor( + ) ka(Da)(v)Xuwa () ((5waw) f) (€)

aext
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holds. In the second equality we have used (2.3.11), in the thitd = s,.w and
Xa(wilf) = X(a(wilf)) = Xwa(X)-

Using thatw(X1) = 3+, thatk is aWx-invariant function and summing ovéer=
wa € wXT = X1 gives

(m(@)DYF)(E) = O(puyem(@))E) + D kp(D(w™'b))(0)x5(€) (w(s5) f)(€).

bext

UseD(w™1b)(v) = (Db)(Dw(v)) to conclude the proof. O

By Theorem 3.4.(ii), the assignment — DF uniquely extends to an algebra mor-
phismS(V)c — End(C%(V,.4,U)). We denotep(DF) for the differential-reflection
operator orC'™(V,.4, U) associated tp € S(V)c.

We are now in position to give a proof of Theorem 2.2.2.

PROOF OFTHEOREM2.2.2. We take forX = PV andU the trivial representation
in the proof. Suppose thaf - pw(D*)w = 0 as endomorphisms &> (V;..,) with
only finitely manyp,, € S(V)c¢’s non zero. We show that afl,’'s are zero. LetB be

an open ball inCy with the property that the closed ball§B) (w € Q) are pairwise
disjoint. Equation (3.4.4) implies

> pu@)Wf)lp=0,  fECT(Viey). (3.4.8)

weWe

Applying (3.4.8) to functionsf of the formw='g with w € W¢ andg € C°(V,,)
having support in the open balt, we conclude thap,,(0) = 0 as constant coefficient
differential operator on smooth functions#y hencep,, = 0.

Let ﬁ,‘; be the complex unital associative algebra generateddy/, s, (a € I) and
w (w € Q) with defining relations as ib), (c) and(d) . By Theorem 3.4.1, the assignment
v — DF, together with the action (2.2.7) &F¢, uniquely defines an algebra morphism
T ff,g — End(C>(V,4)). By the previous paragraph and by the cross relations in
H¢ it follows that is injective and thaH¢ ~ S(V)c ® C[W¢] as vector spaces (the
Poincaé-Birkhoff-Witt Theorem forfig). The theorem follows now immediately. O

THEOREM 3.4.2. The assignment — DF, together with ther-action (2.2.8) of
Wy, defines a faithful representation, : H;X — End(C°°(V;y, U)).

PrROOE Thatm, defines a representation follows immediately from Theorem 3.4.1.
The faithfulness ofr;, in the scalar case faK = PV is the first part of the proof of
Theorem 2.2.2. The vector-valued case and gerigfat X c PV follows analogously.

O

We will use the notation\/,, to indicate that a subspadd C C>(V,.,,U) is a
Wx-submodule oH,f—submoduIe o0 (V,.q, U) with respect to ther;-action (cf. the
paragraph following (2.2.8)).
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For trivial multiplicity parametersc = 0, the operatop(D°) (p € S(V)c) on
C*(V,eq, U) is the constant-coefficient differential operapgd)) on C>°(V,..q, U). We
have the following striking fact whep € S(V')¢ is Wy-invariant.

COROLLARY 3.4.3. For p € S(V) we havep(D*) = p(9d) as operators on
C®(Vyeg, U).

PROOF. Letp € S(V)° andf € C(V,q, U). By (3.4.4) we have(D*) f|c, =
p(0)flc,. Letw € W andv € C,. By Proposition 2.2.7 applied twice (once with
multiplicity function &, once withk = 0), we have

w((p(D*) ) (w™"0)) = (p(DF) (x(w) 1)) (v)
= (PO (T (w) ) (v) = w((p(d)f) (w"v)),

hencep(D*) f = p(9)f.
O

REMARK 3.4.4. The Dunkl operator®®, Theorem 3.4.1, Theorem 3.4.2 and Corol-

lary 3.4.3 have their obvious analogs in the context of finite root systems. In that case, the
Dunkl-type operators are

Oy + Z ko (V)xa()T(Sa), veV

aeE;

realizing, together with the usual restriction of theaction to W,, an action of the
degenerate affine Hecke aIgebféO) on the space of smoothi-valued functions on

V\ Uaez; V... ForX, a root system of classical type. these operators were constructed
using solutions of classical Yang-Baxter equations and reflection equati® Bd, 62

(type A) and p3] in the scalar case. The above construction of the Dunkl-type operators
fits into Cherednik’s 9] general framework relating root system analogs-ofiatrices to
(degenerate) affine Hecke algebras and Dunkl operators.

3.5. The propagation operator

In this section we generalize Gutkin'8]] propagation operator from the scalar case
to the vector-valued case. It will be shown that this operator intertwine&) thaction
(cf. Theorem 2.5.13) and the,-action which is defined in the previous section in terms
of Dunkl-type differential-reflection operators.

THEOREM3.5.1. The following defines uniquely an endomorphisre'¢¥, U):
(Tif)po-rc, = (@™ ) Qr))pyre,  (wEW) (35.1)

for f € C(V,U). The linear endomorphist, of C(V,U) is called the propagation
operator. In particularTj is the identity operator od'(V, U).
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Before giving the proof consider the following integral-reflection endomorphisms of
c(V,U):

Qrp=5® s+ kpI(b) ®idy (b€ X). (3.5.2)
In particularQy (s,) = Q.o for a € I. We also have
(Qrpf)(v) = s5(f(v) (beX,vel). (3.5.3)

PROOF OFTHEOREM3.5.1. Let f € C(V,U). ltis clear thatT,.f € B(V,U).
Whence it suffices to show thdj}, f, considered as a multi-valuéd-valued function (cf.
Remark 2.5.2), is single-valued. Letc V andC,C’ € C, (see Section 2.5 for the
definition ofC,). There is a sequeneg, = C,C1,...,C, = C’ of chambers i€, such
thatv € C for somer such thaCC;,C; 41 (j = 0,...,r — 1) are adjacent. Then

leaiglﬂ(:rk (z) = cjffénz%(T’“f)m

follows from (3.5.3). WhenceT,f € B(V,U) is single-valued and therefore

The operator defined in the previous theorem is thealued version of Gutkin’s
propagation operator (cf3p, Theorem 2.6]). By constructiofty, : C(V.U)q —
C(V,U), is W-equivariant.

LEMMA 3.5.2. The propagation operatdfy, : C(V,U)q — C(V,U). is alinear
endomorphism o’ x-modules.

PROOF BecauselVx is generated by the subgroupd and Q2 x (cf. Subsection
2.2.2.) and by théV-equivariance off}, it suffices to show that’, is Q2 x-equivariant,
that is,

Te(Qr(w)f) = 7(@)Tif (W€ Qx,f € C(V,U)). (3.5.4)
If wy e W,weQx,veCyrandf e C(V,U), then
(Te(Qr(w).f)) (wy o) = wi ((Qk(w1)Qr(w) f)(v))
wy 1w[w H(Qk(w)Qr(w 1w1w) H@))]
= wi W[(Qk(w  wiw) f) (W™ v)]
= W[(Te ) (W™ wrw) " w™ )]
= (m(W) (T f)) (w; Mv),

holds. In the third equality we have usé€d (w) = 7(w) as operators of'(V,U), in the
fourth thatQ2x normalizesiV in Wx and that)x leavesC, stable. In other word<[;
is Q2 x-equivariant. O

Observe that the space 6f-valued real analytic function€“(V,U) is a H;}-
submodule of>>°(V, U') under theQ-action.
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DEFINITION 3.5.3. For a compact subset of V' with nonempty interior we define
C¥(A) to be the space of functiorfson A that have a (necessarily unique) real analytic
extension td/. Let

B*(vV) =[] c*(©).
cec
We have injection§“ (V) — B“(V) — B(V). LetCB*¥(V) = C(V) N B“(V). The
vector-valued versions of these spaces are also considered, using the con{22atigh

DenoteC(*)(V, U) for the space of functiong € CB“(V, U) satisfying

Oppv f(v+0DbY) — Oy f (v —0DBY) = (1= (=1)")kpsy, (O f (v + 0DDY))
(3.5.5)

forb € ©F, v € V, sub-regular ana¢ € Z-,. Observe thaC“ (*)(V,U) is contained
in the subspace™ (*)(V, U7) involving normal derivative jump conditions over affine hy-
perplanes/, (b € %) up to first order, which we have used in the formulation of the
boundary value problems (see Proposition 3.2.5 and Definition 3.2.6).

A function f € C+(*)(V,U) automatically satisfies the jump conditions (3.5.5) for
v € V, sub-regulary € Z-, andb € X~. Hence the spac€“ *)(V,U) does not
dependent on the choice of positive rods in X. Since alsaw(X) = ¥ (w € Qx)
holds, we can and will interpret“-(*)(V,U),, andCB*(V,U),, asWx-submodules
of C®(Vieg, U)ry..

Observe that the propagation operatprrestricts to a linear map

T, : C*(V,U) — CB“(V,U).
We now obtain the following theorem.

THEOREM3.5.4. () C*"®)(V,U)r, € C®(V,eq,U)r, is a Hi -submodule.
(ii) The propagation operatdf}, restricts to an isomorphism

Ty : C*(V,U)g, — C= OV, U)r,
of H;X-modules.

PROOF. We first show thafl}, restricts to a linear isomorphisi®, : C*(V,U) —
C«*)(V,U). For this we use the commutation relations

Sa (DaV)T - (—1)T(Dav)r e =(1- (—1)T)ka(Dav)T71, acl, reZs
(3.5.6)
in H;X, which follows from (2.2.11) applied to = (Da")" € S(V)c.

Letyp € C¥(V,U) and denotef = T € CB“(V,U). We show thaif satisfies the
derivative jumps (3.5.5) over sub-regutac V, (b € X) for all r € Z~¢. In view of the
W -equivariance of the propagation operdf@r it suffices to derive the derivative jumps
for f over sub-regular vectortsc V, N Cy (a € I). Fixa € I, v € V, N C, sub-regular
andr € Z-q. Fore > 0 small we have) + tDa" = s,(v —tDa") € C for0 < t < e.
Hence

Opav (v +0DaY) = 0p,v6(v) = $a(Qr(5a)(Opav d)(v)), (3.5.7)
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where the second equality follows from (3.5.3). On the other hand,

Opav f(v = 0Da") = (=1)"0p,v (f**)(v + 0Da”) = sa((—l)r%av(Qk(sa)@(sv))é)
5.
Combining (3.5.7) and (3.5.8) now yields

Opav f(v+0Da") — 8%, f(v —0Da")
= 54(((Qr(5a)0pav — (=1)"0pav Qi (54)) 8) (v))
= 54((1 = (=1)") ka0t 6(v))
= (1= (=1)")kasa (9py f(v +0Da")),

where the second equality follows from (tg-image of) (3.5.6). Thug € C«*)(V, U).

The propagation operatd, : C<(V,U) — C«(F)(V,U) is clearly injective. We
now proceed to prove surjectivity. Lgt € ¢« (*)(V,U) and denotes for the unique
U-valued real analytic function ol satisfying$|c, = f|c,. The functiong :=
f =Ty € C*®(V,U) satisfiesg|— = 0, hence the continuity of and the deriv-
ative jump conditions (3.5.5) fgr imply that

(0pavg)(v —0Da") =0

forr € Z>o, a € I andv € V, N Cy sub-regular. Sincg|c has an extension to an
U-valued analytic function on the whole Euclidean sp&céor any alcoveC € C, we
conclude thay|~ = 0 for the neighboring alcoveS = 5,C. (a € I) of C,.. Continuing
inductively, we conclude that= 0 onV, hencef = Tj.

It remains to show that the isomorphism

Ty : C¥(V,U)q, — C"(V,U)n,

of Wx-modules is in fact an isomorphism & -modules. For this it suffices to show
that

T (9o f)v,eo = D (TS v, (3.5.9)

forv e Vandf € C¥(V,U). To prove (3.5.9) we use the commutation relation

w-v = ((Dw)) - w+ Z koDa(v)ws, (3.5.10)

aEXtNw—13—

in H;X, which can be easily proved by induction on the length) of w € W using the
cross relations iff¥ (see Theorem 2.2(@)). Fix w € W andv’ € C,. By (3.5.10) and
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Theorem 2.5.13 we have
w(T3, (90 f)(w™'0"))
= Qr(w)(0u f)(v")
= 0puyp( @)+ D kaDa(v)Qx(wsa) f(v))

a€EXtNw—13—

= (O (@@ T ))W) + Y kaDa(v)(w(wsa)Tif)(')

aeXtNuw—13—

= (m(w)0y(Tr f)) (V') + Z koDa(v)wsa(Tyf(sqw™ "))

aeXtNuw—13—
= w(0u(Thf)(w ")) +w Z koDa(v)sq(Th f(sqw™ "))
a€XtNw—13~-
= w(DE(TLf) (w™'0)),
where the last equality follows from (3.4.3), and hence
(0o f)(w™ ") = Dy(Ti f) (w™ ).
O

REMARK 3.5.5. The assertiond2, Theorem 2.7] that, in Gutkin’s notation, the prop-
agation operator (corresponding to the scalar cdgels an automorphism of th&/-
moduleC B> (V') seems to be incorrect (see Remark 2.5.5).3],[this result is used
to link BVP,()) to E(\) (see (3.3.1)). We will show in the next section that Theo-
rem 3.5.4ii) suffices to provide this link.

REMARK 3.5.6. Theorem 3.5.4 has an obvious analog in the context of finite root
systems (compare with Remark 3.4.4). For the scalar casearaf type A, the in-
tertwining properties of the propagation operator with respect to the degenerate affine
Hecke algebra actions were consideredig] pnd the normal derivative jump conditions
of higher order were considered i83.

COROLLARY 3.5.7. Fix v € V. The Dunkl operatoD! is a linear operator on
CwR)(V,U) satisfyingD¥ (Ty, f) = Ti. (0, f) for all f € C¥(V,U).

In the following proposition we relate the Dunkl operat®¥sto the quantum Hamil-
tonianH;, (see (3.2.1) and (3.2.2)). Recall thatd) = A for the Wy-invariant polyno-
mialp, = || - [|> onV*.

PROPOSITION3.5.8. For f € C“(*)(V,U) we have

—p2(D")f = Hy.f (3.5.11)
asU-valued distributions orv'.

PROOF. Fix f € C«®)(V,U), thenpy(D*)f € c«k)(V,U) C C(V,U) and
pg('Dk)f‘Vreg = Afy,., by Corollary 3.4.3. Furthermoref satisfies the first order
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normal derivative jumps (3.2.3) over the affine hyperplaviege € 7). The identity
(3.5.11) then follows from a standard argument using Green'’s identity, cf. (the proof of)
Proposition 3.2.5. O

By Proposition 3.5.8 it is justified to interpret the quantum Hamiltoritén on
C ) (V,U) as the operatorp,(D*) on C«»¥)(V,U). The complete integrability of
the quantum system is then directly reflected by the commutativity of the Dunkl opera-
torsD¥ (v € V). More precisely, the spage~(¥) (V, )V serves as an algebraic model
for the Hilbert space of quantum states associated to the vector-valued bosonic quantum
system onV//@QV with Hamiltonian;, = —py(D¥). The pair-wise commuting opera-
torsp(D*) (p € S(V)g’“) on C«®)(V, U)W are the corresponding quantum conserved
integrals.

3.6. The boundary value problem revisited
The operatop(D*) (p € S(V){°) onC«»*)(V,U) satisfies

p(O")flvie, =@ f v,y FECOB(VT)

by Corollary 3.4.3. This key observation leads to an explicit connection between the
spectral problem of the operatqreD*) (p € S(V)(V:VO) and the boundary value problem
as formulated in Definition 3.2.6. We will first do the analysis for the spectral problem of
the quantum Hamiltoniat;, (defined by (3.2.1) and (3.2.2)).

For E € C we write £(E, U) for the space of functiong € C*(V,U) satisfying
Af=—EfonV (cf. Example 3.2.8). By Proposition 2.28(E,U)q, € C¥(V,U)q,
is a H{* -submodule. Denoté, (E, U) for the space of functiong € CB“(V, U) satis-
fying H,. f = Ef asU-valued distributions of.

THEOREM3.6.1. Fix E € C.
(i) We have
E(B,.U) = {f € C“®(V.U)x, |p2(D")f = ~Ef}, (36.1)
hencey, (E,U), C C«®(V,U),, is aH; -submodule.
(i) The propagation operatdf}, restricts to an isomorphism
Ty : E(B,U)g, — E(E,U)x,
of H;X-modules.

PROOF. (i) We first show that, (E,U) c C«)(V,U). Fix f € &.(E,U). By
Proposition 3.25f € C*®(V,U) n CB*(V,U) and Afly,,, = —Eflv,.,. Let
Y be the unique/-valued analytic function oV satisfying?|c, = f|c,, theny €
E(E,U). By Theorem 3.5.4 and Corollary 3.4.3 we conclude that € C«*)(V,U)

andA(Tyy)lv,., = —E(Txy)lv,.,- Hence

g:=f—Twp e CHH(V,U)NCB*(V,U)
satisfiesAg|v,., = —FEgly,., and has the additional property t@%ﬁ = 0. Fixv e V,N
C, (a € I) sub-regular. The nontrivial normal derivative jump condition (3.2.3)fatv
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trivializes since_g|@ = 0, hencg is continuously differentiable in an open neighborhood
N of v. Denoting byA + E the (hypo)elliptic constant coefficient differential operator,
we see thay|y is a distributional solution of th&’-valued operatofA + E) ® idy on

N, henceg|y is smooth (cf. Example 3.2.8 and (proof of) Proposition 3.2.5). Since
9l = 0, we conclude that

oh,vg(v—0Da") = 0%, g(v+0Da") =0, r € Z>o.

As in the proof of Theorem 3.5.4 we conclude tbbgt@ = 0 for a € I (alternatively,
this is a direct consequence of Holmgren’s uniqueness Theorem). Continuing inductively,
we conclude thay = 0 on'V. Hencef = Ty € C« ") (V,U).
Formula (3.6.1) now follows from Proposition 3.5.8. SipgéD*) = 74 (p2), Propo-
sition 2.2.7 implies thaf (E,U),, ¢ C«¥)(V,U),, is aH; -submodule.
(i) This follows from Theorem 3.5.4, (3.6.1) and the fact ap2) = p2(0) = A. O

We now extend these results to the solution spacesBV,R/) of the boundary value
problem (Definition 3.2.6). For &;X-moduleM and\ € V¢ we define

My:={meM |p-m=pA\)m VpeSV)}, (3.6.2)

which is a H;X-submodule ofM in view of Proposition 2.2.7. By Remark 2.2.8 the
module)M) consists of the vectors € M transforming according to the central character

A € V¢ for the action of the center of the degenerate affine Hecke alg‘é@)ag H.

COROLLARY 3.6.2. Let A € V. The spaceBVP, (A, U) is the H{X-submodule
C RNV, Uy, x Of RN (V 1),

PrRoOOFE By Corollary 3.4.3 and Theorem 3.5.4 we have

CHBIWV,U)mon = {f € COOWU) | p@) v,y =W lvey YR ESVIE"},
(3.6.3)
henceC“ (¥)(V,U), x» € BVPx(\, U). By Proposition 3.2.5 and Remark 3.2.7 we have

BVP,L(\,U) C Ek(—p2(N),U).
Theorem 3.6.1 and (3.6.3) now implies that BYR, U) C C«*)(V,U),, . O
Consider the spac&(\,U) c C¥(V,U). SinceQx(p) = p(0d) (p € S(V)c),

we see thaF(\, U)g, is the H-moduleC¥(V,U)q, . Note that the equality (3.3.2)
generalizes immediately to

E(\U) =BVPy(A,U).
Lemma 3.2.11 applied to tH& x-moduleE (A, U)q, gives the decomposition
EQU)G. = @B ENU)GX, (3.6.4)
XE(X/QY)
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with the x-isotypical componenE(\, U)X being defined as

ENU)GY ={ € EO UG 1Qu()d = x(z + Q)Y Vo € X}
={v e E\U)|Qk(wr)y = x(z + Q) Vw € Wy, x € X}

We now generalize the isomorphism (3.3.7) to the vector-valued case. Before doing
this we recall some concepts from parabolic subgroup theory of affine Weyl groups (cf.
[45]). Let J be a subset of. The subgroupV; of W generated by, (a € J) is called a
standard parabolic subgroupf 177. The isotropyiV, of av (v € V) is by definition the
following subgroup ini¥:

(3.6.5)

W, = {w € W|wv = v}.
A well known fact states that far € C, the isotropy subgroupV, is a standard para-
bolic subgroup of). Moreover,

Wy = (sala € I,5,(v) =v) = (sala € [,a(v) =0) (veCy). (3.6.6)
Consider the following subspace 6¥ (V,U),
CL(V,U) ={¢ € C(V,U)|sa(¥(v)) = p(v) YveV,NCy,ac€ I}
LEMMA 3.6.3. The following
(G)(w™v) =w™ (Y(v), weWvely (36.7)
defines a linear maps : C%(V,U) — C(V,U)¥.
PROOF It is clear that (3.6.7) defines a linear mép: C%(V,U) — B(V,U)¥.
We must show that the image 6f lies in the subspac€(V,U)Y < B(V,U)Y (cf.
Remark 2.5.2). Let) € C%(V,U). It suffices to show thafs is single-valued. This

follows because by (3.6.6) we have that ' (v) = wy " (v) for v € C andw; *v =
w; M, O

Note that in the scalar cage; (V, U) (respectively (3.6.7)) reduces € (V) (re-
spectively (3.3.3)).

THEOREM3.6.4. Let\ € V(.
(i) The propagation operatdf}, restricts to an isomorphism

Ty : E(\,U)q, — BVPx(A, U)x,
of left H;X-modules.
(ii) The mapG (3.6.7)restricts to an isomorphisi@ : E(), U)g/,lx — BVP, (X, U)X
forall y € X/QV.

PROOF (i) The restriction of the propagation operatd; to the H; -module
E\U)g, = C¥(V,U)q,, defines an isomorphism

Ti: EO\U)g, — C*B(V,U)r,
of HX-modules in view of Theorem 3.5.4. Corollary 3.6.2 now completes the proof.
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(i) Note thatE (X, U)g < C%(V,U) holds, which follows from (3.5.3). Now use
(i) and the fact that the propagation m@p acts onQ(W)-invariant functions in the
same way as the map (3.6.7), or in other words, the following diagram

CY(V,U)f —— C{(V,U)
T |1 G

c®BW,o)W —— oWV, U)¥

is a commutative diagram.
O

COROLLARY 3.6.5. Let A € V¥, The mapG (3.6.7)restricts to an isomorphism
G:E\U)pX — BVPy (A, U)Yx.

Theorem 3.6.4i) can be used to connect tesotypical (¢ € m) component of
the solution space BVRA, U)Y to the boundary value problem to tireisotypical com-
ponent of the space of invariank A, U)S’, whereE (X, U) now is the solution space to
the boundary value problem with zero normal derivative jumps over sub-regular vectors.

3.7. The Bethe ansatz equations

As usualX denotes a lattice betweegp and PV andU denotes always a finite
dimensional representation tf x, unless stated otherwise. In this section we show that

for y € )?/Q\V the space&(\, U)S’;X is not the null space (for generic regulgyif and
only if the spectral parameter € V¥ satisfies certain transcendental equations. These
equations will be called Bethe ansatz equations (in short, BAE). For root system of type
A andU the regular representatidrun(Wy, C) (and the translation paX of Wx =
Wy x X acting trivial onlU') these equations are essentially the equationr8Gag&fuations
©))

In the scalar cases we recover fog of type A the Bethe ansatz equations of Lieb
and Liniger p€], and forX, of type D the Bethe ansatz equations of Gaudif|] [2§].
In the scalar case it is possible to prove stronger results, see Chapter 4.

In this section\ always denotes generic regularspectral parameter (cf. (3.2.9)).

For a simple root: € I we set

A Da)sq — kq
MDa") + ka

THEOREM 3.7.1. Letw = s;,...s;,w € Wx be an expression fow in simple
reflectionss,, and withw € Qx. The following element ift[Wx] is well-defined,

Io(\) = 19 ((D(si, - . )N %2 (D(s4y - . .55, ))A) ... I% (Nw.  (3.7.2)

I°(\) = € C[Wx]. (3.7.1)
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In particular, thel,, (\) satisfies
Lyrw(N) = Ly (DW)A)T,(N)  (w,w’ € Wx). (3.7.3)

PrROOFE This is analogous to the argument 84[ Section 4.1] (see als638, Section
1] and [L1]). Here we give only the main arguments and refer@] pnd [63] for more
details.

Letu € V. If N is afinite dimensional/;* -module we defineV# = {n € N|gn =

q(p)nVq € S(V)c}. We denote byC,, the foIIowmg one-dimensional representation
of S(V)c, glven byge = g(p)c for all ¢ € S(V)c ande € C. For anyu we call
P(p) = IndS(V) (C.) = Hif ®@s(v). C,, the (minimal) principal series representation
of H;X with central characteW, . (for the action of the center of the degenerate affine
Hecke algebras\” ¢ H}Y).

Then P(y) is isomorphic to the regular representation@fV x| when restricted
to C[Wx] C H¥ (and has central charact8yu). It has the the following universal
property: for a finite dimensional modulé of H;X and an € N* there exists a unique
H;X-module morphisnP () — N such that ®g(v). 1 — n.

DefineJ, = s, - Da¥ — k, € H;X (a € I) (the operator version of,, (see (4.4.4))
will also be usefull in the next chapter). Then one shows in the same wa&Aaghe-
orem 4.%ii)] that the J, (a € I) satisfy the braid relations of (but not the quadratic
relations). In particulat/,, := wJ,,, "'Jan(w) is well-defined for a reduced expres-
sionw = ws;, ...si,,,, and furthermore/,,q = ¢”*J, for all ¢ € S(V)c. By the
previous paragraph ®@gv). 1 — Ju ®g(v). 1 uniquely defines & -module mor-
phism P((Dw)A ) P()\). Denote byJ) the (unique) element i©[Wx] such that
Juw ®svy)e 1 = J) ®g(v)e 1 holds inP(X). Consider the following maps,

P((D(ww'))A) — P((Dw')A) — P(A).
Under the composition of these maps) (v, 1 is mapped tq.J,, J. ) @5 (v). 1 and also
to(J(Dw/)AJA )@svye L. I l(ww') = l(w)+1(w'), thenJy, = JyJ,» and therefore by

(the uniqueness part of the) universal property above, we have/then= J$ (D’ A,
When normalized as

A Ta
v II  (ADa¥)+ka)’
acXtNuw—13—
they satisfy. 7, = J&P*)*J2, for all w,w’ € Wy. To conclude the proof observe that
Ly(\) = J. O

REMARK. Note the similarity of relation (3.7.3) with the cocycle relations (6#,[
Section 4.1]).

For later use the relation
I\ ' =TI, ((Dw))\)  VYwe Wy, (3.7.4)
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will be useful, and follows directly from the relations (3.7.3) ad\) = e.

COROLLARY 3.7.2. The mapC[X]| — C[Wx] defined byr — I,()\) := I, ()\)
(x € X)is a unit preserving algebra morphism. In particular, for a fixedthe subset
{I;(N)|z € X} of C[Wx] is an abelian subgroup of the group of invertible elements of
C[Wx].

PrROOF This is a direct consequence of the relations (3.7.3) and (3.7.4). O

REMARK 3.7.3. It is possible to defind’(\, ) for finite dimensional represen-
tation N of Wy, using the corresponding?-representation of, on C(V, N) (cf. Re-
mark 2.5.14 and40]). We denote the corresponding subspacé&lgfinvariant elements
by E(), N)Z)Vg. The following vector space identity is obvious by construction,

E(\, U)g’g = E()\, Restk,{/o)g’g,

and will be used implicitely in the whole thesis (cf. Definition 3.2.10). Here I%eostr
denotes the restriction &f to the subgrouply of Wx.

Consider the group algebf&1V,] overC as the regular representation1df. The
corresponding’-representation ofV, on C>°(V) ® C[W,] from Chapter 2 (cf. Re-
mark 2.5.14) will be denoted b} (u stands founiversa).

The following vector space embeddings

C(V) @ C[Wy] C C*(V) @ C[W] C C(V) & C[Wx],
will be used implicitly, with® denoting the algebraic tensor product ogicompare this
with (3.2.5)).
Before analyzing the spacéx ), U)S/LX (x € m) it is useful to first describe the
spaceF (A, U)g’]i’. This can be done in a universal way.

DEFINITION 3.7.4. Lety € V. Theuniversal eigenfunction with spectral parameter
w is theC[Wy]-valued function

1 u L
U, =T, =—— > Qrw)(e" @e) € E(p,CWo)5e. (3.7.5)
#WO weWy g
For regula € V¢ the operator-valued functioh,, admits the following plane wave
decomposition

1
U, =— e" ® cy,(p), 3.7.6
"= T Evjv () (376)
for certain elements,, (1) = ¢y 1 (1) in C[IWg].
The normalized intertwinerg,, (\) allows us to manipulate with the, () in an
efficient way because of the relations (3.7.3). To coniig€h) andc,, (\) we introduce
the following c-function by

&= [ W (3.7.7)

aGE(T
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considered as rational function pfe V¢, cf. [28], [40].
LEMMA 3.7.5. We have
co(N) = &N I,(\) Yw e W, (3.7.8)
PROOF. Letp € V¢, ... Then

p(Da)sq — ka>

kq
(D) utelr® ——u (a€eX,uel)

u(DaV)
(3.7.9)

holds, which follows by a direct computation. A simple calculation then shows
Qi (wo)(e ® a) = € @ () Lwy (n)a  (a € C[Wo])
modulo terms:* with v € Wy andv < w in the Bruhat ordering (for the definition of
the Bruhat order, seelh, Section 5.5]). Sinc&(w)(e*) (w € Wy) only consists of
termse¥# with v € Wy andv < w in the Bruhat ordering, we conclude that (3.7.8) is true
for w = wy.
We also have

Qe ) = sofe) &

Csow(A) = I (wWA)ew(X) Yw € Wy, a € I, (3.7.10)

which follows from the decomposition (3.7.6); (so)¥x = ¥ (a € Iy) and (3.7.9).
The lemma follows from

Cwwy = Luw(WoA) o (A) = C(AN) Ly (A)  (Yw € W),
with the first equality following by induction on the length of and (3.7.10), and the
second equality from,,, (A) = é,(A) I, (A) and (3.7.3). O

LEMMA 3.7.6. Let H be a finite group andV a finite dimensional representations of
H. Consider the group algebi@[H] as the regular representation &f. The assignment

ni— Y h@hn (3.7.11)
heH
defines a vecor space isomorphism fréfrto (C[H] ® N) (the space off-invariant
elements in the tensor product representation).

PROOF It is obvious that the map (3.7.11) is injective. For the surjectivityplet
>, h@ny, € (C[H]® N), for certain element,, in N. We have to show that;, = n.
forall h € H, with e denoting the unit element &f. To show this we start with observing

that

D h@np=m=g"m=> g'hagny=> heg 'ng

heH heH heH
holds for allg € H. Whencen;, = g~ 'ngy, for all g, h € H. Takingh = e we conclude
thatn, = n. forall g € H, finishing the proof. a

The following lemma explains the universality bf, .
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LEMMA 3.7.7. Let N be a finite dimensional representationldf andp € V&, The
mapN — E(pu, N)g/(?, defined by. — v, and with
k

1
n= = e > QUw)(e* @), (3.7.12)
0 weWy
is a vector space isomorphism.
PROOF Since the representation theory of the finite grélip does not admit non-
trivial continuous deformations, the lemma will follow from the céses 0 and regular

i. Let u then be regular. Then it is immediate th‘ﬁ(u,N)Qg is the tensor product
representation of the regular representatiofigfandU. Moreover,

QS(w') (e @n) = """ @ w'n (w,w" € Wo,n € U).
Now apply Lemma 3.7.6 to conclude the proof. O

For regulary € V¢ andn € N (with the same conditions as in Lemma 3.7.7),
the N-valued functiony} allows the following plane wave decomposition (compare
with (3.7.6))

1
Yy = oA Z P ® e (p)n. (3.7.13)

weWy
The following theorem is a special of the main result Theorem 3.7.14 (corresponding
to the caseX = V) and is used in the proof of Theorem 3.7.14.
THEOREM 3.7.8. Let A\ € V¥ be a generic regular spectral parameter anda
nonzero element itr. Thenyy € E(A, U)g’k if and only ifu is a simultaneous eigenvec-
tor of the family of commuting operatofs()\) (z € QV) with eigenvalue*®), i.e.

L(Nu=e®u  veeQV. (3.7.14)
The equations (3.7.14) are callBdthe ansatz equations

PROOF Note that because of Corollary 3.7.2, thd\) (z € QV) indeed form a
family of commuting operators ofi.

Sinceyy € E(A, U)S’:, it suffices to determine what the conditions bandu are
such that

Qr(s0)Vy = ¥Y. (3.7.15)

Using (3.7.9) (applied ta = ag) and the plane wave decomposition (3.7.13) it is easily
shown that (3.7.15) holds iff

Cs,w(N)u = W) rao (wA)ew(Nu  Yw € W.
Using (3.7.8) and Theorem 3.7.1 this can be reformulated as

e“)A(WV)IQO(MA)Iw(A)u = [Sw (w)\)fw()\>u Yw € W. (3716)
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Leta = w'pandb = wlay = —a+ § € X. Usingws, = s,w, the relations (3.7.3)
andsqw = wsy, one immediately sees:
I (wA)Iy(A) = Ly(sa M) s, (M)
and
Iy (wA) Ly(A) = Ty (8o M) Is_ 5 (A) = T (Sa M) s, I _ov,
where the second equality follows from (3.7.3) and,+ s = sa7—ov. Whence (3.7.16)
is equivalent with
Iy-1v (Nu = Ay, Yw € Wy.
Since all long roots irt, are conjugate t@ we haveyy € E(A, U)g’k_ if and only if

Igv(Nu =)y Vlong rootss € X.

Now observe that the BAE (3.7.14) are “additive”in By this we mean: if (3.7.14)
is satisfied forr = z; andz = x,, then it is also satisfied far = —x; andz =
z1 + x9. Together with the fact tha®" is generated by short co-roots we conclude that
Q(ao)yy = ¢} if and only if A andu satisfy the Bethe ansatz equations (3.7.14). O

In the scalar case Theorem 3.7.8 is equivalent to the following (use Lemmas 4.2.5,
4.2.2 and 3.7.7).

COROLLARY 3.7.9. Let A € V{¥ be a generic regular spectral parameter. Then
E(/\)g’k is one-dimensional or zero-dimensional. It is one-dimensional if and only if the
spectral value\ is solution of the Bethe ansatz equations

@) — kaq o) Az) %
[ (Semmi) -2 veeer
aGEg

If E()\)g/k is one-dimensional then

¥y = #Il% ;V Cre(wA)e (3.7.17)

is the unique function if(\)¢) normalized byp» (0) = 1.

In the next chapter we will analyze the scalar case more throughly and are able to
prove a stronger result, cf. Theorems 4.6.1 and 4.6.2.

Reformulated in terms of the original boundary value problem (cf. Definition 3.2.6)
the previous Theorem 3.7.8 can be reformulated as follows.

THEOREM 3.7.10. Let A € V{¥ be a generic regular spectral parameter. Then
BVP,(\, U)Y is nonzero iffT;,y% € BVP,(A\,U)Y for a nonzerou € U. The lat-
ter holds iff (A, u) is a solution of the Bethe ansatz equati@Bs7.14) In particular:
A€ §(U) iff (A, u) satisfieq3.7.14)for a nonzerau € U.

PrRoOOF Follows from Definition 3.2.13, Corollary 3.6.5 and Theorem 3.7.8. [J
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We now investigate the conditions onunder which they-isotypical component

(with x € X/QV) E\U)g, X of B(), U)g, is not the null space. Before we state and
prove the main result Theorem 3.7.14 of this section, we introduce more notations and
results concerning the group&/Q" andQx.

Let&y,..., &, € PY denote thdundamental co-weightsith respect to the simple
rootsly = {ay,...,ay}, defined as the vectors I satisfying

ai(§) =06,  Vi,je{l,2,...,n}.

A co-weight¢ € PV is calledminusculdf ¢ € (C, N PY)\{0}. Alternatively, a co-
weight¢ € PV is minuscule if and only it # 0 and0 < «(¢) < 1foralla € 3. Let
p = mya;+meas+- - -+mya, be the expansion of the highest root as linear combination
of basis elements. Then; € N = {1,2,...}. Consider the subs@&* := {r|m, = 1}
of {1,2,...,n}. The set of minuscule co-weights is known to be equdltdr € O*}
(see p4, Proposition 3.3]).

Let J. := Ip\{a,} (r = 1,2,...,n) and consider the standard parabolic subgroup
Wo. s, generated by the simple reflections (a € J,.). It is the isotropic subgroup &,
in Wy. The longest element i, ;. is denoted byw ;..

PROPOSITION3.7.11. The groupQ? equals{w, = wow . 7—¢, |7 € O*} U {1}.
In particular the set of all minuscule co-weights is a complete set of representatives of

(PY/QV)\{0}.
For a proof seed4, Proposition 3.4]. Proposition 3.7.11 together Witk = Wx N
Q w W =1, W (r € O*) gives

COROLLARY 3.7.12. The groupf)x equals{w,|r € O%} U{1}, whereO% = {r €
O*| & € X}. Inparticular the se{ &, | r € O% }U{0} is a complete set of representatives
of X/QV.

LEMMA 3.7.13. Let A € V¥ be a generic regular spectral parameter and: O%.
We have

T(w)y = (=& + QWY = L(Nu=x(z+Q")e*u  VzeWp,.

(3.7.18)
PrROOF First observe that for € W, andx € X we have
1 —wA(z) wA
(v )Yy = (v e UM @ 1w (Nu
(072 )% #WO © 3 ey
w 0
—wk(a) VWA
Z e ® VTgCw (A)u.
#WO weWy
In particular, if alsovr, € Qx we get, using thak is regular,

m(vr)Y = x(24+QV)YY = e Purc,(Nu = x(+QY)cvw(Nu  Yw € Wy,

(3.7.19)
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Putv, = wow,, . Apply (3.7.19) withv = v, andz = —¢,. to conclude

W(WT)WX = X(_fr + Qv)Wi —
ey e (Nu = X (=& + QY w(Nu  Yw € Wy.  (3.7.20)

Whence, using (3.7.8) and (3.7.4) we see that, )y} = x(—¢&, + Q¥)yY if and only
if

ATy = (=& + Q)1 (WA (MU Yw € W (3.7.21)
holds. Use (3.7.20), (3.7.2w ', +QY = —¢&,.+QV (cf. paragraph following (2.2.5))
and the identity

Ly-16,(A) = Ly—1 (wA)w; ' Iy, 0 (N)

to conclude (3.7.18). a

We are able to prove the main result of this section.

THEOREM3.7.14. Let A € V¥ be a generic regular spectral parametera nonzero
elementiny andy € X/QV. Them)} € E(\, U)S’;_X if and only ifu is a simultaneous
eigenvector of the family of commuting operafgf\) (x € X) with eigenvaluey(x +
Q)M e,

L(MNu=x(z+QY)e Ny  VeeX. (3.7.22)

The equations (3.7.22) are callBéthe ansatz equatioifassociated t&X andy).

PROOF We start with the identity

ENU)GX ={v € EQ U, | me(we)t = x(—& + Q¥)¢ Vre Ok} (3.7.23)
This follows from (3.6.5),Wx = W x Qx, Corollary 3.7.12w, = wow;,7—¢, and
mr(wr) = Qr(wy) (r € O%) as elements iEnd(C*>(V,U)). By Theorem 3.7.8 and
Lemma 3.7.13 thep} € E(A, U)S’;X if and only if the BAE (3.7.22) are satisfied forc
QY U{wé, |lw € Wy, r € O%}. To conclude the proof observe that the BAE (3.7.22) are

“additive” in z € X (cf. proof of Theorem 3.7.8) an¥ is generated as an abelian group
by Q¥ and{wé¢,|w € Wy, r € O% } (cf. second statement of Corollary 3.7.12). O

COROLLARY 3.7.15. Every solution(A,u) € V¢ x U of the Bethe ansatz equa-
tions (3.7.14)has a unique decompositidn, u) = (A, > uy) with (A, uy) € V@ U
a solution of the Bethe ansatz equati¢B<.22)

PrRoOF This follows from the decomposition (3.6.4) and Theorem (3.7.14). O

Reformulated in terms of the original boundary value problem (cf. Definition 3.2.6)
the previous theorem takes the following form.

THEOREM 3.7.16. Let A € V& be a generic regular spectral parameter agde
X/QV. ThenBVP,(\, U)X is nonzero iffT}, 4% € BVP, (A, U)¥X for a nonzerou €
U. The latter holds iff \, ) satisfy the Bethe ansatz equatids7.22) In particular:
A e §.(U, x) iff (A, u) satisfieg3.7.14)for a nonzerou € U.
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PrROOF Follows from Definition 3.2.13, Theorem 3.6} and Theorem 3.7.14.0

3.8. The spectrum

In this section we restrict ourself to finite dimensionaitary representation&’ of
Wx (with inner product denoted bfy, -);) andstrictly positivemultiplicity functionsk.
As in the previous section we always assume thalenotes a generic regular spectral
parameter. The main result of this section states that if the dpékd/ )8/ is nonempty,
A must be purely imaginary, i.e. € iV*. Note that a purely imaginary spectral parameter
u € iV* is always generic under the assumptior 0.

LEMMA 3.8.1. The spectruns, (U, x) and the regular spectruid, “/ (U, x) are W,-
invariant.

PrROOF This is an immediate consequencelofu,U) = E(wu,U) (w € W,
p € V), Corollary 3.6.5 and th&/p-invariance of/7 ... . O

In particular we get for a € Wy:
Yy € EOU)Y fora0 #ueU < ¢y € B\ U)Y fora0 #u' € U.
Using Theorem 3.7.8 we can actually be more specific.
COROLLARY 3.8.2. Letu € U. Then for allw € W, we have
e EQU)Y = ¢V e BOL )Y

THEOREM 3.8.3 (Purely imaginary regular spectrumAssume tha# is a generic

spectral parameter in the regular spectrufi}“’(U, x) for a x € m Then) is
purely imaginary, i.e\ € iV*.

PROOF SinceE()\,U)g/];X C E()\, U)g’k, the general case will from the special
caseX = Y, which we assume in the rest of the proof. Recall from Section 2 that the
set of generic\ € V* is Wy-invariant. Whence by by Lemma 3.8.1 we may assume that
the real part of\ lies in the closure of the positive chamber:= p + iv, with € V7
andv € V*. The essence of the proof is that the operdtor(\) is a contraction o/
with respect to the invariant forfa, -);; on U, i.e.

(Iov N, Loy (Nu)y < (w,u)y Vu € U. (3.8.1)
Sincer,v = sps,, (Cf. (2.2.2)) and the relations (3.7.3) we have
Iv(A) =19 (s,N) I, (N).

Se

Now lets, = s;, ...s;, be areduced expression. Applying once again (3.7.3) gives
Iov(N) =19 (s AN T4 (84, .. 8, A) T2 (845 ... 85, \) ... TV (X) (3.8.2)

Every term on the right hand side is of the form
A DaY)sq — kq

NDa) Tk (@€ (B Ns%0) U {—ao}). (3.8.3)
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To show (3.8.1) it therefore suffices to show that (3.8.3) is a contraction. a Let
(¢ NsyXg) U{—ao}and puta = Da € X . Then

IA(@Y) + kol = p(a¥)? + K2 + v(a¥)? + 2kapu(a), (3.8.4)

and with every term on the right hand side real and non-negative bepaas®’ and
k> 0.
Furthermore, ifu € U, then

[(MaY)sa = ka)ullfy = (u(a¥)? + k2 +v(a¥)?) (u,u)y
— ka((MaY)squ, u)y + (u, M) su)y)  (3.8.5)

By the Cauchy-Schwarz inequality and unitaryldfve have|(s,u, u)y| < (u,u)y. By
unitarity of U follows also(s,u, u)y = (u, s,u)y € R. Whence the last term in (3.8.5)
is real and can be estimated by

—2ka(sat, w)rp(a’) < 2kq|[ul|fua). (3.8.6)
It follows that
[(AMaY)sa = ka)ullfy < (u(@)? + k2 + v(@)? + 2kapu(a¥))[|ullf
IN@Y) + kol [ull?,

where the equality follows from (3.8.4). Hence the operators (3.8.3) are contractions, and
therefore alsd,v (\).
reg

Since)isinS,;“/(U) and generic, by Theorem 3.718- () has a eigenvectar € U
with eigenvalue*(®"). Sincel v (\) is a contraction, it follows that the modulus of this

eigenvalue satisfies'(*") = ‘ek(%"v)’ < 1. But alsoe*(#*”) > 1 sincey € V*. Thus

‘e““’v)’ = 1, implying thatA(¢") is purely imaginary. Since" = >_"_, n;a) with n;

j=1
strictly positive integers and since the real paridies in V., we conclude thak(a}) is
purely imaginary for all co-roots; (j = 1,...,n). This impliesA € iV* and concludes

the proof. O

LEMMA 3.8.4. Let\ € iV}r andw € Wx. Then the operatof,,()\) is a unitary
operator onU, i.e.

(LN, Ly M)y = (u,u)y Yu e U.

PrROOE With a similar argument as in the proof of Theorem 3.8.3 one easily shows
that
DaV —
() = UP1)5a —
v(Dav) + kq
is a unitary operator off if v € iV;%_. Now observe thaf,, ()\) is a product of operators

reg-
of the form/%(v) andl,(v) = w (as operators ofy for w € Qx) with v € iV _, and
these are unitary operators bh O

(ael)

reg?
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Using the previous lemma, Theorem 3.7.14 can in this context be strengthened as
follows.

THEOREM 3.8.5. Let U be a finite dimensional unitary representationl®fy and
k a strictly positive multiplicity function. Let alsb € V¥ be a generic regular spectral
parametery a nonzero element éf andy € X/QV. Thenyy € E(\, U)g/,lx if and only
if A is purely imaginary and, ) is a solution of the Bethe ansatz equati¢ds.22)

Reformulated in terms of the original boundary value problem (cf. Definition 3.2.6)
the previous theorem takes the following form.

THEOREM 3.8.6. Let U be a finite dimensional unitary representationl®fy and
k a strictly positive multiplicity function. Let alsb € V¥ be a generic regular spectral
parameter andy € X/QV. ThenBVP, (A, U)¥ X is nonzero iffl}, 4% € BVP, (A, U)Wx
for a nonzerau € U. The latter holds iff\ is purely imaginary and, ) is a solution of
the Bethe ansatz equatio(&7.22)






CHAPTER 4

Periodic scalar integrable systems with delta-potentials

4.1. Introduction

In Chapter 3 we attached to any affine root systérand a finite dimensional rep-
resentation of the corresponding affine Weyl group a quantum integrable system with
values in this representation. In this chapter we restrict ourself to the scalar system, i.e.
our quantum system takes values in the trivial representation.

Our aim in this chapter is two-fold. The first one is to show that the results of Sec-
tion 3.8 holds without the assumption that the spectral parameters have to be generic.
Second, we we will show that the solutions of the Bethe ansatz equations are controlled
by a strictly convex master function, generalizing the results of Yang & Yatgfr the
special case of the impenetrable Bose-gas on the circle.

We now give a summary of every section separately. In Section 4.2 we revisit the
intertwiner operators from Section 3.7. They act as scalar multiplication on the trivial rep-
resentation and we make these scalars explicit. In Section 4.3 we study the reformulated
boundary value problem (see Theorem 3.6.4). In particular the invariants @raetion
of the finite Weyl group are analyzed for general spectral parameters (cf. Lemma 3.7.7
and (3.7.13)). This leads in Section 4.4 to the derivation of the Bethe ansatz equations
for X = QV. Itis furthermore shown that the spectrum of the quantum system under
consideration is purely imaginary. In Section 4.5 we introduce the master function and
show that it is strictly convex. This allows us to proof that the boundary value problem
has solutions if and only if the associated spectral valugegalar solution of the Bethe
ansatz equations. In case of root system of typehis is known as the Pauli principle
for the interacting bosons. In Section 4.6 we show that the results of Sections 4.4 and 4.5
holds for general latticeQ" C X C PV.

In Section 4.7 some elementary facts about the connection between lattices and cosets
are given. It is al preparatory to Section 4.8, where we continue the study of the master
function from Section 4.5, leading to a natural parametrization of the solutions of the
Bethe ansatz equations. In Section 4.9 the solutions of the Bethe ansatz equations are
further analyzed, which leads to estimates for the momenta gaps.

In this chapter the notations from Chapter 2 and Chapter 3 are used. In parficular
always denotes a lattice between the co-root latfi¢eand the co-weight lattic&V, and
C:riv denotes the trivial representation @fIWx| (and occasionally of[Wy]). Unless

79
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stated explicitly otherwise, we fix a strictly positive multiplicity functién > — R.
In particular all the results of Section 3.8 apply

4.2. The intertwiners revisited

In this sectiom\ always denotes a generic spectral parameter, unless stated otherwise.

An elementl,,(\) € C[Wx] (w € Wx) from Section 3.7 acts as scalar multiplica-
tion onCs,;,. In this chapter we identify,, (A) with this scalar

Foraw € We write L(w) = St nw=1X~.

LEMMA 4.2.1. (i) (7,v) = (Et Ns,27) U {p + 6}
(i) Leta € Xg. Then:

2 if = ¢,
a(p’) =<1 ifae (S5 NseXo) \ {e}, (4.2.1)
0 if o ¢ X7 Ns,%g.

PROOF (i) This follows fromr,. = sos,, (cf. (2.2.2)) and$9, (2.2.4).(ii)].

(i) Usesq () = o —p(a)a and thatp is the highest root to conclude thataV)
Z.,and whence alsa(¢") € Z,. Leta € ¥ anda ¢ X7 Ns, X7, Thens,(a) = a—
a(pY)e € BT, Sincey is the highest root and(¢") € Z., we must havex(o") = 0.

Now assume that € (3§ N s,X5) \ {¢}. Together witha(¢¥) € Z, this gives
a(eY) € Z>1. Now consider the following identity,

sp(a) =a—a(p)p = (a—p)+(1-ale”))e.
Becausep is the highest root and < ¢, we must havé — a(¢") =0, i.e.a(¢¥) = 1.
The casex = ¢ is trivial. O

LEMMA 4.2.2. The following holds for: € Q¥ C X:

- )\(aV) _ ka a(z)
L(\) = H+ (M) : (4.2.2)
aeX]
PROOF. Note that
ayy _ ADaY) =k,
I (A) = m (a S I) (423)
The defining relation (3.7.2) df, () gives therefore
ADaV) =k,
Lo\ = I1 )\EDaV;Hf (w € Wy). (4.2.4)

a€X(w)=StNw-13-

Takingw = 7,v and using Lemma 4.2.1 we see that (4.2.2) holds:fer ¢".
The following identity

TIne(N) = Ly(w " N L(w™ ' NI, (\) = L(w™\)  (r€X,weW,) (4.2.5)
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follows from 7,,, = w7, w~' as elements iV x, the relations (3.7.3), (3.7.4) and the
commutativity of thel,, (). Observe that the expression

_ a(z)
(m) (a € g,z €QY) (4.2.6)

is invariant undery — —q«. Together with the obvious identity

&= ((wZé)ﬂZg)U—((ng)ﬂEa) (w e W),
(4.2.5) and the fact that (4.2.2) holds for= ¢V, we conclude that (4.2.2) holds for
z = wp” (w € Wy). Since all short co-roots are conjugatediyf underiy, we see
that (4.2.2) holds for all short co-roots € 3. To conclude the proof observe that

the (4.2.2) are “additive” ic € QV (cf. proof of Theorem 3.7.8) an@" is generated by
the short co-roots ixy . O

Let J be a subset of the simple roofs. We denoteX] C ¥, for the parabolic
root subsystem associated.toWe write NV ; for the cardinality of the corresponding set
st = vJ N} of positive roots insy.

LEMMA 4.2.3. The identity(4.2.2)holds for allz € X.

PROOF Because the equations (4.2.2) are “additive’zire X (cf. proof of The-
orem 3.7.14), the fact thaX is generated as an abelian group ®Y and {wé,.|w €
Wy, r € O%} and Lemma 4.2.2, it suffices to show that (4.2.2) holdsafor wé,
(w e Wy, r € O%). Fixar € O%. Letus denote by) a generic regular spectral
paramter. For an € W, we have by (4.2.4)

77
L (u™ ") H uav —|—k:

(8Y) — kg n(8Y) = ks\
[ )k 11 (25
peSInuzy (ﬁv) +k5 ﬁe—(zgmuzg):zgmuxg n(ﬂv) * kﬁ

(4.2.7)
Note that/,,(A) = 1 (w € Qx). Usinge, = w; lwowy,, (3.7.3) and (4.2.7) gives

aV) — kg
+ + n(a ) + ka
CKEEU ﬁerZO
Note that, is a minuscule co-weight, and whene&,.) = 1 forall « € ESF\EOJ"’+-
Standard parabolic theory of finite Weyl groups implies also the following,

SEnwy SF =si\zg T

Together with (4.2.8) we see that (4.2.2) holds fo= &,.. By (4.2.5) we getl,,¢, =
Ie, (w™X) (w € Wy). We conclude as in the proof of Lemma that (4.2.2) holds for
x = wé, (w € Wy). O
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COROLLARY 4.2.4. TheI, () is independent of the choice of positive sysEm

ProoOF This follows because the expression (4.2.6) does not change avigere-
placed by—a. O

Note that the coefficients,, (1) € C[Wy] (w € Wo, p € V¢,..,) in the plane wave
decomposition (3.7.6) of the universal eigenfundtipnacts scalar multiplication o@,,;,,.
In this chapter we identify,, (1) with this scalar We then have the following.

LEMMA 4.2.5. Letw € W, andy aregular spectral parameter ili*. Thenc,, (i) =
¢k (wp) and whened,, (1) = éx(wp) /cr ().

PROOF. Becauser,,(x) andc(u) are both analytic inu € V¢, it suffices to
showe,, (1) = ¢ (wpw) for p in the dense subset of generic regular spectral parameters.
But if .« is generic and regular, thef, (1) = ¢, (wu) follows easily from (4.2.4) and the
definition (3.7.7) of;,. O

4.3. Invariants in E(\)

In this section we restrict ourself to th&,-theory. We analyze the subspaﬁek)gg’
0

of Wy-invariants ofE(/\)Qg (cf. (3.2.5) and Remark 3.7.3). First we recall some well
known properties of the spadg(\) from [75] and [40]. For technical purposes it is
convenient to introduce the following terminology.

DEFINITION 4.3.1. Let J be a subset of the simple rodts The spectral parameter
A € V¢ is calledJ-standard ifA € V* @4V and if the isotropic sub-group of in W, is
the standard parabolic sub-groufy, ; generated by the simple reflections (o € J).

LEMMA 4.3.2. Let A € V. The Wjy-orbit of A contains a.J-standard spectral
parameter for some subsétC Ij.

PROOF Taking al¥y-translate of\ we may assume that= p+iv with p € V* and
v € V}. The isotropy group of in W, is a standard parabolic sub-grou x C Wy
for some subsek’ C 1. Write V* = Vit & (V) + with V;; = span{a|a € K} and
(V) its orthocomplement ifv *. Set

Vi ={€€Vkl&(@’) >0 Vae K},

which we view as the fundamental chamber for the action of the standard parabolic sub-
groupWy_ i on V3. Taking alV g -translate of\ we may assume that= p + p’ + iv

withp e Vg ., u' € (Vi)*, andv € V7 as before. The isotropy sub-groupofn W,

then equals the isotropy sub-groupoih Wy g, which is a standard parabolic sub-group
Wy, for some subsef C K sinceu € K O

Observe that d-standard spectral parameters regular if and only if7 = (. Note
furthermore that the modul&(\) (A € V{¥) only depends on the orbif/yA. When
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analyzing the modulé’()\), we thus may assume without loss of generality thé J-
standard for some subs&tC I,. In particular, we will now assume this condition for the
remainder of this section.

Forj € Zso we denoteP) (V)¢ (respectivelyP(<7) (1)) for the homogeneous
polynomialsp € P(V)c of degreej (respectively the polynomials € P(V)¢ of de-
gree< j). The Wy-action (2.2.7) onP(V )¢ respects the natural gradimg(V)c =
@2, PY (V). Furthermore,

E;(0)={f € P(V)c|p(d)f=p(0)f VpeSV)"}
is a graded¥;_;-submodule of?(V)¢, isomorphic to the regular representatiorVif, s
(see e.g. 15 Theorem 1.2] and references therein). We WEIE)(O) = E;(0)N
PO (Ve andESS(0) = E;(0) N PED (V).
Denote by, the minimal coset representativesi®f,/ W, ;. Steinberg 75] estab-
lished the decomposition

E\) = P u(Es(0)e). (4.3.1)
ueWy
Furthermore, we havg(\) = @52, £ ()) with EU)(X) the W-submodule
ED0) = @ u(EY (0)e).

ueWy

We denotelZ (<) (\) = @/ _, EM (\).

The vector spaceE(A)gg is one-dimensional for all spectral valuase V¢ by

Lemma 3.7.7. In fact, by (3.5.3) the function
Vrk = #—W w;jv QR (w (4.3.2)

satisfies)y ,(0) = 1 and span€Z(A )WO. On the other hand, by (4.3.1) there exist unique
polynomialsp) € E;(0) (u € Wy )such that
Yak(v) = Z o (u™tw)et AW vevV. (4.3.3)
ueWy
By (4.3.1) we have
= P ce, Xe Ve regular (4.3.4)
weWy

so the polynomialg), (w € W) are constants for regular
In fact we have

Uag = W D G(wA)ed, N e VE regulag (4.3.5)
# weWy
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where thec-function ¢, is given by (3.7.7). This follows fromp) , = ¢§,k (with 1 €
Ciriv), (3.7.5) and Lemma 4.2.5 (see als®8[and [40, Section 2]). In the remainder of
the chapter it will actually be more convenient to work with the regulariz&dction

o) = [ W pevg (4.3.6)

+
QEEO

n(aV)#0

which is equal ta, (1) for regularu. We can then write

v} ek (w), A € V¢ regular

- #Wo

For singular\ an explicit expression fop} € E;(0) (v € W) is not known. For our
purposes it suffices to have explicit expressions for the highest and the next to highest
homogeneous componentsygf, which we will now proceed to derive.

We let )
6]25 Z aeV*.
a62§+

Recall that the minimal coset representatiVég of W, /W can be characterized by
Wi = {u e Wy |u(2({’+) cxd}
The following lemma now gives a derivational expressiongtd(u € W').

LEMMA 4.3.3. Let\ € V¥ be J-standard. Foru € W we have

A _y dN
by = KJ dtNJ

Z du(t)em,(t)(fl)l(v)etms.,

t=0 vEWY, 5

with coefficients
1

dt)= [ (uds(@’)t+ur(e¥)",

aes\u(=zy ™)
eun(t) = J] (uvds(@¥)t+ur(@¥) + ko)
aEEg
and with strictly positive constart ; = N;!#W, Haezg,+ 5r(aY).
PrROOFE By (4.3.2),1/)5(1;’) (v" € V) depends analytically on the spectral parameter

w € VE. Inparticularay, ,(v') with A, := XA +td; € V¥ depends analytically ohe C,
and we have the (point-wise) limit

}Lﬂ(l) Uk = Vx k- (4.3.7)
Fore > 0 we write
Ul ={teC|0<|t| <e}, U-={teC||t| <e}.
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There exists am > 0 such that\, is regular fort € UY, hence
1 wh(@Y) + ke A o
_ T 7 e pwae teU
Pk = g, ;V ( v R
w 0 QGZO

by (4.3.5). Splitting the sum into a double sum= uv with « € W/ andv € W, ; and
using

H uv/\t(av):(—1)1(")“(“)251\[" H §7(aY) H Ae(BY)

acxd aezy ™t pesi\st
= (D' T as@)y T wh(8Y),
aext Besi\u(zg™)
we obtain
Nk = KNG ST T du(t)ew () (— 1)1 et tud (4.3.8)

ueWy veWo, s

as analytic functions in € U, (note thatd,(¢) is analytic att € U.). By (4.3.7),15 1 iS
the N th term in the power series expansion of (4.3.8) at 0, which yields the desired
result. O

Define the strictly positive constaat by

1 k
ck = .
L R

The highest and next to highest homogeneous terms & E;(0) (u € W) can now
be explicitly computed as follows.

PROPOSITION4.3.4. Let A € V¢ be J-standard and: € Wy
(i) The highest homogeneous tehh of p} € E;(0) is of degreeN; and is explicitly
given by
h) = Chep(u)) H a.
a62§+

(ii) Suppose thak is singular(i.e. J # (). The next to highest homogeneous terjrof
pﬁ € EJ(O) is

) =0y (h3) = Chen(w)) Y up(ply) [ o
pesi+ aexy\ (5}

with
\%

k a
Py E ( \/) T eV (4.3.9)
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REMARK 4.3.5. The formula forn}, should be read as an identity between analytic
functions ink, > 0 (the possible singularities are easily seen to be removable).

PROOF (i) Observe that,,(0) = ¢,(0) is independent of € W, ;, and
dy(0)e,(0) = e (uX) H ko
aeE[‘JJ’+

Combined with Lemma 4.3.3 we conclude that the highest homogeneous }eofrp;)
is given by

NSk ars I(v) tvés
h) = ch(ux) N > (-1 e
: t=0 , o
o cWo.s N (4.3.10)
:ﬁck(ux) > (=) (way)

On the other hand, by the Weyl denominator formulaXgrwe have

etov H (1—67“‘):]\[]! H Q.

aes)t aes) T

N

dtNs

N

(_1)Z(U)etU6J _ N

t=0 vecWy, ;s

Combined with the first equality in (4.3.10) we obtain the desired expressidr) for
(ii) The next to highest homogeneous tesnof p;) is

n = N‘]{d;(o)eu(o) > (1) (ws,)

veWp, s

+d,(0) Y (=1)'Me,,(0) (véJ)NJ_l}

'UGW())J

in view of Lemma 4.3.3, where the prime denotes #taerivative. The firsi? ;-sum
in this expression is identically zero since it i$1& s-alternating polynomial of degree
< Nj. By a direct calculation the remaining expression can be rewritten as

ck v _ Ny-1
n, = (Njiil)!ck(u)\) Z (=)' (vd 1) (u 1pﬁ)\)(véj) 7
veWy s
The desired expression far' now follows from (4.3.10). O

4.4. The Bethe ansatz equations

In the this and the next section we take = @QV. This and the next section are
devoted to proving the following main results on the solution space of the boundary value
problem.
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THEOREM4.4.1. Let) € V. The spac8VP,(\)" of W-invariant solutions to the
boundary value problem is one-dimensional or zero-dimensional. It is one-dimensional if
and only if the spectral valug is a purely imaginary, regular solution of the Bethe ansatz
equations

Ma¥) = ka \*) Ae) v
— M@ ) 4.4.1
Il <)\(av)—|—/€a> e Ve ( )
aEEI

If BVP,(A\)" is one-dimensional, then there exists a unigiyg. € BVP,(\)" normal-
ized byg, 1 (0) = 1. The solutionp, j is the uniquéV -invariant function satisfying

1 _
V) = —— Ce(wA)e ) veC;. 4.4.2
Pk (v) W w;yﬂ k(WA) + (4.4.2)
REMARK 4.4.2. (i) By Lemma 4.2.1 and (the proof of) Lemma 4.2.2 the Bethe ansatz
equations (4.4.1) can be rewritten as

waeY) _ WA(PY) — Ky H wA(aY) — kg

e =T — A Yw € W. (4.4.3)
wA(¢Y) + ky g wA(aY) + ko

(ii) The Bethe ansatz equations (4.4.1) are independent of the choice of positive system

Y4 by Corollary 4.2.4.

By Theorem 3.6.4i), Theorem 4.4.1 is equivalent to the following theorem.

THEOREM 4.4.3. Let A € V¢. The spaceff(\)y, is one-dimensional or zero-
dimensional. Itis one-dimensional if and only if the spectral valiga purely imaginary,
regular solution of the Bethe ansatz equati¢hsgt.1) If E(A)g’k is one-dimensional then
¥,k (cf. (4.3.5) is the unique function irE()\)g’k normalized by 1 (0) = 1.

Theorem 4.4.3 is proved in this section under the assumptiomtisategular. The
assertion thah is necessarily regular is proved in Section 4.5. Note that Theorem 3.8.5
(for U = C4rip and X = QV) is the generic regular version of Theorem 4.4.3. This is
also the case for general lattic&s cf. Section 4.7.

We show thaE(A)gV # {0} implies that the spectral parameteis a purely imagi-
nary solution of the Bethe ansatz equations (4.4.1).

From the results of the previous section it is clear tﬂm\)g’ is one-dimensional
or zero-dimensional. In fact it is one-dimensional if and onlQif(so)¥ax = ¥k, In
which case we have

ENY = EMS® = span{¢x}

(cf. with the analysis in Section 3.7). It is convenient to reformulate these observations in
terms of

T = va Qk(SO) + k@ (4.4.4)
(viewed as an operator on e@> (V') or E(\)). The operator7;, is preciselyQx(—Ja, ).
with J,, as defined in the proof of Theorem 3.7.1. The following elementary commutation
relations

jkav = aswvjky VoeV
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follows from the cross relationg) in Theorem 2.2.2. The equali@(so)¥xr = ¥k
clearly impliesJy ¥k = (Opv + k) k-

LEMMA 4.4.4.1If Nis regular, then7,yx i = (Opv +ky) a1 IMpliesQr(so) Y =
Pk

PROOFE By (4.3.4) we have a unique expansion

Qr(50)Uar — Var = Z dy e

weWy
with d, € C. We conclude from the equality/yvnr = (9pv + ky)rk
thatwA(¢¥)d, = 0 for all w € Wy. Sincel is regular, this impliesl,, = 0 for all
w € Wy. O

Forp € P(V)c ~ S(V*)c we write p(0*) for the associated constant coefficient
differential operator acting on smooth functionsire V.

LEMMA 4.4.5. Letp € P(V)¢ ~ S(V*)c. Forw € W, we have
Ti(p(w™")e"™) (v) = =p(@") ((n(w™"6") + k) Denlw wen)),

(v + k) (pw ™)) (v) = p(@) ((ulw ™ 9") + kp)e ),

where we view the left hand sides as functions ig V' and the right hand sides as
functions inu € V¥, In particular,

jk(P(Sj)(V)C et) C PED(V)ee®et, (Dpv +ky) (p(Sj)(V) e') C PED (Ve et
forj € Z>o andp € V.
PROOF Observe that
(pw™")e™) (v) = p(@") (")),

andp(0*) (acting onu € Vi) clearly commutes witly7;, and(d,v + k) (which act on

v € V). Thus it suffices to prove the lemma fpr= 1, in which case the second formula
is trivial. To prove the first formula fop = 1 we may assume without loss of generality
thatw = e is the unit element oft/,. Suppose that € V is regular. Then

Te(e) = —(M(SOV) + kw)eu(wv)eswit

holds by (3.7.9) (applied with = ag). In this formula the regularity constraint gncan
be removed by continuity. O

We denoter{’’ : E(\) — EU) () for the projection ontd=() ()) along the decom-
positionE(\) = @2, E)()\). Observe that

N
ldpoy =Y 7)) (4.4.5)
§j=0
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if \is J-standard in view of Proposition 4.3i} In this section we consider the constraint
on A such that » 4
T (Titoan) =7 (O + ko )rn) (4.4.6)
for the highest degree compongnt N ;.
The mapu — u’, whereu’ € Wy is obtained from the unique decomposition

SpU = uwuy, uw’ e de, uy € Wo. g, (4.4.7)
defines an involution ofl’y. Observe that
(’U,J)J = (UJ)_I, u e W(‘)] (448)

Recall thate;, denotes the regularizedfunction (4.3.6).

LEMMA 4.4.6. Suppose thak € V is J-standard.
(i) The equatior{4.4.6)for j = N; holds if and only ifA satisfies the equations

Cr(5,uN) (WA (") = ki )e D) (=) ) = ¢ (uA) (A (@) + k), Yu e Wy
(4.4.9)
(i) For u € Wy and for multiplicity functions: such thatey, (u)) # 0, we have
ck(spuN)

i) uA(a) — ke
ck(ul) = (=1 H

u(aV) + ko

€S Ns, Sy

ProOOFE (i) By (4.3.3), Lemma 4.4.5 and Proposition 4(8.4ve have

Wg\NJ)(jkw)\7k) _ _C‘]; Z Ck(U;A)(U)\(QDV) + ktp)euA(ch)esqu H SSGUOQ

uewy aexy
T (@ + ke )iak) = CF D7 erwh)(wA@Y) + ke [[ wo. (4.4.10)
uEWUJ GEE(‘JJ’Jr

The proof now follows by equating the coefficients ef Haez[{,+ ua (u € Wy)in
(4.4.10) using (4.4.7).
(i) We first compare the denominatorsepful) andey (s,ul) = ¢ (u’/N). If p € Vi is
regular then
[T @ue)= 11 «/ue) JI (wui'uE)™
aesi\u/s) T aext Beuu syt
= (=)' T seuuy'u(@”) T (wuy'u@”)™
aGZSr ﬁEuZ(‘)]’+
= (e L g p(a).
aEE(J,r\uEg’+

Taking the limity, — X\ we obtain

I  «/MeY) =0/t I ure).

acs\u/zyt aesi\usyt
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A similar (and easier) computation leads to the comparative formula

H (W A@Y) + ko) =

aEZ;r\uJE{)”Jr

B H U/\(ﬁv) — kg H (u)\<a\/) + k’a)

ul(BY) + k
BEZ&HSV,ZJ (ﬂ ) P aeEar\uEg""

for the numerators aofy, (u)\) andc, (u” \). Combining both formulas leads to the desired
result. O

The set of solutions\ € iV* of the Bethe ansatz equations (4.4.1) is denoted by
BAE;.

PROPOSITION4.4.7. Suppose thak € V¥ is J-standard. The equatio#.4.6)for
j = Ny holds if and only if\ € BAE;,.

PrROOF We first show that\ is purely imaginary ifA satisfies the equation (4.4.9)
(see also (the proof of) Theorem 3.8.3). Let= u) (u € W) be the element in the
Wy-orbit of A having its real part irVTr*. Thenci (1) # 0 since the multiplicity function
k is strictly positive, hence (4.4.9) and Lemma 4(#)6mply

ey _ eY) — ke I o) —ka (4.4.11)
u(eY) + kg g p(a) + kq
The modulus of the left hand (respectively right hand side) of (4.4.13)ligrespectively
< 1) since the real part of is in V; and the multiplicity functionk is strictly positive.
An argument similar to the argument in the last paragraph of the proof of Theorem 3.8.3
shows that\ € iV*.
Combined with Lemma 4.4(8 it follows that \ satisfies (4.4.6) foj = N if and
only if X is a purely imaginary solution of the equations (4.4.9). For purely imagikary
we haver; (u)) # 0 for allu € Wy due to the strict positivity of the multiplicity function
k. The proof now follows from Lemma 4.4i§ and Remark 4.4(9. O

As an immediate result we obtain the following “regular part” of Theorem 4.4.1.

COROLLARY 4.4.8. Suppose thah € V¢ is regular. The spacés(\)y) is zero-
dimensional or one-dimensional. It is one-dimensional if and onlydf BAE,,. In that
caseE()\)§ is spanned by, 1. (3.7.17)

PROOFE By the observations at the beginning of the section it suffices to show that
E(/\)g’ # {0} iff A € BAEy.

Since BAE, C iV* is aWj-invariant subset anﬂ?()\)g/ only depends on th&/-
orbit of A\, we may assume without loss of generality thas (-standard. IfE()\)g’ #
{0} then (4.4.6) holds, hence € BAE,, by Proposition 4.4.7. Conversely, suppose that
A € BAE;. Since) is regular we have Ig,) = 7T§\O) by (4.4.5), henceJyyr i, =
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(8¢v + k:q,)w,k by Proposition 4.4.7. By Lemma 4.4.4 this impl@s (so) ¥k = ¥ ks
henced # ¢ 1. € E(A)g) . O

4.5. The Pauli principle

In this section we complete the proof of Theorem 4.4.1. In view of Proposition 4.4.7
and Corollary 4.4.8 it suffices to show the following root system analog of the Pauli
principle.

ProPOSITION4.5.1. If A € BAEy is singular thenE'(\ ) = {0}.

REMARK 4.5.2. In physics literature the regularity of the spectral parametgyee
Theorems 4.4.1 and 4.6.1) is usually imposed as an additional requirement, since it au-
tomatically ensures (cf. Lemma 3.7.7 and (3.7.13)) that eigenstates admit plane wave
expansion within any alcov€' € C. The regularity condition for root systeky, of type
A, can be viewed as a Pauli type principle for the interacting quamtosons since it
implies that the momenta of the quantum bosons are pair-wise different. An actual proof
of the regularity of the spectrum was obtained by Izergin and Korejafrusing quantum
inverse scattering methods. In this derivation the regularity condition follows from the
strict convexity of the master function (introduced by Yang & Yaat]).

Itis believed f7] that quantum integrable systems governed by a strictly convex mas-
ter function always have a regularity constraint on the spectrum, although a conceptual
understanding is not known as far as we know. Our derivation of the regularity constraint
on the spectrum is in accordance to this point of view.

REMARK 4.5.3. In Chapter 5 we give an independent proof of Proposition 4.5.1 that
is based on a density argument of the Bethe ansatz eigenfunctions in the Hilbert space of
square-integrable functions on the fundamental chamihefsee also Remark 5.6.8).

We first introduce thenaster functiorfor our quantum system.

DEFINITION 4.5.4. The master functio, : P x V* — R is defined by

\2

S = e -2 L 2[4 d 45.1
€)= 6P~ 250, 5 X ol [ ancten (). @s)

aEXp

We analyze the master functiéh,(, -) at a given weighf: € P. Observe that the
Hessiant : V*x V* — Rof Si(u,-) até € V* is independent of:, and is given
explicitly by

Bf(n,n') = (0,0 /Sk(m ) (€)

Oy g X halalP O ey, @52

aEZ

By the strict positivity of the multiplicity functiork, it follows from (4.5.2) that the Hes-
siant is positive definite for alE € V*, henceSk(u, -) is strictly convex.
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For the proof of Proposition 4.5.1 we may assume without loss of generality that
A € BAE; is J-standard (in particularh € iV}). We write V; C V* for the real
subspace spanned by the subgef simple roots. Its complement i is defined by

Vi={veV|w)=0 VEeVs)

Observe that’;+ = V iff J = 0 iff \is regular.
Consider the linear maffy : V' — V defined by

kqa(v
+Z aVQ’ veV.

a€Xg O‘
It follows from (4.5.2) that
Bﬁi)\(ninnvl) = <K]/\C<v)7fv/>7 U,Ul eV

with n, = (v,-) € V*. SinceB* ,, is positive definite K} : V = V is a linear isomor-
phism. Proposition 4.5.1 thus is an immediate consequence of the following lemma.

LEMMA 4.5.5. Let A € iV* be a singularJ-standard solution of the Bethe ansatz
equationg4.4.1) Then) satisfies the constraint

T (i) = 70T ((Opv + ko)) (4.5.3)
iff fCE(V) C V-,

PROOF Fix a singular./-standard solution\ € iV} of the Bethe ansatz equations
(4.4.1) (in particularJ # (). By a similar computation as in the proof of Proposition
4.4.7 we obtain from (4.3.3), Lemma 4.4.5 and Proposition 4.3.4,

71_E\Njfl)(( v+k )¢/\ k) Z Ck(u/\) Z Uﬁ(au)\)e“A H uo,

uEWOJ gesyt aesy T\{8}
N, — —u’ v u’
’7T§\ 7 1)(jk1/JA) :CI; Z Ck(’ZL)\)e Ale™) Z uﬁ(buf)\)e A H ”U,JU(]O(
uewy gext aeny \{8}

with vectorsa,,, b, € Ve (1 € V) given by

ap = (@) + kool + ¢,
b = (1le") = ko) (05,0 +97) — 9",
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where we have used the involution &% defined by (4.4.7), as well as (4.4.8). For
u € W we have

Z uf3(by ) H uJuJa:(_l)l(uJ) Z Ufgzz;fﬂ/\) H o

pesyt aesy\{8} pesyt aesdt
1 U(us) wuy ' B(byy) J
Bexy aEZ'OJ’+
= (—1)!s) Z uu ' B(bysy) H u’ .
pesyt aeny \{B}

Consequently (4.5.3) is equivalent to
cr(uN)uBayy) = (—1)l("")ck(u‘]/\)e_“)‘(“’v)swuﬁ(bu)\)7 VueW, vaex)t.

Since) is a solution of the Bethe ansatz equations (see (4.4.9) for the convenient equiva-
lent form of the Bethe ansatz equations) this is equivalent to

(uA(@Y) = k) aur — (uA(@Y) + k) spbun € u(ViH), YueWi. (4.5.4)

Note that (4.5.4) only depends on the cosBf, ; (u € W/). Using the explicit expres-
sions fora,, andb,, we can rewrite (4.5.4) as

_ - wA(p¥)? — k2 — 2k, _
(w Lok —w 1s¢pfq)wk) + < YL fkf, w oY eV, Yw e W,
(4.5.5)

We match (4.5.5) to the desired conditiaif (V') C V- as follows. Sinces is an irre-
ducible root system ifv*, the conditionk ¥ (V') C Vi is equivalent taK % (w=t¢V) €
Vi for allw € Wy, which in turn is equivalent to (4.5.5) if

-1,V -1 k —1. k wA(p¥)? — k?p — 2k
Ky(w™'eY) = (w™'ply—w S@psvw)\)—"_( wA(p)? — k2

for all w € Wy. To prove (4.5.6) we first observe that

“”) wlyY (4.5.6)

5 S ke’
Lppswwk p ki — ’U.))\(O[V)2

aeEarﬁsLPEJ
by the explicit expression (4.3.9) fpﬁ. Using (4.2.1) this can be rewritten as

kwap —laV

w
g NeW @ oy FealpJw ol
NP — R Z k2 - w)\ e

-1 k —1 k _
W Py —W S@psww)\ -
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The second term can be rewritten as

koa(p¥)w™taY koa(eV)wtaV
2 o = c it P/
Z k2 —wA(aVv)? Z k2 —wA(aVv)?
aEE+ a€Xg
_  kaa(wleY)
= k2 — AaV)?
— Kk( —1@\/) _150\/'
Combining the latter two formulas yields (4.5.6). O

4.6. General lattices case

In this section we consider general latticéssatisfyingQ¥ c X c PV.

Recall that a functiorf is called(W, x)-invariant (¢ € X/QV) if (w7,)f = x(z +
QV)f forallw € Wy andz € X. The main results on the solution space of the boundary
value problem is the following statement.

THEOREM4.6.1. Let A € V¥ andy € X//Q\v The spac@VP; (\)WX of (W, x)-
invariant solutions to the boundary value problem is one-dimensional or zero-dimensional.
It is one-dimensional if and only if the spectral valiiés a purely imaginary, regular so-
lution of the Bethe ansatz equations

Ma¥) = ko \* VY A(@)
= ”” X. 4.6.1
H (/\(GV)+ka> x(z+Q")e Voe ( )
QGEJ
If BVP,(A\)"X is one-dimensional, then there exists a unigyg. € BVP,(\)"'x nor-
malized byp, 1 (0) = 1. The solutionp, j is the uniqug W, x)-invariant function satis-
fying
Pak(v) = #W > Gwh)e ), ve . (4.6.2)
weWy

The Bethe ansatz equations (4.6.1) do not depend on the choice of a positive system

Ya (cf. Remark 4.4.%i)).

REMARK. The Bethe ansatz eigenfunctions ; and the necessity of the Bethe
ansatz equations (4.6.1) on the allowed spectrum were obtained by Lieb and Lig@iger [
for root systenX of type A,, and soon after generalized to root systegof type D,
by Gaudin p€], [28] (see also$3])

By Theorem 3.6.4i), Theorem 4.6.1 is equivalent to the following theorem.
THEOREM4.6.2. Let) € V¥ andy € X//@/ The spaceE(/\)g/;X is one-dimensional

or zero-dimensional. It is one-dimensional if and only if the spectral valigea purely
imaginary, regular solution of the Bethe ansatz equatiths.1) If E(A )WX is one-

dimensional thenp, ; (cf. (4.3.5) is the unique function nE(A)WX normalized by

Yre(0) =1
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PROOF OFTHEOREM4.6.2. Observe thaty , = ¢§7k (with 1 € Cy4,,) by (3.7.12)
and (4.3.2). Since aIsE()\)gILX C E(/\)g’: (see (3.2.5), the first and last statement
follows from Lemma 3.7.7.

Assume that\ is a purely imaginary, regular solution of the Bethe ansatz equa-
tions (4.6.1). In particular) is a generic regular spectral parameter. Whence by
Lemma 4.2.3 and Theorem 3.8.5 we havg;, € E()\)WX and thereforeZ(\),’ VX s
one-dimensional by the first statement

Now assume thak’(A )WX is one-dimensional. Theh must be purely imaginary
and regular by Theorem 4.4.3 an‘E:()\)WX C E()\)Wk. It satisfies the Bethe ansatz
equations (4.6.1) by Theorem 3.8.5 (see also Lemma 4.2.3), concluding the proof of the
second statement, and whence of the theorem. O

4.7. Lattices and cosets

This section is preparatory to the next section. For any abelian grolgp G* :=
Homy (G, Z). Recall that the unitary dudlomz (G, S') of G is denoted by. Assume
A C B, both free abelian groups of the same finite rank. TBgd is a finite abelian
group. Beceause andB have the same rank, the restriction magBofto A* is injective.
We identify B* with its image inA* under this mapB* C A*. We have a natural perfect
pairing

() A*xA—7Z, (l,a)+— la).
Since A and B have the same rank;, -) extends uniquelly to &-linear map fromA* x
B — Qthat coincides witH-, -) when restricted tol* x A. This map will also be denoted
by (-, ). We get the perfect pairing

A*/B* x B/A — S', defined by(l + B*,b + A) — >0 —: [ + B* b+ A].
Since the pairing is perfect, the map
A*/B* — B/A defined byl + B* — [-,1 + B] =
is an isomorphism of groups. The inve@ — A*/B* of the isomorphism above is
given by
x— {le A" [xi = x} = A™X.

It is easily checked that the composition maps in both directions are identity maps. In
particular4*! = B*, the “trivial” coset. As an immediate corollary we get

) amx (4.7.1)
XEB//E

We will apply the above theory withd = QV, B = X. ThenA* = P, B* =Y,
and whence by (4.7.1),

r= J v (4.7.2)

XeX/QY
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and where
YX = {\e V2@ = y(—x+ Q) V&e X} (4.7.3)

(note thatt’x = A*»Xﬁl). In particularY! = Y. Furthermore, th& X are precisely the
Y -cosets inP. For our purposes the following decomposition turns out to be more useful,

p= |J p+v (4.7.4)
XeX/QV

which is the same decomposition as 4.7.2, but parametrized differently because of the
p-shift of theY -cosets.

BecauselV, acts trivially on X/QV (cf. Section 2.2.2) it follows easily thatx
(x € X//Q\V) is Wy-invariant. Whence th& -cosets ofP areWWy-invariant. Since&) C Y
andY + YX =YX we also hav&) + YX = Y'X,

The set of solutions\ € iV* of the Bethe ansatz equations (4.6.1) is denoted by
BAE} (note that BAE' = BAE,, if X = QV).

In the next section we will show that that the following decomposition is closely
related to (4.7.4).

PROPOSITION4.7.1. The setBAE) (x € X//Q\V) are Wy-invariant. Furthermore,
BAE, admits the disjoint decomposition

BAE, = |J BAE}. (4.7.5)
XeX/QV

PROOF One easily shows that (4.2.5) also holds when one replages by the
expression on the right hand side of (4.22)4 X, A € iV*). SinceW,, acts trivially on
X/QV, the first statement follows without difficulty from the definition of BAE

The disjointness of the BAFis obvious, as well the fact that BAEC BAE,,. There-
fore it suffices to show that every € BAE, lies in BAE{ for a x. Let A\ € BAEj.
Consider the homomorphisgi : X — C* of groups defined by

B /\(a\/) —k a(x)
Az) I | a
xTrr— e (A(av)+ka> .
aEEJ

Since\ € iV*, Image(x’) C S*. FurthermoreQV is contained in the kernel of’
because\ € BAE;. Whence the assignment+ QV — x'(z) gives a well-defined map

X : X/QY — S, and is an element of//av By constructiom\ € BAE}. O

4.8. The master function

The main result in this section consists in the parametrization ofBAEe X//Q\V)
byp+Yx.
We start with the parametrization of the set BAE
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PrRoPOSITION4.8.1. For 1 € P there exists a unique extremyip € V* of the
master functionSy (i, ). The assignmeni — if;, defines aV,-equivariant bijection
P = BAE,.

REMARK. For X, of type A,, Yang & Yang B1] introduced the master functios
(also known as the Yang-Yang action) and derived the special case of Proposition 4.8.1
using its strict convexity.

LEMMA 4.8.2. We have\ € BAE; if and only if A = in withn € V* an extremal
vector of the master functia$i, (u, -) for someu € P.

PrROOFE We rewrite the Bethe ansatz equations (4.4.1) in logarithmic form. By a
direct computation using the elementary identity

11—z

—2iarctan(z) _ R 4.8.1
e 7z (@ER) (4.8.1)
the Bethe ansatz equations (4.4.1) Xo£ ¢V * can be rewritten as
—ixaVY
—iA(z) + Z arctan <zk(a)> a(r) =0 module2nZ (4.8.2)
(03

a€Xlg
for all z € QY. On the other hand, forn € P the gradient of the master function
Sk(p,-) : V* — R (see (4.5.1)) is determined by

(0eSi(p, ) () = (n—2mp+ Y arctan(”(;‘ )) @),  EneV'. (483)

aEXg

Since the root lattic€) is a full lattice inV* generated by, n € V* is an extremal
vector ofS (1, -) if and only if (8, Sk (1, -)) (n) = 0 forally = o € X, which by (4.8.3)
is equivalent to

n(x) + Z a(z) arctan (n(av)> = 2mp(x) (4.8.4)
ko
aEXy
forallz = o¥ € 3. SinceQV, as a lattice, is generated By, the proof follows by
comparing (4.8.4) to (4.8.2). O

PROOF OFPROPOSITION4.8.1. We analyzed the master functiéip(w, -) ata given
weighty € P in Section 4.5 and showed théit (., -) is strictly convex. Furthermore, for
all p € P,

2
Sk(lu’vg) 2 @ -

henceSy (1, -) has a unique extremuma, € V*, which is a global minimum. It now
follows from (4.8.3) thafix, (1 € P) is uniquely determined by the equation

2m(p,€) — o0, €]l = o0,

1 + ng =27 (4.8.5)
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in V*, wheresy € V* (A € V*) is defined by

v
U’; = Z arctan <)\(ka )> Q.

a€Xg

Combined with Lemma 4.8.2 it now follows that the map— iz, is a bijection from
the weight latticeP onto BAE;.. The Wy-equivariance of this map is immediate from the
equivariance property

(8w£Sk(w:u? ))(U”l) = (85576(,“7 ))(n)v Yw e WO

for&,n € V* andu € P, completing the proof. O

PROPOSITION4.8.3. Lety € m ThenY X is aY-coset inP, and any coset is
of this form (for a uniquey). Furthermoreu — iji; defines dVy-equivariant bijection
p+YX = BAEY.

PrROOFE The first statement follows from Section 4.7.

We claim that\ € BAE} if A = ifi;, forap € p+YX. To prove the second statement
it suffices to show this because of Proposition 4.8.1, Proposition 4.7.1 and (4.7.4). Let
theny € p + YX. By (4.8.1) we have

\ a(z) Vv a(z)
7i0'2(3v) _ _77(0‘ ) — ka _ 2mip(x) 7](& ) — ka e X
‘ H+ ( n(aY) + ka ‘ H+ n(aV) + ke (@€ X)
aEX; a€X]

for all n € iV*. Together with the fact thagi, is uniquely determined by the equa-
tion (4.8.5) this gives
gihn(@) _ 2milptu)(z)—iof, (z)
~ v a(x)
— VA 27ip(x) 27mip(x) M’C(a ) — ka v b'e
x(—z+Q")e e H+ (,&k(av)+ka r e X.
aeX|
Now use thaRp € @ andu € p + YX to conclude that these equations are precisely the
Bethe ansatz equations (4.6.1) for= ifi;, and therefore\ € BAEY. O
4.9. Moment gaps

In this section we prove the following proposition, which yields estimates for the
location of the deformed weight = [i;, € BAE, compared to the parametrizing weight
neP.

PROPOSITION4.9.1. For u € PT andj € ¥} we have

2mp(BY)
(i+ %)
k;'. Furthermorey € P if and only iffi, € V.

< in(BY) < 2mu(8"), (4.9.1)

whereh, =23 5
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The lower bound in (4.9.1) shows how far away the spectral valyes V; (1 €
P*7) are from being singular.

REMARK. Estimates for the momenta gaps of the quantum particles play a role in
the study of the thermodynamical limit, seg6] and [81]. See e.g. 28, Sect 4.3.2] for
the exact analog of the estimates (4.9.1)Xgrof type A,,.

In view of (4.8.3) and Lemma 4.8.2, the deformed weighte V* (u € P) is the
unique solution of (4.8.5).

The following lemma establishes the necessary bounds}for

LEMMA 4.9.2. For \ € V7,
h

E

0<o¥(BY) < —=ABY), VBeX]

3|

with by, = 22&620 k;l.

PROOF Fix A € Vi andj € Xj. Let 537 be the set of roota: € ¥, satisfying
a(BY) > 0, then

ax(8Y) = Z {arctan ()\(kav)> — arctan ()\(s]fav)) } a(BY). (4.9.2)

« (o7
aeEg

Each term in this sum is positive, henet(3") > 0.
For the second inequality, we use the estimateffar e

Aa¥)\ Asp(@¥)\ _ [ dw_ A(BY)B(aY)
st (00 g (A220) _ [ . |

o a (sa(@/ka LH22 7 Ko
leading to
\% \% Vv \% \%
aEZg “ ago ¢

in view of (4.9.2). Now note that
E— Yk té(aY)a
a€Xg
defines d¥Vy-equivariant linear map* — V*. By Schur’'s lemma it equal§Idy - for
some constanf, € C. To determine’;, explicitly we fix a basis{e; =1 of V and we
denote{¢; }'_, for the corresponding dual basis6f. Then

Cin = Z Z ki tej(aY)ale;) = hy,

j=1 €%,

with by, =23 k1. Combined with (4.9.3) we obtairk (5Y) < =X(BY). O

a€Xy

COROLLARY 4.9.3. Lety € P. We havei,, € V; if and only ifp € P,
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PROOF Letu € P and suppose that, VTF* Thenforall3 € &7,

2m(BY) = i (8Y) + o, (6¥) = 0
by Lemma 4.9.2, henge € P+.
Conversely, suppose thate P* and letw € W, such thatwfi;, € V. By Proposi-
tion 4.8.1 this impliesofi, € V. By the previous paragraph we conclude thate P+.
On the other han®* N Wyu = {u}, hencewy = p € P andpy, = wiy, € Vi, O

Proposition 4.9.1 is now a direct consequence of Corollary 4.9.3 and Lemma 4.9.2.



CHAPTER 5

Completeness of the Bethe ansatz eigenfunctions

5.1. Introduction

In this chapter we show that the Bethe ansatz eigenfunctions of the quantum inte-
grable systems with delta-potentials associated to affine root systems studied in the pre-
vious chapter are complete in the Hilbert space of square-integrable functions on the fun-
damental domain for the reflection representation of the affine Weyl group (with respect
to Lebesgue measure).

In their fundamental papeb§] Lieb and Liniger obtained the eigenfunctions of the
guantum Bose-gas on the circle with pair-wise delta-function interactions, given by the
formal Hamiltonian (1.1.1). They did not prove that the set of eigenfunctions thus ob-
tained is orthogonal or complete in the Hilbert space of symmetric square-integrable
functions on the unit squar®, 1] with respect to ordinary Lebesgue measure. To at-
tack the completeness problem, Yang and Yang introdug@fd[certain function, nowa-
days called the master function or the Yang-Yang action (see (4.5.1)). Via a variational
problem analogous to our analysis in Section 4.8 this allowed them to give a convenient
parametrization of the solutions of the Bethe ansatz equations. They argued that the com-
pleteness of the Bethe ansatz eigenfunctions follows from the fact that they converge to
a complete set of eigenfunctions for the impenetrable bosonic particles-asc. By
replacing the continuity argument at infinite coupling of Yang and Yang by a continuity
argument ak \, 0 and using the linear independence of the Bethe ansatz eigenfunctions,
Dorlas [L6] gave a rigorous proof of the completeness of the Bethe ansatz eigenfunctions.

The techniques introduced by Dorlas6] (and in particular 16, Theorem 3.2])
for the quantum Bose-gas on the circle with pair-wise delta-function interactions (cor-
responding tax, of type A) can be generalized to general root systems and allows us
to give a proof of the completeness of the Bethe ansatz eigenfunctions for general root
systems in this chapter.

See the next chapter for some conjectures and partial results on orthogonality and
norms of the Bethe ansatz eigenfunctions.

We now proceed to formulate the main result on completeness. Before doing that let
us introduce the relevant Hilbert space. For this recall the Lebesgue measomel
from Section 2.5 and the fundamental chamber(see Section 2.2).

101
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DEFINITION 5.1.1. Let

H = {f is aW-invariant u z-measurable function oi | |f () dpp(v) < oo},
Cy

a Hilbert space, with inner product given by

(fra)m = ; f)g(v)dug(v). (5.1.1)

In this chapter it is convenient to work with several classes of multiplicity functions
(see also Definition 2.2.1).

DEFINITION 5.1.2. Let B be a set. Anultiplicity function with values inB is aWW¢-
invariant functionk : ¥ — B. LetK¢, K, K~ and K, be the space of multiplicity
functions with values in respective@y, [0, o0), (0,00) and [0, cc]. On these spaces we
define the following partial orderingk < k' if k, < k, forall a € ¥ andk < k' if
kE <k andk # K.

In this chapter we vievi0, oo] as the one-point compactification [6f o).

DEFINITION 5.1.3. Leth be a complex Hilbert space.
(i) A setA in b is called linearly independent if every finite subset4o linearly inde-
pendent.
(i) AsetAin bis called total if the set of finite linear combinations of elementd o
a dense subspace lpf

Note that the results of Chapter 3 (with the exception of the last section) holds for
k € Kc. In particular the space BVPA) is for every\ € V¢ one-dimensional.
Denote byg, ;. the function in BVR.(A\)"° normalized as)y x(0) = 1. Thengy, =
Tipa 1 With ¢y 1, given by (3.7.12) (witth = 1 € Cy,4,, the trivial representation, in the
terminology of Section 3.7)) witti}, the propagation operator corresponding to the scalar
case (see Definition 3.5.1 087]). Since BVR.(\)" C BVP.(A\)"0, the spectruns,
(see Definition 3.2.13) can be described as follows,

Sk = {X € VZ| ¢ is W-invariant.

Functionsp, i (A € Sj) are called Bethe ansatz eigenfunctions. WeS‘%*et: Sk N ZVTL*
It will be shown thatS,j is a complete set of representatives &y/W, (see Corol-
lary 5.1.5).

Recall thatC, is a fundamental domain for the reflection action (2.2.7)1obn V'
(see for instancedb, Theorem 4.8]). Therefore the map

cV)V = o) (5.1.2)

defined byyp — ‘z)lﬁ defines a linear bijection. Whence the vector spas@s)" can be
seen as a subspaceZgfin an obvious way. In particular the Bethe ansatz eigenfunctions
are elements of{.
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We extend the inner product -) on V* to a (nondegenerate) sesqui-linear form on
VE&. Then(.,-) defines an inner product ori* and we set|\|| := /(\,A) > 0 for
A € V¢, The following theorem is the main results of this chapter.

THEOREMbS.1.4. Letk € K. Then
(i) (Partial orthogonality) Iféx k., ¢,k (A, u € S;) are two Bethe ansatz eigenfunctions
with [|A[| # [|ul], then

(Dakes Ppui)n = 0.

(if) (Completeness) The Bethe ansatz eigenfunctigns;|\ € S,j} are linearly inde-
pendent and total ifH.

COROLLARY 5.1.5. Letk € K. The spectruns}, is purely imaginary and;’ is a
complete set of representativesaf/ W,

The proof of this corollary be given together with the proof of Theorem 5.1.4.

We now give a section for section overview of the chapter. In Section 5.2 we gener-
alize Propositions 4.8.1 and 4.9.1ke K, and show that for a fixed € P*+ the map
Ko — V* defined byk +— [i; extends to a continuous mdp, — VT; This allows
us to give a continuous (ih € K ) parametrization of the Bethe ansatz functions. The
main tool is an extension of the master function (4.%1from Chapter 4 td: € K.

Section 5.3 is a preparatory to the Sections 5.4-5.6. It contains general results (with-
out proofs) on perturbation of positive self-adjoint unbounded operators.

Section 5.4 and 5.5 are devoted to construction positive self-adjoint unbounded oper-
ators Hy, on H associated to the formal Hamiltonian given by (3.2.1) for the scalar case,
ie.

Hi = A+ kad(a(-)). (5.1.3)

acx

In Section 5.6 it will be showed that the Bethe ansatz eigenfunctiqns(A € Si) are
in the domain of the unbounded operaféy, for £ € K., and furthermore are eigen-
functions of H;. We then show that thé/,, are non-decreasing and continuous as a
function of k. The proof of Theorem 5.1.4 follows from the completeness of the Bethe
ansatz eigenfunctions fér= 0 and continuity ink. The precise conditions under which
such an argument works was given by Dorl&§] [see Theorem 5.3.21) and is applied in
Section 5.6. After indicating why this gives another proof of the Pauli principle (Proposi-
tion 4.5.1), we end the section by generalizing Theorem 4.4.1 foalK , .

In Section 7 we consider completeness for general latficastisfyingQv C X C
PVY. We end the chapter by generalizing Theorem 4.6.1 th allK . .

5.2. Continuous parametrization of the Bethe ansatz eigenfunctions

In Chapter 4 we showed that fbre K the Bethe ansatz eigenfunctiofisy x|\ €
Sk} admitted a parametrization (see Theorem 4.4.1 and Proposition 4.82) byia
the mapu — ¢, . The implicit wayi;, is defined (see (4.8.5)) allows us to apply the
Implicit Function Theorem to conclude that— /i is a smooth mag(~, — V*. The
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proof of the completeness of the Bethe ansatz eigenfunctions hinges essentially on the
fact that this mapg{.y — V* extends to a continuous mdp, — V*.

This will be sufficient to show that — ¢, i is a continuous mag . — H.

For the quantum Bose-gas on the circle with pair-wise delta function interactions, i.e.
whenX is of type A, this fact is mentioned and used in the physics literature. See for
example 16, Lemma 3.3] and46, Paragraph after (2.33)].

In this section we give a rigorous proof of the continuity of the above Kap— V'*
for all affine root systemX. In the proof the Implicit Function Theorem will not be used.

When analyzing the casec K, the following function® arises naturally.

DEFINITION 5.2.1. Let© be the function fronR x [0, o] to R defined by

[y arctan(t/c)dt if ¢ € (0,00),
O(z,c) = ¢ 5 |z if c=0,

0 if ¢ = oo.
LEMMA 5.2.2. The functior® is continuous an®(-, ¢) is convex for alk € [0, x].

PROOF Consider a poinfz,0) (zo € R) andc € (0, 00). Then

T

O(x, ¢) — O(z0,0) = /m arctan(t/c)dt + ( /0 " arctan(t/c)dt — : |x0|>.

0
The first term goes to zero {fz, c) — (z0,0) by the uniform boundedness irof the in-
tegrand. The second term goes to zero by Lebesgue’s Dominated Convergence Theorem.
Continuity of © in (xg, co) With ¢g € (0, o0o] is completely similar (forx = oo, consider
the change of coordinate— 1/c).

The second statement follows foE (0, co) becauséO(-, c))”(z) = ¢/(z* +c?) >
0 for all z € R. The case = 0 enc = oo are obvious. O

In Chapter 4 we showed the importance of the master funciiprisee (4.5.1))
in analyzing the solutions of the Bethe ansatz equations (Proposition 4.8.1) in the case
k € K~¢. For example, in the proof of the Pauli principle (Proposition 4.5.1) it was used
that Si(-,-) (k € Kxo) is a strictly convex function in the second variable. We start by
extendingS; tok € K. Although in generaby. (i, -) (with 1 € P) is not a differentiable
function anymore (and therefore has no Hessian), it will still be strictly convex. Together
with the growth behavior iro, this will imply that it attains a global minimum in a
uniquefi,. By carefully analyzing (see Proposition 5.2.11) how this minimum changes
whenk € K, changes, we can prove that the minimum changes continuously.

DEFINITION 5.2.3. For ak € K we define thenaster functior, on P x V* by

Sk(,) = 31612 — 2mlE ) + 53 3 llal?O(E(a), ko)

aEX
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We consider alsg, : P x V* — R, defined by

()

Sk = 5l =2l + 5 X ol [ arctan(t/ko)ar. (5:2.)

aEXg
0<kqy <o

REMARK 5.2.4. Let u € P. The functionS,(u, -) is always differentiable, while the
master functiorb (u, -) is differentiable if and only if) < &k, < oo for all « € Xy.

ExXAMPLE 5.2.5. We consider some extreme cases.
(a) If k € K<, then we recover the master function (4.5.1).
(b) Fork = 0 we get

1
So(u:€) = FlIEl* =2 ) + 7 Y (€ )l
an;

and restricted t&/; > £ givesSo(p, &) = 2[|¢€]|? — 2n (&, 1 — p).
(c) Fork = oo we haveSy (i, &) = £[|€]1% — 27 (¢, ).

We will also extend Proposition 4.8.1 to &lle K. The Bethe ansatz equations for
k € K, are the following equations ik € iV*,

AMaY) = ko \ ") Ae) v
_— = z 5.2.2
11 (A<aV)+ka> ; VieQ (5.2.2)
aeEﬁ
k>0

(if k& = 0, we interpret (5.2.2) ast = ¢*(*)). The set of solutions € iV* of the Bethe
ansatz equations (5.2.2) is denoted by BARote that fork € K-, we recover the Bethe
ansatz equation (4.4.1).

Fork € K, andn € V* let

E,’;: Z arctan(n(]?v)>a. (5.2.3)

aEXy «
0<kq <00

The next lemma partially generalizes Proposition 4.9.1, Corollary 4.9.3, and
Lemma 4.9.2.

LEMMA 5.2.6. Letk € K andu € P.
(i) The functionS} (i, -) is strictly convex and attains a unique global minimum at a
W, € V*. Moreover,z, is uniquely determined (cf4.8.5) by

fi + g = 2mp. (5.2.4)
(i) p — 115, defines dVy-equivariant bijectionP — BAE;,.
(i) Forap € Pt andp € ¥ we have

2mB) < (8Y) < 2mu(8). (5.2.5)
(1+5)

n
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whereh), = 237 . 4 oo ky' (convention:hy := 0). Furthermore,u € P if and

only if i}, € V.

PROOF. Becaus€ — O(&(aY), ky) is the composition of the linear functigh—
¢(«Y) and the convex functio®(-, k,) (Lemma 5.2.2), it must be a convex function
from V* to R. The functioné — (£, &) /2 is strictly convex. Since the set of all convex
functions is closed under addition (it is actually a cone) and linear functions are also
convex, the functiory, (1, -) must be strictly convex. Sincg, (., -) is also dominated by
the||¢]|?-term if || — oo, it attains a unique global minimum af&. Since

Sllc(w/‘vg) = Sllc(ﬂa wilg) > Sl/ﬂ(:uaﬂ;g) = Sl/c(w:u'vwﬂ;c)v
—
S} (wp, -) attains a global minimum at/i), and by uniquenessi;, = (wpu),.
Statemen(ii) and the fact thafi, is uniquely determined by (5.2.4) follows analo-
gously as in the proof of Proposition 4.8.1. The proofidf is analogous to the proof of
Proposition 4.9.1. (See also the proof of Lemma 4.9.2). O

Lety € P**. Note thatSy, = S}, for k € K~o. The mapk, &) — S}, (i, &) however
is not a continuous function frofit; x V* to R. This is the reason to consider the master
function S, instead ofS;, since(k, £) — Sk (p, &) turns out to be a continuous map from
K, x V*toR. We start with a prepatory lemma. Fore K let

1 1 1
Pshort = 3 Z &,  Plong = 5 Z «, and pk = 3 Z Q. (5.2.6)

aesy aesy ey
« short along ko=0

LEMMA 5.2.7. Letk € K.
(i) We havepshort, piong € P . Furthermore

Pshort = Z w; and Plong = Z Wi (5.2.7)
a; islshort a; isllong
Herews,...,w, denote thdundamental weightwith respect to the simple roofy =
{a1,...,a,}, defined as the vectors 1n* satisfying

wl(a;/) = (51']' Vi, j € {1, 2,... ,n}.

(i) p* is one of the dominant weights psnort, piong O Z€T0. In particularP++ C p* +
Pt C Pt

(i) Assume that € 3§ anda = 3, m;a;. Thenm,; > 0 for all i and if« is long (resp.
short) there is ariy such thatm;, > 0 anda;, is long (resp. short).

(iv) pF + P = {u € P*u(aV) > 0 forall a € § withk, = 0}. LetP* := {u €
Plu(aV) # 0 forall o € 7 with k, = 0}. ThenP* is Wy-invariant andp* + P+ is a
fundamental domain for the action Bf, on P*.
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PROOF (i) The set of long (resp. short) rootsiy is stable under the action &F.

Fixai = 1,...,n. Sincel(s;) = 1 we haves; 2§ = (X7 \{a;}) U {—a;} and therefore
Pshort if a; is |0ng
S = . .
Pshort pshori— a; if a; is short

Analogously forpiong. Together withs;(A) = A — A(a} )a; this implies (5.2.7).

(ii) Follows directly from(i).

(iii) Assume thatn; = 0 if a; is long (short) fori = 1,...,n. Thenc lies in the sub-
system, ; with J consisting of simple short (long) roots ip. Since the corresponding
Dynkin diagram is simply-laced and connected, the root sysiigm consists of only
short (long) roots. In particular has the same length as for all a; € J, and is thus
short (resp. long).

(iv) The first statement follows froii)-(iii) . The second statement follows form this and
the fact thatP* is a fundamental domain fap for the action ofit, on P. O

Note thatp? = p andp® = 0if k € K+o.

LEMMA 5.2.8. Letk € K. Then the following holds.
(i) Letu € P. ThenSk(u, -) is strictly convex and attains a unique global minimum at a
w, € V*,
(i) The mapP — V* defined by — [, is Wy-equivariant.
(iii) Lety € p* + P* D PT+. Then

!
fis = (b — p¥)y, (5.2.8)
(iv) If p € p+ PT = Pt thenjig = 2n(pu — p), if p € PT thenji,, = 2mp.

PROOF The proof of(i) and(ii) is similar to that of Lemma 5.2(§-(ii). Assume
now thaty, € p* + P*. Letg, : V* — R, be the function

g =7 > (&)= (&) (5.2.9)

aeﬁg
ka=0

ThenSy. (1, €) = Sy (1 — p*,8) + gk (&), 91 (§) > 0 andgy = = 0. Sincep — p* € P*

—_— .
we have(n — p*), € V; by Lemma 5.2.6 and therefore (5.2.8) follows, completing the
proof of (iii) . Observe Example 5.2.5 fiv). O

Recall the subseP* of P from Lemma 5.2.@v). Working with the functionS;,
instead of the functior), introduces a"-shift in parametrization of BAE

PROPOSITIONS.2.9. Letk € K.
(i) p — ifiy defines dVy-equivariant bijectionP* =~ BAE,. Furthermore foru € P*,
we haveiy € p* + Pt iff [i, € BAE, NiV7.
(i) The mapP* — BAE,, of (i) restricts to bijections

Pt 2 BAE, N{X € Vi A (@Y) > 0 Va € B with k, > 0}, (5.2.10)
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and
PN Ve 5 BAE, N{X € iV*A(aY) # 0 Va € g with k, > 0}, (5.2.11)

PrROOF Statementi) follows by Lemma 5.2.6i) and Lemma 5.2 @)-(iii) .
For statementii) it suffices to show (5.2.10). Now observe that (5.2.10) follows from
(i), Lemma 5.2.Gii) and Lemma 5.2 @i) . O

REMARK 5.2.10. Letk € K. SinceSy(0,-) > 0andS,(0,0) =0forall k € K,
we always havé, = 0. Similarly we get0; = 0. Furthermore, by Lemma 5.4iB)

we also have)r,, = 6{) = 0. Now assume that € K,\K~q. Thenp® # 0. The map
P — V* defined byu — 1y is in this case thus not injective.

Recall that we considéf, oo] as the one point compactification [6f co). The next
proposition lies at the heart of the continuous dependengg, ¢f: € P fixed) on
ke K.

PrROPOSITIONS.2.11. Letm € Nand f : R™ x [0,00]” — R a continuous map
such thatf(-, k) has a unique global minimum a#, for £ € [0, cc]”. Define the map
w: [0,00]" — R™ by k — pui. Assume also there is a compdetC R™ such that
1([0,00]") C D. Theny is continuous.

PROOF Assumey is not continuous in a poing € [0,00]". Then thereisa > 0
and a sequencky, ks, ... in [0,00]” such thatt; — 1 and |ux, — py| > ¢ for all 5.
Defining

mo = ;%IB (f(xvn) - f(ﬂnﬂl));
|z—pn|>0

we havem, > 0 by definition of,, and compactness. Chooseasuch thal < ¢ <
mo/2. Sincef is uniformly continuous oD x [0, oc]”, there is a neighborhodd of 7
such thatf(z,n) — f(x, k)| <efork € U andz € D. Hence fork € U we have

fQursm) — fluw, k) <e. (5.2.12)

By definition of u,, we havef (ux, k) < f(u,, k), and continuity off in & implies that
there is a neighborhoodl” of 7 such thatf(u,, k) < f(u,,n) + ¢ for k € U’, thus
fur, k) < f(uy,n) + e for k € U'. Together with (5.2.12) this yields

f (ks n) = fpnsm) < 28 <mg

for k € UNU’, which leads to a contradiction féar= k; and; large enough. O

PROPOSITION5.2.12. Letu € P**. Then the map: : K, — V* defined by
k +— [i is continuous. In particular

lim fix, = fig = 27(p — p) and lim iy = fieo = 27
k—0 k—o00
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PROOFE Let
D ={¢eV*0<g(BY) <2mu(BY) V6 € 5},

a compact subset df*, and the functionf : V* x K, — R defined byf(¢, k) =
Sk(w, €), which is a continuous map, becaudes continuous. From Lemma 5.2.8 fol-
lows thatf (-, k) attains a unique global minimum Af, and from Lemma 5.2.6 it follows
thatzi, € D for all k € K. Now apply Proposition 5.2.11. a

Recall from the introduction thal, = {\ € V| ¢ is W-invariant.
In the remainder of this section we put on the linear spa¢¥) the topology of
uniform convergence on compact subset¥ of

LEMMA 5.2.13. The map(\, k) — ¢ IS @ continuous map from¢ x K¢ to
c(V).

PROOF For every fixedw € Wy, (A, k) — Qr(w)(e*) is a continuous map from
V& x K¢ to C(V') because), (w) is a composition of reflection-integral operators (see
Section 2.5). Because of (4.3.2) (and identify@g(w) with Qi (w) for w € Wp), it then
follows that(\, k) — 1, 1 is a continuous map¥ x K¢ — C (V). Now observe that
(f, k) — Ty f is a continuous map fro@' (V') x K¢ to C(V). O

From Chapter 4 we know thdizi,|p € Pt} = S = S, niV fork € Ko We
shall show (see Corollary 5.6.7 and Remark 5.6.8) that this equality actually holds for all
k € K. For the moment we prove the following inclusion.

LEMMA 5.2.14. Letk € K. Then{ifix|p € PTF} C S, NV},

PrROOF. Letk? € K, \K~q, u € PTT and put\ = ifizo.
We first show that, .o is W-invariant. Fix av € V andw € W. Then

(b)\’kﬂ (wv) - K>01i9rl£1~>k0 ¢iﬂk7k(wv) - K>oh9rl?~>k0 ¢iﬂk7k(v) - d))\’ko (U)

We used in the first en last equality that for a fixédhe mapK, — C defined byk —

®ine.k (V') is continuous by Lemma 5.2.13 and Proposition 5.2.12. The second equality
used that;;, , is aW-invariant function fork € K. Sincev, w were fixed but chosen
arbitrary, it follows thaip ;o is W-invariant. Since by definitiofl # ¢, xo € BVPo()),

this shows that\ € Sjo. The inclusion\ € iV follows from Proposition 5.2.12 and
Lemma 5.2.8ii) . O

PROPOSITIONS.2.15. Lety € PT1. The mapk — ¢;5, » from K| to H is contin-
uous.

PROOF From Proposition 5.2.12 and Lemma 5.2.13 follows that> ¢;;, « is a
continuous map fronk . to C(V). In particulark — ¢mk,k‘@ is continuous from

K. to C(Cy) (with the topology of uniform convergence @i(C)). Sincegis, x iS
W-invariant and the uniform convergence it follows (see (5.1.1)) that ¢,5;, & is
continuous fromk', to H. O
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5.3. Perturbations of semi-bounded self-adjoint operators and quadratic forms

In this section we denote 3% any separable Hilbert space with scalar produgt

This section contains some general results (mostly without proofs) on perturbation
theory of positive self-adjoint unbounded operators on Hilbert spaces, and is preparatory
to the Sections 5.4-5.6. The main reference for this section are the books by Reed and
Simon B9, [67] and Kato A9].

The problem we are faced with is the following. Sometimes one wants to make sense
of (unbounded) operators on a Hilbert space of the ferth + V (z) with V' a singular
potential; V' might not be a function, but only a distribution (see for example (3.2.1)).
Often there is some heuristic reason to believe wht g) = (V - f, g) should bef
there was such an operatdd ‘= —A + V. The situation then arises to find an operator
H such that

for f andg in a suitable domain. This leads to the concept of a quadratic form, which we
now proceed to recall.

DEeFINITION 5.3.1. A (quadratic) forms a mapg : D(q) x D(q) — C whereD(q)
is a dense subspace Hf called theform domain such thay(-, f) is linear andg(f, -) is
anti-linear for f € D(q). If q(f,9) = q(g, f) for all f, g we say thay is symmetric If
q(f,g9) > 0forall f € D(q), qis calledpositive and ifq(f, f) > —M| f||* for some
M > 0and forall f € D(q), we say that is semi-boundedr that g is bounded from

below by— M. We also use the following abbreviation

q(f) = a(f, f):

REMARK 5.3.2. (i) It is assumed that all domain of definitions are densg.in
(i) Let (¢, D(q)) be a form. By the polarization identity
q(f+9)—a(f —g) +ig(f +1ig) —iG(f —i
ofg) = WA DA T+ 1) ZWT 210 (5 e pig)), (53.)
it follows that any semi-bounded form is automatically symmetric. The polarization iden-
tity also shows thag is completely determined by. This fact allows us to define forms

by only givingg.
Let (¢, D(q)) be a semi-bounded form. A sequerds,} C D(q) of vectors will be

said to beg-convergent tdh € H (although strictly speaking, we should s@y D(q))-
convergent), denoted by, — h, if h,, — h with respect to the topology dft and
q

G(hp, — hm) — 0asn, m — oo. The semi-bounded forrfy, D(q)) is said to beclosed
if h,, — h impliesh € D(q). The following theorem gives an alternative description of
q

closed semi-bounded forms (sé®[Theorem VI.1.1] for a proof).

LEmMMA 5.3.3. Let(q, D(q)) be a form bounded below byM. ThenD(q) becomes
a pre-Hilbert space with respect to the following inner product,

(f,9)g = a(f,9) + (M +1)(f,9). (6.3.2)
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The formg is closed iffD(g) is a Hilbert-space with respect (g, - ).
REMARK 5.3.4. It is not difficult to show that the norms

1fllq =/ (f> /) (5.3.3)
corresponding to different lower bounds are equivalent.

DEFINITION 5.3.5. Let(q, D(q)) and(r, D(r)) be two forms ori{. We say that is
an extensiorof ¢ or thatq is arestrictionof » (in short: » > g or g C r) if D(q) C D(r)
andq(f,g) =r(f,g)forall f,g € D(q).

A semi-bounded formq, D(q)) is said to beclosableif it has a closed extension.
The following theorem gives an alternative description of closable semi-bounded forms
(see B9, Theorem VI.1.17] for a proof).

THEOREM 5.3.6. A semi-bounded fornfy, D(q)) is closable iffh,, — 0 implies
q

G(hy) — 0.

When this condition is satisfied we define the cloggré(q)) as follows. D(q) is
the subspace off of all h € H such that there exist a sequenfle,} C D(q) with
h, — h, and

q

q(fvg) = nlgr;OQ(fnvgn) for any f,, ? fin 7 g-

Then(g, D(g)) is a closed semi-bounded form with the same lower bour(@.d3(q)),
and it is the smallest possible semi-bounded closed extens{gniofq)).

REMARK 5.3.7. If (¢,D(q)) is a form on’H bounded form below by-M for a
M > 0, then one can take the abstract closure of the pre-Hilbert spagewith inner
product(-, -), given by (5.3.2). A a set this Hilbert space consists of equivalence classes
of Cauchy sequencg§s,, ),,] with respect to the norri- ||,. There is a well-defined map
from this Hilbert space t&{, defined by sending @#.,)] to the limitlim,, &, in H. This
map is in general not injective. Theorem 5.3.6 shows that this map is injective in the case
that (g, D(q)) is closable, with imag®(g) C H.

When(q, D(q)) is a closed semi-bounded form, a linear subsgacé D(q) is called
aform coreof (¢, D(q)) if the closure of the restrictiofy, D) of (¢, D(q)) is equal to
(¢, D(q)). The following (see 49, Theorem VI.1.21] for a proof) gives an alternative
description of a form core.

LEMMA 5.3.8. Let (g, D(q)) be a semi-bounded closed form. A linear subsp@ce
of D(q) is a form core iffD is dense inD(q) with respect to the norr - ||,.

DEFINITION 5.3.9. We say that an unbounded operatot, D(A)) on H (the do-
main of definition is always assumed to be dens@()nis closedif its graphT'(A) =
{(Af, /)If € D(A)} is closed inH & H. An unbounded operatdrd, D(A)) is closable
if there exists a closed extensioB, D(B)) of (A, D(A)), i.e.

(i) (B, D(B)) is a closed unbounded operator &t
(i) D(A) C D(B) andBjpay = Aforall f € D(A).



112 5. COMPLETENESS OF THE BETHE ANSATZ EIGENFUNCTIONS

A closable unbounded operatoA, D(A)) on H has a smallest closed extension
(4, D(A)), called theclosureof A. Itis known that a symmetric operator is closable, and
a self-adjoint operator closed.

DEFINITION 5.3.10. Let (4, D(A)) be a self-adjoint operator. Consider the sym-
metric form(ga, D(A)), withqa(f,g) = (Af, g).
(i) (A,D(A)) is said to bebounded from below by- M for someM > 0 if the form
(ga, D(A)) is bounded from below by M. (A, D(A)) is said to besemi-boundedf
(ga, D(A)) is bounded from below by M for someM > 0. If M = 0 can be taken,
then(A, D(A)) is calledpositive
(i) LetD C D(A) be a dense subspace®f We say tha is a operator cordor A if
(A, D(A)) is the closure of the symmetric operatot|p, D).

It is possible to associate to any semi-bounded self-adjoint operator a closed semi-
bounded form.

THEOREM 5.3.11. Let (A, D(A)) be a self-adjoint operator that is bounded from
below by—M for a M > 0. Then the forn{ga, D(A)) is closable. We denote (by abuse
of notation) the closure (see Theorem 5.3%3, D(ga)) of (g4, D(A)) by (g4, Q(A)).
LetD C D(A) be an operator core fofA, D(A)). ThenD is a form core fo(ga, Q(A))
and

Q(A) = {f € H|3fn €D, fn— finH

and (A(fn — fim), fn — fm) — 0for n,m — oo} (5.3.4)

Furthermore,

For a proof of Theorem 5.3.11 se&9[ Example 2 in VIII.6 and Problem 16 of VIII]
or [49, Corollary 1.28].

The following proposition gives a description of the domainiofA4) of a semi-
bounded closed self-adjoint operator in terms of a from ¢o@&f (¢4, Q(A)).

PROPOSITIONS.3.12. Let (A, D(A)) be a semi-bounded self-adjoint operatorin
andD C Q(A) aform core (for example, one can take here an operator &bre D(A)).
If f e Q(A), h € Handga(f,g) = (h,g) Vg € D, thenf € D(A) and Af = h.
Furthermore,

D(A)={f € Q(A)|3h € Hsuchthaya(f,g) = (h,g)forallg e D}. (5.3.6)

For a proof of this theorem se49, Theorem VI.2.1].
We have the following reverse to Theorem 5.3.11, sometimes ctilketirst repre-
sentation theorem

THEOREM 5.3.13. Let (¢, D(q)) be a closed semi-bounded form. There exists an
unique semi-bounded self-adjoint operatdr, D(A)) such thatq, D(q)) = (g4, Q(A)).
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For a proof of this theorem se@9, VIII.15] and [49, Theorem VI.2.1].

Although the following theorem about positive self-adjoint operators is not used in
this thesis we state it here nonetheless, since it is illuminating (and all self-adjoint opera-
tors which we will encounter in this chapter are positive).

THEOREM 5.3.14 (Second representation theored®, [Theorem VI.2.23]). Let
(A, D(A)) be a positive self-adjoint operator. Denote py'/2, D(A'/?)) the square
root of A. Then we havé)(A) = D(A'/?) and

qalf.g) = (A'2f,A'2g),  f.g€Q(A).
A subsetD of Q(A) is a form core of(qa,Q(A)) iff D is a operator core of
(AY2, D(AV?)).

An important result in the theory of perturbation theory of self-adjoint operators and
forms is the so-called KLMN theorefn

THEOREM 5.3.15 (the KLMN theorem).Let (A, D(A)) be a positive self-adjoint
operator onH and suppose thdf3, Q(A)) is a symmetric form such that

1B(f, ) < alAf, f) +b(f, f) VfeD(A) (5.3.7)

for somen < 1 andb € R. Then there exists a unique semi-bounded self-adjoint operator
(C, D(C)) such that the corresponding forfi-, Q(C)) has form domai®)(C) = Q(A)
and

ac(f,9) = qa(f,9) + B(f.9) Vf.g€Q(C) =Q(A). (5.3.8)
C'is bounded below by-b and any operator cored for (A, D(A)) is a form core for

(g0, Q(C)).

The proof of the KLMN theorem uses Theorem 5.3.13 (&€& Theorem X.17]
and 9, Theorem VI.3.9] for details). Theorem 5.3.15 can be proved for much wider
classes of forms (see for instané®[Theorem VI.3.4]).

We turn our attention to the question of convergence of unbounded operators. Our
basic reference 6P, Section VIII.7 and Supplement to VIII.7]. Ldtd, D(A)) be a
closed operator ofi{. A A € Cis in theresolvent sep(A) of A if A — A is a bijection
of D(A) onto’H with a bounded inverse. Ik € p(A), R\(A) = (A — A)~! is called
the resolventof A at A. Note thatp(A) = C\o(A4), with ¢(A) the spectrum ofd. In
particular for self-adjointd we havep(A4) D {A € C|Im(\) # 0}.

DEFINITION 5.3.16. Let(4,,, D(A,)) (n = 1,2,...)and(A, D(A)) be self-adjoint
operators onH. Then A, is said to converge tod in the strong-resolvent sensé
R\ (A,) — Rx(A) in the strong operator topology for all with Im () # 0.

DEFINITION 5.3.17. Let (¢, D(q)) and (r, D(r)) be two symmetric forms. We say
thatg < riff D(¢) 2 D(r) andq(f, f) < r(f, f) forall f € D(r).

1The theorem is due to Kato, Lions, Lax and Milgram, and Nelson;8ge\otes to Chapter X] for some
historical comments.
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Note that if(¢, D(q)) C (r, D(r)), then(r, D(r)) < (¢, D(q)).

Although it is troublesome to define a partial ordering on the set of unbounded oper-
ators onH due to possibly non-overlapping domains, there is a natural definition for the
class of semi-bounded self-adjoint operators (see also Theorem 5.3.11).

DEFINITION 5.3.18. If A and B are semi-bounded self-adjoint operators, then we
say thatA is smaller thanB or that B is greater thanA (in short: A < Bor B > A)
whenever 4 < ¢gg.

THEOREMS5.3.19 (B9, Theorem S.15])Letq be any positive form. Then there exists
a largest closable formg,. that is smaller thany, i.e: If ¢ is a closable positive form and
t < g thent < g,.

We define 0 to be the form with form domakta and form(f, g) — 0.

THEOREM5.3.20 (B9, Theorem S.16]) Letq; > ¢2 > g3 > --- > 0 be a sequence
of closed positive forms. Considé,, = U, D(g,). Then the pair(¢~, Do) is a
positive (but in general not closed) form, where

Goo(f9) = lim g (f,9) = inf au(f.9)

for f,g € D. Let A, be the positive self-adjoint operator corresponding (in the sense
of Theorem 5.3.13) tg,, and B be the positive self-adjoint operators corresponding to
the closure of ¢, ). ThenA,, — B in the strong-resolvent sense.

The proof of the completeness of the Bethe ansatz eigenfunctions (Theorem 5.1.4) is
based on the following theorem of Dorlas. We say that an unbounded opetafofA))
onH has compact resolvent(fd — 1)~! is a compact operator for gl € p(A).

THEOREM 5.3.21. [16, Theorem 3.2]Let {H,};>o be a one-parameter family of
positive self-adjoint operators acting on a Hilbert spake Assume that — H; is
monotonically nondecreasing (in the sense of Definition 5.3.18) and right-continuous in
the strong-resolvent sense and tti&f has compact resolvent. Suppose that there exists a
set of linearly independent eigenfunctions, } . v for H;, parameterized by a discrete
setN, which depends continuously erand which is complete at= 0. Then{¢., }en
is a total set inH forall ¢ > 0.

REMARK 5.3.22. In [16, Theorem 3.2] it is assumed that— H; should be con-
tinuous in the strong-resolvent sense. From the proof follows that right-continuity in
strong-resolvent sense is sufficient.

For later reference we state some other theorems that will be used in the following
sections.

THEOREM 5.3.23. Let A be a semi-bounded self-adjoint operator &#n Then the
following are equivalent:
(a) A has compact resolvent.
(b) There exists a complete orthonormal ba&js, }2° ; of H in D(A) so thatAf, =
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/\nfn: M <A<, and/\” — 0Q.

For a proof, seed8, Theorem XII1.64].
The spectrunw(A) of a self-adjoint operatofA4, D(A)) decomposes into two dis-
joint parts, theessential spectrum,.;;(A) and thediscrete spectrum

oaisc(A) = {X € o(A)| Ais an isolated point of (A) with finite multiplicity}.

THEOREMb5.3.24. Let(A, D(A)) be a positive self-adjoint operator 6, ¢1, ¢o, . ..
a total set of linear independent eigenfunctioAs); = m;¢; such thatm; — co. Then
there is only discrete spectrum, i®(A) = 04;5.(A). Moreovers(A) = {m1,ma,...} C
[0,00). For m € o(A) the eigenvalue spacK,,, = {¢ € D(A)| Ay = ma¢} is finite
dimensional and is spanned By;| m; = m}. AlsoH = &,,,c,(4) Hm-

The only non-trivial part of Theorem 5.3.24 is to show that the essential spectrum
is empty. This follows immediately from the operator form of the min-max theorem
(see B8, Theorem XIll.1]). Note that by Theorem 5.3.23 a positive self-adjoint operator
(A, D(A)) satisfies the condition of Theorem 5.3.24ffhas compact resolvent.

DEFINITION 5.3.25. Let A be a operator on a Hilbert spacK. A vectorf € D(A)
satisfyingAf € D(A), A*f = A(Af) € D(A), A3f = A(A?f) € D(A) etc. is
called asmooth vector ford. A smooth vectoyf for A is called ananalytic vector for
Aif Y7 [JA™ f]|t"/n! < o for somet > 0. In particular, any eigenvector of is an
analytic vector forA.

THEOREMbS.3.26 (Nelson’s analytic vector theorent)et A be a symmetric operator
on a Hilbert spacé. If D(A) contains a total set of analytic vectors, théris essentially
self-adjoint.

For a proof, seed7, Theorem X.39].

5.4. Definition of the Hamiltonians: the free system

We will apply Dorlas’ Theorem 5.3.21 to the Bethe ansatz eigenfuncfions »|n €
P*+} and the self-adjoint operators obtained from the form interpretations of of the for-
mal Hamiltonian given by (5.1.3). Theorem 5.3.21 reduces the completeness for general
k € K to the completeness for the uncoupled case 0. We therefore have to investi-
gate this case first.

In Example 3.2.8 we have seen that Bethe ansatz eigenfunctions

1
¢A,0 = T Z ew’\
#WO weWy
are parameterized ky;” = 27iP*. Our aim is to define a self-adjoint operatds on H
that is related the LaplacianA (see (5.1.3) witlk = 0) with compact resolvent such that
the Bethe ansatz eigenfunctions correspondingo0 are a complete set of orthogonal
eigenfunctions of,.
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Itis sometimes more convenient to work with other Hilbert spaces that are isomorphic
to H via a unitary transformation. The measyrg on V' induces a measure on the
compact torug” = V/QV, denoted by:r. It is the uniqgue Haar measure on the abelian
group T normalized byur(T) = #Wy - pp(Cy). SinceW, leavesQ" stable, the
following defines an action df’;, onT'

wv+QY) =wv+ QY.
Consider the map from W -invariant functions or/ to Wy-invariant functions on
T, defined by
fre+QY = f(v).
On the level of Hilbert spaces it defines a unitary isomorphism,
dpr )WO
#Wy ’

Z:HLHT:B(T,

with the inner product:, -)r onHy given by

(fv Hr #W /f d}UJT )

The torusI” has a smooth manifold structure. The malefines an isomorphism from
the space of smooth/-invariant functionsC>° (V)" on V' to the space ofV;-invariant
smooth functiongo>*(T)"o onT. There is a Laplaciathr on C>(T")"o, defined by
Aror=10A.

We define firstH, as an operator oK.

THEOREM 5.4.1. Consider the positive symmetric operaterAz, C>(T)"0) on
Hr.
(@) The operator(—Ar, O (T)"0) is essentially self-adjoint. Its unique self-
adjoint extension{Hy, D(Hy)) is positive and>>°(T')"° is an operator core
for (Ho, D(H()))
(b) The set{pxro| A € 2miPT} C C(T)"o C D(H,) is a complete set of or-
thogonal functions i, that are also eigenfunctions éf,,

Hooxo = [|A2dr0 (5.4.1)

forall A € 2miPT.
(c) Hy has compact resolvent.

PROOF The symmetry and positivity of—A7, C>(T)"°) is obvious (see also
Lemma 6.2.6) and (5.5.7)).

Assertion (c) follows from (b) and Theorem 5.3.23. The orthogonality of the func-
tions in (b) is shown by a simple calculation. Consider the unital algdbv&functions
in C(T) generated bye*| A € 27iP}. We claim thatA is dense irC(T') in the topology
of uniform convergence oft. This follows from the Stone-Weierstrass theorem. It is
obvious that4 contains the constants and is closed under conjugation. That it separates
points is equivalent with: for every + Qv € T with v ¢ QV, there is a\ € P such that
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A(v) ¢ 2miZ. This is the case sincB and@Q" are lattices which by definition are in per-
fect duality. Whence by Stone-Weierstrasss dense irC'(T') and elementary.?-theory
tells us that therefordl must be dense i (T, dur /#Wo).

Consider the bounded symmetrization operagan;,, from L2 (T, dur/#Ws) onto
Hr. On the dense subspa€¥T) it is defined by

Symy, (6) = —— 3 we.

The image of4 underSymy,, is dense by the continuity ¢fymy;, . But Symy; (A) is
equal to theC-linear span of{¢» o| A € 2miPT}. Noting that—Ar¢yo = [|A|%dxr.0
holds for all\ € 27iP*, we get (b). Since eigenfunctions &f are analytic vectors for
H, (see Definition 5.3.25), the essential self-adjointnesg-akr, C>(T)"°) follows
from (b) and Nelson’s analytic vector theorem (Theorem 5.3.26). O

Let (ho, Qo) = (qu,, Q(Hp)) be the closed positive form corresponding to the pos-
itive self-adjoint operatof Hy, D(H,)) (see Theorem 5.3.11). Sin¢&™(7)"° is an
operator core ofHy, D(Hy)), it is also a form core fothg, Q9) by Theorem 5.3.11. In
the next section we show thél, is the Sobolov space of once differentiable function
functions onC;. (see Proposition 5.5.3).

5.5. Definition of the Hamiltonians: the coupled system

For technical reasons it is more convenient to work with the following Hilbert space,
which is unitary isomorphic t@,

H/ = L2(07+7 d:u‘E)7

with the inner product the obvious one (see also (5.1.2)). A domain of self-adjointness
for Hy on'H’ is then

Do =A{pjg-l¢p € C=(V)"}
by Theorem 5.4.1(b).
For a bounded domai in V andm € Zx; orm = oo we let
C™(Q) = {fgl f e C™(V)}.
Denote the wall of the fundamental chamis&r corresponding to the simple roet (with
i=0,1,2,...,n) by L;,
Li=CyNV,, ={veV]a(v) =0,a;(v) >0V #i}. (5.5.1)
Since smooth functions symmetric with respect to orthogonal reflection in an affine
hyperplane have zero normal derivative jumps, we have
Do € {¢ € C®(C)|dpay d(x+0Da;’) =0 for semi-regular: € L; Vi}. (5.5.2)
In this section we construct positive self-adjoint unbounded operatpen H’ (k

K ) associated to the formal Hamiltonian (5.1.3). The Bethe ansatz eigenfunctions will
be contained in the domain éf;. Moreover, they will be eigenfunctions. The operators
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Hj, will be constructed by applying the KLMN theorem (Theorem 5.3.15). The most
natural way of defining the relevant forms is by using Sobolev theory and we therefore
recall some basic facts, referring for more details to the textbot®s|[[2].

Let Q be a domain in/. Denote the space di'-locally integrable function with
respect tadup on Q by L}, (Q,dug). Everyg € L}, (9, dug) defines a distribution
T, € C*(Q2) on as follows: It sends a test functighin in the space of compactly
supported smooth functior®* (2) onQ to Ty (¢) = [, 9¢dpp.

For a homogeneous polynomialof degreer and a distributionS on €2, the dis-
tributional derivativep — (—1)"S(p(0)¢) (¢ € C°(Q2)) is denoted by (0)(S). We
extend this by linearity to all polynomials. ¥ € L},.(Q,dug) andp(0)(T,) = T,
forah € L} .(Q,dur), thenh is unique and is called theeak partial derivateof g.
Thus “p(d)g = h” in the weak sense for a homogeneous polynompialf degreer,
providedh € L}, (9, dug) and [, gp(0)¢dpg = (—1)" [, hédug for every test func-
tion ¢ € C°(Q). If g is sufficiently smooth (say € C*°(Q)), then the point-wise
partial derivativep(9)g is the weak derivative of. For ag € L}, (2, dug) we write
p(d)g € L*(Q, dur) whenevep(d)g = h € L*(Q, dug).

Let {n1,...,n,} be an orthonormal bases (in short, ONB)16f Assumef,g €
Lj,.(,dpp) such thatfl e L2(Q,dup) and $£ € L*(Q,dug). Then it is easily

checked that
of 89
5.5.3
Z/ 877] 8773 ( )

is independent of the choice of ONB.

DEFINITION 5.5.1. The space
WA, du) = 1f € L0 dup)| S € L(Q, dyug) forall j = 1,2, n)
nj

is called theSobolev space of once weak differentiable function§lamith respect to the
measure: .

W12(Q,dug) is a Hilbert space with respect to the inner product

of 0g

with {n1,...,n,} an ONB forV. The inner product is well-defined since by (5.5.3) itis
independent of the choice of orthonormal basis.

Let Wi2? = WL2(C,, dug) the Sobolev space of once weak-differentiable func-
tions onCy.

Denote the measure @, induced fromdug onC, by dog.

THEOREM5.5.2 (Trace operator)There exist a linear operator
B:Ww'? — L*0C,,dog) (5.5.5)
such that
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() Bo = djac, if o€ WH2NCY(CTy),
(i) Bis continuous, i.e., there is a constarit> 0 such that
1Béll2(o0, dory < C - lpllwre Vo € WH2
PrROOF This is an immediate consequence o®,[Theorem 1.8.7]. O
For the rest of this section we fix an ONBy, ..., 7, }.
Recall the closed positive forithg, Qo) corresponding to the positive self-adjoint

operator( Hy, D(Hy)). Note in particular thal/ = 0 is a lower bound fof,. The form
(-, )no, ON Qo given by (5.3.2) has the following expression Bg C Q,

(6 %)ho = (~Ard, By + (6 ) = (& e + 3 (22, 0L = (60w

1 877j ’ an
(5.5.6)
The second equality follows by Stokes’ theorem,
" (0 O Op—
Z ((3(;57 81/)> = (—Ard, V) +/ af(bwdag, (5.5.7)
i—1 Ui i) w oC 14

with v the inner normal t&” ., and by observing that the second term on the right hand
side is zero because of (5.5.2).

SinceD, is an operator core fdiHy, D(Hy)) (by Theorem 5.4.1), it follows by (5.3.4)
and (5.5.6) thaf), is precisely the closure d, in H’ with respect to the Sobolev norm
| - lw.2. SinceW -2 is a Hilbert space) is the closure oD, in W12, i.e.

Qo = {¢ € WH?|3¢,, € Dy such that|¢, — ¢|ly1.2 — 0asn — oo}.  (5.5.8)
The next proposition shows that in faby C W12 is dense, henc@, = W12,

ProPOSITION5.5.3. The form domair, of hg is equal to the Sobolev space of
once differentiable functions afl, , i.e. Qo = W2, Furthermore,

"Dy O

=1
We introduce a regularization procedure that will be used in the proof of Proposi-
tion 5.5.3. Forar > 0 andz € V let B(x,r) = {y € V||ly — z|| < r}. Choose
aj € Cx(V)Wo with j > 0, Supp(j) € B(0,1) and [, j(z)dup(x) = 1. For
e > 0 consider themollifier j. € C°(V)"o defined byj.(z) = j(z/)/e". For any
uw€ L} (V,dug) letu. € C>(V) be the regularizatiop. * u of u by j., i.e.

ue(x) = /V el — y)uly)dun(y) = /V Je(w)ulz — y)dus(y).

In the next lemma we collect some elementary properties of
LEMMA 5.5.4. Letu € L}, (V,dug).

loc

(i) LetQ2 be an open subset of andu;, € C(£2). If G is a compact subset 61, then
ue — u uniformly onG.

) Vo, € Qo =W (5.5.9)
0
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(ii) Letu € Lj,.(V,dug)" . Thenu. € C>(V)" and therefores s € D.

loc

PrROOF (i) The method of proof is standard iP-theory (cf. proof of
[2, Lemma 2.18(d)]). Sincé&' is compact, there is a compa@t andey > 0 such that
G C G’ Cc QandB(x,g0) C G’ forall z € G. The statement is now an immediate
consequence of

Je(r) — ()| = \ [ et = uts) - u(x))duE<y>|

< sup u(y) —u(z)] < sup lu(y) — u(z)|
yeB(z,¢) y,2€G,|ly—z|/<e
forall z € G and0 < ¢ < gg and the fact that is uniformly continuous oid’.
(i) BecauseW = W, x QY it suffices to show thati. is Wy-invariant andr(Q")-
invariant. Letr € V, w € Wy anda € QV. Then

ue(z +a) = /V Je(wu(e + a — y)dus(y) = /V Je(w)u(e — y)dun(y) = ue(2).
Also

ue(wz) = /V e (w)ulws — y)dus(y) = /V Je(wy Yu(wz — wy)dus(y)

= [ detwute = v)due() = vefo).
where we in the third equality used thgits itself Wy-invariant. O

PrRoOOF oFPROPOSITION5.5.3. Because of (5.5.8) it suffices to show tha§ is a
dense subspace & !-2 (in the Sobolev topology) for the first statement. The second
statement then follows immediately from (5.5.6) and the fact fhats a form core for
(hos Qo) = (ho, WH2). -

A standard result in Sobolov theory states that (C, ) is dense inW!:2 (see for
example ¥9, Theorem 1.3.6]). To prove the proposition it therefore suffices to show that
everys € C*(C, ) can be approximated i 12 by elements fronD,.

Assume that @ € C>°(C,) is fixed. By (5.1.2) there is a unique continudis
invariant functionu on V' extendingy. By Lemma 5.5.4i) u. oy € Dy. We shall show
thatus‘a — ¢ in the Sobolev norm as™\ 0.

Recall that we had fixed an ONByy, ..., n,} of V. Forj = 1,2,...n, consider the
functioninv’ € Lj,,.(V, dy) defined by orV/;.., by 2. We claim thatgs = (v/). for
alle > 0.

Fort > 0andj = 1,2,...,n consider the following function ig(V)™(@"),

9t.5(y) = (uly +tn;) —u(y))/t (yeV).
Because of the geometry of the hyperplane arrangement associated to the affine root sys-
temY;, it is easily seen that there ist@ > 0 such that for every € V and0 < ¢ < tq,
the number of times the line segment betwgemdy + ¢n; changes from chamber is at
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most#Wo-times. Observe thatz € C>°(C), and therefore alséé%;‘j)lc € C>(C),

for every alcoveC. A simple application of the mean value theorem (possibly multiple
times, but at mos# W-times) together with thél -invariance and continuity af, then
shows

an;
forallt € (0,9) andv € V. Fixaz € V,¢y. ThenSupp(jeg:,;(z — -)) C B(0,¢), and
|7egs.;(x — -)| is dominated by{# W, M;) supy, j/(e™) andlim g g¢,;(y) = ad;j (y) for
everyy € V.., andj. Observing that the complement:of- V,.., in V has measure zero
and applying Lebesgue’s dominated convergence theorem gives

g =l [ 5 udns)

|g¢,5(v)| < #Wosup
Cy

= #WQMj

81’]] t—0

— [ (e - v)dne)
T—Vyeg ~

= /_V‘ JeW! (@ = y)dup(y) = (v)=(2).

Sincex € V., was arbitrary and/,.., is a dense subset &f and continuity, it follows
indeed tha%;j_ = (v7). foralle > 0. Together with//|, € C(C)and Lemma5.5)

this shows thatv’). — v7, and therefor s — 887‘3 uniformly on compact subsets
of C,, and thus in particularly point-wise ofi._. If a locally integrable functiory is
bounded by)M, then so does the regularizatign Applying this observation t¢ = v7
and usingi= = (v/). gives

2

ou.  Ou

2
‘8(usu) === - < 4]\427
on; on; O
uniformly onC', . Lebesgue’s dominated convergence theorem now gives
2
lim M dug = 0.
eN\.0 Cy 877j

Because: € C(V), it follows by Lemma 5.5.6) thatu. — u uniformly onC, . Together
with (5.5.4) applied td) = Cy andf = g = (u— ug)‘cj € C*(Cy), we see that
Uejo, — U, = ¢in W2 and this concludes the proof because of the remarks made
at the beginning of the proof.

U

We are now able to define the forms used to make sense of the formal Hamilton-
ian (5.1.3) as positive self-adjoint operators.
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DEFINITION 5.5.5. Letk € K. We denote by, the form with form domaid)y =
w12 and

() = ”Dk;” /L Bo(v)By(v) dog(v) (¢, € Qo).
i=0 i i

with 3 the trace operator from Theorem 5.5.2. Define also the fbgre= ho + 0 (with
Qo as form domain).

REMARK 5.5.6. If ¢, € Dy, then by Theorem 5.5(Q

n ki ~

and

n ks -
hi(9,v) = (=Arg,¥) + ; DaY] /qu Yodog.

To apply the KLMN theorem, we need to check the inequality (5.3.7). This will be a
consequence of the following lemma.

LEMMA 5.5.7. There is a constant > 0 (only dependent ok) such that

01(¢, ¢) < c(ho(9,d) + (6, ¢)) (5.5.10)
forall ¢ € Q.

This follows from Theorem 5.5.2 and Proposition5.5.3

For multiplicity functionsk andk’ in K, suchthak > k' we denote byt — k' € K
the following multiplicity function: (k — k'), = ko — k. Fork € K, letk, =
maxges Kq.

PrRoPOSITIONS.5.8. For all £ € K, there is an unigue positive self-adjoint op-
erator (Hy,, D(H})) onH’ with form domainQ(Hy) = Qo such thatgy, = hi. The
operatorsH,, are increasing ink:

H, < H,, ifk<k. (5.5.11)

PrRoOOFE The uniqueness follows because a self-adjoint operator is uniquely defined
by its form (see Theorem 5.3.13). Equation (5.5.11) follows directly from the fact that
hy < hy (see Definition 5.5.5) whenevér< £/, and the first part of the Proposition.

To prove the existence we use induction /op. Assume thatH,. is defined for
somek® > 0 with the properties described in the statement of the proposition3 lbet
the formd,,_,0. Thenh is a perturbation ok by 5 sinceh, = hio + 3. The following
estimation

B9, 6) = 0k—ko (6, 9) < (k — k%)oc01(, ) < c(k — k°)oo (hko (¢,9) + (¢, ¢)>

is true for all¢ € Qg since the formsy;, are nondecreasing and inequality (5.5.10).
The KLMN theorem (Theorem 5.3.15) tells us that there im@ueself-adjoint operator
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(Hy, D(Hy)) with associated fornfhy, Qo) whenc(k — k%), < 1, i.e. for allk with
kY <k < k° + 1/c. Apply induction to conclude the proof of the proposition. O

REMARK 5.5.9. Although Dy is a form core for the fornfhy, Qy) associated to the
operator{ Hy, D(Hy,)) itis in general not true thad, C D(H},) for k £ 0.

5.6. Proof of the completeness

In this section we shall prove Theorem 5.1.4. We finish the section with some corol-
laries to Theorem 5.1.4.

Now we have defined positive self-adjoint operatéfs on ', we turn our atten-
tion to the domain of definitiorD(H}). As observed earlier on (see statement Theo-
rem 5.3.21) the key step will be to show that the Bethe ansatz funcfipns|A € Sk}
are in the domain of definitio®(H},). We first define a convenient spabg containing
the Bethe ansatz eigenfunctions. For this recall the sp&cé) (V) from Chapter 3 (see
Section 3.5). Fok € K,k # 0, let

Dy ={ ¢l ¢ € C-B ()W}

(Note that fork = 0, the above would not be equal to the spakgedefined at the begin-
ning of Section 5.5, but would only be contained in it). Alternatively,

Dy, = {¢ € C“(C)|dpay ¢(z + 0Day' ) = ki¢(z) for semi-regular: € L,
i=0,1,...,n}. (5.6.1)

For ag € C>(C, ) we denote byA¢ the unique function irC">°(C ) that onC', is
given byA¢. It extends the operatak on Dy C C°°(C ) from Section 4.

PROPOSITIONS.6.1. Letk € K.

(1) The Bethe ansatz eigenfunctiofis, x|\ € Sk} are in Dy,.

(2) Dy C D(Hk)

(3) Hrp = —A¢inH forall ¢ € Dy. In particular Hypy . = [|A[|?¢a x for all
A E Sy.

PROOF. (1) follows from Corollary 3.6.2 and, » € BVP,(\)" for A € S, (note
that all the results in Chapter 3, with the exception of the last section, holds for complex
valued multiplicity functiongk).
Observe thaD, ¢ W2 = @, the inclusion coming fronD,, ¢ C>(C, ) c W12
and the equality being Proposition 5.5.3. To prd2¢ and (3) it suffices by Proposi-
tion 5.3.12 to show that for alb € Dy, C Qo, hi(o,v¥) = (—Ag, ) holds for all
¢ € Dy. By symmetry of the forms, this is equivalent th; (v, ¢) = (v, —A¢) holds
for all v € Dy, and this is equivalent to

—(AY, @)1 + 0k (¥, ¢) = (¥, —=Ad)p, V¢ € Dy, (5.6.2)
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by the definition ofh;, (see Definition 5.5.5) and (5.3.5). By Stokes’ theorem:

(D, By = (, Ad)aes + /a ) (u)gf; - ?fp) dos,

with n denoting the inner normal vector &&”'.. The second term of the integrand is zero
because) € D, (see (5.5.2)). The remaining term gives

; ”D;v” /L $Opay ddop.
Now use that) € Dy, (see (5.6.1)) to conclude (5.6.2). O
We turn now our attention the right-continuity of the map defined by Hy.
LEMMA 5.6.2. Letk? € K. Thenhyo(é, ¢) = infps o hi (¢, ¢) for all ¢ € Dy.

ProoF This follows from

0 < hie(¢,8) — hyo (6, 0) = 010 (9, 0) < (k — k)0 01(, 9).
g

COROLLARY 5.6.3. The map defined by — Hj, (k € K.) is right-continuous in
the strong-resolvent sense.

PROOF. Letk; > ko > --- > k" be a sequence ifk € K|k > k°} s.t. k; — k°.
Thenhy, > hg, > --- > 0 as forms onQo, andhyo = lim; .o hy; = infjen by, DY
the first part of Theorem 5.3.20 and Lemma 5.6.2. By the second part of Theorem 5.3.20,
Hy, — Hjo asj — oo in the strong resolvent sense. O

To apply Dorlas’ theorem (see Theorem 5.3.21) to our oper&iprsve still need to
verify the linear independence of the Bethe ansatz eigenfuncfipng|\ € Si}. Recall
the Dunkl-type operators(D*) (p € S(V)c) from Section 3.4 (which were defined
for all complex valued multiplicity functiong). By Theorem 3.6.4) we have for any
A€ Vg andp € S(V) Lo,

P(D*)dr ke = P(N) k- (5.6.3)

LEMMA 5.6.4. Letk € K. The Bethe ansatz eigenfunctiofis, x|\ € Sk/Wo}
are linearly independent if.

PROOFE LetWyAi, Wola, ... Wy, € Sk/Wy be pairwise differentand, . . ., a,,
elements inC such thatp = Z;?;l a;$x, r = 0in H. We have to show that; = --- =
am = 0. Sincey is pg-almost everywhere zero dr, it must be zero as a continuous
function onV’,

SinceS(V){° separates the orbiig: /W, there arey, pa, . .., pm € S(V){° such
thatp,;(\;) = d;;. For anyl < i < m we therefore have

aidrk = Y a;ipi(A) b,k = pi(DY) (Z aj%j,k) = pi(D*)(0) =0,
j i
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(using (5.6.3) in the second equality). Whenge= 0 for 1 < i < m, as desired. O

THEOREMS5.6.5. Letk € K. The functiong¢;;, x| € PT1} form a total set in
H.

PROOF By Theorem 5.4.1(2) we may assume tkat# 0. All the conditions of
Theorem 5.3.21 are satisfied for the operattys and the Bethe ansatz eigenfunctions
{Gizipp tklpe € PTT} (t > 0) by Lemma 5.6.4, Theorem 5.4.1, Proposition 5.6.1, Propo-
sition 5.2.15 and Corollary 5.6.3. Hen¢e,;,, «|n € P} is a total set irH for all
t > 0. Now taket = 1 to conclude the proof. O

COROLLARY 5.6.6. Letk € K.
(@) The spectrurar(Hy,) of Hy, is given by{||7ix||*| x € PT+}.
(b) Foram € o(A) the set of function§p x| A = ifix, u € PTF, |A|? = m} is a basis
for the corresponding eigenspatg,, (and thusH,, is in particular finite dimensional).
Also'H = 6977160(14)7—(m-

PrRoOOE Follows from Theorem 5.3.24, Proposition 5.6.1, Lemma 5.6.4 and Theo-
rem 5.6.5. 0

PROOF OFTHEOREMb5.1.4AND COROLLARY 5.1.5. Because of the above corol-
lary it suffices to show that any € Sy, is Wy-conjugate to an element frofrijix| 1 €
P*t*}. Assume that this is not the case fonac S;. The eigenfunctionp, , of Hj
must be inH,,, for am = ||fix]|> andpu € P+ by the above corolllary. But this is in
contradiction with Lemma 5.6.4. O

The above proof gives immediately the following.

COROLLARY 5.6.7. For k € K the spectruns,;” is given by{izi| u € PT*} (cf.
Corollary 5.1.5).

REMARK 5.6.8. Note that in the proof of Theorem 5.6.5 only the inclus{efi; | €
Pt} C S is needed. Fok € K- the inclusion{ifiy|u € Pt} C Sy follows (see
in particular Corollary 4.4.8, Proposition 4.8.1 and Proposition 4.9.1) without using the
Pauli principle (Proposition 4.5.1). By continuity (see Lemma 5.2.14) this inclusion holds
forall k € K. The arguments in this chapter thus give an independent proof of the Pauli
principle.

LEMMA 5.6.9. Lety € P** andk® € K. Then for alla € B with k% = 0 we
have

li e(aY)/ky = +o00. 5.6.4
nggﬁkouk(a )/ +00 ( )

PROOF By Lemma 5.2.6 and 5.2.8 we have foe K-,

ik + 0k = 2mp = figo + 0%+ 2mp*
Kk A = ATH = HEgo T 054 LV
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with &SZO andagk given by (5.2.3) and the formula after (4.8.5). Proposition 5.2.12 thus
gives

TN
. k& 1.0 0
2 lim Z arctan M o= 0'/%_ — a§ 0 = 2mp" .
K+03k—kO ke ke k
a€xf, k9=0
In particular
~ \Y%
. k&
2 lim Z arctan <,u ]i )> alv)=mx Z a(v)
Kso3k—k
. aesy, k=0 “ aesE, k9 =0

holds for allv € V. Applying thisto av € V. = {v € Vl]a(v) > 0Va € '} D C4
and observing that < 2 arctan(t) < = for ¢t > 0, we get

~ v
2 lim arctan (,uk(a)> =,
K03k— k0 ko

which leads to (5.6.4). O

Recall thec-functioncy, for everyk € K¢ arational function oV given by (3.7.7).
Note that for examplé, = 1. Lemma 5.6.9 leads directly to the following.

LEMMA 5.6.10. Lety € PT*. Thenk — ¢ (ifix) is a continuous function frorfy ,
to C.

We now can prove the following extension of Theorem 4.4k ®© K, .

THEOREM5.6.11. LetA € V¢ andk € K. The spac®VP,(\)" of W-invariant
solutions to the boundary value problem is one-dimensional or zero-dimensional. It is
one-dimensional if and only if the spectral valias purely imaginary solution to the
Bethe ansatz equatior{s.2.2) satisfying\(«") # 0 for all « € ¥y with k, > 0. If
BVP:(\)" is one-dimensional, then there exists a unigug € BVP;(A\)" normalized
by ¢ 1(0) = 1. The solutiony, , is the uniqud¥ -invariant function satisfying

o k(v) = . Z k(wA)e A, veCy.

#WO weWy
PrRoOF This follows from Corollary 5.1.5, Lemma 5.Zi9, Theorem 4.4.1,
Lemma 5.6.10 and Proposition 5.2.15. 0

5.7. General lattices
In this section we consider Hilbert space completeness for general la¥ides”
with QY C X c PV.
Formula (2.2.7) defines (cf. Definition 3.2.10) an actionlif on . Note that
W C Wx acts trivially on’H.

LEMMA 5.7.1. The action oW x onH is unitary.
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PrROOF If wy € W,w € Qx andf,g € H we have

(wiwf, wiwg)y = (wf,wg)n = (w™v)g(w tv)dpp(v) = ; F0)g(v)dpp(v).

f
Ct

The last equality follows after the change of coordinates wwv and the fact that Jacobian
of this coordinate transform is equal tsince it equalg—1)"“) andw has length zero.
O

LEMMA 5.7.2. The Hilbert spacé{ admits the following orthogonal decomposition

H= P H,, (5.7.1)
xeX/Qv

where
Hy = {f € Hlwrof = x(z + Q") f Yw € W,z € X}

PrROOFE The decomposition (5.7.1) as direct sum follows from general representation

theoretic considerations (cf. Lemma 3.2.11). That closed subspacés < m) are
pair-wise orthogonal follows directly from Lemma 5.7.1. d

When the closed subspatg, (x € m) of H is considered as a Hilbert space
on itself, the inner product o, is denoted by(, )3, . Thus(f,g)n = (f,9)n, for
fa g € HX' —

Recall (see Definition 3.2.13) the spectrdiy(x) associated to any € X/QV.

THEOREM5.7.3. Letk € K. Then for ally € )(//67v the spectrumSy(x) is
purely imaginary andS,j(X) = Si(x) NV} forms a complete set of representatives for
Sk(x)/Wo. Furthermore the following holds.

(i) X e S (x)andp € SF(x') with x and x’ different characters inm, then
(k5 %,k)ﬁ/z_&

Letx € X/QV. Then the following holds.

(i) (Partial orthogonality) Ifgx ., ¢,k (A, 1 € S;7 (X)) are two Bethe ansatz eigenfunc-
tions with||A[| # |||, then(ox k, dpr)w, = 0.

(i) (Completeness) The Bethe ansatz eigenfuncfions |\ € S; (x)} are algebraically
linearly independent and total i, .

PROOF SinceSi(x) C S, the first statement follows from the first statement of
Theorem 5.1.4.

Observe that BVR(A)"W'x C H, for all A € S (x). Therefore statemertt) is
an immediate consequence of Lemma 5.7.2. Statefiigridllows directly from Theo-
rem 5.1.4i). Statemen(iii) follows from Lemma 5.7.2 and Theorem 5.(iij O
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We now extend Theorem 5.7.6 to &lle K. The Bethe ansatz equations forc
K, andy € X/QV are the following equations ih € iV*,

MaY) = k| VA A ()
R e ea— = 75 X 5.7.2
11 (A(QV)Ma) X+ Q) vae (5.7.2)

QGZJ

ko >0
(if & = 0, we interpret these equations ds= x(z + QY)e*®). The set of solutions
A € iV* of the Bethe ansatz equations (5.7.2) is denoted by BAEork € K-, we
recover the Bethe ansatz equation (4.6.1).

Recall from Section 4.7 thE-cosetsY X in P. We have the following corollary.

COROLLARY 5.7.4. Letk € K, andy € X//Q\v ThenS;, C iV* andS; (x) =
{ifie]p € (p+YX)N P}

PROOF. Proceeding as in the proof of Lemma 5.2.14 we conclude $ffdty) C
{ifik|pp € (p + YX) N PT+}. The corollary now follows from (3.2.8), Corollary 5.1.5
and (4.7.4). O

Recall the subseP” of P from Lemma 5.2.7lv). We have the following extension
of Proposition 4.8.3toaklt € K, .

PROPOSITIONS.7.5. Letk € K andy € X//Q\v The assignment — i1, defines
a Wy-equivariant bijectionp + YX) N P* = BAEY.

PrROOF This is analogous to the proof of Proposition 4.8.3 (and using Proposi-
tion 5.2.9 instead of Proposition 4.8.1). O

THEOREM5.7.6. Letk € K, A € Vg andy € X//Q\V The spac@BVP;(\)W-x
of (W, x)-invariant solutions to the boundary value problem is one-dimensional or zero-
dimensional. It is one-dimensional if and only if the spectral valug purely imaginary
solution to the Bethe ansatz equatiof®s7.2) satisfyingA(a“) # 0 for all a € X,
with k, > 0. If BVP,(\)"W'X is one-dimensional, then there exists a uniqug, €
BVP,(A\)"X normalized byg, ,(0) = 1. The solutiong, j is the unique(W, x)-
invariant function satisfying
Pak(v) = ﬁ EZW e(wh)e Wy e T (5.7.3)
w 0
PrRooOF This follows from Proposition 5.7.5, Corollary 5.7.4 and Theorem 5.6.11.
O



CHAPTER 6

Conjectures on orthogonality and norms

6.1. Introduction

In Chapter 5 we showed that the Bethe ansatz eigenfunctions of the quantum inte-
grable systems with delta-potentials associated to affine root systems studied in the Chap-
ter 3 and 4 are complete in the Hilbert space of square-integrable functions on the funda-
mental domain for the reflection representation of the affine Weyl group. In this chapter
we conjecture (Conjecture 6.2.4) that the Bethe ansatz eigenfunctions are orthogonal and
that their quadratic norms are expressible in terms of the determinant of the Hessian of
the master function.

Similar conjecture about quadratic norms were made by Gaadirf¢r the quan-
tum Bose-gas with repulsive delta-function potential. An important feature of the quan-
tum Bose-gas on the circle with pair-wise delta-function interactions is its realization as
the restriction to a fixed particle sector of the quantum integrable field theary+in
dimensions governed by the quantum nonlinear &tinger equation (see for example
Section 1.1). Koreping4] managed to overcome the intimidating combinatorial difficul-
ties and proved the conjecture of Gaudin using quantum inverse scattering techniques.
However not much progress has been achieved in the conceptual understanding of this
guadratic norm formula since then.

Izergin and Korepin4#6] introduced a lattice version a quantum integrable field the-
ory in 1+ 1 dimensions governed by the quantum nonlinear &tinger equation. By ap-
plying quantum inverse scattering techniques to this discrete model and letting the lattice
constant tend to zero, Dorlakd] showed the orthogonality of the Bethe ansatz eigenfunc-
tions. Using a continuity argument at zero coupling he also showed these eigenfunctions
are complete (see also Chapter 5).

Another interesting approach is taken by van DiejEs],[where an integrable lattice
discretization of the quantum Bose-gas with delta-function potential is introduced. The
corresponding spectral problem of the integrable lattice model is solved by means of the
Bethe ansatz method. In the continuum limit the results of Lieb and Linig@rdre
recovered and the orthogonality results of Dortb§].[ Many constructions in]5] can be
carried over to the root system generalizations of the quantum Bose gas on the circle with
repulsive delta-potentials. This looks a promising path for proving the full orthogonality
for all root systems.

129
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In the next section we give the precise conjectures about orthogonality and the qua-
dratic norm formulas. The free case and the rank one case are calculated explicitly.

In the last section we show that the conjecture holds whgis of typeA. This is
done by showing that it is essentially equivalent to the similar statement for the Bethe
ansatz eigenfunctions for the quantum Bose gas on the circle with pair-wise repulsive
delta-function potential.

6.2. The conjectures

Before stating our conjecture on orthogonality and norms of the Bethe ansatz eigen-
functions, we consider the free case= 0 and the the rank one case for genérat 0.

To calculate the inner product of the Bethe ansatz eigenfunctions for0 it will
be useful to start with the following simple lemma (which is well-known from harmonic
analysis of compact groups, see e4f]].

LEMMA 6.2.1. LetG be a compact abelian group anda Haar measure od- and
v € G = Homgz(G, S). Then

w(G@) ify=1and,
d =
/Gv(g) 1(9) {0 ity 21,
PROOF If ¢’ € G, then applying the change of coordingte~ ¢'g gives

Av(g)du(g)=év(gg)du(g g)=7(9)/g7(g)du(g)-

The lemma follows easily from this equality. O
Recall the measurer on the compact torug = V/QV (cf. Section 5.4). For a
\ € 2mi P we definee* € T by
Av+QV)=e, veV.

Then\ — e defines an isomorphisgwiP — T of groups. Applying Lemma 6.2.1 to
T gives

/ e)‘(t)duE(t) = #W()ME(C_Q_)(;)\70 ()\ S 27TZP) (621)

JT

Let A and )\ be in27iPT. The following follows easily from (6.2.1) (see also Ex-
ample 3.2.8)

/T¢>\,o(t)¢>\’,o(t)duT = o pe(Cr)#Woa,

with Wy » = {w € Wy|wA = A} the isotropy subgroup of in W;. Reformulated in
terms of the Hilbert spack’ = L?(C, dx) (see Section 5.5) gives the following.

LEMMA 6.2.2 (Free cask = 0). Let X and )\ be in2x:P+ with A # \'. Then the
following holds.

(x.0,Px0)1r =0 (Orthogonality)
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(d))\,Ovd))\,O)'Hl = %

Recall that we denoted the set of strictly positive multiplicity functiongby, (see
Definition 5.1.2).

For X, of type A; the inner products of the Bethe ansatz eigenfunctioft¢’ioan be
easily calculated.

(Norms)

PROPOSITIONG.2.3 (Rank one)Letk € K+, \,\ € S,j and X # A. Then the
following holds.

(Dxk> O k) =0 (Orthogonality)
~ 2 9
(Pa ke PAK) 1 = ME(C;)WE:“(/\) d S;ég’f)(—i)\), (Norms)

PROOF We only give the details for the norms, since orthogonality follows similarly.

We identify V* with V = R and sety = {a, —a}, with o = /2. ThenC, =
(0,w) with w = v/2/2. Let A € S C iR. Note that\ # 0 because: > 0 (By the Pauli
principle, Proposition 4.5.1). Whence

A(dam Oxn)r = / (218 + @02 + G(~A)2e ) da
0

62)\w -1 672)\(4; -1
(=N =
2 +Ck( ) —9o) ) )

with ¢, (\) = (AV2 + k)/(A\V2). Furthermore, sinca € S;7 C BAE;, (see (4.4.1)) we

also have
2
(M k) _ A=A

RO E
A small calculation gives

4k
A drgs drg)r = 2w GNP [1 - —— ] .
(ks Pa k) = 2w [ (V)] ( \A\/§+k\2>

The derivative of the master functig#, (0, &) = ¢2/2 + 2 foﬁf arctan(t/k)dt is easily
calculated,

25, (0, €) Cine M 4k
de2 B ]A\/§+k]2 C2(—iN)2 + k2
Now use thajz(Cy) = w and#W, = 2 to conclude the proof. O

Observe that the Hessian 6f (v, -) is independent of: (see (4.5.2) for an explicit
expression of the Hessian).
After these simple examples we now state the main conjecture of the chapter.
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CONJECTUREG.2.4. Letk € K. LetA, N € S;” and )\ # . Then the following
holds.

(Dak> O k) =0 (Orthogonality)
~ 2
(D ks DA )1 = 1e(C) [N det(Hess Sy (0, -)(—i})), (Norms)
#Wo

REMARK 6.2.5. Note that when the Bethe ansatz eigenfunctipng are consid-
ered as functions i(7)"° (with T = V/QV anddt is the unique normalized Haar
measure (thudt = dur/(#FWope(Cy)) (see Section 5.4), then the norm formula of
Conjecture 6.2.4 is equivalent to

o . E\)[ det(Hess Sk(0, ) (—i))
/T o2 el dt = #Wo

Recall the space™*) (V)W from Chapter 3 (see Definition 3.2.3) that contains the
Bethe ansatz eigenfunctions ;. (A € S,j).

LEMMA 6.2.6. Letk € K~g.
(i) For f,g € C-) (V) we have
(Af7.g)H’ = (fa Ag)H’-
(i) (Partial orthogonality) For), z € S;” and||A|| # ||u|| we have

(Daks Puk)r = 0.

ProoF Note that(ii) follows immediately fron(i) andAdx k|, = _||)\||2¢/\,k‘c+.
As for (i), observe that by Stokes’ theorem we have

n 1 -
Af i — (A =S 950 — (Opav 1)7) dop,  (6.2.2
(A =800 =Y ey |, (i~ @z ) o, (622)

with L; (j = 0,1,...,n) denoting the walls of’;. (see (5.5.1)) andor denotes the
measure o®C, induced fromduz on C.. Furthermore,

(aDalvf)(’U)ijf(U), ve Lj,

and similarly forg, because of (3.2.3) afd -invariance off, g. Therefore the right hand
side of (6.2.2) vanishes. O

Note that Lemma 6.2(B) is actually Theorem 5.1(3. The proof above however is
elementary compared the proof in Chapter 5.

REMARK 6.2.7. Proposition 6.2.3 tells us that Conjecture 6.2.4 holds whgis of
type A;. Lemma 6.2.6 states that we have partial orthogonality for all root systems (for
3o of type A; this is full orthogonality). In the next section we show that Conjecture 6.2.4
holds forX, of type A,,_; forall n > 2.
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COROLLARY 6.2.8. Assume that Conjecture 6.2.4 is true. Foe P™* we have

111{4% det(Hess Sk(0, ) (k) = #Wo ju—p. (6.2.3)
In particular
’11{% det(Hess Si(0, ) (pr)) = #Wo. (6.2.4)

ProoFE This follows from Conjecture 6.2.4, Proposition 5.2.15 and Lemma 5.6.10.
O

REMARK 6.2.9. (i) The formula (6.2.4) shows similarity to the limit formuldl]
(3.5.14)] for the root system version of the Jacobi polynomials introduced by Heckman
and Opdam.

(i) Compare (6.2.3) also with the fact that for a fixed V* we have

]11\1% Hess Sy (0, -)(§) = 1.

Thus (6.2.3) shows the non-trivial nature of the lirait\, 0 for the quantum system with
delta-potentials we are considering.

6.3. The quantum Bose-gas on the circle with delta-potential revisited

In this section we show that Conjecture 6.2.4 holdsXgrof type A,,_1 (see Theo-
rem 6.3.14). This is done by showing that the quantum integrable system corresponding
to this case (see Example 1.5.1 and the paragraph following Example 3.2.12) is essentially
the same as the systemmwfguantum bosons on the circle with pair-wise delta-function
potential and using the results of Dorld$] (orthogonality) and Koreping4] (norms).

To show this relation we introduce some notations related to the root sysigiofs
type A (we advise the reader to recall Section 2.2). Consider the Euclidean vector space
R™ with the usual inner produgt, -) and denote by, ..., e, the standard orthonormal
basis ofR™. We denote byR™* = (R")* the dual vector space &". The dual basis
€1,...,6n Of e1,..., e,, defined bye,(e;) = 4,5, is a basis folR™*. We sete = e; +
-++4e,ande = ¢ + - -+ + &,. Denote byl the orthogonal complement &e in R",
ie.

n
V= {x:inei e R (z,e) =1 + -+ + x, = 0},
i=1
considered as Euclidean vector spaces with the restricted inner prgducthe dual
space ofi” can be identified in a natural way with the following subseR6&f,

n
Ve={A=> A& € R™|A(e) = (A &) = A1 + - + Ay =0} (6.3.1)
With this identification we hav®™* = V* @ Re. Let¥y = {e; —¢jln > i # j >
1} c V* andl, = {(11,. .. ,an_l} with a; = €i+1 — E;- ThenXy C V* is a finite
integral irreducible root system of type,A; with a basis of simple rootg,. We define
the usual lattices) and P in V* and@QY and PV in V. LetalsoX = Yo +Z C V,
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I ={ap,a1,...,an_1}Withag = —(e, —e1)+1¢€ V. ThenX is an affine irreducible
root system of typé\,,_; with basis of simple affine root. The fundamental chamber
corresponding to this choice &f and! is given by

Cr={v=wver+...vpe, €EV]vy <vg <+ <y, <wy+ 1}

The standard action of the Weyl grolip = S,, x QY of X onV extends in a natural
way to an action ofR™ (it acts trivial on the subspade). The finite Weyl groub,, also
acts onR™ via the adjoint of the action of,, onR™.

An elementA = A\je; + ...\, € C™ = (C")* =R™ ®Cis calledregular if
Ai # Ajforalln > # j > 1. The regular elements iR™* C C™* are denoted b
A fundamental domain for the action 6f, onR™* is

Ri*:{A:/\1€1+"‘+)\n€n€Rn*|>\1<)\2<‘~~<)\n}.

We denote byX the standard full lattic&™ in R with Z-basisey,...,e,. Denote
by Y the (full) lattice dual toX in R™*. Thene,...,e, is aZ-basis ofY". SinceX is
invariant under the action df,, we can form the semi-direct produGt= S,, x X, with
X acting by translations oR™. The following subset oR™,

D:{szmieieR"Hle <axg <o <z, <0}
is a fundamental domain for the action@fon R™.

Since all the hyperplandsg, (a € ¥y) for X, of type A are conjugate, multiplicity
functionk € K-y must be a constant function. We fix such a multiplicity function for the
rest of the chapter and identify it with its constant value.

The system of. quantum bosons on the circle with pair-wise repulsivieinction
interactions is described by the following formal Hamiltonian@ni]™ (cf. (1.1.1)),

HpP = ZGQM > ba— ). (6.3.2)
n>i#j>1

Recall the concept of a sub-regular pointléffrom see Subsection 2.2.1. For an
a €%, letR? = {z € R" : a(z) = 0} =V, + Re, with V;, = {v € V]a(v) = 0}.
We call ax € R} (a € X) sub-regularif it does not lie on any other hyperplai®.
Alternatively, anc € R? (a € X) is regular if and only if the orthogonal projection of
in V, is sub-regular if/.

Let f be a continuous),-invariant functionf on [0, 1) satisfying periodic boundary
conditions. Because of thg, -invariance, the periodic boundary conditions are equivalent
with the single condition

f(oaxla s 7$n71) = f(xlv sy Tp—1, 1)

In the physics literature (cf. Lieb and Linigesg]) such a functionf is considered an
eigenvector with eigenvalug of the formal Hamiltoniar}? if:
(a) f satisfies the following boundary jump condition. ko (z1,...,z,) € D,

8I1f(0, L1y ,l‘nfl) = 895"‘]('(3;‘1, ey pn—1, 1).

reg
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(b) f is an eigenvalue of A on the interior ofD with eigenvalueF.
(c) f satisfy the following boundary value condition,

(a€i+1—€if) (JZ + O(ei+1 - 81)) - (a€1+1—€if) (l‘ - 0(€i+1 - el)) = Zkf(x) (633)
for a subregula: € D NR? =1,2,...,n — 1 (cf. this with Proposition 3.2.5).

Eit1— E'

REMARK 6.3.1. If f: [0,1]" — Cis aS,-invariant eigenfunction off}’, we denote
the unigue continuou§-invariant extension of to R™ also byf. It satisfies jump condi-
tions analogous to (6.3.3) on all sub-regular point®&f This is becausé& maps maps
the union of the{z = (z1,...,2,) € D|z; = 2;41},i=1,2,...,n— 1, ontothe union
of the affine hyperplaneR! (a € X). Furthermore, away from these affine hyperplanes
R? (a € X) the functionf is differentiable because of (a). It is these facts that allows us
to relate (see e.g. Lemma 6.3.12) the system gfiantum bosons with delta-potentials
on the circle to the quantum systems defined in the previous chapters for the root system
Y (see also Example 1.5.1 and the paragraph following Example 3.2.12).

Let A € iR};,. A G-invariant eigenfunction off on R" that has a plane wave

reg”
decomposition

Z awe )z e gD,
wESy,

on every chambegD (¢ € G) for certain constants,, € C (depending ory € G) is
called aBethe ansatz eigenfunction with spectral paramatémnore preciselys;, \).
We extend the-function (3.7.7) orV(C* to a function onC™*,

k
H pa’) +k _ H M (6.3.4)
aesy n>i>j>1 i = Hi
which we consider as a rational functionof= 11 + - - - + ppe, € C™.

THEOREM 6.3.2 (Lieb-Liniger p6]). Let A € iR’*. Then there is a Bethe ansatz
eigenfunction with spectral parametgrif and only if X is a solution to théBethe ansatz
equations

J—HA S O ) (6.3.5)

kséj
Let) € iR’ be a solution td6.3.5) Every Bethe ansatz eigenfunction with spectral
parameter) is a scalar multiple of the following functiémﬁ%, uniquely defined by

WAl ~ Z (w\)e? @) e D. (6.3.6)
.wes

TheLLin qb % stands for Lieb and Liniger. This is, however, not a standard notation
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The set of all solutiona € iR™* to the Bethe ansatz equations (6.3.5) is denoted by
cBAE,, (the prefix “c”, standing for classical, is added to distinguish it with the set BAE
of solutions) € iV* of the Bethe ansatz equations (4.4.1) corresponding t&e shall
now discuss the relation of cBAHo BAE,,.

DEFINITION 6.3.3. The Yang-Yang action(also called the master functiory;, :
(P ®Re) x R*™* — Ris defined by

&)
Bi(p, &) = %(&f) —2m(p, &) + Z /0 arctan(t/k)dt. (6.3.7)

aEXy
Letpry,: be orthogonal projection ¢f"* onto V¥, defined by
prv:(A) = A= Ae)e/neVE, AeC™.

Recall that the master function (4.59)(:, -) from Chapter 4. For @ € P it attains
a unique global minimum at @,. The following theorem follows similarly as the results
in Section 4.8 (see in particular the proof of Proposition 4.8.1).

THEOREMG6.3.4. Let € P @ Re. The Yang-Yang actioBy, (v, -) is strictly convex
and attains a unique global minimum afig. The mag: — iy, defines &,,-equivariant
bijection P & Re — BAE}, @ iRe. Furthermore i is uniquely determined by

e \
iy + Z arctan (l%(ka)) a = 2mu. (6.3.8)
aEdy
Moreover,y is regular iff i, is regular. Alsog§, = ﬁk + 2mp(e)e/n , with fi = pry.s ().
Note that a\ € iR™* is in BAE;, @ iRe if and only if A is a solution of
)\(a\/) _k a(q)

Aa) — A V. v,
‘ 11 (A(QV) Tk A

aeEx
The system of: equations (6.3.5) Bethe ansatz equations can be reformulated in the
following “invariant” form.

LEMMA 6.3.5. The equation$6.3.5)are equivalent with the following set of equa-
tionsin\ € iR™*:
)\(Oév) _k a(m)
A(m) _ Mr TR
e I | ()\(av)—i—k Ym € X. (6.3.9)

aeE;

PROOF First note that (6.3.5) is (6.3.9) with, = ¢4, ..., ¢e,. If (6.3.9) is true for a
m andm/’, then it easily seen that is also true fom andm+m’. Now use thag,, ..., e,
is aZ-basis forX to conclude that (6.3.5) implies (6.3.9). O

Recall that
2p = Z gi—gj=n—1)e,+(n—3)ep_1+---—(n—3)ea — (n— 1)ey,

n>i>j>1
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thatp € P and thaty” c R™* by definition the lattice dual t& = Z" is. Although the
following lemma is trivial, we state it for later reference.

LEMMA 6.3.6. (i) The projectiornpry,: : C"* — V& mapsY onto P’ and has kernel
nZ.e + inZe.
(i) PORe =Y + Re.
(i) Y+ p=Y fornodd andY + p =Y + Ze/2 for n even.

Using Proposition 4.8.1, Lemma 6.3.5,Theorem 6.3.4 and Lemma 6.3.6 gives the
following.

THEOREM 6.3.7 (Yang-Yang§1]). The restriction of the map — x5 defines a
S,,-equivariant bijectiorp + Y — cBAE,. Furthermore i is uniquely determined by

e \
iy + Z arctan (Mk(ka)> a = 27p. (6.3.10)
[

Moreover, € p+ Y is regular if and only ifz§, is regular. Alsop, = ﬁk + 2mu(e)e/n,
with oo = prv: ().
Recall the spectrur§y, (see for example Theorem 4.4.1 and the paragraph following
Definition 5.1.3) and
S =8NV = {\ €iV}| ¢y is W-invariant.

COROLLARY 6.3.8. The assignmerit — pry.- (A) mapscBAE;, NiR’* ontoBAE,N
iVi =& (cf. Theorem 4.4.1).

We now consider inner product of the Bethe ansatz eigenfunctigfis Denote
by dz the usual Lebesgue measure Bh. Then the measuréuz on V is precisely
the restriction ofdz to V. The relevant Hilbert space is the space of square-integrable
functions onD with respect to Lebesgue measure, i.e.

H. = L*(D, dz)

THEOREM 6.3.9 (Dorlas 16]). The functionspy’ (A = ifg, p € (Y + p) N RYF)
are pair-wise orthogonal ift...

THEOREM6.3.10 (Korepin$4]). The quadratic norm of a Bethe ansatz eigenfunc-
tions ¢ (A € cBAE, NiR'*) is given by

~ 2 .Q )
(8%, kL )y, = I det(H(ffo L0 )] (6.3.11)

REMARK 6.3.11. Theorem 6.3.10 was conjectured by Gaudif][and proved by
Korepin [b4] using quantum inverse scattering method. Theorem 6.3.9 was proved by
Dorlas using a lattice version of the quantum inverse scattering method.
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Recall the Bethe ansatz functiopg , € BVP,()) (with A € S;") corresponding to

the root systent C 1% (see Theorem 4.4.1) . Fare 8,7, theW-invariant functionqu
is uniquely determined by

1 -
s p =7 D Qwh)e™™, wel,. (6.3.12)

" wes,

LEMMA 6.3.12. Let A € cBAE, N iR?* . Consider the decomposition= A+ ice

reg” ~
with respect to the orthogonal decompositidii** = iV* + iRe. Then\ = pry:(\) €
S;F. Furthermore,

Vil +te) = €"¢5 ,(v) (veVteR). (6.3.13)
In particular,c € 27Z/n.

PROOF. Since¢i’ € C(R™)¢ we haveg = ¢§§CW € C(V)". Because of the
plane wave form of<;$§’§C on all chambergD (¢ € G) and Remark 6.3.1, it follows
thatg € BVP,()). Because ofj(0) = ¢¥%(0) = 1, Theorem 4.4.1 giveg = ¢y ,.
Now (6.3.13) follows from th&>-invariance ofqbﬁfc, the W-invariance ofg, (6.3.6) and
(6.3.12). O

LEMMA 6.3.13. Let f; € C(V)€ (j = 1,2) such thatf; (te +v) = et f;(v) for a
¢j € 2miZ/nand allt € R,v € V. Putg; = f; .. Theng; € C(V)" and

(flaf2)7'(c = 601,(:2 (gl’g\/%)ﬁ/

PrROOF. We consider the following auxiliary Hilbert spagé := L?(C, +0, 1]e, dx)
and full latticeXy, = QY +Ze C X in R™. Consider the following,,-stable fundamental
domain for the action (by translations) @t onV,

LO = U wCT

wESn

ThenLy + [0, 1]e is a S,,-stable fundamental domain for the action (by translations) of
Xo onV. Using theG-invariance off, f> and thelV-invariance ofyy, g2 gives

1

n! [0,1]e+Lo

1 v -
= m/tzo /UGLO filte/v/n +v) fa(te//n + v)dtdv

1 [vn _
= [ e s
e Ji=0 JveLg

= 5(:1,(:2 \/ﬁ(gla 92)’}-{’ .

(f1, f2)ro = f1(z) fa(z)dx
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Whence to conclude the lemma, it suffices to show that the following holds,

(fi, fo)m. = U fo)rg. (6.3.14)

2

n
Note that sinceX, C X, this will follow from #X/X, = n. We actually claim that
X/ X, is isomomorphic tdZ/nZ as abelian groups. For this it suffices to show that
0,e1,2e1,...,(n — 1)e; are a complete set of representatives for the quoflenk.
We start with the observation that; € X, if and only if ¢ € nZ. This is so because

ce; = (cey — ¢/ne) + (¢/n)e in the orthogonal decompositidn & Re and
nep —e=(e; —e1)+(e1 —ex)+ (e1 —e3)+...(e1 —e,) € QY.
Whence the coset¥y, e; + Xy ..., (n — 1)e; + X, are pairwise different cosets. For the

claim, and whence the lemma, it remains to be shown that these are the only cosets. This
follows from the following relation forn = mie; + - - - + mye, € X,

m+ Xo = Z(mi(ei — 61) + miel) + X = (Z mi)el + Xop.

O

THEOREM 6.3.14. Theorem 6.3.9 and Theorem 6.3.10 are equivalent with Conjec-
ture 6.2.4 forX, of typeA,,_1.

PrROOF. If A, 1 € cBAE, NiR’"*, then by Lemma 6.3.12 and Lemma 6.3.13 follows
immediately that

(D510 Bk 1!
(¢§:Lk) ¢;Ijj,l];:)Hc = 601,02#)

where\ = \ +icie, L = ji + icoe are orthogonal decomposition with respectig* =

iV* @ iRe. Note that\, ji € S,j. To compare the norms in the different Hilbert spaces
we relate the Yang-Yang actioBi;, to the master functiotyy. Letn,...,n,_1 be an
orthonormal basis of *. Thens,...,n,_1,¢/+/n is an orthonormal basis &™*. Let

¢ € R™ and putf = prv: (§). With respect to these ordered bases’ the Hessian’s;,of
andS), are related as follows,

Hess By, (0, -) (&) = <HessSk(07-)(§~) 0) ’

(6.3.15)

0 1
with the latter matrix a block diagonal matrix. Therefore
det Hess By (0, -)(€) = det Hess S (0, -)(€).

The choice ofS C V taken in this section givesr(C+) = +/n/n!, which follows by
applying Lemma 6.3.13 t; = f» = 1 and observing that the volume 6f equalsl /n!.
The theorem now follows from Theorem 6.3.4, Theorem 6.3.7 and Corollary 6.3[8.

COROLLARY 6.3.15. Conjecture 6.2.4 holds fot, of typeA.
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Samenvatting

Dit proefschrift is het beslag van onderzoek aan wiskundige generalisaties van het
guantummechanische systeem van een vast aantal deeltjes zonder spin dat paarsgewijs via
een deltafunctiepotentiaal (dat we afkorten @ddtapotentiag)l wisselwerkt. Informeel
gezegd betekent de deltapotentiaal: er is alleen een wisselwerking bij contact tussen de
deeltjes.

Zoals de titel van dit proefschrift al aangeeft heeft het onderzoek zich geright op
tegreerbare systemericen integreerbare systeem is ten eerste een dynamische systeem.
Met dynamische systemen kan men allerlei belangrijke en nuttige (maar ook nare) zaken
die in tijd veranderen beschrijven. In ieder geval houden we ons in dit proefschrift niet be-
zig met (praktische) toepassingen. De toestand van éealgerd systeem vaN deeltjes
dat evolueert met de tijd kan vaak gekarakteriseerd worden door de waarden van bepaalde
(in tijd) behouden grootheden. Voorbeelden hiervan zijn de totale energie of het totale
impulsmoment van systeem. Het is uitzonderlijk als een systeem meer onafhankelijke
behouden grootheden heeft dan deze. Dit heeft te maken het feit dat de meeste systemen
chaotische gedrag vertonen. Hier tegenover staat de categorie van zogenaamde (volle-
dig) integreerbare systemen dié onafhankelijke commuterende behouden grootheden
bezitten.

Het blijkt dat de quantummechanische systeem op een ring van wisselwerkende deel-
tjes via een deltapotentiaal generalisaties toelaat in de categorie van quantumsystemen in
de context van zogenaamatfiene Weylgroeperten van de resultaten uit dit proefschrift
is dat deze generalisaties integreerbare systemen zijn. Behalve affiene Weylgroepen zijn
er ook eindige Weylgroepen met eindig veel elementen(in tegenstelling tot de affiene ver-
sies). Affiene en eindige Weylgroepen vormen een bijzondere deelverzameling van de
verzameling van groepen voortgebracht door spiegelingen in (affiene) hyperviakken van
een Euclidische vectorruimte. De permutatiegroepVagymbolen is wellicht het bekend-
ste voorbeeld van een eindige Weylgroep. De dynamica van het quantumsysteem wordt
volledig bepaald door de quantum Hamiltoniaan. In ons geval bestaat de potentiaalterm
uit een gewogen som (met gewicht bepaald door koppelingsconstanten) van deltafunc-
ties over de affiene hypervlakken geassocieerd met de affiene Weylgroep. Men kan ook
integreerbare systemen met deltapotentialen beschouwen die corresponderen met eindige
Weylgroepen. Het quantumsysteem geassocieerd met de permutatiegréegymipolen
beschrijft bijvoorbeeldV deeltjes zonder spin op een lijn die paarsgewijs via een deltapo-
tentiaal wisselwerken. In dit proefschrift bestuderen we deze quantumsystemen voor alle

145



146 SAMENVATTING

affiene Weylgroepen tegelijkertijd. Hoewel niet alle zulke quantumsystemen wisselwer-
kende deeltjes beschrijven, is het vanuit wiskundige oogpunt vanzelfsprekend om ze voor
alle affiene Weylgroepen te bestuderen.

In het geval van quantumsystemen corresponderend met eindige Weylgroepen is veel
bekend. De spectraaldecompositie (i.e. de Plancherelformule) voor de symmetrische
golffuncties (dit zijn golffuncties invariant onder de Weylgroep) is bijvoorbeeld helemaal
expliciet gemaakt door Eric Opdam en Gert Heckman. Een fundamenteel inzicht van hen
was ook dat de symmetrie van het quantumsysteem gerelateerd is aan representaties van
de gedegenereerde affiene Hecke algebra via reflectie-integraal operatoren. Een belang-
rijk doel van dit proefschrift was om deze resultaten uit te breiden tot de quantumsystemen
geassocieerd met affiene Weylgroepen.

We laten zien dat voor quantumsystemen geassocieerd met een affiene Weylgroep de
relevante algebiache structuur Cherednik’s (geschikt gefilterde) gedegeneerde dubbele
affiene Hecke algebra is. Na een inleidend hoofdstuk bestuderen we in het tweede hoofd-
stuk enige representaties van deze algebra. Het belangrijkste resultaat uit dit hoofdstuk
is de constructie van representaties in termen van vectorwaardige reflectie-integraal ope-
ratoren en differentiaal operatoren. Met vector-waardig bedoelen we dat deze operatoren
werken op golffuncties die waarden aannemen in een vectorruimte die tevens een repre-
sentatie is van de affiene Weylgroep. Deze representaties zijn fundamenteel voor de hele
theorie.

Het derde hoofdstuk is de kern van het proefschrift. Hierin worden vectorwaardige
guantumsystemen met deltapotentialen bestudeerd. Voor affiene Weylgroepen van klas-
sieke types en bepaalde representaties beschrijven dit wisselwerkende quantumsystemen
van deeltjes met interne structuur, i.e. spin. We laten zien dat er een tweede representatie
is van Cherednik’s (geschikt gefilterde) gedegeneerde dubbele affiene Hecke algebra in
termen van vectorwaardige commuterende reflectie-differentiaal operatoren. Ook laten
we zien dat deze quantumsystemen natuurlijk passen in de klasse van quantum Calogero-
Moser integreerbare systemen door voldoende commuterende onafhankelijk behouden
grootheden, ook wel de hogere Hamiltonianen genoemd, te construeren. Dan laten we
zien dat de spectrum van het quantumsysteem volledig bepaald wordt door een stelsel van
vectorwaardige transcendente vergelijkingen en die we de naam Bethe ansatz vergelij-
kingen geven. Voor positieve koppelingsconstanten (voor quantumsystemen die wissel-
werkende deeltjes beschrijven komt dit neer op een afstotende wisselwerking) laten we
zien dat de spectrum van het quantumsysteem volledig imaginair is. Dit impliceert onder
andere dat de energiespectrum van het quantumsystéefrige

In de rest van het proefschrift beschouwen we alleen het scalaire geval, i.e. we be-
schouwen golffuncties met waarden@n de triviale representaties van de affiene Weyl-
groep.

In het vierde hoofdstuk beschouwen we alleen strikt positieve koppelingconstanten.
In dit geval zijn we in staat alle oplossingen van de Bethe ansatz vergelijkingen uit te
drukken als de kritieke punten van een zogenaamde meesterfumetstef functiorin
het Engels). Deze meesterfunctie blijkt een belangrijke rol te spelen in de hele theorie.
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Door bijvoorbeeld gebruik te maken van de convexiteit van de meesterfunctie tonen we
het bestaan aan van een affiene Weylgroep versie van Pauli’s uitsluitingsprincipe.

In het vijfde hoofdstuk behandelen we functionaalanalytische aspecten. De hoofdre-
sultaat luidt dat de simultane eigenfuncties van alle hogere Hamiltoniaan, die we de naam
Bethe ansatz eigenfuncties geven, een dichte deelruimte opspannen in de Hilbertruimte
van symmetrische functies. Dit bewijzen we met een coititsargument in de koppe-
lingsconstanten en door gebruik te maken van methoden uit de theorie van perturbaties
van onbegrensde, zelfgeadjungeerde operatoren en kwadratische vormen op Hilbertruim-
tes.

In het laatste hoofdstuk formuleren we het vermoeden dat de Bethe ansatz eigenfunc-
ties orthogonaal zijn en dat de normen hiervan uitgedrukt kunnen worden als de determi-
nant van de Hessiaan van de meesterfunctie.
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