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Introduction n 

"When"When such strings jar, what hope of harmony ?" (Shak., King Henry VI) 

Alwayss Closer to Unification 

Stringg theory, in its modern sense, is the attempt to bring all four forces of 
naturee under one roof, one principle. Although the theory changes rapidly and 
showss up in a new fashion with every season, its aim is now becoming centennial. 
I tt is a rummaging greyhound, but a tireless one. 

Everr since the birth of quantum theory a century ago, physicist wondered 
howw it could be incorporated into the known forces governing nature. The 
electro-magneticc force was very obedient, involving the crucial feature for the 
couplingg to quantum mechanics: the gauge group (in this case Abelian: U{\)). 
Thiss freedom in the choice of phase of an electro-magnetic wave turned out to 
bee a powerful sine-qua-non condition for a theory to be described in terms of the 
newly-foundd wave mechanics of the thirties. It is called the gauge principle and 
iss still believed to be the common denominator of all depictions of interactions of 
matter,, a unifying criterion. In the sixties, the weak and strong forces inside the 
atom'ss nucleus were also seen to obey the gauge principle (with gauge group 
SU{2)SU{2) and 5f/(3) resp.), but the gravitational force remained recalcitrant as 
ever.. It still is. 

Soo where are the strings ? The unification of all forces of nature is the 
goldenn dream of string theory, but the road passes through another unifying 
goal:: to crowd together all animals in the elementary particle zoo into one 
flockflock and let each particle consist of the same, tiny fundamental string whose 
vibrationss at different frequencies produce the different masses of the particles. 
Iff  you wondered how big this string is, beware of disappointment: it's of "Planck 
length",, or 10~33cm long, a distance so small that it will never be probed with 
anyy apparatus on earth. No wonder then that the meager predictive power of 
stringg theory makes it mala fide in the eyes of many reactionary physicists. And 
itt is good so.1 

h M nn important scientific innovation rarely makes its way by gradually winning over and 
convertingconverting tts opponents.(...J What does happen is that its opponents gradually die out.." 
(Maxx Planck) 

9 9 
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Forr elegance rather than precision-matching have always been the hallmark 
off  successful theories. And here, string theory has lots to boast: its solid math­
ematicall  foundations, its graceful geometric pillars, stately peristyle and stylish 
entablaturee with rich friezes, its refined frontispiece, all converge to shape an 
elegantt work of masonry, a temple for the mind and a feast for the eye. Its con­
nectionn with several fields of mathematics and stunning contributions make it a 
favouritee to the queen of sciences. Because of its attempt to bring all physical 
forcess under the umbrella of quantum field theory, and because of its god-like 
status,, string theory also goes by the name of "quantising gravity", or by the 
pompouss "grand unified theory" (GUT), or further by the pretentious "the­
oryy of everything" (TOF) though no one really knows what the final formula 
shouldd entail, safe perhaps some stuff about strings. 

Soo all matter is now made of fundamental strings. Gone are the four primi­
tivee essences (earth, air, fire, water), gone the Pythagoreans' quintessence, gone 
Aristotle'ss atoms with their flavour, odour and colour, gone the nuclei and elec­
trons,, the quarks, leptons, hadrons, etc. They are all of the same breed: stringy 
substance.. What a relief! There is only one building block of the universe, and 
byy swinging on different tunes it does all the job of creation. The language 
off  truth is simple. String theory is all about the same old dream of human­
ity:: about integrating, harmonising, reducing, bridging, uniting, embracing the 
fulll  extent of cognition, striving towards oneness like the walls of the Gothic 
heightenn towards the keystone in the firmament. 

Olderr "String Theories" 

Inn this sense, string theory is as old as history. Already some 2500 years ago the 
Greekss were wondering how a single object could entail the secrets of harmony 
andd of divine proportions: they studied the monochord, a single string whose 
namee betrays it was made of guts. The first accounts we have are the contem­
plationss by Pythagoras.2 He noticed that the frequency of a tune is inversely 
proportionall  to the length of a string, that is, halving the string would produce 

22 "Pythagoras was no philosopher. According to all presocratic thinkers he was a saint, 
prophetprophet and founder of a fanatic-religious alliance which would enforce its truths by all po­
liticallitical  and military means. [...]  One has to free oneself from the superficiality of history [...] 
toto see that Pythagoras, Mohammed and Cromwell embody in three cultures one and the same 
movementmovement /.../.*  puritanism" (Oswald Spengler, Der Untergang des Abendlandes, 1917). 
Pythagoras'' curriculum vitae promises original views. Not happy with his sunny island of 
Samos,, he fled to Egypt in 535 BC to run for a post of priesthood. Ten years later, the 
Persiann troops 'brought freedom' to Egypt and our hero was taken as 'illegal combatant' to 
Babylon,, a godsend for someone dreaming to learn Chaldean astronomy under the hanging 
gardenss or the Ishtar gate or on the procession avenue - whose glazed blue bricks would all 
oncee carry the frightening name of a fiendish tyrant to come. Nostalgia brought Pythagoras 
backk five years later to his sunny Greek island where he founded his semi-circle, but the local 
educationn authority scotched his wheel, so he tried his luck in southern Italy where the public 
authorityy was/is conspicuously absent. Nothing is left of Pythagoras' writings. Only others 
reportedd that he viewed the soul as a self-moving number reincarnated in different species 
untill  its final purification, and that shape and not matter was the substance of all existing 
objects. . 
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aa double frequency - called an octave because he would subdivide it such that 
eightt successive tones would yield an full octave (corresponding to 12 chromatic 
semi-tones).. He called the tones obtained at 3:2 and 4:3 of the original frequency 
thee quint and the quart respectively (2/3 and 3/4 lengths of string) because they 
wouldd be 5 or 4 notes away from the ground tone. He then went on to define 
thee unit interval to be the difference between the quint and the fourth. The 
questionn for Pythagoras was then: why do a quint and a quart add up to an 
octavee ? And why does a quint sound higher than half the octave although its 
frequencyy is just at half the octave ? He would also define other sounds by the 
followingg ratios, rewritten here in the Western way using the eight first letters 
off  the alphabet:3 

CC C# D D# E F F # G G# A A# B C 
1/11 16/15 9/8 6/5 5/4 4/3 45/32 3/2 8/5 5/3 16/9 15/8 2/1 

Becausee the scale is not absolute but only relative to the ground tone defining 
thee ratio 1/1, adding two tones in the first line corresponds to multiplying two 
ratioss in the second line. Thus a quint (C-G) and a quart (C-F or G-C) add up 
too the full octave (C~C), or 3/2  4/3 = 2/1. Likewise, the unit tone (C-D) is the 
quintt minus the quart, or 3/2  3/4 = 9/8. The note F# is exactly in the middle 
off  the octave and should correspond to the ratio closest to i/2, i.e. 45/32, and 
thee interval C-F# wil l sound awkward because it is not a simple ratio as for 
thee quint, quart or major third. Note that only prime numbers up to five are 
containedd in the ratios. 

I tt is quite remarkable that the simpler the ratio, the more beautiful the 
musicc to the ear. Somehow harmony is tantamount to simplicity, and our brain 
iss lulled by easy fractions. Moreover, the integral ratios are not just an artificial 
constructt of the ancient Greeks, but are physically reflected in the occurrence of 
thee harmonics (the ground tone of the vibrating string is always accompanied 
byy slight vibration of all fractions of the length of the string: 1/2, 1/3, 1/4, 1/5, 
etc).. In this sense, musical theory was the first subject to unify a good bunch 
off  the Greeks' logos: mathematics (rational numbers), physics (vibrations of 
harmonics)) and psychology (sensations and harmony). Music made it possible to 
mergee the worlds of ideas, phenomena and emotions. It is flabbergasting that all 
threee - the instrument, the medium and the recipient have an understanding 

3Strictlyy speaking, these ratios were put forward by Ptolemy and the scale is called Ptole­
maicmaic or just intonation. Pythagoras himself had more complicated ratios, e.g. the tone was 
EE at 81:64 rather than 5:4, corresponding to twice the unit interval, or (9:8)2. Both scales 
presentt advantages and shortcomings; the Pythagorean has all whole tones in equal distance 
off  each other (9:8) while the Ptolemaic varies between 9:8 and 10:9; the former has almost 
alll  intervals of quints perfect (simple ratio 3:2) but has an awful sounding major third (81:64 
insteadd of 4:3), while the latter has all major thirds perfect (4:3) but has the quint D-A sound­
ingg awful (40:27 instead of 3:2). Adding the half-tones (semi-chromatic or "black notes" of 
thee Piano) adds more dissonances into these two scales, so that a third one was necessary, the 
mean-tonemean-tone temperament, where all major thirds are made perfect and the errors of all quints 
aree spread out to keep them minimal. But its distance between chromatic semi-tones is not 
regular.. A fourth scale, the equal temperament, remedies to this; it is defined artificially by 
equall  distances ( 1v/2 : 1, an irrational number! despicable!) between all twelve semi-tones 
andd all keys sound equally good (or bad) as on the piano. 
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forr (or preserve) this peculiar feature of rational numbers: that they are ratios 
off  two integers. Much as the compass allows the eye to 'see' the number -n 
(irrational),, a string allows the ear to 'hear' rational numbers. 

Centuriess passed, but man did not give up his striving towards unification 
andd understanding of harmony. Many Greeks4 delved into the study of music 
withh the intent to coalesce knowledge. After a slumber of a few centuries, 
thee Faustian soul rose again above the magic soul, and the Greek treatises 
weree greedily read and discussed in the divans of the Abbasid Baghdad. The 
caliphh Al-Ma'mun founded the Beit al-Hikma (House of Wisdom) where scholars 
undertookk the Benedictine (or rather jihadic) labour of translating the treasures 
off  Alexandria's mythical library into the lingua franca of the new empire. 

Addingg to the ancient body of knowledge, a chain of Arab scholars wrote 
amplyy on strings and unison: Al-Kindi , in one of his Seven Treatises, went so far 
ass to bet on cosmological links between the four strings of the Ud and the four 
seasonss of the year, and he fell into raptures at a pathway linking the elements, 
thee humours and stellar constellations. A plethora of authors5 rivalled on the 
subjectt of euphony. 

Thee theories were paralleled by experiments and a wealth of instruments 
developed:: the lute, rebec, guitar, naker, atabal, tymbal, tambourine6. The ab­
stractionss around the rhythm and meter tied the knot with the sentimentality 
off  lyrics and qasidas. They plucked at the heart strings in a variety of ways, 
includingg the muwashshah form (in Aleppo)7. What was originally a sober ex­
ercisee of the mind now encompassed mystical techniques for mevlevis, whirling 
dervishess or for the born-again psalmist8. In the drowsing West, string har­
monyy struggled for its survival (til l revived by Marin Mersenne in his Harmonie 
Universelle,Universelle, 1627) butwas nonetheless kept as one of the four liberal arts of the 
Quadrivium. . 

Andd so, from rational numbers to frequencies, from strings to symmetry, 
fromm chordophones to the universe (lit . "turned into one"), human thought 
strovee to unravel the secret passages and shortcuts in the obscure maze of knowl­
edge. . 

4Incl.. Aristotle (Problems, De anima), Themistius (Commentaries), Aristoxenus, Euclid 
(Sectioo Canonis, Introduction to Harmony), Nicomachus, Ptolemy (The Harmonics). 

5Suchh as Al-Farabi (Kitab Al-Musiqa Al-Kabir, or the Great Book of Music), Ibn Al -
Munaggim,, Abu Al-Faraj Al-Isfahani (Kitab Al-Aghani), Ibn Sina (or Avicenna, whom 
Thomass of Aquinas attacked to his own detriment) and Safi Ad-Din Al-Urmawi. 

66 AH from/via the Arabic: al-'ud, rabab, qithara (Greek: kithara), naqqara (Persian), at-
tabl,, tinbal, tumbur. 

77 Cf. also my tape of Traditional Libyan Songs, or Muwashshahat Libiya - the only one to 
survivee my perambulations :( 

8Psalter iumm is from the Hebrew p'samterion, which gave the Arabic al-SanTeer (or San-
toor),, a trapezoidal instrument with 72 strings and of - you've guessed it - Babylonian style. 
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Thee Present Work 

Gromov-Wittenn Theory and Instantons 

Ourr objects counted, maps from Riemann surfaces to a target space, are also 
referredd to as instantons. They first appeared in field theory to characterise 
relativee minima of the euclidean action and were related by Belavin et al (1975) 
too the non-trivial9 way in which the gauge potential would transform under 
ann element of the gauge group. They play a growing role in string theory, 
wheree the Riemann surface is the string worldsheet; the problem of counting 
instantonsinstantons is intimately related to string partition functions. The instantons 
wil ll  be compact holomorphic curves for closed string theory and holomorphic 
discss for open strings. 

Forr closed string instantons, the physical approach for counting instantons is 
paralleledd by a very well-defined theory developed by algebraic geometers. The 
latterr use moduli spaces of stable maps, on which they integrate pull-backs of 
differentiall  forms on the target space, to define the Gromov- Witten invariants 
NlNl or (l)9t0 (for CY threefold as target spaces). This is the subject of chapter 1. 

GWW invariants are in general rational numbers and are linearly related to 
thee instanton numbers (or "BPS invariants") nr

d. That the latter are integers 
iss a non-trivial fact met in all examples known so far, shadowy for mathemati­
cianss but natural for physicists who see in them numbers of D-branes (or "BPS 
states")) wrapped around particular cycles of the CY threefold. These instan­
tonn numbers (or BPS-invariants or Gopakumar-Vafa invariants) are presented 
inn chapter 2. 

GWW Potential and Heterotic One-Loop Integrals 

Inn chapter 2, we also introduce GW potentials Fg. This is nothing but the 
genuss g amplitude of topological strings, which is a theory obtained by twisting 
ann N=2 SCFT. The closest string theory among the five lOd theories to describe 
thiss model is type HA, and in this context the Fg play the role of couplings to 
thee graviphoton field strength in the action. They are exact at genus g, and 
cann thus be computed at strong coupling, also known as the decompactification 
limi tt or "M-theory" (11-dimensional). 

Thee full GW potential can be formally rewritten in the form of an infinite 
productt and it is hoped that it has automorphic properties of some sort. The 
powerss occurring in these products contain our instanton numbers. 

Anotherr context where the Fg are exact at one-loop is heterotic string theory, 
whichh is related to type HA by duality. The one-loop integral can be computed 
viaa the trick of lattice reduction, and the holomorphic limi t agrees with the 
structuree of the constant and non-constant pieces of Fg in type IIA . This is the 
subjectt of chapter 3 

9Non-triviall  configurations are those that cannot be deformed continuously to a uniform 
configuration. . 
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Otherr prowesses from calculations in heterotic theory involve the full deter­
minationn of the prepotential, or F0. It goes via an ODE for the gauge coupling 
thatt contains integrals of a theta function and a modular form over the funda­
mentall  domain T — H/SL(2,Z). The latter integrals are resolved by the trick 
off  unfolding the fundamental domain and yield an astounding expression: the 
logarithmm of automorphic products a-la Borcherds. Reading off this result as if 
wee were in type IIA string theory, we could in principle extract our instanton 
numberss or GW invariants. In other words, there is a salient relationship be­
tweenn GW invariants and automorphic forms - at least for the genus-0 invariants 
countingg rational curves in the target space. Whether this holds for higher-genus 
invariantss was the original task of this thesis and it remains opaque. This is 
reviewedd in chapter 4. 

Thee starting point for the one-loop integrals in the heterotic context are 
thresholdthreshold corrections to gauge couplings. These can be computed in the effective 
fieldfield theory and the integrand will be essentially a trace over the internal degrees 
off  freedom. At this stage there is a road junction for the special example of 
heteroticc compactification on A'3 x T2: we can either directly compute the 
partitionn function of the model and find the trace over the internal theory to 
yieldd FIO^EÖ/V24> o r w e c an rewrite the abstract integrand using heavy algebra 
andd landing on the so-called "new susy index" (a variant of the elliptic genus). 
Fromm here, we can anew compute the explicit value of the integrand and we 
arrivee at the same result. It is the author's merit to have brought these known 
andd scattered results into one common mold and language [Gl-04] in chapter 5. 

Ellipti cc Genera 

Thee structures and mathematical tools hidden behind this long chain of dual­
ities,, weak- and strong coupling limits and SCFTs are quite enticing. For in­
stance,, Borcherds' construction of automorphic forms goes via liftin g of Jacobi 
formsforms of index 1 (which are roughly isomorphic to modular forms), and if the lat­
terr have zero weight the former admit a product expression. Examples of Jacobi 
formss include the elliptic genus, a physical-topological object defined by a trace 
overr the Hilbert space of states of an SCFT: $(q,y) = trR R(-l)

FqL°~^yJ°. 
I tt has an explicit expression known for several compactification spaces (CY 
1,2,3,4-folds). . 

Forr a non-linear sigma model on the complex surface KZ (CY two-fold), the 
abovee traces (which can be generalised for all combinations of R or NS in the 
left-- and right-moving sectors) yield several topological indices (elliptic genus, 
Diracc genera, partition functions, N=4 characters) that can be written as sums 
overr a finite number of "orbits" of the N=4 SCA. The orbits exhibit modular 
behaviourr and can be computed via tensor products of N=2 characters from 
Gepnerr models (though the ultimate trace should not depend on the model at 
hand).. Herein lies the first major contribution by the author, who computed 
explicitlyy the relation between the N=2 and N=4 characters in several Gepner 
models.. He derived on the way an equation for the cubes of theta functions, 
andd explored [Gl-03] the function n'1 £n G Z( - l ) n ( 6n + 1)*  q^6n+1^/24 for 
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kk — 1,2,3,4. This scope is spanned in chapter 6. 

Openn String Instantons 
Thee last chapter closes the loop and comes back to the starting point of this 
thesis,, namely to counting instantons, but for open strings (i.e. "disk instan­
tons").. That is, the open holomorphic discs will have their boundaries on a 
D-branee with the geometry of a special Lagrangian submanifold. According to 
thee model in which we work, this brane will be called the A-brane or B-brane. 
Thee instanton numbers are extracted by comparing the superpotentials in both 
models:: for the A-model in the large CY volume limi t we obtain the usual in­
stantonn sum as corrections to the Ad N=l superpotential, while on the B-model 
sidee we can compute the superpotential via the Chern-Simons action reduced to 
thee world-volume of the B-brane. Again, the integrality of these disc instantons 
iss striking. In two easy examples of chapter 7, we prove this integrality via 
methodss leading us to derive interesting congruences for binomial coefficients 
moduloo powers of a prime. 

Thee two biggest chapters, 6 and 7, are the crux of the thesis and contain 
essentiallyy the author's original works. Chapter 5 has its originality lying in its 
unifyingg presentation of known calculations, while the first three chapters are 
introductoryy material. 
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Chapterr 1 

Gromov-Wittenn Theory 

Thiss chapter is a 'democratic' introduction to the moduli spaces of stable maps 
andd Gromov-Witten invariants. It does its best to assume no prior knowledge 
andd is written independently of the remainder of this thesis. It is mathematical 
inn nature, contains no physics, and can be used as reference by anyone inter­
estedd in the topic. The present chapter is essential for the next one, though only 
selectedd items will be used again. Our treatment is hopefully self-contained and 
followss the more exhaustive lectures [P-00]. We implore the algebraicist's indul­
gencee for the rape of rigour and refer to [CK-99] for an authoritative treatment 
off  the intricacies swept under the carpet. A few more references will be pointed 
att in situ. 

Gromov-Wittenn (GW) theory is perhaps fifteen years old, and originated 
withh Witten's construction of topological field theories from twisted supercon-
formall  field theories (SCFT). The earliest results for GW classes were obtained 
forr rational curves using techniques from symplectic geometry introduced by 
Gromov.. The latter are obtained from sigma models with Calabi-Yau (CY) 
targett spaces. These are models in which Riemann surfaces are holomorphically 
embeddedd into higher-dimensional varieties. In the context of closed string the­
ory,, the Riemann surface represents the world-sheet of a string, and the maps 
too the target space provide bosonic coordinates on the compactification space. 
Thee Feynman path integral requires to consider all possible configurations of 
Riemannn surfaces and maps and the main contribution will come from holo-
morphicc maps. In other words, GW theory is all about counting holomorphic 
mapss or their image curves in the target variety. This is a problem of enumer-
ativee geometry and is also goes by the name of counting instantons. 

1.11 The Moduli Space of Stable Curves 

Everr since Riemann introduced his famous n-sheeted surfaces about 150 years 
ago,, the moduli space of such objects has been a splendid landscape for algebraic 
geometerss to gape at. 

17 7 
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1.1.11 Riemann's Count 

Riemannn himself managed to compute the dimension of the moduli space Mg of 
Riemannn surfaces (complex curves) of genus g, by simply counting the number 
off  parameters (or degrees of freedom) that one can freely vary for a (smooth) 
surfacee of fixed genus g. One can find this number by looking at branched covers 
fromm such a surface to the line P1 (Riemann sphere). Varying these covers will 
varyy both the domain surface and the map, so we must subtract the contribution 
fromm varying the maps. We thus compute the difference between two numbers: 
thee number of covers and the number of maps from a fixed surface to the line 
(orr rather the dimension of the space of such maps). 

Forr the first term, note that all possible d-fold covers from Y,g to IP1 are 
givenn by the choice of branch points, which number 2d+2g — 2 by the Riemann-
Hurwitzz formula. For the second term, we fix Hg and shall build d-fold covers 
off  the line from sections of a line bundle L of degree d. Choose a meromorphic 
sectionn SQ; its associated divisor (s0) has degree d. For a holomorphic section 
s,, the quotient s/so (or so/s for that matter) is a fi-fold cover; so the number 
off  such covers is given by varying s (i.e. by /i° (£<,,£)) and by varying the d 
independentt poles of the divisor (S/SQ) (i.e. by d). Altogether: 

dimm Mg = dim {e/-fold covers Eg —> P1}  - dim {covers for 1 fixed T,g} 
==  2d + 2g ~ 2 - {h°(Zg,L) + d) 
==  2d + 2g-2-{d- g+l+d) 
== 3 # - 3, 

wheree we used Riemann-Roch: /i°(S5, L) = h°(Eg, K — L)+d — g+1, and this 
neww h° vanishes since deg(i\" — L) = 2g — 2 - d is negative for d sufficiently large. 

However,, our argument has neglected the automorphisms of S5, which exist 
forr g = 0,1. Hence the formula is only to be trusted for g ^ 2. For g = 0, we 
notee that the only Riemann surface is the line P1, and dim Mo — 0. For g = 1, 
anyy elliptic curve can be seen as a double cover of the line branched over 4 
points,, 3 of which can be sent to 0, 1 or oo by an automorphism of P1; thus the 
curvee can be written as y2 = x(x — l)(x — A) and depends only on 1 parameter 
AA G C, and dim Mi = 1. 

1.1.22 Compactification of Mg 

Thee moduli space Mg of Riemann surfaces E3 of genus g is non-compact: pinch­
ingg the torus Si, say, along a non-trivial circle gives us the crescent of figure 1.1. 
Thiss has a node, is therefore singular and no Riemann surface anymore. This 
alsoo shows us how to compactify Aig: by including all nodal1 curves. For such 
singularr curves, we shall differentiate between the arithmetic genus g (default for 
"genus")) and the geometric genus G. The former is the genus of a "smoothing 
out""  of the node, while the latter is the genus of the "desingularisation" (also 
calledd normalisation) of the curve, see figure 1.2. The two genera are of course 

1Wee shall restrict ourselves to ordinary double nodes, i.e. no triple nodes or tacnodes but 
onlyy those which increase the genus by 1. 



1.1.1.1. THE MODULI SPACE OF STABLE CURVES 19 9 

pinch h 

Figuree 1.1: Mg is non-compact: pinching the torus gives us a 
nodall  curve (a rational elliptic curve). Drawn in real 2d and com­
plexx Id manner (the numbers refer to the geometric genus). 

genuss = o+o = o 

Figuree 1.2: The smoothing out gives the arithmetic genus g, while 
desingularisationn gives the geometric genus G (sum of genera of all 
(smooth)) components). The numbers near the Id complex curves 
aree again the geometric genera of the desingularised components. 
Eachh node gives rise to two node-branches in the desingularisation. 
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relatedd to each other. For a connected nodal curve with ö nodes, ungluing a 
nodee within one component subtracts just 1 to g, and ungluing a node between 
twoo components subtracts 0. The total change is thus S — N + 1 where N is the 
numberr of components. In other words: 

gg = G-N + S + 1. 

Andd if we only have one component: 

99 = G + 6, 

thatt is, every node increases the genus by one.2 

Notee that for a connected nodal curve (to which we restrict ourselves), -iV + 
ÖÖ + 1 ^ 0, so that the arithmetic genus is always bigger than the geometric one: 
gg ^ G. This is of course not true for disconnected curves, where g can even be 
negative:: r?(£0 U£0) = 0 - 2 + 0 + 1 = - 1 . If we want g = 0, we need G = 0 
andd —N + 0 +1 = 0; this can only be realised by a tree of ff^'s (no loops). 

Thee arithmetic genus can also be defined by the usual algebro-geometric 
formula: : 

g:=pg:=paa:=l-:=l-  X{0^) = 1 - / i°(0E) + / i 1 ^ ) , 

whichh boils down to h}(ö<z) = h0* 1 = /I°(OJ»E) in case X is connected (w  ̂ is 
thee dualising sheaf). Similarly, the geometric genus coincides with the usual 
sectionss of the canonical sheaf KY. = fi1 (or number of holomorphic differentials 
onn the curve): G = h°(ttl) — hL0. If the curve is smooth (i.e. becomes a Kahler 
manifold),, the dualising sheaf ĈE equals the canonical sheaf, /i0'1 = /i1,0 and 
gg — G as expected. 

Inn order for Mg to be a stack (i.e. having a nice structure of orbifolds), 
wee require that the isotropy group of every point in the moduli space (i.e. the 
automorphismm group of the corresponding Riemann surface) be finite. Note 
thatt a Riemann surface of genus 0 (the line P1) has a three-parameter space 
off  automorphisms: PSL(2,€), and that one of genus 1 (elliptic curve) has a 
one-parameterr space of automorphisms. This requires fixing three points on 
genuss 0 components and one point on genus 1 components, that is, we restrict 
ourselvess to stable curves in Mg: 

Definitio nn 1.1.1. A nodal curve is stable if each component of geometric 
genusgenus 0 has at least 3 node-branches, and each component of geometric genus 1 
hashas at least 1 node-branch. 

Notee that two nodes on a G = 0 component are enough to produce three 
node-branchess - see the last picture of figure 1.3. Thus its minimal genus will 
bee 0 - 1 + 2 +1 = 2, while the minimal genus on a G = 1 component (at least 
11 node) is 1 — 1 + 1 + 1 = 2. In either case we see that stability requires g ^ 2. 
Thuss Mg only exists for g ^ 2. Clearly, a tree of F1 's (lines glued to each other 
withoutt forming a loop) is unstable. 

Iss Mg compact ? Figure 1.4 suggests that we must throw away unstable 
limits;; in this way we reach compactness. 

2Inn this context, g and G are also called the virtual and real genus respectively [GH-78]. 
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unstablee ; 

stable e 0 0 

1=21=2 g =2 g=3 

Figuree 1.3: Stable and unstable curves in Mg. 

unstable e 

Figuree 1.4: The new genus 0 component is unstable and must be 
thrownn away to preserve compactness of M^- Contracting loops 
onn Riemann surfaces keeps g invariant, and it lowers G by 1 only 
iff  the loop is a non-trivial cycle (i.e. don't get a new component). 
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1.1.33 Adding Markings and Bubblings 
Noww we want to extend the idea and add n marked points to E9 (not coinciding 
withh nodes!). The moduli space thus obtained is denoted M9in- Define a special 
pointpoint to be either a marked point or one of the branch-nodes of a desingularised 
node.. That is, each node counts for two branch-nodes and hence for two special 
points.. A nodal curve E9)„  is similarly called stable if every component of geo­
metricc genus 0 has at least 3 special points, and if even- component of geometric 
genuss 1 has at least 1 special point. 

« « 

Figuree 1.5: A stable curve in M.\,\, whose desingularisation has 
genuss 0 with 3 special points. The numbers next to the special 
pointss denote the markings (1 to n), while the numbers next to 
thee Id complex curves still denote the geometric genus G. 

Sincee g = 0 means G = 0 and a tree of P^s, such a configuration will be 
onlyy stable with at least 3 markings. Also, g = 1 without marking was already 
excludedd before (M\ = 0 ). So stability requires 1g — 2 + n > 0. 

Iss Mg,n compact ? Next to throwing away unstable components that arise 
inn particular limits, we shall also have to introduce bubblings. These are lines 
thatt grow at the place where two special points come close to each other, see fig­
uree 1.6. In this way, Mg,n remains compact. We also have a forgetful morphism 
M 9 , mm —> Mg,n2 for rii ^ n-2, depicted in figure 1.7, provided we again throw 
awayy unstable components. The same picture also shows (an inverse to) the 
universall  curve M.g,n -*  Mg,n+\ where one marking is replaced by a transverse 
linee with two new markings. 

1.22 The Moduli Space of Stable Maps 

Gromov-Wittenn theory studies the properties of curves embedded in larger 
spaces.. After having studied stable curves, we still have to introduce the em­
bedding:: this will  be a holomorphic map ƒ to some variety X. 

1.2.11 Stable Maps 

Wee now extend the idea of moduli space of stable curves to that of Kontsevich's 
powerfull  moduli space of stable maps [KM-94]. 

(Q) ) 
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lim m 
p —— q 

lim m 
p->-- N 

Figuree 1.6: Bubblings: spheres (i.e. complex lines) grow wherever 
twoo special points come together. Two kinds of bubblings can 
occur:: one marking approaching either another marking or a node. 
Onee additional node is created as well as one new component, 
leavingg g and n unchanged. This operation remains thus in Mg,n. 

22 forget 1, 2 

unstable e 

universal l 
-l l 

Figuree 1.7: The forgetful morphism M.2,2 -*  A42,i, and (an in­
versee to) the universal curve yVf2,i —> M2,2-
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Definitio nn 1.2.1. A stable map ƒ : ESiM —» A is a map from a pointed nodal 
curvecurve (possibly unstable) to a variety X such that the contracted components 
(i.e.. where f is constant) of genus 0 have 3 special points and those of genus 1 
havehave 1 special point. Two stable maps ƒ, ƒ' are isomorphic if they are related 
byby an isomorphism r between their domain curves, i.e. ƒ' o r = ƒ. The moduli 
spacespace of stable maps is 

MMgg,,nn{X,0){X,0) := {  stable maps f : E -> X | ƒ*([£]) = P £ H2{X,Z) } / ~ . 

ItsIts elements are denoted (E ,p i , . .. ,p„, ƒ), and this is = (E ' ,p ' j , . .. ,p'n, ƒ') ijjf 
3rr : E —» E' wiih r(p,) — JD'J and ƒ' o r = ƒ. 

Notee that /'i = 0 means constant maps. If i/2(A",Z ) = Z (this is the case of 
aa hypersurface A' in WN - by the Lefschetz hyperplane theorem), then we shall 
ratherr use the integer d to label the class ft = d • ( (where I is the generator of 
HH22).). Note also that a stable map need not have a stable domain curve, except 
iff  p = 0 where stable maps are equivalent to stable curves. 

ExampleExample 1.2.2. 

_M_Mgg,,nn(X,0)(X,0) =^9,n x A. 
•M fl ,n(point,, 0) - Mg,n 

MMoo,o(X,0),o(X,0) = Mo,0 x A = 0 x A = 0 
MM0t0to{F\l)o{F\l)  = M 0 , o ( P1 , l ) = point 

I tt is understood that the open subset M9tn(X,P) is the moduli space of 
stablee maps from non-singular curves. This includes degree d coverings of the 
linee (always singular for d > 1, as the RH formula implies branch points). 

ExampleExample 1.2.3. .M0 | 0(PN ,1) =M0,o{^N,l) = G{F\VN), the Grassmannian of 
liness in FN, of dimension 27V - 2. Note that g = 0^>G = Q^> only trees of 
P^s.. Together with n — 0 and d — 1, this forbids contractions (which would 
bee unstable). Embedding a tree in FN means the total degree is the sum of 
thee degrees of each component, i.e. the number of lines in the tree; thus we can 
havee only 1 line. That is the reason why Mo7o(FN,1) is already compact. In 
general,, the closure of Moto(TN, d) adds only maps from trees with at least two 
liness (contractions now possible for d ^ 3). 

ExampleExample 1.2.4. MQ,O(FX, d), d > 1, is the space of all d-fold covers of the line, 
andd has dimension 2(d— 1) (all branch points). This agrees with the dimension 
off  the space of parametrised rational curves3 of degree d to P1. The compacti-
ficationn A^o f lP1 ,^ is obtained by adding all maps from trees with at least two 

3I nn general, a (parametrised) rational curve of degree d in P^ is a tuple of homogeneous 
polynomialss of degree d in XOJ^I^ (/o{^0)^i) i • • • >IN ( XO,X I ) ), where the fi have no common 
factors.. The curve wil l be degenerate if it lies in a hyperplane; this happens in particular 
whenn some ƒ, is 0 (hyperplane is {yi = 0}) , or when ƒ, — fj (hyperplane is {yi — yj — 0}) , or 
inn more general situations like (XQ, XJ , —XQ - x\) (hyperplane is the line {t/o + V\ + J/2 = 0} 
inn the plane, and the map is a double cover branched over (1 ,0 , -1) and (0 ,1 , -1) ), etc. 
Rationall  curves can be nodal (increasing their arithmetic genus), as is the case of 
(XQ,, xoxf, x\(x\ + xo)(xi — xo)), also written (1, z2, z{z + 1)(̂  — 1)) =: ( l , x ,y) or 
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lines:: a first component consists of a line pair with each line covering IP1 with 
degreee d\, d2 (rfi + d2 = d, with a total of 2 d -4 branch points and 1 point for the 
imagee of the node); a further component consists of a tree of three lines, etc, til l 
thee last component which consists of a tree of d lines, each mapping with degree 
11 onto P1 (no branch points but images of the nodes). Adding contractions, the 
domainn tree can have more than d lines and the configuration can be very wild. 

ExampleExample 1.2.5. Similarly, M0fi(X,d), for d > 1, will in general be a proper 

openn (dense) subset of Mo,o{X, d). 

ExampleExample 1.2.6. What is A?o,o(P2>2) ? The four possible cases are depicted in 
figurefigure 1.8. The first case corresponds to the space of smooth conies; together 

2::  1 
/ / 

Figuree 1.8: Several strata of M0,o{P2, 2). The third and fourth 
casess are double-covers with markings at the branch points and 
att the image of the node respectively (so as to specify isomorphic 
covers). . 

withh the third case, it forms the dense open set vVfo,o(IP2,2). The two other 
casess form the boundary strata of Mo,o(^2,2). The fourth case is the limi t of 
thee second case where the two image lines coincide, as well as the limi t of the 

yy22 = x(x — l ) 2 , which is the cubic with an ordinary double node in (1,1,0), i.e. an el­
lipti cc curve (g = 1). 
Thee dimension of this space of rational curves is (N + l ) ( d+ 1) — 4 (number of coefficients 
inn the polynomials), where we have subtracted 1 for the redundancy in PN and 3 for the 
reparametrisationss of (xo,x i ). This number is much smaller than the dimension of the space 
off  all degree d curves in PN, which consists of all curves which are complete intersections 
(genericallyy irreducible) and those that are not. At least for the complete intersection curves 
wee can estimate the dimension by intersecting TV — 1 hypersurfaces of degrees d i , . .. ,dn-\ 

suchh that d\ djv-i = d. 
Forr N = 2 any curve in P2 is just a hypersurface, and these are parametrised by ( J ) - 1 
coefficientss (mononomials of degree d in N + 1 variables). This matches the dimension for 
rationall  curves if d = 1,2; i.e. all lines and conies in the plane can be parametrised as ratio­
nall  curves; for plane cubics, quartics,..., only a minority of them are rational. Conversely, a 
rationall  curve of degree d in P2 wil l in general be a plane curve of degree D ^ 2d — 3 (need 
too solve dD + 1 equations for d(d + 3)/2 projective unknowns). 
Forr N > 2, define n  ̂ = {Ntd) ~ 1- At TV = 3, say, the space of complete intersections 
off  two surfaces of degree d\ and cfo has dimension YLd2^dl

 ndi(nd2 ~ nd2-d1)<
 a nd this is 

(dd + 2) (d+ l ) / 2 if d is prime and ^ <i3/62 for generic d. Similarly, at higher N, the dimension 
iss roughly dN_1 if d is prime and ^ dN/iV!^ -1 for generic d. 
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thirdd case where the two branch points come together. We shall therefore treat 
i tt as a double line with two marked points that coincide; we then speak of the 
spacee of complete conies as comprising all smooth plane conies, all double lines 
withh two marked points and all line pairs. 

Inn the dual plane (where lines correspond to points and vice versa), we define 
thee dual conic to be the set of points dual to all tangent lines to the conic (which 
indeedd happens to be another conic!). Smooth conies are dual to smooth conies, 
whilee line pairs are exchanged with double lines plus two markings.4 We thus see 
thatt ,Mo,o(IP2, 2) corresponds to the space of complete conies and has dimension 
{N{N + l)(d+l)-4 = 8. 

RemarkRemark 1.2.7. The space Mg,n(X, [3) is compact provided we introduce bub-
blingss - as before. Yet it can be singular, is usually reducible and is of impure 
dimension,, i.e. it can have components of different dimensions. 

ExampleExample 1.2.8. Mg^fö1,1) has one component of dimension 2d + 2g-2 corre­
spondingg to rf-fold covers of the line by non-singular curves Efl (the degrees of 
freedomm are just the branch points). Another component consists of maps from 
thee above Ss with an extra line glued to it, whereby T,g is contracted to a point 
andd the line covers P1 d-fold; the dimension of this component is 3^ — 3 (for £5) 
+2d+2d - 2 (for the branch points) -|-1 (for the choice of node on T,g) +1 (choice of 
nodee on the line), i.e. a total of 2d + Zg - 3, which differs from the dimension 
off  the first component. 

Wee now define the evaluation map 

evev{{ ::  Mg,n{X,0) -> X 
( £ , P I , . . . , P „ , /)) •-> f {pi) 

whichh allows us to present the universal curve 

MMgg,,n+ln+l (X,P) (X,P) 
__ T T ^ \ e v n + 1 (1.2.9) 
MMgg,,nn(X,0)(X,0) f(pn+1)eX 

1.2.22 Deformations and vdim M9in(X,p) 

Thee moduli spaces Mg,n(X,(3) can be singular and typically their deformation 
theoryy of stable maps is obstructed. Hence our best hope is to compute the 
expectedexpected or virtual dimension, vdim, which is the dimension of the unobstructed 
theoryy and is a lower bound to the actual local dimension. It measures the 
deformationss of the image curve ƒ(£); these are parametrised by sections of 
thee pull-back of the normal bundle of the image of E in X, a pull-back we 
(abusively)) denote by N^/x- For this, we need some reminder of deformation 
theory. . 

44 For a line pair, any line through its node has intersection number 2 and is thus considered 
ass a tangent. Points dual to these tangents form a line (the dual of the node). Define the 
duall  to be the doubling of this line and add the two marked points dual to the original two 
lines.. Idem for the dual of the double line (plus two markings). 
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Automorphisms,, obstructions and deformations are measured by the coho-
mologyy of the sheaves in the short exact sequence 

00 -> TE -*  f*Tx -> N<z/x -> 0, 

forr a stable map ƒ : E —> X. In particular, we accept the following pragmatic 
tablee without proof: 

sheaf f 
I s s 

f*Tf*T x x 

Nx/x Nx/x 

objectt studied 
E E 
ƒ ƒ 

(£,ƒ) ) 

" 7 / - 1" " 

Aut(( ƒ) = 0 
Aut (E, /)) = 0 

H° H° 
Aut(E) ) 
Def(/) ) 

Def(E,/) ) 

HH1 1 

Def(E) ) 
Ob(/) ) 

Ob(E, /) ) 

HH2 2 

Ob(E)) = 0 

Heree Aut, Def, Ob refer to (infinitesimal) automorphisms, deformations, ob­
structionss resp. Hence we have in cohomology the so-called deformation long 
exactt sequence: 

00 ->Aut(E) ->Def(/) ->Def(S, /) -> 
->Def(E)) ->Ob( /) ->Ob(E, /) -• 0. 

Inn general, we have instead of the first 0 the piece 0 -> Aut(E, ƒ) —>; but 
thiss is 0 for stable maps (only finite number of global automorphisms, i.e. no 
infinitesimall  automorphisms). 

Ass an example of this deformation long exact sequence, we compute the 
dimensionn of the moduli space of (smooth) Riemann surfaces of genus g > 
1,, dim{Mg) = Def(E)- Ob(E) = ^ ( E , ^ ) - /i 2(E,TE). First, note that 
/ I 2 ( E , T E)) = 0, in accordance with the above table and that there are no ob­
structionss to deforming a Riemann surface. Thus vdim = dim, and 

vdimvdim M9 = h1(X,Tx) = / i ° (E,rE) + 5 - l - d e g c i ( TE ) = g- l + 2g-2 = 3 p - 3, 

wheree we used Riemann-Roch5 and h°(T^) = h°(—K^) = 0 (since the anti-
canonicall  line bundle has degree 2 — 2g < 0). As expected in this unobstructed 
case,, vdim — dim. 

Ass a second example, we compute the virtual dimension of Mg,n(X, 0) itself, 
thatt is we compute the dimension in case of no obstructions, or Ob(E, ƒ) = 0: 
Sincee the alternating sum of dimension in the deformation long exact sequence 
vanishes,, we can replace Def(E, ƒ) by four other terms in the sequence, of 
whichh Aut(E) will vanish since stability does not allow for infinitesimal au­
tomorphisms.. Again, with Riemann-Roch [KM-94]: 

vdimAT5,n(X,/3)) = D e f ( E , / ) - O b ( E , /) 

== -Aut(E) + Def(ƒ) + Def(E) - Ob(ƒ) 

== 0 + h°(rTx) + (3g-Z + n)-hl(rTx) 

==  3g - 3 + n + rk( / *T x ) ( l - g) + deg c, (/*T Y ) 

== f ci (X) + (dim X - 3)(1 - g) + n, 

5RRR formula for a bundle L over a genus g curve S: h°(E,L) - / ^ (E , ! ,) = deg c\{L) -+-
(11 - g) rk(L). 
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wheree deg ci(f*Tx) = J[E] j*ci(Tx) = jj3cx(X) ~ - $0UJX. Although we used 
dimm Mg = 3p —3 in the derivation, which holds only for g > 1, we shall nonethe­
lesss apply the same result to g = 0,1 as well. In fact, our stability requirement 
(33 points on genus 0 components and 1 point on genus 1) compensates for the 
changee from dim Mo = 0 and dim M\ = 1 to the formal dimensions -3 ,0. 

ExampleExample 1.2.10. When j3 = 0, vdim = dim X(l — g)+ dim Mg,n, which matches 
thee actual dimension (dim X+ dim -M3,n) only for g — 0. Thus constant maps 
aree obstructed at g > 0. 

ExampleExample 1.2.11. If X is a CY threefold (i.e. c\{X) = 0), the paragon for string 
theory,, then 
vdin/~M5,0(AVJ)) = 0. 

ExampleExample 1.2.12. For degree d rational curves in WN, we have L C\ (A") = Jrfm(Ar+ 

l)Hl)H = d(N + 1), and so vdim A40>o(PN,d) = (N + !)( rf + 1) - 4. This agrees 
withh the actual dimension (TV -f 1 polynomials of degree rf), see footnote in 
Examplee 1.2.4. 

ExampleExample 1.2.13. For a hypersurface X of degree D in IP ,̂ we have ci(A) = 
—— K\ — —(KpN + [AT])JY = N + 1 — D by the adjunction formula. Hence 
vdimm Mg,n(X,d) = d(N + 1 - D) + {N - 4)(1 -g)+n. 

RemarkRemark 1.2.14. Note that ,Mo,n(A', j3) is unobstructed (i.e. vdim = dim) if X is 
convex,convex, that is if h1 (£, ƒ *TX) =0 for every genus 0 stable map ƒ. This is because 
Ob(/)) = 0 implies Ob(E, ƒ) = 0 in the deformation long exact sequence [BM-
95],Thiss is the case of P^ and of all homogeneous spaces (i.e. algebraic groups 
moduloo a parabolic subgroup) like Grassmannians, flag varieties, etc. 

Iff  on the other hand Aio,n(X,/3) is obstructed, then (dim - vdim) is called 
thee excess dimension. 

ExampleExample 1.2.15. A4o,n(X, 0) is unobstructed for any A, since by Riemann-Roch: 

tf&oJ'Tx)tf&oJ'Tx) = h°(X0,rTx) ~ [ c,(X) - dim X = 0, 

ass p = 0 and the trivial bundle f*Tx of rank dim X has only the constants as 
holomorphicc sections. Thus vdim = dim = dim X — 3 + n, as already mentioned 
inn Example 1.2.10. 

1.33 Intersections in Mg:1l 

Wee now start diving into the theory of Gromov-Witten proper, which deals 
withh the intersection of tautological classes (or "primitive" GW invariants) and 
off  homology classes (or "primary" GW invariants) in the moduli space of stable 
curvess and of stable maps. 

Restrictingg ourselves to Af5)U first, we shall easily derive the "string" and 
"dilaton""  equations. 
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1.3.11 Comparison Lemma 
Definitio nn 1.3.1. The tautological line bundle £j is the line bundle with fibre 
T* EE at the point (S ,p i , . .. ,pn) of Mg,n. Its first Chern class is denoted ipi 6 
H%H%RR(Mg,(Mg,nn)-)- Denote by Di the boundary divisor of M3tn+i corresponding to 
thethe bubbling where a line (with markings i and n + 1) cuts transversally £fl ,n-

Wee shall denote the tautological bundles for Mg,n and Mg,n+i  by the same 
letterr d; this should not cause confusion. 

Lemmaa 1.3.2. If it is the forgetful morphism Mg,n+i  —> M.g,n, then 

Ci=ir*Ci®0(Di)Ci=ir*Ci®0(Di)  i.e. fr = TT>; + [Di]. 

Proof.Proof. A local section of Ci pulls back to a holomorphic section of Li vanishing 
att Di (otherwise we would have a holomorphic form on the IP1 of Di, which 
cannott be as P1 is compact). Thus £*  = 7r*£j <g) O(Di). Note also that since 
DiDi  D Dj; = 0 (i / j ) , we have d ^ 7r*£; on Mg,n+i  \ Di. D 

Ass the order in which the marked points appear is irrelevant, we can intro­
ducee the notation for the primitive GW invariants: 

JM„.JM„. n n 

wheree n = X! r*  an<^ 3g — 3 + n = £ ki•• = Yl *  r i • 

1.3.22 String and Dilaton Equations 
Lemmaa 1.3.3. The string equation relates intersection classes on Mg^n+i  and 
onon Mg,n: 

(Tfcjj  • • • TfcB T0)g = 22 (Tki • • • Tki -1 • • • rfcn )g 

(1.3.4) ) 
0 rr  \T0 ~l  — 2-*t \ ° "  "  * '+1 *'+2 ' "  '̂ 5 

Froo/. . 

JMJMgg,„,„  + l •/^g.n + l 

== E L \Di\^{^...^- 1...^) 
11 = 1 JMg.n + 1 
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Wee have used, in the second step, that (ir*-ipi  + D{)k — (7r*V;ï + Di) • tpk * = 
7T*0i-^?_11 = ••• = (TT*^ ) * " 1^ . - = (7r>l-)*  + (^*^i)*" 1-A because of D r i i = 0 
(£jj  trivial on Di since the point i is rigid on its line), of which the first term 
wil ll  vanish upon capping with Mg>n+\ (dimensional reasons) [W-91]. D 

L e m maa 1.3.5. The dilaton equation holds for stable curves (I.e. 2g—2+n > 0J; 

<rfcll ...Tknn)g = {2g~2 + n) {rki ...rkn)g (1.3.6) 

Proof.Proof. Since the fibre of Cn+\ is a cotangent line, i.e. a fibre of the canonical 
bundlee KY, to S^n+i of degree 2g -2, the first Chern class is: 

i/>n+ii  = deg KJ: H + £[£>,-] = (2*7 - 2 + n) [u;], 

wheree CJ is the volume form along the fibre of „Vf flt„+i —> Mg,n. On Dn+\\ 
ipiipi  = n*ipi (i = 1 , . . ., n). Hence 

1-h-s.. = ƒ V'f1 • • • tfj"  0«+i =(2g-2 + n) [ _  ̂ . .. ^ . 
JJMMgg,,nn̂  ̂ J[u>]~M B.„ 

D D 

Lemmaa 1.3.7. ^4i # — 0, the string equation equips us with a concrete formula: 

nn — 3 {r{r klkl-..T-..Tknkn))00 = 
\ MM  i  - j  ftn 

Proof.Proof. For dimensional reasons, fci + • • • + fc„ = rc — 3, so at least 3 of the A;j's 
aree 0. Hence we can apply the string equation. We proceed by induction, the 
anchor66 being at n = 4 where Mo,4 — P1, C\ — (9(1) (the space of linear 
functionn of a tangent line to P1) and xpi = [P1] . Thus J^ Vi = 1. We assume 
thee result for n and prove it for n 4- 1 (w/o#: fcn+i = 0): 

(r„...r t„r„) „„  = g (*, ... (£ I ') . . . J 

Ari!!  -.. fc„!  VAri,..., A; m+l l 

D D 

Wee shall set (TQ) = 0 by convention, in accordance with the lemma, despite 
thee fact that Mo,3 is just a point. In particular, the lemma verifies the dilaton 
equationn in genus 0: (k"~j* nl) ={n- 2)(£JJ. 

6Thee anchor could also be chosen at n = 3, where (r^)0 = fj^ 1 is simply the degree of 
thee 0-cycle [A^o^L which is 1 since Afo,3 is a single point. 
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Lemmaa 1.3.8. At g = 1, any intersection class can be reduced to an integer 
multiplemultiple of the base case: 

(Tfcii  • • • T * n > i = A I < r i ) i -

Proof.Proof. Again for dimensional reasons, k\-\ h kn = n, so at least one of the kt 
iss 0 or all fc, equal 1. Apply the string/dilaton equation in the first/second 
case.. Writing k\...kn instead of (r^ ...T>n)i , we have 300 = 20 = 1 by 
thee string equation, and 11 = 1 by the dilaton equation. Thus for example, 
320000 = 2200 + 3100 = 2[210] + [300 + 210] = 2[20 + 11] + [1 + (20 + 11)] = 
2[11 + (1 + 1)] + [1 + (1 + (1 + 1))] = 10 <n>i. D 

Similarly,, at g > 1, any intersection classes or "correlator" can be expressed 
ass integer multiples of a finite number of base cases. 

1.3.33 K d V hierarchy 

Wee shall now present the KdV hierarchy satisfied by the intersection classes, 
whichh was found by Witten [W-91] and proved by Kontsevich [K-92]. The 
KdVV equation for u(x,t) is the non-linear partial differential equation dtu + 
uuuuxx + 6 um . In our case, the variable t will be an infinite sequence of variables 
too = x,t\,t2 • ••, turning the PDE into a "KdV hierarchy", i.e. an infinite set of 
linearr equations for u = df F - where F is the "free energy" or GW-potential. 
Thee T-function of the KdV hierarchy is the "partition function" Z = eF. We 
shalll  accept propostition 1.3.10 without proof. 

Itt is gainful to regroup all ^-integrals into a generating function called the 
genuss g GW potential: 

n^OO k\,...,k„ {";} 

Introducingg another complex variable A (string coupling), we can yet again 
regroupp all genera into the full GW potential: 

F(t,F(t, A) := J2 F9 A29" 2> w i t h F(t) •= F{t, !)• (1-3-9) 

AA further new notation: 

suchh that at t = 0 and A = 1 it reduces to (rki ... 7>n )g (where g is determined 
byy 3g-3 + n = 52 hi). 

Propositionn 1.3.10. The KdV hierarchy for u = dfQF can be rewritten as the 
infiniteinfinite set of equations (for k ^ \) 

(2k+l)\-(2k+l)\-22((T((TkkT*))T*))  = ((n-iToMr*)) + 2<<T*_1T2)><<T2)) + \dn-iri)). 
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Thiss is a very powerful equation, as it allows computation of all intersection 
classess recursively. Note that at t = 0, the l.h.s. picks up terms with 3g = k, 
whilee the r.h.s. picks up terms with 3(g + 1) = k, i.e. with g one bigger; hence 
thee factor of A - 2. 

Forr k = 1,2,.. ., and denoting to by x, we have: 

11 : X~2dt}u = -uux + -uxxx 

22 : X~4dt2u = -u2ux + -uxuxx + j^uxxx + WT^d^u 

etc, , 

off  which the first line is the traditional KdV equation. As a neat example of 
recursion: : 

Corollar yy 1.3.11. (TI)I = 1/24 and <r35_2)5 = 1/(24 V ) -

Proof.Proof. Evaluate the KdV equation at k = 3, t — 0 to obtain 7 (T^TQ)I = 
{T"2TO)I(TO)OO + {7"2To)o/4, where the middle term dropped due to ((TQ)}  = 0 at 
// = 0. Using the string equation, rewrite this as 7 {TI) I = (T\)I +  (TQ)O/4, 

fromm which we find the first result. It was already obtained by Mumford a 
decadee earlier [M-83], and can be understood as the weight, 12, of the unique 
cuspp form coming from the elliptic curve, with a factor of 2 for the involution 
(x,(x, y) —>• (x, —y). The proof is similar for the general case g > 1. d 

Usingg our generating function F, it can be shown that the string and dila-
tonn equations are equivalent to equations L-\eF = 0 and L$eF — 0 for some 
differentiall  operators L t depending only on the tj. The operators Z>, can be 
definedd for higher i in a quite knotty way, so as to form the Virasoro algebra: 
[Ljt,L n]]  = {k — 7i)Li;+n. The KdV equations will then imply LmeF = 0 for a 
alll  m ^ — 1, that is the "partition function" Z = eF is a highest weight vec­
torr of the Virasoro algebra. Whether this is true in the generalised context of 
AigAigtntn(X,0)(X,0) is called the Virasoro conjecture and remains an open question. 

1.44 Intersections in Mg,n(X, f3) 

Ass the complexity increases, our treatment becomes even less self-contained. We 
shalll  omit proofs for the virtual fundamental class and refer to [CK-99] which 
iss our main source for this section. 

Wee now do a first attempt at defining GW invariants for stable maps in case 
Mg,Mg,nn(X,(X, (3) is a smooth orbifold and unobstructed {i.e. of expected dimension). 
Thee correlators involve cohomology classes 7,- e H*(X,Q): 

{li{li  •••ln)g,0 := / _ 7Ti ev*(7i <8>---<8>7n), 

wheree e v * ^ <g>- • -®7n) '•— evj'{71) U- • -U ev^(7n) is the evaluation map (1.2.9) 
andd where m is the Gysin map: H*{M g,n(X7p),Q) -> H*+2m(j4gyn,Q) with 

kk = 

kk = 
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mm :=  dim ^M 5,n- dim Mg,n{X,P). Thus the integrand is a form of degree 
2mm + Y, deg 7J. This requires XI deg 1% = 2 dim A4fl ,n(X, ƒ?). 

Thee integrand is the cohomology class represented by those maps (Ss, j>i, - • • ,Pn, ƒ) 
satisfyingg /(pt) € Z*  V«, where Z*  is a subvariety (of X) in the homology 
classs dual to 7*. Then the above GW invariant "counts" the number of curves 
(orr rather maps) satisfying this requirement together with ƒ([£]) = P- The 
wholee integral is also ev*(7i (g) • • • <g> 7n) n £, where £ is the fundamental class 
[M[M 99,n(X,p)}. ,n(X,p)}. 

Thiss new alternative way of writing makes clear that we implicitly need a 
fundamentall  class to define GW invariants for stable maps, and such a class 
existss only if 3 M 3 J„ ( X , / ? ) is a smooth orbifold and unobstructed - as assumed 
above.. In the more general case, we shall have to introduce a virtual fundamental 
classs to remedy to the defect. 

1.4.11 Virtual Fundamental Class 

Thee virtual fundamental class is far too complicated to be defined here in full 
generalityy [BF-96,LT-96]. We shall merely quote three cases: 

Iff  ~Mg,n{X,ft) is unobstructed, then vdim = dim and there exists a funda­
mentall  class; it coincides with the virtual one. 

Iff  Mg,n(X, /3) is non-singular, the virtual fundamental class will turn out to 
bee the Euler class of the obstruction bundle7: 

[M[M 99,,nn(X,0)Y(X,0)Yww = e{0b)n\Mg,n{Xt/3)]. (1.4.1) 

Iff  g = 0 and X is a degree D hypersurface in PN , then from example 1.2.13: 
vdimm = d(N + l-D) + m-4 + n = dim M0,n{F

N,d) -_{dD + 1). Thus we 
mayy expect the virtual fundamental class to be that of Mo,n(^N,d) (smooth 
orbifold!)) capped with an Euler class (i.e. top Chern class) of a bundle £ of rank 
(dD(dD + 1). Let i be the injection M0,n{X, d) -> j40,n{f

N, d),Jhe the map £0 ->• 
PNN of degree d, and TT be the inclusion (£n,Pi, • • • ,pn) -> Mo,n{W

N,d). Then 
f*OpN(D)f*OpN(D) = Oj:0{dD) has a vector space of holomorphic sections of dimension 
dDdD + 1, which will be the fibre of our sought-for bundle £ :=  7r+ f*öPN(D) on 
~Mo,n(W~Mo,n(WNN,d),,d), and it can be shown that 

u[Mo,n(X,dW'u[Mo,n(X,dW'nn = e{£) n [M 0ln(Pn,d)]- (1-4-2) 

1.4.22 Gromov-Witten Invariants 

Equippedd with the virtual fundamental class, we proceed to define GW in­
variantss in full generality. These are invariants under the complex structure 
deformations. . 

7Thee obstruction sheaf'is the pull-back of the tangent sheaf of X to Mg,n(X,0) via (1.2.9), 
thatt is fl17r*ev*+i Tx, the fibre of which is H1{n'ev l̂+l  Tx)- If the moduli space is non-
singular,, it is locally free (i.e. a vector bundle). 
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Definitio nn 1.4.3. The primary Gromov-Witten invariants are the following 
correlatorscorrelators (rational numbers, 7; £ H*(X,[ 

<7ll  • • -7n}ff,/3 •= I 71"! ev*(7i ® • • • ® -yn) 
JJA4„„ A4„„ 

ev*(7ii  c*o • • • c*3 7n i i 
1.4.4) ) 

[Al 9,„(.Y,/3)] --

u;/teree we &eep the requirement £] de# 7/ = 2 vdim Mg^n(X,{3) (otherwise van­
ishingishing result). 

Further,, the gravitational descendants are intersection classes mixing classes 
forr both stable curves (ipi) and stable maps (7,-): 

(T* ,, 7I , - - •, rkn -y»)g,0 := / _ ev*(7! ® • - • &  7„ ) U ̂ f' U • • • U V',*" • 
./[AV»(*./3)] vir r 

Thevv satisfy the string and dilaton equations - generalisations of (1.3.4) and 
(1.3.6): : 

(n(nii ll,---,Tkll,---,Tknn77nn,T,TOOl)g,0l)g,0 = £ " = 1 \7*i7l.- - •>?"*,--l7t>- ••>**« 7n)fl./3 

(Tfr17i.---,T'fcri7n)T-il) 5,/33 = ( 2 5 -2 + n) {r i t l 7i, . . . , r j t „7n>5^. 

Thesee are simply adapted from the previous case for primitive GW invariants. 
Thee comparison lemma also holds for 7r : Mo,n+i(X,/3) -> Mo,n{X,0), but 
thee divisor Di is now the (closure of the) boundary component where the curve 
£5,n- ii  maps to the class (5 while the line (with markings i and n + 1) is con­
tracted.. The divisor axiom (see below), however, requires substantial change 
whichh we omit. 

Wee now list three properties of (primary) GW invariants [KM-94]: 
(1)) Fundamental class axiom: If one of the 7,- (say 7n) is the fundamental 

classs [X]  = lx e H°(X,Q), the GW invariant vanishes: 

<7i. .-7n-ii  [X])g,0=O1 

sincee it can be rewritten with the same integrand, but with yn dropped and 
hencee capped against Mg,n-i{X, /3); since this space has one dimension less, 
thee cohomology class will not be of top degree anymore and the integral is zero. 
Thiss holds when n ^ 1 (or n + 2g ^ 4 for (5 = 0). 

(2)) Divisor axiom: If j n is a 2-form with Poincaré dual [Zn]  (divisor class), 
thee candidate curves for stable maps will have their point pn mapped on Zn, 
andd j3 D [Zn]  wil l be a zero-chain with "number of points" L -yn € Q. This 
separatee requirement in itself offers L 7n "choices" of stable maps satisfying 
f(pi)f(pi) e Z, (i = l , . . . , n- 1), so 

<7ll  •• -1,1)9,0 = f ƒ In) <7l •••ln-l)g,0-
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Thiss holds when n > 1 (or n + 2g ̂  4 for j3 - 0). 
(3)) Constant map axiom: For (3 = 0, g = 0, the requirement f{pi) G Zj 

translatess to ƒ(£) e Zi fl • • • n Z„ . Since \ZX\ n • • • n [Zn] = Jx 71 U • • • U 7n we 
needd J] deg 7* = 2 dim X. This agrees with XI deg 7» = 2 vdim X o , n ( ^ ,0) 
onlyy if n = 3 (as A4o,3 = point). Hence {71 . - • 7n)o,o = 0 except 

{717273)0,0== / ev*(7! ®72 ^ 7 3) = / 71 U 72 U 73 (1.4.5) 
JMo,3xXJMo,3xX JX 

Thiss does not hold for g > 0, as it would be an obstructed case (i.e. vdim 7̂  
dim),, see also section 2.1.3. 

E.g.'.E.g.'. GW invariant s of P1: This is an easy example. Note that vdim 
~Mg,n(B~Mg,n(B>1>1<,d)<,d) — 2d + 2g — 2 + n. We only deal with two cohomology classes: 
thee point class \pt] generating H2(P1,Z) = Z and the fundamental class [P1] 
generatingg H°{P\Z) = Z. 

Forr /3 — 0 (i.e. d = 0), we have to satisfy Yl deg 7; = 2(2g - 2 + n), hence 
gg = 0,1 only. At 5 = 0 we have (by the constant map axiom) n = 3 and 
{[pf][P 1][P1])0,oo = f¥i\pt]  = 1. At 5 = 1 any n is allowed but all j t = [pi], so (by 
thee divisor axiom) ([pi]n)i,o = {[pi] ) 1,0 = /AT i a(pi ,o)^p] ^ = 1-

Forr p^O (i.e. d > 0), we have to satisfy £ deg 7, = 2(2d + 2g - 2 + 
ri);; if -̂  = [P1] , the GW invariant vanishes by the fundamental class axiom. 
Hencee all 7*  = [pi];  this can only hold if 2d + 2g - 2 = 0, i.e. d = 1, g = 0: 
<[p']n)o,ii  = <[pi])o,i = (l)o,i = ïcf0i0(Pi,i) ! = J b e c a u se [^0,0(^,1)] is a 0-
cyclee of degree 1 (only 1 point in that moduli space), or alternatively because 

<[P*]>o,ii  = /A70.I (PI,I)SP>[P*1 = L 

Alll  other GW invariants vanish, in particular all those for d > 1 or g > 1. 
Thiss is due to dimensional reasons and not because there are no maps of such 
degreess from such curves. In fact there are too many of them (infinite families) 
andd our constraints f(pi) 6 Zj (a representative of the point class) are trivial 
-- hence void. In order to end up with a finite number of maps, one needs 
ratherr to impose a stronger condition like specifying the branch points and their 
ramificationn indices. This is the Hurwitz problem and far from being solved. 

1.4.33 Example: Rational and Ellipti c Curves in P2 

Thee properties of GW invariants allow for efficient calculations of enumerative 
problems,, demonstrating that stable maps are more tractable than embedded 
curves.. A good example of this is: 

Rationall  curves in P2: We proceed to determine the g = 0 GW invariants 
off  P2; we shall express them in terms of Nd, the number of plane rational curves 
passingg through 3d-1 generic points, g = 0 means only trees of Pl5s are allowed 
ass domain curves (therefore called the tree-level). Only the three cohomology 
classess \pt], [£],  [P2] of degree 4,2,0 appear. 
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Iff  j3 = 0, the constant map axiom implies n = 3, and we only have two 
possibilities: : 

<[P2]]  W K o = f V\ U [i]  = 1, <[F2][P2][pt])o,o = f \pt] = 1. (1.4.6) 

Iff  0 / 0 , i.e. d ^ 1, we need £ deg 7; = 2(3d - 1 + n), hence n ^ 2. For 
7ii  = 2,3 (i.e. d = 1 and E0 = P1), we only have <[p*][p*]) 0,i = (HMM>o , i = 1, 
sincee there is a unique line through f(pi) and /(_p2)- For " ^ 4, any GW 
invariantt involving [IP2] vanishes by the fundamental class axiom. Thus we are 
leftt with 

<[p*i]]  • - • \pt»][£i]  • - - [4]>(M = dk (\pU}... \ptn])o,d = : dk Ndl 

byy the divisor axiom; thus n = M — 1. ATd is the our number of degree d rational 
curvess through 3 d- 1 points. For d > 2, the counted curves are all nodal, since 
aa plane curve of degree d has geometric genus G = (d — l)(d - 2)/2 - 6, which 
mustt vanish to be birational to iP1 [GH-78]. 

Al ll  other GW invariants vanish. By carefully studying the boundary divisor 
off  vMo.3d-i(P2,d), one can find a recursion formula for the iVd yielding: N\ = 
N-2N-2 = 1, -/V3 = 12 , . . .. Alternatively, these numbers are readily obtained from 
thee so-called WDVV equation which we now briefly describe. 

Th ee W D V V Equation: We still remain in the realm of g = 0, but consider 
aa general manifold X. The WDVV equation is satisfied by the genus 0 potential 
(F(F00 or $ of (2.1.2)), or rather by its third derivatives - the Yukawa couplings 

CCijkijk{t){t)  :=  dtAAMt) = Y, 'I <7"7,-7.,7*>o,0, (1-4-7) 
Ti l l 

wheree 7 = £ • tjji  and the 7; form a basis ofH*(X,€) with 70 = [X]  = 1X- The 
7;; thus span the tangent space of the supermanifold H*(X,C) with Z2-grading 
givenn by deg(7) mod 2, while the t, are Grassmann variables: tttj = -tjti. A 
metricc for that supermanifold is given by the intersection matrix of X: 

9i9i}}  := C0ij = (7o7i7j)o,o = / li^lj=-  (7i,7j) 
Jx Jx 

byy the fundamental class and constant map axioms. The last expression defines 
aa scalar product on the supermanifold. We shall use the inverse matrix (5^) to 
raisee indices. A multiplication or "quantum product" can now be defined by 

lili  *lj  C i / 7 f c , 

whichh gives the tangent space TH*(X, C) the structure of an C^-algebra with 
unitt 70. Several properties for CV,*  can be imposed so as to end up with an 
associativee Frobenius algebra, or a so-called Dubrovin structure [KM-94]; the 
fibresfibres ofTH*(X, C) are called the (big) quantum cohomology rings of X (this is 
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thee chiral ring; the small quantum cohomology ring is just the big one restricted 
too H2(X,C)). One of these properties is the crucial associativity condition, or 
WDVVWDVV equation: 

illill  * lj) * Ik = 7» * (7j * 7fc) ° r Cab Cicd = Chc
l dad-

Thiss is the version for manifolds with only even cohomology - such as projective 
spacess - or for the small quantum cohomology ring; otherwise an additional 
(_l)a(&+c)) o c c u rs o n the r.h.s. due to the Z2-grading. The above associativity 
iss actually a consequence of relations among the divisors of ;Mo,4-

Backk to our example of P2: the above GW invariants (1.4.6) tell us that 
C0022 - C*011 ~ *  a nd ^012 = C022 = C001 = 0 (with commuting indices), so 
thatt gij = ( 1 ) = 9ij • The WDVV equations then reduce to the single 

non-triviall  equation C222 = (C112)2 - C111C122- Using this on the explicit 
potentiall  (2.1.6) we readily obtain the recursion formula for the coefficients Na-

"-£^(r 4
2HS:ï)]<< d>^ 

k+i=dk+i=d  L v ; v y j 

Startingg with N2 = 1, we get N3 = 12, N4 = 620, . .. as promised earlier. Thus 
aa classical problem of enumerative geometry was solved in the twinkling of an 
eye.. Similar recursion formulae are found for del Pezzo surfaces or the quadric 
P11 x P1 [KM-94]. 

Ellipti cc curves in P2: We determine the g = 1 GW invariants of the plane. 
Thee cohomology classes are as before, but now their degrees must satisfy ^ deg 
7,-- = 2(3d + n). 

Forr P = 0, stability requires n ^ 1. For n = 1 the constant map axiom does 
nott apply but holds in an altered way that utilises the virtual fundamental class 
(notee that vdim 7̂  dim): 

( M ) i ' ° = 4 /P J
c i ( i , ï ) u M = 4''  (lA8) 

Thiss is our first negative result for GW invariant, endangering our interpretation 
ass "counting" embedded curves. We shall see later that this is in fact the norm, 
andd that this is duee to an odd Euler characteristic of a certain moduli space of 
Hubertt schemes. For n ^ 2, the divisor and fundamental class axioms apply 
verbatim,, yielding vanishing results for any occurrence of [£} or [P2] . Yet if all 
7-- = \pt], then J2 deS 7» ~ 4n 7̂  2n, so even in this case the GW invariants 
vanish. . 

Forr j3 7̂  0, we have (as for g — 0) that the non-zero GW invariants are re­
duciblee to ([pti] ... \ptn])i,d ='• Nj (with n ~ 3d), which happens to coincide 
withh the number of plane elliptic curves of degree d passing through 3ef generic 
points.. For d > 3 the counted curves must be all nodal, so as to reduce their ge­
ometricc genus to 1. Again, there exists a recursion formula (by Pandharipande) 
allowingg to compute all N\ in a row: N\ = N% = 0, N% = 1 (one smooth curve 
throughh nine points), etc. 
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1.4.44 Example: Rational and Ellipti c Curves on the Quin-
ti c c 

Ourr next examples concerns g = 0,1 invariants on CY threefolds. For simplicity, 
wee shall confine ourselves to the quintic hypersurface in IP4 (h1,1 — 1), but most 
off  our formulae are easily adapted to more general cases. 

Notee first that this example is unique in that vdim Mg,n(X, 0) = n, allowing 
GWW invariants with n = 0 since 51 deg 7, = 0 can be satisfied. That is, the 
absencee of cohomology classes gives the GW invariant (l)3,d the meaning of 
directlyy "counting" maps or, hopefully, curves in the quintic (without needing 
too pass through some points). 

Rationall  Curves: That vdim .Mo.o(-Y, 0) is 0 suggests that there is a finite 
numberr of rational curves at each degree d (Clemens conjecture)8. Because 
nn — 0, the number Nd of rational maps of degree d coincides with the degree 
off  the 0-cycle [M0j0{X, 0)]™. For the quintic X = {F = 0} , this is given by 
equationn (1.4.2): 

NNdd := <l)0,rf = f l= L c5d+i(£), 
J[Mo,o(X,j3)]J[Mo,o(X,j3)]virvir JM0.o(P4,d) 

wheree E is the rank (5d + 1) bundle with fibres H°(f*(Op4(5))) and whose 
sectionn SF '• ƒ »-> F o ƒ has a zero-locus corresponding to all rational maps ƒ 
withh image in the quintic. Brute force computation of the above Euler numbers 
leadss to despair (was met with increasing complexity til l degree 3); luckily Mirror 
Symmetryy found a smart way of tackling all numbers in one stroke [CdGP-91]. 

Thee GW invariants are very simple and heavily restricted by 52 dim 7$ = 2n. 
Forr 0 = 0 they are {717273)0,0 = Jx 7i U72U73; for the quintic with hyperplane 
classs H e H2(X,Z), line class e = \H2 € H4{X,Z) = Z and point class 
\pt]\pt]  = | i / 3 6 H6(X, Z) = % this is: 

(HHH)(HHH)00,o,o = 5, (He [X]) 0,0 = (\pt][X][X]) 0,o = 1, 
orr (7 l 72 [X]) 0,o for 7i G i / 3(X ,Z) . 

Forr 0 y£ 0, (71 . .. 7n_i[X]) 0,d = 0 by the fundamental class axiom. The only 
otherr possibility is that all ji  are 2-forms (H for the quintic): (H.. .i/)o,d = 
ddnn (l)o,rf by the divisor axiom. Hence all GW invariants are simply 0 or multiples 
off  Nd := (l)o,d- (The same is true at g > 0 and for general CY threefolds.) 

Multicovers ::  Despite "counting" rational maps, these invariants are gener­
allyy G Q due to the orbifold structure of JAGfi{X,0) and of AT0,o(IP4,rf). More­
over,, they include contributions from A:-fold covers of curves of degree d/k. An 

8Yett the actual dimension of Afo,o(A', (1) is non-zero since for each such curve ƒ : En —> A» 
wee have whole families of fc-fold covers fog with g : P1 —• IP1 of degree k. (These covers were 
excludedd in the previous example of A' — P2, due to the requirement that the curves pass 
throughh a number of generic points, i.e. n was non-zero.) 
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excesss intersection calculation [AM-91] determines this contribution to be 1/A:3 

forr each sue cover. Define now the instanton numbers rid inductively by 

NNdd = (i>0,d=: Y, ytni-  ( L 4 -9) 

k\d k\d 

Inn our context, the n<j seem to play the role of numbers of smooth isolated 
rationall  curves of degree d in the quintic. Indeed, for d ^ 9 (where the Clemens 
conjecturee is known to hold), this can be verified; but for d = 10, problems 
arisee due to double-covers of (6-nodal) degree 5 curves, and nio is not quite the 
numberr of rational curves [V-93]. Still, a marvellous fact holds since Mirror Sym­
metryy was able to generate all Nd in a row (Ni = 2875, N2 = 4876875/8,...): 
thethe rid are all integers ! 

I tt is those instanton numbers that we shall associate with the numbers of 
BPSS states or the degeneracies of 5/(2, C) spin representations of such states 
wrappingg bound states of DO- and D2-branes (see eqns (2.2.2), (2.3.2)). 

Wee can even understand the "excess" factor of k~3 in (1.4.9). Had we rather 
computedd {H3)0,d, we would have counted the number of degree d maps with 
thee added constraint of three image points lying on three different hyperplanes. 
Again,, contribution from multiple covers would have written this as ^2k\d (num­
berr of degree k curves)x (number of d/k-fold covers of such curves), with the 
samee constraint. A degree k curve intersects a hyperplane in k points, giving 
uss k choices for the marking f {pi); we also have d/k choices for the pre-image 
PiPi of the covering map, but since we have three markings, these choices are 
equivalentt (by an automorphism of P1). Overall, we have (#3)o,d = Ylk\dUk^-
Onn the other hand, this equals <i3(l)o,d = d?Na by the divisor axiom, and we 
obtainn our claim. See also (2.3.8). 

Ellipti cc curves: The logic for the g = 1 GW invariant is the same as above, 
andd the constraint ^ deg 7, = 2n is unchanged. For (3 = 0 the fundamental class 
andd divisor axioms hold for n ^ 2 and imply that all invariants vanish except 
( # ) I , 0JJ for which the counterpart of (1.4.8) reads9: (if ) 1,0 = — ^ Jx

 C2{X) U 
H=H= "ft -

Forr / 3 / 0, the only non-zero GW invariants are (Hn)hd = dn <1)M =: dn N^ 
byy the divisor axiom. This N^, a rational number, has again the meaning of 
"number""  of maps from an elliptic curve to the quintic. As for rational curves, 
wee quote the result from excess intersection to give the relationship with the 
tentativee number of elliptic curves nd in the quintic, a result which will also 
followw from the GW potential (section 2.3.7): 

*JJ = 5 £ ( è *n * + f f ( ï ) * n * ) '  (1A10) 

9Thee total Chern class of the quintic is c{X) = c(F4)/c{Nx) = (1 + H)5/(l + 5H) = 
11 + 0H + 10H2 -40H3. 
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withh a{n) := 5Zrf|n d. As in the genus 0 case, we can try to understand the 
enumerativee content of that expression: again by the divisor axiom, d TV] is 
equall  to the number of degree d elliptic curves (or maps) with one marked point 
lyingg on a hyperplane section. If ƒ is a d/k-fo\d cover of a degree k elliptic curve, 
wee have k choices for ƒ (p) and d/k choices for p (p is the marking on the domain 
curve).. The latter choices, however, are all isomorphic as the domain curve is a 
coveringg space10 (genus 1 to genus 1 map, or 'wrapping the torus around itself); 
soo we rather want to count unisomorphic covering spaces, i.e. sublattices of Z2 

off  index d/k. This gives a factor of <r(|). 
Rationall  curves in the threefold contribute too, as Riemann-Hurwitz allows 

forr multiple covers by genus one Riemann surfaces. The contribution of 1/12 has 
beenn derived both in physics and algebraic geometry when the normal bundle 
too the curve is Ö{-\) © 0(~\). The special case of k — d is at odds with 
Riemann-Hurwitzz which prohibits a degree one map from genus 1 to genus 0; 
wee have here a typical case of a degenerate instanton, i.e. the domain curve 
reducess to a component of genus 1 (mapping to a point) and a component of 
genuss 0 (mapping with degree 1). 

10Alternatively,, the different choices for a single point on the domain curve are all equivalent 
viaa the automorphisms of an elliptic curve. 



Chapterr 2 

Gromov-Wittenn Results on 
CYY Threefolds 

Thiss chapter restricts to Calabi-Yau threefolds (Kahler manifolds with vanishing 
firstt Chern class), save perhaps for the genus 0 potential F0 which we give also 
forr IP1 and P2. It requires from the previous chapter the notion and explicit ex­
ampless of GW invariants so as to build the potentials Fg and F = Y ĝ Fg\

29~2, 
butt in fact most of it can be understood independently. Though still heavily 
mathematical,, this section starts to introduce physical concepts such as the po­
tential,, the Yukawa couplings, etc, all relating to the framework of closed string 
theory.. The potentials will appear again in chapters 3 and 4, but the results 
heree will not occur in the two next sections (also devoted to GW invariants). 

2.11 GW Potentials 
Thee potential we give here is specific for X a CY threefold, but the logics and 
manyy of the formulae hold more generally. It relies on the convenient feature 
thatt (l)g,i3 exists for CY threefolds, and that (-yn)g,t3 exists (for 0 > 0) only if 
77 e H2(X)^H^{X). 

2.1.11 Summing over  Holomorphi c Maps 

Givenn a complexified Kahler class 7 = ]£*i7 i € H2(X, C), with U € C and 7; 
formingg a basis of H2(X,Z), we would like to build functions Fg(ti,ti) of the 
complexifiedd Kahler moduli {Uji)  using our space Mg,n{X,0). However, this 
spacee carries a dependence on 0 € H2{X,Z), and to obtain a dependence on 
(ti,ti)(ti,ti)  only, we simply sum over all possible such classes 0. It turns out that 
thee correct procedure is to rather sum over all possible maps ƒ : T,g -» X whose 
imagess yield these classes. Of course the latter sum is much bigger since there 
aree several maps ƒ (perhaps infinite families) with image in one same class 0. In 
fact,, summing over all inequivalent maps to X (i.e. J2/-.T. ->x) amounts to sum 

41 1 
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overr all (5 6 #2 and weigh each term by the size of the moduli space of maps to 
jü.jü. This weighing factor is our basic Gromov-Witten invariant (l)gj :=  N% := 
degg [Mg,o{X,{l)] vn. Thus we can replace £ƒ .£  ̂ Y . .. by YlisMgrf • • • or by 

Wee introduce the notation /? = £ ^ 7*  a nd Ĵ  7 — / ^ 7 — E f ^ = : ^"*  (here 
d ^ N ' 1 '' and t e Ch ' ). We furthermore restrict the dependence of Fg(tj,ti) 
onn the holomorphic Kahler moduli (£,), i.e. we demand the maps ƒ : E5 —>• JV to 
bee holomorphic. We choose to sum over the exponential ed ', and to guarantee 
aa finite expression we require 7 G complexified Kahler cone such that d-1 < 0. 
Thee function we nowr introduce is known as the genus g Gromov- Witten potential 
associatedd to the Kahler class 7 = ]P £,-7,-: 

^(<i):== E e x p / ƒ*(?) = E e x p / ^ 

holl  maps s hol maps ^ 

== E^^^E^' ^  <2- L 1 ) 
== (i>5,o + E < 1 ) ^ e ^ 

wheree further e ^ = £ n ^ 0 £ (0 n 7 ) n = £ ^ 0 ïïT £*,..,-„  'n - • • Un Wnlh) • • • 
(/^ri7,-nn ), while {l) s,/i 03n7i , ) . .. (/3n7in ) = {7^ . .. 7iB)g,y3 by the divisor axiom. 
Thus: : 

/ 3^0 ,n^00 ' ix...in 

==  ^9,0+ E ^ 7 " ) ^ 

==  (1)9,0 + ^ ) 9 , 0 =:F' g
l + F^, 

wheree we consider the contribution from constant maps as the classical potential, 
whilee all additions for 0 ^ 0 are seen as quantum corrections. Note that the 
classicall  term from constant maps, (l)5,o, does not exist in genus 0 (where the 
constantt map axiom holds) and should be replaced by the terms occurring in 
examplee 2.1.7; for g > 0 it will be given in (2.1.9). Note also that the three last 
liness are general enough to define the F^u for other cases than CY threefolds, 
ass no (l)g,j3 or N% occurs in them. 

Ass in (1.3.9), we group all potentials into one single full GW potential 

2.1.22 Genus 0 Potential for General X, Examples 

Thee GW potentials Fg can also be defined for non-CY target spaces and for 
couplingg with gravity. Usually, one also allows 7 = Yl *i7i t o ^e m H*(X,C), 
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nott just in H2(X, C), of which only the latter piece (i.e. the 2-forms) can be 
writtenn as e'30^; the rest (call it 7') must stand as Yln>o ^f((V) n)s,/3- We 
illustratee this for the genus 0 potential, F0, often denoted $: 

(2.1.2) ) 
wheree we used the constant map axiom, and where <&qu could be rewritten as 
S/3 ôo ( En>o ÏÏT ((7')n)o,/3) e^1 by the binomial theorem. Examples of this 
aree straightforward, now that we know explicitly many GW invariants. 

ExampleExample 2.1.3. For X an elliptic curve E, the GW invariants only exist for 
00 — 0, as there are no non-trivial holomorphic maps from a genus 0 curve to 
aa genus 1 curve (RH formula). Let 70 = [E]  generate H°(E,Z) = Z, 71,72 
generatee H1(E,Z) = Z2 (the torus has two non-trivial l-cycles) with J£-7i U 
722 = 1, and let 73 = \pt] generate H2(E,Z) = Z. Then, by the constant map 
axiom,, the only non-zero GW invariants are (707172)0,0 — fEli  U J2 = 1 and 
<7o7o73>o,oo = JE\pt] = 1- Thus for 7 = Y,Uli -1 

*(U)*(U)  = li  <73)0,0 = |*o'3 - *0*1*2-

ExampleExample 2.1 A. The genus 0 potential for P1 is easy since we already know 
thatt the only non-zero GW invariants occur at d = 0,1: (7Q7I)O,O = 1 and 
<7")o,ii  = 1> where 70 = [P1] and 71 = \pt\. Thus for 7 = i07o + *i7i : 

* (^/^ 3+?> > n >0 0 

ExampleExample 2.1.5. The genus 0 potential for P2 is just as easy and yet more inter­
esting.. We already know from section 1.4.3 that the only non-zero GW invari­
antss are (7o7i)o,o = <7o7i)o,o = 1 and (7ifc72d-1)o,d = dk Nd where 70 = [P2], 
711 = [£]  and 72 = \pt]. Thus we can drop 70 for the quantum part (d > 0) and 
havee simply 7 = i ^ + t2j2' 

JVJV d>0,n 0̂ 
11 jk j.3d— 1 

== 2 ( # 2 + M ? )+ E fe'(3d-IV ^ ^  ̂ (2-1-6) 

3 d - l l 
dti dti 

11  1 

--22(tlt2+t(tlt2+t 00eei)i)  + Y,NdĴ ïy^e (3d - l )! ! 
d>0d>0 v ' 

JThee minus sign in <ï> is present when we follow the convention that the variables t{ are 
super-commutativee with deg U = deg 7,, that is titj  — ( — l) des'rdeg«j ^.^ Note also that 

sometimess the potential is defined with a trailing q@ = e * l J" ^ in the sum over /?, where to 
iss a complexified Kahler form £ H2(X, C). 
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ExampleExample 2.1.1. The genus 0 potential for the quint ic threefold is again easier. 
Thee classes generating H*(X,Z) are 70 = [A] , 71 = [H],  y2 = [£]  = \H2 and 
733 = \pt] — | / / 3 for the even cohomology, and 7, € H3(X, Z) with JY 7; UTJ =: 
Qij.Qij. We already know from section 1.4.4 that the only non-zero GW invariants 
aree {71)0,0 = 5, (707172)0,0 = <7o73)o,o = 1 and (joïn'j)o.o =: Qij, as well as 
(li)o,d(li)o,d — dn Nd- Thus, for the quantum part (d > 0), we simply have 7 = É171: 

*(*»)) = g*? + tohh + -t20h ~ t0 J2 QutJj +J2Nd eMl' 
i<ji<j  d>0 

andd we recognise in the quantum part our result for Fo in (2.1.1). 

2.1.33 Constant Map Contribution for CY Threefolds 
Thee contribution from constant maps (0 = 0) to the full GW potential is well-
knownn [GeP-98] [KM-94]: It requires the Hodge bundle for the universal curve 
7TT : Mg,n+1 -> Mg,n. 

Definitio nn 2.1.8. The Hodge bundle E is the rank g bundle on Mg,n with 
fibrefibre / / ° ( E , U ; E) over the point (£,Pi,. - - ,pn)- Denote its Chern classes by A; := 
Ci(E). Ci(E). 

Thatt is, the g independent holomorphic differentials on the Riemann surfaces 
off  genus g form vector spaces which patch together into the Hodge bundle. 
Alternatively,, E := TT*UJC where C = Mgjn+i/Mg,n is the universal curve and 
tvctvc the relative dualising sheaf. The Hodge bundle can similarly be defined 
forr Mg,n{X,j3)\ it behaves well under -n* and under pull back from Mgn to 
7A7Ass,,nn{X^).{X^). _ _ 

Forr constant maps, the splitting Mg,n(X,Q) = Mg,n x A" is accompanied 
byy the splitting of the obstruction sheaf Ob = E*  S Tx. So from (1.4.1): 

[A4 9,n(X,0)]vir tt = [Mg,n x X] ne(E* MTX). 

Withh this split, the Euler character of the obstruction bundle is easy to calculate 
[GeP-98]: : 

e(E**  S TX ) = ^ (c3(X) - c2(X) Cl(X)) X3
g_u g^2, 

andd in the case of a Calabi-Yau threefold the expression reduces to (~^ c3 (X) Xi1 

Duee to the occurrence of 03(A), an Euler class, we cannot allow for 7J'S to be 
integratedd over X, so the only non-zero GW invariants for 0 = 0, g ^ 2 has 
nn = 0:2 

( l ) ^ ^ ( I ) / _ ; ^ H - i r f ^ ( ( 3 ^ S ) ,, (2.1.9) 

2Thee integral in fj^ ^0-1 *s o ur ^ r s*  (anc^ o n' y ) example of Hodge integrals, i.e. integrals 
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wheree B2g are Bernoulli numbers3. The first step was reached in [BCOV-94] 
andd the last step was computed in [FP-98]. Hence, if we formally set <l)o,o := 
-£C(3)) and (l)i,o := - f C(!)/12 f o r t h e genus 0 and 1 contributions, and using 
thee expansion (2.3.3), we obtain the following constant map contributions to 
thee full GW potential: 

W o o n s t - 2 ^AA W8,o- 2 2 - j b ( 2 si n W ) 2 2 Z - , 1 0^ 1 >• 
g^Og^O fc=l V 2 ' n =l 

(2.1.10) ) 
Thiss is the generating function for plane partitions (3d partitions, or 2d Young 
tableauxx with numbers representing the 'height' of a column), as proven origi­
nallyy in [M-1915] and related in this context to melting crystals by [ORV-03]. 

Forr the g = 0 case properly, we have E = 0, so the obstruction bundle is 
triviall  and the virtual fundamental class does not furnish us with a A-class to 
integratee over Mo,n (which is n — 3 dimensional). Hence e(E* M Tx) ~ 1 and 
(l)o,oo = 0, and the only non-zero primary GW invariant occurs for n — 3, as 
mentionedd in (1.4.5): {717273)0,0 = J^ 7i U 72 U 73. 

Forr g = 1, we have [GeP-98] e(E*  MTX) = c3{X) - c2{X)Xl, so the only 
non-zeroo primary GW invariant occurs for n = 1: 

<7i>i,oo = [ ^ i , i ( * ,0 ) ] v i r t = - ƒ c 2 ( I ) U 7 i | _ Aj = - i ( c 2 ( - Y ) , 7 . - ) 

Notee that (l)i,o would be acceptable from the dimensional point of view (ex­
pectingg Jx C3(X) fjj  1, similar to the g = 0,n = 3 term), but we rule this 
casee out since it is unstable (2<y — 2 + n ^ 0). 

2.22 Multicovers and Known Cases of Excess In­
tersection n 

Havingg defined the GW invariants N%, we now turn to the question of how a 
givenn image curve C in the CY threefold X contributes to them. This question 

overr [A4 9,n(X,0) ] v i r t that include ip and A-classes: 

// nfuev;(7,)un^ 
J[MJ[M gg..nn(X,0)]^(X,0)]  ̂  ̂ fJi 

wheree the 7; G H*(X,Q), i.e. not necessarily 2-forms, and the ipi are cotangent line classes 
overr 7<Ag n̂(X,(5). Without A-classes we have gravitational descendants, and with no ^-classes 
eitherr we have primary GW invariants. A theorem of [FP-98] states that Hodge integrals over 
[Mg[Mg ttn(X,P)]n(X,P)]v,rtv,rt can be uniquely reconstructed from the set of descendent integrals. In genus 
00 or 1, the latter can even be expressed in terms of primary GW invariants [KM-94] . 
Notee that in our case, the A-class was hidden in the virtual fundamental class and not included 
ass an extra parameter (as in genuine Hodge integrals over Mg,n(X,@)). Since the Hodge class 
A 3_jj  already matches the dimension of Mg,o, we cannot allow for extra classes; and anyway 
nn — 0 means we have no T/> classes in the above constant term. 

3Bernoullii  numbers are defined by YloBk  ̂ '•= i ^ r r i  t n ey satisfy B2k+i = 0 except 

BBXX = - i , and B2k = ( - l ) ^ 1 $ffi C(2*) - - 2 *  CO - 2*). 
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wil ll  ultimately lead us to the physical approach of string theory. 

2.2.11 Multicover Contributions 
Soo far we have only mentioned the degree (5 (or d) of our maps, carefully avoiding 
thee nature of the image curve. However, the latter also has a genus which we 
denotee by r, and the Riemann-Hurwitz theorem tells us that a cover of such a 
curvee can only come from a Riemann surface E9 with g ^ r. So Nd receives 
contributionss from image curves Cr with genus r not greater than g. Moreover, 
thee degree of the curve need not equal /?, as N% also has contributions from k-
foldd covers of curves of degree fl/k if 0/k G H2{X, Z). Overall, we wonder what 
iss the contribution to Nd from the map ƒ : £ff -> Cr of degree k. The additional 
distinctionn of the genus of the image curve is typical of the topological string 
theoryy approach, where this number has the physical meaning of the SU(2)L 

contentt of the spectrum of M2-branes wrapped on the curve (see below). 
Lett C be an image curve of degree (5 / 0 and arithmetic genus r. Define h 

byy g =:  r + h. Then C contributes to the genus g degree k/3 basic GW invari­
antt via Mg${X,kf3), i.e. via a fc-fold cover of C (sometimes called degenerate 
contributions,, though we shall keep this term for stricter cases). Let us denote 
C'ss contribution by Cr(h, k) and define it by 

CCrr{h,k){h,k) = [_ e(JR
17r+ev*7V) 

wheree N = NC/X is the normal sheaf of C.4 Then A^ gets a contribution not 
onlyy from a curve C of degree d, but also from multicovers of curves of smaller 
degreee and lower genus: 

NN99
dd=:Y2C=:Y2Crr(g-r,k)n(g-r,k)nrr

d/kd/k (2.2.1) 
k\d k\d 

wheree k\d means k\di \/i. This excess intersection formula is a generalisation of 
thee previous one for rational curves (1.4.9). In this way of writing, nr

d,k takes the 

44 Note that this form is reminiscent of invariants from enumerative geometry, which are 
usuallyy integrals of top Chern classes over moduli spaces. The present number does not 
dependd on X but only on the class of the curve C. It is well-defined for r — 0,1 or k — 1, 
whenn the moduli space has a connected component equal to Mg,o(C, k0) on which we can 
integratee separately. For genus r ^ 2, we face rigidity problems for multiple covers of C, 
i.e.i.e. the image in X might deform away from C. This case can be remedied by rewriting the 
abovee integral in a more general form, which is a better definition of the Cr(h, k): 

CCrr(h,k)(h,k) :=  f e{R*Tr. evt (Oc © Kc)[l]). 
J[MJ[M r+hr+h,,00(C,k/3))v"* (C,k/3))v"* 

wheree Kc is the canonical sheaf. Here the Euler class depends on the degree of the normal 
bundlee N, but the whole integral does not. 
Recalll  that a non-singular curve is rigid if H°(C, N) — 0, where TV is the normal bundle. For 
aa rational curve (r = 0), this is satisfied if TV = O ( - l ) © C ( - l ) , since cohomology commutes 
withh direct sum. 
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meaningg of "number of holomorphic curves" of arithmetic genus r and degree 
d/k,d/k, since each such curve contributes an amount of Cr(g - r,k). Equation 
(2.2.1)) actually defines the nd, and we suggest to call them the "virtual number 
off  curves". One expects them to be rational numbers for two reasons: first 
becausee Nd and Cr{h,k) are so; secondly because "counting" curves that are 
nott isolated (occur in families as is often the case) involves integrals of Euler 
classess over such families and the latter Euler numbers are typically rational. 
Thuss one is startled to discover that in all known examples, the nd computed 
fromm known Nd and Cr{g - r, &) turned out to be integers. This has remained 
aa mystery ever since GW theory was developed. 

Wee now introduce the so-called BPS-invariants nd, which differ only slightly5 

fromm the invariants nd. They have their origin in the physical approach (see 
below)) via the D-brane moduli space M. If the latter is smooth, we can define 
themm by 

nnrr
dd := f e{T*M) = (-lf'mMe{M). (2.2.2) 

JM JM 

Wee will see shortly a more usual way to define them (see eqn (2.3.2)). It is 
usefull  to relate them to the iVj  via a similar version of (2.2.1): 

NNaa
dd=:^2=:^2 ÖÖr(9-r,k)nr(9-r,k)nd/k d/k 

k\d k\d 
r^9 r^9 

whichh may be seen this time as defining the Cr{h,k). We will see that the nd 

aree integers iff the nr
d are so. The Gopakumar- Vafa conjecture states that the 

nndd are indeed integers. 

2.2.22 Degree-Genus Relat ionship 

Onee will expect the nd to be non-zero only for specific combinations of r and 
d,d, since the arithmetic genus depends on the degree of the curve. For example, 
iff  the Calabi-Yau is a local6 P2, i.e. the fibration 0 ( - 3) -» P2 with fibre the 
linee bundle (9(-3), then a curve of degree d can only sit in the plane and will 
havee the usual arithmetic genus of r = (d - l)(d — 2)/2. One can add 6 nodes 
too the curve and thus lower the genus to obtain a geometric genus of r - S; this 
wil ll  contribute to the invariant nr

d~
6. Thus, from now on, we admit singular 

imagee curves and the superscript in nd wil l actually denote the geometric genus. 
Anotherr example is the local P1 x P1 case, where a curve of bidegree (a, b) with 

5Thee only difference occurs at genus 1 (nd = Ylk\dnk> s ee s e c t i on 2.3.7) and genus 2 

((nndd — Sjtld t " * ' s ee f ° o t n o t e a t t n e e nd of section 3.3). 
6Wee call local CY threefold the total space X of a fibration 0{KB) -> B with fibre 

thee canonical bundle of a surface B. This is non-compact but locally CY since c\{X) = 
ci(0{Kci(0{KBB)<$>TB))<$>TB) = a(0(KB)) + ci{B) = 0. The line bundles Op d(n) := Ord(nH), for n € Z 
andd H the divisor class of Pd , are those whose transition functions are locally (xQ/x0)n and 
whosee sections are the degree n homogeneous polynomials (also called twisted sheaves of Serre 
inn [H-77]). Similarly, the base could rather be 1-dimensional and the fibre a rank two bundle, 
ass in C3( - l ) f f iO( - l ) ~+ P1 . 
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respectt to the two F1 's has a total degree d = a + b and arithmetic genus 
(a-l)(b-l). (a-l)(b-l). 

AA third example [KKV-99] of a local CY case, is given by choosing the base 
too be a del Pezzo surface En (i.e. the blow-up of P2 in n points): a curve in the 
basee is described by multidegrees d = (a;61 .. .bn) corresponding to the class 
aHaH — Yi bjei (H is the hyperplane class and et are the exceptional divisors of 
thee blow-ups in n points). Its genus is given by (see for instance [G2-04]) 

__ ( q - l ) ( q - 2) " ftjfo-1) 
TT 2 ^ 2 

andd its overall degree is given by its intersection number with the anticanonical 
classs —KE„ = 3 // — 5ZiLi  ei : 

n n 

dd = -KE„  • (o; 61 . .. bn) = 3a-^2bi , 
11 = 1 

wheree we have exploited H2 = 1 and e^ej — —Sjj. We use this new integer d to 
labell  the Jird. 

Soo these examples reflect the general pattern that one finds a curve of given 
genuss only at sufficiently large degree. This is not to say that this curve will 
bee no candidate for nr

d with lower r: adding Ö nodes to the curve lowers its 
geometricc genus to r — 6. In that way, singular curves are taken into account 
forr the invariants n^_ for 5 = 1 , . .. ,r. So the numbers nr

d only vanish if r is 
tooo large compared to d. Determining the maximal genus of a curve of given 
degreee d in a particular space is the subject of Castelnuovo theory. 

2.2.33 Known Cr(h,k) and a Physical Assumption 

Thee Cr{h, k) have been computed for r ~ 0,1: 
Forr rational curves (r = 0), [FP-98] showed that for CY threefolds: 

£<*M)>»» = ( - $ * ) -

CofAA k) = C0{h, 1)  ̂ = C0(h, 1) ^ (2.2.3) 

yieldingg in closed form: 

ff  k29-* \B2h\t2h{2h-2)\ h^2 
CC00{h,k){h,k) = < 1/fc3 /i = 0 

{{  l/(12Jk) h= 1 

Thee Bk are the most fashionable version of Bernoulli numbers, defined under 
(2.1.9).. The cases h = 0,1 were long known. 
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Forr elliptic curves (r = 1), the Riemann-Hurwitz formula allows for un-
branchedd multicovers from other elliptic curves (i.e. g = 1, i.e. h — 0). [P-
98](v.22 !) showed: 

d(0,A;)) = ^ 4 ^ = y ^ - a nd Ci(h,k) = 0 (h>0) (2.2 A) 
n\k n\k 

Thee last equation claims that elliptic curves only contribute to Fi, although 
inn principle the Riemann-Hurwitz formula admits branched covers from higher 
genuss curves.7 

Generalisingg to higher genera, [P-98] proved: 

£Cr(/U)A 2*=(^V r" 2.. (2.2.5) 

Wee assume that the Cr(/i , k) enjoy the same properties, except for the first part 
off  (2.2.4): 

Ci(0,*)) = i (2.2.6) 

Withh this small change done, we now would like to assume that (2.2.3) also 
holdss at higher genera, i.e. 

CCrr(h,k)(h,k) = Cr(k,l) ^ i ^ (2.2.7) 

whichh entails that Cg(0, k) = k2g~z. Note that the Cr(h, k) and the Cr(h, k) only 
differr for k > 1. The assumption (2.2.7) cannot hold for the Cr(h, k) themselves 
ass it would suggest that multicovers of a genus g curve by another genus g curve 
yieldd a non-zero contribution, in contradiction to the Riemann-Hurwitz formula 
whichh prohibits such multicovers. In the D-brane or BPS picture, we face no 
suchh embarrassment, as D-branes are more than just curves; in fact they carry 
gaugee bundles and are best treated as sheaves on the algebraic geometric side. 
InIn any case, (2.2.7) is rather an assumption cherished by physicists. We will see 
whyy this is a powerful assumption; it will enable us to derive now the expression 
byy which the nr

d are usually defined - eqn (2.3.2). 

2.33 Explicit Forms of F and Fg for CY Three-
folds s 

Thiss section is devoted to algebraic manipulations of sums and products in order 
too arrive at elegant versions for the GW potentials on CY threefolds. 

7Inn [BCOV-94] this was argued to be due to the fact that the moduli space M\+h,o(X,fi) 
doess not contain a factor of a torus. This absence of flat torus is crucial since factors of 
non-zeroo curvature in the action are needed to absorb the fermion zero modes. 
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2.3.11 Evaluat ing F in Terms of nr
d 

Wee will combine all GW potentials Fg into a single generating function F := 
^ 0A 2 9 _ 2F f l ;; then the latter result (2.2.5) and assumption (2.2.7) enter in the 
lastt step of the next calculation. For simplicity, we drop the constant map 
termss {{3 = 0) from the potentials and call the new potentials Fg and F. We 
alsoo introduce qd := etd. 

FFgg{t{t ll)) = YlNUd= E Cr(9-r,k)rYd/kq
d= £ Cr(g-r, k) iid qdk 

rf>0rf>0 d, k\d, r^g d,fr>0, r^g 

(2.3.1) ) 

F(tF(tff)) = Y.X29~2p9 = E A2(r+/i)-2 Cr{h,k) nr
d q 

5=00 r,h^0 
d,k>0 d,k>0 

== E ^A'^-^/^a^^ A 2/1 1 

r^O,r^O, rf>0 *>0 h^O 

== E «ïAsr-,i;«"* ar" ,E^( h' i)(* A) 
r^O,, rf>0 A>0 ft>0 

2/i i 

== E "^ 2r" 2Er Jfcc \ A / 2 

2 r -2 2 

9
d* * 

Hence e 

^ ) == E *sK 2s inir) r qdk (23-2) 
d,Jt>0 0 

Thiss last expression was obtained by the physical approach of [GV2-98] where 
thee hr

d had a more pertinent meaning (see [G2-04]): the number of BPS states of 
chargee d and SU{2)i content r in the M-theory compactification on the Calabi-
Yauu X. From a mathematical point of view, one may consider (2.3.2) as giving 
ann alternative definition of the nd, avoiding physical quantities. 

2.3.22 Evaluat ing Fg in Terms of Polylogs Us_2g{qd) 

Wee shall now rewrite Fg in terms of polylogarithms and present some explicit 
exampless of GW potentials or GW invariants like the local F1 case, an infi­
nitee product expression, or the 3-point function. For convenience we recall the 
followingg expansions: 
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Thiss allows us to express the Fg in terms of the nd. For low genus we have: 

FF00 = Y,n°d Li3(<rt F, = Y, ( ^ " S + " i ) Ui(* d) (23-4) 

^^ = E ( ö i ö "S + »d)LU(iZd) (2-3.5) 
d>0 0 

andd in general (g ^ 2): 

*<«.>> = E ( j ^ j *S + | ^ *J + • • • + as) Li,-,.^) (2.3.6) 

Thee polylogarithms are defined by Lig(q) := X!n>i  n~9Qn a nd satisfy 

Lii(g )) = - log(l - 9), Li0(fl ) = , Li_i(g) = 
1 - ^ '' " 1 V " (i-g)2 

andd in general: qdq \Ag = Li fl_i-
Off  course these relations for Fg could have been directly obtained via (2.2.5), 

(2.2.7)) and (2.3.1). In any case, the polylogarithms occur due to the multicovers, 
i.e.i.e. the sum over k. It should be emphasised that we could not replace nd by 
nnrr

dd in F and Fg, as the assumption (2.2.7) would not hold for the algebro-
geometricc Cr{h,k). The result (2.3.2) was first derived by [GV2-98] [KKV-99] 
fromm a physical approach (see [G2-04]). 

2.3.33 Example: the Local P1 

Ann easy example of generating function for GW potentials is the local IP1 case 
(i.e.. non-compact CY space), the rank two concave bundle 0{ — 1) © ö(—l) —> 
P1.. Here the conifold geometry forbids positive genus curves. The base P1 is 
thee only rational curve, so all nd vanish except n° — 1 (since /i2(Px) = 1, d is 
merelyy an integer). From (2.3.6) we then have: 

F]ocall pi = £ \29"2Fg = A-2Li3(g) + Y. X'9 

==  yi- * = y iog(i - e q)
n 

4^4  ̂ l (2 sin £)2 4-f 
Andd adding the constant map contribution (2.1.10) with x(nbration) = \(fibre) 
X(base)) = 12 = 2 

wheree we take the freedom to treat the string coupling A modulo a factor . 
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2.3.44 Toda Equation for the Local P1 

Thiss is in fact not the full story. Physical considerations require to add some 
'classicall  terms' to this 'quantum' piece. The classical part only occurs at genus 
00 and 1 (i.e. powers A - 2 and A0) and is a polynomial in the modulus t: 

FFc]c](t)(t) = A" 2 ( - ((3) + y t + i(m + i)7r*2 - ^ * 3 ) + i * 

Underr shifts of t —y t  A, this classical part behaves as: 

FFc]c]  = F c l ( 0 + A - 2 ( T ^ 2 A - i a 2 3 2 , 

soo that 

FFclcl(t(t + A) + Fcl{t - A) - 2Fc l(0 = ~l+ *(2m + ^)n. 

Orr in terms of the partition function Z — eF: 

ZC|(tt + A)Z c l ( t -A ) = _ .+ I - , 

zzccmm2 2 

Whyy are we particularly interested in this last combination ? Well, the left hand 
sidee is just the homogeneous part of the Toda equation; and we now would like 
too see how the 'quantum' piece of our local P1 GW potential behaves. From the 
abovee product form of Fpi and using eXne  = eA("+1)(/, we readily obtain: 

ZZququ(t(t + A) - Zqu(t) J ] ( l - enXq)-\ Zqu(t - A) = Zqu(t) J ] ( l ~ enXq), 
n=ll  n=0 

soo that 
ZZququ(t(t + X)Zqu{t-X) 

z~Wz~W = (1-' } ' 
andd the similar expression for the full (classical + quantum) change in the GW 
partitionn function of the local P1 reads: 

AZAZ = q-^2i(l-q) = -2 is inh |. 

Thuss the partition function of the local P1 satisfies the homogeneous Toda 
equationn up to this inhomogeneity. 

2.3.55 The Product Expression 
Iff  we had not restricted to the local P1 case and were interested in the part of 
thee GW potential coming only from constant maps and rational curves (r = 0) 
onn a general CY threefold, we would simply put back the n°d in the above (2.3.7) 
andd obtain: 

FFD0D0-n,-n, = £ loe [(! - eXnyn*  II* 1 - eAV)BftS" 
n^ ll  d>0 

== log JI(l-eAV)" f i S 

d>0 d>0 
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settingg formally n° := - | . This is just the Gopakumar-Vafa result [GV1-98] 
forr contributions from constant plus rational maps (i.e. DO- and D2-branes). 

InIn the same vein, we can rewrite the full GW potential (2.3.2) in product 
formm by Fourier expanding the sine term: 

(2s in * /2 )2 r- 2== Y, ( - 1 ) J ( r
2 _ r i ~ +

2 ) e ! J X = : E c',ieiSX for r ?É 0,1, 

whilee the sum is infinite in the r — 0 case and coj = —j: (2sin^/2)~2 = 
-E-Emmjeje -- Then 

2 r -2 2 

FF = E *5 I (2sin *£) ~ ," = E ( - E *J ft5) W1 - e'V ) 
d,fc>00 3^1 

==  \0gH(l-eiXiqd)Md>, 
d>0 0 

wheree we have set Md,j := - ]Lr>ocr,j "ï- I n subsection 2.2.2, we argued that 
thee nr

d vanish if r is too large compared to d\ that is, for fixed d, there are only 
aa finite number of r to take into account, say r < r0(d). This is why the sum 
forr the Mdj is a finite one. Moreover, except at r = 0, the sum over k is finite, 
soo for fixed d one could write k < k0{d); but the r = 0 case makes the sum over 
jj  actually infinite. 

Ass in the local P1 case, we can incorporate the constant map contribution 
(2.1.10)) with M0j = - j | : 

FF = logIJ(l-elAV)MdJ-

Thee motivation behind this alternative expression for the GW potential wil l 
appearr later when we shall try to relate this product to a modular product a 
laa Borcherds. Such infinite products exhibit interesting symmetries, including 
automorphicc properties. 

Unlikee the local IP1 case, this very general product does not satisfy the ho­
mogeneouss Toda equation up to a small inhomogeneity. This is due to the 
complicatedd nature of the powers Mdj. 

2.3.66 The Three-Point Function 

Too conclude this subsection, we give the Yukawa coupling or three-point function 
forr the quintic threefold, which is the A-model correlation function in the context 
off  Mirror Symmetry - see also [G2-04]. Since h1'1 = 1 for this CY manifold, 
theree is only one Kahler modulus t\, one Kahler class 71 = H (the hyperplane 



544 CHAPTER 2. GROM0\ -WITTEN RESULTS ON CY THREEFOLDS 

class),, and the degree d of the image curve is simply an integer: 

(7ii  7i7i >o := $ > ? > o ,*  <f = £ > , , d" Vd 

00 d>0 

== ö?1Fo= : * i n (2.3.8) 

^^f^^Lio^^^fE^) ^ ^ 
d>00 d k\d 

wheree in the third step we have used the divisor axiom for GW invariants: 
(7f)o,/33 = (l)o,/3( Jp 7i) = Nj d3. From this - or directly from the expression 
forr F0 - we obtain the genus 0 GW invariant (1.4.9): Nd = ^2k\dk~3 n /̂k. 
Forr a general manifold (not just the quintic), the three-point function reads 
(7;7j7*)oo := dtidtjdttFo — : $ijk or C^jt, where the classes 7; can be of any 
dimension;; see also (1.4.7). 

2.3.77 Subtlet ies Around nr
d and nr

d 

Inn [BCOV-94], the contribution from genus 2 curves to F2 was found to be 
Y.dY.dnnll  Qdi  w h i I e (2-3-5) purports Y,dn

2
d Li-i(g rf) = Ed l * " d k Qdk> suggesting 

thatt nd = Ylk\d i™l- This demonstrates that the nd in general do not have the 
meaningg of 'counting curves'. In fact, they rather count BPS states, and the 
extraa sum over k stands for multicovers of embedded D-branes. For instance, 
[MM-98]]  have taken [BCOV-94]'s result for F2 when extracting the number of 
genuss 2 curves from a similar expression derived by entirely different methods 
(seee heterotic treatment below). 

Thee expression (2.3.2) reflects also the fact that BPS states at genus 1 do 
nott have any bubblings to higher genera, i.e. nd only appears in Fi (since r = 1 
impliess zeroth power of A), see also (2.3.6). From the polylog expression (2.3.4) 
forr Fi, we recover 

NNd d ii  = \ E ij} k fl! + * fl» = E ( Ï?Ï «3/*  +1 »W 
k\dk\d kid 

andd (of course) the second part of (2.2.4) and (2.2.6). 
Iff  we opt to express F\ in terms of nd rather than hd , the choice nd = J2k\d nl 

wil ll  prove propitious: 

 = $ > J  ̂ = E ( ^»3 Lii(?d) " nd logP(qd)) , 
d>0d>0 d>0 ^ ' 

whichh is the form appearing in [BCOV-93] (with nd counting curves), wherein 
P(x)P(x) := 11(1 - xn) and 

-logP(/)) = J>fo<») = Li l ( * ) = Y, ~ 
n = ll  ^ y J n,k^\ 

dnk dnk 
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Whencee our previous expression (1.4.10) for the genus 1 GW invariant: iVj = 

i£* id( i i*» ïï + "(f)*»i) -
Soo the difference between the physical invariants nl

d and the geometrical 
invariantss n\ is that when using the latter, we have an extra Yln

 m ^i- From 
thee M-theory perspective, this is due to bound states of n M2-branes wrapped 
onn the torus S i, being indecomposable stable U(n) bundles over the torus. This 
iss in addition to the possibility for a single M2-brane to wrap the torus in a k-
foldd way. These bound states solve a puzzle that occurred on the last page 
off  [GV2-98], where the M-theory approach seemed to disagree with previous 
resultss from physics and geometry [BCOV-93]. Note that at other genera than 
rr = 1,2, there appears to be no difference in the invariants (for r = 2 see 
footnotee at the end of section 3.3). 
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Chapterr 3 

Relationn with Heterotic 
Strings s 

Thiss chapter opens a new part of the thesis, leaving behind the worlds of 
Gromov-Wittenn theory or instanton computations and heading towards top­
icss related to the GW potential, both physical and mathematical. The small 
chapterr is devoted to understanding the string theory background of GW theory 
andd its genus g potential. It is purely physical, without derivations, and presents 
thee one-loop integral of the heterotic string amplitude and an attempt at solving 
itt via Jacobi forms. The prerequisites are chapters 2 and appendix A on Jacobi 
forms;; only the new susy index (3.3.2) will appear again later (section 5.2). 

Thee M-theory (or type IIA ) approach to Gromov-Witten invariants was very 
rewarding,, as we saw, but another attempt from string theory proves fruitful: 
thiss is the calculation in heterotic string theory, following the discovery in 1995 
off  its description dual to the type IIA theory. Given that the perturbative ex­
pansionn is governed by the dilaton, that the dilaton lies in a hypermultiplet 
inn type IIA and in a vector multiplet in heterotic, and that the two kinds of 
multipletss do not mix with each other, the duality then allows us to extract 
non-perturbativee knowledge (instanton corrections,...) in one model from per­
turbativee expansions in the dual model. 

3.11 Duality, Moduli and the One-Loop Level 

Thee duality is valid in 4d and for N=2 susy, and links heterotic theory compacti-
fiedfied on KZ x T2 with type IIA compactified on a CY threefold. Characteristic of 
thiss duality is the mapping of the axiodil1 S to one of the Kahler moduli t of CY 
threefoldd on the type IIA side. The duality is only valid in the weak-coupling 

11 Our convention for the axiodil or dilaton-axion field is (S) — a + -\ where the string 

couplingg is given by the vev of the dilaton, gs = e<*>. Hence the limi t S —> ioo corresponds 
too <f>  —> — oo or to gs —» 0, that is, the weak-coupling or perturbative limit . 

57 7 
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limi tt S —• zoo, which corresponds to the large-volume limit (t —> oo) of the type 
II AA threefold. 

Inn both heterotic and type IIA theories, the prepotential F0 develops loga­
rithmicc singularities reminiscent of the Seiberg-Witten analysis: different branches 
off  the enhanced symmetry locus (ESL) collapse in the large moduli limi t [AGNT-
95].. On the IIA side, this corresponds to the conifold locus in the moduli space 
off  Calabi-Yau 3-folds. On the heterotic side, it corresponds to codimension 1 
surfacess of the moduli space where the gauge group £/(l)" , ,+2 is enhanced to 
SU(2)SU(2) because two vector multiplets2 become massless (more details in [G2-04]). 

Thee similar properties of the couplings Fg (or amplitudes {R\F+g~2)g) in 
heteroticc and type IIA theories were seen as a test of this N=2 duality. In 
orderr to identify quantities in both theories for a particular configuration of the 
heteroticc gauge group and of the corresponding type IIA compactification, one 
firstfirst needs to specify the map between the moduli, then rewrite the type IIA 
quantityy using heterotic variables and compare it to the result of a heterotic 
computationn in the S -> ioo limit. 

Forr instance, for the rank three example with heterotic gauge group Higgsed 
downn to U(l)3 (reviewed in [G2-04]), the massless spectrum has 3 vectors and 
1299 hypers, corresponding to a CY threefold with (/i1'1, /i2'1) = (2,128) for the 
typee IIA theory - say the degree 12 hypersurface in P(l, 1,2,2,6). For this 
model,, the heterotic moduli (dilaton S and torus moduli T G 0(2, l ) /0(2) ~ % 
withh duality group 0 (2 ,1; Z) ~ SL(2, Z)) ) are mapped to the type IIA Kahler 
modulii  ti,t2 via (ti,t2) = (T,5/2). Three matches between both theories 
strengthenn the duality: 

Firstly,, the prepotential FQ (or Yukawa couplings didjdkF0) can be seen 
[AGNT-95]]  to agree with the heterotic prepotential F0 = \ST + f{T) + ... in 
thee weak-coupling limi t up to the first few powers of eu (for some function ƒ 
andd modulo some instanton corrections to Fn). See [G2-04] for more details on 
this. . 

Secondly,, the Fg satisfy the same holomorphic anomaly equation in the weak-
couplingg and large-volume limits respectively (i.e. S -» ioo and t2 —» oo). 
Indeed,, the type IIA (recursive) anomaly equation [BCOV-94], when translated 
intoo heterotic context, reads [AGNT-95]: 

2ni2ni / 2 # - 4\ 
°T*a°T*a - (y _ j | 2 \°T + T_f) F9-i-

I tt can also be checked that the heterotic Fg given below in rather opaque form 
satisfiess this equation. 

Thirdly,, as another evidence for the duality, one can also check [AGNT-95] 
thatt the leading infrared singularity at T = i of both theories agree (that's 
wheree on the type IIA side the two branches of the conifold singularity meet): 

i tt is given by -2X(Mg) {JT(T - i))2~2g, where x(Mg) = B2g/2g(2g - 2) is 

2Notee that the rank of the gauge group is the number nv of vector multiplets (containing 
thee compactification moduli) plus two extra vectors (graviphoton from the sugra multiplet, 
pluss the vector in the vector-tensor multiplet of the dilaton). 
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thee Euler characteristic of the moduli space of genus g Riemann surfaces. 
Ann important difference between the HA and heterotic calculations is that 

inn the former the Fg are generated at g-\oop level, while in the latter they 
alll  occur at 1-loop level (due to N = 2 non-renormalisation theorems)3. The 
argumentt is reviewed in [G2-04]: in the context of N=2 Sugra the Fs's have 
thee meaning of moduli-dependent couplings for the low-energy effective action 
termss R\F+~ . 

Thesee couplings Fg are analytical functions of the N=2 superfields X1, ho­
mogeneouss of degree 2 - 2g. The scalar component of X° is a constrained field 
andd expressible in terms of the Kahler potential K{Z, Z) for the unconstrained 
modulii  Z = X/X°. Correspondingly, the scalar component of Fg(X) has the 
followingg dependence on the string coupling and the Kahler potential [AGNT-
93]: : 

/e/eK/2K/2 2-2g 
FFgg(X)(X) = {X°f-^Fg(Z) = ( — ) Fg(Z) 

Furthermore,, the Kahler potential K for vector multiplets depends on the string 
couplingg gs via the dilaton: this dependence is nil in the case of type IIA (as 
thee dilaton is in a hypermultiplet), and logg2. in the case of heterotic strings. 
Accordingly,, Fg(X) is of order g2

s
9~2 or g°s respectively in the string coupling. 

Countingg string loops, this means 5-loop or one-loop respectively, as originally 
claimed. . 

Lett us inspect the heterotic context more closely. We give the one-loop ex­
pressionn for Fg in the next section before presenting the result of its computation 
inn the section afterwards. 

3.22 The One-Loop Integral for Fg 

Lett us now present the heterotic expression for the couplings Fg at one-loop, 
whichh will be calculated in heterotic theory on KZ x T2 with susy in the right-
movingg sector. As in type IIA , they have the meaning of couplings for the 

99~~22 terms, i.e. amplitudes involving two gravitons and 2g-2 graviphotons. 
Wee briefly sketch the derivation of [AGNT-95]. 

Thee Fg are computed using the odd spin structure on the worldsheet torus 
withh insertion of vertex operators for the gravitons {VR+) and graviphotons 
( V F + ) : : 

VB+(pi)) = (dZ2 - ipix'x2) BZ2e^zl VR+(p2) = (dZ1 - ip^x') BZ'e^2 

VVF+F+ (pi)(pi) = (dX - ipix1*)  dZ2e^z' VF+(p2) = (dX - ip2x
2*)  dZ'e{^z\ 

forr right-moving space-time bosons Z and their superpartners \ (m a complex 
basis),, and for right-moving T2 bosons X and their superpartners ^ . The 
momentumm factors pt bring out a kinematic term in front of the amplitude 

3Exceptt for FQ and F\ which also carry tree-level contributions 
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[AGNT-95]: : 

(R(R22
++FI°-*)FI°-*) 99==(\H(pi)\\muvF(p?)(\H(pi)\\muvF(p?)BBfivfivFF{pP)){pP))=(pi)=(pi)22(p(p22))

22 n P P & W F , 
\\ i = l j = l I i,j = l 

Forr Fff , we only mention the ingredients leading to the end result, not expect­
ingg the reader to understand fully. The graviton vertices absorb the space-time 
fermions,, while the graviphotons contribute (PR/V^T^U^) 9~ , which will be 
summedd with qï\pL\ gsl^nl over the r-2,2 lattice of the torus. The two left-
movingg space-time (transverse) bosons and the extra free boson for the left-
movingg 17(1) current yield 1/rf. whereas the conformal blocks of the internal 
SCFTT generate the A'3 partition function 

CCK3K3(T)(T) = tVRR (_l)*Vo-c/24^o-*/24_ 

Thee latter is independent of q (or f), as usual due to Susy for the massive 
modess and to the absence of instanton contributions: one could always make 
themm vanish by going to large volume of K3, which only deforms the hypermul-
tipletss (containing the Kahler moduli) and not the vector multiplets on which 
FFgg depends. Overall [AGNT-95]: 

11 1 f d2T 1 
FF°=2 °=2 

XX CKa(T) £ (pR/V2T^ya~2qh\P^qhM\ 

Thiss can be simplified by evaluating the correlator for space-time bosons and 
summingg Fg over g with the auxiliary variable A to build the full GW potential 
FF = Ylg X*gFg (note the missing factor of A - 2 compared to previous versions). 

Moree precisely, the correlator (Jr2 ZdZ) is summed over g with (7-) S and T-b-
too yield the function 

27nA7/33 ^ 2 

0ii  (r, A) 
,-KX*/T2 ,-KX*/T2 

whichh is modular invariant under PSL(2, Z), i.e. under r -> & and A —y ^Ar^-
Thee full generating function for the amplitudes at all genera can then be 

writtenn as 

(3.2.1) ) 
wheree A := J ^ v A. In [MM-98], the quantity CKZ/if takes the value of 
E^EQ/T}E^EQ/T}2424,, in agreement with the K3 elliptic genus for a Z2 orbifold of heterotic 
compactificationn with gauge group Eg x E7 x SU(2), as we shall see in (5.2.2) 
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orr (5.3.8). We note that the lattice sum is not simply over q^L\ qï\?R\ but 
alsoo involves the pn contained in $i(r, A). 

Notee also that w.r.t. {r,f), r2 has weight ( - 1 , - 1 ), ^ has weight ( - 1 , - 1 ), 
EEAAEEQQhfhfAA has weight ( -2,0) while the remaining parts of the integrand have 

noo well-defined weights. It is only upon expanding ( 2J\l\ ) e ^ '^ i n e v en 

powerss of A, say A2fc+2, and keeping p\k for the lattice sum, that we ob­
tainn a suitable generalised theta function of weight (1,1 + 2k): 0(T, £7) : = 

3.33 Computing the Integral 

Wee now present the way [MM-98] computed the one-loop integral (3.2.1). They 
placedd themselves in the rank four example with heterotic gauge group Higgsed 
downn to U(l)4 (see [G2-04]). The massless spectrum has 4 vector multiplets 
andd 244 hypers, corresponding to a CY threefold with (/i1'1, ti2'1) - (3,243) for 
thee type IIA theory - say the degree 24 hypersurface in F( l, 1, 2,8,12) (a K3 
fibration).fibration). For this model, the heterotic moduli are the dilaton 5 and the torus 
modulii  (T,U) =:  y in the Narain moduli space A/"2'2 = 0(2,2) /0(2) x 0(2) ~ 
HxnHxn with duality group 0(2, 2;Z) ~ 5L(2,Z) x SL{2,Z) x Z2. These are 
mappedd to the type IIA Kahler moduli via {ti,t2,t3) = {U,S,T-U) [KLM-95] , 
inn which we identify ti as the modulus for the base P1 of the K3 fibration. Thus 
sendingg S —> ioo means infinite volume of the base of the i^3-fibration. 

3.3.11 Lattice Reduction Technique 

Thee evaluation of the above integral (3.2.1) over the fundamental domain is a 
tourtour de force [MM-98]. It is based on Borcherds' recursion formula [B-96] for 
suchh automorphic integrals or theta transforms (as in section 4.2) for a lattice of 
typee rs+2,2 (even, self-dual, 8|s): at each step the lattice for the theta function 
iss reduced by two dimensions. We spare the reader this cumbersome procedure, 
butt quote again just the results. 

Althoughh the results for Fg look rather messy, their holomorphic limi t T,U -> 
ooo (T, U fixed) is quite simple. One does indeed recover the constant map con­
tributionn Fg1 = {l)g,o (reviewed in [G2-04]). The result for non-constant maps 
iss similar to the F  ̂ in (2.3.4): 

FF99 = F? + F«» ~ -(2g-l) Q(2g) C(3-25) ^ ï + ̂ Cg-^) Li 3_25(e2—»). 
r> 0 0 

Thee first factor is (27r)2ff/2 times the expected (l)3,o- In the second factor (i™u), 
yy = (T,U) is the heterotic parameter, r — (n,m) is a point in the lattice r ^ i 
withh scalar product r -y = nil + mT and norm r2 = 2nm. The condition r > 0 
standss for TI,m ^ 0 or (n,m) = (1, -1) but not (0,0). The c9_i(n) are the 



62 2 CHAPTERCHAPTER 3. RELATION WITH HETEROTIC STRINGS 

Fourierr coefficients of the modular function occurring in (3.2.1): 

withh q :=  e2niT and E^E^fif4 stands for the KZ elliptic genus CK3/TJ3 for the 
heteroticc Z2 orbifold where the gauge group E$ x E-j x SU(2) x U(l)4 has been 
Higgsedd down to U(l)4. That is, we study the rank four example with 244 
hyperss and 4 vectors (see [G2-04]). 

Thee computation suggests that the result should depend on the region of 
modulii  space, and that a wall-crossing formula will relate different regions. Here, 
thee wall happens to be the codimension one surface T2 — U-i- By chance, the 
wall-crossingg behaviour vanishes in the holomorphic limit , as expected from 
thee type IIA side where this behaviour reflects the fact that two CY threefolds 
relatedd by flop transition are birationally equivalent (i.e. same Hodge numbers). 

Moreover,, by organising the terms in the same way as the type IIA re­
sult,, [MM-98] were able to extract from F2 the number of genus 2 curves 
onn a particular CY threefold. To this end, recall from (2.3.4) that F2 = 

Ed>oo (mnd + nd) L i - i ( t f d) , f r o m w h ich we see that Ci (^) ~ ^nd + n j . For 
2 2 

gg = 2 the c-l(
r
2-) can easily be generated in closed form: 

«77 = 2: Y,cdn) qn =  ̂ ~(SE2
2 - E4). (3.3.1) 

Hence,, if we know the numbers 71°, we can extract the nd. And indeed they are 
known: : 

Ass mentioned at the beginning of this section, our massless spectrum of 
2444 hypers and 4 vectors is such that there exists a CY threefold on which to 
compactifyy the dual type IIA theory. From section 4.4, this is the degree 24 
hypersurfacee in F( l, 1, 2,8,12), which also happens to be a KZ fibration over P1 

wheree the KZ is a degree 12 hypersurface in P(l, 1,4,6) [KLM-95] . Better still, 
thatt section tells us that the number n° of rational curves is known and equals 
thee coefficients of the (nearly) holomorphic modular form E^E^jrf4, and so we 
cann easily compute recursively the number n2

d of genus 2 curves. 
Sincee we implicitl y work in the limit S —> ioo and since 5 is mapped to 

thee Kahler modulus of the base of the CY fibration, this base gets infinite 
volumee and all curves we count lie in KZ fibres. Of course, given the nature of 
(2.3.4),, we could subsequently compute the number n\ of genus three curves, 
etc.,, but unfortunately the cg-\{n) do not enjoy a closed expression as in (3.3.1) 
anymore.4 4 

44 It should also be mentioned that [MM-98] took a different form for F2 than ours, namely 
^d>^d> 0 (2^0 nd Li-i(<7 d) -I- nd qd) as in [B CO V-94]. So what they call the 'number of genus two 
curves'' is actually n^, while we rather associate it with n^. This can be considered as another 
pettyy difference between the mathematical and physical invariants (reviewed in [G2-04]). 
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3.3.22 Attempt Using Properties of Jacobi Forms 
Wee now present a different approach to hoping to solve the integral in (3.2.1), 
basedd on the linear decomposition of Jacobi forms, a trick used in [N-98] to com­
putee one-loop amplitudes in N=2 SCFT, or integrals of elliptic genera. Specifi­
cally,, the latter author considered a target space T2 x K for some CY two-fold 
K,K, with a Wilson line that will ultimately break this product of target space. 

Integralss of elliptic genera over the fundamental domain have also been tack­
ledd from a different perspective in [N-98]. Rather than integrating the usual 
ellipticc genus, the author slightly altered that index to obtain the so-called new 
supersuper symmetric index, and studied its integration. It can be shown that this 
neww index, which is a trace over the left- and right-moving Ramond sectors, 
convenientlyy factorises when the compactification space is a product X2 x K: 

t r „ x H ( - l ) F J o J o 9L o " » 9 l 0 - **  = ( Y. ?è pM p 2 R ) ( t r x ( - l ) V 0 - | < ? I o _ l ) , 
{pL»pn)er2,2 2 

(3.3.2) ) 
wheree c is the dimension of the target space (3 in our case). The bracketed sum 
iss the famous bosonic partition function for the torus, coming from the trace 
overr the torus part of the threefold K x T2. The second part comes from the 
two-foldd K and has to do with its elliptic genus at z = 0, denoted $(r ,0). 

Lett us briefly comment on the properties of the elliptic genus. Its full ex­
pressionn reads $(r, z) = trRxR (—l)FqL°~*yJ°, see also section 3.4 and (6.3.1), 
andd it is a weak Jacobi form of weight 0 and index c/2 (see appendix A.3). 
Forr two-folds with SU2 holonomy (two-tori, K3 surfaces), its expression is well-
knownn [KKY-93] ; for c = 1,2,3 theories, $(r ,0) loses its r-dependence and 
boilss down to the Witten index of the theory, i.e. to tr ( — 1)F — x(^0> the 
Eulerr character of the target space. For general models, one recovers the Euler 
characterr only upon taking the limit X\vn.T-+i OQ 3>(T, 0). 

Too make things more interesting, [N-98] introduced a Wilson line, which 
resultedd in $(r, 0) not being merely x(K) anymore. This inserted an extra 
compactificationn modulus (next to T and U for the torus) which prevented 
fromm writing the CY threefold as a direct product K x X2. In that situation, 
thee decomposition property (A.1.2) of Jacobi forms came as a rescuer and helped 
computingg the integral. The property states that a Jacobi form can be written as 
aa finite linear combination of theta functions with modular forms as coefficients. 
Forr z = 0 the claim reduces to 

*(r,0)== Y, M^) £ Qr2/4m, (3.3.3) 
|i(modd 2TH) r=n(mod 2m) 

andd m = § = 1. The crux is that the extra summation of qr /4m over r could 
bee joined with q^v  ̂ in the above (3.3.2), resulting in an overall sum over a (3,2) 
latticee rather than just over p2,2- In other words, one simply ended up with a 
neww Siegel theta function of signature (3,2), something one could integrate over 
thee fundamental domain - using the well-known technique of 'unfolding'. 
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Doo we stand a chance for a similar trick for the integral in (3.2.1) ? Indeed, we 
recognisee -rf [d\{r,z)2 to be the inverse of the weak Jacobi form A-2,i studied 
inn appendix A.4. Unlike for the elliptic genus above, z is not set to 0 but contains 
factorss of A (string coupling) and T2. But this should not discourage us, since 
thesee r2 factors may be joined with the T2 factors in q^PLqiPR = eKlTV ~27TT2PR 

occurringg in the Siegel theta function. 
Yett a more serious point flaws our attempt to solve the integral by changing 

thee Siegel theta function into a theta function of signature (3,2), namely the 
factt that inverses of Jacobi forms do not enjoy the decomposition (A.1.2) into 
linearr combinations of theta functions. This too is explained in appendix A. So 
thee trick of [N-98] cannot be used here. 

3.44 (0,2) Heterotic Compactn. and Ellipti c Genus 

Wee now leave the realm of N=2 heterotic compactifications on K3 x T2 for a 
smalll  sidestep of N=l compactifications on CY manifolds. Although we lose 
thee notion of duality with type IIA theory, we gain a link with the elliptic genus 
andd Jacobi Forms. 

Compactificationn on CY one-, two- or threefolds leaves us with an (0,2) sigma 
modell  (reviewed in [G2-04]). To study the elliptic genus, it is even better to 
considerr (0,2) sigma models in generality, i.e. with a d-dimensional CY manifold 
XX as target space and a rank r holomorphic vector bundle E on it (r ^ d as­
sumed).. The bosonic chiral fields $i,$i are (anti-) holomorphic coordinates on 
X,X, while the fermionic chiral fields A;, A» are local (anti-) holomorphic sections 
off  E{Ë). 

Inn case E = Tx, we recover the (2,2) sigma model (with embedding of the 
spinn connection in the gauge connection if we are in the heterotic context). 
Anomalyy cancellation requires the usual heterotic conditions (if E were the 
gaugee bundle): 

ci(E)) = ci(X) = 0, c2 ( £ ) = c2 ( X ) , 

whichh are equivalent to the CY condition C\{X) = 0 together with c\{E) = 0 
andd ch2(E) = ch2(AT).5 

Thiss section is based on [KaM-94], which presents a generalised notion of 
ellipticc genus, with a dependence on the bundle E. 

5Recalll  the standard definitions of Chern classes and characters for a bundle E and curva­
turee 2-form T with eigenvalues e,: 

c{E)c{E) = det{l + g ) = n L i t 1 + e«) = 1 + ci + • • • + cP, 

ch{E)ch{E) = t r e w = £ [ = 1 ee' = r + chi + • • • + chrf 

td(£)) = nr=i Tzf^T = 1 + èci + T2(ci + c2) + hc  ̂ + • • • > 

soo that c\ = chi = £ ! ï_i ei, C2 = J2i<j  aej, chk — £ J2 e\. Note that cr = e\ .. .er and 
thatt Cfe = 0 for A; > d for dimensional reasons. The relation between ch*. and ĉ  is given by 
Newton'ss formula: X ] ^ = 0( _ 1) f e* ; ' ch*  cr-k — 0- Thus we obtain: 

chh = r + ci + - [ c \ - 2c2) + — (3c3 - 3c2ci + cf) + — ( -4c4 + 4c3ci -I- 2c| - Ac2c\ + c\) + ... 
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Ellipti cc Genus 
Thee elliptic genus of this sigma model with bundle E is geometrically defined 
ass the index of the Dirac operator for a certain vector bundle Eq^y\ 

*E(T,Z)*E(T,Z) = ind PEqs = f ch(Eq,y) td(X) 

(3.4.1) ) 

andd A9 £ = 0f c^o 4*  A*  E, SqE = ® f c^0 9*S*£ . (A*  and Sk denote the fc'th 
exteriorr and symmetric products.) 

Wee can transform this to a more tractable expression by noting that6 

chh (®„£, A - M - I £ ) = iW i nr=i(i - C ' ^ -1) , 
ch(<8.n>159nrx)) = n„^ i n^=i i - A ^ -

Usingg also ü ^ i f 1 - e* j) = ( - 1 ) d r I j = i ( l - e~Xi) (since C l(X ) = 0), we can 
rewritee our elliptic genus as 

t.<r,.)-<-i,*r WW n V \ r ^ V ~ - ' - T *w 
' **  „>i r l j = i ( 1 - e , 9 n M i 1 " e X j 9n) 

^ ^ 
Cd(A-), , 

(3.4.2) ) 

Inn case ci = 0, the Chern character and Todd class reduce to 

11 l - .2 chh = r - c 2 + -C3 + — ( c £ - 2 c 4) + . . ., t d= 1 + " C 2 + -(3ci-c4) + ... 
2,2, 12 12 o! 

Similarr formulae hold for the bundle Tx, and we denote the eigenvalues of its curvature 2-form 
b yy X j . 

6Usee ch(F <g>F) = ch(F) A ch(F) and ch(F © F) = ch(E)+ ch(F), which also implies that 

ch(/\f cc E) — fcth elementary symmetric function of the ee' = ' î <...<i ee,i . .. ee'«= =: ( l f c) , 
ch{S*Tx)) = fcth homogeneous product sum of the exi =:  hk(exi), 

wheree hi := (1), h2 := (2) + ( l 2) , / i 3 := (3) + (21) + ( l 3 ) , etc, and 1 + h\ 4- h2 + • • • = 
Y\Y\dd—i—i 1/(1 — exJ). The notation here is that of [M-1915], which is a good account of the 
combinatoricss of symmetric functions; most of the elementary formulae already occurred in 
Girard'ss founding treatise [G-1629]. In general, c(/\ E) is computed through a product 
involvingg (£) terms [H-78]: 

c(Ac(AkkE)E) - n i l < . . . < l f c ( l + x l i + - - - + x i f c ) 

== 1 + + (IZ\) d ( F) + [ ( l i j ) c2(E) + I a : |) ( a i l ) - 1) C1(E)*]  + • •. 

Forr fc = r, A r Ë is a bundle of rank 1, and so c(/\r E) = 1 4- c i, ch(Ar F) = E j ^o n c i 
( = l i f c i = 0 ) . . 
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whichh differs by a factor {-l)d from that of [KaM-94]. Note that cd{X) = 
X\...XdX\...Xd is a class of top dimension, but it will cancel with the denominator 
sincee •d\{x)fx = 2ixrf + 0(x'2). Only the terms of degree d are picked by the 
integral. . 

Thee topological expression for the elliptic genus will be given in the first line 
off  (6.3.1). 

Landau-Ginsburgg and Minimal Models 

Inn particular, if E = T\ (for a (2,2) sigma model), we have r — d and e, — Xj, 
andd so 

*T*TXX(T,Z)=(T,Z)= f Xj, * r .v(T,0) = x(-Y), 
JJ X j = i ^  2*1' 

wheree at z = 0 we recover the Euler character. The formula for $Tx (T, Z) was 
alreadyy suggested in [KKY-93] , as a generalisation of the 2- and 3-dimensional 
cases;; the latter case of a CY threefold of Euler character \ reads [KKY-93] : 

^ ,, ( T r ) _ x , / 2 T T ( i - ^ V - ) ( i - y - V ) 
CVs(( ' ' 2V ^d-y'Q—Ki-y-'g")- (Mi' 

AA similar form of elliptic genus is the one for an N=2 LG model with n 
chirall  superfields of weights u>\,.. ., ujn [W-93]; it exactly matches its counterpart 
expressionn in the N=2 minimal model [KKY-93] (rewritten with help of the 
quintuplee identity): 

_.. , . fjMii-uöz) A -,/err (i-y2/V _1)(i-y" 2/39n) ^ , , 

Thiss is of course of utmost significance for the correspondence between LG 
modelss and minimal models. 

Transformss like Jacobi Forms 

Iff  we view the curvature of E only defined up to a multiple, i.e. e*  ~ Ae*, 
thee transformation properties of the elliptic genus are those of a Jacobi form of 
weightt 0 and index r /2 (at least if r is even see appendix A): 

^ ( T ,, Z + XT + f!) = (_l)^A+^)e27ri5(A2+2Az) ^ ^ ^ A, /i 6 Z , 

(3.4.4) ) 

wheree e is the same phase (eighth root of unity) as the one required for the 
transformationn of d\. 
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Wee now introduce the Hirzebruch genus 
rr  r . 

XXy{E)y{E) := £ ( - i , ) * x (A *E ) = £ ( - y ) *  / ch(Afc£) td(X), 

wheree the second equality is just the RR-Hirzebruch theorem. In terms of it, 
thee elliptic genus has the expansion 

$$EE(r,(r, Z) = (-l)d(-iq&y-dy-S (Xy(E) + q E L o [(~2/)*+1x(A* E ® E) 

H-y)H-y)kk--llx{Nx{Nhh E®Ë) + (-y)kx(Ak E®(TX(B fx)j\ + 0{q2)). 

Thuss the ^-expansion in large brackets starts with the constant term Xy{E). 
Itt contains the r expressions x(^kE) m terms of the r classes C{{E) (and the 
Ci(X)),Ci(X)), which can thus be deduced together with the eigenvalues e,. Hence 
$E(T,Z)$E(T,Z) is fixed if Xy(E) and the CY threefold X are known. 

Iff  E = Tx, i-e. in case of a (2,2) sigma model, $E is indeed a weak Jacobi 
formm of weight 0 and index m = r /2 = d/2 (see appendix A.3). The space of such 
formss is m-dimensional, so m points should be enough to uniquely determine 
$E{T-,Z)-$E{T-,Z)- Also, y~%Xy(E) ls a Laurent polynomial in y of degree at most m2 

andd its m2 coefficients provide more information than the necessary m points 
(onn the divisor q = 0 (r = oo)) to fix $£•. That is, the constant g°-term Xy(E) 
togetherr with the transformation properties (3.4.4) determine uniquely the form 
$E{T,z)iiE$E{T,z)iiE = Tx. 

Hirzebruchh Genus 

Lett us now compute Xy(E) — j x (X!fc=o(-ï/)* ch(A*£0) td(X) for low dimen­
sionss of the CY d-fold, using the formula [F-84] 

rr  r 

] PP (-l)fcch(Afc£;) = cr(E) td-'iE) = JJ(1 - e~e'). 

Insertingg the variable y, we have 

£(-!/)*ch(A*£; )) = JJ(i _ ye-*-) = JJ(i _ y + y{e. _ ! + ! + ...)) 
fc=0fc=0 i=0 i - 0 

== (1 - y)r + (1 - vY^yldii - ch2 + ch3 - ch4 + . . .] 
+(11 - y)r-2y2[c2 - (ch2Cl - 3ch3) + (ch3ci - 4ch4) + \{ch2 - 6ch4) + . . .] 
+(11 - y)r-3y3[c3 - (ch2c2 - 3(ch3Cl + 4ch4)) + . . .] 
+(11 - I 0P"V [C 4 + . . .] + •• -

Whenn ci = 0, this yields (with c*  := Ci(X) by default): 

Xy(E)Xy(E) = Sx ((i - y)r + (i - y)r-ly[c2 + ^ - £ H ^ + - - - ] 

++ (i - y)r-2y2[c2 + ̂  + ^ P - f| +.. .] 
++ (1 - yy-3y3[c3(E) + 2c4(£) + ...] + (l - yy-YME) + ...]) 

(ll  + ^c2 + i(3c2-c4) + . . . ), 
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orr explicitly for the different dimensions d: 

d=d= 1 
dd = 2 
dd = 3 
dd = 4 

Xy(E)Xy(E) = 0 

XXy(E)y(E) = (l-yy-2(2+20y + 2y2) 

XyXy(E)(E) = (l-yy~Hy + y^)(-r^) 
Xy{Xy{E)E) = (l-yy-*(2 + y(-8+^)+y\U+2J^) + 

+ y3(_88 + i£^)) + 2^) . 

etc.,, where we used the RR-Hirzebruch theorem for the trivial line bundle Ö 
(structuree sheaf, or U°) on a CY four-fold: 

22 = h00+h04 = ^ ( - l ) 1 dim H\X, O) = X(0) = f MO) td(X) = f td(.Y) - ƒ 
3c! ! C4 4 

6! ! 

(Thee same trick yields x(0) = JY td(X) = 0,2,0 for d = 1,2,3.) Similarly, for 
thee general bundle E of rank r, the theorem gives: 

X(E)) =JxME)td(X) 

== 0, 2 r - 2 4, | / c3 ( £ ) , 2r-\fcA{E) for d = 1,2,3,4. 

Thee same formula is valid with AkE instead of E (also in the left bracket, and 
replacee c2 by c2{A

kE) and r by (J)), since ci(A*i?) ~ Ci (£) = 0. One could 
thenn compute x(A fcE), multiply it with (-y)k, sum over fc and obtain again the 
abovee expressions for Xy{E). 

Restrictingg to E = Tx, with r = d, one obtains in this way the same 
result77 without the factors (1 - y)r~d- In particular, we note that for d — 2,3, 
Xy(E)Xy(E) is simply a multiple of Xy(^x), and so $E should equally be the same 
multiplee of <J>rx- For d = 2, this multiple does not even depend on E (except 
throughh its rank r), which is conceivable since the integrand of (3.4.2) contains 
onlyy 02(E) = c2(T) as degree-2 terms; in other words one might as well set 
e i = a : i,, e2 = x2, e3,4„.. = 0. For d = 3, note that $rx\qo = -y~zf2Xy(Tx) = 
—— \2/"1/,2(l + y), in accordance with (3.4.3). For d = 1, the integrand contains 
onlyy c\(E) = 0 as degree-1 term; so <È>£ — $TX — 0- Summing up: 

dd = 1 
dd = 2 
dd = 3 

$E(T,Z)=0 $E(T,Z)=0 

*E{T,Z)=**E{T,Z)=* TTAT,Z){MZ)/V)AT,Z){MZ)/V) rr--2 2 

$B(v)) = §Tjf (v) {Mz)/v)r-3 $f}. 
Thesee forms, as well as the above expressions for Xy(-E) were already obtained 
inn [KaM-94]. For d = 4, x»(-E) i s n o t a multiple of Xy{Tx) anymore, so nothing 
cann be concluded for the nature of $E-

7Forr instance, at d = 4, one findsc{/\2Tx) = (I + 21 + x2) ( l + xi + x3 ) (H-x2+X3) ( l + :r2 + 
xz){\xz){\ + x2 + x4) ( l +x3 + x4) , with ci = 0: c2(A 2Tx) = 2c2 and c4(A 2Tx) = 30x ix2x 3x 4 + 
13x2x2X3+5x2x2,+2xfx22 + {symm.}  = 30c4 + 13ch2c i - l l (6ch3c i -24ch4) - | -§(4ch2, -24ch4) = 

c\c\ - 4c4. Thus x(A°Tx =0) = x (A 4T x ) = 2, x (Tx}  = x ( A 3 r x ) = 8 -  x ( A 2T x ) = 

122 + 2 j c 4 4 



Chapterr 4 

Automorphicc Properties 

Thiss chapter deals with the mathematical aspects of the full GW potential in 
productt form, and is essentially mathematical - though the first three sections 
presentt results without derivations. The evaluation of an integral over the fun­
damentall  plane [HM-95] yields the logarithm of a infinite product, of which 
Borcherdss [B-95] had already predicted the automorphic properties (though ob­
viouss in this approach). The generalisation to arbitrary GW potentials is tried 
withh Borcherds' liftin g of Jacobi forms to automorphic forms, but remains in­
conclusive.. Prerequisites are chapter 2 and familiarity with infinite products 
a-laa Borcherds; results will not be used in later chapters. 

4.11 Torus as Target Space 

Iff  we replace our three-dimensional Calabi-Yau space by a one-dimensional one, 
i.e.i.e. by a mundane elliptic curve, then the Gromov-Witten problem boils down 
too the Hurwitz problem of counting covers of a Riemann surface. The free ener­
giesgies Fg have been similarly defined, and an explicit expression for the partition 
functionfunction Z := e x p ^i X29~2Fg was given in [Dou-93]. It involves a generalised 
thetaa function, thereby ensuring modular properties of the Fg's. For example, 
FiFi  = -log7/(<jf), and F2 is a linear combination of Eisenstein series [Ru-94]. 
Thiss is to be compared with the GW potential Fx = -^2dndlogT](qd) where 
wee have an additional sum over the homology class of the image curve. Of 
course,, in the case of covers of an elliptic curve, there is no degree to keep track 
of,, and t is the Kahler modulus of the flat torus. Mirror symmetry relates t to 
thee complex modulus r of the mirror elliptic curve, which accounts for its mod­
ularr covariance under PST(2,Z). More generally, Fg is a quasi-modular form 
off  weight 6g - 6. One might then wonder whether our present GW potentials 
enjoyy similar modular properties. 

However,, the occurrence of the nr
d in (2.3.4) and the fact that d is a tuple 

69 9 
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(andd not just an integer) spoil the following naive hope of modular properties: 

d>0d>0 n y 

yieldingg the Eisenstein series of weight 2g - 2. So one wonders if a favourable 
choicee for the integers nr

d and for the summation over d would keep the modular 
properties.. This was indeed the case for part of the results of [HM-95], to which 
wee now turn. 

4.22 Harvey-Moore and the Theta Transforms 

Inn that work, the prepotential for heterotic string theory, which coincides with 
FF00,, was computed by hand. By equating the Wilsonian coupling with the one-
loopp coupling renormalisation (5.1.2), one obtains a differential equation for 
thee prepotential, involving a class of integrals over the fundamental domain. 
Thee integrand can be replaced by the "new susy index", as in (5.2.1), which 
cann be explicitly computed and yields a generalised theta function (or lattice 
functionn for the lattice rn + 2 ? 2) times a modular function, see for instance (5.4.2) 
orr (5.4.4). Thus these are integrals of the form of a theta transform, i.e. of 
ann integral over the fundamental domain of a Siegel theta function times an 
almostt holomorphic modular function of weight — s/2 with Fourier expansion 
F(q)F(q) = J2 c(n, k) g'V-f  fc, q = e27riT, with summation running over n ^ - n0 and 
kk = 0 , 1 , . . ., k0 for some non-negative integers n0 and ko: 

ff (PT 
*,+2,2(y):== / e(r,y)F(r) . 

J?J?  T2 

Thiss is roughly the Howe correspondence, sending automorphic functions F 
forr 51,(2, Z) to automorphic functions $ for 0(s + 2,2;Z) := Os+2>2(£) := 
Aut(rs+2,2)-- In general, F is allowed to be modular covariant at level N (or, 
equivalently,, vector-valued at level 1) and up to a character, to have poles at 
cuspss and even to have rational powers of q in its expansion. For instance, 
thee function l / r 2 is modular of weight (1,1). The theta function of weight 
(s/2(s/2 + 1,1) is defined for an even self-dual lattice r s +2 2 = Ts © (rx 1)2 (with 
8\S): 8\S): 

wheree y lies in the Grassmanian G(s + 2,2) = 0(s + 2,2)/0(s + 2) x 0(2), 
alsoo called the generalised upper half plane Hs+1,1 = M8"1"1,1 + i C^+1,1 for 
thee positive light cone C+ ' . Then y corresponds to a choice of a positive 
definitee 5 + 2 dimensional subspace of Ms+2>2 = rs + 2 j2 <8> M, so that every lattice 
vectorr p can be projected onto left and right (or positive and negative definite) 
subspaces:: p = [PL,PR) with p2 — p\ - p2

R and p\ R ^ 0. Note that even 
thoughh y G H, the function 0 - and hence $ - is actually automorphic under 
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Aut(rs+2,2)) = 0s+2,2(2). In a more general treatment [B-96], 6 also depends 
onn a homogeneous polynomial and its denning lattice need not be self-dual (in 
whichh case the modular properties are recovered by considering vector-valued 
thetaa functions). 

4.33 The Result for the Prepotential 

Inn the easier case where F(q) =:  Y n̂>-n0
 c( n)  ̂ 'ls a m e r o m o rP h ic modular 

form,, [HM-95] have computed the above integral by a generalisation of the 
techniquee of [DKL-91] via "unfolding the fundamental domain". It yields the 
logarithmm of an automorphic product a la Borcherds for the lattice IYn^ : 

2 2 

++ c(0)(-log[-(Scj/)2]-/C), 

withh r the "positive points" of the lattice rs+i , i , p the so-called Weyl vector 
off  the lattice, and /C some insignificant constant. Explicitly, for r = (r,k,l) G 
r s +i , ii  ^ Ts © IYi , the meaning of r > 0 is: k > 0, or k = 0 and / > 0, or 
kk = I — 0 and f in some chosen Weyl chamber. 

Accordingg to Borcherds1 [B-95], if F(q) has weight -s/2 and the c(n) are 
integerss (with 24|c(0) if s = 0), then such a product can be analytically con­
tinuedd to a meromorphic automorphic form of weight c(0)/2 on Os+2,2(2); its 
zeroess and poles lie on rational quadratic divisors ay2 + r • y + c = 0 (a,c € Z). 
Notee that inside the radius of convergence, there are no poles and all zeroes lie 
onn linear divisors r • y + c = 0 ( c € Z ). 

AA second type of integral, l»a+2j2(y)1 in which F(q) is replaced by F(q)(E2(q) — 
—) ,, was also computed in [HM-95] and yielded a similar result containing the 

abovee l o g nr > o ( l - e -2 7 r r y) c ( - r 2 / 2 ) = E , >0 c ( - ^ ) l o g ( l - e -2 ^ ) 

—— — ST->OC(~"Z2_) L i i (e _ 2 i r r y) , together with further polylogs Li2 and Li 3. 
Hencee for the linear differential equation where these two integrals occur, we 

alsoo expect its solution to share the automorphic properties. This solution is 
thee one-loop prepotential; explicitly: 

FF00(y)(y) :=fc<*»(y) = 3g j^ 'W»V-™<<0)«3)-JL- £ C ( " T ) LMe"*" ») 

(4.3.1) ) 
Heree y = (y,T,U) G V.s+hl and y2 = y1 + 2TU. The symmetric tensor dijk 

dependss on the Weyl vector and the particular algebra at hand; it is irrelevant for 
us.. This prepotential was obtained in the context of heterotic compactifications 
onn K3 x T2, with standard embedding yielding a gauge group Ej x SU(2) x 
EsEs x U{1)4 with 388 vector multiplets, 388 being the dimension (of the adjoint) 
off  the gauge group. 

$s+2,2(y)) = - 2 log -2-np-y -2-np-y no-- 27rr-sAc(- r 2/2) ) 

Notee our exponent of -2-xr • y as opposed to Borcherds' 2-nir • y. 
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Inn the particular Z2 orbifold limi t of the i f 3, the massless matter spectrum 
transformss in the following representation of the the gauge group: 

(56,, 2,1) + 8(56,1,1) + 32(1, 2,1) + 4(1,1,1) € E7 x SU(2) x £8 , 

seee [W-87] or the hint in the paragraph containing (5.3.9). These total of 628 
hypermultipletss and 388 vector multiplets are too high to hope for an easily 
describablee CY dual on which to compactify the type IIA theory. For the 
latter,, we need few Kahler moduli, i.e. few vector multiplets on the heterotic 
side,, i.e. a smaller gauge group. 

Thiss is achieved by introducing s Wilson lines for the Eg part of E7 x SU(2) x 
EE88 and fully Higgsing the remainder (see [G2-04]). Here, s is the same as in 
l-il-i 8+1,18+1,1.. [HM-95] considered the cases s = 0 and 8 which yield residual gauge 
groupss of U(l)4 and U(l)12 respectively, with 4 or 12 vector multiplets. 

4.44 Two Cases and Counting Rational Curves 

Forr  the case s — 0, y = (X, [/), c(n) are the Fourier coefficients of Fs=o := 
E^E^/ifE^E^/if44 (which is T% =  times Fs=8 below) and the sum runs over all 
positivee roots r = (k, I) of the monster Lie algebra: I > 0; or / = 0, k > 0. The 
Yukawaa coupling dfjh  ̂ agrees with another expression [AFGNT-95]: 

aa33 Firm--1 (y Vr.*n /3 ^(kT+W) \ _ 1 E^JU)EA{JT)E^T) 
OuW.U)-OuW.U)- ^ y ^C{kl)l i_e-2-(*T+«/)J - 2  ̂ (j(iT) - J(iU)v(iT)^) 

Thiss involves only modular forms in T,U separately and is of weight (—2,4) 
inn (T,U). Note that the SL(2, Z) x 51/(2, Z) symmetry is isomorphic to the 
symmetryy group 50(2,2; Z)/Z2, where Z2 stands for the exchange of T and U, 
andd 50(2,2; Z) is the automorphic group of T2,2- An interesting question is 
howw much of these modular properties are left for the prepotential h  ̂ itself ? 
Thee answer does not look bright a priori, as the usual partial derivative does 
nott preserve modularity, rather one needs a covariant one, as in (CO.60). 

Ass announced, our gauge group has been broken from E7 xSU(2) xE% xU(l)4 

too C/(l)4. The Higgsing involved cost us 133 + 3 + 248 = 384 scalars to give 
masss to the gauge fields in the adjoint (as outlined in the examples of [G2-04]). 
Thuss we are left with 628 — 384 = 244 hypers and 4 vectors, which begs for a 
CYY threefold with /i2'1 = 243 and ft1'1 = 3. 

Suchh a CY X fortunately exists; it is a degree 24 hypersurface in F(l, 1, 2,8,12), 
i.e.i.e. a KZ fibration over IP1 where the K3 is a degree 12 hypersurface in P(l, 1,4,6) 
[KLM-95] .. In this type II A theory on X, which is a model for topological string 
theory,, we see that the prepotential F0 in (4.3.1) has remarkably the shape de­
siredd for counting instantons - recall the L13 from (2.3.4). Then we see that 
thee rational holomorphic curves in the fibres of the CY are parametrised by the 
positivee roots r of the E10 root lattice, and their number is given by c(—r2/2). 

Forr  the case s = 8, to which we turn for the remainder of this section, c(n) 
aree the Fourier coefficients of Fs—s :=  Ee/rj24 - see eqn (5.2.2) - and the sum 
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runss over the positive roots r = (f,k,l) of the Ei0 Lie algebra where r*i s itself 
aa positive element of T$ (the root lattice of Eg). 

Ass announced, our gauge group has been broken from E7 xSU{2) xEgxU(l)4 

too t / ( l ) 1 2. The Higgsing of E7 x SU{2) cost us 133 + 3 scalars. Thus we are 
leftt with 628 - 136 = 492 hypers and 12 vectors, which begs for a CY threefold 
withh h2'1 =491 and h1'1 = 11. The candidate CY X is a degree 84 hypersurface 
inn P(l, 1,12,28,42), again a K3 fibration over P1 where the KZ is a degree 42 
hypersurfacee in P(l,6,14,21). 

Ass before, we see that the rational holomorphic curves in the fibres of the 
CYY are parametrised by the positive roots r of the E\Q root lattice, and their 
numberr is given by c ( - r2 / 2 ). So the only question left is whether F0 (or any 
derivativee thereof) in this case enjoys similar modular properties as in the case 
88 = 0. 

Furthermore,, one is driven to ponder on the following issues: What is the 
relationn between the sum over d > 0 in (2.3.4) and the sum over r > 0 in (4.3.1) ? 
Wouldd the F9 (g > 0) in (2.3.4) enjoy modular or automorphic properties? 
Couldd they also be expressed as a sum over rs + 2,2 or over a root lattice of some 
algebra,, rather than over H2{X, Z) = Zh ' ? If so, what is the relation between 
thee CY X and the lattice of which the positive roots govern the counting of 
holomorphicc curves? Would the nr

d be the (integer) coefficients of some nearly-
holomorphicc modular forms, like in (4.3.1)? 

Wee conjecture that this should indeed be the case. The work of [KY-00] 
shedss some light in this direction. Let us turn to it. 

4.55 Extension of the Moduli Space 
Thee way to convert the general form of (2.3.4) into a modular product a la 
Borcherdss is to generalise Borcherds' liftin g of a Jacobi form $O(T, Z) of weight 
zeroo for a positive definite lattice to a liftin g of a form $0(T,Z,\) defined on 
aa Lorentzian lattice T. This extension comes along with the extension of the 
modulii  space to include the string coupling constant A next to the moduli tf. 
HH22{X,{X, Z)eH°(X, Z). The crucial idea in [KY-00] is to rewrite the GW potential 
ass a sum over Hecke operators Vi acting on $o: 

FF = YJ>?9-2F9(qi) = YJ>?9-2F9{P^z) = Y,Pl *o|v, (r,z,A) , 

i.e.i.e. to absorb the parameter A into the lattice and to express Fg using variables 
(p,r,z)(p,r,z) instead of the tuple #, = eli. The new lattice is defined to be T := 
QQww(m)(m) (B (-2) where Qy is the coroot lattice of a simple Lie algebra g and 
QQvv(m)(m) = (Qv,m( , )). The lattice T* contains points (iy,j) which will be 
multipliedd with the variables (z,\) € Tc to yield e2**(7-*+jA ) _. <py i n t h e 

Fourierr series to follow. Let also q :=  e2ntT. 
Too further understand the procedure, we give here concrete formulae: Let 

0-2,mm De a nearly-holomorphic Jacobi form of weight - 2 and index m, invariant 
underr the action of the Weyl group of 9. The function ($i(r, A)/r/(r)3)2 is itself 
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aa weak Jacobi form of weight -2 and index 1. We define $0 and its Fourier and 
Taylorr coefficients as follows: 

TI(T)TI(T)6 6 

$O(T ,Z ,A)) := -0-2,m(T,* ) 
i?i(r,A)2 2 

nn ̂  — n0 

(->,j)er* * 
oo o 

== : - ^ A 2 ^ V 2 , - 2 , m ( T , z) 

Thee ^25-2,m(T, z) are quasi Jacobi forms of weight 2g-2 since the A-expansion 
off  \/d\ has (quasi) modular forms as coefficients. 

Thenn one can check that 

$o|v,, (r, ^, A) = - £ A2»"V 2,-2,m Iv, (T, z ), (V / ^ 0) 

whichh allows us to express Tg directly in terms of the 929-2,m'-

TTgg{p,T,z){p,T,z) = ^2pl <P2g-2,m\v,(T,z) 

l>0 l>0 

(l,n,y)>0 (l,n,y)>0 

(4.5.1) ) 

wheree (/, n, 7) > 0 means f > 0 or / = 0, n > 0 or / = n = 0, £ > 0, and the cg 

aree the Fourier coefficients of if2g-2,m'-

¥2g-2,m{T,z)¥2g-2,m{T,z) = : ^ C s ( n , 7) tfV • 

AA similar action of the Hecke operators is valid on any Jacobi form $k of weight 
A:: : 

00 0 

Y,PY,Pll **|v,(r,2,A) = Y, DVn>yJ) Lii-*(?VCV) , 
' = °° (Z,n,T, j )>0 

moduloo constant terms. The benefit of having chosen $0 of weight 0 is that the 
Li ii  is but a logarithm, and the partition function can thus be expressed as an 
infinitee product: 

2(<7,r,z,A)) = e^ = e x p £ A2 * - 2 . ^ ~ J ] (1 - p V c V ) D ( ' n ' 7 j ) 

S^00 (i,n/),jf)>0 

moduloo the Weyl vector. Recall that p = e2nia, q ~ e2niT, £ = e2niz, 1/ = e2*** . 
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4.66 Mapp ing the Moduli </,- to (u,p,q,() 

Thee question arises as to how do we map the tuple q\ = eli to the variables 
(p,T,z).(p,T,z). We now carry this out for the special case of a CY threefold X that 
cann be realised both as K3 fibration over P1 and as an elliptic fibration over a 
surfacee W2. We choose our simple Lie algebra g with coroot lattice Qv to be 
off  rank s = h1,1^) — 3 and such that the Piccard lattice of a general K3 fibre 
iss isomorphic to T i j (B Qw(—m) for the even self-dual Lorentzian lattice IY i 
off  signature (1,1). In other words, we need three more variables next to the 
latticee variables £7 to correspond to the Kahler moduli t\,... ,thi,i of X. Let 
thosee three be u,p,q, where u := eh is new here: it is related to q\ = ef l and 
wil ll  become redundant in the limi t of large base P1 (i.e. t\ —> oo). This is why 
uu does not appear in the argument of Ta = Tg(p,T,z). We furthermore assume 
thatt t](T)24(p-2,Tn(T,z) is a Jacobi function of weight 10 and index m, equal to 
—2Et[E§—2Et[E§ at z — 0, and such that co(0,0) = —\{X). 

Thee precise mapping between the ij's and (u,p, q, Q was suggested by [KY-
00]]  as 

<ii  = l o g u - l o g g, 

tt22 = logp-\ogq, 
tt33 = \ogq-{jo,\ogQ, 

tti+3i+3  = (A i } logC), (i = l , . . . , s ), 

forr 7o some positive weight and A* (i = 1 , . . ., s) the fundamental weights of g. 
Thus s 

tt _ et-d __ etidietïd2et3d3eY.i *3 + id3 + i 

== (wdl^ dl)(pd2g-d2)(gd3C" 7od3)(CE' Aid3+l ) 
—— udi d2(j—di-d2+d3A-yod3 + J2 A;d3+i 

andd as u —> 0, only d\ — 0 contributes, and thus the identification is: 

jj ))dd22dd33-d-d22 f 7003 + 52 Aid 3+i ^ J n n 

Whenn summing over d > 0, i.e. over all e ,̂ • • •, di not all zero, we see that the 
followingg three cases occur: 

// > 0, and n, 7 arbitrary, 

// = 0, n > 0, 7 arbitrary, 

// = n = 0, 7 > 0. 

Thesee are just the conditions (£,71,7) > 0 that we needed, as in (4.5.1). In other 
words,, we have attained our goal of rewriting F9 in (2.3.4) as a sum over positive 
rootss of a lattice T i j © (Qv )*(^) - At least, this is what [KY-00] conjectured: 

FF gg = T9 ( 0 2). 
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(pluss extra constant terms at g = 0,1 
mainn conjecture for the partition function: 

TpconstTpconst ipc lstlst).). This translates into their 

Z(Z(gigi,\),\) = Z{<J,T,Z,\) - exp (x" 2F0
c o n s t+ Ff°mt) I II  (i-PlQnCyj)D{ln' lj) 

(l,n,-r,j)>0 (l,n,-r,j)>0 

withh (/,n) € T i j , (7, j) € T*. This is a modular product a la Borcherds 
forr the lattice T^i © T*, with the only difference that T here is a Lorentzian 
latticee instead of a positive definite one. The term in the exponential is then 
thee corresponding Weyl vector. The vector v = (a, r, 2, A), such that e2niv :~ 
PQCU,PQCU, would then be element of the Grassmanian corresponding to the modular 
product.. Would this be 0(s + 2, 3) ? 



Chapterr 5 

Thresholdd Corrections for 
Heteroticc Orbifolds 

Thiss crowning section is rather intricate, both mathematically and physically. It 
aimss at bringing together the different objects touched upon in the two previous 
sections,, as well as giving the details for some computations that we left out. 
Thus,, we shall come back on the "new susy index" (3.3.2), explain our explicit 
valuess for the K3 elliptic genus CK3/V3 in (3.2.1) and for the functions F(q) = 
J2J2ccii nn)Q)Qnn m section 4.3. In fact, the latter are nothing but results that pop up 
inn computations of threshold corrections. 

Thesee are upper-half-plane integrals and are presented in (5.1.2) of the first 
subsection,, including a gauge theory factor which we shall neglect until the very 
lastt subsection. 

Ann explicit expression, Tio^Ee/ii24, for the integrand of the threshold cor­
rectionn (5.1.2) is given in (5.3.8), after a direct but cumbersome calculation via 
thee orbifold partition functions of section 5.3 for K3 x T2 (we assume famil­
iarityy with partition functions for bosons/fermions on several compactification 
spaces).. The same expression can be obtained after first re-writing the original 
integrandd (5.1.2) as the "new susy index" (5.2.1) and then evaluating the latter 
inn the particular case of K3 x T2 to obtain (5.2.2). 

Thuss our presentation can be summarised in the following commutative di­
agram: : 

/EE , 2) (5 o i) 1-loop threshold new susy 
correctionn index 

Orr het. orb. 
part.. fct. 

onn T2XK3 
right:: —2i 

-- left: ell. genus 
(5.3.8)) = (5.2.2) r 2 , 2 ^ = 8z r 1 0 , 2 ^ 

Thee last subsection 5.4 finally incorporates the gauge theory factor of the 
integrandd of the threshold correction. The results there are just the functions 
F(q)F(q) or F(q)E2 used in the integrands of section 4.3 that yielded the infinite 

77 7 
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productss a-la Borcherds. Similarly, the K2> elliptic genus CJO/V3 OI" (3-2.1) will 
bee seen here to yield E^E%jr\2  ̂ as in (5.3.8). Thus this chapter connects a good 
partt of what we introduced previously. 

5.11 Effective Field Theory and One-Loop Thresh­
oldd Corrections 

Thresholdd corrections to coupling constants are the differences between calcu­
lationss in two separate frameworks: the fundamental theory (or field theory, 
FT)) and the effective field theory (EFT). The latter takes only light states into 
accountt (the massless NS-NS fields G v̂, B l̂v, 0) and computes correctly in the 
low-energyy range, i. e. up to energies neighbouring the masses of the heavy states 
(whichh occur at the scale of the string length). At tree-level, it computes the 
on-shellon-shell scattering amplitudes for light states up to terms that vanish by the 
equationss of motion, i.e. it integrates out the heavy states. The FT on the other 
handd takes both light and heavy states into account; so the difference between 
thee FT and EFT result is precisely the contribution from heavy states that the 
EFTT misses out. This contribution should be added to the loop-expansion in 
thee EFT and is called the threshold correction A,. The subscript i refers to the 
gaugee group for which we compute the gauge coupling. 

Att tree level, the gauge coupling constant is equal to the string coupling. 
Denotingg the one-loop correction by A,, we have to one-loop order: 

\\ =  + A{, (5.1.1) 

Thee constant k{ is the central element for the left-moving algebra which gener­
atess the gauge group G{. Since Gi is non-abelian, we set kt•, — 1. The threshold 
correctionn itself can be computed for an N=2 heterotic compactification on 
K3K3 x T2 to be (see [G2-04] for a sketch) 

W,S(w£<-''"*(* 1)M<''-&]« 4 4 
(5.1.2) ) 

Thee subscript i refers to one of the several factors of the gauge group, while 
"even""  spin structures means {a,b) ^ (1,1) («, b = 0,1). The constant bi is 
calledd the beta function coefficient and represents the constant term of the 
(^-expansionn of the integrand (see also appendix E of [G2-04]); subtracting 
itt renders the integral IR finite. Note that we have suppressed for conve­
niencee the factors of q in the trace: the proper expression should contain also 
Cint[£]]  := tr ( - l ) 6 j o^o - ^g£o - | ^aj f o r the (c,c) = (22,9) internal theory, where 
Joo coincides with the right-moving fermion number FR. The notation [£] stands 
forr the spin structure, see also (5.3.5). 
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5.22 Threshold via New Susy Index and K3 El­
lipti cc Genus 

Ann alternative way of writing the integrand (5.1.2) is as a "new susy index" 
(3.3.2)) (see again [G2-04] for a sketch of this derivation) 

167T5 5 

9Ï 9Ï 
== vL^{TvR' int (^-^V 0-** ^ Ql-Ql- ki 

47TT' ' 
-bi -bi 

(5.2.1) ) 
withh the usual group theory factor in square brackets. Indeed, this was the 
startingg point in [HM-95]. 

Thee computation of this new susy index is quite different for the left- and 
right-movingg sectors. In the right-moving sector, the algebra factorises into 
thee direct sum of a c = 3 N=2 SCA and a a c = 6 N=4 SCA, which simpli­
fiesfies considerably the computation of the new susy index: the result is a mere 
constant,, —2i, thanks to the equal but opposite contributions of vector- and hy-
permultipletss towards J n ( - l )Jo (see [HM-95] or section 10.5 of [G2-04]). In the 
left-movingg sector, the new susy index enters in the form of the above elliptic 
genuss tTR (—l)Jo+JoqA, to which we now turn. 

Forr the left-moving sector, we have to evaluate the K3 elliptic genus and find 
thee proper partition functions. In our compactification on T2 x K3, we shall use 
bosonicc formulation for one of the E$ gauge groups and fermionic formulation 
(withh sixteen left-moving fermions) for the other. The gauge bundle is a direct 
summ of a bundle on X2 and one on K3, with flat connection or a.s.d. connection 
respectively.. We choose to couple 12 fermions with the former connection and 4 
withh the latter, so as to obtain the desired (c, c) = (6,6) heterotic sigma model 
onn K3.1 The partition functions for the former fermions on X2 are the familiar 
tiifri,tiifri,  i — 1,2,3,4 for the NS/R sectors with/without ( - 1 )F insertion. The 
partitionn functions for the latter fermions on K3 are the elliptic genera $ of 
(6.3.2).. The bosonic realisation of the other E$ factor yields the familiar theta 
functionn Tg/r/8, which we join with the I \ 2 lattice of X2 to obtain TIO^/J?1 2-

Takingg into account the — 2% from the right-moving sector, and summing over 
alll  worldsheet boundary conditions of the left-moving sector, we obtain for the 
wholee "new susy index" of the internal theory: 

t r RR Jo eiMJo-Jo)qLo-cmQL0-c/24 

Mnn general, (16 — 2n) fermions on T 2 plus 2n on K% gives a (c,c) = (4 + n, 6) model. 
Hencee each fermion coupled to K3 increases the left-moving central charge by 1/2. We have 
nn = 2. 
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hence e 
t r RR Jo ei*Vo-J0)qLo-c/24qLo-c/24 = g-  ̂ ^ ^ ^ 

wheree we noted that the last bracket is but Y^i^j $1^ w i t n a minus sign if 
2i2i +j>8,  which is just -2E6 by (CO.51). 

5.33 Threshold via Heterotic Orbifold Part i t ion 
Function n 

Wee will now derive the same result for the "new susy index", but this time 
startingg from the expression (5.1.2) for the partition function 

ZZhh
DD%% = — ^ f J2 (-l)»+>+«& ffl  CintE] (5.3.1) 

'' ' a, 6=0 ' 

withh the appropriate internal contribution Cjnt[£] = trin t (-l)bJ°qAqA[%],  but 
stilll  without the gauge theory factor with the Casimir operator. It i s encour­
agingg to see the alternative result (5.3.8) agree with (5.2.2). 

Thee internal contribution consists of the partition functions for the T2 

bosonss {r2,2(T,U)/ifrf) and fermions (  £0 i 6( - l ) a + 6 + o 6#[£] /»7), for the K3 
bosonss and fermions, as well as for the gauge bundle and its two E8 factors 
whichh we take in the bosonic realisation ( r8 / ^ 8 — E4/TJ8) and fermionic realisa­
tionn ( | X]7la tf8[]]A; 8) respectively. Since the partition function (or the elliptic 
genus)) is a topological object, it does not depend on the hypermultiplet moduli, 
soo we will choose a limi t for these moduli where the K3 surface is described 
byy a Z2 orbifold breaking the gauge group to Eg x E7 x SU(2). This has a 
well-knownn partition function for the bosonic (4,4) blocks: 

(5.3.2) ) 
wheree the lattice function depends on the metric Gij and the B-field B^: 

^ f̂fff - Z , — ^ i ' PL,R := -M^m3 + (BJk  GJk)nk) 
m,n£J.m,n£J.44 * 

Vdett G ^ / 7T . _ \ 
== {ffinijy  ^ e xp I ~ ^ G i j + Bi^mi + n*T)(mJ +  ni f)j 

m,n£Zm,n£Z44 ' 
(5.3.3) ) 

withh p\ R the inner product w.r.t. the metric, i.e. pl
L RGi3rfL R. (Note that 

ourr metric G  ̂ has absorbed a factor of Rt (orbifold radii) compared to other 
conventions.) ) 
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Similarly,, the compact KS fermions (ti2/fj2) are twisted in the (4,4) blocks: 
#[£+/lMfc^ /l]/*?2-- Additionally, the orbifold projection on the fermionic E8 factor 
wil ll  correspond to a sign change for the doublet of the SU(2) subgroup of 
#88 D E7 x SU(2). Note that the adjoint decomposes as 

248->> (133,1)+ (1 ,3 )+ (56,2) £ E7 x SU{2), 

andd that the projection acts on the SU(2) representations as 3 -> 3, 2 -» — 2. 
Thiss entails that two of our eight complex fermions are twisted by the projection 
andd this part of the partition function reads then 

ii  £ tfg:>C:,VBl_ (534) 
7,(5=00 ' 

Thee other E8 factor (the bosonic realisation with T8) is not affected by the 
projection.. The full partition function for the internal theory is the product of 
alll  the above-mentioned parts: 

Cintt — 
j , / i = 00 ' 

11 vU ^Wz>Ts] 
99 L „8 

" WW 2 ^ - n 2g^o — n 
(5.3.5) ) 

x x 
22 t 7,0=0 0 

Inn (5.3.1) or implicitly in (5.1.2), Cint[£] is just the above with 

Notee that the term in (5.1.2) with the r-derivative includes the non-compact 
fermions.. We will combine these with the T2 and K3 fermions and sum over 
theirr spin structures: 

evenn v 

1 1 

24fj24fj4 4 -v\)m-v\)mhh
99w-w-hh

99]-]--(tfJJ + ^)^[J +W_-h 

++  (ëi + tii)mï+Mï 

wheree we have used (C.0.30) and (C.0.11); and the use of (CO.12) will convince 
thee reader that whatever the combination of g and /i, the square brackets yield 
-122 f f ^ [ ! l j ] 2( - l ) 1 + / l . In particular, this vanishes for (g,h) = (0,0). 

Iff  we multiply it with the K3 bosons and the uncompactified bosons (l/rff)2 

forr two transverse bosons in the LCG), we obtain, noting that $[\Zg](-l)1+h = 

vv2 2 

«GÖWliïPP ( M ) / ( ° ' 0 ) - (5A6) 
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Takingg further into account the remaining E$ fermions with orbifold projection, 
andd summing explicitly over the g, h blocks of the orbifold: 

T]T] 88 4 ^ /-—t i9r1+'ib9r1~/ii 
'' (h,g)^(0,0) a,b=0 uil+gi u\.l-g\ 

r/84VV tij d\ d\ ) 

^14 4 

(5.3.7) ) 

wheree the last bracket yields -2 E$ according to (CO.51). 

Finally,, combining the non-projected E8 bosons with the T2 bosons gives us 
thee lattice function r1 0 i 2/^ 1 0r ] 2, and we obtain for the overall expression of the 
integrandd of (5.1.2) without the gauge theory factor: 

- 11 1 
47T22 Tj2ff B-l>' +'4* «« * ( f 1 ) C^}=r-^  = r2,2^. (5.3.8) 

Thiss is just the "new susy index" (5.2.2), obtained in a different approach (SCFT 
forr a sigma-model) but with the gauge bundle still split into one factor with 
bosonicc realisation and the other with fermionic one. Thus our explicit example 
off  T2 x 7 3̂ with its two independent calculations is a verification that the 
integrandss of (5.1.2) and (5.2.1) are indeed the same! 

Too give a feeling of the information content of these partition functions about 
thee orbifold theory at hand, we show how the massless spectrum can be arrived 
at.. We use the partition functions in (5.3.5) and claim that the twisted sector 
containss the massless states 8 (56,1,1) and 32 (1,2,1) in the E7 x SU(2) x E8. 
Thee remaining (56,2,1) +4 (1,1,1) are in the untwisted sector. Now the twisted 
sectorr in (5.3.5) corresponds to h = 1 and the bosonic part of it is given by a = 0 
(forr which we have $3,^4, i-e. half-integer powers of q, i.e. the NS sector). The 
right-movingg fermions (including two non-compact transverse fermions rd\^\/rf) 
givee us 

•^pWW*•^pWW* + $W2) (g = 0 and g = 1 resp.). (5.3.9) 

Usingg this expression, we look at the lowest powers (massless states) in the full 
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partitionn function 

99 H 9 5Z Z4,4[J] ö X / " = 
22 ^ ^  2 

a=0 ,66 £, / i=l 7,<5 5 

^ iv^s+^S)++öiM 4{n0ii  - nn) 
== i 2491/2(1 + • • •) V 4 ( l + • • •) [V/ 4(16£1/2 + • • •) 

== 2 1 V / 2 + " -

Soo we have 210 twisted massless scalars, which is the bosonic content of 29 

twistedd massless hypermultiplets, which is just 8 • 56 + 32 • 2 as expected from 
thee spectrum. 

5.44 Examples of Threshold Corrections 

Inn section 5.3, we devised a convenient way for calculating the integrand of the 
one-loopp threshold corrections, by combining the ingredients of the partition 
functionn of the heterotic orbifold compactification. We will now proceed to 
incorporatee the gauge theory factor, that is the trace of the Casimir operator 
orr the square brackets in (5.1.2). 

Lett us go back to our N=2 Z2 orbifold T2 x K3 of section 5.3 with gauge 
ki ki actt on the three factors of the groupp E8xE7xSU(2). We shall let Qf - 4 i r r2 

gaugee group separately, by replacing Q2 with (2^ )2 |v > = 0 acting on the character 
XR(XR(VVJ)J) °f  t n e corresponding factor. That is, we first write the character with a 
v-dependencee and then differentiate twice w.r.t. only one of the Vj, say v\. For 
instance,, the E& character is XES = T8/T]8 = EAfrf = (tf§ + #f + ti\)l2rf, and 
withh ^-dependence it becomes 

XEXEt t ,M,M = UU^M UU^M (5.4.1) ) 
,6=0 0 

Whenn acting with (j^)2\Vj=o — j^r > the operator on the left can be replaced 

byy J-<9r, see (CO.26), with an extra factor of 1/8 since the other theta functions 
aree now also affected by the dT. Taking out this factor of 1/8, we are left with 
thee covariant derivative D4 of (CO.58), and the whole expression is, by (CO.60): 

{{2m2m}} U>=° 4-KTo 4-KTo 
XEs{Vj) XEs{Vj) 

E2E2 E 4 — E§ 

122 r?8 

Sincee all other factors of the gauge group or of the internal partition function 
remainn the same, we simply ought to replace the T%/rf factor of (5.3.8) by the 
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abovee result, and the complete threshold (5.1.2) is: 

AT T ff f l 11 -̂  EOEAER — ER 

~Ï2r^^  V +6° (5.4.2) ) 

wheree we bear in mind that, as before, the lattice function T2,2 depends on the 
toruss moduli: T,U £H. We note that the (nearly) modular form in the fraction 
hass a Fourier expansion starting with 720 + . . ., that r 2 2 starts with 1 + . . ., 
soo that dividing by —12, we do indeed obtain —60 as the constant term. This 
agreess with the beta function coëfficiënt ö#8 of the corresponding orbifold (see 
appendixx E.2 of [G2-04]). 

Similarly,, for the threshold corresponding to the E-j factor of the gauge 
group,, we exchange the roles of the bosonic and fermionic Eg partition functions. 

Thatt is we keep Tg/r/8 unchanged and let 

characterr (5.3.4) with v\-dependence: 

9nn \2 
22 Tri ru. ru. 

XEAVI)XEAVI) = 7j^2 

ii i 
mMnmttMt mMnmttMt 

4TTT4TTT2 2 
actt on the £7 

(5.4.3) ) 
a,b a,b 

Wee remember from (5.3.7) that these were combined with ff jdd of (5.3.6) and 
summedd over g, h to yield EG. This is basically a product of 12 theta functions, 
off  which only the first wil l have the v\ dependence, so that we can replace the d% 
byy j^dT to have D$ E6, again according to (CO.26). The covariant derivative 
yieldss E\ — E2 EQ, and combining this with the remaining toroidal bosons r2,2 
andd Tg/iy8, we obtain the desired threshold corrections: 

A, , ff dzr 11 ^ E2EiE§ — EA 
• II  c 

12 2 
2 , 2 ' ' 84 4 (5.4.4) ) 

wheree the fraction has a Fourier expansion starting with —1008 + . . ., which 
yieldss 84 when divided by 12. This again agrees with the beta function coëfficiënt 
&E77 of the corresponding orbifold. 

Notee that (5.4.3) contains also the character for the SU(2) subgroup; so that 
iff  we were to compute the trace of the SU(2) Casimir, we would obtain the same 
resultt for the threshold and consequently for bSu{2)'- 84, also agreeing with the 
tablee of beta-function coefficients in appendix E.2 of [G2-04]. 

Itt is interesting to note that the difference of our two thresholds can be easily 
computed:: recalling that r/24 = A = (E% - EQ)/1728, we evaluate the integral 
usingg the trick displayed in [DKL-91] ("lattice unfolding technique"): 

ff (PT 
A E 88 - A E7 = -144 / — ( r 2 > 2 - 1) = 144log (47r2T2L/2|77(7>(t/)|4) , 

JTJT T 2 

whichh scales as ~ T2, i.e. as the volume of the torus, in the decompactification 
limit . . 
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Thee above case of N=2 orbifold is closely related to the N=l orbifold where 
wee introduce a second Z2 twist to obtain a Z 2 x Z 2 orbifold with gauge group 
Egg x EQ x U{\)2. However, the construction is independent of the untwisted 
modulii  (Ti,Ui) of the three twisted 2-planes, and the threshold corrections are 
nott affected by this N - l sector. So the threshold corrections carry over from 
thee N=2 sectors (only one 2-plane twisted): AEg is as in (5.4.2) and AEe as in 
(5.4.4).. Consequently, the constant term of the whole integrand is 3/2 of what 
itt used to be (3 for the three 2-planes and 1/2 due to the extra Z2 twist). 

Wee easily understand this for the E$ factor: since all matter multiplets are 
neutral,, only vector multiplets contribute to the beta function coefficient, and 
thee same proportion of 3/2 is found by comparing the beta function coefficient 
forr N=2 and N=l vector multiplets: -6 /12 and - 3 /4 (see [G2-04]). 

Thee reader will wonder what the above explicit expressions for one-loop 
thresholdd corrections to gauge couplings have to do with the Gromov-Witten 
invariantss we started with in the first chapter. The answer was in fact already 
givenn in section 4.3: these threshold corrections A; occur in an ODE for the 
prepotentiall  F0, i.e. the genus-0 GW potential. The resolution of the integrals 
overr the fundamental domain yield polylog expressions that can be reorganised 
ass in (4.3.1). This convenient sum allowed [HM-95] to extract the coefficients 
C ( - T £)) and attribute an enumerative meaning to them, as GW invariants often 
have. . 
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Chapterr 6 

N =44 Characters in Gepner 
Modelss and Ellipti c Genera 

Thiss chapter leaves the subject of topological strings, Gromov-Witten poten­
tialss and heterotic string partition functions behind, and focuses on the elliptic 
genuss and its decomposition into 'orbits' NSj. The latter are themselves linear 
combinationss of characters ch^s(r, z) weighted by modular functions -FJ(T) (not 
too be confused with the GW-potentials Fg). We review the properties of char­
acterss of the N=4 SCA in the context of a non-linear sigma model on K3. We 
shalll  show how they are used to span the 'orbits', and how the orbits produce 
topologicall  invariants like the elliptic genus. We shall derive the same expres­
sionn for the K3 elliptic genus using three different Gepner models ( l 6, 24 and 43 

theories),, detailing the orbits and verifying that their coefficients Fi are given 
byy elementary modular functions. 

Afterr recalling the background of the material, we recall in section 6.2 the 
N=44 characters for the c = 6 SCA of the non-linear sigma model with KZ tar­
gett space. We also show how massless and massive characters are used to span 
thee orbits, without yet detailing the construction of these orbits. The subse­
quentt section is an expanded version of the results of [EOTY-89] on topological 
invariantss for K3 based on computations with the orbits. 

Thee original results and the crux of the chapter lie in sections 6.4, 6.5 and 
6.6,, where we reveal in detail the orbits for the 16,24 and 43 Gepner models 
respectively,, compute the functions Fj and develop several lemmas on theta 
functions.. The last section, no less original, studies Gepner models of mixed 
levels,, like 1322, 144 and 1242 - the first of which is a toroidal model and the 
otherr two are K3 models. 

Inn section 6.4, we also explore a certain function a(r) which is essential 
inn [BBG-94] for deriving Ramanujan identities. In particular, we study the 
function n 

ii  V(- l ) " (6n+l)S ( 6 n + 1 ) 2 / 24 

87 7 
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forr k — 1,2,3,4 (Prop. 6.4.15 and thereafter), and relate sums of cubes of theta 
functionss to a single theta function (lemma 6.4.11). 

6.11 Background 

Inn the mid eighties, many efforts were deployed to find the characters of the 
N—22 superconformal algebra (SCA), culminating in the work of [RY-87,G-88]. 
Thee N=2 characters are defined by tr qLo-c/24yj0 wj^] 1 £Q ,̂he Virasoro operator 
andd Jo the £7(1) charge.1 They fall into two classes: those for continuous central 
chargee c > 3 and those for discrete c < 3, namely c = 3k/(k + 2) with k being 
thee level. 

Inn the first class, the characters for massive representations are proportional 
too rdz{z)/rf' (in the NS sector), while those for massless representations have 
ann extra denominator of 1 + ySIgn(rn)glml~1/2

j where m is a quantum number 
labellingg the conformal dimension h and the U(l) charge Q. Unitarity constrains 
(h,(h, Q) to lie inside a polygonal domain of the plane. Massless representations 
aree those hitting the unitary bound, i.e. with (h,Q) on the boundary of the 
polygon.. Massive representations are those with (h,Q) in the interior of the 
polygon;; they have vanishing Witten index. 

Inn the second class, with discrete c < 3, the characters are spanned by theta 
functionss and the coefficients are the mysterious string functions of [KP-84]. 

Inn the late eighties, characters for the N—4 SCA were also unravelled [ET1-
88].. The N=4 algebra contains an affine su(2) Kac-Moody subalgebra of level 
k,k, and the central charge of the SCA is c = 6k. For k = 1, the massive 
characterss are proportional to d^{z)2/n3 (in the NS sector), while the massless 
characterss have again an extra denominator. For higher level k, the characters 
havee an additional factor of x[-i > which denotes the su(2) affine characters 
(orr a slight deformation of them in the massless case) with / being the isospin 
quantumm number, 0 ^ / < fc/2. Unitarity requires h ^ / (NS sector) and 
masslesss representations hit this bound. Massless N=4 characters were found 
too be expressible as Ylv Ai^x  ̂ for some branching functions A[j<,  and even 
expressiblee as an infinite sum of N=2 characters taken at double or triple points 
(thesee are special points in the (h, Q) plane). 

Thiss correspondence between N=2 and N—4 characters was furthermore en­
hancedd in [EOTY-89], where Gepner models were used to write N=4 characters 
-- or rather orbits - as tensor products of several characters of the N=2 minimal 
theories.. Then finite sums over these orbits NSj or Rj yield the traces for the 
N=44 characters, modular invariant partition functions, elliptic genera, or other 
topologicall  invariants like 

**  = C ; (-1) v°-c/2V° = X > NS; RJ 

1Wee use the common variables q = = e27 r tr and y = e27r12 where z keeps track of the t / ( l ) 
thetaa angle. 
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forr some combinatorial factors ZV Since these objects are topological, they 
shouldd not depend on the particular Gepner model at hand. Gepner models are 
speciall  points in the moduli space of K3 surfaces [NW-99] where the above trace 
factorizess into a product of NS and R orbits. That is, we only go to points where 
thee formula holds. At different such points, we have different sets of orbits NS; 
andd of coefficients Di. Moreover, each orbit should be expressible as a sum of a 

masslesss and a massive N=4 character: NSi(r, z) = ch (r, z) + Fi(T) ch (r, z). 
Inn the context of KZ compactifications, the non-linear sigma model has 

centrall  charge c = 6, thus the su(2) subalgebra of the N=4 SCA has level 
kk — 1. In the following, we shall give explicit expression of the functions F,-(r) 
inn the case of the l 6 and 24 theories (and lay the cornerstone for the 43 theory) 
andd find that they are essentially given by quotients of Dedekind 77 functions, 
thuss reflecting the modular nature of the characters and topological invariants. 
Wee also derive the expression for <£ in both theories and gather on the way 
usefull  results on theta functions and other tools of analytic number theory. 

6.22 N =4 Characters 
Wee first write down the characters of the N=4 SCA with central charge c — 6 
andd level k = 1, i.e. corresponding to a sigma model with K3 target space. We 
givee here explicitly the characters of the NS sector, and refer to spectral flow 
forr their counterparts in the R sector. They depend on two variables, q = e27ur 

andd y = e2* tz for the modular parameter and the U{\) theta angle respectively. 
Representationss are parametrised by highest weight h and isospin / and unitarity 
impliess h ^ / (NS sector). Our N=4 SCA is the enhancement of a N=2 Gepner 
modell  by adding SU(2) currents J , and the latter's characters are defined by 

c h N S ( r , z ) : = t r N S ^ - / 2 4 ^ ^ 

6.2.11 Th e Characters 

Wee rewrite the familiar expressions of [ET1-88] for N=4 characters in a more 
usefull  parametrisation. There are two kinds of characters: we denote massless 

-- NS 

characterss (with isospin /) by cfy (r, z) and massive ones (with highest weight 
h)h) by ch™(T,Z). 

Masslesss representations saturate the unitarity bound: h = / and / = 0, \: 

V.NSS 03(3) V- n2/2-l/8 n 1 (WZA\ h (WZ)Y 

(6.2.1) ) 

with h 
qqnn22/2-l/8 /2-l/8 

hd{T):hd{T):~~ r^32ll  + qn-l/2 
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Thee above equalities follow from the fact that the left hand sides are so-called 
thetaa functions of characteristic (0,0; — 4iri, —2-nir) of degree 2 (see appendix 
DD below), hence can be spanned by "0\(z)2 and $3{z)2. The coefficients are 
obtainedd by evaluating the l.h.s. at z = ^~- and z = 0 resp., bearing in mind 
thatt M1^) = 0 and 0,(0) = 0. For z = , note that the term (1 - q°) in 
thee product expression of t?3(^yL) cancels the denominator of the n — 0 term 
off  the sum, yielding 2q~1/4 and —q~lfA for the left hand sides. 

Massivee representations are simpler and exist for h > 0 and / = 0: 

c h N S = g f t - l / 8 ^ ( ^ __ ( 6 2 2 ) 

Spectrall  flow yields the R character (idem for massive characters): 

diJV,*)) = yfl* chf, (T,Z + f). (6.2.3) 

Thuss for instance, the Witte n index is given by 

i RR , ,, ,M ^N S, i-u^ f - 2, / = 0 

1,, / = £ 
// = tTR ^o -c /24( _1 } F = ^ _ / ( T i 1 j = _9l / 4 C ^ S ( T )  ̂ = I 

sincee t M ^ r 1 ) = 0 and i? i ( i i i ) = q 1//8i?3. For the massive characters, the 
Wittenn index vanishes: ^i1^) = 0 in (6.2.2). 

6 .2 .22 T h e O r b i t s 

Thee non-linear sigma models on K3 have three kinds of NS "orbits": graviton, 
masslesss and massive orbits. Their construction will be detailed in the explicit 
computationss below, sections 6.4, 6.5 and 6.6. For now, we only need to know 
thatt they can be spanned by massless and massive N=4 characters. The graviton 

-- NS 

orbit,, for example, contains the massless character ch0 and a sum of massive 
characters s 

Y >> c hf = ( 5 > « " ) ch j s =: Fl(r) ch0
Ns. 

Thuss the graviton orbit has coordinates (1, i*\ ) in the basis {ch0 , cho }• Simi­
larlyy for the other orbits. From the examples of the next sections, it will appear 
thatt the massless orbits have always coordinates (1, Fi), and the massive orbits 
havee coordinates (0, Fj) (hence the name!). We use the subscripts l,i,j  for the 
differentt orbits: 1 for the graviton orbit, i — 2 , . .. ,d for the massless orbits and 
jj  = d + 1 , . . ., d+d' for the massive orbits. Writing the N=4 NSj characters (for 

thee three kinds of orbits) in the basis {ch0 i , dig }  defines the functions F((T) : 

NS!(r,* )) = d i o V , * ) + F!(r) ch^O-,*) 

NSi(r,z)NSi(r,z) = chT(r,z) + F^T) ch"s(r, z) (6-2.4) 

NS,(r,z)) - Fi (r)chJr s(T,z) 
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Thee set of functions F{ is determined by the particular Gepner model under 
study.. Spectral flow generates again the Ramond counterparts, Ft;, and subse­
quentt ( — \)F insertion - denoted by a prime yields the Witten index of the 
orbitt (non-vanishing for massless characters only): K\ — I\ = — 2, R'- = 7t = 1, 
R'jR'j = 0. 

Thee action of the modular group transforms all these orbits into each other. 
Forr instance, the S-transformation defines a real matrix Sijm. 

NS*(r,* )) = - $ > , • NS;( - i , ^ ) e~  ̂ ^ . 
3 3 

Definee D{ := S ^ / S ^ i, which are combinatorial factors of tensoring represen­
tationss when using a Gepner model. For instance, in the l 6 theory: D, = 
(1,20,270,30).. Using Z^, we form the modular invariant partition function for 
thee KZ er-model: 

,, d+d' 

Z(r,f;zrz)Z(r,f;zrz) = tTqL°-*qLo-*yJ°yJ° = - ^ A (|NStf + iNS f̂2 + |R*|2 + |R;:|
2) , 

i=l i=l 

wheree the prime represents (—1)̂  insertion. The last term evaluated at y = 1 
iss but the Witten index I and summing over it gives the Euler character: 

d+d' d+d' 

X=J2X=J2 DiIi =Di22+D2 + ...Dd = 4 + ft1'1 = 24, 

ass the sum of D{ over the massless orbit always adds up to the Hodge number 
hh1,11,1 of the orbifold: 20 in our case of K3. 

6.33 Topological invariants 

Inn [EOTY-89,KKY-93], the authors studied the c=6 SCA of a sigma-model with 
K3K3 target space. The holonomy of the KZ manifold allows for two more SU(2) 
currentss J , i.e. conformal fields of weight 1 and U(l) charge Jo = 2JQ = , 
thatt generate the transformation of double spectral flow (i.e. NS—>R—>• NS) and 
extendd the N=2 algebra to N=4. 

6.3.11 K3 Ellipti c Genera Revisited 

Recalll  from section 3.4 that the elliptic genus of a (c, c) = (6,6) heterotic sigma 
modell  is, geometrically, a double sum whose coefficients are the indices of Dirac 
operatorss for certain vector bundles over K3: 

${T,Z)${T,Z) =Y,n,rCn,rqnyr 

withh cntr := ind pEn r — JK3 ch(En r̂) td(K3) 
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wheree the bundle En,r is defined by 

J2J2 En,r Qnyr := y_1 (g) ( A -q»-iyTK3 <8» f\ -q«v-*TK*  «> S,« r * 3 ® Sq~TK3) , 
n.rn.r n^l 

andd /\qE = ® ^ 0 / A*  £, 5?£; = f̂c^0q
kSkE. (A*  and S* denote the fc'th 

exteriorr and symmetric products.) 

Thee elliptic genus also has a topological expression, given by a trace over 
thee left and right Ramond sectors with ( - 1 )F insertion: 

$(T,Z)$(T,Z) := trRH(-l)FL+FRqLo-1/4qlt>-V4yJo 

wheree the second expression will be proved in the next subsection. Note that 
becausee we have no yJ° for the right movers, the ( — 1 )F R insertion in the R-
sectorr yields only a contribution from the zero modes (ö°-terms). Indeed, for 
anyy higher state, Susy ensures the existence of another state with opposite (— 1)F 

eigenvalue.. Thus the above expressions are independent of q and we could have 
droppedd that variable from the definition. Note also that the fermion parity 
operatorr {-\)F = ( - 1 ) ^ +^ = (-1)FL-FK -ls sometimes written e

ilT<-J°~Jo). 
Thee U(l) charge J0 helps to distinguish between bosons and fermions, and its 
valuess are in Z for the NS sector and in Z + | for the R sector. Thus the 
differencee between left- and right-moving U(l) charge is always an integer for 
thee NS-NS or R-R sectors. 

Att the special values of z = ^f~, ^, | and 0, we obtain specific topological 
invariantss [EOTY-89], using (CO.11),(C.0.12) and dropping the extra <T1/4 and 
—qr-1/44 in the first two cases: 

Diracc index : $ t := trNS R ( - 1 ) F V 0 _ 1 / 4 = 2^(i?4 ~ #!)A/6 

*A*A := t rN S,R( - l ) F<-+FV 0- 1 / 4 = - ^ ( t f ! + W 
Hirzebruchh genus : $f f := t rR i R( - l ) F f i gL ° - 1 / 4 = 2d\{&\ + d%)jrf 
Eulerr character : $x := trR R ( - 1 ) F L + F " ^ L ° - 1 / 4 = 24 

(6.3.2) ) 
Whencee a shift z —> z + | generates spectral flow R—>-NS, while z -> z + | is 
responsiblee for an additional factor of ( — 1)FL . The elliptic genus evaluated at 
specificc points thus yields the partition function for different spin structures; at 
zz — 0, we obtain the Witten index - or the bosonic partition function if we have 
noo spin structures. 

Wee note that the above indices or genera are universal and do not depend 
onn the KS moduli. Since they hold for any complex structure, they are rightly 
calledd topological invariants. 
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6.3.22 Derivation by Orbits 

Wee shall prove (6.3.1) by actually computing <I>t with its z dependence restored, 
i.e.i.e. we consider the NS,R sector. This will allow us too work with the functions 
F[F[  which we defined by the left-moving NS; orbits. Note that in the following, 
thee r-dependence shall be understood and not always explicitly written. The 
prescriptionn is to replace the trace by a sum over all orbits: 

d+d' d+d' 

** ++
AA(T,Z)(T,Z) := trN S i H9L °-1/V°(- l ) ,V 0- I / 4 = E D*  NSifr*) RJOS* = 0) 

i = l l 

Thiss factorization of NS and R sectors will be confirmed by the concrete ex­
ampless of the next sections.2 Note that in the right-moving sector, R'j(f, 0) is 
butt the Witten index /i = — 2, ƒ,- = 1 and Ij = 0. Hence the trace consists of 
twoo parts only, one for the graviton orbit and one from the massless orbit. In 
(6.2.1),, we can interpret the coefficient of i?i(z)2/^l as ~h for i = 1, . .. ,d and 
similarlyy for the coefficient of h$. Bearing this in mind, (6.2.4) gives us: 

dd - r i 
Y,DiNSi(z)Y,DiNSi(z) R{(0) =Y,D*  [choS^) +  Fi ch^Cz)] h 
i = ll  i 

== ( " E Oil?) (*-p-Y + ( ^ (D./i + E W . ) + h3 E DJ, 
i-1 i-1 

Sincee this is a topological invariant, it should be independent of the Gepner 
modell  at hand, i.e. of the particular set of functions Fi(r). That is, for different 
Gepnerr models we have different sets (of variable length) of orbits NS; and 
functionss F\, but the above sum yields always the same result. In sections 6.4 
andd 6.5 below, we show (for the l 6 and 24 theories) how the large bracket yields 
2{i)\2{i)\  — fi\)lrf . Hence our Dirac index becomes: 

# J W . - « ( ^ ) % a ^^  («*>)' (,,3, 

andd the z = 0 value gives back the invariant of (6.3.2). 
Too arrive at the elliptic genus (6.3.1), we need to insert ( - 1 ) F L and per­

formm spectral flow for the left-movers. This corresponds to shifts z -t z + | 
andd z —> z + | respectively. The first of these operations yields $l(z) = 
5lf=ii  ANS-(z) R'i(0) and combination with the second yields 
*(* )) = E?=i ARJ(z) &i(0) as in (6.3.1). 

22 A thorough treatment of this factorization into tensor products of Hilbert spaces can be 
foundd in Katrin Wendland's PhD thesis [W-00] 
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6.3.33 Alternativ e derivation by orbifold s 

Thee expression for the elliptic genus (6.3.1) can also be derived from orbifold 
modelss of the K3 surface, as was shown in [EOTY-89]. These models are formed 
byy dividing the product of two complex tori TxT' by the action of the symmetry 
groupp 1n: 

zzxx -> zx eUi/n and z2 -> z2 e~2ni/n. (6.3.4) 

Essentiallyy four types occur, corresponding to JI = 2,3,4,6. 

Thee partition function for these models consists of an untwisted piece and 
aa twisted one. The untwisted piece is the fermionic contribution (in the NS 
sector,, say) |$3(;z)/r/| times the bosonic lattice function T-2,2(G, £?)/|r/|4. 

Thee twisted piece consists of two complex fermions and two complex bosons, 
twistedd by some power of the Z n symmetry generator e2nt/n, that is the U(l) 
thetaa angle z = 2-nO will be shifted by (s + rr)/n. For the fermions (in the NS 
sector,, say), we have again ^3(2)/;; (yet with twists in opposite direction, see 
(6.3.4)),, while for the bosons we have 77/^1. Thus the twisted partition function 
iss the sum 

// ^ ^r,s|-^r,s | j  "r, ï 

r,s r,s 

$s{z$s{z + (s + rr)/7i) tf3(z - {s + rr)/n) 
t?i((ss + rr)/n)2 

wheree the prime on the sum signifies omission of r = s = 0. The weights nrtS 

aree defined by n0,s := {ssin(7rs/n))4/n and nr7S :=  nS j„_ r . Concretely, these 
weightss all equal 8 for n = 2 and 3 for n = 3; while for n = 4 the three weights 
formingg at the half-periods (r, s = 0,2) equal 4 and the remaining twelve weights 
equall  1. For n — 6, the three half-period weights equal 16/6, the eight third-
periodd weights equal 9/6 while the remaining twenty-four weights equal 1/6. In 
alll  cases, the important observation is that the sum of the weights equals 24: 
£ r ,s" r , S= 2 4. . 

Byy the Riemann addition formula (CO.14), the (r, s)-block can be rewritten 
as s 

ZZrsrs{z)={z)= f^ZA2 1 fM(s + rr)/n)\2 fMz) 
0i({s0i({s + rT)/n) 

whilee its equivalent for the R-sector with ( — 1)F insertion is 

,./W,, + (i + r,/a> = ( ^ ) - ( £ 3((ss + r r ) / n ) \2 / ^ ( z ) 
((s((s + rr)/n) 
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Withh these building blocks, we can now compute the elliptic genus: 

*(r,z)) - t rR i R( - l )V 0 _ 1 /V 09 I o~ I / 4 

== Yln  ̂ 11/4y Z^z + << 1 + T)/2) ^ / 4 ^,.((1 + r)/2) 

' ' 

wheree we have used (CO.36) to transform 

andd this last sum equals — 24-const, by repeated use of (CO.37) for equal values 
off  nrtS. The constant itself equals ^-(t?2 — ^4)- So we do indeed recover (6.3.1). 

6.44 Computations in l6 Theory 

Forr clarity, we shall now detail the ideas developed at the beginning of this 
section,, and show what we mean under "orbits" and functions Fi in the concrete 
examplee of the l 6 theory. This Gepner model is based on the tensoring of six 
timess the same k = 1, N=2 SCFT. That is, the N=4 characters will be tensor 
productss of six N=2 characters. So we first present those N—2 characters. 

6.4.11 General Considerations 

Inn general, for values of the central charge between 0 and 3, unitary represen­
tationss of N=2 superconformal algebras exist at discrete values of the central 
charge,, namely at c = Zk/(k + 2). The highest weight states have conformal 
dimensionn and C/(l) charge parametrised by two quantum numbers /, m (isospin 
andd its third component) [RY-87]: 

__ 1(1 + 2) - m2 m 
''" '' " 4(* + 2) Ql'm ~ k + 2 

wheree 0 ̂  / ^ k, — / < m ̂  /, I = m mod 2. The NS characters of these N=2 
theoriess are linear combinations of su(2) theta functions: 

k k 

cni,m(ï/><7)) = 2^ Q,m' &(k+2)m'-mk, k(k+2) 

m'm' = -k+l 

Qm,k(T,z)Qm,k(T,z) := 2^, Q U V Ui Om,k — #m+2Jfc, fc 

n£Z+m/2k n£Z+m/2k 

\2'\2' k + 2j 
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Forr later purposes, note the behaviour under 'full1 (z —ï z + T) spectral flow: 

«.... *<*«, ( j ,  '^i T ,-»**»-"* » em+2t, 4(4+1) g, ^ . 
Thee coefficients q>m are the string functions of Kac and Peterson [KP-84] for 

II  = m mod 2; for the su(2) affine Lie algebra they have an alternative definition 
viaa the Weyl-Kac formula: 

&l+l,k&l+l,k  + 2 — # - / - l . f r + 2 
k k 

,m&m,k ,m&m,k  5Z  ci'> 
U\U\ 2 ~ "—1 2 

'' ' m= —Ar+1 

Sincee the l.h.s. and r.h.s. have expansions with powers of y in Z + //2 and 
ZZ -f m/2 resp., we see that c/,m = 0 if I ^ m mod 2. Of course, for each 
levell  fc we have different set of string functions. Note also the symmetries: 
Q,mQ,m — ci,-m = ci,m+2k = Ck-i,k-m- For the case of the affine su(2) algebra 
A\A\ , the string functions are merely proportional to Hecke 'indefinite' modular 
forms: : 

C|,mm - T/(r)" 3 J2 s iSn ^ ) q{k+2)x2-ky2 

-\x\<y^\x\ -\x\<y^\x\ 

wheree x,y are such that (x,y) or {\ - x,\-\-y) are € Z2 + (2/^+
1
2\> 2T)-

Forr our present case of fc = 1, c = 1, the latter sum can be remarkably 
rewrittenn as 

J2J2 Sigr,(z) g3* 2-»3 = £ (_1 ) J +/g(3(2j + l ) 2- ( 6 /+ l ) 2) / 24 

( i , j / )) = ( i , 0) or ( i , i ) mod Z 2 l ' K j / 2 

-- V(r)2 

(6.4.1) ) 

Thee last equality is another remarkable result of [KP-84]. Our string functions 
att level one thus become: 

1 1 
co,oo = Ci,i = Ci i = ——, Co,l = Ci,o = 0. 

r/(r) ) 

6.4.22 Characters and Orbits 
Soo we are in a position to write down the three minimal N=2 characters, ob­
tainedd for I = m = 0, I = m = 1 and / = — m = 1: 

.44 := c O y . g) = Jöo,3(i,f) = i £Z <7 f n V = J 03(*|3r) 
BB := c O y , *) = 2,3(§, §) = J Ez9*( B + i ) V + *  = ^1 / 6y V 3 <M* + r|3r) 
CC := chj^y.g) = 3(f , f) = i Ez«*(B + | )V  + * = J W 3 M* + 2r|3r) 

== ^ 1 / V 1 / 3 * 3 ( * - r | 3 r ) 
(6.4.2) ) 
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Underr spectral flow, the three su(2) theta functions are shifted into one each 
other: : 

QQ (T ^ z^z+j  „-1/24 „,-1/6 ü (T z\ *~ > a+? n-\/Q1.-\/Z Q n̂ (T z\ 
P m , 3 l 2 ' 3̂ ^ * Q V " m + l , 3 l 2 ' 3~J } Q V ^m+2,3 {3 > 3 Ji 

soo that under 'full ' spectral flow, the three characters are cyclicly permuted: 

AA 2 ^ 4 r B-+C-+A, 

wheree we have omitted the incrementing factors of q~1'6y~1'3. 
Too build the various orbits of the l 6 theory, we consider all possible homo­

geneouss polynomials of degree 6 in A,B, C, respecting the following two rules: 

1.. the orbit must be holomorphic, i.e. its Fourier expansion must have integer 
powerss of y; 

2.. the orbit must be covariant under full spectral flow: NS;(2 —>• z + r) = 
q-iy-zq-iy-z NSf(z). 

Conditionn (1) excludes combinations like AhB, A4B2 or A3B2C,... Condition 
(2)) requires invariance of the orbit under cyclic permutation of A, B, C, and 
alsoo guarantees it to be a theta function of characteristic (0,0; — 4iri,2Tri) and 

**  NS 
degreee 2. Thus each orbit can be spanned by ch0 i and ch^5, or alternatively 
byy tfi(^r)2 andtf3(2|r)2. 

Thee four possible orbits respecting the above rules are: 

NSii  = ,46 + B6 + C6 

NS22 = A3B3 + B3C3 + C3A3 

NS33 = A2B*C*  ( 6- 4 '3) 

NS44 = A4BC + B4CA + C4AB. 

Wee recall the definition of the combinatorial factors D, associated to a par­
ticularr model: The above orbits can be checked to have the following modular 
behaviourr [EOTY-89]: 

NS,, = - £ 5 « NS*(-7>; ) e-27"  z2/\ stj =
// 3 60 270 90 \ 

11 z\ _•>„.• ,2 /T „ 1 3 -21 27 9 
11 2 9 - 6 

33 \ 3 6 -54 9 / 
(6.4.4) ) 

Thenn the Di are defined by Dt :=  S\,i/Siti, that is (1,20,270,30) in the present 
casee of l 6 theory. Note that the first column (St,i) is just the number of sum-
mandss in the orbit NS*, while the first row (Si,j) is 5i,i times the number of 
permutationss of the factors in any summand of NS;. The same trick will allow 
aa quick determination of the Di in the 24 or 43 theories. 
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Wee note that at y = -q 1/2, that is z — , the massive character vanishes 

andd so does B, ch(/i = 0) = 0 = B, while .4 = e™/3C = q~l^A. Thus at 
yy - -q'1!2: 

NSxx =2g"1 / 4 = d i ^S ) 
NS22 = - 9 - V 4 = c h, (*  = ) ( 6 4 5 ) 

NS33 - 0 
NS44 - 0 , 

andd we recognize that the first orbit is the graviton orbit, the second is the 
masslesss orbit (only one), while the third and fourth orbits are massive. 

6.4.33 The functions F} 

Wee will now compute the functions Fj for the massive orbits. For F3 this is 
prettyy easy, while _F4 is more involved. Fi and F2 do not seem to have appealing 
expressions.. Let us start with F3: 

02/ 3 3 

NS33 = A2B2C2 = l_( t f 3(^ |3T) êz{z + T|3T) tf3(z - r |3r ) )2 

_ 9 2 / 33 fQ , , , T r ( l - < 7 3 n ) : 

^(^ir )) n 

M*\r)M*\r) 2 2 r/(3r)6 6 

2 2 

fromm which we find that 

T)T)3 3 

\6 \6 
FF 3=q3=qi/sH^Li/sH^L tt ( 6 A 6 ) 

Similarly,, for .F4 we have: 

NS44 = /1BC(/13 + B3 + C3) 

r,(3r)3 3 

44 03 ( * | T ) [ 03( * | 3T ) 3 + g1 / ^ tf3(2 + r |3r )3 + « W 3 ^ *  + 2r|3r)' 

•• i/s^Mfbf -- F4 ch(/i = Q) = F4q-
T)T)0 0 

Thuss we see that the large bracket with the sum of cubes of theta functions 
mustt be proportional to ^(Z\T). This is indeed the content of lemma 6.4.11 
below,, and we then obtain for F4: 

FtFt  = ql/s 3 ^ 1 a(T)i (6 4 7) 
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wheree a(r) is a function already studied in [BBG-94]: 

a(r):=-a(r):=-  V ( - 1 ) " ( 6n + 1) 7« 6 " + 1 ^ 2 4 

**  z 
__ V ^ Jt2+Ar/+I2 

k,iez k,iez 

6.4.44 Dirac Index 

Althoughh we could not find interesting expressions for F\ and F2, we shall 
nonethelesss derive (6.3.3), that is we shall show: 

Proposit ionn 6.4.8. 

è ^ N S ^ii  = -2 NS!+20 NS2 = -24 ^ 2 ! + 2(^-02) ^ ^ - (6.4.9) 
i = l l 

Proof.Proof. Because the Dirac index (l.h.s.) is spanned by the massless and massive 
characterss ch0 and ch, or equivalently by T9I(Z\T)2 and 3̂{Z\T)2 , we only need to 
recoverr the constants multiplying these two basis vectors. Due to (6.4.5) and the 
vanishingg of 63(Z\T) at z =  1^L, we see that $\{Z\T)2 is correctly multiplied by 
-24/tffj .. To check the constant in front of tf3(z|r)2 would only require setting 
zz = 0, where #i(z|r) vanishes. The l.h.s. then would give -2(.46 + 2 B6) + 
20{B20{B33{2A{2A33 + B3)) because B = C at z = 0. However, we have not succeeded 
inn showing directly that this equals 2{d\ - -d\) &l/r] 6- Presumably, this is an 
interestingg corollary of the theorem. 

Rather,, to find the constants multiplying the two basis vectors, we shall 
differentiatee both sides twice and set z = ^ . This last evaluation has the merit 
off  making the character C vanish, and giving also A = -B =  ̂ ^ ( ^ ^ T ) . 

Forr NSi, we have: 

dd22
zz\\z=lz=l-,-, N S i = 3 j |2 = i - r (A6 + B6 + C6) = d2

z\ẑ _-L (A6 + B*) 

==  QA4[A"  + 5A'A] + 6B4[B"  + 5B'B]. 

Recallingg that tf3 and tf3' are even functions of z, while $3 is odd, and that they 
aree all periodic under z -> z + 1, we note the following: I ? 3 ( ^ | 3 T ) = #3 ) 
andd similarly for tf3', but with an additional minus sign for tf3. Thus for instance, 
wee have at z = ^ L : 

^\z=i^^\z=i  ̂ = ^ 3 ( ^ | 3 r ) 

BB =q1/6y1/3Mz + T\3T) 
B \ z ^  ̂ = -^3(^|3r) 

B'\B'\Z=Z=I^LI^L =[-^3-^](4r|3r) 
B"\B"\Z=1Z=1-T-T = [ - ^3 + Si^+^3](itr|3r) 
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Inn particular: A'B + AB' = - ^ ^ 3 . Bearing this in mind, we obtain: 

dd22
zz\\zẑ _^^_  ̂ NSi =  ̂ M^&T)4 [  12 #,'03 + 60 tf3

2 

~^~~^~ +48™ tf3tf3 - 167r2tf! . 

Similarly,, for NS2, we have: 

== 3 . 42B ^ 4 B" + 2A'B' + A"B] + 6AB [AB' + A'B]2 

== ' tf3
4 [ - 6 ^ 3 ' + 6 ^3

2 + 47r2 ) 
v v 

Thuss the l.h.s. altogether yields: 

0 ? |3 = 1- r ( - 2 N S i + 2 O N S2 )) = - ^ [i?| (36 tf3' + 24TH' tf3 - 4TT2^3) 

""  ^  -247T 2 ^ 3 ] ( i ^ |3T ) 

== 1 6 T T V1 / 4 (6+ £2), 

wheree we have noted that '03{^
L\ZT) = g- 1/ 24 7/ and that the curved bracket 

iss proportional to the second Eisenstein series E2 = ^-dT log 77: 

^ / 2 4(366 ti'l +  24iri ê'3 - 4TT2 #3) = -4TT2 ^ ( - l ) n ( 6 n + l ) 2 g(6"+ ])2/24 
z z 

== - 4 T T 2 ^ : d r V ( - i ) V 6 n + 1 ) 2 / 24 

Z7T77 ^ - ^ 

z z 
24 4 

== - 4 7 r 2 | i ^ 
Z7T7 7 

== -47T2 77 E2, 

(6.4.10) ) 
byy virtue of (C.0.5). 

Wee now turn to the r.h.s. of (6.4.9) and shall differentiate twice. To this 
effect,, we remind a few useful facts: 

d\{zd\{z + ̂ \r) =dzq-1'*y1,2Mz) 
==  iir  dx{z + i=x|r) + g - V V / 2 &3(Z\T)  ̂ -iirq" 1^ tf3 

&& 33{Z+^\T){Z+^\T) =dz -iq-WyWMz) 
== in tf3(z 4- i ^ i | r ) - iq~l/*y1?2 ti'Mr)  ̂ -2mq~1^ r/3, 

wheree we used (CO.6). Similarly, we find: 

t9 ' / ( i ^ | r)) = - T T V 1 / 8 #3 + <T1/8 tf3'(0|r) 
C ^^ + ^ k ) = 47r2g-1/8 r?3. 

Thuss equipped, we proceed for the r.h.s.: 

dl\dl\z=1z=1̂ MAr)^MAr)22 = «T1'4* 2, [-27T2 + tf3'/03] 

Ö2II  _1 _ ^ 3 ( , | r )2 = - 4 7 r V1 / 4 r ?
6 . 
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Takingg (CO.28) into account, we have overall for ther.h.s. 

di di \z\z — -2^-^^t-K)-2^-^^t-K)  v6 
1 6 T T V 1 / 44 (6 + £ 2 ), 

whichh was just the l.h.s.. Q 

6.4.55 Lemmas and Arithmetic Results 
Lemmaa 6.4.11. 

tiz(z\3rftiz(z\3rf + qxl2y tf3(* + r |3r )3 + q2y2 Vz{z + 2r|3r)3 = a(r) 63{z\r)t 

wheree a(r) :=  - £ ( - l ) » ( 6n + 1) ql*"+W*  = £ <f+ k'+ l*. 
^  ̂ z k,iez 

Proof.Proof. That the r.h.s. is proportional to #3(Z |3T) follows from the second proof 
thatt we shall give. To find the constant a{r), we differentiate both sides wrt z 
andd set z = ^L: 

33 tf3
2 [-2 ^3 - ¥ ^ 3 ] ( ^ | 3 T ) = a(r) ( - ^ « T1 / » V

3) 

Notee that tf3  q~l/24 77 and so we find 

a(r)a(r) =  Y(-l)n(6n + l)é6n+1^2A. 
**  z 

Forr the second expression for a, we offer an alternative proof (with warm thanks 
too Sander Zwegers for this marvelous trick): 

l.h.s.. = £>SnV) 3 + ( £ 9*nV)3 + ( £ <ï|nV)3 = 5>*(n?+n*+n») y<"i+B'+n»> 
ZZ Z+^ Z + | « 

wheree n = (ni, «2,713) on the r.h.s. sweeps through the set 5 := 23U(Z + | )3U 
(ZZ +§)3 . This set lies in 1 to l correspondence with all k € Z3 via the following 
smartt substitution: 

mm = (fci + 2̂ - *3)/3 A:i = «i + n2 + n3 

n22 = (fei - 2k2 - Ar3)/3 £2 = ™i - ™2 
n33 = (*i + k2 + 2fc3)/3 fc3 = - ni + n3 

Notee that in the first definitions, all right hand sides are equal mod 1, which 
guaranteess that all n*  are in the same component of the set 5; whence the 1-1 
correspondence.. Moreover: 

11 2 
n\n\ + n\ + n\ = -ArJ + -(ArJ + kj + fc2fc3), ni + n2 + n3 = h 

óó ó 

Hence e 

l.h.s.. = [ Y, «*'+* 2* 3+*M^g ifcV1=r.h.s. 
\*2,*3<=ZZ / Z 
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Corollar yy 6.4.12. 

Forr 2 = 0: tf3(0|3r)3 + V / 2 tf3(r|3r)3 = a(r) tf3 

Forr z = 1/2 : i?4(0|3r)3 - 2q^2 tf3(r|3r)3 = o(r) #3 

Forr z = 3r /2 : i?2(0|3r)3 + 2q1/4 tf2(r|3r)3 = a(r) tf2 

Forr the sake of instruction, we give a third proof of the above lemma, after 
reformulatingg it with a different constant of proportionality: 

Lemmaa 6.4.13. 

MAr?MAr? + qlf"y Mz + | | r )3 + </2 /V Mz + f i r ) 3 = ( ö ^ ^ + a(r)) t?3(* l f ) , 

a(r)a(r) := - £ ( - l ) " ( 6 n + l) q̂ +^2/'2i 

^  ̂ z 

Proof.Proof. The advantage of having divided r by 3 is that now all three terms on 
l.h.s.l.h.s. and the r.h.s. are theta functions of degree 3 and characteristic (0,0; — 6m, 37rir). 
Thee space of such functions is 3 dimensional and can be spanned by 

{tf 3(*l§) ,, <?3(s + SI5), <M* + £|§)} 
orr by { ^ 3 ( 3 ^ | 3 T ), y &3(3z + r |3r), ?/2 tf3(3z + 2r |3 r ) }, etc. 

Replacingg r —> 3T, the /./t.s. as a whole is still a theta function of degree 1 and 
characteristicc (0,0; — 27Ti,7rir), hence must be proportional to ês(z\r). That is, 
alll  we have to do is to compute the constant of proportionality. To this end, we 
sett z = 0 in the lemma and prove: 

tftf 33(0|r)(0|r)33 + 2<71/6 tf3(r/3|r)3 = ( 6 ^ ^ + a(r)) 03(O|£) 

Wee quote from [FK-01], p. 273 , a property describing how the cubes of 
thetaa functions can be spanned by basis vectors: 

ff e^J] tf3(2 + ^ | r ) 3 = -ne^q^y-h)(3r)3 | > /2 $3{3z + ) 

-2-1/22 tf3(_3z + r |3 r ) j  + y d ^ z + 3 i + i | 3 r ) 5 

where e 

tf'tf'  := i?'[;/3](0|3r) := dz\0 e ^ V ' V 1 ' 3 d,{z - r |3r), 

suchh that - - e - i w / 6 - = 1 y V l ) " ( 6 n + lW 6 n + 1>2/24 

7T7T 7] T] ^ 

==  a(r). 

Speciall  cases of this property are: 

att z = — __ l+ r ^ 3(0 | r )33 = Gqh n^lL tf3(r|3r) + a(r) 03(O|3i 
a tt * = - I + i • M%\T)3 = 32i2rL ^ ^ 3 ( 0 | 3 r) + tf3(r|3r) + O(T)I93(T|3T), 
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soo that 

tftf 33(0|r)(0|r)33 + 2ql'Q tf3(r/3|T)3 = ( 6 ^ l L + a( r ) ) [tf 3(0|3r) + 2q1  ̂ ^3(r |3r) 

Usee lemma 6.6.4 to rewrite the square bracket as $3(0|r/3). D 

Combiningg lemma 6.4.11 and 6.4.13, we arrive at an interesting observation, 
alreadyy noticed in [BBG-94]: 

Corollar yy 6.4.14. 

a ( r / 3 ) = 6 ^ l L + a ( r ). . 

Forr completeness, we also observe that a(r) can be written as the difference 
off  two Lambert series (i.e. Yl r=^") : 

fl(Tfl(T )) = qAdŷ  Y,(-lTy6n+1qn{3n+1)/2 

'' z 
ii  1 

== ^ löv |1y i?3(6z+- t l |3 r) 
t]t]  z 

== V^11 y n(1 -q3n){1 - ^ v ^ x i - y~6n^n~2) 
// —Q3n-1 n3n~2 \ 

~~ + 2.  ̂ \ 1 _ 03n-l "*" 1 _ 03n-2 J 

== i + 6 E ^ ( E 1 - E 0 

== l + 6]T<$3,i(n)<7T 

d = l ( 3)) d = 2(3) 

wheree 5fc?j(n) is the number of divisors of n which are ^ ~ mod k minus those 
whichh are ^ mod k. For example, a well-known result of Jacobi states that 
thee number of integer solutions to x2 + y2 = n is 4(54,2 (n). 

Manyy more beautiful properties about a(r) are found in [BBG-94], such as 

a(a(TT)) = #3(0|2r) tf3(0|6r) + t?2(0|2r) #2(0|6r). 

Wee give a last property, of our own, relating to a(r)' 

Proposit ionn 6.4.15. 

2a{T)2a{T)22 = ZE2{ST)-E2. 

\2 2 
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Proof.Proof. We apply the previous trick of differentiating a Jacobi product - to the 
summ already encountered in (6.4.10): 

EE22 = - ^ ( - i n 6 n + l ) V 6" + 1> 2 / 2 4 

V V 
,1/24 4 

II  d% £(-i)Vn+V (3n+1)/2 

flfl l/24l/24 _ i i , 

== V^ ö ' l o ! / ' , 3 < 6 2 +^" | 3 r ) 

== q~V~ ïè ö''° y Iff1 - 13"Ï {1 - /V ' - 'X i - <T6 V"" 2) 

Abbreviatingg the last product by II , we have that g24il|o = r;, II ' = II S and 

n""  = n ( S2 + £ '), where S := 127ri £ n ^ (T~^T + ^ I f ^ - * ) . I n t h i s 

notation,, we also have £|o = 2iYi(a(r) — 1). Thus: 

11 + - 2 + Z')} 
IT;IT;  4n* Jo 

( „3?ÏÏ  —1 3 n -2 

( 1-V- i ) 22 + (T7^r 
==  a2 + ^[E2-E2(3r)], 

a a 

Sincee the sums ^ X^z(~l)"(6n+1)*  </6n+1^ Z24 yield enticing expressions for 
powerss k = 1, 2 (a(r), ^2 resp.), it is natural to wonder whether this extends to 
higherr power. We have not found any alternative expression for the case k = 3, 
butt can nonetheless relate it to a(r) and E2. Again, we mimic the trick of the 
previouss proposition: 

II  2>l ) " (6n + l)3 ,<•»+»•/« =a3 + J ^ E'|0 + ^ j S - l o 
7]7]  i—-* {liny (Ziri)0 

== « 3 + 3 a ? ( £2 - £ 2 ( 3 r ) ) + ^ E " | o , 

with h 

S |0 - {27TZ)66 ^ ( 1 - ^ - 1 )3 + ( i _ 9 3 n -2 ) 3 J 
n > l l 

2 9 ' ( l - ï i ) ) 
== (2«)363E ! ' 2T 3 AA „3* 
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Thee same recursion for the case k = 4 is even more involved and is not worth 
writingg in full, due to the complicated nature of S"': 

1 1 
{2ïTiy {2ïTiy ++ ^ T S ' " l o 

JJ ( ^ ) \ = 3E|-2£4. 

Thee last line is obtained using the covariant derivative for modular forms; it 
showss that dT i) (for k even) can be expressed as a polynomial in E2,E4,EQ. 

Forr instance, for k = 6 this is 

"" ^ ( - i n 6 " + ! ) 6 g( 6 n + 1 ) 2 / 24 = 16£6 - 30£2£4 + 15£f. 

6.55 Computations in 24 Theory 

Wee mimic here the approach of the l 6 theory, as detailed in the previous section. 
Thiss Gepner model is obtained by tensoring 4 times the k = 2, N=2 theory. 
Althoughh we have more orbits and more cases to study, the mathematics are 
easier,, due to the simpler properties enjoyed by theta functions with r divided 
byy 4 (instead of divided by 3 as in the l 6 theory). 

6.5.11 Characters and Orbits: 
Thiss time we have six minimal N=2 characters, obtained for / = 0 (m = 0), 
// = 1 (m = ) and / = 2 (m = 0, . The string functions at level 2, due to 
theirr symmetries, number only three: 

COOO = C22, C20 = C02 C\,-\ = Cll-

Inn the following characters, we use the shorthand 0m for the su(2) theta func­
tionss 0m,8(§, f) : 

== ch"s0(y,q) = c00 90 + c02 98 = ^y/*f M^W + ^yffi M*W 

==  ch™(y,q) =co,9.4+coo94 = ^JE 02(Z\2T) +  i M*\*T) 

==  ch?|(y,9) = co2 90 + c0098 =  M*\2r) -  04(*|2T) 

== ch2
NS_2 (</,<?) = C Ö 2 Ö 4 + C O O Ö -4 i}Jz£iMz\2T) 

== ch??(y,g) =cu(9-6 + 92) = *!%£ qbyi V3(z+L\2T) 
(6.5.1) ) 
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Thee su(2) theta functions are related to the standard (or uUr-") Jacobi theta 
functionn via 

<V8(M)) = £nez<?(2l,+^)2 y2n+f =^? y* Mi*+  *?{&), 

Thee rightmost column of (6.5.1) is obtained by rewriting ac+bd as | (a + b)(c + 
d)d) + | (a — b)(c - d) and using the explicit expression for the string functions 
fromm the next subsection. 

Underr spectral flow, these eight su(2) theta functions are shifted into one 
eachh other: 

QQ (T ; \ z~*z\i „-i/6„.-l/ 4 a (T z\ z~*z+% ^-1/4..-1/2 a (T Z\ 

soo that under 'full ' spectral flow, the six characters split into two groups which 
aree cyclicly permuted: 

.44 Z^3T B -v C -> D -> A , E -» F -y E, 

wheree we have omitted the incrementing factors of q~1/4y~1/2, etc. 
Too build the various orbits of the 24 theory, we consider all possible homoge­

neouss polynomials of degree 4 in .4, B, C, D, E, F, respecting the following two 
rules: : 

1.. the orbit must be holomorphic, i.e. its Fourier expansion must have integer 
powerss of y; 

2.. the orbit must be covariant under full spectral flow: NS,-(2 —> z + r) = 
q-^y-q-^y-22 NS,(z). 

Notee that A,C have integer y-expansion, B,D half-integer, and E, F have 
powerss of y in Z =f \ resp. Thus, condition (1) excludes combinations like 
AA33B,B, A3E, A2BC, A2E, etc. Condition (2) requires invariance of the orbit 
underr cyclic permutation of A, B, C, D and E, F separately, and also guarantees 
itt to be a theta function of characteristic (0,0; —47ri, 27ri) and degree 2. Thus 
eachh orbit can be spanned by cho(/ = 0, |) and ch(/i = 0), or alternatively by 
•&I{Z\T)•&I{Z\T) 22 andtf3(2|r)2. 

Thee twelve possible orbits respecting the above rules are: 

NSi i 
NS2 2 

NS3 3 

NS4 4 
NS5 5 

NS6 6 

== A4 + B4 +C4 + D4 

==  E4 + F4 

== A2B2 + B2C2 + C2D2 + D2A2 

==  ABF2 + BCE2 + CDF2 + ADE2 

== B2D2 + A2C2 

==  AC3 + BD3 + CA3 + BD3 

NS7 7 
NS8 8 

NS9 9 

NSio o 
NSn n 
NS12 2 

== AB7C + BC2D + CD2 A + DA2B 
== ABCD 
==  ABE2 + BCF2 + CDE2 + DAF2 

==  (A2 +B2 + C2 + D2)EF 
==  E2F2 

==  (AC + BD)EF 

Thee combinatorial factors Di, defined after (6.4.4), associated to these orbits 
aree (1,2,6,12,12,4,12,96,12,12,24,48). 
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Duee to the following relations among the characters, 

ACAC = BD 
ABAB + CD = F2 (6.5.2) 
ADAD + BC = E2, 

(provedd in lemma 6.5.7 with r replaced by ^), we find that several orbits coin­
cide: : 

NS22 = NS4 

NS55 - 2 NS8 

NS66 = N S7 = |NS9 = NSn. 

6.5.22 String Functions: 

Somee explicit expressions for the string functions at level 2 are found in [KP-84], 
p.. 220: 

r/(2r)) 1 fdl _ T?(T/2) 
Clll  — — 5 — — - A / 77-, coo — C02 — 5— 

T)T)zz T] \J AT) 7]z 

Thee authors also give the complicated modular properties of the string functions. 
Thee latter expression, C00-C02, upon shifting r —> r + 1, yields e_17r//8(coo + Co2)-
Similarly,, shifting -J— by r -> r +1 yields e _ J 7 r / / 8è \ / %- Together with lemma 
6.5.66 below, this gives3: 

11 /tf3 7] q'1/16 

coocoo + C02 = ~~ 

cooo — C02 

7)]l7)]l  r]  r/(2r) »?(r/2) tf(r) - tf1/2 tf(3r) 

„(r/2)) g-1/16 

r;22 #(r) + q1/2 #(3r) 

Here,, and for the remainder of this section, we use the shorthand $(z) :=  $3(Z\8T). 

Thus: : 

#(r)) 1 tf(r) 
c000 = 9 ra ITT-^r-^-^ÏÏTTTT? = 9 ^ tf(r)tf(r) 22 - g tf(3r)2 *  7/ r?(2r) 

955 #(3T) , gè t?(3r) 
Cnoo = 0 _ Tff = a1^ 

022 q -&{TY - q tf(3r)2 q VV&T) 

3Thee form - J —*-  for the string functions en and coo  C02 is expected from the fact that 

777 cmi gives the character of the field < m̂ in the Z*. parafermion model [FZ-85, GQ-87]. For 
ourr case of k — 2, the Z2 parafermion model is just the Ising model, and its characters are the 
welll  known square roots of theta functions (with different spin structures). Thanks to Katrin 
Wendlandd for pointing at this and at her PhD thesis (p.50) [W-00] which already contains the 
explicitt expressions for (6.5.1). 



1088 CHAPTER 6. N=4 CHARACTERS AND ELLIPTIC GENERA 

and d 

j)j)  T](2T) ~ tf (r)2 - q tf(3r)2 

B#(T)) I?(3T) _ T/(8T)2 

qq**  T]2 T](2T)2 ~ Tf 7?(4r) 

Wee now study the orbits at the special value of z — ^4^. Note first that at 

thiss value, 0m,8(§, ^ ) = ( - l ) f g«f )2+m>/16 tf3((f + l ) r |8r). With lemma 
6.5.6,, our characters reduce to 

.44 = coo ^(r) + c02 ( -93 / 2) i?(5r) - ^ 1 / 1 6 

CC = Co2tf(T)+Coo(-93/2)t9(5r) = 0 
BB = -{[cm 0 (T) -COO <?1/2 0 ( 3 T )] = 0 

£>> - - i [ c 0 2 tf(r) -coo 91 /2 tf(3r)] = - i g"1/16 (6"5-3) 
E = ^  ̂ g - we- - / 4 ^3( i |2 r ) = e- - / 4?- i / i 6 

i77 = 4 ^ ^e -i 7 r / 4 #3(5 + r|2r) = 0 

Pluggingg these values into the orbits NSj yields NSi = 2#_ 1/4, NS; — — q~1/4 

(i(i  = 2 , . . ., 4), while the remaining NSj vanish (j = 5 , . . ., 12). We thus recognize 
fromm (6.2.4) the graviton, massless and massive orbits respectively. 

6.5.33 The Funct ions F,, Fj and the Dirac Index 

Inn order to compute the functions F, (6.2.1), we set z = 0, in which case 
0m,8(£>O)) = <7 '̂ ^ (^p) = 6-m,$. Hence the characters simplify to: 

AA + c = l v^ 3 ( 0 | 2 r) 

AA~~CC =è>/^^ (0 |2 r) 
2?? = Z> = ^ 0 2 ( O | 2 r) 

FF — F - ^ 2 T ) — / i ^2 

Withh these observation and the fact that AC = B2 at z — 0 (6.5.2), the massive 
orbitss at z = 0 have a rather simple form: 

NS55 = 2NS8 = 2B4 

NS66 = NS7 = 9 = NSn = E4 

NS100 - EQjB2 = NS12 NS6/NS5 

NS122 - 2 £2 £ 2 

c 000 C02 

COOO C Q2 -

-- i&T)4 

-- VV(4T)2 _ 
-- r,(r/2) ^{2r)2 

£ 2 / £ £ 
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Givenn that NSj = Fj q s - | = Fj (2^w „uhY ' w e ^n<^ t n e f° l l o w mg values 
forr Fy. 

TPTP —or — o~i/8 V(4T)8 

bbbb - lt% - Iq TJa „(2r)4 
rr _ P _ l p _ p _ „1/8^21)!. r%r% — ri — 2-̂ 9 — -̂ 11 — # — 7̂— 

FF - „1/8 *?(2r)14 

F 1 2 = 2 g ' / s ^ ) a ^ ^ 

F 5 F 100 = ^6 - ^12 

Thee massless orbits are a littl e less elegant, especially NSi and NS3 which 
aree not factorizable. For the latter, we shall need the following observation, 
againn having set z — 0: 

U 22 + C2) = {A - C)2 + 2B2 = l/E2 + 2B2 

==  {A + C)2 - 2B2 = E4/B2 - 2B2 

=^F66 = B2 + 4B4E2 

and d 

l/El/E22 + 2B2  + ^ ° l 2 r ) 2 - 2^1 +^2(0 |2r )2 

$2 $2 

3tf2+i?2 2 

•d•d22 $i $2 ^4 2 d2 #4 
Wee note that the last expression cannot be factorized and so we give the graviton 
++ massless orbits as they stand: 

NSXX =(A2+C2)2 = (l/E2 + 2B2 2 

NS22 = NS4 = 2 E4 

MOO _ (o „92 , .92\ *t <?a(0|2T)2 _ ,0 ,92 . ,a2\ *%-*l  _ (o „92 , ,92\ V r/(*T) 
i N b 33 - { 6 V 4 + V3) g^B -{ÓV4+ l> 3) 4 ^ 2 - 51 -{ÓV4+ V3) 2 nir/2) r?(2r) 

NS33 = 2 N S i N S5 

withh extensive use of formulae in appendix C. Given that NS, = (/i3+F, ^-r-) rf 
forr i = 2,3,4 (and /i3 replaced by — 2h3 for NSi) , we find the following values 
forr Fi and Ft: 

2 2 
qq11'*'*  i) ++  2 h^ -- 1 

/la a == 2 F6 - q1/8 7] h3 

* i i 

F22 = g1/8 77 

Fjj  = F2 

Ass in the l 6 theory, we shall again derive (6.3.3), that is we shall show: 

Propositionn 6.5.4. 

Y^Y^ DiNSJi - - 2 NSi + 2 NS2 + 6 NS3 + 12 NS4 

i = i i 

== -24 M*\TY' M*\TY' 

n n ++ 2(^ -^ ) 
tftf 33(*|r) (*|r) 

(6.5.5) ) 
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Proof.Proof. Due to (6.5.3) and the vanishing of tf3(z\r) at z = , we see that 
I? I (Z|T)22 is correctly multiplied by - 2 4 / T ?2 . We only need to recover the factor 
multiplyingg 03(z | r )2. Unlike in l 6 theory, setting z = 0 on both sides will easily 
doo the job: 

1-h-s-loo = 2 ^ p | [ - (3 ^4 + $1? + (2 + 12) V\ + 6(3 tf2 + tf2)i(tf 2 - i?2)] 

Thee square brackets yield a total of 16( 2̂ ~^i), while the prefactor is | ( ̂ f r ) • 
Thuss we obtain the r.h.s.. D 

6 .5 .44 L e m m a s: 

Lemmaa 6.5.6. With the shorthand ${z) := tf3(z|8r), we have: 

1.1. q tf(5r) = tf (3r) 

2.2. i)(0) - q ^{4r) = M0\2r) = ^ 

3.3. 0(0) + g 0 ( 4 r )= 0 3 ( 0 1 2 7 ) =̂  

4.4. 0(r) + tf1/2 tf(3r) = < T ^ 2 ( 0 | r / 2) = < T ™ ^ 

5.5. tf(r) - ^ /2 # (3 r) = tf2(T/2|2r) - 9 ~ ^ f '(2r)
 T^(r /2) 

Proof.Proof. These are all instances of the more general lemma 6.6.3. Alternatively: 

1.. directly from sum or product expression. 

2.. l.h.s. = ] [> 4" 2 ~ Hqi(n+h)2 = E ^ 4 ( t ) 2 = ^4(0|2r) = Y\(l - q2n){\ -
g2"-i) 22 = f ] ( l _?» ) (1 - g2 » ) -1 =r./».s. 

3.. idem 

4.. l.h.s. = q~™ J2 (q4{n-* )2+qY,Q4{n+* )2) = T 1 ^ £<7( n _* ) 2 = q-^\Hén~h? 

== q-Tê 2̂(o\T/2) - n o - 9n /2)( i+?n /2)2 = n(i - ?n)2(i - qn/2)~l = 
r.h.s.r.h.s. = tf3(r/2|2r) 

5.. idem 

Lemmaa 6.5.7. 

a a 

tftf 44(0|§)(0|§) (<Mzk)2+04(* | r )2) = 03(O|§) ( 0 3 ( ^ | T )2 - ^ ( 2 | r )2 ) 
== 03(O|§) i?3(f | } )04(| | }) 

<>3(0|§)) tM* | r ) tM* | r ) + 04(O|§) «i(«|T)i?4(«|r) - 02(O|§) « /Ay*  tf3(2 - i j r )
2 

t?3(0|§)) M*\T)MZ\T) ~ M0\i) iM*\r)M*\r)  = M0\?) 9 A y * M* + J\T? 
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Proof.Proof. All three expressions of the first line are theta functions of degree two and 
characteristicc (0,0; — 4iri7 — 27TZT), i.e. elements of the two-dimensional vector 
spacee T2,-2nir (see appendix D). In the other two lines, all terms upon extra 
multiplicationn with y - are elements of T2,-3Kir- So all we need to do is to verify 
thee relations at two independent values of z. 

Forr all lines, verification at z = 0, r /2 is immediate with (CO.16), (CO.17). 
Thee r.h.s. gives a handy factorised form of the l.h.s., which would not lend itself 
too straightforward factorisation as the sums {id\  $4) cannot be made into a 
thetaa function. D 

6.66 Computations in 43 Theory 
Wee mimic here the approach of the two previous sections. This Gepner model 
iss obtained by tensoring 3 times the k = 4, N=2 theory. We have considerably 
moree orbits and more cases to study; the mathematics involve properties of 
thetaa functions with r divided by 3, 4 and 6. 

6.6.11 Characters and Orbits: 
Thiss time we have 15 minimal N=2 characters, obtained for / = 0 (m = 0), 
// = 1 (m = , I = 2 (m = 0, , / = 3 (m = , I = 4 (m = 0, , . 
Thee string functions at level 4, due to their symmetries, number only seven: 

COOO =  C44 ,  C0 2 =  C42 ,  C0 4 =  C40 ,  C2 0 =  C24 ,  C22 , 

C\\C\\ = C33 ,  C1 3 =  C31 . 

Inn the following characters, 9m is a shortcut for the su{2) theta function 
evaluatec c 

.4 4 
B B 
C C 
D D 
E E 
F F 

ass #m ,24( j, §) 

==  ch 0̂{y,q) 

== ch?5 (!,,«/) 
== ch?f(y,qf) 
==  <t(y,q) 
==  chf_2(y,q) 
==  <^S_4(y,q) 

==  C02 #-12 

==  C02 #20 

== C02 #-20 

== C02 #-12 

== C02 # -4 

== C02 #4 

+C000 #0 
++ CQ4 8-iQ 

++  C04 0-8 

4-C044 #0 

++ C04 #8 

++ C04 #16 

++ C02 #12 

++ C02 O-4 

++ C02 04 

++ C02 #12 

++ C02 #20 

++ C02 #-20 

++ C04 #24 

++ C00 #8 

++ C00 #16 

++ C00 #24 

++ C00 #-16 

++ C00 # -8 

GG := ch?l(y,g) = c22 #-20 +c2o #-8 +C22 #4 +c2o #ie 
HH := ch2 %(y,q) = C22 #-12 +C20 #0 +C22 #12 +c20 #24 
II  : = Ch2,„ 2(ï/^ )  -  C 22 #- 4 +C2 0 # 8 +C2 2 #2 0 +C2 0 #-1 6 

JJ : = Ch^ f^ ,  9 )  =  C1 3 #_2 2 +C1 1 #-1 0 +C1 1 # 2 +C1 3 #1 4 

A":=chf!. 1(j/,9)) = c13 #_i4 +C11 #_2 +cn #10 +c! 3 #22 

LL := chj3(j,,9) = c n # i 8 +C13 #_i8 +c13 #_6 +cn #6 

MM := ch^{y,q) = cn #_22 +C13 #-10 +c13 #2 + cn #14 
NN -^cb^^iy^q) = cn # _ i 4 +cJ3 #_2 +c13 #10 +Cu #22 
OO := ch™S_3{y,q) = cn #_6 +cl3 #6 +C13 #18 +C11 #-1? 
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Thee su(2) theta functions are related to the standard Jacobi theta function via 

OmMhOmMh D = £n£z<71 2 ( n + S )2 y 4 ( n + ^ = 9 t f ) V 3 »™ *3(4*  + ^ | 2 4 r) 

Underr full spectral flow, these su(2) theta functions are shifted into one each 
other: : 

aa (T z\ z^zfr 1 / 3 2 /3 a ir z\ 

soo that the fifteen characters split into three groups which are cyclicly permuted: 

GG -> H ->/ - >G , 

wheree we have omitted the incrementing factors of g 1//3y 2y/3, etc. 
Too build the various orbits of the 43 theory, we consider all possible homo­

geneouss polynomials of degree 3 in A, B,..., 0, respecting our usual rules. Note 
thee following powers for the y-expansions: 

.4,, D, H have powers of y in Z, J, M i n Z + | , 
£,£; ,ƒƒ in Z - i tf,7VinZ-£, 
0 ,F ,GG in Z + | , L , 0 i n Z + | . 

Thee twenty-three possible orbits are: 

NSii  = A 3 + B3 + C3 + D3 + E3 + F3 

NS22 = G3 + Hz + I3 

NS33 = {BC + EF)H+ {CD +FA)I + (DE + AB)G 
NS44 = AO2+ BJ2 +CK2 + DL2 + EM2 + FN2 

NS55 = ( JL + MO)G + {K"A / + NJ)H + {LN + O F )/ 
NS66 - ^Z,2 + S M2 + CN2 + DO2 + E J2 + FK2 

NS77 = A2D + B2E + C2 F + D2 A + E2 B + F2C 
NSgg = ABC + BCD + CDE + D F F + F FA + FAB 
NS99 = A F C + BFD 
NS100 = G i /7 
NSnn = A D i / + BEI + CFG 
NS122 = (A2 + D2)H + (B2 + E2)I + (C2 + F2)G 
NS133 = (BF + EC)H + (AC + D f ) / + ( £D + AF)G 
NS144 = {A + D)H2 + (B + F ) / 2 + (C + F)G2 

NSiss = (C + F)ff/ + {A + D)IG + (B + F ) G // 

NSi66 = (L 2 + 02)H + (J2 + M2)I + {K2 + N2)G 
NS177 = (A + D)LO + (B + E)JM + (C + F)KN 
NSigg = HLO + ƒ JAf -I- GKN 
NS199 = A JK -I- BKL + C LM + DM AT + ENO + FOJ 
NS200 = DJK + E FL + FLM + ANIN + BNO + COJ 
NS211 = (JK + MN)H + (KL + NO)I + [LM + OJ)G 
NS222 = CJL + DKM + ELN + FMO + AN J + BOK 
NS233 = FJL + AKM + BLN + CMO 4- DNJ + EOK. 

Thee coefficients £>f, see after (6.4.4), are thus (1; 2,6,3,6,3; 3,6,18,36,12,3,6,3,6; 
3,6,12,6,6,6,6,6). . 
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6.6.22 String Functions: 

Somee explicit expressions for the string functions at level 2 are found in [KP-84], 
pp.. 219-220. We use the notation t]n for T/(nr): 

22 1 1 7/f2 2 
C022 = ~5 , c00 - CQ4 = — , Cu + C13 — 

»TT T/6 7?2 r ?1 / 2 

r ' ll  /12 
cooo + C04 - 2co2 + 2c2o " 2c22 = •-, 

Thee behaviour under S and T transformation is also outlined by the authors. 
Forr example, T transforms the third equation into 

m/22 m 
C\\C\\ - C13 = = , 

wheree we discarded e*7"/24 on both sides. Similarly, T6 (i.e. r -> r+6) transforms 
thee last equation into 

-(c0o+co4+2co2+2c2o+2c22)) = — 2 2
1 / 6 2 ' s i n ce T>i/2 ~  ̂ e17r/24. 

TT Vt/12 T1/3 Th/2 m 

Furthermore, , 

coo o 

andd so 

coo o 

c°°° " ^ i 76V?(C oo + c° 4 + 2co2 + 2c20 + 2c22 + 2V3(cn + c13)) 
c° 44 " ^ 2 ^ A / | ( C OO + C0 4+ 2co2 + 2c20 + 2c22-2v

/3(ci i+C13)) 

C°22 " ^ 2vf V T (C°° + C°4 ~ 2 C° 2 + 2C2° ~ 2C'22) 

C200 A 2 6̂ V?(2 C°° + 2 C°4 + 4 C° 2 ~ 2C'20 ~ 2C22) 

7ff  \ / ï ( 2 c o o + 2c04 - 4c02 - 2c20 + 2c 22), 2v/6 6 

++ C04 - A ^ A / J ( 2 c0 o + 2c04 + 4c02 + 4c20 + 4c22) 
__ _j_ n1 1̂/6 \ s

) *?B 

2V6VV  T ^ 2 ^ï/12 ' t f /a'  ̂ »»12 *»3 

sincee rjn —> ^/—ir/n r]i/ n for rational n. We thus find 

r/ll  _ ^3(0|6r) 
COOO -r C04 — —^—o 2 — 9 ~~ 

11 _ tf4(0|2r) 
cooo — C04 — — — - y — 

r/122 ^ ( 0 | 6 r) 
C022 = -j— = 

1?1? 7/6 2T7: 
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c200 + C22 = ^ ( ^ % ; - ^ ( 0 | 6 r ) - ^ ( 0 | 6 r )) 

== 4* ( iM0 |T /6 ) -<M0|3 r /2 )) = ^ 3 ( i l ^ ) 

fe-^3(0|6r)fe-^3(0|6r) + t?2(0|6r)) 

== 2 ^ ( ^ ( 0 | r / 6 ) - t ? 4 ( 0 | 3 r / 2 ) ) = - 4̂ ( § | ^ ) , 

C200 - C22 = 

wheree we have used lemma 6.6.3, 6.6.4. Thus 

c200 = y ^ 3 ( 2 r | 6 r) = ^ -—^2( r |6 r) 

1/33 1/12 
c222 = V ^ ( 2 T | 6 T ) - ^-—t?3(r |6r). 

6 .6 .33 R e l a t i on w i t h l 6 t h e o r y 

Withh the above values of the string functions, we shall show some coincidences 
off  the characters of 43 theory with those of l 6 theory. We first note: 

BBmm + 0m+24 = £ g3<"+£)y (n+£) = q(f ? I* y% {̂2z + ™L|6r) 

ömm + <Wl2 + em+24 + 0m + 36 = E <?i{" +">V +™ 

oomm - em+12 + em+2A - em+3a = E ( - i ) n ^ l ( n + ^ ) 2 ï / n + ^ 

0«ii  + Öm+i2 - Öm+24 " öm + 36 - E^n <Z§("+^>V+^, 
forr m = 2 mod 8 : = £ (g e2w i)* (n+^ )2I / nH|" ^ 

== g < T )2 / 3 + 3 / 1 6y ^ _ ^ _  ̂ + ( 3 + m ) r | 3 T ) 

^ 3 («« + ( | - f ) r | 3 r) 
andd for m = - 2 mod 8 : = £ ( - l ) n ( g e2ni)^n+Tsfyn+ft 

==  <^ ) 2 / 3 + 3 / 1 6ï / ^ ^ Mz + (f + f ) r | 3 r) 
x ^ ( ^^ + ( | - f ) r | 3 r) 

wheree £n := +, +, —, — for n = 0,1, 2,3 mod 4. The trick for the last formula is 
thee same as in the special case leading to (6.6.2). 
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Thus,, using lemma 6.6.6: 

AA + D = 2c02 tf2(2z|6r) + (CQO + c04) ^3(22|6r) = ^t f 3(z|3r) 

BB + E 

CC + F =  q-

£ ^ ! ^ 3 ( ZZ + T|3T)2 

4 / - ^ ^ ( ^^ + 2r|3r)2 

==  A2 

== £?2 
[i«« th.] 

[i 66 th.] 

GG = c22 g^ï/5 tf3(2z + r |6r) + c20 9™ï/*  tf2(2z + r|6r) 
__ 9 l / 8 ^^3 (2 |3 r ) ^3 (̂ ^ + r|3r) 

# # ^ 0 3 ( ss + T|3T)t f3(* + 2T|3T) 

// = ^ ¥ ^ ^ 3 ( ^ | 3 r ) ^ 3 (2 + 2r|3r) 

C2 [ i 66 th.] 

AB^ee t h] 

5C[166 th.] 

.4C[!66 t h . ] , 

(6.6.1) ) 
wheree the r./i.s.'s are taken from (6.4.2). In particular, this implies (A + D)H = 
GI,GI, etc, and for the orbits: 

433 theory 
NSii  + 3 NS7 

NS2 2 

NS3+NS1 3 3 

ii  NS14 = NS10 - NS8 + NS9 

NS155 = NSi2 + 2NSn 

l 66 theory 
- N Si i 
== NS2 

== NS2 

== NS3 

== NS4-

Thesee relations will be useful for the study of Gepner models with mixed levels, 
inn particular the 144 theory. 

6.6.44 Characters at z l + T . . 
22 * 

Wee now study the orbits at the special value of z = ^L. Note first that at this 

value,, 9m = 0m,24(§, T T ) = e2 7 r^ T + ™ ) / 24 tf3((*i +  2)r|24r), as well as: 

088 — 0-16, 0-22 = — ̂ 14> 0-10 = —62 

++ 0m+i 2 + Om-M + Om+se = e 2 - £ ^ + m ) / 2 4
 M{m + 1 ) T | ^ ) 

0mm + - 0 , , - 0 , , ï(n+S)2+ï("+l! ) ) 7m +122 - <7m+24 - Pm+36 = e27r l54 J2 Ön ? * ' 

wheree <5n = + , + , — ,- for n = 0,1,2,3 mod 4. Without <5n, we would recover 
thee sum of the four theta functions with only + signs. Note that Sn can be 
removedd if we replace g1/2 with - g1 / 2 in the sum and additionally multiply the 
summ by some root of unity, since ( - 1 ) 5 ( " + T Z )2+ " + T 5 = i'vr+it  j3n2+<2+^)n_ 
Forr m = 6 or - 2, we recover e~27rz/16ön. Thus we obtain the last line from the 
summ with only + signs by inserting — q1/2 in the latter's result. For m = 6 and 
- 2 : : 

?66 + 01 8+0_1 8+0_6 =-iq~™ M-5\%) = v(i) v(i) 
0-22 + 010 + 022 + 0-14 = 'T7? »?(§) 

Onn the r.h.s., replacing qll2 with - g1 / 2 in q~  ̂ I](T/2) yields: 

q-rtq-rt U{1 - qn){l  - qn-1'2) —> e'2^16 q~™ IK 1 - 9n)(l + g"~1/2) 
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Thus: : 
0 f i + 0 i « - 0 _ , « - 0 _f ii =-i Q-vi , tf ,n , 

(6.6.2) ) 
066 + ^18 - 0-18 " *-« = - » g " " , ( r / 2 V 2 , 

0_22 + 010 - 022 - 0-14 = tf~^ Tj{r/2)77(2r) ) 

Thiss will be useful for the characters if , L, iV, 0. 
Withh lemmas 6.6.7,6.6.8 and 6.6.9 our characters at z = - ^ reduce to 

__ l 
2 ^ ^ 

V 2(O|6r)(0_i22 + 012) + tf3(O|6r)(0o + 024) + ^(O|2r)(0o - 024; 

^ 2(0 |6 r ) ( -g1/ 4)^ (2 r |6 r)) + tf3(0|6r) tf3(r|6r) + tf4(0|2r) t?4(r|6r) 

22 „ 2 

== 0-1/12 

BB = C = D = E = 0 
^^ _ e-27r i /3 g - I / 12 

GG = ^ P ^ 3 ( T | 6 T ) (0_2O + 04) + 2^ ! ^ 3(2 r |6 r) (0_8 + 016) - 0 
tftf  = 0 
ƒƒ _ e-27r t /6 ? - l / 1 2 

JJ =c13(9-22+e14) + cn(0-w + 02)=0 
KK = i ( c „  + Ci3)(0-l4 + 0-2 + 010 + 022) + è (dl - Cl3)(-0-14 + 0-2 + 010 ~ 022) 

__ e-27Tï/ l2 g -1 /12 

LL = M = N = 0 

Pluggingg these values into the orbits NS, yields NSi = 2g~1/4, NSj = - g - 1 / 4 

(i(i  = 2 , . . ., 6), while the remaining NSj vanish (j = 7 , . . ., 23). We thus recognize 
fromm (6.2.4) the graviton, massless and massive orbits respectively. Also, the 
valuee of the elliptic genus at z = 0 is $(0) = £?=i A |R'i(°)|2 = E?=i Di I ~ 
7 1 / 4N S i ( ^ ) |22 = E t i A / ? = 4Di + Z?2 + • • • +1>6 = 24, which is the correct 
coefficientt for a 7 3̂ model (6.3.1). 

6.6.55 Characters at 2 = 0: 

Inn order to compute the functions Ft or the Dirac genus, we set z = 0, in which 
case e 

BBmm =0m,24 ( f ,O ) -£<71 2 ( n +^ ) 2 = 

== g(f>2/3tf3(-L|24T) =9-m 

0m0m + Om+12 ~ 0m+24 - 9m+36 = E*ng* ( n +™ ) 2 = £ ^ i * » " 1 " * *  )2 

(formm = - 1 0 , - 2 :) = £<$ng* ( n _* ) 2 

__ e- 2 7 r i (f J ^ S y - Z j ^ n/ l / 2 > ) | ( n - I )2 _ ??3 

wheree <$„ := +,+,—,— and the last line is obtained by replacing q1/2 by q~1/2 

inn t](r/2) (same trick as earlier). 
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Withh lemma 6.6.6, the characters at z = 0 take the following values: 

AA = 2 ^3 ( 0 | 3 r )2 + 2 ^4 ( 0 | 2 r) tf4(0|6r) =: A, + A2 

BB = F =^r ^3( r |3r )2 + ^ tf4(0[2r) tf4(2r|6r) =: B, + B2 

CC = E = Bl-B2 

DD = ,4i - .42 

GG = I = * £ tf3(0|3r) i?3(r|3r) 

ffff  = * £ 03 ( T | 3 T )2 = 2Bi 

JJ = K = ^ ^ s ( ï l ¥ ) + i = : Ji + è 
^^ = Ö =2^^ (01 )̂ 

MM = JV = « / ! - § . 

Wee did not succeed in factorizing them, as we did for the l 6 and 24 theories. 
Thee corresponding values for the orbits are not particularly enlightening. We 
onlyy note the following coincidence: NS22 = NS23 = 2,4i(J2 - \) + ALJ\B\. 
Duee to 6.2.4, this equality holds in general (not only at z = 0) since F22 — ^23-

Thuss we shall also refrain from giving here horrendous expressions (unfac-
torized)) for the functions F{ and the Dirac index. But they can be easily written 
downn on the basis of the above information. For instance, proving the value of 
thee Dirac index (6.3.3) boils down to verifying its coefficient at z = 0: 

£ t ii  Di NSf(O) It = - 2 NSi + 2 NS2 + 6 NS3 + 3 NS4 + 6 NS5 + 3 NS6 

== 32£3 - 4/1? - 12^1i^4| - 48# !£2 + 4G3+ 
+24G(A+24G(A11BB11 + A2B2 + JXL) + 2 4^ J2 + 12.4,L2 

—— z 7,6 u 3 ' 

whichh is an arduous manipulation with theta functions identities (left to the 
reader). . 

6.6.66 Lemmas and arithmetic results: 

Lemmaa 6.6.3. 

tf3(2|r)=tftf3(2|r)=tf33(22|4T)(22|4T) + tf2(2z|4T) 
tftf 44(z|r)(z|r) = tf3(2z|4r) - M^\4r) 

Proof.Proof. Directly from Fourier expansion. D 

Lemmaa 6.6.4. 

tftf 22(0|r)(0|r) = tf2(0|9r) + 2q1/2 tf2(3r|9r) 

tftf 33(0|r)(0|r) = i?3(0|9r) + 2g1/2 tf3(3r|9r) 

i?4(0|r)) = #4(0|9r) - 2g1/2 tf4(3r|9r) 
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Proof.Proof. Idem. For instance, the middle line goes like 

l.h.S-- = y^g(3n)2/2+y^^(3n+l)2/2_(_y^g(3n+2)2/2 = V " ^(3n)2/2 + 2 V^ ^(3n+l )2/2 

D D 

Lemmaa 6.6.5. 

* M § I Ï )) = tf3(0|6r) - q  ̂ i93(2r|6r) - tf3(0|6r) - q1  ̂ tf3(r|6r) 
M\\T)M\\T) = - ^ 2 ( 0 | 6 r ) + g1 / 3 ^2(2r|6r) = -t?2(0|6r) + g1/12 t93(r|6r) 

Proof.Proof. Idem. For instance, the first line: 

l.h.s.. = Y, qn2/3e2nin^ = Y,<73"2/3 + (e2ni/3 + e~2^3) Y g3 ( n +' , 2 /3 = r.h.s.. 

D D 

Lemmaa 6.6.6. 

MZ\T)MZ\T) MZ'\T)+MZW)M*'\T) = M*¥-\?) M^l?) 
M*\r)M*\r) M*'\T) - Uz\r) MZ'\T) = ^ 4 ( ^ | | ) t?4(^ |§) 

Proof.Proof. Idem. For instance, the first line: 

l.h.s.. = Y q[m2+n2)/2ymy'n = Y<i{k2+l2)/4y{h+l)/2y'{k+l}/2  = r-h.s., 
Z2U(ZZ + 2 z2 

wheree we made the substitution k = m + n, I = m — n. 
Forr the second line, one just needs to introduce ( — l) 2 ri and ( — l)k~~l in the 

twoo sums respectively. D 

L e m maa 6.6.7. 
== „-1/12 „2 tftf 33(0|6r)(0|6r) tf3(T|6r) -i?2(0|6r) ^2(r |6r) = q'1/12 i) 

*Mi)M\\i)*Mi)M\\i)  -Mm)M\\l)  =^ 
Mm)M\\\)Mm)M\\\)  +tf2(0|¥)<Mèlï ) =W 
tftf33(0|f(0|f)) MT\%) - t ?4 (0 | 3 f ) ^ 3 ( r | f ) = -2<T1 /3»/2 

Proof.Proof. The first line is just lemma 6.6.6 with 2 = 0 and (Z'\T) replaced by 
(11 + T |6T). The second line is obtained from the first by S transformation, 
i.e.i.e. T —>• — 1/T. The third line is obtained by rewriting the second line as 
abab + cd = (a + c)(b + d)/2 + (a- c)(b — d)/2 and using lemma 6.6.3. The fourth 
linee is again an 5 transformation of the previous line. Applying the rewriting 
trickk on this last line, we would of course fall back on the first line. D 

Wee note that the first line in Fourier series gives us an interesting formula: 
rfrf  = £(_l)«g3(n2+m2) w h e re ( m j n ) e ( ^ 1) y (0j 1) + Z2 T h i g ig tQ b e 

comparedd with the previous formula 6.4.1. The crucial difference is that we 
presentlyy have a positive definite quadratic form in the exponent of q, whereas 
previouslyy the form was indefinite (this accounts for the extra constraint on x,y 
there). . 

Inn the first line, use lemma 6.6.4 to replace 2qll12 I?3(T|6T) by tf2(0|*f) -
T92(0|6T)) and similarly for 2q1^2 i92(r|6r), and obtain: 
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Lemmaa 6.6.8. 

MO\f)MO\f) tf3(0|6r) - tf3(0j^) tf2(0|6r) = 2^ 
t?4(0 | f ) i?3(0| f ) - i?3(0|¥)*?4(0| i)) =W, 

wheree an S transformation connects the two lines. Unlike in the previous 
lemma,, performing the rewriting trick will not give two more variants; here this 
trickk is just equivalent to the S transformation itself. 

Now,, in the third line of lemma 6.6.7, use lemma 6.6.5 to replace $2(f l i f ) 
byy - # 2 ( 0 | 6 T) + q1/3 T?2(2T|6T) and similarly for t ?3 ( | | ^ ), and obtain the first 
linee of 

Lemmaa 6.6.9. 

<M0| f)) tf3(r|6r) -M0\f) ^ ( r | 6 r) = q'1/12 rf 

M0\6r)M0\6r) M*W +M0\6r)Mi\T) = 1* 
M0\i)M0\i) MT\%) -tf 3(0|£) i?4( r | ^) = 9"1/3 if. 

Proof.Proof. Again, the successive lines are obtained by S transformation, the rewrit­
ingg trick, and S transformation. D 

6.77 Computations in Mixed Theories 

Wee have met with success the construction of N=4 characters in pure Gepner 
modelss like 16,24,43 theories. Other Gepner models for the N=4 SCFT on K3 
aree mixed tensor products of N=2 theories, like 1322, 144, 1242, 2 62, 1 224, 
Al ll  these products k™1 ... k"} are formed with the requirement that the central 

chargee equal six: c = 5ZniF+2 = **• ^ e s n a^ investigate the first three cases 
off  such theories with mixed levels ki and see that they do not necessarily share 
thee previous structure characteristic of pure theories. Specifically, the notion 
off  gravitational, massless and massive orbits, with values at z = ^ ^ equal to 
2<7-1//4,, — #- 1 / 4 and 0 respectively - expected from (6.2.4), only applies to K3 
modelss like the 144 or 1242 theories below. The other CY twofold, the complex 
torus,, gives a model whose orbits all vanish at z = , yielding a zero Euler 
characteristicc as in the 1322 theory below. 

6.7.11 Computat ions in 1322 Theory 

Thee NSj orbits are tensor products of three orbits from the k = 1 theory (section 
6.4)) and two orbits from the k = 2 theory (section 6.5). The former theory 
hass characters A,B,C (with powers of y in Z -f 0, |, | resp.), while the latter's 
characterss we denote by A,B,C,D,Ë,F (with powers of y in Z+0, | , 0, |, — |, \ 
resp.).. In order to have only integer powers of y and cyclic permutation in the 
orbits,, the only possible combinations are products of ABC, A3 + B3 + C3 with 
ACAC + BD, ËF, A2 + C2 + B2 + D2. Each of these products vanishes a t2 = ^ f , 
soo all orbits are massive and the Dirac index vanishes. This is to be expected as 
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bothh the l 3 and the 22 theories are toroidal models (with complex and Kahler 
modulii  T = p = e27ri/3 and r = p = i resp.), hence so is their tensor product. 
Thatt is, the target space of the sigma model is not K3 but a complex two-torus. 

6.7.22 Computa t ions in 144 Theory 

Wee denote the characters of the k = 4 theory by a bar over the letters. Our 
usuall  two rules (integer powers of y and invariance under cyclic permutation) 
restrictt the orbits to be of the following form: 

NSii  = A4{A + D) + B4(B + Ë) +C4(C + F) NS.5 = ABC(AH + BÏ+CG) 
NS22 = -43 B(B + E) + B3C{C + F) + C3 A( A + D) NS6 = A4 H + BAI + C4G 
NS33 = A3C(C + F) + B3A{D + A) + C3B(E + B) NS7 = A3BI + B3CG + C3 AH 
NS44 = A2B2G + B2C2H + C2A2I NS8 = A3CG + B3 AH + C3BI 

Duee to the relations between the 43 characters and the l 6 characters established 
inn (6.6.1), the orbits 2,3,4 are equal, and so are the orbits 6,7,8. Thus we obtain 
consecutivelyy the orbits NSi, NS2, 3 NS3 and NS4 of l 6 theory (6.4.3), which 
provess the equivalence of both models! 

Thee coefficients D{ = Si,j/Si,i defined after (6.4.4) are (1; 4,4,12; 24; 2,8,8), 
wheree 5j,i = (6; 6,6,3; 3; 3,3,3) are the numbers of terms in each orbit and 
S\S\ttii  = (1;4,4, 6; 12; 1,4,4) is 5i,i times the number of permutations of the 
factorss in any term of orbit NSt- (look only at the l 4 factors). Thus for the 
Diracc index, we have correctly - 2 NSi + (4+4+12) NS2, as in (6.4.9). 

6.7.33 Computa t ions in 1242 Theory 

Thiss time, we are even allowed to include the characters J, A',.., O from the 
kk = 4 theory. The orbits take the form 

NSii  = A2{A2 + D2) + B2{B2 + Ë2) + C2(C2 + F2) 
NS22 = A2{L2 + Ö2) + B2{P + hi2) + C2{K2 + TV2) 
NS33 = A2{B + E)G + B2(C + F)H + C2(D + A) I 
NS44 = A2(C + F)I+  B2{D +_/4)G + C2{E + B)H 
NS55 = ABG2 + BCH2 + CAI2 

NS66 = AB{AB + DE) + BC(B_C + EF) + CA(CD_+ FA) 
NS77 = AB(LJ + ÖM) + BC(MK + JN) + CA(NL + KÖ) 

NSsNSs = A2H2 + B2I2+C2G2 

NS99 = AB{C_ + F)G + BC(A + D)H + CA{B + E)I 
NSioo = ABHI + BCIG + CAGH 
NSnn = A2{BC + EF) + B2(CD + FA) + C2{DE + AB) 
NS122 = A2{_B_F + EC)_+ B2(CA + FD) + C2{DB + AE) 
NS133 = A2IG + B2GH + C2_HI _ 
NSuu = A2(A_+ D)H_+B2{B + Ë)_ï + C2(C + F)G 
NS155 = AB{B + Ë)H + BC{C + F)I + CA(A + D)G 
NSi66 = AB(A -+ D)I + BC{B + E)G + CA{C + F)H 
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NS177 = A2 AD + B2BÊ + C2CF 
NSiss = A2LO_+ B2JM + C2KN 
NS199 = ABC F + BCD A + CAEB 
NS200 = AB{AË + DB) + BC{BF + EC) + CA{CA + FD) 
NS211 = AB(LM + O J) + BC{M_N + JK) + CA{NÖ +J<L) 
NS233 = A2{ JK + MN) + B2{Kl  + NO) + C2(LM + Ö.J) 
NS222 = A2{J_N + MK) + B2{KO + NL) + C2{lJ + ÖM) 
NS244 = ABKN + BCLO + CAJM 
NS255 = AB{K2 + N2) + BC(L2 + Ö2) + CA(J2 + N2) 
NS266 = AB(C2 + F2) + BC{D2 + A2) + CA{Ë2 + B2) 

Att z = ^ j 1 , the first two orbits give 2q~1/4 and -2q_ 1 / /4 resp., while the 
nextt five orbits give q~l?A\ the other orbits all give 0. This embarrassing second 
orbitt prevents us to classify it as either a graviton, massless or massive orbit. 
Thee coefficients D{ are (1,1,2,2,4,4,4; 2,4,8,2,2,4,2,4,4; 4,4,4,4,4,2,2,8,2,2). So the 
valuee of the elliptic genus at z = 0 is $(0) = £ i i D{ |R-(0)|2 = £ ?= 1 DJf = 
4Di4Di + 4D2 + D3 + - • - + D-j = 24, so this is a K3 model with the appropriate 
Eulerr character. 

Duee to the relations between the 43 characters and the l 6 characters estab­
lishedd in (6.6.1), we find the following relations between the orbits: 

NS3 3 

12422 theory 
NSi i 
NS2 2 

== NS4 = NS5 

NS6 6 

NS7 7 

433 theory 
NSii  + NS7 

NS44 + NS6 

NS33 + NS13 

NS3 3 

NS5 5 

NS8 8 

NS133 = 

12422 theory 
== NS9 = NS10 

NS„ „ 
NS12 2 

== NS14 = NS15 

NS16 6 

433 theory 
NSi44 = 3 NSio 
2NS8 8 

NS88 + 3 NS9 

NSi55 = NSi2 + 2NSn 
NS7 7 

1242 2 theory y 
NS17 7 

NS19 9 

NS21 1 

NS23 3 

NS25 5 

433 theory 
NS15 5 

NS„ „ 
NS21 1 

NS199 + NS20 

NS16 6 

12422 theory 
NS18 8 

NS20 0 

NS22 2 

NS24 4 

NS26 6 

433 theory 
NS17 7 

NS13 3 

NS222 + NS23 

NS18 8 

NS12 2 

InIn addition, some of these orbits match even those of l 6 theory: 

NS3 3 

12422 theory 
NSjj  + 2 NSie 

== NS4 = NS5 = NS6 + NS20 

NS88 = NS9 = NS10 
NS11+NS12 2 

NSi33 = NSi4=NSi5 NS S 

433 theory 
NSii  + 3 NS7 

NS33 + NS13 

NS144 = 3 NS10 
3(NS88 + NS9) 

155 = NSi2 + 2 N Sn 

l 66 theory 
NSi i 
NS2 2 

3NS3 3 

3NS3 3 

NS4 4 
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Chapterr 7 

Openn String Instantons 

Muchh as chapters 1 and 2 laid the foundations for closed string instantons, this 
chapterr counts instantons for open strings. The starting point is the super-
potentiall  (7.1.1), with n2 in the denominator, which should be compared to 
itss closed-string counterpart (2.3.4), the prepotential F0 = J2d>ond ^h(Qd) = 
Snn d>o ~h nS <?dn w* t n n 3 m t n e denominator. We admit this result, the only 
onee needed for our treatment, and it will spare us a cumbersome equivalent to 
thee closed-string derivations of chapter 2. 

Thee techniques used here have nothing in common with their closed-strings 
counterparts.. They are more physical in substance, especially as they involve 
thee intuition from the duality between the B-model of topological strings and 
Chern-Simonss theory. In particular, instead of the closed-string notation nr

d 

forr the BPS-invariants, we denote the open-string invariants here by the more 
customaryy dk,m. This chapter draws on [AV-00] and on [G2-03], can be read 
independentlyy and will not be used in the sequel. 

7.11 Background 

Openn string instantons are holomorphic maps from Riemann surfaces with bound­
ariesaries to the CY threefold target space. It is understood that the boundaries 
off  the instanton end on special Lagrangian1 submanifolds of the threefold. In 

l Lett us recall the lengthy definitions impelled by special Lagrangian submanifolds (see [J-
00]]  for instance): A closed fc-form f on an m-dimensional Riemannian manifold M is a 
calibrationcalibration iff for every (oriented) fc-plane V (subspace of TXM) we have <p\v ^ voly (volume 
formm on V) . Then, an oriented submanifold TV C M is a calibrated iff f\rxN = volj^jv for all 
xx 6 N. 
Inn C 1 with complex coordinates (zi,...,zm) define the real 2-form u :=  ^{dz\ A dl\ + 
•• • • -f dzm A dzm) and the complex m-form fi := dz\ A • • • A dzm with Ref2 and ImS7 real 
m-forms.. A real m-dimensional submanifold L of C™ is Lagrangian iff U>\L = 0, and it is 
specialspecial Lagrangian if it also satisfies Imfi|L = 0. An alternative definition is: L is special 
LagrangianLagrangian iff it is calibrated w.r.t. Refi. 
Similarly,, for a CY m-fold M with Kahler form ui and holomorphic (m, 0)-form f2, a real 
m-dimensionall  submanifold N C M is called special Lagrangian iff O |̂A/ = Imf2|jv = 0 (that 

123 3 
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otherr words, we are interested in the problem of counting holomorphic disks 
withh boundary on a Lagrangian submanifold. 

Inn [AV-00], Aganagic and Vafa used Mirror Symmetry to determine these 
openn string instant ons: the B-model superpotential can be computed exactly 
andd mapped to the A-model superpotential in the large volume limi t of the 
CYY threefold. The latter cannot be computed exactly, but contains instanton 
corrections,, i.e. holomorphic disks ending on "A-model branes" (also called A-
branes);; comparison with the B-model superpotential allows us to determine 
thee contribution of these instantons and their degeneracy. 

Thee disk amplitude in the large volume limit (i.e. ev —> 0), which in the 
typee II context has the interpretation of superpotential corrections to 4d N=l 
susyy (see next section), is expected to be of the form [OV-99] (A-model super-
potential): : 

"*^^  = E%W m , (7.1.1) 
k,m k,m 

wheree q = e~t and y = ev are the (exponentiated) closed and open string com­
plexifiedd Kahler classes, measuring respectively the volume of compact curves 
andd holomorphic disks embedded in the threefold. The coefficients dk,m are the 
numberss of primitive holomorphic disks labelled by the classes k and m - two 
vectorss in the homologies H2 of the threefold and Hi of the brane respectively. 

Thee tables given by [AV-00] exhibit the integrality of the coefficients djt.m 
forr their two examples of threefolds: the resolved conifold and the degenerate 
P11 x P1. These one-modulus cases are particularly simple due to the simple 
naturee of the mirror map: for P1 (both examples), the relation between t and 
tt is rational: q = q/(l + q)'2. Such a closed form is not the rule, and all our 
otherr examples will exhibit the mirror map as a power series solution to the 
Picard-Fuchss differential equation. 

Thee next four sections are a reminder of the method used by [AV-00]; it 
restss on the equivalence of the A- and B-model under mirror symmetry. On 
onee hand, the A-model string amplitude is re-interpreted in topological string 
theoryy as counting holomorphic maps from Riemann surfaces (with boundary) 
too the target space; on the other hand, the B-model amplitude is obtained via 
Chern-Simonss reduction to the world-volume of the B-brane. 

Thee two last sections are orginal work; we prove the integrality of the open 
stringg instanton numbers for two examples from [AV-00]: the resolved conifold 
andd the degenerate local P1 x P1. 

is,, iff it is calibrated w.r.t. Refi|/v)-
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7.22 The A-model 
Forr the A-model, we consider a U(l) linear sigma model, i.e. a complex Kahler 
manifoldd Y obtained by quotienting the hypersurface 

L y :={J>|<I>ff  = r2}  (7.2.1) 
i= i i 

off  C" by a f/(l ) subgroup of the isometry group of C1. The charges Qi are 
integers,, and if they sum up to 0, Y is a complex (n— 1) dimensional CY manifold 
(non-compact,, as the directions with negative charge are non-compact). 

Moree generally, we view C1 as a torus fi brat ion Tn —> L, where the base 
iss just En parametrised by the |$*|. We can also consider a real fc-dimensional 
subsett Ly of L given by (n - k) equations (7.2.1) for (n - k) sets of charges Q", 
andd then divide the fibration by U{l)n~k to obtain a fibration Y = (Tk —> Ly) 
whichh is a complex fc-dimensional non-compact CY manifold. 

Notee that the base Ly is a Lagrangian submanifold of Y: since L is given by 
fixingfixing values of the arguments 9l of the complex variables $*, the Kahler form 
a?? = ]T)"=i d|<&*|2 A d0% vanishes on it. The base Ly is our first example of a 
Dfc-brane. . 

Otherr examples of DA;-branes are obtained by considering rational linear 
subspacess of Ly, i.e. submanifolds Dr C Ly of real dimension r  ̂ k, given by 
(k(k — r) constraints 

n n 

5>n*T**  = c*  (7-2-2) 
withh integers qf, a = 1 , . . ., A: — r. Since the slope of Dr is rational, the (k — r)~ 
dimensionall  subspace of the fibre Tk above any point of Dr and orthogonal -
w.r.t.w.r.t. CJ - to TpD

r is itself a torus Tk~T'. That is, we have a new Dfc-brane given 
byy the fibration Tk~r —> Dr. As a submanifold of Y, it is special Lagrangian iff 
J2J2 Q? — 0- All these special Lagrangian submanifolds of Y are called A-branes. 

I tt is known [KKLM-99 ] that type IIA string theory on a CY threefold Y, 
withh 6~branes fillin g space-time and wrapping special Lagrangian cycles of Y 
leadss to a 4d N=l susy with a superpotential entirely generated by open-string 
worldsheett instantons. For the D-brane RR charges to satisfy Gauss' law, we 
needd the Y to be non-compact so as to offer directions for the D-brane flux to 
escape.. This configuration corresponds to our A-model, so that the above disk 
amplitudee (7.1.1) computes corrections to the Ad N=l superpotential. 

7.33 The B-model 

Thee mirror equation to (7.2.1) is written in terms of n dual twisted chiral fields 
Yi,Yi, related to the original fields by the mirror map Re(Yi) = — |$ j |2, as in [HV-
00]: : 

nn n 

Y,Y, QiYi = -t or II»?"' = e~l w i t h y i : = eYi f7-3-1) 
t= ii  J=I 
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wheree t :=  r + id is the complexified Kahler parameter, i.e. the Fayet-Iliopoulos 
termm r of (7.2.1) combined with the £7(1) 9 angle. The */, are homogeneous 
coordinatess for Pn _ 1. When Ly is given by a set of (n - k) equations, (7.3.1) 
alsoo consists of (n — k) equations for different Kahler parameters ta. 

Notee that (7.3.1) is not yet the equation of the mirror CY space. The B-
modell  is a Landau-Ginsburg theory with superpotential 

n n 

1=1 1 

inn which (n — k) of the complex variables y, can be substituted by (7.3.1), leaving 
justt k of them. The mirror CY space is compact or not according to whether 
wee add or not a gauge-invariant superpotential term PG(<f>i)  to the original 
theory.. In the first case, the CY is given by an orbifold of the hypersurface 
{\V(yi){\V(yi) = 0} , thus (k — 2)-dimensional. In the second case, it is given by 
{W(ï/ 00 — xz}i  where x, z are affine (and not projective!) coordinates giving 
risee to non-compact directions, thus fc-dimensional. (Note that sometimes the 
DiDi  variables occurring in W(yt) are rescaled to new variables yt such that these 
appearr with powers different from 1.) 

Ass for the B-brane, the mirror of equation (7.2.2) is 
n n 

l[yfl[yf  =tae~c\ a = l , . . . , * - r , (7.3.2) 
i = i i 

ass a subspace of the mirror CY. We have allowed a phase ea to occur; in other 
words,, we have complexified c°. Thus the B-brane is a holomorphic submanifold 
off  complex dimension k — (k - r) = r, i.e. it is a D(2r)-brane, where r was the 
reall  dimension of the base of the A-brane. 

7.44 Topological Strings and Chern-Simons ac­
tion n 

Inn order to extract instanton numbers from our description of A-branes and 
theirr mirror B-branes, we need an alternative way of computing the B-model 
superpotential.. We find salvation in topological string theory, where the A-
modell  string amplitude counts holomorphic maps from Riemann surfaces with 
boundaryy to the target space with the boundary ending on A-branes, while the 
B-modell  amplitude computes the holomorphic Chern-Simons action reduced 
too the world-volume of the B-brane [OV-99]. Hence it only works for the CY 
threeiolds,threeiolds, i.e. from now on we restrict to k = 3. Hence the A-brane is a D3-
branee (special Lagrangian); the B-brane is a D2-brane if we have 2 charges q\, (fë 
orr a D4-brane if we have 1 charge q\. 

Thus,, the B-model counterpart of the superpotential (7.1.1) is the holomor­
phicc CS action for N B-branes wrapping the mirror CY threefold Y*: 

WWBB = f n A Tr [ABA + I A3]  (7.4.1) 
Jy* Jy* 
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forr a holomorphic U{N) gauge field .4 € H°> l(Y*, adj) with values in the adjoint 
off  U(N). This action was for a 6-brane wrapping all of Y*; but since our B-
braness are 2- or 4-dimensional, we shall have to dimensionally reduce the action. 

Wee shall be interested in the cases where the B-brane is a D2-brane, i.e. a 
holomorphicc curve C; that is the case r = 1 with r being the real dimension of 
thee base of the A-brane. Then the components of the gauge field A are sections 
off  the normal bundle N{C), call them s*, and it is not difficult to show that the 
reducedd Chern-Simons action is 

\V\VBB(C)=(C)= f Üij^ds^dzdz, 

Notee that the sections sl parametrise deformations of Cy and if we want to keep 
CC holomorphic we need s* to be holomorphic too (though of course the original 
CSS action also makes sense for non-holomorphic sl). Yet the reduced CS action 
wil ll  vanish in the light of dzsi{z) = 0. This is clearly unattractive for our 
purposes.. A way of obtaining a non-vanishing result is to take C non-compact 
withh boundary conditions for the B-brane at infinity: these are obstructions to 
holomorphicc deformations of C and will yield non-zero values for the variation 
off  WB(C) under such deformations. 

Non-compactnesss B-brane C implies a non-compact mirror CY given, by 
{W(ï/i )) ~ xz\ f° r ^ — 3 homogeneous coordinates yt. This equation reads 
{F(u,v){F(u,v) = xz} for two affine complex variables u,v, say t/i = eu,t/2 = ev. Since 
rr  = 1, the B-brane is given by k — 1 = 2 equations in the variables t/j, hence 
fixingfixing IV(pi) or F(u,v) to a constant value. If this value is 0, the B-brane will 
splitt into two submanifolds {x = 0}  and {z = 0}  and hence deformations will be 
obstructedd (as otherwise the brane would pick up a boundary) and the B-model 
superpotentiall  WB{C) will not vanish, as desired. 

Notee that we can similarly obtain configurations where the A-brane will 
splitt in two: for instance, a charge q — (1, —1,0,... ,0) restricts the Lagrangian 
submanifoldd Ly to {|$i|2 — l ^ l 2 = c] and for vanishing c the A-brane will 
enterr a phase where it splits into {$1 — $2}  and {$1 = — ̂ 2} -

Too finish off the computation of the B-model Chern-Simons action, we fix 
thee values of one of the affine parameters u,v of the B-brane at infinity to 
somee constant value (say v —> v*  for large |-z|). This parameter v measures, on 
thee A-model side, the size of the holomorphic disk ending on the brane. We 
thenn choose u and v as the two sections of the normal bundle N(C). C itself is 
parametrisedd by z, and the last variable x parametrising the B-brane is set to 
0.. We write the holomorphic 3-form as Q = dudv^- and obtain for the above 
integral: : 

rr  A r^ 
WB{C)WB{C) = / —udsvdz — / udv. 

JCJC z Jv, 

Thiss has the form of an Abel-Jacobi map for the 1-form udv on the Riemann 
surfacee {F(u,v) = 0} , each point of which parametrises a different B-brane C. 
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Thus,, comparing the A- and B-models: 

ddvv\V\VBB = ix = . .. {F(u, v) = 0}  • • • = dv ( Y, E ^ ( e " f r V T m ) = ^IV' 4 

n>ll  k.m 

andd the dots mean that we solve F(u,v) = 0 for u to obtain an expression 
dependentt on v and - through (7.3.1) - on e~'. 

7.55 Example: The Resolved Conifold 

Wee now turn to a non-compact example of a CY threefold, namely the resolved 
conifold:: ö{-\) © 0{ — l) -> P, a rank two concave bundle over the complex 
line.. The four fields $ i , . .. A have charges ( 1 , 1 , - 1 , - 1 ). The H2 of the CY 
threefoldd is thus #2(IP) — Z, while the A-brane is a Lagrangian submanifold 
cuttingg the base P in a circle S1, and i / i (5 ] ) = Z. Thus both k and 7n are 
merelyy integers and t, v merely complex numbers. 

7.5.11 The Instanton Numbers d m̂ 

Thee input from the B-model is an explicit expression for the derivative of the 
superpotentiall  [AV-00] (see [G2-03] for details of the double-series expansion): 

ddvvWW = log (~- + i ^ ( l - e v ) 2 + 4 e - ' +^ , 

== log 0-^- + \y/{i-y)2 + *qy\ 

== : Y, C^Qkym withCo,o = 0, 
k^0,m^k k^0,m^k 

wheree v is the (rescaled) natural variable in the phase where the mirror B-brane 
degeneratess to two submanifolds passing through the South pole of the resolved 
conifold.. This v also measures the size of the minimal holomorphic disk passing 
throughh the South pole and ending on the Lagrangian submanifold. Precisely 
whenn the submanifold splits into several components can we wrap the A-brane 
aroundd any of those, and guarantee that it wil l not deform (as it would otherwise 
acquiree a boundary). This phase is characterised by ev -> 0, agreeing with the 
largee volume limi t on the A-model side. 

Comparingg this to the A-model expression (7.1.1) 

ddvvww =Y""**.*»w-^ m) = £ I E d\^\?v 
k,mk,m k,m W|(fc,m) / 



7.5.7.5. EXAMPLE: THE RESOLVED CONIFOLD 129 9 

wee can recursively extract the values of all dk,m from the relation 

l\(k,m) l\(k,m) 

(7.5.2) ) 

Thiss gives table 7.1. And we discover with awe that all the topological invariants 

in in 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 

do,mdo,m dijTr 

- 11 ] 
00 ] 
00 ] 
00 ] 
00 ] 
00 1 

ii  ^2 ,m 

11 0 
LL - 1 
II  - 2 
LL - 4 
II  - 6 
LL - 9 

dz,m dz,m 
0 0 
0 0 
1 1 
5 5 

14 4 
31 1 

^4 ,771 1 

0 0 
0 0 
0 0 

- 2 2 
-14 4 
-52 2 

^5,777,, " 6 , 7 71 

00 0 
00 0 
00 0 
00 0 
55 0 

422 - 13 

Tablee 7.1: Holomorphic disc numbers for the A-brane o n O ( - l )© 
ö{-\)ö{-\) -T> IP1 in phase II . They count intuitively the number of 
holomorphicc discs wrapping k times the minimal F1 and in times 
thee circle of the Lagrangian A-brane (of topology M2 x S1). The 
occurrencee of negative integers is due to the fact that such num­
berss are weighted by ( — l)x for the Euler number x of the moduli 
spacee of objects counted. 

dk,mdk,m are integers! 

7.5.22 Proof of Integrality 
Inn [G2-03] we proved analytically their integrality by deriving first the congru­
encess for a prime p > 3 and integers n, &, /: 

np np 
kpkp1 1 

np np 
kpkp1 1 

i-i i-i 
31 31 m o d p ", , ( / - ! ) ! '' = - 1 mod pl (k^l) 

Thee dash notation indicates that we skip all multiples of p\ thus 

PP
kk\'^p\'^pkk\l{p\l{p kk-'\{pY-'\{pYkk-'). -'). 

Thesee are generalisations of Wolstenholme's theorem 

11 mod p forr p > 3, (and mod p Vp). 
p - \ \ 

andd of Wilson's theorem 

(p(p - 1)! = - 1 mod p for p > 2, (and 1 mod p for p = 2). 

Thee proofs of these congruences are found in appendix E. Using them, let us 
provee the integrality of the topological invariants rfjt,m: 
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P r o p o s i t i onn 7 . 5 . 3. With 

__ ( - 1 ) * + 1 fm + k - \ \ /m\ __ ( - 1 ) * + 1 (m + fc\ /m 

kk \ k—1 J\kJ m + k \ k J\k 

thethe instanton numbers dk,m
 ïTl (7.5.2) are all integers. 

Proof.Proof. We proceed step by step, according to the greatest common divisor (gcd) 
off  k and m: 

(k,m)(k,m) = 1: From (7.5.2) we have Ck,m = dkmm. So for dk,m to be integer, 

wee need Ck,m to be 0 mod 77*. Note that in general, (n.k) = 1 implies n.|()!), 

sincee (J) = J ( £ l } ) . Thus C*,m e Z and even e m Z. 

(k,m)(k,m) = pl: for p prime. This time 

21 21 
„„  , . m m 
Cjfe.mm =djt mm + d*  HI -T H h dj. ™ -

P>P> P P* F^'P P 

=dk,=dk,mmmm + -Cfc HL 
pp p' p 

Thuss for d̂  m to be integer, we need Ck,m = -Ck ™ mod m, i.e. pCpik „i m = 
''  P p ' p V -V 

CCppi-ik,p'-i-ik,p'-llmm mod rnpl+1 for (fc,m) = 1, i.e. 

/ p ' (mm + fc)\ / p ' m\ / p ' - ^ m + feA fpl-lm\ 2l 

{{  p<k ){pik)-{ jt-ik ){^k)^0mOdmp-

Lemmaa E.0.1 tells us that the congruence is valid mod p31 (p > 3) or mod p3 / _ 1 

(Vp),, hence also mod p21 for any prime p. Since m\ (pi™), both terms also contain 

aa factor of m, and the congruence is valid mod mp21. 
(k,m)(k,m) = pq: for primes p and q. Again by (7.5.2) we have 

/-»» J J m J m J m 

kfc.mm =dk.m'tn +Clk „  — + Ofc m -=- + d_fc_ zn -5-5-

pp ' p p^ 1' 1 q-  ̂ pi' pq pzqz 

== dk,Tnm H C^ i 2™. ~f~ —Ck m — C_fc_ m. 
PP P ' P (Jf } ' 9 p ^  P9 ' PI 

(7.5.4) ) 

Thuss we need pqCpqk,pqm ~ qCqk,qm — pCpklPm + Ck,m = 0 mod mp2q2 for 
(k,m)(k,m) = 1, i.e. 

fpq{mfpq{m + fc)\ p ? m\ __ /q(m + k)\ /qm\ _ Mm + k)\ /pm\ /m + k\ /m\ _ m o d 2 2 

VV Ptffc )\pqk) \ qk )\qk) \ pfc Ap fc/ V fc A fc / ~ m ° mQ P ' 

Againn by Lemma E.0.1, the first difference is 0 mod p3 (p > 3, or mod p2 Vp), 
soo is the last difference, and we can factor out p2 , hence also q2. As before, we 
cann also take out a factor of m, and the whole line is thus 0 mod mp2q2. 

(A:,m)) = pqr: for primes p, q and r. As before, the principle of inclusion and 
exclusionn yields the requirement 

pqfpqf'O'O pqr k, pqrm qVLy qrk,qrm P^^prk^prrn Pq^pqk,pqm T" 

22 „2  Jl +rC+rC rrk,rmk,rm + qCqk,qm + pCpk,pm - Ck,m = 0 mod mp q r 
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11 1 
dk,dk,mmfn-\fn-\——CkCk m + -Ck m 

pp p'  p q Q ' i 

1 1 
—— ~C fe m 

p ^^  PI  ' PI 

forr (m, fc) = 1. Reasoning as above and noting that the four pairs {pqrCpqrk,Pqrm 
Qf^qrk,qrm)-iQf^qrk,qrm)-i \P^^prk,prm ~ ^( r̂k1rm)  ̂ \.PQ^pqk,pqm Q^qk^qm) a nd \pL/pk,pm 

Ck,Ck,mm)) are all 0 mod p2, we find that the requirement is met. 
(k,(k, m) = plq: for p, q prime. Now we have 

^k,m ^k,m 

soo we are back at a combination of the cases (k,m) = pl and (k,m) = pq, and 
thee same reasoning wil l show that dk,m

 1S again integer. 
Havingg covered the cases of (k, m) being product of primes and powers of 

primes,, inductive reasoning will show that the same conclusion will be met in 
thee most general case where (fc,m) =  .. .p3. D 

7.66 Example: Degenerate P x F 

Ourr second example of non-compact CY3 is a concave line bundle over two 
complexx lines: 0(—4) —> P x P, with Kahler moduli £1,̂ 2 describing the sizes 
off  the two complex lines (or real spheres). The two sets of charges Qj,<Qf of 
thee five fields $ 1 , . . ., $5 are (1,1,0,0, —2) and (0,0,1,1, - 2 ). An easy mirror 
mapp is only known for the degenerate case where the size of the second P goes 
too infinity; that is we retain only one modulus, t\, with associated variable 
qq = e_ t l . And so, as in the previous example, k and m are both integers. 

7.6.11 The Instanton Numbers d^m 

Thiss time the input from the B-model is [AV-00]: 

ddvvWW = log (1 + l~y + \y/(l+q-v)2-M) 

E —\(m—\(m + k-\\ u 

=:: Y, Ck,mqkym w i t h CM = 0, 
k,m^O k,m^O 

wheree v is the (rescaled) natural variable in the phase where the projection of 
thee A-brane on the base is a circle on the P of infinite volume. See [G2-03] for 
detailss leading to the double series expansion. 

Ass before, we extract the topological invariants dk,m recursively as in (7.5.2) 
andd find table 7.2. Again, the integrality of the invariants is non-trivial and 
encouraging.. Proof of integrality goes along the lines of the previous example 
[G2-03]: : 
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m m 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 

do,mdo,m d\,m d2,m 

- 11 - ] 
00 - ] 
00 - ] 
00 - ] 
00 - ] 
00 -1 

[[  - 1 
LL - 2 
LL - 4 
LL - 6 
LL - 9 
II  -12 

dz,dz,m m 

- 1 1 
- 4 4 

- 11 1 
-25 5 
-49 9 
-87 7 

"4,771 1 

- 1 1 
- 6 6 

-25 5 
-76 6 

-196 6 
-440 0 

db,m db,m 
- 1 1 
- 9 9 

-49 9 
-196 6 
-635 5 

-1764 4 

^6,m m 

- 1 1 
-12 2 
-87 7 

-440 0 
-1764 4 
-5926 6 

Tablee 7.2: Holomorphic disc numbers for the A-brane on the de­
generatee 0(K) -> P1 x P1 in phase II . 

7.6.22 Proof of Integrality 
Proposit ionn 7.6.2. With 

2 2 

a a 
11 fm + k-l 

k,m k,m 
11 (m + k - 1 \(m + k - 1 
k[k[  k ){ k-1 

rn rn 
(mm + A;)2 \ m 

7nn + A; 

mm \ k 

thethe instanton numbers dkitn in (7.5.2) are all integers. 

Proof.Proof. Note that only the last expression for the Ck,m is suitable for the m — 0 
case:: C*,o = 0. We proceed again inductively on the nature of the gcd of k and 
ra. ra. 

(k,(k, rn) = 1: As before, we need Ck,m = 0 mod m, which is readily seen from 
thee third expression for the Cjt,m. 

(k,m)(k,m) = pl: As before, the requirement boils down topCpikpi m = Cpi-ik^pi-i„ 
modd nip1 for (k,m) = 1, ie 

m m 
(m(m + k)2 

ppll{m{m + k) 
p^m p^m 

pp (m + k) 
jt~jt~llm m 

== 0 mod mp21, 

i e e 
ppll(m(m + k)\ _ fp (m + k)\ _ 

p*m p*m == ppll~~11m m 
== Omodp2 ' , 

22 „ 2 00 mod q p 

whichh is again fine by Lemma E.0.1. 
(fc,, m) — pq: The same requirement as in (7.5.4) stipulates 

pq(mpq(m + k)\ fq(m + k)\ fp(m + k)\ (m + k 
pqkpqk J \ qk J \ pk J \ k 

forr (fc, m) = 1. Again, by Lemma E.0.1, the first difference is 0 mod p3, so is 
thee second, and similarly for mod qz. 

Thee cases (fc, m) = pqr and (k, m) = plq can be imported without change 
fromm the previous example, and thus the integrality of the dk,m is proved for 

a a thee most general case of (k, m) = p  ̂ .. .p?. 



Appendixx A 

Jacobii  forms 

A. ll  Definition 
Accordingg to [EZ-85], a (holomorphic) Jacobi for m of weight k and index m 
(non-negativee integers) is a holomorphic function 0(r, z) i 'HxC i - y C satisfying 
thee following three conditions: 

A,/// G Z, 

qq = e27TiT, y = e27Tiz. 

Thee first condition is reminiscent of transformation properties of theta functions; 
onn the divisor z = 0, <̂ >(r, 0) is a modular form of weight k. A remarkable 
propertyy is that this extends to rational portions z of the fundamental lattice 
{ 1 , T }}  : e2?rimA T(J)(T,XT + /i) (with A,/i 6 Q) is a modular form of weight k -if 
nott identically zero-, though in general only for a subgroup of SL(2,Z). The 
accompanyingg behaviour of ^ H ~^f+d f°U°ws from the postulated behaviour 
underr the two SX(2,Z) generators S and T: 0 ( - l / r , z / r) and 0(r + 1, 2). 

Periodicit yy The second condition similarly reproduces periodicity properties 
off  theta functions. It entails the periodicity of the coefficients: 

r'22 - r2 

Cn,rCn,r — cn' ,r ' if r' = r (mod 2m) and n = n -\ , 

orr equivalent ly 
Cn,rCn,r = Cn+m — r, r — 2m = Cn+m-t-r, r+2rm ( A . l . i J 

aa hallmark of Jacobi forms. 

arar + b 
\CT\CT + d CT + d/ 

4>{T,Z4>{T,Z + AT + /I ) = e-2 7 r i ( A 2 r + 2 A ïV(r , z), 

n^On^O r£Z 
r 2<4nm m 

133 3 
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Thee condition r 2 ^ 4nm: The third condition is an interesting one; first it 
requiress the convergence of the Fourier series, secondly it requires r2 ^ Anm. 
Thee latter requirement can be explained from three different perspectives. 

Firstly,, it is a consequence of the above-mentioned fact that e2KmiX r0(r, AT) 
iss a modular form for all A G Q: holomorphicity at r = oo requires n + rX + 
jnXjnX22 ^ 0 VA, i.e. r2 ^ Anm after replacing A by the extremum. 

Secondly,, r2 ^ Anm is the condition for the matrix T = (" /2
 r'r ) to be 

positivee semi-definite, m,n,r 6 Z. If we sum over such semi-integral 2 x 2 
matricess in the Fourier-expansion 

F ( Z ) : = £ c 7 e2 - t r T Z , , 

wee obtain a so-called Siegel modular form of degree 2, that is a holomorphic 
functionn of the generalised upper-half plane %2 of all symmetric 2 x2 matrices 
withh positive definite imaginary part, i.e. (T z,) with T J ' É ' H ^ É C, covariant 
underr the action of the Siegel modular group Sp(A, Z): 

f ( s f r l ) = d e t ( C- 44 + D)" F(z)'  ( c o)e5j,<4' z> 
forr some weight k. Note that tr TZ = nr + rz + mr' and that we may as well 
rewritee the Fourier expansion as 

F(T,Z,T')F(T,Z,T')  = TT ( Y, CT qnyr)e2*"" T', 

inn which the bracketed piece is a Jacobi form of weight k and index m. In 
thiss larger context of Siegel modular forms, we see the origin of the condition 
rr 22 ^ Anm. 

AA third way to understand the condition is through an example of a Jacobi 
form:: a theta function, defined by summing over the roots x of an even, self-dual 
latticee T of rank TV: 

tf>(T,z):=£<ftf>(T,z):=£<f 22//22yy00*,*,  ti = e2***°'*\  x0 € I\ 

Thiss is a form of weight k = N/2 and index m — xjj/2, a nd the Schwarz 
inequalityy for the bilinear form associated to T reads (x • xo)2 ^ X2XQ, that is 
r22 ^ Anm. For more general lattices (not necessarily self-dual), the form will 
bee covariant under only a congruence subgroup of SL(2, Z). 

Zeross For fixed r, a simple contour integration shows that the the number of 
zeross minus the number of poles in a fundamental domain for C/ (Zr + Z) is 
givenn by 2m. Since our Jacobi forms are assumed holomorphic, this is just the 
numberr of zeros. If m vanishes, the second condition requires <j>  to be doubly-
periodicc -hence constant- in z, that is, 4> is a mere modular form. Had we 
allowedd m to be negative, we would have meromorphic Jacobi forms - examples 
off  which are inverses of Jacobi forms (see below). 
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Decomposi t ionn The periodicity of the coefficients entails that we can write 
aa Jacobi form as a finite linear combination of theta functions with modular 
formss as coefficients. Indeed, (A.1.1) tells us that the cn,r only depend on 
4mn4mn - r2 and on r (mod 2m). Thus, for a fixed residue class fi G Z/2mZ, all 
c„, rr with r = fj, (mod 2m) only depend on N := 4mn - r2; for these we define 
Cpt{N)Cpt{N) :=  c4nm_r2>r. We then have 2m functions 

K(r)K(r)  ••= E c" W <7N/4" \ /x e Z/2mZ 

—0-M
2/4mm Y^ r on 

whereinn it is understood that c^(N) = 0 if N ^ - ^ 2 (mod 4m). These are 
vector-valuedd modular forms of weight k — 1/2 (with 2m components), which, 
underr modular transformations, transform into linear combinations of them­
selves.. They allow us to rewrite the Jacobi form 0 in a basis of theta functions: 

4>(r 4>(r 

&m, &m, 

,z) ,z) 

/ i (T , , 

A* * 

z) z) 

EE Kir) 
modd 2m) 

r = / i i 

£ £ 
( m odd 2TTÏ 

# m m 

) ) 

A T T 

2 / 4 T TI I 

2 ) ) 

y r r 
(A.l.2) ) 

Thee theta functions similarly transform under the Jacobi group into linear com­
binationss of themselves, with weight 1/2 and index m (so they are not Jacobi 
formss strictly speaking). This decomposition of Jacobi form holds also for forms 
off  half-integer weight (shall not deal with them), as well as for weak Jacobi forms 
(seee below). In the latter case /iM may contain negative (fractional) powers of q, 
andd N ^ 0 ought to read N ^ —m2; the c^(N) vanish anyway when N < -r2 

(wheree \r\ ^ m, r = /i (mod 2m)). 

A.22 Example 

Ass for modular forms, one can construct Jacobi forms by hand, by summing 
overr all matrices € SX(2,Z) and all pairs (^, A) € Z2 modulo those for which 
thee summand is trivial (i.e. equal to 1). In practice, this amounts to summing 
overr a couple of relatively prime integers and over a single integer A. For a form 
off  weight k and index m the prescription reads: 

Ek,Ek,mm := \ E E ^ + drk exP l2" im (A2 £Ja + 2 A^a - sfra) 1 • 
c,dezc,dez Aez 

<c,d)=l l 

wheree a, & are such that (° J) G 5L(2, Z). For weight 4 and index 1, this yields 
aa Jacobi form with Fourier expansion as follows: 

vw22 v / \ w/ v f 
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Sincee there are no poles, this series must converge over the whole domain, i.e. for 
alll  y G C, q G D the unit disk. To verify this, we notice that the coefficients grow 
att most polynomially, and to simplify matters, let us assume that they are all 
equall  to 1. Now for a fixed value of y, the g-series has a qn-power accompanied 
byy roughly y v ^ (or j / _ v ^ \ whichever is largest) and thus its convergence radius 
iss 1. 

Similarly,, if we first fix a value for q, then reorganising the series yields a 
^-seriess with equal parts of negative and positive powers of y. Thus the part 
withh positive powers must have convergence radius greater than 1 for the whole 
seriess to be valid for some y. The power yr (or y~r) has for coefficient the 
seriess qr lA + ... and the root criterion yields an infinite convergence radius, as 
wass to be shown. Incidentally, the radius would not have been infinite if the 
requirementt r2 ^ 4mn had read r ^ Anm instead; and the Fourier series would 
havee made nowhere sense. 

Thee Fourier series doesn't make sense at z = oo (ie y = 0,oo); this is also 
too be expected since that point is an essential singularity for any Jacobi form 
4>:4>:  for any fixed r, the zeroes of <f>(z) are repeated in every fundamental domain 
(parallelogram),, so that there are an infinite number of them close to z = oo. 

Thiss watchful eye on the validity of the Fourier expansion was a useful warm-
upp for the cases of inverses of Jacobi forms, where the answer will not be as 
straightforward,, as we shall see. 

A.33 Weak Jacobi forms 

Iff  the requirement r2 ^ 4nm is dropped, one can still prove that the coefficients 
ccnn,,rr vanish unless r2 ^ 4nm + m2, in which case we have a so-called weak Jacobi 
formm (still holomorphic). The periodicity of the coefficients still holds, as does 
thee property of decomposition into a linear combination of theta function. 

Inn the weak case, the weight k can be negative but no less than —2m (m 
stilll  assumed positive). If this holds, 0 (T, 0) must vanish identically, as there are 
noo holomorphic modular forms of negative weight (safe perhaps for proper sub­
groupss of SL(2,Z)). The same is true for Jacobi forms of odd weight, whether 
weakk or not. In fact, the space of weak Jacobi forms of weight k and index 
mm is isomorphic to a direct sum of vector spaces of modular forms of different 
weights:: M* © . .. © A/fc+2m for k even, while for k odd the subscripts run from 
kk + 1 to k + 2m — 3. (Recall that A/jt = 0 for k odd.) Better still, for k even the 
correspondencee permits us to write a weak Jacobi form as 

m m 

i=0 0 

forr two generators /l_2,i,-Bo,i of the ring of weak Jacobi forms of even weight 
(whichh is thus a polynomial algebra over A/*) , and fi G A/jt+2t- Note that since 
Moo contains the constant functions while M2 is empty, we see that 0o,i is unique 
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(upp to a constant) and equals £?o,i- Furthermore, 

A-2,iA-2,i = fj7-r- and B0,i = -—zpA-2,\ 

wheree $1 is the first Jacobi theta function, with a simple zero at z = 0 (t?f 
transformstransforms as a Jacobi form of weight 1, index 1, but with multiplier —i), and p 
iss the Weierstrass function, itself a meromorphic Jacobi form of weight —2 and 
indexx 0 (with a double pole at z = 0). .4 and B are both constant functions at 
zz = 0, equal to 0 and 12 respectively. 

A.44 Negative Index ? 

Notee that if m were allowed to be negative, the periodicity of the cn<r would 
entaill  that they all vanish, i.e. that the Fourier expansion is not valid. In fact, 
invertingg a Jacobi form of weight k and index m, we obtain a meromorphic 
Jacobii  form of weight —k and index —m, i.e. a form satisfying the two trans­
formationss above but of which the Fourier expansion has a limited convergence. 
Fourierr expanding formally, we see that at each n there are still finitely many r, 
thoughh not bounded by r2 ^ 4n|m| + m2 anymore. Moreover, these coefficients 
groww just exponentially with n. 

A.4.11 Inverses of Jacobi Forms 
Too have an example under the eyes, we recall one of the Jacobi forms occurring 
inn [EZ-85], of weight 4 and index 1, then invert it: 

1/E1/E44,i,i =1 + ( - -J 126 - 56t/ - y2}q+ 

(J__ + i i l  + 3262 + 1^648 + 2 1 3 g4 + ^ ^ + 2 + 3 + A 2 + 

\\yy
44 y3 y2 y t 

Soo there are again arbitrary powers of y, but only positive powers of q. It seems 
thee constant terms (i.e. y°) at qn grow exponentially with n. Indeed, this is the 
generall  pattern: 

Iff  the expansion of a general Jacobi form reads 1 + aq + bq2 + ..., where a 
andd b are terms containing finite powers of y, the inverse reads 

11 - aq + (a2 - b)q2 + • • •  (an - (n - l )an" 26 + . .. )qn + .... 

Thee major contribution to the qn term comes from a", whence the exponential 
growth1.. So we expect the convergence radius of the ^-series to be roughly 
I/a.I/a. Thus close to y = 1 (i.e. z = 0), where a is mainly given by its y° term 
Ci(o,, the radius is l/c^o- For y large or close to 0, a will grow and the radius 
wil ll  decrease. At that radius we meet the first pole in q, i.e. r (in accordance 

lrThiss intuitive pattern should not be trusted blindly; a typical exception to the rule is: 
1/(11 - 2q + q2) = 1/(1 - q)2 = 1 + 2q + 3q2 +4q3 + .... So caution is the rule! 
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withh the index being negative). In our case of l/E^^, the g-series has positive 
convergencee radius (1/126 or |y|2 or l / |y|2 - whichever is smallest) for any fixed 
complexx y. 

Butt what about fixing first a value for g ? Does the y-series then make 
sensee ? In our case, after reshuffling the series of l / ü ^ i , all powers of yn are 
accompaniedd by ^-series (g"/2 + .. .) with exponentially increasing coefficients; it 
seemss all these ^-series have convergence radius roughly 1/227. Thus, for fixed 
\q\\q\ < 1/227, all powers yn have finite coefficients mainly given by the first term of 
thee (/-series, i.e. by g'i//2, giving a convergence radius of -roughly- |g |- " / 2 for the 
y-senesy-senes with positive powers, and of \q\n^2 for the ï/-series with negative powers. 
Soo the whole y-series makes sense on some annulus like |g|1//2 < \y\ < M~1//2-

Thiss is plausible, as l/E.^i has an infinite number of poles in z (for fixed 
r ) ;; in the y-plane, these poles spiral from oo towards 0 (dense there!), so the 
holomorphicc annulus around \y\ = 1 is bounded above and below. For \q\ ^ 
1/227,, the series makes no sense for any y, so it seems E^  ̂ vanishes at some 
qq00 (|g0| = 1/227) for all z. Or should we only say that l/i?4,i has a pole for 
somesome y and q with \y\ — \,\q\ = 1/227, and thus the series cannot be trusted 
anyy further not even in the claim that the pole seems to be there for any y 
(ass the diverging y° term suggests) ? 

Inn summary, the Fourier expansion of inverse Jacobi forms makes sense for 
anyy fixed value of y - but only for q inside a corresponding disk, as it makes 
sensee for any fixed value of q - but only for y in a corresponding annulus. Note 
thatt both claims are compatible, they merely suggest that the region of validity 
off  the series is delimited by a divisor on the surface H x C. The series does not 
makee sense at z = oo {i.e. y = 0,oo), since that point is already an essential 
singularityy for the Jacobi form (j>  itself. 

A.4.22 Inverses of Cusp Forms or of Weak Jacobi Forms 

Thee matter becomes more arduous when the first term in the Fourier expansion 
off  the Jacobi form is not a constant but contains powers of y. This is the case 
forr cusp forms (q° term vanishes) and weak Jacobi forms (q° term can have 
powerss of y). Examples of each are 

012,11 :=-B0,i A = - - p d\ T]n 

IT* IT* 

RR 3 0? 
So-So-11 = ^ P ^ 
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respectively.. Their Fourier expansions start with 

0i2.ii  = ( - + 10 + y)q + (™ - — - 132 - 88y + 10y2)g2 

++ ( 4 ~ ^ + — + 736 + 1 2 7^- 1 3V + y3V + ..., 
\yS\yS yl y J 

Bo,!Bo,! = ( - + 10 + y) + (™ - — + 108 - 64y + 10y2)g 

++ (4r + ^ " — + 808- 513y + 108y2 + y3) g
2 + ... 

andd their inverses have the following formal expansion: 

l/</>12|11 = (y - 10y2 + 99y3 + ... )q~1 + ( - 10 + 288y - 4608y2 + 63072y3 + . . .) + 
++ ( ^ - 4608 + 113391y - 2102328y2 + 33590052y3 + ... W 

l/£o,ii  = (y - 10y2 + 99y3 + . . .) + ( - 10 4- 264y - 4368y2 + 60696y3 +...)q+ 
++ ( f - 4368 + 106731y - 1994256y2 + 32101272y3 + ... \q2 + ... 

Soo the new pattern in these inverses is the occurrence of infinite y-series at each 
powerr of q. This comes from the g°-term (y_1 + 10 + y) of the original Fourier 
expansion,, with inverse y — 10y2 + 99y3 — 980y4 + ... having coefficients growing 
roughlyy as 10*. All y-series in the above inverses have the same convergence 
radiuss as this last series, as they are merely finite linear combinations of higher 
powerss of the latter: 

11 1 6 b2 - ac 9 b3 - 2abc + a2d ,, 
== T "  -öQ + —~^<l -1 Qaa + bq + cq2 + dq3 + ... a a2 o3 

(A.4.2) ) 
Off  course this means that the Fourier expansion of such inverses is valid for 
alll  y inside this convergence radius and for all q inside some other convergence 
radiuss which decreases as y approaches Oor oo - similar remarks as for 1/Ki,i 
above.. Alternatively, one might have refrained from expanding out the term 
lf{y~lf{y~ ll + 10 + y) throughout all the series, and then all powers of q would be 
accompaniedd by rational functions of y; the g-series would then make sense for 
alll  complex y (except at y = 1) in a y-dependent convergence radius. 

Atypica ll  examples For some examples of cusp forms, it happens that the 
g^termm of the Fourier expansion multiplies the higher powers of q too. In that 
case,, we can factor it out, and the remaining factor has a Fourier expansion 
startingg with q + q2(...) + The remaining factor has an inverse similar to 
I/.E444 above, i.e. finite y-terms at all powers of q, so the full inverse has y-series 
(att all powers of q) that are just multiples of the inverse of the g°-term - except 
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forr finitely many terms. An example of this is the cusp form </>io,i [EZ-85]: 

,, q 2 18 / - 1 / 2 . l / 2 \ 2 „ T T / 1 n\2Q(-, n K 2 / , n - \-.2 

0io,ii  := - » i T] = [y +y ) q[[{i-q  ) (i-qy){i-qy ) , 

1 1 

== (y"1 - 2 + y) [q + ( - - - 20 - 2y)q2 + (-L + — + 174 + 38y + y
2 ) 9

3 + . . .] 

l/0io,,, =(y_1 - 2 + y)-1 [g"1 + ( - + 20 + 2y) + ( ^ + ^ + 234 + 42y + 3y2)q + . . .] 

=(yy + 2y2 + 3y3 + . .. )q~l + (2 + 24y + 48y2 + 72y3 + 96y4 + 120y5 + . . .) + 

++ ( - + 48 + 327y + 648t/2 + 972y3 + 1296y4 + 1620y5 + . .. )g + . .. 

andd the y-series of the inverse are all multiples of (y + 2y2 + 3y3 + ...) - at high 
enoughh powers of y; for instance: 

11 1 4 109 
—— {3,48,327,648,972,1296,1620,...}  = { — , - , — , 2 , 3 , 4 , 5 . . . .} 

Byy dividing with A, we obtain again a weak Jacobi form, A^o,i with the 
remarkablee property that its inverse has finite y-terms at all positive powers of 
q: q: 

AA-*'-*' 11-- A - n*~ {y +V } 11 ( l -<7" ) 4 

=(y~=(y~ll - 2 + y) [l 4- (y'1 - 2 + y) [ - 2q + ( i - 8 + y)?2 + ( - - 24 + 8y)g3+ 

++ ( - ^  + 7 - 7 2 + 3 1 y- 2 y 2V + - ] ] 
1/.4-2.11 = (y + 2y2 + 3y3 + 4y4 + by" + . . . )+ 2q + ( - + 3y)g2 + ( 4 + V ) / 

Thiss has its origin in the fact that all positive powers of q in -4_2,i contain a 
squaresquare factor of (y~x — 2 + y), as explicitly shown in the above Fourier expansion. 

Weierstrasss p function: Of course, the last example was very atypical of the 
behaviourr of the y-series in the inverses of weak Jacobi forms or cusp forms. The 
previouss examples were more typical, and so is the example of the Weierstrass 
p-function,, a meromorphic Jacobi form of weight —2 and index 0. It enjoys a 
Fourierr expansion given by the following formula: 

VV  yqH 1 v^ qn 

yqyqn)2n)2 1 2 ^ ( 1 _ g n ) : 

Kè +(T^) +(^ 2+oh(^ 5+2»y +(7+ï+io+6 »+^ ^ 
Inn the gr°-term, we recognise the double pole of p at y = 1 and any g, the same 
appliess in the square brackets at y = q (i.e. z — r) as the g-series has then 

33 + 
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infinitee coefficients. Note that the coefficients of the positive powers of q all 
containn a factor of (- — 2 + y). However, this will not affect so much the pattern 
forr the Fourier expansion of the inverse 1/p. The latter is mainly affected by 
thee inverse of the g°-term, 

ff11 i y r ' ^ 1 2 ] 

V122 ( 1 - i / W 1 

11 - 2y + y< 
(l-y)(l-y)22JJ l + 10y + y2 ' 

1/pp =(12 - 144y + 1440y2 - 14256y3 + . . .) + ( - — + 3744 - 62352y + 870912y2 - . . . )? 

whichh has a convergence radius of roughly 1/10. All other y-series in the follow­
ingg inverse have the same convergence radius - see argument as the one leading 
too (A.4.2): 

144 4 

y y 

++  ( i i l ^ - ^^1 + 1521504 - 28491408y + 459718560y2 + ... )q2 + ... 
\\ yi y t 

Thiss has a pole when the g°-term diverges, i.e. when 1 + lOy 4- y2 = 0 and for 
alll  q. Once y is chosen with \y\ < 1/10, the coefficient of qn is mainly given by 
thee first term of the y-series, cn/yn, where the cn themselves grow roughly like 
10n;; so the g-series has convergence radius roughly y/10. 

Butt one might have left the q° term in the form 121 rioffil2 , so that all 
powerss of q are accompanied by finite y-terms (rational functions). Then the 
g-seriess would have made sense also for y with \y\ > 1/12 (in a y-dependent 
convergencee radius). 

Per iodic i tyy ? Sadly enough, the periodicity in the coefficients (A.1.1) cannot 
holdd anymore if the index m is negative: by repeated use of the periodicity, 
thee subscript n in cn,r can decrease arbitrarily, even below any existing qn in 
thee Fourier expansion. So the formula cannot hold anymore; in other words the 
conditionn r2 ^ 4nm + m2 - itself a consequence of the periodicity - cannot hold. 
Thiss we saw in the examples of inverses of Jacobi forms. 

Itt is thus worth mentioning that a similar formula of periodicity is nonethe­
lesss valid for l / i -2 ,1 = - gr and for l/0io,i = -jj&s » namely: cn,r = cn+m+r,-2m-r 
andd m = — 1 here. Applying the formula again for the r.h.s., one recovers cn r̂, 
soo this allows for only two coefficients to be equal, not an infinite number as 
inn the case of positive index m. In particular, this spoils the property that 
Jacobii  forms have of being written as a finite linear combination of theta func­
tionss (with modular forms as coefficients). Thus the coefficients occur in pairs, 
e.g.e.g. for l/0io,i : c0j2 = ci>0 - 48. 

Thiss modified version of periodicity is rather the exception than the rule, as 
thee other examples do not exhibit any such behaviour. 

A.55 Broader definitions 

Apartt from meromorphic Jacobi forms, there are plenty of ways to make the 
conceptt more general: to require transformation properties only under subgroups 
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off  SX(2,Z), to include a multiplier system, to allow for some negative powers 
off  q in the Fourier expansion (i.e. to give up 'holomorphicity1 at r = oo), to let 
rr  in the Fourier expansion run over a lattice K - usually even, self-dual and 
treatt z as an element of K ® C, to allow the index in to be half-integer (hence 
alsoo the powers of y), and so on. 



Appendixx B 

Momentumm on a Lattice 

B.ll  Lattice T\ i 

Motivation n 

Thee quantised momentum on a lattice of signature (1,1) is easiest to understand 
inn the CFT context of free bosons on a torus. The torus is specified by the 
periodss 1, r on the complex plane. The fermionic coordinates satisfy tp(w + 1) = 

 + T) —  where the sign ambiguity in both periods allows for 
fourr different spin structures. The bosonic coordinates are assumed periodic, 
XX = X + 2irr, i.e. compactified on the one-dimensional target space S1, a circle 
off  radius r. That is, they are maps X : T2 -> S1. Their compact coordinate 
allowss for an infinite number of configurations (not just 4 as for the fermions), 
labelledd by n, n' <E Z: X(w + 1) = X(w) + 2-Krn and X{w + 1) = X(w) + 2TTTV'. 

Theree are two approaches to calculating the partition function F\ 

•• Hamiltonian formulation: the partition function is given by a trace over 
thee Hilbert space: 

trr qL°-eqLo-<k 

•• Lagrangian formulation: the partition function is given by the functional 
integral l 

•55 — ^ Q2PLq2PR 

/ n,m£Z Z 

Inn the latter, we have introduced the left and right components of the momentum 
vectorr p = {PLIPRY-

mm p 
P L : = _ + n r = : . + Ü J J 

mm p 
P^P^ ::=Yr-=Yr-nr=nr=2-°2-°J J 

143 3 
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wheree the scalar momentum p= m/r and winding u = nr are quantised in 
termss of integers m and n. 

Comparisonn of the two approaches shows that the Hubert space consists of 
sectorss labelled by m,u, each sector generated by the state \?n,7i) playing the 
rolee of the ground state, i.e. ai\m,n) = 0, V7 > 0. 

Inn the |m,n) sector, the bosonic Fock subspace T\ generated by the creation 
operatorr a_j contains the states |m, n), a-i\m, n), a2_(\jn, n),.... When the Vi-
rasoroo operator LQ = X]/>i &-ion + |ÖQ acts on them, wTe obtain qL°aJ_(\m, n) = 
qqll^a^a]] __ll\m,n)\m,n) for j > 0, and qL°\rn,n) — qa®l2\in,n) for j = 0. Thus the j > 0 
partt yields the expected 7/_1 of the bosonic partition function: 

tr® **  QL° = Tl^,qL°=T[(1+«' + i2'  + ) = f i d -«')-'  = ^ , 

independentlyy of the sector \m.n). So the remaining j = 0 part, i.e. q°°/2, 
mustt account for the remaining gp' /2 of the Lagrangian approach. Hence we 
identifyy QQ = pi and öo = PR , that is 

L 0|m,n)) = -QJ|7ÏI,TI) = - ( — +nr)2\m,n), 

andd similarly for LQ. Then we see that the state |m,n) has energy eigenvalue 
~̂ yy + n2r2 under H = L0 + Z0, and (integer) momentum eigenvalue mn under 
PP = LQ — LQ. Thus |0, 0) is the actual ground state. 

Latticee and Inner Product 
Wee can rewrite the momentum vector in the basis {k, &} , where k :=  {^f,^),k:= 
(r,, —r) generate the even self-dual Lorentzian lattice of signature (1,1), denoted 
byy r M : 

// N , 1 1 x - N (m* 
PP = {PL,PR) - m{ —, —) + n(r, -r) 2rr 2r \n 

Thee inner product associated to T^i reads (x,y) • {x',y') = xx' — yy'. This 
impliess for the vertical vectors (m) • (m,) = mn' + m'n. The basis vectors satisfy 
kk22 = k2 = 0, k • k = 1, while the square momentum is p2 = p\ — p2

R — 2mn. 

B.22 Lattice r2,2 

Motivation n 
Whenn the bosonic coordinate X is compactified on a torus instead of circle (as 
inn the previous case of I \ i ) , we have two radii r\, TI to care about. So we have 
too sum over four integers mi,m2,ni,Ti2 to take all configurations of X into 
account,, i.e. we end up with a Siegel theta function for the T2,2 lattice. Each 
off  PL,PR is now a vector in R2. 
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Inn the previous section, the Narain sum over T i j only depended on one 
reall  modulus r, reflecting the fact that the moduli space of I \ i lattices is one-
dimensionall  - equal to 0(1,1)/0(1) x 0(1), i.e. 0(1 ,1) /Z2 x Z2. In general, 
wee write 0(p,q) for the Lorentz group of linear maps preserving the metric 
D i a g ( + , . . . , + , - , . . . , - ),, or equivalently Aut(rp>g). Now however, we have 
moree than just the two moduli n, r2 for the choice of a r2,2 lattice: the moduli 
spacee 0(2,2) /ö(2) x 0(2) is four real-dimensional, and then one still has to 
modd out by 0(2 ,2 ,2) to account for lattices related by such a transformation. 
Inn fact, this moduli space is none but the Grassmannian Gr(2,2) of all choices 
off  time-like 2-planes in IR2,2; a choice of such a plane amounts to a split of 
R44 = R2'2 into the orthogonal direct sum of two real euclidean spaces K^, R2

R, 
andd the time-like (negative norm) plane itself corresponds to RR. Whatever the 
pointt of view, we expect four real moduli, or two complex ones. 

Lattic ee and inner  product 

Ass advertised, we let p = (J£) € M2,2 such that p2 = p\ - p\ with p\,p\ > 0 
andd L°f = -A < °- Then 

// m2+n2 \ 
PL\ PL\ 

JPR) JPR) 

1 1 

y/2 y/2 

rriirrii  — ri\ 

m 22 - n2 

\\ mi + m J 

<EE M | © R 2 ?, 

orr p = ( - m i , - n i , m2 , n2 ) in basis {ei , / i , e2 , / 2 } , where ex := -j= ( o1 J, 

flfl  := 71 ( U' e2 : = 75 ( | )' ^ := 72 ( i ) - 0 n e e a s i ly c h e c ks t h at e' = 

ffff = ei • e2 = / i • /2 = ei • /2 = e2 • / i = 0, while ei • /i = - 1 and e2 • /2 - 1. 
Thatt is, we interpret our lattice as T2j2 = ri j(—1) © Ti^fl ) = (ei,fi)z © 

{e{e2:2:f2)z-,f2)z-, where T^if—1) denotes the lattice I ^ i but with bilinear form given 
byy (°i1 ~1

0). Hence p2 = 2m2n2 - 2m\n\. 
Moree generally, for any basis {e i , / i ,e2, f2]  of r i ?i ( — 1) © IYi f l ) , we can 

createe the split E|_ © RR by choosing two vectors in E4 and setting R2
R to be 

theirr span. Let these be u\,u2 for the complex null vector u = u\ + iu2 '•= 
(T,[/,1,TC7)) with two complex moduli T,U such that T2,U2 > 0. Then u\ ~ 
u\u\ = — 2T2U2 < 0 and u\ • u2 = 0, and we can project the vector p = ( — 
mmuu-n-nuumm22,n,n22)) onto R% via (p°J = ^ u x + ̂ -u2. Thus 

22 ƒ 0 \ _ (p-tti) (p-U2) _ \p-u\ 

,PR,PR J u\ u\ U\ 2T2U2 plpl = _, u =_Ktl!^.^lJ  ̂ = . i i !  ̂ = -^\n2+m3TU+nlT+m1Uf 

Conversely,, given any p = (?£) = (mi,ni,702,712), we can arrive at the 
abovee expression for pR by viewing R2

L © R2
R = CL © CR (as in [MM-98], say), 
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i.e.i.e. viewing PL and pR as complex numbers, and choosing the basis to be 

withh associated symmetric inner product is (XL ) • (J/L) = Re(xLyi —xnyn). One 
easilyy checks that et • ƒ_,-, etc, are as above. Hence p2 = \PL\2 — \PR\2 = 2m2H2 — 
2m\ii\.2m\ii\. Note that we could keep the convention p = ( — 7711,-77,1,7712,77,2) -
i.e.i.e. with minus signs as in the KL © R2^ view if we add extra minus signs in 
thee definitions of e\, f\. Explicitly, the vector p € C/, © C^ has components 

PLL = , (mi l / +7iif  + m2fU + 7i2J 

PRPR = - = = ( 7 n i L T + 7i1T + m2jTE/ + ri2) 

suchh that jp/ï|2 = - • • — p\ above. 

Generalisation n 
Inn fact, there are many different conventions about signs, bases, real or com­
plex,.... but they agree on the relevant structure. E.g., swapping e*  and ƒ, is 
immaterial,, swapping the indices 1 and 2 yields an additional minus sign, since 
thenn ei • /i = —1 and e2 • ƒ2 = 1, etc. But all versions somehow agree that 
pp22 = 2m27i2 — 2mi77i-

Fromm here, it is straightforward to generalise to lattices of signature (s + 2, 2): 
writee u = (u,T,U,l,TU - ^ ) , with u\ < 2T2U2 and T2,U2 > 0. This is the 
generall  form of a vector u with u2 = 0 and u • ü < 0 (i.e. u2 = u2, < 0 and 
u\u\ • u2 = 0), modulo any complex multiple. This means that u\,u2 specify a 
planee in Ms+2'2. See [HM-95] or [N-98] for example. 

Notee that (u, T, U) e Rs +U <g> C, that is ü e Cs has Euclidean inner product. 
Notee also that u • ü = 2(ö(t7, T,U)) ; if this is to be negative, ö(u, T, U) must 
bee a light-like vector. Assume it is in the forward light cone (u and ü yield 
samee plane), so that (u,T,t /) G K s +M + i C++1,1 =: Hs + 1'1 = Gr(s + 2,2) = 
0 (ss -I- 2, 2)fO(s + 2) x 0(2) as in section 4.2. This is the Teichmüller space; one 
stilll  needs to mod out by the left action of the arithmetic subgroup 0(s + 2,2; Z) 
too arrive at the moduli space of rs+2,2 lattices. 



Appendixx C 

Thetaa Functions and 
Modularr Forms 

Sincee we have adopted the conventions of [K-97], we present standard definitions 
andd formulae for theta functions. Much of this material is drawn from Appendix 
AA and F of [K-97]. 

Definitio n n 

tf[tf[ aa
bb]{v\T)]{v\T)  = J2 gH»-f)2e2wi( l '- l)("-f ) , (C.0.1) 

nez z 

wheree a,b are real and q = e2niT. We also set y = e2rTlt'. 

Periodicit yy properties 

*[*[ a+a+
bb

22](v\T)](v\T) = #[a
b}(v\T) , ö[bï2}(v\r) = e^d[t}{v\r), (C.0.2) 

#[Z#[Zaa
bb]{v\T)=0\£](-v\T)]{v\T)=0\£](-v\T) , ti[ a

b}(-v\r) = e™abD[ a
b}(v\r) (a,b G Z). (C.0.3) 

Inn the usual Jacobi/Erderlyi notation we have d\ = $[{] , $2 = #[0], $3 = tffê], 

Productt  formulae 

MV\T)MV\T) = -*Tn€Z(- i )V n+s)2 /v+s = 2g*  sinM nr=iU - ?n)(! - ÏB»)(I - vny 
M»\T)M»\T) = £<?( n +s) 2 /y+^ = 29è cos[H n(i - <7n)(i + <?ny)(i + if!," 1) 
ft»(«|r)ft»(«|r) = E «n 2 /V = 11(1 - g")(l + gB-1/2y)(l + « f ^ ' V 1 ) 
MV\T)MV\T) = £ ( - 1) v 2 / V = n (i - <7n)(i - g""1/2?/)(i - qn-l/2y-1) 

(C.0.4) ) 

147 7 
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Definee also the Dedekind rj-function: 

oo o 

V(r)=q*V(r)=q*  Y[(l-qn) = Q™ M^r) = - i g*  0 I (T |3T) = ^ Mï\$) 
n-l n-l 

- q hh V"(_l)" g"(3n+l)/2 

Itt is related to the v derivative oid\\ 

d_ d_ 
dv dv 

andd satisfies 
1 l \ - - \ == V - i T 1)\T) 

Thee other ^-derivatives yield (at v = 0): 

<< = 0 = tf2 = &3= i)'t 

(C.0.5) ) 

(C.0.6) ) 

(C.0.7) ) 

(C.0.8) ) 

u-periodicit yy formulae 

C ]]  {v + <-£T + *\T) = exp { - ^ t \ - ^ ( 2 ^ - b) - f 6l f 2 ) C r ^ H O 
(C.0.9) ) 

^KJ(«« + è) =0të-i](») 
<ww + §) =»vi /v i /2^r 1](«) 

^Bl( «« + 11 + T' ^ 6 + 1 , - 1 / 8 3 , - 1 /22 ^ [ r l ] ( L , } 

»?B](vv + r) = ( - 1 ) V 1 / 21 / _ 1 i?B](f) 

Thatt is, t?B] is a theta function of characteristic (0, ina; —2iri: -Z7r(r 4- 6)) and 
degreee 1, see appendix D. 

Att the half-periods (v = 0, eii 2 = 0,1), we are back at the theta constants 
("Thetaa Nullwerte"): 

#l(£)=tf2 2 
Mh)Mh) = o 
Mh)Mh)  = ̂  
Mh)Mh)  = #3 

Mi)Mi)  = iq-1/B#4 
M%)M%) = q-1/8#3 
tftf 33(§)(§) = <r 1/8tf 2 
1?4(§)) = 0 

MM hh%%LL)) = q-1/*#3 
t?2 )) = - i ? -1 / 8 ^4 

^ 3(^ )) = o 
^ ( ^ )) = g-1/8^2 

Att the quarter periods, we have 

tMï)) = - * i M ï ) = <r5 - ii  *?(T)» / 

i ( i ; ; 
02(*)) = < W ) = <T* 

Vijl Vijl 
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Usefull  identities 

n{2rfn{2rf »!(§)= 0 2 = 2 ^ ^^ tf3=,^J„/rv2 <?4 = ^ - (C.0.10) 

^ 3 ^ 44 = 2 r/3 

i?3(«|r)) tf3(*'|r) + tf2(z|r) 02(*'|r ) - ^ 3 { ^ | | ) ^ ( ^ I f ) (Q Q n ) 

MZ\T)MZ'\T)-M*\T)M*'\T)MZ\T)MZ'\T)-M*\T)M*'\T) =M*¥ L\i)MÊ^\ï) 
MV\T)MV\T)44 - Mv\r)4 = Mv\r)4 - ^i(v\r)4 

Forr v = 0, the latter is but Jacobi's abstruse identity: 

tftf44 = $4+{) 4. (C.0.12) 

AA more elaborate formula is the quintuple identity: 

nez nez 

== (yh + y"* ) IIC 1"  «"X1 + ^ n)(i + IT V)( i - i/V" -1)* ! - vS 

== ( y * + y - i ) n ( i - « , , ) ( 1" ' ' V ) ( 1 " y " V ) 

„V,, ( i -w")( i -»-v ) 

Heree are few instances of Riemann addition formulae: 

==  o4(u)2Mv)2 + Mu)2Mv)2 

titi 44(u(u + v)tiA{u - v)d\ = ^{ufdz{vf - d2{u)2d2{v)2 

(C.0.13) ) 

(C.0.14) ) 

Aboutt twenty such formulae can be found on p.20 of [M-82]. As special cases 
(u(u = 0,1/2), we recover formulae that generalise Jacobi's abstruse identity: 

Mv)Mv)22^l^l = Mv)2^t+Mv)^l 

Duplicationn formulae 

(C.0.15) ) 

*3<0|2r)) = \J%  ̂ - ^3(0|2r) = , (C.0.16) 

04(O|2r)) = yfirfü , v(2r) = yj^L . (C.0.17) 



1500 APPENDIX C. THETA FUNCTIONS AND MODULAR FORMS 

Thee last two of these are readily seen, while the first two follow from (CO. 10) 
andd from the next properties (most can be derived using the product form for 
0): : 

i)i) 22 = 2 ^ /8^ 2 ( r | 4 r) - 2 <7
1 ^ 3 ( T | 4 T) 

dd22(v\r)(v\r) = i?3(2v|4r) + Ü2{2V\AT) 

{}{} 44{V\T){V\T) = tf3(2v|4r) - D2{2V\AT) 

0l-00l-022
22=MO\r/2)=MO\r/2)2 2 

^ 3 3 

dd22ddA A 

i)i) 33i)i) 4 4 

^ 2 ( 0 | | ) 2 2 

Q-Q-1/S1/SM\\M\\TT
22))

2 2 

urnurn 2 2 

2q^2q  ̂ 03(§|2r)2 =2(rf/71(^y 

== 2g1 / 803
2 

== ^ (0 |2 r )2 

== 2 (;,(§) rK2T)/r,)-

==  (V2/V(2r))2 

Modularr  properties 

WW + l)=e-̂ff  a(n-2) 

C ] ] ^ ^ j r e 2 2 ^-nb+in^-nb+in ^ 

C + Ï - I1 ( " |T) , , 

^[-al(vk) . . 

(C.0.18) ) 

(C.0.19) ) 

Forr general 5L(2,Z) transformation of 03(u|r), see p.32 of [M-82]. Explicitly, 
forr the theta constants, this is: 

T](T](  — 1/r) = \J—ir T/(r) 
i 9 2 ( - l / r ) == v ^ ^ O " ) 
# 3 ( - 1 / T )) = N/=*7t93(r) 
i 9 4 ( - l / r ) == v ^ ^ ^ f r ) 

^(rr + 1) = ei7r/127/(r) 
tftf 22(r(r + l ) = e'"/4 tf2(r) 
i?3(rr + l ) = 04 (r) 
04( rr + l ) = tf3(r) 

Inn other words, t?2» 3̂ 5 4̂ are modular forms of weight 1/2 at level 2 for IV(2), 
IV(2) ,, IV'(2) respectively (with different multiplier systems), in the notation of 
[Ft-77]]  (p.219). Since these three functions do not vanish on the upper half plane 
H,H, we can define any root ^2,35 ^ ^ Note that the latter transformation 
(rr + 1) remains valid if we keep ^-dependent theta functions, while the first 
transformationn ( — 1/r) bears an extra elnv lr. 

Ass for t?i(u), a transformation of r -¥ g is again accompanied by a 
transformationn of v —> v, .: 

crcr + a 

0!!  (V/T I - 1/r) = -iy/^ïï ei7rt,2/T $I(V\T) 

^ ( uu f r + 1) = ei7r/4 i?i(u|r). 

Thatt is, Ï?I {V\T) transforms as a Jacobi form of weight 1/2 and index 1/2, with 
multiplierr system \fi. 
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Forr a general 5L(2, Z) transformation (" d) , rj transforms in a cumbersome 
wayy (p. 69 of [S-74]): 

\CT\CT + dJ 

wheree s — sign(c), C depends on the matrix (a *) , and where we take the 
positivee real (or imaginary) part of the square root. 

11 ' 

Jacobii  identit y 

44 4 öö E (-ir +fc+fl6 n ^ f c ) — n îW) , (c.o.20) 
a,6=0 0 i=l i=l 

where e 

v[v[  =-{-vi  + v2 + v3 + v4) , v'2 = -{V\ -v2 + v3 +v4) 

v'v'33 = -^(vi + v2 - v3 + v4) , v'4 ~ -(vi + v2 +v3 - v4). 

Usingg (C.0.20) and (C.0.9) we can show that 

(C.0.21) ) 

(C.0.22) ) 

ii  £ (-i)a+b+abf[^h
9;}M  = -n*[!:J;]M)•  (c.0.23) 

a,6=0 0 i-1 i-1 i = l l 

Thee Jacobi identity (C.0.23) is valid only when Yli^-i = Yli9i = 0- There is 
alsoo a similar identity 

11 1 4 4 4 

öö E (-1)0+*  n ^ ] ^ ) = - I I MvÖ + l[Mvi)  (CO.24) 
a,6=0 0 

and d 

££ Èf-^n^fölM (C.0.25) 
a,6=00 i = l i = l i'= l 

Heatt  equation 
Thee ï?-functions satisfy the following heat equation 

I d 22 Id 
(2iri)(2iri) 22 dv2 in dr 

d ( i ; | r ) = 0, , 

ass well as 

_Lg= W 2 =^ ( £ 2 +^ + 0<), , 

(C.0.26) ) 

(C.0.27) ) 
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11 if' Ï7T 

_ | L = 0 rr  log tf3 = ^ ( £ 2 + ^ - 0 2 ) , (CO.28) 

^ ^^ = dT log04 = ^ {E2 - $\ - d\) , (C.0.29) 

wheree the function E2 is defined in (C.0.49). We note that (CO.27) can be 
rewrittenn as 

ö T l o g^^ = ^ ( ^ + ^ ) , (C.0.30) 

andd more generally for (a, b)  ̂ (1,1): 

ör iog^ll  = ^(i?4[; +1]-^ 4K +i 3 + (-i)^4B:i1] ) • (co.31) 

Thee Weierstrass function 

p{z)p{z) = 4m dT log ;/(r) - d2
z\og#i(z) = \ + 0(z2) (C.0.32) 

iss even and is the unique analytic function on the torus with a double pole at 
zero. . 

p(-z)p(-z) = p(z) , p(z + l) = p{z +  T) = p{z), (C.0.33) 

p(z,Tp(z,T + l) = p{z,T) , P(^~1) =T2P(Z,T). (C.0.34) 

Thee constant of z in (C.0.32) has been chosen so as to cancel the z° term in the 
Laurentt expansion, and it equals also 

7T22 1 if" 

47TII  dT log r/(r) = - T E2 = - ^ - . (C.0.35) 

Alternatively,, performing the logarithmic derivative in an appropriate branch, 
wee can express (C.0.32) as 

P{Z)P{Z) = {^) i^ {Z)) + C° n St (C'° ' 36) 

wheree the constant equals | -^ ^- = —47ridT log ^è = \{^2~ ^\)-
Iff  we divide the intervals [0,r] and [0,1] into n parts and consider the regular 

gridd (on the fundamental lattice) marked by the points (s + rr)/n for s,r = 
0 , . ... ,n — 1, the p-values at these points transform into each other under the 
actionn of SL(2,Z): 

( ss + rr \ T ((s + r) + TT 
TT)-^)-^ PP{{ n 'T 

fsfs + rr \ s (-r + ST 1\ 2 /-r + ST 
pipi ,T • p , - - ] =T p[ ,T 

\\ n J \ TIT T I \ n 
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Puttingg all these p-values - except s = r = 0 - into a vector with n2 - 1 
components,, we obtain a vector-valued modular form of weight 2. Summing all 
componentss yields 0, as there is no modular form of weight 2: 

£V(^)=o, , (C.0.37) ) 

wheree the prime indicates exclusion of s = r = 0. For n = 2, this is the 
well-knownn identity for the half-periods, 

p( l /2)) + p(r /2) + p((l + r ) / 2 ) = 0, 

alsoo derivable from (CO.36). 
Wee will need the following torus integrals 

ff d2z 
II  p(z,r) = 4iridT logf^/r^r/), 

JJ T2 

f—f— \p(z,r)\2 = \4nidTlog(y/ V̂)f 
JJ T2 

 \dz\ogdl{z)^2m ==  4mdT \og(t]y/r£) 

zz\\ogog** ll{z){z) = --
JJ T2 T2 

(C.0.38) ) 

(C.0.39) ) 

(C.0.40) ) 

(CO.41) ) 

Poissonn Resummation 
Considerr a function f(x) and its Fourier transform ƒ defined as 

~™~™ = h[_ f{x)éf{x)ékxkxdx. dx. 

Then: : 
££ ƒ (27m) = £ ƒ(„). 
n£Zn£Z n€Z 

Choosingg as ƒ an appropriate Gaussian function we obtain: 

E ee-xan-xan22+nbn+nbn _ J _ V ^ g - f ( n+ i § )2 

n£Zn£Z v n£Z 

—— nan +nbn _ J _„„  (n + »|) ?(„-n>)= /-££ J—^ e 

E E 
n €2 2 

ran2+jr6nn _ * V ^ 
\/Ö Ö 

iez iez 

11 (n + f | ) ' 
27ra a a" " 

(C.0.42) ) 

(C.0.43) ) 

(C.0.44) ) 

(C.0.45) ) 

c - f ( « + * * ) \\ (C.0.46) 
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Thee multidimensional generalisation is (repeated indices are summed over): 

V ^^ g-Tm.-mj/ l .j + ïïflimj _ / ^ j . 4 ) ~2 V e~n(mk + iBk/2)(A~ 1 )kl(m, + >B,/2) 

(C.0.47) ) 

Modula rr  Forms 
AA (holomorphic) modular form Fd(r) of weight d behaves as follows under 

modularr transformations: 

FFdd(-1/T)(-1/T) = rdFd(r), Fd(r + 1) = Fd(r). (C.0.48) 

Wee first list the Eisenstein series: 

oo o 

EE22 = -<9T log.; = 1 - 24 V - ^ — = 1 - 24 V - ^ — , (C.0.49) 
n-\n-\ i n-\ V H ' 

ii  °° 3 n 

^44 =  (^ + *I + tfj) = 1 + 240 Y, YT  ̂ ' ^-O-50) 
7 i = ll  ^ 

11 °° „5„?i 

^66 = g (̂ 2 + ^ ) M + *t) W " #1) = 1 - 504 £ 3 ^ 7 • (C-0-51) 

7 ! = 1 1 

Inn counting BPS states in string theory the following combinations arise 

Ho Ho 
1-E1-E22 ^ nqn 

E ï 3 ^^  = E*(»)9n. (c-0-52) 244 ^ 1 - a 

77\\ _ 1 °° r )3„ n °° 

* ss w = £ & s 5>(»>«n . (C0'53) 

1 _ £66 « „5gr 

n =ll  n = l 

Wee have the following arithmetic formulae for d2k-

dd22k(N)k(N) = Y,n2h~l=--<r2k-i(N)  , A = 1,2,3. (C.0.55) 
n\N n\N 

Thee E\ and #6 modular forms have weight four and six, respectively. They 
generatee the ring of modular forms. However, E2 is not exactly a modular form, 
but t 

3 3 
EE22 = E2 (C.0.56) 

7TT2 2 
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iss a modular form of weight 2 (though not holomorphic anymore). The (modular-
invariant)) j function and T?24 can be written as 

E^E  ̂ _ 1 _ . . 9d 1 

Wee will also introduce the covariant derivative on modular forms: 

ii  = ^ = ^ + 7 4 4 + . .. , r?4 = ï £ ë [%-%]• (CO.57) 

FFd+2d+2 = (l-dT + ^)Fd = Dd Fd . (C.0.58) 

Fd+2Fd+2 is a modular form of weight d + 2 if Fd has weight d. The covariant 
derivativee introduced above has the following distributive property: 

DDdl+d2dl+d2 (Fdl Fd2) = Fd2(DdlFdl) + Fd,(Dd2Fd2). (C.0.59) 

Thee following relations and (C.0.59) allow the computation of any covariant 
derivative e 

DD22 Ê2 = ~E4 --Ê2 , D4E4 = -E6--Ê2E4 , D6 E6 = E\ - E2 E6 . 
66 6 0 0 

(C.0.60) ) 
Heree we will give some identities between derivatives of ^-functions and 

modularr forms. They are useful for trace computations in string theory: 

%-- = -7T2 E2 , \ - = -TT2 E2 (4mdT \ogE2 - ir2E2) , (C.0.61) 

--zz\\ + i\t) =2* iEi< (co'62) 
- 1 5 — —— ( ^ - j + 1 0 5 - ^ - — £ 6 , (C.0.63) 

èèè ö=è^^-^- (ca64) 

Heree is another relationship between theta functions and modular forms, 
settingg y := e2niv: 

Mv)Mv) = ~Wv exp ( - £ ^ E2Jfe(T) </2fc J , (C.O.65) 
k>\ k>\ 

Thee function £(v) that appears in string helicity-generating partition func­
tionss is defined as 

,, x - ^ {l~qn)2 sin™ 0\ .. . w , 
*(«)) - n (1-^)d-Vv) = —ïiïry Xl(v) = * {-v) 

n = 11 v J/y A y ; (C.0.66) 
11 - y 
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Itt satisfies 

mm = i 

.(-lyyu.*-../.. = g ^ £ (.+I)/ 2 1 +^ 

nnn n 

== ̂ 2 £ ü ^ 
£ <2 n + 1> ( 0)) = 0, 

n > l l 

(l-q(l-qnn¥ ¥ 

(C.0.67) ) 

wheree ^n*(0 ) stands for taking the n-th derivative w.r.t. v and then setting 
vv = 0. 



Appendixx D 

Thetaa functions of given 
characteristic c 

AA holomorphic function T : C —> C is called a theta function with period r 
andand characteristic («i,&i ; 02, ̂ 2) if it is almost periodic on the lattice, i.e. if it 
transformss according to 

T(v+l)=eT(v+l)=eaiV+blaiV+blT{v),T{v), and T(v + r) = ea2V+b2T(v) 

Wee call n :=  (a\T — a,2)/2iri the degree of the function. 
Forr example, the following functions are all theta functions with character­

isticc and degree 

yyi/2 i/2 

tfi(2u|2r) tfi(2u|2r) 
02(2U|2T) ) 
^3(2^|2r) ) 
$I{2V\2T) $I{2V\2T) 

0,, i7r;0,i7rr) 
0,, 2TT; —27TZ, — in(T + 1)) 

0,, in; —2iri, —iirr) 
0,0 0 
0,0 0 
0,0 0 
0,0 0 
0,0 0 
0,0 0 
0,0 0 

—27rï,, — iirr) 
-27TZ,, — Ï7T(T -f 1)) 

—47T«,, —2-KiT — in) 

—4iri ,, —2-ÏÏÏT) 

—4ni,—4ni, — 2-ÏÏÏT) 
—4-ïïiy—4-ïïiy —2-KiT — in) 
—4ni,—4ni, — 2-ïïiT) «« = 1,...,4 

Notee that characteristics add up when multiplying theta functions. Note also 
that'dthat'd 3 (nv\nr) and $3{v\^) are of degree n and characteristic (0,0; —2mxi, —n-nir). 
Ass another example, consider the character functions of the level k and isospin 
// representation of affine su(2) algebra [ET2-88]: 

xxllMM ••= 
qq(l(l  + l/2)2/(k+l/2)-l /8 8 

Un^iiUn^ii11 - 9n)(i - yV)( i - y -V" 1) 
XX V ^ Jk+2)m2 + (2l+l)m I 2m(k+2)+2l _ -2m(k+2) -2l-2\ -2l-2\ 
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Thiss is a theta function of characteristic (0,0; — 4&7n, -2kiirr) and degree 2k, 
i.e.i.e. it transforms like 
xxll

kk((
vv + T) = q~ky~2kx[(v)-

Eachh theta function can be multiplied by trivial theta functions (i.e. of 
degreee 0) so that the resulting characteristic reads (0,0; -2irin,b2) where n the 
degreee (an integer). For fixed 62, this is a vector space of dimension n as can 
bee seen from the fact that contour integration around one lattice cell yields 
nn zeros for T: P — Z = §T'jT = § dlogX = —n. We denote this complex 
vectorr space by Tn^2- For 62 = -n-Kir, it's spanned by dz{nv\nT),y d^inv + 
r\nr),r\nr), ...,yn~l d^inv + (n — l ) r |n r ). 

Thuss for instance, all degree 2 theta functions of characteristic (0, 0; —4TTZ, — 2-KÏT) 

shouldd be expressible as linear combinations of i?i(u)2 and "d^iv)1 (or any two 
off  the $,(v)2, 2' = 1 , . .. ,4) with r-dependent coefficients. This was the case for 
thee N=4 massless NS characters (6.2.1), for 'd-iWJ1 or d\(v)2 as in (CO.15), or 
forr the level 1 su(2) su(2) theta functions: 

oo(( v = T 1 / 2 4 E , n e z ^n 2 + m( ? /6 m - ^ 6 m " 2 ) = 03(2t;|2r) 
'' r U i ( i -7n)(i - !,V)( i - j r V " 1 ) n 

1/2,, , = q " 5 / 2 4E m e zq
3" , 2 +m Jy6m+1 ~ y~6m~3) = M^pr) 

XlXl n^ia-^xi-^vxi-y-v- 1) v ' 
Thee right hand sides can be obtained by noting that these too belong to TI,-2I\\T 

(andd by checking the equalities at y = 1, q1^2 say). Alternatively, they are 
reproducedd by the quintuple identity (CO.13). 

Similarly,, any element of T2,-2-nïr can be spanned by the N=4 characters 
""  N S NS 

ch00 ] and ch0 , as was done with the NS orbits in (6.2.4). 
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Binomiall  Congruences 

Wee now prove a lemma from number theory, involving congruences of binomial 
coefficientss (warm thanks to Matthijs Coster): 

Lemmaa E.0.1. For p prime andn,k € N we have 

JzpJzp1 1 UPUP ( t^i-i ) m o d P31 for P > 3 ' (and m o d P31 *  V^) 

Proof.Proof. We use the notation [ l ' , ]C ' ^or a product or a sum skipping multiples 

off  p, and we define S(n) :=  £]i=i J a nd S2(n) :=  Yli=i  h' Note a^so t n at a^ 
non-multipless of p have an inverse, i.e. that (Z/p'Z)*  is a multiplicative group. 
Wee have 

rr ' nn + —) = TT' kpl + '  hpl ~l 

i = l l 

== Il't1 - ^ ) = 1 + k2puS2{kj/) mod p4< 

exceptt for an extra minus sign for the second line if p = 2, / = 1, k odd. 
Thee l.h.s. is 1 + S(kpl)kpl - sW)-s2( *p ' ) f c 2 p 2/ mod p3Z. Comparing both 
sidess mod p2 ' , we find that S(kpl) = 0 mod p'. Comparing mod p3f yields 
kS{kpkS{kpll)) + ^S2{kpl)pl = 0 mod p2' ; and using S2{kpl) = 0 mod p' (p > 3) 
fromm Lemma E.0.3, we obtain 

S{kpS{kpll)) = 0 mod p21 for p > 3, 

whilee only mod p2 ' - 1 for p — 3, and mod p2 ' " 2 for p = 2 (as the coefficient \ 
takess away one power of p). 

Wee now turn to the binomial coefficients: Note first that they both have the 
samee number of multiples of p, namely the number of multiples of p lying in the 
intervall  [n — k,n] or [k,n] - whichever interval is smaller. We assume that they 

159 9 
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actuallyy do not contain multiples of p, so that we can consider their quotient. 
Iff  they do, their difference will contain even more powers of p than p3 ' , so that 
wee could strengthen our result. 

fnpfnpll\\ Jnpl~l 

\kp\kpllJJ//\kp\kp11--1 1 

byy the above. 

Ass a special case of the lemma, for n = 2, k,l = 1, we obtain (2p) = 2 mod 
p3,, or Wolstenholme's theorem: 

Corollar yy E.0.2. ( ^ j / ) = 1 mod p3 for p > 3, (and mod p2 Vp,). 

Lemmaa E.0.3. For l,n 6 N and p prime we have 

P'P' 1 P' 

W):=EV= 0 E E^ > m O d p ''  «/(P-1)K 
i = ii  j = i 

andand 0 mod p '_ 1 /or any p, n. 

Proof.Proof. Note that the same is true of Sn(kpl) for A: G N, as this is merely k copies 
(modd p') of Sn(p

l). Similarly, Sn(p
l+1) is just p equal copies (mod p') of Sn(p

l), 
soo by induction, we only need to prove the result for Sn(p). 

Lett C be a primitive root mod p, i.e. a number such that the set {1, £, £2 , . . ., Q^ 
coverss all elements of the multiplicative group (Z/pZ)*  of order <f>(p) = p — 1. 
Thatt is, the set is equal (mod p) to {1,2, . . . ,p — 1}; and similarly the set 
{1 ,, £ , . . ., j ^ Y is equal (mod pl) to {1, C'\ C2n, - • •, Cn { p " 2 )} - Hence 

SSnn{p){p) = 1 + C" + - + C ( p - 2 ) = 1 ~ ^ '? = 0 mod p 

sincee £p _1 = 1 mod p. For the denominator 1 — £rt to be invertible mod p, we 
mustt exclude the case where (n = 1 mod p, i.e. where n is a multiple of p — 1. 
Inn this case, it still is true that Sn(p) = 0 mod p°, i.e. 0 mod 1. 

Forr ^ Z"J the proof runs similarly. Note that in this case we could drop 
thee dash from the sum to include multiples of p, as their contribution would be 
p(ll  + 2 + - - - + p ' -1 ) = p / ( p ' -1 + l ) /2. D 

npnpll...... ((n - k)pl + 1) ( V " 1 ) ! 
~~ nrf-1...{{n-k)pi-1 +1) (Jfcp*)! 

n // (n - £)p' + i p~kp 

p-kp'-p-kp'-11 kpl - i 

== yy'  (W ~ k)P
l + 2 = yr' (n - k)pl 

^^^^  i  i 

==  l+p'(n- k)S(kpl)+p2l(n - k)2S2(kpl)-S2(kpl) ^ ^ 

==  1 mod p3' 

D D 
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Onee could have tackled the proof of Lemma E.0.1 in other ways, in particular 
byy writing out the binomial coefficients as factorials and using properties of 
factorials.. For the sake of completeness, we include a useful property of residues 
off  factorials (Wilson's theorem): 

Proposit ionn E.0.4. For p prime we have 

{ p - 1 ) !!  = - 1 modp ( p > 2 ), 

andand 1 mod p for p = 2. 

Proof.Proof. In the product 1 . .. (p - 1), the numbers occur in pairs j and 1/j mod 
p,, except for 1 and p - 1 which are their own inverses, since these are the only 
solutionss of j 2 - 1 = 0 mod p. Thus the product is \{p - 1) = - 1 mod p. For 
pp = 2, 1 and p — 1 are equal mod p. Ü 

Forr higher powers of the prime p, pk\ contains a factor of p1+P+P +-+P 
Wee introduce the dash notation to indicate that we have skipped all these 
multipless of p: pk\' = pfc!/(p*~M(p)p ). We compute the residue mod p: 
(p(pkk - 1)!' = ( l . . . pf c _ 1 ...2pk~l ...ppk~1)' consists of p times (p*_1 - 1)!' mod 
p.p. By induction, this yields: 

Lemmaa E.0.5. For p prime and k (E N we have 

(p(pkk - 1)!' EE - 1 mod p (p> 2), 

andand 1 mod p for p = 2. 

Moree generally, this result holds also mod pl for powers Ar ̂  /, as we shall 
showw below. 

Lemmaa E.0.6. For p prime we have: 

(p*- 11 - 1 ) ! ' = {p-l)\pk~2 == - 1 + m / - 1 modpk {p>2,k^2)1 

andand = 1 + pkl~l mod pk for p — 2, k ^ 4. 
Here,Here, n\ e Z*p is defined by (p - 1)! = - 1 + nxp mod p2 (p > 2). 

Proof.Proof. By induction on k. The case k = 2 is trivial. 

(p*- 1- ! ) ! ''  = [ l - 2 . . . ( p f c - 2- l ) ] '  [(pfc-2 + l ) . - . (p f c - 2+p f c - 2- l ) ] ' . . . 

. . . [ ( ( p - V ^^  + l ) . . . ^ - 1 - ! ) ] ' 
Thee first square bracket is - 1 + nlp

k~2 mod pk~l by induction; z'.e. it is - 1 + 
nipnipkk~~22 + cpk~1 mod pk (for some integer c), a quantity we denote by a. The 
secondd square bracket is a+p*"2(p*~2 - l)! 'Si(p* -2) modp*. Since Si{pk~2) = 
00 mod pk~2 by lemma E.0.3 (p ^ 2), this is just a mod p*  if k > 3. (For A; = 3, 
aa trailing p2-const won't affect the ultimate conclusion). All remaining brackets 
aree also a mod pk. Hence 

(p*- 11 - 1)!' = o? = ( -1 + nxp
k'2Y = - 1 + mp*-1 = ( -1 + nlP)pk~2 mod pk. 
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Forr p = 2, the anchor is at k = 4: (p3 - 1)!' = 1 3 5 7 =1 + 23 mod p4. So 
thee last line reads ap = 1 + p ^ ! mod pfr. Since we only have S\ (pk~2) = 0 mod 
p*~3,, there is a trailing p2k~5, which is fine for the induction with k ^ 5. D 

Corol laryy E.0.7. 

( p * - l ) ! ' = - l r a o d p**  ( P > 2) 

a7*dd 1 mod pk for p — 2. 

Proof,Proof, l.h.s. = [1 . . . (p * -1 — 1)]' [(p*- i + l ) . . . ( p * - i +p * - i _ ! ) ] ' . . . [ ( ( p _ 

l )p* _11 +- 1) - -. (p*  - 1)] . By the previous lemma, the first square bracket yields 
kk — 2 

(pp — l) ! p (p > 2), while the second yields the same plus pk l{p - l)\Si(p) 
(whichh is 0 mod pk), and all other square brackets yield the same. In all we 
havee (p - l)!Pfc_I = ( -1 + nlP+ . .. )Pk~1 = - 1 mod pk (or +1 for p = 2). D 

Thee same method of proof easily yields: 

Proposit ionn E.0.8. For prime p and integers k ^ / we have 

( // - 1)!' E - 1 mod p' ( p > 2) 

andand 1 mod pl for p — 2. 

Theree is no explicit formulafor (p—1)! mod p2, i.e. the integer n\ in (p-1)! = 
—— 1 + n ip mod p2 is no evident function of p. In Hardy and Wright, one will 
findfind a formula reducing the factorial to terms involving E^-\. Also, for mod p3, 
thee recent literature exhibits ways to reduce the factorial to complicated terms 
involvingg the class number of p. 
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Samenvatting g 

Ditt proefschrift is betrokken met telproblemen uit de enumeratieve meetkunde. 
Inn het bijzonder proberen wij twee-dimensionale voorwerpen door natuurkundi­
genn ook instantonen genoemd - te tellen, die in hoger-dimensionale oppervlak­
tenn ingebed zijn. Dat soort vragen hadden de antieke Grieken al beschouwd: 
b.v.. hoeveel lijnen zijn er op een kubisch oppervlak (gegeven door een derde 
graadss vergelijking voor de drie ruimtecoördinaten)? Het antwoord is 27. Gelijk 
ookk vond de Duitse wiskundige Schubert in de negentiende eeuw dat er 2875 
complexee lijnen op een kwintisch oppervlak in de vier-dimensionale projectieve 
ruimtee zijn. Dat soort 'lijnen' hebben reële dimensie twee (in feite ballons) 
enn zijn de eenvoudigste vorm van onze gekoesterde instatonen. Moeijlijkere 
voorwerpenn kunnen gaten hebben (zoals 'brezels') en worden geclassificeerd 
volgenss hun topologische eigenschappen (geslacht, homologie klas oftewel ho­
eveell  gesloten kettingen er zijn die niet samengetrokken kunnen worden, ezv) 
enn hun meetkundige eigenschappen (holomorfie, complexe structuur, graad van 
eenn kromme). 

Inn dat opzicht is ons probleem gelijk aan het tellen van holomorfe krommen 
vann gegeven graad en homologieklas op een bepaalde ruimte. Al de variërende 
parameterss worden ook moduli genoemd, en ze vormen de moduliruimte. Als 
dee getelde objecten oneindig blijken te zijn, dan kunnen we eindigheid bereiken 
doorr opdringen van voorwaarden, b.v. het doorsnijden met een onderruimte dat 
doorr zijn homologieklas gekenmerkt is. De duale cohomologieklassen daarvan 
zijnn dan differentiaalvormen die we op de moduliruimte kunnen integreren, en 
dee uitslag van dit integraal is ons gewenste eindige getal. 

Voorr zogenaamde Calabi-Yau drie-vouden (6 reël-dimensionale Kahler variëteiten 
mett verdwijnend eerste Chern klas) valt er geen extra voorwaarden om op te 
dringen;; en de integraal bevat dan een Euler klas. Dit getal is altijd rationaal 
omdatt de moduliruimtes quotiënten zijn (orbifolds). Uit die reeks van getallen 
kunnenn we op een unieke manier een tweede reeks van getallen halen, die de 
verwonderlijkee eigenschap hebben allemaal gehele getallen te zijn, waarvan de 
betekeniss nog niet zo goed begrepen is. Het is wel wenselijk om gehele getallen 
tee verkrijgen, aangezien we toch objecten tellen, maar tegelijkertijd zijn die ob­
jectenn zo fictief en ongetemd dat we niet eens konden verwachten ze te mogen 
tellen. . 

Maarr waar is nu het verband met de natuurkundige oorsprong van deze in­
stantonenstantonen ? Dit ligt in de stringtheorie, het boeiendste en snelst ontwikkelende 
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gebiedd in de theoretische fysica, de meest belovende kandidaat voor de verenig­
ingg van de vier krachten in de natuur. Haar droom is al een eeuw oud, maar 
blijk tt nu slechts enkele maanden ver te liggen (en dit al tien jaar!): een kwantis-
chee beschrijving van de zwaartekracht. Dit was onmogelijk met de gebruikelijke 
werktuigkastt van het Standaardmodel van elementaire deeltjes omdat die punt-
deeltjess tot afschuwelijke divergenties in padintegralen leiden. De verlossing ligt 
dann in de vervanging van punten door lijnen, oftewel door piepkleine 'snaren' in 
tee voeren, wiens verschillende trillingen de energies (of massa's) van de elemen­
tairee deeltjes voortbrengen. Geheel de wereld wordt dan teruggevoerd tot een 
enkell  bouwsteen: de fundamentele snaar. En de oude droom van atomisme is 
weerr bereikt... tijdelijk... want ik zie al die vervelende natuurkundige aankomen 
omm te preken dat die snaar ook nog eens onderdelen bevat. Tja, want waarmee 
zall  hij dan zijn brood verdienen ? 

Dee tijdevolutie van zo'n snaar noem je zijn 'worldsheet' en de Feynman 
grafenn van de interacties bestaan uit snaren die elkaar ontmoeten en weer schei­
den.. Voor gesloten snaren is dit een Riemann oppervlak (soort brezel), en 
dee studie van afbeeldingen ervan naar een hoger-dimensionale ruimte vormt 
eenn eenvoudige twee-dimensionale gravitatie. De verschillende wijzen waarop 
dee beelden van die functies ingebed zijn veroorzaakt ons oorspronkelijk tel-
probleem,, ook Gromov-Witten theorie genoemd. De inbeddende ruimte is uit 
natuurkundigee behoefte zes-dimensionaal, want dit is net het aantal dimensies 
diee je wil laten verdwijnen (steeds kleiner maken, oftewel 'compactificeren') om 
onzee goede oude vier-dimensionale ruimte-tijd over te hebben uit een originele 
stringtheoriee (die trouwens maar in tien dimensies consistent is). 

Ditt proefschrift legt uit hoe de intuïtie van de natuurkunde gebruikt wordt 
omm vermoedens in de zuivere wiskunde voort te brengen. We laten zien hoe 
dee dualiteiten tussen verschillende stringtheorieën het berekenen van instanto-
nenn mogelijk maakt; gelijk ook de spiegelsymmetrie tussen twee topologische 
modellenn van stringtheorie. Onze uitslagen zijn rond de voortbrengende func­
tiee van Gromov-Witten invarianten, een object dat bij de kruising van ettelijke 
wiskundigee ontwikkeling ligt zoals het elliptisch geslacht van CY variëteiten, de 
karakterenn van N=4 superconforme veldtheorieën, Kac-Moody algebra's, de au-
toniorfee eigenschappen van oneindige producten, de Howe correspondentie met 
modulairee vormen en de een-lus 'threshold' correcties voor beta-functies. 
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