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PREFACE E 

Thiss thesis consists of four papers. Each is concerned with the problem of 
findingg explicit generators for some given class field of an imaginary quadratic 
numberr field. The first chapter was written in 1997 and appeared in print as 

A.. Gee, Class invariants by Shhnura's reciprocity iaw, Journal de 
Theoriee des nombres de Bordeaux 11 (1999), pages 45-72. 

Inn it, generators for the Hubert class field are found using singular values of 
thee classical functions 72 and 73, Weber's classical f-functions of level 48, and 
hiss ^-functions of level 5. The method devised for computing the minimum 
polynomiall  of these generators proves some conjectural formulas appearing in 
recentt literature. 

Chapterr two consists of joint work with my promotor P. Stevenhagen. This 
paperr was published as 

AA Gee, P. Stevenhagen, Generating class Gelds using Shimura reci­
procity,procity, in: Algorithmic Number Theory (J. P. Buhler, ed.), Lec­
turee Notes in Computer Science 1423, Springer Verlag (1998), pages 
441-453. . 

Here,, the technical core of chapter one is given a simpler, more natural treatment. 
Exampless of class invariants are calculated using a number of modular functions 
off  higher level. 

Thee third paper, "Singular values of the Rogers-Ramanujan continued frac­
tion"tion" y written with Mascha Honsbeek, was submitted for publication in June 
1999.. We determine the class fields generated by singular values of the famous 
Rogers-Ramanujann continued fraction and give a method for writing these values 
ass nested radicals. 

Inn the fourth and final chapter, we consider a certain generalization of the 
Weberr f-functions. Using these functions, one obtains a range of class invariants 
forr any imaginary quadratic number field. 

Severall  changes of a typographical nature have been made to the published 
articless in order to allow for a uniform appearance of this thesis. In particular, 
pagee numbers and internal references have been altered. 
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ALIC EE GEE 

ABSTRACT.. We apply the Shimura reciprocity law to determine when values of mod­
ularr functions of higher level can be used to generate Hubert class fields of an imagi­
naryy quadratic fields. In addition, we show how to find the corresponding polynomial 
inn these cases. This yields a proof for conjectural formulas of Morain and Yui-Zagier 
forr such polynomials. 

RÉSUMÉ.. On applique la loi de réciprocité de Shimura pour decider quand les valeurs 
dess fonctions modulaires de haut niveau peuvent étre utilisées pour engendrer le corps 
dee classes de Hubert d'un corps quadratique imaginaire. Lorsque c'est le cas, nous 
montronss aussi comment trouver le polynöme correspondant. Cela donne une preuve 
dee certaines formules conjecturales de Morain et Zagier relatives a ces polynömes. 

1.. INTRODUCTION 

Lett if be an imaginary quadratic number field of discriminant d with ring of 
integerss O — Z[0]. The first main theorem of complex multiplication says that 
thee modular invariant j(0) — jiff) generates the Hilbert class field over K. 

Weberr noticed that in many cases, the Hilbert class field can be generated by 
modularr functions of higher level such as 72,73, and the so-called Weber functions 
f,, fi , and ƒ2  We will also study Weber's resolvents uo and 0J3 of level 5. These 
functionss are defined in §4. When h is a modular function of level N, Weber calls 
thee value h(9) of a modular function h at 9 a class invariant whenever h{6) and 
j(0)j(0) generate the same field over K. 

Classs invariants can be useful because j(0) provides an ungainy description of 
thee Hilbert class field from a computational point of view. Its minimum polyno­
miall  Hd € 7t[X) has zeroes at j(a), with a ranging over the ideal classes of O. As 
aa function on the complex upper half plane, the value of j(0) grows exponentially 
withh the imaginary part of 9 so that the coefficients of Hd grow exponentially 
withh d. Even worse, the coefficients of Hd are unwieldy even when d is of modest 

19911 Mathematica Subject Classification. Primary 11G15; Secondary 11R37,11Y40. 
KeyKey words and phrases, class invariants, Shimura reciprocity. 

Typesett by AM$-T&S. 
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size ..  Fo r  example ,  th e clas s polynomia l  fo r  d =  — 7 1 i s 

H-H- nn =X7 + 31364580971 5 X6 -  309199013860457 0 X5 

++ 9839403881004781204930 2 X4 

-- 823534263439730779968091389 X3 

++ 5138800366453976780323726329446X2 

-- 425319473946139603274605151187659 X 

++ 737707086760731113357714241006081263. 

However,, taking 0 = ~1 +^Z 7 Ï , the function values C372(#), C4sf(#) and w3(0) are 
alll  class invariants. These have minimum polynomials 

)) = x7 + 6745 X* - 327467 X5 + 51857115 X4 + 2319299751X3 

+412645825133 X2 - 307873876442 X + 903568991567 

/Q33 (fl) = X7 + 221X9 + 3999 X* + 79447 X4 + 628970 X3 

+3746281X22 + 12033163 X + 19868711 

/C«M*>> = r + X e - X 5 - I 4 - X 3 + X2 + 2 X - l . 

Inn this paper, we apply the Shimura reciprocity law, which describes the action 
off  the idèle class group of K on the values of modular functions h taken at 9 G K 
too the problem of finding and computing class invariants. 

Thee reciprocity law provides a method of systematically determining the in­
stancess when a given function yields a class invariant. By applying our method 
too the Weber's functions 73, 72, f, fi , f2 we recover theorems of the type found in 
[7].. This treatment allows us dispense with the need for ad hoc arguments which 
appearr even in the more modern treatments [1] and [4], both of which pre-date 
Shimura'ss 1970 theorem. 

Shimura'ss reciprocity law also describes the action of the class group C1(C?) on 
aa class invariant h(0). This provides an algorithm for computing the minimum 
polynomiall  of a class invariant numerically. We apply the algorithm to prove 
somee conjectural formulas of Morain [3] and Zagier [8] regarding the conjugates 
off  class invariants arising from 73 and f2. 

Thiss paper is part of my thesis, which is being written at the University of 
Amsterdam.. I have calculated the polynomials for the class invariants arising 
fromfrom the functions considered in this paper for the imaginary quadratic field 
discriminantss d when -1000 < d < 0. The tables are not appended here. 
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2.. THE MODULAR FUNCTION FIELD T 

Lett H denote the complex upper half plane with completion H* = H U P1(Q). 
AA matrix ("£) € SLi2(Z) acts on H* as the fractional linear transformation 
zz ^ cz+d

Whenn TV is a positive integer, let IV C SL2(Z) denote the kernel of the 
mapp SL«2(Z) -> SL»2(Z/iVZ) obtained by reducing coefficients modulo N. The 
quotientt space X(N) = TJV\H*  is a Galois cover of the projective line P1(C) 
withh group . At the cusp corresponding to the point at infinity 
inn H*, we have the local parameter ql/N = e2*"/ N. If h is a meromorphic 
functionn on X(N), its Laurent series expansion in the parameter q1/1*  is called 
thee Fourier expansion of h. 

Wee embed the algebraic closure Q of the rational numbers in C and fix Ov to 
bee the root of unity e2**/ N. The algebraic curve X(N) can be defined over Q(Gv)> 
andd we let FN be its function field over Q(CAT). It is the field of meromorphic 
functionss on X(N) having Fourier coefficients in Q(6v). One has F\ = Q0)> 
andd defines the automorphic function field T as the union T = UN>IFN- We 
willl  describe the infinite Galois extension J ? l cf presently. 

Firstt consider the finite Galois extension F\ C FN. Let ajv € SL2(Z/iVZ) 
representt the rjv-equivalence class of a fractional linear transformation a on H*. 
Forr h € FN the action haif = h o a is well-defined and induces an isomorphism 

SL2 }}  ~ GaUFtr/F^M) = GaX(C-FN/C-FJ. 

Forr d € (Z/iVZ)* , let ô  denote the automorphism of Q(Ov) given by CN *-*  Cfi-
Thee action of <7d gives rise to a natural isomorphism 

GalfFiCGO/Fi)) = Gal(Q(0v)/Q) =f (Z/ATZ)* 

whichh we can lif t to FJV in the following way. If h £ FN has Fourier expansion 
SfcCfc"?777 ^ Q(Gv)((<7*)) then X^ffdfcfc)-^ is again a Fourier expansion of a 
functionn in FN which we denote by h"d. Then h i-> /i** *  defines a group action 
off  (Z/NZ)* on FJV. The invariant field FJV.Q is the subfield of functions in FN 

havingg Fourier coefficients in Q, so we have FN,Q D FX {(,N) = F\ in the following 
diagram m 

FFN N 

FI(CN)FI(CN) FN,Q 

FI FI 
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off  fields. Define the subgroup 

GNGN = {( J J) I d e (Z/NZ)*} c GL2(Z/NZ). 

Thee map (Z/ATZ)*  -4 <7;v is a section of the determinant map on GL2(Z/JVZ) 
andd the isomorphism GN — Gal(Fjv/Fjv,Q) defines the action of GV on FJV. We 
obtainn the following commutative diagram with exact rows and columns: 

}}  -  SL2(Z/NZ) -> Gal(*WFi(Cjv)) -  1 

I II  I 
}}  -> GL2(Z/iVZ) -> GalCFjv/Fi) -+ 1 

|| | det | 

11 -> (Z/iVZ)*  -> Gal^CCvJ/Fi) -> 1. 

Passingg to the projective limit yields the exact sequence 
(1)) 1 — }  —+ GL2(Z) —  Gal^/Fx) —  1. 

3.. SHIMURA RECIPROCITY OVER THE HILBERT CLASS FIELD 

Lett O = Z[B] be the ring of integers of K, an imaginary quadratic number field. 
Wee assume K is embedded in the complex plane with 0 € H. 

Whenn p € Z is a prime number we will use the notation Kp = Qp <8>Q # 
andd Op = Zp <g>z O. For a prime ideal p CÖ lying over p, let Kp denote the 
completionn of K at p. Then üfp is canonically isomorphic to llp|p-^p- We use 
thee rational primes p € Z to index the group of finite idèles 

off  K. The restricted product is taken with respect to the subgroups Ö* C K*. 
Lett [~,K] denote the Artin map on J .̂ We view K* to be embedded along 

thee diagonal of J .̂ In the case that if is an imaginary quadratic number field, 
thee exact sequence of class field theory takes on the following simple form: 

(2)) 1 —> K* —» fK ^ 5 Gal(ÜTab/10 —  1. 

Iff  F C T is a subfield of the automorphic function field, let K(F{$)) denote 
thee field extension of K obtained by adjoining all of the function values h{9) for 
whichh he F is pole-free at 6. 
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Theoremm 1. (First main theorem of complex multiplication). Let O = Z[0] 
bebe the ring of integers of an imaginary quadratic number field K. Then j(8) 
generatesgenerates the Hilbert class field over K. The maximal abelian extension Kah is 
equalequal to K(T{6)), and the sequence 

(3)) i _> o* —  J] °P ^ Gal(K*b/K(j(0))) —> 1 
p p 

isis exact The ray class field of conductor N over K is K(Fx(0)). The subgroup 
ofof YlpO* which acts trivially on K(FN(0)) with respect to the Artin map is 
generatedgenerated by O* and ftp ((1 + N- Op) n Ö*). 

Reference.Reference. Class field theory and [2; 10.1, Corollary to Theorem 2.] D 

Wee now consider the map that relates the exact sequences (3) and (1). For every 
primee number p € Z, let 

a(Qp) ) 

bee the injection that sends xp € K* to the matrix in GL2(QP) that represents 
multiplicationn by xp with respect to the Qp-basis [0,1] for Kp. In other words, 
(9Ö)P((9Ö)P(XXP)P) € GL2(QP) is the matrix that satisfies the relation 

{9e)p{x{9e)p{xPPY Y 

Iff  6 has minimum polynomial f  ̂ = X2 + BX + C, then for spytp e Qp we have 

(4)) Mr-'pe+tpuC'-f"'  ~°t
Sf 

\\ SP CP 

OnOn J*K = ïl'p K* we obtain an injective product map 

(5)) 9e = Y[(9e)p ' A -> Y^GUiQp). 
pp p 

Here,, the restricted product is taken with respect to the subgroups GL2(ZP) of 
GL2(QP).. We write üpGL^Zp) = GL2(Z) and consider the pre-image 

^-1(GL2(Z))) = {x e fK | ge(x) € GL2(Z)} . 

GMO--
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Fromm (4) we note 

ffflfffl --11(GL(GL 22(Z))=n^, (Z))=n^, 
p p 

becausee 9 is an algebraic integer. Until section 10, we only need the restriction 

9B:^{0;9B:^{0; -+GL2(Z) 
p p 

off  the map go. In combination with (1) and (3), it yields the diagram 

ii  _> o* —  uPo; [ =4] G3i(K*b/K<j(0))) —> i 

Us s 
11 —> }  —> GL2(Z) —» Gal^ /FO —  1. 

Theoremm 2. (Shimura reciprocity law.). Let O = Z[0] &e the ring of integers of 
anan imaginary quadratic number field K. For h G Tand x 6 \[p Ö* we have 

SupposeSuppose G C GL2(Z) is an open subgroup with fixed field F C T. With respect to 
thethe Artin map, the subgroup of Hp O* that acts trivially on K(F(9)) is generated 
byby O* and g^(G) = {x € upO; \ g9{x) 6 G}. 

Reference.Reference. [5; Theorem 6.31, Proposition 6.33]

Corollaryy 3. Let Ö = Z[$] be the ring of integers of an imaginary quadratic 
numbernumber field K of discriminant d < — 4. Suppose h € T does not have a pole at 
99 and suppose that Q(j) C Q(/i)- The function value h(9) is a class invariant 
ifif  and only if every element of the image ge[Ylp O*]  C GL2(Z) acts trivially on 
h. h. 

Proof.Proof. The open subgroup 

StabQ(fc)) = {a € GL2(Z) \hQ = h] 

hass fixed field Q(/i) C T. The pre-image ^(StabQ^)) contains Ö* - , 
soo 9Ïl(StahQih)) C llp^i is ^ d t o t h e inverse image of Gal(K*/K{h{0))) 
withh respect to the Artin map. Thus h(9) is a class invariant if and only if 
thee equality ^(Stabjt) = f lp^J holds. This last equality is equivalent to the 
conditionn ge\rip Op) C Stabh by the injectivity of ge. D 
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Thee infinite groups Y\p O* and GL2(Z) occurring in Corollary 3 are not directly 
suitedd for performing explicit computations. In practice, for h € FN and 6 an 
algebraicc integer we can reduce modulo N and work with their finite quotient 
groups. . 

Iff  JV is a positive integer let UN C GL2(Z) be the kernel of the natural map 
GL2(Z)) -¥ GL2(Z/iVZ) obtained by reducing coefficients modulo N. We have 
UNUN = StabFn where StabFN is the inverse image of GSI^/FN) in Gl^fZ). Also, 
wee observe 

9»9»11{u{urfrf )^l[((i)^l[((i  + N-op)no;). 
p p 

Thuss with respect to the Artin map, the subgroup of f|p Cp that acts trivially 
onn K(FN{$)) is generated by O* and gël{UN)- We write Up O

m
p = gj1^). The 

sequence e 

O*O* —¥ g^m/g^m) —  GaL{K{FN(8)/K{j{ff)))  -> 1 

iss exact and g$ induces a well-defined injection between the quotient groups 

9Ï9Ï11(UI)/9Ï(UI)/9Ï11(UN)(UN) -  GL2(Z/iNTZ). 

Wee use the isomorphism ^1{ t / i ) /^ 1( ï / jv ) ~ (O/NO)* to define the map 

ge,Nge,N : iPfNOY -> GL2(Z/iVZ) 

whichh is the reduction of go modulo N. One obtains the diagram 

O*O* —  (O/NO)' —> Gal(K(FN(0))/K(j(O))) —+ 1 
09,JV V 

}}  —  GL2(Z/iVZ) *  Gal(Fjv/lfi) —  1. 

Definee WW,* to be the image 

W^^giMiO/NOy]W^^giMiO/NOy] C GL2(Z/iVZ) . 

Iff  0 has minimum polynomial /Q = X2+BX+C € Z[Jf] we can list the elements 
off  Wff,e explicitly as a finite set 

(6)) WN,e = { ( ' " ƒ ' ~ f ' ) € GL2(Z/iVZ) 1t,« € Z/iVz} . 
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Corollaryy 4. Let Ö = Z[0] be the ring of integers of an imaginary number field 
KK of discriminant d < -4. Let h G FN and suppose Q(j) C Q(h). Then 

h(0)h(0) is a class invariant <=> W^,e acts trivially on h. 

Proof.Proof. The image of StabQ(A) in GL2(Z/iVZ) obtained by reducing coefiients 
moduloo N is given by 

StabA)iVV = {a € GL2(Z/JVZ) J ha = h}. 

Byy Corollary 3, the inverse image of G&l(K(FN(0))/K(h{6))) with respect to 
thee Artin map on (O/NO)* is 5^(Stab/,,N). AS gB,N is injective, the equality 
^"^(Stab/^Ar)) = (Q/NÖ)* holds if and only if WN,B is contained in Stab^jv. 
ü ' ' 

4.. WEBER'S MODULAR FUNCTIONS 

Weberr constructs several functions which provide good candidates for producing 
classs invariants for a large number of discriminants. These are modular functions 
hh for which Q(h) is an extension of Q(j) having small degree. 

Wee call ƒ an automorphic form of weight k if it is meromorphic on H* and 
satisfiess the relation 

ƒƒ o a(z) = (cz + d)kf{z) far all or = (J J) € SI*(Z). 

Thee normalized Eisenstein series 

gg22((zz)) = 60- V 7 rr 
,, , , (m + nz)4 

(m,n)€Z2\{(0,0)}}  v ' 
ggzz(z)(z) = 140- T 

imtn)imtn)&\i(om&\i(om {m{m + nz)6 

aree automorphic functions of weights 4 and 6, respectively. The Dedekind n-
function n 

(7)) rJ(z)^q^2il[(l-q n), with q = e2 ,2irt z z 
11 - q } , w i w i  V ^ t 

n = l l 

iss holomorphic and non-zero for z € H. For the generating matrices S,T € 
SL2(Z)) given by 

SS = (?-1) and T=(J J)€SL2(Z) 
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thee transformation rules 

(8)) r)oS (z) = V^ïz 7j{z) and noT(z) = faviz) 

hold.. Here, the branch of square root on the half plane {z € C | Re(z) > 0}  is 
chosenn to be positive on the real axis. The A-function defined by 

A(z)A(z) = ri2*(z) 

iss automorphic of weight 12 and without poles or zeros on H. 
Lett Af̂ "(Z) denote the set of 2 x 2 matrices with integer coefficients and 

positivee determinant. These matrices act as fractional linear transformations on 
thee complex upper half plane. The next lemma provides a method for making 
rV-invariantt functions. 

Lemmaa 5. Let ƒ and g be automorphic functions of the same weight, and let 
aa € M£{2i) be an integral matrix such that det(a) = N. Then the function 

isis FJV -invariant. 

Reference.Reference. [2; 11, §2 Theorem 3]. D 

Applyingg lemma 5 in the case a = (J J), we can recover the well-known fact 
thatt the j-invariant 

9l(z)9l(z) _-,o3 , g6 9l{z) j(z)j(z) = U%n7"' , =123 + 6 
(2TT)12A(2)) (2TT)12A(2) 

iss invariant under T2 = SL2(Z). As A = n24 is a 24th power, the above expres­
sionss for j show that one can extract holomorphic roots ffi and y/j — 123. The 
resultingg Weber functions 

* «« = 12- 92{Z) 

(2*)V(2) ) 

73(2)) = 63 __ C3 &>(* ) 

(2ir)(2ir) 66nn1212(z) (z) 

aree no longer SL2(Z)-invariant. Under 5 and T they transform as 

(9)) 72 ° S = 72 72 o T = C3
_172 

733 o S = - 73 73 o T = - 73 
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fromfrom which one deduces that 72 is r3-invariant and that 73 is r2-invariant. 
Thee function values of 72 and 73 are only moderately smaller than the j -

function.. Better results can be obtained by applying lemma 5 to quotients of A. 
Onee can then extract holomorphic roots of higher power. 

Thee functions 

A o ( j i )) A o ( J S) 2 i 2 A ° ( g ?) 
AA ' A ' A 

aree of level 2 and have rational Fourier coefficients. They are the distinct roots 
off  (X - 16)3 - jX. As we have A = r}24, we can extract holomorphic 24th roots 
too obtain the Weber f-functions 

mm ~ C 4 8 T}(Z) 

_«?(i ) ) 
(10)) h « - ^ 

f2(*)) = v/2-
Viz) Viz) 

Thesee Weber functions have considerably smaller values than j , but they also 
havee higher level and generate extensions of higher degree over Q(j). It follows 
fromfrom the product expansion (7) for i){z) that each of the functions f, fi , and 
\/2-- h have rational Fourier expansions. From the transformation rules (8) for 
rj(z)rj(z) we obtain 

n i xx ( M i ,  = (f, fe, h ) 
{11){11) (f, h, h)°T = (C£lh, GÏU C4V2). 

Onee deduces that f, fi and f2 are contained in F*s- Taking suitable powers of 
Weber'ss functions, one obtains various modular functions of level dividing 48. 
Forr example, the functions 

(12) ) 

(f244 + 8)-(ff-f| ) 
733 = p 

f244 - 16 ft*  4-16 _ fj 4 + 16 
7 2 " ~ 1 ^ ""  f? "  f! 

aree contained in Q(f8, ƒ?,$) Thus we note that both 73 and 72 have Fourier 
coefficientss in Q, and in particular we have 73 € i*2 and 72 € F3. 
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Lett K be an imaginary quadratic number field and suppose h G T. The class 
invariantss h(0) € R which arise from real function values are particularly conve­
nientt because their minimum polynomials satisfy 

/ £ W = / Q ( # ) € Q [ * ] . . 

Namely,, when we embed the algebraic closure Q in C, the generator of Gal(K/Q) 
iss obtained by restricting complex conjugation to K. Thus if a G Aut(C) denotes 
complexx conjugation and h(0) = a{h{6)) is real, then the polynomial 

MO)MO) _ Mh{e)) _,M)\* 
JKJK — JK — \JK ) 

iss invariant under Gal(Jf/Q). 
Thee product expansion (7) and the expressions (10) and (12) imply that the 

functionss f, fi , f2 73 and 72 all take on real values along the imaginary axis in 
H.. As 72 has Fourier expansion in Q((?£)), we also note when z G H has real 
partt R(z) G §  Z, then the function value 72(2) is real. 

Itt is difficult to produce modular functions of small degree over Q(j) when the 
levell  N is not divisible by 2 or 3. The reason for this is group theoretical. For 
pp > 5 the group 

Gal(C.Fp/C0))) * . 

iss simple. Weber shows that any subgroup of }  has index at 
leastt p, and that a subgroup of index exactly p can only occur in the cases 
pp = 5,7,ll. 

Forr the smallest example p = 5, Weber constructs modular functions Ui G F5 

withh i = 0,... ,4 such that Q(j) C Q(WJ) is an extension of degree 5. These are 
knownn as Weber's resolvents of level and degree 5. For t = 0, . . ., 4, let c» be an 
integerr such that 

C{C{ = 0 (mod 12) and Ci=i  (mod 5). 

Definee the functions 

--PS?)""  - -"-*(»)"
Thenn the functions 

Wi{z)Wi{z) = -j=>  (uoo - ft)(t>i+i - Vi-i)(vi-2 - ^+2X2), t = 0, . .. ,4 
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aree in F5. They are the five distinct roots of (X+3)3 {X2 +11X+64) - j € Fx [X]. 
Thee action of (J ^) € Gs induced by ad : Cs ̂  Cs on t n e Fourier coefficients 

off  (Ji is given by 

(c4o,ü/l,Ufe,W3,fa/4)""  = (w0 lWd,Ü2d,W3d,a;4d). 

Observee that the function UQ is Gs-invariant and thus has Fourier expansion in 
Q((gi)).. In particular, if z € H satisfies $l(z) G | -Z, then the function value 
cooCz)) is real. From (8), one derives the action of the generators S and T for 
SL2(Z) ) 

/13xx (wo,u>i,w2,w3,u;4)oS = (w0,U>2,Wl,W4,W3) 
(wo,wi,W2,W3,w4)orr = (wi,o;2,W3,u;4,a;o). 

Reference.Reference. [7; §34, §54 and §83] 

5.. COMPUTATION OF WV,*  AND ITS ACTION ON FN 

Inn this section we collect a few remarks of a practical nature with regard to 
computingg Ws,& and the explicit action of Wfft$ on Fff. 

Itt is well known that every matrix (ac d) € SL-2 (Z) can be written as an element 
off  (S,T). For u £ M£{Z) let uN € M2(Z/iVZ) denote the matrix obtained by 
reducingg coefficients modulo N. If in particular, N = pr is a prime power, we 
havee the following formula for writing (*  d)N € SL^Z/ATZ) as an element of 
<SN,TN>. <SN,TN>. 

Lemmaa 6. Let N = pr be a prime power and let (*  £) ̂  G SL2(Z/ATZ), 50 tfiat 
eitherr a or c is invertible modulo N. If (c, N) = 1 fet y = (1 + a)- c_1 mod N. 
Otherwise,Otherwise, if (a, AT) = 1 let z = (c + l j -o - 1 mod AT. T7ien (*  J )^ Aas tfie 
decomposition decomposition 

(a(a b) f ( T W O T ^6 ) *  *ƒ (c,N) = 1 
UU J*  \ (ST-*ST-aSTb3:-d)N t/(o,iV) = l. 

Proo/.. If (c, AT) = 1 note that 

fi—yfafi—yfa b\ _ (1 b—yd\ 
J NN \c d)N ~ \c d JN' 

Leftt multiplication by appropriate powers of Sff and TV quickly produces a 
triangularr matrix, which is some power of TV. In the other case of (a, AT) = 1, 
thee same argument applies to S- (" d) = (~c "̂  ).
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Thee factorization formula in Lemma 6 makes it convenient to calculate the action 
off  WNJ on some function h £ Fff in the case that N is a prime power. If N and 
MM are relative prime integers then for h € FjvAf we will use the Chinese remainder 
theoremm to lif t the action of WNJ to FNM so that Wfj,9 x WM,O — WNM,$ as 
groupss of automorphisms of F^Af­
inn sections 8, 9 and 10 we need to determine whether the entire matrix group 
WN,0WN,0 acts trivially on some given function h€ F^. One could ignore the group 
structuree completely and calculate the action of every element of WN,O given by 
thee list (6). However, it is often less cumbersome to first find generators for Wn,e-

Forr O — Z[0], the groups WNJ ~ (OfNO)* are isomorphic. Suppose 9 and 
rr are imaginary quadratic algebraic integers. Then the description (6) of WN,O 
shows s 

ƒ££ = ƒ$ mod N => WNt6 = WN,T C GL2(Z/ATZ). 

Evenn if the coefficients of /Q and /Q are not congruent modulo N we can often 
usee the following lemma to determine generators for WN,T given generators for 

Lemmaa 7. Suppose u € A#(Z) such that uN € GL2(Z/iVZ) . If both $ and u(0) 
areare imaginary quadratic algebraic integers then WNIU(B) is the conjugate group 

Proof.Proof. Regarding g$ as a function on f ] p ^J» observe that 

u-geixyu"u-geixyu"11 =gu(8)(x) 

forr any x € \[pO*p. Ü 

Examplee 8. Take N = 16 and suppose m € Z and 

/ ££ = X 2 + X + m and / J = X2 + X + (m + 8). 

Thee congruence 

ƒƒ J+8 = X2 + 17X + (m + 72) == ƒ£ mod 16 

whichh gives 
WWW = WW+s = T8W16)dT-8. 
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Examplee 9. Again, take N = 16 and now suppose m e Z is odd with 

fa=Xfa=X22 + m and fa = X2 + (m + 8). 

Thee congruence 
ƒ3**  = X2 + 9m = fa mod 16 

gives s 

6.. CLASS INVARIANT S FOR 73 AND 72 

Wee illustratee our technique by recovering some classical results due to Weber. 

Theoremm 10. Let K be an imaginary quadratic number field of discriminant d, 
withwith d < -4. Let 9 = ~B+V^ generate the ring of integers O of K. We have 

22 \ d =>  73(0) is a class invariant 

33 \ d =» C?7a(0) is a cJass invariant with /£*72(0) e Q[X] . 

ƒƒƒ 2 divides d, then 73(Ö) generates the ray class field of conductor 2 over K. If 
33 divides d, then 72(0) generates the ray class field of conductor 3 over K. 

Proof.Proof. Consider the assertion for 73. If 2 splits in O then (0/20)* is trivial. If 2 
iss inert in O then (Ö/20)* ~ Z/3Z. It follows that the length of the W2,0-orbit 
off  73 divides 3. Because 7! = j - 123 we know [#(73(0)) : K(j(0))] < 2 and 
concludee that 73(0) is a class invariant. 

Iff  d is divisible by 2 then W2,e ~ Z/2Z. If fa = X2 + BX + C is the minimum 
polynomiall  for 6 then W ,̂*  is generated by 

( i J ) 22
 = 52 if C = lmod2 

(JJ J)2 = ( r s r )2 if C = 0mod2. 

Bothh of these matrices act on Q(73) as 73 t-> -73- As 

Gal(JC(F3(*))/Jf(i(«)))) a W2 } 

iss a group of order 2, we have K(j3{0)) = jr(2»a(0)). In other words, 73(0) 
generatess the ray class field of conductor 2. 

Considerr the assertion for 72. In the case B = 0 mod 3 we find the generators 
forr Wz,e given in the table below. 
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dmodd 3 

1 1 

2 2 

0 0 

Structure e 

Z/2ZZ x Z/2Z 

Z/8Z Z 

Z/6Z Z 

WW3t3te e 

\\i\\i  0)3 'vo 2 /3/ 

«ii > 
«ïï i),> 

Usingg the factorization formula from Lemma 6 and the transformation rules (9), 
wee calculate the action of each of these generators on C3 and 72. In the following 
table,, the second column indicates the discriminants d for which a matrix in the 
firstfirst column occurs as a generator for Ws,*. 

Generator r 

(ID (ID 
(? i ) ) 
(!?) ) 
(Ï! ) ) 

dd mod 3 

1 1 
1 1 
2 2 
0 0 

C33 72 

C33 72 
CÏCÏ 72 
C3

22 72 
C33 C?72 

Observee that if d is not divisible by 3 then 72(0) is a class invariant. We have 
f]?^f]?^ 6 Q[X] because the function value 72(0) is real. 

Inn the case that 3 divides d, we see that W3tg does not fix ^72(0) for any 
integerr m € Z. The group }  has order 3 so we conclude that 72(0) 
generatess the ray class field K(F3(0)) of conductor 3 over K. Thus the statement 
off  the theorem holds for B = 0 mod 3. 

Inn the general case, if 0 = , then T~B(6) = -™+Vd generates O. The 
transformationn rules (8) for 72 imply 

C3
B722 = 72°T-B . 

Inn particular, Cè^W = 72(0 - B) is a class invariant if and only if 3 does not 
dividee d, and the proposition holds for all integers B € Z. G 

7.. CLASS INVARIANT S FOR THE RESOLVENTS U0 AND U3 OF LEVEL 5 

Iff  5 is inert or if 5 is ramified in O - Z[6] then W*>,e fails to stabilize any of the 
resolventss Wj, i = 0,. .. ,r of level and degree 5. In the split case we have the 
following: : 

Propositionn 11. Let K be an imaginary quadratic number field of discriminant 
dd ~ 1 mod 5 with d < - 4. Let O = Z[9] be the ring of integers of K with 

jj  & ifd = 0mod4 

\\ £ if d = 1 mod 4. 
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TheThe following statements hold: 

dd = l mod 4 =>  w3(0) is a class invariant with /Ĵ  ' G Q[X] 

dd = 0 mod 4 = » wi(0) w a class invariant with /Jfot ' e Q[X] . 

Proof.Proof. If d = 1 mod 5, then W5i9 has structure {OjW)* ~ Z/4Z x Z/4Z. Let 

%% = x2 + BX + cez[X] 

bee the minimum polynomial for 9. We find generators for W$t$ as the coefficients 
(B,(B, C) range over the possible values. We then determine the action of these 
matricess on Q(wo,wi,W2,w3,w4). The second column (B,C) in the table below 
indicatess the 0 for which a matrix in the first column appears as a generator 
forr W$tQ. The image of w», for i = 0,. . ., 4 with respect to the action of these 
matricess is given in the remaining columns. 

Generato r r 

(ïï J) 
( i f ) ) 
( i f ) ) 
( i f ) ) 
( f f ) ) 

(B,C)(B,C) mod 5 

(0,1) ,,  (0,4) ,  (1,0) ,  (1,3 ) 

(0,1 ) ) 
(1,0 ) ) 
(0,4 ) ) 

(1,3 ) ) 

Wo o 

Wo o 

w0 0 

U>2 2 

wo o 
Wl l 

Wl l 

Wl l 

w3 3 

Wo o 

w4 4 

W2 2 

W2 2 

W2 2 

W4 4 

W4 4 

Wl l 

W4 4 

W3 3 

w3 3 

W2 2 

W3 3 

W2 2 

W3 3 

w4 4 

w4 4 

Wl l 

Wl l 

w3 3 

Wo o 

Observee that wo is invariant under Wij in the case that d = 0 mod 4, and w3 is 
W^-invariantt in the case that d = 1 mod 4. 

Thee function wo takes on real values at z € H with 3ft(z) € | Z and the 
transformationn rules (13) give 

w33 = wo o r 3 . 

Inn particular, if d = 0 mod 4 we have wo(0) € R. In the case d = 1 mod 4 we 
havee w3(0) = wo(0 + 3) € R. Ü 

8.. CLASS INVARIANT S FOR THE WEBER f-FUNCTioNS 

Wee now determine class invariants for powers of the Weber f-functions by com­
putingg the explicit action of W^B ~ Wz,e x Wie,*  on Q(C48,f»fi,f2) as the 
coefficientss of the minimum polynomial /Q € Z[X] range through Z/48Z. In 
doingg so we recover several results from [1], [4], and [7]. 
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Wee lif t the action of GL2(Z/3Z) to F48 by the Chinese remainder theorem. 
Firstt we need to embed the generators S3,T3 € SL2(Z/3Z) in SL2(Z/48Z) as 

S3S3 -+ (S 3
33)48 = ( r253r - 1 6£T1 4) 48 

Definee the action of S3 and T3 on functions h € F48 as 

h*Sh*S33 = hoT2S3T-16STu 

h*Th*T33 = hoT1*. 

Forr (J °) € C?3, let aa be the action on F48 obtained by lifting the automorphism 
off  Q(C4s) determined by C3 ^ C3 and Cie > Cie- We define 

Thee expUcit action of GL2(Z/3Z) on Qfos, f, h, f2) is given by 

Ks.Ge.f,, fi , h)*S3 = (C3,Cie,f, fi , h) 
(H)) (6,Ci«.f. h, fe)»r8 . = (&,Ci6,QiU Cih, <Sh) 

«s.Cie.f,, h, fa)»(J J)8 = (tf.Cw.f, f i , fa). 

Propositionn 12. Let 9 — ~B+^ generate the imaginary quadratic order of 
fundamentalfundamental discriminant d < - 4. The group GL2(Z/3Z) acts trivially on 
Q(f3JJ f1»fi)  Furthermore we have 

3\d=*3\d=*  W3>9 acts trivially on Q «f f.tffi.tffe) -

Proof.Proof. By the transformation rules (14) every matrix in GL2(Z/3Z) acts trivially 
onQ(f3,f?,f|). . 

Supposee that 3 divides B. We use the generators of W$to found section 8 to 
computee the action of W^e on Q(C48,f,fi,f2). The second column in the table 
beloww indicates the discriminants d for which a matrix in the first column appears 
ass a generator for Wuj. The image of <3, f, h, and f2 respectively are displayed 
inn the remaining columns. 

Generator r 

( i ! ) ) 
(Ti ) ) 
(Jï) ) 
(h) ) 

dmodd 3 

1 1 
1 1 
2 2 
0 0 

C3 3 

a a 
c? ? 
a a 
C3 3 

f f 
f f 
f f 
f f 

Clf f 

h h 
h h 
h h 
h h 

Clh h 

f2 2 

f2 2 
f2 2 
f2 2 

C|f2 2 
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Eromm the table it is clear that if 3 does not divide d then W3tg acts trivially on 
Q(f»» hih)- Therefore the statement of the proposition holds in the case that B 
iss divisible by 3. 

Inn the general case, if 9 - ~B+^d t h en t h e translate T~l6B{B) = -33B+V*  & 
againn a generator of O. The transformation rules (14) give 

andd we note 
WW3t3te-e-1616BB = TfBW3tgTf. 

Since e 

W3.0-16BB acts trivially on h & Wz$ acts trivially on h  T3~
B 

holdss any function h € F48, the proposition holds for all integers B eZ. G 

Wee lif t the action of GL2(Z/16Z) to F48. First we embed £i6,T16 € SL2(Z/16Z) 
inn SL2(Z/48Z) according to the Chinese remainder theorem 

si«»» ill  3)« = (S3r-Wsr»)48 

andd define the action of Si e and Tie on h 6 F& as 

/ i .Siee = hoSzT~2ST1QST14 

/ i«r166 = /ioT33. 
F o r ( JJ 2)i6€Gri 6 define 

wheree ad is the action on i*4g obtained by lifting the automorphism of Q(C4s) de­
terminedd by as C3 *-*  C3 and Cie »-  Cie- The GL2(Z/16Z)-action on Q(C48, ƒ, fi , fa) 
iss given by 

(Cs,Cl6,f,, fl , f2)  ^16 = (C3,Cl6,f, f2, fl) 
tts.&e,tts.&e, f, fi , h)*Tu = (C3,Ci6,Ci56fi, Cfef, C!eh) 
«s.Cie.f,, fi, W-( i !) i a = (6,tf.,f, fi, ^ b ) . 

Inn the remainder of this section we calculate the action of W\tt$ on Q(C48, f, fi , f2) 
ass the discriminant of Ö — Z[0] ranges through the fundamental imaginary qua­
draticc discriminants d. The cases where 2 is split, inert, or ramified in Z[6] will 
bee dealt with separately. In each instance our goal is to find W î6,ö-invariant 
functionss in Q(C48, f, fii fi) which fulfi l the additional condition Q(i) C Q{h). 

Wee begin with the split case. 
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Propositionn 13. Let Ö be an imaginary quadratic order of fundamental dis­
criminantcriminant d < — 4 and let B = ~l\**.  We have 

dd = 1 mod 8 =£  Wi6,d acts trivially on Qï£h-

Proof.Proof. If d = 1 mod 8 then Wi6,e has structure (0/160)*  ~ (Z/4Z x Z/2Z)2. 
Itt turns out that the matrix group WIQJ is determined by the coefficients of /Q 

moduloo 8. 
Wee calculate the action of generators for Wi6te as ^ ranges over Z/8Z. The 

secondd column indicates the discriminants d for which a matrix in the first column 
appearss as a generator for Wwj. 

Generator r 

(?? £) 
(2!) ) 
(?? ?) 
(?? !) 
(?? ?) 
(ÏÏ  ?) 
(ÏÏ  I) 
/133 12\ 
VV 6 3 / 

i f ^^  mod 8 

0,2,4,6 6 
0,2,4,6 6 

0,4 4 
2,6 6 
0 0 
4 4 
2 2 
6 6 

CMM  f fi fe 

Ciee f fi h 
&&  f Cfefi C1V2 
C{?? Cil f fi Ö«2f2 
CliCli  <&f A h C»fe 
CSS Cfef Ah Cfafe 
C«« G14f C«h Ci6ef2 
C11?? tfïf  fi tfefe 
CÏ?? C?6f tfeh Ci66f2 

Observee that each the automorphisms in the above table fixes Cie5f2- E 

Wee continue with the inert case. 

Inn the case that Ö is an imaginary quadratic order of discriminant d = 5 mod 8, 
wee have group structure (0/160)*  ~ Z/8Z x Z/4Z x Z/6Z. The matrix group 
Wi6,00 does not fix any of the functions f24, f24, or f?j4. 

Onee can of course determine functions h € Q(C48» ƒ» fi , f2) which are invariant 
underr Wut$ but which might not satsify the extra condition Q(;) C Q{h). One 
couldd then use Lemma 18 of Section 11 to determine whether the function value 
h(9)h(9) nonetheless generates the Hubert class field over K. We will not do this in 
thiss paper. 

Forr d = 5 mod 8, we choose the generator 0 = ~1^Y° C 0. The following 
tablee provides the action of the generators for W%e,e on Q(C48> f, fi , fa)-
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Generator r 
/133 12 \ 
UU 1 ) 

(?? i) 
(ÏÏ  Ï ) 
(?? ?) 
(?? !) 
(ïï Ï) 
V155 O) 
,7,7 7\ 
\3\3 10̂  

UU 12,/ 
(111 3} 
1111 8/ 
/ 99 9% 
USS 8/ 
/155 15 \ 
VV 3 2 ) 

(V3!) ) 
(i!!  Ï ) 

i ^^ mod 16 

1,5,9,13 3 
3,7,11,15 5 

1,9 9 
3,11 1 
5,13 3 
7,15 5 

1 1 
3 3 
5 5 
7 7 
9 9 
11 1 
13 3 
15 5 

Cie e 
r 13 3 

S16 6 r 13 3 

Sl6 6 r 3 3 

S16 6 
Ci1»1 1 

A A 
CJI I 
Ci. . 
Ci. . 
Cl6 6 
Cl6 6 
Cie e 
Cl6 6 
Cie e 
Cie e 

f f 
Cfef f 
f f 

Cfef f 
CSf f 
f f 

Ci46f f 

CiJfe e 

flïfe flïfe 
tfefe tfefe 
C?ef2 2 
Cfef2 2 
Ci56f2 2 

CSfe e 
Ciee ƒ2 

fi i 

CJIh h 
Ah h 
Cil h h 
Cfefi i 
Cfefi i 
CiJf i i 

CSf f 
Clef f 
Cfef f 
C»f f 
Cii f f 
Ci7ef f 
Cfef f 
Cie5f f 

f2 2 

tfafe tfafe 
Ci4ef2 2 

Ci2ef2 2 

CHfe e 
Cf6f2 2 
Cie°f2 2 

Cie°fl l 
Ciff i i 
Cfefi i 
Cfefi i 
Cfefi i 
Cfefi i 
Clih Clih 

fi i 

Wee now consider the case when 2 ramifies in O = Z[0]. 

Propositionn 14. iet O be an imaginary quadratic order of fundamental dis­
criminantcriminant d = —4m < —4 with generator 0 = y/—m. The following functions are 
Wie.00 -invariant. 

mm mod 8 

1 1 
2 2 
5 5 
6 6 

Wx6,00 Invariant 

VK? ? 
f4 4 

f? ? 

PfToo// When d is even, (Ö/160)* is a group of order 27. The group structures 
forr Wiat$ which arise are 

rr Z/16Z x Z/4Z x Z/2Z ifm = 0mod2 
WiWi6t6tee ~ < Z/8Z x Z/4Z x Z/4Z if m = 1 mod 8 

kk Z/8Z x Z/8Z x Z/2Z if m = 5 mod 8 

Wee first determine generators for Wu,t in the case that m is even and then 
computee the action on of these generators on Q(Cts» f J fi > f2)- The second column 
off  the table indicates the m for which a matrix occurs as a generator for W^^. 
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Generator r 

f155 °) 
VV 0 15/ 
« ! ) ) 
aa ?) 
(11 V) 
(ID (ID o o 

mm mod 16 

2,6,10,14 4 
2,6,10,14 4 

2 2 
6 6 
10 0 
14 4 

Ciee f fl h 

Ciee f fl h 
AA f A h Cf«f2 
AA Ci76f2 Cjffi Cfef 
Ci766 A h A h CSf 
Coo ABh A h Cfef 
Cttt Ci3ef2 fi CiSf 

Wee see that all of the matrices listed in the table above act trivially on f*. It's 
easyy to verify that we can do a littl e better and provide a Wie,0-invariant function 
byy using some suitable element of Q(Cie) to normalize ff. Since fi takes on real 
valuess along the imaginary axis of the complex upper half plane, we choose the 
normalizations s 

{{fff  if m = 6 mod 8 

y/2-y/2- f? if m = 2 mod 8 . 
Thesee are both Wi6,0-invariant and real-valued at 9. 

Wee now perform a similar calculation when m is odd. 

Generator r 
/I BB (M 
VV 0 15̂  

(ID (ID 
(\(\ ?) 
(?? 'o6) 
(ID (ID 
( Ï Ï ) ) 
(?? V) 
(ïï Ï ) 
(?!) ) 
(ÏJ ) ) 

mm mod 16 

5,13 3 
1,9 9 
1 1 
1 1 
9 9 
9 9 
5 5 
5 5 
13 3 
13 3 

Ciee f h h 

Ciee f fi fe 
AA f A h Cfef2 
AA CBf A h A h 
Ciee f h fi 
A88 A2f A h Af i 
AA f h fi 
AA Cfef A h A h 
AA f Ah fi 
Ciee Cfef Ah Ah 
CSS f Ah fi 

Heree we see that each of the automorphisms in the above table stabilizes f4. In 
thee case of m = 1 mod 8 we can actually do a littl e better by normalizing f2 

usingg some suitable element of Q(Cie)- The function y/2- f2 is W^ie^-invariant 
andd real-valued at 0. O 
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Theoremm 15 (2 split). Let K be an imaginary quadratic number field of dis­

criminantcriminant d < - 4 and let $ = ~1 | v ^ . Ifd~\ mod 8 then we have 

33 f d =>  C48f2(0) *s a c'055 invariant 
33 j d =*  CiefK^) *5 a c^ass invariant 

InIn either case, the given class invariant is also invariant under Gal(K/Q). 

Proof.Proof. Apply Propositions 12 and 13 to C3Ci~65f2 = C48Ï2- Note from definitions 
(7)) and (10) that if z e H with »(z) = - \ , then we have {«f a GO € R. O 

Theo remm 16 (2 ramified). Lei ÜT 6e an imaginary quadratic number field of 
discriminantdiscriminant d = - 4m < - 4 and let 8 = y/~m. The following is a table of class 
invariants. invariants. 

mm mod 8 

1 1 
2 2 
5 5 
6 6 

dd £ 0 mod 3 

V2-f(9) V2-f(9) 
V2-ft(0) V2-ft(0) 

f(9) f(9) m m 

dd = 0 mod 3 
6(0) ) 

V2-f?(0) ) 
f12(*) ) 
f!(<?) ) 

77iee modular function values given above are also invariant under Gal(ÜT/Q). 

Proof.Proof. Apply Proposition 12 and 14. Ü 

9.. SHIMURA'S RECIPROCITY LAW 

Inn this section we discuss a modification of the exact sequence (1) 

11 —  Z* —  GL2(Z) —  Gal (^ /F i) —+ 1, 

soo that one can describe all of Aut(.F) instead of only Gal(T/Fi). This allows 
thee Shimura reciprocity law to be stated in its full generality, which we will need 
inn Section 11. 

Lett AL = IT QP denote the ring of finite rational adèles. Here, the restricted 
productt is taken with respect to Zp C Qp. We write GL2(A

t
Q) = IIpGL2(Qp)> 

wheree the restricted product is taken with respect to GL2(ZP) C GL2(Qp). We 
considerr GL2(Z) c GL2(A

t
Q) to be a subgroup by means of the embedding 

GL2(Z)) ~ J]GL 2(ZP) ^  J ] ' G L 2 ( Q P ) CZ GL2(A
f
Q). 

pp P 
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Lett GL^Q) denote the group of rational 2x2 matrices with positive determinant. 
Embeddingg Q along the diagonal of AQ we view GLjfQ) C GL2(Ajj ) to be a 
subgroup.. In particular, we identify Q* with the scalar matrices Q* C GL^fQ ) C 
GL2(A

f
Q). . 

Onee can show that every x € GL2(AQ) can be written as 

xx = u- a with u € GL2(Z) and a € GLf(Q). 

Thiss decomposition is not unique since SL2(Z) = GL2(Z)flGL2
h(Q). Nonetheless, 

thee decomposition x = u- a determines a group action of GL2(AQ) on T given 
byy hx = hu o a. Here, u € GL2(Z) acts via (1) and a 6 GLj(Q) acts as a 
transformationn on the complex upper half plane. 

Theoremm 17 (Shimura exact sequence). The sequence 

(15)) 1 —  Q* —  GL2(A
f
Q) —  Aut(jF) —> 1 

isis exact 

Reference.Reference. [5; Theorem 6.23] D 

Recalll  the from (5) the embedding 

9e-9e- A —  II 'GMQP ) 
P P 

andd consider the diagram 

11 —> ÜT* —  4 : ^ 3 Gal(A:ab/ü:) —  1 

11 —> Q* —  GL2(A$>) —> Aut(^) —f 1. 

Theoremm 18 (Shimura reciprocity law). Let Z[0] be the ring of integers of an 
imaginaryimaginary quadratic number field K with 0 in the complex upper half plane. For 
heTheT and x G J*K we have 

IfGcIfGc GL2(AQ) is an open subgroup with fixed field F C T, then the subgroup 
ofof Jx that acts trivially on K(F(6)) with respect to the Artin map is generated 
byK*byK* andgö\G). 

Reference.Reference. [5; Theorem 6.31, Proposition 6.33] Ü 
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10.. ACTION OF THE CLASS GROUP ON CLASS INVARIANT S 

Lett K be the imaginary quadratic number field of discriminant d with ring of 
integerss O — Z[8]. For an ideal aC O the formula 

*''j{0)*4j(or*''j{0)*4j(or ll). ). 

givess the action of the Artin symbol for a on the class group C\(ö). 
Everyy primitive reduced quadratic form of discriminant d corresponds uniquely 

withh an ideal class in Cl(<9). If [a, b, c] is a primitive form of discriminant d then 
forr r = ~b+y** , the Z-lattice L = [a,ar]  is an integral (9-ideal. The Galois action 
off  the Artin symbol for [a, — b,c] on K(j(9))/K is given by 

i W I o ' - M = j ( r ) . . 

Supposee h € T is a modular function for which h(6) e K(j($)). In this section 
wee give a formula 

u:u: C\(0) -+ GL2(Z) 
[a,, 6, c] »-» ur 

suchh that 
MM = A«-( r). 

Wee begin by producing an idèle zT € J*K such that the Galois action of the Artin 
symboll  [zr,üf] satisfies 

j(0)[".MM = j(0)l*-.K]. 

Iff  p € Z is prime, let Lp = L®z Zp so that Lp C C?p. We need to produce a finite 
idèlee (zp)p € Yl' Kp such that 

l[zl[zppOOpp = Y[Lp 
vv p 

holds.. It turns out that one can always choose zp to be among {a, ar, ar — a}. 

Lemmaa 19. Let K be the imaginary quadratic number field of discriminant 
dd with ring of integers Ö — Z[0]. If [a, b,c] is a primitive quadratic form of 
discriminantdiscriminant d let r = ~ 6 j ^ and L — [a,ar\. For every prime p € Z define 
zzpp E L as 

'' a t/pfa 
zzpp := < ar ifp\ at\p\c 

a ( r - l )) ifp\aAp\c. 
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ForFor zT = (zp)p € Jft the Galois action of the Artin symbol [zT, K] satisfies 

Proof.Proof. The inclusion zpOp C Lp follows from zv € L. Note that L C Ö has index 
[Ö[Ö : L] = a. For every p € Z we compute 

'' o2 if pf a 
N/C/Q(2P)) = < oc i f p | o A p fc 

kk a(a + & + c) i f p | oAp j c, 

andd since {a,b,c) = 1, one obtains || ^K/Q(ZP) ||P = ||o||p. From 

[O[O pp : zpOp) = |M|P = [Op : Lp] 

wee conclude zpOp = Lp. D 

Givenn an imaginary quadratic discriminant d, fix 

0 0 
{ { 

= i f ^^ i f d = l m o d4 

2 2 iff  d = 0 mod 4 , 

MM = < 

andd let [a, b, c], and 2 = zT be as stated in Lemma 19. For a class invariant h(0), 
thee Shimura reciprocity law states 

Lett M € GLf (Q) satisfy Af- (J) = (°a
r). Explicitly, one computes 

ll  2 J ifd = lmod4 

ff11 ~*~} ifd = 0mod4. 

Thee action of GL2(AQ) via (15) gives 

h»'W{B)h»'W{B) = h»<*)-M~l(T). 

Definee uT = go(z)-M~l € II pGL2(Qp). Let up e GL2(QP) denote the compo­
nentt of uT at p. Then the determinant of 

«PP = (9e)PW- M-1 € GL2(QP) 



32 2 

iss given by 
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det (up)=NK / Q ( * p) - -eZ;. . 

Writingg out up for d = 0 mod 4, one obtains 

(16) ) u»» = < 

(C!) ) 
(1(1 7) 

II rt- 1,-) 

iff  p-fo 

iff  p | a A p {  c 

iff  p | a A p | c 

Onn the other hand for d = 1 mod 4, we get 

6 - 1 1 

(17) ) u„„  = < 

f C T ) ) 
(TT  7) 

iff  p fa 

i fp || aAp fc 

iff  p | o A p | c . 

Wee observe that in either case, up € GL2(ZP) and we conclude uT G GL2(Z). We 
havee demonstrated the following statement: 

Theoremm 20. Let Z[0] be the ring of integers of an imaginary quadratic num­
berber field K of discriminant d and let [o, 6, c] is a primitive quadratic form of 
discriminantdiscriminant d. Define 

_JY_JY if d = 0mod4 
~\~\  t/d = i mod4 

andand T - ~b%/* and let uT = {up)p be defined according to the local formulas for 
uupp € GL2(Zp) given in (16) if d is even or (17) if d is odd. It follows that 

fc(0)[«.-M-fc«r(fc(0)[«.-M-fc«r(TT) ) 

forfor any h€ F such that h(9) G K{j{6)). O 
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11.. FORMULAS OF MORAIN AND YUI-ZAGIER 

Wee can use Theorem 20 to verify some conjectural formulas of Morain and Zagier 
regardingg conjugates of class invariants arising from some classical functions. The 
followingg proposition is Morain's Conjecture 1 from [3]. 

Propositionn 21. Let d = 1 mod 4 be an imaginary quadratic discriminant and 
letlet 0 = ~xy^. The action of the class group on js(9) is given by the formula 

77l*--W(0)l*--W(0) = (-l)** i+oc+0+c73(r) 

wherewhere [a,b,c] is a primitive quadratic form of discriminant d and r =  - t ^

Proof.Proof. By Theorem 20, the matrix M e GL2(Z/2Z) given by 

ff G?) 
) ) 

l ( T Y ) ) 
M M 

i f 2 f a a 

iff 2 | a A 2 f c 

iff 2 j a A 2 | c 

satisfies s 
[a,—6,c]//j \\ _ At  i 

Wee decompose M in terms of S and T modulo 2 

rr r 
M=M=  < T^STST T^STST 

II  T^STS 

Usingg (9), we calculate 

7 1»» = < 

ff  (- l )^73(r) 
(- l )^73(r) ) 

II  (- l)^ +173(r) 

iff  2 |o 
iff 2 | o A 2 f c 

iff 2 | o A 2 | c. 

i f 2 f o o 

iff 2 | o A 2 f c 

iff  2 | a A 2 |c 

AA routine check shows that in each case, the above formulas are equivalent to the 
formulaa given by the proposition. D 

Wee prove Zagier and Yui's conjectural formula (2?) regarding the conjugates of 
thee class invariant faUiö) from [8]. 
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Propositionn 22. Suppose d = 1 mod 8 is an imaginary quadratic discriminant 
suchsuch that d £ 0 mod 3 and let 9 = ~l ^v^. Let [a, b, c] be a primitive quadratic 
formform of discriminant d and let r = ~b$^y - The action of the class group on 
C4sf2(0)) is given by the formula 

C b(a—c+ab(a—c+a22c) c) 
48 8 feto feto if2\a if2\a 

(19)) (C48f2(0))ta'"M = { $ a - c - o c \ ( r ) if 2 | a A2fc 

( -D^C468a" C + a CV )) tf2|aA2|c. 

Proof.Proof. Theorem 20 gives a matrix M G GL2(Z/48Z) that satisfies 

C48f2(0)[a'-6'C]] = (C48f2)
M(r). 

Thee residue classes M3 e GL2(Z/3Z) and M16 € GL2(Z/16Z) of M are respec­
tively y 

ff  (o °)-5T-°5T-a5T-f r a 

^^ (J o j . r i - b 5 r65 r6_i 

i f3f a a 

iff  3 | a A 3 fc 

iff  3 | a A 3 | c 

and d 
(( (l 0' 

MM1616 = i (J 0 ) .T ( ^ ) c 5 r i 5 T c i f 2 | a A 2 fc 

,, (i a+S+J' rf^^x^+^STï+tR^r^6^-1 if 2 | a A 2 | c . 

Wee write £4s = Ci65*Cs- Then 

(C48f2)
MM = (Cf6

5(C3f2)  Ms)  M16 

givess the action of M on on C4sf2- First we compute £3f2  M3 = ufa using (14). 
Here,, /i3 is the third root of unity 

ff  fab 
S3 3 

A*33 = < 

Inn a similar fashion, we find 

i f3f a a 
iff  3 | a 
iff  3 | a A 3 | c. 

CsCsbcbc i f 3 |oA3 fc 

Mief22 if 2 f a 
(Cr6

sf2)«Af16== { meh if2f c 
j* 16ff  i f 2 | a A 2 | c, 
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wheree /ii 6 G Q(Cie) is 

(20) ) 

ff  /—bab 
S16 6 

^166 = < 

i f2f o o 
<$cc if 2 | o A 2 f c 
c5(a+6+c)(6+2o)-55 i f 2 | a A 2 | C . 

Thee expressions (20) for jii e have been simplified using the condition d = 1 mod 8. 
Wee conclude 

(21) ) 
A*3-/*i6-f 22 i f 2 f a 

(UM(UMMM = { M3-M16- fi i f 2 | a A 2 |c 
^3'A*i6-- f if 2 | oA2 | c. 

Wee need to check that the formulas in (19) and (21) coincide in the case 3 \ d 
andd d = 1 mod 8. The condition d £ 0 mod 3 implies 

66 = 0 or oc £ 1 mod 3 
=>6(aa - c + a2c) = b{a-c- a(?) mod 3 

andd we easily check 

Ma—Ma—c+oc+oaac)c) _ 
(( Qb i fSfo 

== < C "̂6cc i f 3 | a A 3 fc 
11 i f 3 | a A 3 | c. 

Similarly,, under the restriction d = 1 mod 8, one verifies that 

(( ^-SHa-cWc) if  2 | a 

A*16== < C—— 5b(a—c—oc2) 
16 6 iff  2 I aA2fc 

U i V C r e 5 ^ ' ^ ^^ i f 2 | a A 2 |c 

holds. . 
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GENERATIN GG CLASS FIELD S 
USINGG SHIMUR A RECIPROCIT Y 

ALIC EE GEE AND PETER STEVENHAGEN 

ABSTRACT.. The abelian extensions of an imaginary quadratic field can theoretically 
bee generated by the values of the modular  j-function , but these values are too large to 
bee useful in practice. We show how Shimura's reciprocity law can be applied to find 
smalll  generators for  these extensions, and to compute the corresponding irreducibl e 
polynomials. . 

1.. INTRODUCTION 

Amongg the finite extensions of a number field, the abelian extensions play a spe­
ciall  role. Over the rational number field Q, the Kronecker-Weber theorem states 
thatt the abelian fields are the subfields of the cyclotomic fields Q(C) obtained by 
adjoiningg a root of unity C 6 C to Q. If C is of order N, the corresponding irre­
duciblee polynomial is the iV-th cyclotomic polynomial $JV- It is easy to compute 
$$NN for small iV, and for such N the coefficients of $N are very small. By Galois 
theory,, essentially the theory of cyclotomic periods developed by Gauss, we can 
descendd and find explicit generators for subfields of Q(C)-

Thee arithmetic theory of abelian fields is much nicer than that of arbitrary 
numberr fields. They come with explicit groups of cyclotomic units, which can 
bee exploited to find their class groups in situations where general class group 
algorithmss currently have no hope of succeeding [10]. 

Overr an arbitrary number field K, the abelian extensions K C L are described 
byy class field theory. For such L, the Galois group Gel{L/K) is canonically iso­
morphicc to a quotient JK/(K*NL/KJL) of the idèle group JK of K by the open 
subgroupp generated by K*  and the norm image NL/KJL of the idèle group of L. 
Conversely,, every open subgroup B C 3K containing K* corresponds in this way 
too a unique abelian extension of K, the class field of B. The explicit determina­
tionn of class fields is one of the main tasks of computational class field theory, an 
algorithmicc area that has only recently come to enjoy popularity. 

19911 Mathematics Subject Classification. Primary 11G15; Secondary 11R37, 11Y40. 
KeyKey words and phrases. Hilber t class field, complex multiplication , Shimura reciprocity law. 

Typesett  by >4AyfS-TgX 
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Thee idèle group JK is a large object that is not always convenient for explicit 
computations.. It is however possible to describe the finite quotients of JK/K* 
correspondingg to abelian extensions of if in a different way, as quotients of the ray y 
classs groups Cn of K. These are finite abelian groups depending on a conductor n, 
andd they play a role that is analogous to that of the Galois groups (Z/NZ)* in 
thee case of the cyclotomic extensions Q(Ov) of Q. A special role is played by the 
rayy class field corresponding to the trivial conductor n = 1: this is the Hilbert 
classs field H of K. The Galois group Gal{H/K) is canonically isomorphic to the 
classs group C of K, and for this reason it is one of the most important extension 
fieldsfields of K. 

Justt as in the case K = Q, the explicit determination of abelian extensions of 
KK reduces to the problem of generating the ray class fields Hn corresponding to 
thee ray class group Cn, at least if we measure the size of an abelian extension by 
itss conductor. By generating Hn we mean computing a polynomial h e K[X]  for 
whichh we have Hn £ K{X)/{h). 

Evenn though class field theory proves the existence of class fields in a construc­
tivee way, it does not readily provide an algorithm to compute generators for class 
fields,fields, not even for the Hilbert class field. The theory indicates that these exten­
sionss can in principle be generated over large extensions of K. Algorithmically it 
iss often not feasible to do computations over these large number fields, and this 
iss a serious obstruction. 

Thee only class of fields K different from Q for which there exists a theory that 
yieldss generators of class fields is the class of imaginary quadratic fields, and it 
iss this class that we will address in the current paper. 

Thee theory of complex multiplication asserts that the ray class fields over an 
imaginaryy quadratic field K can be generated by the values of suitable modular 
functions.functions. These modular functions can be viewed as elliptic analogues of the 
exponentiall  function q(z) = exp(27riz), whose values CAT at the rational points 
zz ~ $ € Q generate the class fields of Q. A basic example of the theorems from 
complexx multiplication is the following. 

Theoremm 1. Let K be imaginary quadratic with ring of integers O = Z[0], 
ThenThen the Hubert class field H of K is generated by the value j(B) of the modular 
functionfunction j . 

Thee modular function j : H ->  C is a complex valued function on the complex 
upperr half plane H that occurs in may contexts. As a function on lattices A = 
[Ü>I,O>2]]  e C, the value j"(A) = j{u\ju2) is the j-invariant of the complex elliptic 
curvee E = C/A. 

Thee conjugates of j{0) = j(0) over either K or Q are the values j(o) for [o] 
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rangingg over the ideal classes in C(0). These values are algebraic integers, so 
thee class polynomial FG - U[a]&c(0)( x ~ i(a)) € ZM  c an b e computed "**&& 
complexx approximations of the values j(a). As it is relatively easy to approximate 
thesee values, this method is to be preferred over the computationally unfeasible 
algebraicalgebraic computation of Fo as a factor of some modular polynomial $m{X, X) 
thatt is explained in [2]. 

Numericall  examples show that the polynomial Fo is already huge for small 
valuess of the discriminant of K. For the field of discriminant —71, which has class 
numberr 7, the class polynomial equals 

pp00 = X1 + 313645809715 A"6 - 3091990138604570 Xb 

++  98394038810047812049302 XA - 823534263439730779968091389 X3 

++ 5138800366453976780323726329446 X2 

-- 425319473946139603274605151187659 X 
++ 737707086760731113357714241006081263, 

andd the situation rapidly gets worse. Weber discovered that in many cases, one 
cann generate H using functions that are considerably smaller than the j-function. 
Forr the example above, there exists a modular function ƒ of level 48 that gives 
risee to a class invariant f(0) with irreducible polynomial 

XX77 + X6 - Xb - X4 - X3 + X2 + 2X + 1. 

Thee observations on such 'lucky occurrences' in [11] range from theorems and 
numericall  observations to open questions, and the distinction between them is 
nott always clear. Following the confusion around Heegner's purported proof of 
thee class number one problem for imaginary quadratic orders, some of the obscure 
pointss were clarified by Birch [1] and Stark [9] in 1969. The revival of interest in 
modularr forms in the seventies, and more in particular the contributions to the 
subjectt by Shimura [7, 8] have resulted in the development of abstract tools that 
aree ideally suited to deal with the questions raised by Heegner. 

Thee aim of this paper is to show that Shimura's techniques can be applied to 
answerr the following basic questions: 

1.. given a modular function ƒ, determine for which K the value ƒ (0) at a gener­
atorr 8 of OK generates the Hilbert class field H of K\ 

2.. if ƒ (9) generates H, compute its irreducible polynomial. 

Inn fact the techniques can be used to identify the field K(f(9)) in all cases, or 
too generate other class fields than the Hilbert class field. Even if ƒ ($) is not a class 
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invariant,, the information obtained is usually sufficient to produce a generator of 
HH from j(0). As we will see (theorem 3), a modular function ƒ that yields a class 
invariantt for some imaginary quadratic field K does so for a positive proportion 
off  all imaginary quadratic fields. 

Fromm a complexity point of view, the improvement in using 'small' modular 
functionss is not dramatic: as we are still working with exponential functions, the 
sizee of the coefficients of the generating polynomials for the Hilbert class field 
growss exponentially with the discriminant of K. This seems to be an unavoidable 
consequencee of the theory of complex multiplication. On the other hand, the 
improvementt by a constant factor (like 72 or 48) in the size of the coefficients 
enabless us to produce decent generating polynomials when the discriminant of K 
iss of moderate size. The modular function j does not have this property and is 
thereforee never useful in computational practice. 

2.. MODULAR FUNCTIONS 

Beforee we can start our investigations on class invariants, we provide concise def­
initionss of the modular functions that we use and indicate some 'small' modular 
functionss of not too high level that can be used to produce class invariants. Proofs 
off  all statements in this section can be found in [4]. 

Thee basic example of a modular function is the '̂-function encountered in the 
introduction.. This is a holomorphic function on H that respects the action of 
thee elements of the modular group T = SL2(Z) on H. By this we mean that we 
havee i (Jg f) = j(z) for z G H and £ J) <E I \ Note that the action of T on H 
factorss via the quotient Tf  1. The j'-function has simple pole at infinity and 
extendss to an isomorphism of Riemann surfaces j : (r \ H)~ - ^ P1 (C) between 
thee compactified orbit space and the complex projective line. The elements of the 
correspondingg function field C(j) of rational functions in j are called modular 
functionss of level 1. 

Onee obtains modular functions of arbitrary level N > 1 by replacing the 
modularr group T in the setting above by the congruence subgroup T(N) = 
ker[SL2(Z)) -  SLa(Z/JVZ)]. The compactified Riemann surface (T{N) \ H)~ is 
thenn isomorphic to the modular curve X(N) of level N over C. The natural map 
X{N)X{N) -»> X(l) is a Galois covering with group l -T(N)) = SL^Z/iVZ)/  1. 
Thiss implies that the function field FJV.C of X(N), whose elements are the mod­
ularr functions of level N, is a Galois extension of Fi t C = C(j) with group 
SLSL22(Z/NZ)/(Z/NZ)/  1. Thus the modular functions of level N are simply the T(iV)-
invariantt meromorphic functions on H that are also 'meromorphic at infinity'. 
Notee that such functions are invariant under z *-¥ z + iV, hence periodic. 
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Ass we want our modular functions to have algebraic values, we need to de­
finefine our function field Fff.c over a smaller base field than C. For N = 1, the 
modularr curve X(l) = P1(C) can clearly be defined over Q, with function field 
F\F\ = QO)- In t n e general case one needs to pass to the cyclotomic base field 
Q(Civ).. This means that there exists a Galois extension Fjy of Q(0v, j ) with 
groupp SL2(Z/NZ)/  1 that yields FN>C after base change from Q(CAT) to C. 
Moree precisely, we can write the elements of FJV.C as Laurent series in ql^n with 
qq = exp(27riz), and then FN is the subfield of FNtc C C((g1/N)) consisting of 
thee functions with Fourier coefficients in Q(Gv)- The action of the cyclotomic 
Galoiss group (Z/iVZ)*  = GBX{Q(CN,J)/QU)) has a natural extension to FN C 
Q(Ov)((g1/N)),, and this leads to a description of Gal(F*/Fi) = GaL{FN/Q(j)) 
ass a semidirect product 

(SL2(Z/iVZ) //  1) x (Z/NZy 2 GL2(Z/iVZ) /  1. 

Heree (Z/NZ)* is embedded in GL2(Z/NZ)/  1 as the subgroup of elements of 
thee form (J J) € GL2(Z/NZ). For the full modular function field Foo = UN>IFN 

onee obtains the Galois group over Q(j) by passing to the projective limit: 

Gal(iWQ(j))) = hm (GU(Z/NZ)/  1) = GLj(Z)/  1. 

Thee main theorem of complex multiplication is the following generalization of 
thee theorem stated in the introduction. 

Theoremm 2. Let K be imaginary quadratic with ring of integers Ö = Z[0] and 
NN > 1 an integer. Then the ray class field HN of conductor N of K is generated 
overover K by the values f(0) of the functions ƒ € FN that do not have a pole at 6. 

Itt follows that the maximal abelian extension Kab of K is generated by the finite 
functionn values f (8) for ƒ € Foo. 

Ourr example for discriminant —71 in the introduction illustrates the fact that 
thee j-function is already large for values of 9 with small imaginary part. There are 
howeverr modular functions of higher level that are 'smaller' than the j-function. 
Ass we are working with functions that are integral over Z[j] , this simply means 
thatt the coefficients occuring in the g-expansion of ƒ are smaller than those 
wee encounter for j . We mention a couple of possibilities for ƒ, leaving a fuller 
treatmentt to chapter 4. 

Thee oldest examples of modular functions yielding class invariants are obtained 
byy modification of the j-function itself. One has representations 

AA A 
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off  j in terms of the normalized Eisenstein series 02 and p3 and the discriminant 
functionn A. It follows that there exist holomorphic branches 72 of the cube root 
off  j and 73 of the square root of j - 1728 on H, both with rational q expansions. 
Thee modular group T acts on these functions via characters of order 3 and 2, 
respectively.. In terms of the standard generators S = (J }) and T = f*  "£) of 
r //  1 we have 

(72,73)—  (72,-73) and (72,73)—  (C3 72, -7s)-

Onee deduces that we have 72 € F3 and 73 € F2. 
Muchh smaller functions can be obtained form the fact that the discriminant 

functionn A equals (2TT)12J724, with 77 the Dedekind ^-function. This is a holomor­
phicc function on H with rational g-expansion r](q) = q1^24 Yln>0(l

 - 9n), and its 
transformationn behavior under T is given by a simple formula [4, 18,§5]. 

Thee discriminant function is a modular form of weight 12, not a modular 
function.. One can obtain modular functions by forming suitable quotients of 
modularr forms of the same weight, see [4,11, §2]. A good example is the modular 
functionn A(2z)/A(z) of level 2, which has a holomorphic 24-th root J](2Z)/TJ(Z) on 
H.. The function f2 = V2-q(2z)/r)(z), which is integral over Z\j], has been studied 
byy Weber, who introduced related modular functions f and fi with rational q-
expansionss satisfying 

(X(X + f)(X - f?)(X - fj) = X3 - l2X + 16. 

Thesee functions f, fi and f2 are in FiSy and they are much smaller than j . Each of 
themm generates an extension of degree 72 of the field i* i = Q(j'), and the action 
off  S and T is given by 

(f.fi.fa)) A (M2.f1) and (f,fi,f 2) A ( C ^ h . C ^ f . & f e ). 

Thee miraculous fact that C48f2(~1+
2

/ r^) lies in the Hilbert class field of QiV^TL) 
accountss for the existence of the small polynomial given in the introduction. There 
aree other modular functions than those introduced by Weber that yield small gen­
eratorss as well. Schertz constructs small generators from quotients of 77-functions 
inn [6]. In a similar vein, one can generalize Weber's classical functions of level 48 
byy considering the holomorphic 24-th root ^n-T){nz)/r}(z) of n12A{bz)/A{z) for 
anyy integer n > 1. For n = 2 this is Weber's function f2, for n = 3 we obtain 
aa function g3 = y/Z  rj(3z)/r}(z) € F72 of degree 48 over Q(j') that satisfies an 
analogue e 

(X(X + g«)(X - gJ)(X - 96
2)(X - si) = X4 + l&X 2 + 73X - 27 
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off  the identity for f2 above. The relation ggi0203 = V3 is analogous to Weber's 
identityy ffi ƒ2 = V2. It shows that, unlike the case of the modular function j , the 
valuess of these functions at singular moduli are 'almost' algebraic units. 

3.. FINDING CLASS INVARIANT S 

Ass in the previous sections, we let A" be an imaginary quadratic field with ring 
off  integers Ö = Z[0]. For uniqueness' sake, we normalize 9 such that we have 
1r*7Q(0)€{-l,O} . . 

Wee formulate the problem of finding class invariants as follows: given some 
modularr function f € FN, determine for which K the value f (9) lies in the 
Hubertt class field H of K. 

Byy the complex multiplication theorem from section 2, we know that ƒ (9) is 
ann element of Üfab, and even of the ray class field of conductor N of K. In order 
too prove that ƒ (0) actually lies in H, it suffices to show that all automorphisms in 
Gal{K*Gal{K* hh/H)/H) act trivially on ƒ (0). The group Gal(#ab/JÏ) can be described by 
classs field theory. The main theorem of class field theory for imaginary quadratic 
fieldsfields can be phrased as a single exact sequence 

11 —  K* —y K* - 4 Gal(K*b/K) —  1. 

Heree A denotes the Artin map on the finite idèle group K* = (K ®z Z)*  of K. 
Notee that K - nJ,(#®Q QP) k t n e r i n6 of ^  ̂ adèles of K, and that K* is the 
factorr group of JK obtained by dividing out the component group corresponding 
too the infinite prime of K, which is also the connected component of the identity 
inn JK- Inside K we have the profinite completion Ö — O ®z Z = lim<_n((9/nC?) 
off  the ring of integers O of K. The subgroup Ö* = Y[p{0 ®z Zp)*  of K* is 
thee inverse image under the Artin map of Gal(K*b/H), and we need to check 
whetherr the natural action of Ö* on ƒ (6) induced by A is trivial. The Shimura 
reciprocityy law says that the image of ƒ (0) under x € O* can be obtained as the 
valuee in 9 of a modular function that is conjugate to ƒ over Q(j)- More precisely, 
theree is a map g = ge connecting the exact rows 

11 _> om —  Ö* A Gal(üfab//f ) —  1 

(1)) J * 
11 — }  —  GL2(Z) —¥ Gal(iW*i ) - + I-

suchh that we have Shimura's reciprocity relation 

(2) ) (/W)** = (/,('" ,))W 
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andd the fundamental equivalence 

(ƒ(*))*= ƒƒ (*) <=  ƒ'(*>=ƒ 

providedd that Q(/) C Foo is Galois. Note that only the implication <= is immedi­
atee from the reciprocity relation, the implication =» requires the hypothesis and 
ann additional argument [7, prop. 6.33]. 

Withh the exponent —1 in the reciprocity relation (2), the definition of the 
connectingg homomorphism g is the following: g(x) e GL2(Z) is the transpose 
off  the matrix describing the multiplication by x € O* on the free Z-module 
OO = Z  9 + Z with respect to the basis [6,1]. Explicitly, if 9 has irreducible 
polynomiall  X2 + BX + C, then we have 

/.. . . ft-Bs -Cs\ 
(3)) g6: x = s9 + 1 (—*  f s t J 

Iff  ƒ € FN is a modular function of level N, the value f{0) Ues in the ray class 
fieldfield and the action of O* can be computed via the finite quotient {OfNO)*. 
Diagramm (1) may then be reduced to a diagram of finite abelian groups 

Ö*Ö* —  {O/NO)* —* Gal(HN/H) —> 1 
(4)) j * 

}}  —  GL2(Z/ATZ) —> Gal(FN/Fi) —  1. 

Inn order to prove that f (9) lies in .ff, we compute generators xi , X2,... , a;*  of the 
groupp (Ö/NO)*, map them to GL2(Z/iVZ) using the reduction g of g modulo 
NN and check that each of the matrices gfa) G GL2(Z/iVZ) acts trivially on ƒ. 
Thiss is relatively straightforward if we know the action of the standard generators 
S,TS,T E r and of the Galois group Gai(Q(CAr)/Q) = (Z/JVZ)*  on ƒ. We refer to 
sectionn 1.5 for some explicit examples. 

Iff  we replace the base field K in diagram (4) by another quadratic field whose 
discriminantt is in the same residue class modulo 4N, the integers B and C occur­
ringg in (3) coincide modulo N and the image of g : {OfNO)* —  GL2(Z/JVZ) is 
thee same for both fields. We get the following result. 

Theoremm 3. Let K be imaginary quadratic with ring of integers Z[0], and ƒ e 
FNFN a modular function with the property that f (9) lies in the Hilbert class field 
ofof K. Then the same statement holds for all for all imaginary quadratic fields 
whosewhose discriminant is congruent to disc(A") modulo 4JV. 
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4.. COMPUTING CLASS POLYNOMIALS 

Supposee that we have found a modular function ƒ for which f{6) Hes in the 
Hilbertt class field H of K. In order to find its irreducible polynomial over K, we 
needd to determine the conjugates of ƒ (0) over K. This means that we have to 
computee the action of the class group C(0) ~ Gal(H/K) on /(0). 

Forr any imaginary quadratic order Ö of discriminant Dt we can list the ele­
mentss of C(0) as reduced primitive binary quadratic forms [a, 6, c] of discriminant 
D.D. For our purposes, it suffices to know that these are triples [a, 6, c] of integers 
satisfyingg gcd(a, b, c) = 1 and 62 - 4ac = D. They are reduced if they satisfy 
\b\\b\ < a < c and, in case we have |6| = o or a = c, also 6 > 0. For given dis­
criminantt D < 0, there are only finitely many such triples, and they are easily 
enumeratedd if D is not too large. The correspondence between reduced forms 
andd elements of the class group is obtained by associating to [a, 6, c] the class of 
thee ideal with Z-basis [~6+v^,a]. Note that [o,6,c] and [a,-ö,c] correspond to 
inversee ideal classes. In terms of quadratic forms, the action of the class group of 
OO = Z[0] on the value j(8) of the j-function is given by 

Forr a general modular function ƒ with ƒ (0) € H, Shimura reciprocity enables us 
too determine the conjugate ƒ of ƒ over Q(j) for which we have 

(5)) /W^- 4'ei = /(=lEff i ). 
Forr this one needs a more general form of the law, which gives us the analogue of 
(1)) for the action of the full group K* = (Ö ®z Q)*  on the values ƒ (0). For this 
wee need to replace GaL{Foo/Fi) in (1) by the full automorphism group Aut(-Foo), 
whichh is generated by the automorphisms coming from GL2(Z) and those coming 
fromfrom the group GL2(Q)+ of rational 2 x 2-matrices of positive determinant. The 
rightright action of GL2(Q)+ on F» comes, just like in the case of T = SL2(Z), 
fromfrom the natural action of GL.2(Q)+ on H via fractional linear transformations: 
ffaa = ƒ o a. The groups GL2(Z) = IlpGL2(Zp) ««*  G L2(Q)+ ** e subgroups 
off  the group GL2(Q) = FT G M Q P ) of" invertible 2 x 2- matrices over the finite 
adèlee ring Q = Q ®z Z of Q. They have intersection T = SL^Z), and every 
elementt of GLÏCQ) can be written in a non-unique way as u  a with u€ GL2(Z) 
andd a € GL2(Q)+. One proves that this induces an action of GL^Q) on F«» 
givenn by ƒ - ^ (ƒ")*  We can now enlarge diagram (1) to 

II  _4 K*  _> ft* A GaXiK^/K) —J- 1 

(6)) | " 
11 —  Q' —> GL(Q) —* Aut(Foo) —  1. 
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andd with this diagram the reciprocity relation (2) holds unchanged. Here g = go 
iss the natural Q-linear extension of the map defined in'(3). 

Forr every ideal a of Ö, we can find an idèle x = {xp)p € K* that locally 
generatess a at p for all rational primes p. This means that we have 

o®zZpp = xp{ö ®zZp) 

forr all p. For the ideal with Z-basis [-Hv^ )Q] corresponding to [a, b,c], we can 
takee x — (xp)p with 

'a'a if pf a 

XpXp = i  ifp|aandpfC 

kk =^^-a i f p | a a n d p | c. 

Thiss idèle maps to [o] € C(0) under the Artin map, so we have f(6)^b  ̂ = ƒ 
forr this x. Applying the reciprocity relation (3) for x~l, we find f(9)^~b^ = 
(p('))($).(p('))($). Let M e GL2(Q)+ describe with respect to the basis [0,1] the Q-
linearr map K -+ K that maps [0,1] to [ - H v ^ a] . Then M acts on H by M{9) -
=*%&,=*%&,  and we obtain 

(7)) /(0)[a>-M = faixïM-^-b+VD} 

AA straightforward check shows that ux = g(x) * A/ - 1 is in GL<2(Z), so ƒ = 
p(x)M~p(x)M~ i s a conjugate of ƒ over QO), and (7) is the explicit form of (5). 
Computingg the function ƒ from ƒ is another instance of the problem solved in 
thee previous section. Clearly, we only need to compute ux modulo the level N of 
ƒ.. If pk is the largest power the prime p dividing iV, we find that we have 

(S6{2)modp**  ifpf a 

( ii  ~o) modp* i fp | a and p fc 

II  (-»/»-  -»/»-«) modp* if p | a and p j c. 

inn the case that D is even. For odd discriminants there is a similar formula. 

(8)) ux = i 

5.. NUMERICAL EXAMPLES 

Wee apply the methods explained in this paper to find small generators for a 
feww imaginary quadratic fields K. For each of these fields, the class polynomial 
obtainedd by a straightforward application of theorem 1 is huge. 
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Examplee 1. Let D = -71 be the prime discriminant occurring in the introduc­
tion.. Then 2 and 3 do not divide D, and it was already known to Weber that in 
thiss situation, the functions 72 and 73 yield class invariants when evaluated at 
appropriatee values in O = Z[0], where 0 = ~1+jf~7r has irreducible polynomial 
XX22 + X + 18. 

Inn order to check this for 72, which has level 3, one notes first that 3 splits 
inn A", so (0/3Ö)*/ö* is a cyclic group of order 2 generated by 0-1. The action 
off  the matrix g9{9 - 1) = (J °) € GL(Z/3Z) is given by C3 *-+ Cl  ̂ 72 «-» C?72, 
soo it leaves a = C372(0) invariant. In order to find the irreducible polynomial 
off  a, we list the 7 reduced quadratic forms of discriminant —71 and for each 
formm the matrix u 6 GL2(Z/3Z) corresponding to it by (8). From the complex 
approximationss of the conjugates of a we find a polynomial 

ƒ££ =X7 + 6745 X6 - 327467 Xs + 51857115 X4 + 2319299751X3 

++ 41264582513 X2 - 307873876442 X + 903568991567 

thatt is somewhat smaller than the class polynomial listed in the introduction. 
Inn order to discover the small class invariant arising from the Weber function 

f22 € F48, we need to compute the action of the generators of (0/480)*/0* on 
f22 (0). As 2 is also split in K, this is an abelian 2-group of type (2) x (2) x (2) x 
(4)) x (4). One can take {17,160 +17,60 +19,19,360 +1}  as a set of generators. 
Applyingg pa, one sees that the first generator acts trivially on Q(C48>f2). 

Tbblee 1. Action of (Ö/4&Ö)* on Q(C48, f2) for 0 = " ^ ^ 

a a 

1600 + 17 
600 + 19 

19 9 
360+1 1 

<>48 8 

C3 3 
CI I 
- 1 1 
C4 4 

h h 

CC2 2 

S3 3 
S8 8 
- 1 1 
CI I 

Tablee 1 gives the action of the ^-image, <r, for the remaining generators of 
(0)/480)*.(0)/480)*. It follows that C4sf2(0) is left invariant. Its conjugates over K are 
computedd as before, and we find the small polynomial from the introduction 

ƒ£«&»(')) = x1 + X6 - Xs - X4 - X3 + X2 + 2X + 1. 

Inn fact, one can show in this way that C4sf2 yields a class invariant for all fields 
KK in which 2 splits and 3 is unramified. 
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Onee can also construct class invariants for D = -71 using the generalized 
Weberr function Q{Z) = TI(Z/3)/T){Z) € F72. The group (0/720)*/0* is of type 
(2)) x (2) x (2) x (6) x (6) with a set of generators {19,360+1,180+1,65,640+65} 
thatt act according to table 2. 

Tablee 2. Action of {0/720)" on Q(C3,fl) for 9 =

a a 

19 9 
3600 + 1 
1800 + 1 

65 5 
6400 + 65 

<»3 3 

1 1 
1 1 
1 1 
1 1 
C3 3 

0 " 1 1 

- 1 1 
1 1 
1 1 

- 1 1 
C3 3 

Onee finds that /? = C302(#) is a class invariant, with irreducible polynomial 

ƒ££ = X7 + (2 + 20)JT5 - (30 + 30)X4 + (51 - 39)X3 - (8 - 1O0)X2 - (47 + 20). 

AA normalization of the function g2 always works when 3 splits and 2 is unramined 
inn K. 

Examplee 2. For K of discriminant D = —580 = —4-5-29 the prime 2 is ramified 
andd the prime 3 inert. In this case one can construct a class invariant from the 
Weberr function f(z) = rj(z/2)/r)(z) € F48 evaluated at 0 = V—145. To see this, 
onee computes the action of the group (0/480)* of type (8) x (8) x (4) x (4) 
generatedd by {160 + 1,330 + 34,19,330 + 16}. 

Tablee 3. Action of (0/480)* on Q(C48, f) for 0 = y/-ÏÏ5 

a a 

1600 + 1 
3300 + 34 

19 9 
3300 + 16 

S>48 8 

<3 3 

a a 
- 1 1 
1 1 

r - i i 

1 1 

a a 
1 1 
1 1 

Clearlyy f4 yields a class invariant. However, the action on &8 shows that Cs is 
leftt invariant by all generators except the second, which maps Cs to —&. It follows 
thatt a — f(9)/y/2 is also a class invariant. In this case K has class number 8 
andd C{0) is of type (2) x (4). We find 

ƒ££ = X8 - MX1 + 7X« + 12X6 - 42A"4 + 12X3 + 7X2 - 17X + 1. 
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Examplee 3. For K of discriminant D = -471 = - 3  157 the primes 2 and 3 
aree respectively split and ramified in A", and C(0) is cyclic of order 16. This case 
resembless that in Example 1, but the ramification at 3 yields a different action 
off  (0/480)*/0*, which is a group of type (6) x (4) x (4) x (2) having generating 
sett {320 + 33,19,360 + 1,60 + 19}. 

Tablee 4. Action of (0/480)*  on Qfos, ƒ) for 0 = - ^ v / ™ 

a a 

3200 + 33 
19 9 

3600 + 1 
600 + 9 

&" 1 1 

1 1 
- 1 1 
C4 4 
CI I 

r - l l 

C3 3 
- 1 1 
a a 
a a 

Fromm the Galois action in table 4 one deduces that Cief3 yields a class invariant 
aa when evaluated at 0 = 1+v^"471. Its irreducible polynomial is 

ƒ££ = X16 + 6X15 + 62X14 - 106X13 + 382X12 - 942X11 + 4756X10 

-- 9629X9 + 18987X8 - 22281X7 + 36601X6 - 44222A* + 60470X4 

-- 29217X3 + 4085A"2 + 1775X - 1. 

Thiss is not as good as in Example 1, and we can do better by using the 'gen­
eralizedd Weber functions' of level 72. More precisely, we can use the function 
QQ22{Z){Z) = r}(^)/r}(z) e -F>2, which yields a class invariant & — Clfl2(^)/v/--3 with 
irreduciblee polynomial 

ƒ&&  = X16 + 20X15 - 127X14 + 342X13 + 183X12 - 427A"11 - 1088X10 + 794X9 

+1333X88 + 794X7 - 1088X6 - 427X5 + 183X4 + 342X3 - 127X2 + 20X + 1. 

Ass in the previous example, we see that our class invariant is a unit — quite a 
contrastt with the modular value j(0). 

Examplee 4. We finally take K of discriminant D = -803 = -11  73. Then 2 is 
inertt and 3 is split in K, and {0/4SO)*/0* is a group of type (2) x (4) x (8) x (6) 
withh generating set {160 + 17,360 + 1,180 + 1,150 + 40}. This time the Galois 
actionn is more complicated, involving more than just multiplication by roots of 
unity. . 
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TableTable 5. Action of {Ö/4BO)* on Qfös.fMi, Ï2 for 0 = -i+V^söa 

<x x 

1600 + 17 

3600 + 1 
1800 + 1 
150-8 8 

CC<T-\ <T-\ 
S48 8 

C3 3 

C4 4 

S8 8 

1 1 

r r 
Clf f 
- f f 
- f f 

Ci36f2 2 

f? ? 
Clh h 
Clfi i 
Clh h 
CSf f 

ff f 
ah ah 
C4f2 2 

Csf2 2 

Csfi i 

Thee action of 150 — 8 in the bottom row shows that none of the Weber functions 
cann be normalized such as to yield a class invariant. A close approximation is 
howeverr given by a = v^Cilf (#)> a*1 element invariant under the first 3 generators. 
Itt generates a cubic extension of the Hilbert class field H of K, with conjugates 
00 = v^CUM0) and 7 = v^CSfaW over H. As we have afa = -4, it follows 
thatt H is generated over K by the symmetric expressions a + /? + 7 and 

a££ + o/y + #7 = -4 (a- 1 + £_1 + 7"1). 

Onee finds that that the single expression 6 = | (a+/?+7) is sufficient by checking g 
thatt 0(0), which has order 10, acts transitively on S. We obtain 

ffKK = X10 + SX9 + 19X8 + Z5X7 + 101X6 + 179X5 + 220X4 

++ 263X3 + 230X2 + 100X + 16. 

Inn this case, the symmetric expression e = a- 1 + f5~l + 7 - 1 also yields a class 
invariant,, with irreducible polynomial 

ƒ££ = X10 + 22X9 + 32X8 + +45X7 + 109X6 + 92X5 + 266X4 

++ 161X3 - 104JC2 + 48X + 128. 
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SINGULA RR VALUE S OF THE 
ROGERS-RAMANUJA NN CONTINUE D FRACTIO N 

ALIC EE GEE AND MASCHA HONSBEEK 

ABSTRACT.. Let z e C be imaginary quadratic in the upper half plane. Then the 
Rogers-Ramanujann continued fraction evaluated at q = e2iri*  is contained in a class 
fieldfield of Q(z). Ramanujan showed that for certain values of z, one can write these 
continuedd fractions as nested radicals. We use the Shimura reciprocity law to obtain 
suchh nested radicals whenever z is imaginary quadratic. 

1.. INTRODUCTION 

Thee Rogers-Ramamijan continued fraction is a holomorphic function on the com­
plexx upper half plane H, given by 

(1)) R{z) = g*  JI  (1 - qn) ® , with q = e2* " and z € H. 
n=l l 

Heree (-) denotes the Legendre symbol. The function R owes part of its name to 
thee expansion 

R(z)R(z) = Q Q \ \ 

(2)) 1 + 
11 + QQ2 2 

11 + q3

ass a continued fraction. In their first correspondence of 1913, Ramanujan aston­
ishedd Hardy with the assertion 

e-frr /5 + V5 >/5 + l 
(3)) a-2n — V O 1 

11 + 
11 + 

11 + e -6w w 
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Hardyy was unaware of the product expansion (1) that Ramanujan had used to 
computee identity (3), which is none other than the evaluation of R at t. In the 
samee correspondence, Ramanujan expressed the equality 

(4)) ) _ ^ _ * p i 
withh a similar dramatic flair. The radical symbol in (3) and (4) should be inter­
pretedd as the real positive root on R. Ramanujan communicated radical expres­
sionss for R(>/^5) and -i?(5+'^~g) in his second letter to Hardy, and several 
otherr values of R at imaginary quadratic arguments are recorded in his note­
books.. The other name connected to the function JR is that of L.J. Rogers, who 
provedd the equality of (1) and (2) in 1894. This was discovered by Ramanujan 
afterr his arrival in England. 

Inn this paper, we evaluate singular values of the Rogers-Ramanujan continued 
fraction.fraction. These are the function values of R taken at imaginary quadratic r € H. 
Ass R is a modular function of level 5—a classical fact for which we furnish a 
proof—— these values generate abelian extensions of Q(r). Exploiting the Galois 
actionn given by the Shimura reciprocity law, we give a method for constructing 
aa nested radical for R(T) that works whenever r is imaginary quadratic. Our 
systematicc approach extends the results of [1], [10] and [6], which only apply to 
individuall  examples. 

Byy way of example, we provide nested radicals for R{y/^n) for n = 1,2,..., 16 
whenn n =£ 3 mod 4. Writing down nested radicals for R(T) becomes increasingly 
unwieldyy as the discriminant of r grows, so in the case n = 3 mod 4, where Q and 
fl(fl( 5+5+V^)V^)  g e n e r a te a subfield of Q(JR(>/=n)), we evalute RC+^) instead of 
R{y/^n).R{y/^n). In the classical literature, the notation S{z) = —R(^-) is frequently 
used. . 

Thee authors thank Heng Huat Chan and Peter Stevenhagen for several helpful 
discussions. . 

2.. THE MODULAR FUNCTION FIELD OF LEVEL 5 

AA modular function of level N is a meromorphic function on the extended com­
plexx upper half plane H U P1(Q) that is invariant under the natural action of 
thee modular group V(N) = ker[SL2(Z) -  SL2(Z/iVZ)] of level N. As such func­
tionss are invariant under z > z 4- N, they admit a Fourier expansion in the 
variablee q& = e2 ^ . The modular functions of level N with Fourier expansion 
mm Q(CN)({Q")) forn* a field F^v, the function field of the modular curve X(N) 
overr Q(6v)-
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Thee extension FN is Galois over Fi with group . For a 
proof,, see [5, p. 66, Thm 3]. One can describe the action of GMZ/iVZ ) on FN 

explicitly.. The group (Z/iVZ) ' acts as a group of automorphisms of Fjv over Fu 

byy restricting its natural cyclotomic action on Q(CAT)((9^))- The natural action 
off  T(l) = SL2(Z) on H induces a right action of T(1)/T{N) = SL2(Z/WZ) on 
FNFN which leaves Fi invariant. The homomorphisms 

(Z/JVZ)**  -  Gal (F/v/FO and SL2(Z/iVZ) -» Gal {FN/F^ 

cann be combined into an action of the semi-direct product 

(5)) (Z/ATZ)' K SL2(Z/NZ) ~ GL2(Z/ATZ) 

onn Fiv. For the isomorphism (5), we identify d € (Z/NZ)* with the element 
(JJ °d) e GL2(Z/ATZ). The resulting sequence 

(6)) 1 —» }  —+ GL2{Z/NZ) —¥ Gal (Fjv/Fi) —  1 

iss exact. 
Thee modular invariant j generates F\ over Q, and induces the isomorphism 

X(l)X(l) ~ P1 (Q). In a similar fashion, the curve X(5) has genus 0, thus its function 
fieldfield F6 can be generated by a single function over Q(Cs)' The Itogers-Ramanujan 
continuedd fraction R is such a generator. There are several ways to prove this 
classicall  fact. Our proof is based upon Watson's formulas [13] 

11 TH \ 1 q^/5) 

whichh relate R to Dedekind's 17-function 

V(z)V(z) = Q1/2A fi  (1 "  </n) , Q1/2A = e2™/24-
m=l l 

Watson'ss formulas will prove useful in section 4, where we evaluate singular values 
off  R. We define functions 

,00 = 2lO ^ fc-vi.K^. 
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soo that equations (7') and (8') become 

(7)) I_fl-1 = V5.j2, 

(8) ) 11 # 1 1 - 5 ' 

Beforee we show that R is modular, we first prove that the functions appearing 
onn the right hand side of (7) and (8) are modular of level 5. This is well known 
forr 1)1 [9, p. 619], but for lack of a reference in the case of (7), we provide a proof 
thatt works in both cases. 

Inn order to compute the action of SL2(Z) on fjo and l)5, we begin by observing 
thatt the generating matrices S = (J ~x) and T = (J }) of SL2(Z) act on the 
Dedekindd ^-function as 

(9) ) TJOS TJOS (z)(z) = y/^ïz t}(z) and rf o T {z) = <24»?(z) 

Thee radical sign in (9) stands for the holomorphic branch of the square root on 
- i HH that is positive on the real axis. The observation (J J? )# -<S(J J) gives 
(jo°55 = l)5 with the help of (9). Let A5 denote the set of 2 x 2 matrices with 
coefficientss in Z that have determinant 5. The matrices 

MM**  = (l { ) ' i = M,. . . ,4 and M5 = (5 J) 

formm a set of representatives for T\A5. For any A € SL2(Z) and t = 0 ,1 , . . ., 5, 
wee can find B G SL2(Z) and j e {0,1, . . ., 5}  such that M{- A = BMj holds. 
Wee put 

(10) ) f)55 = v 5 -J - and fc = * for t = 0,1,...,4 

Usingg (9) one computes 

(11) ) 
1)3 3 

W W 
SS = 

1)2 1)2 

\\ Ho I 

and d ï)2 2 

te te 
o TT = C244 ^3 

C2~44 ^ 4 

*)0 *)0 

VV c4
4fc / 
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Lemmaa 1. The functions f)f and fc/f)j with i,j € {0,1,.. . ,5} , are modular of 
levellevel 5. 

Proof.Proof. FVom [7] we know that T(5) is the normal closure of (T5) in SL2(Z). This 
meanss that T(5) is generated by matrices of the form AT5A-1 with A e SLs(Z). 
FVomm (9) we observe 

^oT^oTss = Q1'hi fort = 0,l ,. . . , 5. 

Forr A G SL2(Z) and j € {0,1, . . ., 5} , the equations (11) show that all ïjji o A are 
off  the form fjj  o A = CDi for some i G {0,1,.. M 5}  and some root of unity <
Similarly y 

tyoAl*tyoAl* = Gl-l> ioA 

holdss for every A € SL2(Z). Thus f)J is invariant under ATbA~l for all A € 
SL2(Z),, as well as every quotient fo/fy. O 

Lemmaa 2. The Rogers-Ramanujan continued fraction R is modular of level 5. 

Proof.Proof. As we know from (1) that R is holomorphic on H, it suffices to show that 
RR o AT5A-1 = R for all A € SL2(Z). FVom Watson's formula (7) one derives 

(12)) (x-R)(X + i)~^ +(^  + l)x-l. 

Ass AT6A'1 acts trivially on VEJ)o/*>5>Jt m aPs R t o either R or -\/R. -\/R. Suppose 
thee latter to be true. Then R o AT5 = -l/(R o A) holds. As the translation T8 

fixesfixes the cusp too, we have 

RR o A(too) = R o AT5{ioo) - _ ~ . . , 
RoA{ioo) RoA{ioo) 

whichh implies R o A(ioo) =  Then Watson's formula (8) yields 

(13)) ( i ^ f = (^- *' )8- -u-
Onn the other hand, we can evaluate fo o A(»oo) by considering the product ex­
pansionn for Ijs o A at q = 0. By (11), one has ï>5 o A = <  Ijj for some root of unity 
CC and some j G {0,1, . . ., 5}. For j = 0,1 , . .. ,4, we compute 

e 2 * i ( i ^ ) ) 
h,(too)) = lim —- .,.„> = 0 . 

AA similar calculation shows that fys has a pole at too. Contradiction with (13). 
D D 
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Propositionn 3. The minimum polynomial of R5 over i*\ = Q(j') is 

P{X)P{X) = X12 + 1 + (J - 684)(Xn -X) + (55j + 157434)(A-10 + X2) 

(14)) +(1205j - 12527460)(X9 - X3) + (13090; + 77460495)(X8 + X4) 

+(69585;; - 130689144)(X7 - X5) + (134761; - 33211924)X6. 

TheThe minimum polynomial of R over Q(j) is P(X5), with P as above. 

Proof.Proof. Weber shows [14, p. 256] that fjj is a zero of X6 + 10A"3 - j2X + 5, with 
722 a cube root of j . Another zero is \)\ = (ffo °S)2 because S fixes 72. We obtain 

(15)) i = W + «« + «)'. 

Rewritingg (8) gives the identity 

« -- * * '55 -R10 - llR5 +1 " 

Substitutingg the above relation for fjf into (15), we have 

(11 + 22SR5 + mR10 - 228R15 + R20)3 

(16)) ? = - = '— , 
(-R(-R + 11RÏ + R")* 

whichh readily yields P{R5) = 0, with F as in (14). To see that P is irreducible 
inn ZpC,;], compose the evaluation map Z[X> j]  -¥ Z[X] denned by j »->> 1 with 
reductionn modulo 2. We obtain a homomorphism Z[-Y,;'] ->  F2[X] that sends 
PP to the cyclotomic polynomial $13 € F2[X], which is irreducible because 2 is a 
primitivee root modulo 13. As P is a monic polynomial in X, we conclude that it 
iss the minimum polynomial of R? over Q{j). 

Inn order to see that Q(R) has degree 5- [Q(R5) : Q(i)] = 60 over Q(j), it 
sufficess to observe that (J J) € SL2(Z), which acts as R(z)  R(z +1) = &i2(2) 
inducess an automorphism of order five of Q(R) over Q(i?5). Thus P(X5) is the 
minimumm polynomial of R over Q(j). G 

Theoremm 4. The Rogers-Ramanujan continued fraction R generates F5 over 
Q(fc). . 
Proo/.. As # has rational Fourier coefficients, the subfields Q(R) = Fi(R) and 

ii  (Cs) of -F5 are linearly disjoint extensions of F\ having degree 60 and 4, respec­
tively.. Their composite, which has degree 240 = ) over Fi 
iss therefore equal to F5. D 
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Thee rational function on the right hand side of (16) appears in Klein's study of 
thee finite subgroups of Aut(P1(C)). His icosahedral group A5 is isomorphic to 
SL2 ,, and the natural map from P 1 ^ ) to the orbit space of the 
icosahedrall  group ramifies above 3 points. The relation (16) defines a generator 
[4,, p. 61, 65] for the field of functions invariant under the icosahedral group. In 
ourr situation the natural map X(5) -» X(l) ramifies over 3 points and the Galois 
groupp of C(R) over C(j) is SL2 . 

Thee subgroups of GL2 }  that stabilize the functions appearing in 
thee equations (7) and (8) are given in the diagram below. The stabilizers of hf 
andd A/5  h0/h5 in SL2 }  can be determined using (11). 

Q(fl) ) 

«SS i)>/a 

FF55 = Q(R,<;5) 

Q(V5fc) ) 

Q(RQ(R55) ) 
(17) ) 

Q(f)i) ) 

60\SL2 } } 

Q0',C8) ) 

QO') ) 

3.. GALOIS THEORY FOR SINGULAR VALUES OF MODULA R FUNCTIONS 

Lett Ö be an imaginary quadratic order having Z-basis [r, 1]. Define HN = H^,o 
too be the field generated over K = Q(r) by the function values h(r), where h 
rangess over the modular functions in FN that are pole-free at r. The first main 
theoremm of complex multiplication [5] states that H~x is an abelian extension of K. 
Forr N = 1, the field Hi is the ring class field for Ö. If Ö is a maximal quadratic 
orderr with field of fractions K, then HN is the ray class field of conductor N over 
K,K, and Hi is the Hilbert class field of K. For ray class fields of non-maximal 
orders,, see for example [12]. 
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Beforee we can describe the explicit action of Gal (HN/K) on elements of HN, 
wee first look at Gal (HN/HI)7 which fits in a short exact sequence 

(18)) 1 - K 9 * - ^ (O/NO)* A Gal{HN/HX) —  1. 

Inn order to describe the Artin map A in (18), we write the elements of O/NO as 
roww vectors with respect to the Z/iVZ-basis [r, 1]. If r has minimum polynomial 
XX22 + BX + C e Z[X], define the homomorphism 

ggTT:(0/NOy:(0/NOy -> GL2(Z/iVZ) 
(19)) sr + t H> (*-ƒ  "?') . 

Thee matrix <7T(x) represents multiplication by x on O/NO with respect to the 
Z/iVZ-basiss [r, 1]. For /i G JFV, the Shimura reciprocity law [11] gives the action 
off  a; € (O/NO)* on h(r) as 

(20)) (MT))"" X=fc*M(r) . 

Heree pT(^) € GIi2(Z/iVZ) acts on ft € FN as described in (6). Moreover, if 
hh 6 i*V is a function for which Q(h) C FN is Galois, then iC(/i(r)) is the fixed 
fieldfield of 

(21)) {x € (O/NO)* | **<»> = /i}  C (O/NO)* . 

Forr any /i € Fjy, we aim to compute the conjugates of h(r) with respect to the full 
groupp GS1(HN/K). In the case N = 1, the Galois group of Hi = ÜT(j(r)) over 
KK is isomorphic to the ideal class group C{0) of O. The elements of C((9) can 
bee represented as primitive quadratic forms [a, ft, c] of discriminant D = b2 — 4ac, 
wheree D is the discriminant of O. The Z-module having basis [a, ~by^] ^ ^ 
(9-ideall  in the class of [a, b, c], and the class of [a, —6, c] acts on j(r) as 

(22)) , - ( T ) I . , - M = > ( z ^ ) . 

Inn the general case for TV > 1, we need the elements of Gal (HN/K) that lif t 
(22)) for each representative [a,b}c] in C(0). The formula [3, p. 32, Thm. 20] 
producess one element a G Gal (Hft/K) along with a matrix MN = MJV(O,6,C) 
inn GL2(Z/JVZ) such that for all h e FJV, the relation 

(23)) h(Ty = h
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holds.. The automorphism a clearly lifts the action in (22) to GB1(HN/K) be­
causee MN € GL2(Z/JVZ) acts trivially on j € Fi. As every automorphism in 
Gall  (HN/K) is obtained by composing elements of Gal (HN/HI) with one of the 
cosett representatives for Gal (Hi/K) in (23), we can determine the conjugates of 
h(r)h(r) under Gal (HN/K) for any h € FN. 

Givenn this explicit action on HN over K we can compute representations for 
singularr values of modular functions by minimal polynomials as well as radical 
expressionss over Q. 

Thee natural way to describe an algebraic number is its minimum polynomial 
overr Q. Let h € FN be a function for which h(r) is an algebraic integer. The 
conjugatess of h(r) over K can be approximated numerically when the Fourier 
expansionn for h is known. One expresses each conjugate in the form hM (9), with 
MM € GL2(Z/JVZ) and 9 € K, and then writes M = (J °)- A with x = det(Af) 
andd A € SL2(Z/iVZ) . After modifying the Fourier coefficients of h with respect 
too Ov »-  Cjv> o ne evaluates the new expansion at A(z), where A € SL2(Z) is a lif t 
off  A. We calculate the minimum polynomial ƒ of h(r) over Q by approximating 
thee conjugates of h{r) over K. Adjoining complex conjugates gives a full set of 
conjugatess over Q. In order to determine the polynomial ƒ € Z[X] , we need only 
too approximate its coefficients accurate to the nearest integer. 

Becausee H& is abelian over K, one can also express h(r) as a nested radical 
overr Q in the spirit of Ramanujan's evaluations (3) and (4). Unlike the minimum 
polynomiall  ƒ, which is unique, many different nested radicals over Q exist that 
alll  represent h(r). Given any abelian extension H/K of degree greater than 1 and 
anyy w € H, the following standard procedure expresses w as a radical expression 
overr a field H' with the property [H'  : K] < [H : K\. Applying the procedure 
recursivelyy produces a nested radical for w over K. 

Wee choose an automorphism a € Gal {H/K) of order m > 1 and set H' = 
HHaa(tm),(tm), where H° denotes the fixed field of {a). Then H'JK is an abelian 
extensionn of degree 

[H':K]<[H':K]<  v(m).[JT : K] < m- \H° : K] = [H : H*][H°  : K\ = [H : K\ . 

Wee write 

(24)) w = — (ho + h1 + h2 + -- + hm-1) , 

where e 
m m 

***  = £& * V 0 , t = 0,l,-..,m-l 
jt= i i 
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aree the Lagrange resolvents for w with respect to a. Note that ho = TtHfH*  (w) 
iss an element of H'. Every p G Gal (H((m)/H') acts trivially on £m and as some 
(7°° G (a) on if . For i = 1,2,..., m — 1, we have 

whichh means /if1, / i£\ . . ., /im_x 6ff'. As hi ~ r0  ̂ for the appropriate choice 
off  the m-th root, equation (24) represents w as a radical expression over H'. The 
recursionn step is applied to ho, hm, A™,..., h™_x € # '. 

Supposee he Fff such that /i(r) is an algebraic integer. In order to apply the 
recursivee procedure, above to h(r), one needs not only the action of Gal (HN/K), 

butt also that of Gal(HN(£d)/K) for various numbers d > 1. This is obtained 
byy restricting the action of Gal(HdNfK) to H^{Cd)- The elements computed 
inn the final recursion step are in OK, which is a discrete subgroup of C. An 
approximationn of their coordinates with respect to a Z-basis for OK, that is 
accuratee to the nearest integer, produces a nested radical for h(r) over Q. 

Thee methods above can be extended to arbitrary imaginary quadratic numbers 
$$ e H that are not necessarily algebraic integers. In order to compute the 
conjugatess of h(6) over K = Q(0) we take an integral basis [r, 1] for K and write 
99 ~ 2r + 3 with o.,b,de Z. One evaluates h o (J J) e FadN at T, which is 
containedd in HadN. Again, (20) and (23) allow us to calculate the conjugates of 
h(6)h(6) over K. 

4.. THE RAY CLASS FIELD H5 

Wee turn our attention back to the functions of level 5 from section 2. In this 
section,, we compute some singular values R(T) of the Rogers-Ramanujan contin­
uedd fraction. As the singular values of j are known to be algebraic integers, the 
samee holds true for R because the polynomial (14) has coefficients in Z\j]. We 
fixfix  O = [r, 1] to be an order in some imaginary quadratic number field K. We 
statee a few properties of R(T) before computing some examples. 

Theoremm 5. The class field H5 — H& tQ is generated by R(T) over K. 

Proof.Proof. As we have F5 = Q(i2, Cs) by Theorem 4, the extension F5/Q(i?) is Galois 
andd we are in the situation for which (21) applies. As Q(-R) is the subfield of F5 

fixedfixed by 
{(i!)Me(z/5zr}cGi*(z/5Z) f f 

thee class field K(R(T)) is the subfield of H& fixed by 

GG = {xe (O/SOy | gT(x) = J J) for some d € (Z/5Z)'}  C {O/W)* . 
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Fromm formula (19) we see that the only diagonal matrices appearing in the image 
ggTT[(0/50)[(0/50)mm]]  are scalar. We conclude G = }  and K(R{T)) = H5. D 

Lett w(z) — r)(~)/r)(5z) denote the function that appears on the right hand 
sidee of equation (7'). Thus we have 

(25)) _ * _ _ * ( * ) _ ! = „,(*) . 

Propositionn 6. The values R(r) and —1/R(T) are conjugate over K(W(T)). 

Furthermore,Furthermore, H$ is generated over K by £5 together with W{T). 

Proof.Proof. The polynomial 

(26)) X2 + (W{T) + l)X - 1 € K(W{T)) [X] 

derivedd from (25) has zeroes R(T) and —\jR{r). To show that (26) is irreducible 
inn K(W{T))[X] we consider the homomorphism gT : (Ö/50)* -*  GL2(Z/5Z) 
inn (19). By (20), the group Gal (H^/Hi) contains the automorphism R(r) »~> 
R9r(R9r(22)(r).)(r). In order to determine the action action of 

(27)) * ( ? ) - ( ï ï ) - ( i ï ) ( ; ! ! ) e G I , ( Z / 5 Z ) 

onn F5, we recall that R and w have rational Fourier coefficients and thus are fixed 
WW (o 2)- U s i n8 C11) o ne checks t h at w i s stabilized by (J °) e SL2(Z/5Z). 
Theoremm 2.4 together with equation (25) tells us that this matrix (̂  3) sends 
RR to — 1/Ü, so R(T) and — l/i?(r) are conjugates over K. As K(R(T)) = H& 
containss Cs» the situation R(T) — —1/R(r) =  is impossible. We conclude that 
(26)) is irreducible in K(W(T))[X]. 

Wee have [H5 : K(w(r))] = 2. In fact, K(W(T)) is the subfield of H5 fixed 
byy the subgroup of (O/bO)* generated by 2 and the image of O*. By (26) the 
actionn of 2 € (0/50)*  on Cs € #5 is Cs *-*  Cf1- W e conclude Cs ̂  A"(«;(r)) and 

Too determine the minimum polynomial of R(r) over Q, it is convenient to 
firstfirst compute the polynomial for W{T) and then recover R(T) with (25). As both 
valuess R(T) and 1/R(T) are algebraic integers, it follows that W(T) is an algebraic 
integerr too. In particular, the method of section 4 for computing /Q works 
here. . 

Workingg with values of w is easier than working with R directly as there 
aree only half as many conjugates over K to compute. More importantly, the 
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Dedekindd if-function is implemented in several software packages that quickly 
computee rj(z) to a high degree of accuracy. These routines make use of SL2(Z)-
transformationss to ensure that the imaginary part of z is sufficiently large to 
guaranteee rapid convergence of the Fourier expansion of 77(2), One obtains the 
minimall  polynomial of R{T) over Q from /Q ' by writing 

l-R-Rl-R-R2 2 

ww = R R 

usingg (7'). Then R(T) is a zero of the monic polynomial 

x**-f«x**-f« r)r)((ll  x
x
 x2)eQ[x) 

withh deg = deg(/g T j). According to proposition 6, the resulting polynomial is 
irreduciblee because its degree is 2  deg. 

Ann inspection of product expansion (1) shows R(z) € R whenever the real 
partt of z € H is an integer multiple of §. For the singular arguments 

{ V- nn if n je 3 mod 4 
ss if  n = 3 mod 4 

thee value R(rn) is a real, and its minimum polynomial over K is contained in 
Z[X]Z[X]  because complex conjugation acts as 

iKiK — JK — JK 

Propositionn 6 implies that /Q = Y?ïLo c*-̂ *  k the minimum polynomial for 
bothh R(T) and — l/R(r), thus the coefficients satisfy c*  = (-l)*C2d_i. For this 
reasonn we only list the first half of the coefficients c%&,ci&-\,... ,Cd in table 1, 
wheree we give the minimum polynomials for R(rn) with 1 < n < 16. 

AA nice way of generating H$ = K(w(Tn),C6) comes from proposition 6. The 
subfieldd K(w(rn)) of H& is the fixed field for the subgroup generated by 2 and 
Ö*Ö* in (OfhOy. Because Vb is invariant under gTn(ty — (0 2)' we conclude 
y/by/b G K(tü(rn)). Thus for the function 

t o == - = = -— 
VEVE ï)5 

wee have w(rn) C K(w(rn)) and ff5 = K(w(r„), Cs)-
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Tablee 1. The minimum polynomials of R{rn) over Q 

n n 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 
11 1 
12 2 
13 3 
14 4 

15 5 
16 6 

degre e e 
4 4 
12 2 
4 4 
8 8 
20 0 
16 6 
12 2 
24 4 
16 6 
20 0 
8 8 
24 4 
24 4 
32 2 

20 0 
16 6 

firstfirst  hal f  o f  coefficient s c-u, C2d-i
1,2,- 6 6 
1,6,-1,0,50,-14,1 6 6 
1,-3,- 1 1 
1,14,22,22,3 0 0 
1,10 ,,  -90,280 ,  -730,1022 ,  -2410,2540 ,  -3330,1730 ,  -200 6 
1,28,140,60 ,,  -365,264,482,340,203 5 
1,-4,-1,-25,-25,-14,3 1 1 
1,32 ,,  -96,268,51 ,  -328 ,  -1446 ,  -5112,996,3972,10594,4208 ,  -6924 
1,38 ,,  -240 ,  -300 ,  -235 ,  -726,92 ,  -1840 ,  -67 5 
1,60,360,-120,120 ,,  -1728,3540,840,4320 ,  -7620 ,  -100 6 
1,-6,-13,-28, 5 5 
1,82,329 ,,  -282 ,  -74,3672 ,  -3846,4238,13521 ,  -9028,7844,2408,4365 1 
1,82 ,,  -996,968,1051,1422 ,  -96 ,  -24912,7896,16722,28844,13658 ,  -11402 4 
1,116,614 ,,  -3040,25230,17988 ,  -103372,184292,207725 ,  -409400 ,  -323390 , 
-129140,2879690,3515800 ,,  -5057000 ,  -4838560,762431 5 
1,-15,60 ,,  -270,720 ,  -1353,2115 ,  -2610,2970 ,  -1095,311 9 
1,148 ,,  -670,240,1570 ,  -2616,302,1180 ,  -161 0 

Propositionn 7. The value ty(rn) is an algebraic integer. If 5 f n then W(T„) is 
aa unit in #5, the ray class field of conductor 5 over Ö — [r„ , 1]. 

ProofProof Hasse and Deuring [2, p. 43] determine exactly the ideals generated by 
singularr values of the lattice functions 

withh M a 2 x 2 matrix having coefficients in Z. Our functions ïjo and ïj5 were 
definedd in (10) as 

0̂0 = ̂ » , fc-V&ï^»  withM„=(;»),M 6 = (SJ). 

Thuss we have 

V>Afo(i)=f>o(*) 244 and <pM5 Q = M*) 24 , 

and d 

w(rw(rnn))
MM = 24_yMoCT) ) 
w.0?) ) 
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Iff  n is not divisible by 5, then 

M 0 ( M = [ r n , 5]]  and M5 (*fj  = [5r«, 1] 

axee both proper ideals of O = [r„ , 1]. Deuring's theorem [2, p. 42] shows that 
(PMoCï)(PMoCï) an<^ VM&^I) a re associate elements in the ring of integral algebraic 
numbers;; one writes 

<PM<PM00 ( ? ) « ^M 6 f
r^  J

Itt follows that the quotient iD(rn)
24 is a unit. 

Iff  5 | n but 25 \ n, then ¥>M0(
T{* ) is again a proper O-ideal. However, the 

multiplicatorr ring for Ms(rf) is not O, but [5rn, 1]. Deuring's formulas [2, p. 43] 
yield d 

VMoVMo (?) « 56 in O and <pMl (?) « 56/5 in [5r„, 1]. We find iD(rn) w 51/5. 

Whenn n is divisible by 25, the multiplicator rings for Mo(?) and M^(T*)  are 
OO and [l,r rt/5] respectively. In this case, the formulas [2, p. 43] show that w(Tn) 
iss again associated to a positive rational power of 5. D 

Whenn n 6 Z is not divisible by 5, the Galois action (6) for the matrix gTn (rn) 
off  (19) sends w to (f)-w -1. We define 

(28)) v(Tn)=w(Tn)+(ï\w(Tnr
1-

Clearlyy we have ü)(rn) = u(rn) when n is divisible by 5. However, if n > 1 with 
55 \ n then w(rn) has degree 2 over u(rn). In these cases the minimum polynomial 
forr w(rn) satisfies 

(29)) /^) =Xdeg./«(r n)(£!+Jg.) 

withh deg = deg(/q r n )) . Table 2 lists the minimum polynomials over Q for V(T„ ) 
forr 1 < n < 16. 

5.. NESTED RADICALS 

Inn order to obtain nested radicals for R(rn) over Q it is suffices to have a radical 
forr w(rn). On the imaginary axis, R(T) and W(T) and W(T) take positive real 
values,, and when Re(r) = §, each of the values R(T) and w(r) and w{r) are real 
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Tablee 2. The minimum polynomials over Q for v(rn) 

n n 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 
11 1 
12 2 
13 3 
14 4 
15 5 
16 6 

degree e 
1 1 
3 3 
1 1 
2 2 
10 0 
4 4 
3 3 
6 6 
4 4 
10 0 
2 2 
6 6 
6 6 
8 8 
10 0 
4 4 

coefficients s 
1,2 2 
1 , - 2 , 3 , -4 4 
1,1 1 
1 , -6 ,4 4 
1 , -10 ,25 , -30 ,25 , -10 ,25 ,0 ,25 ,0 ,25 5 
1 , -8 , -16 ,28 ,31 1 
1,2,3,9 9 
1,, -16 ,20, -100,25, -156, - 124 
1 , -22 ,54 ,62 , -59 9 
1,, - 20, - 75, - 6 0, - 7 5, - 2 0, - 2 5 , 0, - 2 5 , 0, - 25 
1 ,4 , -1 1 
1,, - 34, - 5 , -150, - 7 5, -144, - 99 
1,, -46,210, -290,905, -456,576 
1,, - 4 4, -238,88,520, -2508, -4978, -176,2711 
1,5,0,15,0,5,, - 2 5 , 0, - 2 5 , 0, - 25 
1, -68,14,328, -284 4 

negativee numbers. As the conjugate of R(r) over K(w) is — 1/Ü(T), equation 
(12)) gives 

_ i+^ r ii  + a + 1 tf n  ̂ 3 mod 4 

22
 + l if n = 3mod4 

wheree yf is always the positive square root of a positive real number. 

Whenn n > 1 and 5 \ n, the algebraic number w{rn) has degree 2 over Q(v(r„)). 
Ass the absolute value of w(rn) satisfies |iD(rn)| > 2 when n > 1, one recovers 
w(rw(rnn)) from v(rn) as 

v(Tn)v(Tn) + yJv(Tn)
2-4($ ifn?É3mod4 

f (T„) - v /v( r „ ) 2-4( f )) if n = 3mod4. 

Notee that the radicands in (30) are positive real numbers. This is obvious for 
(f)) = - 1 . When (f) = 1, we have [v(r„) | = jty(rn) + lfw{rn)\ > 2. One easily 
recoverss R{rn) from y/E- w(Tn) = w(Tn). In the case n is divisible by 5, one simply 
hass V(T„ ) = tD(r„). 

Below,, we give nested radicals for u(rrt) with 1 < n < 16. In many cases the 
radicalss below have undergone some cosmetic modifications made by factorizing 
elementss in real quadratic orders of class number one. Every root appearing in 

R(T) R(T) 

(30) ) 2tD(r„)) = 
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(30)) and in our examples should be interpreted as the real positive root of its real 
positivee argument. Our computation V(T\) — 2 for example, leads to £;(>/—Ï) = 1 
andd w(y/ Ï̂) = V—E, which gives Ramanujan's formula (3). The value V{TZ) also 
givess a trivial extension of Q. 

v(n)v(n) = 2 
V{TZ)V{TZ) = - 1 

Forr n = 4,6,9,11,14,16 the degree [Q(v(r„)) : Q] is a power of 2. In these 
casess we opt for a tower of quadratic extensions in solving for u(rn). 

v(u)v(u) = 3 + y/E 
VV(T(T66)) = \ (4 + x/ÏÖ + V7Ö + N/50) 

V(TV(T99)) = 1 + 5V/3 + 3V/5 + 3 V / Ï 5 ) 

V(TH)) = - 2 - V / 5 

I>(TI 4)) =
2 (ö + \/2 + 5 \ / -2 + 4>/2 +2^5 (21 - lOv^ + (15 - 2v^)^/-11 + 8V2 ) J 

«(TX 6)) = §(34 + 25^/2 + l lv / ÏÖ+ Hv/S). 

Forr n = 2 mod 5, the group (O/bO)* is cyclic of order 24. If the discriminant 
DD of O = [rn, 1] satisfies D < -4, then v(rn) generates a degree 3 extension 
overr the ring class field Ho- In the examples below, we choose the field tower 
HH00{v{r{v{r nn)))) DHo2 Q(v/ =" ) to solve for v(rn). 

«(7s)) = i ( 2+ v/35 + 15v/6- \ / - 35 + löv/6) 

t»(n)== è ( " 4 + \ /20( -4H-9v/ 2T)- ^20(41+ 9 v ^ ï )) 

t/(T8)) = 8 + 5v/2 + y f (782 + 565 V2 + 3^6(7771 + 5490 v ^) ) 

++ y f (782 + 565>/2 - 3^6(7771+5490^)) ) 

v(nv(n22)) = i (17 + lOv/3 + 4 \/260 + ISOv̂  + ^23975 +13875 v ^) 

W(TI3)) =  ( 23 + S-y/Ü + y f (l4123 + 3905Y/Ï3 + 9^274434 + 76110v/13 ) 

++ y f (14123 + 3905V/Ï3 - 9^274434 + 76110v/Ï3 ) J 

Whenn n is divisible by 5, the value of v at rn generates a field extension of 
degreee 5 over the ring class field for O = [r„ , 1]. In applying the algorithm of 
sectionn 3, our first step solves for v(rn) over Ho-

V(T5)) = 1 + ^ g ( V^ l + V^ 2 + V*3 + V^ 4 )> w h e r e 
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a i ,a22 = 10(55 + 25>/5  \/5050 + 2258V̂  ) 

a3,044 = f (55 + 25>/5  ^50 + 22^5 ) 

v(rio)) = ^ - (5 + 2\/5 + tyax + tyï2 + tya3 + tyaA ) , where 

01,, a2 = 20(5(3 + V5)(16 + v/5)(9 4- 4\/5)  51 ( ^ - y ^ ) V 2 ( 5 + 2 v ^ ) ) 

«3,a44 =
6 V ^ { 5 T ^ ) 

ü(n 5)) = - i ( ^ ( 5 + 5 V 5 ) + e/ ö r + ^ Ö 2+ ^ 0 3 " + ^ ö ï ), where 

a i ,a22 = i|5(5(25 + 13\/5)  14^ /f (25 + lU /5 )) 

a3,a44 = ^ (5(15 +  2 ^ ( 2 5 + Uv/5)) 
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CLASSS INVARIANT S FROM DEDEKIND' S ETA-FUNCTIO N 

ALIC EE GEE 

ABSTRACT.. We study the Galois theoretic properties of the singular values of mod­
ularr functions derived from Dedekind's eta function. This is a classical topic going 
backk to Weber. It has regained interest in view of recent algorithmic applications. 

1.. INTRODUCTION 

Modularr functions used in complex multiplication often arise as quotients of two 
modularr forms of equal weight. The j-function 

33 A 
iss a characteristic example. Here, 2?4 is the Eisenstein series of weight 4 and the 
discriminantt function 

oo o 

A(z)=<?n(i-gn)24,, * =e2ïr iz 

n= l l 

hass weight 12. Quotients of A-fiinctions are another source of examples. The 
valuess of 

(l )) A ° ^  ̂ keZ,NeZ>0 

havee been studied extensively. Here, the matrix (J £) acts on the complex upper 
halff  plane as z  ̂ *$-. 

Likee the j'-function, singular values of (1) are known to generate ring class 
fieldsfields of imaginary quadratic fields. For an imaginary quadratic order O — [0,1] 
inn the number field K = Q(0), we use Ho to denote the ring class field for O. If 
ƒƒ = X2 + BX + C e Z[X] is the minimum polynomial of 0, and k € Z satisfies 
ƒ(-&)) = 0 mod N, then ^ is a zero of 

gg = NX2 + {B- 2k)X + f(-k)/N £ Z[X). 

19911 Mathematics Subject Classification. Primary 11Y40; Secondary 11G16. 
KeyKey words and phrases, class invariants, Dedekind eta-function. 

Typesett by 4A^S-TEX 
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Thee number 

iss known to be an algebraic integer in Ho which divides iV12 [6, p. 159, 164]. 
Moreover,, the prime factorization of <f>  can be determined explicitly [2, p. 42], 
Byy normalizing <f>  with the appropriate power of N, one obtains what is known 
ass a Siegel unit in Ho- When O = OK is a maximal order, g is the irreducible 
polynomiall  in Z[X] for ^ ^ , and [0 + k, N] is a Z-basis for a proper primitive 
ideall  of norm N in OK- If [B + k,N] is not a principal ideal then <f>  generates the 
Hubertt class field H0 over K [11, Cor. 1]. 

Inn the case that Ö is not the maximal order, one can obtain a generator for 
thee ring class field Ho- For non-maximal orders O, let r denote the greatest 
commonn divisor of the coefficients of g. The Z-lattice [9 + k, N] is a proper ideal 
off  the order O' of discriminant D/r2. If this ideal is non-principal and prime to 
[OK[OK : 0% then <f>  generates Ho' over K [11, Cor. 1]. In particular, when the 
coefficientss of g are relatively prime we get a generator for Ho-

Thee 24th root 

(3)) ^ ) = g1/24-II( 1-?n)'  9 = e J2wiz J2wiz 

off  A is a holomorphic function on the complex upper half plane. The singular 
valuess of the ^-quotients that are 24th roots of (2) are again algebraic integers. 
Weberr discovered that the degree of these algebraic integers over Q is sometimes 
nott much larger than the degrees of the corresponding A-quotients. He used the 
so-calledd Weber functions 

too provide "small" generators of certain class fields. As shown in the first chapter 
off  this thesis, a small power of a suitably normalized Weber function can be used 
too generate the ring class field Ho over K whenever 2 is not inert in O. The 
specificc Weber function is given in table 1 below. In the table, we assume that 
thee Z-basis for O = [0,1] is chosen with 6 in the complex upper half plane and 
TV/f/Q(Ö)) € {-1,0} . If Ö has discriminant D, we get an integral generator for 
HoHo by evaluating at 6 one of the functions in table 1. 
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Tablee 1. Class invariants from ƒ, fi,f2 

3\D 3\D 

Z\D Z\D 

DD = 1(8) 

C48f2 2 

Cieg g 

55 = 1(8) 5 = 2(8) 5 = 5(8) 5=6(8) 

75?75? 72 î f4 f? 
11 t6 1 f6 (12 c6 

75'' 72f i r r i 

Inn view of table 1, it is natural ask whether small powers of the generalized Weber 
functions functions 

(4)) uNo = VN-VO(° °) and Vfc|JV = ï lk j ï i k£Z,NeZ>0 

forr iV > 2 can be used to generate ring class fields. In the case N = 3 we put 

Likee Weber's functions, which satisfy ffif2 = v7^ and 

{X{X + f4)(X - ff ){X - fi4) = X3 + 48X2 + (768 - j)X + 212 , 

ourr functions satisfy 00010203 = V5 and 
3 3 

(5)) J ] (X ~ fl* 2) = **  + 36X3 + 270X2 + <756 "  J)X + 36 

*=o o 
accordingg to [15, p. 255]. In section 3 we prove the following theorem. For 
simplicityy we only consider fundamental discriminants for N = 3. 

Theoremm 1. Let Ö = OK = [0,1] be the maximal order of the imaginary qua­
draticdratic number field of discriminant D. We take TIK/Q(0) G {-1,0}  with B G H. 
EvaluatingEvaluating the function in table 2 at 6 gives an integral generator for Ho over 
K. K. 

Tablee 2. Class invariants from 0o, 01,02,03 

DD = 1(4) 

DD = 0(8) 

DD = 4(8) 

DD = l (9) D = 4(9) Z>==7(9) 

C30OO 0o Cfflo 

C3
20?? 0Ï C30? 

C3
2C40ÏÏ C3C40? C40? 

CsC4022 C302 C402 

C3044 C3
204 01 

C3
2022 C302 02 

I>> = 3(9) Z> = 6(9) 

37=5022 ^Tf02 

11 «6 1 - 2 
S73*>> 7^00 

11 n 12 1 - 4 
3*000 300 
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Forr N > 3, Hajir and Villegas [4, Thm 20.i] consider invertible O-ideals [0 + k, N] 
co-primee to 6D. They determine a 24th root of unity £ and an exponent e dividing 
122 for which 

holds.. Here e is equal to the number of 12th roots of unity contained in Ho- One 
encounterss £3 G Ho if and only if 3 divides the discriminant D of Ö. Similarly, 
&&  € Ho occurs for D = 0,12 mod 16. Clearly, we want e to be as small as 
possiblee in order to obtain small class invariants. By restricting the choice of N 
onee can always work with the minimal value e = 2. 

Theoremm 2. Let O = [6,1] be an imaginary quadratic order of discriminant D 
andand let ƒ = X2 + BX + C € Z[X] be the minimum polynomial for 9 over Q. 
TranslatingTranslating 6 by an integer if necessary, assume B €E {0,1} . Let N G Z>o be 
co-primeco-prime to 6 and satisfy 

N-1N-1 = 0 mod 2- gcd(D, 6) . 

IfIf  k 6 Z satisfies 

f(-k)f(-k) = 0 mod N and k = 0 mod 24, 

thenthen CiB{N~1]vi,N(e) lies in Ho-
Inn the case N = p is a prime number, the existence of A; € Z such that f(—k) = 
00 mod p means that the prime p is split or ramified in Ö. An even discriminant D 
inn the previous lemma poses a restriction on our choice for N. A slightly weaker 
restrictionn applies in the cases D = 0 mod 16 and D = 12 mod 16. 

Propositionn 3. Let Ö = [6,1] to be the imaginary quadratic order of discrim­
inantinant D, with D = 4 mod 16 or D = 8 mod 16. Translating 0 if necessary, we 
assumeassume that 8 has minimum polynomial f = X2 + C G Z[X] . Suppose N > 0 is 
primeprime to 6 and k is divisible by 24. If the congruences 

NN - 1 = 0 mod gcd(£>, 3) and ƒ (-fe) = 0 mod N 

areare satisfied then Q '' - v\ N{9) is contained in Ho-

Remark.. When the value x — C3 UIN(^) °*  theorem 2 lies in Ho, one 
cann determine instances for which x generates Ho over K from the instances for 
whichh the value 4> = x12 of (2) is a generator. 

Moree generally, one can form functions Vk,rVk,n with I and n different and In 
coprimee to 6. Because the norm of the singular values of Vk,n is a power of n, it 
iss convenient to use the quotient 

Vk,ln Vk,ln 
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thatt is used in recent papers of Schertz [10] to make units in ring class fields. 
Numberss e, l,n € Z are determined in [1, p. 321] for which singular values of 

cann be used generate ring class fields. There, the condition 24 | e(l — l)(n — 1) 
mustt be satisfied. In many cases, this exponent can be reduced so that we can 
workk with the minimum value e — X. 

Theoremm 4. Let Ö = [9,1] be an imaginary quadratic order of discriminant D 
andand let ƒ — X2 + BX + CeZ[X] be the minimum polynomial for 9 over Q. We 
assumeassume B € {0,1} . Let l,n € Z>o be relatively prime to 6 and suppose k 6 Z 
satisfies satisfies 

f(-k)f(-k) = 0 mod /n and k = Q mod 24. 

/ƒƒ I and n are chosen so that 

{I{I  - l)(n - 1) = 0 mod 4- gcd(£>, 6) 

then then 

(66 P = C3~h—-(*) 
Vk,ln Vk,ln 

isis an element of Ho- Here, the exponent y is defined as 
(2(2 ifB = Xandl = n = 2 mod 3 

yy — \ 
{{  0 otherwise. 

Remark.. Suppose D is a fundamental discriminant and Ö = OK is the order 
off  discriminant D. If the proper CMdeals [6 + k,l] and [6 + k,n] are both non-
principall  and together generate a subgroup of the ideal class group that is not 
off  type C2 x C2, then it follows from [1, p. 320] that (6) generates Ho over 
KK — Q(y/D). This condition can always be met if we exclude a few small D. For 
thesee disCTiminants, the order of the class group is at most 2, so Ho is trivially 
generated. . 

Thee proofs of theorems 1, 2, and 4 are applications of the Shimura reciprocity 
law.. In section 2, we show that the functions Vk,N are elements of F24N, the 
modularr function field of level 2AN over Q(C24Jv) and we describe the group 
actionn of GL2(Z/24iVZ) on Vk,N- In sections 3 and 4, we look at singular values 
off  the functions occurring in theorems 1, 2 and 4. We determine whether they 
aree contained in the ring class field for O = [0,1]. Theorem 4 leaves us with a 
choicee of parameters nj and A: when picking a generator (6) for Ho- In section 
6,, we discuss how the minimum polynomial for (6) is affected when we let the 
CMdealss [0 + ky n] and [9 + fc, Zj vary and give some numerical examples. 
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2.. MODULARITY OF ^-QUOTIENTS 

Wee study the modularity properties of the generalized Weber functions i/k,N and 
VN,QVN,Q of (4). We say that a meromorphic function h = h(z) on H is in the modular 
functionn field FN if it is invariant under 

T(N)T(N) = ker[SL2(Z) -  SL2(Z/iVZ)] , 

andd has a Fourier expansion in the variable q* = e2n%z/N with coefficients in 
Q(Gv).. Also, h should satisfy a growth condition at the cusps of H/r(JV). 
Namely,, for every M 6 SL.2(Z), the Fourier expansion for h o M should have 
onlyy finitely many negative terms. 

Theoremm 5. The functions Vk,n and I/JV,O with k € Z and N G Z>o are elements 
ofof the modular function field F24N. 

Itt is often possible to lower the level from 24N to N by considering suitable 
productss of the functions fk,N- We prove the following analogue of a result [8, 
Thm.. 1] of Newman. 

Theoremm 6. We suppose (N, 6) = 1 and k = 0 mod 24. Let {r„ }  be a sequence 
ofof integers indexed by the positive divisors n of N > 0. We have 

J^(nJ^(n - l)r„  = 0 mod 24 <=> J[{vk.n)r*  € FN . 
n\Nn\N n\N 

Applyingg theorem 6 to the case N = In with rj = rn = 1 and rj n = —1 we get 
thee function 

VkjL'VkjL' vvh,n h,n 

Thee observation (I — 1) + (n — 1) - (In — 1) = -(I — l)(n - 1) gives the next 
corollary. . 

Corollaryy 7. Suppose I and n are positive integers prime to 6. If (I — l)(n — 1) 
isis divisible by 24 we have 

Also,Also, for I and n prime to 6 we have 

ZZ + n~2mod24 =*> vk,r vk,n € F/„ 
e(nn - 1) = 0mod 24 =» v%n € Fn . 

Becausee thé ^function is itself holomorphic and without zeroes on the upper half 
plane,, the same holds true for the fj-quotients occurring in (4). An inspection of 
(3)) shows that the Fourier coefficients of yjv.o lie in Q, and from 
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onee sees that Vk,N has Fourier coefficients in Q(C24N)-
Thee action of the modular group SL2(Z) on Vk,N and VN,Q can be derived from 
thee transformation formulas for the generators S — (\ ~~Q) and T = (0 x) of 
SL2(Z)) acting on n. Prom the classical formulas 

TJTJ o T(z) = C24 n(z) and 17 o S(z) = Qly/z n{z) 

wee see that the generalized Weber functions satisfy the growth condition at the 
cusps.. Namely, for M G SL2(Z), a singularity at ioo for uNfi o M or vkix o M is 
att worst a pole. We derive 

ĵsr.oo = VQ,N ° S and Cïffk.N ~ VO,N ° Tk . 

fromm (J ° ) .S = S (£ J) we get 

„„  - , , n<>(ii)-Si*)  0°S(Nz) gVw; - „ ( f f« ) 
HW»oS(«)-- voS{z) - voS{t) - ci ^ . „ ( z ) "'WW' 

Similarl yy for  vt,N, the identity (J £) Tk - (J £) gives 

Inn order to prove theorem 5, it suffices to show that our generalized Weber func­
tionss (4) are invariant under the modular action of T(24iV). As r(24JV) is a 
normall  subgroup of SL2(Z), the invariance of Uk,N and ^ ,0 under r(24iV) can 
bee derived from the T(24iV)-invariance of the single function I/0,N-

Lemmaa 8. The function I/0,JV is T(24N)-invariant 

Wee calculate the explicit action of T(24JV) on Ï/0,TV using Meyer's formula [7], 
whichh describes the transformation of n under the action of M = (*  d) 6 SL2(Z). 
Meyerr gives functions £\ — £\{M) and £2 = £2(M) such that 

(7)) noM(z) = £i- £2' Vcz + d- r)(z) 

holds.. Replacing M by -M if necessary, we assume c > 0. If c = 0, then we 
assumee d > 0. Then for z € H we have cz + d € H U Z>0, and we fix the branch 
off  the square root y/cz + d to be in H U R>0- If c> 0, let co, r e Z be integers 
withh c = 2rco and CQ odd. In the case c = 0, we set CQ = r = 1. Then 

££11(M)=(£\(M)=(£\ and £2{M) = C a6+cd(l-a2)-ca+3c0(o-l)+r|(o3-l ) ) 
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aree the factors in formula (7). Fixing the square root in (7) has the unfortu­
natee consequence of making neither ei, nor £2) nor their product a group ho-
momorphismm on SL2(Z). Nonetheless, observe that £2(Af) = 1 holds whenever 
MM = I mod 24. 

Thee transformation behaviour of rj2, which does not involve a choice of square 
rootss is much nicer. In [4], Hajir and Villegas exhibit a character 

XX : SL2(Z/12Z) -y fin 

withh the property 

{r){r) 22oM)(z)oM)(z) = x(M)-(cz + d)-ri2(z) , with M = M mod 12 . 

ProofProof of lemma 8. Let M ~ (*  h
d) € SL2(Z) such that M =  mod 24N. 

Replacingg M with — M if necessary, one can assume c > 0, or c = 0 with d > 0. 
Define e 

»ƒ''  _ ƒ 1 OW o fcWl 0 \ - 1 _ / a 6/JV\ 
JWW — U JVMc d/VO N) ~ \cN d ) 

soo that 

7700 M rjo M 

holds.. Meyer's formula gives 

TJJ o M'jzfN) _ gx(Af f) ea(M') Vïz~Tdri{z/N) 
rjoM(z)rjoM(z) ~ ei(M) E2{M) y/cz + d v(z) 

Iff  c = 0, the formulas (7) easily give £i(M) = £1 (M') and £2(M) = £2(-kf') under 
thee assumption 6, c = 0 mod 24iV. On the other hand, if c> 0, set Co, r € Z with 
coo odd such that c = 2r- CQ. Also take u, N0 € Z with iV0 odd so that N = 2U- iV0 
iss satisfied. In the case M = I mod 24iV we have M' = M = I mod 24 and 

ei{M') ei{M') == te) = fe)=1 «d MM) = e2(M') = l. £i(M) ) 

Onn the other hand, in the case M = —I mod 24JV we have 

Eitherr way, the equality I/Q  ̂o M = uQys follows. D 

Wee now show that the functions in theorem 6 are r(JV)-invariant. First we study 
thee action of matrices having a special form. 
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Lemmaa 9. Let U = (*  J) € T(iV) be a matrix f or which c > 0 ZioWs. Define 
K(U)K(U) eZ as 

(8)) K(17) = a& + cd( l -a2) - co + 3 c o ( a - l ), c = 2rco and 2 f Co 

IfIf  k = 0 mod 24 and n is a positive divisor of N, then the composition of Uk,n 

withwith U is 

Proof.Proof. Under the hypothesis U € T(iV), the matrix 

U nn " I I I J v l O n) V nc d-Jtc I 

hass integral coefficients because of the congruence 6 + kd - (a + kc)k = 0 mod JV. 
Wee apply Meyer's formula to both U,Un 6 SL2(Z) to compute 

!,n°ff  — 77 — 7} 
not// not/ 

andd obtain 

rjoU{z)rjoU{z) ei(U) e2(U) ,/cTTd r)(z) 

Wee contend ei(U)/ei(Un) = 1 because U G T(JV) gives congruences c = 0 mod n 
andd a = 1 mod n. These imply 

Thee quantities £2{U) and £2(^n) are 24th roots of unity that depend only upon 
thee coefficients of U and Un modulo 24. FVom the congruences k = 0 mod 24 and 
n22 = 1 mod 24 we get Un = (£. ^6) mod 24, and we compute 

g2(^n)) _ r^ab+cd(l-o2)-co+3c0(o-l)\(n-l) 

wheree c = 2r- CQ with 2 f CQ. This is precisely the root of unity C£i  , ( n~ \ D 

Thee modular function field FN is Galois over F\ with group 

(9)) GalfFtf/Fi) ~ GL2 }  . 

Thee action of the subgroup SL2(Z/NZ) is induced by the modular transformation 
off  SL2(Z). The matrices having the special form (J J) e GL2(Z/iVZ) , act 
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ass CN '-  Cfr on the Fourier coefficients of functions in FN. In particular, for 
Vk,NVk,N € F2AN the action of (J °d) € GL2(Z/24J/VZ) is 

(10)) (J J) : **,*  -  ^d.j v 

Whenn N and 6 are relatively prime, the subfield FN C F24N is the fixed field of 

GG = ker[GL2(Z/24WZ) -> GL2(Z/JVZ)] . 

Wee prove that the functions in theorem 6 are stable under G. 

ProofProof of theorem 6. Given M € G, we write 

«« - (J ; J) "f c (° J) 6 SL2(Z/24iVZ ) . 

Whenn k = 0 mod 24, the Fourier expansion of !/*,£, has coefficients in Q(CL)-

Becausee det(M) = I mod iV, the matrix (J ^ w ^ ) acts trivially on U^L- For the 
secondd factor (" J) € SL2(Z/24JVZ), we determine a lif t 1/ = (a

c *) € SL2(Z). 
Here,, we can assume c> 0 because if c < 0 one replaces U with 

(T\\(T\\ (a b\ (1-24N =F24AT \ _ ( * * w * * \ 
\\XlXl ''  \c  1+24NJ ~ \  *)\c'  *) 

wheree the new coefficient d = c(l — 24iV)  24dN satisfies cf > 0. Lemma 9 
gives s 

(n";:») M =n& (W"- 1,r"-"* v v 
n\Nn\N n\N 

Clearlyy the condition ^2n\N(n ~ l) r« = 0 m°d 24 implies that both U and M 
actt trivally on YlniM v^n

n. This condition is in fact necessary for Yln\N
 uk"n *° De 

T(iV)-invariant.. Namely, if we take U = (*  °) € r(JV) with x = 1 mod 24 we 
gett K(U) = - 1 mod 24. D 

3.. SHIMURA RECIPROCITY LAW 

Lett [9,1] be a Z-basis for an imaginary quadratic order O of discriminant D, 
Iff  h e FM is an element of the modular function function field of level N over 
Q(0v)>> the first main theorem of complex multiplication tells us that h(0) is an 
elementt of HN O, the ray class field of conductor N over the ring class field Ho 
[14,, §4). 

Thee group Gal(if;v,e>/.ffo) fits into the short exact sequence 

(12)) l - K 9 * - > (O/NO)* A Gal(HNio/Ho) —  1 1 -
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Thee automorphism of HN,O induced by ar e (O/NO)* under the Artin map A 
cann be described with the help of the Shimura reciprocity law. We write elements 
off  O/NO in terms of the Z/iVZ-basis [0,1]. If 9 has minimum polynomial X2 + 
BXBX + C € Z[JÏ], define the homomorphism 

gg00:(O/NO)*:(O/NO)* -> GUCL/NZ) 
sOsO + t _> («-*  - f * ) . 

Whenn a: = sO +1 € Ö/JVÖ is represented as the row vector (s, t) € (Z/JVZ)2, the 
matrixx ^(x) represents multiplication by x on O/NO. For /i € JFV, the Shimura 
reciprocityy law [13] says that the action of x € (O/NO)* on /i(0) is 

withh 00(2:) G GL2 (Z/JVZ) acting on h G F/v as in (9). We denote the image of 
{O/NO)*{O/NO)* under ge by 

WWNN,,99 = {(t 'f8 " f 5 ) € GL2(Z/NZ) 11,« € Z/JVZ}  . 

Forr D < - 4 we have C?* = }  and the exact sequence (12) gives an isomor­
phism m 

Gal(HGal(HNN,o/Ho),o/Ho) =f } 

4.. THE CASE JV = 3 

Inn this section we prove theorem 1. Let O = OK = [9,1] be the maximal order 
forr K = Q(9) and let 9 have minimum polynomial X 2 + BX + C € Z[X] with 
££ G {0,1} . When f(-k) = 0mod3 is satisfied with k 6 {1,2,3}, the lattice 
aa = [9 + fc, 3] is a proper CMdeal lying over 3. Deuring's tables [2, p. 43] give the 
primee ideal factorization of the algebraic integer &\4(9) e Ho-

Inn particular, if 3 ramifies in K then g2.4 and ( v ^ ) 1 2 both generate the same 
ideall  in the ring of integers for Ho- In order to determine whether gj.4(0) is a 
perfectt power in Ho, we examine which powers of Qt(9) lie in Ho by computing 
thee orbit of gt under Wn,e-

First,, we use the Chinese remainder theorem to write 

where e 

GflGfl99 = ter[W72,o -* W8,e] and G7% = ter[W72te -  W M ] . 



82 2 ALIC EE GEE 

Byy way of example, we verify the entry in table 2 for the case D = 1 mod 9 
andd D = 1 mod 4. Because D is odd, we have B = 1. Since D = 1 mod 9, the 
coefficientss for the irreducible polynomial for $ satisfy (B, C) = (1,0) mod 9. We 
identifyy elements of G^g — W"M ^ h tne* r reduction in GL»2(Z/9Z). The prime 
33 splits in O, so the structure of (0/90)* ~ Wgf$ is CQ X Ce and we determine 
generatorss for 

wViHtfJMiS)). . 
Theirr action on 0o>0i*02>03 Is computed using [3, p. 18, Lemma 6] and the 
relations s 

/ "3,o \ \ 
^0,3 3 

"1, 33 1 
VV ̂ 2,3 / 

o55 = 

^0,3 3 

"3,0 0 

C244 "2,3 

C24^1,3 3 

and d o TT = 

// C?4"3,0 \ 

C24
l l / 1,3 3 

C2"4
1"l, 3 3 

^0,3 3 

Ann explicit computation yields 
Tablee 3. Action of Wgj for D=l mod 9 

Generator r 
,22 0} 
\o\o  2) 
,11 0} 
UU 2J 

Co o 

C94 4 

CI I 

00 0 

- 0 0 0 

C30O O 

01 1 

- 0 1 1 

Ce0i i 

02 2 

- 0 2 2 

C3
203 3 

03 3 

- 0 3 3 

C|02 2 

fromfrom which we conclude that both C30o ^ d Clfli  aie invariant with respect to 
WW9t09t0. . 

Wee proceed to Ws,e cz G72V The conditions D = 1 mod 4 and 5 = 1 place 
noo restriction on the constant coefficient C for the irreducible polynomial for 0. 
Wee consider the cases cases D = 1 mod 8 and D = 5 mod 8 separately. If D ~ 
11 mod 8, then C is even and 2 splits in O, so we have (Of SO)* ~ C2

 x C2 x C2 x C2
Thee equivalence class of Cmod4 determines Wg.s. Explicit generators as C 
rangess over the possibilities modulo 4 are given in table 4. Clearly, we see that 
thesee matrices act trivially on both 0§ and Q\. 

Tablee 4. Action of W& j when D = l mod 8 

Generator r 

( ! ' ) ) 
(S!) ) 
(11) (11) 
( Ï Ï ) ) 
tii) tii) 

(B,, C) mod 4 

(1,0),, (1,2) 
(1,0),, (1,2) 
(1,0),, (1,2) 

(1,0) ) 
(1,2) ) 

Cs s 
Cs s 
Cs s 
CÏ Ï 
a a 
a a 

00 0 

- 00 0 

- 00 0 

00 0 

00 0 

- 00 0 

01 1 

- 01 1 

- 01 1 

01 1 

- 01 1 

01 1 

02 2 

- 02 2 

- 02 2 

02 2 

"0 2 2 

02 2 

03 3 

- 03 3 

- 03 3 

03 3 

03 3 

- 03 3 
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Inn the case D = 5 mod 8 we get Ws,e ^ C2 x C4 x C6- Again, we write out the 
actionn on 0o,0i,02,03 of explicit generators. Again, 0Q,0I are stable under W$,B 
whenn D = 1 mod 4 is satisfied. 

Fromm tables 3,4 and 5 we see C30o(0),C30i(0) € H0 when D = 1 mod 12 holds. 
Actually,, one concludes that these function values generate Ho = #0(0)) o v er 

ATT because both gj2 and g}2 are roots of (5). In particular, j can be written as a 
rationall  function of either gj2 or g}2, so Ho can be generated over K by either 
off  the values C30o(0) or Cl 0i(#)  This completes our verification of the first entry 
off  table 2. 

Tablee 5. Action of Wg,*  when D = 5 mod 8 

Generator r 

(ii ) ) 
(ÏÏ) ) 
(ïï) ) 
aa j) 
( ï ï ) ) 
(?!) ) 
(!i ) ) 

(J3,C)mod8 8 

(1,1),, (1,3), (1,5), (1,7) 

(1,1),, (1,5) 

(1,3),, (1,7) 

(1,1) ) 
(1,3) ) 
(1,5) ) 
(1,7) ) 

C88 00 01 02 03 

C|| 00 01 02 03 

Cll -00 01 02 -03 

C|| -00 01 02 -03 

C»» -00 - 0 1 -02 -03 

Css -00 - 0 1 -02 -03 

C88 -00 - 0 1 - 0 2 - 0 3 

Css "00 - 0 1 -02 - 0 3 

5.. THE CASE N PRIME TO 6 

Promm now on we suppose N > 5 is relatively prime to 6 and O — [0,1] is an 
imaginaryy quadratic order of discriminant D < —4. Motivated by our search 
forr functions stabilized by WMJV,*, we study the orbit of the generalized Weber 
functionss Vk,N- If fc G Z satisfies 

ƒƒ (-* ) = 0 mod N where ƒ = ƒ£ = X2 + BX + C <= Z[X], 

thenn vl*N{6) lies in Ho [6, p. 158]. One expects W24jv,0 to act on Uk,N via a 
characterr of order 24. To determine this character exactly, we use the Chinese 
remainderr theorem to write 

WW22AN,9AN,9 - G2iN,0 X G24N,0 X G24N,9 

with h 
GG{{£}r£}r ii66 = ter[W2*ff,e-+W24N/mt9]  for m | 247V . 

Firstt we describe the action of G24jv,0 o n "*>*  This turns out to be a quadratic 
character. . 
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Theoremm 10. Let n and N be positive integers such that n \ N. Suppose 0 G H 
isis imaginary quadratic with irreducible polynomial f = X2 + BX + C G Z[J£]. 
ForFor keZ until f(-k) = 0 mod N, the action of G^NJ is given by the quadratic 
character character 

onon G^Sff. In other words, forue G^Sr,*  tfte ^oMon 

isis satisfied. 

Proof.Proof. We write u = (*~f' _ f ' ) € G{
2^e as 

(t-Bs(t-Bs -Ca\ _ {1 0 \ ( t-Bs -Ca \ 
\\ a t ) — \0 det(w)T Wdet(w)-1 *-det(w)-W ' 

Supposee x G Z satisfies the congruences 

xx = det(cj) mod N and x = 1 mod 24 . 

Thee product expansion (8) shows that (J det°(u,)) has action vk,n  ^x.n  We 
takee Af = (" bd) G T(24) to be a representative of 

«« = ( , .d«M- <.d«£)-) e SL2(Z/24JVZ). 

Onee can presume c > 0 by (11). We have 

andd claim that . 

likee M, is an element of T(24). In order to see Af' G SL2(Z), observe 

n-M-n-M-  = a '„*)('-?,  2?j)(; V)  C "'t k)) »«*«

Becausee n | ƒ(-*)> we conclude that M' has coefficients in Z. Furthermore, 
xx = 1 mod 24 implies M' G T(24). We evaluate 

1°(j^J^-(Jn ) ) 
nono M no M 
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byy applying Meyer's formulate both M and M' = (°+** c _fc* +d)  Both matrices 
aree contained in T(24) so we have e2{M) = e2(M') = 1. Meyer's formula gives 

fjoM^)fjoM^) = ei(M) Vc7+dT?( )̂ = fa + ckz\ , } 

r\oM{z)r\oM{z) £i(M)i/cz + d n{z) \ n / * ,n 

Onee concludes (*"ƒ * " f *) € WAT,*  has Galois action 

/ tt + (fc - B)s\ . n 

Forr the ^quotients in corollary 7 which have level N rather than 247V, theorem 
100 is all we need to find function values lying in Ho- The combination of corollary 
77 and theorem 10 gives the following statement-
Corollaryy 11. Let O — [0,1] be an imaginary quadratic order and let 9 have 
minumumminumum polynomial ƒ = X2+ BX+ C € Z[X]. Let I and n be positive integers 
primeprime to 6, and suppose k € Z is divisible by 24 and satisfies f(-k) = 0 mod In. 
IfeeZisIfeeZis even and satisfies the congruence e(n - 1) = 0 mod 24 then vt>n{0) is 
anan element of Ho- When (/ - l)(n - 1) = 0 mod 24 holds we have 

vv-h£J^L-h£J^L {{e)eHe)eH00..
Vk,ln Vk,ln 

Theoremm 10 shows that the functions 

utut__ and 
*' nn Vk,ln 

aree stable with respect to G2^g C W24Nie when I and n are positive divisors 
orr N. In order to find ^quotients invariant under the full group W24N,e we now 
lookk at the other component G2

2
4
4^e of W24N,$- The action of this last component 

iss easily derived from the formulas (10) and (8). 

FVomm now on we assume that Jb G Z is divisible by 24. Then matrices of the 
formm (I °d) e GL2(Z/24iVZ) that satisfy d = 1 mod N act trivially on I/*,AT- In 
particular,, for any 

(13)) W = (Ja«(»o)(°?)e<^ 
thee action of M on vk,N is determined by the action of (" J) on I/*,JV- We 
computee the action of M by lifting (*  J) € SL2(Z/247VZ) tot/ = (J *) <= T{N). 
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Byy (9), we can assume c > 0. For any M € <?24JV e an<^ axiy positive divisor n of 
N,N, lemma 9 implies 

(14)) K „ ) M = <*,„  « v = & (t,Hn-1)"*,» , 

withh K(U) € Z given by formula (8). We also get the relation 

(15)) (VkfVk,n\M = Hb,l*fr, n Q ̂  = ^(CQ-(-l)(l-l)(n-l)^,n-y*, l 

whenn I and n divide N. In particular, the observations 

(nn — 1) = 0mod 12 =» i/|n is stable under C?24JV0 

(ii  - l)(n - 1) = 0 mod 24 =>  Uk> rl/k>n jg stable under G 2 ^ 

provee theorems 2 and 4 in the special case gcd(D,6) = 6. In order to prove 
theoremss 2 and 4 for gcd(X?,6) < 6, where weaker restrictions on N,l,n apply, it 
iss convenient to split the action of G ^N 9 * nto separate components, G24jv e anc^ 

2̂4Af,fff  ^ ^ t e C24 = Cf'Cl- If our matrix M of (13) lies in G N̂&1 then (14) 
gives s 

(n.n)MM  = «*,n°tf = <f" (t,)<n-1V4,». 

Forr  Af € CJ24^ e w e n a v e 

(^*,n )) = f̂c.n ° ^ = C3 ^*, n

Inn proposition 12, we show that the value K(U) in (14) or (15) is even for any 
MM € GJJJV,*

 w n en -̂  ^ oc*d. k*  proposition 15, we show how to normalize the 
^-quotientss in (14) and (15) with a suitable power of £3 to get a C ?^ ^-invariant 
function.. Propositions 13 and 14 give normalizations of y\N and y>

|;^
1" that 

aree stable under G N̂0 when D = 4,8 mod 16. 

Propositionn 12. Let O = [8,1] be an imaginary quadratic order of odd discrim­
inantinant D, and let /Q = X2 + X + C € Z[X] be the minimum polynomial for B. 
SupposeSuppose N > 0 is prime to 6. We write M € G N̂6 as 

MM ~ (0 det(Af)M7 *) ' 

ForFor any lift U € r(3iV) congruent to (*  J), tfte num&er «(£/) ts et/en. 77MM t/fc 
iss divisible by 24 onrf l,n are positive divisors of N, then 

v%v%nn and —: — are invariant under G ^W
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Proof.Proof. For O = [0,1] of odd discriminant, explicit generators for all possible 
groupss Ws,e ^ G24jv B are given in tables 4 and 5. For each of these generating 
matricess Jlif = (J dJ(M)){"  { ) we determine a lif t U € T(3iV) for (° {) . A 
routinee calculation shows K(U) is even in every case. It is clear that K(U) = 
00 mod 3, so writing C24 = CfCf gives 

Thuss v\ n is stable under Af because both «(#) and (n - 1) are even. Similarly 

__ f3K(U)((l-l)+(n-l)-(ln-l))  Vkf f̂c,n 

__ r 3-K(t/)(-l)(t-l)(n-l ) ^ . r  ^t, n 

Vk,ln Vk,ln 

showss that "V"»'" is stable under Af. Ü 

Propositionn 13. Let O = [0,1] 6e an imaginary quadratic order of discriminant 
DD = 4,8 mod 16. Let 9 have minimum polynomial ƒ£ = X2 + C € Z[X] , so t/wt 
CC = 2,3 mod 4 holds. Let Ntkfx € Z be integers such that N > 0 is prime to 
6,, k is divisible by 24 and x satisfies the congruence x = ^f  ̂ mod 2. Then the 
function function 

Q'V\NQ'V\N is invariant under <J24JV,0

Proof.Proof. First we find explicit generators for Wgj s GaJjv,**  m t n e c a se ^ s 

22 mod 4, the group W8te has structure C2 x C2 x C8 with generators 

ww = / < ( ï ? ) . ( ï ï ) . ( i ï )> ifC = 2mod8 
MM \ ( ( J ! ) . ( ï ï ) . ( i ï ) > i f C ^ 6 m o d8 

Bothh (0 °) and (J J) have determinant 1 mod 8, so they act trivially on £8- A 
routinee calculation shows that the «-value of any lif t U e T{ZN) for either (0 3) 
orr for (I J) is even. Thus from (14) we see that both of these scalar matrices 
actt t r i v a U y o n .̂ However for (\ 2) = (J °3)(\ J) and (\ J) = (J ?)(J J), 
thee associated «-values are odd. Also, these remaining generators send C4 »-  C?-
Thuss if N - 1 = 0mod4, then v%N is invariant under G)$N9. In the case 
NN - 1 = 2 mod 4 the function UVÏ,N ^ G!24jv,tf"mvariant- ^ o t n er words, the 
functionn (%VktN of the proposition is stable under (J^N^-  similar computation 
cann be performed in the case C = 3 mod 8. Here, one can use 

ww , < « ! ) . « > if C = 3mod8 
»,«« = \ 

( ( J ! ) . ( ï ï ) . ( ! i ) . ( ï i ) >> if C = 7mod8 
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ass generators. D 

Ann similar argument gives the following proposition. 

Propositionn 14. Let O = [6,1] be an imaginary quadratic order of discriminant 
DD = 4,8 mod 16. Let 0 have minimum polynomial ƒ£ = X2 + C 6 Z[X], so that 
CC = 2,3 mod 4 holds. Let l,n,k,x € Z be integers such that l,n > 0 are prime 
toto 6, k is divisible by 24 and x = (f-1Hw-1? m od 2. Then the function 

CI———-- is invariant under GiJN a  Q 
Vk,lnVk,ln  2 4" ' * 

Wee finally look at the action of G24JV 9 for D not divisible by 3. 

Propositionn 15. Let O = [0,1] be an imaginary quadratic order of discriminant 
DD not divisible by 3 and let /Q = X2+BX+C € Z[X] be the minimum polynomial 
forfor 0. We take k to be divisible by 24 and n a positive divisor ofN. Every element 
ofof G24MB acts on Q(C3,Vk,n) as a power of the automorphism ÜB defined by 

C33 -> Cl "k,N H> C3B'(n"1}^.n

InIn particular, for positive divisors I and n of N the functions 

de)) <f<"-V » «*  ^-««-«acfaa,. 
Vk,ln Vk,ln 

areare stable with respect to G N̂ e. 

Proof.Proof. If D = 1 mod 3 then Wz,e —CixCi is one of the groups 

f < ( J S ) . ( ï i )>> i f(£,C) = (0,2)mod3 
(17)) W„ = I <(J J), (}  «)) if {B,0 = (1,0) mod 3 

U ( 2 S ) . ( ? ? )>> if(B,C) = (2,0)mod3. 

First,, consider the action of the ( j j ) e SL2(Z/3Z) which appears as a generator 
forr W3,e in every case of (17). If U € T{SN) is a lif t for (J °), the formula (8) 
givess K(U) = 0 mod 3. We conclude that this matrix acts trivially on both (3 and 
Vk,N-Vk,N- A similar calculation shows that the remaining generator (J J)> (J 2) o r 

(11)) acts as OB in each of the possible cases for (17). Namely, each generator 
hass determinant 2, and the value K(U) from (14) satisfies K(U) = B mod 3. One 
easilyy checks that the functions (16) are indeed invariant under UB-
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Iff  D = 2 mod 3 we have WZ,B ^ C* with 

'<(}}  J)) if (£,C) = (0,1) mod 3 
ww*fi*fi  = \ <(? })> if (5,C) = (1,2) mod 3 

.. ((JJ)> if (B,O s (2,2) mod 3. 

Again,, a routine computation shows that each of these generators acts as <TB. D 

ProofProof of theorem 2 and theorem 4- The result is obtained by combining the for­
mulass (14) and (15) with propositions 12 and 15. O 

ProofProof of proposition 3. Combine (14) with propositions 13 and 15. D 

6.. EXAMPLES AND OBSERVATIONS 

Givenn a maximal order Ö = [$, 1] of discriminant D, we discuss how different 
choicess for the parameters /, n and k in theorem 4 affects the generator p from 
(6)) of the Hilbert class field for K = Q(v/D). Our examples illustrate how the 
singularr values of this type give rise to small generators of the Hilbert class field 
HoofK. HoofK. 

Beforee we study the minimum polynomial for (6), is useful to first recount 
somee facts regarding the value (2) and the function A = rj24. The value of A at 
ann ideal o C Ö is defined as 

A(a)) = u^Aiux/u*) 

wheree [a>i, 0J2] is an Z-basis for a such that CJI /OJ2 in the complex upper half plane. 
Thiss value is independent of the choice of basis for a, and for scalars A € K* the 
equationn A(Ao) = A~12A(o) is satisfied. From [6, p. 158] we have 

Moreover,, under the Artin isomorphism on the ideal class group 

aa : C{0) 3- GaX(H/K) , 

thee class [b]  € C{0) of an ideal bcO acts as 

A(q)<r([b]))
 = A(ab) 

A(0)) " A(b) " 

Here,, b C Ö is the conjugate of b. 
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Givenn a maximal quadratic order Ö — [9,1] of discriminant D, we assume I, n 
andd k are integers that satisfy the conditions of theorem 4. Then o = [9 + k, I] 
andd b = [9 + kyn] are proper ideals of Ö with product ab = [0 + kyln]. The 
quantity y 

MM ^ = (^)2V) = ̂ g y 
dependss only on the ideal classes [a] and [b]. Thus if we fix the classes [a] and [b] 
andd let [0 + fc, I]  and [6 + k, n] range over ideals equivalent to a and b respectively, 
thee value (6) is fixed up to a 24th root of unity in Ho-

Forr example, with D = -308 and 9 = y/—T7 we fix the class [a] to be equivalent 
too [3, - 1 + y/^ff\ and [b] equivalent to [6, - 1 + y/-TÏ\. For * = 31, n = 41 and 
kk = 21456 the generator p in (6) has polynomial 

(19)) X8 + 2 X7 + 8 X6 - 14 X s + 25 X4 - 26 X3 + 40 X2 - 12 X + 1. 

Equivalentt ideals arise when we choose I' = 59, n' = 61, and k' = 52992. This 
timee however, the generator p' — ip has polynomial 

XX88 - 10 X7 + 44 X6 - 102 X5 +137 X4 - 106 X% + 40 X2 - 4 X + 1 

Takingg * = 31 n = 41 again, if we replace k with k ~ 22440. The ideals [9 + k, I] 
andd [9 + A, n] belong the classes [a] and [b]  respectively. The polynomial for the 
resultingg generator 

XXss - 12 X7 + 40 X6 - 26 X5 + 25 X5 - 14 X3 + 8 X2 + 2 X + 1 

hass p - 1 as one of its roots. In general, note that 

// A(q)A(b) ym) A(gq)A(ab) A(Q)A(ab) 
11 ; VA^JAföb)/ A(a)A(öab) A(a)A(b) 

showss that replacing the class of [o] with [a] changes the the polynomial for p to 
aa polynomial for £p- 1 with £ € Ho a 24th root of unity. 

Onee obtains polynomials with nice symmetry properties by choosing fc,/,n 
inn theorem 4 so that the class of a = [9 + fc, Z] in C(O) has order 2. Taking 
aa = o in (20) shows that the value p is conjugate to Qp~l for some 24th root of 
unityy C € H 0 . Returning to the example D — -308 with 9 = V-77 we take 
ff  = 7, n = 13, fc = 2016. Then a is equivalent to [7, V-77], which has order 2 in 
C(O).. The other ideal b = [9 + fc, n] is equivalent to [6, - 1 + V-77. In this case, 
thee polynomial for (6) 

XX88 + 6 X7 + 32 X* + 14 X5 + 62 X4 - 14 X3 + 32 X2 - 6 X +1 
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iss anti-symmetric. 
Iff  we do not fix ideal classes [a] and [b] and let /, n, k range over all triples that 

satisfiess the conditions of theorem 4, the polynomial for the generator (6) can 
varyy enormously. For example, consider D = —1103 with class number 23. For 
// = 139 and n = 193 and A; = 229488 the value (6) has polynomial 

X 233 4- 5 X21 - 17 X20 + 33 X19 - 14 X18 + 53 X17 - 34 X16 - 19 X15 

++ 140 X14 - 19 X13 + 257 X12 - 106 X11 - 16 X10 + 274 X9 + 165 X 8 

++ 515 X 7 - 28 X6 + 129 X5 + 89 X4 + 524 X 3 + 244 X2 + 50 X - 1 

off  discriminant 

SS ~ 518- 712-132-196- 712- 792- 892-1272- 2412- 3312- 4912- 8112-110311 . 

Notee that the primes in 6 are smaller than the absolute value of D. However, 
choosingg / = 67, n = 17 and k = 10416 produces a generator 

X 233 - 26X22 + 943X21 - 1273X20 + 3024X19 + 22030X18 + 77345X17 

++ 537919X16 + 2948167X15 + 8418094X14 + 16805933X13 

++ 23112410X12 + 21128602X11 + 18315689X10 + 27068290X9 

++ 10439594X8 + 5747695X7 + 1799653X6 - 1320431X5 

-- 14375X4 + 201992X3 - 26248X2 + 900X - 1 

forr Ho whose discriminant 

SSii  =52o. ye. 1X2.134.5712. iio3ii49372- 316632-1503792- 20395092- 39445132 

••  125483879 21012281929 2-1083536101 2-1104156973 2-11520380629 2 

••  11688349531 2-14477063641 2 

iss full of primes larger than D. 
Forr all fundamental discriminants D > -1000, we have computed generators 

forr Ho arising from Theorem 4. In general the discriminant S of this generating 
polynomiall  can contain large primes. However, it is usually possible to choose 
appropriatee prime numbers l,n and k € Z so that the discriminant of the mini­
mumm polynomial for (6) has prime divisors smaller than D. Thusfar, it has not 
beenn possible for the discriminants D € {-551,-759,-879,-899,-935}. At 
present,, it is unclear as to why most field discriminants admit polynomials with 
goodd discriminants and how one should choose these "lucky" primes which give 
risee to good discriminants. 
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SAMENVATTIN G G 

Ditt proefschrift bestaat uit vier artikelen. Het centrale thema is het zoeken 
vann expliciete voortbrengers van klasselichamen van imaginair kwadratische getal-
lenlichamen. . 

Hett eerste hoofdstuk is geschreven in 1998 en is verschenen als 
A.. Gee, Class invariants by Shimura's reciprocity law, Journal de 
Theoriee des nombres de Bordeaux 11 (1999), pp. 45-72. 

Hierinn worden voortbrengers van het Hilbert klasselichaam gevonden met behulp 
vann singuliere waarden van de klassieke functies 72 and 73, Webers f-functies 
vann niveau 48, en zijn w-functies van niveau 5. De ontwikkelde methode voor het 
berekenenn van het minimumpolynoom van deze voortbrengers bewijst de correct­
heidd van een aantal formules, die in de recente literatuur vermoed werd. 

Hoofdstukk twee bestaat uit gezamenlijk werk met mijn promotor P. Steven-
hagen.. Dit artikel is gepubliceerd als 

AA Gee, P. Stevenhagen, Generating class fields using Shhnura reci­
procity,procity, in: Algorithmic Number Theory (J. P. Buhler, ed.), Lec­
turee Notes in Computer Science 1423, Springer Verlag (1998), pp. 441-
453. . 

Hierinn wordt de technische kern van het eerste hoofdstuk op een eenvoudigere en 
natuurlijkeree manier uit de doeken gedaan. Voorbeelden van klasse-invarianten 
wordenn berekend met behulp van een aantal modulaire functies van hoger niveau. 

Hett derde artikel, "Singular values of the Rogers-Ramanujan continued frac-
tiontionnn is geschreven met Mascha Honsbeek. Het is in juni 1999 ingediend ter 
publicatie.. We bepalen de klasselichamen voortgebracht door singuliere waarden 
vann de beroemde Rogers-Ramanujan kettingbreuk en geven een methode voor 
hett schrijven van deze waarden als geneste worteluitdrukkingen. 

Inn het vierde en laatste hoofdstuk wordt een veralgemening van de We­
berr f-functies bestudeerd. Met behulp van deze generalisaties wordt voor elk 
kwadratischh imaginair getallenlichaam een scala aan klasse-invarianten verkre­
gen. . 

Inn de gepucliceerde artikelen zijn verschillende wijzigingen aangebracht om 
meerr eenheid te krijgen in de vorm van dit proefschrift. In het bijzonder zijn 
paginanummerss en interne verwijzingen veranderd. 
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