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Introduction

(i) Arakelov geometry is a technique for studying diophantine problems from a geometrical point
of view. In short, given a diophantine problem, one considers an arithmetic scheme associated with
that problem, and adds in the complex points of that scheme by way of “compactification”. Next,
one endows all arithmetic bundles on the scheme with an additional structure over the complex
numbers, meaning one endows them with certain hermitian metrics. It is well-known from tra-
ditional topology or geometry that compactifying a space often introduces a convenient structure
to it, which makes a study of it easier generally. The same holds in our case: by introducing an
additional Arakelov structure to a given arithmetic situation one ends up with a convenient set-up
to formulate, study and even prove diophantine properties of the original situation. For instance
one could think of questions dealing with the size of the solutions to a given diophantine problem.
Fermat’s method of descent can perhaps be viewed as a prototype of Arakelov geometry on arith-
metic schemes.

(ii) Probably the best way to start an introduction to Arakelov geometry is to consider the simplest
type of arithmetic scheme possible, namely the spectrum of a ring of integers in a number field,
for instance Spec(Z). In the nineteenth century, some authors, like Kummer, Kronecker, Dedekind
and Weber, drew attention to the remarkable analogy that one has between the properties of rings
of integers in a number field, on the one hand, and the properties of coordinate rings of affine
non-singular curves on the other. In particular, they started the parallel development of a theory
of “places” or “prime divisors” on both sides of the analogy. Most important, morally speaking,
was however that the success of this theory allowed mathematicians to see that number theory on
the one hand, and geometry on the other, are unified by a bigger picture. This way of thinking
continued to be stressed in the twentieth century, most notably by Weil, and it is fair to say that
the later development of the concept of a scheme by Grothendieck is directly related to these early
ideas.

The idea of “compactifying” the spectrum of a ring of integers can be motivated as follows.
We start at the geometric side. Let C' be an affine non-singular curve over an algebraically closed
field. The first thing we do is to “compactify” it: by making an appropriate embedding of C into
projective space and taking the Zariski closure, one gets a complete non-singular curve C. This
curve is essentially unique. Now we consider divisors on C: a divisor is a finite formal integral linear
combination D = Y, npP of points on C. The divisors form in a natural way a group Div(C).
We obtain a natural group homomorphism Div(C) — Z by taking the degree degD =Y pnp. In
order to obtain an interesting theory from this, one associates to any non-zero rational function f
on C a divisor (f) = 3 pvp(f)P, where vp(f) denotes the multiplicity of f at P. By factoring
out the divisors of rational functions one obtains the so-called Picard group Pic(C) of C. Now
a fundamental result is that the degree of the divisor of a rational function is 0, and hence the
degree factors through a homomorphism Pic(C) — Z. It turns out that the kernel Pic®(C) of
this homomorphism can be given a natural structure of projective algebraic variety. This variety
is a fundamental invariant attached to C and is studied extensively in algebraic geometry. The



fundamental property that the degree of a divisor of a rational function is 0 is not true in general
when we consider only affine curves. This makes the step of compactifying C so important.
Turning next to the arithmetic side, given the success of compactifying a curve at the geometric
side, one wants to define analogues of divisor, degree and compactification, in such a way that the
degree of a divisor of a rational function is 0. This leads us to an arithmetic analogue of the degree
0 part of the Picard group. The compactification step is as follows: let B = Spec(Og) be the spec-
trum of the ring of integers Ok in a number field K. We formally add to B the set of embeddings
0 : K — C of K into C. By algebraic number theory this set is finite of cardinality [K : Q]. Now
we consider Arakelov divisors on this enlarged B: an Arakelov divisor on B is a finite formal linear
combination D =Y pnpP + 3 a, -0, with the first sum running over the non-zero prime ideals
of Ok, with np € Z, and with the second sum running over the complex embeddings of K, with
as € R. Note that the non-zero prime ideals of Ok correspond to the closed points of B. The set
of Arakelov divisors forms in a natural way a group f);(B) On it we have an Arakelov degree
degD = S pnplog#(Ok/P) + 3, o, which takes values in R. The Arakelov divisor associated
to a non-zero rational function f € K is given as (f) = 3" p vp(f)log #(Ok/P) + ¥, vo{f)o with
vp(f) the multiplicity of f at P, i.e., the multiplicity of P in the prime ideal decomposition of f,
and with v,(f) = —log|f|,. The crucial idea is now that the product formula accounts for the
fact that (Te\g( f) = 0 for any non-zero f € K. So indeed, by factoring out the divisors of rational
functions, we obtain a Picard group };;c(B) with a degree lsi\c(B) — R. To illustrate the use of

0
these constructions, we refer to Tate’s thesis: there Tate showed that the degree 0 part Pic (B), the
analogue of the Pic? (C) from geometry, can be seen as a natural starting point to prove finiteness
theorems in algebraic number theory, such as Dirichlet’s unit theorem, or the finiteness of the class
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group. In fact, Tate uses a slight variant of our Pic (B), but we shall ignore this fact.

(iii) Shafarevich asked for an extension of the above idea to varieties defined over a number field.
In particular he asked for this extension in the context of the Mordell conjecture. Let C be a
curve over a field k. The statement that the set C(k) of rational points of C is finite, is called the
Mordell conjecture for C/k. Now for curves over a function field in characteristic 0, the Mordell
conjecture (under certain trivial conditions on C) was proven to be true in the 1960s by Manin and
Grauert. However, the Mordell conjecture for curves over a number field was by then still unknown,
and the technique of proof could not be straightforwardly generalised. A different approach to the
Mordell conjecture for function fields was given by Parshin and Arakelov. The main feature of their
approach is that it leads to an effective version of the conjecture: they define a function h, called
a height function, on the set of rational points, with the property that for all A, the set of P with
h(P) < A is finite, and can in principle be explicitly enumerated. Now what they prove is that the
height of a rational point can be bounded a priori. Hence, it is possible in principle to construct
an exhaustive list of the rational points of a given curve.

In order to prove this result, the essential step is to associate to the curve C/k amodelp: X — B
with X a complete algebraic surface, and with B a non-singular projective curve with function field
k, such that the generic fiber of X is isomorphic to C. The rational points of C/k correspond then
to the sections P : B — X of p. The essential tool, then, is classical intersection theory on X. It
turns out that certain inequalities between the canonical classes of this surface can be derived, and
these inequalities make it possible to bound the height of a section.

The obvious question, in the light of the Mordell conjecture for number fields, is whether this
set-up can be carried over to the case of curves defined over a number field. As was said before,
Shafarevich asked for such an analogue, but eventually it was Arakelov who, building on ideas of
Shafarevich and Parshin, came up with a promising solution. His results are written down in the
important paper An intersection theory for divisors on an arithmetic surface, published in 1974.

Let us describe the idea of that paper. Let C/K be a curve over a number field K. To it there



is associated a scheme p : X — B = Spec(Ok), called an arithmetic surface, which is a fibration
in curves over B, just as in the classical context of function fields mentioned above. The generic
fiber of p: X — B is isomorphic to C, and for almost all non-zero primes P of Ok, the fiber at the
corresponding closed point is equal to the reduction of C modulo P. Again, the set of rational points
of C/K corresponds to the set of sections P : B — X. In order to attack the Mordell conjecture
for C, one wants to have an intersection theory for divisors on X'. The first idea, as always, is
to compactify the scheme X. We do this by formally adding in, for each complex embedding o
of K, the complex points of C, base changed along ¢ to C. These complex points come with the
natural structure of a Riemann surface, and yield the so-called “fibers at infinity” F, of X. Now,
an Arakelov divisor on X is a sum D = Dg, + Di,¢ with Dg, a traditional Weil divisor on X, and
with Dine = ), as F, an “infinite” contribution with a, € R. The set of such divisors forms in
a natural way a group ﬁi;(X ). The main result of Arakelov is that one has a natural symmetric
and bilinear intersection pairing on this group, and that this pairing factors through the Arakelov
divisors of rational functions of X. The crucial case to consider is the intersection of two distinct
sections P,Q of p: X — B, viewed as divisors on X. We have a finite contribution (P, Q)a, which
is given using the traditional intersection numbers on X', but we also have an “infinite” contribution
(P, Q)ine, which is defined to be a sum — Y log G(P,, Q) over the complex embeddings o. Here G
is a kind of “distance” function on X,, the Riemann surface corresponding to o. Arakelov defines
G by writing down the axioms that it is supposed to satisfy, and by observing that these axioms
allow a unique solution. The function G, called the Arakelov-Green function, is a very important
invariant attached to each (compact and connected) Riemann surface. One of the properties of
Arakelov’s intersection theory is that an adjunction formula holds true, as in the classical function
field case.

Given Arakelov’s intersection theory on arithmetic surfaces, the set-up appears to be present
to try to attack the Mordell conjecture. Unfortunately, no proof exists yet which translates the
original ideas of Parshin and Arakelov into the number field setting. The major problem is that
as yet there seem to exist no good arithmetic analogues of the classical canonical class inequalities.
However, we do have an ineffective proof of the Mordell conjecture for number fields, due to Falt-
ings. He was inspired by Szpiro to work on this conjecture using Arakelov theory, but ultimately he
found a proof which rums, strictly speaking, along different lines. Nevertheless, Faltings obtained
many interesting results in Arakelov intersection theory, and he wrote down these results in his 1984
landmark paper Calculus on arithmetic surfaces. Here Faltings shows that, besides the adjunction
formula, also other theorems from classical intersection theory on algebraic surfaces have a true
analogue for arithmetic surfaces, such as the Riemann-Roch theorem, the Hodge index theorem,
and the Noether formula. The formulation of the Noether formula requires the introduction of a
new fundamental invariant § of Riemann surfaces, and in his paper Faltings asks for a further study
of the properties of this invariant.

(iv) As we said above, the major difficulty in translating the classical techniques for effective Mordell
into the number field setting is the lack of good canonical class inequalities. For example, one
would like to formulate and prove a convenient analogue of the classical Bogomolov-Miyaoka-Yau-
inequality for algebraic surfaces, and attempts to do this have been made by for example Parshin
and Moret-Bailly in the 1980s. It was shown by Bost, Mestre and Moret-Bailly, however, that a
certain naive analogue of the classical inequality is false. But parallel to this it also became clear
that besides effective Mordell, also other major diophantine conjectures, such as Szpiro’s conjecture
and the abc-conjecture, would follow if one had good canonical class inequalities for arithmetic
surfaces. No doubt it is very worthwhile to look further and better for such inequalities.
Unfortunately, during the last decades not much progress seems to have been made on this
problem. The difficulties generally arise because of the difficult complex differential geometry that



one encounters while dealing with the contributions at infinity. Also, we have no good idea how the
canonical classes of an arithmetic surface can be calculated, and neither do we have any good idea
how to relate them to other, perhaps easier, invariants. Many authors therefore continue to stress
the importance of finding ways to calculate canonical classes of arithmetic surfaces, and of making
up an inventory of the possible values that may occur. It is clear that a better understanding of
the invariants associated to “infinity” is much needed.

Several authors have done Arakelov intersection theory from this point of view. A first important
step was taken by Bost, Mestre and Moret-Bailly, who studied the explicit and calculational aspects
of the first non-trivial case, namely of curves of genus 2 (the Arakelov theory of elliptic curves is
well-understood, see for instance Faltings’ paper). After that, several other isolated examples have
been considered: for example Ullmo et al. studied the Arakelov theory of the modular curves
Xo(N), and Guardia in his thesis covered a certain class of plane guartic curves admitting many
automorphisms.

In the present thesis we wish to contribute to the problem of doing explicit Arakelov geometry
by trying to find a description of the main numerical invariants of arithmetic surfaces that makes
it possible to calculate them efficiently. We give explicit formulas for the Arakelov-Green function
as well as for the Faltings delta-invariant, where it should be remarked that these invariants are
defined only in a very implicit way. We show how we can make things even more explicit in the case
of elliptic and hyperelliptic curves. Finally, we indicate how efficient calculations are to be done,
and in fact we include some explicit numerical examples.

(v) We now turn to a more specialised description of the main results of this thesis. For an
explanation of the notation we refer to the main text.

Chapter 1 is an introduction to Arakelov theory. We introduce the main characters, such as the
Arakelov-Green function, the delta-invariant, the Faltings height and the relative dualising sheaf,
and we prove some fundamental properties about them. The results described in this chapter are
certainly not new, although our proofs sometimes differ from the standard ones.

In Chapter 2 we state and prove our explicit formulas for the Arakelov-Green function and
Faltings’ delta-invariant. Let X be a compact and connected Riemann surface of genus g > 0, and
let G be the Arakelov-Green function of X. Let u be the fundamental (1,1)-form of X and let |||
be the normalised theta function on Picy—1(X). Let S(X) be the invariant defined by

log S(X) := /X log [81(gP — Q) - u(P).

with @ an arbitrary point on X. It can be checked that the integral is well-defined and does not
depend on the choice of Q. Let W be the classical divisor of Weierstrass points on X. We have
then the following explicit formula for the Arakelov-Green function.

Theorem. For P,Q points on X, with P not a Weierstrass point, we have

19ll(gP — @)
[Twew I9ll(gP — W)1/s* "

Here the product runs over the Weierstrass points of X, counted with their weights. The formula is
valid also for Weierstrass points P, provided that we take the leading coefficients of a power series
expansion about P in both numerator and denominator.

As to Faltings’ delta-invariant §(X) of X, we prove the following result. Let ® : X x X —
Pic,_1(X) be the map sending (P, Q) to the class of (JP—Q). ForafixedQ € X,letig: X —» XxX
be the map sending P to (P,Q), and put ¢g = ® - ig.

G(P,Q)* = S(X)'/9" .




Theorem. Define the line bundle Lx by

Lx = ( X s (o(e))) 8-1/" g, (8°(0(0))]ax ®ox 259 g0,
Wew

2
® (Q§g<y+n)/2 ®ox (NH(X, k) ®c Ox))v) .

Then the line bundle Lx is canonically trivial. If T(X) is the norm of the canonical trivialising
section of Lx, the formula

exp(8(X)/4) = §(X)~(o-V/¢* . T(X)

holds.
We have the following explicit formula for T(X). For P on X, not a Weierstrass point, and z a
local coordinate about P, we put

 I3leP-Q)
3 :(P) -2 Q)

Further we let W,(w)(P) be the Wronskian at P in z of an orthonormal basis {w1....,w,} of the
differentials H°(X, 1)) with respect to the hermitian inner product (w,n) — 3 f, w AT
Theorem. The invariant T'(X) satisfies the formula

IF:N(P) :=

T(X) = |ENP)- - ] 19lteP - w)e=D/s" . 1w, (w)(P)?,
Wew

where again the product runs over the Weierstrass points of X, counted with their weights, and
where P can be any point of X that is not a Weierstrass point.

It follows that the invariant 7(X) can be given in purely classical terms.

Chapters 3 and 4 are devoted to the proof of the following result, specialising to hyperelliptic
Riemann surfaces.
Theorem. Let X be a hyperelliptic Riemann surface of genus g > 2, and let [|A (X)) be its
modified modular discriminant. Then for the invariant T(X) of X, the formule

T(X) = (2m)7% - |4, |(X)~ ¥

holds.

The proof of this theorem follows by combining two results relating the Arakelov-Green function
to the invariants T'(X) and ||A,[|(X). Although these results look quite similar, the proofs that we
give of these results use very different techniques. For the first result, which we prove in Chapter
3, we only use function theory on hyperelliptic Riemann surfaces. For the second result, which we
prove in Chapter 4, we broaden our perspective and consider hyperelliptic curves over an arbitrary
base scheme. The result follows then from a consideration of a certain isomorphism of line bundles
over the moduli stack of hyperelliptic curves. Special care is needed to deal with its specialisation
to characteristic 2, where the locus of Weierstrass points behaves in an atypical way.

In Chapter 5 we focus on the Arakelov theory of elliptic curves. Mainly because the fundamental
(1,1)-form u behaves well under isogenies, a fruitful theory emerges in this case. We give a reasonably
self-contained and fairly elementary exposition of this theory. We recover some well-known results,
due to Faltings, Szpiro and Autissier, but with alternative proofs. In particular, we base our
discussion on a complex projection formula for isogenies, which seems new. The main new results
that we derive from this formula are as follows.

Theorem. Let X and X' be Riemann surfaces of genus 1. Let ||n||(X) and ||5||(X") be the values



of the normalised eta-function associated to X and X', respectively. Suppose we have an isogeny
f:X — X'. Then we have

VN - |Inll(X)?
Inll(X)?

I[I cxo.p=

PeKer f,P#0

where N is the degree of f.

The above theorem answers a question posed by Szpiro.

Theorem. Let E and E’ be elliptic curves over a number field K, related by an isogeny f : E — E'.
Letp: € — B and p' : & — B be arithmetic surfaces over the ring of integers of K with generic
fibers isomorphic to E and E’, respectively. Suppose that the isogeny f extends to a B-morphism
f & — & for example, this is guaranteed if £ is a minimal arithmetic surface. Let D be an
Arakelov divisor on € and let D' be an Arakelov divisor on £'. Then the equality of intersection
products (f*D’', D) = (D', f.D) holds.

In the final Chapter 6 we explain how our explicit formulas can be used to effectively calculate
examples of canonical classes. It turns out that the major difficulty is always the calculation of the
invariant S(X).

Theorem. Consider the hyperelliptic curve X of genus 3 and defined over Q, with hyperelliptic
equation
y? = z(z — 1)(42° + 242* + 162° — 232% — 21z — 4).

Then X has semi-stable reduction over Q with bad reduction only at the primes p = 37,p = 701
and p = 14717. For the corresponding Riemann surface (also denoted by X ) we have

log T(X) = —4.44361200473681284...
log S(X) 17.57...
5(X) = —33.40.

and for the curve X/Q we have

hp(X) = —1.280295247656532068...
e(X) = 20.32..

for the Faltings height and the self-intersection of the relative dualising sheaf, respectively.
The main results of this thesis are also described in the following papers.

R. de Jong, Arakelov invariants of Riemann surfaces. Submitted to Documenta Mathematica.

R. de Jong, On the Arakelov theory of elliptic curves. Submitted to I'Enseignement Mathématique.

R. de Jong, Faltings’ delta-invariant of a hyperelliptic Riemann surface. Submitted to the
Proceedings of the Texel Conference “The analogy between number fields and function fields”.
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Chapter 1

Review of Arakelov geometry

In this chapter we review the fundamental notions of Arakelov geometry, as developed in Arakelov’s
paper [Ar2] and Faltings’ paper [Fa2]. These papers will serve as the basic references throughout
the whole chapter.

In Section 1.1 we discuss the complex differential geometric notions that are needed to provide
the “contributions at infinity” in Arakelov intersection theory. In Section 1.2 we turn then to this
intersection theory itself, and discuss its formal properties. In Section 1.3 we recall the defining
properties of the determinant of cohomology and the Deligne bracket, and show how they are
metrised over the complex numbers. These metrisations allow us to give an arithmetic version of
the Riemann-Roch theorem. In Section 1.4 we introduce Faltings’ delta-invariant, and give two
fundamental formulas in which this invariant occurs. In Section 1.5 we recall the definition and
basic properties of semi-stable curves and show how they are used to define Arakelov invariants
for curves over number fields. Finally in Section 1.6 we discuss the arithmetic significance of the
delta-invariant by stating and sketching a proof of the arithmetic Noether formula, due to Faltings
and Moret-Bailly.

1.1 Analytic part

Let X be a compact and connected Riemann surface of genus g > 0, and let (% be its holomorphic
cotangent bundle. On the space of holomorphic differential forms H%{X,}) we have a natural
hermitian inner product given by

i _
(w,n)=5/ WAT.
X

Here we use the notation i = /—1. We use this inner product! to form an orthonormal basis
{w1,....wy} of H(X, Q). Then we define a canonical (1,1)-form u on X by setting

Clearly the form p does not depend on the choice of orthonormal basis, and we have |. xue=1

Definition 1.1.1. The canonical Arakelov-Green function G is the unique function X x X — R>p
such that the following properties hold:

(i) G(P,Q)?*is C™ on X x X and G(P, Q) vanishes only at the diagonal Ay. For a fixed P € X,
an open neighbourhood U of P and a local coordinate z on U we can write log G(P,Q) =

1We warn the reader that some authors use the normalisation 24’ instead of %




log |2(Q)] + f(Q) for P # Q € U, with f a C*-function;
(ii) ‘for all P € X we have quq log G(P, Q)% = 2niu(Q) for Q # P;
(iii) for all P € X we have [, log G(P,Q)u(Q) = 0.

Of course, the existence and uniqueness of such a function require proof. Such a proof is given
in [Ar2]. However, that proof relies on methods from the theory of partial differential equations,
and is ineffective in the sense that it does not give a way to construct G. One of the results in this
thesis is an explicit formula for G which is well-suited for concrete calculations (see Theorem 2.1.2).

The defining properties of G imply the symmetry relation G(P,Q) = G(Q, P) for all P,Q € X.
This follows by an easy application of Green’s formula, which we state at the end of this section.
The symmetry of G will be crucial for obtaining the symmetry of the Arakelov intersection product
that we shall define in Section 1.2.

We now describe how the Arakelov-Green function gives rise to certain canonical metrics on the
line bundles Ox (D), where D is a divisor on X. It suffices to consider the case of a point P € X,
for the general case follows from this by taking tensor products. Let s be the canonical generating
section of the line bundle Ox(P). We then define a smooth hermitian metric || - |lo,(p) on Ox(P)
by putting ||s|lo,(p)(Q) = G(P, Q) for any Q € X. By property (ii) of the Arakelov-Green function,
the curvature form (cf. [GH], p. 148) of Ox (P) is equal to u, and in general, the curvature form of
Ox (D) is deg(D) - u, with deg(D) the degree of D.

Definition 1.1.2. A line bundle L with a smooth hermitian metric || - || is called admissible if its
curvature form is a multiple of ;. We also call the metric || - || itself admissible in this case.

We will frequently make use of the following observation.

Proposition 1.1.3. Let ||-|| and || - ||" be admissible metrics on a line bundle L. Then the quotient
-/ - 11" is a constant function on X.

Proof. The logarithm of the quotient is a smooth harmonic function on X, hence it is constant. O

It follows that any admissible line bundle L is, up to a constant scaling factor, isomorphic to the
admissible line bundle Ox (D) for a certain divisor D. In Section 1.2 we will generalise the notion
of admissible line bundle to arithmetic surfaces, and define an intersection product for admissible
line bundles.

An important example of an admissible line bundle is the holomorphic cotangent bundle Q%.
We define a metric on it as follows. Consider the line bundle Oxxx(Ax) on X x X. By the
adjunction formula, we have a canonical residue isomorphism Ox x x(—Ax)|a, —§). We obtain
a smooth hermitian metric || - || on Oxxx(Ax) by putting |s|[(P,Q) = G(P,Q), where s is the
canonical generating section.

Definition 1.1.4. We define the metric || - jar on Q% by requiring that the residue isomorphism
be an isometry.

Theorem 1.1.5. (Arakelov [Ar2]) The metric || - ||ar is admissible.

It remains to state Green’s formula. We will use this formula once more in Section 3.8. It can
be proved in a straightforward way using Stokes’ formula.

Lemma 1.1.6. (Green’s formula) Let ¢,y be functions on X such that for any P € X, any
small enough open neighbourhood U of P and any local coordinate z on U we can write log ¢(Q) =

vp(9) log|2(Q)+ f(Q) andlog ¥(Q) = vr(¥)log|2(Q)|+9(Q) for all P # Q € U with vp(¢), vp(¥)

integers and f,g two C*°-functions on U. Then the formula

2 [ (o5 0Blogw - log - 3Blogd) = 3 (vp(e) og U(P) — ve(v) g H(P)
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holds.

1.2 Intersection theory

In this section we describe the intersection theory on an arithmetic surface in the original style of
Arakelov [Ar2]. For the general facts that we use on arithmetic surfaces we refer to [Li].

Definition 1.2.1. An arithmetic surface is a proper flat morphism p : X — B of schemes with X'
regular and with B the spectrum of the ring of integers in a number field K, such that the generic
fiber X is a geometrically connected curve. If X, has genus g, we also say that X is of genus g.

The arithmetic genus is constant in the fibers of an arithmetic surface, and all geometric fibers
except finitely many are non-singular. Further we have p,Ox = Op for an arithmetic surface
p: X — B, and hence, by the Zariski connectedness theorem, all fibers of p are connected.

Definition 1.2.2. An arithmetic surface p : X — B of positive genus is called minimal if every
proper birational B-morphism X — X’ with p’ : X’ — B an arithmetic surface, is an isomorphism.

For any geometrically connected, non-singular proper curve C of positive genus defined over a
number field K there exists a minimal arithmetic surface p : X — B together with an isomorphism
Xy -=,C. This minimal arithmetic surface is unique up to isomorphism.

We now proceed to discuss the Arakelov divisors on an arithmetic surface p: X — B.

Definition 1.2.3. (Cf. [Ar2]) An Arakelov divisor on X is a finite formal integral linear combination
of irreducible closed subschemes on X (i.e., a Weil divisor), plus a contribution }_ o, - F, running
over the embeddings 0 : K — C of K into the complex numbers. Here the a, € R, and the F,
are formal symbols, called the “fibers at infinity”, corresponding to the Riemann surfaces X, =
(X ®0.8 C)(C). We have a natural group structure on the set of such divisors, denoted by ISF/(X ).

Given an Arakelov divisor D, we write D = Dg, + Diys with Dg, its finite part, ie., the
underlying Weil divisor, and with Diys = Y., o - F,, its infinite part. To a non-zero rational
function f on X’ we associate an Arakelov divisor (f) = (f)in + (f)inf With (f)sn the usual divisor
of fon X, and (flins = D, vo(f) - Fo with vo(f) = 'fx, log |flo - - Here p, is the fundamental
(1,1)-form on X, given in Section 1.1. The infinite contribution v,(f) - F, is supposed to be an
analogue of the contribution to (f) in the fiber above a closed point b € B, which is given by
S-cve(f) - C where C runs through the irreducible components of the fiber above b, and where
ve denotes the normalised discrete valuation on the function field of X defined by C. The “fiber
at infinity” F, should be seen as “infinitely degenerate”, with each point P of X, corresponding
to an irreducible component, such that the valuation vp of f along this component is given by

vp(f) = —log|f|-(P).

Definition 1.2.4. We say that two Arakelov divisors D;,D; are linearly equivalent if their difference
is of the form (f) for some non-zero rational function f. We denote by CI{(X’) the group of Arakelov
divisors on X modulo linear equivalence.

Next we discuss the intersection theory of Arakelov divisors, and show that this intersection
theory respects linear equivalence. A vertical divisor on X is a divisor which consists only of
irreducible components of the fibers of p. A horizontal divisor on X is a divisor which is flat over
B. For typical cases D;, D; of Arakelov divisors, the intersection product (D;, D2) is then defined
as follows: (i) if Dy is a vertical divisor, and D, is a Weil divisor, without any components in
common with D;, then the intersection (D, D3) is defined as (D1, D2) = 3, (D1, D2)s log #k(b)
where b runs through the closed points of B and where (Dy, D3}, denotes the usual intersection
multiplicity (cf. [Li], Section 9.1) of Dy, Dy above b. (i) if D, is a horizontal divisor, and D; is a
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“fiber at infinity” F,, then (D1, Dy) = deg(D;) with deg(D;) the generic degree of D,. (iii) if Dy
and D; are distinct sections of p, then (D;, D) is defined as (Dy, D2) = (Dy, Da)gin + (D1, D2)ing
with (D1, Da)gn = 3 4(D1, D2)slog #k(b) as in (i) and with (D, D2)int = -y ,logG, (D7, D3)
with G, the Arakelov-Green function (cf. Section 1.1) on X,. Note that —log G(P, Q) becomes a
kind of intersection multiplicity “at infinity”. The intersection numbers defined in this way extend
by linearity to a pairing on ISE(X ).

Theorem 1.2.5. (Arakelov [Ar2]) There exists a natural bilinear symmetric intersection pairing
Div(Xx) x Div(X) — R. This pairing factors through linear equivalence, giving an intersection
pairing CI(X) x CI{X) — R.

Morally speaking, by “compactifiying” the arithmetic surface by adding in the “fibers at infin-
ity”, and by “compactifiying” the horizontal divisors on the arithmetic surface by allowing also for
their complex points, we have created a framework that allows us to define a natural intersection
theory respecting linear equivalence. This makes for a formal analogy with the classical intersection
theory that we have on smooth proper surfaces defined over an algebraically closed field.

Let us sketch a proof of the second statement of Theorem 1.2.5 by showing that for a section D of
p, and a non-zero rational function f on X, we have (D, (f)) = 0. First let us determine, in general,
the Arakelov-Green function G(div(f), P) for a non-zero meromorphic function f on a compact and
connected Riemann surface X of positive genus. We note that 8p8p log G(div({f), P)? = 0 outside
div(f), since the degree of div(f) is 0. But we also have 89 log |f|? = 0 outside div(f), since f is
holomorphic outside div(f). This implies that G(div(f), P) = e* - | f|(P) for some constant a, and
after taking logarithms and integrating against 4 we find, by property (iii) of Definition 1.1.1, that
a=— [, log|f| p=v(f). We compute then

(D,(£)) =(D,(f)sn+ I_vo(f) - Fs)
= (D, (f)fin)ain jr (D, (f)fin)int + Xa: s (f)
- zbjw,mm log #k(b) = 3 log (- £15(D%)) + 3 o (/)
= Xb:vb(ﬂo) log #K(b) — Z:jlog Iflo(D%), )

which is zero by the product formula for K.
Finally, we connect the notion of Arakelov divisor with the notion of admissible line bundle.

Definition 1.2.6. An admissible line bundle L on X’ is the datum of a line bundle L on X, together
with smooth hermitian metrics on the restrictions of L to the X, such that these restrictions are all
admissible in the sense of Section 1.1. The group of isomorphism classes of admissible line bundles
on X is denoted by Pic(X).

To each Arakelov divisor D = Dgp + Dipg With Dips = 5 » & - F we can associate an admissible
line bundle Ox(D), as follows. For the underlying line bundle, we take Ox(Dsn). For the metric
on Ox(Dan)|x, we take the canonical metric on Ox(Dsyn)|x, as in Section 1.1, multiplied by e~
Clearly, for two Arakelov divisors D; and D, which are linearly equivalent, the corresponding
admissible line bundles Ox(D;) and Ox(D;) are isomorphic. The proof of the following theorem
is then a rather formal exercise.

Theorem 1.2.7. (Arakelov [Ar2]) There exists a canonical isomorphism of groups a(X );»15;:(.1’ ).
Theorem 1.2.7, together with Theorem 1.2.5, allows us to speak of the intersection product of

two admissible line bundles, and we will often do this.
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1.3 Determinant of cohomology

The determinant of cohomology for an arithmetic surface p : X — B is a gadget on the base B
which allows us to formulate an arithmetic Riemann-Roch theorem for p (Theorem 1.3.8). In the
present section we will describe the determinant of cohomology in full generality. Our Riemann-
Roch theorem will be a formal analogue of the Riemann-Roch that one obtains by taking the
determinant of cohomology on a proper morphism p : X — B with X a smooth proper surface
and B a smooth proper curve, both defined over an algebraically closed field. With the help of
arithmetic Riemann-Roch, we will be able to formulate and prove an arithmetic analogue of the
Noether formula (see Section 1.6). References for this section are [De2] and [Mol].
The determinant of cohomology is determined by a set of uniquely defining properties.

Definition 1.3.1. (Cf. [Mol], §1) Let p: X — B be a proper morphism of Noetherian schemes.
To each coherent Oy-module F on X, flat over Op, we associate a line bundle det Rp,F on B,
called the determinant of cohomology of F, satisfying the following properties:

(i) The association F' — det Rp,F is functorial for isomorphisms F—->F’ of coherent Ox-
modules.

(ii) The construction of det Rp.F commutes with base change, i.e., each cartesian diagram

s x
Pk
B —> B
gives rise to a canonical isomorphism u*(det Rp, F)— det Rp',(u/*F).

(iii) Each exact sequence

0— F —F—F'—0

of flat coherent Ox-modules gives rise to an isomorphism
det Rp, F—> det Rp,F’ ® det Rp, F"'

compatible with base change and with isomorphisms of exact sequences.

(iv) Let E = (0 » E® —» E! - ... = E™ — 0) be a finite complex of Og-modules which are
locally free of finite rank, and suppose there is given a quasi-isomorphism E° — Rp.F. Then
one has a canonical isomorphism

det Rp, F—> (&) (det £*)® ™"
k=0

compatible with base change. Here det E denotes the maximal exterior power of a locally free
Opg-module E of finite rank.

(v) In particular, when the Og-modules R*p, F are locally free, one has a canonical isomorphism
hid 1k
det Rp, F— ® (det Rkp.F)®( Y ,
k=0

compatible with base change.
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(vi) Let xx/p(F) be the locally constant function z ~ x(F;) on B. Let u € I'(B,0%) be
multiplication by u in F. By (i), this gives an automorphism of det Rp, F'; this automorphism
is multiplication by uxx/8(F},

(vii) If M is a line bundle on B then one has a canonical isomorphism
det Rp.(F @ p* M)—5(det Rp, F) @ M®xx/8(F)

of line bundles on B.

In the case B = Spec(C), we will often use the shorthand notation A(F) for the determinant of
cohomology of F. Explicitly, we have A(F) = Q}_q(det H*(X, F ))®(‘1)k, where n is the dimension
of X.

An important canonical coherent sheaf in the situation where p : X — B is proper, flat and
locally a complete intersection, is the relative dualising sheaf wy,5, cf. [Li], Section 6.4. In fact,
the sheaf wy,p is invertible, and satisfies the following important duality relation (Serre duality):
let F be any coherent sheaf on X, flat over Og. Then we have a canonical isomorphism

det Rp, F—=> det Rp.(Qy/p ® F")

of line bundles on B. The relative dualising sheaf behaves well with respect to base change: let
u : B’ — B be a morphism, let X' = X xg B’ and let ' : X' — X be the projection onto the first
factor. Then we have a canonical isomorphism v*wy /g —Swyrpr. As a consequence, by property
(ii) in Definition 1.3.1 we have a canonical isomorphism u*(det p.wx,g)— det p/,(wx+/p') on B'.
Here p' : X' — B’ is the projection on the second factor. If p : X — B is a smooth curve, the
relative dualising sheaf wx,p can be identified with the sheaf Q:Y /B of relative differentials. A
convenient description is also possible if the fibers of p are nodal curves, see [DM], §1.

For our Riemann-Roch theorem we need a metric on the determinant of cohomology det Rp. L,
where L is an admissible line bundle on an arithmetic surface p : A’ — B. So, let us restrict for the
moment to the case that B = Spec(C), and consider the determinant of cohomology A(L), where L
is an admissible line bundle on a compact and connected Riemann surface X of positive genus g.
The following theorem gives a satisfactory answer to our question.

Theorem 1.3.2. (Faltings [Fa2]) For every admissible line bundle L there exists a unique metric
on A(L) such that the following azioms hold:

(i) any isomorphism Ly~ Ly of admissible line bundles induces an isometry \(L1)——A(L3);

(i) if we scale the metric on L by a factor a, the metric on A(L) is scaled by a factor aX(¥), where
x(L)=degL-g+1;

(iii) for any admissible line bundle L and any point P, the eract sequence
0—L—L(P)—- P,P'L(P)—0

induces an isometry
ML(P))-S ML) ® PTL(P);
here L(P) carries the metric coming from the canonical isomorphism L(P)—-L®o, Ox(P);

(iv) for L = Q%, the metric on ML) = AYH®(X, Q%) is defined by the hermitian inner product
(wym) = %fx“’ AT on HY(X, Q).
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