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Introductio n n 

(i)) Arakelov geometry is a technique for studying diophantine problems from a geometrical point 
off  view. In short, given a diophantine problem, one considers an arithmetic scheme associated with 
thatt problem, and adds in the complex points of that scheme by way of "compactification". Next, 
onee endows all arithmetic bundles on the scheme with an additional structure over the complex 
numbers,, meaning one endows them with certain hermitian metrics. It is well-known from tra­
ditionall  topology or geometry that compactifying a space often introduces a convenient structure 
too it, which makes a study of it easier generally. The same holds in our case: by introducing an 
additionall  Arakelov structure to a given arithmetic situation one ends up with a convenient set-up 
too formulate, study and even prove diophantine properties of the original situation. For instance 
onee could think of questions dealing with the size of the solutions to a given diophantine problem. 
Fermat'ss method of descent can perhaps be viewed as a prototype of Arakelov geometry on arith­
meticc schemes. 

(ii )) Probably the best way to start an introduction to Arakelov geometry is to consider the simplest 
typee of arithmetic scheme possible, namely the spectrum of a ring of integers in a number field, 
forr instance Spec(Z). In the nineteenth century, some authors, like Kummer, Kronecker, Dedekind 
andd Weber, drew attention to the remarkable analogy that one has between the properties of rings 
off  integers in a number field, on the one hand, and the properties of coordinate rings of affine 
non-singularr curves on the other. In particular, they started the parallel development of a theory 
off  "places" or "prime divisors" on both sides of the analogy. Most important, morally speaking, 
wass however that the success of this theory allowed mathematicians to see that number theory on 
thee one hand, and geometry on the other, are unified by a bigger picture. This way of thinking 
continuedd to be stressed in the twentieth century, most notably by Weil, and it is fair to say that 
thee later development of the concept of a scheme by Grothendieck is directly related to these early 
ideas. . 

Thee idea of "compactifying" the spectrum of a ring of integers can be motivated as follows. 
Wee start at the geometric side. Let C be an affine non-singular curve over an algebraically closed 
field.field. The first thing we do is to "compactify" it: by making an appropriate embedding of C into 
projectivee space and taking the Zariski closure, one gets a complete non-singular curve C. This 
curvee is essentially unique. Now we consider divisors on C: a divisor is a finite formal integral linear 
combinationn D = ^2PnpP of points on C. The divisors form in a natural way a group Div(C). 
Wee obtain a natural group homomorphism Div(C) -+ Z by taking the degree degD = YlpnP- m 

orderr to obtain an interesting theory from this, one associates to any non-zero rational function ƒ 
onn C a divisor (ƒ) = ^2Pvp(f)P, where vp(f) denotes the multiplicity of ƒ at P. By factoring 
outt the divisors of rational functions one obtains the so-called Picard group Pic(C) of C. Now 
aa fundamental result is that the degree of the divisor of a rational function is 0, and hence the 
degreee factors through a homomorphism Pic(C) —* Z. It turns out that the kernel Pic°(C) of 
thiss homomorphism can be given a natural structure of projective algebraic variety. This variety 
iss a fundamental invariant attached to C and is studied extensively in algebraic geometry. The 
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fundamentall  property that the degree of a divisor of a rational function is 0 is not true in general 
whenn we consider only affine curves. This makes the step of compactifying C so important. 

Turningg next to the arithmetic side, given the success of compactifying a curve at the geometric 
side,, one wants to define analogues of divisor, degree and compactification, in such a way that the 
degreee of a divisor of a rational function is 0. This leads us to an arithmetic analogue of the degree 
00 part of the Picard group. The compactification step is as follows: let B = Spec(Oft-) be the spec­
trumm of the ring of integers OK in a number field K. We formally add to B the set of embeddings 
oo : K  C of K into C. By algebraic number theory this set is finite of cardinality [K : Q]. Now 
wee consider Arakelov divisors on this enlarged B: an Arakelov divisor on B is a finite formal linear 
combinationn D — J2p npP + J2a

 a<? ' o~, with the first sum running over the non-zero prime ideals 
off  OK, with np € Z, and with the second sum running over the complex embeddings of K, with 
a„a„  e R. Note that the non-zero prime ideals of OK correspond to the closed points of B. The set 
off  Arakelov divisors forms in a natural way a group Div(B). On it we have an Arakelov degree 
degDD = F̂np\og#{OKIP) + Y^oao which takes values in R. The Arakelov divisor associated 
too a non-zero rational function ƒ 6 K is given as (ƒ) = £ p vp(f) log #(OK/P) + J2<r vv(f)°~ with 
vp(f)vp(f) the multiplicity of ƒ at P, i.e., the multiplicity of P in the prime ideal decomposition of ƒ, 
andd with va{f) = — log f ƒ | CT - The crucial idea is now that the product formula accounts for the 
factt that deg(/) = 0 for any non-zero ƒ G K. So indeed, by factoring out the divisors of rational 
functions,, we obtain a Picard group Pic(B) with a degree Pic(Z?) —> R. To illustrate the use of 
thesee constructions, we refer to Tate's thesis: there Tate showed that the degree 0 part Pic (£?), the 
analoguee of the Pic0 (C) from geometry, can be seen as a natural starting point to prove finiteness 
theoremss in algebraic number theory, such as Dirichlet's unit theorem, or the finiteness of the class 
group.. In fact, Tate uses a slight variant of our Pic (B), but we shall ignore this fact. 

(iii )) Shafarevich asked for an extension of the above idea to varieties defined over a number field. 
Inn particular he asked for this extension in the context of the Mordell conjecture. Let C be a 
curvee over a field k. The statement that the set C(k) of rational points of C is finite, is called the 
Mordelll  conjecture for Cjk. Now for curves over a function field in characteristic 0, the Mordell 
conjecturee (under certain trivial conditions on C) was proven to be true in the 1960s by Manin and 
Grauert.. However, the Mordell conjecture for curves over a number field was by then still unknown, 
andd the technique of proof could not be straightforwardly generalised. A different approach to the 
Mordelll  conjecture for function fields was given by Parshin and Arakelov. The main feature of their 
approachh is that it leads to an effective version of the conjecture: they define a function h, called 
aa height function, on the set of rational points, with the property that for all A, the set of P with 
h(P)h(P) < A is finite, and can in principle be explicitly enumerated. Now what they prove is that the 
heightt of a rational point can be bounded a priori. Hence, it is possible in principle to construct 
ann exhaustive list of the rational points of a given curve. 

Inn order to prove this result, the essential step is to associate to the curve Cjk a model p : X —* B 
withh X a complete algebraic surface, and with B a non-singular projective curve with function field 
k,k, such that the generic fiber of X is isomorphic to C. The rational points of Cjk correspond then 
too the sections P : B — X of p. The essential tool, then, is classical intersection theory on X. It 
turnss out that certain inequalities between the canonical classes of this surface can be derived, and 
thesee inequalities make it possible to bound the height of a section. 

Thee obvious question, in the light of the Mordell conjecture for number fields, is whether this 
set-upp can be carried over to the case of curves defined over a number field. As was said before, 
Shafarevichh asked for such an analogue, but eventually it was Arakelov who, building on ideas of 
Shafarevichh and Parshin, came up with a promising solution. His results are written down in the 
importantt paper An intersection theory for divisors on an arithmetic surface, published in 1974. 

Lett us describe the idea of that paper. Let CJK be a curve over a number field K. To it there 
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iss associated a scheme p : X — B — Spec(0tf), called an arithmetic surface, which is a fibration 
inn curves over B, just as in the classical context of function fields mentioned above. The generic 
fiberr of p : X —* B is isomorphic to C, and for almost all non-zero primes P of OK , the fiber at the 
correspondingg closed point is equal to the reduction of C modulo P. Again, the set of rational points 
off  C/K corresponds to the set of sections P : B —> X. In order to attack the Mordell conjecture 
forr C, one wants to have an intersection theory for divisors on X. The first idea, as always, is 
too compactify the scheme X. We do this by formally adding in, for each complex embedding a 
off  K, the complex points of C, base changed along a to C These complex points come with the 
naturall  structure of a Riemann surface, and yield the so-called "fibers at infinity" Fa of X. Now, 
ann Arakelov divisor on A" is a sum D = Da„  + Din{ with D â a traditional Weil divisor on X, and 
withh Dm{ — ̂ 20a<rFa

 a n "infinite" contribution with aa € R. The set of such divisors forms in 
aa natural way a group Div(X). The main result of Arakelov is that one has a natural symmetric 
andd bilinear intersection pairing on this group, and that this pairing factors through the Arakelov 
divisorss of rational functions of X. The crucial case to consider is the intersection of two distinct 
sectionss P, Q of p : X — B, viewed as divisors on X. We have a finite contribution (P, Q)aa which 
iss given using the traditional intersection numbers on X, but we also have an "infinite" contribution 
(P,, Q)inf, which is defined to be a sum — £ f̂f log G{Pai Q&) over the complex embeddings a. Here G 
iss a kind of "distance" function on X„,  the Riemann surface corresponding to a. Arakelov defines 
GG by writing down the axioms that it is supposed to satisfy, and by observing that these axioms 
alloww a unique solution. The function G, called the Arakelov-Green function, is a very important 
invariantt attached to each (compact and connected) Riemann surface. One of the properties of 
Arakelov'ss intersection theory is that an adjunction formula holds true, as in the classical function 
fieldfield case. 

Givenn Arakelov's intersection theory on arithmetic surfaces, the set-up appears to be present 
too try to attack the Mordell conjecture. Unfortunately, no proof exists yet which translates the 
originall  ideas of Parshin and Arakelov into the number field setting. The major problem is that 
ass yet there seem to exist no good arithmetic analogues of the classical canonical class inequalities. 
However,, we do have an ineffective proof of the Mordell conjecture for number fields, due to Falt-
ings.. He was inspired by Szpiro to work on this conjecture using Arakelov theory, but ultimately he 
foundd a proof which runs, strictly speaking, along different lines. Nevertheless, Faltings obtained 
manyy interesting results in Arakelov intersection theory, and he wrote down these results in his 1984 
landmarkk paper Calculus on arithmetic surfaces. Here Faltings shows that, besides the adjunction 
formula,, also other theorems from classical intersection theory on algebraic surfaces have a true 
analoguee for arithmetic surfaces, such as the Riemann-Roch theorem, the Hodge index theorem, 
andd the Noether formula. The formulation of the Noether formula requires the introduction of a 
neww fundamental invariant S of Riemann surfaces, and in his paper Faltings asks for a further study 
off  the properties of this invariant. 

(iv)) As we said above, the major difficulty in translating the classical techniques for effective Mordell 
intoo the number field setting is the lack of good canonical class inequalities. For example, one 
wouldd like to formulate and prove a convenient analogue of the classical Bogomolov-Miyaoka-Yau-
inequalityy for algebraic surfaces, and attempts to do this have been made by for example Parshin 
andd Moret-Bailly in the 1980s. It was shown by Bost, Mestre and Moret-Bailly, however, that a 
certainn naive analogue of the classical inequality is false. But parallel to this it also became clear 
thatt besides effective Mordell, also other major diophantine conjectures, such as Szpiro's conjecture 
andd the a&c-conjecture, would follow if one had good canonical class inequalities for arithmetic 
surfaces.. No doubt it is very worthwhile to look further and better for such inequalities. 

Unfortunately,, during the last decades not much progress seems to have been made on this 
problem.. The difficulties generally arise because of the difficult complex differential geometry that 
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onee encounters while dealing with the contributions at infinity. Also, we have no good idea how the 
canonicall  classes of an arithmetic surface can be calculated, and neither do we have any good idea 
howw to relate them to other, perhaps easier, invariants. Many authors therefore continue to stress 
thee importance of finding ways to calculate canonical classes of arithmetic surfaces, and of making 
upp an inventory of the possible values that may occur. It is clear that a better understanding of 
thee invariants associated to "infinity " is much needed. 

Severall  authors have done Arakelov intersection theory from this point of view. A first important 
stepp was taken by Bost, Mestre and Moret-Bailly, who studied the explicit and calculational aspects 
off  the first non-trivial case, namely of curves of genus 2 (the Arakelov theory of elliptic curves is 
well-understood,, see for instance Faltings' paper). After that, several other isolated examples have 
beenn considered: for example Ullmo et al. studied the Arakelov theory of the modular curves 
Xo{N),Xo{N), and Guardia in his thesis covered a certain class of plane quartic curves admitting many 
automorphisms. . 

Inn the present thesis we wish to contribute to the problem of doing explicit Arakelov geometry 
byy trying to find a description of the main numerical invariants of arithmetic surfaces that makes 
itt possible to calculate them efficiently. We give explicit formulas for the Arakelov-Green function 
ass well as for the Faltings delta-invariant, where it should be remarked that these invariants are 
definedd only in a very implicit way. We show how we can make things even more explicit in the case 
off  elliptic and hyperelliptic curves. Finally, we indicate how efficient calculations are to be done, 
andd in fact we include some explicit numerical examples. 

(v)) We now turn to a more specialised description of the main results of this thesis. For an 
explanationn of the notation we refer to the main text. 

Chapterr 1 is an introduction to Arakelov theory. We introduce the main characters, such as the 
Arakelov-Greenn function, the delta-invariant, the Faltings height and the relative dualising sheaf, 
andd we prove some fundamental properties about them. The results described in this chapter are 
certainlyy not new, although our proofs sometimes differ from the standard ones. 

Inn Chapter 2 we state and prove our explicit formulas for the Arakelov-Green function and 
Faltings'' delta-invariant. Let X be a compact and connected Riemann surface of genus g > 0, and 
lett G be the Arakelov-Green function of X. Let /z be the fundamental (I,l)-form of X and let ||i?|| 
bee the normalised theta function on Picg_i(X) . Let S(X) be the invariant defined by 

logS(X):=-logS(X):=- [ log| | i? | | {f f F-Q)-M (P), 
Jx Jx 

withh Q an arbitrary point on X. It can be checked that the integral is well-defined and does not 
dependd on the choice of Q. Let W be the classical divisor of Weierstrass points on X. We have 
thenn the following explicit formula for the Arakelov-Green function. 
Theorem.. For P,Q points on X, with P not a Weierstrass point, we have 

G(PG(P 0)9 _ six)1'* 2  \W\(9p~Q) 

HereHere the product runs over the Weierstrass points of X, counted with their weights. The formula is 
validvalid also for Weierstrass points P, provided that we take the leading coefficients of a power series 
expansionexpansion about P in both numerator and denominator. 

Ass to Faltings' delta-invariant S(X) of X, we prove the following result. Let $ : X x X —
Picp_i(X )) be the map sending (P, Q) to the class of (gP—Q). For a fixed Q € X, let Z'Q : X —* XxX 
bee the map sending P to (P,Q), and put 4>Q — 4»  IQ. 
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Theorem.. Define the line bundle Lx by 

LxLx := ( (g) «ft, (0(6)) W 1 » » " ®ox A x ®Ox Üx
9f~(9+1) ®Qx 

\wew\wew J 

®® (n®*<»+1>/2 ® 0 x ( A ^ ° ( X , Q ^ ) ® c Ox) )v )® 2

ThenThen the line bundle Lx is canonically trivial. If T(X) is the norm of the canonical trivialising 
sectionsection of Lx, the formula 

exp(S(X)/A)exp(S(X)/A) = S{X) - ( f l - 1 ) / 9Ï  T(X) 

holds. holds. 
Wee have the following explicit formula for T(X). For P on X, not a Weierstrass point, and z a 

locall  coordinate about P, we put 

Iftl(P )) :- lim msP'Q} 
Q~PQ~P \z(P) - *(Q)|» 

Furtherr we let Wz(u){P) be the Wronskian at P in z of an orthonormal basis {uj\,..., u)g} of the 
differentialss H°(X,Slx) with respect to the hermitian inner product (w, r?) » | / x w A 77. 
Theorem.. The invariant T(X) satisfies the formula 

r(X )) = ||F8||(i>)-<*+l>- n \m\(9P -w)^-1»*3 -\wz(u;)(P)\2, 

wherewhere again the product runs over the Weierstrass points of X, counted with their weights, and 
wherewhere P can be any point of X that is not a Weierstrass point. 

I tt follows that the invariant T(X) can be given in purely classical terms. 
Chapterss 3 and 4 are devoted to the proof of the following result, specialising to hyperelliptic 

Riemannn surfaces. 
Theorem.. Let X be a hyperelliptic Riemann surface of genus g > 2, and let ||Ag||(X) be its 
modifiedmodified modular discriminant. Then f or the invariant T(X) of X, the formula 

T(X)T(X) = (2ny2°-\\Ag\\(X)-*& 

holds. holds. 
Thee proof of this theorem follows by combining two results relating the Arakelov-Green function 

too the invariants T(X) and ||Ag|j(X) . Although these results look quite similar, the proofs that we 
givee of these results use very different techniques. For the first result, which we prove in Chapter 
3,, we only use function theory on hyperelliptic Riemann surfaces. For the second result, which we 
provee in Chapter 4, we broaden our perspective and consider hyperelliptic curves over an arbitrary 
basee scheme. The result follows then from a consideration of a certain isomorphism of line bundles 
overr the moduli stack of hyperelliptic curves. Special care is needed to deal with its specialisation 
too characteristic 2, where the locus of Weierstrass points behaves in an atypical way. 

Inn Chapter 5 we focus on the Arakelov theory of elliptic curves. Mainly because the fundamental 
(1,, l)-form n behaves well under isogenies, a fruitful theory emerges in this case. We give a reasonably 
self-containedd and fairly elementary exposition of this theory. We recover some well-known results, 
duee to Faltings, Szpiro and Autissier, but with alternative proofs. In particular, we base our 
discussionn on a complex projection formula for isogenies, which seems new. The main new results 
thatt we derive from this formula are as follows. 
Theorem.. Let X and X' be Riemann surfaces of genus 1. Let \\n\\(X) and \\TI\\(X') be the values 
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ofof the normalised eta-function associated to X and X', respectively. Suppose we have an isogeny 
ff : X —* X'. Then we have 

111 G x ( ° ' P ) - \\n\\(X)* ' 
PeKer/.P#00 " niy ' 

wherewhere N is the degree of f. 
Thee above theorem answers a question posed by Szpiro. 

Theorem.. Let E and E' be elliptic curves over a number field K, related by an isogeny f : E —* E'. 
LetLet p : £ —* B and p' : £' —* B be arithmetic surfaces over the ring of integers of K with generic 
fibersfibers isomorphic to E and E', respectively. Suppose that the isogeny f extends to a B-morphism 

;; for example, this is guaranteed if £' is a minimal arithmetic surface. Let D be an 
ArakelovArakelov divisor on £ and let D' be an Arakelov divisor on £'. Then the equality of intersection 
productsproducts {f*D',D)  = {D',ftD) holds. 

Inn the final Chapter 6 we explain how our explicit formulas can be used to effectively calculate 
exampless of canonical classes. It turns out that the major difficulty is always the calculation of the 
invariantt S(X). 
Theorem.. Consider the hyperelliptic curve X of genus 3 and defined over Q, with hyperelliptic 
equation equation 

yy22 = x(x - l)(4z5 + 24x4 + 16x3 - 23i2 - 21x - 4). 

ThenThen X has semi-stable reduction over <Q with bad reduction only at the primes p = 37, p = 701 
andand p — 14717. For the corresponding Riemann surface (also denoted by X) we have 

logT(X)) - -4.44361200473681284... 
l ogSpQQ = 17.57... 

S(X)S(X) = -33.40... 

andand for the curve X/Q we have 

hhFF{X){X) - -1.280295247656532068... 
e(X)e(X) = 20.32... 

forfor the Faltings height and the self-intersection of the relative dualising sheaf, respectively. 

Thee main results of this thesis are also described in the following papers. 

R.. de Jong, Arakelov invariants of Riemann surfaces. Submitted to Documenta Mathematica. 
R.. de Jong, On the Arakelov theory of elliptic curves. Submitted to 1'Enseignement Mathématique. 
R.. de Jong, Faltings' delta-invariant of a hyperelliptic Riemann surface. Submitted to the 

Proceedingss of the Texel Conference "The analogy between number fields and function fields". 
R.. de Jong, Jacobian Nullwerte associated to hyperelliptic Riemann surfaces. In preparation. 
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Chapterr 1 

Revieww of Arakelov geometry 

Inn this chapter we review the fundamental notions of Arakelov geometry, as developed in Arakelov's 
paperr [Ar2] and Faltings' paper [Fa2]. These papers wil l serve as the basic references throughout 
thee whole chapter. 

Inn Section 1.1 we discuss the complex differential geometric notions that are needed to provide 
thee "contributions at infinity" in Arakelov intersection theory. In Section 1.2 we turn then to this 
intersectionn theory itself, and discuss its formal properties. In Section 1.3 we recall the defining 
propertiess of the determinant of cohomology and the Deligne bracket, and show how they are 
metrisedd over the complex numbers. These metrisations allow us to give an arithmetic version of 
thee Riemann-Roch theorem. In Section 1.4 we introduce Faltings' delta-invariant, and give two 
fundamentall  formulas in which this invariant occurs. In Section 1.5 we recall the definition and 
basicc properties of semi-stable curves and show how they are used to define Arakelov invariants 
forr curves over number fields. Finally in Section 1.6 we discuss the arithmetic significance of the 
delta-invariantt by stating and sketching a proof of the arithmetic Noether formula, due to Faltings 
andd Moret-Bailly. 

1.11 Analyti c part 

Lett X be a compact and connected Riemann surface of genus g > 0, and let fi ^ be its holomorphic 
cotangentt bundle. On the space of holomorphic differential forms H°{X, fi^ ) we have a natural 
hermitiann inner product given by 

(">,??)) = \ J uArj. 

Heree we use the notation i = y/^1. We use this inner product1 to form an orthonormal basis 
{ui,{ui, ug} of H°(X, ü](). Then we define a canonical (l,l)-form n on X by setting 

ii  A 
MM := n~ > , uk A uJfc . 

99 fc=l 

Clearlyy the form \x does not depend on the choice of orthonormal basis, and we have fx fi = 1. 

Definitio nn 1.1.1. The canonical Arakelov-Green function G is the unique function X x X —» R>n 
suchh that the following properties hold: 

(i)) G(P, Q)2 is C°° on X x X and G{P, Q) vanishes only at the diagonal A* . For a fixed P 6 X, 

ann open neighbourhood U of P and a local coordinate z on U we can write log G(P, Q) = 
11 We warn the reader that some authors use the normalisation ^ instead of ^. 
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logg \z(Q)\ + f(Q) for P ï Q £ [/, with ƒ a C^-function; 

(ii )) for all P G A" we have dQdQ logG(P, Q)2 = 2mfi(Q) for Q  ̂ P: 

(iii )) for all F € A" we have fx log G(P, Q)/x{Q) = 0. 

Off  course, the existence and uniqueness of such a function require proof. Such a proof is given 
inn [Ar2j. However, that proof relies on methods from the theory of partial differential equations, 
andd is ineffective in the sense that it does not give a way to construct G. One of the results in this 
thesiss is an explicit formula for G which is well-suited for concrete calculations (see Theorem 2.1.2). 

Thee defining properties of G imply the symmetry relation G(P,Q) = G(Q, P) for all P,Q € X. 
Thiss follows by an easy application of Green's formula, which we state at the end of this section. 
Thee symmetry of G will be crucial for obtaining the symmetry of the Arakelov intersection product 
thatt we shall define in Section 1.2. 

Wee now describe how the Arakelov-Green function gives rise to certain canonical metrics on the 
linee bundles Ox{D), where D is a divisor on X. It suffices to consider the case of a point P € X, 
forr the general case follows from this by taking tensor products. Let s be the canonical generating 
sectionn of the line bundle Ox(P)- We then define a smooth hermitian metric ||  ||ox(P}  cm Ox{P) 
byy putting ||s||ox(P)(Q) ~ C(P, Q) for any Q E X. By property (ii) of the Arakelov-Green function, 
thee curvature form (cf. [GH], p. 148) of Ox(P) is equal to /i, and in general, the curvature form of 
Ox{D)Ox{D) is deg(D)  /i, with deg(D) the degree of D. 

Definitio nn 1.1.2. A line bundle L with a smooth hermitian metric ||  || is called admissible if its 
curvaturee form is a multiple of /i. We also call the metric ||  || itself admissible in this case. 

Wee wil l frequently make use of the following observation. 

Proposit ionn 1.1.3. Let ||  || and ||  ||' be admissible metrics on a line bundle L. Then the quotient 
|||  11/11  ||' is a constant function on X. 

Proof.Proof. The logarithm of the quotient is a smooth harmonic function on X, hence it is constant. D 

I tt follows that any admissible line bundle L is, up to a constant scaling factor, isomorphic to the 
admissiblee line bundle Ox{D) for a certain divisor D. In Section 1.2 we will generalise the notion 
off  admissible line bundle to arithmetic surfaces, and define an intersection product for admissible 
linee bundles. 

Ann important example of an admissible line bundle is the holomorphic cotangent bundle ilx. 
Wee define a metric on it as follows. Consider the line bundle Oxxx{&x) on X x X. By the 
adjunctionn formula, we have a canonical residue isomorphism Ox XX(—&X)\AX ~~t^x- ^ e obtain 
aa smooth hermitian metric ||  jj on Oxxx{&x) by putting |[s||(P,Q) — G(P,Q), where s is the 
canonicall  generating section. 

Definitio nn 1.1.4. We define the metric ||  ||AF on Slx by requiring that the residue isomorphism 
bee an isometry. 

Theoremm 1.1.5. (Arakelov [Ar2j) The metric \\  \\ r̂ is admissible. 

Itt remains to state Green's formula. We wil l use this formula once more in Section 3.8. It can 
bee proved in a straightforward way using Stokes' formula. 

Lemmaa 1.1.6. (Green's formula) Let 4>,ip be functions on X such that for any P € X, any 
smallsmall enough open neighbourhood U of P and any local coordinate z onU we can write log 4>[Q) = 
vvPP(4>)\og\z{Q)\(4>)\og\z{Q)\ + f[Q) andlogiP(Q) = vP(il>))og\z(Q)\+g(Q) for all P / QeU withvP{<t>),vp(iP) 
integersintegers and f,g two C°°-functions on U. Then the formula 

-- / {\og<f>-dd\ogi>-\ogiP-dd\ogct>)= Y M<t>)  logtP(P) - vP(rP) log4>(P)) 
JXJX P£X 
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holds. holds. 

1.22 Intersection theory 

Inn this section we describe the intersection theory on an arithmetic surface in the original style of 
Arakelovv [Ar2]. For the general facts that we use on arithmetic surfaces we refer to [Li] . 

Definit ionn 1.2.1. An arithmetic surface is a proper flat morphism p : X —  B of schemes with X 
regularr and with B the spectrum of the ring of integers in a number field K, such that the generic 
fiberfiber XK is a geometrically connected curve. If XK has genus 3, we also say that X is of genus g. 

Thee arithmetic genus is constant in the fibers of an arithmetic surface, and all geometric fibers 
exceptt finitely many are non-singular. Further we have p+Ox = OB for an arithmetic surface 
pp : X —> B, and hence, by the Zariski connectedness theorem, all fibers of p are connected. 

Definit ionn 1.2.2. An arithmetic surface p : X —» B of positive genus is called minimal if every 
properr birational B-morphism X —* X' with p' : X' — B an arithmetic surface, is an isomorphism. 

Forr any geometrically connected, non-singular proper curve C of positive genus defined over a 
numberr field K there exists a minimal arithmetic surface p: X  ̂ B together with an isomorphism 
XJJ-^C.XJJ-^C. This minimal arithmetic surface is unique up to isomorphism. 

Wee now proceed to discuss the Arakelov divisors on an arithmetic surface p : X — B. 

Definit ionn 1.2.3. (Cf. [Ar2]) An Arakelov divisor on X is a finite formal integral linear combination 
off  irreducible closed subschemes on X (i.e., a Weil divisor), plus a contribution ^CT aa  Fa running 
overr the embeddings a : K <̂-> C of K into the complex numbers. Here the <xa G R, and the Fa 

aree formal symbols, called the "fibers at infinity" , corresponding to the Riemann surfaces Xa = 
(X(X ®a,B Q(C). We have a natural group structure on the set of such divisors, denoted by Div(A') . 

Givenn an Arakelov divisor D, we write D = Dan + Anf with Df\n its finite part, i.e., the 
underlyingg Weil divisor, and with Dinf = Ylaa" ' F° its infinite part. To a non-zero rational 
functionn ƒ on X we associate an Arakelov divisor (ƒ) = (/)fi n + (ƒ)inf with (ƒ)«„  the usual divisor 
off  ƒ on X, and (/) i n f = £f f va{f)  Fa with va(f) = - Jx  ̂ log \f\a  \ia. Here p,„  is the fundamental 
(l,l)-for mm on Xa given in Section 1.1. The infinite contribution v„(f)  Fa is supposed to be an 
analoguee of the contribution to (ƒ) in the fiber above a closed point b G B, which is given by 
Xl cc vc (/) ' C w n e re C r u n s through the irreducible components of the fiber above b, and where 
vcvc denotes the normalised discrete valuation on the function field of X defined by C. The "fiber 
att infinity" Fa should be seen as "infinitely degenerate", with each point P of Xa corresponding 
too an irreducible component, such that the valuation vp of ƒ along this component is given by 
vp(f)vp(f) =-log\fUP). 

Definit ionn 1.2.4. We say that two Arakelov divisors D\ ,D2 are linearly equivalent if their difference 
iss of the form (ƒ) for some non-zero rational function ƒ. We denote by C1(A") the group of Arakelov 
divisorss on X modulo linear equivalence. 

Nextt we discuss the intersection theory of Arakelov divisors, and show that this intersection 
theoryy respects linear equivalence. A vertical divisor on X is a divisor which consists only of 
irreduciblee components of the fibers of p. A horizontal divisor on X is a divisor which is flat over 
B.B. For typical cases D\, D2 of Arakelov divisors, the intersection product [D\, D2) is then defined 
ass follows: (i) if D\ is a vertical divisor, and D2 is a Weil divisor, without any components in 
commonn with D\, then the intersection (£>i,D2) is defined as (Di,D2) = ^[Di,D2)blog#k(b) 
wheree b runs through the closed points of B and where (Di,D2)b denotes the usual intersection 
multiplicityy (cf. [Li] , Section 9.1) of A,£>2 above b. (ii) if £>i is a horizontal divisor, and D2 is a 
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"fiberr at infinity" Fa, then (Di , D2) — deg(£>i) with deg(£>i) the generic degree of D\. (iii ) if D\ 
andd £>2 are distinct sections of p, then {D\,D2) is defined as (Di,D2) = (£>i,Z?2)fin + ,i,D2)inf 
withh ( D L A I ) » , , = £0<Z>i,Z>2)blog#fc(6) "» i n (O a nd w i t h (A.£>2)inf = -E<r logGf f (Df ,£)J) 
withh Gff the Arakelov-Green function {cf. Section 1.1) on Xa. Note that -logG(P,Q) becomes a 
kindd of intersection multiplicity "at infinity" . The intersection numbers defined in this way extend 
byy linearity to a pairing on Div(A") . 

Theoremm 1.2.5. (Arakelov [Ar2j) There exists a natural bilinear symmetric intersection pairing 
Div(^t)) x Div(«¥) — R. This pairing factors through linear equivalence, giving an intersection 
pairingpairing C[(X) x CÏ(#) -» R. 

Morallyy speaking, by "compactifiying" the arithmetic surface by adding in the "fibers at infin­
ity""  , and by "compactifiying" the horizontal divisors on the arithmetic surface by allowing also for 
theirr complex points, we have created a framework that allows us to define a natural intersection 
theoryy respecting linear equivalence. This makes for a formal analogy with the classical intersection 
theoryy that we have on smooth proper surfaces defined over an algebraically closed field. 

Lett us sketch a proof of the second statement of Theorem 1.2.5 by showing that for a section D of 
p,, and a non-zero rational function ƒ on X, we have (D, (ƒ)) = 0. First let us determine, in general, 
thee Arakelov-Green function G(div(/), P) for a non-zero meromorphic function ƒ on a compact and 
connectedd Riemann surface X of positive genus. We note that dpdp logG(div{/), P )2 — 0 outside 
div(/) ,, since the degree of div(/) is 0. But we also have 3d log | ƒ |2 = 0 outside div(/), since ƒ is 
holomorphicc outside div(/). This implies that G(div(/), P) = ea  \f\(P) for some constant a, and 
afterr taking logarithms and integrating against n we find, by property (iii ) of Definition 1.1.1, that 
aa = — Jx log |ƒ|  /x = v(f). We compute then 

(£,(ƒ))) = (D, (/)fin+ £><,(ƒ)  iv) 
17 7 

== {D, (/)fi„)fi n + (D, (/)fin)inf + Yi " 'M 

-- 5>(/|D)log#fc(6) - $ > g {f-™  \f\a{D"))  + $>„(ƒ) 
bb "  o 

==  Yi v»(f ID) log #*(&) - £ log |ƒ\a(D°), 
bb o 

whichh is zero by the product formula for K. 
Finally,, we connect the notion of Arakelov divisor with the notion of admissible line bundle. 

Definitio nn 1.2.6. An admissible line bundle L on X is the datum of a line bundle LonX, together 
withh smooth hermitian metrics on the restrictions of L to the Xa, such that these restrictions are all 
admissiblee in the sense of Section 1.1. The group of isomorphism classes of admissible line bundles 
onn X is denoted by Pic(^V). 

Too each Arakelov divisor D = £)«„  -I- Anf with Dmf — £ f f a„  Fa we can associate an admissible 
linee bundle Ox(D), as follows. For the underlying line bundle, we take Ox(Dnn)- For the metric 
onn Ox(DRn)\x„  we take the canonical metric on Ox(Dfin)\x„  as in Section 1.1, multiplied by e~a°. 
Clearly,, for two Arakelov divisors D\ and D2 which are linearly equivalent, the corresponding 
admissiblee line bundles Ox(Di) and 0 ^ ( 0 2) are isomorphic. The proof of the following theorem 
iss then a rather formal exercise. 

Theoremm 1.2.7. (Arakelov [Ar2j) There exists a canonical isomorphism of groups Cl(A')-^+Pic(-;f) . 

Theoremm 1.2.7, together with Theorem 1.2.5, allows us to speak of the intersection product of 
twoo admissible line bundles, and we wil l often do this. 
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1.33 Determinant of cohomology 

Thee determinant of cohomology for an arithmetic surface p : X —* B is a gadget on the base B 
whichh allows us to formulate an arithmetic Riemann-Roch theorem for p (Theorem 1.3.8). In the 
presentt section we wil l describe the determinant of cohomology in full generality. Our Riemann-
Rochh theorem wil l be a formal analogue of the Riemann-Roch that one obtains by taking the 
determinantt of cohomology on a proper morphism p : X —* B with X a smooth proper surface 
andd B a smooth proper curve, both defined over an algebraically closed field. With the help of 
arithmeticc Riemann-Roch, we wil l be able to formulate and prove an arithmetic analogue of the 
Noetherr formula (see Section 1.6). References for this section are [De2] and [Mol] . 

Thee determinant of cohomology is determined by a set of uniquely defining properties. 

Definitio nn 1.3.1. (Cf. [Mol] , §1) Let p : X —> B be a proper morphism of Noetherian schemes. 
Too each coherent O^-module F on X, flat over OB, we associate a line bundle det Rp*F on B, 
calledd the determinant of cohomology of F, satisfying the following properties: 

(i)) The association F  det Rp*F is functorial for isomorphisms F—>F' of coherent Ox-
modules. . 

(ii )) The construction of det Rp*F commutes with base change, i.e., each cartesian diagram 

X'-^X X'-^X 
p'p' P 

givess rise to a canonical isomorphism u*(det Rp*F)—>det Rp'„(u'*F). 

(iii )) Each exact sequence 
00 —» F' —- F —  F" —  0 

off  flat coherent 0,%-modules gives rise to an isomorphism 

dett Rp*F^> det Rp+F' ® det Rp.F" 

compatiblee with base change and with isomorphisms of exact sequences. 

(iv)) Let £" = (0 —y E° —* E1 —»  —» En —* 0) be a finite complex of O^-modules which are 
locallyy free of finite rank, and suppose there is given a quasi-isomorphism E —* Rp*F. Then 
onee has a canonical isomorphism 

detdet Rp*F^(g) (det Ek f  ̂ , 
fc=0 fc=0 

compatiblee with base change. Here det E denotes the maximal exterior power of a locally free 
Os-modulee E of finite rank. 

(v)) In particular, when the O^-modules Rkp+F are locally free, one has a canonical isomorphism 

n n 

d e t ^ F ^ ^ 0 ( d e tJ R f c p » F ) ®( _ 1 )) , 
fc=o fc=o 

compatiblee with base change. 
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(vi)) Let XX/B(F) be the locally constant function x t~* x(F*) o n B. Let u € T(B,0B) be 
multiplicationn by u in F. By (i), this gives an automorphism of det RpmF; this automorphism 
iss multiplication by uXx^B^F\ 

(vii )) If M is a line bundle on B then one has a canonical isomorphism 

dett Rp,(F ® p * M ) ^ ( d et Rp*F) ® M ® * * ' B ( F ) 

off  line bundles on i?. 

Inn the case B = Spec(C), we wil l often use the shorthand notation \{F) for the determinant of 
cohomologyy of F. Explicitly, we have X(F) = ®£=0(det Hk(X, F))®^-1^ , where n is the dimension 
oiX. oiX. 

Ann important canonical coherent sheaf in the situation where p : X —  B is proper, flat and 
locallyy a complete intersection, is the relative dualising sheaf u>x/B, cf- [Lij , Section 6.4. In fact, 
thee sheaf uix/B 1S invertible, and satisfies the following important duality relation (Serre duality): 
lett F be any coherent sheaf on X, flat over OB- Then we have a canonical isomorphism 

detdet Rp* F ̂ +det Rpr(Qx/B <g> F v ) 

off  line bundles on B. The relative dualising sheaf behaves well with respect to base change: let 
uu : B' — B be a morphism, let X' = X x B B' and let u' : X' —* X be the projection onto the first 
factor.. Then we have a canonical isomorphism U'*U)X/B—+<JJX'/B'- As a consequence, by property 
(ii )) in Definition 1.3.1 we have a canonical isomorphism u*(detptu}x/B)~~^(^e^p',(UJx'/B') o n B'. 
Heree p' : X' —* B' is the projection on the second factor. If p : X —+ B is a smooth curve, the 
relativee dualising sheaf UJX/B can be identified with the sheaf £1\>/B °^ r el & t r v e differentials. A 
convenientt description is also possible if the fibers of p are nodal curves, see [DM] , § 1. 

Forr our Riemann-Roch theorem we need a metric on the determinant of cohomology det RprL, 
wheree L is an admissible line bundle on an arithmetic surface p: X —> B. So, let us restrict for the 
momentt to the case that B = Spec(C), and consider the determinant of cohomology A(L), where L 
iss an admissible line bundle on a compact and connected Riemann surface X of positive genus g. 
Thee following theorem gives a satisfactory answer to our question. 

Theoremm 1.3.2. (Failings [Fa.2]) For every admissible line bundle L there exists a unique metric 
onon A(L) such that the follovring axioms hold: 

(i)(i)  any isomorphism L\-^-+Li of admissible line bundles induces an isometry \(Li)—>\(L,2); 

(ii)(ii)  if we scale the metric on L by a factor a, the metric on X(L) is scaled by a factor ax^, where 
X(L)X(L) = degL-g+l; 

(Hi)(Hi)  for any admissible line bundle L and any point P, the exact sequence 

00 -» L -  L{P) -> P,P*L{P) -H. 0 

inducesinduces an isometry 
\(L(P))-^>\(L)®P*L(P); \(L(P))-^>\(L)®P*L(P); 

herehere L(P) carries the metric coming from the canonical isomorphism L(P)—>L®ox Ox{P)< 

(iv)(iv) for L = £!)(, the metric on \{L) = A9H°(X,il1x) is defined by the hermitian inner product 
(w,n)) i-» i jxu A rj onH°{X,üx). 
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Wee will refer to the metric in the theorem as the Fallings metric on the determinant of coho-
mology.. For the proof of Theorem 1.3.2 we shall use the so-called Deligne bracket. Since we will 
makee essential use of this tool later on, we define it here in detail. 

Definitio nn 1.3.3. (Cf. [De2]) Let p : X —> B be a proper, flat curve which is locally a complete 
intersection.. Let L, M be two line bundles on X. Then (L, M) is to be the Os-module which is 
generated,, locally for the étale topology on B, by the symbols (I, m) for local sections I, m of L, M, 
withh relations 

(I,(I, fm) = ƒ(div(Z))  (I, m) , (fl,m) = ƒ(div(m))  (I, m). 

Heree /(div{/) ) should be interpreted as a norm: for an effective relative Cartier divisor D on X 
wee set f(D) = ND/B(f), and then for div(Z) = Dr - D2 with D1}D2 effective we set /(div(O) = 
f(D\)f(D\)  f(D2)"

1. 0 n e checks that this is independent of the choices of D\,D2. Furthermore, it can 
bee shown that the 0B-module (L, M) is actually a line bundle on B. 

Wee have the following properties for the Deligne bracket. 

(i)) For given line bundles L\, L2,M\, M2,L, M on X we have canonical isomorphisms 
{Li{Li  ® L2,M)-Z+(LltM) ® (L2,M), {L, Mx ® M2)^-+{L, Mr) ® (L,M2), 
andd (L,M)^{M,L); 

(ii )) The formation of the Deligne bracket commutes with base change, i.e., each cartesian diagram 

\p'\p' P 

B'-^+B B'-^+B 

givess rise to a canonical isomorphism u*(L,M)—>(u'*L,u'*M); 

(iii )) For P : B —> X a section of p we have a canonical isomorphism P*L-^-*(Ox(P), L); 

(iv)) If the B-morphism q : X' —* X is the blowing-up of a singular point on X, then we have a 
canonicall  isomorphism (q*L, q*M}-~*{L,  M) ; 

(v)) For the relative dualising sheaf WX/B of P and any section P : B —> X of p we have a canonical 
adjunctionn isomorphism (P, P)®~1-^-+(P,WX/B)-

Thee relation with the determinant of cohomology is given by the following formula: let L, M be 
linee bundles on X, then we have a canonical isomorphism 

(L,, M)-  ̂ det Rp.(L ® M) ® (det Rp.L)®'1 ® (det #p ,M)®_ 1 ®&etp*ux/B . 

Thiss formula gives us new information on the determinant of cohomology, namely, it follows from 
thee formula that we have a canonical isomorphism 

{* )) (det Rp*Lf2 ^+{L, L ® u~)B) ® ( d e t p ^ / s ) ®2 

off  line bundles on B. This isomorphism can be interpreted as Riemann-Roch for the morphism 
pp : X —  B. We wil l use Riemann-Roch to put metrics on the A(L). First of all we show how the 
Delignee bracket can be metrised in a natural way. 

Definitio nn 1.3.4. (Cf. [De2]) Let L, M be admissible line bundles on a Riemann surface X. Then 
forr local sections I, m of L and M we put 

log||(Z,m>||| = (log||m||)[div(0]. 
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I tt can be checked that this gives a well-defined metric on {L, M), and in fact the isomorphisms from 
(i),, (iii ) and (v) above are isometries for this metric. 

ProofProof of Theorem 1.3.2. We wil l construct a metric on \{L) such that axioms (i)-(iv ) are satisfied. 
Firstt of all we use property (iv) from Theorem 1.3.2 to put a metric on A(o;). Next we use Definition 
1.3.44 above to put a metric on the brackets (L,L <g> u;'1). Then by Riemann-Roch (*) we obtain 
aa metric on A(L) . From this construction, the axioms (i) and (ii) are clear; it only remains to see 
thatt property (iii ) is satisfied. But this we can see by the following argument due to Mazur: we 
havee isometries 

A(I)® 2^>{L,L®w- 1)®A(o;)® 22 and \(L(P}))®2^U(L(P),L(P) ® u'1) ® A(u>)®2 . 

Combining,, we obtain an isometry 

A(L{P))® 22 ® A(L)®- 2-^>(L(P), L(P) ® uT1) ®(L,L® uT1)®" 1. 

Byy expanding the brackets, we see that the latter is isometric to P*L(P) ® P*(L ® w_ 1) . By 
thee adjunction formula, this is isometric with {P*L{P))® 2. Hence property (iii ) also holds, and 
Theoremm 1.3.2 is proven. D 

Notee that the Riemann-Roch isomorphism (*) , which is by now an isometry given the various 
metrisations,, gives us that the canonical Serre duality isomorphism \(L)-^\{Q}X ® L~l) is an 
isometry. . 

Too conclude this section, we explain what all this means for admissible line bundles on arith­
meticc surfaces. Using the metrisation of the determinant of cohomology, one obtains, for any 
arithmeticc surface p : X —> B — Spec(iï) and any admissible line bundle L on X, the determinant 
off  cohomology det Rp*L as a metrised line bundle (or metrised projective it-module) on B. 

Definitio nn 1.3.5. For a metrised projective ü-module M we define a degree as follows: choose a 
non-zeroo element «of M, then 

de^MM = log #{M/R #{M/R  s) - Y, log N U

Onee can check using the product formula that this definition is independent of the choice of s. 

Itt follows directly from Definitions 1.3.4 and 1.3.5 that for two admissible line bundles L, M on 
XX we have deg (L, M) = (L, M), the intersection product from Section 1.2. 

Wee are now ready to reap the fruits of our work. Let U>X/B be the admissible line bundle on X 
whosee underlying line bundle is the relative dualising sheaf of p, and where the metrics at infinity 
aree the canonical ones as in Section 1.1. 

Proposit ionn 1.3.6. (Adjunction formula, Arakelov [Ar2j) For any section P : B —* X we have an 
equalityequality -(P,P) = (P,ux/B). 

Proof.Proof. This follows immediately from property (iii ) of the Deligne bracket and the definition of the 
admissiblee metric on fï^ for a compact and connected Riemann surface X, given in Section 1.1. D 

Proposit ionn 1.3.7. Let q : B' —» B be a finite morphism with B' the spectrum of the ring of 
integersintegers in a finite extension F of the quotient field K of R. Let X' —* X xB B' be the minimal 
desingularisationdesingularisation of X xB B', and let r : X' — X be the induced morphism. Then we have, for any 
twotwo admissible line bundles L,M on X, an equality (r*L,r*M)  — [F : K](L,M). 

Proof.Proof. This follows from properties (ii) and (iv) of the Deligne bracket. D 
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Proposit ionn 1.3.8. (Riemann-Roch theorem, Faltings [Fa2]) Let L be an admissible line bundle 
onon X'. Then the formula 

degdetRp*LL = -z{L,L ®ui^,\B) + degdetp*u;x/B 

holds. holds. 

Proof.Proof. This follows directly from the fact that Riemann-Roch (*) is an isometry. D 

1.44 Faltings' delta-invariant 

Thee definition of the Faltings metric on the determinant of cohomology (see Theorem 1.3.2) is 
ratherr implicit, since it is given as the unique metric satisfying a certain set of axioms. In this 
sectionn we want to make the Faltings metric more explicit. It turns out that there is a close 
relationshipp with theta functions, which we briefly review first. The connection is provided by 
Faltings'' delta-invariant, which is defined in Theorem 1.4.6. We end this section by giving two 
fundamentall  formulas in which the delta-invariant occurs. 

Lett again X be a compact and connected Riemann surface of genus g > 0. Let Pics_i(X ) be 
thee degree g - 1 part in the Picard variety of isomorphism classes of line bundles on X. Choose a 
symplecticc basis for the homology Hi (X, Z) of X and choose a basis {w i , . . . , u;g }  of the holomorphic 
differentialss H°(X, £lx). Let Jl = (fii|fi 2) be the period matrix given by these data. By Riemann's 
firstfirst bilinear relations, the matrix f2i is invertible and the matrix T = ÜÏ1Ü2 lies in Hg, the Siegel 
upperr half-space of complex symmetric g x ^-matrices with positive definite imaginary part. 

Lemmaa 1.4.1. (Riemann's second bilinear relations) The matrix identity 

u u ujujkk AZJi) ~ J ( J V «i - <Vfi 2) = fii(ImT)*£?i 
XX / l<fe, i<9

 2 

holds. holds. 

Proof.Proof. For the first equality, see for instance [GH], pp. 231-232. The second follows from the first 
byy the fact that r is symmetric.

Choosee a point P0 6 X, and let {rji,...  ,ng) = {wi , ...,ug}- ^J "1 . Then by a classical theorem 
off  Abel and Jacobi, the map 

rPk rPk 

T>iyT>iygĝ {X)-^C^{X)-^C 99/'L/'L 99+TZ+TZ99 , J2nkPk~J2nk (m,---,V9) 
JJ  Po 

descendss to well-defined oijective map 

uu : P i c9 _ i ( * ) ^ C 5 / Z 9 + rZ9 . 

Lett d{z\r) be Riemann's theta function given by 

 := y~] exp(7rttnrn + 2iri tnz). 
n£Z» » 

Duee to its transformation properties under translation of z by an element of the lattice Z9 + TZ9, 
thee function ti can be viewed as a global section of a line bundle on Cs/ Z s -I- TZ9. We denote by 90 

thee divisor of this section. Let 0 C PiCg-^X) be the divisor given by the classes of line bundles 
admittingg a global section. Riemann has shown that there is a close relationship between these two 
"theta-divisors". . 
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Theoremm 1.4.2. (Riemann) There is an element K = K(PQ) in C9 /Z 9 + rZ9 such that the following 
holds.holds. Let tK denote translation by K in C9 /Z 9 + TIP. Then the equality of divisors (tK-u)*9o = 0 
holds.holds. In particular we have a canonical isomorphism of line bundles (tK  U)*0(QQ)—-*0(0) on 
P'\Cg-i(X).P'\Cg-i(X). Furthermore, fora divisor D of degree g—1 on X we have (tK-u)(K—D) — — (tK-u)(D), 
wherewhere K is a canonical divisor on X. In particular, the map tK  u identifies the set of classes of 
semi-canonicalsemi-canonical divisors (i.e., divisors D with 2D linearly equivalent to K) with the set of 2-division 
pointspoints on C9 /Z 9 + rZ 9 . 

Wee want to put a metric on the line bundle 0(G). By Riemann's theorem, it suffices to put a 
metricc on the line bundle 0(Go) on C9/Z 9 4- rZ9 . Let s be the canonical section of O(Q0), and let 
vv be the canonical translation-invariant (l,l)-form on C9 /Z 9 -I- rX9 given by 

vv :=  - ^2 (Imr)^}dzk A dzt. 

Thee 20-form j,u9 gives the Haar measure on C9 /Z 9 + rZ9 . We let ||  ||e0 be the metric on O(90) 
uniquelyy defined by the following properties: 

(i)) the curvature form of ||  ||e0 is equal to v\ 

(»)) i/c./2. +rwlHli„ ^  = 2"'' /2-
Definitio nn 1.4.3. We denote by ||  ||e the metric on O(0) induced by ||  ||e0 via Riemann's 
theorem,, and we write ||i?|| as a shorthand for \\(tK  u)*s||e, or, by abuse of notation, for ||s||e0-

Notee that \\&\\{K  - D) = ||i?||(D) for any divisor D of degree g - 1, and that ||i?||(D) vanishes if 
andd only if D is linearly equivalent to an effective divisor. 

Byy checking the properties (i) and (ii) one finds the following explicit formula for ||t?||. 

Proposit ionn 1.4.4. Let z € C9 and r e Hgf the Siegel upper half-space of degree g. Then the 
formula formula 

||i9||(z;; r) = (det Imr)1 /4 exp(-7r*y  ( Imr)" 1  y)  |0<*; r ) | 

holds.holds. Here y = Im z. 

I tt is not difficult to check using Lemma 1.4.1 that if we embed X into C 9 / Z 9 + T Z 9 by integration 
jj  : P i—  fp (T/I, . . ., rjg), we have j*u = g  /x. One can view this as an alternative definition of the 
formm /i. 

Proposit ionn 1.4.5. Let D be a divisor on X, and consider the map 4>D  X —* Picg_!(X ) given 
byby P i-> [D - x(D)  P], where x{£>) = degD-g + 1. Then the line bundle 4>* D{0(&))  on X is 
admissibleadmissible and has degree g  x(D)2. 

Proof.Proof. A computation using the formula in Proposition 1.4.4 shows that outside <t>* D{&)  we have 
dpdplog\\d\\{Ddpdplog\\d\\{D - x(D)  P)2 = 2nix(D)2  j*u = 2mgx(D)2  p. Thus, the curvature form of 
<t>*<t>* DD(0(Q))(0(Q)) is a multiple of /i, and the degree of 4>* D{0(Q)) is g  x(D)2- Q 

Thee following theorem introduces Faltings' delta-invariant, connecting Faltings' metric on the 
determinantt of cohomology with the metric on 0 ( 9) defined in Definition 1.4.3. It follows from 
axiomm (ii) in Theorem 1.3.2 that for an admissible line bundle L of degree g — 1, the metric on \(L) 
iss in fact independent of the metric on L. 

Theoremm 1.4.6. (Faltings [Fa2j) There is a constant S — 8{X) such that the following holds. 
LetLet L be an admissible line bundle of degree g — 1. Then there is a canonical isomorphism 
X(L)X(L)——*0(—Q)[L],*0(—Q)[L],  and the norm of this isomorphism is equal to exp(5/8). 
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Forr the proof we need the following lemma. For the general definition of the scheme Pic l (X/B), 
itss theta divisor 0, and for the existence of the universal bundle, we refer the reader to [Mol] , Sec­
tionn 2. 

Lemmaa 1.4.7. Let B be a noetherian scheme and letp : X — B be a smooth smooth proper curve admitting 
aa section. There is, up to a unique isomorphism, a unique universal line bundle U on the product 
XX x Picg_1(A'/J5). Let q : X x Picg ^(X/B) — Picg 1(X/B) be the projection onto the second 
factor.factor. Then there is a canonical isomorphism det RqM—>0{—0) of line bundles on Pic 1(X/B), 
compatiblecompatible with base change. 

Proof.Proof. This is in [Mol] , Section 2.4. D 

SketchSketch of the proof of Theorem 1.4-6. Let r be a non-negative integer, let £ be a divisor of de­
greee r + g — 1 on X. and consider the map ^>E  Xr —> Pic3_i(X ) given by ( P i , . . . , Pr ) >—> 
OxOx (E — (Pi +  + PT)). Let U be the universal line bundle on X x Pic9_i(X) , and consider the 
pullbackk diagram 

XXrr x X-^-Picg-i(X) xX 

PP Q 

w w 

XXrr ^ - * P i c f f _ ! ( X ) 

withp,, q the projections on the first factor and with tpE = (>pE, idjv)- By Lemma 1.4.7 and Definition 
1.3.11 we have a canonical isomorphism de tPp, (<p* EU) —><pE (0(—0)) of line bundles on Xr. It 
clearlyy suffices for our purposes to prove that the norm of this isomorphism is constant. But this 
followss from a calculation as performed in [Fa2], p. 397, showing that the curvature forms of the 
linee bundles at both sides of the isomorphism are equal. D 

Inn order to perform the calculation referred to at the end of the above proof, Faltings makes 
usee of the following lemma. We, in turn, wil l use this lemma to derive an explicit formula from 
Theoremm 1.4.6. 

Lemmaa 1.4.8. Let L be an admissible line bundle on X and let Pi,... ,Pr ber points on X. Then 
wewe have a canonical isomorphism 

r r 

\{L®O\{L®Oxx(Pi(Pi + ... + PT)
V)^X(L) ® <g) P^V ® (g)P,*Ox(Pf e), 

fc=lfc=l k<l 

andand this isomorphism is an isometry. 

Proof.Proof. This follows just by iteration of axiom (iii ) from Theorem 1.3.2. D 

AA fundamental theorem of Riemann states that if D — P\ + - Pg is an effective divisor of 
degreee g such that 4>o(X) is not contained in 0, we have an equality of divisors <^>D(0) — D on 
X.X. By Propositions 1.1.3 and 1.4.5, the canonical isomorphism ^ ( 0 ( 0 ) ) —> O x ( Pi +  + Pg) 
hass constant norm on X. In other words, there is a constant c = c (P i , . . ., Pg) depending only on 
P i , . . .,, Pg such that ||t?||(Pi + --- + Pg-Q) = c n L t G(pk'Q) f o r a11 Q € X- W e w i l 1 n o w compute 
thiss constant. Let { i^ i , . . . , u>g} be a basis of the differentials H°(X, Ql

x) and let P\,...,Pg be g 
pointss on X. Let zi,...,zg be local coordinates about P\,... ,Pg and write u>k — fki * dz\ locally 
att Pi. Then we write |j detWfc(P/)||Ar — I det(/jt;(0))|  rjfc=i H f̂cllArfPfc)- This definition does not 
dependd on the choices of the local coordinates 2 i , . . ., zg. 

Theoremm 1.4.9. (Faltings [Fa2j) Let {u>i u>g} be an orthonormal basis of H°(X,QX) provided 
withwith the hermitian inner product (u, n) i—  | fx w A rj. Let Pi,..., Pg, Q be generic points on X. 
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ThenThen the formula 

p, - Q) = <*P(-S(X)/*)  n^(p l l^)  6 °(ft * <?> 

holds. holds. 

Proof.Proof. We apply Lemma 1.4.8 to the admissible line bundle L = £lx(Q) = $lx <8>ox Ox{Q) and the 
pointss Pi,...,Pg. We obtain the required formula by computing the norm of a canonical section 
onn the left and the right hand side of the isomorphism in Lemma 1.4.8. By Serre duality we have 
A(n}f(Q )) ® Ox(Pi +  + Pg)

v) = KOx{P\ +  + Pg ~ Q)). For generic points Pu...,Pg,Q, 
thee line bundle Ox {P\ 4-  + Pg — Q) has no global sections. In this case, the determinant 
\{Ox{P\\{Ox{P\ H 1- Pg - Q)) is canonically isomorphic to C and hence has a canonical section 1. By 
Theoremm 1.4.6, it has norm exp(-S(X)/8) - ||0||(Pi +  + Pg - Q)~l. Now let's look at the right 
handd side of the isomorphism in Lemma 1.4.8. We have a canonical isomorphism 

\(n\(nxx(Q))^(g)P^x(Q) (Q))^(g)P^x(Q) 
k=i k=i 

givenn by taking the determinant of the evaluation map 

H°(X,H°(X, Slx(Q)) = H°(X, Ux)^> © PWx(Q)
fc=i fc=i 

Thee norm of this isomorphism is || deta;fe(P()||Ar ' IISUi G{Pk,Q), and hence we have a canonical 
elementt in \(ilx(Q))v <g) <8)fc=i PffixiQ) ° f t n at s a me norm. We end up with a canonical element 

'""  I'  V 
\fe=ll  / k<l 

off  norm 

\\detMPiml\\detMPiml ttQ)-1-'[lG(Pk,Pi). 
fc=lfc=l k<l 

Thee theorem follows by equating the two norms.

Ann important counterpart to Faltings' formula has been proved by Guardia [Gul]. We wil l 
makee essential use of this formula in Section 4.5 where, as an appendix to our work involved in 
determiningg a certain auxiliary Arakelov invariant for hyperelliptic Riemann surfaces, we prove a 
relationn between products of certain Jacobian Nullwerte and products of certain Thetanullwerte. 
Thee new ingredient in Guardia's formula is a function \\J\\ on Sym3JV, which we shall introduce 
first. first. 

Recalll  that we have fixed for our Riemann surface X a symplectic basis of its homology and 
aa basis {ui\,... ,LJ3} of H°(X,QX), giving rise to a period matrix fi = (H i l ^ ) - We have put 
rr = ft^1fi 2 and {m,--,Vg} = {^i .  .w9}  - 'H^1 . 

Lemmaa 1.4.10. Consider A9H°(X,i}x) with its metric derived from the hermitian inner product 
(u),(u), rj) >-  fxu)Arj on H°(X,£lx). Then the formula \\ui A . . . AUJ3| |2 = (det Imr)  | det fii  |2 holds. 

Proof.Proof. Note that ||u î A.. .Au;g||
2 = det ((u;k,ui))k t. The formula follows then from Lemma 1.4.1. D 
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Definitio nn 1.4.11. For w\,... .wg € <C9 we put 

J(wJ(wuu......ttwwaa)) := det ( |£( i i ; , )) , 

wi,...,wwi,...,wgg)) :=  (detlmr) <  exp( -7rX =̂ 1
 lyk  ( Imr ) - 1 - yk)  |J( t f i ,. . ,wg)\, 

wheree ŷ  = Im Wfc for k = 1 , . . ., #. The latter definition depends only on the classes of the vectors 
WkWk in Cs/Z 9 + TZ9. Next, fix g points P\,... ,Pg on X and choose g vectors wi,...,wg in C9 by 
requiringg that for each k = 1, . .. ,5, the divisor £^=! P/ corresponds by Riemann's theorem 1.4.2 

too the class [wk]  € C9/Z9 + rZ9. We then define | | J | | ( P1 T . . . ,Pg) := | |J| | (u; i , . . . ,u;9) . One may 
checkk that this definition does not depend on the choice of the matrix r. 

Wee have \\J\\(Pi,... ,Pg) = 0 if and only if the points Pi,...,Pg are linearly dependent on the 
imagee of X under the canonical map X —* F(H°(X,Ql

x)
v). 

Thee following theorem is Corollary 2.6 in [Gul]. 

Theoremm 1.4.12. (Guardia [Gul])  Let P\,..., Pg, Q be generic points on X. Then the formula 

\\^(P\\^(Pll +  + Pa-Qr-1
9

1^^^ 

holds. holds. 

Proof.Proof. If P is a point on X and t is a local coordinate about P, then by definition of the Arakelov 
metricc on ü  ̂ we have liniQ^p \t(P) — t(Q)\/G(P,Q) — ||<2£||AI- By a slight abuse of notation we 
writee r)k — rjk(P)dt and uik = u>k(P)dt for k — 1, . .. ,g. In this notation we have, for any divisor D 
off  degree g — 1, 

limm \\^(D + P-Q)/\t(P)-t(Q)\ = (detlmr)1/4-expi-n'y-(Imr)'1 Vk(P)\, 
Q^PQ^P k=i ozk 

byy the formula in Proposition 1.4.4. Here y = Imu! and w € C9 lift s a class that corresponds to D 
inn Picf f _i(X) . Let us assume that {u>i,...,uig} was an orthonormal basis of H°(X, ii]().  We are 
goingg to apply the above to the equation 

||J||(fii  +  + P3 - Q) = exP(-<5(X)/8)  "f t "* (g) l ' £  I I  G(P>-® 

whichh is Faltings' fundamental formula from Theorem 1.4.9. Let t\,...,tg be local coordinates 

aboutt the points P i , . . ., P„, and let wk for each k = 1, . .. ,g correspond to the divisor 5Z'=, Pj. 

Dividingg through \tk(Pk) - tk(Q)\ and taking the limi t Q — Pk we obtain 

{detlmr)1^44  exp(-7r'i,fc  ( Imr)" 1  yk)  \ J  ̂ T H ™ * ) ' m(Pk)\ 

11 siv\ia\ ||deto;fc(P)||A r T T , ^ p, 1 
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Multiplyin gg over k = 1 , . .. ,g we obtain 

99 9 

dzi dzi (detlmr)^(detlmr)^44  expi-K^Vk  (Imr)"1  j/fc)  I [ J E j £ > * ) -»»(flOI 
fc=i fc=ii=i fc=i fc=ii=i 

9 9 

Riemann'ss singularity theorem (see [GH], pp. 341-342) says that for any effective divisor D on X, 
thee projectivised tangent space PTe,D at the class of D in 0 C Pic3_i(X ) contains the image of 
thee divisor D on X under the canonical map X ~* fTPiCg_l(X},D = P{ iJ°(X,f t^) v ) . For us this 
meanss that £ ^ = 1 -§£~{wk)  f]m{Pi) = 0 whenever fc  ̂ /. As a consequence, we can write 

d& d& f\f2^r^k)-Vl(Pk)f\f2^r^k)-Vl(Pk) = J(w1,...,wg)-detrtk(Pl) 

Pluggingg this in we obtain 

(det lmr) -1/ 22  || J\\(I\,..., Pa)  |det»fc(^)| 

jdeta;fc(Pt)i i 

||detu;fc(P,)llAr r 

Itt follows from Lemma 1.4.10 that | detr)k(Pi)\ — (detlmr)1/2|detcjfc{fi)|. Hence we arrive at 

Thee required formula is obtained by eliminating the factor || det o-̂fc (.Pj) || Ar using Faltings' funda­
mentall  formula again. G 

I tt is not so clear either from Theorem 1.4.6 or from the formulas of Faltings and Guardia derived 
above,, how one can compute the delta-invariant for a given Riemann surface X. In fact, in the 
introductionn to his paper [Fa2], Faltings says that he cannot give an explicit formula for it, except 
inn the case of elliptic curves. However, as wil l become apparent in Section 1.6, the delta-invariant 
playss a very fundamental role in the function theory of the moduli space of curves, and therefore it 
deservess to be studied further. In Chapter 2 we wil l answer Faltings' question by giving a simple 
closedd formula for the delta-invariant which holds in arbitrary genus. 

1.55 Semi-stability 

Inn this section and the next we formulate results that hold only in general for semi-stable arithmetic 
surfaces.. We start by recalling the definition of a semi-stable curve. 

Definit ionn 1.5.1. Let B be a locally Noetherian scheme. A proper flat curve p : X —* B is 
calledd semi-stable if all geometric fibers of p are reduced, connected and have only ordinary double 
pointss as singularities, the arithmetic genus of the fibers is positive, and each non-singular rational 
componentt of a geometric fiber meets the other components in at least 2 points. For a semi-stable 
curvee p : X —> B and a closed point b € B we denote by 6b the number of singular points in the 
fiberfiber at b. If p : X —» B is a semi-stable arithmetic surface, we denote by AX/B the divisor ^ b 6b  b 
onn B, where b runs through the closed points of B. 
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Wee will need the following result in Section 2.5. The proof uses the celebrated Hodge index 
theoremm for arithmetic surfaces [cf. [Fa2], §5). This is well-documented and we will not discuss 
thiss further. 

Proposit ionn 1.5.2. (Faltings (Fa2j) Let p : X —» B be a semi-stable arithmetic surface of genus 
gg > 0. and let D be an effective Arakelov divisor on X. Then 

(i)(i)  (UX/B,UX/B) > 0, 

(ii)(ii)  4g{g - 1) - (u>x/B,D) > (U^X/B^X/B)  degD. 

Proof.Proof. This is Theorem 5 in [Fa2]. Q 

Wee next consider the properties of semi-stable arithmetic surfaces with respect to base change. 

Proposit ionn 1.5.3. Let q : B'  B be a finite morphism with B' the spectrum of the ring of 
integersintegers in a finite extension L of the quotient field K of R. Let X' —> X xB B' be the minimal 
desingularisationdesingularisation of X xB B', and let r : X' — X be the induced morphism. 

(i)(i)  The arithmetic surface X' —» B' is again semi-stable. 

(ii)(ii)  We have an equality of divisors Ax</B' — Q*&x/B on B'. 

(Hi)(Hi)  There exists a canonical isomorphism r*Ldx/B~*uX'/B' on

(iv)(iv) There exists a canonical isomorphism det p'^x'/B'~~*9* d^P^x/B on B'. 

Proof.Proof. As to (i) and (ii) , these follow from the fact (cf. [La], Theorem V.5.1) that a double point 
inn the fiber of X x B B' at a closed point b' is resolved by a chain of e — 1 irreducible components 
isomorphicc to P1 and having geometric self-intersection -2. Here e is the ramification index of 
qq : B' — B at b'. Statement (iii ) is in [La], Proposition V.5.5. Finally (iv) follows from (iii ) and 
thee defining properties of the determinant of cohomology. n 

Propositionn 1.5.3 makes it possible to define invariants of curves defined over a number field. 

Theoremm 1.5.4. (Stable reduction theorem, Grothendieck, Deligne-Mumford et al. [DM])  For any 
geometricallygeometrically connected, non-singular proper curve C of positive genus over a number field K there 
existsexists a finite extension L of K and a semi-stable arithmetic surface p : X —> B over the ring of 
integersintegers of L such that the generic fiber of p is isomorphic to X <S>K L. 

Wee note that a semi-stable arithmetic surface is a minimal model of its generic fiber. 

Proposit ionn 1.5.5. Let C/K be a curve of positive genus, and let L be a finite extension of K over 
whichwhich C acquires semi-stable reduction. Let p : X —> B be a semi-stable arithmetic surface over the 
ringring of integers of L. Then the quantities degdetp»cj^/B / [ I , : Q] and {OJX/B,^X/B)/[L : Q] do not 
dependdepend on the choice of L, hence they define invariants ofC. 

Proof.Proof. This follows from Propositions 1.5.3, 1.3.7 and 1.3.8. D 

Definit ionn 1.5.6. We denote by hp(C) the quantity degdetp»a;^/B / [ L : Q] from the above 
proposition.. It is often referred to as the Faltings height of C. We denote by e(C) the quan­
tityy (IJJX/B,UJX/B)/\L : Q] from the above proposition. 

Inn [Fal] it is proved that for a fixed number field K, the set of isomorphism classes of C/K of 
fixedfixed positive genus and of bounded Faltings height, is finite. 
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1.66 Noether's formul a 

Inn this section we demonstrate the importance of the delta-invariant by showing that it can be seen 
ass the norm of the so-called Mumford-isomorphism on the moduli space of curves (Theorem 1.6.1). 
Thiss fundamental isomorphism was first obtained in [Mul] by an application of the Grothendieck-
Riemann-Rochh theorem. In [Fa2] and [Mo2] we find an explicit construction of this isomorphism. 
Wee briefly discuss this construction in the proof of Theorem 1.6.1, leaving it to the reader to check 
thee details in the aforementioned papers. As a consequence of the calculation of the norm of the 
Mumford-isomorphismm we obtain the celebrated Noether formula in Arakelov theory (Corollary 
1.6.3).. Throughout this section we wil l freely use the language of stacks as in [Fa2] and [Mo2]. 

Lett g > 0 be an integer. Let Mg be the moduli stack of smooth curves of genus g, and let 
pp : Ug —» Mg be the universal curve. For line bundles on Ug we have as in Section 1.3 the notion of 
Delignee bracket and determinant of cohomology on Mg. In particular, if u is the relative dualising 
sheaff  of p : Ug —* Aig, then we have the line bundles detp*uj and (u;,u;) on Mg. 

Theoremm 1.6.1. (Mumford [MulJ, Faltings [Fa2], Moret-Bailly [Mo2j) There exists an isomor­
phism phism 

,i:(detp„w)®12-^<w,u;) ) 

ofof line bundles on Mg. This isomorphism is unique up to a sign. Its norm on .Mff(C) is equal to 
(27r)-4ffexp(<J). . 

SketchSketch of the proof. In order to prove existence it suffices, roughly speaking, to construct for each 
smoothh proper curve p : X —* B of genus g an isomorphism {&vtp*ijj x/B)®12-—>{{jJx/B,uJx/B) 
whichh is compatible with base change. We wil l sketch such a construction only for p : X —> B which 
comee equipped with a theta-characteristic L, i.e. a line bundle with an isomorphism L®2—>wx/B-
Thee general case requires a more subtle argument. Using L, we make J := P\cg_1(X/B) into an 
abeliann scheme over B. For this we refer to [Mol] , Section 2. Let e : B —* J be its zero-section, and 
lett QljiB be the sheaf of relative 1-forms. In the case B = Spec(C), the global sections H°(J,Q9j) 
comee equipped with a hermitian inner product (a,/?) >—> (i/2)9(—l)9te-1)/2 fJ(C) a A /?. The next 
fourr steps give then the required isomorphism, (i) Let 0 be the theta divisor of Picg_l(X/B), 
seee once more [Mol] , Section 2. Then there is a canonical isomorphism e*(fï^,B)-^-»e*(O(0))®2, 
compatiblee with base change. This is Moret-Bailly's formule clé, see [Mo2] and [Mo3]. (ii ) Let 
jj  : X —  J be the usual embedding, unique up to translation, which exists locally for the étale 
topologyy on B. Then there is a canonical isomorphism e*(Q9j,B)—>detp*u)x/B, compatible with 
basee change, (iii ) There is a canonical isomorphism det i£p*L^->e*(0(-9)), compatible with base 
change.. This follows directly from Lemma 1.4.7. (iv) There are canonical isomorphisms 

detf lp*(u/g>2)^(w1cj)®detp*u;; and ( d e t i Z p . L ) ®8 ^ ^ ^ ® - 1 <g> (detp*u;)®8 , 

compatiblee with base change. These isomorphisms follow from the Riemann-Roch theorem for 
pp : X — B, discussed in Section 1.3. The uniqueness up to sign of the isomorphism fi follows from 
thee fact (see [Mo2], Lemme 2.2.3) that H°(Mg,Gm) = {+1 , - 1 } . The statement on the norm of 
p,p, follows from the fact that the isomorphism in (i) has norm (27r)-49 (this is the main result of 
[Mo3]),, the isomorphism in (iii ) has norm exp(5/8) by definition of the delta-invariant, and the 
otherr isomorphisms are isometries. Q 

Ass was shown in [DM] , for any g > 1 we have a moduli stack hAg classifying stable curves of 
genuss g. It contains the moduli stack Mg of smooth proper curves of genus g as an open substack. 
Itt is customary to denote by A the closed subset Mg —Mg, provided with its reduced structure; this 
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iss a normal crossings divisor in Mg (see [DM]) . The divisor A is the union of different components 

AA = A0 U A i U . .. U A r , r = [g/2\ , 

wheree Ao denotes the closure of the locus corresponding to irreducible curves with a single node, 
andd where Ajt for k > 0 denotes the closure of the locus corresponding to reducible curves with 
componentss of genus k and genus g — k. Mumford [Mul ] has shown that the isomorphism \x extends 
overr Mg. 

Theoremm 1.6.2. (Mumford [MulJ) There exists an isomorphism 

p:p: {detp«uj)®l2^(u,Lj}®Ojzg(A) 

ofof line bundles on M.g. This isomorphism is unique up to sign. 

Byy considering the Mumford-isomorphism on the base of a semi-stable arithmetic surface p : 
XX — B and taking degrees on left and right we obtain the arithmetic Noether formula. 

Corollar yy 1.6.3. (Noether's formula, Faltings [Fa2j, Moret-Bailly [Mo2j) Let p : X —» B be a 
semi-stablesemi-stable arithmetic surface of genus g > 0, with B the spectrum of the ring of integers in a 
numbernumber field K. Then the formula 

12dëgdetp,u;A7BB - (WX,B,«»X/B) + £5b l og# fc (6) + £ 5{Xa) - Ag[K : Q] log(27r) 
bb cr:K^C 

holds.holds. Here b runs through the closed points in B, and a runs through the complex embeddings of 
K. K. 

AA detailed investigation as in [Jo] and [We] shows that when viewed as a function on the moduli 
spacee Mg(C), the delta-invariant acquires logarithmic singularities along the components of the 
boundaryy divisor A. We wil l come back to this in Section 2.4. As was remarked by Faltings in his 
introductionn to [Fa2], the delta-invariant can be viewed as the minus logarithm of a "distance" to 
A.. This interpretation is supported by the Noether formula. 
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Chapterr 2 

Analyticc invariants 

Thee purpose of this chapter is to give explicit formulas for the Arakelov-Green function and the 
delta-invariant,, introduced in Chapter 1. In order to do this, we introduce two new invariants S and 
TT of Riemann surfaces. These invariants are reasonably explicit and can be efficiently calculated. 
Inn Section 2.1 we state our results. After giving the proofs in Section 2.2, we specialise to the case 
off  elliptic curves in Section 2.3. In particular we obtain Faltings' formula for the delta-invariant 
forr elliptic curves, given in [Fa2]. The asymptotic behavior of the invariants S and T is considered 
inn Section 2.4. In Section 2.5 we give some applications of our formulas in intersection theory. 
Amongg other things we prove a lower bound for the self-intersection of the relative dualising sheaf. 
Finallyy we comment upon the use of Arakelov geometry in a recent bound for the complexity of an 
algorithm,, due to Edixhoven, for computing certain Galois representations. 

2.11 Results 

Lett X be a compact and connected Riemann surface of genus g > 0. Our first result deals with 
thee Arakelov-Green function G of X . Let P be a generic point on X . By the remarks after the 
prooff  of Lemma 1.4.8, there is a constant c = c(P) depending only on P such that for all Q G X 
wee have G(P,Q)9 = c(P)  ||0||(gP - Q). This has been observed by some authors before, see for 
instancee the remarks in [Jo], p. 229. Our contribution is that we make the dependence on P of the 
constantt c(P) clear. Our result involves the divisor W of Weierstrass points on X. This is a divisor 
off  degree g3 — g on X, given as the divisor of a Wronskian differential formed out of a basis of the 
holomorphicc differentials H°(X, f i^) . For each point P G X , the multiplicity of P in W is given 
byy a weight w(P), which can also be calculated by means of the classical gap sequence at P (see 
Remarkk 2.2.9). 

Definitio nn 2.1.1. We define the invariant S(X) of X by means of the formula 

log<?(X) :=-- ( \og\\d\\{gP-Q)-n{P), 
Jx Jx 

wheree Q can be any point in X . 

Wee wil l see later (Proposition 2.2.3) that the integrand has logarithmic singularities only at 
thee Weierstrass points of X , which are integrable. Hence the integral is well-defined. That the 
definitionn does not depend on the choice of Q follows from the translation-invariance of the form v 
onn Picg_i(X) . 

Thee invariant S(X) appears as a normalisation constant in the formula that we propose for the 
Arakelov-Greenn function. 
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Theoremm 2.1.2. Let P,Q € X with P not a Weierstrass point. Then the formula 

G(P,Q)G(P,Q) -S{X) UwewmigP-W)V* 

holds.holds. Here the Weierstrass points are counted with their weights. 

Forr P a Weierstrass point, and Q ^ P, both numerator and denominator in the formula of 
Theoremm 2.1.2 vanish with order w(P), the weight of P. The formula remains true also in this case, 
providedd that we take the leading coefficients of the appropriate power series expansions about 
PP in both numerator and denominator. Note that apart from the normalisation term involving 
S{X),S{X), the Arakelov-Green function can be expressed in terms of certain values of the ||i9||-function. 
Thesee values are very easy to calculate numerically. The (real) 2-dimensional integral involved in 
computingg S(X) is harder to carry out in general, but it is still not difficult. 

Otherr ways of expressing the Arakelov-Green function in terms of quantities associated to X and 
HH have been given, for instance one might use the eigenvalues and eigenfunctions of the Laplacian 
(seee [Fa2], Section 3), or one might use abelian differentials of the second and third kind (see [La], 
Chapterr II) . There is also a closed formula due to Bost [Bo] 

\ogG(P,Q)\ogG(P,Q) = -. f logH-i^+iiPO, 
9-9- Je+p-Q 

expressingg the Arakelov-Green function in terms of an integral over the translated theta divisor. 
Heree u is the canonical translation-invariant (l.l)-form on Picg_i(X) , and the quantity A(X) is a 
certainn normalisation constant, perhaps comparable to our S(X). 

Onee of our motives for finding a new explicit formula was the need to have a formula that 
makess the efficient calculation of the Arakelov-Green function possible. The other approaches that 
wee mentioned are perhaps less suitable for this objective. For instance, the formula given by Bost 
involvess a (real) 2g - 2-dimensional integral over a region which seems not easy to parametrise. 
Also,, for each new pair of points (P, Q) one has to calculate such an integral again, whereas in our 
approachh one only has to calculate a certain integral once. 

Ourr second result deals with Faltings' delta-invariant 8(X). Let $ : X x X -  Pic9_i(X ) be the 
mapp sending (P, Q) to the class of (gP - Q). For a fixed Q € X, let iQ : X -> X x X be the map 
sendingg P to (P, Q), and put 4>~Q = $ÏQ. This coincides with the definition of 4>D in Proposition 
1.4.55 for divisors D, where we take D = -Q. Define the line bundle Lx by 

LxLx := ( ® <f>'-w{0{B)))«>-Wf®ox (**(0(e))|A x ®Gx üff-(9+1)®ox 

®® (n®9(9+1)/2®0x {A9H°(x7nx)®cox))
vy2. 

Wee have then the following theorem. 

Theoremm 2.1.3. The line bundle Lx is canonically trivial. Let T{X) be the norm of the canonical 
trivialisingtrivialising section of Lx  Then the formula 

exp{S{X)/4)exp{S{X)/4) = SiXyt'-V'"'  T{X) 

holds. holds. 

Despitee appearances to the contrary, the invariant T{X) admits a very concrete description, see 
Propositionss 2.2.7 and 2.2.8. In fact, the computation of T(X) involves only elementary operations 
onn special values of the functions ||t?|| and Guardia's ||J||. Thus, we have now a very simple closed 
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formulaa for the delta-invariant, reducing its calculation to the calculation of the invariants S(X) 
andd T(X), the former involving a (real) 2-dimensional integral, and the latter being elementary to 
calculate.. We shall demonstrate the practical significance of our formulas for calculating Arakelov 
invariantss in Chapter 6. 

Itt seems an important problem to relate the invariants S(X) and T(X) to more classical in­
variants.. In Chapters 3 and 4 we prove a result that does this for T(X) with X a hyperelliptic 
Riemannn surface. This is already quite involved. 

Next,, it seems worthwhile to study whether our invariants S(X) and T(X) give rise to proper, 
stronglyy (g - 2)-pseudoconvex functions on Mg{C). This notion arises in the context of Morse 
theoryy on manifolds. The importance of finding such functions is stressed by Hain and Looijenga 
(privatee communication); indeed, if such functions would be seen to exist, numerous interesting 
resultss {both known and still conjectural) on the geometry of Mg{C) would be implied. Perhaps 
thee explicit nature of our invariants opens a way to constructing such functions. 

Ourr inspiration to study Weierstrass points in order to obtain results in Arakelov theory stems 
fromm the papers [Arl] , [Bu] and [Jo]. Especially the latter paper has been useful. For example, our 
formulaa for the delta-invariant in Theorem 2.1.3 is closely related to the formula from Theorem 2.6 
off  that paper. Our improvement on that formula is perhaps that we give an explicit splitting of the 
delta-invariantt in a new invariant S{X) involving an integral, and a new invariant T(X) which is 
purelyy "classical". These invariants seem to be of interest in their own right. 

2.22 Proofs 

Inn this section we prove Theorems 2.1.2 and 2.1.3. The major idea wil l be to give Arakelov-theoretic 
versionss of classical results on Weierstrass points. 

Firstt we recall the Wronskian differential that defines the divisor of Weierstrass points on X. An 
alternativee approach is sketched in Remark 2.2.9 below. Let {^ I ,  ,ipg}be a. basis of H°(X,£lx). 
Lett P be a point on X and let z be a local coordinate about P. Write tpk — ƒ *  dz dz for fc = 1 , . . ., g. 
Thee Wronskian determinant about P is then the holomorphic function 

H , W : = d r t ( _ l _ £ A ) i W W 

Lett $ be the g(g 4- l)/2-fold holomorphic differential 

$:=W$:=Wzz{ip)-(dz)®{ip)-(dz)®9(9(--9+l)/29+l)/2 . 

Thenn  is independent of the choice of the local coordinate z, and extends to a non-zero global 
sectionn of Q ^9 + 1^ 2 . A change of basis changes the Wronskian differential by a non-zero scalar 
factor,, so that the divisor of a Wronskian differential i>  on X is unique: we denote this divisor by 
VV,, the divisor of Weierstrass points. 

Thee Wronskian differential leads to a canonical sheaf morphism 

{A*H°(X,{A*H°(X, nx) ®c ox) — n£*+1)/2 

givenn by 

V>11 A . . . A 1pg 

Thiss gives a canonical section in ft®9(s+1)-/2 ®Qx (A9H0(X,Ül
x) ® C OX)Y whose divisor is W. 
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Proposit ionn 2.2.1. The canonical isomorphism 

SlSlxx̂ ^+l+l »»22 ®ox (A'H°(X, njf) ® c Ox))
v ^Ox(W) 

hashas a constant norm on X. 

Proof.Proof. This follows since both sides have the same curvature form, and the divisors of the canonical 
sectionss are equal.

Definitio nn 2.2.2. We shall denote by R{X) the norm of the isomorphism from Proposition 2.2.1. In 
moree concrete terms we have r iwew G(P w) = R(X)-\\ü\\Ar{P) for any P £ X, where {w i , . . . , ug} 
iss an orthonormal basis of H°(X, Qx), and where the norm of the Wronskian differential u> is taken 
inn the line bundle Qx

g g with its canonical metric induced from the canonical metric on fllx. 

Takingg logarithms and integrating against fi(P) gives, by property (iii ) of the Arakelov-Green 
function,, the formula logR{X) = — fx log ||<D||AT(-P)  f*{P)-

Recalll  from Section 2.1 the map $ : X x X —» PiCp-ifA") sending (P, Q) to the class of (gP-Q). 
AA classical result on the divisor of Weierstrass points is that the equality of divisors 

$*(9)) = W x X + gAx 

holdss on X x X, see for example [Fay], p. 31. Denote by p\ : X x X —> X the projection on the 
firstfirst factor. Using Proposition 2.2.1, the above equality of divisors yields a canonical isomorphism 
off  line bundles 

* * ( o ( e ) ) ^^ (n|s(s+1)/2® {A°H\x,nx) ®cox))
v) ®oXxX(Ax)®<> 

onn X x X . We wil l reprove this isomorphism in the next proposition, and show that its norm is 
constantt on X x X. After Corollary 2.2.5 to this proposition, the proofs of Theorems 2.1.2 and 
2.1.33 are just a few lines. 

Proposit ionn 2.2.3. On X x X, there exists a canonical isomorphism of line bundles 

* ' ( o ( e ) )^^ (n®*(»+1)'2® {A°H°(x,nx)®cox))
v) ®oXxX(Ax)®*. 

TheThe norm of this isomorphism is everywhere equal to exp(S(X)/8). 

Proof.Proof. We are done if we can prove that 

exp(«S(*)/8))  \\n(gP - Q) = \\Z\\Ar(P)  G(P,Q)g 

forr all P, Q € X, where {u>i,... ,u>g} is an orthonormal basis of H°(X, Qx). But this follows from 
thee formula in Theorem 1.4.9, by a computation which is performed in [Jo], p. 233. Let P be a 
pointt on X, and choose a local coordinate z about P. By definition of the canonical metric on Qx 

wee have then that l i m g ^ P \z{P) - z{Q)\/G(P,Q) = ||<fe||Ar(P). Letting Pu...,Pg approach P in 
Theoremm 1.4.9 we get 

l i mm ||detu;fc(fi)||A r = H m ƒ ||deWfc(Pf )||A r Uk<i \z(Pk) ~ z(Pt) 

* * *->p*->p nk<i G(pk,Pi) P^P i nk<l \z{Pk) - z(Pt)\ nk<i G(pk, pt) 

== \Wz(u)(P)\ - \\dz\\t9+1)/2(P) 

==  \\*\\AX(P). 
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Thee required formula is therefore just a limiting case of Theorem 1.4.9 where all Pk approach P. D 

Corollar yy 2.2.4. The formula S{X) = R(X)  exp{5(X)/8) holds. 

Proof.Proof. This follows easily by taking logarithms in the formula 

exp(<5(X)/8))  \m\(gP -Q) = MM* ' )  G{P,QY 

andd integrating against p(P). Here we use again property (iii ) of the Arakelov-Green function and 
thee formula \ogR{X) = — fx log ||w||Ar(-P)  l*(P), which was noted above. G 

Corollar yy 2.2.5. (i) Let Q € X. Then we have a canonical isomorphism 

4>l4>lQQ(0(Q))-^O(0(Q))-^Oxx{W{W + g-Q) 

ofof constant norm S(X) on X. 

(ii)(ii)  We have a canonical isomorphism 

(*'(0(6))Ujj ®Oxnf^0x(w) 

ofof constant norm S(X) on X. 

Proof.Proof. We obtain the isomorphism in (i) by restricting the isomorphism from Proposition 2.2.3 to a 
slicee X x {Q} , and using Proposition 2.2.1. Its norm is then equal to R(X)  exp(6(X)/8), which is 
S(X)S(X) by Corollary 2.2.4. For the isomorphism in (ii) we restrict the isomorphism from Proposition 
2.2.33 to the diagonal, and apply the canonical adjunction isomorphism OXXX(-&X)\AX~*^X-
Againn we get norm R(X)  exp(S(X}/8), since the adjunction isomorphism is an isometry. D 

Notee that Corollary 2.2.5 gives an alternative interpretation to the invariant S(X). 

ProofProof of Theorem 2.1.2. By taking norms of canonical sections on left and right in the isomorphism 
fromm Corollary 2.2.5 (i) we obtain 

G{P,QY-G{P,QY- [ J G(P,W) = S(X)-\\n(gP-Q) 
wew wew 

forr any P,Q £ X. Now take the (weighted) product over Q € W. This gives 

[ ]]  G(P,W)'* = S(X)**-°  n \\n(gP-W). 

Pluggingg this in in the first formula gives 

G(P,Q)'-S{X)'&-G(P,Q)'-S{X)'&- f ] \\mgP-W)l^=S(X)-\\mgP-Q), 
wevv v 

fromm which the theorem follows. D 

ProofProof of Theorem 2.1.3. From Corollary 2.2.5 (i) we obtain, again by taking the (weighted) product 
overr Q € W, a canonical isomorphism 

(( (8)CwO(e))^Ox(53w) 
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off  norm S(X)9 9. It follows that we have a canonical isomorphism 

®(9- l) /93 3 

(g)) <t>*_wO(&)\ -^Ox((g-l)-W) 
wewwew / 

off  norm SiX)^9'1^'9^93. From Corollary 2.2.5 (ii) we obtain a canonical isomorphism 

( ( * * (0 (9 ) ) | A x )) ® 0 x nff~i9+1) -^Ox(-(g + 1)W) 

off  norm S{X)~^9+l). Finally from Proposition 2.2.1 and Corollary 2.2.4 we have a canonical iso­
morphism m 

( f i | * ( 9 + 1 ) /22 ® 0 x (A9H°(X, nx) ® c Ox))
V)®2 ^Ox(2W) 

off  norm S{X)2exp{-5(X)/4). It follows that indeed the line bundle Lx is canonically trivial, and 
thatt its canonical trivialising section has norm 

5(X)-(ff-i)(ff 3-9)/933 . S(X)a+1  S(X)-2-exp{S(X)/4) = S ^ 9 " 1 ^  exp(5(X)/4). 

Byy definition this is T(X), so the theorem follows.

Theoremm 2.1.2 leads to an alternative formula for S(X). 

Proposit ionn 2.2.6. Let P be a point on X, not a Weierstrass point. Then the formula 

logS(X)) = -g2  I log \\d\\{gP - Q)  n{Q) + -  £ log M(gP - W) 
JxJx 9 W£\v 

holds.holds. Here the sum is over the Weierstrass points of X, counted with their weights. 

Proof.Proof. Take logarithms in Theorem 2.1.2 and integrate against /i(Q).

I tt remains for us to give an explicit formula for the invariant T(X). Let P € X not a Weierstrass 
pointt and let z be a local coordinate about P. Define ||FZ||(F) as 

| F . | ( f l ^ « mm ) 
Q~PQ~P \Z(P) - Z{Q)\9 

Lett {wi,...,ujg} be an orthonormal basis of H°(X, £lx)-

Proposit ionn 2.2.7. The formula 

T(x)T(x) = \\Fz\\(pr{9+1)- n \\n(9P-w){9-1)/93-\w^)(p)\2 

wew wew 

holds. holds. 

ProofProof Let F be the canonical section of (4>* (0 (0)) | A X ) ® Qx
9 given by the canonical isomorphism 

inn Corollary 2.2.5 (ii) . For its norm we have ||F|| — \\FZ\\  \\dz\\9Al in the local coordinate z. The 
canonicall  section of ®w&w 4>*_wO{&)  has norm flvyew II^IKs-P _ w) at p- Finally, the canonical 
sectionn of Üx

9{3+1)/2 ®ox {A9H0(X,Slx) ® C OX))V has norm ||w||Ar = \WX{LJ)\  \\dz\\9A[ g+1)/2. The 
propositionn follows then from the definition of T(X).

Wee next give a formula for T(X) in which only first order partial derivatives of the theta function 
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Proposit ionn 2.2.8. Let P\,... ,Pg,Q be generic points on X. Then the formula 

r mm = (\\n(p, + --- + pg-Q)\2 

[[  } \ui=1\\n{gpk-Qy/g) 
(i\wW\(9Pk-Pi)(i\wW\(9Pk-Pi)1/9 1/9 

holds. holds. 

Proof.Proof. The formula follows from Theorem 1.4.12, using Theorem 2.1.2 to eliminate the occur­
ringg values of the Arakelov-Green function G, and using Theorem 2.1.3 to eliminate the factor 
exp(6(X)/8).exp(6(X)/8). The factors involving S(X) that are introduced in this way cancel out. D 

RemarkRemark 2.2.9. An alternative way to obtain the divisor of Weierstrass points W on X is to use 
gap-sequences.. Let P € X be a point. 

DefinitionDefinition 2.2.10. The gap-sequence T(P) at P is the set 

T(P)T(P) = {o > 11 there is no meromorphic function ƒ with (f)  ̂ — a- P} 

==  {a > 11 there exists a holomorphic 1-formai with a zero of exact order a — 1 at P) . 

Heree (/)oo denotes the polar part of a meromorphic function ƒ. The equality implied by the 
definitionn follows from the Riemann-Roch theorem. 

Thee following facts are then not difficult to see: 

(i)) N \ T(P) is a semi-group; 

(ii )) 1 € r ( P ); 

(iii )) For a € T(P) we have a < 2g - 1; 

(iv)) The set T(P) has cardinality g. 

Lett T(P) = {o i , . . . ,ag} with a\ < . .. < ag. We then define the weight of P to be the deviation of 
thee gap-sequence from the sequence { 1 , . . . , g}: 

DefinitionDefinition 2.2.11. The weight w(P) of P is the number w(P) = 5Z?=i(afc ~ ^)-

I tt follows that always w(P) < g(g — l ) /2. 

DefinitionDefinition 2.2.12. We call P a Weierstrass point if F(P) differs from { 1 , . . . ,g], Equivalently, we 
calll  P a Weierstrass point if w(P) > 0 or if h°(gP) > 1. 

Inn [Gun], pp. 123-125 we find a proof of the following proposition. 

PropositionProposition 2.2.13. let rp = Wz{ip)  (dz)®^+1^2 be a Wronskian differential in H°(X, £%( s + 1 ) / 2) . 
ThenThen we have an equality of divisors d iv^ = X)pex W(P) ' P-

Ass an example, consider a hyperelliptic Riemann surface X of genus g > 2. A hyperelliptic map 
X - t P 11 has 2g + 2 ramification points, and for each ramification point P, the gap-sequence T(P) 
att P equals T(P) = {1 ,3 , . .. ,2g — 1} . Hence, each P has weight g(g — l) /2, and the ramification 
pointss are exactly the Weierstrass points of X. 

I II  UwnigPk-w)^-1^ 
wewk=i wewk=i 
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2.33 Ellipti c curves 

Inn this section we make the invariants S(X) and T{X) explicit for a Riemann surface X of genus 1. 
Wee can write X — C / Z + rZ where r is an element in the complex upper half plane. It is determined 
upp to a transformation with an element of SL(2, Z). Since 

2Jx 2Jx 
dzdz Adz = Imr , 

thee holomorphic differential dz/\/lmr is an orthonormal basis of H°(X, ü^). 
Ass usual we write q — exp(27rir) and then we have the eta-function TJ{T) — q1^24 ü fe l iU ~ 9*0 

andd the modular discriminant A(r ) = T?(T)24 = g]~IfcLi{ l  - Qk)24- T n e latter is a modular form on 
SL(2,Z)) of weight 12. We put \\n\\(X) = (lmr)^-\v(r)\ and ||A||(X) - ||r/||(X)24 - ( Imr)6- |A(r) |. 
Thesee definitions do not depend on the choice of r. 

Theoremm 2.3.1. The formula 

S(X)S(X) = 
\v\\(X) \v\\(X) 

holds. holds. 

Ass an immediate consequence we find a formula for the Arakelov-Green function, given already 
inn [Fa2], Section 7. 

Corollar yy 2.3.2. The formula 

arc)arc) ll*IK p-Q> 

holds. holds. 

Proof.Proof. Apply the previous result to the formula in Theorem 2.1.2. D 

ProofProof of Theorem 2.3.1. We follow an analogous computation in [La], Chapter II , §5. The fun­
damentall  (l,l)-form fi is given by fi = \{dz A dz)/lmr. We wil l perform our integrals over the 
fundamentall  domain A for X given by z — ar + 0 with a e [—5,5] and (3 £ [0,1]. Write y — Imz. 
Wee find 

// -ny2  ( Imr ) - 1  n = ƒ ƒ -7ra2  Imr  dad(3 ~  Imr 
JJ A Ja=-i J 0=0 lZ 

00 0 

log|0(z;r)||  fi(z) = log | J ] (1 - exp(2™fcr))|. 

andd we shall prove 

L L 
Togetherr this gives 

logSPQQ = - f log ||0|| - M = - l og \\v\\(X) 
Jx Jx 

ass required. Let us prove the integral formula. We wil l make use of the product expansion (cf. 
[Mu2],, p. 68) 

000 00 

0(2;; T) = JJ (1 - exp{2mkT)}- J ] {{ 1 + exp(™(2A; + 1 )T - 2iriz)) (1 + exp(7TT(2fc + l ) r + 2mz))} . 

32 2 



Fixx an index k > 0. In order to compute 

ff log |(1 + exp(7ri(2fc + 1)T - 2TTW))|  n(z) 
JJ A 

,1/22 M 
== ƒ / log|(l + exp(7ri(2A; + l ) r - 2 7 r i ( ar + /3)))|dQd/? 

Ja=-l/2Ja=-l/2 J0=0 

wee observe the following: for a < 1/2 we have 

|| exp(7ri(2fc + l ) r - 27ri(ar + /?))| < 1 , 

andd next for to e C with |u>| < 1 we have 

- l og ( l -u ; ) == X , — , 10' ' 

tnn = l 

wheree the convergence is uniform on compact subsets. This gives 

,1/22 ,1 

// / ' 

II  exp(7ri(2fc 
J0=O J0=O 

logg |(1 + exp{7n(2fc + l ) r - 2m{ar + 0)))\dad/3 
i i 

,1/22 ,1 f °° (-1V"* 1 ] 
== / / Re < >  exp(7ri(2fc + l )mr - 2mm{aT + 0)) } dad/3 

JJaa=-i/2=-i/2 J 0=0 [ ^ m J 
ooo -.1/2 ,1 ( _ i \ m +l 

== ReV / / -—- exp(ni(2k + l)mr - 2mm{aT + 0))dad/3 = 0, 
^ ^ = - 1 / 22 J0=0 m 

wheree the latter equality holds since for any m, 

:: + l )mr - 2mni(ar + 0))d{3 = 0 

ass one sees directly. In a similar vein one proves that 

ff log |(1 + exp(iri{2Jfe + l ) r + 2mz))\  p(z) = 0 

forr any fixed k > 0. Together this gives the required integral formula. D 

Inn Chapter 5, where we study the Arakelov theory of elliptic curves more closely, we give an 
alternativee proof of Corollary 2.3.2. This proof relies on special properties of the Arakelov-Green 
functionn of X, which we discover later on. 

Nextt we turn to the invariant T{X). 

Theoremm 2.3.3. The formula 

rpoo = (27r)-2.||A||(xr1/4 

holds. holds. 

Usingg Theorem 2.1.3 we find the following corollary, which is also in Section 7 of [Fa2]. 

Corollar yy 2.3.4. (Faltings [Fa2]) For Faltings' delta-invariant 6(X) of X, the formula 

S(X)S(X) = - log ||A|| (X) -81og(2*r) 
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holds. holds. 

ProofProof of Theorem 2.3.3. We make use of the explicit formula for T(X) in Proposition 2.2.7. Take 
thee euclidean coordinate 2 as a local coordinate on X = C/Z + rZ, and choose UJ = dz/y/hnr as an 
orthonormall  basis of H°(X, f l^) . Choose an arbitrary point P € X. The Riemann vector is given 
byy K = Hf-. An explicit computation yields 

T{X)T{X) = \\FZ\\{P)-2  I ^ H I ( P ) 2 = ( Imr ) -3 ' 2 - exp(7r  Imr/2) ; r ) | - 2 . 

Thee proposition follows by the formula 

(exp (« r /4))  fz ( ^ y ^ ) ) ' = (2TT)8  A(r ) 

whichh is a consequence of Jacobi's derivative formula (cf. [Mu2], Chapter I, §13). D 

Wee could circumvent the computation in the above proof and apply Proposition 2.2.8 directly. 
However,, the idea of using the explicit formula from Proposition 2.2.7 wil l be applied again in 
thee next chapter, where we compute T(X) for hyperelliptic Riemann surfaces {see especially the 
prooff  of Theorem 3.1.2 in Section 3.7). In fact the above proof is a special case of the arguments 
developedd in Chapter 3. 

Wee will give a proof of Jacobi's derivative formula in Section 4.6, using Arakelov theory. 

2.44 Asymptotics 

Inn [Fa2], Faltings asked for the behavior of the delta-invariant in a family of Riemann surfaces 
degeneratingg to a surface with a single node. An answer to this problem has been formulated by, 
amongg others, Jorgenson [Jo] and Wentworth [We]. Given our splitting of the delta-invariant in the 
invariantss S(X) and T(X) (Theorem 2.1.3), it seems natural to ask for the asymptotic behavior of 
thesee new invariants. One expects that the question is more subtle than for the delta-invariant as a 
whole,, and indeed this turns out to be the case. In fact, the asymptotic behavior of these invariants 
dependss on the structure of the limi t divisor of Weierstrass points. In the present section we give 
ann asymptotic formula only in a generic case (Theorem 2.4.2). We start however by recalling the 
resultt of Jorgenson and Wentworth. 

Theoremm 2.4.1. (Jorgenson [Jo], Wentworth [WeJ) Let Xt be a holomorphic family of compact 
andand connected Riemann surfaces of genus g > 0 over the punctured disc as in [Fay], Chapter 3, 
degeneratingdegenerating as t — 0 to a surface with a single node. If the degenerate surface is the union of 
twotwo compact and connected Riemann surfaces of positive genera g\, g<i meeting at a single point, the 
formula formula 

6{Xt6{Xt)) = -^\og\t\+0(l) 

holds.holds. If the degenerate surface remains connected upon removing the node, the formula 

S(XS(Xtt)) = - ^  log |*j - 6 log(- log |*|) + O(l) 

holds. holds. 

Inn particular, the asymptotic behavior of the delta-invariant is the same no matter what specific 
degeneratee surface we choose (of the type mentioned in the theorem). This also accounts for the 
factt (cf. [Jo], Theorem 6.2) that the delta-invariant is, up to a log log-term associated to the locus 
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off  degenerate surfaces with a non-separating node, a Weil function on Mg(C). As we wil l see in a 
minute,, this is not true for the invariants logS(X) and logT(X). However, we have the following 
resultt for a "generic" degenerate surface of separate type. 

Theoremm 2.4.2. Suppose that the degenerate surface is the union of two Riemann surfaces of 
positivepositive genera g\, 32 with, two points identified, and suppose furthermore that neither of these two 
pointspoints was a Weierstrass point on each of the two separate Riemann surfaces. Then the formulas 

logg sprt) = - 2 ^ log |t| + o(i) 
9 9 

and and 
11 T V V \ 9192J92 + 9 ~ 1) , U\ L nn\ logT(A t)) = = log \t\ + O(l) 

hold. hold. 

Proof.Proof. We review from [Fay], Chapter 3 the description of the holomorphic family Xt in the sep­
aratingg case. We fix two compact and connected Riemann surfaces Xi and X2 of positive genera 
01,02,, respectively. Further we fix coordinate neighbourhoods f/jt about P& and local coordinates 
ZkZk  Uk -* D, where D is the unit disk. We let Wk

f = {xk € Xk |x k € Xk \ UkOT\zk(xk)\ > \t\} 
forr t e D and Ct = {{X, Y) € D x D j XY = t}. The family Xt of genus g = gi + g2 is then built 
fromm these data by putting Xt = W\ U Ct U W\ with the following identifications: Xi € W[ C\ U\ is 
identifiedd with {zi(x\),t/zi{xi)) € Ct and X2 G W\ f\ U2 is identified with (22(^2),*/22(^2)) G Ct-
Forr t = 0, we obtain a singular surface Xo which is just X\ U X2 with the points Pi, P2 identified. 

Fromm Section 3 of [Jo] we deduce the formulas 

ff  ff2 log |t|, P , Q G X i \ { P ! }  1 
log | |0 | | (f f P-Q)) = I 31 log|i |, P,Q£X2\{P2} + 0 ( 1 ), 

\\ 0, otherwise J 

^ ^ 
^^)i-{fe&:3as:':^5!} +o«--

s /x l og | | t? | | ( f fP-Q) - / i (Q)) = 3132 log |t| + 0 (1 ). 

Byy Theorem 3.1 in [EH], under the condition stated in the theorem the limi t Weierstrass divisor 
Woo on XQ, i.e., the intersection of the closure of the Weierstrass divisor on the generic fiber with 
Xo,Xo, is equal to the union of a part Wj consisting of the ramification points outside Pi of the linear 
systemm \Kxl((gi + l )P i )| on X\, and a part W2 consisting of the ramification points outside P2 of 
thee linear system \Kx2((gi + 1)P2)I on X2. Here Kxx and Kx3 denote canonical divisors on X\ 
andd X2, respectively. In particular, by the Plücker formulas we have deg(Wi) = g\{g2 - 1) and 
deg{W2)) = ff2(32 — 1)- Using the first formula above we obtain from this that 

££ log \\nigP -W) = (32 - 1)3132 log |t| + O ( l ) . 
wew wew 

Wee obtain the limi t formula for \ogS(Xt) by applying Corollary 2.2.6, and the limi t formula for 
logT(Xt)) by applying Proposition 2.2.7. D 

If,, contrary to the conditions in the theorem, one of the identified points is a Weierstrass point, 
thee limi t Weierstrass divisor is in general different from the divisor described in the above proof. 
I tt seems interesting to investigate the asymptotic behavior of the invariants T(X) and S(X) in 
variouss cases that can occur. For example, using Theorem 3.1.4 below and a result of Cornalba 
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andd Harris [CH] it is easy to compute the asymptotic behavior of T(X) in a holomorphic family 
off  hyperelliptic Riemann surfaces degenerating to the union of two hyperelliptic Riemann surfaces 
meetingg in a single point. In this case, the two identified points must be Weierstrass points since 
theyy are fixed by the hyperelliptic involution. We are outside the scope of Theorem 2.4.2, and 
indeedd we find a different asymptotic behavior. 

I tt also seems interesting to study the degeneration of the Weierstrass points further in the case 
thatt the degenerate surface has a non-separating node. This problem was posed already by Eisenbud 
andd Harris in [EH]. 

2.55 Applications 

Inn this section we use Proposition 2.2.1 to give a formula for the relative dualising sheaf on a semi-
stablee arithmetic surface (Proposition 2.5.2). As consequences we derive, among other things, a 
lowerr bound for the self-intersection of the relative dualising sheaf (Proposition 2.5.4) and a formula 
forr the self-intersection of a point (Proposition 2.5.8). 

Lett p : X —> B be a semi-stable arithmetic surface over the spectrum B of the ring of integers 
inn a number field K. We assume that the generic fiber XK is a geometrically connected, smooth 
properr curve of genus g > 0. Denote by W the Zariski closure in X of the divisor of Weierstrass 
pointss on XK, and denote by L^X/B the relative dualising sheaf of p. We wil l first deduce some 
propertiess of W on X. 

Lemmaa 2.5.1. There exists an effective vertical divisor V on X such that we have a canonical 
isomorphism isomorphism 

UJ%%UJ%%+1)/2+1)/2 ®ox ( p * ( d e t p , /̂ s) ) V ^Ox(V + W) 

ofof line bundles on X. 

Proof.Proof. We have on X a canonical sheaf morphism p*(detp*uix/B)—y ^x/B given locally by 

$1$1 A . .. A ipg 

forr a basis {i/>i,... , vjg} of differentials on the generic fiber of X. Multiplying by (p*(detp*u: x/B))v 

wee obtain a morphism 

OxOx — <^iT 1) /2®o, (p*(detp x̂/B))V . 

Thee image of 1 is a section whose divisor is an effective divisor V + W where V is vertical. This 
givess the required isomorphism. D 

Wee will now turn to the Arakelov intersection theory on X. For a complex embedding o : K <— C 
wee denote by Fa the "fiber at infinity" associated to a. The corresponding compact and connected 
Riemannn surface is denoted by Xa, The next proposition is an analogue of Lemma 3.3 in [Arl] . 

Proposit ionn 2.5.2. Let V be the effective vertical divisor from Lemma 2.5.1. Then we have 

^9(9^9(9 + l)^x/B = V + yV+  ̂ Iog/ï(Jff f )-Ff f +p*(detp,ü;*/ B) 

asas Arakelov divisors on X. Here the sum runs over the embeddings of K in C 

Proof.Proof. Consider the canonical isomorphism from Lemma 2.5.1. The restriction of this isomorphism 
too Xf, is the isomorphism of Proposition 2.2.1. In particular it has norm R{Xa). The proposition 
follows.. D 
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RemarkRemark 2.5.3. Lemma 2.5.1 shows how the canonical isomorphism from Proposition 2.2.1 over the 
"fiberss at infinity" of X extends over X itself. The "difference" between the left and right hand 
sidee is measured by the divisor V, which can therefore be seen as a finite analogue of the numbers 
logg R{Xa) associated with infinity. 

Wee shall deduce three consequences from Proposition 2.5.2. We assume for the moment that 
gg > 2. We define Rb for a closed point b 6 B by the equation (2g - 2)  \ogRb = (Vb,u>x/B), where 
thee intersection is taken in the sense of Arakelov. The assumption that p : X —  B is semi-stable 
impliess that the quantity logiïb is always non-negative. 

Proposit ionn 2.5.4. Assume that g > 2. Then the lower bound 

{«>X/B,UX/B)>{«>X/B,UX/B)> ( 2 ^ ü g + x) \Y,l°ZRb+ E \ogR(Xa) + teidetptux/B) 

holds.holds. Here the first sum runs over the closed points b G B, and the second sum runs over the 
embeddingsembeddings of K in C 

Proof.Proof. Intersecting the equality from Proposition 2.5.2 with U>X/B w e obtain 

-jQ{9-jQ{9 + 1)(VX/B,VX/B) = 

== ( W , ^ / B ) + ( 2 5 - 2 ) ( £ l o g i4 + Yl logfl(Jr*) + dêgdetp.w*/ f l ) . 

Noww since the generic degree of W is g3 - g we obtain by Proposition 1.5.2 the lower bound 

3 3 

( V V ' W ^ B )) " 2g9(2g~-2){uJx/B'U;x/B)-

Usingg this in the first equality gives the result. D 

Wee remark that lower bounds of a similar type have been given by Burnol, cf. [Bu], Section 3.3. 
Hee defines, for a compact and connected Riemann surface X of genus g > 2, the constants 

AAkk(X)(X) := - ƒ log HtflKfcïiJf - (2k - l)(g - 1)P)  //(F) 

forr k > 2. The integrands have only a finite number of logarithmic singularities, and hence the 
integralss are well-defined. Burnol arrives then, for a semi-stable arithmetic surface p : X —> B of 
genuss g > 2, at the lower bound 

forr any k > 2. He remarks with respect to this lower bound that it only becomes non-trivial (i.e. 
betterr than the classical lower bound from Proposition 1.5.2) if for all complex embeddings a we 
wouldd have Ak(X„) > ^8(Xa) + g log(27r)/3. In order to get an idea of how often this may occur, 
onee might start by making a study of the asymptotic behavior of the analytic invariants Ak. This 
wass not carried out in [Bu]. However, with respect to the analytic terms in our lower bound for 
[UX/B,UX/B)[UX/B,UX/B) w e have by Theorem 2.4.2 and Corollary 2.2.4 the following result. 
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Proposit ionn 2.5.5. Let Xt be a holomorphic family of compact and connected Riemann surfaces of 
genusgenus g > 2 over the punctured disk, degenerating to the union of two Riemann surfaces of positive 
generagenera g\, 52 with two points identified. Suppose that neither of these two points was a Weierstrass 
pointpoint on each of the two separate Riemann surfaces. Then the formula 

\ogR(X\ogR(Xtt)) = -^-\og\t\ + 0(l) 

holds. holds. 

Inn particular, the value \ogR(Xt) goes to plus infinity under the conditions described in the 
theorem.. It would be interesting to have a more precise, quantitative version of Proposition 2.5.5. 

Ourr second result deals with an upper bound for ^2a\ogS(XtT) f° r a semi-stable arithmetic 
surfacee p : X —+ B of genus g > 2. Edixhoven has recently found an application of Arakelov 
theoryy in a study of the complexity of a certain algorithm that computes Galois representations 
associatedd to modular forms. In order to obtain a bound for this complexity, it turned out to be 
necessaryy to know how to bound the Arakelov-Green function £ ^ogG{Pa, Qa) from above for a 
semi-stablee arithmetic surface p : X —  B. This bound should depend on as few parameters as 
possible,, and should be polynomial in the parameters that measure the length of the input of the 
algorithm.. The present author has tried to attack this problem by looking at the explicit formula 
inn Theorem 2.1.2. He expected that the classical part involving the values of the theta function 
wouldd not be too difficult to bound from above, and that instead the normalisation constant S(X) 
couldd be difficult. Indeed, Edixhoven informed him that Zagier had had these experiences on a 
similarr problem. Things turned out to be otherwise: we can prove a bound for â logSiX^) that 
meetss Edixhoven's demands, but as yet we cannot deal with the classical term. Fortunately, at 
Edixhoven'ss request, other authors have searched for bounds on the Arakelov-Green function- we 
noww have satisfactory answers due to Merkl (private communication) and Jorgenson-Kramer [JK2], 
[JK3],, [JK4], 

Proposit ionn 2.5.6. Let p : X —  B be a semi-stable arithmetic surface of genus g > 2. Then the 
upperupper bound 

5^1og5(Xf f )) < - de^detp.u^/B + 4,
9_1Aux/B,u;x/B) + | [ÜT : Q] log(27r) 

holds. holds. 

Proof.Proof. In the Noether formula Corollary 1.6.3 we eliminate the terms involving 5 by using the 
formulaa S(X)/S = \ogS(X) - logR{X), which is Corollary 2.2.4. We eliminate then the term 
involvingg logi? by using the formula from Proposition 2.5.4. D 

Inn Section 2.6 we describe, by way of appendix, Edixhoven's algorithm. 
Thee final result of this section deals with the self-intersection of a point P. This self-intersection 

gives,, upon dividing by the degree of the field of definiton of P, the height of P with respect to 
thee relative dualising sheaf. A major problem in diophantine geometry is to obtain certain bounds 
forr this height. We want to contribute to this problem by giving an explicit expression for the 
self-intersectionn of a point. Perhaps it turns out to be possible to give bounds of the required shape 
forr each of the summands in the expression. 

Wee can assume that g > 1 again. We first state a lemma. 

Lemmaa 2.5.7. Let P be a section ofp, not a Weierstrass point on the generic fiber. Then we have 
aa canonical isomorphism 

P*(OP*(Oxx(V(V + W ) ) ® 2^ *  (det Rp*Ox(gP)f2 
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ofof line bundles on B. 

Proof.Proof. Applying Riemann-Roch to the line bundle Ox{gP) we obtain a canonical isomorphism 

(detRp,O(detRp,Oxx(gP)f(gP)f22 ^{Ox{gP),Ox{gP)®u-)B) ® (detp x̂/Bf
2 

off  line bundles on B. The line bundle at the right hand side is, by the adjunction formula, canonically 
isomorphicc to the line bundle (P,p)®9(s+i) <g> (detp .^ / f l )®2- On the other hand, pulling back 
thee isomorphism from Lemma 2.5.1 along P and using once more the adjunction formula gives a 
canonicall  isomorphism 

(P,, P)*-rt9+D/2Jl+(y  + W, P) ® dekp.u>x/B . 

Thee lemma follows by a combination of these observations. D 

Proposit ionn 2.5.8. Let P be a section of p, not a Weierstrass point on the generic fiber. Then 
—— \g{g + 1)(P, P) is given by the expression 

-- £ \ogG(Pa,Wa) + \og#R1pmOx{gP)+ J2 logR(Xa)+d^detp.u;x/Bl 

<r:K^->C<r:K^->C  <r:K-—C 

wherewhere a runs through the complex embeddings of K. 

Proof.Proof. Intersecting the equality from Proposition 2.5.2 with P, and using the adjunction formula 
(w,, P) = — {P, P), we obtain the equality 

-l-l gg(g(g + l)(P,P) = {V + W,P)+ Yl bgR{X*) + tegdetp.ux/B. 

I tt remains therefore to see that (V + W, P)an = log #R1p*Ox{gP). For this we consider the 
isomorphismm in Lemma 2.5.7. Note that p*.Ox(gP) is canonically trivialised by the function 1. 
Thiss gives a canonical section at the right hand side with norm the square of #RlptrOx{gP). 
Underr the isomorphism, it is identified with the canonical section on the left-hand side, which has 
normm the square of exp((V + W, P)fin)- The required equality follows.

Wee see that minus the self-intersection of a point P is large if P is close to a Weierstrass point, 
eitherr in the p-adic or in the complex topology. 

2.66 Edixhoven's algorithm 

Too conclude this chapter we describe, in a few words, the essentials of Edixhoven's algorithm to 
computee Galois representations efficiently. We thank Edixhoven for explaining to us these ideas. 

Considerr for example the Gal(Q/Q)-representation on the motive M& associated to the discrim­
inantt modular form A{q) = q l ] ^ i ( l ~ 9fc)24 = X^L i i~{n)qn. F°r a prime number p, the integer 
r(p)r(p) is the trace of the Frobenius at p acting on M A - Our goal is an algorithm that, given a prime 
numberr p, computes the integer r{p), and we want that algorithm to run in time polynomial in 
logg p. Earlier algorithms to compute r(p) are exponential in log p. 

Byy a famous argument due to Schoof, since the integers r(p) can be bounded as |r(p)| < 2p, 1 /'2, 
i tt suffices to give an algorithm that, given a prime number p and a prime number £, computes the 
tracee of Frobenius at p modulo £ in time polynomial in £. Now it can be shown that the mod £ étale 
realisationn of M& is the dual of a certainn 2-dimensional F^-vector space Vi contained in the ^-torsion 
«MO(Q)MM of the jacobian Ji{£) of the modular curve Xi(£). In fact, this V( is the intersection of 
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thee kernels of the endomorphisms Tq — r(q), with q running over the primes up to about £2/24, 
actingg on Ji(£)(Q)[£]. Here Tq is the q-th. Hecke operator. We are basically through if, given a 
primee £, we can compute, in a time polynomial in £, the minimum polynomial of a generator of the 
fieldfield of definition of a non-zero point in V(. 

Usingg explicit estimates in Arakelov intersection theory it can be shown that such an algorithm 
exists.. In fact, the actual algorithm is probabilistic with an expected running time polynomial 
inn £, but we shall ignore this aspect here. Let us describe the main idea, which is surprisingly 
simple.. Consider a prime £ and let x be a non-zero point in Vf. We want to compute the minimum 
polynomiall  of a generator of the field of definition of x. First of all, it can be shown that we can 
explicitlyy construct an effective divisor D of degree g on Xi(£), supported on the cusps, such that 

xx is equal to the class of D' — D for a unique effective divisor D' — Pi + \- Pg on X\ (£). Here 
gg is the genus of X\(£), which is a polynomial function of £. Since the field of definition of D is 
small,, we are reduced to finding the minimum polynomial of a generator of the field of definition K 
off  D'. The essential idea is to do this by numerical methods. Using j>adic methods in the sense of 
Couveignes,, or using numerical integration over the complex numbers, it is possible to write down 
ann approximation D' of D'. Having found this approximation, one obtains also an approximation 
off  a generator a of the field of definition of D'. This is seen by the following lemma: there is an 
explicitt finite sequence of morphisms JI,..-,JN  -^i(^) ~  P1; defined over Q, such that at least 
onee j has the property that j{P\) +  -  + j{Pg) generates K (in fact, for this we need to work on 
X\(b£),X\(b£), but we shall ignore this fact). It is virtually no extra effort to compute approximations to 
alll  Galois conjugates of a, and hence we find approximations of the rational numbers that form the 
coefficientss of the minimum polynomial of a. If we could prove that the height of these coefficients 
iss bounded by a polynomial in £, we would have the required algorithm: indeed, the polynomial 
boundd on the height implies that it is sufficient to carry out all the approximations in our earlier 
stepss with an accuracy that is polynomial in £, and hence they can be made to require a running 
timee that is polynomial in £. Now a bound on the height of the coefficients of the required shape 
followss from the following general proposition. The proof uses only arithmetic intersection theory 
ass explained in Chapter 1. 

Proposit ionn 2.6.1. Let X be a proper connected non-singular curve of genus g > 1 over Q, and 
letlet D be an effective divisor of degree g on X. For any torsion line bundle L on X that satisfies 
h°(L(D))h°(L(D)) = 1 we have then the following. Let K be a number field such that both L and D are 
defineddefined over K, such that X has semi-stable reduction over K, and such that X has a rational point 
PP over K. Let D' be the unique effective divisor on X such that L is isomorphic to Ox(D' — D). 
ExtendExtend D, D' and P to horizontal divisors on the semi-stable model p : X — B of X over K. Then 
forfor the Arakelov intersection (D' — D, P) the upper bound 

(D'(D' -D,P)<- \{D, D - ux/B) + 2g2Y^vb\og#k{b) + \ d^det ptux/B 
11 b l 

++ 5]log||t?||(T,sup + |[X:Q]log(27r) 
a a 

holds.holds. Here Vb is the number of irreducible components in the fiber at b if the fiber is reducible, and 
VbVb = 0 otherwise. 

I tt is not difficult to show that a polynomial bound for (D' - D,P) in our set-up implies a 
polynomiall  bound for the height of the coefficients of the minimum polynomial of a. Hence we are 
donee if we could see that the terms on the right hand side in the above lemma are bounded by 
aa polynomial in I. This is again not difficult, except for the first term — \{D,D — UJX/B}-> which 
requiress that we bound the Arakelov-Green function by a polynomial in £. We have commented 
uponn this particular problem in the previous section. 
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Chapterr 3 

Hyperellipticc Riemann surfaces I 

Thee purpose of this and the next chapter is to make the analytic theory from Chapter 2 explicit 
inn the case of a hyperelliptic Riemann surface X. We wil l prove two theorems (Theorem 3.1.2 and 
Theoremm 3.1.3) expressing the Arakelov-Green function G of X, evaluated at pairs of Weierstrass 
points,, in terms of the invariant T(X) and a second natural invariant of X, which is introduced 
inn Section 3.2 below. As corollaries, we find simple closed formulas for the invariant T(X) and 
Faltings'' delta-invariant 5(X) of X. The main part of the present chapter is devoted to a proof of 
Theoremm 3.1.2. We finish with a section dealing with some more special results in the case g — 2. 
Thee proof of Theorem 3.1.3 wil l be given in the next chapter. Although our two theorems look very 
similar,, the techniques used in the proofs are very different. The proof of Theorem 3.1.2 uses only 
complexx function theory, but for the proof of Theorem 3.1.3 we need to take a broader perspective 
andd consider hyperelliptic curves over arbitrary base schemes. A special role is then played by 
hyperellipticc curves which are defined over a discrete valuation ring with residue characteristic 
equall  to 2. 

3.11 Results 

Lett X be a hyperelliptic Riemann surface of genus g > 2. In Section 3.2 we introduce a non-zero 
invariantt ||( 3̂||(X), the Petersson norm of the modular discriminant associated to X. As we wil l 
see,, this is a very natural invariant to consider for hyperelliptic Riemann surfaces. Unfortunately, 
itt is not so clear how to extend its definition to the general Riemann surface of genus g. 

Definitio nn 3.1.1. We denote by G' the modified Arakelov-Green function 

G'{P,Q)G'{P,Q) :=  S(X)-1^3 -G(P,Q) 

onn X x X. 

Inn the present chapter we prove the following theorem dealing with G' and T(X). Recall that 
thee Weierstrass points of X are just the branch points of a hyperelliptic map X —  P1. 

Theoremm 3.1.2. Let W be a Weierstrass point of X. Let n — ( ^ j ) . Consider the product 
Ww^wWw^w *-""(W> W') running over all Weierstrass points W' different from W, ignoring their weights. 
ThenThen ü w ^ v^ G'(W, W') is independent of the choice of W and the formula 

J ]]  G'(W, W')( f f _ 1 ) ï = 2<s~1>Vs+2  T(X)*¥  \\<pg\\(X)& 

holds. holds. 
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Thee following theorem wil l be derived in the next chapter. 

Theoremm 3.1.3. Let m = (2g+2). Then we have 

YlYl G{W, W')n{9~1] = n-29(9+2)m  T{X)-{3+2)m  \\ifg\\{X)-^9+1), 
{W,W') {W,W') 

thethe product running over all ordered pairs of distinct Weierstrass points of X. 

Combiningg the above two theorems yields a simple closed formula for the invariant T(X) in 
termss of ||( 9̂||(A"). This formula should be compared with the formula in Theorem 2.3.3 above. 

Theoremm 3.1.4. Let \\Ag\\(X) be the modified discriminant ||A,||(X) = 2-(49+4>n-||<1P9||(,V). Then 
thethe formula 

T(X)T(X) = (2TT)-2*-\\A9\\(X)-3-& 

holds. holds. 

Promm the viewpoint of arithmetic geometry, the modified invariant ||Ag|| is definitely the right 
onee to consider. As we wil l see below, it has an integral structure which causes it to behave well 
inn all characteristics. In this sense it is the right generalisation of the discriminant A for elliptic 
curves.. The visual presence of the factors 2n and |)AS|| in the above formula suggests the existence 
off  a certain "motivic" interpretation of the invariant T. However, at present we do not know such 
ann interpretation. 

Withh Theorem 2.1.3 we obtain the following corollary. 

Corollar yy 3.1.5. For Faltings' delta-invariant S(X) of X, the formula 

exp(ö(X)/4)exp(ö(X)/4) = (27T)-23  Spf)- (3- i ) /92 . | |A9 | | (A- ) - * r 

holds. holds. 

Wee remark that in the case g = 2, an explicit formula for the delta-invariant has been given 
alreadyy by Bost [Bo]. We wil l turn to the relation between his and our formula in Section 3.8. 

Thee idea of the proof of Theorem 3.1.2 is quite straightforward: we start with the formula for 
T{X)T{X) in Proposition 2.2.7 and the formula for G in Theorem 2.1.2 and observe what happens if 
wee let P approach the Weierstrass point W on X. Thus, we have to perform a local study around 
WW of the function \\w, \\$\\{gP - W') and of the functions ||FZ||(F) and Wz{ui){P) for a suitable 
locall  coordinate z. In Section 3.3 we find a suitable local coordinate on an embedding of X into 
itss jacobian. In Section 3.6 we collect the local information that we need in order to complete the 
prooff  in Section 3.7. Some preliminary work on this local information is carried out in the Sections 
3.44 and 3.5. These two sections form the technical heart of the present chapter. 

3.22 Modular  discriminant 

Inn this section we introduce the modular discriminant ipg and its Petersson norm |j^>9||. The modular 
discriminantt generalises the usual discriminant function A for elliptic curves. 

Lett g > 2 be an integer and let Hg be the Siegel upper half-space of symmetric complex g x g-
matricess with positive definite imaginary part. For z £ C9 (viewed as a column vector), a matrix 
TT €Hg and r), n' € \2? we have the theta function with characteristic r\ = P„] given by 

t?[j?](2;r)) := J^ exp(iri*(n + 7]')r{n  + T}') + 27r«*(n + n')(z + // '))
n£Z» » 
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Wee agree that we always choose the entries of 17' and J}" to be in the set {0,1/2} . For an analytic 
thetaa characteristic n, the corresponding theta function i?[)7](z; T) is either odd or even as a function 
off  z. We call the analytic theta characteristic rj odd if the corresponding theta function t?[r?](z; r) 
iss odd, and even if the corresponding theta function I?[T?](Z; r) is even. 

ForFor any subset 5 of {1 ,2 , . . ., 2g + 1}  we define a theta characteristic r)S as in [Mu2], Chapter 
Ilia :: let 

V2kV2k = 
*<°° 0,^,0,...,o)1 i<k<a 

wheree the non-zero entry in the top row occurs in the fc-th position. Then we put 175 := £fces Vk 
wheree the sum is taken modulo 1. 

Definitio nn 3.2.1. [Cf. [Lo], Section 3.) Let T be the collection of subsets of {1 ,2 , . .. ,2^ + 1} 
off  cardinality g + 1. Write U = {1,3, . . . , 20 + 1}  and let o denote the symmetric difference. The 
modularr discriminant tpg is defined to be the function 

VV99{r)~{r)~  H^[rrrou](0;r) & 

Ter Ter 

onn Kg. The function <pg is a modular form on Tg{2) = {7 G Sp(2fl,Z)|7 = I2g mod 2}  of weight 4r 
wheree r ^ ^ 1 ) . 

Considerr an equation y2 = f{x) where ƒ € C[X] is a monic and separable polynomial of degree 
2fll  + 1. Write ƒ (2) = njfcLV(x _ afc) an<^ denote by D = Ilfc<({ afe ~ a 0 2 t n e discriminant of ƒ. Let 
XX be the hyperelliptic Riemann surface of genus g defined by y2 = f{x). Then X carries a basis of 
holomorphicc differentials ptk = xk~1dx/2y where k = 1 , . .. ,5. Further, in [Mu2j, Chapter Ilia , §5 
itt is shown how, given an ordering of the roots of ƒ, one can construct a canonical symplectic basis 
off  the homology of X. Throughout this chapter, we wil l always work with such a canonical basis of 
homology,, i.e., a certain ordering of the roots of a hyperelliptic equation wil l always be taken for 
granted. . 

Lett (/i|/x') be the period matrix of the differentials /zjt with respect to a chosen canonical basis 
off  homology, and let r = /x~ V -

Proposit ionn 3.2.2. We have the formula 

DDnn = «*9r(detri-ir<pg(T) 

relatingrelating the discriminant D of the polynomial f to the value v9( r ) of the modular discriminant. 

Proof.Proof. We follow the proof of [Lo], Proposition 3.2. Let 5 be a subset of {1 ,2 , . .. ,2g + 1}  with 
# (55 t>U)-g + l. Then Thomae's formula (cf. [Mu2], Chapter Ilia, §8) holds: 

Theoremm 3.2.3. (Thomae's formula) We have 

%s] (0 ;T)88 = (det/x)47r-4*  J ] (ak - atf f j (afc - oj)2 . 

Iff  T € T then obviously T o U is a set S with # (5 o U) U) = g + 1, and conversely, every such set 
55 can be obtained in this way by taking a T G T. Taking the product over all T € T we obtain by 
Thomae'ss formula 

<p<pgg(r)=(r)=(det(det / i) 4^- 4^ n n (o* - a,)*  n <** - °^ 
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Thee number of times a term (a*  — ai)2 appears on the right hand side is easily seen to be n, hence 

</jp(r)) = (det^)4 rV~4 9r rijfc<i(afc _ ai)2n which is what we wanted.

Definitio nn 3.2.4. Let X be a hyperelliptic Riemann surface of genus g > 2 and let r be a period 
matrixx for X formed on a canonical symplectic basis, given by an ordering of the roots of an equation 
yy22 = f{x) for X. Then we write ||yg||(r) for the Petersson norm (det lmr)2r  \(fg{r)\  oiipg(r). This 
doess not depend on the choice of T and hence it defines an invariant ||< p̂||(X) of X. 

I tt follows from Proposition 3.2.2 that the invariant H^jllPO is non-zero. 

3.33 Local coordinate 

Forr our local computations on our hyperelliptic Riemann surface we need a convenient local coor­
dinate.. We find one by embedding the Riemann surface into its jacobian and by taking one of the 
euclideann coordinates. 

Lett X be a hyperelliptic Riemann surface of genus g > 2, let y1 — f(x) with ƒ monic of degree 
2g2g + l be an equation for X, let fik be the differential given by /ifc = xk~1dx/2y for k — 1, . .. ,g, and 
lett (/i|//) be their period matrix formed on a canonical basis of homology. Let L be the lattice in 
C99 generated by the columns of {JJ\JJL'). We have an embedding i : X <-» C9/L given by integration 
PP i— ƒ ( / i i , . . ., fj,g). We want to express the coordinates z i , . . ., zg, restricted to c(X), in terms 
off  a local coordinate about 0 = A{OO). This is established by the following lemma. In general, we 
denotee by 0(wi,... ,ws;d) a Laurent series in the variables w\,..., ws all of whose terms have total 
degreee at least d. 

Lemmaa 3.3.1. The coordinate zg is a local coordinate about 0 on L(X), and we have 

ZkZk — -zl-zli9i9--k)+1k)+1+0(z+0(zgg;2(g~k)+2) ;2(g~k)+2) 
2(g-k)2(g-k) + l 9 

onon i(X) for k — \,...,g. 

Proof.Proof. We can choose a local coordinate t about oo on X such that x = t~2 and y = — t~^2g+l> + 
0(t;0(t; —2g). For P e X in a small enough neighbourhood of oo on X and for a suitable integration 
pathh on X we then have 

rr pp xk~'dx _ yt(p) t-2(fc-o - {-2t~3dt) 
Zk{P)Zk{P)-L-L 2y -J0 -2t-V°+V+0(t;-29) 

rt(P) rt(P) 
dt dt ==  (t2<»-*> + 0(t;2(g - k) + 1)J 

== 2(g - fc) + l ^ ) 2 ( 5" f c ) + 1 + °{t{n 2{9 ~ k) + 2)

Byy taking k = g we find zg — t + 0{t; 2) and for k — 1 , . . ., g — 1 then 

whichh is what we wanted.

3.44 Schur  polynomials 

Inn this section we assemble some facts on Schur polynomials. We wil l need these facts at various 
placess in the next sections. Fix a positive integer g. Consider the ring of symmetric polynomials 
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withh integer coefficients in the variables xi,... ,xg. Let er be the elementary symmetric functions 
givenn by the generating function E{t) — ̂ 2r>0ert

r = P I J U IU + xkt). 

Definitio nn 3.4.1. Let d be a positive integer and let n = {ni,..., 717,}  with 7ri > . .. > JT̂  be a 
partitionn of d. The Schur polynomial associated to n is the polynomial 

S,, :— det(e^_jt+j)i</t,i< h , 

wheree h is the length of the partition 7r, and where n' is the conjugate partition of n given by 
ir'ir' kk — #{Z : 7Tj > k), i.e., the partition obtained by switching the associated Young diagram around 
itss diagonal. The polynomial Sn is symmetric and has total degree d. We denote by Sg the Schur 
polynomiall  in g variables associated to the partition if — {g, g — 1 , . . ., 2,1}. Thus, the formula 

SSgg - det(eg_2fc+(+i)1<fef<f l 

holds,, and the polynomial Sg has total degree g(g + l ) /2. 

Lett pr be the elementary Newton functions (power sums) given by the generating function 
P{t)P{t) = T̂>iPTt

r~1 = Ylk>iXk/(  ̂ ~ xkt)- The following proposition is then a special case of 
Theoremm 4.f of [BEL2]. 

Propositionn 3.4.2. The Schur polynomial Sg can be expressed as a polynomial in the g functions 
P\,P3TP\,P3T  ,P2g-i only. This polynomial is unique. 

Definitio nn 3.4.3. We define sg to be the unique polynomial in g variables given by the above 
proposition. . 

Thee next proposition is a special case of Theorem 6.2 of [BEL2]. 

Proposit ionn 3.4.4. Let s(x\,... ,xg) e C[x i , . . . , xs] be a polynomial in g variables such that 
forfor any set of g complex numbers W\,..., wg, the polynomial s(z\ — w, z-i — w3,..., zg -- 7,,29-l 

inin w either has exactly g roots w\,..,,wg, or vanishes identically, if we give z the value z = 
(pi(u>i,.... ,wg),p3(wi,... ,wg),... ,p2g-i(wi,. ..,wg)). Then s is equal to the polynomial sg up to 
aa constant factor. 

Definitio nn 3.4.S. We define ag to be the polynomial in g variables given by the equation 

<r<r gg(zi,.(zi,. ,zg) = 8g(zg,3zg-i,..., (2j - l ) z i ) . 

Thee following proposition is then the result of a simple calculation. 

Proposit ionn 3.4.6. Up to a sign, the homogeneous part of least total degree of ag is equal to the 
HankelHankel determinant 

ifif  g is odd, or 

rr(z)(z) = de t 

( ( Z\ Z\ 

z-i z-i 

VV 2 (9+l)/ 2 

//  * 

H(z)H(z) -  de t 
Z2 Z2 

\\ Zg/2 

Zl Zl 

23 3 

*<S+3}/ 2 2 

ZZ2 2 

23 3 

zz(g+2)/2(g+2)/2 '  ' 

••  •  2 (s+l)/ 2 \ \ 
••  •  2 (9+3) / 2 

ZgZg J 

Zg/2Zg/2 \ 
ZZ(9+2)/2 (9+2)/2 

zz9-l9-l 1 

ifif  g is even. 
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Wee conclude with some more general facts. These can all be found for example in Appendix A 
too [Fu]. 

Proposit ionn 3.4.7. Let IT = {iti,..., Wh} with TT\ > ... > TT̂  be a partition. Then the formula 

k<l k<l 

holds.holds. In particular, Sg{l,..., 1) = 29 ( 9 _ 1 ) / 2. 

Definitio nn 3.4.8. Let i = ( i j , . . . ,i<*) be a d-tuple of non-negative integers. The i-th generalised 
Newtonn function pW is denned to be the polynomial 

PP — Pi F2  Pd i 

wheree the pr are the elementary Newton functions. 

Proposit ionn 3.4.9. The set of generalised Newton functions pM, where i runs through the d-tuples 
ii  = (ti,...,i<f) of non-negative integers with £ ]a iQ

 = >̂ forms a basis of the Q-vector space of 
symmetricsymmetric polynomials of total degree d with rational coefficients. 

Proposit ionn 3.4.10. For a partition n of d and a d-tuple i = (ii,.. .,id), denote by OJ^{\) the 
coefficientcoefficient of the monomial x\l  ...  x^d in pW. Then the polynomial Sn can be expanded on the 
basisbasis {p^ }  of generalised Newton functions of total degree d as S  ̂ — £ , ^4y  ujn(i)  p ^ . Here 
z(i)z(i) = i1\l

ii  -i2\2^ d\d
id. 

3.55 Sigma function 

Wee consider again hyperelliptic Riemann surfaces of genus g > 2, defined by equations y2 = f(x) 
withh ƒ monic and separable of degree 1g + 1. We write f(x) = x2g+1 + XiX2g +  + A29# + ^2g+i 
andd denote by A the vector of coefficients (Ai,...,A2S+i) . In this section we study the sigma 
functionn a{z\ A) with argument z € C9 and parameter A. This is a modified theta function, studied 
extensivelyy in the nineteenth century. Klein observed that the sigma function serves very well to 
studyy the function theory of hyperelliptic Riemann surfaces. For us it wil l be a convenient technical 
tooll  for obtaining the local expansions that we need. We wil l give the definition of the sigma 
function,, as well as its power series expansion in z,\. For more details we refer to the Bnzyklopadie 
derder mathematischen Wissenschaften, Band II , Teil 2, Kapitel 7.XII. A modern reference is [BEL1], 
wheree one also finds applications of the sigma function in the theory of the Korteweg-de Vries 
differentiall  equation. 

Ass before, let /i t be the holomorphic differential given by //*  = xk~xdxj2y for k — 1 , . .. ,g, and 
lett (fi\fj,') be their period matrix formed on a canonical basis of homology. Let L be the lattice in 
CC99 generated by the columns of (MIM') - By t n e theorem of Abel-Jacobi we have a bijective map 
Pic9_i{-X")—^C 3jLL given by £3fe mkPk '—* Ylk m*= loo^11"  - ' ^s)- Denote by Ö * ne image of the 
thetaa divisor of classes of effective divisors of degree g — 1, and let q : C9 — Cg/L be the projection 
map.. Let r = / i ~ V - By Theorem 1.4.2, there exists a unique theta-characteristic S such that 
I?[£](Z;T)) vanishes to order one precisely along g- 1 ( 0 ). The characteristic S is odd if g = 1 or 
22 mod 4, and even if g = 0 or 3 mod 4. 

Definitio nn 3.5.1. Let v be the matrix of ^-periods of the differentials of the second kind Vk = 
j -- X]j=fc (l + l — fc)A^+fc+ix

fcda: for k = 1 , . . ., g. These differentials have a second order pole at oo 
andd no other poles. The sigma function is then the function 

c(z;X)c(z;X) :=  exp(--zt/fi~uz)  id[S\(p.~1z\T). 
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Usingg some of the facts on Schur polynomials from the previous section, we can give the power 
seriess expansion of a(z; A). The result is probably well-known to specialists, but we couldn't find 
ann explicit reference in the literature. For the special case g — 2, a somewhat stronger version of 
thee formula from the proposition below has been obtained by Grant, see [Gr], Theorem 2.11. 

Proposit ionn 3.5.2. The power series expansion of cr(z; A) about z = 0 is of the form 

<7(z;A)) = 7-<rfl (z) + 0(A), 

wherewhere ag is the polynomial given by Definition 3.4-5 and where the symbol O(X) denotes a power 
seriesseries in z, A in which each term contains a Afc raised to a positive integral power. The constant 7 
satisfiessatisfies the formula 

78nn = *r 4»(r -n)(det,*r 4(,-n>¥>„(?-). 

IfIf  we assign the variable Zk a weight 2{g — k) + 1, and the variable A*, a weight —2k, then the power 
seriesseries expansion in z, A ofa(z; A) is homogeneous of weight g(g + l ) /2. 

Proof.Proof. First of all, the homogeneity of the power series expansion in z, A with respect to the assigned 
weightss follows from an explicit formula for a{z\ A) given in [BEL3]. This homogeneity is also 
mentionedd there, cf. the concluding remarks after Corollary 1. Write o(z; A) = OQ{Z) + O(A) where 
0(A)) denotes a power series in z, A in which each term contains a Afc raised to a positive integral 
power.. Because of the homogeneity, the series ao(z) is necessarily a polynomial in the variables 
Zi,...Zi,... ,zg. By the Riemann vanishing theorem, there is a dense open subset U C C2ff+1 such that for 
anyy A € U, the function a(z\ A) satisfies the following property: for any set of g points P i , . . ., Pg on 
thee hyperelliptic Riemann surface X — X\ corresponding to A, the function a{z — ƒ (fii ,..., fig); A) 
inn P on X either has exactly g roots P\,..., Pg, or vanishes identically, when we give the argument 
zz the value z = £ f̂c f  ̂ ( / i i , . . ., fig). In the limi t A — 0 we find then, as in the proof of Lemma 
3.3.1,, that for any set of g complex numbers w\,...,wg the polynomial 

aa°° ( ^  (*« "  W29'^  ' 2Ï=Ï  ('9-1 ~ ™29~3) ,...,\{Z2~W*),ZI-W} 

inn w either has exactly g roots wi,...,wg, or vanishes identically, for the value 

Byy Proposition 3.4.4, the polynomial <70 must be equal to the polynomial ag up to a constant 
factorr 7. As to this constant 7, we find in [Ba], Section IX a calculation of a constant 7' such that 
a(z;a(z; A) — 7'  H(z) +0(z; |_(5 + 3)/2j), where H(z) is the Hankel determinant from Proposition 3.4.6 
andd where now we consider the power series expansion only with respect to the variables z\,...,zg 

andd with respect to their usual weight deg(zfc) = 1. By Proposition 3.4.6, this 7' is equal to our 
constantt 7, up to a sign. We just quote the result of Baker's computation: 

744 = 0(0; r ) 4  J ] (ak - a , ) 7 ( ^3  £2g+1), where4 := - i H (ofc - ar ) / fl  (afc - ar ) . 

Byy Thomae's formula Theorem 3.2.3 we have 

I?(0;T)88 = (det^V-4*  J] (a*  ~ a  ̂ I I  ̂ ~ a^
fc,iet/fc,iet/ k.iiu 

Combining,, we obtain 7s = D  TT~49  (det/i)4. The formula for 7 that we gave then follows from 
Propositionn 3.2.2. D 
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ExampleExample 3.5.3. By way of illustration, we have computed crg for small g: 

9 9 

1 1 

2 2 

3 3 

4 4 

°~9 °~9 

ZiZZiZ33 --- 7 2 --- Z%Zi + z2z3zj -

Z1Z3-Z1Z3-

-- g2l^4 + J^Z2Zi -

Z\ Z\ 

- 211 + \z\ 

-- Z2 — 3^2-23 + 45 Z3 

11 ? S + i ~ i o 
105^3 4̂4 1" 4725*4 

RemarkRemark 3.5.4. As can be seen from Proposition 3.4.6, the homogeneous part of least total degree 
(withh respect to the usual weight deg(zfc) = 1) of ag{z) has degree [(g + 1)/2J. Hence, by a fun­
damentall  theorem of Riemann, the theta-characteristic 8 gives rise to a linear system of dimension 
L ( 5 - l ) / 2 j o n X . . 

3.66 Leading coefficients 

Inn this section we calculate the leading coefficients of the power series expansions in zg of the 
holomorphicc functions 1z; T)\ X̂) and WZg (//), the Wronskian in zg of the basis {HI,. .., fig}. 

Proposit ionn 3.6.1. The leading coefficient of the power series expansion of a(gz; \)\L(x)> and 
hencehence of'#[5](i?/x_1 ^;r)L(X)> is equal to'y  2 299^^99~~11^^22,, where 7 is the constant from Proposition 3.5.2. 

Proof.Proof. By Lemma 3.3.1 and Proposition 3.5.2, the power series expansion of o~(gz; A)|t(x) has the 
form m 

°-(gz;°-(gz;A)|A)|iWiW = 7  * , ( z ^ T ^ - 1 . ^ T 3 * ? " 3 ' \ ^ 9 h ) + 0{z9;9(g + l ) / 2 + 1). 

Hencee we need to calculate ag ( a ^ ï ' 2 ^ 3 '" ' f ' ö )1 ^ Definition 3.4.5 this is sg(g,g,... ,g). 
Butt by Proposition 3.4.2 and Definition 3.4.3 we have sg(g,g,... ,g) = Sg(l, 1 , . . ., 1), and by 
Propositionn 3.4.7 we have Sg(l,..., 1) = 2g(-9~l)/2. The proposition follows. D 

Proposit ionn 3.6.2. The leading coefficient of the power series expansion of the Wronskian WZg{p) 
isis equal to s ( f f~1 ) / 2. 

Proof.Proof. Expanding the Wronskian yields 

11 dk
Zl\ WU/x)) = det 

ff 229-2 Z29-A 

(2g-2)z(2g-2)z22
gg°-°-

33 (2g-4)zl9~5 
44 i \ 

00 0 

++  0(zg;g(g-l)/2 + l). 

Lett A be the matrix of binomial coefficients A :— f f 9 , ) ] . From the expansion of the 
Vvv 9_ ! -Vi<jc,i<,,- i 

Wronskiann it follows that, up to a sign, the required leading coefficient is equal to det A. We wil l 
computee this number. First of all note that 

detAA = 
( 2 g - 2 ) ! ( 2 g - 4 )! ! 
(g-l)\(g-2)\-(g-l)\(g-2)\-!  det{(9~2k + iy.)l<kJ<g_l> 
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wheree we define 1/n! :— 0 for n < 0. Now let d = g(g — l ) / 2 and consider the ring of symmetric 
polynomialss with integer coefficients in g — 1 variables. It is well known that for the elementary 
symmetricc functions er we have an expansion 

== — det 

// p. 
P2 P2 

Pr-1 Pr-1 
\\ Pr 

1 1 

Pi Pi 

Pr-2 Pr-2 
Pr-1 1 

0 0 
2 2 

Pr-3 3 
Pr-2 2 

r - 1 1 

Pii  / 

withh pr the elementary Newton functions. From Definition 3.4.1 and this expansion it follows that 
det( l / (55 — 2k 4- /)') ls * ne coefficient of pf in the expansion of Sg-i with respect to the basis of 
generalisedd Newton functions. By Proposition 3.4.10, this coefficient is equal to usg^i(d)/d\, where 
ujg-\{d)ujg-\{d) is the coefficient of x f - 1 ^ - 2 x

g-\
xg m Pi- Writing this out, it immediately follows that 

det ( l / (ss - 2k + 1)1) - l / ( 5 - !)}{g - 2)!  1!. Combining one finds det A = 2^"-^2.

3.77 Proof of Theorem 3.1.2 

Noww we are ready to prove Theorem 3.1.2. Let X be a hyperelliptic Riemann surface of genus 
gg > 2, and let W be one of its Weierstrass points. 

ProofProof of Theorem 3.1.2. Fix a hyperelliptic equation y2 — f(x) for X with ƒ monic and separable 
off  degree 2g+l that puts W at infinity. Choose a canonical basis of the homology of X, and form 
thee period matrix (^| /J ') of the differentials xk~1dx/2y for k = 1 , . .. ,g on this basis. Let L be the 
latticee in C9 generated by the columns of {^\/J.'), and embed X into C9/L with base point W as 
inn Section 3.3. We have the standard euclidean coordinates z\,... ,zg on Cs/ L and according to 
Lemmaa 3.3.1 we have that zg is a local coordinate about W on X. The weight w of W is given by 
ww = 9(9 — l ) /2, cf. Remark 2.2.9. Consider then the following quantities: 

A(W')A(W') = lim I M K g Q ' W ) for Weierstrass points W'^W; 
^^  ' Q^W \Zg\9 

A(W)=A(W)= lim 
Q—W Q—W 

B(W)=B(W)= lim 
Q—W Q—W 

\m\(9Q-w) \m\(9Q-w) 
\z\zgg\\

w+w+a a 

| W , » ( Q )| | 

lim m 
Q-*w Q-*w 

Ifi.lKQ ) ) 
\*,\\*,\ w w 

wheree Wx {u) is the Wronskian in zg of an orthonormal basis {u>i,..., UJ9} of H°(X, 0,xx). We have 
byy Theorem 2.1.2 

G'{w,wyG'{w,wy = A{W') A{W') 

Uw"Uw" A(W")w/g3 

hence e 

forr Weierstrass points W'  ̂ W . 

£* * 

Furtherr we have by Proposition 2.2.7, letting P approach W, 

T{X)T{X) = A{W)-^+^  [ Yl A(W' B{Wf B{Wf 
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Eliminatingg the factor Ylw, A(W') yields 

YlYl G'(W, W'f9~x)2 = A(W)4 - BiW)-2^  T{X)  ̂ . 

Noww we use the results obtained in Section 3.6. Let r = n'1^'. A simple calculation gives that 
J 4 ( W)) is (det Imr)1 '4 times the absolute value of the leading coefficient of the power series expansion 
off  l&[S](g/i~ 1 Z\T)\L(X) in Zg- Hence by Propositions 3.5.2 and 3.6.1 we have 

A(W)A(W) = 2 ^ s -1 ) / V I Sr . (det lmr)1/ 4  I d e t ^ l " 1 ^ . \<pg(r)\&  . 

Furtherr we have by Proposition 1.4.1 that \\fi\ A . .. A fig\\
2 — (detlmr)  |det/ i |2. This gives that 

|Wig(u>)|| = |W«s(^)|  (det lmr)- 1 ' '2  |det / / |_ 1. From Proposition 3.6.2 we derive then 

B(W)B(W) = 2 9 ^ 1 ) / 2  ( de t lmr ) -1 / 2  I d e t ^ "1 . 

Pluggingg in our results for ^4(W) and B(W) finally gives the theorem. D 

RemarkRemark 3.7.1. The fact that the product from Theorem 3.1.2 is independent of the choice of the 
Weierstrasss point W follows a fortiori from the computations in the above proof. It would be 
interestingg to have an a priori reason for this independence. 

3.88 The case g = 2 

Wee can say a littl e bit more if we specialise to the case of a Riemann surface X of genus g = 2. 
Notee that such a Riemann surface is always hyperelliptic, and that it has 6 Weierstrass points, each 
off  weight 1. The Arakelov theory of Riemann surfaces of genus 2 has been studied in quite some 
detaill  before, see especially the papers [Bo] and [BMMj . It wil l be convenient to work with the 
function n 

^(r):== J] »M(0;T)2 

r/even n 

onn Ti.2- This is a modular form on the full symplectic group Sp(4, Z) of weight 10. It relates to our 
<P2<P2 by the formula y>2 = (y^)4- If T € W2 is associated to a Riemann surface X of genus 2 then we 
writee H^JIK-X") — (detImT)5|< 2̂(7")|. This definition is independent of the choice of T. Also we wil l 
workk with the modified | |A2| |pO = 2_12||<,p2||p0. We remark that this \\A'2\\ is the ||A2|| from the 
paperss [Bo] and [BMM] . Our aim in this section is to prove the following two theorems. Recall the 
functionn ||J|[ from Definition 1.4.11 above. 

Theoremm 3.8.1. Let W,W' be two Weierstrass points of X. Then the formula 

G'(W,G'(W, W'f = 21/47r"2  H^ll W 3 / 1 6  II-7IIW W') 

holds. holds. 

Definee the invariant |j/f||(X) by 

hg\\H\\(X)hg\\H\\(X) = l [  log lMI-* / 2. 

Thiss invariant has been introduced by Bost in [Bo]. 
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Theoremm 3.8.2. The formula 

S(X)S(X) = IIAilKX)- 1'4  \\H\\(X)4 

holds. holds. 

Fromm Theorems 3.8.1 and 3.8.2 we obtain the following corollary. 

Corollar yy 3.8.3. (i) Let W, W' be two Weierstrass points of X. Then the formula 

G{W,W')G{W,W')22 = (27T)"2  WA'zUX)-1'*  \\H\\(X)  \\J\\(W,W') 

holds. holds. 
(ii)(ii)  For Faltings' delta-invariant S(X) of X, the formula 

S(X)S(X) = -161og(27r) - log ||A^||(X) - 4 l og \\H\\(X) 

holds. holds. 

Proof.Proof. The first statement is a consequence of Theorems 3.8.1 and 3.8.2 and the definition of G'. 
Thee second statement follows from Theorem 3.1.4, Theorem 3.8.2 and Theorem 2.1.3 relating the 
delta-invariantt to the invariants S(X) and T(X).

Thee above corollary is also obtained by Bost in [Bo], Proposition 4, and is more or less proved 
inn the appendix to [BMM] . Our approach is slightly different; in particular we think that in our 
approachh the appearance of the function || J|| is more natural (see especially the proof of Lemma 
3.8.66 below). 

I tt would be interesting to have explicit formulas for S(X) in higher genera. For this we prob­
ablyy need a generalisation of Lemma 3.8.8 below, but this seems difficult. A possible approach is 
suggestedd in [JK1]. 

Wee wil l frequently make use of Rosenhain's identity, cf. also Theorem 4.5.1 below. 

Theoremm 3.8.4. (Rosenhain [Ro]) Let W,W' be two Weierstrass points of X. Then the formula 

\\j\\{w,w')\\j\\{w,w') = IT3  f ] wmw-w' + w") 

holds. holds. 

Corollar yy 3.8.5. (i) Let W, W' be two Weierstrass points of X. Then the formula 

G(W,W')G(W,W')22=2-=2-22-\\£L'-\\£L'22\\(X)-\\(X)-11'*-\\H\\(X)-'*-\\H\\(X)-  Yl Wmw-W' + W") 
W"^W,W' W"^W,W' 

holds. holds. 
(ii)(ii)  Suppose y2 = f(x) is a hyperelliptic equation for X with f monic of degree 5. Choose an 
orderingordering of its roots, and consider the canonical symplectic basis of homology that corresponds to 
thisthis ordering. Let (fi\n') be the period matrix of the differentials dx/2y, xdx/2y on this basis, and 
letlet T = /x" V - Let W = (c*i, 0) and let W' = (a2,0). Then the formula 

G(W,W'f=G(W,W'f= {2*)-\«i-a2\.\\H\KX) __._ 
| / ' (a i ) / ' (a2) |1/4(det Imr)1/4 |detMl1 /2 2 

holds. holds. 
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Proof.Proof. We obtain (i) from Corollary 3.8.3 by Rosenhain's formula. The formula in (ii) follows then 
fromm the first by an application of Thomae's formula, Theorem 3.2.3. D 

Forr the proof of Theorem 3.8.1 we need the following lemma. It is a specialisation to the case 
gg — 2 of some of the results from Section 3.6. Choose a hyperelliptic equation y2 = f(x) for X 
withh ƒ monic and separable of degree 5. Choose an ordering of its roots, and consider the canonical 
symplecticc basis of homology that corresponds to this ordering. Let (/ij// ) be the period matrix of 
thee differentials dx/2y, xdxjly on this basis, and let r — n~xp!'. Let L be the lattice in C2 generated 
byy the columns of (//|//), and make an embedding i : X  C2/L as in Section 3.5, taking the point 
att infinity as a base point. Let z — {z\, z2) be the standard euclidean coordinates on C2/L. Let 6 
bee the odd analytic theta characteristic such that i?[£](/x-1 z\ T) vanishes identically on i-(X). Let 7 
bee the constant from Proposition 3.5.2. 

Lemmaa 3.8.6. We have 
i?[5](2/i-1z;r)|t ( x )) = 27* 2 + 0(z2;5). 

Further,Further, for odd 5' different from S let J(6, Ö')(T) be the Jacobian 

J ( M ' ) ( r)) = (d(ê[S]^[6'})/d(z1,z2))(0;T). 

ThenThen the expansion 

ti[ö'}(2ii-ti[ö'}(2ii- 11z;T)\z;T)\l{x)l{x)  = -2-t-1J(ó,ó')(T)-(detti)-lz2 + 0(z2-3) 

holds. holds. 

Proof.Proof. The first expansion follows directly from Propositions 3.5.2 and 3.6.1. As to the second, 
observee that 

ti[8'){2nti[8'){2n  1Z;T) = 2 l ^ — z=o  * i + 2 L J ^ — U=o  *2 + 0{Zl,z2;3) 
az\az\ dz2 

locallyy about 0. When restricted to i(X), we know by Lemma 3.3.1 that z2 becomes a local 
coordinatee about 0 and that z\ — \z\-\-0{z2\ 4) locally about 0. Thus when expanded with respect 
too the coordinate z2 we get 

i?[*'](2M- 1z;r)|l (x )) = 2 W [ * y * ; T ) U = 0  z2 + 0(z2;3) 

aboutt 0. It remains to compute the constant " ~ ^ ^ ~ ';--U=o- From Proposition 3.5.2 and the table 

accompanyingg this proposition we get that ^l6]^'1'^) |g =0 - 0, and that d^\s){^~iz-T) |g=Q = _7 . 

Thiss gives 

77 dz2
 I i = ° [ ^ W " ' ^ ) | . M[6']fr- lr,T), 

Butt on the other hand we have 

om^iiom^ii ÊMÈtiJr =(d e t / i r l'J ( M' ) ( r )-
dzdz22 l i = 0 dz2 12 = 0 / 

Togetherr this gives the required constant. G 

ProofProof of Theorem 3.8.1. As in the proof of Theorem 3.1.2, we fix a hyperelliptic equation y2 = f{x) 
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forr X with ƒ monic of degree 5 that puts W at infinity. We choose a canonical basis of the 
homologyy of X, and form the period matrix (fi\(i')  of the differentials dx/2y,xdx/2y on this basis. 
Lett T = n~ lfi'  and let K be the Riemann vector from Theorem 1.4.2 corresponding to infinity. The 
Abel-Jacobii  map tK  u : P i c i (X )^+C2 /Z 2 + rZ2 from Theorem 1.4.2 induces an identification of 
thee set of Weierstrass points of X with the set of odd analytic theta characteristics in dimension 2, a 
Weierstrasss point P corresponding to the characteristic r\ = [1,]  such that (tK  u)(P) = [n' + r  r]"]. 
Inn particular, the Weierstrass point W corresponds to the characteristic S. Let S' be the analytic 
thetaa characteristic corresponding to W', and for a general Weierstrass point W", denote by 6" the 
correspondingg analytic theta characteristic. From the definition of G' and Theorem 2.1.2 it follows 
that t 

pp~~ww (nv w -«"')) ' 
Wee compute the right hand side with Lemma 3.8.6; we find that it is equal to 

2|7|-1(detImr)1/44 . \J(6,5'){r)\  \detfx\~1 

( 2 N I WW (2h|-1(detlmr)i/'»  |J(M")(r)|  Idet/il"1)) 
1/88 ' 

wheree 7 is the constant from Proposition 3.5.2. Using the formula for 7 from Proposition 3.5.2 we 
cann rewrite this as 

2i/^-3/4.. II^IKX)- 1/» [ [J PII(w,w") J -\\J\WW'). 

Rosenhain'ss formula Theorem 3.8.4 gives that r ivv '^w IMH(W, IV" ) = ï r ^ l l ^ H W - Plugging this 
inn finally gives the theorem. G 

Wee next proceed to the proof of Theorem 3.8.2. We wil l make use of the fact, special to the 
casee g = 2, that the theta divisor in the jacobian of X can be identified with X itself. We need two 
lemmas. . 

Lemmaa 3.8.7. Let W,W',W" be distinct Weierstrass points on X. Then 

\\4\\(P-W\\4\\(P-W + W') I I J I K W , ^ ) 

p=3vp=3v ||0||(2<7(P) - W") 2\\J\\(W,W") ' 

wherewhere a is the hyperelliptic involution of X. 

Proof.Proof. This follows from the second expansion in Lemma 3.8.6. D 

Thee next lemma is Proposition 14 in [BMM] . The proof is by no means trivial, and seems 
difficul tt to generalise to higher genera. 

Lemmaa 3.8.8. Let W,W' be two distinct Weierstrass points of X. Then the equality 

VV ]og\\0\\(W-W' + W")- f Iog||i?||-i/ = 21og2 + 2 log l | i / | | p0 
wwwwww Je+w-w 

holds,holds, the sum running over the Weierstrass points different from W and W'. 

ProofProof of Theorem 3.8.2. Let R, R' be two points on X and let W" be a Weierstrass point of X. We 
applyy Green's formula Lemma 1.1.6 to the functions fx(P) = ||0||(# - R' + P) = (||#||  <J>R-R>)(P) 
andd f2(P) = \\#\\{2P - W") = (||#||  4>-W"){P)- Here for a divisor D on X we use the notation 
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ipipDD introduced in Proposition 1.4.5. The divisor of fi on X is R' + cr(R), and the divisor of f2 

onn X is W + 2W", where VV is the divisor of Weierstrass points on X. By Proposition 1.4.5 we 
havee ^ 3 3 log j \ — 2/x and ^ 9 3 log /f = 8/x outside the zeroes o f / i and /2, respectively. Green's 
formulaa gives 

- 88 / log \\n(R -R' + P)- n(P) + 2 f log ||0||(2P - W")  /x(P) 
JxJx Jx 

- l o gg \\d\\(2R' -W") + log | | i? | | (2 f f (ü ) -W")- ^ logütf lKi ï - f l ' + WO 

-21og| | i? | | (J Ï - i2'' + W" ) , 

inn other words, 

4 // log|j i?||-y + 21ogS(X) 

== - log | | 0 | | ( 2 # - W " )- log ||tf||(2«7(JR) - W " ) + ^ log||l?||(f l-JR' + ^ ) 

++ 21og||i?||(/ï-JR' + Wr") , 

wheree v is the canonical translation invariant (l,l)-form on Pici(X) introduced in Section 1.4. We 
havee used that 8 can be identified with X and that v restricts to 2/i on 0. Now fix two distinct 
Weierstrasss points W, W'. Summing the above equation over the 4 Weierstrass points W"  ̂ W, W' 
wee obtain 

1 6 // l o g | | 4 - i/ + 81ogS{X) 
Je+R-R' Je+R-R' 

==  - £ iogih?u(2#-tn- £ iog||i?ii(2<7(ü)-wn 
W"^W,W'W"^W,W' W"yéW,W' 

++ 4 £ log\\#\\{R-R' + W) + 2 Y, log\\ê\\(R-R' + W"). 

Noww let R -> W and R' -  W'. We obtain from Lemma 3.8.7 and Theorem 3.8.4 

16/"" log | |0 | | - i /+ 8logS(A-) 
JB+W-W' JB+W-W' 

==  y ]ogf wmwr \ y ]ogmw_w,+w„ } 
«„£?,«,, \M\J\\{W,W")\\J\\(W',W")J  *~>  l o g n 1 7 ^ " ' +vv > 

-166 £ l o g H ( ^ -W + W/')-321og2-21og||Ai||(X). 

Thee theorem then follows by plugging in the result mentioned in Lemma 3.8.8. D 
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Chapterr 4 

Hyperellipticc Riemann surfaces II 

Inn the present chapter we give a proof of Theorem 3.1.3. The idea wil l be to construct a certain 
isomorphismm of line bundles on the moduli stack Ig of hyperelliptic curves of genus g. Over the 
complexx numbers, these line bundles carry certain hermitian metrics, and we obtain Theorem 3.1.3 
byy computing the norm of corresponding sections in both line bundles. The proof is given in Section 
4.4.. In the sections 4.1 til l 4.3 some preliminary work is done. As an application of Theorem 3.1.3 
wee prove in Section 4.5 a formula expressing a certain product of Jacobian Nullwerte, associated 
too a hyperelliptic Riemann surface, as a product of certain Thetanullwerte. In this way we prove a 
partt of a conjecture formulated by Guardia [Gu2]. 

4.11 Hyperellipti c curves 

Inn this section we assemble some general facts on hyperelliptic curves over an arbitrary base scheme. 
Wee wil l assume all our base schemes to be locally noetherian. The basic reference for this section 
iss [LK] . 

Definitio nn 4.1.1. Let B be a locally Noetherian scheme, and let p : X —  B be a smooth projective 
curvee of genus g > 2. We call such a curve hyperelliptic if there exists an involution <x € Autfl(A' ) 
suchh that for every geometric point b of B, the quotient X^/(a) is isomorphic to P1 - . For a 
hyperellipticc curve p : X —> B, the involution a is uniquely determined. This is well-known for 
BB = Spec(fc) with k an algebraically closed field, and the general case follows from this by the fact 
thatt AutsfA") is unramified over B (cf. [DM] , Theorem 1.11). We call a the hyperelliptic involution 
oiX. oiX. 

Definitio nn 4.1.2. By a twisted Fl
B we mean a smooth, projective curve of genus 0 over B. By 

[LK] ,, Corollary 3.4, if q : y —* B is a twisted P^, there exists an étale surjective morphism B' —> B 
suchh that yB' = PB,. 

AA hyperelliptic curve p: X —* B carries a relative dualising sheaf (or, what amounts to the same 
inn this case, a sheaf of relative differentials) U)X/B- We wil l sometimes leave out the subscript X/B 
iff  the context is clear. 

Proposit ionn 4.1.3. Let p : X — B be a hyperelliptic curve of genus g > 2 and let o be the 
hyperelliptichyperelliptic involution of X. The following properties hold: (i) the quotient map X —* X/{cr) is a 
finite,finite, faithfully fiat B -morphism h : X —* y of degree 2, where y —> B is a twisted Wl

B; (ii) after 
anan étale surjective base change B' —  B we obtain from this a finite, faithfully flat B'-morphism 
hh : XB> — Pg> of degree 2; (iii)  the image y' of the canonical morphism n : X —  ^{P^X/B) 
isis a twisted Pg, and its formation commutes with arbitrary base change; (iv) there exists a closed 
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embeddingembedding j : y — F(P*LJX/B) such that TT — j  h. After a faithfully flat base change B'  B, the 
embeddingembedding j is isomorphic to the Veronese morphism fB,  P 7̂ . 

Proof.Proof. See [LK] , Theorem 5.5, Lemmas 5.6 and 5.7, and Remark 5.11.

4.22 Canonical isomorphisms 

Inn this section we construct a canonical isomorphism on the base which involves the relative dualising 
sheaff  and the Weierstrass subscheme of a hyperelliptic curve p : X —* B. We make use of the Deligne 
brackett and its canonical metrisation, defined in Section 1.3. Lemma 4.2.1 and Corollary 4.2.2 are 
modelledd on [BMM] , Proposition 1 and Proposition 2, respectively. 

Lemmaa 4.2.1. Let p : X —> B be a hyperelliptic curve of genus g > 2 and let a be the hyperelliptic 
involutioninvolution of X. For any a-invariant section P : B —» X of p we have a unique isomorphism 

u>u>xx,,BB-^O-^Oxx{{2g{{2g - 2)P) ® p*{P, P ) ® - ^ -1 ) 

whichwhich induces by pulling back along P the adjunction isomorphism {P,ÜJX/B)^*(P, P)®^1. Its for­
mationmation commutes with arbitrary base change. In the case B = Spec(C), this isomorphism is an 
isometryisometry if one endows both members with their canonical Faltings-Arakelov metrics. 

Proof.Proof. First of all, let P be any section of p. Let h : X —> y be the morphism from Proposition 
4.1.3(i)) with y a twisted FB with structure morphism q : y —* B. By composing P with h we obtain 
aa section Q of q, and hence we can write y = F(V) for some locally free sheaf V of rank 2 on B 
(cf.(cf. [LK] , Proposition 3.3). On the other hand, consider the canonical morphism n : X —  F(ptu). 
Wee have a natural isomorphism u = 7r*(Op(P.w)(l))- Let j : y —  P(p*w) be the closed embedding 
givenn by Proposition 4.1.3(iv). By that same proposition, and by using a faithfully flat descent 
argument,, we have a natural isomorphism j*(Op(PeU1)(ty) = Op(v)((<7 ~ !))  By [EGA], II.4.2.7 
theree is a unique line bundle L on B such that Op(vj((g —1)) = 0p(y){(# — 1) -Q)®q*L. By pulling 
backk along h, we find a natural isomorphism u>^*Ox((g — 1)  (P + a(P))) ®p*L. In the special 
casee where P is cr-invariant, this can be written as a natural isomorphism u;-^*Ox((2g — 2)P) <&p*L. 
Pullingg back along P we find that L ^ (w,P) ® <P, p)®-(2s-2) ^ j  wlX  ̂ t n e adjunction formula 
(P,P)(P,P) = {—P,UJ) then finally L = (P,P)®- ( 2s- 1) . It is now clear that we have an isomorphism 
u)^+Ou)^+Oxx({2g({2g — 2)P) ® p*{P, P)®_(29-1) which induces by pulling back along P an isomorphism 
(P,ui(P,uixx̂ B̂B)^*{P,P)®~)^*{P,P)®~11.. Possibly after multiplying with a unique global section of OB, we can 
establishh that the latter isomorphism be the canonical adjunction isomorphism. The commutativity 
withh base change is clear from the general base change properties of the relative dualising sheaf and 
thee Deligne bracket. Turning now to the case B — Spec(C), note that since both members of the 
isomorphismm have admissible metrics with the same curvature form, the isomorphism must multiply 
thee Arakelov metrics by a constant on X. Since the adjunction isomorphism is an isometry, the 
isomorphismm is an isometry at P, hence everywhere. D 

Corollar yy 4.2.2. Let p : X — B be a hyperelliptic curve of genus g > 2. For any two a-invariant 
sectionssections P,Q of p we have a canonical isomorphism of line bundles on B 

< ^ / B , ^ / B > - ^ < P , Q } ® -4 f f ( f f - 1 ) , , 

andand its formation commutes with arbitrary base change. In the case B — Spec(C), this isomorphism 
isis an isometry if one endows both members with their canonical Faltings metrics. 

Proof.Proof. By Lemma 4.2.1, we have canonical isomorphisms u-^*Ox{(2g — 2)P)<g)p*{P, p ) ® - ^ - 1 ) and 
u^Ou^Oxx({2g({2g - 2)Q)®p*{Q,Q)®-{29-l). It follows that Ox((2g - 2)(P - Q)) comes from the base, 

56 6 



andd hence ((2g - 2)(P - Q), P - Q) is canonically trivial on B. Expanding, this gives a canonical 
isomorphismm (P, P)®29~2 $ <Q, Q}® Q}®229~9~22^{P,^{P, Q)®2(29-2) o f l i n e b u n d l es o n B Expanding next the 
rightt hand member of the canonical isomorphism 

{v,u)^(O{v,u)^(Oxx({2g({2g - 2)P) ®p-(P,P)®-{29-1),Ox((2g-2)Q)®p*(Q,Q)®-V9-V) 

givess then the result. The commutativity with base change is clear. Finally it is readily verified that 
alll  isomorphisms here become isometries when restricted to B = Spec(C). Indeed, the Arakelov 
metricc on Ox{{2g — 2}(P — Q)) becomes a constant metric when one trivialises it; as a consequence 
thee metric on {(2g — 2)(P - Q), P - Q) becomes the trivial metric. That the other isomorphisms 
aree isometries follows from Lemma 4.2.1. D 

Definitio nn 4.2.3. Let p : X —> B be a hyperelliptic curve with hyperelliptic involution a. Then 
wee call Weierstrass subscheme of X the fixed point subscheme of X under the action of {o~). It is 
denotedd by WX/B- We recall at this point that in general locally, on an affine scheme with ring R, 
thee fixed point scheme for the action of a finite group G is defined by the ideal IQ of R generated 
byy the set { r - g{r)\r  G R,g € G} . 

Proposit ionn 4.2.4. The following properties hold: the Weierstrass subscheme WX/B of X is the 
subschemesubscheme associated to an effective Cartier divisor on X relative to B. It is finite and flat flat over B of 
degreedegree 2g + +  2, and its formation commutes with arbitrary base change. The Weierstrass subscheme 
WX/BWX/B is étale over a point b e B if and only if the residue characteristic of b is not 2. After 
aa faithfully flat base change, the Weil divisor given by the Weierstrass subscheme WX/B can ^e 

writtenwritten as a sum W\ + 1- W29+2 of (not necessarily distinct) sections of p. 

Proof.Proof. See [LK] , Proposition 6.3, Proposition 6.5, Corollary 6.8 and Theorem 7.3. D 

Wee call Weierstrass divisor the Weil divisor on X given by the Weierstrass subscheme; we wil l 
alsoo denote it by WX/B-, an^L n 0 confusion is to be expected here. We wil l sometimes leave out the 
subscriptt X/B if the context is clear. 

ExampleExample 4.2.5. Consider the genus 2 curve p : X —> B — Spec(Z[l/5]) given by the affine equation 
yy22 + x3y = x. One checks that it has good reduction everywhere, hence p : X —* B is a hyperelliptic 
curvee according to our definition. Over the ring R' — ü[Cs, v^] it acquires six ^-invariant sections 
Wo,,  -  W$ where WQ is given by x — 0 and Wk is given by x = —C5 v ^ for k — 1 , . . ., 5. One can 
checkk by hand that these er-invariant sections do not meet over points of residue characteristic ^ 2, 
soo that indeed the Weierstrass subscheme W is étale over such points. Over a prime of characteristic 
2,, all er-invariant sections meet in one point Wo given in coordinates by 1 = y = 0. The degree 2 
quotientt map h : Xy2 — y — X^/(a) = Pp2 is ramified only in this point W0. 

RemarkRemark 4.2.6. In general, if B is the spectrum of a field of characteristic 2, then h : X —* X/(a) 
ramifiess in at most g + 1 distinct points (cf. [LK] , Remark on p. 104). 

Inn the following proposition we relate the relative dualising sheaf and the Weierstrass subscheme 
byy a canonical isomorphism of line bundles on the base. 

Proposit ionn 4.2.7. Let p ; X —* B be a hyperelliptic curve of genus g > 2. Then we have a 
canonicalcanonical isomorphism of line bundles 

vv : {ux/B,uX/B)m9+2){29+l)^{WXIB, Wx/B ® ^ v / B ) ® - 4 9 ( s- 1 ) , 

whosewhose formation commutes with arbitrary base change, and which is an isometry in the case B = 
Spec(C). . 
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Proof.Proof. By Proposition 4.2.4, after a faithfully flat base change we can write W as a sum of sections 
WW = Wi H h W2g+2- By the adjunction formula for the Deligne bracket we then have a canonical 
isomorphismm (W, W (g)u)-—* 0 ^ ( W * , Wj), which is an isometry in the case B = Spec(C). On the 
otherr hand, by Corollary 4.2.2 we have {Wi, W j ) ® - 4 ^ 3 - 1 ) - ^ ^ , ^ ) for each i  ̂ j , which is again 
ann isometry in the case B = Spec(C). The general case follows by faithfully fiat descent. D 

4.33 Canonical sections 

Thee purpose of this section is to prove the following two propositions. 

Proposit ionn 4.3.1. Let B be a regular scheme and letp : X — B be a hyperelliptic curve of genus 
gg > 2. Then the line bundle (detp*Wx/#)®8s+4 has a canonical trivialising global section AX/B- In 

thethe caseB = Spec(C), let n = ( ƒ£ ), let r = (2£f) and let \\Ag\\(X) = 2-^+Vn\\<pg\\(X) where X 
isis the Riemann surface X(C). Then f or the norm ||Aj| of A the formula ||A||n = (27r)4s2r| |Ag| |(X)s 

holds. holds. 

Proposit ionn 4.3.2. Let B be an irreducible regular scheme with generic characteristic ^ 2, and let 
pp : X — B be a hyperelliptic curve of genus g > 2. Then the line bundle {WX/B, ^X/B^^X/B) has 
aa canonical trivialising global section "EXJB- In the case B — Spec(C), the norm \\E\\ of 3 satisfies 
||H||| = 2"(29+2> X\tW W') G(W, W), the product running over all ordered pairs of Weierstrass points 
ofof the Riemann surface X(C). 

Forr the proofs we need three lemmas. At this point we follow [Ka], Section 6 rather closely. Let 
BB — Spec(iï) with R a discrete valuation ring with quotient field K and residue field k. Assume 
thatt char(A') ^ 2. The quotient map R  ̂ k is denoted, as usual, by a bar '. Let p : ^ - t B b ea 
hyperellipticc curve of genus g > 2. 

Lemmaa 4.3.3. After a finite étale surjective base change with a discrete valuation ring R' domi­
natingnating R, there exists an open affine subscheme U = Spec(£?) of X' with E = A[y]/(y2 + ay + b), 
wherewhere A = R'[x] and a, be A, such that f := a2 - Ah 6 K'[x]  is separable of degree 2g + 2 and such 
thatthat deg a < g +1 and deg b < 2g + 2. For the reduced polynomials a, b e k'[x]  we have deg a = g +1 
o rdegïï > 2g + 1. 

Proof.Proof. After a finite étale surjective base change with a discrete valuation ring R' dominating R, 
wee have by Proposition 4.1.3 a finite faithfully fiat J?'-morphism h' : X' —  F1  ̂ of degree two. 
Choosee a point oo € F]^, such that XK> —* Fl

K, is unramified above oo, and let x be a coordinate 
onn V = P ,̂ - oo. We can then describe U :=  h''1 {V) as U ^ Spec(£) with E = A[y]/{y2 + ay + b)  b) 
wheree A = R'[x] and a, ft e A. Moreover, if we assume the degree of a to be minimal, we have 
degg a < g + 1 and deg b < 2g + 2. Next let us consider the degree of ƒ. By Proposition 4.2.4, the 
Weierstrasss subscheme Wx</B> is finite and flat over B' of degree 2g + 2. By definition, the ideal of 
Wx'/B'Wx'/B' is generated by y — a(y) = 2y + a on U. Note that (2y + a)2 — a2 — 4b = ƒ, which defines 
thee norm under h' of Wx>/B' in P^/. Since this norm is also finite and flat of degree 2cj + 2 over B', 
andd since WX'/B' 'iS entirely supported in U by our choice of oo, we obtain that deg(/) = 2g + 2. 
Sincee the norm of Wx>/B' m PR- is étale over K' by Proposition 4.2.4, the polynomial ƒ G K'[x) 
iss separable. Consider finally the reduced polynomials a,b G k'[x]. Regarding y as an element of 
k'(Xk'),k'(Xk'), we have div(y) > — min(dega, | deg6)  /i'*(55) by the equation for y. On the other hand 
itt follows from Riemann-Roch that y has a pole at both points of h'* (öö) of order strictly larger 
thann g. This gives then the last statement of the lemma. D 

Lemmaa 4.3.4. Suppose we have an open affine subscheme U = Spec(£') on X as in Lemma 4-3-3. 
ThenThen the differentials xidx/(2y + a) for i = 0 , . .. ,g — 1 are nowhere vanishing on U and extend to 
regularregular global sections of U) U)XX/B/B
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Proof.Proof. Let F be the polynomial y2+ay+b £ A[y], and let Fx and Fy be its derivatives with respect to 
xx and y, respectively. It is readily verified that the morphism QE/R = (Edx+Edy)/(Fxdx+Fydy) —
FF given by dx t-f Ft f , dy»-+ —Fa, is an isomorphism of F-modules. This gives that the differentials 
x*dx/(2yx*dx/(2y + a) for i = 0 , . . ., g — 1 are nowhere vanishing on {ƒ. For the second part of the lemma, 
itt suffices to show that the differentials xldx/(2y + a) for i = 0 , . . ., g — 1 on the generic fiber UK 
extendd to global sections of ilxKIK—biit; this is well-known to be true. D 

Supposee that a polynomial ƒ € K[x\ of degree d factors over an extension of K as ƒ = 
H\[H\[ dd

i=li=l {x{x - on). Then its discriminant £>(ƒ) is given as £>(ƒ) = H2d~2 Ui^j(ai - aj)- Recall 
thatt this element lies in R if the coefficients of ƒ lie in R. 

Lemmaa 4.3.5. Suppose we have an open affine subscheme U = Spec(F) on X as in Lemma 4-3.3. 
ThenThen the modified discriminant A ( / ) = 2~(4g+4^  D(f) is a unit of R. 

Proof.Proof. In the case that the characteristic of k is ^ 2, this is not hard to see: we know that WXk/k 
iss étale of degree 2g + 2 by Proposition 4.2.4, and hence ƒ remains separable of degree 2g + 2 in 
k[x]k[x]  under the reduction map. So let us assume from now on that the characteristic of k equals 2. 
Iff  C is any ring, and if P{T) = £ " = 0 inT* and Q(T) = £ ™0 ViT* are two polynomials in C[T), we 
denotee by ü^.'m(P, Q ) eC the resultant of P and Q. Recall the following property of the resultant: 
supposee that at least one of un,vm is non-zero, and that C is a field. Then R^'m(P,Q) = 0 if 
andd only if P and Q have a root in common in an extension field of C. Let F be the polynomial 
yy22 + a(x)y + b(x) in A[y] with A = R[x], and let Fx and Fy be its derivatives with respect to x and 
y,, respectively. We set Q = flJ-^F.Fx) and P = fi*' l(F,Fy) = 46 - a2 = - ƒ . Let H € R be the 
leadingg coefficient of P, and abbreviate the modified discriminant A( ƒ) of ƒ by A. A calculation (cf. 
[Lo] ,, Section 1) shows that ij29+2.4a+2(j> Q) = ̂ jj- A) 2. We should read this equation as a formal 
identityy between certain universal polynomials in the coefficients of a{x) and b(x). Doing so, we 
mayy conclude that A € R and that H2 divides RX

9+2A9+2(P, Q) in R. To finish the argument, we 
distinguishh two cases. First assume that H ̂  0. Then degP = 2^ + 2 and again a calculation shows 
thatt i?2fl+2-49+2(P,Q) = (Ï7  A) 2. The fact that Xk is smooth implies that i?2»+2-4* +2(P,Q) is non­
zero,, and altogether we obtain that A is non-zero. Next assume that H = 0. Then since P = = a2 we 
obtainn that dega < g and hence degP < 2g. By Lemma 4.3.3 we have then 2g +1 < deg t> < 2g + 2. 
Butt then from 2deg(y) = deg(oy + b) and deg(y) > g {cf. the proof of Lemma 4.3.3) it follows 
thatt in fact deg 6 = 2^ + 2 and hence d e g |̂ = 2g since we are in characteristic 2. This implies 
thatt deg Q = Ag. A calculation shows that Rx

9,i9(P, Q) = A . Again by smoothness of Xk we may 
concludee that R29'49(P, Q) is non-zero. This finishes the proof. D 

ExampleExample 4.3.6. Consider once more the curve over R = Z[l/5] given in Example 4.2.5 above. In the 
notationn from Lemma 4.3.3, we have a = x3, b — —x. We compute D(a2 — 4b) = D(x6 +4x) = 21255 

soo that A( ƒ) = 55 which is indeed a unit in R. 

Wee can now prove Propositions 4.3.1 and 4.3.2. 

ProofProof of Proposition 4-3.1. Possibly after a faithfully flat base change we may assume, by Propo­
sitionn 4.1.3, that p is a morphism p : X —» P^. The scheme X is covered by affine schemes 
UU = SpecfF) with E = A[y]/(y2 + ay + b) and A a polynomial ring R[x]. For such an affine scheme 
U,U, consider V := Spec(>l). In the line bundle (detp*wi//v)®8s+4 we have a rational section 

// dx xi-^-dxX98** 4 

%-w.(A»...A^ )) , 
wheree A(ƒ) is as in Lemma 4.3.5. One can check that this element does not depend on any choice 
off  affine equation y2 + ay + b for U, and moreover, these sections coincide on overlaps. Hence they 
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buildd a canonical rational section AX/B of (detp.u^/fl)®89"1"4. By Lemma 4.3.4 and Lemma 4.3.5, 
thiss h-x/B is a global trivialising section. The general case follows by faithfully flat descent. Now 
considerr the case B = Spec(C). In that case, we can make a change of coordinates y' :— 2y + a, 
x'x' := x so that we may write y'2 = f(x') as an equation for X, with ƒ := a2 — 4b. We have 

A - ( 2 - < ~ « .D ) ' ( £ A . . . A ^ ) ) 

wheree D is the discriminant of ƒ. Consider the Riemann surface X = X(C). Using the dif­
ferentialss fi\ — dx'/2y',... ,ng = x'9~ldx' j2y' corresponding to the equation y' = f{x') and a 
canonicall  basis of the homology of X, we form a period matrix [fj-\fi')  and the associated ma­
trixx r = /x~V in the Siegel upper half space. According to Proposition 3.2.2 we have the 
formulaa Dn = 7r4 9 r(det/z)-4 r^9(r) . We put Aff = 2~^9+^n  ipg. Let zu...,zg be the stan­
dardd euclidean coordinates on Cs/ Z s + rZ9 . Recall that we have a canonical isomorphism j : 
d e t t f ° ( X , f i ^ ) ^ d e t t f ° ( C V Z99 - t - r Z ^ ) . Then we have 

J-«(8S+4)n Â«njj  _ J-«(89+4)n [ U-{*S+*)  . J)Y f 5E_ A . . . A - — ) I 

== ^(89+4)n 2- (4g +4)9n7 r4p' r ^^ - tg r^g (^_AA
 X **  \ 

,, / 2 f dx' T'3~1dx'\^i89+4)n\ 

== (2Tr)492rAg(T)g{dZl A . .. A dzg)
9(B9+A)n . 

Thee claim on the norm of A follows since \\dz\ A . .. A dzg\\ — %/det Imr. D 

ProofProof of Proposition 4-3.2. By Propositions 4.1.3 and 4.2.4 we can assume, possibly after a faith­
fullyy flat base change, that the image of the canonical map h : X —* X'/(c) is isomorphic to P#, 
andd that W is a sum of sections W = W\ +  + W2g+2  The latter gives by the adjunction formula 
forr the Deligne bracket a canonical isomorphism (W, W ® u)-^-+QQ^AWi, Wj). The latter line 
bundlee contains a canonical rational section E' := ( îJtj(si, Sj) with Sj and Sj canonical sections 
off  Ox(Wi) and Ox(Wj), respectively. We claim that E := 2~(2g+2^  E' is a trivialising global 
section.. The first statement of the proposition follows then by faithfully flat descent. In order to 
provee the claim, we assume that B = Spec(-R) with R a discrete valuation ring with char(.R') ^ 2. 
Alsoo we assume that its discrete valuation v is normalised in the sense that v{K*) ~ Z. Then 
thee valuation v(E') of S' at the closed point b of B is given by the sum ^ ^ ( W * , Wj) of the lo­
call  intersection multiplicities (Wi,Wj) above b of pairs of Wi,Wj. Suppose that Wi is given by 
aa polynomial x - a-i, and write a*  as a shorthand for the corresponding section of ¥l

R. By the 
projectionn formula (cf. [Li] , Theorem 9.2.12) we have for the local intersection multiplicities that 
4{Wi,Wj)4{Wi,Wj) = {2Wi,2Wj) = (h*at,k*aj) = 2(at ,oi ) for each i  ̂ j hence (Wi.Wj) = l(auaj) 
forr each i ̂  j . Now the local intersection multiplicity (a^ctj) on 1P̂  above b is calculated to be 
v(aiv(ai - Qj). This gives that v(E') = £i ? 4j (Wi , Wj) = \ Y,i?j v(ai ~ aj) = \v{D{f))-  By Lemma 
4.3.55 we have v(D(f)) = (4g -I- 4)u(2) hence if we define E = 2~(2g+2^  E' we obtain a section with 
u(S)) = 0, which is what we wanted. Turning finally to the case B = Spec(C), we see, since the 
adjunctionn isomorphism is an isometry, that ||E|| = 2~(2fl+2) Ylijtj  IKsiifj}ll - The required formula 
follows.. D 
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4.44 Proof of Theorem 3.1.3 

Inn this section we give a proof of Theorem 3.1.3. We wil l work on the universal hyperelliptic curve 
off  genus g. To be precise, let Tg be the category with objects the hyperelliptic curves p : X —> B 
off  genus 5, and morphisms given by cartesian diagrams. Then Xg is an algebraic stack in the sense 
off  Deligne-Mumford [DM] , and according to [LL] , Theorem 3, the stack Xg is a smooth, closed 
substackk of dimension 2g — 1 of the moduli stack Mg of smooth curves of genus g. We denote the 
universall  family on Xg by Ug. 

Thee idea of the proof wil l be to apply our results from the previous section to the universal 
mapp p : Ug —  Xg, in order to obtain a canonical isomorphism of line bundles on Xg. We obtain the 
theoremm by comparing the norms of corresponding sections in these line bundles. We wil l need one 
moree lemma. 

Lemmaa 4.4.1. We have that H°(Xg, Gm) = {-1 , +1} . 

Proof.Proof. It suffices to see that H0(Xg®C, Gm) = C* for then the lemma follows since Tg —> Spec(Z) is 
smoothh and surjective. We can describe Xg ® C as the spacee of (2g + 2)-tuples of distinct points on 
P11 modulo projective equivalence, that is we can write 2"ff®C — ((C\{0, l } ) 2 9 -1 -A)/S2g+2 (in the 
orbifoldd sense) where A denotes the fat diagonal and where £23+2 is the symmetric group acting by 
permutationn on 2g + 2 points on IP1. According to [HM] , the first homology of (C\ {0 ,1} ) 2 9 _1 —A is 
isomorphicc to the irreducible representation of $29+2 corresponding to the partition {2g, 2}  of 2<7+2; 
inn particular it does not contain a trivial representation of £2^+2 This proves that H\{Xg ® C,Q) 
iss trivial, and hence H°(lg ® C, Gm) = C*. D 

Proposit ionn 4.4.2. Let p : Ug —> Xg be the universal hyperelliptic curve of genus g. Then there is 
aa canonical isomorphism 

*l>*l>  : (detP^)®12^+4^29+2){29^^(W,W®u}-^^+4^-^ 

ofof line bundles on Ig. This isomorphism has the property that 

11p//p//ii<8)l2{2g+2)(2g+l)\<8)l2{2g+2)(2g+l)\  _ -®4(8g+4)9( f f - l ) 

OverOver the complex numbers, the norm ofip is equal to ((27r)-49exp(<S)) 

Proof.Proof. By Theorem 1.6.1, we have on 2g a canonical isomorphism \x : (detp*a?)®12-^-*{w , w). Fur­
ther,, by Proposition 4.2.7 we have a canonical isomorphism 

Combining,, we obtain a canonical isomorphism xp as required. According to Theorem 1.6.1, the 
isomorphismm (i has norm (27r)_49exp(<5) over the complex numbers, and by Proposition 4.2.7 the 
isomorphismm v is an isometry. This easily implies the statement on the norm of ij>.  Now let us 
considerr the canonical sections A and H of Propositions 4.3.1 and 4.3.2. Since Tg is smooth, these 
aree trivialising global sections. We conclude that ^ ( A ® 1^ 2^ 2^ 2^ 1 ) ) = E-v^s+^Mg-i) o m y u p 

too an element of H°(lg,Gm)- However, we know by Lemma 4.4.1 that the latter group is just 

Wee can now give the proof of Theorem 3.1.3. 

ProofProof of Theorem 3.1.3. Let p : X —» B = Spec(C) be the complex hyperelliptic curve such that 
XX — X(C). By taking norms on both sides of the isomorphism in Proposition 4.4.2 we arrive at 
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thee following fundamental formula: 

((2n)-^eMHX))f((2n)-^eMHX))f9+4)i2g+2){2g+l)9+4)i2g+2){2g+l) ||A||(B)12^+2>^+1) = \\E\\(B)-4^^^+ .̂ 

Noww let us see what we have for the individual terms from this formula. First, by Proposition 
4.3.11 we have ||A||(B)n = (27r)4s2r||A9||(X)^, where ||A9||(X) = 2-<49+4>" - \\ipg\\{X). Second, by 
Propositionn 4.3.2 and the definition of G' we have 

||=||(fl)) = 2-<2»+2> J] G(W,W') = 2^2"+2^S(X)^+2^+1^3 J] G'[W,W), 
(WW)(WW) (WW) 

thee product running over all ordered pairs of distinct Weierstrass points. Finally we have by 
Theoremm 2.1.3 that exp(<5(X)/4) = S{X)~^~1'>^2  T(X). We find the theorem by plugging in 
thesee results. G 

RemarkRemark 4.4.3. We have not been able to find in general a formula for G'(W, W') with W, W' just 
twoo Weierstrass points. It follows from Corollary 3.8.5 above that in the case g = 2 we have 

G"(W,V^') 22 = 21 / 4- t |^ 2| [ (X)- 3 / 6 4- JJ \\d\\(W - W'+ W"). 
W'jtW.W' W'jtW.W' 

Wee guess that in general we have 

(??)) G'(W,W')9 = A{X)- J] \\0\\(W-W' + W1 + --- + Wg-1), 

w.w'es w.w'es 

withh A(X) some invariant of X. Such a result is consistent with Theorems 3.1.2 and 3.1.3 above. 

4.55 Jacobian Nullwert e 

Inn this section we derive from Theorem 3.1.3 a relation between certain products of Jacobian 
Nullwertee and certain products of Thetanullwerte, associated to hyperelliptic Riemann surfaces. 
Thee theme of this section finds its origin in Jacobi's derivative formula, discovered by Jacobi around 
1830:: let 771 be the odd analytic theta characteristic in genus one, and let 772,773,7/4 be the even 
ones.. We then have an equality 

0foi]'(O;T)) - -7n?[772]<0;T)%3](0;r)%4](0;r) 

off  functions of r in the complex upper half plane. It is natural to ask for generalisations of this 
identityy to higher dimensions. For this one considers the following so-called Jacobian Nullwerte: let 
771,...,, T)g be g odd theta characteristics in dimension g. Then we put 

J(J(mm,...,,...,VgVg)(r):=(d^[r)(r):=(d^[r }1}1},...^[r},...^[r ]g]g])/d(z])/d(z11,...,z,...,zgg))(0-T). ))(0-T). 

Thesee Jacobian Nullwerte are modular forms on the Siegel upper half space Hg. A first generalisa­
tionn of Jacobi's derivative formula was stated by Rosenhain around 1850. 

Theoremm 4.5.1. (Rosenhain fRoj) Let 771,... ,776 be the six odd theta characteristics in g = 2. Let 
TT € H2- Then for every pair of distinct 77*, 77;, the identity 
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holds.holds. Here the sum rfk + Vi ~ Vm **  taken modulo 1, and the characteristics characteristics r)k + T)i — nm occurring 
inin the product are even. 

Afterr that, some scattered generalisations of Jacobi's derivative formula were obtained by, among 
others,, Riemann, Thomae [Th] and Frobenius [Pr]. A general result was proved by Igusa. In order 
too state this result, we need the notion of a fundamental system of theta characteristics. This notion 
wass already employed by the nineteenth century authors. 

Definit ionn 4.5.2. For an analytic theta characteristic 77, we put e{n) = 1 if 77 is even, and e(r/) = — 1 
iff  77 is odd. Given three analytic theta characteristics 7/1,772,773 we define 
e(m,V2)e(m,V2) = e(77i)e(772)e(T7i + T72) and efo,772,773) = e ^ e ^ e ^ e^ + 772 + 773). We say that 
thee triplet {771,772,773}  is azygetic (resp. zygetic) if 6(771,772,773) = —1 (resp. (̂771,772,773) = 1). A 
fundamentall  system of analytic theta characteristics is a set S = {771,... ,7723+2}  of 2g + 2 theta 
characteristicss such that the 771,..., 77s are odd, the 77^+1,... ,7723+2 are even, and every triplet 
{THcVhVm}{THcVhVm} C S is azygetic. 

Theoremm 4.5.3. (Igusa [Ig2j) Let g > 2 be an integer. Let T}I,. .. ,rjg be odd analytic theta char­
acteristicsacteristics such that the function J{n\, , 77g)(r) on Hg is not identically zero and is contained in 
thethe <C-algebra generated by the Thetanullwerte I9[T7](0;T), with rj running through the even even charac­
teristics.teristics. Then 771,..., 77̂  can be completed to form a fundamental system, and: 

2g+2 2 

J(vi,...,riJ(vi,...,rigg)(T))(T) = iT9 £  n 4[vk]{0;T), 
tog+itog+i »ftg+2}€S fc=p+l 

wherewhere S is the set of all (g + 2)-tuples {77g+1,... ,772^+2}  of even theta characteristics such that 
{771,.... ,T)g,7/g+i,... ,772^+2}  form a fundamental system. If r is a period matrix of a a hyperelliptic 
RiemannRiemann surface, then there is exactly one non-zero term in the sum at the right hand side of the 
equality. equality. 

Now,, consider a hyperelliptic Riemann surface X of genus g > 2. Fix an ordering W\,..., W2g+2 
off  the Weierstrass points of X. Consider an equation y2 = f{x) with ƒ monic of degree 2g + 1 
thatt puts W29+2 at infinity. We have then as usual the period matrix (/J|/J') of the differentials 
dx/2y,..dx/2y,.. .,x9~1dx/2y on a canonical symplectic basis of the homology of X. Let r = /i~ V , let 
KK E Cf l /Z9 + r Z 9 be the Riemann vector associated to infinity by Theorem 1.4.2, and consider the 
Abel-Jacobii  map tK u : Pic9_i(A')-^*C 9/Z f l +rZ9 from Theorem 1.4.2. As was explained there, the 
Abel-Jacobii  map induces an identification of the set of classes of semi-canonical divisors on X (i.e., 
divisorss D with 2D linearly equivalent to a canonical divisor) with the set of theta characteristics, 
thee class [D]  of D corresponding to 77 = [1,]  where (tK  u)([D])  = [77' + r  77"]. We can be even 
moree precise. Recall the definition of the analytic theta characteristics 77̂  for k = 1 , . . ., 2g + 1 
fromm Section 3.2. We there defined for a subset S of {1 ,2 , . . ., 2g + 1}  a theta characteristic 77s 
byy putting 775 := £fce577fc. We extend this definition here to subsets S of {1,2, ...,2g + 2}  by 
puttingg 77s := Yl fces 77fc. Further, as before we put U = {1,3, . . . , 23 + 1}  and we let o denote the 
symmetricc difference. 

Lemmaa 4.5.4. Let X be a hyperelliptic Riemann surface of genus g > 2 and fix an ordering 
W\W\,...,,..., W29+2 of its Weierstrass points. Consider the identification of the set of classes of semi-
canonicalcanonical divisors with the set of analytic theta characteristics as above, (i) The semi-canonical 
divisordivisor W  ̂ +  4- Wis_i corresponds to the characteristic ryroV where T — {ii,... , i 9 _ i } . (ii) 
TheThe semi-canonical divisor Wi1 +  + W,g — Wig+1 corresponds to the characteristic rfrou where 
TT = { i i , . . . , i 9+ i } . 

Proof.Proof. See [Mu2], Chapter Ilia, Proposition 6.2. D 
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Inn [Gu2], Guardia proves the following result. 

Lemmaa 4.5.5. Let X be a hyperelliptic Riemann surface of genus g > 2 and fix an ordering 
W\W\,..,.. -, Wïg+2 of its Weierstrass points. Consider the identification of the set of classes of semi-
canonicalcanonical divisors with the set of analytic theta characteristics as above. Let { i ' i , . . . ,123+2}  be a 
permutationpermutation of the set { 1 , . . . , 2g+2}. Denote by rjk for k = l,...,g the analytic theta characteristic 
correspondingcorresponding to the semi-canonical divisor £ ^= 1 Wit, and denote by n  ̂for k — g+1,..., 2g + 2 the 

analyticanalytic theta characteristic corresponding to the semi-canonical divisor (£3f=1 W(t) — W k̂. Then 
thethe set {771,..., rj2g+2} is a fundamental system of theta characteristics. 

I tt follows from Lemma 4.5.4 that the set T9 that one gets by letting { i i , . . . ,125+2}  range 
overr the permutations of { 1 , . . . ,2g + 2], is independent of the chosen ordering of the Weier­
strasss points, and even independent of X. In fact, the cardinality of J-g is ( s j " ) and an element 
{??i,--- .,ng,T)g+1,..., 1729+2}  € Tg is determined by the set {771, . .. ,77,,}. 

Consideringg Igusa's result Theorem 4.5.3, Guardia states in [Gu2] the following conjecture: 

Conjecturee 4.5.6. (Guardia [Gu2]) Let g > 2 be an integer. Let {vi,... ,ng,ng+i,... ,7729+2}  be 
aa fundamental system contained in Ts, and let r be a period matrix associated to a hyperelliptic 
RiemannRiemann surface. Then the formula 

2ff+2 2 

Jfa1, . . . ,Jfc)<r)) = » J ] %f c ] (0;r ) 
fc=g+l fc=g+l 

holds. holds. 

Usingg the results from this chapter we are able to prove an easy consequence of Conjecture 4.5.6, 
mentionedd by Guardia himself already in [Gu2]. 

Theoremm 4.5.7. Let T be the set of subsets of {1 ,2, . .. ,2^ + 1}  of cardinality g+l. Letre7ig be 
aa period matrix associated to a hyperelliptic Riemann surface. Let m — ( ff*  ). Then the formula 

{tïi,-.»7B.»JB+i."'*&s+a}€^' ee T^T 

holds. holds. 

Iff  we take the product over all {rji,...  ,ng,T]g+i,.. .,7723+2}  € Tg in the formula from Conjecture 
4.5.6,, we obtain the formula from Theorem 4.5.7. 

Inn order to prove Theorem 4.5.7, we focus on a fixed hyperelliptic Riemann surface X of genus 
gg > 2, marked with an ordering W\,..., W~2g+2 of its Weierstrass points. Associated to these data 
wee have an equation y2 — f(x) putting ^2^+2 at infinity; we have then the period matrix (fi\fi'), 
thee matrix r and the identification Pics_i(X)-^-*C 9/Z9 + TZ9 as explained above. 

Recalll  the definition of the function ||J|| from Definition 1.4.11. Prom Theorem 1.4.12 we derive 
thee following proposition, which, in combination with Theorem 3.1.3, easily gives Theorem 4.5.7. 

Proposit ionn 4.5.8. We have 

Y[Y[ G'<W,W)n(9-1) 

(W,W) (W,W) 

== T{x)-^m  iivgipofo'-1)'2  n H'lKWi>  >wu-(2f l+4) , 
{ t l , . . , i g } } 

thethe first product running over all ordered pairs of distinct Weierstrass points, the second product 
runningrunning over the subsets of { 1 , . . . , 2g + 2}  of cardinality g. 
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Proof.Proof. From Theorem 1.4.12 and Theorem 2.1.3 we derive the relation 

TXCIPTXCIP n^-2 i \\n(Pi + --- + P9-Q)29~2
 U r , ( p PA 

forr generic P i , . . ., Pg, Q € X. Let W^,..., Wig be g distinct Weierstrass points. We obtain 

g g 

w^{ww^{wiltilt  ...,wig} k=l 

" i W "" IIJIKWi, w..)2s+4 Ü l " ' " ' 

Takingg the product over all sets of indices {i\,..., ig} of cardinality g we find 

YlYl G'{W,W')n(g~l) 

Wwt{wWwt{wixix wig} 11*11 W i + - + Wi, - W)2*" 2 

n n 
{il,...,i s> > 

Sincee Wn +  + Wig - Wlg+l  ~ W  ̂ +  - - + W^ - W i ; + 1 if and only if {h,..., ig+1} = {i[,.. ., i'g+1} 
orr {ii,...,ig+i}  U { i ' i , . . . , ig + i }  = {l,...,2g + 2} {cf. [Mu2], Chapter Ilia, Proposition 6.1), we 
have,, by Lemma 4.5.4(ii) and the definition of the modular discriminant from Section 3.2, that 

nn IMIW, +---+w ia-wt9+l )
4=w<p g\\(x), 

wheree the product runs over the subsets of { 1 , . . . , 2g + 2}  of cardinality g + 1. Hence we have 

nn n uw**+ . - w?g-2=II^IK^) (9Ï-I)/2 . 
B}}  W^{W4l w,fl} 

Pluggingg this in finishes the proof. D 

ProofProof of Theorem 4-5.7. Let X be a hyperelliptic Riemann surface of genus g > 2 and fix an 
orderingg W\,..., W^s+2 of its Weierstrass points. A comparison of Proposition 4.5.8 with Theorem 
3.1.33 immediately yields that 

J ]]  \\J\\(Wil,...,Wi,)
i = *<°m\\<P9\\(X)9+1, 

{ti,...,;a} } 

wheree the product runs over the subsets of { 1 , . . . , 2g + 2}  of cardinality g. Dividing left and right 
byy the appropriate power of det lmr and using the definitions of || J\\ and Tg we find that 

{l?l >...,17SP,TJ99 + j,...,T)j9+2}e^rj, 

wheree r is a period matrix associated to X. Taking 4th roots and applying the maximum principle 
wee find 

J ]]  J(m,..., r,g)(r) = en°™ ]J 0fo™](O; r)2*+ 2 

{Vl{Vl  VgiVg+lf-iVlg+v}^,, T£T 
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withh £ a complex number of modulus 1. We find the right value of e by considering Fourier 
expansionss on the left and the right as in [Igl] , pp. 86-88. D 

4.66 Jacobi's derivative formul a 

Thee arguments leading to the proof of Theorem 4.5.7 specialise to the case g — 1 with only littl e 
modifications.. In the present section we spell out the details, leading to a proof of Jacobi's derivative 
formulaa mentioned at the beginning of Section 4.5. In contrast to traditional proofs, which rely on 
speciall  analytic or combinatorial properties of the theta function, such as the heat equation, the 
presentt proof gives insight into the algebraico-geometric structure behind the formula. 

ProofProof of Jacobi's derivative formula. We consider the universal elliptic curve p : U\ —* M\, Let u> 
bee the relative dualising sheaf of p. By Theorem 1.6.1, we have o n Mi an isomorphism 

M : ( p . u ; ) ® 1 2^ < u > , W > , , 

whichh is unique up to sign. Now it is easy to see that the canonical homomorphism p*p*u — u; is 
inn fact an isomorphism; in particular u; is pulled back from the base. This implies that (U>,UJ) is 
canonicallyy isomorphic to the trivial line bundle OM t , also as a metrised line bundle. This means 
thatt we have a canonical global trivialising section E of (u>,u/), with unit length over the complex 
numbers.. Consider next the line bundle (p„u>)®12. It follows from Proposition 4.3.1 that this line 
bundlee carries a canonical global trivialising section A, which we can write as 

AA = 247r12(l?[7/2](0-,r)ï?[%](0;r)t?[774](0;r))8(^)®12 

onn the elliptic curve C/Z + rZ. As in Lemma 4.4.1, we have H°(Mi,Gm) ~ {~ 1, +1} , hence, as in 
thee proof of Proposition 4.4.2, we have //(A) = . Now by Theorem 1.6.1 the norm of n is equal 
too (27r)-4exp(<S). Further, the norm of A is ||A|| = 2V2(ImT)6|tf[T ?2](0;r)%3](0;T)%4](0;T}j8 

andd the norm of E is ||E|| = 1. Combining gives that 

nn88(lmTf\^[(lmTf\^[mm}(0;T)ê[}(0;T)ê[mm](0;T)^[T}](0;T)^[T} 44)(0-)(0-ffr)\r)\
88exp(ö(X))exp(ö(X)) = 1. 

Byy Theorem 2.1.3 and Proposition 2.3.3 we have for the delta-invariant 

exp(-*(X))) = ( Imr)> [ fh ] ' (0 ; r ) |8, 

andd plugging this in gives 

|0foi]'(O;r)|| = 7r|<?[%](0;T)tf[ija](0iT)i»M(0;T)| . 

Byy the maximum principle we find an equality of holomorphic functions 

< % I ] ' ( 0 ; T)) = errt?[%](0;r)tf[»)s,](0;T)i?[»j4](0;r) 

off  r in the complex upper half plane, where e is a complex constant of modulus 1. We find the 
rightt value e = — 1 by considering g-expansions as in [Mu2], Chapter I, §13. D 
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Chapterr 5 

Ellipti cc curves 

Inn this chapter we give a rather self-contained and fairly elementary discussion of the Arakelov 
theoryy of elliptic curves. Many results on the Arakelov theory of elliptic curves are already known 
byy [Fa2] and Szpiro's paper [Sz], but our approach is different. In particular, we base our discussion 
onn a projection formula for the Arakelov-Green function on Riemann surfaces of genus 1 related by 
ann isogeny. Prom this formula we derive a projection formula for Arakelov intersections, as well as 
aa formula for the so-called "energy of an isogeny". Both of these formulas seem new. In fact, the 
latterr formula provides an answer to a question posed by Szpiro in [Sz]. 

Usingg the new results, we give alternative proofs of several of the earlier results. For example, 
wee arrive at explicit formulas for the Arakelov-Green function on an elliptic curve, for the canonical 
normm in the holomorphic cotangent bundle, and for the self-intersection of a point. We also give an 
elementaryy proof of a recent result due to Autissier [Au] on the average height of the quotients of 
ann elliptic curve by its cyclic subgroups of a fixed order. 

5.11 Analyti c projection formul a 

Wee start by studying the fundamental (l,l)-form fj, with respect to isogenies. Let X and X' be 
Riemannn surfaces of genus 1, and suppose that ƒ : X —* X' is an isogeny, say of degree N. Let fix 
andd fix' be the fundamental (l,l)-forms of X and X', respectively. 

Proposit ionn 5.1.1. (i) We have f*nx' = N  fix; 
(ii)(ii)  the canonical isomorphism f* : H°(X' ,nx,)-^->H°(X, Qx) given by inclusion has norm y/N. 

Proof.Proof. We identify X with a complex torus C/A, and obtain X' as the quotient of C/A by a 
finitefinite subgroup A'/A . Hence we may identify X' with C/A'. A small computation shows that the 
differentialss dz/y/vo\(A) and dz/^vol(A') are orthonormal bases of H°(X, Slx) and H°(X', ttx,), 
respectively.. We obtain the proposition by observing that N — vol(A)/vol(A') . D 

Propositionn 5.1.1 gives rise to a projection formula for the Arakelov-Green function. 

Theoremm 5.1.2. (Analytic projection formula) Let X and X' be Riemann surfaces of genus 1 and 
letlet Gx and Gx' be the Arakelov-Green functions of X and X', respectively. Suppose we have an 
isogenyisogeny f : X —* X'. Let D be a divisor on X'. Then the canonical isomorphism of line bundles 

rOrOXX'{D)^O'{D)^Oxx{f*D) {f*D) 

isis an isometry. In particular we have a projection formula: for any P € X the formula 

GGxx(fD,P)(fD,P) = Gx>(DJ(P)) 
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holds. holds. 

Proof.Proof. Let N be the degree of ƒ. By Proposition 5.1.1 we have 

cu rv / *0X ' ( o)) = r ( c u r v O H D )) = / ' ( (degD)  fix,) = N  (degD)  /xx = d e g f C W D ))  Mx , 

whichh means that f*Ox'(D) is an admissible line bundle on X. Hence by Proposition 1.1.3 we have 
| | / * (SD) | | / *OX , (£>)) — c ' \\sf'D\\ox(fD) f° r some constant c where so and s/*o are the canonical 
sectionss of Ox'{D) and Ox{f*D), respectively. But since 

// log| | /*(»D)| | /*Ox , (Ö)-MJf = jy ƒ I o g | | / * ( * D ) | | / * O x . { D ) 7 > X ' = ƒ log| jSD||ox , (D)-MX ' = 0 , 

thiss constant is equal to 1.

5.22 Energy of an isogeny 

Att this point, we recall some notation from Section 2.3. Let T be an element of the complex upper 
halff  plane, and write q = exp(27nr). Then we have the eta-function T)(T) = q1/24 JlfcLif l — Qk) a nd 
thee modular discriminant A(r ) = TJ(T)24 = QYIT=I(  ̂ ~ Qk)24- The latter is the unique normalised 
cuspp form of weight 12 on SL(2,Z). Suppose that we have a Riemann surface X of genus 1 identified 
withh a complex torus C / Z + r Z. Then we put \\r)\\{X) = {IUIT)1'4-\TI(T)\ and \\A\\(X) = \\TJ\\{X)24 = 
(Imr)66  |A(r)|. These definitions do not depend on the choice of r, and hence they define invariants 
o fX . . 

Inn [Sz], Szpiro proves the following statement (cf. Théorème 1): let E1 and E' be semi-stable 
ellipticc curves defined over a number field K, and suppose we have an isogeny ƒ : E — E'. Then 
thee formula 

EE E «„ .MM , E logNp)! 
PaPa 5*0 

holds,, where JV is the degree of ƒ and where the sum is over the complex embeddings of K. Szpiro 
thenn asks whether a similar statement holds without the sum over the complex embeddings. The 
followingg theorem gives a positive answer to that question. The terminology "energy of an isogeny" 
iss adopted from [Sz]. 

Theoremm 5.2.1. (Energy of an isogeny) Let X and X' be Riemann surfaces of genus 1. Suppose 
wewe have an isogeny ƒ : X —» X'. Then we have 

nn don ^-IMI(*') a 

P e K e r / , P #00 " " l V ; 

wherewhere N is the degree of f. 

I tt is the purpose of the present section to prove Theorem 5.2.1. En passant we make the 
Arakelov-Greenn function and the canonical norm on the holomorphic cotangent bundle explicit, see 
Propositionss 5.2.5 and 5.2.6. These formulas are also given in [Fa2], but the proofs there rely on a 
considerationn of the eigenvalues and eigenfunctions of the Laplace operator. Our approach is more 
elementary. . 

Definitio nn 5.2.2. Let X be a Riemann surface of genus 1. Let u> be a holomorphic differential of 
normm 1 in H°(X,QX). Then we put A(X) :=  \\U}\\AT f° r t n e norm of w in Ql

x. 
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Proposit ionn 5.2.3. Let ƒ : X —* X' be an isogeny of degree N, Then the formvla 

y/Ny/N  A(X) 
I II  G,(°' F)= A(X') 

holds. holds. 

Proof.Proof. Let v be the norm of the isomorphism of line bundles f*£l l
x,^*£lx given by the usual 

inclusion.. We wil l compute v in two ways. First of all, consider an u>' € H°(X', Slx,) °^ n o r m l i so 

thatt u/ has norm A(X') in Clx,. Then by Proposition 5.1.1 we have that f*{u>')  has norm V'ÏV in 
H°{X,H°{X, Ql

x), hence it has norm y/N  A{X) in Ux. This gives 

__ ^N-A(X) 
VV~~ A(X')

Onn the other hand, by Theorem 5.1.2, the canonical isomorphism /*(Ox'(0))-^Ox(Ker/) is an 
isometry.. Tensoring with the isomorphism f*£lx,^*Qx gives an isomorphism 

ra^,(o))^f^(o) ®® (g> ox(p) 
PeKer/,P?40 0 

off  norm v given in local coordinates by 

,„ .. dz. dz 
»» — ® s 

22 z 

wheree s is the canonical section of <S)p£Ker/ p ^ o ^ * ^ ) - By * ne definition of the canonical norm 
onn the holomorphic cotangent bundle, the dz/z have norm 1, so we find 

v=v= n G(O,P). 

PeKer/,P; iO O 

Togetherr with the earlier formula for v this implies the proposition. G 

Thee following corollary seems to be well-known, see for instance [SU], Lemme 6.2. 

Corollar yy 5.2.4. Denote by X[N] the kernel of the multiplication-by-N map X —* X. Then the 
formula formula 

YlYl G(0,P) = N 
Pex(JV],p#o o 

holds. holds. 

Proof.Proof. Immediate from Proposition 5.2.3. D 

Lett T be an element of the complex upper half plane. We recall the identities 

(a)) (exp(7rir/4) - 0(0; T ) 0 ( 1 / 2; r)tf(r/2; r ) )8 - 28  A(r ) 

and d 

(b)(b) ^ x p ( 7 r W 4 ) ~ ( ^ ; r ) ) = (2TT)8  A ( r ) . 

Thee first can be proved by the fact that the left hand side is a cusp form on SL(2, Z) of weight 12. 
Thee second follows then from the first by an application of Jacobi's derivative formula which we 
provedd in Section 4.6. 
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Proposit ionn 5.2.5. (Faltings [Fa2]) Let X be a Riemann surface of genus 1, and write X — 
C/ZZ + rZ with T in the complex upper half plane. For the Arakelov-Green function G on X the 
formula formula 

__ | |0 | | (S + (1 + T ) / 2 ; T) 

holds. holds. 

Proof.Proof. It is not difficult to check that ||#||(z + (1 4- T ) / 2) vanishes only at z — 0, with order 1. Also 
itt is not difficult to check that dzdz log \\ê\\(z + (1 + T ) / 2 )2 = 2nifix for z ^ 0. By the defining 
propertiess of the Arakelov-Green function we have from this that G(0, z) = c  ||#||(2 + (1 + T ) / 2; T) 
wheree c is some constant. It remains to compute this constant. If we apply Corollary 5.2.4 with 
NN — 2 we obtain 

);; r)|| i?||(l/2; r)||i?||(r/2; r) = G(0,1/2)G(0, r/2)G(0, (1 + r) /2) - 2. 

Combiningg this with identity (a) we obtainn c = ||r?||(X)_1. D 

Proposit ionn 5.2.6. (Faltings [Fa2j) For the invariant A(X), the formula 

A{X)A{X) = (2*)\\r,\\(X)* 

holds. holds. 

Proof.Proof. We follow the argument from [Fa2]: writing X = C/Z + rZ we can take dz/^/lmr as 
ann orthonormal basis of H° (X, Q^). By the definition of the canonical metric on Q,  ̂ we have 
||<iz/V/Irn~rj|Arr = (V lmr) " 1  \imẑ Q\z\/G(0,z). We obtain the required formula by using the 
explicitt formula for G(0, z) in Proposition 5.2.5 and the identity (b) mentioned above. D 

ProofProof of Theorem 5.2.1. Immediate from Propositions 5.2.3 and 5.2.6. D 

Wee conclude this section with a corollary, dealing with the value of the Arakelov-Green function 
onn pairs of 2-torsion points. 

Proposit ionn 5.2.7. Let X be a Riemann surface of genus genus 1 and suppose that y2 = Ax3 —px — q—: 
f(x)f(x) is a Weierstrass equation for X. Write f(x) — 4(x — a\){x — a.2){x — a3). Let Pi = (ai ,0), 
PP22 = (c*2,0) and P3 — (03,0). Then the formulas 

G{PG{Pxx,P,P22))
l2l2 = 

G(PuPs)G(PuPs)1212^ ^ 

G(PG(P22,P,P33))
1212 = 

16-- |ai - a 2 

|aii  -

16 6 
|QII  -

16 6 

0311

> i i 

" 2 ||

 \OL2 

ja22 -

- a 3 3 

|a33 " 

-- <*3 

0311 ' 

2 2 

aa22\\ ' 
2 2 

JQ22 - a i|  |a3 - Q I | 

hold. hold. 

Proof.Proof. This follows directly from an application of Thomae's formula Theorem 3.2.3 and the explicit 
formulaa for G(0, z) in Proposition 5.2.5. D 

Wee remark that this proposition has been obtained by Szpiro in [Sz] in the special case that X 
iss the Riemann surface associated to a Frey curve y2 = x(x + a)(x — b), where a, b are non-zero 
integerss with 24|a and b = — 1 mod 4 (cf. [Sz], Section 1.3). 
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5.33 Arakelov projection formul a 

Inn this section we prove a projection formula for Arakelov intersections on arithmetic surfaces of 
genuss 1. The essential idea is to use the analytic projection formula from Theorem 5.1.2; the rest 
off  the proof is quite straightforward. We wil l use the Arakelov projection formula in Section 5.5. 

Definitio nn 5.3.1. Let p : £ —> B and p' : £' — B be arithmetic surfaces of genus 1, and suppose 
theree exists a proper fJ-morphism /:£-*£'. Let D be an Arakelov divisor on £, and write 
DD = Dfin + 53CT aa  E„.  The pushforward ftD of D is defined to be the Arakelov divisor f*D := 
A^fi nn + d  ^ f f af f  E'Q on £', where /*£>fin is the usual pushforward of the Weil divisor Den. 
Nextt let D' be an Arakelov divisor on £'. The pullback ƒ*£>' of D' is to be the Arakelov divisor 
f*D'f*D'  := f*D'Rn + £ f f a'a  Ea on £, where f'D'ün is the pullback of the Weil divisor D'Sa on £', 
definedd in the usual way using Cartier divisors. 

Theoremm 5.3.2. (Arakelov projection formula) Let E and E' be elliptic curves defined over a 
numbernumber field K, and let p : £ —> B and p' : £' — B be arithmetic surfaces over the ring of 
integersintegers of K with generic fibers isomorphic to E and E', respectively. Suppose we have an isogeny 
ƒƒ : E —  E', and suppose that ƒ extends to a B-morphism f  Let D be an Arakelov 
divisordivisor on £ and let D' be an Arakelov divisor on £'. Then the equality of intersection products 
(fD',D)(fD',D) = (D',ftD) holds. 

Forr the proof we need a lemma. Recall the definition of the principal Arakelov divisor (ƒ) of a 
non-zeroo rational function ƒ from Section 1.2. 

Lemmaa 5.3.3. Let g be a non-zero function in K(E'). (i) We have {f*g)mi — f*(g)mf- fa) We 
havehave f*(g) = (f*g), and hence f* descends to a group homomorphism Cl(£') —» Cl(£). 

Proof.Proof. In order to prove (i), let a be a complex embedding. Let N be the degree of ƒ. Then 
wee have - J^ log |/*0|f f  nEa = -jf fEa log \f*g\a  / * M E ; = - JE, log \g\„  nE>g, and this means 
[f*9)mi[f*9)mi  = f {g)\nt- This gives (i). Next it is clear that f*(g)sn = lf*s)fin - Together with (i) this 
givess (ii) .

RemarkRemark 5.3.4. Under the canonical isomorphism Cl-^+Pic from Theorem 1.2.7, the group homo­
morphismm ƒ*  : Cl(£') -*  Cl(£) is just the canonical group homomorphism ƒ*  : Pic(£') -> Pic(£) 
definedd by pullback of metrised line bundles. 

ProofProof of Theorem 5.3.2. We may restrict to the case where both D and D' are Arakelov divisors 
withh trivial contributions "at infinity" . By the moving lemma on £' (cf. [Li] , Corollary 9.1.10) 
wee can find a function g e K(E') such that D" :=  D' + (g)fin and ƒ,£> have no components 
inn common. Obviously D" + (<7)inf is Arakelov linearly equivalent to D', and hence by Lemma 
5.3.3(h)) the pull-back f*D"  + /*(s)inf is linearly equivalent to f*D'. By Lemma 5.3.3(i) this 
meanss that f*D"  + (/*s)inf is linearly equivalent to f*D'. It is therefore sufficient to prove that 
{f*D"{f*D"  + {rg)iD(,D) = (D" + {g)inf,f.D). It is clear that {{f*g) mi,D) = {(g)in{, fmD), so it remains 
too prove that (f*D",D)  = (£>", f,D). By the traditional projection formula (cf. [Li] , Theorem 
9.2.122 and Remark 9.2.13) we have (ƒ*!>" , Z?)fin = (£>", / .D) f i n . For the contributions at infinity 
wee can reduce to the case where D and D" are sections of £ —> B and £' —> B, respectively. Let 
oo be a complex embedding of K. Let Da and D„  be the points corresponding to D and D" on 
Ea-Ea- and E'a. Then for the local intersection at a we have (f*D",  Z3)a = (D", f+D)a by the analytic 
projectionn formula from Proposition 5.1.2. The theorem follows. D 

RemarkRemark 5.3.5. In general, an isogeny ƒ : E —> E' may not extend to a morphism £ -* £'. However, 
iff  f is a minimal arithmetic surface, then it contains the Néron model of E'/K, and hence by the 
universall  property of the Néron model, any isogeny ƒ extends. In any case we can achieve that ƒ 
extendss after blowing up finitely many closed points on £. 
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Thee following corollary appears in Szpiro's paper [Sz]. 

Corollar yy 5.3.6. (Szpiro [Sz]) Let Di,D2 be Arakelov divisors on £'. Let N be the degree of f. 
ThenThen the formula 

(f*D(f*D 11,rD,rD22)) = N-(D1,D2) 

holds. holds. 

Proof.Proof. It is not difficult to see {cf [Li] , Theorem 7.2.18 and Proposition 9.2.11) that f*f*D 2 = 
NN  D2- Theorem 5.3.2 then gives (f*Duf*D 2) = {Di,f,f*D 2) =  D2) = N  {DUD2). D 

5.44 Self-intersection of a point 

Lett p : £ —* B be an arithmetic surface of genus 1. In the present section we compute the self-
intersectionn (P, P) of a section of p. 

Theoremm 5.4.1. (Szpiro [Sz]) Let E be a semi-stable elliptic curve over a number field K, and let 
pp : £ —» B be its regular minimal model over the ring of integers of K. Let P : B —* £ be a section 
ofof p, and denote by A(E/K) the minimal discriminant ideal of E/K. Then the formula 

(P,P)(P,P) = -^log\NK/Q(A(E/K))\ 

holds. holds. 

Beforee we give the proof, we recall two geometric results. 

Proposit ionn 5.4.2. Letp : £ —* B be a minimal arithmetic surface of genus 1. Then the canonical 

homomorphismhomomorphism P*P,<JJ£/B ~*  ̂ tjB ^ an isomorphism. 

Proof.Proof. See [Li] , Corollary 9.3.27.

Proposit ionn 5.4.3. Let p : U\ —* M.\ be the universal stable elliptic curve. Then there is a 
canonicalcanonical isomorphism (p . t j ^^ -^+OfA) of line bundles on M\. Let A be the canonical global 
sectionsection of (p.u;)®12 given by this isomorphism. Then for a Riemann surface X — C/Z + rZ of 
genusgenus 1 we can write A = (27r)12A(r)(d2:)(812. 

Proof.Proof. The canonical isomorphism follows from the theory of the Tate elliptic curve. Over M. \, the 
sectionn A is to be identified with the A from Proposition 4.3.1 above, which is also applicable in 
ourr case. The formula follows from the proof of Proposition 4.3.1. D 

ProofProof of Proposition 5.4.1. By the adjunction formula we have to prove that 12degF*Wf/e = 
\O%\NK/Q{&{EJK))\.\O%\NK/Q{&{EJK))\. By Proposition 5.4.2 we have a canonical isomorphism p+u>£/B—>P*uJe/B, 
andd what we wil l do is consider the image of the section Ag/B, given by Proposition 5.4.3, in 
(P*u)£(P*u)£/B)®/B)®1212,, and compute its Arakelov degree. As is clear from the canonical isomorphism in 
Propositionn 5.4.3, the finite places yield a contribution log\NK/Q(A(E/K))\. As to the infinite 
places,, recall that by Proposition 5.2.6 we have ]|dz||Ar = v/Imr/((27r)||77||(J'ir)2) for a Riemann 
surfacee X — C/Z + rZ of genus 1. Together with the formula in Proposition 5.4.3 we obtain that 
||ACTIIArr = 1 for each complex embedding <r, and hence the infinite contributions vanish. This gives 
thee proposition.

Thee proof of Theorem 5.4.1 given in [Sz] is much more involved. The above proof in fact answers 
aa question raised in [Sz] on the norm ||A||A.T of A in Q®12. Note that Proposition 5.4.2 also proves 
thatt {<jj£/B, <*>£/&)  — 0 on a minimal arithmetic surface p : £ —* B of genus 1, a fact observed by 
Faltingss [Fa2] for the semi-stable case. 
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5.55 Average height of quotients 

Inn this final section we study the average height of quotients of an elliptic curve by its cyclic 
subgroupss of fixed order. Using our results from the previous sections, we give an alternative proof 
off  a formula due to Autissier [Au]. A slightly less general result appears in [SU], and in fact our 
methodd is very much in the spirit of this latter paper. The main difference is perhaps that in our 
approachh we do not need to consider the distribution of torsion points on the bad fibers. In fact 
wee do not need any non-trivial arithmetic information at all; the main ingredients are the Arakelov 
projectionn formula from Theorem 5.3.2, the formula for the "energy of an isogeny" from Theorem 
5.2.1,, and the formula for the self-intersection of a point from Theorem 5.4.1. Amusingly, we shall 
mentionn at the end of this section how a purely arithmetic result, namely the injectivity of torsion, 
followss from our Arakelov-theoretic results. 

Wee start with an explicit formula for the Faltings height hp-(E) of an elliptic curve E (cf. 
Definitionn 1.5.6). This formula is certainly well-known, cf. [Si], Proposition 1.1. 

Propos i t ionn 5.5.1. Let E be a semi-stable elliptic curve over a number field K. Let A(E/K) be 
thethe minimal discriminant ideal of E/K. Then the formula 

hp{E)hp{E) = K/Q(A(E/K))\ - l ^ l o g ( ( 27 r ) 1 2 | | A | | ( ^ )) 

holds.holds. Here the sum runs over the complex embeddings of K. 

Proof.Proof. This follows directly from Proposition 5.4.3. D 

ExampleExample 5.5.2. Proposition 5.5.1 makes it possible to compute the Faltings height of elliptic curves 
explicitly.. The answers that we get in the case of elliptic curves with complex multiplication are 
givenn by the celebrated Chowla-Selberg formula. This is described for instance in [Del], §1. Let E 
bee an elliptic curve defined over a number field K. Suppose that E/K has complex multiplication 
byy the full ring of integers of an imaginary quadratic field F. It is well-known that E then has 
potentiallyy everywhere good reduction. As a consequence, the formula 

122 [K : Q)hF(E) = - 5 > g ( ( 2 7 r )1 2  ||Aj|(Tff)) 
a a 

holds,, where the sum is over the complex embeddings of K. The Chowla-Selberg formula evaluates 
thee right-hand side of this expression. Let — D be the discriminant of F, let h be the class number 
off  F, and let w be the number of roots of unity in F. The result is then that 

hhFF(E)(E) = ~-\og\-m i*«(^- (( II  n»/B)'«' 
\ VV \0<m<D 

tu/2/iN N 

wheree (—) is the Dirichlet character of conductor D. For instance, for the elliptic curve E\/Q 
givenn by y2 = x3 - x (with j = 1728), which has complex multiplication by the ring of integers of 
FF = Q(>/—Ï), we have D — 4, h = 1 and w — 4 hence 

hhFF(Ei)(Ei) - - l og ( _, . . ' r ) = -1.3105329259115095183... 
V,, r(3/4)  \/2 / 

Forr the elliptic curve E2/Q given by y2 = x3 - 1 (with j = 0), which has complex multiplication 
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byy the ring of integers of F = Q( \ / -3 ), we have D — 3, h — 1 and w = 6 hence 

hhFF(E(E22)) = — l og ( ( ^ | ) 3 " ^ J = -1.3211174284280379150... 

Actually,, this is the infimum of hF on .Mi(Q). 

Noww let's turn to the result of Autissier. First we introduce some notations. Let TV be a positive 
integer.. Then we denote by ejv the number of cyclic subgroups of order N on an elliptic curve 
definedd over C, which is 

p\Np\N V y / 

wheree the product is over the primes dividing N. Further we put 

wheree the notation pr\\N means that pr\N and pr+1 \ N. For an elliptic curve E and a finite 
subgroupp C of E we denote by Ec the quotient of E by C. 

Inn [SU] we find the following theorem. 
Theoremm 5.5.3. (Szpiro-Ullmo [SU]) Let E be a semi-stable elliptic curve defined over a number 
fieldfield K. Suppose that E has no complex multiplication over K and that the absolute Galois group 
G&l(K/K)G&l(K/K)  acts transitively on the points of order N on E. Let C be a cyclic subgroup of order N 
onon E. Then the formula 

hhFF(E(Ecc)) = hF{E) +  l- log AT - AJV 

holds. holds. 

Onee may wonder what one can say without the assumption that GsX{K(K) acts transitively. 
Inn [Au] we find a proof of the following statement. The price we pay for dropping the assumption 
onn G&\(K/K) is that we can only deal with the average over all C. 

Theoremm 5.5.4. (Autissier [Au]) Let E be an elliptic curve defined over a number field K. Then 
thethe formula 

—— Y hF(Ec) = hF{E) + J log N - XN 
e " cc 2 

holds,holds, where the sum runs over the cyclic subgroups of E of order N. 

Inn fact, this formula was already stated in [SU] under the restriction that N is squarefree. 
Autissier'ss proof uses the Hecke correspondence TN and a generalised intersection theory for higher-
dimensionall  arithmetic varieties. The disadvantage of this approach is that the analytic machinery 
neededd to deal with the contributions at infinity becomes quite complicated. We wil l give a proof of 
Theoremm 5.5.4 which is much more elementary. Besides this merit, we also think that the structure 
off  the somewhat strange constant Ayv becomes more clear through our approach. It would be 
interestingg to have a generalisation of Theorem 5.5.4 to abelian varieties of higher dimension. 

Theoremm 5.5.4 follows directly from the following two propositions, by using the explicit formula 

forr hF in Proposition 5.5.1. The next proposition occurs as Lemme 5.4 in [SU]. 

Proposit ionn 5.5.5. Let E be a semi-stable elliptic curve over a number field K and suppose that 

allall  N-torsion points are K-rational. Then one has 

YY//{^E\N{^E\NKK/Q(^(E/K))\-log\N/Q(^(E/K))\-log\NK/QK/Q(A(E(A(Ecc/K))\)=0. /K))\)=0. 
c c 
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HereHere the sum runs over the cyclic subgroups of E of order N. 

Proposit ionn 5.5.6. Let X be a Riemann surface of genus 1. Then 

^E(è I o g | | A | | ( x )-èl o g | | A | | ( x C ))) = ̂ logJV"AN' 
wherewhere the sum runs over the cyclic subgroups of X of order N. 

Ourr first step is to reduce these two propositions to the following two: 

Proposit ionn 5.5.7. Let E be a semi-stable elliptic curve over a number field K and suppose that 
allall  N-torsion points are K-rational. Extend all N-torsion points of E over the regular minimal 
modelmodel of E/K. Then one has 

cc <?ec 

wherewhere the first sum runs over the cyclic subgroups of E of order N, and the second sum runs over 
thethe non-zero points in C. 

Proposit ionn 5.5.8. Let X be a Riemann surface of genus 1. Then one has 

—vy; iogG(Q,o)) = AJV. 
""  C Qec 

HereHere the first sum runs over the cyclic subgroups of X of order N, and the second sum runs over 
thethe non-zero points in C. 

Thee latter proposition is an improvement of Proposition 6.5 in [SU], which gives an analogous 
statement,, but only with the left hand side summed over the complex embeddings of K, and divided 
byy [K : Q]. Our result holds in full generality for an arbitrary Riemann surface of genus 1. 

ProofProof of Proposition 5.5.5 from Proposition 5.5.7. Let C be any cyclic subgroup of E, and let O' 
bee the zero-section of Ec. Extend it over the minimal regular model of Ec/K. We then have 

~log\N~log\NK/QK/Q(A(E/K))\(A(E/K))\ - ^ l o g | ^/ Q ( A ( £ c / / i : ) ) | = (0',0') - (0,0) 

byy Theorem 5.4.1. The latter is equal to £ <jec (Q, O) by Theorem 5.3.2. Summing over all cyclic 

subgroupss of E of order N and using Proposition 5.5.7 we find the result. D 

ProofProof of Proposition 5.5.6 from Proposition 5.5.8. By Theorem 5.2.1 we have for any subgroup C 
off  X of order N that 

^ l og | |A | | (X)) - ^ l o g H A H PO = i l o gN- £ loBG(Q,0). 
Q€C C 

Thee statement of Proposition 5.5.6 is then immediate from Proposition 5.5.8. D 

Inn order to prove Proposition 5.5.7, we make use of the following combinatorial lemma. 

Lemmaa 5.5.9. Let M be a positive integer rvith M\N. Let E be an elliptic curve defined over 
anan algebraically closed field of characteristic zero. Then each cyclic subgroup of E of order M is 
containedcontained in exactly ejv/eji/ cyclic subgroups of order N. 
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Proof.Proof. This follows easily by fixing a basis for the iV-torsion and then considering the induced 
naturall  transitive left action of SL(2, Z) on the set of cyclic subgroups of order M and order N. D 

ProofProof of Proposition 5.5.7. Let E[M]  be the set of points of exact order M on E. By Lemma 5.5.9 
wee have 

Wee claim that for any positive integer M, we have YIQ^TZIM] (Q> ®) ~ 0- Indeed, we have 

g6E[Af],g/o o 

forr all M by Theorem 5.3.2 and then the claim follows by Möbius inversion. D 

Alsoo for the proof of Proposition 5.5.8 we wil l need a lemma. For a Riemann surface X of genus 
1,, and M > 1 an integer, we put 

t(M)=t(M)=  £ logG(Q,0), 
Q€X[M\ Q€X[M\ 

thee sum running over the set X[M]  of points of exact order M on X. 
Partt of the following lemma is also given in [SU], cf. Lemme 6.2. 

Lemmaa 5.5.10. We have 
t(t(pp

rr)) = logp 

forfor any prime integer p and any positive integer r. Moreover we have t(M) = 0 for any positive 
integerinteger M which is not a prime power. 

Proof.Proof. By Corollary 5.2.4 we have 

££ logG(Q,0) = logM. 
QeX[M],QÏ0 QeX[M],QÏ0 

Thee lemma follows from this by Möbius inversion. D 

ProofProof of Proposition 5.5.8. For any divisor M\N, let X[M]  be the set of points of exact order M on 
XX and let t(M) = J^oe'xtM] ^°eG{Q,0) as in Lemma 5.5.10 where it is understood that i ( l ) = 0. 
Thenn by Lemma 5.5.9 we can write 

- l£$>gG(Q,0)) = J -£^ . * (M) . 

Lemmaa 5.5.10 gives us that 

*N*N  *-? %Z eN N̂eM 

M\N M\N 

Finallyy note that epk = pk{\ + 1/p) which gives 

11 1 
—-ii  + — 

2-Y—-t(M)=Y2-Y—-t(M)=Y (1 + ... + J - W . 

P - i ( p 2 - l ) --

Fromm this the result follows. D 
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RemarkRemark 5.5.11. An alternative proof of Proposition 5.5.6 can be given by classical methods using 
modularr forms identities, see for instance [CT], Proposition VII.3.5(b) for the case that N is a 
prime,, and [Au], Lemme 2.2 and Lemme 2.3 for the general case. We preferred to give an argument 
usingg Arakelov theory, indicating that Arakelov theory can sometimes be used to derive analytic 
resultss on Riemann surfaces in a short manner. We have seen another instance of this in Section 4.5, 
wheree we gave an Arakelov theoretic proof of a certain higher-dimensional modular forms identity. 

Wee finish with a corollary from the results above. This corollary gives another interpretation to 
thee constant A AT. 

Corollar yy 5.5.12. Let E be a semi-stable elliptic curve over a number field K and suppose that 
allall  N-torsion points are K-rational. Extend these torsion points over the minimal regular model of 
EjK.EjK. Then one has 

wherewhere the first sum runs over the cyclic subgroups of E of order N, and the second sum runs over 
thethe non-zero points in C. 

Proof.Proof. Let C be a finite cyclic subgroup of E. Note that by definition of the Arakelov intersection 
product t 

££ {Q, o)=j2 & °)fi» - E E l o « G(Q°' °)
CECC Qec Qtc a 
QÏOQÏO Q^O Q^O 

Thee corollary follows therefore easily from Proposition 5.5.7 and Proposition 5.5.8. D 

Notee that Corollary 5.5.12 is purely arithmetical in nature. It should also be possible to give a 
directt proof, but probably this would require a more ad hoc approach, making for instance a case 
distinctionn between the supersingular and the ordinary primes for EjK. Also note that Corollary 
5.5.122 immediately gives the classical arithmetic result that, for any prime number p, the p-torsion 
pointss are injective on a fiber at a prime of characteristic different from p. Indeed, take N = p 
inn the formula from Corollary 5.5.12, then the right hand side is a rational multiple of logp, and 
soo the same holds for the left hand side. This means that the local intersections (Q, 0)fj„ , which 
aree always non-negative, are in fact zero at primes of characteristic different from p. Hence, each 
p-torsionn point Q stays away from O on fibers above such primes. Of course the argument can be 
repeatedd with O replaced by any other p-torsion point. 
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Chapterr 6 

Numericall  examples 

Ass was explained in the Introduction, it is important to know how to calculate Arakelov invariants 
explicitly.. Our Theorems 2.1.2 and 2.1.3 provide a solution to this problem. We illustrate this in 
thee present chapter by computing examples of Arakelov invariants of hyperelliptic curves of small 
genus.. In Section 6.1 we say some words on implementation. In Section 6.2 we focus on curves of 
genuss 2. The computational aspects of this case are well-documented in [BMM] . Our approach in 
Sectionn 6.2 wil l be different, but we do not pretend to be able to attain significantly better results. 
Inn Section 6.3 we consider a hyperelliptic curve of genus 3. In particular we find an explicit result 
forr its delta-invariant. As far as we know, no explicit values of Arakelov invariants in genus 3 have 
beenn obtained so far, and it seems that the method and results in Section 6.3 are new. 

6.11 Implementation 

Thee difficulties in computing Arakelov invariants are usually caused by the analytic contributions 
att infinity. In this section we explain what we need to compute exactly, and how one can do this, 
givenn the results in this thesis. 

Lett X be a compact and connected Riemann surface of genus g > 0. First of all we need a 
periodd matrix (fïi|fÏ2) for X. It is well-known that if X has many automorphisms, it is possible to 
computee such a period matrix purely theoretically. For example, there is a beautiful theory dealing 
withh periods of elliptic curves with complex multiplication, as we saw in the previous chapter. An 
exactt period matrix for the genus 2 Riemann surface associated to the equation y2 + y = x5, which 
visiblyy admits at least 10 automorphisms, was given in [BMM] . 

Next,, when exact computations turn out not to be possible, one can often resort to a long 
traditionn going back at least to Gauss which is concerned with finding algorithms to give rapidly 
convergingg series of approximations to periods. These algorithms can be very efficient for special 
typess of curves. In general, however, there is no other method than to approximate the occurring 
linee integrals directly. If one does this, one has various numerical integration methods at one's 
disposal,, and nowadays many of these have been implemented in computer algebra packages such 
ass Maple or Mathematica. These allow one to approximate periods very efficiently. 

Oncee one has a period matrix, one has the associated matrix r = rjj" 102
 m the Siegel upper 

halff  space of degree g and if the period matrix was on the basis {u)\,..., uig} of H°(X, S^x)' w e a* so 

findd the length of UJ\ A... Aw5 with respect to the Faltings metric on A9H°(X, Ox ) ' by t n e f ° r m u l a 

||| wi A . . . Aujgf = (det lmr)- |det f i i |2 

fromm Proposition 1.4.10. These results allow one to calculate the analytic contributions to the 
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Faltingss height of a curve. 
Nextt we want to calculate the delta-invariant and certain values of the Arakelov-Green function. 

Thesee we need in order to be able to calculate Arakelov intersection numbers, such as the self-
intersectionn of the relative dualising sheaf, or the height of a rational point. A suitable formula for 
thee self-intersection of the relative dualising sheaf follows for instance from the proof of Proposition 
2.5.4. . 

Ass is clear from Theorems 2.1.2, 2.1.3 and 2.2.8, we need to be able to calculate certain values of 
thee function |jt?|| on Picg_i(A" ) and of the function ||J|| on Sym9(A") , but also we need to calculate 
thee integral 

logS(X)) = - / log ||0||O,P - Q)  n(P) 
Jx Jx 

overr the Riemann surface X. 
Thee first problem is not difficult by the explicit formulas for ||i?|| and ||Jj| given in Chapter 1. 

Wee work with the usual identification 

rPk rPk 
Pic,,-!!  {X)^+C9/Z9 + TZ9 , V mkPk .-> V mk / ( i&,. . . , ifc) + K(P0) , 

JPo JPo 

withh K(PO) the Riemann vector for a base point P0. Here the basis {i}i,...,Tjg} is given as 
{771,.... ,r]g}  = {UJI,. .. ,Ug} - ' f i j " 1, and the Riemann vector K(PQ) — (K(PO)I,  ,K(Po)ff) can be 
madee explicit by the classical formula 

it(Po)kit(Po)k = —7r^--T2 mix) I m forfc = i,...,p, 
22 W J At J Pa 

seee [Fay], p. 43. The Ai,...,Ag are the .4-chains in homology leading to the part fii  of the 
periodd matrix. Using the explicit formulas in Chapter 1 it is not difficult to carry out an a priori 
investigationn which shows how many terms in the defining series for 1? and  ̂ we have to compute 
inn order to approximate a value of ||J?|| or \\J\\ with a prescribed accuracy. 

Thee second problem, to calculate the integral, is more difficult. First of all, one needs to make the 
formm \i explicit. This can be done using our basis {o»i,..., UJ9} of holomorphic differentials: it follows 

\\ —1 

fromm the definition and Riemann's bilinear relations that if one puts h = (Ui(ImT)*ni ) then the 
formm fi can be written as fi — j - £ £ [=l  hki  u>jt A ÜJj. Using a local coordinate and writing out the 
differentialss UJ\ , . . ., u}g in this local coordinate one next tries to convert the integral into an integral 
overr a domain in C, using the standard euclidean coordinates. The main problem is, however, that 
thee integrand has singularities at the Weierstrass points of X. This means that any numerical 
approximationn has to take special care of these points. If the weights of the Weierstrass points are 
nott too large, one can perhaps safely resort to the defining equation of \o%S{X). Otherwise, one 
probablyy does better by using the formula in Proposition 2.2.6, which involves a similar integral, but 
thiss integral has only a singularity at the chosen point P, and the order of vanishing of ||i?||(ffP — Q)  Q) 
att Q = P is equal to g. However, one has to note that the error produced in calculating the 
integrall  wil l be multiplied by g2 if one wants to obtain log S(X) in this way. In the computer 
algebraa package Mathematica, it is possible to specify the points in an integration domain at which 
thee evaluation of an integral needs special care, for instance because of the presence of logarithmic 
singularitiess in the integrand. There are special packages available particulary suited for integrands 
withh logarithmic singularities, also in 2 dimensions. 

Let'ss make the above more explicit in the case of hyperelliptic Riemann surfaces, which seems 
thee easiest case from the computational point of view. Our numerical examples in Sections 6.2 and 
6.33 below deal with this case. Suppose that we deal with a hyperelliptic Riemann surface X of 
genuss g > 2 given by an equation y2 = ƒ (x) with ƒ (x) G C[x] separable of degree 2g + 1. Fix an 
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orderingg of the roots of ƒ. Recall that in [Mu2], Chapter Ilia, §5 a traditional and canonical way 
iss given to build a symplectic basis {Ai,..., Ag, B\,..., Bg) for the homology of X. We take this 
basiss as a starting point, and with Mathematica we compute the periods of, say, the differentials 
uj\uj\ — dx/y,..., ujg — x9~~1dx/y. This involves making appropriate branch cuts in C, and then taking 
linee integrals over paths that become the loops Ai,...,Bgon the 2-sheeted cover X of P1, reversing 
thee orientation each time one crosses a branch cut. The line integrals involved in the Abel-Jacobi 
mapp are carried out in a similar way. We only still need the Riemann vector, but this is done in 
[Mu2],, Chapter Ilia, §5: if we take oo as a base-point on X, then K is given by K — K\ + r  «2 
modd Z3 + TZ9 with «i = (§, ^ , . . . , 1, 5) and K2 = (\,\, , 5). We wil l turn to specific details 
concerningg the computation of \ogS(X) in the sections below. 

6.22 Example wit h g = 2 

Inn broad lines, the computational aspects of Arakelov theory for genus 2 curves have been discussed 
alreadyy in [BMM] . For concrete calculations, however, the authors specialise to the case of semi-
stablee arithmetic surfaces whose singular fibers are irreducible curves with a single double point, 
cf.cf. Section 3 of [BMM] . We want to give formulas for the Arakelov invariants of an arbitrary semi-
stablee arithmetic surface of genus 2. Although not worked out in detail in [BMM] , it is certainly 
well-knownn among experts how to do this. 

Forr a Riemann surface X of genus 2, we denote by ||A2||(X) the invariant of X defined in Section 
3.8.. This is the ||A2||(X) occurring in [BMM] . 

Proposit ionn 6.2.1. Let p : X — B = Spec(iï) be a semi-stable arithmetic surface of genus 2 with 
goodgood reduction at all primes dividing 2. Then the formulas 

l O d e i d e t p . ^ /ss = ££b<S6log#fc(fc) - ^log((27r)20| |A^|(X(T)) 

and and 

K B l ^ / B )) = ^ ( ^ - l ) 4 1 o g # l o g f c ( l ') + ^ l o g | A i | ( I f f ) + 4 ^ 1 o g 5 ( If f ) 
bb tr a 

hold,hold, where b runs through the closed points of B and where eb = 2 if the stable geometric fiber at 
bb is the union of two curves of genus 1 meeting at a single point, and Sb = 1 otherwise. 

Proof.Proof. We can assume that the generic fiber of X is given by an equation y2 = f(x), with f(x) a 
separablee polynomial of degree 6 defined over the quotient field of R. Let D be the discriminant 
off  ƒ. In [Ue], Proposition 2.1 it is shown that the element AX/B — D  (dx/y A xdx/y)®10 defines 
aa rational section of (detpxUx/B)®10 independent of the choice of equation y2 — f{x). By an 
argumentt as in Lemma 4.3.1 to deal with the infinite contributions we obtain 

1 0 d e ] r d e t pt ^ / BB = £ d6 l o g # f c ( 6) - ^log((27r)20||A^||(XCT)), 
bb cr 

wheree df, = o rd^A^ /s ). According to the Table in §5 of [Ue] one has db = eb&b w-ith £b as in 
thee proposition. This gives the first formula. The second formula follows from Noether's formula, 
wheree we eliminate the factor ^CT &{Xa) by using Corollary 3.1.5. D 

Lett us turn to a concrete example. We take smooth projective curves Xt given by the equation 

yy22 + (x2 + \)y = xb + t, 
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withh t G Z. One can check that the Xt are curves of genus 2 defined over Q and having good 
reductionn at 2. Moreover, if t 0 3 mod 7 then Xt has semi-stable reduction over Q. Contrary to 
thee family of curves considered in Section 3 of [BMM] , various types of reduction wil l occur. 

Lett us specialise for example to t = 7. We find {i n the standard Kodaira notation employed 
inn [Ue]) reduction 7i_i_o (an irreducible curve with 2 double points) at 3, reduction I2-0-0 (a 
unionn of a smooth curve of genus 1 and a P1 of self-intersection -2) at 5, and reduction J1-0-0 (an 

irreduciblee curve with a single double point) at 29 and 339617. Thus, 63 = 65 = 2, 629 = 5339617 = 1 
andd all e's are 1. 

Lett us proceed by computing the Arakelov invariants of X = Xj. We take an equation y2 = ƒ (x) 
forr X with ƒ monic and separable of degree 5. We compute the period matrix (fii|£22) on the 
differentialss dxfy and xdx/y as described in Section 6.1. We obtain 

||A2||(X)) = 2.067079790957566...  10- 5 

Withh Proposition 6.2.1 we find 

hhFF(X)(X) = -0.44517827222228057... 

Usingg Theorem 3.1.4 we compute 

logT(X)logT(X) = -3.9806368335392663... 

Inn order to calculate logS(X) we make use of the formula 

logS(X)) = - 4 f log ||tf||(2P - Q)  rtQ) + I £ log ||tf||(2P - W) 
JxJx wew 

derivedd from Corollary 2.2.6. We do this since the integrand in the defining equation of log5(X) 
divergess at infinity. Write x = u+iv with u, v real. We want to express fi in terms of the coordinates 
u,u, v. This is done by the following lemma. 

Lemmaa 6.2.2. Let h be the matrix given by h = (F27(ImT)'fii) . Then we can write 

,,,, , , . o 2w dudv 
MM = («11 + 2/ i1 2u + /i22(« + w ))  - g i j r 

inin the coordinates u,v. 

Proof.Proof. Let uik = xk~1dx/y for fc — 1,2. As we have noted above, the form /i is given by fi = 
ÏÏ  Hfc 1=1 hki  Wk A ÜJJ. Expanding this expression gives the result, where we note that the matrix h 
iss real symmetric, since our defining equation for X is defined over the real numbers. D 

Wee can now carry out the integral, choosing an arbitrary point P and taking care of the singu­
larityy of the integrand at this point P. We find the approximation 

logg 5(Jf) = 0.77... 

leadingg to 
S(X)S(X) = -16.69... 

byy Theorem 2.1.3 and finally to 
e{X)e{X) = 4.53... 

byy Proposition 6.2.1. 
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Wee have checked the computation by also calculating the invariant log||.ff||(X) a nd using the 
formulass in Section 3.8. It turns out that calculating the invariant log|| i/ || is done much faster by 
Mathematica.. Hence, it seems that for the computations on the analytic side in genus 2 it is better 
too stick to the approach in [BMM] . 

Inn [BMM] the curve Y/Q given by y2 + y = x5 is discussed. The results imply that 

IIAalKF)) = 2.07046497...  10- 5 

and d 
6{Y)6{Y) = -16.68... 

Thee reader wil l notice that these values are rather close to the values for lA^llP O and 6(X) found 
above.. This is no coincidence: a calculation shows that the family Xt over PX(C) has potentially 
goodd reduction at infinity, with smooth fiber isomorphic to Y. 

Usingg Proposition 6.2.1 and the fact that Y has potentially everywhere good reduction, one 
findsfinds (as in [BMM] ) 

hhFF(Y)(Y) = -2.597239125..., e(Y) = 0.2152... 

Onn the other hand, for t G Z one finds that hF(Xt) and e(Xt) tend to infinity as \t\ tends to infinity. 
Thiss illustrates the complicated behaviour of the functions hp and e on the moduli space of curves. 

Finally,, we remark that a PARI program for computing the reduction and the potential stable 
reductionn of curves of genus 2 defined over Q is available at the homepage of Qing Liu. 

6.33 Example wit h g = 3 

Inn this section we turn again to the methods developed in Section 3 of [BMM] . We generalise some 
off  the results there to hyperelliptic curves of higher genera, and conclude with a numerical example 
inn genus 3. 

Firstt of all, we prove a result on the self-intersection of the relative dualising sheaf. Let p : X —  B 
bee a semi-stable arithmetic surface whose generic fiber is a hyperelliptic curve of genus g > 2. 
Accordingg to [DM] , Theorem 1.11, the hyperelliptic involution on the generic fiber extends uniquely 
too an involution a e AutefA"). 

Proposit ionn 6.3.1. Assume that p : X -+ B has two a-invariant sections P,Q : B — X. Assume 
furthermorefurthermore that the fibers of p are irreducible. Then the formula 

{O>{O> XX[B,U[B,UXX/B)/B) = -4<Kff - 1)  {P,Q) 

holds. holds. 

Proof.Proof. We follow the argument in [BMM] , Section 1.3. Let U be the largest open subset of B 
overr which p is smooth. According to Lemma 4.2.1, the line bundle UX/B ® Ox{—(2g - 2).P) (g> 
p*(P,p*(P, P)®(2s-i) has a nowhere vanishing section s when restricted to X\j. Thus, this s can be seen 
ass a rational section of that same bundle on X. Let Vp its divisor. Its support is disjoint with Xu, 
andd we have a canonical isomorphism 

u,u,x/Bx/B-^>O-^>Oxx{{2g{{2g - 2)P) ® p*{P, P)®-(2s-D 9 0X(VP) . 

Pullingg back along P we find a canonical isomorphism {UJX/B,P)-^(P,p)®_1 ® (P,Ox{VP)}, 
extendingg the canonical adjunction isomorphism (u>X/B,P  ^ ) ® _ 1 over U. But we know 
thee adjunction isomorphism extends over B, so we must have that (P,Ox(Vp)) is trivial. Since X 
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iss normal and since by assumption all fibers of p are irreducible, we find that Vp = 0. The formula 
followss then by a calculation as in the proof of Corollary 4.2.2 above. D 

Lett A" be a number field, and let A be its ring of integers. Let F € A[x] be monic of degree 
1g1g + 1 with F(0) and F ( l ) a unit in A. Put R(x) = x(x - 1) 4- 4F(x). Suppose that the following 
conditionss hold for R: (i) the discriminant D of R is non-zero; (ii) for every prime p of A of residue 
characteristicc ^ 2 we have vp(D) = 0 or 1; (iii ) if char(p) ^ 2 and vp(D) = 1, then R (mod p) has 
aa unique multiple root, and its multiplicity is 2. As in [BMM] , Section 3 one may then prove the 
followingg statement. 

Proposit ionn 6.3.2. The equation 

CCFF  y2 = x{x - l)fl(x ) 

definesdefines a hyperelliptic curve of genus g over K. It extends to a semi-stable arithmetic surface 
pp : X —* B = Spec(A). We have that X has bad reduction at p if and only if char(p) ^ 2 and 
vvpp(D)(D) = 1. In this case, the bad fiber is an irreducible curve with a single double point. The 
differentialsdifferentials dx/y,..., x9~1dx/y form a basis of the ÖB-module p,u)x/B- The points WQ, W\ on Cp 
givengiven by x = 0 and x = 1 extend to disjoint a-invariant sections of p. 

Ass for the Arakelov invariants of Cp, we find from this the following result. 

Proposit ionn 6.3.3. At a complex embedding a : K <—> C, let Q  ̂ = {Uia\il2a) be a period matrix 
forfor the Riemann surface corresponding to Cp ®a,K C, formed on the basis dx/y,... ,x9~1dx/y. 
Further,Further, let ra = Q^Cl2c- Then 

degdetpdegdetpttuux/gx/g = - - ^ l o g ( Idet f ï i ^^det lmr^)) , 

wherewhere the sum runs over the complex embeddings of K. Further, the formula 

(u(ux/Bx/B,u>,u>x/Bx/B)) = 4 5 ( 3- 1 ) J^ log G9{W0,Wi) 

holds. holds. 

Proof.Proof. The first statement follows by Lemma 1.4.1 and Proposition 6.3.2. The second follows from 
Propositionn 6.3.1 and Proposition 6.3.2. D 

Forr our numerical example, we choose the polynomial F(x) = xb + 6x4 + 4x3 — 6x2 — 5x — 1 
definedd over Q. Then the corresponding R{x) — x(x - 1) + 4F(x) satisfies the conditions described 
above.. The corresponding hyperelliptic curve (which we wil l call X from now on) of genus 3 has 
badd reduction at the primes p = 37, p = 701 and p = 14717. An equation is given by 

XX : y2 = x(x - l)(4x5 + 24x4 + 16x3 - 23x2 - 21x - 4). 

Wee choose an ordering of the Weierstrass points of X. We construct from this a canonical symplectic 
basiss of the homology of (the Riemann surface corresponding to) X. Using Mathematica, we 
computee the periods of the differentials dx/y,xdx/y,x2dx/y. This leads, by Proposition 6.3.3, to 
thee numerical approximation 

hhFF(X)(X) = -1.280295247656532068... 

Withh Theorem 3.1.4 we find the following numerical approximation to \ogT(X): 

logT{X)logT{X) = -4.44361200473681284... 
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I tt remains then to calculate the invariant logS(X). Again we compute it by using Corollary 2.2.6. 
Writee x = u + iv with u, v real. The analogue of Lemma 6.2.2 is as follows, with basically the same 
proof. . 

Lemmaa 6.3.4. Let h be the 3 x 3-matrix given by h = (fiiflnrrj'fli ) . Then we can

fifi  = (/in + 2hl2u + 2h13{u
2 - v2) + h22{u

2 + v2) + 2/i23u(u2 + v2) + h33(u
2 + v2)2)  - ^ 

inin the coordinates u, v. 

Usingg this, and taking care of the singularities of the integrand, we find the approximation 

logS(JOO = 17.57... 

Inn order to check this result, we have taken several choices for P. Also, to exclude a possible 
systematicc error, we have checked that /x integrates to 1 over X. 

Byy Theorem 2.1.3 we have 
S(X)S(X) = -33.40... 

andd using Theorem 2.1.2 we can approximate, by taking Q = W\ and letting P approach Wo, 

G(W0 lWi)) = 2.33... 

Byy Proposition 6.3.3 we finally find 
e{X)e{X) = 20.32... 

Thee running times of the computations were negligible, except for the computation of the integral 
involvedd in log5(-X"), which took about 7 hours on the author's laptop. 
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Samenvatting g 

Arakelovv meetkunde, vernoemd naar de Russische wiskundige S. Arakelov, houdt zich bezig met 
dee studie van vergelijkingen (in 2 variabelen) met geheeltallige coëfficiënten. Het doel is, de oplos­
singsverzamelingg van een dergelijke vergelijking tezamen met de zogenaamde "oplossingsverzameling 
moduloo een priemgetal" in één beschrijving te verenigen. Omdat met name de laatste jaren steeds 
meerr het vermoeden rijst dat de twee typen oplossingsverzamelingen op een subtiele wijze met 
elkaarr verbonden zijn, lijk t het zinvol om iets dergelijks te proberen. Zo is het bijvoorbeeld bekend 
datt voor vergelijkingen van graad 3 er puur uit de meetkunde van de oplossingsverzameling een 
bepaaldd object geconstrueerd kan worden, waarvan vervolgens voor elk afzonderlijk priemgetal de 
groottee van de oplossingsverzameling modulo dat priemgetal direct kan worden afgelezen. 

Dee verenigende beschrijving die geleverd wordt door Arakelov meetkunde is gecentreerd rond 
hett begrip van een aritmetisch oppervlak. In dit proefschrift bedrijven we meetkunde op dergelijke 
aritmetischee oppervlakken. Het beste valt dit wellicht uit te leggen door terug te gaan naar de 
wortelss van de meetkunde bij de oude Grieken. Wat zij onder "geometria" verstonden, is het 
bepalenn van afstanden in het landschap (landmeetkunde), of, in een abstractere vorm, het bepalen 
vann afstanden en verhoudingen in zuivere wiskundige figuren zoals driehoeken, trapezia of cirkels. 
Eenn schoolvoorbeeld van een meetkundige in deze zin was de Griek Archimedes van Syracuse (287-
2111 v.Chr.), die onder meer de afschatting 3 ŷ < TT < 3^ verkreeg voor de beroemde verhouding TV 
tussenn de omtrek en de diameter van de cirkel. Zijn methode bestond eruit, de cirkel steeds beter 
tee benaderen met ingeschreven en omschrijvende veelhoeken. 

Dee neiging om te meten blijk t nog steeds aanwezig in de meetkunde, ook in het geval van 
aritmetischee oppervlakken. Dit proefschrift houdt zich bezig met de vraag, hoe op geschikte wijze 
"maten""  voor aritmetische oppervlakken kunnen worden gedefinieerd, en hoe deze Arakelov maten 
bepaaldd kunnen worden. De motivatie voor deze vraag ligt in de getaltheorie. Het is hierin bekend 
datt bepaalde afschattingen voor de Arakelov maten van aritmetische oppervlakken direct leiden tot 
eenn bewijs van allerlei belangrijke vermoedens. Het lijk t daarom zinvol om precies na te gaan wat 
voorr uitkomsten we zoal kunnen verwachten. 

Samenvattendd ziet de inhoud van dit proefschrift er als volgt uit. Allereerst gaan we nauwkeurig 
naa hoe in eerdere literatuur Arakelov maten zijn gedefinieerd (Hoofdstuk 1). Het blijk t dat deze 
definitiess niet direct leiden tot een manier om ze in concrete gevallen te bepalen. Om dit probleem 
opp te lossen voeren we twee "hulpmaten" in, die concrete berekeningen mogelijk maken. Los daarvan 
lijkenn deze hulpmaten ook van onafhankelijk theoretisch belang (Hoofdstuk 2). We leiden in het 
gevall  van de zogenaamde hyperelliptische vergelijkingen een compacte formule af voor één van 
dezee hulpmaten (Hoofdstukken 3 en 4). Vervolgens bekijken we het boven al genoemde geval van 
vergelijkingenn van graad 3 (Hoofdstuk 5). Ten slotte illustreren we onze methode met berekeningen 
vann Arakelov maten in enkele concrete gevallen (Hoofdstuk 6). 
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