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Introduction

Background of the Thesis
Hopf Algebroids

The main objects of study in this thesis are generalised symmetries and their associated
(co)homologies within the realm of noncommutative geometry. Some parts of the back-
ground picture for the notion of generalised symmetries in noncommutative geometry are
summarised in the following table (see further down for a similar table for the respective
(co)homology theories).

Differential Algebraic Noncommutative
Geometry Geometry Geometry
Spaces Manifolds Commutative Algebras | Noncommutative Algebras

(, ..., Schemes) (, ..., Spectral Triples)

Symmetries Lie Groups Algebraic Groups, Hopf Algebras
Group Schemes

Generalised | Lie Groupoids Groupoid Schemes

Symmetries | and Pseudogroups ?

We now explain some of the entries of this table.

Noncommutative Geometry

The main idea of noncommutative is to study ‘spaces’ by means of their algebras of (continu-
ous, smooth, etc.) functions. The novelty stems from the fact that these algebras are allowed
to be noncommutative. In a certain sense, noncommutativity may be seen as a manifestation
of the singular behaviour of the spaces involved. For instance, in many examples such
as quotients by group actions or leaf spaces of foliations, the naive spaces may be highly
pathological. Indeed, the noncommutative approach to such spaces starts by associating a
noncommutative algebra to them, as the ‘algebra of functions on the noncommutative space’.

Hopf Algebras
The concept of symmetry in noncommutative geometry, i.e. the noncommutative analogue
of Lie groups from classical differential geometry, is given by the notion of Hopf algebras.
More precisely, noncommutative symmetries are encoded in the action or coaction of some
Hopf algebra on some algebra or coalgebra.

Roughly speaking, when passing from a Lie group G to its algebra of (say) continuous
functions CG, the group multiplication transforms into a map CG — C(G x G) or, using

1



2 INTRODUCTION

the appropriate tensor product, into a comultiplication A : CG — CG ® CG. Moreover,
the inversion in G gives an involution S : CG — CG. The algebra CG together with the
comultiplication A and the involution (antipode) S is the basic example of a Hopf algebra.
Enveloping algebras of Lie algebras provide another (dual) basic example. Deforming a Lie
group inside the larger world of noncommutative geometry refers to deforming the Hopf
algebras associated to it. Hence typical examples of Hopf algebras arise as algebras of
coordinates of a quantum group or, on some dual space, as the convolution algebra or the
enveloping algebra of a quantum group.

It is important to note that the notion of Hopf algebra is self-dual: roughly speaking,
under suitable circumstances the dual of a Hopf algebra is automatically a Hopf algebra
again. From this point of view, the classical examples of enveloping algebras and function
algebras are dual to each other.

Hopf algebras can be deployed to give a description of internal quantum symmetries
of certain models in (low-dimensional) quantum field theory. More applications of
Hopf algebras comprise e.g. the construction of invariants in topology and knot theory
[OKoLeRoTu, Tu], and appear in connection with solutions of the quantum Yang-Baxter
equation [Str]. As another example, (faithfully flat) Galois extensions by Hopf algebras
may be considered as the right generalisation of principal bundles towards the realm of
noncommutative geometry [HPu, Kas4].

Generalised (Noncommutative) Symmetries

In classical differential geometry, generalised symmetries are encoded in the notions of Lie
groupoids and pseudogroups—a fact that already emerges in the work of Lie [Lie] and Car-
tan [Carl, Car2]. Lie groupoids are a joint generalisation of manifolds and Lie groups and
provide a symmetry concept that has found many applications, e.g. in the theory of folia-
tions or for describing internal ‘classical’ symmetries (cf. e.g. [Mac, MoeMr¢l1, L2]. It is
very natural to ask what the generalised symmetries in noncommutative geometry are (cor-
responding to the question mark in the table above). In other words, one is interested in the
correct notion of:

Noncommutative Groupoids < Quantum Groupoids < Hopf Algebroids. (A)

An infinitesimal consideration of Lie groupoids leads to Lie algebroids (or, in an algebraic
context, to Lie-Rinehart algebras). Hence, one could extend the picture by asking for the
correct notion of

Noncommutative Lie Algebroids/Lie-Rinehart Algebras < Hopf Algebroids. (A")

The clear need for the generalisation of Hopf algebras was presumably stated for the first
time in [Sw2] in the context of classification problems of algebras. A more recent motiva-
tion for such an extension of Hopf algebra concepts came from research on the index theory
of transverse elliptic operators in [CoMos5], generalising the local approach in [CoMos2]
towards non-flat transversals, globally described by an ‘extended Hopf algebra’ H ) asso-
ciated to the frame bundle of a manifold (cf. also [CoMos6]).

Other examples that require extension of the Hopf algebraic framework are certain
invariants [NiTuVai] in topology, or in Poisson geometry, where solutions of the dynamical
Yang-Baxter equation that correspond to dynamical quantum groups elude a description by
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Hopf algebras, cf. [EtNi, NiVai, Lu, X3, DonMu, Kar]. In low-dimensional quantum field
theories non-integral values of the quantum dimensions cannot be seen as a Hopf algebra
symmetry [BSz1], emphasising the need for a noncommutative generalisation thereof.

Quantum Groupoids

In many of these approaches, problems have been handled by allowing for a not necessarily
commutative ring A replacing the commutative ground ring k of a Hopf algebra. Consider-
ing a Hopf algebra as a k-bialgebra with an antipode, a Hopf algebroid should involve the
notions of a generalised bialgebra over A as well as an analogue of an antipode. Such a
generalised bialgebra is commonly referred to as bialgebroid: it generalises a k-bialgebra
towards an object (to which we will refer as the fotal ring) that is both a coalgebra and an
algebra in (different) bimodule categories, determined by the ring A, to which we will refer
as the base ring from now on. With the help of a new definition of tensor products over
noncommutative rings (the so-called x 4-products), bialgebroids were (presumably for the
first time) introduced under the name X 4-bialgebras in [Tak]. Ordinary k-bialgebras can
be recovered if one uses the ground ring k as base ring. Bialgebroids (under this name)
were introduced in [Lu] (apparently independently of the work in [Tak]), and, motivated by
problems in Poisson geometry, as bialgebroids with anchor in [X1, X3]. These notions were
shown to be equivalent to that of a x 4-bialgebra in [BrzMi].

Viewing bialgebroids as noncommutative analogues of groupoids, parallel to the rela-
tionship of bialgebras to groups as mentioned above, one also may justify the name quantum
groupoid for (certain) bialgebroids. A precursor in this direction is [Mall] for commutative
base rings, and [Mal2] for an extension to the general, noncommutative case. From this
viewpoint of quantum groupoids, one can also deduce what should be the basic ingredients
of a bialgebroid. Recall first that a groupoid consists of a set of (invertible) arrows, a set of
objects, two maps called source and target mapping arrows into objects, as well as a partially
defined multiplication in the space of arrows, an inclusion of objects as zero arrows, and all
these maps are subject to certain conditions which we conceal for the moment. A bialge-
broid may then be considered to be a noncommutative analogue of the function algebra on
a groupoid. More precisely, the total ring would play the réle of the function algebra of the
‘quantum space’ of morphisms, whereas the base ring should be considered to be the func-
tion algebra on the ‘quantum space’ of objects. Since each arrow is provided with a source
and a target, it is natural to assume corresponding source and target maps (in the opposite
direction) to be part of the structure. The fact that composition of arrows in a groupoid is
only partially defined is reflected in a bialgebroid by defining a comultiplication that takes
values in a subspace of some tensor product of the total ring with itself, and only in this
subspace a well-defined ring structure is given.

However, the precise definition of bialgebroids is quite technical, but evidence that it is
the ‘right’ one is given in [Schaul]. Recall that a k-algebra U is a k-bialgebra if and only if
the category of left U-modules is a monoidal category such that the underlying (forgetful)
functor to k-modules is monoidal: this means that the k-tensor product of two U-modules
is again a U-module. This is a fundamental feature for Tannaka duality or reconstruction
theory for quantum groups which make explicit use of their monoidal module categories
[JoStr]. In an analogous fashion, a bialgebroid U over some base ring A is characterised by
the fact that the category of its modules is again monoidal, with the (crucial) difference that
only the forgetful functor from U-modules to (A, A)-bimodules (rather than k-modules) is
monoidal. Hence the tensor product over A of two U-modules is a U-module again.
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Concepts of Hopf Algebroids

The next step in defining a Hopf algebroid consists in equipping a bialgebroid with some
sort of antipode. In the preceding consideration of quantum groupoids, this would simply
correspond to the inversion of arrows of a groupoid. The main difficulty here derives from
the fact that the tensor category of (A, A)-bimodules is not symmetric, which impedes a
straightforward generalisation of antipodes for Hopf algebras.

Motivated by topics in algebraic topology, Hopf algebroids were originally introduced as
cogroupoid objects in the category of commutative algebras (see e.g. [Mor, Ra, Hov]), while
they also arose in algebraic geometry in connection with stacks [FCha].

The underlying bialgebroids of the Hopf algebroids defined in [Ra] are special cases of
the construction in [Tak] since the underlying algebra structure on both the total and base
ring is commutative. Nevertheless, this is more general than a Hopf algebra since it is al-
ready equipped with characteristic features with respect to bimodule categories as mentioned
above. In [Mr¢l, Mr¢2], non-commutative Hopf algebroids (but still over a commutative
base ring) have been used for the study of principal fibre bundles with groupoid symmetry.
The first general definition of a Hopf algebroid, in which both the total and base rings are not
necessarily commutative, is presumably given in [Lu], although some auxiliary assumptions
had to be made that in a sense lack a geometric or intuitive interpretation. More precisely,
a section of a certain projection map is needed, so as to be able to impose axioms one
would expect from a natural generalisation of the Hopf algebra axioms. Motivated by prob-
lems in cyclic cohomology (see below), the notion of para-Hopf algebroid was introduced
in [KhR3]. Here, a para-antipode is introduced that avoids the section mentioned above,
but as a price to be paid needs axioms that do not look like a conceptually straightforward
generalisation of the Hopf algebra axioms anymore.

An alternative definition of Hopf algebroids from [B1, BSz2] steers clear of these prob-
lems by defining, roughly speaking, two distinct bialgebroid structures, assumed to exist
on a given algebra: one considers left and right bialgebroids as introduced in [KSz] over
an algebra A and its opposite, and an antipode is then understood as a map intertwining
them. In particular, this way one is able to circumvent another crucial problem when defin-
ing antipodes: in Hopf algebra theory, such a map is an anti-coalgebra morphism, a feature
which is a priori not well-defined for bialgebroids. In the approach of [B1, BSz2] the an-
tipode is still an anti-coalgebra morphism, but for different coalgebras, passing from the
underlying left bialgebroid to the underlying right one. Not all information (left bialgebroid,
right algebroid, antipode) is actually needed, but this way the axioms look most natural and
symmetric. For example, one could equally well express (up to automorphisms) the right
bialgebroid in terms of the left one and the antipode (provided it is invertible), but this does
not quite reduce the amount of complexity. It is this definition which we consider the best
suited for our purposes, and whenever no contrary mention is made, the term Hopf algebroid
refers to this definition throughout the subsequent chapters. For example, we will see that
étale groupoids and Lie-Rinehart algebras, and in particular their corresponding homology
and cohomology operators, naturally ask for the existence of two bialgebroid structures of
different kind. We also mention here that already [Mrc1, Mrc2] is tacitly dealing with both
left and right bialgebroid structures for convolution algebras over étale groupoids, without,
however, regarding these as being part of one global structure.

Furthermore, notice that for simplicity all ‘competing’ approaches [Lu, KhR3, BSz2]
assume the antipode to be bijective (although this assumption was recently dropped in [B3],
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a slight reformulation of the definition in [B1, BSz2]). This is a class large enough for
most interesting examples (if the antipode exists at all), such as quantum groups and certain
quantum groupoids.

However, one should be aware of the fact that, in contrast to Hopf algebras, the notion of
Hopf algebroid is not self-dual: the construction of a Hopf algebroid structure on (a suitable
definition of) a dual of a Hopf algebroid is in general quite intricate [BSz2, KSz], and this
also causes difficulties in the corresponding cyclic theory (see below).

Let us finally mention that a weaker approach of generalising Hopf algebras towards
possibly noncommutative base algebras is given by the so-called x 4-Hopf algebras from
[Schau2]. We shall mostly refer to them as left Hopf algebroids, inasmuch as the Hopf
algebroids from [B1, BSz2] are special cases of them. We are going to explain this later in
more detail.

Cyclic Theory of Hopf Algebras and Hopf Algebroids

Let us now depict the situation for the associated cohomologies:

Cohomology in w= Differential Noncommutative
for § Geometry Geometry
Spaces De Rham Cohomology Cyclic Cohomology
Symmetries Lie Algebra Cohomology | Hopf-Cyclic Cohomologies
Generalised Symmetries | Lie Algebroid Cohomology ?

A similar table can be formulated for the respective homology theories. Some of the entries
of this table will be explained now.

Cyclic (Co)Homology

Among the first basic constructions in noncommutative geometry was the cyclic
(co)homology of algebras, which may be seen as the correct noncommutative ana-
logue of de Rham (co)homology. The building pieces for cyclic homology theories can be
axiomatised so as to produce the more general notion of cyclic objects. There are two main
avenues to cyclic cohomology: Connes [Co3] developed a cohomological theory in order
to interpret index theorems of noncommutative Banach algebras, via a generalisation of the
Chern character. The homological approach, introduced by Tsygan [Ts1] and Loday and
Quillen [LoQ], shows that cyclic homology can be considered a Lie analogue of algebraic
K-theory.

Hopf-Cyclic Cohomology for Hopf Algebras

Cyclic cohomology for Hopf algebras, or Hopf-cyclic cohomology, is the noncommutative
analogue of Lie algebra homology (which is recovered in the case of universal envelop-
ing algebras of Lie algebras). This was launched in the work of Connes and Moscovici
[CoMos2] on the transversal index theorem for foliations and defined in general in [Cr3] (cf.
also [CoMos3, CoMos4]).

In the transversal index theorem of Connes and Moscovici, the characteristic classes
involved are a priori cyclic cocycles on the algebra A modeling the (singular) leaf space of
the foliation. Computing these cocycles turned out to be tremendously complicated, even
in the 1-dimensional case. The key remark for understanding these cyclic cocycles is that
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they are quite special: their expression involves only some ‘transversal differential operators’
originating from the transversal geometry, and an ‘integration map’, determined by a trace
on the algebra A. This translates into two conceptual pieces:

(i) The operators involved may be organised in a Hopf algebra H acting on the algebra
A of functions on the leaf space (analogous to the description of universal enveloping
algebras of Lie algebras as differential operators on the Lie group).

(i) By means of the action of H on A and the trace, the cyclic theory of the algebra A is
reflected into a new cyclic theory, which is associated to H (making use of the entire
Hopf algebra structure).

With these conceptual pieces in mind, the special nature of the cyclic cocycles takes the
following precise form: they arise from the cyclic cohomology of the Hopf algebra, via a
canonical map (the characteristic map) associated to the action and the trace. In contrast to
the cyclic cohomology of the algebra (which is pretty wild), the cyclic cohomology of H is
much easier to compute as Gel’fand-Fuchs cohomology.

Moreover, it is shown in [CoMos3, CoMos4, Cr3] that the cyclic theory makes sense
for any Hopf algebra equipped with a so-called modular pair in involution (or twisted
antipode). It is useful to keep in mind (as made clear in [Cr3]) that the resulting theory
primarily makes use of the coalgebra structure of H and of certain coinvariants.

Dual Hopf-Cyclic Homology for Hopf Algebras

While the notion of Hopf algebra is self-dual, Hopf-cyclic cohomology is not. For
instance, while it gives interesting results for universal enveloping algebras of Lie algebras
(recovering Lie algebra homology), it tends to be quite trivial for algebras of functions
or group algebras (or whenever a Haar measure exists). The dual Hopf-cyclic homology
appears as a companion to Hopf-cyclic cohomology that is better behaved for e.g. function
algebras. In what sense these are dual to each other is best explained using the so-called
cyclic duality [Co2], see also below. While the Hopf-cyclic cohomology depends primarily
on the coproduct, the unit and coinvariants, the dual theory makes use of the product, the
counit and certain invariants [Cr2, KhR2, KhR4, Tai]. It also shows that the passage from
cyclic homology of algebras to the dual Hopf-cyclic cohomology has some similarities
to the interpretation of Lie algebra cohomology (for a Lie algebra of a Lie group) as
invariant de Rham cohomology of its Lie group manifold structure [CheE]. The need
for such a dual theory is furthermore evident if one studies e.g. coactions of Hopf alge-
bras (rather than the actions mentioned in the example of the transverse Hopf algebra above).

In general, Hopf-cyclic cohomology (and likewise dual Hopf-cyclic homology) cannot be
seen as the cyclic cohomology of some coalgebra, but only makes sense as the cohomology
of some specific cocyclic modules (which was known to describe the same theory right from
the beginning [Co2], see e.g. [Lol] for a full account). This observation will carry over to
the cyclic theory of Hopf algebroids, see below.

The Action and Coaction Picture

As already mentioned, both theories of Hopf algebra cohomology and homology are
‘parametrised’ by a Hopf algebra character (to define coinvariants) and a grouplike element
(to define invariants). In particular, this allows for cyclic cohomology (or dual homology)
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with coefficients, which is not possible for the ‘standard’ cosimplicial modules associated
to coassociative coalgebras. General type (co)cyclic modules for Hopf-cyclic (co)homology
with values in certain suitable modules were introduced in [HKhRSo02, HKhRSo1]. The
need for this came from quantum groups and invariants of K -theory. Here, so-called stable
anti-Yetter-Drinfel’d modules arise as generalisations of modular pairs in involution (more
precisely, a modular pair in involution is equivalent to such a module structure on the
ground ring k), and a generalisation of the characteristic map as a ‘transfer’ map allows
to generally define para-(co)cyclic structures on (co)algebras on which a Hopf algebra
acts or coacts, cf. [HKhRSo02, HKhRSol, KhR2, Kay1] and also [JS] for a dual approach.
Even more, a universal form suited to describe all examples of cyclic (co)homology arising
from Hopf algebras (up to cyclic duality) was given in [Kay2], based on a construction of
para-(co)cyclic objects in symmetric monoidal categories in terms of (co)monoids.

The Cyclic Theory for Hopf Algebroids

The generalisation of Hopf-cyclic cohomology to noncommutative base rings A, i.e. to Hopf
algebroids, has been less explored. For instance, the general machinery from [Kay?2] does
not apply to this context (because the relevant category of modules is not symmetric, and
in general is not even braided). Cyclic cohomology of Hopf algebroids appeared for the
first time in the context of the transversal ‘extended’ Hopf algebra Hrj; mentioned above
[CoMos5], i.e. in the case of a particular example rather than as a general theory. In this
context, certain bialgebroids (in fact, left Hopf algebroids) carrying a cocyclic structure arise
naturally. Extending this situation to general Hopf algebroids is not a totally straightforward
issue. First of all, one encounters the problem what a Hopf algebroid is. For example, the
notion of Hopf algebroid in [Lu] is apparently not well-suited to the problem. This led in
[KhR3] to the definition of para-Hopf algebroids, in which the antipode of [Lu] is replaced
by a para-antipode. Its axioms are principally designed for the cocyclic structure to be
easily defined by just adapting the Hopf algebra case. However, the para-antipode axioms
remain—as we think—too complicated to comprehend their intrinsic structure and purpose,
beyond defining (co)cyclic structures; in particular, guessing an antipode (and hence the
cyclic operator) in concrete examples remains intricate.

A general theory in [BS] that deals with cyclic (co)homology of bialgebroids (and x 4-
Hopf algebras) appeared while this thesis was written. There, a cyclic theory (in terms of
so-called (co)monads) is developed that works in an arbitrary category and hence embraces
the construction in [Kay2] for symmetric monoidal categories (in case the (co)monads in
question are induced by (co)monoids). This approach is certainly related to our own method,
but the precise relation is not completely clear to us.

Principal Results of this Thesis

The main objective of this thesis is to clarify the notion and concepts of generalised symme-
tries in noncommutative geometry and their associated (co)homologies—that is, the question
marks in the previous tables.

As for the notion of a Hopf algebroid itself, i.e. the question mark in the first table,
we do not claim that we have developed this notion ourselves. Instead, we present our
own point of view on the theory and in particular which of the ‘competing’ notions
[B1, BSz2, KhR3, Lu, Schau2] appears to be best suited for our purposes (i.e. the question
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mark in the second table), with some contributions along the way.

New Examples of Hopf Algebroids

We reveal that the universal enveloping algebra of a Lie-Rinehart algebra (of a Lie algebroid)
is always a left Hopf algebroid (x 4-Hopf algebra) in a canonical way (Subsection 4.2.1).
However, despite of what was originally believed, these enveloping algebras may fail to be
Hopf algebroids—an aspect we completely clarify. In particular, we show that the right
connections from [Hue2] are precisely the extra datum needed: we prove that a well-defined
Hopf algebroid structure is only given in case of existence of such a connection, provided
it is flat (Theorem 4.2.4, Proposition 4.2.9, Proposition 4.2.11). The next example deals
with jet spaces associated to Lie-Rinehart algebras, which may be seen as a construction
‘dual’ to the previous example. This time, the Hopf algebroid structure only depends on the
aforementioned canonical left Hopf algebroid structure on the universal enveloping algebra
and hence always exists (Theorem 4.3.1), in contrast to the previous example.

Another class of natural examples for Hopf algebroids is given by convolution algebras
over étale groupoids. As already mentioned, the existence of two (opposite) bialgebroid
structures was already observed in [Mr¢2], and we only need to connect these to give a Hopf
algebroid in the sense of [B1, BSz2] (Proposition 4.4.1).

Further examples of Hopf algebroids and bialgebroids we give include function algebras
over étale groupoids (Proposition 4.5.6) and (generalised) Connes-Moscovici algebras
(or rather bialgebroids), i.e. the space of transverse differential operators on arbitrary
étale groupoids, see below for further statements. These should be seen as a step towards
the construction of Hopf algebroids associated to (Lie) pseudogroups. Because of these
examples—together with the (co)homology computations, see below—we feel sufficiently
encouraged to consider Hopf algebroids (in the sense of [B1, BSz2]) as the right non-
commutative analogue of both Lie groupoids and Lie algebroids/Lie-Rinehart algebras,
respectively (see the analogies (A) and (A’) above).

Left Hopf Algebroids versus Hopf Algebroids

As a spin-off of the examples mentioned above, we give a first counterexample (see §4.2.13)
that not each x 4-Hopf algebra originates in a Hopf algebroid, answering a question in [B3].
This motivates us to refer to x 4-Hopf algebras as left Hopf algebroids (which also solves a
problem of pronunciation).

Bicrossed Products; Connes-Moscovici Algebras

As already outlined above, we use the bialgebroid examples arising from function algebras,
Lie-Rinehart algebras and Connes-Moscovici algebras to describe the general ‘background’
procedure of the constructions in [CoMos5, CoMos6, MosR]. To this end, we introduce
the concept of matched pairs of bialgebroids and develop the construction of a bicrossed
product bialgebroid (Theorem 3.3.5), as a generalisation of similar considerations for
bialgebras in [Maj]. This is a construction that establishes a (left or right) bialgebroid
structure on a certain tensor product of (left or right) bialgebroids over commutative bases.
The Connes-Moscovici algebras can then be shown to arise in such a way (Theorem 4.7.1,
Proposition 4.7.3).

Duality and (Co)Modules
Another construction of how to produce new bialgebroids out of known ones is the
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construction of left and right (Hom-)duals for left bialgebroids from [KSz]. We add to this
theory a theorem that proves a categorical equivalence between left bialgebroid comodules
and modules over its duals (Theorem 3.1.11 and Proposition 3.1.9). Also, we prove
an equivalence between grouplike elements of a left bialgebroid and generalised right
characters, i.e. maps that behave like a right counit on the duals (Proposition 3.1.14). This
generalises a similar statement for bialgebras and their duals (see e.g. [Sw1]).

Hopf-Cyclic Cohomology for Hopf Algebroids

Central to this thesis is our argument that Hopf-cyclic cohomology is naturally defined when
using the Hopf algebroids from [B1, BSz2]. We are going to explain how Hopf-cyclic co-
homology fits into the monoidal category of (Hopf algebroid) modules and show that it
descends (more precisely: projects) in a canonical way from the cyclic cohomology of coal-
gebras, or rather corings, under the minimal condition S? = id for the antipode (Proposi-
tion 5.2.1, Theorem 5.2.5). This is a generalisation of the consideration of coinvariants for
Hopf algebras in [Cr3].

Furthermore, we are able to introduce coefficients at the Hochschild level into the
theory, and give an interpretation of the Hopf-Hochschild cohomology groups as a derived
functor (Theorem 5.3.3). The main ingredient here is an appropriate resolution in the
category of left bialgebroid comodules, the so-called cobar complex. We can show that
the cobar complex in case of a commutative Hopf algebroid can be additionally equipped
with a cocyclic structure (Proposition 5.4.2). As a consequence, we can express the cyclic
cohomology of commutative Hopf algebroid by their Hochschild cohomology groups
(Theorem 5.4.4). These statements generalise considerations in [KhR1] from Hopf algebras
to Hopf algebroids.

Dual Hopf-Cyclic Homology for Hopf Algebroids

Besides cyclic cohomology of Hopf algebroids, we will also develop a dual cyclic homology
theory for Hopf algebroids, by applying cyclic duality to the underlying cocyclic object (The-
orem 6.1.1). This generalises the corresponding theory for Hopf algebras (see above), and
produces—analogously as for Hopf algebras—interesting results even if the pertinent cyclic
cohomology is trivial. This homology theory is related to a certain category of comodules
over the Hopf algebroid: the main difficulty is here that the underlying (A, A)-bimodule
category fails to be symmetric and on top of that differs from the one for cyclic cohomol-
ogy. More precisely, the tensor product used for defining cochains in cohomology originates
from the monoidal category of modules for the underlying left bialgebroid, whereas the ten-
sor chains in homology make use of the monoidal structure of right bialgebroid comodules.
We came to the conclusion that we need to generalise the Hopf-Galois map (see [Schau2])
and its inverse to ‘higher degrees’ (Lemma 6.1.2), to obtain the necessary tool to translate
the two structures into each other such that cyclic duality can be applied. We remark here
that this complex of problems does not appear for the symmetric category of k-modules in
the Hopf algebra case.

However, since the notion of Hopf algebroid is not self-dual (see above), a statement—
dual to the cohomology case—that dual Hopf-cyclic homology is obtained from the cyclic
homology of algebras in a canonical way (by restriction on invariants) does not seem to hold
in general (see Subsection 6.1.1, although we give such a construction in special cases, see
Section 6.5 and Subsection 6.6.1).

Also in this dual theory, we are able to introduce coefficients at the Hochschild level,
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and give an interpretation of the Hopf-Hochschild homology groups as derived functors
(Theorem 6.2.3), using a generalised bar complex. We can then analogously prove that
the bar complex in case of a cocommmutative Hopf algebroid can be equipped with
a cyclic structure (Proposition 6.3.1), and show in Theorem 6.3.3 that the dual cyclic
homology of cocommutative Hopf algebroids can be expressed by Hopf-Hochschild ho-
mology groups, generalising again the corresponding statement in [KhR 1] for Hopf algebras.

Hopf-Cyclic (Co)Homology Computations

We calculate Hopf-cyclic cohomology and dual Hopf-cyclic homology in concrete exam-
ples of Hopf algebroids, such as the universal enveloping algebra of a Lie-Rinehart algebra,
jet spaces and convolution algebras over étale groupoids. The results of these computa-
tions establish a connection between Hopf-cyclic theory and Lie-Rinehart (co)homology
and groupoid homology, respectively (Theorems 5.5.7,5.6.2,5.7.1, 6.4.1, 6.5.1, 6.6.4). This
motivates to consider Hopf-cyclic (co)homology as the ‘correct’ noncommutative analogue
of both Lie-Rinehart (co)homology and groupoid homology.

On top of that, we are able to construct a special method to obtain dual Hopf-cyclic
homology for convolution algebras over étale groupoids, which shows how the theory fits
into the monoidal category of (left and right bialgebroid) comodules. The dual Hopf-cyclic
homology is then obtained by restricting the (generalised) algebra cyclic module structure
to invariants (Proposition 6.6.8, Theorem 6.6.10), which is a procedure dual to the consid-
erations of coinvariants in Sections 5.1 and 5.2, working (at least) in this particular example.

Multiplicative Structures and Duality in (Co)Homology Theories

Finally, we prove a theorem that suggests that left Hopf algebroids are a key concept for
multiplicative structures (such as cup, cap and Yoneda products) and certain duality iso-
morphisms in algebraic (co)homology theories (Theorem 7.1.1). In particular, results on
Hochschild (co)homology [VdB] and Lie-Rinehart (co)homology [Hue3] are included this
way.

Outline of the Thesis

Chapter One

In chapter one, we introduce preliminary concepts used throughout the thesis. We give a
presentation of basic concepts in cyclic (co)homology in Section 1.1. We then discuss in
Section 1.2 the fundamental notion of A-rings and A-corings for an arbitrary k-algebra A,
which are the generalisations of k-algebras and k-coalgebras in bimodule categories, and
explain how these generalised (co)algebras give rise to (co)cyclic modules. In Section 1.3,
we proceed to define Hopf algebras and their cyclic cohomology, which are some of
the concepts that will be generalised in the following chapters. Finally, in Sections
1.4 and 1.5 we introduce Lie-Rinehart algebras and groupoids, as a generalisation for Lie
algebras and groups. These will give fundamental examples in the theory of Hopf algebroids.

Chapter Two

Chapter two contains the notion of a Hopf algebroid as introduced in [B1, BSz2]. First,
we will consider left bialgebroids in Section 2.1, and also the corresponding monoidal
categories of bialgebroid modules and bialgebroids comodules in Section 2.3. We proceed
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in Section 2.4 with discussing how these comodules give rise to derived functors, which
will be important for the computations of cyclic (co)homology of chapters five and six.
Section 2.2 deals with a weaker version of Hopf algebroids, the so-called left Hopf
algebroids (x 4-Hopf algebras) from [Schau2]. These turn out to be a key concept for our
considerations in chapter seven, and are also important for the construction of antipodes on
jet spaces in chapter four. In the framework of right bialgebroids in Section 2.5, we also
introduce in §2.5.1 the notion of (right) connections, as a generalisation to the Lie-Rinehart
connections in [Hue2, Hue3], which will appear in examples in chapters three and four.
Then, Hopf algebroids are discussed in the final Section 2.6, and we conclude the chapter
by some comments on alternative notions of Hopf algebroids.

Chapter Three

In chapter three, we give several constructions of how to produce new bialgebroids out of
known ones. Section 3.1 discusses the duals for left bialgebroids [KSz], and we prove cate-
gorical equivalences between modules and comodules and study the interplay between grou-
plike elements and (generalised) characters.

Section 3.2 gives a construction how to push forward bialgebroids in case a certain
algebra morphism is given. We use the resulting construction to ‘localise’ certain Hopf
algebroids, so as to give an associated Hopf algebra. The chapter continues with our con-
struction of bicrossed product bialgebroids for matched pairs of bialgebroids in Section 3.3.
The basic ingredients here are the generalised notions of module rings and comodule
corings, as generalised notions of the action and coaction picture for bialgebras, i.e. module
algebras and comodule coalgebras.

Chapter Four

Chapter four deals with examples of Hopf algebroids. We first indicate in Section 4.1 how
enveloping algebras and Hopf algebras (with possibly twisted antipode) fit into the picture.
We then devote our attention in Section 4.2 to construct the canonical left Hopf algebroid
structure for the universal enveloping algebra V' L of a Lie-Rinehart algebra (A, L), and to
the relation of (certain) left bialgebroids to their primitive elements. To obtain an antipode
on VL, we need to recall Lie-Rinehart connections [Hue2, Hue3], and can then describe
the full Hopf algebroid structure on V L. In Section 4.3 we construct the Hopf algebroid
structure on a certain dual of VL, the so-called jet spaces. Sections 4.4 and 4.5 indicate
how étale groupoids give rise to Hopf algebroid structures in two different ways, where
the one in Section 4.5 serves as a basic ingredient in Connes-Moscovici algebras (or rather
bialgebroids), which we describe in Section 4.6. This very general construction is shown to
be essentially a bicrossed product bialgebroid in Section 4.7.

Chapter Five

In chapter five we discuss Hopf-cyclic cohomology for Hopf algebroids. A fundamental
step here is to define coinvariants in Section 5.1, which lead to necessary and sufficient
conditions for a well-defined cocyclic module structure to exist on any Hopf algebroid,
as we explain in Section 5.2. Also, we introduce coefficients into the Hochschild theory
and then construct Hopf-Hochschild cohomology as a derived functor in Section 5.3. The
following Section 5.4 specialises to the case of Hopf-cyclic cohomology for commutative
Hopf algebroids. In the following three Example Sections 5.5-5.7, we discuss and compute
Hopf-cyclic cohomology for Lie-Rinehart algebras, jet spaces, and convolution algebras.
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Chapter Six
Chapter six deals with the dual Hopf-cyclic homology. In Section 6.1, we discuss and con-
struct the corresponding chain complex as the cyclic dual of the cochain complex of chapter
five, whereas in Subsection 6.1.1 we discuss a few problems attached to invariants. Parallel
to chapter five, we introduce coefficients at the Hochschild level and consequently give an in-
terpretation of dual Hopf-Hochschild homology as a derived functor in Section 6.2, whereas
in Section 6.3 we discuss and compute dual Hopf-cyclic homology for cocommutative Hopf
algebroids. Again, in the Example Section 6.4, we compute and discuss in detail the cases
of Lie-Rinehart algebras, jet spaces and convolution algebras.

Parts of chapters five and six are versions of parts of our joint work with Hessel
Posthuma [KowPo].

Chapter Seven

Finally, chapter seven is a version of our joint work with Ulrich Krihmer [KowKr]. It is
mainly devoted to the proof of the central Theorem 7.1.1. Section 7.2 is concerned with the
construction of cup and cap products, and with a certain functor that combines left and right
modules over left Hopf algebroids. Section 7.3 explains the duality and concludes the proof
of Theorem 7.1.1.

Appendix
In the Appendix we gather some standard algebraic facts used throughout the text, basically
to fix some of our notation and terminology.

Some conventions

Throughout this work, ‘ring’ means ‘unital associative ring’, and we fix a commutative
ground ring k. All other algebras, coalgebras, modules and comodules will have the un-
derlying structure of an object of the symmetric monoidal category k-Mod of left k-
modules. In general, for any ring U the spaces U-Mod and U°P-Mod (or Mod-U)
denote the category of left U-modules and right U-modules, respectively, in the standard
sense. Also, we fix a (not necessarily commutative) k-algebra A, i.e. a ring with a ring
homomorphism 1 : k& — Z(A) into its centre. We denote by A°P the opposite and by
A° := A ®j, A°P the enveloping algebra of A. Thus left A°-modules are (A, A)-bimodules
with symmetric action of k. For U,V any rings, we will write a (U, V')-bimodule M as
M, if need be. To indicate with respect to which structure a Hom-functor is defined, we
shall write Hom g,y (M, N)) for Hom(y;M, ;;N') and analogously Hom_ v (M, N) for
Hom(My, Ny ); also Homg,yy (M, N) for bimodules appears, and the same kind of no-
tation applies for the sake of uniformity when both M, N or only one of them carries a
one-sided module structure only.



Chapter 1

Preliminaries

1.1 Cyclic Theory

One of the basic constructions in noncommutative geometry is the cyclic (co)homology of
algebras, which arises as the correct de Rham (co)homology in the noncommutative con-
text. Cyclic homology theories can be axiomatised, giving rise to the more general notion of
cyclic objects. In this chapter we recall some of the basic concepts and definitions regarding
cyclic objects and their associated cyclic homologies. The main references for much of the
material presented here are [FeTs, LoQ, Co3, Lol, W]. We start by discussing simplicial ob-
jects, a notion which comes from algebraic topology and which determines the “‘underlying’
structure of a cyclic object.

1.1.1 The Simplicial Category Let [k] be the ordered set of k+1 points {0 < 1 < ... < k}.
A map is called nondecreasing if f(i) > f(j) whenever ¢ > j. The simplicial category A
has as objects the sets [k] for £ > 0 and as morphisms the nondecreasing maps. Of particular
interest are the face morphisms d; : [k — 1] — [k], the injection which misses ¢, and the
degeneracy morphism o; : [k + 1] — [k], the surjection that sends both j and j + 1 to j.
We denote the set of morphisms between [k] and [m] by hom A ([k], [m]). In particular, one
can show [Lol, Thm. B.2] that any morphism ¢ : [n] — [m] can be uniquely written as a
composition of faces and degeneracies, i.e.,

¢:§i1~~~5iro—j1~~~0—j37

such that iy <4, and j; < ...js withm = n — s + r, and ¢ = id if the index set is empty.
As a corollary one obtains a presentation of A with generators J;, o; for 0 < ¢,7 < n (one
for each n) subject to the relations

5]‘ 6 = 0; 5]‘_1 if 7 < j,
0;0; = 03 0541 1fz§j,

S;oj1  ifi<j, (1.1.1)
0;0; = id[n] ifi=j4,i=454+1,

0i_1 0 ifv> 75+ 1.

The opposite category of A is denoted by A°P. Observe that the isomorphisms in A are
identities on [k] since the identity is the only nondecreasing map that is bijective.

13
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1.1.2 (Co)Simplicial Objects Let M be an arbitrary category. A simplicial object
(X.,d,,s,) in M is a functor X, : A°® — M. Write X,, := X([n]) and d; = 0},
s; = o for the images of the morphisms d; and o; under the functor X. By means of the
presentation of A mentioned above, a simplicial object is therefore given by a set of objects
{X,}n>0 in M as well as by two collections of morphisms d; : X,, — X,,_1 for0 <i <mn
and s; : X, — X4 for 0 < j < nforall n > 0, satisfying

d; dj = dj_l d; if 7 < j,
Si S5 = Sj4+1 Si if ¢ < j,
diSj = id lf’L:j,Z:j+1,

S;j di—1 ifie>7+ 1.

A cosimplicial object (Y*,0°,0°) in M is a functor Y* : A — M; this time write
Y™ := Y([n]) for the images of the objects in the simplicial category under the functor
Y and 6° := §;, 07 := o; for the images of the morphisms d;, o;. They fulfill relations
identical to those in (1.1.1). A presimplicial or semisimplicial object is similarly as above, if
one ignores the degeneracies.

The main example for M we will use is the category of modules (over some ring given
by the context); correspondingly, we speak of simplicial modules. Define a morphism f :
X — X’ of simplicial modules to be a family of linear maps f,, : X;, — X/, of modules
commuting with both faces f,,_1d; = d; f,, and degeneracies f,1s; = d;s, for all i and n.

1.1.3 The Cyclic Category Next, we recall the definition of Connes’ cyclic category A from
[Co2] and of its generalisations AC,. from [FeTs], defined for all integers 1 < r < oo;
when r = 1, one has AC; = A. Although these cyclic categories can be realised explicitly,
for our purposes it suffices to recall their descriptions in terms of generators and relations.
Roughly speaking, AC,. is a combination of the simplicial category A and the cyclic groups.
More precisely, AC,. has the same objects as A, but the morphisms are generated by the
morphisms 6;, o; of A and new morphisms 7,, : [n] — [n], the cyclic operators, one
for each integer n > 0. These operators serve to express elements in the automorphism
groups Aut ac, ([n]) =~ Z/(n + 1)rZ for the case r < oo, and Autac ([n]) >~ Z in case
of r = oo. The relations they satisfy are the simplicial relations (1.1.1) together with new
relations involving the cyclic operator:

Y - 51-_1771_1 if 1 S 1 S n
R I ifi =0,
O;_1Tp+1 if 1 S 1 S n
Tho; = L
OnThi1 ifi =0.
rintbr —q,

In case r = oo, the last equation is void.

1.1.4 Cyclic Objects Let M be a category and 1 < r < oo. An r-cyclic object [FeTs]
in M is a functor X : ACP — M, that is, a simplicial object (X,,d,, s,) together with
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morphisms ¢,, : X;, — X,, which are the images 7,5 of 7,, under X subject to

tn—1d;— ifl<i<n

. _ tn+18i—1 ifl1<i<n
Sztn — { t%+18n le _ 07 (114)
it = q. (1.1.5)

Again, in case r = oo the last equation (1.1.5) is replaced by the empty relation. The
resulting co-objects are also called para-cyclic objects. When r = 1, we recover Connes’
cyclic category AC1, also denoted AC' or A and we speak of cyclic objects. Composition
with the obvious functor A°? — ACYEP reproduces the underlying simplicial object.
Throughout this thesis, we will be mainly interested in cyclic objects in the category of
modules over a (not necessarily commutative) ring. In this case we speak of cyclic modules
(the ring being clear from the context). A morphism of cyclic modules f : X — X is a
morphism of simplicial modules that commutes with the cyclic structure, i.e., f,t, = t,fn
for all n. One can also define a cyclic module with signs [Lol, Def. 2.5.1], with the same set
of axioms but with the factor signt,, = (—1)™ appearing in front of ¢, in (1.1.3) and (1.1.4).

1.1.5 Examples (i) The standard example (see e.g. [FeTs, Nis]) is the cyclic module as-
sociated to a (unital, associative) k-algebra U: set U b= {U®k”+1}n20 with face,
degeneracy and cyclic operators given by

, _ w0 @k g Uity @k Qg up 10 <d<n—1,
dl(UO (S 2 Ok un) { UnUo ®k Uy ®k:®k Up—1 1fz:n,
Si(u0®k...®kun):uo®k...®kui®k1®kui+1®k-.-®kunifogignn
tn,(uo Rk - Qe Un) = Up Ok Uy Ok U1 k- Ok Up—1-

(ii) Smooth Functions on a Compact Manifold. Variations of the previous example arise
when working in various categories of topological algebras and replacing the ten-
sor product by topological (completed) versions of the algebraic one. The central
example is that of smooth functions on a compact manifold M. In this case it
is interesting to consider a completed tensor product R (see e.g. [Gro]) such that
C®(M)®,C®(M") ~ C>=((M x M")) for any two compact manifolds M, M’. For
any compact manifold one therefore has an associated cyclic module C*° (M )tl =
{Co(M*HINY, 5, ie. C°(M* (1)) in degree n. Considering that C>(M) is
commutative with the pointwise product, the above face, degeneracy and cyclic oper-
ators become, for any f € C(M),

- flzo, ... @iy Tiy oo, Tp1) if0<i<n-2
dzf(zoa-..,xn—l) - { f(an-r17~-~>xn;$0) 1fz=n—1,
sif(wo,- s Tny1) = f(@0, 21, Tig1s ooy Ty Tpgr) 0 <d <im,

tof(xo,. oy xn) = f(x1,..., %0, o).

As long as they fulfill the mentioned property of C'*°(M )®” ~ C®°(M*™), differ-
ent tensor products & (e.g. projective or inductive ones [Gro]) also lead to meaning-
ful results in calculating cyclic homology, as will be seen in a moment in Example
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1.1.10(iii). Further possibilities are given by defining tensor products C'° (M )®™ :=
germs C°(M*™) or C°(M)®" := jetsp, O (M*") where A : M — M*"™ x —
(z,...,x) is the diagonal, confer [Ts2, Te] for details.

(iii) A generalisation of the first example is associated to an algebra U endowed with an
endomorphism ¢ € Endy, U: the resulting cyclic module U%¢ := {U®+"+1} - has
as face, degeneracy and cyclic operators

d. o

i (uo B (tn) o g Uy B -+ - O Un_1 ifi =n,
Si(u0®k"'®kun) :Uo@k"'@kui®kl®kui+1®k"'®kun 1f0§l§n7
tn(UO Rk - D un) = Qb(un) Rk Ug Qp U1 Ok *+* O Up—1-

®kun){ Uy O -+ - Dk Uil R - QU 0L <n—1,

Then U%? is r-cyclic if the order of ¢ is less than infinity and cyclic if and only if
¢ = id. In this case we recover U? from (i).

(iv) In §1.2.4 we will discuss another generalisation of Example (i) (and simultaneously of
(iif)) which arises when the commutative ground ring k is replaced by a not necessarily
commutative algebra.

1.1.6 Hochschild and Cyclic Homology for Cyclic Objects Next, we recall the definition
of cyclic homologies associated to cyclic objects in an abelian category. Hence, let M be an
abelian category and let X be an r-cyclic object in M. There are several equivalent ways to
define the cyclic homology of X, all with their own advantages. We dedicate our attention
first to Tsygan’s double complex, which is one of the most complicated methods but has the
best conceptual properties. Firstly, consider the operators

n—1

b X — Xpo1, b, = Z(—l)jdj,
§=0

by X — Xp—1, by =0, + (—1)"d,.

(1.1.6)

Note that b and b’ differ by the last face operator only. Secondly, set Z,, := (—1)"t,,, forr #
oo and define the norm operator

(n+1)r—1

N = Z_ {%-

=0

The cyclic homology groups HC, (X ) may be defined [FeTs] as the homology of the as-
sociated cyclic bicomplex CC, ,X (Tsygan’s double complex, see the figure below). It has
entries CC)p X := X, for p,q > 0, independently of p. In this complex, the columns
are periodic of order 2; for p even, the p'" column is the Hochschild complex (C,X,b)
(where C,, X = X,); in case p is odd, the respective column is the acyclic complex
caveX = (C,X,V) (where C,X = X,, as before). The ¢'" row is the periodic com-
plex associated to the action of the cyclic group Z,; on X, in which the generator acts by
multiplying with #,; thus, the differential X, — X, is multiplication by 1 — ¢, when p is
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odd and by N otherwise. Hence, in our sign convention, the bicomplex reads

b by b by

X, 1—¢ X, <Y X, 1—t X, <

b by b by
CC.’,XI Xl Lt X1 N Xl L+ X1 N

b b b by

Xo < Xo <N Xg < Xp <

Hochschild homology H H,(X) of X is now the homology of the zeroth column and its
cyclic homology is defined as

HC.(X):=H,(TotCC, .X),
where we recall that the total complex is defined as

(Tot CC, .. X), = @ CCp,X.
p+q=n

Standard homological algebra leads to the fact that short exact sequences 0 — X —
X' — X" — 0 of cyclic objects give rise to short exact sequences of both Hochschild
complexes and Tsygan bicomplexes, which, in turn, give rise to long exact sequences in
homology,

.~ HH,(X) — HHp(X') — HH,(X") — HHp1(X) — ...
. — HC,(X) — HC,(X') — HC,(X") — HC,_1(X) — ....

1.1.7 The SBI-sequence Hochschild and cyclic homology are organised by three basic ho-
momorphisms 7, S, B into a long exact sequence

. — HCh1(X) = HC, (X)) 25 HH,(X) -5 HCp(X) =5 .,
also called Connes’ exact sequence, which is often (and often implicitly) used for concrete
calculations. If X is a cyclic object in an abelian category, inclusion of the Hochschild
complex C,X — CC, ,X into Tsygan’s double complex as zeroth column yields a map
I:HH,(X)— HC,(X). Considering only the zeroth and first column in CC, ,X leads
to a double subcomplex denoted C’C’.{?.}X ; the inclusion C, X — C’C’;{’Q_}X induces an
isomorphism

HH,(X) ~ H,(Tot (CC{Z X))

since the quotient is the first column that is acyclic. Also, there is an isomorphism
CC,.X[-2] = CC, . X/CCI¥X ~CC, . X

of the quotient complex consisting of columns p > 2 with the original double complex itself,
but shifted two columns to the right. The shifting operator S : HC,,(X) — HC,,_o(X) is
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therefore induced by the quotient map Tot (CC, ,X) — Tot (CC, ,X[—2]). The resulting
short exact sequence

0 — cclPx Loco..x £ oo, X[-2] -0

of double complexes yields a boundary map B : HC,,_1(X) — HH,,(X) which fits into
Connes’ long exact sequence above. The S BI-sequence is an efficient tool to compute cyclic
homology once the Hochschild homology is known. In particular, it follows by induction as
well as the 5-Lemma that every morphism of cyclic objects that induces an isomorphism on
Hochschild homology induces an isomorphism on cyclic homology (note that H Hy(X) =
HCy(X)).

1.1.8 Periodic Cyclic Homology We now come to the most important version of cyclic
homology, the periodic one. This the correct noncommutative analogue to the classical
de Rham cohomology (see Examples 1.1.10(ii)—(iii) for illustrating results). The rdle of
Hochschild and cyclic homology is merely that of intermediate steps towards the final, peri-
odic theory; this philosophy also applies when doing computations.

As above, let X be an r-cyclic object in an abelian category M, where we assume that
r # oo. Due to its obvious periodicity, Tsygan’s double complex can be extended to the
left to form the upper half plane complex C'P, ,X. The periodic cyclic homology, denoted
HP,(X), is the homology of the ‘product’ total complex

HP,(X) = H,(Tot'(CP, .X)).

Here, by product total complex Tot I we mean the total complex formed by using products
(thought of as ‘infinite sums’) rather than sums. Recall [Lol, 5.1.2] that the homology of the
standard ‘sum’ total complex does not lead to meaningful results (observe that in contrast to
CC., . X there is now an infinite number of non-zero modules C'C), ; with p + ¢ = n). Itis
visually evident from the periodicity of CP, ,X that each of the maps S : HP,42(X) —
H P, (X) is an isomorphism; hence its name: the modules H P,,(X) are periodic of order 2.

1.1.9 Mixed Complexes There is another (simpler) double complex computing the cyclic
homologies—Connes’ double complex—which we now recall. This double complex arises
as a simplification of Tsygan’s double complex due to the fact that some of its columns are
contractible: exploiting the fact that a cyclic object X has degeneracies, one can eliminate
the acyclic columns applying the ‘killing contractible complexes lemma’ [Lol, Lem. 2.1.6]
to obtain a double complex BC, , X, called Connes’ double complex. To this end, introduce
the ‘extra’ degeneracy

S_1 :=1tpy15n : Xn — Xnt1, (1.1.7)

which can be shown to be a chain contraction of C?¥°(X) (one may equally consider
Sp41 = t;}rlso). Also, define

B:=(1—1,)s 1N : X, — X1,

which is commonly called Connes’ coboundary map or Connes’ cyclic operator (notice,
however, that it already appears in the early work of Rinehart [Rin]). One can easily see that
B? =0, Bb+ bB = 0, besides b2 = 0 for the Hochschild boundary. Define BC, ,X by
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BC,, 4(X) := X4—p for 0 < p < ¢ and zero otherwise, and organise it into the following
double complex:

b b b b
! B B ' B
X3 - X2 - X1 XO
b b b
Y B Y 5 v
BC, X : Xo = X1 = Xo
b b
Y y

Again, one obtains an exact sequence of complexes

0 — C.X — Tot BC, . X —> Tot BC, ,X[2] — 0, (1.1.8)

from which one may derive the S BI-sequence again, showing basically that the two opera-
tors which we both denoted by B actually coincide.

The homology of the zeroth column in BC,,X is still the Hochschild homol-
ogy HH,(X) = H.(C.X,b), whereas the morphism of complexes Tot CC, . X «
Tot BC, . X is a quasi-isomorphism. Hence

HC,(X) = H,(TotCC, ,X) <— H,(Tot BC, ,X) (1.1.9)

is an isomorphism if X is a cyclic object, so that BC, ,X can be taken to compute cyclic
homology. If X happens to be a cyclic module for some ring k, each column can be replaced
by its normalised version. That is, put X; := X;/k = Coker (k — X;) in place of X;
which leads to a new complex denoted BC’.,.X with horizontal differential of the form
B := s_; N. The main issue here is that one can replace BC, ,X in both (1.1.8) and (1.1.9)
by BC, X, hence it computes the same homology.

In a general framework, such an object that is both a chain and a cochain complex is
called a mixed complex [Kasl]: this is a graded object { X, },>0 with two families of oper-
ators b : X,, — X,,_1and B : X,, — X, subject to b> = B2 = Bb+ bB = 0. Hence
each cyclic object gives rise to a mixed complex (but not necessarily the other way round).
In any case, the isomorphism in (1.1.9) may serve as a definition of Hochschild and cyclic
homologies of a mixed complex.

1.1.10 Examples Here we will give some typical ‘classical’ illustrations which will possibly
be helpful later on.
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@)

(i)

The cyclic homology of a k-algebra U (as originally defined in [Co3]) is the cyclic
homology of the cyclic object U of Example 1.1.5(i). In particular, HCy(U) =
U/|U,UJ.

The Algebraic HKR-Theorem [HoKoRos, LoQ] If U is a unital commutative algebra
over a commutative ring k containing Q, its U-module of Kéhler differentials QTlJI & 18
generated over U by symbols du, u € U subject to the conditions

d(auv) = adu, d(u+v) = du+ dv, d(uv) = udv +vdu

for all u,v € U, a € k. Denote by QU\k = A;JQ%]W the U-exterior algebra
of Kihler differentials where QU‘ x ‘= U and write typical elements in €}, as
ug duy - - - duy,, = ugduy A --- A du,. The de Rham differential d is the family of
maps

d: QUlk - QU‘k‘ , d(uo dul -..dun) = duo dU1"'dun,

for u; € U. It fulfills d2 = 0, so that one may define the de Rham cohomology of U
as H&R(U) = H.(QUUC)'

One now has two natural maps, the antisymmetrisation map and its section, respec-
tively,

Tt HH(U) — Qg (wosu, .oy tn) = uo dug -+ dug,

€n : Q?]“g — HH,(U), wuoduy---duy — Z sign o (uo, Us=1(1)5 - 7ua*1(n))a
ocES,,

and 7, €, = nlid holds. In particular, both maps commute with the map B,

HH,(U) - HH,11(U) induced by B, thatis B, €, = €,41d and (n + 1)dm, =
Tn+1 By hence B is compatible with d. Under the assumption that k£ contains Q, the
map %wn induces a morphism of mixed complexes

(C.U,b, B) — (4, 0,d),
and if U is smooth (confer [Lol, App. E] for the precise definition), one can prove

1.1.11 Theorem If U is a smooth algebra over k, the antisymmetrisation map € :
le . — HH,(U) is an isomorphism of graded algebras . As a consequence, if k
contains Q, one additionally has a canonical isomorphism

HC,(U) =~ Qfy,,/dQ,! © Hig *(U) © Hig "(U) @ ...,
the last summand being H, (U) or H}p, (U) depending onn even or odd, respectively.

Finally,
H Hn+2m
meZL
Since HC,(U) is defined even for noncommutative U, one may think of (periodic)

cyclic homology as a generalisation of de Rham cohomology to a noncommutative
setting.
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(iii) Connes’ Theorem [Co3] A differential geometric version of the preceding example is
as follows. The algebraic theory HC, (U) for a general algebra U is usually hard to
calculate; in applications, however, U is often determined more specifically, for exam-
ple it is given as a topological locally convex algebra. In such a situation the algebraic
tensor product in Example 1.1.5(7) has to be replaced by one that does not ignore the
topology since already in the case C'S° (M) of compactly supported smooth functions
on a manifold M the algebraic cyclic homology is not known. As already discussed
in Example 1.1.5(ii), one has different possibilities for choosing such a tensor prod-

uct ®, as long as the property C°° (M )®" ~ C°(M*™) is fulfilled. In either case,

for C,(C=(M)) = C>=(M)®**" using any of the tensor products with the desired
property, the map

Wi fo® Fi@ @ furs o fodfy - df
defines a quasi-isomorphism of complexes
(C.(C=(M)),b) — (2° M, 0)
as well as a map of mixed complexes
(C.(C®(M)),b,B) + (Q2°M, 0, dqr).

Note that the fact that  is a map of mixed complexes indicates that, up to a factor, B
seems to be the correct replacement of dgg to a noncommutative setting. In particular,
if the manifold M is compact one has the isomorphisms [Co3]

HH,(C>®(M))~Q*M andhence HP,(C>®(M))~ HS"(M) @ HSS(M).

(iv) Almost Symmetric Algebras Let (U, ) be a non-negatively filtered algebra over a com-
mutative ring k, i.e., there is a sequence of k-modules { F;U };>¢ such that

FoUCFlUCFQUC...,
U, U = U, N EFU = 0, (FZU) . (FJU) C FH_]'U fori,j > 0.

Now U is called an almost symmetric algebra if its associated graded algebra gr U =
@igr; U, where gr, U = F,U/F;_1U, is isomorphic to the symmetric algebra SV
where V := F,U/F,yUs; this requires in particular FoU = k and gr U to be commuta-
tive. Moreover, gr U becomes a Poisson algebra, that is, a (possibly unital and com-
mutative) associative algebra together with a Lie bracket that satisfies a Leibniz deriva-
tion rule in each of its arguments. Now consider the canonical map p; : F;U — grU,
take two elements f € gr;U and g € gr; U, and choose u € F;U, v e F;U
such that f = p;(u) and ¢ = p;(v'). Since grU is commutative, the commutator
[u,v'] = wu' — w'u lies in F;;_1U and one verifies that {f, g} := pit;—1([u,u'])
only depends on f, g and indeed defines a Poisson structure on gr U. Finally, the
symmetric algebra SV inherits a Poisson structure by pullback and the degree —1
differential
d(voduy -+ duy,) := Z(—l)i{vo, vy pdvy - - - dv; - - - dv,,
i=1
+ Z (=1) T vgd{v;, vj hdvy - - cdv; -+ - d{)j - duy

1<i<j<n
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on Q'Svl ;. anti-commutes with the degree +1 de Rham differential d. Hence this con-
struction defines a mixed complex (Q§v| 4> 0, d). Then one can prove [Kas2, Lol]:

1.1.12 Theorem If k contains Q and U is almost symmetric, one obtains isomor-
phisms

HH,(U) = H.(Q%yi,0),
HC,(U) = HC,(Qyy .0, d),
HP,(U) = HP.(Q%y, 0, d).

In particular, one can apply this theorem to the universal enveloping algebra U L of a
(free as a k-module) Lie algebra L, reproducing e.g. the classical result H H,(UL) ~
H,(L,U Lad) of [CarE, Chapt. XIII, Thm. 7.1], or to a similar construction in the
framework of Lie-Rinehart algebras (provided one is interested in their algebra ho-
mology). We will, however, take a different route to the same result, see Theorem
6.4.1(i).

1.1.13 Cocyclic Objects As before, let [NV be an abelian category and pick 1 < r < co. An
r-cocyclic objectin N is a functor Y : AC,. — N, that is, a cosimplicial object (Y*,d,,,)
together with a morphism 7, : Y™ — Y™, subject to

5 = 0i—1Ti—1 if1<i<n,
A S ifi =0,
O0i—1Tn+1 if]. S 7 § n, (1'1‘10)
T™no; = 2 .
OnTpa1 if 1 =0,
it =g

Again, in case r = oo the last equation is replaced by the empty relation. In such a case
the resulting co-cocyclic objects are also called para-cocyclic objects; if r = 1, we simply
speak of cocyclic objects. As before, we will be often dealing with the case in which NV is
the category of modules over a ring, that is, we will be considering cocyclic modules. On the
other hand, natural objects to deal with in this context are actually comodules with respect
to some coalgebra and some ring (hence still some modules over some ring, see §1.2.2 for
more details). In those cases we shall speak of cocyclic comodules.

1.1.14 Example Dually to Example 1.2.4(i), one can assign to each k-coalgebra C and ¢ €
Endj, C a cocyclic module C;" ; cf. [FeTs]. We do not give the details here, but rather refer
to the generalised version in §1.2.5, where k is replaced by an arbitrary k-algebra.

1.1.15 Hochschild and Cyclic Cohomology for Cocyclic Objects For a cocyclic object Y,
define

Bl Y™ — YL g = Y N (—1)5;

j=0
ﬁn YY" — Yn+17 ﬂ’n = ﬂ;b + (_1)n+15n+17

(1.1.11)
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along with the extra codegeneracy o_; := 0, 7,+1 Which serves here as contracting homo-
topy (one could also take 0,11 = 0T, +1) and A\, := (=1)"7, for r # oo. Moreover,
set

(n+1)r—1

N := Z M B:=No_1(1 = Apy1).

Then the resulting mixed complex (Y*, 3, B) defines the Hochschild and cyclic cohomolo-
gies HH*(Y) and HC*(Y'), respectively; again, if r = oo, set HH*(Y) = H*(Y, ). As
before, one could alternatively consider a ‘cocyclic’ bicomplex, but we refrain from spelling
out the details here. See, however, (5.2.14) for an example of a reduced (normalised) bicom-
plex where Y* is in the category of cocyclic modules.

1.1.16 Tor and Ext Interpretation of Cyclic (Co)Homology One can apply methods of
homological algebra in the abelian category of (co)mmghclal k-modules. If X is a simplicial
and Y is a cosimplicial k-module, the groups Tor (Y, X) are well-defined and in fact
are k-modules. The trivial simplicial or c051mp11c1al module k is the functor [n] — k for
all n > 0 with (co)faces and (co)degeneracies given by the identity; one can show that
or2™ (k, X) ~ HH,,(X) and Ext"., (Y, k) ~ HH™(Y), cf. e.g. [Lol].

The interpretation of cyclic homology and cohomology as Tor and Ext functors, respec-
tively, consists essentially in replacing the simplicial category A by AC'. A theorem in [Co2]
(see also [Lol, 6.2.8] for a proof) establishes canonical isomorphisms

TOTT?UPC(]C, X) ~ ch(X) EXtTALDPC(K k,) ~ HC"(Y)

for X,Y cyclic and cocyclic, respectively. The proof works essentially in an analogous
manner as the one for Hochschild homology and simplicial modules; however, instead of
constructing a particular resolution for the trivial cyclic module & as in the case of simpli-
cial modules, one rather constructs a certain biresolution; see [Lol] for details. In case of
Example 1.2.4(7), one obtains in a canonical way for a unital associative k-algebra U

Tor2™C (k,U%) ~ HC, (U), Ext™ope (U, k) = HC™(U).

1.1.17 The Cyclic Dual A remarkable property of the cyclic category AC, is the existence
of a natural isomorphism to its opposite category A°PC., so to say a self-duality. For the sake
of simplicity we give the explicit construction for » = 1; confer [FeTs] for the more general
case. Roughly speaking, the corresponding duality functor AC — A°PC is the identity on
objects, exchanges (co)faces and (co)degeneracies and sends the (co)cyclic operator to its
inverse. More precisely, if X = (X,,d,, s.,t,) is a para-cyclic object with ¢,, assumed to
be invertible for all n. > 0, define its cyclic dual X := (X*,0,,0.,7,) where X" := X,, in
degree n and

(5, = S;—1 X" — ' N 1<’i<7’L,

8o i =tns, : X" — X"'H,

o; i =d; X o X”fl, 0<i<n—1,
I s &
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Also, if Y = (Y'L 0ey 04 ,VT.) is a para-cocyclic object with invertible operator 7, its cyclic
dual is defined as Y := (Y, d,, s., t.), where Y;, := Y™ in degree n and

di == 051 V, — Y. 1, 1<i<n,

do :==0n_1Tn ¥n - ¥n—17

S; :(51 n Yn+1, OSZS’H—].,
tp =1, ! Y, — Y,.

Note, however, that there are other possible formulae for an isomorphism AC — A°PC
since AC has nontrivial automorphisms (see e.g. [Lol, 6.1.14]). One easily proves [Co2]:

1.1.18 Lemma Let X be a para-cyclic object and Y a para-cocyclic object, as above.

(i) The quadruple X = (X*,6,,0.,7,) is a para-cocyclic object and is cocyclic if X is
cyclic.

(ii) Analogously, the quadruple Y = (Y,, d., S.,t.) carries the structure of a para-cyclic
object and is cyclic if Y carries a cocyclic structure.

The following proposition (see e.g. [KhR4]) reveals that the respective Hochschild
(co)homology groups of the (co)cyclic duals of Examples 1.1.5(i) and 1.1.14 turn out not
to cause enormous excitement.

1.1.19 Proposition Let U be a unital algebra and let C be a (counital) coalgebra, both over
some field k.

(i) The Hochschild cohomology of the cocyclic module Ut is trivial in positive dimen-
sions.

(ii) In the same fashion, the Hochschild homology groups of the cyclic module (jh are
trivial in positive dimensions.

PROOF: The proof of both statements relies on giving a contracting homotopy. If ¢ : U —
k is a linear functional with the property ¢(1y) = 1, defining

o USTL L U@ @ - Qp U — d(up)ur ® -+« -  up,

and remembering that U, := U®"1 in degree n > 0, one can verify that this defines a
contracting homotopy for the Hochschild complex of U®. Likewise, for an element 7 € C
with e(7) = 1, for example a grouplike element, the map

51 CORMTL L CORMF2 0 @ @ Cp > T Rk Co @ - B Gy,

defines a contracting homotopy for the Hochschild complex of Ch~ O

This homological triviality generally fails; confer Chapter 6 for meaningful results for the
homology of a cyclic dual.
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1.2 A-rings and A-corings

This section presents the generalisations from k-algebras and k-coalgebras to algebras and
coalgebras over not necessarily commutative ground rings; we also discuss their associated
cyclic objects. The content of this section will be needed throughout all subsequent chapters.

1.2.1 A-rings An A-ring (cf. e.g. [BrzWi, B3, Str]) is a monoid in the monoidal category
(A®-Mod, ® 4, A) of (A, A)-bimodules over a not necessarily commutative k-algebra A.
We refer to A as the base ring (or base algebra) whereas & will still be called the ground
ring. Let A° := A ®; A°P be the enveloping algebra of A.

An A-ring U is therefore a triple (U, my,,n) where U € A>-Mod and my, : U®4 U —
Uu®uv— uvaswellasn: A — U are (A, A)-bimodule maps such that

my(my ®idy) = my(idy ® my) (associativity),
my(n®idy) = my(idy ®n) (unitality).

We refer to U as the fotal ring. Moreover, we will make frequent use of the well-known fact
that A-rings U correspond bijectively to k-algebra homomorphisms

n:A—U, (1.2.1)

see e.g. [B3] for a proof. With this characterisation, we may express the (A, A)-bimodule
structure by aub := n(a)un(b) fora,b € Aand u € U, hence for a € A, u,v € U one has

a(uv) = (au)v, u(va) = (w)a, (ua)v = u(av), (1.2.2)

A morphism of A-rings f : U — V is an (A, A)-bimodule morphism satisfying u(f ® f) =
fu as well as the property fn = n, which we shall baptise unitality again. Let A-Ring
denote the category of A-rings and (unital) A-ring morphisms. If A = k coincides with the
commutative ground ring, k£ being mapped into the centre of U by means of 7, one recovers
the conventional notion of a k-algebra.

1.2.2 A-corings Dual to the notion of an A-ring is the concept of an A-coring: this is a
comonoid in the monoidal category (A°-Mod, ® 4, A) of (A, A)-bimodules for a k-algebra
A. Explicitly, an A-coring C'is a triple (C, A, €), where C'is an (A, A)-bimodule (with left
and right actions L, and R,)and A : C — C®4 C,e: C — Aare (A, A)-bimodule maps
(called coproduct and counit) such that

(A®ide)A = (idde® A)A (coassociativity),
L,(e®cide)A = R,(ide ® €)A =1id¢ (counitality).

The notion of a cocommutative A-coring only makes sense if A is commutative and L , and
R, coincide. It is then defined by the condition oo A = A where o¢ o(c®ac’) = ®ac
is the tensor flip. An A-coring morphism is an (A, A)-bimodule morphism f : C — D
with Af = (f ®4 f)A and ef = ¢, which we call counitality again. Denote by A-Coring
the category of (counital coassociative) A-corings and (counital) A-coring morphisms. If
A = k coincides with the commutative ground ring, one recovers the conventional notion of
k-coalgebra. See [BrzWi] for more details on A-corings.
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1.2.3 Cyclic Tensor Products In order to give a well-defined meaning to the cyclic theories
for A-(co)rings, we first have to discuss the notion of cyclic tensor product of [Q2]. The
tensor product M1 ® 4 - - - ® 4 M, of a sequence of (A, A)-bimodules M;, i =1,...,n,is
again an (A, A)-bimodule and can be therefore equipped with the structure of a (say, right)
A°-module by means of

(ml ®A"'®Amn)'(a®k~ b) ::bml ®A"'®Amna7 Va,bGA

On the other hand, A itself carries a left A®-action by (a®yb)-c := acb where a, b, ¢ € A,
and one forms the cyclic tensor product

Mi®a Q@4 MR :=M ®4- @4 M, @4 A.

Analogously to usual tensor products, this k-module is universal for multilinear func-
tions f : My x .-+ x M,, — V into any space V satisfying f(...,m;a,m;t1,...) =
fG..,mi,amiqq,...) aswell as f(mq,...,mpa) = flamq,...,my) fora € A, m; €
M. In particular, for the lowest degree one has

M @40 A= MJ[A, M],

where [A, M] = {am — mala € A, m € M}. Of course, one can also consider A ® 4e
My ®4 - ®4 My, ie., consider the left A®-action on My X --- x M, and the right A°-
action on A: this leads to the same universal k-module. For notational reasons we always
put the abbreviation —® 4 on the right, even if A ® 4. — stands on the left. If all M; = M,
1 =1,...,n, are identical, its n-fold cyclic tensor product M ®4 --- ® 4 M® 4 carries two
natural actions of the cyclic group Z/nZ, the generators of which are either given by

tmi @4 @aAMp®4) =My @AMy Da - DA Mp_1Q4,

or by the operators A\ = (—1)""1¢.

1.2.4 A-rings as Cyclic Objects There is a functor ? : A-Ring — M“¢" from the category
of A-rings to the category of cyclic modules, defined as follows. For an A-ring U, the right
Ac-action on the (n + 1)-th tensor power U®4™+1 ig_ as before, given by

(Ug @A+ @A Up) - (a®pb) :=bug @4 - @A Una.

Let
BAU :=U®"H @4 A =U®A" Tl g, .

For ¢ € End4,4)(U), we associate in degree n the face, degeneracy and cyclic operators

U Da - Qg U] D - Qg Up® 4 if0<i<n-—1,
di(uo Ra - Qa Un®A) = { ¢)(Un)uo RaUl Rp v Da U104 ifi = n,
Si(Uo @4+ @4 Un®a) =Uo R+ Vs Ui ®a 1y @4 Uip1 @y -+ ®a if0 < i <y,
tn(Uo @4 -+ Oa Un®4) = B(Un) @a U @p Ul Dp -+ p Up_1@4 (123)
to the space Ui’d) = {B;’;‘U}nzo. Then Ui"i’ is r-cyclic if the order of ¢ is less than
infinity, and cyclic if and only if ¢ = id, in which case we will write Ui. The notion of
cyclic tensor products is required here to make these operators well-defined and allows one
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to drop the condition that n(A) C Z(U) lies in the centre of U. The condition (1.2.2) is
required to make the face operators well-defined. A unital A-ring morphism f : U — V
induces a morphism of cyclic modules f9 : Uﬂ\’q5 — Vj’fo"b by fH(up ®a -+ ®a up®a) 1=
flup)®a---®4 f(an)®a. In case that A = k, the commutative ground ring (as a k-module
over itself), the cyclic structure given here specialises to the conventional one for k-algebras
from e.g. [FeTs] or [Nis] as presented in Example 1.1.5(iii).

1.2.5 A-corings as Cocyclic Objects Similarly, there is a functor ; : A-Coring — N4Cr
from the category of A-corings to the category of cocyclic modules, defined as follows: Let
(C, A, €) be an A-coring, and use Sweedler’s [Sw1] shorthand notation Ac =: c(1) ®4 ¢(2)
for the coproduct. Recall that the left A®-action on the (n + 1)-th tensor power C®47+1 jg
given by
(a ®pb) - (CO®A e ®p ") = ac® @4 -+ @4 "D

On the other hand, a right A®-action on A°P is given by a - (b ®y, ¢) := cab and we consider
the cyclic tensor products

C®R4 - @aCR4 =A% R4 C @4 -®4C.
For ¢y € End(4,4)(C), define the cocyclic module C’;ﬁ = {B%C},>0 where BC :=

AP ® 40 COANTL —. C®antlg , in degree n with coface, codegeneracies and cocyclic
operators
0 i n . .
(A, ... no \ ] COa R AC R, Q4" ifo0<i<n
51,(6 ®a ®acC ®A) - { 0?2) R4 cl Ra Da ¢(C?1))®A le:n+1,

0i(? @4 ®aC"®4) = @4 Ru (T @4 TP, @, f0<i<n-1,
Tn(CO Qa - Qa Cn®A) =@, R, Q4 "/’(CO) Da -
(1.2.4)
Again, wa is r-cocyclic if the order r of 1 is less than infinity and cocyclic if and only
if ¢ = id in which case we will only write ChA. Similarly as before, a counital coalgebra
morphism f : ' — D induces a morphism of cocyclic modules f : Chf}w — Dﬁfow by
[i(P @4 ®@ac"@4) = f(P) @4+ @4 f(c")@24 in degree n. In case A = k coincides
with the commutative ground ring (as k-module over itself), the cocyclic structure given here
specialises with the conventional one for k-coalgebras as given e.g. in [FeTs].

1.3 Hopf Algebras and Their Cyclic Cohomology

Hopf algebras can be seen as a noncommutative analogue of Lie groups. More precisely,
symmetries in noncommutative geometry are determined by the action or coaction of some
Hopf algebra on an algebra or coalgebra.

A large part of this thesis is devoted to generalisations of Hopf algebra theories towards
Hopf algebroids We therefore briefly give an overview on Hopf algebras and their Hopf-
cyclic cohomology.

1.3.1 Bialgebras and Hopf Algebras

Let U be a k-module equipped simultaneously with a k-algebra structure (U, m,n) (cf.
81.2.1) and a k-coalgebra structure (cf. §1.2.2). Equip U ®;, U with the induced structure
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of a tensor product of algebras (by factorwise multiplication and unit 1, ®j 1,) and also
with the induced structure of a tensor product of coalgebras (with comultiplication (id, ®j
Ov.v @k idy ) (A ® A) and counit € ® €). The proof of the following classical lemma can be
e.g. found in [Kas3, Str]

1.3.1 Lemma The following statements are equivalent
(i) The maps m and n are morphisms of k-coalgebras.
(i) The maps A and e are morphisms of k-algebras.
This leads to the following definition.
1.3.2 Definition (i) A k-bialgebra is a quintuple (U, my,n, A, €), where (U, my,n) is a
k-algebra and (U, A, €) a k-coalgebra verifying the equivalent conditions of the pre-

ceding lemma. A morphism of k-bialgebras is a morphism for both the underlying
k-algebra and k-coalgebra.

(ii) Let (H,mp,n, A, €) be a k-bialgebra. An endomorphism S : H — H is called an
antipode for H if

my (S ®idy)A =my(idy ® S)A = ne.

A Hopf algebra is a k-bialgebra with an antipode. A morphism of Hopf algebras
is a morphism between the underlying k-bialgebras commuting with the respective
antipodes.

It can be shown that the antipode is unique (if it exists) and is both an anti-algebra mor-
phism and anti-coalgebra morphism.
1.3.3 Examples Commutative or cocommutative Hopf algebras arise naturally from groups

and Lie algebras.

(i) Let I' be a discrete (not necessarily finite) group with group algebra CI'. Extending
the maps

Ag=g®cg, eg=1c, Sg=g ',  VgeT,

linearly to all of CI", one obtains a cocommutative Hopf algebra structure on CI". This
Hopf algebra is commutative if and only if I' is commutative.

(ii) The universal enveloping algebra Ug of a Lie algebra g is a cocommutative Hopf
algebra. The structure maps have the defining properties

AX=X®cl+1l®cX, eX=0, SX=-X VXeg

Ug is a commutative Hopf algebra if and only if g is abelian, in which case Ug coin-
cides with the symmetric algebra Sg of g.

See e.g. [Sw1, Kas3, Str, ChPr] for extensive material on Hopf algebras.
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1.3.2 Hopf-Cyclic Cohomology

In [CoMos2] a new cohomology theory of Hopf algebras was launched, nowadays referred
to as Hopf-cyclic (co)homology. One may consider this as the correct noncommutative
analogue of both group and Lie algebra homology, see below. The original motivation was
to obtain a noncommutative characteristic map

Xeo : HC3 o (H) — HC*(A) (13.1)

from a certain cyclic cohomology group to the standard cyclic cohomology group of an
algebra A needed for the study of transverse elliptic operators, induced on the cochain level
by a map

Xew : HO — C™ A, Xoo(h, ... hy)(ag, - .. an) = tr(aghi(ay),. .., hn(a,)) (1.3.2)

in degree n. Here, H is a Hopf algebra (with structure maps as before) acting on a unital
k-algebra A by the assignment (h, a) — h(a), satisfying in particular the Leibniz rule

h(ab) = h(l)(a)h(g) (b), a,be A, he H.

Such a Hopf algebra action may be seen as a notion of ‘quantum’ symmetry on a noncom-
mutative space, see e.g. [CoMosl]. The data (0, o) that appears in (1.3.1) form an algebraic
analogue of the modular function of a locally compact group:

1.3.4 Definition A character 6 € H* (i.e. a ring homomorphism § : H — k) together with
a grouplike element o € H (i.e. an element that fulfills Ao = 0 ® 0, eo = 1) related to
each other by the condition do = 1, is called a modular pair.

Modular pairs turns out to be self-dual in some sense when passing to the dual Hopf algebra,
see [CoMos4]. Finally, the linear map tr : A — k that appears in (1.3.2) is a o-invariant
d-trace, i.e. a map fulfilling

tr (h(a)) = 6(h)tr(a), tr(ab) = tr(bo(a)), a,be A.
Maps of the kind (1.3.2), originally introduced in [Col], are typical ingredients in cyclic

cohomology.

1.3.5 Twisted Antipodes The character § gives rise to a twisted antipode S:H — H,
defined by [CoMos4] ~
Sh = n(5h(1))5h(2), h e H, (1.3.3)

where S is the antipode of the Hopf algebra H. The twisted antipode S is an anti-algebra
morphism and a twisted anti-coalgebra morphism, that is
ASh = Shz) ®) Shq), h € H. (1.3.4)
Furthermore, it satisfies ~ ~
eS =9, dS=c¢e. (1.3.5)

If A is unital, one also proves that J-invariance of tr is equivalent to partial integration

tr (h(a)b) = tr (a(Sh)(D)), a,be A, h € H,
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and (4, o) is called a modular pair in involution if
S?h =oho™, heH, (1.3.6)

where 0~ 1 := So.

1.3.6 Example For any commutative or cocommutative Hopf algebra we have S? = id
(cf. e.g. [Kas3]). Hence (e, 1) is a modular pair in involution. See, however, [CoMos2] for
a less trivial example.

1.3.7 The Hopf-Cocyclic Module In [CoMos2] a cocyclic module is attached to the triple
(H, 4, 0) as follows. Set Hf’” = {H®"},,>0,1.e. H®" in degree n and H®" := k in degree
zero. The cosimplicial operators are then given as

1 @k h! @ - @ h™ ifi =0,
Si(h' @ - @ h™) = ht @y - @k Agh' @p -+ @ ™ if1<i<n,

h' @ - @k " Qo ifi=n+1,
oi(h' @ - @ahF) = W@y @peh T @ - @4 h" if0<i<n-—1,

and in degree zero

1. ifj=0,
oLk _{o— it =1,

Finally, the cocyclic operator is defined as

Ta(h' @k - @) ™) = (A} TS (WP @ -+ @ b @), 0)
= S(h{p)h* @ - - @k S(hiy)h" @ S(h{y)o.
These operators were originally obtained by pulling back the cocyclic structure of C*A
and were dictated by requiring the characteristic map (1.3.2) to be a morphism of cocyclic
modules. One can now show [CoMos4] that H, f "7 is cocyclic if and only if (1.3.6) is fulfilled.

In such a case we speak of the Hopf-cyclic cohomology of the triple (H,d,0), denoted
HCS, (H)and H P, (H), respectively.

1.3.8 Examples Let us state two results corresponding to the Examples 1.3.3; cf. [CoMos2,
Cr3] for the proofs.

(i) For the group algebra CT" of a discrete not necessarily finite group I" one obtains

HP),(CI')~C,  HP!(CT)~0.

(ii ) For a Lie algebra g, a character 0 : g — C is a linear map with J| [a,5] = 0, and denote
its unique extension to an algebra morphism Ug — C by the same symbol §. We write
Cs for C, seen as a g-module via d. For elements X € g one obtains SX = —X +6X,
hence o = 1: this is the unimodular case. One then computes [CoMos2, Cr3]

HP(;,l(Ug) =~ HOdd(gv CJ) @ HCVCn(97C5);

where the right hand side denotes the Chevalley-Eilenberg homology of Lie algebras
with values in the g-module Cj.
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Example 1.3.8(ii) gives a hint why one should consider Hopf-cyclic cohomology as a non-
commutative analogue of Lie algebra homology. We will make a similar statement in the
generalised context of Hopf algebroids and Lie algebroids (Lie-Rinehart algebras, respec-
tively) as a consequence of Theorem 5.5.7(ii) below.

See e.g. [CoMos4, CoMos2, Cr3, HKhRSol, HKhRS02] for more material on Hopf-
cyclic (co)homology of Hopf algebras. There is also a Hopf-cyclic homology theory dual to
the one above in the sense of cyclic duality. We will not give the details here (cf. [KhR1,
KhR4, KhR2, Tai]), but will immediately extend this theory to the realm of Hopf algebroids
in Chapter 6.

1.4 Lie-Rinehart Algebras

In this section we collect some material on Lie-Rinehart algebras. Lie-Rinehart algebras can
be thought of as algebraic versions of Lie algebroids. As for Lie algebroids (cf. [NisWeiX]),
there is an associated universal enveloping object associated to it. In Section 4.2 we will
discuss the possibilities how this object can be considered an example of a ‘generalised
Hopf algebra’.

As before, let k£ be a commutative unital ring (containing Q) and A a commutative k-
algebra. For the subsequent definition unitality of A is not strictly required, but for conve-
nience we will assume this as well.

1.4.1 Definition [Rin] Let L be a k-Lie algebra L, a ®; X +— aX fora € A, X € L aleft
A-module structure on L, and w : L — Dery A, X — {a — X(a)} a morphism of k-Lie
algebras. The pair (A, L) is called a Lie-Rinehart algebra with anchor w, provided

(aX)(b) = a(X(D)) XeL, abeA, (1.4.1)
[X,aY] = a[X,Y]+X(@)Y X,YeL acA. (1.4.2)
A morphism (A, L) — (A’, L") of Lie-Rinehart algebras is a pair of maps (¢ : A — A’ ) :

L — L') where ¢ is a morphism of k-algebras and ¢) a morphism of k-Lie algebras with the
properties Y(aX) = ¢(a)(X) and ¢(X (a)) = »(X)(¢(a))-

1.4.2 Examples Two immediate examples are given by the following:

(i) The pair (A4, Dery A) of a commutative algebra A and its k-derivations with obvious
anchor yields a Lie-Rinehart algebra.

(ii) A Lie algebroid is a vector bundle £ — M over a smooth manifold M, together with
amap w : E — TM of vector bundles and a (real) Lie algebra structure |.,.] on the
vector space I'E of sections of FE, such that the induced map I'(w) : TE — X (M)
is a Lie algebra homomorphism, and for all X,Y € I'E and any f € C*>(M), one
has [ X, fY] = f[X,Y]+T'(w)(X)(f)Y. Then the pair (C>°(M),T'E) is obviously a
Lie-Rinehart algebra; see e.g. [CanWei] and [Mac] for more details on Lie algebroids.

1.4.3 Definition [Rin, Huel] The universal object (V L,ir,i4) of a Lie-Rinehart algebra
(A, L) is a k-algebra V L with two morphisms iy : A — VL and iy : L — VL of
k-algebras and k-Lie algebras, respectively, subject to the conditions

ia(@)in(X) = ir(aX),  in(X)ia(a) —ia(@)i(X) =ia(X(a), a€A, X €L,
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universal in the following sense: for any other triple (W, ¢, ¢ 4) of a k-algebra W and two
morphisms ¢4 : A — W, ¢, : L — Wy, of k-algebras and k-Lie algebras, respectively
(where W71, is the commutator Lie algebra) that obey

Pa(a)pr(X) = ér(aX),  oL(X)pala) = Pa(a)pL(X) = pa(X(a)), (14.3)

there is a unique morphism
. VL-W (1.4.4)

of k-algebras such that ®i4 = ¢4 and iy, = ¢ .

Note that in case of a trivial anchor one obtains the universal enveloping algebra of L as an
A-Lie algebra.

1.4.4 Remark An alternative construction [Huel] describes V' L as a Massey-Peterson al-
gebra [MasPe]: this coincides with what we will call a ‘smash ring’ in Lemma 3.3.2, see
below. Let UL be the universal enveloping algebra of the k-Lie algebra L with coproduct
Ayru = u() @k u(2). Then clearly A is a left U L-module ring (under the canonical action
(2.3.3) and considering (2.3.4)), and one can set V' L = A>,U L with product

(a><qu)(a’>qv") = auy(a’)=aup’, a,a’ € A, u,u’ € UL.

We may now obviously set iy, : L — VL, X +— Ig>uX andiy : A —» VL, a —
a>ialyr; from this description it is obvious that ¢4 is an algebra morphism and 7, is a
morphism of Lie algebras.

1.4.5 The Poincaré-Birkhoff-Witt Theorem for V' L The algebra V'L carries a natural fil-
tration
WwLcwLcWLC...,

where V_1L := 0, VoL := A and for p > 0, V,,L is the left A-submodule of V' L generated
by ir,(L)P, i.e. products of the image of L in V'L of length at most p. Since au—ua € V1L
for any a € A and u € VL, left and right A-module structures coincide on V,L/V,,_1 L.
It follows that the associated graded object gr V' L inherits the structure of a graded com-
mutative A-algebra. Denote the symmetric A-algebra by S4L and define S| L as the ptt
symmetric power of L. If L is projective over A, the canonical A-linear epimorphism
SaL = gr V L is an isomorphism of A-algebras (cf. [Rin, Thm. 3.1] see also [NisWeiX]
for a more differential geometric version). Hence ¢y, and 74 are injective; we may therefore
identify elements ¢ € A and X € L with their images in V' L. As in the classical Lie algebra
case, the symmetrisation

1
T ShV = VoL, wi-ev, = D Ue1) @A B A Vo(p), (1.4.5)
" oeP(p)

(where v; € L or v; € A) induces an isomorphism of (left) A-modules SqL. — VL. As
an algebra with multiplication my 1, we may also describe V' L as generated by elements
X € L and a € A respecting the relations my 1 (a, X) = aX and [X,a] := my (X, a) —
myr(a,X) = X(a).
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1.5 Groupoids

This section contains some basic material on groupoids.

1.5.1 (Etale) Groupoids A groupoid G is a small category in which each arrow is invertible.
Somewhat more explicitly, a groupoid consists of a space of objects GG, a space of arrows
G (often denoted G as well) and five structure maps relating the two:

(i) source and target maps s,t : G; — G, assigning to each arrow g its source s(g) and
target ¢(g); we say that g ‘goes from s(g) to ¢(g)’;

(ii) a partially defined composition of arrows, that is, only for those arrows g, h for
which source and target match, s(g) = t(h), ie.amap m : Gy := G1°x} G1 —
G1, (g,h) — gh thatis associative whenever defined, producing the composite arrow
going from s(gh) = s(h) to t(gh) = t(g);

(@@ii) aunitmap 1 : Go — G1, =+ 1, that has the property 1;(4)9 = gls(y);

(iv) an inversion inv : G; — Gy, g — ¢! that produces the inverse arrow going from
s(g™) =t(g) to t(g™") = s(g). fulfilling g~'g = Ly(g), g9~ = Ly(y).

These maps can be assembled into a diagram

m inv S 1
GZHG(l*)Gl?GOHGl-

An arrow may be denoted 2 <~ y to indicate that y = s(g) and = = t(g), but usually we
abbreviate this to - < .

A topological groupoid is a groupoid in which G1, G are topological spaces and all
the structure maps are continuous. Mutatis mutandis one defines smooth groupoids, where
in addition s and t are required to be surjective submersions in order to guarantee that
Gy = Glsxéo (G1 remains a manifold. A topological (or smooth) groupoid is called étale if
the source map is a local homeomorphism (or local diffeomorphism). This implies that all
structure maps are local homeomorphisms (or local diffeomorphisms, respectively). In the
smooth case, this equivalently amounts to saying that dim G; = dim Gy. In particular, an
étale groupoid has zero-dimensional source and target fibres, hence they are discrete. See
e.g. [CanWei, L1, Mac, MoeMr¢2] for more material on groupoids.

1.5.2 Local Bisections and Germs A local bisection of a Lie groupoid G is a local section
o0:U — Gofs: G — Gy defined on an open subset U C G such that to is an open
embedding. If G is étale, any arrow g induces a germ of a homeomorphism o, : (U, s(g)) —
(V,t(g)) from a neighbourhood U of s(g) to a neighbourhood V" of ¢(g): choosing U small
enough such that a bisection ¢ exists and t|, is a homeomorphism into V' := ¢(cU), we
simply set o, := to. We usually do not distinguish between o, and the ‘actual’ germ of this
map at the point s(g).

1.5.3 Fibre Sum. Notation For a space X we denote the set of sheaves over X by Sh(X)
(cf. [Br]). If F € Sh(X), £ € Sh(Y) are (c-soft [Br]) sheaves over some spaces X,Y,
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respectively, ¢ : X — Y an étale map (i.e. a local homeomorphism) and o : F — ¢~ '€ a
sheaf morphism, we often consider maps of type

(0[7(]5)* : I‘C(X7 ]:) - FC(Y7g)a ((a7¢)*u)(y) = Z am(u(m)) € g?ﬁ T e X7y € K
y=¢(x)

where I'.(—, —) denote the groups of compactly supported sections (cf. e.g. [Br], and [Cr2]

for an extension of the functor I'. to non-Hausdorff spaces). This map is abbreviated to

(,0) :T(X, F) = T(Y,E), (u]x)— (a(u)]d(x)), ze€X,uelF,.

In particular, if X,Y are two manifolds and CSf, C5® the sheaves of smooth functions
over X and Y, respectively, a smooth map ¢ : X — Y yields a homomorphism of com-
mutative algebras ¢ : C)O/(,)(zﬁ(x) — CX . on each stalk for z € X. If ¢ is étale, i.e. a local
diffeomorphism, ¢ is an isomorphism with inverse ¢..,,, and ¢ induces the linear map

¢y CO(X) = C(Y), by (w)y = (0 @)ut)(¥) = Y bual(uia), (1.5.1)
y=o(z)

the sum over the ¢-fibres.



Chapter 2

Hopf Algebroids

Roughly speaking, a Hopf algebroid is an algebra carrying simultaneously
(1) a ‘left’ coalgebra structure,
(2) a ‘right’ coalgebra structure,
(3) an ‘antipode’ intertwining these two structures.

We emphasise here that although the information given in (1)—(3) is partly redundant, the
Hopf algebroid axioms and resulting identities are much more natural and symmetric if one
distinguishes the three different structures. For instance, the right coalgebra structure can be
reconstructed from (1) and (3), but the Hopf algebroid axioms written just in terms of the
left coalgebra structure and the antipode would then become unnatural and complicated.

More precisely, a Hopf algebroid should be a kind of generalised bialgebra—a so-called
bialgebroid—with a certain notion of an antipode on it. A typical generalisation of a k-
bialgebra consists in replacing the commutative ground ring k£ by a noncommutative ring,
involving the concepts of A-ring and coring from §1.2.1 and §1.2.2, respectively, and a cer-
tain interaction between them. However, as said, instead of only one even two such gener-
alised bialgebra structures (left and right bialgebroids) of a different nature will be required,
two concepts that we recall below.

2.1 Left Bialgebroid Structures

Like k-bialgebras, bialgebroids are both algebras and coalgebras, but over different base
rings. In other words, they are monoids and comonoids in different monoidal categories
and the interplay between these is far from obvious. The correct setup presumably appeared
for the first time in [Tak] under the name X 4-bialgebras. They were rediscovered several
times, apparently independently, and baptised bialgebroid in [Lu], bialgebroid with anchor
in [X3, X1], and all these notions were shown to be equivalent in [BrzMi].

Recall from §1.2.1 that an A°-ring U can be described by a k-algebra map ny = n :
A° — U. Equivalently, one can consider its restrictions

s:=n(—®r1la): A—>U and t:=n(la®;—): A® > U,

35
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and call these the source and target map of the A°-ring U; hence an A°-ring may be equally
given by such a triple (U, s, t), which is also called an (s, t)-ring [Tak]. Using the left A°-
module structure (a ®g a,u) — n(a @ a@)u on U, one considers

U®aU :=U ® U/span{n(l @ a)u @ v’ —u @k n(a @, ' |a€ A, u,u’ €U}
=U @y, U/span{t(a)u @ v’ —u @y s(a)u’ | a € A, u,u’ € U}.
@2.1.1)

Note that by (a @, @) - (u®4 ') := s(a)u ®4 t(a)u’, the tensor product U @4 U becomes
a left A°-module or (A4, A)-bimodule in a standard way (see (A.1.1)).

2.1.1 Definition The k-submodule U x 4 U C U ®4 U defined by

UxaU:= {Zui Rau; €U ®RaU | Zuit(a) ®a :Zui @4 uis(a), Ya € A}

(2.1.2)
is called the (left) Takeuchi product of the A°-ring U with itself.

One easily verifies that U x 4 U is an A®-ring via factorwise multiplication, with unit element
1y ®4 1y and npx ,u(a ® a) = s(a) ®4 t(a). On the other hand, there is no well-defined
algebra structure on U ®4 U, not even if A were commutative, since we do not assume
n(A®) C ZU, the centre of U: it is precisely the defining property of U X 4 U which makes
factorwise multiplication well-defined on this subspace.

2.1.2 Definition A left A-bialgebroid or x s-bialgebra is a k-module U that carries simul-
taneously the structure of an A°-ring (U, s*,t‘) as above and an A-coring (U, Ay, €) (cf.
§1.2.2), subject to the following compatibility axioms:

(i) The (A, A)-bimodule structure in the A-coring (U, Ay, €) is related to the A°-ring
(U.s*,t°) by

acu<d:=n'(a®a)u=s"(a)t"(@u, aacA, uvel, (2.1.3)

and we refer to this structure by writing .U, . In particular, we write Uy ® U :=
U®ysU.

(it) Considering the bimodule . U_, the (left) coproduct A, is a (unital) k-algebra mor-
phism taking values in U x 4 U.

(iii) Forall a,a € A, u,u’ € U, the (left) counit ¢ has the property
e(s(a)t’(a)u) = ae(u)a and e(ur') = e(us’(en)) = e(ut’(ew’)).  (2.1.4)
Observe that, being an A°-ring, such a left bialgebroid in total carries four A-module struc-

tures: one also has
aru<d:=un'(a®a) = us‘atta, (2.1.5)

and whenever we refer to this situation, we denote it by , U, . Also note that (i) combined
with (i7) implies that

Apsta = sla®4 1, Atla =1®4 tha, fora € A. (2.1.6)
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Hence A is also an A°-module morphism for the action in (2.1.5), i.e., for both (2.1.3) and
(2.1.5) one has
Aglaru<a) = (acuny) ®@a (ue) <a),

i ) 217
Aglaru<a) = (u@py<a) a4 (aruep)). ( :

2.1.3 Remarks (i) Even if A were commutative, source and target do not necessarily
coincide, as we will see in examples.

(@) Since this will be of frequent technical use in all that follows, let us also explicitly
state the comonoid identities involved. If my and myer denote the multiplication in
U and U°P, respectively, one has

my (s'e @ idy) Ay = myes (idy @ te) Ay = idy. (2.1.8)

For the coproduct of a left bialgebroid, we will use the Sweedler notation Ayu =
u(1) ®a u(zy with lower indices: it will become clear in a moment why we stress this
distinction. The identity (2.1.8) then reads

SZ(EU(U)U(Q) = tZ(EU(g))U(l) =idy, u e U.
Finally, let us recall the notion of morphisms of bialgebroids [Sz].
2.1.4 Definition A left bialgebroid morphism (U, A, s°,t*, Ay, €) — (U', A, sel, tzl, Ay, €)
isapar (¢ : A — A')¢p : U — U’) of ring homomorphisms that commute with the

structure maps in the obvious fashion. It is called a left bialgebroid isomorphism if ¢ and ¢
are bijective ring homomorphisms.

2.1.5 Primitive and Grouplike Elements As for ordinary coalgebras, an element X € U
is called primitive if Ay X = X ®4 1+ 1®4 X. Using (2.1.8), this means eX = 0 if
X is primitive. Likewise, an element o € U is called grouplike if Ayoc = 0 ®4 o and
ec = 1. We denote the space of primitive elements and grouplike elements by P‘U and
G'U, respectively.

2.2 Left Hopf Algebroids

In this section, we present a generalisation of the notion of a Hopf algebra, which is based
upon the notion of left bialgebroids: namely, the so-called x 4-Hopf algebra of [Schau2].
We propose the name left Hopf algebroid instead, the reason for which will be explained in
§2.6.14 (apart from solving a pronunciation problem). We will need this concept at various
points, e.g. in Section 6.1 and Section 4.3. In particular, it will be the main ingredient in
Chapter 7.

Let U be a left bialgebroid over A and define the so-called (Hopf-)Galois map of U by

ﬂ: >U®A0p U<1 HU<1 XRa DU, U®A0p"l}'—>U(1) ®AU(2)U, (221)
where

» U ®por Us =U @ U/span{ar u @ v —u @i v<alu,v € Ua € A},  (2.2.2)
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One could flip the tensor components in order to avoid taking the tensor product over A°P,
but we find it more convenient to keep (3 in a form which is standard for bialgebras over
fields. For the latter it is easily seen that /3 is bijective if and only if U is a Hopf algebra with
BN u®rv) := u(1) ®S(u(z))v, where S is the antipode of U. This motivates the following
definition due to Schauenburg [Schau2]:

2.2.1 Definition A left A-bialgebroid U is called a left Hopf algebroid (or X 4-Hopf algebra)
if 3 is a bijection.
Following [Schau?2], we adopt a Sweedler-type notation
Uy @ pop U = Hu®4 1) (2.2.3)
for the so-called translation map
B7H-®41):U = »U®pop Us.

Since these are substantial for calculations, e.g. in Chapter 7, we list some properties of 5~
as proven in [Schau2, Proposition 3.7]: one has forall u,v € U,a € A

Up) Qatupt— = u®al1€Ua®a U, (2.2.4)

U4 aor U)—U2) = URaer 1 € »U Rpop Ug, (2.2.5)

Uy @por u— € U X a0 U, (2.2.6)

Up(1) A Up(2) Qaor U— = U) @4 U2)y Dacr U2)—, (2.2.7)
Uy Qaor U_(1) QAU_(2) = Upy Dpop U D4 Uy, (2.2.8)
(uv) 4 ®p0p (WV)— = ULV @ pop V_U_, (2.2.9)

uru— = nleu®1), (2.2.10)

Na®@b); @ar N(a@b)— = Na®1) @aer n(b® 1), (2.2.11)

where in (2.2.6) we used the Takeuchi product
U X Aop U = {ZU1 ®A0p V; (S >U®A0p U<1 | Zui<la®A0p vV, = ZU1 ®A0p a»vi}

(2.2.12)
which is an algebra by factorwise multiplication, but with opposite multiplication on the
second factor. Note that in (2.2.8) the tensor product over A°P links the first and third tensor
component (cf. [Schau2, Equation (3.7)]). By (2.2.4) and (2.2.6) one can write

BHu®av) = uy @a00 u_v, (2.2.13)
which is easily checked to be well-defined over A with (2.2.9) and (2.2.11).

2.2.2 Examples (i) The enveloping algebra A° of an associative algebra A that governs
Hochschild (co)homology is an example of a left Hopf algebroid over A, as already
pointed out in [Schau2]; see Subsection 4.1.1 for details.

(i) Clearly, Hopf algebras over k—such as universal enveloping algebras of Lie algebras
or group algebras—are also left Hopf algebroids over k. More precisely, it is well-
known [Schau2, p. 9] that Hopf algebras are in bijective correspondence with left
Hopf algebroids over k: the inverse of (2.2.1) for a Hopf algebra (H,n, A, ¢, S) is
given by 57 (h ® h') = h(1y @k Sh(ayh'. Conversely, if H is a left Hopf algebroid
over k, an antipode for H is given by Sh := n(ehs)h_.
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2.3 Left Bialgebroid Modules and Comodules

2.3.1 The Monoidal category U-Mod

As for rings, one can consider modules over a left bialgebroid. However, there are some
peculiarities attached to it, which we discuss in this subsection.

A standard characterisation [P] of bialgebras (common in quantum group theory) is as
follows. A k-algebra U is a bialgebra if and only if the category U-Mod of left U-modules
is a monoidal category such that the underlying forgetful functor U-Mod — k-Mod is
monoidal. The following theorem indicates that the definition of bialgebroids, though some-
what complicated, appears to be the right notion in this more general context.

2.3.1 Theorem [Schaul, Thm. 5.1] The left A-bialgebroid structures on an A°-ring 7 :
A° — U correspond bijectively to monoidal structures on U-Mod for which the forgetful
functor U-Mod — A°-Mod induced by 7 is strictly monoidal.

In particular, given a left A-bialgebroid structure on U, for M € U-Mod with action
(u, m) +— um the induced A°-module structure is given by

ama = t'astam, me M, a,a € A. (2.3.1)

The monoidal structure on U-Mod is defined analogously as for bialgebras: for M, M’ €
U-Mod, the tensor product M ® 4 M of A-bimodules carries a U-module structure given
by the diagonal

u(m ®@am') = umym @4 uym’, meM, m' e M, uel, (2.3.2)

which is well-defined since U is a left bialgebroid. The monoidal unit in U-Mod is A and
U acts on A from the left in a canonical way,

ua = e(us’a) = e(ut’a), ac A, uecl, (2.3.3)

where the (A, A)-bimodule structure , U, appears. This may be called a (left) anchor [X3]
for the bialgebroid. One easily gets the following Leibniz rule,

u(aa’) = e(us’(aa')) = e(us‘at’a) = e(u(l)séa)e(u(mtza/) = (u@ya)(u@)b), (2.3.4)

hence PU C Derj, A by means of the canonical action.

On the other hand, for a left bialgebroid U there is in general no canonical monoidal
structure on U°P-Mod, and in particular no right action of U on A.

There is a straightforward generalisation of a (left) module structure to a (left) connec-
tion, a notion with respect to which module structures give the special cases of flat left con-
nections. Since we will need explicit details of this concept only for the ‘opposite’ notion of
right bialgebroids (see below), we refer to Section 2.5.1.

2.3.2 The Monoidal Categories U-Comod and Comod-U

Likewise, similarly as for coalgebras, one may define comodules over bialgebroids. This
section contains some issues characteristic to the situation of bialgebroids.

Let U be a left bialgebroid over A with structure maps as above. For the following
definition confer e.g. [Schaul, B2, BrzWil].
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2.3.2 Definition (i) A right U-comodule for a left bialgebroid U over A is a right co-

(i)

module of the underlying A-coring (U, Ay, €), i.e. a right A-module N with action
R, : (n,a) — na and a right A-module map

NA N —>N®U, nw— 1(0) XA (1), (2.3.5)

where
N®aU:=N ® U/span{na @ u —n @ s‘au | a € A},

satisfying the usual coassociativity and counitality axioms, i.e.,
(VA ®1d) A =([id® Ay A and R,(Id®e€), A =id,

respectively. For two right U-comodules N, N, the set of right U-comodule mor-
phisms is given as

Comy (N, N') := {¢ € Hom(__y)(N, N')|(¢ @ id)xA = , Ad},

and the corresponding category of right U-comodules and right U-comodule mor-
phisms will be denoted Comod-U.

A left U-comodule for a left bialgebroid U over A is a left comodule of the underlying
A-coring (U, Ay, €), i.e. aleft A-module M with action L4 : (a, m) — am and a left
A-module map

Ay :M—->U®aM, m—mc_y) ®amq), (2.3.6)

where
U®aM:=U®; M/span{t‘au®@m —u®am | a € A},

satisfying the usual coassociativity and counitality axioms
(Ay®id)Ay = (d®Ay)A, and L,(id® €A, =id.
For two left U-comodules M, M’, the set of left U-comodule morphisms is given as
Comy (M, M") := {¢p € Hom,_y(M, M")|(id @ ) Ay, = Aypp},

and the corresponding category of left U-comodules and left U-comodule morphisms
will be denoted U-Comod.

2.3.3 Examples (i) Obviously, the k-module U underlying a left bialgebroid is both a

(i)

left and right U-comodule through the left coproduct.

In particular (and in contrast to the situation of U/-modules), the base algebra A carries
both right and left coaction. Let o € G*U be a grouplike element. Then

Aa=ta)o and A,a = s'(a)o, ac€AocGU, (2.3.7)

define a right and left U-comodule structure on A, which we shall refer to as induced
by o.
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Furthermore, on any right U-comodule one can additionally define a left A-action
an = n(o)e(n(l)tza), a€A,né€N, (2.3.8)

being the unique action that turns /N into an A°-module and with respect to which (A be-
comes an A°-module morphism

M TN = Nx U = {Zni®Aui ENRAU | Zani@)ui = Zni@)uiséa, Va € A}

(2.3.9)
to the Takeuchi product of N with U. That means, for a,b € A and n € N one obtains the
identities

MA(anb) = ngy @a t'bngtha,

23.10
an) ®anay = ng) Oanms‘e. @310

Analogous considerations hold for left U-comodules M: one has an additional right A-
action
— ¢
ma := e(m(_1)s"a)m),
and as a result gets the coaction as an A°-module morphism into yet another Takeuchi prod-
uct

Ay : M —-UxaM := {Zui@)Ami ceURaM | Zuitea(@mi = Zui®mia, Va € A},

hence satisfying the identities

Ay (amb) = (szzam(_l)szb®Am(o)7
m-1) XA maoa = m(_l)tea XA mo)-

One can then prove (see [B3, Thm. 3.18] and [Schaul, Prop. 5.6]) that, say, the category
Comod-U of right U-comodules is monoidal such that the forgetful functor Comod-U —
(A°P)°-Mod is monoidal (and similar for U-Comod): for any two comodules N, N’ €
Comod-U, their tensor product N ® 400 N’ is a right U-comodule by means of the coaction

N(X)AN'A:N@AOPN/ — (N®AODN/)®AU,

2.3.11
n®aer ' = (o) @ace Mgy ®A 1N, ( )

where

N @400 N' := N @) N'/span{an @y n' —n @i n'a|a € A} (2.3.12)

is aright A-module by (n® 4opn')a = na® 4o n’. The map y¢  v/A is easily checked to be
well-defined. Turning the tensor product around to avoid A°P, this appears to be equivalent
to a right U-coaction

NeNA i N@AN = (N®aAN)®aU, n@an' = ne) ®ang) &anmn),

but for technical reasons in later sections and also because it is the analogue to the form
which is standard for bialgebras we will prefer (2.3.11). All statements can also be made
mutatis mutandis for the category U-Comod.
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2.4 Homological Coalgebra for Left Bialgebroid Comod-
ules

In this section we discuss the notion of cotensor product with its derived functor Cotor for U-
comodules. This will be of importance for our cyclic (co)homology computations in Chapter
5 and 6. Here, the term ‘homological coalgebra’ [Do] refers to the corresponding standard
notions for k-coalgebras (see also [EMo]), which we transfer to the categories U-Comod
and Comod-U for a left bialgebroid U.

2.4.1 Theorem Let U be a left bialgebroid. If U is flat over A, then the category
Comod-U is abelian. The same statement can be made about U-Comod if U 4 is flat.

PROOF: The theorem appears in [Ra] in the special situation U and A are commutative, but
can be generalised without major changes to the present situation: the proof relies entirely
on standard arguments from homological algebra, so we omit the details. a

2.4.2 Definition Let U be a left bialgebroid, and take M & U-Comod and N €
Comod-U.

(i) The cotensor product of N and M over U is the A-module defined by the exact se-
quence

ARi —1i A
0— > NOgM ——> N @q M 28T o @4 M.

(it) Consider the base algebra A as a right U-comodule as in (2.3.7). The subspace
AOgM ={me M ||[Aym =0 @4 m} C M, (2.4.1)

where o € G*U is a grouplike element, will be called the subspace of left bialgebroid
(left) invariants of M.

Form the terminology and (2.3.7) it is clear that one may analogously introduce left bialge-
broid right invariants on a right U-comodule N.

2.4.3 Lemma Let M, M’ € U-Comod be left U-comodules, with ,M finitely generated
projective over A. In such a case

(i) Homs,_y(M, A) is a right U-comodule,
(ii) COHlU(M, M’) = HOHl(A7_)(]\47 A)DUM/, c.g. COIIlU(A7 M/) = ADUM/.

PROOF: Part (i): let ey,...,e, be a generating set of M. Hence, there are elements
el,...,e"in M* := Hom4,_y(M, A) such that each element m € M can be decomposed
asm =Y., e'(m)e;. Now consider the map

(: HOIII(ILL_)(]W7 A) — Hom(A7_)(M, sU), f— myor(idy ® tef)A]y[.
Using the isomorphism

¢+ Homa,_y(M, = U) — (Homa (M, A)a ® = U, ¥ Y ' ®a(es),

=1
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we obtain a map
Ajy s M* =Homy, (M, A) — (Homy, (M, A)a® U, fr—Y e'®@a(Cf)(er),
=1

and we claim that this defines a right U-coaction on M*, where Hom (4, _y(M, A) is seen as
aright A-module with action Ry : (f,a) — fa in the standard way. One verifies counitality
as follows. For f € M*, m € M, applying the inverse ¢! : (g ® u)(m) — g(m)u, we
obtain

mRA(id®c f Z ®A€ €i(— 1)) €i( 0) Z e’ ®Af ez ):f(m)a
i=1

since M € U-Comod. Also, coassociativity is straightforward:
(AR @AY f = Y & @atle(ejg)esq) ©@at'fleio))ei -1
ij=1

= Z el ®a (1) ®A tzf(ei(o))seei(ej(o))ei(fl)

ij=1

=Y @ae; g @atf(€'(ej0))e) )€ (€50))e) -1

ij=1

= Z e’ RaA ej(_2) ®a tef(ej(o))ej(—l)
Jj=1

= Z(ldM* ® A@)(ldM* ® mUOP)(idM* ®Ridy ® tef)(idM* ® A]w)(ej XA 6]‘)
J=1
— (d® A)AY S

It remains to show the A-module morphism property. For a € A,

Ay (fa) = Z ¢' ®at'(f(ei))a)ei(-)

= Z e ®a tzatz(f(ei(o)))ei(—l) = fo) ® tzafu)-

Part (ii) can be shown exactly as in [Ra, Lem. A.1.1.6]. O
As a consequence of part (if), that is,
AOyM =~ Comy (A, M) = {f € Homs,_)(A, M)|(id ® f)Aa = An f},

applying the isomorphism Hom,_y(A, M) ~ M, f — f(14) =: m and using A4 from
(2.3.7) for a grouplike element o € G*U, we obtain

oR@am = (ld® f)AA = AMf(lA) = m(_1) XA me) = Apym,

as before.
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24.4 Lemma Let I be an injective A-module. Then U ®4 I is an injective (left) U-
comodule; hence the category of U-Comod has enough injectives.

PROOF: Also this lemma is a generalisation of a result in [Ra] to noncommutative U and
A, and the proof can be taken over with only minor modifications. For a left A-module M
with action L 4 : (a,m) — am, define a left U-coactionon U ® 4 M by Ao n := Ay®id .
With Lemma 2.4.3(ii) we get for any N € U-Comod an isomorphism

0 : Hom(y, _y(N,M) — Comy(N,U®4 M), [+ (idy® f)Ax

with inverse =1 : ¢ +— my,, (€ ® idys)1 for any ¢ € Comy (N, U @4 M). To show that
U ® 4 I is injective we need to show now that if P is a U-subcomodule of N (i.e. both an
A-submodule and a subcomodule in the conventional sense), then ¢ € Comy (P, U ®4 I)
extends to a map in Comy (N, U ®4 I). We have

Comy (P,U ®a I) ~ Hom4,_y(P,I) C Hom(y _y(N,I) ~ Comp(N,U ®4 I)

as subgroups by injectivity of I. Since the category of left A-modules already has enough
injectives, one can therefore construct enough injectives in U-Comod as well. a

Now we are in a position to finally define the following derived functors, analogously as
in [Do, EMo]:

2.4.5 Definition (i) For two left U-comodules M, M " € U-Comod, the group
Exty; (M, M’) is the i-th right derived functor of Comy (M, M"), as functor in M.

(ii) For M € U-Comod and N € Comod-U, the group Cotork; (N, M) is the i-th right
derived functor of Ny M, as functor in M.

As already mentioned, these notions will be used in Chapters 5 and 6.

2.5 Right Bialgebroids

In this section we proceed with the ingredients of a Hopf algebroid as mentioned in aspect
(2) at the beginning of this chapter.

If one wants to turn a bialgebra into a Hopf algebra, one needs to hunt for an antipode,
i.e. for a k-bialgebra morphism U — Ugh,,, into the opposite and coopposite bialgebra. If
one aims to naturally generalise this idea to the case of (left) bialgebroids, one observes that
the ‘opposite’ bialgebroid (see below) does not fulfill the left bialgebroid axioms any more,
but rather the ones of a ‘mirrored’, or opposite version of it, i.e. of a right bialgebroid. These
objects were introduced in [KSz] for the first time, confer also e.g. [B3] for the subsequent
definition.

Let B be a k-algebra. Similarly as for left bialgebroids, we consider a B°-ring V' given
by an k-algebra map 7y = 1 : B¢ — V with source and target maps s := n(— ®, 15) and
t := n(lp ®; —). In contrast to left bialgebroids, one now considers the right B¢-module
structure (v, b ®j I~)) — (b B) on V, and forms correspondingly the tensor product

VPV .=V e, V/span{on(b®r 1) @0 —v@v'n(1@xb) | b€ B, v,v' € V}
=V ®y V/span{vs(b) @ v' —v @v't(b) | b € B, v,v' € V}.
(2.5.1)
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Again, V BV becomes a (B, B)-bimodule in a standard way (see (A.1.1)), that is (b, v ®8
v',b) — vt(b) @8 v's(b), and as before, V @7 V does not carry a well-defined algebra
structure. One correspondingly introduces the (right) Takeuchi product of V' with itself, i.e.
the k submodule V @8 V C V xB V given by

VBV =) 0@ e VPV [ s v => v e b)), ¥be},
and one easily verifies that now this is a B°-ring via factorwise multiplication, with unit
element 1y @7 1y and 1y 5y (b ®p b) = t(b) @F s(b).

2.5.1 Definition A right B-bialgebroid or xB-bialgebra is a k-module V which carries
simultaneously the structure of a Be-ring (V, s",¢") and a B-coring (V, A, d), subject to
the following compatibility axioms:

(i) The (B, B)-bimodule structure in the B-coring is related to the B°-ring (V, s",¢") by
brvab:=uvs"(b)t" (D) =vn" (b®b), bbeB, veV, (2.5.2)
and we refer to this structure as , V. In particular, we write Vo @ ,V =V @8 V.

(it) Considering the bimodule , V, the (right) coproduct A, is a (unital) k-algebra mor-
phism taking values in V' xZ V.

(iii) Forallb,b € B,v,v' € V, the (right) counit has the property
A(vn"(b® b)) =bd(w)b and A(vv') = d(s"(dv)v') = (" (dv)v').  (2.5.3)

For the right coproduct, we will use the Sweedler notation A,.v = vV @8 v(2) with upper
indices so as not to confuse it with the left coproduct for objects that carry both structures.
Here V clearly acts on its base algebra B from the right in a canonical way, namely

bv := 9(s"(b)v) = 0(t"(b)v), be B,veV, (2.5.4)
where the remaining two B-module structures . V_, given by
bevab:=n"(b®bv = s"(b)t"(b)v, (2.5.5)
appear. Similarly as for left bialgebroids, one has
Apsb =15 s, At =tbRP1, forb € B,
as well as
Ap(brv<d) = (br M) @8 (0P «b), Ap(bev<b) = (M <b) @F (bev?),
and the comonoid identities in this case read
my (idy ® s'0)A, = myor (0 ® idy)A, = idy, (2.5.6)
that is, using the Sweedler notation for the right coproduct, we have

vWs"ov® = @ g = idy,, veV.
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2.5.2 Remarks (i) The ‘opposite’ of a left bialgebroid U = (U, A, 5%, t, Ay, €) is de-
fined as U := (U°P, A, t%, s*, Ay, €). This can be shown to be a right bialgebroid,
whereas its ‘coopposite’ given by Ucoop := (U, AP, 4, ¢, AJ°P €) with AJ°P seen
asamapU — U ®Quor Ua, h — (o) ®a0e u(1) remains a left bialgebroid. Note
that in both cases source and target map interchange their réles. In total, the object

Ucdop Will be a right bialgebroid, as announced above.

(i) The idea of a right bialgebroid for the first time seems to appear in [KSz]. The neces-
sity of such an analogous bialgebroid structure with some sort of ‘opposite’ properties
became clear to us while considering Lie-Rinehart homology and attempting to intro-
ducing antipodes for (the left bialgebroid associated to) a Lie-Rinehart algebra; see
below.

(iii) One may be tempted to think that the concepts of left and right counits coincide when-
ever the base algebra is commutative. This is, however, not the case, not even if source
and target map are equal or trivial (in a context-determined sense), as the following
examples will reveal.

2.5.1 Right Bialgebroid Connections

2.5.3 The Monoidal Category Mod-V Of course, all concepts from Sections 2.3 and 2.4
dealing with bialgebroid modules and comodules could be repeated applying all statements
to the opposite A°-ring. We will refrain from doing so in detail and rather refer to [B3].
However, for later use, let us explicitly mention that any N in the category Mod-V" of right
V-modules for a right bialgebroid V carries its induced right B°-structure by

bnb := ns"bt"b, ne N,bbe B.

The category Mod-V acquires a monoidal structure by deploying the right coproduct, i.e.,
for N, N’ € Mod-V, their tensor product over B is in Mlod-V, with right V' -action

(n@pn)v:=n® @ nv?®, n€N,n e N,veV.
Similarly as before, one also has B € Mod-V, with right V-action
bu := 9(s"bv) = I(t"bv), beB,veV,
and the Leibniz rule this time reads
(bb)v = (b)) (bw@), bbe B,veV.

One may also vary the notion of a right V-module: consider e.g. a B°-module N and
define a right V-action on N such that the induced B°-module structure coincides with the
a priori given one. For example, B itself already carries a natural B°-module structure (by
left and right multiplication) and one may try to find a right V-module structure on it which
does not originate from the right counit 0. For certain modules N, we will come back to
a situation like that in Section 4.7. Starting at this point, one also may introduce right V -
connections, which are called flat if they specialise with right V' -module structures. We will
encounter these constructions again e.g. in Proposition 3.1.14 and Section 4.2.
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2.5.4 Definition Let N be a B°-module. A right V-connection on N is a map
V" : N — Homp py(»Va ,N),
such that the Leibniz rule
Vio(nb) = Vi,n, Vi(bn) = Vig,n, veEV,neEN,beB (2.5.7)

holds. A right V-connection is called flat if V, vr,, forallv,v € U.

One easily verifies that
Vi(nb) = (VIyn)ds @, Vi(bm) = a(t"bvV) (V7 zym).
Hence for a primitive element Y € P"U one obtains the more familiar formulae
Vi (nb) = n(bY) + (Vyn)b, Vi (bn) =bVyn+ (bY)n, (2.5.3)
where, as in (2.5.4), we denoted the canonical right V-action on B by Y = 9(s"(b)Y) =
otm(b)Y).

2.5.5 In the particular case N = B, where B carries the natural right B®-module structure
by multiplication, evaluating a right connection on 15 € B defines a k-linear operator D €
HOIH(B}B)( >U< s B) by

D":V B, v—V.lg.

If the connection is flat, we have for all v,v' € V
D" (w')y =V} 1=V, Vilg =V, Dv
= VZT(DT’U)’UllB = V:T(DT'U)U’lB (259)
= D"(s"(D"v)v") = D" (t"(D"v)v'),

which is the property (2.5.3) of a right counit. In the terminology of [B3],amap V' — B with
such a property is called a right character for the B-rings (V, s") and (V,t"), respectively.

2.6 Hopf Algebroids

As intimated at the beginning of this chapter, a Hopf algebroid is simultaneously both a
left and a right bialgebroid, with an antipode intertwining these structures. The following
definition is due to Bohm-Szlachanyi [BSz2, B1], cf. in particular [B3].

2.6.1 Definition Let A, B be two k-algebras and H a k-module. A (double-sided) Hopf
algebroid structure on H consists of

(1) aleft bialgebroid structure (H, A, s*,t, Ay, €) on H over A,

(2) aright bialgebroid structure (H, B, s",t", A,.,9) on H over B, such that the underly-
ing k-algebra structure on H is the same as in (1),

(3) ak-module map S: H — H.
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These structures are subject to the following compatibility axioms:

(@)

stet” =17, tles" =", "ot =+, t79st = s (2.6.1)
(ii) Twisted coassociativity holds, that is to say
(Ar®@idp)Ar = (dgp @ A)Ay, and (A, ®idg)Ar = (Idg @ Ag)A,. (2.6.2)
(i)
S(t'aht) = s"bShs‘a ac A, be B, he€ H. (2.6.3)

()
mp(S®aidg)Ar=5"0 and my(idg @8 S)A, = s'e. (2.6.4)

We call S the antipode of the Hopf algebroid.

If particular reference is needed, we will denote the underlying left and right bialgebroid
structures of a Hopf algebroid H by H¢ and H", respectively.

2.6.2 Remarks (i) Applying 0 to the first two and € to the second pair of identities in
(2.6.1), one obtains that A and B are anti-isomorphic, i.e.,

pi= 0st : A°P =, B, pwli=e":B =5 AP,

~ ~ 2.6.5
vi=0t': A — B°P, v li=es": B — A ( )

Hence the ranges of s and ¢" as well as s” and t¢, respectively, are coinciding subal-
gebras in H.

(if) In particular, (i) implies that A, behaves as follows with respect to the B°-bimodule
structure mentioned in (2.5.2) and (2.5.5). For h € H, b,b € B,

Ag(brhab) = (b>h)) ®a (hez) <), 2.66)
Ay(b=h<b) = (h(l) <b) ®4 (th(Q)).

Likewise for A, with respect to (2.1.3) and (2.1.5): for h € H, a,a € A one has
Ar(azh=a) = (a=nM)@F (M sa), (2.6.7)
Ap(arh<a) = (Y <a) @ (a» h?). e

Introducing a (B, B)-bimodule structure on H ® 4 H by (b,h @4 I, b) — (b»h)®4
(h' «b) and an (A, A)-bimodule structure on H @7 H by (a, h@4h’,a) — (a=h)®P
(h' <a), the respective first equations in (2.6.6) and (2.6.7) say that A, is also a
(B, B)-bimodule morphism, while A, is also an (A4, A)-bimodule morphism. This
observation makes axiom (i) meaningful, the first identity of which can be expressed
as follows,

H#HQ@AH 98, H®A(H®BH)

T |-

A,®id
HeBH —""" > (H®, H) QB H,
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(iii)

@)

o)

and likewise for the second identity. As follows from Example 2.3.3(i), the underlying
left bialgebroid H ¢ of H determines both left and right coactions via Ay; the same is
true for the underlying right bialgebroid H" of H with respect to A,.. Hence in total
there are four bialgebroid coactions on H, and twisted coassociativity states that they
all commute with each other. This can be expressed by saying that the k-module H is
both an H¢-H" -bicomodule and an H"-H¢-bicomodule. For future use, let us mention
that twisted coassociativity immediately leads to its ‘higher’ version,

(A7 ® idgm)A:” = (idgf’ ® AT)AY (2.6.8)
(A" @idg™AP = (id5" @ AP)A?

forn,m € N.

The axiom (iii) may be expressed by saying that the map .S is a morphism of twisted
bimodules. That is, it intertwines the left A¢-module structure (2.1.3) on H¢ with the
right one from (2.1.5), as a morphism H*, — HY . This is worth mentioning, because
(2.1.5) does not explicitly appear in the axioms of a left bialgebroid. Similarly, it links
the right and left B°-module structures (2.5.2) and (2.5.5) of the right bialgebroid H",
i.e., itis a morphism » H" — ~ H".

The left hand side of the first equation in (2.6.4) is a composition of maps

S®idy

H-2 H.@.H He®oH-""5 H, (2.6.9)

where H 4 ® - H = H ®4 H is given as in (2.1.1), whereas
He® oH=H® H/span{hs‘a®h' —h®s'ah’ |a € A, h,h/ € H}

is in a sense the tensor product naturally associated to the A-ring (H,s*), and my
is to be understood the multiplication in this ring. The composition (2.6.9) is well-
defined due to (iii), and a similar consideration holds for the second equation in (2.6.4).
Observe that in this second case my refers to multiplication in the B-ring (H, s"),
despite of the identical notation.

At the latest at this point one recognises the need for two kinds of Sweedler notations.
Using lower indices for the left and upper ones for the right coproduct, (2.6.4) reads

Shqyhez) = s"0h and hVSh?) = s'eh, h e H.

Although not explicitly required in the definition, we will usually assume S to be
invertible.

2.6.3 Examples For examples one may jump directly to Chapter 4.

See also [BSz2, B1] for further details on Hopf algebroids, discussion, and many exam-
ples, and [B3] for a comparison with alternative notions.

The fact that the antipode of a Hopf algebra is an anti-homomorphism for the algebra
structure and an anti-cohomomorphism for the coalgebra structure has the following coun-
terpart in the bialgebroid framework [BSz2, B3].
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2.6.4 Proposition Let H be a Hopf algebroid with structure maps as before.

(i) The antipode S is a homomorphism of both A®-rings (H, s, t*) — (HP, s"p, " )
and BC-rings (H,s",t") — (H°P,s'v™1 t'v~1), where the isomorphisms from
(2.6.5) were used. In particular, S is an k-algebra morphism H — H°P.

(ii) Likewise, S is a cohnomomorphism of A-corings (H, Ay, ¢) — (H, AP 1=19) as
well as of B-corings (H,A,,0) — (H,A}*", ue), where AS°°P is a map H —
H®P"H:= HQH <« ~ H® 4 H by means of v, and A°P : H — H® o0 H :=
cH® Ho ~H®P H via p.

In particular, if H® and H" denote the underlying left and right bialgebroids of H, respec-
tively, the pair (S, 0s*) is a morphism H® — (H")9P_  of left bialgebroids and (S, es") is a

coop

morphism H" — (H f)ggop of right bialgebroids.

2.6.5 Remark (i) If the antipode is invertible, one can make an analogous statement
about S™!, cf. [B1, BSz2]. Moreover, using (i) of the preceding proposition, one
may now consider S both as an (A, A)-bimodule morphism » H*, — - H’4 and a
(B, B)-bimodule morphism » H"o — -H"4 .

(i) We want to stress here that S being an algebra anti-homomorphism is a consequence
of the antipode axioms in Definition 2.6.1 and also that the antipode is unique [B1] (if
it exists), provided left and right bialgebroid structures were given.

(iii) If S% =id, one obtains ;v =1 and hence a canonical identification of A°P with B.

Define the maps

S$?:Ho ®aoH — He @P vH, h@ah' — Sh @F Sh
552 :Hq ®B >H — H<1 ®A DH, h®B h/ = Sh/ ®A Sh7

where the tensor products (2.1.1) and (2.5.1) are used. These maps also have ‘higher’ ana-
logues for n factors, consisting in totally reversing the order followed by applying the an-
tipode. The preceding proposition can then be given as a table by (ignore the right hand side
if the antipode is not invertible):

s"9st = St sles™ = Ss" sTott=8"1¢" sletr=S"1s"
tr9s’ = Stt thes” = St" trott =51t thet” =S—1t" (2.6.10)
dste=0S €s"0=¢€S Otte=085""1 et"0=eS! e

SN =AS SE,A =AS (SB)'A=AS" (SF2) 1A, =AS7h

We now collect a list of basic technical identities involving the antipode (which can be
ignored on a first reading; again, ignore the last three lines if the antipode is not invertible).

2.6.6 Lemma For a Hopf algebroid H with the above structure maps, the following identi-
ties hold.

my(S®ste)Ay = S, mp(s"0® S)A, = S,
mHop(S2 & t€652)A[ = 527 mHop(tTE)SQ & 52)Ar = 52,
mHOP(SQ ® S)Ag = traSQ, mHop(S X Sz)AT = tZGSz,
(2.6.11)
M fop (idH ® Sil)Ag =170, M fop (Sil ® idH)AT = tZG,
Mo (tle @ STHA, = S71 myer (S @tT0)A, = S71

my(S™t®S72)A, = 570572, mu(S™2®S7HA, = s%eS72.
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Here myop is the multiplication in the opposite ring of H.

PROOF: All identities follow from a straightforward computation using (2.6.10), (2.6.4) as
well as the comonoid identities (2.1.8) and (2.5.6). As an example, we prove

mHop(S_1 ® t’"&)AT = mH(t’“ﬁS & idH>AgS_1
= mH(tras%@idH)AgS_l
= mH(SZG ® idH)Ag571 =51

2.6.7 Remarks (i) For the identities given in the preceding lemma, the same comment
applies we made in Remark 2.6.2(iv): strictly speaking, the operations m g and m gop
refer to multiplication in one of the various underlying ring structures. For example,
the left hand side of m o (S™! ® idg) A, = t’e can be decomposed as

STl@idg ™ gop

Hi>H<®>H4>H<®>H*>H,

where H« ® » H = H ®P H is given as in (2.5.1), whereas
Ha®oH = Hey Hfspan{t'(Wh @ h' — ho W'i™(b) | be B, h i € H}

is the tensor product naturally associated to the B°P-ring (H,t"), and mgor is to be
understood as multiplication in this ring.

(i) If (S,mg) is a k-algebra and (C, A.) a k-coalgebra for some commutative ring k,
the space Homy, (C, S) can be given a k-algebra structure by means of the convolution
product (f « ') = mg(f @ f)Ac for f, f' € Homg(C, S) (see e.g. [Str]. We do not
address the question in detail how this can be transferred to the case of monoids and
comonoids in bimodule categories (see, however, [B3, Section 4.5.2]), but the first line
of equalities in the preceding Lemma reflects that € and J are counits, that is, units in
some generalised convolution algebra. However, in the first equation S is seen as an
(A, A)-bimodule map on » H*., , whereas ¢ is an (A, A)-bimodule map with respect
to » H’. (cf. (2.1.3) and (2.1.5) for the notation). This gives a hint why € is only a
‘right unit” for .S; analogously in the second case, S is an (B, B)-bimodule map on
»H"o and O on » H" ¢ (cf. (2.5.2) and (2.5.5) for the notation). In these terms, also
(2.6.4) can be reformulated saying that S is a convolution inverse to id 7, but from left
and right in two different ways (involving different coalgebra structures and over two
different base algebras). As a consequence and in contrast to Hopf algebras, in general
there is no information for terms of the form, say, /(1) Sh(z) or ShWRp3),

2.6.8 Alternative Formulation Evidently, constructing a Hopf algebroid by left and right
bialgebroid structures plus an antipode leads to some redundancy. Alternatively, one may
start with a left bialgebroid (U, A, s*, %, Ay, ¢) only, plus a bijective anti-algebra isomor-
phism S : U — U subject to

(i) Stf =,
(i) my (S ®idy)A, = t%eS,
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(iii) STPAS™ = (S47)1ALS
(iv) (A ®idg)ST2AS™! = (ST2AS™ @idy) A
It then follows from Proposition 2.6.4 that (up to a trivial bialgebroid isomorphism) the set
(H, B, Ssty=t sty S%ZAgsfl, veS™1)

constitutes a right bialgebroid (where v : A°? — B is an arbitrary isomorphism). Together
with the given data of a left bialgebroid and the map S this yields a Hopf algebroid, as in
Definition 2.6.1. However, for an arbitrary isomorphism g : A°? — B, also

(H, Bt 5, 87 1, (SB,) 7 A, pieS),

fulfills the requirements; see [BSz2, Prop. 4.2] for yet another formulations of Hopf alge-
broids in this sense, and their mutual equivalence. However, in our opinion the version cited
here serves best for maintaining a certain transparency in Hopf-cyclic (co)homology.

We already mentioned that if left and right bialgebroid structures are given, the antipode
is unique if it exists. However, in case that only a left bialgebroid structure is given, there is
a certain ambiguity in the choice of the antipode (which corresponds to the choice of certain
connections in Section 4.2). This is different from what is known for (weak) Hopf algebras
and is also reflected in the following definition, which allows Hopf algebroid isomorphisms
that ‘ignore’ the antipode.

2.6.9 Definition A Hopf algebroid (iso)morphism (H,S) — (H’,S’) is an (iso)morphism
(¢, ) of the underlying left bialgebroid structure. It is called strict if 1) commutes with the
respective antipodes, that is, S"1) = .S.

2.6.10 Primitive Elements Formally, a Hopf algebroid has two kinds of primitive elements
(cf. §2.1.5) with respect to Ay and A,., denoted P*H and P"H. We have

SX = —-X+s59X VXeP'H (2.6.12)
SX' = —X'4+5s%€X’ VX'eP'H, (2.6.13)

since P"H is generally not contained in kere, and P*H is not in ker d either, again in
contrast to the case of Hopf algebras.

2.6.11 Grouplike Elements Similarly, one has two kinds of grouplike elements (cf. §2.1.5)
for H with respect to the two underlying bialgebroids, denoted by G*H and G™ H. These
may be called left and right grouplike, respectively. Proposition 2.6.4 then entails

ceG'H < So e GH.

However, only the set GH := G*H N G" H forms a group.

2.6.12 Proposition The sets G'U and G"V for left and right bialgebroids U and V, re-
spectively, are multiplicative monoids with unit 1y and 1y, respectively. If H is a Hopf
algebroid, only an element o that is both left and right grouplike has (two-sided) inverse So,
hence the set GH = G*H N G" H is a group.
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Compare, however, the notions of weakly grouplike elements in [Mr¢2] and groupoidlike
elements in [Kap].

2.6.13 Comparison with Alternative Definitions

(i) In [Lu], a Hopf algebroid is defined to be a certain ‘bialgebroid’ with a concept of an
antipode plus some extra data. The definition of a bialgebroid in [Lu] appears almost
identical to the one we use here, the only difference being that the axiom (2.1.4) is
replaced by asking ker € to be a left ideal in H. However, this last statement can be
shown [BrzMi] to be equivalent to (2.1.4). Next, such a bialgebroid (H, A, s,t, A, €)
is equipped with an anti-algebra homomorphism S : H — H, subject to the properties

(a) St =s,
(b) mH(S ® ldH)A = teS,

(c) my(idg ® S)yA = se, where a sectiony : H ® 4 H — H ® H of the natural
projection H @ H — H ®4 H is required to give a meaning to this identity,

is called a Hopf algebroid in [Lu].

(ii) In [KhR3] a Hopf algebroid (baptised ‘para-Hopf algebroid’ there) consists of a sextu-
ple (H, A, s,t, A ¢) fulfilling the left bialgebroid axioms we use here, again without
(2.1.4). Furthermore, one requires a map 7' : H — H obeying the conditions

(@) T : H — H is an anti-algebra homomorphism,
(b) Tt =s,
(c) mH(T ® ldH)A = teT,

(d) T? =idy, implying however [KhR3, Lem. 2.1] the ‘missing’ condition (2.1.4),
ie., e(W'h) = e(h's(h)) = e(h't(h)),

(e)
(Th/(l))(l)h(Q) Qa4 (Th(l))(g) =1®aTh. (2.6.14)

Compared to the formulation in §2.6.8, the notion of Hopf algebroid as given in (i) above
has the obvious handicap that the additional antipode axiom (i)(c) requires a section - of the
natural projection H®, H — H4 ® 4 »~ H, which does not come into play quite naturally and
seems to be deprived of any geometrical meaning or justification; see [BSz2, KSz, B1] for
a discussion of this complex of problems for bialgebroids associated to a depth-2 Frobenius
extension of rings. There, the authors also give an example of Hopf algebroid which is
not a Hopf algebroid in the sense of point (i) above. Finally, as observed in [KhR3], this
approach does not seem to be suitable for defining (Hopf-)cyclic cohomology. As for the
second approach (point (ii) above), it was shown in [BSz2] to be contained in the concept
we use here (for an invertible antipode), but, as we think, also has certain disadvantages in
dealing with Hopf-cyclic homology; see §5.2.12 for a discussion.

2.6.14 Hopf Algebroids versus Left Hopf Algebroids For a Hopf algebroid H with struc-
ture maps as before, one checks that [BSz2]

B YR @aR) = hy @00 hoh' = BV @ 400 SKO R (2.6.15)
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is an inverse of the Hopf-Galois map (2.2.1). Hence every (Bohm-Szlachdnyi-)Hopf alge-
broid is a left Hopf algebroid over A (cf. Definition 2.2.1). However, the opposite impli-
cation is not true, as we will show in Example 4.2.13: this answers a question posed in
[B3] whether every left Hopf algebroid over A is the constituent left bialgebroid in a Hopf
algebroid.

As the reader may expect, the Hopf-Galois map (2.2.1) is not the only possibility of such
a kind, given the abundance of tensor products in this context. Indeed, in [BSz2, Prop. 4.2] a
Hopf algebroid with invertible antipode is equivalently characterised as follows: a pair of a
left bialgebroid over A and a right bialgebroid over B ~ A°P, subject to (2.6.1) and (2.6.2),
such that not only (2.2.1) is bijective, but also the map

a: o UR@pr U = Usg ®4p U, U X pop U > V()u XA V(2)- (2.6.16)

For a Hopf algebroid with invertible antipode, the inverse o~ ! is in this case given by u ® 4
V= S‘l(v(l))u ® g00 v,

However, both 3 and « use the left coproduct of the underlying left bialgebroid. We
expect that one can equivalently characterise a Hopf algebroid by 3 and a Hopf-Galois map
o' which rather uses some right coproduct. More precisely, a left Hopf algebroid and a right
Hopf algebroid (subject to some compatibility conditions) should determine a (double-sided)
Hopf algebroid: hence our new terminology for x 4-Hopf algebras.



Chapter 3

Constructions

3.1 Left and Right Duals of Bialgebroids

The main result in this section is to show that the classical correspondence between modules
and comodules for algebras and their Hom-duals extends to more possibilities when consid-
ering bialgebroids, as we show in Theorem 3.1.11 and Proposition 3.1.9. This is a conse-
quence of the fact that each left bialgebroid comes equipped with two natural duals. Both
of them can be given—under certain projectivity assumptions—a right bialgebroid structure
[KSz, Propositions 2.5 and 2.6], as we recall below, cf. §3.1.6.

Recall that the notion of Hopf algebra is self-dual [Sw1], so if one can define a dual of H
(which is e.g. always possible if H is finite-dimensional, for k a field), then it is automatically
a Hopf algebra. However, this is not necessarily the case for Hopf algebroids, for which
duality is in fact considerably more intricate (see [BSz2]), which is why we do not treat this
complex of problems here. Nevertheless, we conclude this section by an analogue of the
classical statement that a character on a Hopf algebra correspond to a grouplike element on
its dual (see Proposition 3.1.14).

Since any bialgebroid carries four natural A-module structures, we often take the liberty
of somewhat redundantly indicating the module structure in question in the hope of increas-
ing clarity. For further notation see the conventions on page 12 at the end of the Introduction
as well as §A.1.1 for standard constructions on bimodules (implicitly used in the following).

3.1.1 Definition Let U be a left bialgebroid with structure maps as before.

(i) The left dual of U is the space

Us:=Homy,_)(cU,4A) ={¢: U — A| d(stau) = ap(u),Va € A,uc U}.
(ii) The right dual of U is the space

U* :=Hom_ 4)(Ua,As) ={¢: U — A|¢(t'au) = ¢(u)a,V a € A,u e U}.

3.1.2 Notation We write ¢(u) =: (¢, u) for ¢ € U,, u € U, and also ¥(u) =: (¢, u) for
¢ € Uy, u € U, whenever we think that this may increase clarity.

55
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Before we proceed, we will explain how these duals can be made into bialgebroids,
following [KSz]. To this end, we give the details of their ring structures, their various A-
modules structures and their coring structures.

3.1.3 Ring Structures on U, and U™* We recall from [KSz] that both duals can be equipped
with a product structure:

(i) ‘Target’ transposing of the comonoid structure of U yields the following monoid struc-
ture my, on U, with the (two-sided) unit e:

my, (¢ @ ¢')(u) = (¢¢')(u) 1= ¢’ (myer (id @ t°0) Agu), 3.1.1)
where ¢, ¢’ € U,, u € U.

(ii) ‘Source’ transposing of the comonoid structure of U yields the following monoid
structure my« on U* with the (two-sided) unit e:

my«( @ ) (u) = (Y3') (u) := ¢ (my (s"¢ @ id) Agu), (3.1.2)
where ¢, € U*, u € U.

3.1.4 Remark There are some subtleties attached to the fact that my;, and my, are well-
defined as maps acting on a certain tensor product of the (left or right) dual with itself. We
refer to the proof of Proposition 3.1.9 for the technical details, and in particular to (3.1.16)—
(3.1.19) and (3.1.24)—(3.1.26) for further explanation why these ring structures make sense.

3.1.5 A-Module Structures on Left and Right Duals

Beyond the product structure on the duals, we also want them to become A°-rings, hence
we equip them with source and target maps. As a straightforward consequence of how Hom-
spaces of bimodules become (bi)modules again (cf. §A.1.1), left and right duals carry four
A-module structures each:

(i) In case of the left dual U,, one encounters the following four situations. Let u &€
U, g eU,anda € A.

(a) The left dual source map s, is defined as
st A= U, ar e(t'(a)(-) =e(-)a. (3.1.3)
As in (2.5.2), write ¢s”(a) =: ¢ «a. Then (¢ <a)(u) = (pst(a))(u) = ¢(u)a,

and this is the A-module structure that arises from the pair (.U, 4A,) of A-
(bi)modules, cf. §A.1.1. Analogously to §A.1.1, we denote this situation by
(U, 4JA,) = Us <.

(b) The left dual target map t7, is defined as

EiA=U, ae () (a) (3.1.4)

)-
As in (2.5.2), write ¢t"(a) =: a»¢. Hence (a» ¢)(u) = (¢t7(a))(u) =
#(us’a), and this corresponds to the situation (.U, 4A) »Us.

© (»,oU, 4A) = U, a, given by (¢ =a)(u) := d(ut’a) = (t;(a)9)(w).
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() (2Us, 4A) = U, givenby (a=9)(u) = ¢(t‘au) = (sL(a)d)(u).
(ii) In case of the right dual U*, things read as follows. Let u € U, ) € U* and a € A.

(a) Define the right dual source map s;. by
5 AU, ar e((1)s'(a)), (3.1.5)

and write 1s*(a) =: 1 <a. Hence (Y <a)(u) = (¥si(a))(u) = ¥(utla),
corresponding to the situation (,U_,A4) = U* «.

(b) Define the right dual target map t. by
A= U, a— e(s'(a)(-) = ae("), (3.1.6)

and write ¢t*(a) =: a» 1. Hence (a» ) (u) = (¢ti(a))(u) = ayp(u), corre-
sponding to (U4, 4A4,) = ,U*.

©) (Ua, <, An) = U*, givenby (as9)(u) = (s3(a)) () = $(us’a).
(d) (oU.,An) = U* 4, givenby (¢ <a)(u) := (t:(a)y)(u) = ¥(stau).

3.1.6 Right Bialgebroid Structures on U, and U* We recall from [KSz] how the left and
right dual can both be made into a right bialgebroid:

(i) If U is finitely generated projective over A, the left dual U, can be given the struc-
ture of a right bialgebroid over A, = A with the following structure maps: the A°-ring
structure is determined by the product (3.1.1) and source and target are as in (3.1.3),
(3.1.4). The A-coring structure (U, A%, 0,) is given by the following (right) coprod-
uct and (right) counit:

AL U, = Homg,_)(o(U« ® 2U),44), ¢ = {u@au — dp(un')},

0, U, — A, o — o(1y). G.L7)

To see that A’ is really a right coproduct, i.e.amap U — U,  ® »U,, where U, ( ®
» U, is defined with respect to (3.1.3) and (3.1.4), we will rewrite it in a different way
that is also more convenient for our following considerations: by projectivity of .U,
elements in U can be decomposed according to §A.1.2 as u = Y, s*(e?(u))e;, where
{ei}1<i<n € U, {€'}1<i<n € U, is a dual basis of U. Furthermore, introduce the
following left U-module structures on U.:

(u— @) (u) = p(u'u)  foru,u’ €U, ¢ € U,. (3.1.8)
Using the fact that U, « ® » U, — Homy _)(=(U« ® =U), 4A), given by
(¢ @ ¢)(u®au) = ¢/ (us’(gu)),

is an isomorphism because of the projectivity of U (see [KSz] for a proof, or our
similar considerations in the proof of Proposition 3.1.9), one may write

(ALg)(u, ') = pun) = Z lus’e’ (u)ei) =Y _(e; — ¢)(us‘e’(u)).

2
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Hence instead of (3.1.7), for the right coproduct and right counit one finds the more
systematic form

AT U = Ui @ WU, =)t @ (ei — ), (3.19)

Oy : U, — A, ¢ o(1y). o

(ii) Likewise, if U 4 is finitely generated projective over A, the right dual U* is a right
bialgebroid as well over the same base A* = A. The A°-ring structure is defined by
the product (3.1.2) and source and target as in (3.1.5), (3.1.6). The A-coring structure
(U*, Ar, 0%) is given by the following (right) coproduct and (right) counit:

Ay U* — Hom_ 4) (U< ® »U) ., An), Y {u®asu — dun’)},
o U — A, ¥ = Y(ly).

Again, by projectivity of U« we may rewrite this, decomposing elements in U 4 as
v =3 t(f7(v)) f;, where {f;}1<j<m € U, {f?}1<j<m € U™ is a dual basis for
U 4. With the left U-action on U* given by

(u— ) (u') = p(u'u) foru,u’ € U, ¢ € U*, (3.1.10)

and the isomorphism U* « ® »U* — Hom(_ 4)((U< ® »U) ,, A4) given by

(Y @ ) (u@a ) = (ut' (W),

where U* « ® » U™ is defined with respect to (3.1.5) and (3.1.6), we have the following
expressions for the right coproduct and the right counit:

Ap U= U@l b 5 =)@t (3.1.11)
& 1 U* — A, = (ly). h
3.1.7 Remark Under analogous assumptions, a right bialgebroid has two duals as well,
which can be made into left bialgebroids.

3.1.8 Module-Comodule Correspondence Classically [AW, Cart], if U happens to be a
finite dimensional algebra over a field k£ and DU := Homy (U, k) is its dual (carrying the
structure of a coassociative coalgebra [Sw1, 1.1.2]), right DU-modules naturally correspond
to left U-comodules, i.e., one has a categorical equivalence

Mod-DU ~ U-Comod.

The situation in the bialgebroid context is richer, as summarised by the main result of this
section, Theorem 3.1.11 below. The following proposition explains how module and comod-
ule structures imply each other.

3.1.9 Proposition Let U be a left bialgebroid, as above.

(i) Given aright U-comodule N € Comod-U with coaction (A : N - N®4 U, n+—
n() @A N(1)> the assignment

uY : Ne@U, — N, n®A¢»—>n(0)q§(n(1)) (3.1.12)
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(i)

defines a right U,-module structure on N. Conversely, for each right U,-module M
with U, -action (m, ¢) — md, the assignment

LA(m)(¢) :=mé Yme M, ¢ €U, (3.1.13)

defines a map A : M — Hom(_ 4)(Us, M), and if U is finitely generated pro-
Jective over A, this yields a right U-comodule structure , A : M — M ®4 U on M.
In particular, these processes of assigning modules and comodules are inverse to each
other.

Similarly, given a left U-comodule N with coaction Ay : N — U ®4 N, n
n(—1) ®a n(0), the assignment

,U,;K\, NQU* =N, n®sv— zﬁ(n(,l))n(o) (3.1.14)

defines a right U*-module structure on N. Conversely, for each right U*-module M
with U*-action (m, 1) — ma), the assignment

Ay(m)() :=myp Yme M, eU”, (3.1.15)

defines a map A,, : M — Homy _y(U*, M), and if U is finitely generated pro-
Jective over A, this yields a left U-comodule structure A, : M — U ® 4 M on M.
Again, these two processes of assigning modules and comodules are inverse to each
other.

3.1.10 Remark This result is not totally obvious since the category of (A, A)-bimodules
is not symmetric and even if A is commutative, parts (i) and (if) will be distinguished by
both the facts that source and target maps do not need to coincide, and in any case do not
necessarily map into the centre of U.

PROOF: To check the respective comodule identities, one expresses the comonoid structure
on U in terms of the monoid structures on U, and U* to obtain (3.1.13) and (3.1.15), similar
to [KSz], but in a sense dualised again (we give all details only in case of the left dual,
inasmuch this case is less expected, and leave the rigorous elaboration of the second one to
the reader).

(i)

To prove the first statement, we need to show that p (idy @ my, ) = pf (pf ®idy,),
where my, is as in (3.1.1). One has
p (idy @ my. ) (n®a ¢ @1 ¢') = ngoy (¢¢, n1))
= n0)(¢', 1" ({6, n2)))n) = (n0)(n))) () (¢, () (6, 1))) (1)
=pY (1) ®idy.)(n®a ¢ @ ¢') = 1) (¢, " ((d,n(2)) (1)),
since IV is assumed to be a right U-comodule. Hence the two expressions coincide.

For the second claim, consider the (A, A)-bimodule ~U, 4 (‘source-source’). The
corresponding tensor product U, @4 U, := U, ® U, carries an (A, A)-bimodule
structure in the standard way, given by (U, @4 Ue = U @A Usq. As-
suming that .U is finitely generated A-projective with dual basis {e;}1<i<n €
U, {e'}1<i<n € U. as before, the map

U®aU — Hom(_ 4) (U, @' Us), , Aa),

3.1.16
u@an = (9 ¢ — ¢t (pu')u) = (¢, 1 ((d,u')u)) O
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is an isomorphism. Its inverse is determined by calculating
U u = Zu @4 st (el (u))e;
i
=Y e ueae =Y s (el t (¢ u))u))e; @a e
i i.J
Hence the inverse can be expressed as

D — Zsé(q)(ei @4 el))e; @a ;.
‘7j

Now for each v € U the map

@ ¢ — ($¢,u) (.1.17)

lies in Hom(_ 4 ((U. @4 U,) o, An), as follows from §3.1.5(i)(a) and the relation of
the monoid structure on U,.. The identity

(p¢ u) = (¢ @ ¢, uy ®a ug)) = (¢, 1 ((,u@))ua)) (3.1.18)

can either be read from left to right, in which case it defines the ring structure m¢;, on
the dual in dependence of the coproduct on U, as was done in §3.1.1, i.e.,

my. U, @YU, = Uy, ¢4 ¢ — ¢¢'. (3.1.19)

Or, (3.1.18) can be read from right to left, so as to express the coproduct on U using
the product in U,; this is the point of view we adopt here. The coproduct on U then
reads
Apu = Zse(<eiej,u>)ej ®ae; Yuel. (3.1.20)
J

We need this formula to verify the comodule identities of ,,A: let M be a right U,-
module with action (m, ¢) — mdg, so that in particular M is an (A, A)-bimodule.
Define a map

My @ U — Hom_ 4y(cUsa , Ma), m®aur—m{—,u). (3.1.21)

Under the hypotheses that U is finitely generated A-projective, this map is an iso-
morphism, with inverse

Hom(_ ay(oUsa ,Ma) = Ma® U, [ Z f(e) @4 e;. (3.1.22)

Finally, define the right U-comodule structure on M
w M — Hom_ 4y(oUsa , Ma), wA(m)(9) :=m¢ Vme M, ¢ €U,

that is, with the isomorphisms (3.1.22) this amounts to a map ,A : M — M ®4 U
that reads _
WA= "me’ @4 €. (3.1.23)
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To check the comodule identities, calculate

(vA ®@1dy)Am = m(eiej) R4 e; R4 €,
j

4,3

and, by making use of (3.1.20),

(idpr ® Ap)Am = E:me]’c @4 Apeg

k
=Y met @as (el en)e; @aces
i.Gk
= Z(mek)<eiej, k) @A €j @4 €
0,5,k
= Z m(eks:(<ei€j,€k>)) ®ae; QA€
0,5,k
= Zm(eiej) ®aej @4 €,
]

where we used the fact that M is a right U,-module and the projectivity of ~U, com-
pare the construction of s from §3.1.5(i)(a). Furthermore, if R4 : (m,a) — ma
denotes the right A-action M, we see that

RA(idM®e)MAm:Z Zmes (ee;)) = me =m,

i

since € = 1y, , and the right comodule identities are proven. It is now easy to see that
AA is a (right) A-module morphism (in fact an (A, A)-bimodule morphism under the
left A-action (2.3.8)). With (3.1.21) one gets

2l (ma)(¢) = wA (m)(sL(a)9) = m(o) (¢, t*(a)mq)),

hence ;A (ma) = m(g) @A te(a)m(l).

To see that the two processes of defining U,-modules and U-comodules are inverse
to each other is straightforward. Assume that a right U,-action on M induces the
right U-coaction ,;A, as in (3.1.13). Then, as in (3.1.12), ,,A induces in turn a right
U.-action which is given with (3.1.23) as

2 (m @ ¢) = Zme (e:) = Y _me'si(@le),  meM.

With §3.1.5(i)(a), by projectivity we have for any u € U
S(esto(e)u) = (3 e us,e) = (6.3 s (e w)er) = 6w,

Hence >, m(e's?(¢e;)) = me, and the two module structures 42 and (m, ¢) — me
coincide. Vice versa, if the right U,-module structure p) on N originates from a
right U-comodule structure as in (3.1.12), it induces a right U-comodule structure
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(i)

~NA" 10— gy ®a (1) on N by (3.1.13), hence for any n € N and all ¢ € U, one
obtains

ny ¢(nay) = ¥A' (n)(d) = 13 (n ®a @) = n)d(ny) = vA(n)(9).
This means yA = A,

The case for the right dual is proven analogously; as said, we just give the analogous
formulae for the second statement for later use, but still in quite some detail due to the
slightly confusing richness of choices in this context.

This time, instead of (3.1.16), consider the (A, A)-bimodule ,U*. (‘target-target’),
and for the tensor product U* @ U* :=U*4 ® »U*, consider the (A, A)-bimodule
(U @4U*), = wU* @1 U*, . Assuming that U, is finitely generated A-
projective, with { f; }1<j<m € U,{f? }1<j<m € U* a dual basis of U -, the map

U®aU — Homea,y(»(U* @ U*), 44),

u®au = (et (U5 (W, u)u'))
is an isomorphism, with inverse

Vi Y fi@at (U @ ).
,J

For each u € U the map
@4 Y = (W', u) (3.1.24)

lies in Hom4 _)(» (U* ®“ U*), 4A). This map reverses the order, which makes it
well-defined on the chosen quotient in the tensor product (‘target-target’). Now use
the pairing

<¢/¢7 U> = W) ®A ’Q/J/, U(1) XA ’LL(2)> = <w7 S€(<wl’ u(1)>)u(2)> (3125)
to either define a ring structure on the right dual U* by
my- U @2 U = U*, ¢ty — ', (3.1.26)

which is well-defined only in this order reversing way (cf. (3.1.2)). Or, deploy (3.1.25)
to obtain the expression

Neu= fioat' (fIfu)f; YuelU (3.1.27)

%
for the coproduct on U. Furthermore, for a right U*-module M, define
Uq®a M — Homeg y(»U"<, AM), u®@am— (—,u)m,

which, under the hypotheses that U < is finitely generated A-projective, is an isomor-
phism, with inverse

Hom(s ) (»U*s ,aM) = U @4 M, g Y fi@ag(f7).
j
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Now, for the left U-comodule structure on M, set
Ay M— Hom(A7_)(>U*< ,aM),  Ay(m)(W) =myp VYme M, v € U,

so that we finally obtain a map A,, : M — U ® 4 M given by
Aym = Z f] XA mf]

With these formulae at hand, the U-comodule identities can be verified as before.

We now have all necessary information to state the main result of this section.

3.1.11 Theorem Let U be a left bialgebroid with left and right duals U, and U*, respec-
tively.

(i) There is a canonical functor Comod-U — Mod-U, from the category of right U-
comodules to the category of right U,-modules, induced by (3.1.12). If U is finitely
generated A-projective, this functor is an equivalence of categories:

Comod-U ~ Mod-U..

(ii) There is a canonical functor U-Comod — Mod-U* from the category of left U-
comodaules to the category of right U,-modules, induced by (3.1.14). If U, is finitely
generated A-projective, this functor is an equivalence of categories:

U-Comod ~ Mod-U*.

PROOF: It remains to show that module and comodule morphisms correspond to each
other. This can be modelled after [Sw1, Thm. 2.1.3.(e)]. We only show the first part, part (ii)
works mutatis mutandis. Recall the space of morphisms of right U-comodules in Definition
2.4.2(ii). Suppose f € Comy (M, N) C Hom(_ 4)(M,N) is a comodule morphisms for
two M, N € Comod-U. With the induced right U-module structure maps p! and 2 as
in (3.1.12), we have form € M and ¢ € U,,

py (f(m) @a ¢) = f(m) (¢, f(m)a))
= f(m)){¢: mq))
= f(m)(o,mq)))

= [ (m @4 §)).

Hence f is a morphism of U,-modules. Conversely, if ¢ € Homy, (M, N) for M, N €
Mod-U,, we have

9(m) 0y (0, 9(m) (1)) = pl (g(m) @4 ¢) = g(ud (m @4 ¢)) = g(m(o)) (b, m(1))

for all p € U,, m € M, and by the relation between (induced) module and comodule
structures in the preceding Proposition, this implies yAg(m) = (¢ ® idy)Am, ie., g €
Comy (M, N). Again, (ii) is proven analogously. O
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3.1.12 Remark As the base algebra of right bialgebroids, A carries a right U, -action as well
as a right U*-action, respectively. One may be tempted to think that both of these lead to
left U-coactions, but this is not the case, as shown. Considering A as the base algebra of the
left bialgebroid U, it carries a priori only one left U-action (cf. (2.3.3)), but two U-coactions
from left and right (cf. (2.3.7)). At least conceptually, this is reflected by the preceding
proposition. One has the following chain of structures for the base algebra:

Left U-action = right U, - as well as right U *-action = right as well as left U-coaction.

We will continue this discussion in the subsequent proposition.

3.1.13 Grouplike Elements and Generalised Right Characters Recall that a character on
the dual U* of a Hopf algebra U is equivalent to giving a grouplike element in U and vice
versa, compare the self-duality of a modular pair mentioned in Section 1.3.

A generalised right character [B3] on a right B-bialgebroid V is a (B, B)-bimodule
map » V4 — B with respect to the bimodule structure (2.5.2) which fulfills the property
(2.5.3). Hence every right counit of a right bialgebroid is by definition a generalised right
character.

Using the expressions (3.1.20) and (3.1.27) for the coproduct in U depending respec-
tively on the ring structures on U, and U*, one proves the following result.

3.1.14 Proposition Let U be a left bialgebroid and assume that ~U is finitely generated
A-projective. Then there is a bijective correspondence between grouplike elements G*U
and generalised right characters on U,. Likewise, if U 4 is finitely generated A-projective,
there is a bijective correspondence between G*U and generalised right characters on U*. In
particular, each right U, -action (resp. U*-action) on A corresponds to a grouplike element
in U, which induces the canonical right (resp. left) U-coaction on A as in (2.3.7). These are
the only ways in which U -coactions on A appear.

PROOF: Denote a right U,-action on A by V; a— V;a. From (3.1.21) follows that
u +— (—,u) gives the isomorphism U ~ Hom(_ 4)(=U.< ,Aa). Hence set

Vs =0€l, (3.1.28)

cf. §2.5.5, and for each w € U define correspondingly u(—) := (—,u) €
Hom(_ ay(=Us< ,Ax). Using (3.1.18) and §3.1.5(i), it is not difficult to see that o ful-
fills o(¢p¢’) = o(st(a(9))d') = a(ti(o())d’), i.e. (2.5.3) (cf. also (2.5.9)), and also that
itis an (A, A)-bimodule map with respect to the structures » U, ¢ . With (3.1.20), it follows
that

Aro = Z s((e'e,0))e; @a e
- Z 6 O'>)€] XA €
- Z 6] tg ))U>)€j R4 €; (3.1.29)

:Zté O’(X)AeZ

=o0Q®o,
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hence o is a grouplike element in U. The opposite direction is proved by reading all state-
ments backwards; that is, if o is grouplike, it can be concluded from (3.1.29) (since s’ has
the left inverse ¢€) that the property (2.5.3) holds; defining an operator V" by

Vg =0

yields a right U,-action on A. In particular, we have t‘ac = V"a, as seen by (¢, t‘ac) =
(si(a)¢, o) and

Aa = Z Veaa®ae; = Z<€iat4(a)0> Qa4 €

%

= Z 1a®a s€(<ei,t£(a)a>)ei =144 t‘g(a)a.

To prove the statement about A we need to make use of (3.1.28) as well as of (3.1.9),
(3.1.3), (3.1.1) and (3.1.8). Since U. is a right bialgebroid, one notices that

A (a)(0) = ad = (14¢™M)0.(s%(a)p?)
= Z<ei, o) (s7(a)(e; — ¢)(1ur))

= 34 o) (e )t
— Z<ei,a><¢,t‘(a)ei>7

which reads a(y(¢, a1)) = (&, t‘ac), and in view of (3.1.22) means that 4/Aa = 14 ®4
t*(a)o. Again, all assertions for U* work analogously. O

It is not by pure coincidence that in the preceding proposition we chose the symbol V. In
fact, V" may be seen as a (flat) right connection as in Subsection 2.5.1. We will later see an
example of the intimate relation between flat right connections and right counits (Proposi-
tions 4.2.9 and 4.2.11).

3.2 Push Forward Bialgebroids

In this section we shall construct a new bialgebroid from a known one, provided one has
some extra data; namely, a ring extension of the base algebra.
Let A, B be two k-algebras and 0 : A — B a ring homomorphism. This defines an
obvious (A, A)-bimodule structure on B by (a, b, @) — o(a)bo(a) fora,a € Aand b € B.
Now let U be a left bialgebroid over A with structure maps as before. We set

BP?®,4U®4B=B"®,U®QB/I, (3.2.1)
where

I = span{b @y, t‘as’au @, b — bo(a) @p u @y, o(a)b | a,a € A, b,be B, u € U}.
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We furthermore define the Takeuchi product o,.U := B°P x 4 U x 4 B, which, similarly as
before, denotes the subspace in B°® ® 4 U ® 4 B given by

U={>bi®au; @b € B*@,U ®4 B | 322
| 32,0 @4 wislat'a @4 by = Y ,0(a)b; @4 u; @4 bio(@), a,a € A}

Then factorwise multiplication (with the opposite product on the first factor) gives a well-
defined k-algebra structure on o, U with unit 1; ® 4 1, ®4 15.
The following statement may appear surprising to some extent.

3.2.1 Proposition Let U be a left bialgebroid. Then the k-algebra o,.U carries the structure
of a right bialgebroid over B.

PROOF: The right source and target maps are given by
st B — 0.U, b— 1,041, ®4b,
t" : B — 0.U, b—b®a 1y, ®als.

In particular, this defines the structure of a B°-ring with the four B-module structures as in
(2.5.2) and (2.5.5) for right source and target maps. We may also form the tensor product
0.U ®p o,U, which is defined as in (2.5.1). If now A,u = u(1) ®@a u2) describes the left
coproduct on elements u € U and € : U — A is the left counit in U, we define the right
coproduct and right counit on 0. U as

AE:0,U — 0.U ®p 0.U, b®Au®Abl—>(b®Au1)®A1 ) @5 (1p ®4 u@) ®a4Db),
Op :0.U — B, bRau®ab— bo(eu)d,

which are easily seen to be well-defined, also with respect to the presentation of A,. While
most of the properties in Definition 2.5.1 of right bialgebroids are obvious, let us just prove
(2.5.6) and (2.5.3). One has

my (idy @ s"05) AL (b @4 u®@ab) =b®a un) @4 o(e(ug))b=b®su®4b,
using (2.1.8), and likewise one proves the second identity in (2.5.6). Furthermore, one has
05 ((b@au®ab)(V @At/ @4 b)) = bbo(e(uu’))bb’

= b'bo (e(us‘eu’))bb/
=V o(eu )bo(eu)bb’
=Vo(eu)ds(b®au®a b

B(b QU ©405(b®auwa b))

(5705 (b @A u@a b))V @' @4 @ab)),

B

where we used the fact that o, U is given as a Takeuchi product. Putting ¢ instead of s’ in
the second equation then leads to the second equation in (2.5.3). a

3.2.2 Remark One may also alter the push forward construction by taking different tensor
products, opposites, coopposites or even ¢ as an anti-homomorphism; however, none of
these possibilities seem to lead to a left bialgebroid, precisely due to the requirement (2.1.4).
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3.2.3 Examples (Localisation of Hopf algebroids)

(i) Let E — M be a Lie algebroid over a smooth manifold M with anchor w. Denote
the corresponding Lie-Rinehart algebra by (C>°(M),I'E), and let VE := VT'E be
the associated left C°° (M )-bialgebroid; cf. Subsection 4.2.2 for all details of this con-
struction. Let ev, : C*°(M) — C,a — a(x) be the evaluation at a point z € M
and write C,, for C seen as (left or right) C*° (M )-module by this map. By the PBW
Theorem one has a C*° (M )-module isomorphism VE ~ I'(M, SE) on sections of
the symmetric algebra SE, hence in particular VE ®ce ) C; >~ SE,, given by
U ®cooary A — u(z)A. The condition (3.2.2) for the right tensor factor for X € T'E
yields (Xa)(x) = a(x)X(z), which is true if X(a)(z) = 0 for all a € C*(M).
Hence X € kerw,, the fibre at = of the isotropy of the Lie algebroid; this is a Lie
algebra. An analogous consideration for the left tensor factor yields the same in-

formation (since the source and target maps are equal). By extension, one obtains
ev,,VE ~ U(kerw,), i.e. a C-bialgebra.

(ii) Let s,t : G = G| be an étale groupoid over a smooth manifold G, and denote the
compactly supported functions over G by C°(G); see Section 4.4 how this can be seen
as a left bialgebroid over C*°(Gy). The left and right C*°(G))-actions on C2°(G) used
in (3.2.1) are given in (4.4.4), i.e., (au)(g) = a(t(g))u(g) and (ua)(g) = u(g)a(s(g)),
where u € C°(G), a € C*(Gy). Again, letev, : C*(Gy) — C,a > a(zx) be the
evaluation at x € Gy. Then the right tensor product in (3.2.1) identifies elements
a(t(g))u(g) = a(x)u(g), i.e., C3°(G) ®co(ay Cx ~ C(t~!(x)). The subspace in
(3.2.2), however, consists of those elements in C°(t~*(z)) for which u(g)a(s(g)) =
u(g)a(x). As in (i), analogous considerations on the first tensor factor do not lead to
any further conditions. Hence if G, = {g | s(g) = t(g) = x} denotes the isotropy
subgroup of x, which is a discrete group here, one obtains ev,,.C°(G) ~ C°(G,),
i.e. a C-bialgebra again.

3.3 Matched Pairs of Bialgebroids

In this section we present a method to construct a new bialgebroid out of two known ones. It
will give a generalisation of a similar consideration for k-bialgebras (see e.g. [Maj]), which
is needed in Section 4.7 to analyse the structure of (generalised) Connes-Moscovici algebras
(cf. [CoMosS, MosR]). The main ingredients of the construction are:

(i) two (left) bialgebroids U, F,
(i) an action of U on F/, satisfying certain properties,
(iii) acoaction of F' on U, satisfying certain properties.

If the structures from (ii) and (iii) ‘match’ in a sense to be specified, a particular tensor
product F' @ U carries the structure of a left bialgebroid again.

Note that already for k-bialgebras there are various possibilities of how to produce new
bialgebras in this spirit (cf. [Maj, Kas3]), corresponding to the various action-coaction pic-
tures but we will only generalise the case of the ‘left-right bicrossproduct bialgebra’ from
[Maj, Thm. 6.2.2] to bialgebroids.
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3.3.1 Left Module Rings for Bialgebroids

Here, we give a more precise sense to the ‘action picture’ of point (ii) above.

The additional structure on a ring U that makes it a left (or right) bialgebroid over A is
precisely a monoidal structure on the category U-Mod of left U-modules (right U-modules,
respectively) together with a strictly monoidal forgetful functor U-Mod — A°-Mod; see
Theorem 2.3.1 from [Schaul]. Hence the following analogue of a ‘module algebra’ appears
quite naturally. Let (U, A, s, t5, AY, €, ) be a left bialgebroid, as before.

3.3.1 Definition [KSz] A left U-module ring M is a monoid in U-Mod. That is, by strict
monoidality of the forgetful functor U-Mod — A°-Mod, the space M carries a canonical
A-ring structure with A-balanced multiplication p,,(m ® 4 m’) = mm/' for m,m’ € M,
and unit map A — M, a — s’ (a)1,, =t/ (a)1,, such that foru € U, m,m’ € M

u(mm') = (ugym)(u@ym’), and ul, = shey(u)ly. (3.3.1)
Here the U-action on M is denoted by (u, m) +— um.

For example, the base algebra A is a left U-module ring, but U itself usually is not.
Observe in particular that with the induced A°-module structure on M given by

amb = tébsgam, (3.3.2)
one has
a(mm’) = st.a(mm’) = (s{,am)m’ = (am)m’ (33.3)
(mm/)a = t!,a(mm’) = m(tL.am’) = m(m’a), o
and moreover
m(am’) = m(sam’) = (tSam)m’ = (ma)m’. (3.3.4)

We can then prove the following fact similar as in [KSz].

3.3.2 Lemma Let U be a left bialgebroid as above and M a left U-module ring. Then
M ®4 U carries an A-ring structure, called the smash ring or crossed product ring, denoted
by M>,U.

PROOF: Here
M ®,U =M ®;, U/span{ma @u —m @ s',au | a € A}, (3.3.5)
where ma = t{ am as above. The A°-module structure on M ® 4 U is given by
a(m @4 u)b=am @4 us b= s am @4 us’b fora,bec A (3.3.6)
The product structure y is
(m@au)(m' @au) :=p((meau)@a (M @au')) :=m(ugym’) @4y, 3.3.7)
and the unit is

A—-MRAaU, ar—al,, a1, = sf;alM ®4 1y :tf,alM Raly, =1, R4 séUa.
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Both maps are clearly A°-module morphisms. While the associativity and unitality axioms
are easily checked using coassociativity of AY, we restrict ourselves to showing that (3.3.7)
is actually well-defined over A. One has, for a,b € A,

(ma @4 u)(m'b @4 u') = (ma)(un)(m'd) @a ueyu' = m((sgau(l)tf;b)m’) ®4 w2y’

=m((shau)1ym') @4 (shau)@yshbu’ = (m @4 sbau)(m' @4 s5bu').

Also, if multiplication is thought of as a composition of single maps, one has to show well-
definedness of the Sweedler components, i.e.,

m((thaupy)m’) @4 ueu' = m((uqym')a) @4 weu'

= (m(uym’))a @4 u@yu’ = m(ugym’) @ Sga“@)u/'

With the mentioned A®-module structure on M ® 4 U, the fact that i is A-balanced is obvi-
ous. ]

For example, the universal enveloping algebra V' L of a Lie-Rinehart algebra (A, L) arises in
such a way, i.e., VL = A>4UL where UL is the universal enveloping algebra of the k-Lie
algebra L; see also Remark 1.4.4 above.

We finally remark that M ® 4 U can even be seen as an M -ring [B3].

3.3.2 Right Comodule Corings for Bialgebroids

Now we specify what we mean by the ‘coaction picture’ mentioned in point (iii) at the
beginning of Section 3.3.

Let (F, A, st t4, AF €,) be an arbitrary left bialgebroid and denote the Sweedler com-
ponents of its left coproduct by Ay f = fj1) ®a fig) forall f € F.

3.3.3 Definition A right F-comodule coring N is a comonoid in Comod-F'. That is, by
strict monoidality of the forgetful functor Comod-F — (A°P)°-Mod, the space N carries
a canonical A°P-coring structure (N, AV ey) with an (A°P)°-linear coproduct AVn =:
n(1) ®Aer N(2) and a right F'-comodule structure yAn =: no) @ aer N1, such that

mp(shey @1dp) A =they, (AY ®idy)vA = vonAAY. (3.3.8)
Here yonA denotes the right F'-coaction on N ® 4op N from (2.3.11).

Again, the base algebra A is a right F'-comodule coring (see (2.3.7)), whereas this is
generally not the case for F itself.

Compare [BS] for the analogous definition of a left F'-comodule coring. Observe also
that it is this A°P-construction that generalises the bialgebra case (cf. e.g. [Maj]), at least if
one wants the same order of elements in the formulae.

For the reader’s convenience, let us explicitly recall all maps and tensor products in-
volved. For the coproduct on N we have AY : N — N ® 400 N, where

N @400 N := N ®, N/span{an @n' —n®@n’a|a € A}, (3.3.9)
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and N ® gop N is an (A, A)-bimodule in a standard way, i.e. by (a,n® g0p 1/, b) = ND® pop
an’; in particular

AN (anb) = nyb @400 an(yy foralla,b € A. (3.3.10)
For the right F'-coaction on N we have yA : N — N @4 F, where
N ®a F:= N Q@ F/span{na @, f —n® staf | a € A} (3.3.11)
is the tensor product from (2.3.5). Written explicitly, the conditions (3.3.8) then read

s‘;eN(n[O])nm = tf;eNn,

3.3.12
no)(1) @Aer No](2) DA N = N(1)[0] @Aer N(2)j0] DA T(1)[1]7(2)[1]- ( )

Note that these conditions are well-defined by (2.3.10), (3.3.10) and (3.3.11). For example,
on the right hand side in the second equation of (3.3.12) one has

(an(1)) (o) ©acr n(2)(0) @4 N))[] = T(1)[0] Dace T2)0] Da N1)]t ana)p)
= 1)) ®acr (n(2)a)[0) @4 71 [IN(2)[1]5

from which the well-definedness over the presentation of A™ follows.

3.3.4 Lemma Let (F, A) be a left bialgebroid and N a right F-comodule coring, with all
structures maps as above. Then the space F' ® qop N carries the structure of an A-coring,
called the cocrossed product coring, denoted by F'™<4op N.

PROOF: Firstly, we recall that the underlying A-linear space of F'»<gop N is
F ®po0 N := F @, N/span{ftta ®n — f @na|a € A}, (3.3.13)
which is an (A, A)-bimodule with left A-action L 4 and right A-action R 4 given by
a(f ® go0 )b = s%.at’bf @ gov 0, (3.3.14)

with respect to which we define the tensor product (F ® g4op N) @4 (F ® a0 N). The
coproduct and counit are maps A§™* : F @00 N — (F Q@400 N) @4 (F ®400 N) and
€ F®q00 N — A, given by

AT (freaoen) = (frpr<acen o) ®a (flzpnapr<acen(z)), (3.3.15)
€oer([P<aorm) = eF(ftf,eNn). (3.3.16)

While it is trivial to check that the counit is well-defined over A (recall that e, is an
(A°P, A°P)-bimodule map), this is somewhat more tedious for Aj™. With (2.3.10) and
(3.3.10) one has

AF(fthar<aoon) = (fup<asrnqyjo) ©a (fiztpannp<asen(z))
= (flyr=aer (na) o) ®a (fiz1(na) 1ypr<ace (na)2))
= A (ur<gopna).
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The well-definedness over the presentation of Aj immediately follows from (3.3.14). More-
over, one has to check the well-definedness over the presentation of A, i.e.,
(fryr<acenqoja) @a (fanapr<asen() =
= (frytrar<asnjo) @a (fgynemr<aeen )
= (fup=amrnqyo) ®a (fzyspanqp=awne),
by the very definition of all tensor products involved, as well as the property im(A}) C
F x 4 F. Now, by (2.3.10) again, the computation
(fryr<ace (an)) i) @a (fnon=<aeen(z)) =
= (fuyr<acrn(nyjo) ©a (fiznyptear<asn(z)
= (fupr<acenqyo) @a (framap<acen(z)a),
proves that the presentation of A~ is well-defined. Finally, we are left with checking the
comonoid identities. With (3.3.8), (3.3.12) and (2.3.10) one obtains
L(e @1d)AF (fr<aorn) = Siﬁp (f[l]tiﬁv (n(l)[o]))f[g]n(l)[l]KAopn(g)
= fswex(nayo)napyr<aen(
= ftf?EN (n(l))KAopn(g)
= [r<acen(z)en(n(1)) = fr<acrn,

since N is an A°P-coring. Also, with the same kind of arguments,

Ra(id @ €)AF(fr<acrn) = toer(franpteenn) fi=<asen)o)
= then(fiz(en (n@))n1)) ) fy=<aee (ex (ni2) )01 (o)
= trer(fram) frj=<acenjo)
= ther(fio) fuythernpy<acenjo) = fr<aoon.

Spelling out the coassociativity condition of Aj™, one finds

(A5 © id)AF (freponn) =
= (fup=acenyoj)i0)) ®a (frmo))n=<acen(no)2)) ®a (fiz1np=<acen )

= (fupr=acrn(iyjo]) ®a (flznp<acenz)o) ®a (fama)pnee)p><arn))
= (id @ AF)AG(frponn).

Here we used coassociativity of both A7, AY, and in the third line the comodule coring
property (3.3.12) was applied. O

3.3.3 Matched Pairs

In this subsection we merge the concepts of left U-module rings and right F’-comodule
corings to produce a new bialgebroid, which will be called a bicrossed product bialgebroid.
This is possible if /' and U and their mutual coaction and action meet certain conditions
(so as to yield a matched pair of bialgebroids; see below). Assume that both M = F'in
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Definition 3.3.1 and N = U in Definition 3.3.3 are (left) bialgebroids; we want to impose
a bialgebroid structure on some tensor product F' ® U. The obvious problem that the ring
structure from Lemma 3.3.2 and coring structure from Lemma 3.3.4 are on different tensor
products can be removed by assuming F' to be a bialgebroid over A°P and U over A. On the
other hand, further (seemingly unavoidable) compatibility conditions (see below) will force
A to be commutative, such that the tensor products underlying the crossed product ring and
the cocrossed product coring become (automatically) the same.

3.3.5 Theorem Let (F, A, s%,t' Al e.) and (U, A, s%,,t5, AV €,) be left bialgebroids
over some commutative base algebra A, and let F' be a left U-module ring and U a right
F'-comodule coring with maps

UxF—F (u,f)—u(f) and VAU = U®aF, ur ug) ®@a upy.

Furthermore, assume that for all f, f' € F, u,u’ € U, a € A the compatibility conditions

s =t (3.3.17)
tlaf = ftta, (3.3.18)
wjo] ®Asf;au[1] = uj ®Au[1]s£a, (3.3.19)
fuy®ashafy = fu®a fizsha, (3.3.20)
as well as
er(u(f) = ev(usher(f)), (3.3.21)
Aly = 1y ®a 1g, (3.3.22)
A7 (u(f) = uo () ®a wypue (fz), (3.3.23)
w@)o) @a u)(fuep = u@o) ®a wypjue)(f), (3.3.24)
A (ud) = u(l)[o]u’[o] ®a u(l)[l]u(g)(uh]) (3.3.25)

hold, where we used the Sweedler notation Aju =: U1y @A u(2) and Ajf = f[l] Qa4 f[z]
for the left coproducts. Then the linear space

F@aU:=F @, U/span{tiaf @u— f®s'au|ac A} (3.3.26)

carries compatible structures of both an A°-coring with ring structure F'>,U from Lemma
3.3.2 and an A-coring with coring structure F'><,U from Lemma 3.3.4, so as to form a left
A-bialgebroid, denoted by F'»4U.

PROOF:  First, note that the tensor products in (3.3.20) and (3.3.23) refer to (2.1.1) for
the left A-bialgebroid F', whereas the tensor product used in (3.3.19), (3.3.22) (3.3.24) and
(3.3.25) is meant to be the one defined in (3.3.11); now (3.3.23)—(3.3.25) are well-defined
precisely due to (3.3.17)—(3.3.20). We will first dedicate our attention to the conditions
(3.3.17)—(3.3.20), which are sufficient for both the construction of the crossed product ring
F>14U and the cocrossed product coring F'><4U on the linear space (3.3.26). Clearly, once
established, (3.3.17) then implies that A needs to be commutative. Asking U to be a right
F'-comodule requires compatibility in the sense of (2.3.10) with respect to one of the right
A-actions < or <« on U from (2.1.3) or (2.1.5) (provided one does not want to introduce
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extra data, i.e. even more A-actions on U). If one furthermore wants to impose U to be a
right F'-comodule coring, one of the left and one of the right of the four natural A-actions
on U has to be compatible with (3.3.10). By (2.1.7), this implies that one needs to use either
(2.1.3) or (2.1.5). For either choice, one has, by (2.3.10),

Alas1y) = A1y <a) = yAlar 1) = A(ly <a) = 1, @4 tha, a€ A,
and hence by the comodule properties
sta=acly, = Ry(id®€p)pA(as1y) = Ru(id @ €2)pA(1y <a) = 1y <a = tha,

where R, is one of the two natural right A-actions < or « on U from either (2.1.3) or
(2.1.5). Analogous considerations hold for the (A, A)-bimodule ,» U4 , but since we aim
to produce the same linear space in the tensor products (3.3.5) and (3.3.13), the canonical
right A-module structure on the right F-comodule U needs to be left multiplication with s¢ a
(= tﬁ a), which coincides with the additional left A-action (2.3.8) on the right F'-comodule
U. Observe that right multiplication with s a (= ¢ a) does not come into the picture, i.e.
is not induced by the F'-coaction on U. In particular, the tensor product (3.3.9) is then the
standard one from (2.1.1) for the left bialgebroid U (things would not have changed if we
assumed that I’ was a left A°P-bialgebroid).

On the other hand, F is requested to be a left U-module ring with compatible A-action
with respect to the induced (A, A)-bimodule structure (3.3.2). Since we want to match the
tensor products (3.3.5) with (3.3.13), we obtain the condition

thaf = ftta, feF acA,
and from (3.3.4) and (3.3.3) it follows, with s, = ¢/, that

fteaf' = (ftra)f' = (siaf) f' = spa(ff) = ff'tea, f.f € F, a€ A

Hence t%.af = ftta, and A needs to be central in F' by means of t%. Observe that both
the left and right A-actions induced by the U-action on F' (cf. (3.3.2)) coincide with the A-
module structure defined by ¢% (i.e., the A-action by the source map s does not arise from
the fact that F' is a left U-module ring).

Now the underlying linear spaces of F'><4U and F'><4U are given by (3.3.26); moreover
F>1,4U can be seen as an A°-ring by defining source and target as in (3.3.14), i.e.,

st rasta®aly, t b= ttboal,. (3.3.27)

cer

Then the canonical left A°-module structure on F'><4U from (2.1.3) is
as(f@au)<b=stat'bf @4 u=staf ®4 s bu,
whereas (2.1.5) reads
(f@®au)<a= funy(sha) ®aup  and b (f@u)=f®4usb, (3.3.28)

where in the second equation we used (3.3.7), (3.3.1), (3.3.26), and sg = tg. The bimodule
structures on F' ® 4 U corresponding to (3.3.14) and (3.3.6) are then a> (f ® 4 u) <b and
(f ®4 u) «b<a, respectively. So far, part (i) in Definition (2.1.2) of a left bialgebroid has
been shown.
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As for part (if), we need to show that the coring structure A§" on F»<4U from Lemma
3.3.4 is a k-algebra morphism with respect to the algebra structure on F'><4U from Lemma
3.3.2. We will do this in an analogous manner as in [Maj, Thm. 6.2.2]. For this to hold,
the identities (3.3.23)—(3.3.25) will be sufficient. Note that these are well-defined due to
(3.3.19), and that (3.3.20) and inserting (3.3.23)—(3.3.25) into the following calculation is
permitted by (2.1.2) and (2.3.9):

A“"((f»%u)(J"’><1AU')) = A (fu) (F)aueu)

FrCuay (F D py=a(ugyuny)io) @a (fr2(uay (F)) 21 (we2)u) py=aues) ugz))

(3315)

Fyucyo) (Flap)=a (uyu(n)io) @a (Faiuue) (Fo) (we)u(n) p><at u(s))

3.3.23)

(3.3.25)

Fryueio) (Fli) a0 w1 o)) @a( Frzwa) (o) w@ymue) e () =<ats)w(s))

3.3.2¢

= ( )

( 1)

(frayeco) (Fy) a0y o) (fizuen ) (fa) e mw (uipg) =t i)
| )@

(

= e (f)=aueoje) vio) @it (o) ue nue (o)) >ut@ )
= (fryumor) (Flay)=auo @ o) @alferummue) (Fa)ue) (i p) @ ugs)

(33.24)

= (fryu@yo) ) (Fi)=aw@pi@ o) @ (e (Fyup) e ts)

(3? 1)

= ((fupr=ayo) (Fl=atfnyo)) @a ((farwn=<at@) (Fawpat(s))
CCr(fMAu>Accr(f ><1A’U/ )'

Finally, as part (iii) in Definition 2.1.2, we need to prove the left counit property (2.1.4) for

€. With respect to the A-actions (3.3.28) on F'»<4U. Here (3.3.21), (3.3.18), (2.1.4) for
€r, €y, and the commutativity of A will be needed:

Eeer ((fraaw) (fraat)) = €cer (fugr)(f)ranu@yu)

= eF(fU(1)(f/)tﬁeg(u(z)ul))

er(u)(f))ev (u@yuw)en (f)

= eU(u(l)s erf)ew (u@yu)er (f) with (3.3.21)

= ev(sper(fluspes(f)u)
= €F(ftf~€u (us eF(f tt P )))

= er(fran(usger (fheot’)) = e (fraaw)tl,en(ftresu)).
Likewise one can show that
ccr((fMAu) crr(f' té 'l )) =€r (fu(l)(SieF(f/tﬁeUu'))tﬁeUuQ))
= eo(sper(fuspes(fu),

and then continue as above from the third line from below. d

(337)

™

3.3.6 Definition A pair (F,U) of two left A-bialgebroids related to each other by the prop-
erties (3.3.17)—(3.3.25) is called a matched pair of left bialgebroids. The resulting left A-
bialgebroid F»4 U is called the bicrossed product bialgebroid of the matched pair (F,U).
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In Sections 4.5-4.7 we will present a context in which such a construction appears quite
naturally.

3.3.7 Remark Of course, there is an analogous construction for right bialgebroids. We
hence conjecture that, analogously as for Hopf algebras [Maj], the bicrossed product bialge-
broid F'><4 M can be made into a Hopf algebroid with antipode

S(fraau) = (1praaSoug) (Se(fupy)raly) = (SUU[O])(I)(SF(fu[l]))NA(SUU[O])(Q)v

where u € U, f € F, provided that F,U are Hopf algebroids with antipodes Sy, Sy,
respectively. This will probably require U to be both a right F'*-comodule and a right F"-
comodule for the underlying left and right bialgebroid structures of F', and in particular
additional compatibility conditions for these coactions will have to be added. We expect
these conditions to correspond to those occurring in the definition of right Hopf algebroid
comodules, a subtle notion which was completely clarified only recently in [B3, Def. 4.6].






Chapter 4

Examples of Hopf Algebroids

4.1 Immediate Examples

In this section we present a few examples that one expects or rather requires to fulfill the
axioms of a Hopf algebroid; see e.g. [B3] for more straightforward examples.

4.1.1 The Enveloping Algebra A°

One of the most basic examples (see e.g. [Lu, Schaul, B3]) of a Hopf algebroid is the en-
veloping algebra A° = A ®; A°P of any k-algebra A. Now A€ is a left bialgebroid over A
by n%e := idae, i, s‘a = a ®y, 1, 'b = 1 ®, b, and left coproduct as well as left counit
given by

Ap: A° — A°®4 A°, a®kb|—>(a®k1)®A(1®kb), €:A°— A, a®b— ab.

We recall that A°® 4 A° := A°®y, A®/span;,{(a®; bc) @y, (a' @k b') — (a Q@ b)  (ca’ Ry
b'), ¢ € A}; here and in what follows we express the product structure on A°P by the one in
A. Similarly, there is a right bialgebroid structure on A° over A°P given by 1. := id(gop)e,
ie.,s"a =1®g a,t"b = b ®; 1, and right coproduct as well as right counit

Ap i A° — A2 A% a@rb— (10ra)@4 (b@k1), 8:A° — AP, a®ib— ba,

where A°®4”" A° = A°®), A° /span; {(a@cb) @y (0’ @pb') —(a@ib) @k (a'cpb'), ¢ € A}.
Finally, the antipode is given by the tensor flip, i.e.,

S:A*— A° a®rbr— bRy a.

As for the left Hopf algebroid (x 4-Hopf algebra) structure, the tensor product in question
reads

» A® @ qo0 A° 4 = A° @), A°/span,{(a @y cb) @ (@' @1 V') — (a @ b) (o’ @ b c)},
where cb and b’c is understood to be the product in A. One then easily verifies that
(a @k b)4 @acr (a @k b)— = (a®k 1) ®acr (b®k 1)

yields an inverse of the Hopf-Galois map defined as in (2.2.13).

77
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4.1.2 Hopf Algebras Twisted by a Character

In this subsection we indicate how Hopf algebras with a character and Hopf algebroids over
a commutative ground ring k correspond to each other. More precisely, we explain and prove

4.1.1 Proposition There is a bijective correspondence between Hopf algebroids over a com-
mutative ground ring k and Hopf algebras over k equipped with a character.

A Hopf algebra H = (H, my,n,A,¢€,S) together with a character 6 : H — k and
the twisted antipodeS = my(d ® S)A from [CoMos4] (cf. (1.3.3) in Section 1.3) can be
considered a Hopf algebroid over k as follows: the underlying k-bialgebra (H,my,n, A, €)
is clearly a left k-bialgebroid, source and target map both being givenbyn : k — ZH C H,
mapping into the centre of H. As for the right k-bialgebroid structure, source and target
maps are again given by 7, whereas the right coproduct and the right counit read

A.: H—-H®,H, h— h(l) Rk n(55h(2))h(3),
0:=6: H—k, h — dh,

where Ah = h(1y @y h(2) are the Sweedler components of A. Observe that 8S = € while
generally 05 # e. One easily checks that the comonoid identities (2.5.6) are fulfilled, for
example for each h € H,
mH(idH ® 6)ATh = h(l)né(d(Sh(g))h(g))
= haynd(Shyhs)
= h(l)néeh(g) = h(l)nEh@) = h,
since (H, S) is a Hopf algebra. Likewise, one checks that the data (H, m,,n, A, A€, 4, 5)
fulfill all requirements in Definition 2.6.1 of a Hopf algebroid. As an example, we prove
(2.6.4) 3
My (S 024 idH)Ah = n(§h(1))5h(2)h(3) = 77((5h(1))6h(2) = néh,
and also
my (idy @ 0)Avh = h(1)S(n(3Sh(a))h))
= h(l)n(ésh(z))éh(g)Sh(4)
= h(l)n(ésh(2)h(3))5h(4) = h(l)n(éh(g))Sh@) = T)Eh.

Observe that if S is invertible, then the inverse of S is given by S~' = myop (St ®d)A.

Now consider the converse situation of a Hopf algebroid (H, k,n, Ay, A, €,0,.5) over a
commutative ground ring k: since source and target (for both the left and right bialgebroid)
are unital maps k — H for the unital k-algebra H, all of them coincide with the unit 7 :
k — ZH C H. The left and right counit are k-algebra characters €,0 : H — k, but the
underlying left and right bialgebroid structures do not necessarily coincide. If S’ denotes the
antipode of the Hopf algebroid, define

S i=my(nd @ S)A,.
One then verifies S’ (hh') = S'h'S’h and
AS'h = T]ah(l)Sh(g) Rk Sh(g)
= Sh(g) Rk Slh(l)

= Shzy @k n0h(3)S'h(y) = 8'h2)0 @ §'hy).
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Hence S’ is an antipode for the k-bialgebra (H, A, 9) and € plays the role of a character for
it: twisting again as in (1.3.3) returns the original Hopf algebroid antipode, i.e., my(ne @
S")A, = S. Of course, a similar construction can be made for the k-bialgebra (H, Ay, €):
here the antipode reads S’ = my (S®ne)A, and the character is 0. These two Hopf algebras
are not independent from each other, though: as for the underlying left and right bialgebroid
in the Hopf algebroid H, they can be transferred into each other by means of S.

4.1.2 Remarks Let us conclude this section by pointing on some generalisations of the con-
cepts used above:

(i) If on a Hopf algebra there is no character given (apart from its counit), the proposition
above does not produce anything new. In such a case one simply has the bijective
correspondence between Hopf algebras and left Hopf algebroids over &, as mentioned
in Example 2.2.2(ii). Hence, as a summary of Proposition 4.1.1 and Example 2.2.2 one
may state that left Hopf algebroids generalise Hopf algebras, whereas Hopf algebroids
generalise Hopf algebras with a character (or twisted antipode).

(ii) As observed in [B1], for a cocommutative Hopf algebra one can always find nontriv-
ial characters. Twisting the antipode with respect to these characters produces Hopf
algebroids which do not fulfill the axioms of the different definition of Hopf algebroid
in [Lu], cf. §2.6.13(i). This shows that the two definitions (i.e. the one from [Lu] and
the one from [BSz2] used throughout this thesis) are not equivalent.

(iii) The procedure of twisting a Hopf algebra antipode by a character is only a special case
of the notion of twist of a Hopf algebroid [B1], producing new Hopf algebroids out
of known ones. On top of that, in [BS, Ex. 2.18] one can find the generalisation of a
modular pair in involution (see Subsection 1.3.2) to the realm of Hopf algebroids.

4.2 Universal Enveloping Algebras of Lie-Rinehart Alge-
bras

In this section we discuss the fact that a Lie-Rinehart algebra always gives rise to a left
bialgebroid as well as a left Hopf algebroid. Adding some extra structure, one may even
obtain a (double-sided) Hopf algebroid.

4.2.1 The Canonical Left Hopf Algebroid Structure on V' L

Let (A, L) be a Lie-Rinehart algebra. Several authors [X3, KhR2, MoeMr¢3] have shown
that the enveloping algebra V'L is a left A-bialgebroid, but it is in fact also a left Hopf
algebroid over A.

Recall first from e.g. [X3, KhR2, MoeMr¢3] its left bialgebroid structure: source and
target are equal and are given by ¢4 : A — VL. The (A, A)-bimodule structure -V L4 is
hence given by multiplication of elements in V'L, i.e., a>u < a = aua, which enables us to
suggestively denote the tensor product (2.1.1) by

VLW VL :=VLs ®4 VL, 4.2.1)
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and likewise VL x!* VI := VL x 4 V L for the Takeuchi product (2.1.2). The prescriptions
AX=1"X+X "1, Ajw=ax"1, (4.2.2)

which map X € L and a € Ainto VL x" VL, can be extended by the universal property
to a coproduct A : VL — VL x4 VL C VL ®" VL. The counit is similarly given by
extension of the anchor w to V' L, more precisely, by

e: VL — A, u— w(u)(la).

As in (2.3.3), this defines a left V L-action on A, which we abbreviate as u(a) := €(ua), and
in particular, one has

eX =0, €a = a, VX €L, a€A.

The defining property of a left Hopf algebroid, i.e. the bijectivity of the Galois map, is
seen in the same way: denote the tensor product (2.2.2) by

VLR"VL:= 2 VL®aer VL, (4.2.3)

and write VL x"' VL := VL x o0 V L for the Takeuchi product (2.2.12). Then the transla-
tion map 37! is given on generators as

ay@la_i=a@m1l, X, "X_=Xoll1-1@"X. (4.2.4)

These maps stay in VL x" VL, which is an algebra through the product of V'L in the
first and its opposite in the second tensor factor. By universality we obtain a map VL —
VL x" VL CVL®"VL, and then 3! is defined using (2.2.13).

Conversely, certain left bialgebroids give rise to Lie-Rinehart algebras:

4.2.1 Proposition For a left bialgebroid (U, A, s°, t°, Ay, €) with A commutative and s* =
t¢, the pair (A, P* H) of the base algebra and the left primitive elements forms a Lie-Rinehart
algebra.

PROOF: The proof is quite straightforward. Firstly, since s* = ¢ we usually refrain from

mentioning these maps; the remaining two left and right A-module structures on U read
au := s*(a)u and ua := us’(a). Then the coproduct Ay is amap U — U ®@" U, where we
use again the notation U ®" U, with its obvious meaning analogous to (4.2.1). The natural
Lie algebra structure on U is simply [u, u'] := uu’ — u'u, which is closed in P‘U. We have
Aylau) = au @141 @"% au for u € PU, which is therefore a (left) A-submodule (since

s® = t%). The anchor is given by the Lie algebra action
PU — Dery, A, u — {a — e(ua) =: u(a)}.
The required property (1.4.1) is obvious and for u, v’ € PU and a,b € A, we conclude that

([u, ar/])(b) = e(u(av' (b)) — au'(u(b)))
= u(a)u'(b) — a([u, w'])(b) = (u(a)u')(b) — (alu, u'])(b).

Since b € A was arbitrary, this proves (1.4.2). a
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4.2.2 Remark (i) Somewhat more generally, for any left bialgebroid (U, A, s, t¢, Ay, €)
for which s¢| 74 = t*| 74 on the center ZA of A, one can analogously show that the
pair (ZA, P*U) forms a Lie-Rinehart algebra.

(ii) Observe that even if one omits the ‘action axiom’ e(uu’) = e(ueu’) of a counit, one
is still able to define a Lie algebra action: first, for u € P‘U we have Ay(ua) =
ua @' 1+ 1 ®@" au. Applying m (¢ ® id) on both sides yields

ua =u(a) + au, a€ Au€ P'U,

from which can be read off again that eu = 0 for u € P*U. Now we have for any two
primitive u, v/,
([u,u'])(a) = e(uu’'a — u'ua)
a)) + u(au’) — u'(u(a)) + v’ (au))
= u(u'(a)) — v (u(a)) — e(u(a)u’ + [au,u'])

I
2
2
g\

since P‘U C ker ¢ was both an A-submodule and a Lie subalgebra in U. Hence we
again obtain the desired Lie algebra action.

4.2.3 Proposition Let (U, A, s, Ay e) and (U, A',s", A}, ) be left bialgebroids over
commutative bases and suppose s° = ' as well as s* = ¢’

(v, ¢) : (U, A) — (U, A’) induces a morphism

. A left bialgebroid morphism

(Py, Py) : (A, P'U) — (A", P‘U")

of the corresponding Lie-Rinehart algebras of primitive elements. In case A = A’, this
leads to a functor P : A-LBiAlgd — A-LieRine from the category A-LBiAlgd of
left A-bialgebroids to the category A-LieRine of Lie-Rinehart algebras over A. Con-
versely, a morphism (A, L) — (A’,L’) of Lie-Rinehart algebras induces a morphism
(VL,A) — (VL'  A’) of left bialgebroids, which in case A = A’ in turn leads to a functor
V : A-LieRine — A-LBiAlgd.

PROOF: Using ¢(1y7) = 1y, it is easy to check that o)(P‘U') € P*U’. Hence the induced
map reads

(P, Py) := (6, 9| pevy) : (A, PU) — (A, PU).

Moreover, we see that Py(au) = ¢(au) = ¢(a)Y(u) = Py(a)Py(u), since the primi-
tive elements were respective A-submodules. Secondly, P, is automatically a Lie algebra
morphism since the Lie bracket is simply the commutator. Thirdly, ¢u(a) = Pe(ua) =
¢ (W(ua)) = €(Y(h)a) = (¢¥(u))(¢pa). These three statements together prove (Py, Py) to
be a morphism of Lie-Rinehart algebras. By the universal property, the converse statement
is similarly simple to see. a

See Corollary 5.5.8 and in particular [MoeMr¢3] for further statements on the interplay
between Lie-Rinehart algebras and primitive elements of bialgebroids.



82 CHAPTER 4. EXAMPLES OF HOPF ALGEBROIDS

4.2.2 Hopf Algebroid Structures on V' L

We saw in the previous subsection that V' L is a left bialgebroid and even a left Hopf algebroid
in a canonical way. Adding some further (non-canonical and not necessarily existing) datum,
one could even establish the structure of a Hopf algebroid on it. This subsection will be
dedicated to explain and prove the following result:

4.2.4 Theorem Let (A, L) be a Lie-Rinehart algebra. If a flat right (A, L)-connection ex-
ists on A, the universal enveloping algebra V' L can be equipped with an antipode, and in
particular can be made into a Hopf algebroid.

We start discussing the concepts needed in this theorem.

4.2.5 Connections A main ingredient in the following discussion is the notion of (A, L)-
connections for a Lie-Rinehart algebra (A, L) from [Huel, Hue2], with the slight difference
that we assume A to be unital. Let M € A-Mod. A map

V¢ : M — Homu(L, M) (4.2.5)

that fulfills
Vi (am) = aVi(m) + X(a)m, a€ A,me M, (4.2.6)

is called a left (A, L)-connection on M. It is said to be flat if it establishes a (left) Lie algebra
action m — (X +— [X,m]) of L on M, in which case M is called a left (A, L)-module.
Clearly, A itself carries such a left (A, L)-connection (given by the anchor), and flat (A, L)-
connections uniquely correspond to left V L-modules structures by the universal property of
VL. A right (A, L)-connection on an A-module N is a map V" : N — Homy(L, N) that
fulfills

Vi%(an) = aV'in— X(a)n, 4.2.7)
Viskn = aVin—X(a)n, a€ A,né€ N. (4.2.8)

Again, the connection is called flar if it establishes a (right) Lie algebra module structure
n — (X — [n, X]) on N, in which case N is called a right (A, L)-module (which, in turn,
uniquely correspond to a right V L-module). See §4.2.10 for a comment on the apparent
asymmetry in the definitions of left and right connections.

4.2.6 Lie Algebroid Connections Assume now that L is A-projective of finite constant rank
n, so that A’y L is the highest non-zero power of L in the category of A-modules. A result
in [Hue2, Thm. 3] says that right (A, L)-connections on A are equivalent to left (A, L)-
connections on A’;L: the latter were (if (4,L) := (C*(M),T'E) originates from a Lie
algebroid £ — M) introduced in [X2] under the name Lie algebroid connection or E-
connection. In this particular case, there is always an E-connection that is flat, implying
existence of a flat right connection on A = C*°(M), although there is still no canonical
choice for it; cf. [EvLuWei, Prop. 4.3] and [X2]. A flat E-connection on a vector bundle
F' is also called a representation of the Lie algebroid [Mac, EvLuWei]. In general, right
(A, L)-connections on A need not exist: see Example 4.2.13.



4.2. UNIVERSAL ENVELOPING ALGEBRAS OF LIE-RINEHART ALGEBRAS 83

Recall that a Gerstenhaber algebra [G, GSch] is a graded commutative k-algebra V'
together with a Lie bracket [.,.]¢ : V ®, V — V of degree —1 (a graded Lie bracket in the
usual sense when the degrees of the elements of V' are lowered by 1) that satisfies a graded
Leibniz identity (cf. e.g. [Kos] for details). A k-linear operator 0 of degree —1 is said to
generate a Gerstenhaber algebra V' if for every homogeneous v, w € V, one has

[v,w]g = (=1)9%€?(A(vw) — (Iv)w — (—1)4°E vow).

The operator 3 is called exact if 9* = 0 and a Gerstenhaber algebra with an exact generator
is called a Batalin-Vilkovisky algebra [Kos, X2]. On the A-exterior algebra A% L, one has
the following Gerstenhaber bracket:

[ ]a Ay L®p ANyL — AL,

[, vl = (1% S ()™M XA X A K Xy A X, @29
i<j<l

foru=X;A---ANX; € AyLandv = X33 A AN X,, € /\Z’IL, where the bracket |., .|
is the one from the Lie-Rinehart structure on L. Right connections can then be characterised
by the following statement.

4.2.7 Theorem [Hue2, Thm. 1] Right (A, L)-connections on A bijectively correspond to
k-linear operators O of degree —1 generating the Gerstenhaber bracket on A% L. Exact oper-
ators or differentials, that is, k-linear operators O of degree —1 with 9* = 0 generating the
Gerstenhaber bracket on A% L, correspond to flat right (A, L)-connections.

See [Hue2, Thm. 1] for a detailed proof. For later use we repeat how the precise correspon-
dence is given. A k-linear operator 0 generating the Gerstenhaber bracket (4.2.9) defines a
right (A, L)-connection on A via

va:=adX — X(a) = a(0X) + [a, X]g = I(aX).

In particular,
Vila =0X, (4.2.10)

see also our Proposition 3.1.14 for a dual construction in the general context of left bialge-
broids. Conversely, if (a, X) — V%a is such a connection, the operator 0 on A% L defined
by
OXy A AXp) =D (1) (Vi 1)X1 A AXi A A Xy,
i=1
Y (XL XA X AXG A AXGA A X,
i<j

yields an k-linear operator 0 generating |., .|¢.

4.2.8 Hopf Algebroid Structure on V' L
By now, we have gathered all necessary ingredients to establish a Hopf algebroid struc-
ture on V' L. To start, a right bialgebroid structure on V'L is given as follows: since A = A°P,
set
sT=t"=s"=t"=is: A VL, 4.2.11)
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and the (A, A)-bimodule structure »V L4 is given again by multiplication in V'L, i.e.,
a»u<a = aua. We therefore suggestively denote the tensor product (2.5.1) by

VLR VL:=VLe @ w2 VL.

4.2.9 Proposition Flat left and right (A, L)-connections on A correspond to left and right
bialgebroid structures on V L over A, respectively. In particular, a Lie-Rinehart algebra
(A, L) with a flat right (A, L)-connection on its base algebra carries both left and right
bialgebroid structures.

PROOF:  Recall that, as morphisms of k-Lie algebras, flat left and right connections V* :
L — Endy A and V" : L°? — Endj A can be extended to k-algebra morphisms V* :
VL — Endy, Aand V" : (VL)°" — Endy, A, with respective properties V¥, ,a = V! V¢, a
and VI, ,a = VI, Viaforall u,u’ € VL, a € A. Given such flat connections as above,
with associated operators

fu:=Vila,  Ou:=V'la, ueVL,
both seen as maps V' L — A, one has
AO(u)u') =V, 0u=V,Vily=Vi,14=0(u), (4.2.12)

and also
Eué(u')) = VEEW) = ViV 14 = Vi 14 = E(u). (4.2.13)

Define two coproducts by setting on generators

AX = 1P X+ X1 —eXx il A = a1, 42.14)
AX = 1@"X+XQTLI-0XR®™ML, Ara = a®"™1, -
and extend these maps to the whole of V'L by requiring them to corestrict to k-algebra
morphisms Ay : VL — VL x4 VLand A, : VL — VL x4 VL. One then easily checks
that (VL, A,ia, Ay, €) and (VL, A,ia, A, ) are left and right bialgebroids, respectively.

O

4.2.10 Remarks (i) Clearly, the anchor already defines such a left (A, L)-connection,
which reproduces the canonical left bialgebroid structure on V'L from Subsection
4.2.1.

(ii) By (2.1.8) onehas X +eX = X, hence ¢(aX) = 0, ¢(a) = a and also e(Xa) = X (a)
which reveals that € (and also ) is an algebra morphism if the (left respectively right)
action of L on A is trivial. This is, for example, the case for the symmetric algebra
SaL, which expressed on generators has analogous structure maps as V' L, but defines
a trivial action on A (since it is commutative).

(iii) The apparent asymmetry in the definition of left and right (A, L)-connections in
(4.2.5)—(4.2.8) is essentially due to the fact that A already carries a canonical V L-
module structure from the left (namely by the anchor), but not from the right. Hence
Lie-Rinehart algebras should actually be called left Lie-Rinehart algebras. In case
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there is a right V' L-action (a, u) — 9(au) on A, one may reformulate the right con-
nection identities (4.2.7) and (4.2.8) and thus obtain a more symmetric definition com-
pared to left connections: a flat right (A, L)-connection on a right A-module N is a
map V" : N — Hom(_ 4)(V L «, Ny) of right A-modules, subject to

V% (na) = nd(aX) + (Vin)a — nadX, ac A, XeLneN. (42.15)

Hence using [X, a] = X (a), one has V] yn + X (a)n = V%, ,n = (Vin)a, which is
(4.2.7) again, and inserting 9(aX) = a0X — X(a) into (4.2.15) reproduces (4.2.8).
The fact that (4.2.15) contains three terms whereas there are only two in (4.2.6), is due
to the fact that elements X € L are primitive with respect to A, but not with respect
to A,, hence eX = 0, whereas most generally X # 0 (see also the next comment).

(iv) It is then evident that right (A, L)-connections are a special case of right bialgebroid
connections from Section 2.5.1. Compare (2.5.8) to (4.2.15), again the additional
summand derives from the fact that X is not primitive with respect to A,..

Linking right and left bialgebroid structures on V' L by an antipode leads to the structure
of a Hopf algebroid on V' L: let (A, L) be a Lie-Rinehart algebra and V" a right (A, L)-
connection on A with associated operator X := V'14, seenasamap d : L — A (cf.
Theorem 4.2.7). Define a pair of maps S} : L — VL, S35 : A— VLby

SE(X)=-X+0X, Si(a)=a, VXEL, acA. (4.2.16)
Combining (4.2.7) with (4.2.8), this implies that

SL(aX)=—aX +Via XelL, aeA.

4.2.11 Proposition (Antipodes for Lie-Rinehart algebras) Let (A, L) be a Lie-Rinehart al-
gebra and V" aright (A, L)-connection on A, as above.

(i) The pair (S%',SL) extends to a k-algebra anti-homomorphism S : VL — VL if
and only if V" is flat. In such a case, S is an involutive antipode with respect to the
canonical left bialgebroid structure (see Subsection 4.2.1) and the right bialgebroid
structure from Proposition 4.2.9.

(i) Conversely, given a unital map S : VL — VL that is an isomorphism of twisted
bimodules, i.e., S(aub) = bS(u)a and S(lyr) = 1y, a,b € A, u € VL, the
assignment

V:A — Homg(L,4), a — {X — €(S(X)a)} 4.2.17)

defines a right (A, L)-connection on A which is flat if and only if S is a k-algebra
anti-homomorphism.

PROOF: Part (i): exploiting the universal property of V' L, we show that ((V L)°P, S%, S3')
is a triple of the kind (1.4.3). First, S5 : A — VL, a — i4(a) = a s clearly a morphism of
k-algebras; considering S5 : L — VL, X — —ip(X) +ia(0X) = —X + 90X (refraining
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from mentioning iy, 7 4 all the time), we have

[S5X,SEY] = [X,Y] +[Y,0X] — [X,0Y] + 0X0Y — Y IX
= [X,Y]+Y(0X) - X(dY)

= SH([Y, X]) — o([Y, X)) + Y (0X) — X(Y) + 0X9Y — 0Y9X
= S5(IY, X]) = Viy.xjla + V50Y — V30X

= SK(Y, X)) - V{YX]1A + Ve Vyla— Vi Vil

= S5([YV. X]) + ([Vix, Vi = Viy,x)) (1a)-

The last term is the curvature of V", so S5 : L — (VL){" is a homomorphism of k-Lie
algebras if and only if the connection is flat. We now check

S5 (a)S5(X) = —Xa +adX = —aX + Vya = S5(aX),
and also
SE(Xx)S4 (a) — S5 (a)SH(X) = —aX + adX + Xa — adX = 54 (X (a)),

hence the property (1.4.3) for the pair (¢r,¢4) := (Sk,S3). As in Definition 1.4.3, we
infer the existence of a unique morphism Sy : VL — (VL)°P of k-algebras such that
Saia =S4, Spir, = SL. If the connection is flat, the antipode axioms including S = id
are straightforward to check by considering e.g. a PBW basis of V' L, and making use of the
anti-homomorphism property.

Part (ii): we need to check the properties (4.2.7) and (4.2.8) for a right connection. It is
easy to see that

Vx(ab) = e(S(X)ab) = e((—Xa + adX)b) = e((—aX — X (a) + adX)b)
= ae(S(X)b) — X (a)b = aVxb — X (a)b,

which is (4.2.7), and similarly one proves the second identity. To show flatness if and only
if S is a k-algebra anti-homomorphism, compare (reintroducing i, here)

[Vy, Vxl(a) = e(S(iL(Y))e(S(iL(X))a)) — e(S(iL(X))e(S(iL(Y))a))
= e(S(L(Y))S(ir(X))a)) — e(S(iL(X))S(ir(Y))a).

with V(x yja = ¢ (S L([x, Y])a). The statement follows by the universal property. a

4.2.12 Remarks (i) We want to stress that flatness of the connection is needed in Propo-
sition 4.2.11(7) to show that Sy is a k-algebra anti-homomorphism.

(ii) There seems to be no way of introducing an antipode on V'L other than by flat right
connections; furthermore, there does not seem to be a canonical choice for such a
connection, or even a ‘trivial’ one. The analogue for the Lie algebra case, i.e., SX =
—X for X € L is not well-defined unless the anchor is trivial, which essentially leads
back to Lie algebras. Related to this is the problem of how to define the ‘opposite’ of
a Lie-Rinehart algebra.
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(iii ) There might be an obstruction for the existence of such a flat right connection on A (as
in the following Example 4.2.13); consequently, in such a case V L cannot be given
the structure of a Hopf algebroid. However, as we have seen, V'L is always a left Hopf
algebroid. Hence the answer to the question posed in [B3] whether every left Hopf
algebroid is the constituent left bialgebroid in a Hopf algebroid is no.

4.2.13 A Counterexample The simplest example of a Lie-Rinehart algebra that cannot be
made into a Hopf algebroid might be L = I'(T1:°5?). Here T1°S? ¢ T%15%? = TS? @ C
is the decomposition of the complexified tangent bundle of S? into the holomorphic and
antiholomorphic part with respect to the standard complex structure. Together with A =
C®°(S2,C) this defines a Lie-Rinehart algebra, where the action of L on A is the usual
action of a vector field on a smooth function and the action of A on L is given by fibrewise
multiplication. We know from [Hue2, Thm. 3] that the right V' L-module structures on A
correspond bijectively to left V' L-module structures on L itself (as seen, in general on its
top exterior power over A, but here this is L because T°S5? is a line bundle). Such a left
V L-action corresponds precisely to a flat connection V on the complex line bundle 71:0 52,
with X € L acting on sections of 7*9S? by the covariant derivative V x (see [Hue2] for the
details). But the curvature of any connection represents the first Chern class of the bundle,
which is nonvanishing since T’ 1,062 is not trivial. Therefore, there is no flat connection, i.e.
left V' L-action on L and hence no right V L-action on A.

4.3 Jet Spaces of Lie-Rinehart Algebras

Now we describe another Hopf algebroid associated to a Lie-Rinehart algebra (A, L), where,
as an A-module, L is finitely generated projective of constant rank (this means that it is the
same for every prime ideal of A). We will prove the following theorem:

4.3.1 Theorem The space of L-jets JL is a Hopf algebroid with involutive antipode in the
sense of Definition 2.6.1.

Some of its structure maps have been used before in the literature, cf. [NeTs, CalVdB],
but here we give a complete description: the Hopf algebroid of L-jets is in a certain sense
dual to VL. As mentioned in Section 3.1, duality in the category of bialgebroids has been
described in [KSz] under certain projectivity assumptions of the bialgebroid over their base
algebra. These are clearly not satisfied for V'L, but each successive quotient V'L, /V L,,_4
in the Poincaré-Birkhoff-Witt filtration of §1.4.5 is projective, provided L is projective over
A. With this, the bialgebroid structure for JL can be seen to be given essentially by that of
the dual of a left bialgebroid, as in Section 3.1. Observe that the left and right dual coincide
(as k-modules) since source and target map are equal for V' L; also note that the dual is a
right bialgebroid, but since the jet spaces will be commutative (see below), we may equally
consider it as a left bialgebroid.

Let (A, L) be a Lie-Rinehart algebra and L finitely generated A-projective of constant
rank. The space of p-jets of (A, L) is now defined as J,L := Homyu(V L<,, A), where
V' L<, denotes the elements in V L of degree < p. The infinite jet space is defined as the
projective limit

JL = J L := 1<i£1JpL.
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We will now list the Hopf algebroid structure maps of J L over A:

(i) (Ring structure) The monoid structure is given by a commutative product on J L that
can be described using the left coproduct on V'L by

¢ (u) = p(un))d' (ue)),  ¢,¢' € JLiue VL,

which is (3.1.18) adapted to this situation. The unit is given by the left couniton V' L,
for better distinction denoted by €., : VL — A in this section, since

ard(u) = e (u))d(uw) = ¢lar(un))uw)) = ¢(u).

(i) (Source and target) As in (3.1.3) and (3.1.4), define source and target maps s, , ¢, :
A— JLby

st a(u) := ey (au) = a6, (u), tf a(u) == e, (ua) = u(a).

It is easy to see that their images commute, and hence that (JL, s’,,t¢,) becomes an
AC-ring. Observe that this gives an example of a commutative base algebra where
source and target do not coincide.

(iii) (Coring structure) To define additionally the structure of an A-coring, we need:

4.3.2 Lemma There is a canonical isomorphism

JL4 ®4 JL ~limHomy (VL ®" VL)<, A),

P

where @™ is defined as in (4.2.3).

PROOF: By definition (cf. (2.1.1)),
JLo @4 o JL = JL ®y JL/span, {t" a¢ @1 ¢ — ¢ @ s',ad’, a € A}.
The first term in the ideal, evaluated on u @, v’ € VL ®;, V L, reads
(tr.a¢ @i &) (u @y u') = t;ap(u) ® ¢' (')
= e (u@)a)p(ug)) ® ¢'(u') = ¢(ua) @ ¢'(u'),
whereas for the second
(6 Ok 53,00") (u @k 1) = d(u) ® aeys (u(y))d (ufy) = $(u) ® ¢'(arr).

Observe that these two expressions use exactly the A-bimodule structure on V'L used
in the ®"!-tensor product. It therefore follows that the map ¢ @ ¢’ — {u @ v’ —
@(ug’(u’))} induces the desired isomorphism (by projectivity of L this is an isomor-
phism in each degree). O

Clearly, the product on V' L descends to a map VL ®" VL — V L which allows one
to dualise the product to obtain the coproduct A} : JL — JL 4 ®4 »JL, e,

plun’) =: A (¢)(u @™ ') = (1) (ud(z)(w)), (4.3.1)



4.3. JET SPACES OF LIE-RINEHART ALGEBRAS 89

similarly as in §3.1.6(i). Associativity of the multiplication in V' L implies that A}" is
coassociative. Finally, the left counit is given as in (3.1.9) by

€t JL — A, (;SI—>¢(1VL),
and it is straightforward to see that (JL, A}", €, ) is an A-coring.

(iv) (Antipodes for Jet Spaces) It is now easy to verify that (JL, A, s, 5, e, A¥) is a
left bialgebroid. Since JL is commutative, it is also a right bialgebroid. To obtain a
Hopf algebroid, all we need is an antipode.

As observed in [NeTs], there are two left V' L-module structures on .J L. First there is
the ‘obvious’ module structure given by

(u— ) (') = p(u'w),

as in (3.1.8) or §A.1.1(i), induced by right multiplication of V' L on itself. Second,
there is another left V' L-action on J L, constructed as follows. Consider the A-module
structure JL, ie., (a>)(u) = (s ad)(u) = é(au). On this A-module, there
is a canonical left connection induced by the anchor (also called the Grothendieck
connection), given by

Vi (9)(u) = & (X (¢u)) — ¢(Xu), X €L, ¢ JL,ucVL (43.2)

One easily checks that this connection is flat, and we can write the induced V' L-module
structure in terms of the canonical left Hopf algebroid structure on V' L from (4.2.4) as

(up)(u) :=uy (p(u—n)) = e (usp(u_u')). (4.3.3)
With respect to the coproduct, these two module structure satisfy
Af(u— @) = (u— da)) ®a d2),
Ay (up) = @1y @4 ud(a)-

We now define the antipode on J L to be the following map S, : JL — JL:
(So)(u) = en(up) = uy (Pp(u—)) = & (uyd(u_)).

PROOF: (of Theorem 4.3.1) Since L acts on V' L via (4.3.2) by derivations, L. — Dery JL is
a morphism of Lie algebras. It therefore follows from the PBW theorem that (4.3.3) satisfies

u(pd") = (u)y®)(u2)@’)-
Using this property, one finds that .S is a homomorphism of commutative algebras:
S (¢ (u) = (u(é¢))(1) = (uw)d) (uz)d) (1) = ((Snd)(Swd"))(w).

To prove the theorem, we verify the axioms of Definition 2.6.1: since s/, = 7., t{ = s7 ,
the first one is trivially satisfied, whereas the second is equivalent to the coassociativity of
AJF, because A} = A7*. For (2.6.3), we compute with (2.1.4), (2.3.4) and (2.2.4)

(4.3.4)

S (sta/) (u) =6 (U—i- (SfL a) (u_)) =G (u+€VL (au— ))

= ey (Ui (1)@)6vr (Up(u-) = 6 (ua) = (tha)(u).



90 CHAPTER 4. EXAMPLES OF HOPF ALGEBROIDS

With (2.2.10) one obtains

S (té a)(u) = & (u+(tha)(u,))
=€ (u+eVL(u,a))
=& (utu—_a)

= a6y, (u) = (SfLa’)(u)‘

To prove that S is an involution, one computes

(SJ2L¢) (u) = &L (u+(SJL¢) (u*))
= €1 (u+eVL(u,+¢(u,,))) (4.3.5)
= e (upu_td(u__)).

To find an identity for the term u,u_, ®" wu__ that appears in the last line, apply the
Hopf-Galois map (2.2.1) to it:

Bluju_y @ u__)= U4 (1)U—+(1) @' Up(2)U— 4 (2) U——
= upyu- @ Uy
—1aly,

where (2.2.4) was used in the second line and the last line follows from the fact that V'L is
cocommutative together with (2.2.4) again. Hence

upu_y @M u__ =7 1% uw) =1, " 1_u=10"u,

and inserting this identity into (4.3.5) yields S2 = id,,.

We are left with proving the axioms (2.6.4). Observe that since the antipode is involutive,
since J L is commutative, and since both left and right bialgebroid structures are given by
(JL,s" A@L, &1 ), it suffices to verify one of the two identities in (2.6.4). For example,

(D1)Snd(2)) (u) = (1) (uq)) S (u(2))
= o (u) e (uz)+ b (U)-))
= ¢(1) (up 1)) ve (Ut (2) b (2) (u—))
= o) (U 2y (u_))
= plusu_) = ¢ ) (u) = (sh,e0)(u),

where (2.2.7) and (2.2.10) were used. This proves the second identity and therefore con-
cludes the proof that J L carries the structure of a Hopf algebroid. O

4.3.3 Remark Theorem 4.3.1 is remarkable in the sense that whereas the universal envelop-
ing algebra VL of a Lie-Rinehart algebra carries no canonical Hopf algebroid structure,
its dual JL does. Close inspection of the preceding proof shows that the Hopf algebroid
structure—more precisely the antipode—depends solely on the left Hopf algebroid structure
on V' L, which is canonical, i.e. does not depend on the choice of a flat right connection (cf.
Subsection 4.2.13).
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4.3.4 Remark In the previous construction of the jet space Jy,L := JL we regarded V' L
as an A-module by left multiplication. Right multiplication leads to a space written J,.L
without much structure. Only after introducing a flat right (A, L)-connection on A, we can
introduce a ring structure using the right comultiplication A, on V' L and source and target
maps using the right counit 0. This does lead to a Hopf algebroid, but one easily proves that
the map ¢ — ¢ o S defines an isomorphism J, . — J,.L of Hopf algebroids, where S is the
antipode on V' L constructed from the same flat right connection as in Proposition 4.2.11.

4.4 Convolution Algebras

If G = G is an étale groupoid over a compact Hausdorff manifold G, the space C°(G)
of smooth functions on G = (7 with compact support carries a Hopf algebroid structure:

4.4.1 Proposition The groupoid structure of an étale groupoid G = G over a compact
manifold G determines a Hopf algebroid structure on the convolution algebra C°(G) over
C>(Gy).

We will dedicate this section to explain the Hopf algebroid structure of C°(G), i.e. prove
this proposition.

4.4.2 Overall Assumption Although G = G often happens to be non-Hausdorff in ex-
amples, we do assume this in the rest of this section as well as in Sections 5.7 and 6.6, to
simplify the computations a bit. However, we presume that all results in the mentioned sec-
tions can be adapted to the non-Hausdorff case by combining the formalism of [CrMoel] for
the functor I, for non-Hausdorff spaces with the results in [Mrc2].

The required structure maps are induced by the target sheaft : G — G (which is a sheaf
since G is étale) for the underlying left bialgebroid structure plus antipode, and are basically
already mentioned in [Mr¢1] (for G Hausdorff) or [Mrc2] (general case). We only need to
add the corresponding right structure given by the source sheaf s : G — G to assemble
all data into a Hopf algebroid. Compactness of G is needed here to obtain unital algebras
instead of merely algebras with local units.

Note that, corresponding to the identities 1;4)g = gl,(y), the source and target sheaves
induce two natural C*°(Gp)-module structures on C°(G), seen as left and right module
structures. Since C*°(G() with pointwise product is commutative, we can again define
four diffe.rent tensor. products denoted ®lclm(Go),. ®£FO(GO)7 @Elm(go), ®lcroo(G0) with obvi-
ous meaning. We will frequently need the following isomorphisms

Qur: CE(G) By C(G) — CX(G*x4,G) = CX(Ga),

Qup: C2(0) BLn(q, CF(0) — CE(@xG,O) =C2@),
Qi CE(G) B (g,) CZ(G) = CX(Gx4,G), B
Vst C(G) Oty C(G)  — C2(GI%¢,G)

Q- (u®c(gy u)(g,9') = ulg)u'(g), (4.4.2)
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for u,u" € C°(G) and (g,g’) in the respective pull-back G™x; G. The fact that these
maps are isomorphisms was shown in [Mr¢1] (for G Hausdorff), and for non-Hausdorff
spaces can be derived from a more general result on sheaves in [Mr¢2, p. 271]. Moreover,
one can combine the various isomorphisms to produce ‘mixed’ ones, e.g.,

CZ (@) Otk () C(G) @ () COG) = C(Gox4, G5, G). (4.4.3)
We now give a list of the Hopf algebroid structure maps of C°(G) over C*°(Gy):

(i) (Ring structure) On the base algebra C*°(Gj) one uses the commutative pointwise
product, whereas the total algebra C2°(G) will be equipped with a convolution product,
defined as the composition

# 1 CF(G) ®ge () € (G) = € (Ga) = C(G).
Explicitly,
(uwxv)(9) == *(u@v) = (M Q(u@v))(9) = Y ulgr)v(ga),
9=9192
which can be used to show associativity of the product x.

(i) (Source and target maps) In particular, taking f € C>°(Gp) and u € C°(G) one has

(fxu)(g) = f(t(g)u(g)  and  (ux[f)(g) =u(g)f(s(9)), (4.4.4)

hence the left and right C*°(G)-action by the (groupoid) source and target sheaf. One
can now show that C*>°(G)), identified with those functions in C3°(G) having support
onlg, C G,is a commutative subalgebra of C3°(G). Correspondingly, we put for the
(left and right bialgebroid) source and target maps

st=tt=s"=t"= 14 : C™(Go) — CZ(G),

i.e. the injection as subalgebra given by the fibre sum of the unit map 1 : Gg — G
(which we usually refrain from mentioning at all). Explicitly,

0. 5 oy | fl2) if g = 1, for some = € G,

s fef, where f(g9)= { 0 otherwise, (4.4.5)
and the tensor products ®lcloo(G0), ®ET°°(G0)’ ®ZL(GO), ®lCT°°(G()) introduced before
can now be interpreted with respect to this injection.

(iii) (Left and right coproduct) With the help of the isomorphisms €. ., the left and right
coproducts read as follows:

, o o U ifg=yg¢,

A= 02, A1 C(G) — € (GG, 0). (Au)(g,g)=] W) T9=9

e =t

L= 02, A, 1 C(0) - CR(G,0). (Mu)(g.d)={ 49 1I=T
(4.4.6)
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If one introduces the diagonal maps d‘ : G — G'x G, g — (g,9) as well as
d": G — G°%5, G, g — (g,9), this can be obviously rewritten as A} = dﬁ and
A} = d’, orevenas Ay = Q- 4 df and A, = Q1 d';.. For later computations, let us
also mention that higher coproducts are given by

m _Joulgr)  ifgi=...=gn,
@) ={ 0
for (g1,...,9n) € G", where G™ := G'x}, ---'x}, G, and likewise for A"},
(iv) (Left and right counit) Both left and right counit are determined by the fibre sum of the

germ bundle projection of the target and source sheaf, respectively. For any = € Gy,
set

€:CX(G) > C=(Go), eu(z)= Y u(g) =tiu(x),

Hoe (4.4.7)
0:CX(G) = C*(Go), du(z)= Y ulg)=stu(x).
s(g)==
(v) (Antipode) Finally, the antipode is given by the groupoid inversion,
S:CE(C) = CX(G),  (Su)(g) = ulg™") = (inviu)(9)- (44.8)

The proof of Proposition 4.4.1 is now a straightforward verification:

PROOF: (of Proposition 4.4.1) We remark once again that compactness of Gy makes both
algebras (C°(G), *) and (C*°(Gy), ) unital. The fact that (C°(G),C>®(Go), Ay, €) is a
left bialgebroid having an antipode S with certain properties was already shown in [Mr¢2,
Prop. 2.5]. This can be carried over, mutatis mutandis, by simply replacing the target sheaf
by the source sheaf to prove that (C°(G),C>°(Gy), A, Q) gives a right bialgebroid. As an

example, for u, v € CZ°(G) we have (Ju*v)(g) = Ou(t(9))v(g) = >4, )=t(g) u(91)v(9),
hence for some x € Gy,

Ouxv)()= > > ulgv(g)= Y, > ulg)vlge) = 0(Quxv)(x),

s(g)=x, 9=9192 s(g2)=z, s(g1)=t(g2)

and, using implicitly A, = Q71 d;,

(x(id ® 9)A,u) (9) = (™ * ou®)(g)
=u(9ou®(s(9) = D uM(9)u®(g)=uly)

s(g")=s(9)

and so forth. Hence 0 is indeed a right counit for A,.. In what follows, we can now restrict
ourselves to verify the Hopf algebroid identities in which left and right bialgebroid structures
are intertwined: for example, twisted coassociativity (2.6.2) is obvious, so we only prove the
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second identity in (2.6.4):

(+(id®S)Au)(g) = Y (. diu)(91.95")

9g=g192
- Z u(g1)
{g1€G|t(g1)=t(g9),91=9" g1}
| iz ulgr) if g =1, for some z € G,
10 else
= (s"eu)(g).

We leave the verification of the remaining identities in Definition 2.6.1 to the reader, but as
an illustration, we also state the third relation in (2.6.10), i.e.,

@Su)(z) = > Sulg)= > ulg™) =Y ulg) = (eu)(w),

s(g)== s(g)== t(g)==
ordS =s;:5=ty =e O

A different way to obtain a (topological) Hopf algebroid from an étale groupoid is de-
scribed in [KaTan].

4.5 Function Algebras

The convolution algebra in Section 4.4 is not the only Hopf algebroid which arises from
an étale groupoid. In this section, we use pullbacks of the structure maps rather than push
forwards. Let s,t : G = P be an étale groupoid and consider the algebra C*°(G) of
smooth functions with its commutative pointwise multiplication. We are going to consider
a subspace of C*°((@), invariant under an action of (lifted) differential operators on the base
manifold P (see Definition 4.5.1 for the precise construction), and prove that it is a Hopf
algebroid (see Proposition 4.5.6).

The Lie-Rinehart algebra (C*°(P),I'T'P) of smooth sections of the tangent bundle TP
over C*°(P) acts in two ways from the left on C°°(G): firstly, the assignment

)f

C*(P)®C>*(G) — C*(G), (a, f) = a'(f) :=t"(a
= Lyxf 4.5.1)

I'TP @ C>®(G) — C*(G), (X, f)|—>Xt(f)
can be extended by the universal property to a left action
VP ®RC>®(G)— C®(Q), (u,f)r— u'(f) (4.5.2)

of the universal enveloping algebra V P := VI'T'P on C*°(G). Secondly, the same consid-
erations with respect to the source map s lead analogously to the left action

VPRC®(G) — C*®(G), (u,f)—u’(f). (4.5.3)
Furthermore, the assignment

(a, f,b) — t"(a) fs* (), feC>®(@), a,beC™(P), (4.5.4)
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equips C*°(G) with a C*°(P)-bimodule or left C>°(P)°-module structure and we denote the
canonical injection by

7:C®(P)°* — C*(G), a®cbw— t*(a)s*(b).
We can now make the following definition.

4.5.1 Definition The space ' = F, is the smallest left V P-submodule with respect to the
action (4.5.2) that contains Fy := C*°(P)® and is closed under groupoid inversion.

As the notation suggests, F' carries a filtration, which can be seen to originate from the
canonical filtration of V P. To see what it looks like, we need to calculate the V P-action on
elements of the form t*(a)s*(b). One obviously has

a'(s*b) = t*(a)s*(b) € Fy, X' (t*a) =t*(Lxa) € Fy, a,beC>®(P),X € XP.

To calculate elements of type L;+xs*a one most conveniently makes use of the following
lemma (cf. Lemma A.1.4).

4.5.2 Lemma (Dual Basis Lemma for the tangent bundle) Let P be a smooth manifold.
Then there exist vector fields X1,..., X, € XP and one-forms *,...,0" € Q'P such
that each vector field X € X P can be decomposed as X = Y. (X)X

As we will explain now, there are functions n% € C*>(G) such that

n
t'X = Z nhs* X
i=1

Equivalently, at a point g € G, this means

(dt Xt(g) Z 77X i,s(g))'

That is to say,
9 Xug) = 2773( (9)Xi.5(9)»

where g1 : Ti(q)P — Ts(g) P denotes the right G-action ds o dt~' on TP. On the other
hand, from Lemma 4.5.2 one also obtains

n

97" Xig) = D097 Xug) Xis(g)» (4.5.5)

i=1

hence we choose _ '
i (9) == 097" Xug))-

An analogous consideration holds for the functions ﬁgg arising from the decomposition
s*X = > | 7% t* X;, where one clearly obtains

iix (9) = 0"(g- Xy(g)),
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that is 4 '
T = 1 ©inv, (4.5.6)

where inv is the groupoid inversion. Observe that we chose here the notation such that g—*-
is a right and g- is a left action on T'P. Applying Lemma 4.5.2 again yields the property

My =Y _t(07(X))n) and ik =Y s*(07(X))if, 4.5.7)

j=1 j=1

with 7/ (g) == 67(g™" - X ¢(g)) and il (9) == 6 (g - X s(g))- Since g- is a left action, one
furthermore has the following useful properties:

i (gh) = 0"((gh) - Xony) = 0°(g - (b~ Xo(ny))

—291 (67 (h- Xon)Xj.0m)))

(4.5.8)
= Z i (h Xjs(a))
= ik (W)ii(g) =Y (g)itk (h),
j=1 j=1
and analogously
i (gh) = > 1k (g)mi(h). (4.5.9)
j=1

Correspondingly, we will decompose now ¢* X and s* X as follows:

X = SO X)X = S OO Xy = S sy
§ X =300 s (0N(X))s Xy = 300 s* (0N X))t Xy = 300 it X
As a consequence, one has

n

Li-xs*a= Y  t*(0"(X))ns*(Lx,a) = ans (Lx,a), (4.5.11)

ij=1

and this is the type of element lying in . Likewise,

n n
Lextta= Y s*(0/(X))ilt"(Lx,a) = ikt"(Lx,a). (4.5.12)
i,j=1 j=1

4.5.3 Lemma For each vector field X € X P, the functions ng(, ﬁg( and hence in particular
elements of the form Lg- x (s*at*b) lie in the submodule F' C C*(G).

PROOF: Leto = o4 : (U,s(g)) — (V,t(g)) be the germ associated to ¢ as in §1.5.2.
Assign to any X € X'P and 6 € Q' P functions (X,0) — n% € C*(G), (X,0) — 7% €
C*(@G) by defining

1% (9) = Os9) ((d0)5 0y (X)), 7% (9) 1= Bsg) ((d0)s(g) (Xs(g)))-
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Now decompose an arbitrary 6 € Q' P into § = ", a;db; where a;,b; € C*°(P). We then
have

ZS a; Ly x S b Zaz )(dU;1>t(g)(Xt(g))

= 95(9) <(dag )t(g)(Xt(g))) = ngc(g),

and the left hand side is by definition in F'; hence the claim follows. In particular, this is true
for i}, € F'; the same holds then for 7% by (4.5.6) and the definition of F. a

Somewhat simplified, for functions f;, f; € F with f; = f; o inv one finds the identities

X = Z f;s*X; and s*X = Z fit* X;. (4.5.13)

i=1 1=1

Now it is clear how the higher degrees F} of the filtration of F' arise: taking
Lisy L« xs*a for X, Y € XP and a € C°°_(P), one obtains with (4.5.11) two summands
that stay in /) and a term containing Lt*yng , which characterises the terms in F5. It is also
clear now that, seen this way, the filtration of V P determines the one of F'.

Next, we want to give F' the structure of a Hopf algebroid. To this end, set up the
following.

4.5.4 Definition A function f € F'is called F'-codecomposable if

=>"fl)flh),  g.heG, (4.5.14)

for functions f/, f/’ € F', where the sum is finite.

4.5.5 Lemma FEach element in F' is F'-codecomposable.

PROOF: If f, f/ are F-codecomposable, then so is their product ff’. Also, for a,b €
C°°(P), the function s*at*b is F-codecomposable. Hence it suffices to prove that for any
X € X P and a F-codecomposable function f, the expression L+ x f is F’-codecomposable.
To this end, assume that f € F'is F-codecomposable as in (4.5.14). Since G is étale, its
tangent bundle is a multiplicative distribution, i.e., for any k,g,h € G with k = gh and
Wy, € TG there are paths k(t), g(t), h(t) in G with k(t) = g(t)h(t), k(t) € TG,
g(t) € Ty4)G and h(t) € Th1)G such that k(0) = k, g(0) = g and h(0) = h as well
as k(()) = Wy. Identifying spaces T}, G' with Ty P by means of ¢., we may in particular
choose W to correspond to the given vector field X, i.e., k(0) = Wj = (dt) ' (Xor))-

Therefore, )
(dt)(9(0)) = (dt)r(k(0)) = Xix) = Xi(g)s
and with (4.5.5)

(ds)(A(0)) = (ds)x(k(0)) = (dS)k(dt)_l(Xt(k))

= Xt(k an an ] s(h)-
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With (4.5.9) one now calculates

d

Lexfgh) = 4 7OZf£(g(t))f{’(h(t))
:Z( a0 1)( +Zf '(o)fi")(h)
—Z Ly x f{)( +ZZf (Ls-x, f{') ()
=D (Lex [N S )+ Z (g’ (9)nf (W) (L x; f") (h)
i i jl=1

= S (Lex @)+ 323 n(9) £ ) (Laex S B).
Z (4.5.15)

Now elements of type Ly~ x f! and n% were already shown above to be functions in F', hence
the claim follows. a

For later use we mention that one analogously obtains

Lo x f(gh) = ZZ e @) (W) F/(h) + 37 fi(a) (Lo x f) (). (45.16)

With the left C>°(P)“-module structure on F' from (4.5.4), define
F ®coopy F:= F ®@c F/spanc{s*(a)f @c f' — f @c t*(a)f', a € C*(P)},
andset Go .= G xpGand G3 := G xp G xp G.

4.5.6 Proposition Assume that both maps

7 F®e=m? — C®