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Chapter 1

Introduction

Having applications in everyday situations that we face, queueing theory is an ap-
pealing part of applied probability. Queueing theory started to attract interest from
mathematicians at the beginning of the last century, when a paper of Erlang [49] on
the theory of telephone traffic appeared. In this pioneering work, Erlang showed
that the number of telephone calls made during a given interval of time, assuming
random origination of the calls, follows a Poisson distribution. In a second paper,
which is generally considered as the more important one, Erlang [50] studied block-
ing probabilities when a fixed number of telephone lines are available, and proved
what has become the famous Erlang loss formula.

Nowadays, queueing theory has turned into an indispensable tool for modeling
various real life phenomena. For instance, it is used in the study of production and
storage systems, where the objective is to regulate the demand so as to achieve a
storage of desirable level, but also in communication networks, e.g., telephone net-
works, Internet and computer systems where one aims at guaranteeing a given level
of service. In other application domains models are used that are closely related to
queueing systems, for instance in insurance risk. There one of the objectives is the
study of the ruin probability of an insurance company, given some initial capital.

A description of a simple queueing system is as follows. Suppose that we have a
service station that processes work fed into the system. If traffic arrives at a faster rate
than it can be served, then the unfinished work can be stored in a buffer, which, for
ease, is assumed to have infinite storage capacity. Mathematically such a system can
be modeled as follows. Let X = {X(¢) : t € R} be the stochastic process describing
the way the input arrives to the service station, and let A(s,t) = X (t) — X (s) denote
the amount of traffic entering between time epochs s and ¢ (s < ¢). Furthermore,
the system is emptied at a constant rate ¢ > 0, meaning that ct units of work can
be potentially processed in any time window of length ¢. This naturally defines a
workload process, denoted henceforth by Q = {Q(¢) : t € R}, representing the
amount of work in storage at time ¢. In the literature, the process @ is also known as
the buffer content process or the virtual waiting time process. Throughout this thesis
we will use these terms interchangeably.

Obviously, the most interesting situation is the one where the state of the sys-
tem alternates between busy periods and idle periods, rather than being essentially
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continuously busy. To make sure that the system alternates between busy and idle
periods, we should require that the average rate at which the work arrives at the
system is less than the rate at which the system is emptied. Assuming that the input
process X has stationary increments, A(s,t) := X(t) — X(s) for s < ¢, by which we
mean that A(s,t) and A(s+u,t+u) have the same probability distribution for any u,
then it can easily be shown that the mean of the increments EA(s, t) is linear in ¢ — s.
In this case we can write EA(s,t) = w - (t — s), with w = EA(0, 1). Then the criterion
just described above reduces to requiring that

w < c. (1.1)

If Condition (1.1) is satisfied, then the queueing system is said to be stable and we
will refer to (1.1) as the stability condition. Indeed, if w > ¢, then the content of the
queue will eventually grow beyond any bound.

In this monograph the main stochastic process that we will be interested in, is
the content process {Q(t) : ¢ € R}. In Section 1.1, we will see that the workload
Q(t) of the queue at time ¢ can be formulated as a functional of the net input process
{A(s,t)—c(t—s) : s <t}. Assuming stationarity of the increments A(s, t) of the input
process, and imposing condition (1.1), it can be shown that the distributions of Q(t)
have a weak limit as ¢ — oo, and we let (). denote the stationary (or steady-state, or
equilibrium) workload. Most of the research concerning the process () has dealt with
the stochastic properties of the steady-state workload Q.. For special input processes
explicit results are available for the steady-state distribution P(Q. < g), or sometimes
for the Laplace-Stieltjes transform Ee~*P¢, s > 0, of the stationary workload Q..
In contrast, transient behavior of the system (i.e., the time-dependent case where
one studies P(Q(t) < ¢) given the state of the system at time 0) is considerably less
explored, and only in relatively few situations one has succeeded in deriving explicit
results.

The main objective of this thesis, as its title indicates, is to investigate the depen-
dence structure of the workload process . Specifically, we will investigate to what
extent the dependence structure of the input process is inherited by the workload
process. Throughout this thesis we will assume that the system is already in sta-
tionarity at time ¢ = 0. Under this assumption we will study two types of metrics
capturing the dependence structure of the workload process Q.

e The covariance function R(t), to be defined in (1.9), is a measure that gives
insight in the speed at which the correlation between Q(0) and Q(t) for ¢t > 0
vanishes as ¢ grows large.

¢ A second measure that will be extensively studied, is the measure R(T|p, g), to
be defined in (1.13), featuring the joint probability of the workload exceeding
some thresholds p at time 0 and ¢ at time 7T'.
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The remainder of this introductory chapter is organized as follows. Section 1.1
describes the workload process in both discrete-time and continuous-time queueing
systems. In Section 1.2, we recall some basic properties of the covariance function
and give some motivations for its study. Then, in the same section we will introduce
and motivate the choice of the alternative dependence metric R(7'|p, ¢). Sections 1.3,
1.4 and 1.5 present basic background results on the stochastic processes considered
as input processes, namely Gaussian, Lévy and Markov modulated fluid processes,
respectively. The overview and contributions of the thesis are given in Section 1.6.

1.1 Workload process

For ease of exposition, let us begin by considering a discrete-time queueing system.
Suppose that at discrete time epochs ¢ = 1,2, ..., the amount of traffic entering the
system at time ¢ is given by the random quantity Y (¢). Define the stochastic process
{X(t): t=0,1,...} asfollows: X(0) =0andfor¢t>1, X(t) =Y(1)+Y(2)+... +
Y (). Thus X (t) is the amount of traffic arrived to the system in time epochs 1 up to
t. Let the queue be emptied at a constant rate ¢ > 0, and assume in addition that the
queue was empty at time epoch ¢ = 0. The workload process {Q(t) : ¢ > 0} induced
by the process {Y (¢) : ¢ > 1} is defined by Q(0) = 0, and for ¢ > 0

Q) +Y(t+1)—c fQE)+Y(t+1)—c>0,
Qt+1)= (1.2)

0 otherwise.

In other words: the process {Q(t) : t > 0} is given by the following recurrence
relation, which is known as the Lindley recursion:

Q0)=0, Q(t+1) =max{Qt)+Y(t+1)—¢0}, t >0. (1.3)
Solving the recurrence relation (1.3) shows that

Q) = _inax t(X(t) —X(s)—c(t—29)) = _Inax t(A(s,t)) —c(t—9)).
Since we assumed that the increments A(s, t) of the process X are stationary and that
the stability condition (1.1) is satisfied, it can be shown that

Q. 4 sup (A(—s,0) — cs), (1.4)
seNp

where £ denotes equality in distribution, and A(—s,0) is to be interpreted as the
amount of traffic entering the system in time epochs —s up to —1. This result is often
attributed to Reich [100].
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Now consider the continuous-time case. Suppose that the input of a queueing
system is a stochastic process {X(¢) : ¢ € R} with stationary increments A(s, t).
As before, we assume that the queue is emptied at a positive deterministic rate ¢ >
0. With Q(0) > 0, the continuous-time analogue of (1.3) is obtained by reflecting
{Q(0) + A(s,t) — c(t — s) : s <t} at zero. More specifically, for t > 0, the workload
Q(t) at time t is given by

Q(t) = A(0,t) — ct + max (Q(O)7 - Oinfq(A(O, s) — cs)) , (1.5)
which, using straightforward calculus, can be rewritten as
Q(t) = max ( sup (A(s,t) —c(t —s)),Q(0) + A(0,t) — ct> . (1.6)
0<s<t

Under the stability condition (1.1), it can be shown, see for instance [69], that there
exists a stationary stochastic process defined by

Q)= sup (A(s,t)—c(t—139)), —oo <t < o0, (1.7)

—oo<s<t

satisfying (1.6). The steady-state workload is then given by

Qe £ sup(A(—s,0) — cs), (1.8)
s>0
where A(—s, 0) is to be interpreted as the amount of traffic generated during the time
interval [—s, 0). Observe that (1.8) is the continuous counterpart of (1.4).

1.2 Dependence metrics

Consider the stationary workload process {Q(¢) : ¢t > 0} defined by (1.7). By sta-
tionarity, its mean EQ(t) and variance VarQ(t) are constant in ¢, and will be denoted
henceforth by p and v respectively. Moreover, by stationarity EQ(s)Q(t) depends
only on the difference ¢t — s. Furthermore, assuming the variance v is finite, it can be
shown, using the Cauchy-Schwarz inequality, that also for every s and ¢, EQ(s)Q(t)
is finite. Therefore, the covariance function R(-) and the correlation function r(-) are
well-defined, and are given by, respectively,

R(t) := Cov(Q(0),Q(1)) = EQ(0)Q(t) — EQ(0)EQ(t) = EQ(0)Q(t) — p*  (1.9)

Cov(Q(0), QW) R()
t):=C 0),Q(t)) = = 1.10
r(0) = Com(@QUO), Q) = e s = 5 (1.10)
There are several reasons for studying the covariance function R(-) of the work-
load process @, see for instance [102].
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o In the first place, interesting stochastic properties of the process ) can be cap-
tured via its covariance function. Indeed, for instance L2-continuity (that is,
quadratic mean continuity), -differentiability and -integrability of the work-
load process @) depend upon similar properties of its covariance function.

e Moreover, knowledge of the covariance function R(-) is important to assess the
variance of estimators for the mean workload y = EQ., for instance when one
considers estimators of the type

T
i=7 | ewa

This can be seen as follows. First notice that [ is an unbiased estimator of p
(Eg = p) if the queue was in stationarity at time 0. To assess its precision we
have to evaluate its standard error, which can be calculated from

1 (T 7T 9 (T ft
Varji = ﬁ/@ /0 Cov(Q(s),Q(t))dsdt = ﬁ/o /0 R(u)dudt.
This explains the interest in studying the covariance function.

e Furthermore, application of spectral analysis to queueing theory requires the
determination of the correlation function as the Fourier transform of the spec-
tral density. Indeed, if the correlation function r(-) is continuous at ¢ = 0, and
hence at every point ¢ € [0, c0), then it can be represented as

r(t) = /_OO e dF (x), (1.11)

where F(-) is real, strictly increasing and bounded. F'(-) is called the spectral
distribution of the process Q. Since () is a real-valued process, r(¢) will then be
real and (1.11) yields

r(t) = /OO cos(tz)dF(x) = F(0) + 2 /000 cos(tx)dF(x). (1.12)

— 00

For further reading on the covariance function of stationary stochastic processes, we
refer the reader to Cramér and Leadbetter [34].

In this thesis we also consider an alternative measure for the study of the depen-
dence structure of the workload process. Assuming the queue is already in station-
arity at time 0 and with Q. denoting the stationary workload, we define for p, ¢ and
T>0

P(Q(0) > p,Q(T) > q)

R(T|p,q) := P(Qe > p)P(Qe > q)

(1.13)
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Observe that ‘the more independent’ the events {Q(0) > p} and {Q(T) > ¢} are,
the more R(T'|p, q) approaches the value 1. In this sense, the metric R(T'|p,q) can
be seen as a measure that describes the dependence of the events {Q(0) > p} and
{Q(T") > q}. Moreover, the measure R(T'|p,q) can be related to the covariance of
the corresponding indicator functions. Indeed, considering the indicator functions
140(0)>py and 1{g(1)>q} of the events {Q(0) > p} and {Q(T') > ¢}, respectively, it is
easily seen that

Cov (1{q)>p}> Lia(m)>q}) = P(Qe > p)P(Qc > q) (R(T|p,q) — 1).

A further motivation for the choice of this dependence metric and its relation to
mixing properties will be given in Chapter 2.

Now that we have defined the performance metrics of our interest, we proceed
by briefly describing the three classes of input models that we consider in this mono-

graph.
1.3 Gaussian processes

A real-valued stochastic process {X(t) : t € R} is called Gaussian, if all its finite di-
mensional distributions are multivariate normal distributions, i.e., forall 1 < n < oo,
and t; <tz < ... < t,, the random vector (X (¢1), X (¢2), ..., X(¢,)) has a multivari-
ate normal distribution. In particular, for each ¢, the random variable X (¢) has a
normal distribution with some mean m(t) and variance v(t).

Furthermore, a Gaussian process is completely characterized by its mean func-
tion m(t) = EX(¢) and covariance function I'(s,t) = Cov(X(s), X (t)). Notice that
every covariance function is nonnegative definite in the sense that, for any finite set

of indices {t1,...,tx}, and a1, ..., ay arbitrary numbers, I'(s, t) satisfies
k
Z aiF(ti,tj)aj > 0. (114)
ij=1

It follows that, given any function I'(s, t) satisfying (1.14), we can always construct
a Gaussian process having I'(s, t) as its covariance function, see for instance [34, pp.
80-82].

In this thesis, we only consider Gaussian processes with stationary increments
A(s,t) = X (t) — X (s) for s < t. For this class of Gaussian processes it can be easily
verified that

I(s,t) = %(v(t) +o(s) —v(t—9)). (1.15)
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As indicated by (1.15), the class of Gaussian processes with stationary increments
is extremely rich. Indeed, if we define I'(s, t) with v(t) a continuous positive func-
tion, such that I'(s, t) is nonnegative definite, then we can construct a corresponding
Gaussian process X with stationary increments.

Some examples of Gaussian processes, that will be studied in this thesis, are:

o Fractional Brownian motion, characterized by the following variance function
v(t) = |t|*, H € [0,1]and t € R; (1.16)

where H is the so-called Hurst parameter. Observe that for H = 1/2 we have
Brownian motion.

o The integrated Ornstein-Uhlenbeck process having the variance function

v(t)=t| —1+e M teR. (1.17)

For this class of input processes with @ < ¢, there exist no explicit formulae for
the steady-state probability distribution of the stationary workload ()., except for
Brownian motion input. For Brownian motion input, where v(t) = [¢], it is well-
known that the stationary workload Q). is exponentially distributed with parameter
2(c — w), see for instance [61]. For other Gaussian processes, one has found approx-
imations of P(Q. > B), the probability that the workload exceeds some threshold
B > 0, in different asymptotic regimes.

A simple (and remarkably good) approximation of P(Q. > B) is given by

P(Q. > B) = exp { iI>1% I(s, Bc,w)} ; (1.18)
where
_ 2
I(s, Ble,w) = L BFL=D oy, (1.19)
2 v(s)

It can be checked that for Brownian motion input, Relation (1.18) is exact. More
details can be found in [57, 80] and the references therein.

For further reading on Gaussian processes, see [5, 6, 64], and for the use of Gaus-
sian processes as input in queueing models, we refer to [4, 80] and the references
therein.

1.4 Lévy processes

A Lévy process X = {X(t) : t € R} is a stochastic process possessing the following
properties:
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(i) X(0) = 0 with probability one,

(ii) X has independent increments, i.e., for s < ¢, X(t) — X(s) is independent of
{X(u): u<s},

(iii) X has stationary increments, i.e., for s < ¢, X(t) — X (s) is equal in distribution
to X(t —s),

(iv) the sample-paths of X are almost surely right continuous with left limits.

Lévy processes are intimately related to the class of infinitely divisible distribu-
tions, which are completely characterized by the Lévy-Khintchine formula: a proba-
bility distribution F is infinitely divisible if and only if its characteristic exponent

T (9) := log / e F(dx), ¥ € R,
R

takes the following expression, known as the Lévy-Khintchine representation,

1 ,
U(9) = idd — 502192 +/ (eM* — 1 — izl <) (da). (1.20)

R
Here § € R, 0 > 0 and II is a Lévy measure, i.e., a measure concentrated on R\{0}
satisfying

/min(17x2)H(dx) < 00. (1.21)
R

A Lévy process X has the property that for all ¢, Ee??X(*) = et¥(¥) where ¥(.)
is the characteristic exponent of X (1), which has an infinitely divisible distribution.
Within the class of Lévy processes we distinguish the following three classes. If
the measure II gives no mass to the negative half line, i.e., II(—00,0) = 0, which
means that the process has no negative jumps, we say that the Lévy process X is
spectrally positive. On the other hand, if the measure II is concentrated on (—oo, 0),
ie, II(0, 00) = 0, which means that the process has no positive jumps, we say that the
Lévy process X is spectrally negative. Lévy processes which have monotone sample-
paths almost surely are called subordinators.

In this thesis special attention is paid to the class of spectrally-positive Lévy pro-
cesses. For this class we usually use Laplace transforms instead of characteristic
functions. We define the Laplace exponent

©(0) :=logEe XM 9 >0,

which is given by

1
o) = 09 + 502192 + / (6‘71% — 1+ P21, <) H(dx), (1.22)

(0,00)
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with §, 02 and II as in (1.20).

Examples of Lévy processes are Brownian motion (for which II = 0), the com-
pound Poisson process (for which § = ¢ = 0), and a-stable Lévy processes with
characteristic exponent given by

() = |9 (1 _iBtan (?) sgn(z?)) , (1.23)

where a € (0,1) U (1,2) and § € [—1, 1]. For further reading on Lévy processes, we
refer to [20, 22, 55, 74, 106].

Results on the characterization of the Laplace transform of the stationary work-
load Q. for queues fed by spectrally one-sided input processes are due to Zolotarev
[113]. However, in general it is not feasible to determine the steady-state distribu-
tion by explicit inversion of the Laplace transform. Therefore, one may then resort to
study the asymptotics of P(Q. > B) as B — co. Under different assumptions on the
moment generating function Ee?X(1) of X (1) asymptotics of P(Q, > B) as B — oo
have been determined. For heavy-tailed input, i.e.,, Ee?X(}) = oo for all ¥ > 0, we
refer to for instance [13, 47]. For light-tailed input, i.e., Ee?X(1) < oo for some ¢ > 0,
asymptotic results can be found in e.g. [21, 59].

1.5 Markov modulated fluid input processes

In this section we describe a Markov modulated fluid input process. Let J = {J(¢t) :
t > 0} be an irreducible continuous-time Markov chain defined on a finite state
space & = {1,2,...,N}. Let (m;, i € &) denote the stationary distribution of the
Markov chain J. Further, let {r; : i € &} be a finite set of real numbers. The process
{A(s,t) : 0 <s <t} defined by

t
A(s,t)z/ T 7 (w)du, (1.24)

is called a Markov modulated process. This type of input processes is widely used
in, e.g., manufacturing and communication networks.
Under the stability condition, which for this class of input processes is given by

N
Z?"i’ﬂ'i < 0,
i=1

the steady-state distribution of (Q., J.) exists and can be explicitly derived. For more
background on this model (and several variants) we refer to for instance [72, 103,
107].
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1.6 Overview and contributions

In this section we give a short overview of the remainder of this thesis. In the
next two chapters of this thesis we consider Gaussian queues, that is, queues fed
by Gaussian processes, such as fractional Brownian motion (fBm) and the integrated
Ornstein-Uhlenbeck (iOU) process. As already mentioned in Section 1.3, for these in-
put processes no explicit expression for the distribution of the stationary workload
is known. Hence it is unfeasible to analyze the covariance function R(t) of the sta-
tionary version of the workload process (as this would even require the knowledge
of EQ(0)Q(t), the joint moment function). Therefore, we will analyze the depen-
dence structure of the workload process by considering the metric R(T|p, ¢) defined
in (1.13). In Chapter 2, based on [53], we analyze the behavior of the metric R(T'|p, ¢)
for T — oo under the so-called many-sources scaling. That is, we assume that the
input of the queue is an aggregation of n i.i.d. Gaussian processes. To keep the queue
stable we scale the service rate by n and in addition we scale also the buffer with n.
We denote the resulting workload process by Q™. We focus on two special cases, viz.
fBm and iOU. For large values of T', we study rough, logarithmic asymptotics of our
dependence metric associated with Q™ as n — co. Relying on (the generalized ver-
sion of) Schilder’s theorem, we are able to characterize its decay. The main result of
this chapter is that, at least for the special cases considered, the dependence structure
of the input process essentially carries over to the workload process (in the asymp-
totic regime that we have chosen and in terms of our specific notion of dependence,
viz., the metric R(T|p, q)).

Chapter 3, based on [38], is devoted to the analysis of transient characteristics
of Gaussian queues under the so-called large buffer regime. More specifically, we
determine the logarithmic asymptotics of P(Q(0) > pB,Q(TB) > ¢B) as B — o
and hence the logarithmic asymptotics of R(T'B|pB, ¢B) as B — oo can also be de-
termined. For any pair (p, ¢) three regimes can be distinguished:

(A) For small values of T, either of the events {Q(0) > pB} and {Q(TB) > ¢B}
will essentially imply the other. More specifically: if p > ¢ then the event
{Q(TB) > ¢B} ‘comes for free’, and if ¢ > p, then the event {Q(0) > pB}
‘comes for free’.

(B) There is an intermediate range of values of T' for which it is to be expected
that both {Q(0) > pB} and {Q(T'B) > ¢B} are ‘tight’ (in the sense that none
of them implies the other with overwhelming probability), but that the time
epochs 0 and T tend to lie in the same busy period.

(C) Finally, for large values of T still both events are ‘tight’, but now they occur in
different busy periods with overwhelming probability.
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For the short-range dependent case explicit calculations are presented, whereas for
the long-range dependent case structural results are proven.

The Lévy-driven queue, that is, a queue with Lévy input, is studied in Chapters
4 and 5. In Chapter 4, which is based on [51], we consider a queue fed by a spectrally
positive Lévy process. For this class of Lévy processes the Laplace transform of the
stationary workload is known, see Zolotarev [113]. Using this result and a result
taken from [65], we are able to derive the Laplace transform p(9) = [, r(t)e "'dt
of the correlation function r(t) of the stationary workload process {Q(t) : t > 0}.
This expression allows us to prove structural properties of (). More specifically,
we prove that the correlation function is positive, decreasing, and convex, relying on
the machinery of completely monotone functions. We also show that r(-) can be rep-
resented as the complementary distribution function of a specific random variable.
These results are used to compute the asymptotics of r(t), for ¢ large, for the cases of
light-tailed and heavy-tailed Lévy input.

In Chapter 5, based on [37], we consider a queue fed by a general Lévy process.
In this case we will study the metric R(T5|pB, ¢B) for various types of functions T's.
The main focus will be on refined exact asymptotics (rather than rough logarithmic
asymptotics) of rare event probabilities of the type P(Q(0) > pB,Q(Tg) > ¢B), for
given positive numbers p, g, and a positive deterministic function Tz. The following
contributions are then made.

- We first identify conditions on the function T under which the probability
of interest is dominated by the ‘most demanding event’, in the sense that it is
asymptotically equivalent to P(Q. > max{p,¢}B) for B large. These condi-
tions essentially reduce to T being sublinear (i.e., Tg/B — 0 as B — o).

- A second condition on T is derived under which the probability of interest
essentially ‘decouples’, in that P(Q(0) > pB,Q(Ts) > ¢B) is asymptotically
equivalent to P(Q. > pB)P(Q. > ¢B) for B large. For various models consid-
ered in the literature this ‘decoupling condition” reduces to requiring that 7'z
is superlinear (i.e., Tg/B — 0o as B — 00). This is not true for certain ‘heavy-
tailed” cases, for instance the situations in which the Lévy input process corre-
sponds to an a-stable process, or to a compound Poisson process with regularly
varying job sizes, in which the ‘decoupling condition’ reduces to 75 /B? — cc.
For these input processes we also establish the asymptotics of the probability
under consideration for T’z increasing superlinearly but subquadratically.

Moreover, for light-tailed input, special attention is paid to the case where T is a
linear function in B, that is we suppose that Tp = RB, for some R > 0. We derive
intuitively appealing asymptotics, by intensively relying on sample-path large devi-
ations results. The regimes obtained in this case, can be interpreted in terms of most
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likely paths to overflow.

Chapter 6 is based on [52] and deals with a Markov-fluid-driven queue, that is, a
queue fed by a Markov modulated process. For this model we consider two impor-
tant metrics, viz., the busy period of the system and the covariance function of the
stationary workload process, which we capture in terms of their Laplace transforms.
Relying on sample-path large deviations, we identify the logarithmic asymptotics of
the probability that the busy period lasts longer than ¢, as t — oo.

In Chapter 7 we consider a discrete-time model with a general input process X
having stationary increments. More specifically, we consider the workload process
of a queue operating in discrete time, focusing on the (multivariate) distribution
of the workloads at different points in time. In a many-sources framework exact
asymptotics are determined, relying on large deviations results for the sample means
of multivariate random variables.

Each chapter of this monograph can be read independently of the other chapters,
that is, all chapters are essentially self-contained. Furthermore, every chapter starts
with an introduction where a historical account of the literature is given. For the key
quantities we have used a consistent notation.



Chapter 2

Gaussian queue under many-sources scaling

In this chapter we consider a single-server queue fed by Gaussian processes. Under
the many-sources scaling we will study the logarithmic asymptotics of the metric
R(T'|p, q). Explicit results will be given for the special cases of fractional Brownian
motion and integrated Ornstein-Uhlenbeck inputs. In the following section we give
an overview of the literature on queueing systems with Gaussian input processes,
and give further background on the problem dealt with in this chapter.

2.1 Introduction

Traffic measurement studies have provided convincing statistical evidence that in
various networking environments traffic exhibits strong dependence over a wide
range of time-scales. These studies, starting off in the early 1990s with the famous
article by Leland et al. [76] on Ethernet traffic, showed that the traffic rate process
was long-range dependent: with Z(t) the traffic rate at time ¢, the autocorrelation func-
tion ¢(T) of the traffic rate (i.e., the correlation coefficient between Z(0) and Z(T))
vanishes extremely slowly as a function of the lag 7' — more precisely: ¢(T') decays
so slowly that } ;. ¢(T) = ooc.

This explains the interest in the performance evaluation of queues fed by long-
range dependent traffic. Notably, the traffic models that were predominantly used
till the mid-1990s did not allow for any long-range dependence: they usually cor-
responded to short-range dependent traffic processes (such as Poisson processes,
Markov-modulated Poisson processes, or exponential on-off sources). In the late
1990s, Gaussian traffic models have gained more interest and popularity for mod-
eling network traffic. One of their attractive features is that they cover a broad va-
riety of dependence structures, ranging from short-range (the integrated Ornstein-
Uhlenbeck process, Brownian motion) to long-range dependent (fractional Brown-
ian motion with Hurst parameter H > %, see [76]). In [67] it is argued that the use
of Gaussian traffic models is justified as long as the aggregation is sufficiently large,
both in number of flows and time. We refer to [62, 90, 104] for excellent studies on
network traffic modeling.

The fact that network traffic is long-range dependent is of crucial importance
from the perspective of traffic engineering in communication networks. Where the
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short-range dependent models usually lead to buffer overflow probabilities that de-
cay exponentially in the buffer size, long-range dependent models are considerably
less benign: in case of fractional Brownian motion input with Hurst parameter H this
decay is “Weibullian’ [48, 93] (that is, roughly like exp(—aB?~2H), for some a > 0,
and B denoting the buffer size, which is slower than exponential for H > %), or
even polynomial [96, 114] (e.g., for on-off sources with regularly varying on-times).
In other words: modeling traffic by short-range dependent process would lead to
estimates of the overflow probability that are considerably too optimistic.

For Gaussian queues (that is, queues fed by Gaussian processes), so far primary
interest was in the characterization of the buffer overflow probability. Notably, in
two limiting regimes asymptotic results were obtained: in the large-buffer regime
(where the buffer threshold grows large), and in the many-sources regime (in which
the number of Gaussian inputs grows large, and the buffer and service speed are
scaled accordingly [111]). Without exhaustively mentioning all relevant contribu-
tions, logarithmic asymptotics for the large-buffer case are due to [36, 48], whereas
exact asymptotics can be found in, e.g., [46, 92], and in the many-sources regime
logarithmic asymptotics are in [4, 28] and the exact asymptotics in [39].

To the best of our knowledge, hardly any attention has been paid to the charac-
terization of the dependence structure of the workload process of Gaussian queues. This
is remarkable, as, from an engineering standpoint, knowledge of the dependence
structure is clearly quite relevant. Most importantly, it would give us a handle on
the timescale after which it is justified to approximate transient probabilities by their
steady-state counterpart. Also procedures that ‘learn’ the characteristics of the in-
put process by observing the workload process [85] would greatly benefit from in-
sights into the degree of dependence between two subsequent observations (more
precisely, it can be determined from what timescale on one could safely neglect the
dependence between the observations).

Seen from a more mathematical angle, an interesting fundamental question is:
to what extent the dependence structure of the input process is inherited by the
workload process? Or, put differently, does long-range dependent input give rise
to a long-range dependent workload process? The results obtained in this chapter
show that indeed for fractional Brownian motion (in the sequel abbreviated to fBm)
and integrated Ornstein-Uhlenbeck (iOU) the dependence structure of the workload
process strongly resembles that of the input process: Weibullian decay for fBm, and
exponential decay for iOU.

A first aim would be to analyze the covariance of Q(0) and Q(7T'), which we de-
note by R(T) or the corresponding correlation coefficient denoted by r(T'), cf. (1.9)
and (1.10). However, it is not clear what methodology can be used to analyze these
covariances. It is noted, for instance, that large deviations type of results are not of
any help here, as covariances are quantities related to expected values, which cannot
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be represented as rare-event probabilities (where we also recall that in the setting
of queues with Gaussian input, apart from a few special cases, one has not even
succeeded so far to compute the mean workload p = EQ.).

To overcome this problem we have chosen the following solution:

e We choose a measure for dependence that is more tractable than the covari-
ance R(T'). This new metric measures the difference between logP(Q(0) >
P, Q(T) > ¢) and log (P(Q(0) > p)P(Q(T) > q)), for given p,q > 0; popularly
speaking, the more independent {Q(0) > p} and {Q(T) > ¢} are, the smaller
the difference. A more specific goal is to characterize for fBm and iOU how our
metric decays to 0 when 7" grows to infinity.

e We work in the many-sources asymptotic regime [111] that was mentioned
above. As a consequence, we can use an extensive set of useful techniques,
most notably (sample-path) large deviations results, in particular (the general-
ized version of) Schilder’s theorem.

More precisely, the setting we consider is as follows: we let n i.i.d. Gaussian
processes Xi(-),...,X,(-) feed into a queue in which both the service speed
and the buffer content are scaled by n; we denote the workload of the resulting
queueing system at time ¢ by Q"(¢). The results presented in this chapter are
asymptotic in n.

As mentioned above, we specialize to the important cases of fBm and iOU input.
Our main conclusion is that, using the metric introduced above and considering
the many-sources regime, the dependence structure of the input process essentially
carries over to the workload process.

Above we argued that Gaussian models (and in particular fBm) are good traffic
descriptors in the setting of communication networks as long as there is sufficient
aggregation [67]. We stress, however, that this is an issue that should be handled
with care, as it depends very much on the situation at hand whether this is the case.
[90] presents a systematic assessment of this issue. There the stochastic properties of
a superposition of n sources with heavy-tailed on-times (or bursts), and alternatively
a corresponding M/G/ oo input model, is considered, after rescaling time with 7.
Conditions are discussed under which the limiting process indeed looks like fBm,
while in other situations a-stable Lévy motion is more suitable. More specifically,
if the situation at hand is such that the rate at which bursts are generated is large
in relation to the tail of the distribution of the burst duration, fBm is an appropriate
approximation. For a more detailed discussion we refer to e.g. [90, 56].

The remainder of this chapter is organized as follows. In Section 2.2 we recall
some important results about Gaussian processes and the large-deviations theorems
that will be needed in the sequel. In Section 2.3 we give the main results of this
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chapter while their proofs are given in Section 2.4. In the last section we give a
heuristic approach that extends our results to queues fed by more general Gaussian
processes, and a number of concluding remarks.

2.2 Preliminaries

This section consists of two subsections. In Section 2.2.1 we recall basic properties
of Gaussian processes, while in Section 2.2.2 we state two important tools from large
deviations theory: (the multivariate version of) Cramér’s theorem and (the general-
ized version of) Schilder’s theorem.

2.2.1 Gaussian processes

Let X;(-) denote a sequence of i.i.d. centered Gaussian processes with continuous
sample paths and stationary increments A;(-,-), ¢ = 1,...,n; it is assumed that
Xi(0) = 0 for all i. Asin Chapter 1, for s < ¢, we interpret A;(s,t) as the amount
of the traffic generated by the i-th Gaussian source X;(-) in the time interval (s, t].
Moreover, we let the X;(¢) be ‘two-sided’, that is, defined for all ¢ € R.

We denote by X (-) the generic Gaussian process corresponding to a single source,
and A(s,t) := X(t) — X(s) denote its increments, i.e., for all i, X;(-) and A;(,)
have the same distribution as X (-) and A(:, ), respectively. A (centered) Gaussian
process is characterized by its variance function v(-) (which is necessarily continu-
ous); because of the stationarity of the increments of our process, we have for s < ¢,
VarA(s,t) = v(t — s).

In the sequel the bivariate random variable (A(—s,0), A(T —¢,T)) (for large val-
ues of T') is frequently used. Its distribution is a bivariate Normal distribution with
zero mean vector and covariance matrix X1 (s, t) given by

o v(s) Tr(s,t)
Srisnt)i= (o T ).

with I'p(s,t) := Cov(A(—s,0), A(T —¢,T)). For s > 0and 0 < ¢t < T, this covariance
reduces to

V(T +s)—v(T)—v(T —t+s)+v(T —t)

FT(Sat> = 2 )

for other ranges of s and ¢ similar expressions can be given.
Gaussian sources have the intrinsic inconvenience that in principle negative traf-
fic can be generated: A(s,t) (witht > s) is not necessarily non-negative. When using
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the representation for the workload at time ¢ (take for ease a queue fed by a single
Gaussian source, with service rate ¢ > 0)

Q(t) :=sup {A(t — s,t) — cs},
s>0
this turns out to be not an issue: the probabilistic properties of the above functional
of the Gaussian process X (-) can be evaluated, irrespective of whether the input
process allows negative increments.

In our study we focus, without loss of generality, on centered Gaussian processes,
but it is straightforward to adapt the results to the case of non-centered Gaussian
processes, as the queueing system in which the input has mean rate m # 0 and ser-
vice rate c (larger than m to ensure stability) coincides with the system with centered
input and service rate ¢ — m.

In this chapter we focus on two special Gaussian processes: (standard) fractional
Brownian motion (or fBm; v(t) = t*#, with H € (0,1)), and the integrated Ornstein-
Uhlenbeck process (or iOU; v(t) =t — 1+ e~ ).

Lemma 2.2.1. Fix s,t > 0; lett < T.

e fBm. For H > L, T'r(s,t) is positive, and decreases to 0 when T — oo. For H < %,
I'r(s,t) is negative, and increases to 0 when T — oo.

o i0OU. I'y(s,t) is positive, and decreases to 0 when T — cc.

Proof. First focus on fBm. It is immediate that
. 1
Tr(s,t) = Y4P™ (s, 1) = 3 (T + )" =T — (T —t + 5)*" + (T — t)*H).

Consider H > 3. It is readily checked that in order to show that I'r(s, ) is positive,
we have to prove that

1— (1=t < (1482 —(1—t+5)%1,

or, equivalently, that (1 + s)2 — (1 — ¢ + s)?# increases in s > 0 (for all ¢ € (0, 1)).
Differentiation with respect to s leads to the claim (1 + s)22=1 > (1 + s — ¢)20~1,
which is indeed true for H > . The fact that I'r(s, t) is decreasing in T (with limit
0) is proven in the same way. The case H <  can be dealt with similarly.

For iOU,

i 1
Tr(s,t) = V;OU)(S,t) =3 (e_T_S —e T e THt=s 4 e_T+t)
1
= 5(1 —e (e —1)e T,

which is indeed positive and decreasing in 7. O
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2.2.2 Large deviations results

In this subsection we give a brief description of the main results from the large devi-
ations theory for Gaussian processes. The proofs of the theorems presented here can
be found in [44, 45]; see for more background [80]. We first state Cramér’s theorem,
that relates to d-dimensional random variables, and then Schilder’s theorem, that
describes the sample-path large deviations of Gaussian processes.

Let X € R? be a d-dimensional random vector. We denote the moment generat-
ing function of X by M(6) := Eexp((f, X)) and its logarithm by A(6) := log M (9).
Its convex conjugate A* is defined by A*(z) := supgega ((6,2) — A(6)), with (-,-)
denoting the usual inner product: (0, z) := Tz = Zle 0;x;. We first state (the mul-
tivariate version of) Cramér’s theorem which characterizes the logarithmic rate of
the convergence of the empirical mean of i.i.d. random vectors in R%.

Theorem 2.2.2 (Multivariate Cramér). Let X; € RY be i.i.d. d-dimensional random vec-
tors, distributed as a random vector X . Then the following LDP applies [44, 45]:

(a) For any closed set F' C R,

1 1 &
lim sup — 1 ]P’<f X; F) < — inf A*(y):
im sup — log P{ — ; € < —in (y)

n—oo T yeFr

(b) For any open set G C RY,

n—oo N yeG

1iminfl logP<% Xn:Xi € G) > — inf A*(y),
i=1

where the large deviations rate function A*(-) is as given above.

Remark 2.2.3. Consider the case that X has a multivariate Normal distribution with
mean vector 0 and d x d-non-singular matrix covariance matrix ¥. Then using that
A(6) = £6760 we obtain

1
0* ="'z and A*(z)= imTZ_lx, (2.1)

where 6* is the optimizer in the definition of A*. '

Before stating the generalized Schilder’s theorem we sketch the framework of the
Schilder’s sample path large deviations principle as established in [16], see also [45].
We use the same setup and notation as in [80, 81]. We consider n i.i.d. centered
Gaussian processes A;(-) and define the path space 2 as

t
0= {w :R — R, continuous, w(0) = 0, lim w(t) = O}
[t|—oo 1+ [¢]
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which becomes a Banach space by equipping it with the norm
jw(®)]
w = 8su .
lelle te]gl—i-m

In Addie et al. [4] it is shown that X (-) can be realized in Q2 under Assumption 2.2.4;
it is clear that both fBm and iOU satisfy this requirement.

Assumption 2.2.4. The variance function v(-) of the process X (-) is continuous and it
satisfies
im 28 _ g (2.2)
t—oo ™
for some o € (0,2).
Next we introduce the reproducing kernel Hilbert space R C §2, with the prop-

erty that its elements are roughly as smooth as the covariance function I'(s, ), see
Adler [5] for more details. We start from a subspace R* C 2, defined by

R* .= {w €, w() = Zair(3i7 ), ai,si €R, n € N} )
i=1

with I'(s, t) := Cov(A(0, s), A(0,t)). The inner product on this space R* is defined as
follows, for w,,wp, € R*

n n

(Wa, wo)g = <Z ail'(s;, ), ijr(sﬁ ')> = Zzaibjr(sia Sj)- (2.3)

R i=1j=1

Now we can introduce the norm ||w||g := y/(w,w)y. The closure of R* under this
norm is defined as the space R. Then the rate function of the sample-path large
deviations principle (LDP) is defined as follows:

NTHRTL R
_J allllr  ifweR;
Tw): { 00 otherwise. @4)

For a sequence of n ii.d. centered Gaussian processes X;(-) the following sample-
path LDP holds [16, 45].

Theorem 2.2.5 (Generalized Schilder). The following sample-path LDP applies:
(a) For any closed set F' C Q,

1 IR
li ZlogP(= ST X, (- F)<_'f1 :
imsup - log (n; ()€ F) <~ mf I(w)
(b) For any open set G C (),

n

1irninfllogIP’<l ZXl() € G) > — inf I(w),
i=1

n—oo n n welG
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2.3 Main results

As mentioned in the introduction of this chapter, our main interest lies in the inves-
tigation of the dependence structure of the workload process. Since the distribution
of the steady-state workload has been found explicitly only for the case of Brownian
motion input, we resort to an asymptotic framework, viz. the so-called many-sources
regime. In this regime the number of Gaussian inputs, say n, grows large, and the
service rate is scaled accordingly. In this framework, the stationary workload process
is given by

Q" (t) := supz Ai(s,t) — nc(t — s) < QL = supz Ai(—s,0) — ncs. (2.5)
s<t i—1 20 i=1

As we wish to investigate the dependence structure of the workload process, we
could try to characterize the autocorrelation

_ EQ(0)Q™(T) —EQ"(0)EQ™(T) _ EQ"(0)Q"(T) — EQeEQ:
v/ VarQ(0)/VarQ™(T) VarQy

on(T) :

It is evident that 6,,(T") | 0 as T' 1 oo, but the question is how fast it vanishes.

Unfortunately, this notion of dependence is hard to handle — not even an explicit
expression for EQ is known for non-Brownian Gaussian input processes. We there-
fore introduce an alternative notion of dependence. The following metric describes
the degree of dependence between the events {Q™(0) > np} and {Q™(T") > ng} for
positive p, g.

Definition 2.3.1. For given positive numbers p, g define

o (T) 1= P (Q"(0) > np,Q"(T) > ng) _ P(Q"(0) > np,Q"(T) > nq) 2.6)
T P(QM0) > np) P(QM(T) >ng)  P(QR>np)P(QF >ng) T

Furthermore, let x(T") be the limit of log k,,(T") /n as n — oo.

Remark 2.3.2. It should be noticed that «,,(T") relates directly to the metric R(T'|p, q)
given by (1.13). Indeed, one only needs to replace Q(0), Q(T'), ¢, p and ¢ by Q™(0),
Q"(T), nc, np and ng, respectively, in the definition of R(T'|p, q). '

It is evident that various other dependence measures could be thought of. Our
measure is reminiscent of quantities used when defining mixing conditions, see e.g.
[29]. For instance, with A% defining the o-field o(Q(u) : s <u < t), and

a(A,B):= sup |P(ANB)-P(A)P(B)|,
A€A.BEB
we say that Q(t) is strongly mixing if o(T') := sup, a(A® , A5 ;) = 0as T — oo.
The relation between the decay of x(T") and mixing conditions is not a priori clear;
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also due to the fact that a supremum over A € A® . and B € AJ ;- needs to be com-
puted, it is typically hard to characterize the decay of «(7T') and related quantities.

Before stating the main theorems of this section we first give the logarithmic
asymptotics of the marginal probabilities involved in Definition 2.3.1. They are given

by

- n o (ptes)?
o1 . o (g+et)?
Jim - logP(Q(T) > ng) = —inf 20(t) 28)

using that the queue is in stationarity at both epochs; see for instance [4]. In [39] the
following lemma was proved; it entails that the infima over s and ¢ are attained and
are unique under a specific assumption on the variance function.

Lemma 2.3.3. Suppose that the standard deviation function o(t) := +/v(t) of the generic
input process X (+) is such that o(t) € C*([0, 00)) is strictly increasing and strictly concave.
Then the right-hand sides of (2.7) and (2.8) have unique minimizers. Concavity of o(t) is
equivalent to requiring that

20(t)"(t) — (v'(1))* < 0. (2.9)
We denote the minimizers by s* and ¢*. It is readily checked that they solve
2cu(s) = (p + cs)v'(s);
{ 2cu(t) = (g + ct)v'(¢). (2.10)

Now we give the main results of this chapter. Theorem 2.3.4 states that for fBm
input x(T") decays to zero and its decay rate is 7?72 as T — oo, which indicates
that the workload process has essentially the same dependence structure as the in-
put process. As will be discussed in more detail in Section 2.5, this means that the
workload process is (in our metric) long-range dependent if the Hurst parameter H
is greater than % For fBm, o(t) = t is concave, so Lemma 2.3.3 applies, and (2.10)
has a unique solution; in fact, s* and ¢t* can be explicitly calculated, and are given
through

P 2 .11)

Theorem 2.3.4 (fBm input). If the input process is fBm we have the following logarithmic
asymptotics for k, (T):

_ +v(<323$;)6t*) ' %s*t*<2H>(2H — T2 4 o(T*172) (2.12)

QH =D oompoongon-2 | pon-2)
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It is interesting to compare this result to the dependence structure of the input
process. We could look at a counterpart of x(T"), for instance

( P(Z?:l Al(O, 1) > np, Z?:l AZ(T,T + 1) > qu) )
P> Ai(0,1) >np) PO A(T, T+ 1) >ng) )’

and consider its decay for T large. Denoting 74™™ (1,1) by 74°™ (see Lemma 2.2.1),

we have that 7{™) ~ 1T?*M1=2 5 0 as T — oo. Then straightforward computations

show that the bivariate version of Cramér’s theorem implies that

—1
1 ’U(l) FYé“me) < p > p2 q2 (fBm)
ANT) = —=(p, " + + ~ :

for T large, i.e., also decaying as 7%/ ~2! The above arguments provide support for
the claim that, in this metric, the workload process has essentially the same depen-
dence structure as the input process.

Remark 2.3.5. For H = 1 we can explicitly calculate x(T) for any 7, relying on the
formulas for the transient behavior of reflected Brownian motion, see e.g. [61, p. 49].
It turns out that for all T > ¢! - (\/p + /q)? it holds that x(T") = 0; observe that
the existence of such a threshold value could be anticipated due to the independent
increments. Also note that this result is in line with Theorem 2.3.4. 'Y

Now consider the case of iOU input. In this case s* and t* cannot be explicitly cal-
culated. They are uniquely determined though, as can be seen as follows. Criterion
(2.9) reduces to

o(t) :=2te " +e 2 —1 <0,

which is true because p(0) = 0 and ¢'(t) = e7¥(2 — 2t — 2¢7%) < 0.

Theorem 2.3.6 states that for iOU input the speed of convergence of x(T') to 0 as
T — ocise T,
Theorem 2.3.6 (iOU input). If the input process is iOU we have the following logarithmic
asymptotics for ki, (T'):

k(T) = lim llogfin(T)

(p+es)(g+ct®) 1
v(s*)v(t*) 2

=2c%e= T~ 4 o(e™T).

(1 _ e—s*)(et* _ 1)€_T + 0(€_T) (2.13)

In this case, it can be verified that

i i I _ 1
7 = (L)~ e <e ot e) '
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As we have A\(T) ~ pqw?OU), it again holds that the dependence structure of the
workload process essentially coincides with that of the input process (i.e., both «(T")
and \(T') are roughly proportional to e~ 7).

2.4 Proofs

In this section we give the proofs of the results we stated in the previous section. In
the first subsection we derive a number of generic results, while we specialize to fBm
and iOU in the last part of the section.

2.4.1 General results

The results of this subsection hold for any type of Gaussian sources (i.e., we do not
restrict ourselves to fBm and iOU), the only exception being Proposition 2.4.4. We
first define two sets of paths in (2 that play a crucial role in our analysis.

Sr={feN:3s>0,Ft>0:—f(—s)>p+ecs, f[(T)— f(T—1t)>q+ct}; (2.14)
Sr(s,t) ={feQ:—f(=s)>p+ecs, f(T)— f(T —1t)>q+ct}. (2.15)
Observe that Sy is the union (over all s, > 0) of the Sr(s, t). Interestingly, the set of

paths Sy directly relates to the ‘joint overflow event’ {Q™(0) > np, Q"(T) > ng}, as
follows from the next lemma.

Lemma 2.4.1. Foranyp,q >0,

P(Q"(0) > np, Q"(T) > nq) = P (n 34 e ST> .

Proof. This follows by applying (2.5):
P(Q"(0) > np,Q"(T) > nq)

<bup{ZA —s,0) —ncs} > np, bup{ZA T—-1t,T) —nct} > nq)

s>0 t>0

O:ZAi(—s,O)—ncs>np,3t>0:ZAi(T—t,T)—nct>nq>

=1

Il

=
VR

LU

)

\Y
I 3
—

“LA(— " AT —t,T
P<35>O:Z(ns’o) >p+cs,3t>0:z(n)>q+ct>

=1 =1
=T - En A()GS’{
n P ¢ ’

which proves the claimed. O
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In the sequel we frequently use the following bivariate Normal large deviations
rate function:

1 _1( p+ecs
ot == t) (X t )
Mo+ esa b ct)i= Lo es.a+ e (e (V700)
By explicitly calculating the matrix inverse, we obtain that A%.(p + ¢s, ¢ + ct) can be
written in the following alternative form:

1 v(s)v(t)

2v(s)v(t) — Tp(s,t)?

, ((p +es)? | (g+ct)? (p+es)(g+ct)lr(s, t)>
v(s) v(t) v(s)v(t) '

The next lemma determines the decay rate of the most likely path in Sp(s,t), for
fixed values of s and ¢. It turns out that there are three different regimes.

(2.16)

Lemma 2.4.2. Forany p,q > 0,

inf  I(f)=Ay(p+cs,q+ct),
et (f) =Az(p q+ct)

where N (p + cs, q + ct) equals

(p;;(i‘;)z if Fzgz’)t) (p+cs) > q+ct; @17)
(q;;(i?Q if FZ((;t) (q +ct) > p+cs; 219
A% (p+ cs,q + ct) otherwise. 219)

Proof. Multiplication of (2.17) and (2.18) would lead to
T'2.(s,t) > v(s)v(t),

and hence Cauchy-Schwarz implies that the conditions in (2.17) and (2.18) cannot
apply simultaneously.
Then recognize

FT (S, t)
v(s)
FT (S, t)
v(t)
The stated now follows immediately from the bivariate version of Cramér’s theorem;
see the solution of Exercise 4.1.9 as given on p. 42 of [80]. O

(p+es) = EAT-t,T)]| A(—s,0) =p+ cs);

(q+ct) = E(A(=s,0)| AT —t,T) = q+ct).
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The proof of the next proposition relies on Lemma 2.A.1, that is stated and proven
in the appendix.

Proposition 2.4.3. Forany p,q > 0,

lim 1 logP(Q™(0) > np, Q™ (T) > nq) = — inf I(f)

n—oo N feSr

== Inf Ap(p+es,g+ct).
Proof. From ‘Schilder” and Lemma 2.4.1 we have

— inf I(f) < lim = logP(Q"(0) > np, Q"(T) > ng) < — inf_I(f).

fEST n—oo N fe8r

We first show that the above inequalities are actually equalities, by establishing that
St is an I-continuity set, that is,

Jng 1(f) = int (7). (2.20)

where the Sy denotes the closure of S, and is given in Lemma 2.A.1.

This can be done in the same way as in the Appendix of [86]. Choose an arbitrary
path f in St N R, and approximate it by a path in Sr, as follows. We use the sets
S(s),8r(t),S(s), and Sr(t) as defined in the appendix 2.A. Due to Lemma 2.A.1
we have that f € S(s) N Sp(t) for some s,t > 0. Let n(-) be a path in R that is
strictly increasing and taking negative values for © € (—o0,0) and positive values
for u € (0, 00) (for instance 7(u) := sgn(u)\/|u| or arctan u). Define

Then f,, € S(s) N Sr(t) as, for any s > 0, it holds that

n(—s) n(=s)

—u(=8) = —fl=8) = = zptes—To= > pes
and, for any ¢ > 0,

FoD) = faT 1) = f(T)—f(T_t)+’7(T)_;7(T—t)

> q+ct+n(T)_—77(T_t)>q+ct.

Moreover, we have, for n — oo,

1
1falle = £ + —nliz = /Il

which proves (2.20) and therefore also the first equality of the proposition.
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The above entails that the decay rate of our interest equals

inf inf I(f).
s}?>0 fe(S(glﬂST(t)) ()

Recall from (2.14) and (2.15) that Sr is the union over all s > 0 and ¢ > 0 of the
Sr(s,t), and observe that Sy (s, t) = S(s) N Sr(t). The second equality of the propo-
sition now follows directly from Lemma 2.4.2. O

The following proposition indicates, for fBm and iOU inputs, that for T large
necessarily (2.19) is satisfied.

Proposition 2.4.4. Consider fBm or iOU. For any p,q > 0, and T large enough

1{1>f0 As(p+cs,q+ct) = mf A5 (p+cs,q+ ct). (2.21)

Proof. As, for any s,t > 0 and any T > 0, it holds that A%.(s,t) < A%(s,t), it suffices
to prove that, for T sufficiently large,

: A * > 3 * .
Jnf Ar(p+cs,q+ct) > Jnf A (p+cs,q+ct)
We prove this property in a number of steps.
o Step 1. As, evidently,

1
nlgr(;ﬂlogﬂ”( ZA —s,0) >p+cs—ZA 0)>q+ct>

i=1

1 1
< i lim —logP [ — A;(—s,0
< mm{ngréon og (”; i(—s, )>p+cs>7
1 n
,}LH;OHIOgP< ZAi(T—t,O)>q+ct>},

i=1

we have that

2 2
Ar(p+cs,q+ct) > max{(p+05) (¢ +ct) }

20(s) 7 2v(t)

o Step 2. Lemma 2.2.1 states that, for any fixed s, ¢, I'r(s,t) — 0as T — oo. It can
be checked that this implies that also A% (p + cs, q + ct) — A% (p+ cs,q + ct) as
T — oo, where

(p+ecs)? | (q+ct)?
ORI

A (p+es,g+ct) =
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(to this end, observe that, for any fixed s, ¢ the conditions in (2.17) and (2.18) are
not fulfilled for T sufficiently large). It is clear that, when taking the infimum
of A% (p+ cs,q+ ct) over s, t > 0, the expression decouples into the sum of an
infimum over s and an infimum over ¢. Both individual infima have a unique
minimizer, namely s* and ¢* as introduced earlier. In the remainder of the
proof we use the notation ¢ := A% (p + cs*,q + ct*). It is clear that the above
implies that for T sufficiently large

i?>f0 A% (p+cs,q+ct) < Nr(p+ cs*, g+ ct*) < 20 (2.22)

e Step 3. Using Step 1, for any ¢t > 0, both as s | 0 and as s — oo, uniformly in 7',

- (p+ cs)?
Ar(p+cs,g+ct) > T(s) — 00;

likewise, for any s > 0, both as ¢t | 0 and as t — oo, we have that

A5 (p+cs,q+ ct) = oc.

It implies that we can find €, € (0,00), independent of T', such that for all
s,t & [g,2] it holds that A%.(p + cs, q + ct) > 3L.

o Step 4. Using (2.22) and Step 3, we conclude that we can restrict ourselves, for
T sufficiently large, to s,t € [¢,€]. Again using that I'p(s,t) = 0as T — oo
(by virtue of Lemma 2.2.1), it is seen that for 7" large enough, for all s, ¢ € [g, E]
the conditions in (2.17) and (2.18) are not satisfied, and therefore we have that
N5 (p+ cs,q+ ct) = A% (p+ cs, g+ ct). This entails that, for T sufficiently large,

inf A5(p+cs,q+ct)= inf A5(p+cs,q+ct)
5,6>0 s,t€e,E]

= inf Ap(p+es,qg+ct)
s,t€[g,E]

v

nf Ap(p+ s, + )

This concludes the proof. O

In view of the fact that A%.(p+cs, g+ct) — A% (p+cs, g+ct), we now also have that
a sequence of local optimizers of the right-hand side of (2.21), say (s%., t%.), converges
to (s*,t*) asT — oo. Relying on Taylor expansions around (s*, t*), the vector (s%., t4.)
at which the function A% (p + ¢s, g + ct) is minimal solves the following system:

(p + cs) (2cv(s) — (p+ cs)v'(s)) (2.23)

_ q+ct , or .
= 2 < o) ) ((cv(s) —(p+es)v'(s) Tr(s,t) + (p + Cs)v(s)ag(s’t)> ,
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(q+ ct) (2cv(t) — (g + ct)v'(t)) (2.24)

p+cs , or
- 2< o) ) <(cv(t) (q+ ct)v (t))FT(s,t)+(q+ct)v(t)atT(s,t))

where the partial derivatives of I'r (s, t) with respect to s and ¢ are given by

orp 1
a5 D=5
orp 1
W(S,t) =3

In the next two subsections we study the system (2.23)-(2.24), for both fBm and iOU
inputs, by analyzing the behavior of s%., . in detail. This yields the desired informa-
tion, needed in order to characterize the decay rate «(7') for T large.

(W(T+s) =0 (T —t+3));

(W(T—t+s)—0(T-1)).

2.4.2 Proof for fBm input

As we have seen in the proof of Lemma 2.2.1, for T' — oo,
B (g 1) = st H(2H — 1) - T*H2 4 o(T?H2),

For large T' we obtain in the same way

(fBm)
a”g =t-H(2H —1)-T?772 4 o(T*12);
(fgm) (2.25)
8@% =s- H(2H — 1) - T?H=2 4 o(T?H-2),
Inserting these into (2.23)-(2.24) we obtain
(2¢s — 2H (p + ¢s))
_ 2H(2H — 1)(q+ ct)(es— (2H — 1) (p+ cs))stTQH_2 + o(T2H-2), (2.26)
t2H (p + cs)
(2¢t — 2H (q + ct))
_ 2H(2H — 1)(p+es)(ct — (2H — 1)(¢ + ct))stTQH_2 4 o(T?H-2), (2.27)

s2H (q + ct)
Note that if we let 7" — oo in the last system, we retrieve (2.10), which has unique
solution (2.11). Observe that in the system of equations (2.26)-(2.27), the right-hand
side of the equations decays to 0 with speed T%~2 as T' grows to infinity. This
observation, in conjunction with (s%,t4.) converging to (s*,t*), entails that we can
express s%., t5 as follows:

5} = g* +f(5*’t*)T2H72 +0(T2H72);
t} = t* +g(8*,t*)T2H72 _’_0(T2H72).
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To determine the values of f(s*,t*) and g(s*,t*), we proceed as follows. Using Tay-
lor expansions we obtain for the left-hand side of (2.26), after tedious calculus,

(p + cs) (2cv(s) — (p + es)v'(s))
= 2H(p + CS*)s*zH*Q (CS* _ (2H _ 1)(p + CS*)) f(s*,t*)T2H*2 + O(TQH*Q),

and for the right-hand side

c ) P
2 <q;(_t)t> <(C’U(5) —(p+cs)v'(s)) Tr(s,t) + (p+ CS)v(S);;T(S’tO
=2H(2H — 1)(¢ + ct*)s*QHt*1_2H (es* — (2H — 1)(p + CS*))Tszz 4 O(T2H72)

Doing the same for (2.27), and inserting (2.11), we find the following expressions for
fand g at s*,t*:

f(S*,t*) _ <2H _ 1)g8*2t*1_2H _ (2H _ 1)S*t*2_2H;
p

g(s*,t*) = (2H — 1) 22172 = (o — 1)+ s2 72,
q

Inserting these expressions into A% (p + cs, ¢ + ct), we can evaluate the components
of (2.16):

(p+cs)?  (p+cs*)? c H * a2 H —2 2H -2
(p + cs*)? _
= gem T o(T*H72);
(g4 ct)®>  (q+ct*)? c H * 2 H—2 2H—2
= 1+42( —m— — — tT T
12H w2l + Er O g(s*,t%) +o( )
(q + ct*)? _
= + o(T?H=2);

2H(2H — 1) - (p+ cs)(q + ct)(st) 72 . T2 =2 4 o(72H=2)
= 2H(2H — 1)(p + cs*)(q + ct*)s* ' 72H 1 72Hp2H=2 o (2H=2)

_o (QHI; 1)c? g2 2H 2 2H ol -2 | o(T2H-2).

We thus obtain the desired result, i.e.,

1 2H — 1)c? 5 _
K(T) = lim —logk,(T) = 7( ) g*2 T2 2202 H -2 | o(TQH_Q).
n—oo MN, H
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2.4.3 Proof for iOU input

As in the fBm case, denote by s*,t* the minimizing point when there is indepen-
dence, i.e., the solution of (2.10). We follow the same arguments as in the case of
fBm. For fixed (s,t) the covariance I'y(s,t) is decreasing exponentially in 7. The
solution of system (2.23)-(2.24), say s}, t%, converges to s*,t*, and its convergence
speed is of the order e~ for large T. These observations entail that

sho= s+ k(s*,t)e T 4+ o(e™T);
th =t* +L(s*,t")e T +o(e”T).

To determine k and ¢ at s*, t*, we proceed as in the above subsection. We find

k(s*,t*) =
_ gt (e —1). cv(s*)(L—e™*") = (p+es*) (V/(s*)(1 - e ) — v(s*)e ")
p+cs* (cv'(s*) = (p+ cs*)v"(s%)) v(t*)
_ g tet)'(#)  eo(sT)(s) — (p+est)o'(s7)% + (p + esT)u(sT)v" ()
v (#*)(p + cs*)o(t*) (cv'(s%) = (p + cs)v""(s%))
_ 2cu(s*) (= (s) + (p+ est)u(s7)) _ v'(s*)
V() (p+es)  (ev'(s%) = (p+est)u(sY)) v ()’
s*, 1) =
_ptes (1- e_s*)cv(t*)(et* —1) = (g+ct*) (V) (e —1) —v(t)et")
q+ct* (cv' () — (g + ct*)o" () v(s*)
_ (p+ cs*)v'(s*) ot (t*)et” — (q + ct*)v' (t*)2e” + (¢ + ct*)v(t*)e!”
(g + ct*)v(s*) (cv'(t) = (g + ct*)v" (%))
_ 2cu(s*) (= () + (g +ct))
v (%) (g +ct*)  (co'(t%) — (p+ ct*)v” (#))
V() q+ cv(t)

(%) (eo' () = (a + et )" ()
Now we insert this in the objective function (2.16), and similarly to the fBm case we
obtain

(p+es)® _ (p+es*)?

v(s) - v(s*) (1+o(e™)):
(q;L(tc)t) _ (q:(tc*t)*) (1+0(eT)):;
(p+cs)(qg+ct)(1—e ) (et —1)e T

v(s)v(t)

ekt - et
- o(= () el
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Thus we get for iOU input the desired result:

k(T) = nh—>Holo % log kn (T)
_(pt+es)(g+et) 1. e Vet — De-T + o(e=T
PR - e ) - e o),

which simplifies to 2c?e= (") 4 o(e~T).
2.5 Discussion and concluding remarks

A. Generalizations. Theorems 2.3.4 and 2.3.6 suggest that our results can be general-
ized considerably, in that it can be expected that their counterparts can be stated for
a substantially broader class of Gaussian processes with stationary increments. First
observe that Expression (2.16) can alternatively be written as

1 ((p+cs)2 (g +ct)*

1 2(p+05)(Q—|-ct)FT(s,t)
2

R0 o()0(t)
Now suppose we wish to evaluate inf,(f(t) + eg(t)) — f(¢*), where ¢* is minimizer
of f(-). A Taylor expansion of f’(t) + e¢'(t) in t} = t* + ¢t reads

) +o(Cr(s,t).  (2.28)

FI(#) +etf"(t") +eg' (t) + O() = f'(t) + e (Lf"(t") + ¢ (")) + O(?),

so that we obtain ¢ = —¢/(¢*)/f”(¢t*). Hence, under appropriate regularity condi-
tions,

. * g/(t*) ey * 2

() +eg(t)) = (1) = sy £1(#) +29(t7) + O().
Now using f(t*) = 0 it follows that

inf(f(t) +eg(t)) — F(t) = eg(t") + O(?). (2.29)

In the same way, a 2-dimensional counterpart of (2.29) can be stated. Now suppose
that (for large T') I'r (s, t) decouples as ¢(s,t) - €(T); here £(T") does not depend on s
and ¢, and converges to 0 as 7' — co. Applying then the two-dimensional version of
(2.29) to (2.28),

k(T) = lim llog,'<;n(T)

n—o00 N

= P o)) + ofe(1)
2 90(5*7 t*)
V()

e(T) + o(e(T)).
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B. Long-range dependence. Based on Theorems 2.3.4 and 2.3.6, one may conjecture that
long-range dependence of the input process carries over to the workload process.
We now provide additional heuristic support for this claim.

First consider fBm. Heuristically reasoning, Theorem 2.3.4 entails that, for some
constant kg,

tin(T) ~ exp (nkoT*7?) .

Hence, the correlation coefficient of the indicator functions 1{Q™(0) > np} and
1{Q™(T') > ng} roughly equals (using that 2(1 — x) ~ x for « small)
P(Q"(0) > np,Q"(T) > ng) — P(Q"(0) > np) P (Q"(T) > ng)
VP(Q(0) > np) P (Q™(T) > ng)
1) VPQ0) > np) P(Q(0) > na).

~ (eTLHU

Using e” ~ 1+ for « small, we find that for 7" large, the above display is of the form
¥(n)T?" =2, where the function (-) does not depend on T. Observe that the latter
expression is non-summable (over T) for H > ;. This intuitive argument suggests
that the long-range dependence of the input process propagates to the queueing pro-
cess.

Likewise, for iOU we find that the correlation coefficient introduced above is
roughly proportional to e~7, and hence corresponds to a short-range dependent pro-
cess.

Further research on this issue could make use of the concept of Hurstiness, as
introduced in [112]. Hurstiness is a property of the queue’s input process (closely re-
lated to long-range dependence), and it is shown that the Hurstiness is preserved by
several fundamental operators; for instance the Hurstiness of the departure process
equals that of the arrival process. It is not immediately clear, however, whether re-
sults as those presented in the present chapter can be found relying on the notion of
Hurstiness. As there is a clear relation between the departure process and the work-
load dynamics, one would think so, but a technical issue is that Hurstiness relates to
cumulative processes, such as arrival and departure processes, whereas our focus is
on the dependence between ‘instantaneous values’ of the workload at time 0 and 7.
Also, Hurstiness relates to just the rate of decay, and in view of this it is not likely
that it would help to (for instance) find the constant in front of 7%2#~2 in Theorem
2.34.

C. Remarks on asymptotics for iOU. It may be surprising, at first glance, that the
asymptotics of x(T) for iOU, that is 2c?e~(T~*"), depend on ¢, but do not depend on p.
This can be understood as follows.

First observe that for iOU input (unlike for {Bm input) there is a notion of a traffic
rate process S(-), where S(t) = X'(t). It can be checked easily that
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(i) S(t)is Normally distributed with mean 0 and variance 3,
(ii) Cov(S(0),5(T)) = 3¢ 7,

(iii) the conditional distribution of A(T'—t,T") given S(0) = x is Normal with mean
and variance, respectively,

pr(t | 2) = B(A(T —1,T) | S(0) = 2) = (et — 1)e 7,
vr(t | z) = Var (A(T —t,T) | S(0) = z) = v(t) — e 2T (e — 1),

as follows from standard formulae for conditional Normal distributions (cf.
[81, Section 4.3]).

Also, rewrite k., (T') as

P(Q™(T) > ng|Q™(0) > np)
P(Q™(0) > np) '

The decay rate of the probability in the denominator is given by (2.7). Now focus
on the decay rate of the probability in the numerator. Realize that, as the condition
Q" (0) > np is binding, the most likely path (in the ‘Schilder sense’) must be such
that the traffic rate at time 0 is ¢ (which means that the aggregate input process is
generating traffic at a rate nc); otherwise the queue grows even beyond np. Also
notice that the most likely path is such that the buffer has been empty between 0 and
T. These observations, in conjunction with the Markovian nature of the rate process
of iOU, entail that all the information about the system at time 0 that has impact on
the system at time 7', is contained in the fact that the rate is (most likely) nc at time
0. To find the decay rate of P(Q™(T') > ng | Q" (0) > np), we therefore have to solve

¢ latct—pr(t]| o)
t>0 2up(t | c)

The above formulae for the conditional mean and variance entail that this optimiza-
tion problem reduces to

2v(t) v(t)

ct)? ct)e(et —1)e~T
%gg <(Q+ t) (C]“r t) ( 1) +0(6_T)>.

Applying Equation (2.29) once again, inserting (2.10), and using that
V) =1—et=et(e - 1),

we indeed obtain that x(7') equals 2c?¢~(T=*") + o(e~T), as expected.
The above reasoning explains why the decay rate does not depend on p; as an
aside we mention that also ¢(s*,¢*) does not depend on p.
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D. Other regimes. In this chapter we have focused on the metric R(T'|p, ¢) under
the many-sources scaling, and that was intended to express the level of correlation
between the workloads at time 0 and 7. Then we studied the asymptotics of R(T'|p, q)
for large 7. Evidently, many other measures for correlation can be thought of. One
could for instance consider similar measures, but then in the large-buffer regime.

In this respect, we could consider a queue fed by a single Gaussian input, emptied
at a constant rate ¢ > 0. Then an interesting measure could be, for fixed p, ¢, and T,

 P(Q(0) > pB.Q(TB) > qB) _ P(Q(0) > pB.Q(TB) > qB)
RIBIPE.aB) = 500y > pB) P (QTB) > 4B) ~ P(Qe > pB)P(Qe > 4B)

and its asymptotics for large B. The analysis of R(T'B|pB, ¢B) is radically different
from that of «,(T"); the reason for this is that in the many-sources regime the most
likely timescales to overflow are more or less constant in the scaling parameter (i.e.,
n), whereas in the large-buffer one would expect that these timescales are roughly
proportional to the scaling parameter (i.e., B).

In this case, when analyzing P(Q(0) > pB,Q(T'B) > ¢B), we expect different
regimes. More precisely: for B large it is not always true that, in the most likely
scenario, both constraints are tightly met; for some values of p, ¢, T this will be the
case, while for others just one constraint will be tightly met (and the other event
‘comes for free’). In case both constraints are tightly met, again two cases can be
distinguished: a first in which the queue has not become empty between 0 and T'B
(which we expect is the case for T smaller than some critical timescale 7*), and a
second in which epochs 0 and 7'B lie in different busy periods (for T larger than 7),
cf. [108, Section 11.2].

In Chapter 3, we will consider the large buffer scaling and we will make rigorous
the heuristics stated above.

Appendix

2.A Proof of an auxiliary result

In this appendix we prove a lemma that is needed to establish Proposition 2.4.3. We
first determine the closure of the set Sr. We define

S(s):={feQ:—f(—s) >p+ecs}
Sp(t) :={f € Q: f(T) = f(T —t) > q+ct};
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also

S(s) :={f €Q: —f(=s) zp+ecsh;
Sr(t) = {f€Q: f(T) = f(T—t) > q+ct}.

Notice that evidently

Sr=J (S(s)NSr(t).

5,t>0

Lemma 2.A.1. For any T, we have that the closure St of St is given by

U (SEns®).

s,t>0
Proof. The proof is similar to those in [86, 94]. We prove both inclusions separately.

o We first show the inclusion “C". Forany f € St there exists a sequence f,, € Sr
such that || f,, — f|la — 0 as n — co. Now since f,, € Sr there is an s,, > 0 and
at, > 0such that f,, € S(s,) N Sr(t,), so that we have —f,,(—s,,) > p+ csp,
and f(T) — fu(T —tn) > q + cty,. The sequence s, is bounded, because, if not,
we would have a subsequence satisfying

f(=5n) = fu(=3n)
1+ s,

> lim f(=sn) + PHcsn) ¢,
n—oo \ 14 s, 1+s,

0= lim ||f — fullo > lim
n—00 n—oo

(use that f € Q!), which gives a contradiction (recall that ¢ > 0). Along the
same lines it can be shown that ¢,, is bounded. Hence there are subsequences

Sn, — So and t,, — to, for finite so and to. We conclude that for large enough
k

7fnk(750) 2 p + CSo and fnk (T) - fnk (T - tO) Z q + CtO'
We conclude that

fe (5(30) n ST(tO)) c (5(50) ﬁST(tO)) .

e For the other inclusion, “2", let

fe (@ﬂ?(t))

5,t>0

Then there exist sg,tp > 0 such that f € S(sg) N Sr(to). Let () be a path in
R that is strictly increasing and taking negative values for v € (—o00,0) and
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positive values for u € (0,00) (for instance n(u) := sgn(u)/|u| or arctanu).
Define

Then f,, € S(so) N Sr(to) as

n(—s0) 77(;50) > p+ csg

—fa(=s0) = —f(=s0) = L= > pt- s
and

n(T) = n(T — to)

fn(T)_fn(T_tO) = f(T)_f(T_t0)+

T — (T —t
q+cto+n() Z( O)>q+ct0.

Y

Moreover, we have, for n — oo, that || f, — f|lo — 0 (use thatn € R C ), and
hence

fe (S(so) n ST(tO)> c (3(50) n ST(to)) c Sy

This proves the second inclusion.



Chapter 3

Gaussian queue under large buffer scaling

While in Chapter 2 we considered a queue fed by Gaussian input under the many
sources scaling, in the present chapter we study the same queue under a different
scaling regime, viz., the so-called large buffer scaling. The following section gives a
short review of the results obtained in Chapter 2 and describes heuristically different
regimes that are envisaged under the scaling considered in this chapter.

3.1 Introduction

Over the past decade a substantial research effort has been devoted to the analysis of
queues with Gaussian input [80, 88, 93]. It is noted, however, that the vast majority
of papers on these Gaussian queues address issues related to the corresponding steady-
state distribution. These results are predominantly of an asymptotic nature, in that
they identify the tail asymptotics [48, 63, 89, 92]. Importantly, however, so far hardly
any attention has been paid to transient properties. A notable exception is the recent
article [53], see also Chapter 2, where asymptotics of transient probabilities under a
so-called many-sources scaling were found (for specific Gaussian inputs) .

In more detail, in Chapter 2 the following model was considered. A queue is fed
by n ii.d. Gaussian processes with stationary increments, and emptied at a constant
rate nc (with ¢ large enough to ensure stability). With Q" (¢) denoting the buffer
content at time ¢, the logarithmic asymptotics

lim 1 log P(Q™(0) > np, Q™ (T') > nq)

n—o00 1
were determined for 7" large (assuming the queue is in stationarity at time 0). A
crucial element in the reasoning is that for T' large enough, the time epochs 0 and T
lie in separate busy periods, thus simplifying the analysis substantially. A conclusion
drawn in Chapter 2 is that the correlation structure of the input process essentially
carries over to the workload process.

In the present chapter we consider a different scaling, viz. the so-called large-
buffer scaling. Then the queue is fed by just a single Gaussian process with stationary
increments (with the associated variance curve denoted by v(-)), and emptied at a
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constant rate c. With Q(¢) denoting the buffer content at time ¢, the first goal of this
chapter is to determine the decay rate

v(B)

lim 2

B—oo

log P(Q(0) > pB,Q(TB) > ¢B). 3.1)

Interestingly, in view of earlier work, see e.g. [82] and [108, Section 11.7], multiple
regimes are envisaged depending on the value of T'. For small values of T, typically
one of the events {Q(0) > pB} and {Q(T'B) > ¢B} will essentially imply the other; in
the sequel we call this regime (A). For instance if p is substantially larger than ¢ (and
T small), then it is likely that (3.1) equals the decay rate of just P(Q(0) > pB) — we
say that in this case the event {Q(0) > pB} is ‘tight’. Likewise, if ¢ is substantially
larger than p, then we expect that only {Q(T'B) > ¢B} is tight. Then there is an
intermediate range of values of T, regime (B), for which it is to be expected that
both events {Q(0) > pB} and {Q(T'B) > ¢B} are tight, but that the time epochs
0 and T lie in the same busy period with overwhelming probability. Finally, for
large T still both events are tight, but now they occur in different busy periods with
overwhelming probability; to this regime we refer as regime (C). A second goal of
the chapter is to make the above statements rigorous.

The remainder of this chapter is organized as follows. In Section 3.2 we present
the model and give a problem description. Then Section 3.3 introduces additional
notation, and we establish a useful reduction property. Our first main result, namely
an explicit representation of the decay rate (3.1), is given in Section 3.4. The cases
of short-range dependent and long-range dependent input are dealt with in Section
3.5; in both cases the regimes (A), (B), and (C) are studied.

3.2 Model and problem description

Let {X(t) : t € R} be a Gaussian process with stationary increments and a.s. continu-
ous sample paths, starting off at 0 (that is, X (0) = 0, a.s.). Without loss of generality
we assume that the process is centered, i.e., EX(t) = 0 for any ¢. Furthermore, the
variance function is given through v(t) := VarX (¢).

Throughout the present chapter we impose the following assumption.

Assumption 3.2.1. v(-) is continuous, and regularly varying (at co) of index o € (0, 2).

In this chapter we analyze a queue fed by input process X (-), emptied at a con-
stant rate ¢ > 0. More formally, we define the steady-state buffer content process
{Q(t) : t > 0} by the following representation:

Q(t) = sup(A(t — s,t) — cs) 4 Q. = sup(A(—s,0) — cs), (3.2)
s>0 s>0



3.2. Model and problem description 39

where A(s,t) for s < t, is to be interpreted as the amount of traffic having entered
the system between s and ¢.

As mentioned in Section 3.1, this chapter focuses on analyzing transient proper-
ties of the buffer content process, or more specifically, we wish to determine, under
Assumption 3.2.1, the asymptotics of

N(B) Npqr(B) :=P(Q0) > pB,Q(TB) > ¢B) (3.3)

= P(Es>0:A(-s,0)>pB+ecs,I3t>0: A(TB—t,TB) > ¢B + ct);

for B large and p, ¢, T' > 0 given (the latter identity follows from a direct interpreta-
tion of the definition of the supremum in (3.2)).

For the univariate case these logarithmic asymptotics are known (and in fact even
the exact asymptotics have been found); these are (roughly) Weibullian:

Jim ”gi) log P(Q, > B) = — < 2 )M <20)a (3.4)

B—oco 2 2—« «

We refer to, e.g., [36]; studies on the accuracy of the resulting approximations are,
e.g., [4, 85].

In Section 3.4 it will turn out that the nature of the decay rate (3.1) crucially de-
pends on the values of p, ¢, and T. Typically, we will have that for p and ¢ given
and 7" small the joint asymptotics (3.1) reduce to the one-dimensional asymptotics;
in light of (3.4) this means that for p > ¢ and T small, we have

2—«a a
Jin o p ) > p.0rm) > am) =3 (52) (%)
while for ¢ > p, we have the same result but with p replaced by ¢. We will, for any
pair (p, ¢), show in Section 3.5 that the joint asymptotics reduce to one-dimensional
asymptotics if and only if 7" is smaller than some threshold (being the unique so-
lution of an explicit equation). For 7' larger than this threshold, we may have two
types of behavior: the queue can have been empty (with overwhelming probability)
or not. Typically, when T is large it is more likely that the buffer content first reaches
pB at time 0, then drops to 0, and only just before T'B increases again, to reach level
gB at time T'B; for smaller 7" (with overwhelming probability) the queue has not
been empty between 0 and 7'B. In Section 3.5 we will explicitly give a threshold
above which time 0 and time 7'B lie in separate busy periods (with overwhelming
probability).
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3.3 Notation and preliminaries

In this section we first derive a useful reduction property. We then introduce the
notation that we use throughout the chapter.

3.3.1 Reduction property

The following result appears to be useful later on. After the proof, we also give a
more intuitive reasoning why it is valid. Let

Er ={(s,t):s>0,t €[0,T)U{T + s}}.
Lemma 3.3.1. Foranyp,q,T >0,

P(3s>0,t >0: A(—s,0) —cs >p, A(T —t,T) — ct > q)
= PE(s,t) € &pr: A(—s,0) —es >p, AT —t,T) —ct > q).
Proof. Let 3 be the optimizer in sup,>((A(—s,0) — cs). Also,
oy = {3(s,t) € & A(—s,0) —cs > p, A(T —t,T) — ct > q},
o = {3(s,t) €R3 : A(—s,0) —cs >p, AT —t,T) — ct > q}.

We prove the stated by showing o/ = o7. As o/ C 7, it is left to show o7 D o7.

Take a realization from <7 and suppose for ¢t € [T, T+ 5)U (T + 3, co) we have that
A(T —t,T) — ct > q (as for all other ¢ the claimed is clear). Then also, by definition
of 3,

A(=3,T) — (T + 3) = (A(—5,0) — ¢3) + (A(0,T) — T
> (AT —1t,0)—c(t—T)) + (A0, T) —T)=A(T —t,T) — ct > q.

Hence the realization was also in @7, which proves the stated. O

Remark 3.3.2. An alternative, more intuitive but essentially equivalent, line of rea-
soning is the following. Let { be the optimizer in sup,~y A(T — t,T) — ct. The opti-
mizers § and ¢ can be interpreted as the starting epochs_ of the busy periods in which
0 and T, respectively, are contained, see Figure 3.1.

e Itis clear that ¢ cannot lie in (7', T + $): it cannot be that a busy period starts in
(—3,0), as the buffer has been non-empty in this interval all the time (since the
busy period in which 0 is contained started at 3).

e Similarly, f cannot lie in (7 + §, 00): it cannot be that a busy period starts before
5 and lasts till at least T, as the buffer was empty just before 5 (since a busy
period started at 3). 'y
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Picture (a)

Q(T)

o(T) Picture (b)

Q(0)

Figure 3.1: Proof of Lemma 3.3.1. In picture (a) the busy period in which time T is contained
starts after time 0; in picture (b) the busy periods in which time 0 and time T are contained
start at the same moment. Here Q(u) := sup, <, (A(v,u) — c(u — v)).

The following corollary is an immediate consequence of Lemma 3.3.1. It means
that we can restrict ourselves to (s, t) € Zp rather than R? when analyzing N (B).

Corollary 3.3.3. With g := &rp,

N(B) =P (3(s,t) € I : A(—s,0) —cs > pB,A(TB —t,TB) — ct > ¢B).

3.3.2 Notation

In the sequel we extensively use the following Gaussian processes:

A(TB —t,TB)_

A(=5,0
Yp(s) := (5.0, qB + ct

=——->=: Zp(t) =72 t) =
DBt os! B(t) = Zpr(t)
observe that neither Yz(-) nor Zg(+) has stationary increments. Define the ‘standard
deviation curve’ by o(s) := /v(s). Also

oy (s) i= VTaYa(s) = —20L s g (t) = \VarZn () = — 0

:pB—i—cs; - gB+ct’

Notice that oy (s), 02 (t) depend on p, g and B, but not on T'. Furthermore, we define

oy(s) oz(t) } .

oz(t) oy (s)

v(s,t) = vB,p,q(s,t) = min {
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We also define the correlation between Yz (s) and Zp(t), which does not depend on
pand q:

r(s,t) = rpr(s,t) = Corr(Yg(s), Zg(t)) = COV(A(_S’C(:%’S;;(@B - t,TB))

Realizing that v(—s) = v(s), it is readily checked that for ¢t € (0,7B) U {T B + s}

r(s,t) = 1v(TB+s)+vo(TB—t)—v(TB) - v(TB—t+s)
) - 2 .

o(s)o(t)

A crucial role will be played by the function

£X§B(87t) = gX;B,p,q,T(Syt)
— 1 (y(s,t) —r(s,1))? )
= T (D).

with I(s,1) := 1 (s,¢)<~(s,)}- As will appear later on, it turned out practical to add

the subscript ‘X’ that indicates the underlying Gaussian process (that in turn defines
the processes Y and Zp).

3.4 General results

The following general result can be deduced. It is a generalization of the one-di-
mensional logarithmic asymptotics of [36], and extension of [97], where the two-
dimensional logarithmic asymptotics for the class of centered Gaussian processes
was considered. The only assumption required is that the variance curve is regularly
varying at co. Let B, () denote (standard) fBm with Hurst parameter H = «/2, i.e.,
a Gaussian process with stationary increments and variance curve v(t) = 2.

Theorem 3.4.1. Assume that {X(t) : t € R} satisfies Assumption 3.2.1 with a € (0, 2).
Then for each p,q,T > 0,

. v(B) . )
1 log N(B) = — inf f . t).
BE;HOO B2 og N (B) ;1210 tG[O,Tl)IdJ{T—i-s} St (5,%)

Notice that the above theorem entails that, under Assumption 3.2.1, the bivariate
asymptotics of N (B) reduce to the bivariate asymptotics of a queue with fBm input.
In the remainder of this section we present the complete proof of Theorem 3.4.1. We
start by establishing a lemma that is also of independent interest.

Lemma 3.4.2. For arbitrary 0 < ¢ < € < oo,
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(i) Uniformly in s € [g,€],as B — oo,

B2 s

ERE 7 e

(i) Uniformlyint € [g,€],as B — oo,

B? o
2 tB .
BBy 7 s g

(iii) Uniformly in (s,t) € [g,2]? as B — oo,

b

~(sB, tB) = min { s*2/(p+cs) t*/2/(q+ct) }

te/2/(q+ct) " 2%/ (p+ cs)

(iv) Uniformly in (s,t) € [g,2]?, as B — oo,

(T+s8)*—T*+|T—t|*—|T—t+s|*
— .

T(SB’tB) 9250/2¢a/2

Proof. The proof of Lemma 3.4.2 follows straightforwardly from Assumption 3.2.1,
combined with standard properties of regularly varying functions. O

Lemma 3.4.3. Foreach0 < e <& < oo,

v(B)
BZ

fx;B(SB,tB) . _>§Ba;1<57t)

as B — oo uniformly in (s, t) € [g,2)%.

Proof. The claim follows from applying Lemma 3.4.2 to the definition of {x,5(s,t).
O

Lemma 3.4.4. Foreach0 < e <& < oo,

lim
Booo B2

v(B) A(—sB,0) — ¢sB > pB; B
et ( A(TB —1B.TB) —ctB > qB ) = SBat(®:)

uniformly in (s, t) € [g, €)%

Proof. Follows from the combination of classical asymptotics of the bivariate Nor-
mal random variable, in conjunction with Lemma 3.4.3; see Equation (3) in [97], [75,
Appx. A] and the references therein, and also Example 4.1.9 in [80]. O
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Corollary 3.3.3 indicated that we can restrict ourselves, when analyzing N (B), to
s > 0andt € [0,7B) U {TB + s}. The following lemma is useful in that we can
restrict ourselves, for B large, even further, viz. to finite s and ¢ that are bounded
away from zero. This property will appear to be useful later on when applying the
standard inequalities for suprema of Gaussian processes. We first introduce some
useful additional notation. For given 0 < ¢ < € (where g < T), we let

6p :={(s,t) : s € [eB,eB],t € [eB,TB) U{TB + s}}.
Lemma 3.4.5. There exist € > € > 0 such that
N(B)=P( 3(s,t) € €5 : A(—s,0) —cs > pB,A(TB—t,TB) —ct > ¢B )
-(14+0(1)), as B — oc.

Proof. In view of Corollary 3.3.3 it suffices to establish an upper bound. An obvious
inequality is

P(3(s,t) € I : A(—s,0) —cs > pB,A(TB —t,TB) — ct > ¢B) < 71 + 7o,
where 71 = 11 (B) and my = m2(B) are given through
m =P (3(s,t) € €5 : A(—s,0) —cs > pB, A(TB —t,TB) — ct > ¢B);

mo =P (3(s,t) € Ip\ 6B : A(—s,0) —cs > pB,A(TB —t,TB) — ct > ¢B).

Observe that it suffices to show that 73 = o(m1) as B — co. We do so by bounding
m1 from below and 75 from above, as follows.
Letz > £ > 0 be such that 5 := ap/((2 — a)¢) € [g,g]. Then, by virtue of Lemma
3.4.4, we have
logm > log P(A(-5B,0) —c5 > pB; A(—5B,TB) —¢(5+T)B > ¢B)
B2
= ——=&1(5,5+T)(1 1 .
S et (85 + T (1 +o(1), 5

as B — oo. Moreover, for each B > 0, it holds that 7y < 73 + 74, with

mg =mg(B) = P[ sup (A(—s,0)—cs)>pB];
s€[0,eB]

ma=m4(B) = P ( sup (A(—s,0) —cs) > pB) .
SEEB,00)

By applying Borell’s inequality (see, e.g., Adler [5, Theorem 2.1], or, alternatively, see
the remark on p. 147, combined with Theorem 1 of [78, Section 12]), we can bound
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both probabilities from above. Let us first focus on 73. For B — oo,

Al —
logmy = log]P’< sup (570)>1>

selo.eB] ¢s +pB

1 . (cs + pB)? p? B2

gl Ty () < — g T (L e(L)):

this is due to the fact that v(-) is regularly varying (and continuous, as we assumed
that the sample paths of {X(¢) : t € R} are continuous), so that v(s) for s € [0,eB]
can be bounded from above by 2¢“v(B).

Analogously, for any ¢ < (2 — «)/2 and B sulfficiently large,

1 (cs + pB)?

logm < -3 W i (o)
= —1 inf (cs 2 v(B) B 0
N Qse[ago)( +7) v(sB) ’U(B)(1+ (1))
1 oy (es+p)* B? .
a SG[E,foo)(l % sot¢ v(B)(1+ (1))

We have now collected all the prerequisites to prove the claim m = o(7) as
B — oo. First realize that p?/(4e®) — oo, as ¢ — 0, and (because s2~*~¢ — oo as
8§ — 00)

(cs+p)?

prevami s

SE[E,00)

as € — oo. This means that, in order to have 7, = o(m;), we can choose € > ¢ > 0
such that

2 2
o P _ 1, (cs+p)
&p,1(5,5+T) < e and &g,.1(5,5+7) < isel[ggo)(l —C)is()ﬂrC .
This completes the proof. O

Before proving Theorem 3.4.1, we first prove a useful lemma.

Lemma 3.4.6. With
0(s,t) =0y z(s,t) :=1—r(s,t)  max{r(s,t),v(s,t)}

/B(Svt) = BY,Z(&t) = maX{T(S7t),’}/(S,t)} - T(S7t)a
it holds for any s, t that

1(0(s,t) + B(s, t)y(s, 1)\ ? 0(s,)Vp(s) | B(s,HZp(t)\>
2(mm{gy(s),gz<t>})/ﬁ<( () o) ))
1 BB

2 (1= r2(s, 1)) (min{oy (s), 52 (0)})’
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Proof. As we keep s and ¢ fixed throughout the proof, we can suppress the depen-
dence on these arguments. Write m := max{r,v}. First observe

- (%(s) N 6ZB<t))2

oy(s)  oz(t)
_ PE(Yp(s))? n B*E(Z5(1))? L E(Yp(s)ZB(t))
oy (s)? oz ()2 oy(s)oz(t)
Then it follows that
E = 024+p824208r=0—-rm)*>+(m—r)24+2r(1 —rm)(m—r)

1+r2m?2 = 2rm+m? 4+ 12 = 2rm+ 2rm — 2r2 — 2¢2m? + 2r3m
= 1-7r2+m?> —r’m? +2r%m — 2rm = (1 — r*)(1 — 2rm + m?)
= (1 =) (L= rm) + (m—r))m) = (1= 12)(0 + Bm).

If r > v, then 8 = 0, and consequently we have 8 + fm = 0 + fv. If r < ~, then
m = v, and hence again § + fm = 6 + §~. This proves the claim. O

Proof of Theorem 3.4.1. In this proof (and in the sequel), we choose ¢ and ¢ as indi-
cated in Lemma 3.4.5. We subsequently prove the lower bound and upper bound.

Lower bound. We use the argumentation of [93]. An evident lower bound is

N(B) P(3(s,t) € 6 : A(—s,0) —cs > pB, A(TB —t,TB) — ct > ¢B)

2>
> sup P(A(-s,0)—cs>pB,A(TB—t,TB)—ct>qB).
(s,t)€ECB

Hence, due to Lemma 3.4.4, we have

v(B) )
> — inf
B2 s€le,g); tele, T)U{T+s}

lim log N(B) - &p.1(s, ).
B—o0 '

Now it suffices to observe that, for appropriately chosen ¢, ,

inf (s, 1) = inf (1),
st teimuimys Bt (0D = o B gy B (D)

which follows from the fact that oy (s) — 0as s — 0or s — oo, and oz(t) — 0 as
t— 0.

Upper bound. The upper bound is considerably more involved than the lower
bound. Due to Lemma 3.4.5 we have

N(B)
<P(3(s,t) € €p: A(—s,0) —cs > pB,A(TB —t,TB) —ct > ¢B) (14 0(1))
=P 3(s,t) € 6B :Yp(s) >1,Zp(t) > 1) (14 o(1)).
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In this proof we need the following notation:
25 = {(s.t) € T : ov(s) < oz()}; 2 = {(s,) € Dp : oy (s) > 0z(t)}.

The union bound trivially gives P (3(s,t) € I : Yg(s) > 1,Zp(t) > 1) < 71 + 72,
where

o= P (a(s,t) e W Yp(s) > 1,Zp(t) > 1) :
Ty = P (El(s,t) € 9P Yp(s) > 1,Zp(t) > 1) .

We subsequently asymptotically analyze 7; and 7». The following upper bound on
1 is straightforward, as oy (s) < oz(¢t) on Qg):

A(s,t) € 25
! B(S) 1 Zp(t) 7(s,t)
(s)

oy (s) ~ min{oy(s),02(8)} 02(t) ~ min{oy(s),02(0)}

I(s,t) € 2V
=P 0(s,t)Yn(s) S 6(s, 1) Bs,)Zp(t)  _ Bls,t)1(s,t)

oy (s) min{oy(s),0z(t)}’  oz(t) min{oy (s),07(t)}
I(s,t) € 2V
SF) 06.0Ys(s) | Bls,)Z5(0) 0(s,) . Bls,th(st)
oy (s) oz(t) min{oy (s),cz(t)} min{oy(s),oz(t)}

I(s,t) € 2V )
=P minfoy(s),oz(t)} [0(s,t)YB(s) B(s,t)Zp(t) .

005 1) + s, 0 (5.1 ( o) ozl ) -
We now prove that

E( min{oy (s), 07()} (e<s,t>YB<s>+6<s,t>zg<t>) .

(e 06,0+ B(s,07(5,6) \ v (5) o2(t)

as B — oo. This is done as follows. Trivially,

min{oy (s),02(t)} [ 0(s,t)Ya(s) B(s,t)Zp(t)
- ((s tb)lég“) 9(8 t) + 5(57t)’7(87t) ( UY(S) + Uz(t) )) <1+

where

(G}

o - min{oy (s),0z(t)} 0(s,t)Yp(s)
P1(B) :=E ((s,t)egé” (s, t) + B(s,t)y(s,t)  oy(s)

(C»

sup

— min{oy (s),02(t)} B(s,t)Zs(t)
P2(B) :=E ((s,t)e%(;) 0(s,t) + B(s, t)y(s,t)  oz(t)
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Then realize that

Y1 < sup (emin{ay(s)’az(t)} 9<S£”)]E< sup YB(S))»

(s,)er) (s,t) + B(s,t)y(s,t) oy (s) (s,)ePD)

where, due to Lemma 3.4.2,

( min{oy (s),o7(t)} H(S,t))
0(s,t) + B(s,t)v(s,t) oy (s)

sup
1
(s,t)G@}g)

is bounded from above as B — oo, and following Lemma 2.2 in [36],

E sup Yp(s)| — 0,
(s,t)e@fg1>

as B — oo. Hence ¢); — 0 as B — oo. Analogously, 12 — 0 as B — oco. Hence, we
have proved (3.6).
The fact that (3.6) applies means that Borell’s inequality [5, pages 43-44] yields (B
large)
2
gt < ] (05,1) + 35, )(5,1)) 2
(D€75" % (min{oy (s),02(t)})* E <(9(S’t)(YB)(S) + B(S’t)ZB(t)) >

oy (s oz(t)
1 0B
(€23 2 (1= 72(s,t)) (min{oy (s), 02(1)})*

the last step is due to Lemma 3.4.6. The latter expression equals, by virtue of Lemma
3.43,as B — oo,

of L (s, t) + B(s,t)y(s,t)
(s.0e2® 2 (1 —12(s, 1)) (min{oy (s), 0 (t)})’

of L 0(sBtB)+ B(sB,tB)y(sB,1B)
(s,t)e@{n 2 (1 — TQ(SB,tB)) (miH{O'y(sB)7 UZ(tB)})2

2

B
=- inf &g, .1(s,t)(1+ o(1)).
v(B) (s,t)ea ) )

Analogously, we have, as B — oo,

2

logme < ——— inf &g .1(s,t)(1 4+ o(1)).
v(B) (s,t)e2?

We conclude, as B — oo,

B
”532) logP (3(s,t € D : Yi(s) > 1, Zp(t) > 1)

v(B) B _ v(B) o .
< U loa(m 4+ 72) < S log(2max{m, may) = — inf a1 (5.1)(L-+ o(1).
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This completes the proof. O

Remark 3.4.7. Using a different approach, based on Schilder’s theorem, we can give
a different representation for the rate function

inf inf €g,:1(s,t)
52>0¢€[0,T)U{T+s}
in Theorem 3.4.1.
Assume that X (t) = B,(¢) is a fractional Brownian motion with Hurst parameter
a/2. It appears that the self-similar structure of fBm enables, for this special case, a
rather straightforward proof of Theorem 3.4.1. First observe that

N(B)=P(3s,t >0: A(=sB,0) > (p+cs)B,: A(TB—-tB,TB) > (q + ct)B)

A(—sB A(TB —-tB,TB
_IP’<EISZO:(S’O)>p—|—CS,Elt20: ( 5 )>q—|—ct>
(i) A(—s,0 AT —t,T
:P(HSZO‘B(I—(31/2)>p+CS’EtZO(‘Bl—a/2)>Q+Ct
=P (as >0 2080 pioarz g5, ATZET) Bl—a”) ,

p+cs +ct

where in equality (i) the self-similarity has been used. We are now in a position to
apply the Schilder-type sample-path large deviations [16, 80]. To this end, define the
set of paths causing overflow over level p at time 0, and over level ¢ at time T, as
follows:

s0= A=A

>0 t>0

where 0 := {f | —f(=s) > p+csyand ST = {f | f(T)— f(T —t) > q+ct}. We
also define the set of paths in the intersection of these events:
FOT = {f|Fs>0: —f(=s)>p+cs;H>0: f(T) — f(T —t) > q+ct}
-Jysi =s0ns"

s>0t>0

Now let X (t) satisfy Assumption 3.2.1 with « € (1,2). Schilder’s theorem 2.2.5
combined with Theorem 3.4.1 entails the following result (as B — c0):

v(B) . . .
T o8 N(B) = felél”%’T 1= 32101’1520 (felgﬂg)’f Mf))

=inf  inf ( inf H(f))-
520t€[0,T)U{T+s} \ fer?)”
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Here I(f) is the rate function of a path f; for a detailed introduction and a formal
framework, see e.g. [4, 16, 88]. The last equality is due to Lemma 3.3.1. Now consider
the evaluation of the inner infimum (for fixed s, t). The key observation is that

&(s,t):= inf I(f)

resdr
1 A(—s,0 AT —-t,T
_—nlingonlogP<(\/iT;) 2p+cs,(\Fn’) Zq—l—ct).

In other words: £(s, t), for given s,t > 0, represents the large deviations rate function
of a bivariate Normally distributed random variable. Now [80, Exercise 4.1.9] can be
applied, and three cases are to be distinguished:

o If r(s,t) > 7(s,t) and o2 (s) < 0%(t), then only the first requirement is ‘tight’
and £(s, t) is independent of ¢:
1t 1
202(s) 2 v(s)

&(s,t) = (3.7)

o If r(s,t) > 7(s,t) and 0% (s) > o%(t), then only the first requirement is ‘tight’
and (s, t) is independent of s:

1 71(q+ct)2. (3.8)

1
§(s:t) = 50%(1?) D) v(t)

o If r(s,t) < ~(s,t), then, with I'p(s,t) := Cov(A(—s,0), A(T —t,T)), both re-
quirements are ‘tight”:

-1

dtr=gsee (0 G) (300
1 ((p+ cs)?

1 L5, )(p+cs)(g+ct) (Q+ct)2)
21— 7r2(s,t) \_ v(s) v(t)v(s) o(t)

(3.9)

Notice that the criterion r(s,t) < (s, t) can be rewritten as

(P‘f‘%m < min{o%(s),05(t)}.

We thus retrieve

. v(B) . :
R T P
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Remark 3.4.8. It is noted that Theorem 3.4.1 can be extended to any dimension larger
than 2, i.e., we can analyze in a similar fashion the decay rates of probabilities of the

type

foranyn = 1,2,...,p; > 0(fori = 0,...,n)and T}, > Tp,—1 > --- > 11 > 0.
The key observations are that an analogous reduction property applies, and that a
Borell-based proof essentially goes through forn = 2,3, .. .. [ )

3.5 Special cases

In this section we apply Theorem 3.4.1 to two special cases, viz.

- Gaussian input processes which possess a short-range dependent (SRD) struc-
ture, by which we mean that v(-) is regularly varying with parameter o = 1;

- Gaussian input processes which possess a long-range dependent (LRD) structure,
by which we mean that v(-) is regularly varying with parameter o € (1,2).

In particular, one could think of the following special cases which have been studied
intensively in the literature.

(i) Integrated Gaussian processes. In this case X (t) = fg S(s)ds, where S(-) is a
centered stationary Gaussian process with a continuous covariance function
G(t) :== Cov(5(s),S(s +t)) > 0. Note that if [~ G(v)dv < oo, then

VarX (t) = v(t) = 2 (/OOO G(v)dv) (1 4 o(1))

as t — oo, and hence X (-) has an SRD structure. If R(t) is regularly varying at
oo with index a — 2, for a € (1, 2), then VarX (¢) is regularly varying at co with
index a, which implies an LRD structure.

(ii) Fractional Brownian motions. Then X (t) = B,/2(t). Recall that for the case of
a = 1 we are in the SRD scenario, while « € (1, 2) corresponds to the LRD case.

The relevance of integrated Gaussian input processes in the theory of fluid mod-
els is discussed in e.g. [41, 42]; see also [40, 90]. The use of fractional Brownian
motions in modeling input processes has been advocated by e.g. [93, 110].
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3.5.1 The SRD case

In this section we focus on the class of input processes with a short range dependence
structure, i.e., we assume that VarX(t) = v(t) is regularly varying at infinity with
index o = 1.

Proposition 3.5.1. Assume that {X (t) : t € R} satisfies Assumption 3.2.1 with o = 1.
(i) Ifp > q >0, then

im 28 10 v(B)

B—o0 .B2
2pc if T<2- 4,
CT4a—p? . pd . (5D 6.10)
= oper qpiqu<T§pq;
2T c c
2
2pc + 2qc if T>M.
C
(i)) If p = ¢ > 0, then
AT 4p
v(B) 2pc+ — if T<—;
lim log N(B) = — 2 c (3.11)
B—oo B2 4p
4pc if T >—.
&
(iii) If ¢ > p > 0, then
. v(B)
Jim, s N (D)
2c if T<22
¢ (3.12)
T+q—p)? . q— 2 '
S P Gt AT P_po WPV
2T c c
2
2pc + 2qc if T>M.
C

Proof. By virtue of Theorem 3.4.1, we analyze

ig% tE[O,Tl)I&Jf{T-i-s} §B1§1 (87 t) = min {ig% tel[{)l,fT) 5131;1 (S, t)a ig% S]Bli,l (87 s+ T)} .

Note that r(s,t) = 0 forall s > 0,¢ € [0, T], and hence

1 2 + 2
inf inf &Brl(svt) = inf inf = <(p+ CS) + (q +e ) )
s20t€(0,7) " 5>0t€[0,T) 2 s ¢
o L Eemin(L /)

2 min{T, q/c}

(3.13)
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Case (i): p > ¢ > 0. It is convenient to split this scenario into two subcases:
T < (p—q)/cand T > (p—q)/c. Let us first consider ' < (p — ¢)/c. This case
follows from combining the fact that for each s, ¢,

1 1

Saa(s,t) 2 2min{o? (s),0%(t)} = 202 (s*) = 2pc,

with &g, .1(s*, s* + T') = 2pc for s* = p/c. Then consider T > (p — q)/c. Let
A ={s>20:0y(s)<oz(s+T)}, S2:={s>0:0y(s)>o0z(s+T)}.

Note that {s > 0} = %1 U .%. Let us first analyze inf;>¢ &g, .1(s, s + T'). Note that for
eachs >0

r(s,s+T) =r1,70(5,t) <Yipq(s,s+T)=7(s,s+T).

Indeed, for s € . (using that T' > (p — ¢)/c) we have

/ T+q—
v(s,s+T)—r(s,s+T) = s—iTc p+qcs LN

while, for s € .%, we have

B s ((T+s)(p+ecs)
V(s s +T) =r(s,s+T) = m<s(q+c<s+T)> - 1>

[ s Tp+slp—q)
a 5+Ts(q+c(5+T))>O.

Hence:

e if s € ., then

1 (p+ cs)? 1 (T +q—p)?
&31;1(5754—1—'):5(]) ) _"_7( q p) .

s 2 T ’
e if s € ¥, then
L(g+c(T+s)*  1(pT+s(p—q))?
. T = = —
(s, s+ T) 2 T+s 2 ST(s+1T)
_ 1(p+es)® | 1(cTHq—p)?
2 s 2 T
The above implies that
. . 1(p+es)® 1(cT+q—p)?
B
1 (T —p)?
= opey Ll Fa=D) (3.14)
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Finally, in order to complete the proof of (i), it suffices to check that combination of
(3.13) with (3.14) leads to

. pb—q (\/13 \/6)2
. < - - < V- VL
ig% &py(s,s+ 1) é11>1f0 tEl[nf &s,1(s,t)  for . <T . ,

. (VP +va)’
. > :
;121% (s, s+ 1) ;I;f[; tel[I&f &p,a(s,t) for T > .

Case (ii): p = ¢ > 0. This case follows from the same arguments as used in case
(i). We omit the details.

Case (iii): ¢ > p > 0. Analogously to case (i) we separately analyze the scenarios
T < (¢—p)/cand T > (¢ — p)/c. First consider T' < (¢ — p)/c. The result directly
follows from

1
@102 ot (), 050 2030°)

for each s, ¢, in conjunction with &g, .1 (t* — T,t*) = 2qc for t* = ¢/c. Then focus on
T > (q—p)/c. Let

= 2qc,

Fo1:={5>0:0y(s) >0z(s+T),r(s,s+T) <~(s,s+T)},
Fog:={s>0:0y(s)>0z(s+T),r(s,s+T)>~(s,s+T)}.
We analyze inf>0 &g, 1(s,s +1).
o If s € .7, then

r(s,s—i—T):\/ i <\/ i (S+T)+q v(s,s+T),

s+T s+T p+ecs

and therefore

Epoi(s,s+71) = (3.15)

o If s € %, then standard calculation leads to the same formula as in (3.15), i.e.,

L(g+e(T+5)* 1T +sp—q)*
. T = = _
o (s 5+ 1) 2 T+s 2 sT(s+T)
L(p+es)* 1(T+q—p)
= = . 3.16
2 s *3 2 T ( )
Hence, using that p/c € %1, we have
1 (cT —p)?
inf  &p,.a(s,s+T)=2pc+ ,w. (3.17)

s€ES1US 1 ’ 2 T
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e If s € .Y, then

B 1 (q+c(s+T))?
A A Fcoy py s -y o oy Sy oy

Moreover, the fact that s € .9 implies

T
r(s,s—l—T)zw(s,s—i—T)(:)sZp—.
q—p

We conclude that

. T T
1nf 5]31;1(873 +T) é-]Bl;]_ (p L +T)

€S2 q—p q—p
1g(cT +q—p)°
= - =——"_—- 3.19
2 (¢-pT 319
The comparison of (3.17) with (3.19) now implies that
. 1(cT +q—p)?
;gggﬁl;l(s,s—FT) =2pc+ SR (3.20)

Analogously to the proof of (i), the combination of (3.13) with (3.20) completes the
proof. O

Remark 3.5.2. Related results for queues fed by Brownian motion have recently been
obtained in [77]. There also emphasis was put on the nature of the decay rates, and
the shape of the most likely path towards the rare event [4, 80]. In accordance with
Proposition 3.5.1, it was found that for 7" up to some threshold, the decay rate of the
joint probability equals the decay rate of P(Q. > max{p, ¢} B), with Q. denoting the
steady-state workload: if p > ¢ then {Q(0) > pB} essentially implies {Q(T'B) > ¢B}
for T small, and if p < ¢ then {Q(T'B) > ¢B} essentially implies {Q(0) > pB} for
T small — this is regime (A), as it was mentioned in the introduction. Then there
is an intermediate range of values of 7', regime (B), in which the event of interest is
roughly equal to

{Q(0) > pB, A(0,TB) > ¢B + cT' — pB};

in this range the buffer does not become empty between 0 and T'B. For large T'
(regime (C)) the most likely scenario is that the queue reaches level pB at time 0,
drains, and starts building up just before T'B, to reach value ¢B at T'B. In the Brow-
nian case the most likely path of this scenario consists of two independent busy
periods. '
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3.5.2 The LRD case

In this subsection we focus on the scenario « € (1,2). Whereas for the case of « = 1
we could rely on explicit computations, for a € (1, 2) the analysis of the rate function

inf inf p.1(s,t)
$20te[0,T)U{T+s}

turns out to be substantially harder. Before presenting the main results of this sec-
tion, we introduce some additional notation. Define, for a given o € (1,2), and
p:q;c >0,

5/2 P «
s* = arg max{ }

s>0 | p+cs c2—a’
te/2 q «
t* := arg max == ,
t>0 | g+ ct c2—«

and

o= 25) ()

Note that for X (¢) = B, (t) we have that

[\

IglzacharYl (s) = VarYy(s*) = ﬁ(m, rgag(Vaer(t) =VarZ,(t*) = #(q)
The following general bounds hold. The upper bound in (3.21) essentially says that
the decay rate of the joint probability is smaller than the decay rate of the least likely
event; the lower bound in (3.21) says that the joint probability is larger than the
product of the individual probabilities (which makes sense in view of the positive
correlation).

Proposition 3.5.3. Assume that {X (t) : t € R} satisfies Assumption 3.2.1 with o € (1, 2).
Then

~max{D(p). D(@)} > Jim 2 1og N(B) > (D) + D(a). (21)

Proof. The upper bound follows immediately from

. . , o g .
D reto Uy 2ot (1) 2 1 S (521
1 1 t) —r(s,t))?
I e —— 14 0O - O p
520,t>0 2 min{o$ (s), 0% ()} 1—1r2(s,t)

Y

2 2
max < inf (p+ cs) ,inf (g +ct)
s>0 20(s) t>0 20(¢)

} — max {D(p). D()}
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The lower bound is due to the fact that, due to Lemma 3.4.5, for some z > £ > 0,
inf inf &p.;1(s,1) = min min &B.1(s,t)
s2>0t€[0,T)U{T+s} s€le,g) tele, T)U{T+s}

o oL ! ((s.) ~ r(s. 1)) 422
= min min s 5 1+ 5 I(s,t) | .
s€le,g] tele, T)U{T+s} 2 min{oy-(s), 0% (t)} 1—1r2(s,t)

Moreover the assumption that o > 1 straightforwardly implies r(s,t) > 0 (positive
correlation of the input traffic!). Realize that (v + 1)r < 2y holds for all r € (0,1)
and v € [0, 1]; after elementary calculus this yields

(1(s,t) —7(s,1))?
1 —17r2(s,t)

< 73(s,1)

for each s,t > 0, and therefore (3.22) is majorized by

min min 1 ! (L4+4%(s,t))
s€le,g] tele, T)U{T+s} 2 min{c? (s),0%(t)} ’

— s (2 ) — 2w + D@

seled] tele DT +s} 2 \ 02 (s) | 0%(t)

This completes the proof. O

In the following we determine the values of T" for which the lower bound in (3.21)
is tight.

Proposition 3.5.4. Assume that {X (t) : t € R} satisfies Assumption 3.2.1 with o € (1, 2).
(i) If p > q > 0, then there exists a unique 1™ solving the equation

v(s*, s+ T*) = r(s, s +T%) (3.23)
such that
. v(B) <
BlgnOO 5 log N(B) = —D(p) for T < T
. vu(B N
BlgnOO (B2) log N(B) < —D(p) for T > T™*.

(ii) If ¢ > p > O, then there exists a unique T, solving the equation
Nt =Ty, t*) = rt* =T, t) (3.24)

such that

. v(B)
Bh_r)noo e log N(B) = —D(q) for T < Ty;

. v(B)
Blgnoo I log N(B) < —D(q) for T > T,.
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Proof. First consider the case p > ¢ > 0. Note that in order to have

lim ng) log N(B) = —D(p)

B—oo

we need the following two conditions to be satisfied:

v, +T) < r(s*,s+T) (3.25)
oy(s*) < oz(s*+T). (3.26)
Under (3.26) we have
T *\o _ o *\ o
s ey - TS T ()

2(s*(s* +T))/2

1 s* /2 T+ s\° T\
2\s*+T s* s*

s* a/2q+cs*—|—CT
* * T —
s = () et
_ s* a/2 - q—p N cs* z
s*+T p4+cst  pHcestst)
Noticing that

G a2 1< 1P 470 p(1——)<o,
p+ cs* p+ cs* P 2

Inequalities (3.25) and (3.26) are equivalent to respectively

1+27(1—a/2)+az< <1+7;>a—(7:>a, (3.27)
p s s
aT T a/2
1+T( /2)+§—*_ (1+S*> . (3.28)

Interestingly, however, we have that Inequality (3.27) implies Inequality (3.28). This
can be shown as follows. First rewrite Inequality (3.27) to

q—0p aT 1 T\“ T\“
1+T( /2)+2*_2<1+<1+8*> (8*> > (3.29)

Let X (t) correspond to fBm with variance curve v(t) = t*, and let A(s,t) := X (t) —
X(s). Then

(Cov(A((%;jr*/){(gi,(Si;*+T)) _ ;<1+<1+ T)(T))

VarA(0,s* +T) (1 n T>a/2
VarA(0, s*) B s* .
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Consequently, using the fact that the correlation coefficient is smaller than 1,

< (o (0)/ (1)

_ Cov(A(0,s*), A(0,s* + 1))
\/Varjl(O, s* + T)VarA(0, s*)

= Corr(A(0,5*), A(0,s* +T)) < 1.

Hence the right-hand side of Inequality (3.29) is smaller then the right-hand side of
Inequality (3.28), and we indeed have that Inequality (3.27) implies Inequality (3.28).
Now it suffices to show that the functions

flx) =1 +2)*—2* and g(z) ::1"_2(1_%)(]’%1?-%0&

intersect in a unique point 2* > 0. Indeed the function g(-) is increasing and

9(0) = 1+(2—a)% < 1= f(0).

Now notice that f(-) is increasing and concave, since f'(z) = a((1+z)a — 1—z*71) >
0and f”(z) = a(a—1)((1+2)*"2 —22~2) < 0. Then the graphs of the two functions
must intersect in a unique point 2* > 0. We have thus found that there exists a
unique T* > 0 such that for all 7' < T* we have that Inequality (3.25) is satisfied.

Since the idea of the proof for the case ¢ > p > 0 is analogous to the proof for the
case p > ¢ > 0, we omit the details. O

In the next proposition we give a lower bound on 7™ and 7.

Proposition 3.5.5. (i) If p > q > 0, then T* > (p—q)/c. (i) If g > p > 0, then
T* Z (q - p)/C

Proof. Since the proofs of (i) and (ii) are analogous, we focus on the argument that
shows (i). We need to check whether T' = (p — ¢)/c satisfies (3.25).
First notice that (under the notation used in the proof of Proposition 3.5.4)

p—4q q—>p pb—4q
=1+2 =1
g(cs*) + p+cs*+acs*

and we have that f(z) and g(x) are increasing and f(0) = 1. Hence we have

F(B) 2 0= (1)

This proves the claim in part (i). O
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Remark 3.5.6. Conditions T' < T* and T' < T, have interesting interpretations. Con-
sider for instance T' < T™*. Elementary computations with the conditional distribu-
tion of Normal random variables yield that 7' < T™* is equivalent to

E(A(0,T) | A(-s*,0) =p+cs*) >q—p+cT.

The interpretation is that, given the queue exceeds pB at 0, exceeding ¢B at time
T'B is not a rare event anymore. A similar interpretation can be given to condition
T <T.. o

Proposition 3.5.4 says that, just as in the SRD case, if and only if T is smaller than
some threshold, then the decay rate of the joint probability equals the decay rate of
P(Q > max{p, ¢} B), with @ denoting the steady-state workload. In other words: T*
(in case p > q) or T, (in case p < q) separates regime (A) from regime (B). In the SRD
case, we found a second threshold, separating regime (B) from regime (C): below
this threshold the buffer does not become empty (most likely) before time T'B, and
above it does (for large values of T'). In the LRD case we believe that this structure
still applies, but we have been able to prove just a partial result, which is stated in
Proposition 3.5.8. It says that for T' large enough, we are in Regime (C).

Lemma 3.5.7.
1
inf T > 27,
;gofma(s, +s) 2 ge

Proof. Uniformly in s > 0,

This proves the stated. O

Due to Proposition 3.5.3, for a € (1,2), we have

;Izlo tE[O,Tl)rLlJ{TJrS} $eas:t) =€ () + Dig)

Upon combining the above, we obtain the following result. On an intuitive level,
it says that for 7" larger than some explicitly given threshold, with overwhelming
probability the most likely path is such that the busy period in which 0 is contained
does not coincide with the busy period in which T is contained.

Proposition 3.5.8. For
25* ) 1/(2—a)

b
T>T._<c2

we have that

. v(B) e
Bh_r)noo B2 log N(B) = igg tel[rol,fT) &Ba (5,1).
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Remark 3.5.9. We finish this section with a few observations on the (practically less
relevant) case a € (0, 1) (i.e., the input stream has negative correlation).

o ltis anticipated that for 7" small, still the most demanding event will determine
the asymptotics. In other words: up to some threshold the decay rate will be
—max{D(p), D(q)}; the value of this threshold can be determined as in Remark
3.5.6.

e Now consider large 7. Then time epochs 0 and 7B will be in different busy
periods. For the s, t of interest we have r = r(s,t) < 0, which implies

(v(s,t) = (s, 1))?

2
> 42(s,t
1 —1r2(s,t) 7 (s,0)

(to see this, realize that v = ~(s,t) € [0, 1], and verify that the above relation
reduces to (y2 + 1)r < 2v; it is immediate that this holds for all 7 < 0 and
v € [0, 1]). We therefore obtain:

. v(B)
Jim —5log N(B) < —(D(p) + D(q));
in other words: in order to achieve a high buffer content at time 7'B it is for
large 1" disadvantageous to have a large buffer content at time 0. [ )

3.6 Discussion and concluding remarks

Exact asymptotics. In this chapter we analyzed the logarithmic asymptotics of the
joint probability P (Q(0) > pB, Q(TB) > ¢B). We have identified the corresponding
decay rate. An open issue concerns the exact asymptotics, i.e., can we find an explicit
function ¢(+) such that

P(Q(0) > pB,Q(TB) > ¢B) - p(B) — 1

as B — oo? It is noted that for the single-dimensional case this was already a highly
non-trivial task [63, 89, 92], and the answer involves the so-called Pickands constant.

Regimes. Then we considered the decay rate of the probability of interest in more
detail, and identified three regimes for T'. The SRD case could be dealt with explicitly,
in that we presented closed-form expressions for the decay rate, as well as for the
critical values of T' that separate regime (A) from regime (B), and regime (B) from
regime (C). In the LRD case we found an explicit expression for the decay rate in
regime (A), and we showed that the critical value of 7', which we called T for p > ¢
and T, for p < g, that separates regime (A) from regime (B) is the solution to some
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algebraic equation. In addition we showed that for 7" larger than some explicitly
given number 7%, we are in regime (C). This in principle still allows oscillations
between regimes (B) and (C) in the region between T* (T, respectively) and T%. We
conjecture that such oscillations do not occur.

Scaling of time and space. In our analysis we scaled space and time in the same
way, i.e., both the buffer level and the length of the time interval are multiples of
B. As is immediately visible from Remark 3.4.7, essentially due to the self-similarity,
this scaling leads for fBm to well-defined decay rates; in the non-fBm case some sort
of approximate self-similarity is enforced by imposing Assumption 3.2.1.

In view of the results in [37], it is anticipated that if 75 /B — 0 as B — oo,

Jim 500 p(0) > pB. Q1) > 48)
= min {Bli_rgo ng) log P(Q(0) > pB), Jim_ Ugj) log P(Q(0) > qB)}

= —max{D(p), D(q)};

if Tg/B — o0 as B — oo,

Jim AP 100 B(Q(0) > pB.Q(Ts) > 4B)
= sim “PogpQ0) > p8) + Jim "D 10g(QU0) > gB)

= —(D(p) + D(q)),

using the function D(-) as introduced in Section 3.5.2.



Chapter 4

Correlation structure of Lévy-driven queues

In Chapters 2 and 3 we have studied a single queue fed by Gaussian sources. The
present chapter and Chapter 5 deal with another class of input processes, namely,
Lévy processes. In this chapter we specialize to the class of spectrally-positive Lévy
processes, for which we prove a number of structural properties of the correlation
function r(t) of the stationary workload process. Furthermore, we study the asymp-
totics of r(t) for t — oo for light and heavy-tailed spectrally-positive Lévy inputs.

4.1 Introduction

Consider a queueing system, and, more particularly, its workload process {Q(t) :
t > 0}. Where one usually focuses on the characterization of the (transient or steady-
state) workload, another interesting problem relates to the identification of the corre-
lation function r(t), cf. (1.10). For several queueing systems this correlation function
has been explicitly computed; Morse [91], for instance, analyzes the number of cus-
tomers in the M/M/1 queue. Often explicit formulae were hard to obtain, but the
analysis simplified greatly when looking at the Laplace transform

p(9) = /000 r(t)e Ptdt.

Benes [18] managed to compute p(-) for the workload in the M/G/1 queue; rely-
ing on the concept of complete monotonicity, Ott [95] elegantly proved that, in this
case, r(-) is positive, decreasing and convex. We further mention the survey by
Reynolds [102], and interesting results by Abate and Whitt [2].

The primary aim of this chapter is to extend the results mentioned above to the
class of single-server queues fed by Lévy processes. Notice that the M/G/1 queue is
contained in this class (then the Lévy process under consideration is a compound
Poisson process with drift). One could expect that such an extension is possible,
as the classical Pollaczek-Khintchine result for the M/G/1 queue, carries over to
queues with general Lévy input, see Zolotarev [113] for an early reference; we refer
also to Bingham [22], and references therein, and the book by Kyprianou [74], for an
extensive account of fluctuation theory for Lévy processes. The only condition one
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usually needs to impose in order to obtain explicit results, is that no negative jumps
are allowed.

In more detail, the setting we consider is the following. We define a ‘net input
process” {X(t) : t > 0}, which is assumed to be a Lévy process with no negative
jumps. Then the workload process {Q(t) : ¢t > 0} is defined as the reflected process
of {X(t) : t > 0} at 0. Because of the lack of explicit formulae for the probability
distributions of the processes considered, we will work most of the time with their
Laplace transforms; in our analysis the Laplace exponent ¢(-) of the process {X (¢) :
t > 0}, as well as its inverse ¢(-), play an important role.

We first obtain an explicit expression, in terms of ¢(-) and #(-), of the transform
p(+) of the correlation function. Using the concept of complete monotonicity, we use
this transform to establish a series of structural properties of the correlation func-
tion, viz. we prove that r(-) is positive, decreasing, and convex. These results indeed
generalize those obtained by Ott [95] and Abate and Whitt [2] for the M/G/1 queue.
We then consider the asymptotic behavior of () for ¢ large. For light-tailed Lévy
input these asymptotics are essentially exponential; for the M/G/1 case they resem-
ble those of the busy period. For heavy-tailed input we can use results for regularly
varying functions, e.g. Karamata’s Tauberian theorem, to obtain the asymptotics of

r(-).

The remainder of this chapter is organized as follows. In Section 4.2 we obtain
the Laplace transform of the correlation function, where in Section 4.3 its structural
properties are studied. The cases of light-tailed and heavy-tailed input are treated in
Sections 4.4 and 4.5, respectively. Concluding remarks are found in Section 4.6.

4.2 Laplace transform of the correlation function

In this section we find an expression for the transform p(-) of the correlation function.
We start this section, however, with a formal introduction of our queueing system.

Lévy processes. Let { X (t) : t > 0} be a Lévy process without negative jumps, with
drift EX (1) < 0. Its Laplace exponent is given by the function ¢(-) : [0, 00) — [0, c0),
ie., p(a) := logBe X, It is known that ¢(-) is increasing and convex on [0, c0),
with slope ¢’'(0) = —EX (1) in the origin. Therefore the inverse ¥ (-) of ¢(-) is well-
defined on [0, 00). In the sequel we also require that X (¢) is not a subordinator, i.e.,
a monotone process; thus X (1) has probability mass on the positive half-line, which
implies that limg,—, o () = o0.

Important examples of such Lévy processes are the following.

(1) Brownian motion with drift. We write X € Bm(—48, %) when ¢(a) = ad+3a?0?,
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(2) Compound Poisson with drift. Jobs arrive according to a Poisson process of rate
A; the jobs Jp, Jo, ... are ii.d. samples from a distribution with Laplace trans-
form B(a) := Ee~?7; the storage system is continuously depleted at a rate —1.
We write X € CP(\, 3(+)); it can be verified that p(«) = o — A + AS(«).

Reflected Lévy processes; queues. We consider the reflection of {X(¢) : ¢ > 0} at
0, which we denote by {Q(t) : ¢t > 0}. It is formally introduced as follows, see for
instance [11, Ch. IX]. Define the increasing process {L(t) : ¢ > 0} by

L(t) = —O%r;fth(s).

Then the reflected process (or: workload process, queueing process) {Q(t) : ¢ > 0}
is given through

Q(t) := X(t) + max{L(t),Q(0)};

observe that Q(¢t) > 0 for all ¢ > 0. Then the steady-state distribution of Q). :=
limy_, o Q(¢) is characterized by [113]:

) i o0, _ 02 (0)
(o) :=E o) 4.1)

for the special case of CP input this is the celebrated Pollaczek-Khintchine formula.
This relation reveals all moments of the steady-state queue ., and in particular its
mean and variance:

o __d o' (0)]  _ ¢"(0)
w=EQ. = do () o = 25/(0)’ (4.2)
and similarly
B B 1 (p”(O) 2 1 (pm(O)
vi=val. = (567) -3 50 &)

which from now on are assumed to be finite.

Correlation structure of the queue. In this chapter we are interested in the correlation
structure of the queue process {Q(t) : ¢ > 0}. Our analysis relies on the following
useful relation, see e.g. [11, Section IX.3] and [65]:

—¥(9)q
(0100 = 1) = 5= (o Ty ) Y

where 7 is exponentially distributed with mean ¥~!, independently of the Lévy pro-
cess. (As an aside we mention that (4.4) implies Pollaczek-Khintchine in at least two
ways: (a) let ¢ | 0, so that 7 corresponds with some epoch infinitely far away, and
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use elementary calculus (‘L’Hopital’); (b) find Ee~*?(") by deconditioning, use that
in stationarity Ee~*?(") should coincide with Ee~*?(?), and then solve Ee~2Q(0))

Formula (4.4) enables us to find explicitly the Laplace transform p(-) of
-  Cov(Q(0),Q(1) EQ(0)Q(t) — (EQ.)?
T‘(t) = (COIT(Q(O)7 Q(t)) - \/VarQ(O) R VarQ(t) B VarQe ’

as we show now. Here it is assumed that the system is in steady-state at time 0, that
is, Q. obeys the ‘generalized Pollaczek-Khintchine” formula (4.1). First realize that

E (e—aQ(T) 1 Q(0) = q) — / Je— "' (e—aQ(t) | Q(0) = q) dt.
0
By differentiation with respect to o and subsequently letting « | 0, we obtain

oo '(0) e—¥(@)q
Ve "R (Q(t Qo:th:—“o( +q+ .
/ (@) | Q(0) = ) ; )
Concentrate on the Laplace transform () of R(t). Straightforward calculus reveals
that

(4.5)

10) = [ covQu). Qe = [ (EQOIQM) - i) e

= [ [ e B@o) 100 = - arQu) < -
0 0

it is assumed that the queue is in stationarity at time 0 (and hence it is in stationarity
at time ¢ as well). By invoking (4.5) we find that the expression in the previous
display equals

o) ’ 671/)(19)q 2
[T (-ER s e < - 4

pe'(0) v 1 ~$(9)Q(0)
= _— —_— E . .
75 5w (Q()e ) (4.6)
From the generalized Pollaczek-Khintchine formula (4.1) we obtain by differentiat-
ing

5 (090 =) (s e ).
(

Inserting this relation, in addition to (4.2), into (4.6) we obtain the Laplace transform

of Cov(Q(0),Q(t)):

() = ~¢"(0) LU ¢'(0) ( 1 1 )

592 9T o2

W) P(9)

This trivially also provides us with the Laplace transform of the correlation function
r(t) = Corr(Q(0), Q(t)), as stated in the following theorem. When specializing to CP
input, we retrieve Equation (6.2) of Benes [18].
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Theorem 4.2.1. Forany ¥ > 0, and v as in (4.3),

p(9) = / r(t) et = 1)
0 (%
L _¢"0) ¢O)] 1 1
_ 1 _ 4.7
9 2w T o o) v *7)
Remark 4.2.2. Using the generalized Pollaczek-Khintchine formula (4.1), it is readily
verified that the result in Theorem 4.2.1 can be simplified to

_ L 1/97(0) | K ()
'Ow)_ﬁ_v( 207 T 949 )

[ )

Example 4.2.3. Consider the situation that {X(¢) : ¢ > 0} corresponds to standard
Brownian motion decreased by a linear drift (say of rate 1, so X € Bm(—1,1)). In
other words: the Laplace exponent of the Lévy process is given by ¢(a) = o +
10?2, and its inverse is ¢(9) = —1 + v/1+ 2J. Now consider the workload process
{Q(t) : t > 0} and its correlation function. The above theory yields that the Laplace
transform of r(-) is given by

,0(19)27—*4—*(\/1-5-219—1).
It turns out to be possible to explicitly invert p(-):
r(t) = 21— 2t — £2) (1 - ex(V)) +2VH(1 + )on(Vh), (48)

with On(-) (resp. ¢n(-)) the standard Normal distribution (resp. density). Equation
(4.8) is in agreement with the results in [1] and [80, Section 12.1]. &

4.3 Structural properties of the correlation function

This section concentrates on the derivation of a number of key structural proper-
ties of the correlation function r(-). More specifically, relying on the concept of com-
pletely monotone functions [19, 95], we prove in Theorem 4.3.6 that r(-) is a positive,
decreasing, and convex function. To this end, we first establish a number of auxiliary
results; a key result is Proposition 4.3.1.

Proposition 4.3.1. Define £(9) by
1 1 1
= (5~ 5191): 49

then £(0) is the Laplace transform of a (non-negative) random variable Z.
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Remark 4.3.2. The Laplace transform of the stationary-excess distribution Z. asso-
ciated with Z is given by [2]

_EW -1 _ "),
&) ="Jowr = 2 (1) (4.10)
Hence, the first moment of Z is 2v/¢"(0). [ )

To prove Proposition 4.3.1, we need a number of lemmas. These are stated and
proved now. They extensively use the concept of complete monotonicity [19, 54]. The
class € of completely monotone functions is defined in the Appendix, where also a
series of standard properties is given.

Lemma 4.3.3. ¢'(J) € €.
Proof. Consider for z > 0,
H(z):=inf{t>0: X(t) = —a};

then H(z) is a Lévy process with Laplace exponent —(1), see e.g. [106, Theorem
46.3]. More specifically, H(x) is a subordinator. Now apply Lemma 4.A 4. O

Lemma 4.3.4. If f(«) € €, then so does
f(0) = fla) + af'(e)

a?

Proof. The result is a consequence of subsequently applying Lemma 4.A.3.(4) and
4.A.3.(5). O

Lemma 4.3.5. For 02 > 0 and measure I1,(-) such that

/ min{1, z*}11,(dz) < oo,

(0,00)

a(pl(a) — Sﬁ(a) 1 2 1 —az —ax

—— 5 =530t (o,oo)(l —e Y —aze ), (dx) € C. (4.11)

Proof. The Laplace exponent ¢(«) can be written as, with 02 > 0 and measure I, (-)
such that

/ min{1, z*}11,(dz) < oo,
(0,00)

1
ola) =ad + §a202 +/( )(e—Omc — 1+ azl)),(dz),
0,00

which immediately yields the equality in (4.11). The claim that this function is in ¢
follows from the fact that any positive constant is in ¥, Lemma 4.3.4, and Lemma
4.A.3.(1). O
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Proof of Proposition 4.3.1. We first decompose

w1<z9> _ ﬁ =1 (9)a(9),
with
ST P SR
n(9) = 9 n2(V) = V() (9) (1/)(19)2

Because of (4.1), we have that o/¢(a) € €; now applying Lemma 4.A.3.(3), in con-
junction with Lemma 4.3.3, we obtain that 7, (9) € %
To prove that also 72(¢) € €, we first recall from Lemma 4.3.5 that

/ —
o) —ple) _ o
o
Again applying Lemma 4.A.3.(3), in conjunction with Lemma 4.3.3, it follows that
2 (19) S Cg
Asboth 1, (¢) and 72(¥) are in €, Lemma 4.A.3.(2) yields that £(9) € €. Applying

‘L’Hopital” twice, and using that ¥ (0)(¢(0))® = —¢"(0), it is readily verified that

£(0) = lim&(0) = 1,

910
Now Theorem 4.A.2 yields the stated. O

Let p(!) (9) and p® (1) be the Laplace transforms of, respectively, ’(¢) and " (t).
Their expressions are given respectively as follows

@) = [Treta=-S0 (1 e) = e (@12)
PP 9) = /O Oor”(t)e*“dt:%g(ﬂ), (4.13)

for ¥ > 0. Here the properties that 7(0) = 1 and

(0) = lim 2ROQE) =7, EQOIX() __ #"(0)
el0 EV el0 v 2

)

in conjunction with integration by parts, are used.

Theorem 4.3.6. r(t) is positive, decreasing and convex. Moreover, r(t) can be written as
the tail of the stationary-excess distribution function associated with Z. More specifically,
r(t) = P(Ze > t). Furthermore, if Z has a finite second moment, then r(t) is integrable and

/°°T t)dt_i%v(‘”(o) 5 @"(0)p®(0) 1 ¢"(0)
0

~ 8v ¢/(0)2 120 ©'(0)3 + m o' (0)* (4.14)
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Proof. Convexity follows from the expression for p(?)(9) in (4.13); it is concluded
from Proposition 4.3.1 that p®)(¢) € €, thus r(t) is non-negative (for ¢ > 0). The
monotonicity follows from the expression for p(*)(9) in Equation (4.12), by applying
Lemma 4.A.3.(4) to p(? (¥)) € €; we find that —p(!) (¥9) is in &, implying that ' (t) < 0
(for t > 0). Then it is easily verified that applying Lemma 4.A.3.(4) to —p(!)(9) € €,
in conjunction with Equation (4.7), implies p(¥) € ¢, and hence r(t) > 0 (for ¢ > 0).
Observe that combining Equations (4.7) and (4.10) yields

p(0) = %f(m. (4.15)
It is straightforward to verify that the right-hand side of the previous display is just
the Laplace transform of P(Z, > t). It is concluded that r(t) = P(Z. > t) by the
uniqueness of the Laplace transform. Equation (4.14) is found, after considerable
calculus (i.e., application of ‘L’Hopital” several times, and various series expansions),
by evaluating

| rterde = p0) = 1 o0

it is noted that ¢(*)(0) exists if the second moment of Z is finite. O

Remark 4.3.7. For the GI/G/1 queue, Borovkov et al. [27, Theorem 7.3] obtained the
following expression for [ R(t)dt:

o - 1 aA 2 2 aAq

where A is the area swept under the workload process Q(¢) during the busy period
and [ is the length of the busy cycle. Furthermore, a 4, 0% and a;, o7 denote the mean
and the variance of A and [, respectively, whereas c(A, ) is the correlation between
Aand /. It can be checked that this formula coincides with ours in the M/G/1 queue
case. )

4.4 Correlation asymptotics for light-tailed input

When ¢(-) has an analytic continuation for o < 0, we are in the regime of light tails,
as a fortiori then all moments (—1)"p(™(0) of X (1) exist. When {X () : ¢ > 0} does
not correspond to a decreasing subordinator, we also have that lim,_, ., ¢(a) = co.
Bearing in mind the fact that () has a positive slope at the origin, and that convexity
of ¢(-) implies continuity, there is a unique minimizer ¢ < 0 such that ¢(¢) < 0,

¢/(¢) = 0and ¢"(C) > 0.
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In this situation, also 9(-) is well-defined for negative arguments; more precisely:
for all ¥ > ¢(¢) the inverse (1)) has a meaningful interpretation. In fact, 9* := ¢(()
can be regarded as branching point. We thus see that Theorem 4.2.1 does not only
apply for ¥ > 0, but also for 9 € [¢*,0). Around ¢, we can write ¢(-) as

pl0) = 9l0) + 5o~ C¢"(0) + Ol(a — ©)Y),

and hence for 0 | 9*

2 2
7/’(19)—CN\/W'\/19——<P(C):\/W'M

(as before’~’ indicates that the ratio of the left-hand side and right-hand side tends
to 1). Routine calculations reveal that, for 6 | ¥*, we have that p(«}) looks like

1(_ p"(0) 1 (w”(o))Q Le"0) 1 #0) 1 w’(0)>

v\ 2072 T4 \Q(0)) 30" ¢(0) (092 9(D)
or, more precisely,

Ml( 0 L (ZOy_Leo_ so’<o>>

v\ 2072 T4 \@'(0) ) 39 @(0)  (99)2 ¢
V2£'0) (1 9" s
" (O (v*)? <<2+ o ) o

We now relate the behavior of a transform [ e~ f(t)dt (around a branching point
¥* < 0) to the behavior of the ‘transformed’ function f(¢) (for ¢ large). We heuris-
tically obtain the following result, cf. for instance the ‘Heaviside approach’ of [3,
Equations (3.21)—(3.23)]; see also [33, pp. 153-154]: Suppose ¢(a) < oo for some
a < 0. Then

r(t) ~£- 5\9/*; ast — oo, (4.16)
where
— ¢'(0) (1 @”(C))
l .= \/va*)Q e + g . (4.17)

Remark 4.4.1. /, as given in (4.17), is positive, as is seen as follows. From (4.11) we
know that
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is a Laplace transform, and hence also —f’(«)/ — f/(0), so that for all o holds that
f'(a) <0, or

3¢ (a) — 20°%¢ (a) + 2cp(ar) < 0.

Now insert « := ¢ < 0; using ¢’'(¢) = 0 and ¢ < 0, we obtain ¢%¢”(¢) + 2¢(¢) > 0,
which implies

SO 2
0 <Y

(use ¢(¢) < 0), and hence also

Q21

oo
thus implying ¢ > 0. [ )

Example 4.4.2. It can be checked that for Brownian motion with drift, i.e.,, X €
Bm(—1,1) as in the setting of Example 4.2.3,

P e—t/2
t) ~ 8/ = ——;
r(t) —
this could be found directly from (4.8) as well, cf. again [1] and [80, Section 12.1]. <

Example 4.4.3. For the compound Poisson model with exponential jobs (i.e., M/M/1
queue), it can be checked that

¢(z9):%(A—u+z9+\/(>\—u+z9)2+4ﬂu),

so that the branching point is ¥* = — (/& — VA)%. Also, ( = —p + v/Au. Equation
(4.16) now yields an explicit expression for the correlation asymptotics:

r(t) ~ 1 (1 — \/5)3 exp(—(1 — /p)/Ait)
2py/m \1+/p (Vnt)3/2

Remark 4.4.4. For compound Poisson input, thatis, X € CP(), 5(-)), the tail asymp-
totics of the correlation function are proportional to those of the busy period, at least
in this light-tailed regime (where light-tailedness here means that we should require
that 5(«) < oo for some « < 0). This can be seen as follows.

First recall that the Laplace exponent is p(a) = a — A + A3(«). With «(-) the
Laplace transform of the busy period, it is known that it satisfies 7(¢) = 5(9 + A —
A7 (1)). Therefore

as t — oo. &

0=B(+A— () — 7(9) = %4,0(19 F A= An(9)) — %
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and hence (¢ + A — An(9)) = ¥. Apply ¥(-) to both sides, and we obtain

A4+ 1

m(¥) = S wa)'

Considering the tail asymptotics of the busy period, first observe that 7(-) also has a
branching point at ¥* < 0 (i.e., it has the same branching point as p(¢)), such that,
for v | v*,

Applying ‘Heaviside’ now yields, with P the busy period,

d 1/ 2 1 et 1 1 et

dt A e"(Q) 2vmivt Vor | B7(Q) AVt
in line with the results of Cox and Smith [33, Section 5.6]. These asymptotics are
indeed proportional to those of Equation (4.16). Similarly, applying the relation

Ee 7P =1 -9 / P(P > t)dt, (4.18)
0
we obtain
2 1 et 1 1 vt
P(P > t) ~ — ° c

Q) 2vmoavE var \ B0 o aa

4.5 Correlation asymptotics for heavy-tailed input

Where the previous section focused on light-tailed Lévy input, we now consider the
heavy-tailed case. We extensively use the concept of slowly (and regularly) varying
functions. Proposition 4.5.4 is the main result of this section; in Corollary 4.5.5 it is
applied to the situation of a queue with CP input with regularly varying jobs.

The following class of functions plays a crucial role in our analysis.

Definition 4.5.1. We say that f(z) € Zs(n,o), withn € N,oc € R,and § € (n,n+ 1),
forz | 0if

nof@) )
fla) = - et + ot fa) (o Lo)

=0

for a slowly varying function i(-) (i.e., [(z)/l(tx) — 1 for x — oo, for any ¢ > 0).



74 4. Correlation structure of Lévy-driven queues

Lemma 4.5.2. Suppose @' (o) € Z5—1(n — 1,0). Then

ola) € %s(n,o/d);

. g

¢(0) S %5 (n,T) y wzﬂ/l T .= —W,
V' (9) € Bs_1 (n—1,76),

fora ] 0, resp. ¥ | 0.

Proof. The first statement is an immediate consequence of Karamata’s theorem; the
second statement follows from ¢ (p(«)) = «; the third statement follows in an ele-

mentary way by using ' (9) = 1/¢' (¢(9)). O

The following lemma presents the behavior of £.(¢) as ¥ | 0. We need this type
of results, as Karamata’s Tauberian theorem then enables us to translate the behavior
of transforms around 0 into the behavior of () for ¢ large.

Lemma 4.5.3. If ¢'(a) € #s—1(n —1,0), withn € {3,4,...}and 6 € (n,n + 1), then
(V) =1—9p(0) € Hs_3(n —3,w), with
W= _0=1 o
" 0d(¢(0))°72

Proof. Recall Equations (4.9) and (4.10). The crucial step is to verify that

L _ _ / 2 i _ _ ! PAN

1/}(19) € ‘%5*1(’”‘ 17 T((p (0>) ) and w/(ﬁ) € %5,1(” 17 T(S((p (0)) )7
use Lemma 4.5.2. Verification of the claim is now straightforward (though tedious).
O

The Tauberian theorem in Bingham, Goldie, and Teugels [24, Theorem 8.1.6] now
yields the following result; see also [23].

Proposition 4.5.4. If ¢'(a) € %s_1(n — 1,0), withn € {3,4,...}and § € (n,n + 1),
then

w- (=1)n+t

3-6
(4= 0) t°70l(t) as t — oo.

r(t) ~

Proof. First recall that r(t) = P(Z, > t), and that Z, has transform &.(-). Lemma 4.5.3
and Theorem 8.1.6 of [24] yield the stated. O
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Remark 4.5.5. Interestingly, we can now also find a criterion for long-range depen-
dence, cf. the remarks in the introduction of [95].

Suppose ¢'(a) € Hs_1(n — 1,0), withn € {3,4,...} and 6 € (n,n + 1). Then
the queueing process is long-range dependent if n = 3, as in this case [ r(t)dt =
oo. Consider for instance the case that X € CP(\, 5(+)), with P(B > ) ~ t7Y,
for v € (3,4). Then the first three moments of B exist, and hence also the first two
moments of the steady-state queue length, as well as the covariance R(t). The tail of
J, however, is so heavy that R(t) decays roughly as t377, giving rise to a long-range
dependent queueing process.

Likewise, it follows that the queueing process is short-range dependent if n €
{4,5,...}, for instance when considering CP input with P(B > t) ~ t™%, for v €
(4,00). )

4.6 Concluding remarks

In this chapter we studied the correlation function of the workload process of a
single-queue fed by a Lévy process (that is, a Lévy process reflected at 0). Relying
on the concept of complete monotonicity we have been able to derive a set of struc-
tural properties of the correlation function, viz. that it is a positive, decreasing, and
convex function. Importantly, we have shown how to represent the correlation func-
tion 7(-) as the complementary distribution function of a specific random variable.
This representation, as well as an explicit characterization of the Laplace transform
of r(-), enabled the analysis of the asymptotic behavior of r(t) for ¢ large; both the
light-tailed and heavy-tailed cases were studied.

An alternative way to conclude that the correlation function is positive, decreas-
ing, and convex, may be the following. The Laplace exponent of any Levy process
can be approximated arbitrarily closely by that of an appropriately chosen CP pro-
cess, see e.g. [54, Theorem XVIL1]. As the claim has been proved for CP input [95],
a limit argument may lead to an alternative proof of Theorem 4.3.6. Exploration of
this approach is a subject for further research.

Restricting ourselves to the case of CP input, one could say that Section 4 covers
the case in which the jobs have a finite moment generating function in a neighbor-
hood of the origin: f(a) < oo for some a < 0, and hence all moments are finite.
On the other hand, Section 5 addresses the situation in which just a finite set of mo-
ments are finite. In between, however, there is a third class of distributions: those for
which all moments are finite, but without an analytic continuation for o < 0 (that is
B(a) = oo for all & < 0). Examples of distributions in this class are the Weibull and
LogNormal distributions. A subject for further research would be the analysis of the
correlation asymptotics for this class of distributions.
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As we lack, in most cases, an explicit formula for 7(t), one may attempt to esti-
mate it through simulation. This is particularly challenging, as r(¢) can be extremely
small for large ¢, and is the difference of two (potentially large) numbers. A way to
circumvent this problem is to use importance sampling [12, Section V.1], that is, sam-
pling under an alternative measure and correcting the simulation output by likeli-
hood ratios (that keep track of the relative likelihood of the realization under the
actual measure, relative to the alternative measure). The resemblance with the busy
period asymptotics suggests that, for light-tailed input, the (exponentially-twisted)
change of measure proposed in [87] may work well; it is noted that the analysis of
[87] indicates that the twisting of the work present at time 0 should be handled with
care. An other option could be to rely on the representation of the correlation func-
tion r(-) as the complementary distribution function of the random variable Z,, see
Theorem 4.3.6.

A potential application area of our results is the following. Suppose that no mea-
surements of the queue’s input process can be made, and hence estimation of the
probabilistic law of the input process has to be performed in an alternative man-
ner. One approach could be to measure the queue’s workload (for instance peri-
odically), and to infer the input characteristics from the resulting measurements.
Insight into the correlation between subsequent measurements, as obtained in the
present chapter, may be useful when devising such a procedure. Work along these
lines for queues with Gaussian input was done in [84] (in a somewhat more experi-
mental context), and for M/G/ oo systems in [25] (building on the results presented
in [102]); see also [60].

Appendix

4.A Complete monotonicity

The concept of complete monotonicity is summarized in the following definition.

Definition 4.A.1. A function f(«) on [0, 00) is completely monotone if for all n € N,
a >0,

dr
_ 1 n
(=1) dam

We write f(a) € .

fla) >0.

The following deep and powerful result is due to Bernstein [19]. It says that
there is equivalence between f(«) being completely monotone, and the possibility of
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writing f(a) as a Laplace transform. For more background on completely monotone
functions, see [54, pp. 439-442].

Theorem 4.A.2. A function f(a) on [0,00) is the Laplace transform of a non-negative
random variable if and only if (i) f(«) € €, and (ii) f(0) = 1.

The concept of complete monotonicity is easy to work with, as one can use a set
of practical properties.

Lemma 4.A.3. The following properties apply:

(1) % is closed under addition: if f(«) € € and g(c) € €, then f(a) + g(a) € €. This
extends to: if f,(a) € € for x € 5, then [, __ f.(a)u(dx) € € for any measure p(-).

(2) € is closed under multiplication: if f(c)) € € and g(«) € €, then so does f(a)g(w) €
€.

(3) Properties of composite € functions: if f(«) € € and g(«) > 0 with ¢'(«) € €, then
flg(a)) € 6.

(4) Let U(a) non-decreasing on [0, 00), and U(0) = 0, u := limy 00 U(a) < 00, and
f(a) :z/ e~ dU (z);
[0,00)

clearly f(«) € € and uw = f(0). Then also

«
(5) € closed under differentiation: if f(«) € €, then — f'(«) € 6.

Proof. (1) is trivial from the definition. (2) follows from [54, Criterion 1], and (3) from
[54, Criterion 2]. Property (4) can be found in for instance [95, Equation (4.2)]. (5) is
trivial. O

€C.

Lemma4.A.4. Let {Y (t) : t > 0} be an increasing subordinator Lévy process, with Laplace
exponent (), then —¢&'(a) € €.

Proof. According to Bertoin [20, Ch. III, Equation (3)], we can write
o) = ~da+ [ (e~ 1)Ig(do),
(O#OO)

with d > 0, and measure II¢(-) such that f(o o0) min{1, 2?}Il¢(dz) < oo. This implies
that

—&(a)=d+ / re” **Il¢(dx),

(0,00)
so that —¢'(a) € €; use Lemma 4.A.3.(1). O






Chapter 5

Transient asymptotics of Lévy-driven queues

We have seen in Chapter 4 that for spectrally-positive Lévy input the correlation
function of the workload process is captured via the Laplace transform even though
the correlation function is not explicitly known. Unfortunately this is not the case
for general Lévy input. Therefore, in the present chapter we consider the alternative
metric R(T'|p, ¢) introduced in (1.13) and we study its asymptotics under the large
buffer scaling introduced in Chapter 3.

5.1 Introduction

Lévy processes are widely used to model various real-life phenomena, for instance
in finance and networking, see e.g. [74, 90]. In the literature special attention is paid
to two intimately related subjects: fluctuation theory for Lévy processes (predomi-
nantly focusing on the analysis of the distribution of the maximal value attained by
a Lévy process with negative drift), and to queues fed by Lévy input (studying the
probabilistic properties of the workload).

Assuming that the Lévy process does not make negative jumps (i.e., the Lévy pro-
cess is spectrally-positive), the Laplace transform of the steady-state workload Q). has
been known for over four decades, and is referred to as the (generalized) Pollaczek-
Khintchine formula [113]; see also [22] for more background. In addition, the asymyp-
totics of P(Q. > B) (B large) have been identified, in various regimes. Asymptoti-
cally exact results for the light-tailed case (or: Cramér case) are presented in [21], cf.
also [59], whereas the heavy-tailed case was covered by e.g. [10]; it is furthermore
noted that there is also an intermediate case, cf. e.g. [68].

Substantially less attention has been paid to the analysis of transient characteris-
tics of Lévy-driven queues. Again for the case of spectrally-positive Lévy input, in
principle the full transient distribution is known, as we have an explicit expression
for the double transform

F(q,a) = /000 e 'R (e*aQ(t) | Q(0) = q) dt,

with Q(t) denoting the workload at time ¢ > 0, and ¢ > 0; see e.g. [65]. In or-
der to get a handle on the transient distribution, one may use inversion techniques.
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Note however that essentially two inversions then need to be performed: one to
obtain E (e=*?®) | Q(0) = q) from F(q, ), and one to obtain the transient distribu-
tion P (Q(t) < - | Q(0) = ¢) from E (e=*?® | Q(0) = ¢). We remark that [51], see also
Chapter 4 in this monograph, uses the double transform mentioned above to analyze
the covariance function R(t) := Cov(Q(0), Q(t)); more specifically, it is proved that
R(-) is positive, decreasing, and concave, and in addition its asymptotics (for large t)
are determined.

In this chapter we choose an alternative approach to analyze transient workload
probabilities. Our goal is to assess to what extent the workload at time 0 has impact
on the workload at time Tz, by concentrating on probabilities of the type

IIp :=P(Q(0) > pB,Q(Tp) > ¢B), (5.1)

where p and ¢ are two positive constants, and T is a given positive function of
B. More specifically, one of our aims is to identify conditions under which II(B)
essentially factorizes (when B grows large) into P(Q. > pB)P(Q. > ¢B), so that
it is justified to approximate P(Q(Ts) > ¢B | Q(0) > pB) by P(Q. > ¢B). Itis
stressed that we do not impose the assumption that the Lévy input process, say
{X(t) : t € R}, be spectrally-positive.

Interestingly, the shape of the function Tz essentially dictates the asymptotics of
II15. More specifically, this chapter makes the following contributions.

(i) Our first contribution is the identification of conditions under which
g ~ P(Qe > max{p, ¢} B), (5.2)

or, in other words, the most demanding requirement determines the asymp-
totics (here ‘~" means that the ratio of the left-hand side and right-hand side
converges to 1). These conditions essentially boil down to requiring that T’z is
sublinear, thatis 75 /B — 0 as B — oo. The idea behind this property is that the
most demanding requirement essentially implies the other requirement with
overwhelming probability, as B — oo.

(ii) A second contribution is the identification of a condition on Tg such that
g ~ P(Qe > pB)P(Qe > ¢B). (5.3)

If P(Q. > B) decays (roughly) like e~ 7 (exponential decay), exp(—B%) with
0 < a < 1 (Weibullian decay), then this ‘decoupling condition’ reduces to
Tg/B — oo. If P(Q. > B) roughly looks like B~ (polynomial decay), how-
ever, then the condition reads Tz /B? — oc; this class of queues includes two
relevant ‘heavy-tailed” cases, viz. the situations in which the Lévy input pro-
cess corresponds to an a-stable process, and to a compound Poisson process
with regularly varying job sizes.
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(iii) For the two ‘heavy-tailed” cases mentioned above, we determine the asymp-
totics of IIp for T's increasing superlinearly but subquadratically; in this case
the rare event under consideration is essentially due to a single big jump. In the
superquadratic case two big jumps are needed, leading to asymptotics (5.3).

(iv) We pay special attention to the linear case, that is, Ts = RB for some R > 0.
For light-tailed input we derive intuitively appealing logarithmic asymptotics.
If R is small (that is, fulfilling an explicit criterium in terms of p, g, and the
characteristics of the Lévy process {X (t) : ¢ € R}, then we have asymptotics
as in (5.2). If this condition does not apply, two cases are possible: for large R
the most likely scenario is that the buffer drains, remains empty for a while,
and starts building up relatively short before R (in this case the asymptotics
look like the decoupled asymptotics (5.3)), and for moderate R the buffer re-
mains (most likely) non-empty between 0 and R. These three regimes are in
line with those identified in e.g. [38] for Gaussian input, see also Chapter 3,
[82] for exponential on-off input, as well as [108, Section 11.7] in the setting
of an M/M/1 queue. The proofs of our ‘trichotomy” rely intensively on large
deviations techniques, e.g., sample-path large deviations results [43].

The remainder of the chapter is as follows. In Section 2 we introduce the model,
and present a number of preliminaries, such as a useful lemma taken from [38], see
also Lemma 3.3.1. In Section 3 we address contributions (i) and (ii). Section 4 is
devoted to the situation in which P(Q. > B) decays polynomially, that is, contribu-
tion (iii). Finally, contribution (iv) is covered by Section 5. Section 6 contains a short
summary, discussion, and directions for future research.

5.2 Notation and preliminaries

In this chapter we consider a queue fed by a Lévy process {X () : ¢ € R}, emptied
at a constant rate ¢ > 0; recall that Lévy processes are stochastic processes with
stationary independent increments [74]. Assume that EA(0,1) = w < ¢, to ensure
that the stationary workload exists.

More formally, the steady-state buffer-content process {Q(t) : ¢ > 0} is given
through

Q(t) = sup(A(t — s,t) — cs) < Q. = sup(A(—s,0) — cs), (5.4)
s>0 s>0

where A(s,t) := X (t) — X (s) for s < t.

As mentioned in the introduction, this chapter focuses on analyzing transient
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characteristics of the buffer-content process. We define
g :=P(Q(0) > pB,Q(T5) > ¢B).

In this chapter the primary focus lies on the asymptotics of IIg as B — oo, for given
p,q > 0 and some function 7’5 that tends to co as B — oo.

We finish this section with two general lemmas that are used later in the chapter.
Directly from (5.4) it can be found that

g =P(3s>0,t >0: A(—s,0) —cs > pB,A(Tg — t,Tg) — ct > ¢B) . (5.5)

The following lemma, featuring a reduction property proven in Chapter 3, see also
[38], formalizes the evident property that the start of the busy period in which T's is
contained (corresponding to time, say, 5 —t*), cannot take place before the start —s*
of the busy period in which 0 is contained, but also not in the interval (—s*,0]. In
order words: the only two options are that both busy periods start at the same epoch
(then t* = T + s*), and that the busy period in which 0 is contained ends before
Tg (then t* € [0,Tp)). It means that in (5.5) we can restrict ourselves to a subset of
s,t > 0.

Lemma 5.2.1. Let
& :={(s,t):s>0,t €[0,Tg) U{Tp + s}}.
Then
Ip =P(3(s,t) € &: A(—s,0) —cs > pB,A(Tp —t,Tp) — ct > ¢B).

We finally state a weak law of large numbers, which holds due to the fact that
X (t) is integrable.

Lemma 5.2.2. Forany § > 0,

limIP’<X§t)<w6> = limIP’<Xft)>w+5> =0.

t—o00 t—o0

5.3 General results

In this section we prove two general results. The first says that (5.2) holds under
the plausible condition that Tz /B — 0; in the sequel we call this the short time-scale
regime. The second identifies a condition under which the asymptotic decoupling
(5.3) holds; notably, as mentioned in the introduction, this condition does not nec-
essarily reduce to Tp/B — oo. We refer to the latter regime as the long time-scale
regime.
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5.3.1 Short time-scale regime

In this subsection we prove our result for the short time-scale regime; as before ().
denotes the stationary workload. It consists of two cases: the case p > ¢ which
holds under the condition Ts/B — 0 as B — o0, and the case ¢ > p which holds
under Assumption 5.3.1. We stress that later in this chapter we will show that both
in heavy-tailed scenarios and in light-tailed scenarios Assumption 5.3.1 is fulfilled as
long as Tp/B — 0 as B — c.

Assumption 5.3.1. One of the following two properties holds:
(i) The sequence T'g is such that, for all n > 0,

Jim sup P(3t € (0,T5) : X(t) — ct > nB)

=0.
B—oo IP)(Qe > qB)

(ii) The sequence T'g is such that, for all n > 0,

P(Qe. > ¢B +nTgs) ~ P(Q. > ¢B) as B — oo.

Theorem 5.3.2. Casep > q: If Tg/B — 0as B — oo, then

IIp = P(Q(0) > pB,Q(Tp) > ¢B) ~ P(Q. > pB).
Case q > p: Under Assumption 5.3.1,

g =P(Q(0) > pB,Q(Tr) > ¢B) ~ P(Q. > ¢B).
Proof. First consider the case p > g. We are left to prove that

. . .P(Q(0)>pB,Q(Ts) > ¢B)
lim inf P(Q. > pB) = 1.

This is proven as follows. Fix € > 0. Let B be sufficiently large such that
(p—q)B>(c-—w+e)Ip

(which is possible due to Tg/B — 0 and p > ¢). Then
P(Q(0) > pB,Q(Tg) > 4B) > P(Q. > pB) - P(X(Tp) > (w — )T).

This is evidently true if T’z is bounded, and if it is not, then due to Lemma 5.2.2 we
have that for any § > 0 and for B large enough P(X(Tg) > (w —¢)Tp) > 1 — 6. The
stated follows by letting ¢ | 0.
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Now focus on ¢ > p, first under Assumption 5.3.1.(i). Now it suffices to prove
that, as B — 0o, we have that P(Q(0) < pB,Q(Tg) > ¢B) = o(P(Q. > ¢B)). Let I
be the event that Q(¢) > 0 for all ¢ € (0, 7). First observe that, withn:= ¢ —p > 0,

P(Q(0) < pB,Q(Tp) > B, ) < P(X(Tg) > nB + cIp)
<P(3t € (0,Ts) : X(t) — ct > nB),

which is o(P(Q. > ¢B)) due to Assumption 5.3.1.(i). Also,

P(Q(0) <pB,Q(Ts) > ¢B, 755) <P(Q(Ts) > ¢B, 7)
< }P’(Elt S (O,TB) : A(TB - t,TB) —ct > qB),

which is also o(P(Q. > ¢B)), again by Assumption 5.3.1.(i).
Again consider the case ¢ > p, but now under Assumption 5.3.1.(ii). It is clear
that it suffices to show that

IIp
liminf ——2  >1
Bose P(Q > qB) —

For each positive IV,

g > P(Q(0) > ¢B+ NTg,Q(Tr) > qB)
> P(Q. > qB + NTg) - B(X(Tg) > (c — N)Ts).

Now observe that, by assumption, P(Q. > ¢B + NTg) ~ P(Q. > ¢B) as B — .
Moreover, for each € > 0 there exists an Ny such that, for each N > N, it holds that
P(X(Tg) > (¢c— N)Tg) > 1 — ¢ for sufficiently large B. Thus, as B — oo,

P(Q. > qB+NTg)-P(X(Tg) > (c—N)Tg) ~P(Q, > ¢B)-P(X(Tg) > (c—N)Tg),

which is larger than (1 — ¢)P(Q. > ¢B). The stated follows by letting ¢ | 0. This
completes the proof. O

Remark 5.3.3. The case p = q. The case p = g should be handled with care; it is readily
checked from the proof of Theorem 5.3.2 that the argumentation for ¢ > p works for
g > p under Assumption 5.3.1.(ii), but not under Assumption 5.3.1.(i).

Let us now check how Assumption 5.3.1.(ii) relates to the condition 75 /B — 0. In
case that P(Q. > B) decays (roughly) polynomially (i.e., P(Q. > B) ~ KB~), then
Assumption 5.3.1.(ii) indeed reduces to Tg/B — 0 as B — oo. It is noted, however,
that if P(Q. > B) decays (roughly) exponentially, then Assumption 5.3.1.(ii) reads
TB — 0.

We now argue that Assumption 5.3.1.(ii) is, in the case p = ¢, ‘minimal’ if the
probability P(Q. > B) decays exponentially, in the sense that

Iig
liminf T = M > 0 leads to limsup ——2—— < 1,
Booo © a0 Y P(Q. > pB)
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as follows. Consider for instance the case that { X (¢) : ¢t € R} corresponds to (stan-

dard) Brownian motion. Decompose 115 into Hg) + Hg), where 73 is defined in the

proof of Theorem 5.3.2 and

1% .= P(Q(0) > pB, Q(Ts) > pB, T5) .

First observe that

n? < PQ0)>pB,3te0,Ts): A(t,Ts —t) > pB + ct)
= P(Q(0) >pB) -P(3t € [0,Tp]: A(t,Ts —t) > pB + ct)
< (P(Qe > pB))2 = O(P(Qe > pB))

Regarding T1%}/, first recall that P(Q. > B) = e~2°5. We find
M) < P(Q(0) > pB,Q(0) + X(T) > pB +¢Tp)

= / P(X(Tg) > pB + T — x) - 2ce *“dx
pB

= / P(X(Tg) > ¢Ig —y) - 2ce”2WHPB) gy
0
= P(Q(0) + X(Tg) > ¢Tp) - P(Q. > pB).
Since liminfg_,oo T = M > 0, we have that

limsup P(Q(0) + X (Tg) > Tg) < 1,

B—o0
and as a consequence that
oL
limsup ——2———
B—o0 P(Qe > pB)
and therefore also

li g <1
ImMmsup ————~ .
B—oo ]P(Qe > pB)

This shows that Assumption 5.3.1.(ii) is ‘minimal’ for the case p = g. [

<1,

5.3.2 Long time-scale regime

The main goal of this section is to prove our result for the long time-scale regime.
A crucial role is played by the following assumption. Recall that (). denotes the
stationary workload; we also define (for d > @) Q¢ as the stationary workload if the
queue were emptied at rate d rather than c.
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Assumption 5.3.4. The sequence Tp is such that, foralln > 0, d > w,

limsup P(Qg > nTB) _
B—oo P(Qe > pB) P(Qe > qB)

In the next sections we relate this assumption to the behavior of Tz as B — oc.
It turns out that depending on the driving Lévy process being heavy-tailed or light-
tailed, various regimes need to be distinguished.

Theorem 5.3.5. Under Assumption 5.3.4, it holds that
IIp =P(Q(0) > pB,Q(TB) > ¢B) ~P(Q. > pB) -P(Q. > ¢B).
Proof. Let us start by establishing the lower bound. By definition,

P(Q(0) > pB,Q(Ts) > ¢B)
=P(3s>0: A(—s,0) >pB+cs, 3t >0: A(Tg —t,Tg) > qB + ct).

The probability in the right-hand side of the previous display majorizes
P(3s>0: A(—s,0) > pB+cs,3t € (0,Tp) : A(Tp — t,Tp) > qB + ct)
=P(3s>0: A(—s,0) >pB+cs) -P(Et € (0,Tg) : A(Tg —t,Tg) > qB + ct)
=P(Q. > pB) -P(3t € (0,T5) : A(—t,0) > ¢B + ct).

We observe that it is left to prove that

P(3t > Tp : A(—t,0) > ¢B + ct)
P(Q. > qB)

as B — oo. Let us consider the numerator of (5.6). It is trivial that

=0 (5.6)

P(3t>Tp : A(—t,0) > ¢B +ct)

= P ((tiuil“; A(—t,—Tg) — et TB)> + A(~Tg,0) > ¢B + CTB)

= P(Q(-TB)+ A(—T15,0) > ¢B+cTIp).

We now distinguish between Q(—T15) being either smaller or larger than 6cT’s, so
that the previous expression is not larger than

P(Q(-Tg) + A(=Tg,0) > ¢B + cTp, Q(~Ts) < 6¢Tg) + P(Q(~Tg) > 6cTx).

First consider the second probability, which evidently equals P (Q. > 6cTs). Due
to Assumption 5.3.4, P(Q. > dc¢Tp) is o(P(Q. > ¢B)) — in fact, Assumption 5.3.4
implies that it is even o (P(Qe > pB)P(Q. > ¢B)) , as we will need below.
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To deal with the first probability, pick ¢ > 0 such that ¢* := @w +¢ < (1 —6)c; then
P(Q(—TB) + A(—TB, 0) > qB + cT'g, Q(—TB) < 6CTB)
< P(A(-TB,0) > (1 —-6)cT) =P(A(—T5,0) — c*Ts > ((1 — d)c — c*)TB)
< P(EE>0: A(=t,0) — ¢t > (1= 8)e— ¢)Tp) =P(Q > (1 —68)c—c*)Tg),
which is o (P(Q. > ¢B)) due to Assumption 5.3.4 — again, it is even
o (P(Qe > pB)P(Qe > ¢B)).

We now proceed by establishing the upper bound. In view of Lemma 5.2.1, we
can split the probability of interest on the basis of the queue having been empty in
(0, Tp) or not, thus obtaining

P(Q(0) > pB,Q(Tg) > ¢B, ) + P(Q(0) > pB,Q(TB) > ¢B, Ip). (5.7)
The first of the probabilities in (5.7) equals

P(3s>0: A(—s,0) >pB+cs,3t € (0,Tp) : A(Tp — t,Tp) > qB + ct)
=P(3s>0:A(-s,0) >pB+cs)-P(3t € (0,Tp) : AT —t,TB) > qB + ct)
<P(3s>0:A(-s,0) >pB+cs)-P(3t>0: A(—t,0) > ¢B + ct)
=P(Qe > pB) - P(Qe > ¢B).

The second of the probabilities in (5.7) equals

P(3s > 0: A(—s,0) > pB+c¢s, A(—s,Tg) > gB + ¢(Tp + s))
<P(3s>0:A(—-s,Tg) > qB +c(Tp + s))
=P(3s > Tp : A(—s,0) > gB +cs).

Above we saw that P(3s > T : A(—s,0) > ¢B + ¢s) is
o (P(Qc > pB)P(Q. > ¢B))

as B grows large. This observation completes the proof. O
5.4 Heavy-tailed Lévy input

In this section we focus on the situation that the tail distribution of (). decays essen-
tially polynomially.

Assumption 5.4.1. Fora (,alld > w,and K(-) > 0,
P(Q? > ¢B)- B¢ — K(d),

as B — oo.
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Let us first check what Assumptions 5.3.1 and 5.3.4 look like in this situation.

o Consider Assumption 5.3.1.(ii). As has been noticed in Remark 5.3.3, this as-
sumption is valid under T /B — 0 as B — oo.

e Now consider Assumption 5.3.4. It is readily checked that under Assumption
5.4.1 this does not reduce to Tz /B — oo, but to Tg/B? — 0.

We here mention that, interestingly, Assumption 5.3.4 does reduce to requiring
that T5/B — oo for B — oo in a number of specific situations in which the
tail distribution of (). decays subexponentially (but faster than polynomially);
this is for instance the case when log P(Q¢ > B)/B® — —k(d) as B — oo for
a € (0,1) and some k(-) > 0 (Weibullian decay). Interestingly, in the situation
that log P(Q¢ > B)/(log B)? — —k(d) (which is a tail that resembles that of the
lognormal distribution), Assumption 5.3.4 holds if

(log(nTp))* — (log(pB))* — (log(¢B))* — o0;
with T of the type B?, this simplifies to requiring that 8 > /2.

The above observations indicate that, for P(Q. > B) behaving as B =<, the situa-
tions that are left to investigate are those in which Tz is between linear and quadratic.
In this section we analyze this case.

As a first observation, we notice that Lemma 5.2.1 entails that we can decompose
IIg into

p ds>0,3t€[0,T5]: A(-s,0) —cs > pB, A(Tg —t,Tg) —ct > ¢B
V 3s>0: A(—s,0) —cs > pB, A(—s,Tg) —c(s+ 1) > ¢B
= P(El) + P(EQ) — P(El N EQ),

where

Ey:={35s>0,3t€[0,Tg]: A(—s,0)—cs >pB, AT —t,Tg) — ct > qB},
Ey:={3s>0: A(—s,0) —cs > pB, A(—s,Tp) — c(s+Tg) > ¢B}.

The following two lemmas are useful in our proofs.
Lemma 5.4.2. The following three statements hold:

(i) forany B >0,

P(Ey) =P(Qe > pB) - P (tes[élg ](X(t) —ct) > qB> ;
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(ii) fore € (0,1),if Tp — oo as B — oo, then P(E3) ~ p1(B) + p2(B), where

p1(B) :=P(Q. > pB) -P(X(Ts) > I+ (q—p)B),
p2(B) :=P(Qe > gB + (¢ — w)Tp +e(Tp + B))
P(X(Tp) € [@lp —e(Tp + B),cIs + (¢ —p)B]);

(iii) if T = RB? for some R > 0, then under Assumption 5.4.1 we have

]P(El n EQ) = O(]P)(El)) as B — oo.

Proof. Claim (i) follows directly from the independence of the increments of the pro-
cess {X(t) : t € R}. Now concentrate on Claim (ii). To make the notation a bit
lighter, we write T instead of T throughout this proof. Observe that

P(Ey) =P (Q(0) > max{pB,¢B + ¢T — X(T)})
P(Q(0) > max{pB,qB + T — X(T)}, X(T) > T + (¢ —p)B)
+ P(Q(0) > max{pB,¢B + T — X(T}, X(T) < T + (q — p)B)
=P(Qe > pB)P(X(T') > cT + (¢ — p) B) + P(Ex),

where Fa; := {Q(0) > ¢B + ¢TI — X(T), X(T) < T + (¢ — p)B}. We first consider
P(Es). Lete € (0,1). Then

P(E21) = P(E211) + P(E212), (5.8)
with
Eyi = {Q(0)>¢B+cT —X(T), X(T) € [wT — (T + B),cT + (¢ — p)B}
FEo1a = {Q(O) >(]B—|—CT‘—)((T‘)7 X(T) <ZUT—E(T+B)}

First consider P(Es11) which equals

b (Q(O) > qB + ¢TI + max{e(T + B) — wT,— X (T)}, )
X(T) e [@wl —e(T +B),cT+(q—p)B
P(qB—i—cT X(T) < Q(0) < qB+ (c—w)T +¢(T + B), )
X(T) € [@T —e(T+ B),cT +(¢—p)B
( ) > B + T +max{e(T + B) — wT, - X (T)}, >(59
X(T) € [@T —e(T'+ B),cT + (¢ —p)B
)>gB+ (¢c—w)T +¢(T + B),
( X(T)e[wl —e(T'+B),cT+(qg—p)B >
P(Q(0) > ¢B+ (¢c—w)T + (T + B))
P (X(T) € [@T — (T + B),¢T + (¢ — p)B)).
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Now consider P(F2;2). Observe that

P(F212) < P(Q(0) > gB+ (c—w)T +&(T + B), X(T) < wT — (T + B))
= P(QO0)>¢gB+ (c—w)T+e(T+ B))P(X(T) <wT —e(T + B))
= 0(P(Q.>qB+ (c—m)7T)) (5.10)

as B — oo, because

P(X(T) < wT — (T + B)) :P<X(T) - _5(T+B)>

T °% T
§1P’(X;T)<w€>%0

due to Lemma 5.2.2. Upon combining (5.8) with (5.9) and (5.10), we have established
Claim (ii).
Finally consider Claim (iii). Let 6 € (0, 3) and £ > 0. We have
P(E; N E,)
=P(EiNEy, X(T)> (w+e)T+T7)
+P(E1NEy X(T) < (w+e)T +T'7°)
<P(Q(0) > pB, X(T) > (w+e)T+ T
1—6 (5.11)
+P|QO)>¢B+(c—w—e)T—T"°, sup (A(T —t,T) —ct) >qB
t€[0,T)
=P (Q(0) > pB)P (X(T) > (w +e)T + T

+P(Q(0)>¢B+(c—w—e)T —T'"°)P ( sup (A(0,t) —ct) > qB) .
t€[0,T

Since T = RB? and § € (0, 3), for some constant K > 0,

P(X(T)> (w+e)T+T" %) <P (igg(X(t) — (w+e)t) > T15>
~ R(TY9)6 = o(B~€);
use Assumption 5.4.1. We thus conclude that
P(Q. > pB)P(X(T) > (w+¢&)T + T'7°) = o(P(Ey)).

We also have

P(Qe>¢B+(c—w—e)T —T'"°) ~P(Qe > (c—w—e)T)
= O(B™*) = O(P(Ev));
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P < sup (X(t) —ct) > qB) <P (sup(X(t) —ct) > qB)

t€[0,T) t>0
=P(Q. > qB) =0 (B™)

as B — oo, which in view of (5.11) implies that P (E; N E2) = o(P(E4)). This com-
pletes the proof of (iii). O

Lemma 5.4.3. Under Assumption 5.4.1, for each R > 0, as B — oo,

P < sup  (X(t) —ct) > B) ~P(Qe > B).

te[0,RB2)

Proof. 1t clearly suffices to establish the lower bound. We have

P ( sup (X (t) —ct) > B) >P(Q.>B)-P ( sup (X(t) —ct) > B) . (5.12)
te[0,RB?] t>RB?

Also, with Q* denoting a random variable that is distributed as the stationary work-

load @., and which is independent of X (RB?),

IP( sup (X (t) — ct) > B)

t>RB?
=P (X(RB2) + sup (X(t) — X(RB?) — ¢(t — RB?*)) > B+ cRBQ)
t>RB?
=P(X(RB?) + Q* > B+ cRB?) ~P(X(RB?) + Q* > cRB?).

Now realize that by Assumption 5.4.1 P(Q. > cRB?) is asymptotically proportional
to B~%¢ as B — o0, and

P(X(RB?) > cRB?) = P(X(RB?) — (w+¢)RB*> (c—w —¢)RB?)
< P (sup(X(t) —(w+e)t) > (c—w— 5)RB2)
>0
~ KB,
for some positive constant K (again by Assumption 5.4.1), so that the probability
P(X(RB?) + Q* > cRB?) is roughly proportional to B=2¢ as well, as follows from
basic properties of regularly varying distributions. The stated is now a direct con-

sequence of (5.12) and the fact that P(Q. > B) is asymptotically proportional to
B~¢. O

We now present two propositions that, for the case that 7'z is at least linear but
slower than quadratic, express the asymptotics of Il in terms of the asymptotics of
P(Q. > B), viz. Proposition 5.4.4 for the case ¢ > p and Proposition 5.4.6 for the case
p > q. Corollaries 5.4.5 and 5.4.7 summarize the findings so far.
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Proposition 5.4.4. Let g > p.

(i) Ifliminfp_,o Tp/B > R for some R > 0and Tp/B? — 0 as B — oo, then

g ~P(Qc > 4B + (c — @)Th); (5.13)

(ii) If Tg = RB? for some R > 0, then
g ~ P(Qe > pB)P(Qe > ¢B) + P (Qe > (¢ — @)Tp). (5.14)

Proof. To prove Claim (i), it suffices to show P(E4) = o(P(E2)). From Lemma 5.4.2.(i)
it immediately follows that P(E;) < P(Q. > pB)P(Q. > ¢B). As, for ¢ > p, we
have that p;(B) = o(p2(B)), we also have, by letting ¢ | 0 in Lemma 5.4.2.(ii), that
P(Es) ~P(Q. > ¢B + (¢ — w)T). It also holds that

P(Qe > pB)P(Qc > ¢B) = o(P(Qe > ¢B + (¢ — w)1E))

as B — oo. This completes the proof of Claim (i).
Now consider Claim (ii). If 75 = RB?, then, following Lemmas 5.4.2 and 5.4.3,

P(E1) =P(Qe > pB)P <t€%g }(X(t) —ct) > qB) ~P(Qe > pB)P(Qe > ¢B)
and
P(E2) ~P(Qe > pB + (¢ —w)TB) ~P(Qc > (¢ —w)TB),

as B — oo. Since P(E;) = O(P(Ez)), it now suffices to recall that due to Lemma
5.4.2.(iii) it holds that P(E; N Es) = o(P(E1)). We thus establish Claim (ii). O

The following corollary is an immediate consequence of Theorems 5.3.2, 5.3.5,
and 5.4.4, Remark 5.3.3 and Lemma 5.4.3.

Corollary 5.4.5. Let g > p.
(i) IfTg/B — 0as B — oo, then llg ~ Kq~$B~¢;
(i) If T = RB for some R > 0, then Ilz ~ K(q + cR)"*B~¢;
(iii) If Tg/B — oo and Tg/B% — 0as B — oo, then g ~ K(cTg)~;
(iv) If Tg = RB? for some R > 0, then

g ~ (K*(pg)~¢ + (cR)™°) B~*;

(v) If Tg/B? — coas B — oo, then Ilg ~ K?(pq)~B~%.
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We now switch to the case ¢ < p.
Proposition 5.4.6. Let ¢ < p.
(i) If T = RBwith R < (p—q)/B, then Il ~ P(Q. > pB);
(it) ifliminfp oo Tp/B > (p — q)/cand Tg/B* — 0 as B — oo, then

I ~P(Qe > ¢B + (¢ — @)Tp);
(iti) if T = RB? as B — oo for some R > 0, then

g ~P(Qe > pB)P(Qe > ¢B) + P (Qe > (¢ — @)T).

Proof. We only consider Claim (i); the other claims can be proven as the correspond-
ing statements in Proposition 5.4.4. Notice that

P(Qe > pB) - P(X(Tp) > @Tp + (¢ —w + (¢ — p)/R)TB) ~ P(Qec > pB),

due to the weak law of large numbers (Lemma 5.2.2); the probability ps(B) corre-
sponds to two rare events (use c—w+(¢—p)/R < 0), such that p2(B) = o(p1(B)). Asa
consequence, Lemma 5.4.2.(ii) entails that P(E5) ~ P(Q. > pB). Combining this with
Lemma 5.4.2.(i), we conclude that P(E+ ) = o(P(E2)). This implies Iz ~ P(Q. > pB),
which completes the proof of (i). O

Corollary 5.4.7. Let g < p.
(i) If Tg/B — 0as B — oo, or T = RBwith R < (p— q)/c, then llg ~ Kp~*B~¢;

(i) If Tg = RB for R > (p — q)/c, then g ~ K(q + cR)~SB'~¢;

(iii) If Tg/B — oo and Tg/B% — 0as B — oo, then g ~ K(cT)~;

(iv) If Tg = RB? as B — oo for some R > 0, then

g ~ (K*(pg)~* + (cB) ) B~*;
(v) If Tg/B? — ocoas B — oo, then g ~ K?(pg)~SB~%.
In the remainder of this section we consider two special cases: (A) a-stable input,

and (B) compound Poisson input with polynomially decaying job size distribution.

(A) a-stable input. Let X (t) be an a-stable Lévy process [105] with « € (1,2) and
B € (—1,1]. We use the notation

B(a, 3) := M\/l + B2 tan?(wa/2) sin (% + arctan (0 tan (7ra/2))) .

™
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Then, due to [98], Assumption 5.4.1 is valid with
B(a, B)

K= cala—1)’
and ¢ = a — 1. Hence the theory developed earlier in this section can be applied.

(B) Compound Poisson input with polynomially decaying job sizes. Consider a Pois-
sonian arrival stream (with rate A) of i.i.d. jobs. Let the distribution of the jobs obey
P(J" > z) ~ kz~¢, for positive (, k, where J” denotes the residual job length:

1 (oo}
P(J" > z) = IETJ/ P(J > y)dy.

Note that w = A - EJ. Then [26, 32]

P(Qe > x) ~ kxS,

Conclude that again Assumption 5.4.1 (and hence the theory of this section) applies,
with an obvious value for K.

5.5 Light-tailed input

In this section we derive the logarithmic asymptotics of IIg as B — oo, for the case
of light-tailed input. We impose the following assumption.

Assumption 5.5.1. With
B* :=1inf{p: Ee XM < 00},

assume that * < 0. Let p(9) := logEexp(—9X (1)), and assume that there exists ¥* €
(8*,0), such that p(9*) + c9* = 0.

We first recall in Proposition 5.5.2 a result that is a special case of [59, Theorem 4],
which states that the tail probabilities of the steady-state workload decay essentially
exponentially. Bearing in mind Assumption 5.3.4, this means that Theorem 5.3.5
holds when Ts /B — oo. In Lemma 5.5.5 we will show that Assumption 5.3.1 applies
if Tg/B — 0 as B — oo, and hence the case Tz /B — 0 is covered by Theorem 5.3.2.

The above means that the only case left to analyze is the linear case, and therefore
the rest of this section concentrates on T = RB for some R > 0. It turns out that
three intuitively appealing regimes can be distinguished (small R, moderate R, large
R); at the end of this section we provide more insight in these regimes.

In the following proposition, we let (). denote the stationary workload of a Lévy-
driven queue, i.e., let Q. be distributed as sup,~ o (X (t) — ct).
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Proposition 5.5.2. Under Assumption 5.5.1 it holds that
o1 N
Blgnoo 3 logP(Q. > B) = 9. (5.15)

Remark 5.5.3. We give here an alternative proof of the upper bound associated with
the above result, as it provides interesting additional insight, and the proof technique
will be used again in the proof of Lemma 5.5.5. Importantly, we obtain the uniform
upper bound P(Q. > B) < ¢’ 5.

Under the assumption @ < ¢, evidently the queueing system is stable under the
measure P. We will now perform a change of measure, with which we associate Q,
under which overflow occurs with probability 1, by application of an exponential
twist ¥*. Under the light-tailed assumption, we have that the Laplace exponent ¢(¥)
of X (t) is well defined and characterized through, with 0? > 0 and a measure I1,(-)
such that [, ,min{1, 21, (dr) < oo,

1
() = 95 + 519202 + /(O )(e*“ — 1+ Y2l (g1))Hy(dz).

It is now a matter of straightforward calculations to show that
P(0) = (0 +97) = p(")

is a Laplace exponent as well. Under Q, the Lévy process has Laplace exponent ¢(¥);
from the convexity of ¢(-) it is concluded that (in self-evident notation) EqX (1) =
—@' (¥*) > w, so that the system under the new measure is indeed unstable. (One
can check that under Q the drift has increased to § —9* o2, the Brownian term remains
unchanged, whereas the measure II;(dz) is given through the exponentially twisted
version e~ 11, (dx)).

Suppose one would compute P(sup,.( X (t) — ¢t > B) by simulating under Q.
There is the fundamental equality, with x denoting the indicator function of the event
{sup;~o X (t) — ct > B}

P (Sup X(t)—ct > B) = Eq(Lx),

t>0

cf. [11, Theorem XIII.3.2], where L denotes the likelihood ratio (to be understood as a
Radon-Nikodym derivative) of the value of the Lévy process under [P with respect to
Q; it is a standard result that at time ¢ this likelihood ratio equals ¢ X ®) exp(p(9*)t).
Let 05 be defined as the first epoch at which X (t) exceeds B+ ct (which is a stopping
time); as x = 1 with Q-probability 1, we thus obtain

P (supX(t) — ot > B) _ EQeﬁ*X(UB)ecp(ﬂ*)nB — E@eﬁ*X(aB)e—m?*rrB.
t>0

As by definition X (05) > B + cop, we thus find that P(Q. > B) < ¢?" B, '
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In the next lemma we relate the decay rate ¥* to the large deviations rate func-
tion, defined through I(r) := supy>q (97 — ¢(—1)), and an associated variational
problem.

Lemma 5.5.4. It holds that

—9* = inf I(r)

T‘>C7‘—C.

(5.16)

Proof. Let the minimizer in the right-hand side of (5.16) be r*, satisfying
(r* = o)I'(r*) = I(r*).
Define in addition

J(r) = arg 31;13(197“ —p(=1)),

so that I(r) = ¥(r)r — p(—9(r)). Noticing that J(r) satisfies r + ¢'(—v) = 0, we find
that
I'(r) =9 (r)yr + 9(r) + 9'(r)e(=9(r)) = 9(r).
From the facts that ¥* solves ¢(¥*) + c* = 0 and
D)™ — o(=0(r*)) = I(r*) = (r* = ) I'(r*) = (r* = c)9(r7),
we conclude that —J(r*) = ¥*, which proves the claim. O

As indicated in the beginning of this section, like in the heavy-tailed case, in
this light-tailed case we again have that Assumption 5.3.1 is valid if Ts/B — 0 as
B — oo. This is proven in the following lemma. We recall that it entails that the only
case left to analyze is the linear case, that is, 7 = RB for some R > 0.

Lemma 5.5.5. Under Assumption 5.5.1, Assumption 5.3.1.(i) applies if Tg/B — 0 as
B — oo.

Proof. Let Q(¢) be the probability measure obtained after exponentially twisting the
original probability measure [P with twist ¥ < 0, as in Remark 5.5.3. In a similar
fashion, it follows that

P(3t € (0,T5) : X(t) — ct > qB) < Egg)e’Beon)eePon,

where o is the minimum of T and the first epoch at which X (¢) — ct exceeds B
(which is a stopping time). It then follows that for all ¥ < 0, bearing in mind that
OB S TB = O(B ) ’

1
lim sup 5 logP(3t € (0,Tg) : X(t) — ct > ¢B)

B—oo

. opB oB
<limsup (¥ +dc—= + p(¥)—= ) = 9.
B%op< 5 ¥ )B)
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This entails that P(3t € (0,Tg) : X(t) — ¢t > ¢B) decays superexponentially:
1
limsup — logP(3t € (0,Tg) : X(t) — ¢t > ¢B) < inf ¥ = —cc.
B—oo B $<0
Combining this with Proposition 5.5.2, the stated follows. O
From now on we just consider the case that T = RB. The next proposition

shows that for small R the decay rate of interest equals the decay rate of the ‘most
binding event’, cf. Theorem 5.3.2. We denote

R::max{p_q q_p}

c—w ™ —c

Proposition 5.5.6. If R < R, then
.1 N
Blgréo 5 log Il = max{p, ¢}v*.

Proof. First suppose p > g > 0. The upper bound follows immediately from Propo-
sition 5.5.2:

1 1
lim sup B logIlp < limsup B logP(Q. > pB) = pv*.

B—oo B—oo

Now consider the lower bound, which we establish by applying the lower bound of
a sample-path large deviations result. We here rely on de Acosta [43, Theorem 5.1],
which can be applied to obtain

1
im inf — > .
I}Brri}nf logp > —1I(f), (5.17)

for any f € &7, where

)= [ 1,
and the set of paths &7 is given by
o ={f:3o,7)€€:—f(—0)>co+p, f(R)—f(R—T) > cT+q}.

Now consider the continuous path f* through the origin that has slope r* between
—p/(r* — ¢) and 0, and slope w elsewhere; clearly

0
1= [ 1P ()i = —L— 1) = —pi.

—p/(r*—c) r—c

Claim 1 now follows from the observation that f* € 7, as

P pr* pc
_f <_,r* ): — +p’

—c r*—c r*—c
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and, by virtue of R < (p — q)/(c — w),

f(R)f( 2 >wR+ fr* >c( P )+q.
rT—c Tt —=cC Tt —=cC

Claim (2) can be proven along the same lines. The upper bound is identical, and
in the lower bound we again use Theorem 5.1 of [43], but now with a path f* that
has slope r* between R — ¢/(r* — ¢) and R, and w elsewhere. The stated follows after
checking that this pathisin & if R < (¢ — p)/(r* — ¢). O

In the sequel we use the following lemma extensively, see [44, Lemma 1.2.15].
Lemma 5.5.7. For any finite integer M,
1 < 1
nh~>nc}o n log (; ai’") - z‘:q}.g.ti(M <nlggo n log i ”) ‘

Proposition 5.5.8. If R > R, then
: 1 * *
lim —logIlp = pd* + max {q¥*, —¢(R)},
B—oco B
where

W(R) :=R-I(c+qu).

Proof. First we establish the upper bound, which consists of five steps.

STEP I. The probability of interest II5 can be decomposed as H(l) + H(2 , with
) = P(Q0) > pB,Q(RB) > ¢B, Vt € (0, RB) : Q(t) > 0),
n? = P(Q0) > pB,Q(RB) > ¢B, 3t € (0, RB) : Q(t) = 0).
STEP II. We first observe that we can bound Hg) as follows:
n¥ = P(Q(0)>pB,3t e (0,RB): A(RB—t,RB) — ct > ¢B)
P(Q(0) > pB)P(3t € (0, RB) : A(RB —t,RB) — ct > ¢B)
P(Q. > pB)P(3t > 0: A(RB — t, RB) — ct > ¢B)
P(Qe > pB)P(Q. > ¢B),

IN

and hence

1 oem® < im L
BlgnoO 5 log IT}; hm log P(Q. > pB) + Blgnoo B log P(Q. > ¢B) (5.18)

=(p+ Q)ﬁ*~
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STEP III. Now let us focus on Hg) ; in this scenario the busy period in which R is
contained starts at the same epoch as the busy period in which 0 is contained. Hence

Hg) =P(3s>0: A(—s,0) —cs > pB, A(—s, RB) — ¢(RB + s) > ¢B).

Let e > 0be picked arbitrary; let M be some natural number, whose value we specify
1) . ..
later. Then II};’ is majorized by

&=  A(—s5,0)—cs € (p+ ke)B, (p+ (k + 1)e)BJ;
ZP<3320' A(—$,RB) — ¢(RB + s) > ¢B )
+P(3s>0: A(-s,0) —cs > (p+ Me)B). (5.19)

k=0

Now the k-th term in the summation of the previous display is bounded from above
by

P(3s > 0: A(—s,0)—cs > (p+ke)B) x P(A(0, RB)—cRB > (q— (p+(k+1)e))B),
which we call Cgc). Due to Proposition 5.5.2 and Cramér’s theorem,

q—p—(k—&—l)&).

L loe ) R
BlgnooglogCB = (p+ ke)v —R-I(c+ R

We have now found that (5.19) is not larger than

M-1
3+ PQe > (p+ Me)B),
k=0

and therefore, due to Lemma 5.5.7,
o1 1
Jim, 5 logTl’
. g—p—(k+1)
< max pemax {(p +ke)* —R-1 <c+ — )
(p+ Me)9*
STEP IV. We now study how g, := (p+ke)9* —R-I(A/R) behaves when varying
k, with Ay, := cR+ g —p— (k+ 1)e. Because of the convexity of I(-), we see that g, is

concave in k. This means that proving g; < go also yields that maxg—o,. .. a—1 9x = go-
To this end, first observe that, owing to the convexity of I(-) and using that A; < A,

A A
o= e (3)-1(3)
> —e* + (A1 — Ag)I’ (A1>

—((3))
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Now recall that 9* = —I'(r*), and that I’(-) is increasing. It follows that g; < go if
Ay < r*R, which is true under R > (¢ — p)/(r* — ¢) and ¢ sufficiently small. We
conclude, noting that we can take M arbitrarily large,

.1 1) . ¢—p—c¢
— < gy = - R- 2 =), .
lim loglly’ <go=p0"—R-I|c+ (5.20)

STEP V. By letting ¢ | 0 in (5.20), applying the upper bound on the decay rates of
both Hg) and Hg), and Lemma 5.5.7 once more, we have

: 1 * * a9—p
Blgnooﬁlogl_[]ggpﬁ +max{q19,—R-I<c+ 7 )}
This completes the proof of the upper bound.

The lower bound follows again from sample-path large deviations arguments
[43].

o Let us first consider the case that

q9* > —R-1 <c n q;f) . (5.21)

Condition (5.21) implies that R > ¢/(r* — c), as can be seen as follows. Suppos-
ing R < ¢/(r* — ¢), and recalling that we have R > (¢ — p)/(r* — ¢), it would
follow that

qa—-p q
J e+ —— I(r) = —qv*
R (C I >< C(r) qv™,

r* —

which is a contradiction; note that we also used that ¢+ (¢ — p)/R > w.

Using that we know that (5.21) implies R > ¢q/(r* — ¢), it can be seen that the
path f* through the origin that has slope * between —p/(r* —¢) and 0, and also
between R — q/(r* — ¢) > 0 and R, and slope w elsewhere, is indeed feasible
(thatis, lies in 7). It is also readily verified that I( f*) = —(p+¢)9*, as required.

e Now suppose that (5.21) does not hold. Define f* as the path through the
origin with slope r* between —p/(r* — ¢) and 0, slope ¢+ (¢ — p)/R between 0
and R, and slope w elsewhere. It is easily seen that this path is feasible and, by
applying the definition of I(-),

H(f*):—pﬁ*+R-I<c+ q;f),

as desired.

This concludes the proof of the lower bound. O
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Lemma 5.5.9. For all R > R, we have that 1)(R) is increasing. In addition we have that

P(R) < —qv*.
Proof. Observe, recalling that I’(r) = J(r), that

W(quP.ﬁ(HQ;’)H(CﬁJ).

First consider the case p > ¢, such that R = (p — ¢q)/(c — w@). It then holds that
¢+ (¢ —p)/R = w, so that

V(R = —15F (@) +1(@) =0,

due to I(w) = I'(w) = 0. We are done if we can prove that ¢/(R) increases for
R > R. To this end, we compute 1" (R); it is easily verified that I’(r) = 9(r) entails
that

—n)2 —
W(R) = (q Rgp) I <C+€1RP>’

which is indeed non-negative because of the convexity of I(-).
We now consider the case ¢ > p, i.e.,, R = (¢ — p)/(r* — ¢). It then holds that
c+ (g —p)/R =r*,so that

U(R) = (c—r") - I'(r") +1(r*) =0,

see the proof of Lemma 5.5.4. Again, we are done if we can prove that ¢’ (R) increases
for R > R, which follows in the same fashion as above.

We finally consider 1 (R). In case p > g, this equals 0, which is evidently below
—qg9*. In case ¢ > p, we have

Y(R) = f:_pcf(r*) =—(¢—p)v* < —q¥".
This completes the proof. O

The following claim is an immediate consequence of the previous lemma.

Corollary 5.5.10. There is a unique solution (larger than R) to )(R) = —qV*, say R. For
all R € (R, R) we have 1)(R) < —qv*, for all > R we have 1»(R) > —qv*.

Application of Props. 5.5.6, 5.5.8 and this corollary immediately lead to the fol-
lowing theorem.

Theorem 5.5.11. (i) For R < R we have

1
lim —logllp = *
Jim = logllp max{p, ¢}
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(i) For R € (R, R) we have

1 .
Jim = log Tl = po* — (R).

(iii) For R > R we have

i é logllp = (p+ ¢)V".
Summarizing, we have identified the decay rate of II(B), and we found three
regimes for R. This could be dealt with explicitly, in that we presented closed-form
expressions for the decay rate, as well as for the critical values of R that separate
three regimes, which could be anticipated in view of earlier work, see e.g. [38, 82]
and [108, Section 11.7]. The three regimes have an appealing intuitive explanation.

e For small values of R, that is the case of 5.5.11(i), the ‘tightest’ of the events
{Q(0) > pB} and {Q(RB) > ¢B} will essentially imply the other event, which
is leading to the decay rate max{p, ¢}v*.

e Then there is an intermediate range of values of R, case 5.5.11(ii), for which
both the events {Q(0) > pB} and {Q(RB) > ¢B} are tight, but that the time
epochs 0 and RB lie in the same busy period with overwhelming probability.
The decay rate pi* represents the requirement that pB has to be exceeded at
time 0, and then cRB + (¢ — p) B traffic has to be generated in the next RB time
units, leading to the contribution —¢(R).

e Finally, for large R, case 5.5.11(iii), still both events are tight, but now they
occur in different busy periods with overwhelming probability, so that the joint
probability effectively decouples (thus leading to the decay rate (p + ¢)v*).

Theorem 5.5.11 has made this heuristic rigorous. We finish this section with an ex-
ample.

Example 5.5.12. Consider the Brownian case, that is, ¢(J) = —wd + 392, Itis easy
to derive that I(a) = 1(a — @)? and ¥* = —2(c — ). The solution R (larger than R)
of ¢9* = —(R) is

po WPV

(c— =)

in line with Proposition 5.1 of [38]. %
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5.6 Discussion and concluding remarks

In this chapter we analyzed the asymptotics of IIp for B large. We showed that
for Ts increasing sublinearly, the asymptotics reduce to those of the most demand-
ing event, cf. (5.2). We also identified a criterion under which the events become
asymptotically independent (‘decoupling’), cf. (5.3). The latter criterion reduces to
Tp/B — oo in many situations, a notable exception being the case that P(Q. > B)
decays polynomially (in which case the condition is 75 /B? — 00).

While this chapter gives a fairly complete picture of all possible regimes, a num-
ber of special cases are still open. For instance when P(Q). > B) looks like exp(—B%)
for some « € (0,1), or like B~1°8 B, the above mentioned criterion for decoupling is
Tp/B — oo, but it remains unclear what happens when T = RB for some R > 0.
It is expected that delicate analysis is needed to obtain the asymptotics in these sit-
uations. Another topic for future research concerns the exact asymptotics for the
light-tailed case and 75 = RB.






Chapter 6

Markov fluid-driven queues

The present chapter considers another important class of input processes used in
modeling storage systems, viz., Markov-fluid input processes. For this class of pro-
cesses we will mainly focus on two transient characteristics: the busy period of the
system and the covariance R(t) of the workload process at time 0 and time ¢.

6.1 Introduction

Markov fluid models have been widely studied in a variety of application domains,
with significant contributions made in the areas of queueing theory, storage pro-
cesses, communication networking, insurance risk, etc., see for instance [8, 14, 70,
71,99, 107]. A Markov-fluid-driven queue is a storage system which is fed by a source
whose transmission rate modulates between multiple values in a Markovian man-
ner, and which is emptied at constant speed. Traditionally in the literature emphasis
was laid on computing steady-state characteristics of this class of queueing systems —
in particular the distribution of the stationary workload; see for a nice (recent) litera-
ture overview for instance [72] and the introduction of [35] — whereas considerably
less attention has been paid to transient analysis. The motivation behind studying the
transient characteristics is that knowledge of the dependence structure of the queue-
ing process is in many practical situations quite relevant. Indeed, this knowledge
would give a handle on the time scale after which it is justified to approximate tran-
sient probabilities by their steady-state counterpart. The main goal of the present
chapter is the analysis of two such transient characteristics: (i) the distribution of the
busy period, and (ii) the correlation function of the workload process.

Let us first give a brief (non-exhaustive) account of the literature on transient
analysis of Markov-fluid-driven queues. Restricting themselves to the special case
in which the Markov fluid source is actually a superposition of on-off sources, Ren
and Kobayashi [101] were able to convert the partial differential equations [8, 70, 71]
that govern the queue’s transient behavior, into a matrix equation in the Laplace
domain. Roughly simultaneously, a paper by Asmussen [9] appeared, where the
Laplace transform of the busy period was computed, mainly relying on martingale
techniques; the resulting transform is in terms of a matrix of probabilities, which
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are not given explicitly, but are fixed points of a specific integral equation (which
are proven to be unique). Narayanan and Kulkarni [73] showed that the probability
distribution of the first time the buffer becomes empty (starting at an arbitrary pos-
itive level z), satisfies a system of partial differential equations; furthermore, they
show that its Laplace transform is a solution of a specific differential equation. Bar-
bot et al. [17] mainly focused on numerical issues: using the fact that the probabil-
ity distribution of the busy period obeys a certain backward differential equation,
they proposed an efficient numerical procedure. Finally, recent work by Ahn and
Ramaswami [7] provides an efficient (quadratically convergent) procedure for com-
puting the Laplace transform of the busy period, exploiting relations with so-called
quasi-birth-death processes. To the best of our knowlegde, no results on the correla-
tion function have been reported so far.

As said above, this chapter focuses on the distribution of the busy period, as well
as the workload’s correlation function. More specifically, the main contributions are
the following.

e Busy period. In the first place we adopt a new approach for computing the
Laplace transform of the busy period. This approach, some steps of which res-
onate elements of [7], first uses elementary calculations to express the Laplace
transform in terms of a number of auxiliary transforms (as many as there are
states with net buffer increase). Then an important role is played by a lemma
that provides us with a sufficient number of additional constraints in order
to uniquely determine these auxiliary transforms. The proof of this lemma is
based on a powerful result by Sonneveld [109], in conjunction with Gersgorin’s
circle theorem, see [83].

It is stressed that this new methodology has a number of attractive properties.
Most of the analysis is based on first principles; the above-mentioned lemma
is the only technical element. In addition, the analysis essentially carries over
to the correlation function, see below. Also, in special cases, such as the case of
a two-state modulating Markov chain, the analysis can be done explicitly, and
the resulting transform can be inverted.

Then we focus on the logarithmic asymptotics of the tail distribution of the
busy period. It is shown that these can be written in terms of the minimum
of the so-called cumulant function (i.e., the asymptotic log-moment generating
function) of the input process. The upper bound is elementary, viz. a direct
application of the Gértner-Ellis theorem. The lower bound, on the contrary, is
considerably more technical and relies on sample-path large deviations [31].

o Correlation function. With Q(t) denoting the buffer content at time ¢, the covari-
ance function R(t) = Cov(Q(0), Q(t)) is a measure of dependence between the
workload at time 0, and the workload at time ¢ (and the correlation function is
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defined as the covariance function divided by /VarQ(0) VarQ(t)). Using the
methodology that we developed for analyzing the busy period, we uniquely
characterize the covariance function by its Laplace transform. Assuming that
the workload was in stationarity at time 0, this has been done before in the
cases of compound Poisson input [95] and spectrally-positive Lévy input [51],
but the case of Markov-fluid input was not addressed yet. We do not re-
strict ourselves to the case that Q(0) is distributed according to the workload’s
equilibrium distribution; in fact, for any initial distribution of phase-type the
Laplace transform of R(t) has a relatively manageable form.

Again for the case of on-off Markov-fluid input, the correlation function can be
determined explicitly. Interestingly, its asymptotics are equal (up to a multi-
plicative constant) to those of the tail distribution of the busy period — a prop-
erty that was observed before in the case of queues with spectrally-positive
Lévy input, see Chapter 4 .

The remainder of this chapter is organized as follows. In Section 6.2 we describe
our model and recapitulate a number of known results on the steady-state workload
distribution. In Section 6.3 we identify the Laplace transform of the busy period.
Its logarithmic asymptotics are derived in Section 6.4, invoking sample-path large
deviations. In Section 6.5 we concentrate on the covariance function of the workload
process. Section 6.6 presents an example that illustrates the results obtained in this
chapter. We draw conclusions and identify a number of open problems in Section 6.7.

6.2 Model and preliminaries

Let {J(t),t > 0} be an irreducible continuous-time Markov process with finite state
space & = {1,2,...,N}. This modulating Markov process drives a buffer in the
following way: if it is in state 4, the buffer content changes at rate r; (which can be
both positive and negative); there is reflection at zero, meaning that if the buffer is
empty, and the Markov process is in a state ¢ with r; < 0, then the buffer remains
empty. We denote by {Q(t),t > 0} the buffer content process (or: workload process).
The buffer size is assumed to be infinite, and hence Q(¢) can attain any value in
[0, 00).

In order to avoid confusions in the notation, in the sequel the bold small letters
will denote vectors, and bold large letters will denote matrices. Let A = (\;;)1<i j<n
be the intensity matrix (or: rate matrix) of the Markov process J(t), with A; = —X\;;.
Also, denote by m = (my,ma,...,my)7 its invariant distribution (where the super-
script T denotes the transpose); then m; is the stationary probability that J(¢) is in
state i. Because of the above assumptions, this distribution exists and is unique. Fur-
thermore, let £ be the states i in & such that r; > 0 (‘up-states’), and &~ the states



108 6. Markov fluid-driven queues

such that r; < 0 (‘{down-states’); we assume for ease that r; # 0 for all i € &. Define
the traffic rate matrix R = diag{r1,...,rn}. Let NT be the number of up-states,
and N~ the number of down-states. For ease, we let the state-space of the modulat-
ing process J(t) be labeled such that the first N* states correspond to the up-states,
whereas states N + 1 up to IV correspond to the down-states. In self-evident nota-
tion, we write

;()

This straightforward partition is used frequently in this chapter.

The transient probabilities ¢;(t,z) = P(Q(t) < xz,J(t) = i) of the bivariate
Markov process (Q(t), J(t)), defined on [0,00) x &, are known to satisfy a system
of partial differential equations [70, 71], namely

t,l‘) +7“igqi(t,l‘) = Z/\jiq]'(t,l‘), Vi € (g), x > 0.

gq-(
ot ox v

It is also well-known that under the condition

N
> rimi <0, 6.1)
=1

the workload process is stable, that is, ergodic. Moreover, there exists a stochastic
vector (Qe, Je) to which the process (Q(t), J(t)) converges in distribution as ¢t — oo,
and the stationary distribution of (Q., J.), say q(z) = (q1(), ..., qn(x))T, exists and
satisfies

d

R q(r) = ATq(x).

As a solution to the above system one could try g(z) = e**v, where ¢ € C and v
is a N-dimensional vector. Inserting this into the differential equation yields (¢R —

AT)v = 0. A non-trivial solution v exists if
det(ER— AT) =0. (6.2)

Sonneveld [109] showed that there are N eigenvalues {; (counting multiplicities)
satisfying Equation (6.2), of which N have negative real parts, one is zero, and
N~ — 1 have positive real parts.

If the eigenvalues ¢; are simple then

N+
q(z) =7+ Z c;j 5% vl (6.3)
j=1
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where (¢;,v7) satisfy (¢;R — A")v7 = 0, and the constants ¢;, j = 1,..., N* are de-
termined by the boundary conditions 7; + Z;V:l ¢;jvl = 0if r; > 0;if the eigenvalues
are non-simple, elementary results from the theory of linear differential equations
entail that there are terms in the above spectral expansion of the form c¢;z‘e%i%v7,
with ¢ =0,...,%k — 1, in case of an eigenvalue of multiplicity of order k.

Finally, we mention that we let p;(x) denote the density corresponding to the
distribution function ¢;(z) and p(z) = (p1(2),...,pnx(z))".

6.3 Analysis of the busy period

In this section we determine the Laplace transform of the busy period. Denoting by
P the remaining time till the buffer becomes empty, P := inf{t > 0 : Q(t) = 0}, the
Laplace transform of the busy period is defined by

fi(s) :==E (e 1Q(0) = 0,J(0) =) (6.4)

Realize that any busy period starts in a state i € £7.
In our analysis, the following transforms play an important role: for i € &, z >
0, s>0,and t > 0, define

((s]z,i) == E(e*"|Q(0) ==, J(0)=1);
fi(s,t) = /0 e (s | x,i)dx.

Furthermore, let t; = t;(s) := (\; + s)/r; fori € &T.

For now we will focus on the double transforms f;(s,t); later we explain how
these relate to the Laplace transforms of the busy period, i.e., the f;(s). Notice that
when analyzing f;(s,t), we have to consider both i € &t and i € &~; we deal with
these cases separately.

Let us first consider i € &*. It is evident that the busy period cannot end before
a transition of the modulating Markov process J(-). By virtue of the memoryless
property of the exponential distribution, one immediately obtains

Aik
Ai

fi(sat) = Z

/ et / Nie Nite S (s | & + i, k) dudz.
oy 0 0

After some algebra (change-of-variables and interchanging order of integrals) this
reduces to
Aik
fi(s,t) =

[y )\1 +s—1r;

(fr(s,t) = fr(s,ts)).
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Now proceed with i € &~. Then the busy period may end before the first transition
of the modulating process. We obtain

>\'k 00 —x/r;
fi(s,t) = Z )\Z /0 e_“”/o N MUe T (s | x4 ryu, k) dudz
ki Ot

+ E k/ e_m/ Aie NSt dude.
. /\l 0 —x/r;
k#i i

It is readily verified (again by a change-of-variable and in addition interchanging the
order of the integrals) that this reduces to

/\i 7
(s t) — ——

fl(s, ) ‘ >\i+8—t7"i )\i—l—s—tri
k#i

Summarizing, we have found that f;(s,t), ¢ € & is a solution of the following system

(—Xi —s+tr) fi(s,t) + Z)\ikfk(sat) = Z)\ikfk<57ti)a €& (6.5)

ki k#i
(XN —s+tr)fi(s,t) + > Afu(s,t) = 1y, €8 (6.6)
ki

Now consider Equations (6.5) and (6.6). It is clear that if the auxiliary transforms
fx(s,t;) would be known, for (k,i) € & x &, then f(s,t) follow from Cramer’s rule:

_det (A+tR—sI|g(s),i)
Fet) = A iR =sI)

i€ &, (6.7)

where fori € &, (A +tR — sI | g(s),1) is equal to the matrix (A + tR — sI) with its
ih column replaced by a vector g(s) defined by

A Ek;ﬁi Nikfr(s,t), 1€ &
g“”{n, s (6.8)

Therefore, it remains to identify the N - Nt auxiliary transforms f (s, t;), for (k,i) €
& x &F,and s > 0 given.

Now first observe that inserting ¢t = ¢; (for j € &) into the system (6.5)—(6.6),
yields NT - (N — 1) linear equations for the fi(s,t;); realize that in equation (6.5)
for t = t; we obtain a meaningless relation (that is, 0 = 0). In other words, we can
expressall fi(s,t;), fori € & and k € &\ {i}, in terms of the N unknowns f;(s,t;),
where j € &T. Put differently, we have identified functions v;,(s) and o;(s) such
that

fr(s, ti) = Z Yii (8)fi(s,t;) + oki(s), i€ ET, ke &\ {5} (6.9)

je&+
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Hence it remains to identify the f;(s,t;), for j € &7; if we would know them we
could rewrite the vector g*(s) as

gi(s) = Z Z Aiekij (8) fi(s,t5) + Z AikOki(8).- (6.10)

JEE+ ki ki

With £ (s,t4) = (fi(s,t1), ..., fx+(s,ty+))T, the above means that we have, in self-
evident notation, constructed a matrix M (s) (square; of dimension N*) and a vector
w™(s) such that

g7 (s) = M(s)f " (s,t4) + w™(s); (6.11)

where the matrix M and the vector w* are given by

mij(s) =Y Ninykij(s), 6,5 € & (6.12)
k#i

wi(s) = Z Nikoyi(s), i € ET. (6.13)
ki

As mentioned above, it remains to determine f;(s,t;), j € &+ for a given s > 0.
This can be done by using the following powerful lemma.

Lemma 6.3.1. For fixed s > 0, consider the equation det (A — sI +tR) = 0 fort € C.
There are Nt values of t with Ret > 0 satisfying this equation.

For a special choice of A and R the above lemma was proven in [83], but it is
readily checked that the result carries over to general A and R (as long as A corre-
sponds to an irreducible Markov chain, and as long as the stability condition (6.1) is
fulfilled). The proof is identical to the one given in [83], and is based on [109], and
intensively uses Gersgorin’s circle theorem [58].

Fixing s > 0, realize that the transform (6.7) should have a finite norm for any ¢
in the right half-plane. Hence, for any ¢ in the right half plane for which the denom-
inator in (6.7) equals 0 (that is, det (A + tR — sI) = 0), also the numerator should equal
0. From Lemma 6.3.1 we know that there are, for any s > 0, exactly N* such zeros
in the right half-plane. Inserting these zeros into the numerator of (6.7) and equating
it to 0, we obtain exactly N+ linear equations that determine £ (s, ¢, ). Using (6.11)
we can now determine g(s), and using (6.7) also f(s,t).

We conclude this section by arguing that, knowing the g;(s), we have also identi-
fied the Laplace transform of the busy period f;(s). This is seen as follows. Consid-
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ering f;(s), with i € &%, straightforward arguments yield

fi(s) = Z ik /Oo e e E (e *F | Q(0) = ryu, J(0) = k) du
ki 0
= Z ):k /000 exp (—Ai: sv) E (e7*" | Q(0) = v,J(0) = k) dv
ki ° ¢
Aik gi(s)
= fe(s,ti) = :
kz;éi T k T

The above findings are summarized in the following theorem.
Theorem 6.3.2. For s,t > 0,
f(s.t) = (A—sI+tR) " g(s),
with g~ (s) = v~ and g™ (s) given by (6.11) and obtained by solving
det (A —sI+7;(s)R|g(s), k) =0,

fori=1,...,N*t; here 7;(s),i =1,...,N*, are, for s > 0 given, the N values of T in
the right half-plane that satisfy det (A — sI + 7R) = 0.
Furthermore, the Laplace transform of the busy period, starting in state i € &, is given
by
fi(s) = 9(s) ;4 N+ (6.14)

Ti

6.4 Busy period asymptotics

In this section we derive the logarithmic asymptotics of the probability that, starting
in an up-state i, the busy period lasts longer than ¢, for ¢ — oo. To this end, we define
the cumulant function

r) = tl;rgo % log Eexp(¥A(0,1)),

here A(0,t) := f(f Tx(s)ds; notice that the cumulant function can be regarded as an
asymptotic log-moment generating function, and is, as a consequence, convex. I''(0)
equals the drift Zfil r;m;, which we assumed to be negative. Define by ¥* the mini-
mizer of I'(¥); observe that necessarily ¢* > 0 and I'(¢*) < 0.

We introduce the short notations

Pi(-) :=P(- | J(0) =), and g;(t) :=Pi(P > ¢ [ Q(0) = 0).

We can now state the main result of this section.
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Theorem 6.4.1. Fori e &*
lim = log 0i(t) = T(0");
t—oo t
here U* is the minimizing point of I'(1}).
Proof. Leti € &*. First we prove the upper bound. Evidently, we have
2i(t) <P(A(0,2) > 0] J(0) = ).
Now the Gartner-Ellis theorem [44] immediately yields, with A[k] := A0,k + 1) —
A(0, k), that

n—1
1 1
lim sup : log 0;(t) < limsup — log P; (Z Alk] > 0)

t—o0 n—oo N k=0
= —sup(?-0—TI(¥)) = inf T'(:9).
sup( (9)) = inf I(9)

The infimum of I'(¢) is attained at ¥* as introduced above, which proves the upper
bound.
We now proceed by proving the lower bound. For any ¢ € (0,1),

0:(t) > P;(Vu € [0, 6t] - J(u) = i; Vs € (dt,t] - A(0,s) > 0).

But using the conditional independence, the expression in the right-hand side of the
previous display equals

P;(Vu € [0,0] : J(u) = §)P;(A(0, s) > —r;dt, ¥s € (0, (1 — )t]).

The first factor of the above display is equal to e~ *i%t. Now concentrate on the second
factor, with 7,y 1= max;ce 7;:

%logPi (A(0, ) > —ridt, ¥s € (0, (1 — 8)1])

1
= 7 logP; (A(0,v(1 =0)t) > —ridt, Vy € [0,1])

= —logP; (W > —ri%(s, Yy € [0, 1])

1
:
Loge, (A1 011
1
P

IV

J 1
=0y >—ri1_5+rmax(1_6)t,V'y€ [0,1])
A, [y =0)t]) 7 :
> ploom (2G> S e o))
in the first inequality we use the fact that
A0,7(1 =8)t) = A0, [v(1 = 8)¢]) — A(y(L = 0)t., [(1 = )t])
> A0, [v(1 = 0)t]) — Tmax,
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and the last inequality holds for all ¢ > t* := 2rpax/(7:9).

The process A, (0,7) :== n~! - A(0, [nvy]), with v € [0,1] and n := [(1 — §)t] fits
in the framework of the sample-path large deviations principle in Example 2.5 of
Chang [31]. As a consequence,

o 1 AQ, [yA=0)t) 1 0
(1—(5)htrggolf(l_6)tlogIPi< =0 >—2(1_5),V76[0,1]

> ~(1-0) jnf 1(9).

where I(-) is the ‘rate functional”:

I(f) = / sup(0f'(t) = L(9))d,

and #7° is the interior of </, which is the set of paths of interest:
T §
A = fEAC<[0,1],(R7HHOO)) f(’Y)>_77av’ye [Oal] .
2 (1-9)
Here AC([0, 1], (R, || ||s)) is the space of absolutely continuous functions f such that
f(0) =0, equipped with the supremum norm topology, i.e.,

fllse = sup [F(t)].
te[0,1]

It is seen that the set </ is open (and consequently &/ = %/°), as follows. Since
the functions considered are absolutely continuous, thus continuous, over the closed
interval [0, 1], any function f attains a minimum at some point ¢ € [0,1]; as f € <7,
we have that
T 5

> —— .
f(vr) > 1=0)

Then consider the ball B(f, ¢) around f with radius

61:;<f(7f)+7;(1§5)> >0

this ball is evidently contained in %7, and hence </ is open.
Then observe that the path fy = 0is in &#/° = /. Hence

~ inf I(f) = ~I(f0) = = sup(0 ~ I(9)) = (4.

Summarizing, we have
1 1
N (S T inf - _ _
htrggjlf ; log 0;(t) > htrggolf ; logP;(J(0t) = 1)
1
+ litrginf n logP; (A(0,s) > —r;dt, Vs € (0, (1 —9)t])

> —Xid+ (1= 6T (9").
Now letting § | 0 yields the lower bound. O
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6.5 The covariance function of the workload process

In this section we analyze the Laplace transform of the covariance function of the
workload process Q(u). Let R(u) := Cov(Q(0), Q(u)) and ~(v) be its Laplace trans-
form, i.e.,

(0) = /0 " e R(u)du = /0 " e EQ(0)Q(w) — EQ(O)EQ(w)] du.

As an important special case, we later consider the situation that Q(0) is distributed
according to the stationary distribution (6.3). Then the correlation coefficient (u)
between Q(0) and Q(u) reads

r(u) = Cov(Q(0),Q(w)) _ EQ(0)Q(u) — (EQ.)?
v/ VarQ(0) - VarQ(u) VarQ. ’

using that the queue is still in equilibrium at time u. We denote by p(¥) the Laplace
transform of the correlation r(u).

In our derivation of the Laplace transform ~(1J), we condition on the state of the
system at time zero. More specifically, we assume throughout that the probability
distribution of (Q(0), J(0)) is given, and denote its density by

p’(2) = (W (x),... P} (2))", forz > 0;

as indicated above we will later specialize to the special case of p°(z) = p(z), with
p(x) distributed according to (6.3). In the sequel let 7 be an exponentially distributed
random variable with parameter ¢, independently of the modulating process J(t).
For s > 0, t > 0, we also introduce

m,s|w) = E (70| Q(0) =2, J(0) = i)
£;(9,s,t) = /me_tmm(ﬁ,sm‘)dx. (6.15)
0

For later use, define ¥; := ¢ + \;, and in addition, the ‘derivatives’ of n(¥, s | ) and
£(9,s,t), fori € &:

W05 ) = (] @),

2

089, 5,) = %ei(ﬂ,s,m 0D (9,5, 1) = %Ei(ﬁ,s,t).

These functions will turn out to play a pivotal role in determining the Laplace trans-

form of the covariance function R(u). The following lemma relates n(«4, s | 0) and
£(9, s,t).
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Lemma 6.5.1. The vectors n(19, s | 0) and £(9, s, t) satisfy the following relation:
Y

(tri - 19)[1(19,3,15) + kezg)‘ikrgk(ﬁa Sat> = Tini(ﬁas ‘ O) - 57“7 (616)
fori € &. In addition,
ik Y, v .
i (0 = 2ol 9, s, — _— & 17
79,5 0) ;ri k<,s ri>+8ri+ﬁi, ie&t; (6.17)
n:(9,5]10) = Z Ak (9 5|0)+i 1€&. (6.18)
b k;éz '1974 v b 1927

Proof. First we stress that there are strong similarities between this proof and the
steps used in Section 6.3, when we determined the Laplace transform of the busy
period.

Notice that for i € &+ the buffer cannot become empty before the first jump of
the modulating Markov process, whereas for ¢ € &~ this is possible; we deal with
the two cases differently. First consider the case i € &*. Then, conditioning on the
jump epoch of the modulating Markov process,

4 (0, 8,t) = / e_t”’/ e Vi Z Aik e (9, s | &+ riu)
0 0 = Vi

+ 1,%6_8(”“"“) }dudm

i < < 19i> v
= Ek 197577 7€k(1975’t) + ;
kzﬂ tr; — 19 T4 (s+1) (sn— + 192-)

the last equality followed after elementary calculus. The above relation can then be
rewritten to

191' 19(tri—19i)
tr; —9;)0;(9, s,t Aiklr (9, s,t) = il | 9,8, — —_
(irs = Bu)s (9, s )+; bel,5,1) ,C%:Z kk( ’ Ti>+(3+t)(57"1‘,+191’)

(6.19)

Now consider the case i € &~. Taking into account that the buffer can become empty
before the first jump of the modulating Markov process,

wwsn= [ e 19{ > A0, (o4 ) )
0 0 ]

ki "

i

+ ge_‘g(m+ri“)+ }dudm

Aik T O((s +t)ri — 0s)
=— U (0, 8,t) — —nr(Y,s |0
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which can be written as

. )\ikri '19((5 + t)’f’l — 191)
(tri — 05)0:(0, 5, ) + %; Xiele (0, 5,t) = k%: 3 k(9,5 0) + 1D

(6.20)

Now let us evaluate n;(¥, s | 0) further. First consider the case i € &; then the buffer
immediately becomes non-empty, and hence

771('(97 S | O) = /0 7-97;6"97;’[14{ Z kn(ﬁ, s | riu, k) + ﬁesrlu}du

ki ¢ v

Z)\ik'fk<19,s719i) v 7
‘T T sr; +19;
k#i

which proves (6.17). For i € &~ the buffer remains empty until the first jump, and
hence

o Ai 9
— —%iu ik
ni(9,5]0) = /0 Jse {Z I .nk(ﬁ,s|0)+ﬂi}du

which proves (6.18). Equation (6.16) is obtained by inserting (6.17)—(6.18) into (6.19)-
(6.20). O

We now explain how the transform £(¢J, s,t) can be identified. Equation (6.16)
can be rewritten in matrix form:

(A =9I +tR)L(Y,s,t) =w(V,s,t); (6.21)

here w; (¥, s,t) := rin;(V,s]0) —9¥/(s +t), for i € &. In other words, assuming for
the moment that n(¢, s | 0) is known, application of Cramer’s rule leads to

det (A — I +tR|w(V,s,t),1)
det (A —9I +tR)

4 (0, s,t) = ,1€8. (6.22)
It is observed that, if we are able to determine n(?, s | 0), then we also have found
£(V, 5,t). We now identify N linear equations that enable us to compute (¥, s | 0).
Equation (6.18) already gives N~ equations, so that it remains to determine the other
N7 linear equations. Since 9 is fixed, using Lemma 6.3.1 with ¢ instead of s, there
are N* values 7; = 7;(9) (i = 1,..., NT) in the right half-plane satisfying

det (A =9I + 7;R) = 0.
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Since Equation (6.22) should give a finite norm for any ¢ > 0, these N values
7; = 7;(¥) should also satisfy

det (A =9I + 7R |w(¥,s,7;),k) =0, ic &,

In other words: we have now obtained N linear equations; solving these yields
n(J,s0).

Above we developed a procedure for determining £(9, s,t). Clearly £(¢,s,t)
uniquely defines n(9, s | z), see (6.15). We now focus on how this procedure can be
used to obtain an expression for the Laplace transform ~(-) of the covariance func-
tion.

Theorem 6.5.2. For ¥ > 0,

Y / EQ(0) — x| (9,0 | )pl(x)dr, (6.23)
1€EE

where

-3 [ e

i€EE

Proof. With E, ;(-) := E (- | Q(0) = z, J(0) = %), conditioning on the state of the sys-
tem at time O yields

Iy(9) = /000 ¥ e " R(u)du
:/0 Ye U (Z/ $Em iQ(u EQ(O)EMQ(U)}pg(w)dm) du

1€EE
_; / z —EQ(0 < ﬂeﬁ“E%iQ(u)du) p; (x)da
fzf EQ(0) — «|n (9,0 | )pf (x)d,
i€EE

where in the last equality we used the fact that

(19 0 | x / ﬁe_ﬂuEm ZQ( )

Now we consider a number of special cases. If the density p°(z) is given by

k
= Zaij e % x>0, €& (6.24)
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for constants o;; and ¢; > 0, then the Laplace transform ~(¢) is given by

k
~(9) = % SN oy [4‘*”(19, 0,¢;) +EQ(0)4¥(1,0,¢;)|. (6.25)

€8 j=1

Formula (6.25) extends in a straightforward way to the case in which among the ¢;
there are pairs of complex conjugates (with necessarily positive real parts). Impor-
tantly, this observation entails that we have now identified the Laplace transform
of the covariance function in case Q(0) obeys the stationary workload distribution
(6.3). Also the case of eigenvalues with multiplicity k£ larger than 1 can be solved;
then the density of the stationary workload has terms proportional to z7e %%, with
j =0....,k — 1, which is reflected in the appearance of higher order derivatives of
4;(9,s,t) (where s and ¢ should be replaced by 0 and (;, respectively) in the expres-
sion for ().

6.6 Example

The following example illustrates the results of this chapter. We concentrate on the
two-state case, and compute the busy period distribution, as well as the covariance
function. For «, 8, A and p positive, we denote

—( A A — « — K : 1
A._(M —,u>’r'_<—6>’r'_w<)\>’W1thw'_)\+u’

it is easily verified that 7 is the invariant distribution of A. We call the state space
& = {+, —}. The stability condition is satisfied if A > au, which in the sequel is
assumed to hold true. The pairs of eigenvalues-vectors of R~' A" are given by

= itho® = (L), g =B g s M),
60—0,W1th’0 _<1>7§+_ O[B 7W1thv _(/,L/ﬁ )

note that £, < 0. The stationary distribution of (Q. < z, J. = &) and its density are

P(Qe <z, Je = +) = pwp (1 —exp (§17)), pi(v) = —pé i exp(€ya);
P(Qe <, Je=—) =X\ (1 - % exp (£+fc)) , p-(7)= —%u&rw exp(&4.).
(6.26)

The mean and variance of @ are finite and given by

__ematf) oo o B
B = XA —apy Qe ((m—w <A+u>2)'
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Busy period. We first determine the distribution of the busy period P, as well as its
tail asymptotics. The system (6.5)—(6.6) can be rewritten as, with f;;(s) := fi(s, t;(s)),
for ,i,j € {+,—},

{_(/\+S_at)f+(3at)+>‘f—(57t) = )‘f—-‘r(s);
Mf+(57t)_(ﬂ+8+ﬁt)f—(svt) _B-

From the second equation we have, by inserting t = (A + s)/q,

f-+(s) = (nf++(s) +B),

alp+s)+B(A+s)

and hence the vector g(s) is given by

o da(ufre(s) + B) *
9(s) = <a<u+s>+iﬂ<x+s>"ﬁ) '

To determine f, 4 (s), we first compute the zeros of the determinant of (A +tR — sI)
for given s > 0:

1
© 2ap

74 (s) (BO\+5) = alu+ ) £ VBOFs) + alu+ ) — dapAn) .

Notice that 7_(s) is negative and 7 (s) is positive. We focus on the positive root
74+(s). It is clear that 7 (s) must also be a zero of the determinant of (A + tR —
sI'| g(s),+). It can now be verified that

B2 Ats—ari(s) 8
= — ) f,+(8) = :

po i+ s+ Bri(s) o+ s+ Bri(s)
The Laplace transform of P, starting off at buffer level 0 (so that the busy period
necessarily starts in +), is then given by

f++(8)

fils) = ﬁ ((0+ 85 + (B3 + o) — V(@ + B)s + (A + ap)? — dapan) .

This transform can be explicitly inverted, yielding the density of the busy period;
with F;(t) := P;(P < ¢|Q(0) = 0) denoting the distribution function of the busy
period, we have that the density of the busy period equals

d _BA vapip )\ 1 ap+ BA

)

t

here I; (z) is the modified Bessel function of the first kind. By differentiating f (s)
and inserting s = 0 we can now find all moments of the busy-period P. The first
moment is

E4(P|QW0) = 0) = ~£,(0) = 55—
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The asymptotics of the density and the tail distribution of F'; (¢) (which was already
introduced as g4 (t) in Section 6.4) are given by, as ¢t — oo,

d BN Vot B 1 VB - vap)?
O~ e (e )

BV (a+B)*? 1 (VBA — Jap)?
() 27 (VBN — ap)? i ( a+ 5
here ‘~" means that the ratio of both sides tends to 1 as t — co.

Now consider a more specific example. Taking o« = A = = 1 and 8 = 2, we are
in the setting of [9, Section 9]. Then

01 (1) ~ ) (627)

Fo(s) = 3(1+s)— 29(1+5)2 78;

in agreement with the findings of [9]. We find, however, a number of new results:

£F+( ) \/i Z et I <2\[t) t > 0;

dt
3(34+2v2 1 3-23
Q+(t)NM'7€_J 3\Ft7 t — 00.

W27 tv/t

Now consider the logarithmic asymptotics of P (P > t). The cumulant function

is given by I'(¢¥) = logsp(A + YR), where sp(M) is the largest eigenvalue of the
matrix M, see [66]. In our example,

Ot (B=a)p) (BT a)d+ (u= X))+ dd
2 2 '

Furthermore we have under our stability condition that I''(0) < 0, and I'(-) attains
its minimum at

gr_ATH A —a _ (VAa+ VuB)(vVBX - VaR)
B+a Ba+p VaB(a+ 3) b

EJr(P) = 37

(W) = —

so that
rn = - WPV

Hence, by virtue of Theorem 6.4.1, the decay rate of P, (P > t) is I'(¢*), which agrees
with the asymptotics given in (6.27).

Covariance function. Equations (6.16) are written as
—(A+ 9 —at)li(V,s,t) + M_(9,s,t) = any (9, s|0) —

/’L£+(79757t) - (/”'—‘_ v+ 6t)€—(19a37t) = —577—(?9a3 | 0) -

19 .
s+t
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whereas (6.18) reads

)
9,5]0) + —.
0510+

_ M

The vector w(s, t) is given by
(s,1) n+( 10) = ——, —Bn—( |10) — —
w(s,t) = | any(d,s Bn_(9,s .
’ ’ s+t ’ s+t

Let us first compute the zeros of the determinant of (A + tR — ¥1I), for given ¥. We
find

72 (9) (BO+9) = a(u+9) & VIBO+ 0) + alu+ )P — daprn) ;

_ b
© 2af
where 7_(¥) is negative and 7 () is positive. We focus on the positive root 7 (9).
The procedure described in Section 6.5 now yields

D AB(s+ 74 () + (9 + 1) (Bre (9) + A+ i+ 9)
St @+ @B () + o+ 0) — Aab)
Then, due to Equation (6.17),

U (B (9) + p+ D) (s + 7 (9) + p) + Ap
A9 (s +71(9) (@@ + p) (B (9) + n+9) = AuB)’

77-4—(1975 | 0) =

n-(V,s]0) =

It now follows that

20— (Bt + o+ ) ny (9,51 0) + S5 (Bt + At - 9) + 225
—afBt2 + [BA —ap+ 9B — )t + (I + X+ p) ’

B+ —at) —a(p+9)n_(9,5]0) + <L (as + A+ p +0)

(9, s,t) = (

s+t

—aft2 + B —ap+ 9B — )|t + (I + A+ p)
If the distribution of (Q(0), J(0)) is given we can then compute the Laplace transform
of the covariance function, by relying on Theorem 6.5.2.

In the remainder of this example we consider the situation that the system is in
stationarity at time 0, and hence p°(z) is given by (6.26).

Since the formulae of the above functions are long and cumbersome, we prefer
to treat a more specific example: as in [9], we choose @« = A = p = 1 and 8 = 2. Then
we have

¢590,0,¢4)
—8 — 779 + 392092 + 54993 + 23209* + 3209° + (8 + 59 + ¥2)/9(1 + V)2 -8
= 2 Y
D2(0 4 2)(20 + 5)2

0_(Y,s,t) =

05909,0,64)

—4 — 399 + 26792 + 432093 + 2089 + 32095 + (4 + 39)/9(1 + )2 -8
2 .
P2 (9 +2)(29 + 5)2
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The Laplace transform p(¢) of the correlation r(t) is given by

9 — —4 — 379 + 1592(9 + 3)(29 4+ 3) + (9 + 4)/9(1 + )2 — 8
pl0) = 1503(9 + 2)(20 + 5) '

Clearly p(¥) is a well-defined function for ¢ > 0, but from its expression we observe
that p(¢) can be continued analytically to the left up to the point

S (VBA-yap)? 1 o
9= PR R 3(\/5 1)2.

Around this branching point,

p(9) ~ ﬁglﬂ“& - 19+é(\/§—1)2, as? | 0.
15V3 (22 1) (22 41) (42 +3)
Relying on standard techniques, we have, for t — oo,
V2(2v/2 4 9) 1 3—2V2
r(t) ~ N (27 v ~t—\/£exp ——3 t].
1537 (1= 22) (22 +1) (42 +3)

Notice that in this example the asymptotics of the busy-period distribution and
the correlation function coincide up to a constant factor; we have encountered the
same proportionality property for queues with spectrally-positive Lévy input in
Chapter 4.

6.7 Concluding remarks

In this chapter we have considered transient characteristics of a Markov-fluid-driven
queue, viz., the busy period and the covariance function of the workload process, by
studying their Laplace transforms. In the case of the busy period we used sample-
path large deviations to obtain its logarithmic asymptotics.

We conclude by listing a number of open issues. In Theorem 6.4.1 we found the
logarithmic asymptotics of tail distribution of the busy period. The results for the
two-state case in Section 6.6, however, lead to the conjecture that, for i € & +, there is
a constant w such that

w *
Pi(P >t|Q(0) =0) ~ —= 7).
(P>11QO) =0) ~ e
A similar relation can be conjectured for R(u) = Cov(Q(0), Q(u)), as u — oo, in
view of the findings of Section 6.6. In this case, however, not even the logarithmic
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asymptotics are known. It is not clear, for instance if (and, if yes, how) sample-path
large deviations [31] are of any help here. In fact, it is not even clear a priori that R(-)
is positive and decreasing; in case of spectrally-positive Lévy input these properties
were shown relying on the concept of completely monotone functions, cf. Chapter 4
and [51, 95].



Chapter 7

Exact multivariate workload asymptotics

In this chapter we consider a discrete-time queue fed by a general process assuming
only stationarity of the increments. The main contribution of this chapter concerns
the derivation of the exact asymptotics of the joint probability P(Q(0) > p, Q(T) > ¢)
under the many sources scaling.

7.1 Introduction

As already established in the preceding chapters, a way to measure the degree of
dependence between the workloads Q(0) at time 0 and Q(T') at time T, is to consider
the measure R(T'|p, ¢) defined in (1.13) for (given) positive p and ¢. While for various
input models, considerable insight has been gained into the steady-state distribution
Qe, less is known about P(Q(0) > p, Q(T') > q), the joint probability of the workload
exceeding the threshold p at time 0 and exceeding the threshold ¢ at time T'. This
joint probability gives an insight in the way the events {Q(0) > p} and {Q(T') > ¢}
are dependent. Clearly, the analysis of P(Q(0) > p,Q(T) > gq) is of practical and
theoretical interest.

The objective of this chapter is to analyze the joint probability given above, in case
a large number n of i.i.d. sources feed into the queue, with the queueing resources
(buffer and service speed) scaled by n as well. In this many-sources framework, con-
sidered already in Chapter 2, we find exact asymptotics (as n — o0) of the probability
of interest. Our approach relies on ideas developed by Likhanov and Mazumdar [79]
to obtain the exact asymptotics of the steady-state distribution of the workload under
the many-sources scaling, in conjunction with results by Chaganty and Sethuraman
[30] for the large deviations of sample means of multivariate random variables. As
in [79], we consider a slotted-time model, i.e., a discrete-time model.

The remainder of this chapter is organized as follows. In Section 7.2 we introduce
the model, and determine the tail probabilities of bivariate sample means. These are
used in Section 7.3 to determine the exact asymptotics of the probability of interest.
We also include a number of remarks, and indicate how to extend the results to the
setting where one would consider more than two time epochs.
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7.2 Model, objective, and preliminaries

Traffic model. In this chapter we consider a queueing resource fed by 7 i.i.d. sources.
Let A;{s,t}, with s,t € Z such that s < t, be the amount of traffic generated by the
i-th source in timeslots s + 1,...,t. The A;{s,t}, i = 1,...,n, are distributed as the
(generic) stochastic process A{s,t}. It is assumed that this process has stationary
increments: A{s,t} has the same distribution as A{s + u,t + u} for all u € Z.

We define the cumulant function of A{0,s} by A(J|s) := logEexp (JA{0,s}),
which we assume to exist for some positive J; the corresponding Legendre-Fenchel
transform is given by I(z|s) := supy(dz—A(V]s)). We also need the two-dimensional
counterparts of these objects:

Ar(9,n|s,t) = logEexp(WA{—s,0} +nA{T —t,T}),
jT(xvy|Svt) = Sﬁup(,&x—'_ny_AT(ﬁanth))
m
Let 9(z|s) and (¥(x, y|s,t),n(z, y|s, t)) be the optimizing arguments in the definitions

of I(z|s) and Ir(z,y|s, t); they may be found from the obvious first order conditions.
We finally define, suppressing the arguments of A and A7,

d2A
o?(x]s) == = ,
dy? 9:=9(zx|s)
A 9?Ar
2
52 (x,y|s, t) := det 81? 319{977
0?’Ar O?Ar
ovon 02 ¥ = O (x,yls, t)

1 =1z, yls, 1)

Queueing model, objective, reduction property. The n sources fed into a buffered
resource that is drained at a constant rate nc. To ensure stability, it is assumed that
EA{0,1} < c. Let Q™(t) denote the workload in the system at time ¢ € Z. It is well-
known that the stationary queue obeys

seN

Q" (t) = sup ( Ai{t — s, t} — ncs) , (7.1)
i=1
where A{t,t} is to be understood as 0. The goal of this chapter is to find the exact
asymptotics, as n — oo, of the probability 77.(p, ¢) := P(Q™(0) > np,Q™(T) > ng),
for given positive p and gq.

We will now rewrite 7/:(p, ¢) as follows. With p, := p+ ¢s and ¢; := ¢ + ct, let
EL(p, q|s, t) denote the event

E%(paqbvt) = {ZAz{_SaO} > NPs, ZA1{T_t7T} > n(h} .
i=1 i=1



7.2. Model, objective, and preliminaries 127

Then
m5(p,q) =P (3(s,t) € N’ : E}(p,qls,t)) =P (3(s,t) € & : Ef(p,qls,t)), (7.2)

where & is the set of elements (s,t) such that s € Nand ¢ € {0,..., T} U {T + s}.
The first equality in (7.2) is directly from (7.1), whereas the second follows from a
reduction property, established in [38], see also Chapter 3: we can reduce N? in (7.2)
to & (this is essentially due to the fact that the busy period in which T is contained
can start (i) either after time 0, (ii) or at the same time as the start of the busy period
in which 0 is contained).

The logarithmic asymptotics of P(Q7 > np), with Q7 denoting the stationary
workload under the many-sources scaling, were found before [28]:

1
lim —logP(Q7 > np) = — ing I(ps)s); (7.3)
sE

n—,oo M

for exact asymptotics, see [79]. We denote by s an optimizing argument in the right
hand side of (7.3), which is not necessarily unique; also, let ¢ be a ¢ for which I(¢;|t)
is minimal.

Exact two-dimensional sample-mean asymptotics. Now consider
T (P, gls,t) := P(ET(p, gl 1)).
From (7.2) we find
i (p,als ) < 7P, q) < Y T, gls,t). (7.4)
(s,;t)€E

As our goal is to derive the exact asymptotics of 7/ (p, ¢), we first consider in this
section those of 77.(p, qs, t).
As a first remark, we note that I(z,y|s,t) > max {I(z|s), I(y|t)}, as follows from

sup (Jz+ny—Ar(9,n]s,t)) > sup  (Jz+ny— Arp(d,nls,t)) = I(ps|s).
(0,m)€R? (9,m)eRx{0}

The bivariate version of ‘Cramér’ states

nlgrgo % log 7(p, q|s, t) = fzzpisr’lgzqt I(z,y|s,t). (7.5)
Realizing (A) that EA{—s,0} < ps and EA{T —¢,T} < ¢, and (B) that the contour
lines of I(-, -|s,t) are convex, there are three possibilities for the optimizer p*, ¢*
in the right-hand side of (7.5): (i) p* = ps and ¢* > ¢ (ii) p* > ps and ¢* = ¢
(iii) p* = ps and ¢* = ¢;. We refer to Figure 7.1 for a pictorial illustration; the left
panel depicts Case (i), the right panel Case (iii).
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Figure 7.1: Contour lines of the (two-dimensional) rate function I (x, y|s, ), the objective func-
tion is to be minimized over the shaded region.

Let us first consider Case (i). Write 7% (p, g|s, t) as

n 1 S
7TT(pa Q|S7t) =P (TL ;Ai{_sa 0} > ps)

i : (7.6)
1 1

Using the Bahadur-Rao estimate [15], we have for the first probability in (7.6) that,
asn — 0o,

1< e~ (psls)
Pl — Az —S,O >ps |~
(FEatn=n)

ps|s)v/2mno?(ps|s) ’

where g(n) ~ f(n) as n — oo denotes f(n)/g(n) — 1. On the other hand, the
second probability in (7.6) decays faster than the first probability, and is therefore
asymptotically negligible: bearing in mind the left panel of Figure 7.1, we have

1 1 1<

lim —~logP <n ;Ai{—s,O} > pas ;Ai{T —1,T} < Qt>
_Iv(pé')qt‘sat)

< —1(psls).

As Case (ii) can be dealt with similarly, we have arrived at the following result.
Proposition 7.2.1. If p* = ps and ¢* > ¢, then as n — oo

" e~ (psls)
7TT(pv q|sv t) ~

9(ps|s)v/2mno? (pals)
If p* > ps and q* = ¢, then as n — co

el (alt)

7(p,q|s,t) ~ .
TP dls.0) ~ G e @l
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Now we consider Case (iii). The decay rate of the probability of interest can
alternatively be found through the Lagrangian I7(z,y|s, t) — A(z —ps) — u(y — ¢;). As
we know that the optimum is attained at p* = ps and ¢* = ¢, we know that at the
stationary point A* > 0 and p* > 0 (complementary slackness). It is standard from
convex analysis that

0 - 0 .
%IT<x7y‘87t) - 19(33,:[/|5,t), %IT(.’IJ,Q‘S,t) - 77(30a9|3at)a

but at the same time these partial derivatives are, at (p*, ¢*), equal to A* and p*,
respectively, and hence they are strictly positive. We conclude that Condition (3.4)
of Chaganty and Sethuraman [30] is fulfilled, so that we can use their Theorem 3.4.
We have the following result.

Proposition 7.2.2. If p* = ps and ¢* = g4, then

e~ IT(ps,atls,t)

(P, qls,t) ~ = -
19(P57Qt|57t) : 77(?57Qt|57t) : 271—”\/ O—’%(psuqt|57t)

7.3 Exact workload asymptotics

In this section we use the estimates for exact bivariate sample-mean large deviations,
as derived in the previous section, to determine the exact asymptotics of 7/.(p, ¢). As
will become clear, the main idea is that these asymptotics are, under mild assump-
tions, fully determined by the contribution of busy periods starting at a single time
epoch (s*,t*), cf. [79].

Let x()(s,t) be 1 if Case (i) applies for s and ¢ (that is p* = p, and ¢* > ¢)
and 0 otherwise; () (s, ) and x(i1) (s, t) are defined likewise. Then we introduce, in
self-evident notation,

Kr(s,t) = 1(psls) - m(i)(s, t) + I(qelt) - fi(ii)(s,t) + It (ps, qt|s,t) - K(iii)(s,t),

so that Props. 7.2.1-7.2.2 entail that n~! log 77 (p, q|s,t) — —Kr(s,t) asn — co.
We now impose the following two assumptions, in line with those needed to find
the exact asymptotics of the stationary workload Q7, see [79].

Assumption 7.3.1. (s*,t*) := argmin(, ce K1(s,t) is unique.
Assumption 7.3.2. liminf,_,. I(ps|s)/logs > 0.

It will turn out that Assumption 7.3.1 entails that the event of overflow over level
np at time 0 and over level ng at time 7' is essentially exclusively caused by the event
ER(psr, qur|s*,t*). Assumption 7.3.2 will be needed to make sure that contributions
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of ET(ps, qi|s,t) for large s and t do not contribute significantly; below we will com-
ment on what happens if the uniqueness assumption is not fulfilled. We are now
ready to prove our main result.

Theorem 7.3.3. Asn — oo,

(P, q)
i (py qls*, )
Proof. The lower bound is evident due to (7.4), so let us focus on the upper bound.
First observe that by applying (7.4), for any finite M,

mpg) < Y m(p.gls,t)

(s,t)e&
T+s T+s (77)
<Z<Z7rnp,q|st> Z (Zﬂnpq|st>
s=0 s=M+1

For (s,t) # (s*,t*), because of Assumption 7.3.1,

1 1
lim —log 7} (p,qls,t) = —Kr(s,t) < —Kp(s*,t*) = lim —logn}(p, gls*,t*),
n—,oo N,

n—oo M

so that for these (s, t) it holds that 7%(p, g|s, t) = o(7}(p, g|s*,t*)). Choosing M large
enough such that s* € {0,..., M} and t* € {0,...,T + s*}, it follows that

M T+s
5 (zw v, ) ) Bl ).

s=0

Now consider the second sum in the right-hand side of (7.7). Trivially,

£ (o) § (Er{tE o)

s=M+1 s=M+1 =1 (78)
oo 1 n
= Z (T+s+1)P (ZAi{—s70}>pS> .
s=M+1 [

Now applying the Chernoff bound in conjunction with the fact that there is an oo > 0
such that I(ps|s) > alog s for s sufficiently large (due to Assumption 7.3.2), we have

1 n
Pl = Ai —5.0 . < —nl(ps|s) < g—no
<ni§_1 {—s, }>p(>_e <s

Consequently, (7.8) is further bounded by, taking n > 2/q,
o0 o0
Z (T+s+1)s7™ < / (T+s+1)s™"ds
s=M+1 M
M—na+1 M—na+2

=(T+1
(—~_)7L05—1_|—7Lcu—27
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which is o(7}(p, q|s*,t*)) as n — oo, by picking M sufficiently large (that is, M
should be chosen such that alog M > Kp(s*,t*)). O

The following corollary is an immediate consequence of Props. 7.2.1-7.2.2 and
Theorem 7.3.3.
Corollary 7.3.4. If s (s*,t*) = 1, then

e—nl(pe]5")

i (p, q) ~ .
1(p.9) I(por|5°) /2702 (por |57)

If k) (s*, %) = 1, then
n( ) e~ (aex[t7)
T (p, q) ~ .
T4 Hgps [t%) /202 (g [t¥)

If k00 (5% %) = 1, then

e*an(Ps*,Qt* [s*,t*)

i) I(Dse e 18%,1%) - 1(Pse e 57, 1%) - 20 /5 (Ds , oo [5%, 7).
Remark 7.3.5. Non-unique optimizers s* and t*. Suppose K (s,t) is minimal at two
(s,t)-pairs, viz. (s},t%) and (s%,t3). If kW (s, ¢5) = 1 and & (s5,¢5) = 1, then
we are essentially in case (i) of the above corollary (as the 1/n factor is negligible
compared to the 1/,/n factor). The same line of reasoning applies if x! (s}, 1) = 1
and x00 (55, 15) = 1.

The other cases are harder to deal with. If (1) (s%, %) = 1 and (1 (s5,t5) = 1,
then the asymptotics look like v exp(—nK(s},t7))/n, but now the constant v > 0
cannot be determined explicitly. A similar property applies if

> O si, t7) + 0 (s, 1) = 2;

k=1
then the asymptotics look like ¢ exp(—nK (s7,t}))/+/n, with a constant 6 > 0 that
cannot be determined explicitly. [ )

Remark 7.3.6. The optimizing s* and ¢* can be interpreted as follows [38]. Given
overflow over level np at time 0 and over level ng at time 7', the busy period in
which 0 is contained started with overwhelming probability at time —s*, whereas
the busy period in which T is contained started at time 7" — ¢t*. This means that if
t* =T + s*, epochs 0 and T lie in the same busy period. It is expected that for large
T this is typically not the case: then it is more likely that 0 and 7" are contained in
separate busy periods. We now determine a T~ such that for 7' > T~ we have that
t* e {0,...T}.
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We first observe that, due to Assumption 7.3.2, for some a > 0,
inf inf I(z,y|s, T +s)>inf inf I(y|T +s
seENz>ps,y>qr+s ( y‘ ) T seNy>qrys (y| )
= ingl(qT+s|T +3s)> inlgalog(T +3s) > alogT.
sE EIS

We impose the condition of positive input correlation:
I(w,yls,t) < I(xls) +I(ylt).

With &~ denoting N x {1,...,T},

inf inf  I(z,y|s,t) < inf inf T inf inf I(y|t),
(o e rzpmyzg, YIS0 < 1L L I(ls) - nf ) ok T
which equals I(ps|5) + I(gz|t) for T > t (recall that s and ¢ were defined in Section
2); note that I(ps|5) + I(gz|t) would be the decay rate if Q™(0) and Q"(T") would be
independent. We conclude that if

I(ps|s) +I(qtﬂ> }

T>T := maX{eXp( b
@

we can restrict ourselves to (s,t) € & : the decay rate of interest equals

1 .
lim — log 7y =— inf inf 1 t).
nl—{réo n 08 T(T(p’ (]) (s,tl)necﬁ“ IZplsr}yzqt ($7y|87 )
Intuitively, for T" larger than 7~ the time epochs 0 and 7" lie in separate busy periods
with overwhelming probability. [ )

Remark 7.3.7. The bivariate results presented above can be easily extended to di-
mensions d € {3,4,...}. Then the probability P(Q™(T;) > np;,i = 1,...,d) is stud-
ied, for time epochs 0 = T} < ...7T,; and positive numbers py, ..., pq. Again, under
mild assumptions, the corresponding asymptotics are fully determined by the con-
tribution of busy periods starting at a single time epoch (s, ..., s3). The result from
[30] can be used again, to obtain that the asymptotics look like yan =4 /2 exp(—nly),
for some positive 4 and Iy; here d* € {1,...,d} denotes the number of constraints
that are tightly met in the d-dimensional counterpart of (7.5) evaluated at the point

(s7,...,85). [ )
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Samenvatting (Summary)

Dit proefschrift richt zich op de evolutie van het bufferinhoudproces van een wacht-
rij. Voor specifieke wachtrijmodellen is het transiénte gedrag expliciet bepaald, maar
voor wachtrijen met enigszins algemenere input is relatief weinig bekend. Dit is uit-
eraard het geval voor modellen waarvoor zelfs niet eens de stationaire verdeling
van de bufferinhoud bepaald kan worden (laat staan de transiénte), maar er zijn ook
tal van voorbeelden waarbij er wel uitdrukkingen zijn (al dan niet in termen van
Laplace-getransformeerden) voor de stationaire bufferinhoud, maar niet voor de bij-
behorende transiénte verdeling.

In iets speciefiekere zin gaat dit proefschrift in op het volgende onderwerp: het
analyseren van verschillende metrieken die ons inzicht verschaffen in de athanke-
lijkheidsstructuur van het stationaire bufferinhoudproces. De metrieken die we in
detail bestuderen, zijn de volgende.

1. Covariantie- en correlatiefunctie van het bufferinhoudproces. Deze twee functies
kunnen gezien worden als een maat voor de afthankelijkheid van de stationaire buf-
ferinhoud, op twee verschillende momenten in de tijd (waarbij zij opgemerkt dat
‘ongecorreleerdheid’ niet equivalent is aan onafthankelijkheid).

Het is duidelijk dat voor het bepalen van deze beide metrieken het in elk geval
noodzakelijk is dat men een uitdrukking heeft voor de gezamenlijke verdeling van
de bufferinhoud op twee verschillende momenten in de tijd. Zoals hierboven be-
toogd, is dit niet altijd haalbaar als we algemeen inputverkeer beschouwen. Daarom
hebben wij in ons onderzoek ook een alternatieve metriek geintrodoceerd.

2. Alternatieve metriek. Deze metriek is gedefinieerd als het quotiént van de kans
dat de bufferinhoud op twee verschillende tijdstippen bepaalde (gegeven) drempels
overschrijdt, en het product van de corresponderende marginale kansen. Indien dit
quotiént dicht bij 1 ligt, is dit een indicatie van onafhankelijkheid.

De Hoofdstukken 2 en 3 beschouwen wachtrijmodellen met Gaussisch inputver-
keer. Gebruikmakend van de theorie van de grote afwijkingen bepalen we het ge-
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drag van de alternatieve metriek in twee verschillende asymptotische regimes. In
Hoofdstuk 2 richten we ons op het regime dat bekend staat als het zgn. many-sources
regime (waarbij de wachtrij wordt gevoed door een groot aantal bronnen); expliciete
resultaten worden bepaald voor specifieke Gaussische inputprocessen, namelijk frac-
tionele Brownse beweging en het geintegreerde Ornstein-Uhlenbeck proces. Een ander
regime, dat bekend staat als het large-buffer regime, wordt beschouwd in Hoofdstuk 3.

Hoofdstukken 4 en 5 behandelen een wachtrij met Lévy input. In Hoofdstuk 4
beschouwen we een speciale klasse van Lévy processen, de zogenaamde spectraal-
positieve Lévy processen (wat wil zeggen dat alleen positieve sprongen zijn toe-
gestaan). Voor deze klasse analyseren we de covariantie- en correlatiefunctie van
het bufferinhoudproces. Daarna bepalen we ook enkele belangrijke structuureigen-
schappen van deze functies; in het bijzonder tonen we aan dat ze positieve, dalend
en convex zijn. Het algemene Lévy geval wordt geanalyseerd in Hoofdstuk 5; de
resultaten zijn in termen van de alternatieve metriek in een large-buffer regime.

In Hoofdstuk 6 wordt een wachtrijmodel met Markov-gemoduleerde vloeistof
input geanalyseerd. Om inzicht te krijgen in het transiént gedrag van deze wachtrij,
richten we ons eerst op de zgn. ‘busy period’, die opgevat kan worden als de tijd die
het duurt voor de buffer voor het eerst leeg wordt. We bepalen de verdeling van die
busy period in termen van haar Laplace-getransformeerde. Daarna beschouwen we
de covariantie- en correlatiefunctie. Gebruikmakend van eerdere resultaten, kunnen
we ook de getransformeerden hiervan bepalen, in termen van de oplossingen van
een gerelateerd eigensysteem.

In Hoofdstuk 7 leggen we, in tegenstelling tot de eerdere hoofdstukken, geen
eisen op aan het inputverkeer. Als we het corresponderende wachtrijsysteem beki-
jken in discrete tijd, blijkt het mogelijk te zijn de exacte asymptotiek te bepalen van
de alternatieve metriek in het many-sources regime.
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