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chapter 3 : yes, this condition is both necessary and sufficient.
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E.M. Opdam, dr. P.J.LLM. de Paepe and prof. dr. E.G.F. Thomas surely understand
what I mean... I thank them, especially Peter de Paepe (who did a very thorough
job), for taking the time to be in this committee, for reading a draft version of this
thesis and for pointing out several mistakes and typos.

For helping me out with all my questions, and being a very pleasant roommate for
four years, I thank Paul Beneker. For playing a part in my life during my PhD
years, sometimes a small one or a short one, but always one that I remember with
happiness and gratitude, I'd like to thank Sharad, Per, Marcel, Guido, Lena, Misja,
Natasha, Erwin, Dirk, Roxana, Ernst, Frank, Bas, Renate, Mariska, Harmen, Anca,
Steven, Nabila, Karel, Annegret, Eelke, Michiel, Andy and Lucas. Those that feel
that they should be on this list as well I beg for forgiveness; a bad memory and not
any malicious thoughts caused this unfortunate omission.

Last but not least, my beloved family. My parents, brother and sister have always
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Instead of an introduction

The main subject of this thesis is the so called Gleason problem. Let €2 be a domain
in C*, p a point in © and R(f?) a ring of functions on 2 that contains the polynomials.
Then one could ask the following question : is the maximal ideal

I = {f € R(): f(p) = 0}
finitely generated by z1 — p1, ..., 2n — Pn ?

Gleason was the first to do this, for the special case that € is the unit ball in C?, p is
the origin, and R(Q) = A(f2). Here A({2) denotes the ring of holomorphic functions
on (2 that are continuous up to the boundary of Q. Besides for A({2), one usually
studies the problem for H*°((2); the bounded holomorphic functions on €.

Because we will mostly use tools of function theory in several complex variables, like
solutions to the 8-problem, it seemed appropriate to give a (very small) introduction
to this subject in the first chapter.

Chapter two is a survey of the Gleason problem. We will discuss the history of
the problem, and state (more or less) all previously known results. One of them
is that there is a pseudoconvex domain §) containing a point p such that the ideal
I, € H*(Q) is not finitely generated by the translated coordinate functions. Thus,
one cannot solve the Gleason problem on 2.

We shall now give an overview of the new results. In chapter three, we study the
rings

log log max |, <~ (| f(2)],2)
log p({|2[])

where p is a plurisubharmonic function that has several nice properties (e.g. it depends
only on [|z||). For instance, let n = 1, p = |z|?, where p > 0. Then R, is the ring
of functions of order < p. These rings have been studied extensively in the past; see
e.g. the factorization theorem of Hadamard. First we show that one can solve the
Gleason problem for R,,. Then, given a set of functions in R,, we derive a necessary
and sufficient condition whether they generate the whole algebra or not. We conclude
by a theorem on interpolation theorem on R,.

R, :={f € HC") : Timy_oo

<1},

Chapter four deals with the Gleason problem on linearly convex domains. Recall
that a domain (Q is said to be linearly convex if and only if through every point in
the complement of € there passes a complex hyperplane that does not intersect Q.

9




10 INSTEAD OF AN INTRODUCTION

This is a natural extension of the notion of convexity. We solve the Gleason problem
for both A™(Q) and H>®(Q) if Q is a bounded linearly convex domain with C1*¢
boundary.

This is done by modifying methods of Leibenzon. He considered a bounded convex
domain ) in C* with C? boundary, and a function f € A(f2) that vanishes at the
origin. It is easy to see that

Cd0e) . [
f(z) = /0 D=3 /O Dif(Az)dA,

where D; denotes taking the derivate with respect to the i’th coordinate. By a clever
estimate of D;f on the line segment [0, z] Leibenzon showed that fol D;f(xz)dX €
A(S2). This gives a solution to the Gleason problem for convex domains.

The last two chapters are devoted to Reinhardt domains in C2. It is quite hard to
solve the Gleason problem if there do not exist “good” solutions to the d-problem,
because these are very useful to patch local solutions together to a global solution.
However, if one can achieve that the d-problem corresponding to the patching of the
local solutions is solvable, it is not necessary anymore that one can solve “every”
J-problem. This kind of considerations goes back to Beatrous.

We choose a smart covering of the domain, and solve the Gleason problem locally.
Then we formulate the corresponding 8-problem, and because we chose a smart cov-
ering, this 8-problem can be solved. This yields a solution to the Gleason problem for
both A(Q) and H*°(R) if Q is a bounded Reinhardt domain in C? with C? boundary.
Note that this does not demand that €2 is pseudoconvex.

Grangé gave an example of a convex domain 2 where the Leibenzon method does not
yield a solution. Our result can be used to show that the Gleason problem for both
A(S) and H®(2) can be solved anyway.

Because the results in chapter five cannot be used to study the case where the domain
has a cusp at the origin, new machinery had to be developed. We present a new -
theorem, and a solution to the Gleason problem for H°((2) on very special Reinhardt
domains Q. These are used to find a solution to the Gleason problem for H> (), if
Q) is a bounded Reinhardt domain in C? with a rational cusp at the origin.

Publications.

Many of the results in this thesis were obtained in co-operation with Jan Wiegerinck.
The contents is based on the following four papers.

Chapter 3 is based on
Lemmers, O., Generators and interpolation in algebras of entire functions, Indag.
Math. (N.S.) 12 (2001), 103-111.
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Chapter 4 is based on
Lemmers, O. and J. Wiegerinck, Solving the Gleason problem on linearly convex do-
mains, to appear in Math. Z.

Chapter 5 is based on
Lemmers, O. and J. Wiegerinck, Reinhardt domains and the Gleason problem, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4) 30 (2001), 405-414.

Chapter 6 is based on
Lemmers, O. and J. Wiegerinck, Reinhardt domains with a cusp at the origin, Math.
Preprint 01-27 (2001), University of Amsterdam.



12 INSTEAD OF AN INTRODUCTION




CHAPTER 1

A brief introduction to several complex variables

1.1. Introduction

There are many differences between function theory in C and C® (n > 2). We shall
briefly highlight two important topics in the theory of several complex variables,
namely the extension of functions and the 8-problem. In the meanwhile, we will get
acquainted with some important definitions. For unknown terms, we refer to the
chapter Important notation at the end of the thesis and the book by Krantz ([36]).

1.2. On the extension of functions

Definition. An open set in C* (or R™) that is connected, is called a domain.
Definition. On a domain Q@ C C”, we have the following very important rings of
functions :

H(Q) := {f:fisholomorphic on 0},
H>(Q) := {f:fisbounded and holomorphic on 2}, _
A(Q) := {f: f is holomorphic on 2 and continuous on Q}.

Theorem 1.2.1. For every domain V C C, there is a holomorphic function f that
does not extend holomorphically to a strictly larger domain.

PROOF. Let vy, v2, ... be a sequence in V' whose set of limit points is exactly V.
Because of a theorem of Weierstra8, there is a holomorphic function f that vanishes
exactly at V. If f could be extended holomorphically to a strictly larger domain W,
f would vanish at 8V N W, hence f = 0. This is a contradiction. O

Now we turn our attention to C"; let 2 := {z € C" : 1 < ||z|| < 2}. Surprisingly,
from a theorem of Hartogs ([24]) it follows that every f € H(f2) can be extended
holomorphically to B(0,2). Later in this chapter, we shall see that there are domains
Q in C" where all holomorphic functions can be extended to a Riemann domain ()
that can not be embedded in C™. It does not seem sensible to do function theory on
such domains €. This (partially) motivates the following definition.

Definition. We call a domain 2 C C" a domain of holomorphy if there do not
exist non-empty open sets {2, {23 C C™ with the following properties :

e CONQy

e (), is connected and not contained in

o for every f € H(Q}) there exists an F' € H({);) such that f = F on Q.

From theorem 1.2.1 follows that every open set in C is a domain of holomorphy.
In C™ however, it is almost always impossible to check the condition above for a

13




14 1. A BRIEF INTRODUCTION TO SEVERAL COMPLEX VARIABLES

general domain. Investigating whether this condition is equivalent to a condition on
the geometry of the domain was a major part of function theory in several complex
variables in the first half of the 20th century. We now give some definitions that have
to do with the geometry of a domain.

Definition. Let € be a domain in C", let p € 9§2. We say that r is a local defining
function for Q at p if there is a neighborhood U of p such that

e r € CHU).

e The gradient of r does not vanish on U N (2.

e QNU ={2€U:r(z) <0}
Definition. Let 2 be a domain in C", let p € Q. Let T,(8Q) be the complex
tangent space to 9 at p. The boundary of Q is called Levi pseudoconvex at p if
there is a C? local defining function r for { at p with

“ 0r
8?:]'37}0

(p)w;wg >0 Yw € Tp(0RQ).
Jik=1
It is called Levi strictly pseudoconvex at p if this inequality is strict for all w €

T,(0Q) \ {0}. A domain is Levi (strictly) pseudoconvex if all its boundary points are
Levi (strictly) pseudoconvex.

Definition. A domain €2 C C" is said to have C* boundary (k > 1) if there are a
neighborhood U of Q and a function r € C*(U) such that

e QNU ={z€U:r(z) <0}

e Vr # 0 on 00.

This function r is called a defining function for {2.

Definition. Let Q C C", let f : @ — RU {—oo} be upper semicontinuous. We
say that f is (strictly) plurisubharmonic if for every complex line L, the function
fianr is (strictly) subharmonic.

It is known that a real-valued function f € C?(2) is plurisubharmonic if and only if

P gfj—;fz—k(z)wjﬁk > 0 for every z € 2 and every w € C".
Definition. We say that a domain 2 C C" with C? boundary is (strictly) pseudo-
convex if there are a neighborhood U of  and a (strictly) plurisubbarmonic function
r € C?(U) such that

QNU ={zeU:r(z) <0}

A point p € 99 is called strictly pseudoconvex if there exists a local defining function
for € at p that is strictly plurisubharmonic. Note that this implies that p has a
neighborhood in 9 consisting only of strictly pseudoconvex points.

Let d(z,89) denote the Euclidean distance of z to Q. It turns out that for a domain
with C? boundary, §2 is pseudoconvex if and only if — log d(z, 9Q) is plurisubharmonic
on €. For checking the last condition we no longer need that € has C? boundary,
thus we can (and will) use it to extend the definition of pseudoconvexity to domains
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without a C? boundary. One has the following theorem (whose proof can be found
in any standard work on several complex variables) :

Theorem 1.2.2. Let 2 be a bounded domain in C* with C? boundary. Q is (strictly)
pseudoconver < 2 is Levi (strictly) pseudoconver.

The work of many years lead to the following fundamental theorem :

Theorem 1.2.3. Let Q be a domain in C*. ) is a domain of holomorphy < Q is
pseudoconverz.

Oka ([50]) was the first to prove this for n = 2, in 1937. The proof for n > 3 was
given more or less simultaneously by Oka ([52], 1953), Bremermann ([12], 1954) and
Norguet ([47], 1954).

Now let © be a domain in C™ with C? boundary. From the previous theorem it follows
that if we want to see whether 2 is a domain of holomorphy, then we only have to
check if it is Levi pseudoconvex. This can be done locally, hence this notion is more
useful in practice.

What happens if one starts with a domain £ C C® that is not pseudoconvex ?
According to the previous theorem, the domain is not a domain of holomorphy. We
will now introduce some definitions, and look at a more general case. See Backlund
([3]) and Narasimhan ([45]) for this and other relevant information.

Definition. A triple (2, 7,C") is called a Riemann domain (spread over C") if
is a connected Hausdorff space and = : @ — C” is a local homeomorphism.

Note that the map 7 endows €2 with the structure of a complex manifold.

Definition. Let S be a subset of H(f2). A Riemann domain (Es(Q),7g,C") is said
to be an S-envelope of holomorphy of (22, 7, C") if the following properties hold :

1. There exists a holomorphic map ¢ : @ — Eg(f2) such that
e Tgop=m
e For every f € S there exists a function F € H(Eg(f2)) such that Fo¢ =
f.
2. For every Riemann domain ({2, #, C"*) which satisfies (1) with ¢ : £ — ) there
exists a holomorphic map 7 :  — Es(€2) such that
® TgOT =T
e TO q; =¢
e If F and F are continuations to Es(Q) and Qof f € S, then For = F.
The first part says that the functions in S can be continued holomorphically to
(Es(Q), g, C™). We prove that this happens in a unique way : F is uniquely defined
on ¢(Q2) C Eg(§2). Because Es(f) is connected, F has a unique holomorphic exten-
sion to this domain.
The second part says that if the functions in S can be continued holomorphically to
( Q, 7, C™), then their continuations can be continued holomorphically to the Riemann
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domain {(Eg(), ms,C"). We see that if (Eg(Q), s, C") exists, it is unique up to an
analytic isomorphism.
Thus we have the following commutative diagram :

Q @

fol]

=

Cn

Theorem 1.2.4. Let (2, 7,C") be a Riemann domain. For every subset S of H(§2)
there exists an S-envelope of holomorphy of (2, m,C™).

This follows from a theorem of Thullen ([58], 1932).

Definition. The S-envelope of holomorphy (Es(f2),7s,C") of a domain 2 C C*
(that can be seen as the Riemann domain (2, Id,C™), where Id of course denotes the
identity on C") is called schlicht if (Es(f2),ws,C") is analytically isomorphic to a
domain in C". Otherwise (Eg(Q), mg,C") is called non-schlicht.

There are indeed domains 2 in C™ such that their H(£2)-envelope of holomorphy
is not (analytically isomorphic to) a domain in C”, but, instead a folded Riemann
domain. An easy example can be found in chapter 2. Instead of the H(Q2)-envelope of
holomorphy we will sometimes speak of the holomorphic hull of 2. If this holomorphic
hull lies in C", it is a domain of holomorphy. One can deduce that if £ is a domain
of holomorphy, the holomorphic hull of € is © (and vice versa). The same holds
for H*°-domains of holomorphy (that are defined in an analogous way as domains of
holomorphy).

Lemma 1.2.5. Let Q) be a domain in C"; let S := H(Q). For a function f € H(QY),
its lifting F to the holomorphic hull of Q, Es(Q), assumes the same values as f.
Hence, given f € H®(Q), F € H®(Es(Q?)).

1

PROOF. Let a € C be not in the image of f. Then the function g(z) := 5=
is holomorphic on Q. We have that g(z)(f(z) —a) = 1 on 2. Now let G denote
the holomorphic extension of g to H(Eg(2)). Then G(w)(F(w) —a) = 1 for all
w € Eg(Q). Thus a is not in the image of F either, hence F(Eg(f2)) C f(©2). The

O

other inclusion is straightforward, since f = F o ¢.
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1.3. Solutions of the J-problem and their applications

The space C" can be seen as R*" : for z; € C there are unique z; and y; in R with
zj = xj +1y;. We have the differentials

de = d.’l?j + ZdyJ 1< ji<n,

dzj:=dzx; —idy; 1<j<n.
For a multi-index a = (ay,... ,ax) with 1 <ay <as < ... < ap_; < ax <n, let
dz% :=dzq, N ... Ndzg,, dZ% := dZa, A .../\Ezak,
and let |a| := k. We say that A is a (p, q)-form with coefficients in F () if
A= 3 Aapde® AdE?
la|=p,|8|=q

for some differentiable functions A\, s € F(Q). Then

)\ ::2": 3 aé\f’ﬂdzj/\dz“/\diﬁ.

7=1|a|=p,|Bl=¢

Zj

Let ¢ be a C'-function on a domain  in C*, having values in C”. We have the
following well-known theorem :

Theorem 1.3.1. Let Q be a domain. The function ¢ € C1(Q) is holomorphic on
N 0p(2)=0 Vz2e.

The last equation is known as the Cauchy-Riemann equation.

Sometimes, one has a (0,1)-form o = }_7' | a;(2)dz; with coeficients in, say, C1((2),
and one searches for a function S in, say, C?(f), such that 88 = . Then one would
have that g_—zﬂi =qa; 1<1i<n,thus

da; 9% P bay

8z; Oz0z; 07,07 0%
This puts a necessary condition on « if one is looking for a 3 with 93 = «; it is
called the compatibility condition. An easy computation shows that it is equivalent
to 0a = 0. Such « are called d-closed. _
We shall now give an example of the use of 9, but first state a deep and fundamental
theorem.

Vi,jel, ..., n.

Theorem 1.3.2. Let Q C C" be a domain. The following two conditions are equiv-
alent :

o The domain §) is pseudoconvez. _

o Let 0 <p<n,1<q< n For every 8-closed (p,q)-form o with coefficients
in C®(Q), there is a (p,q — 1)-form (3 with coefficients in C*°(2) such that
96 =a.

PROOF. See e.g. chapter 4 of [36]. O
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Lemma 1.3.3. Let 2 C C" be a pseudoconvex domain, let f1, fo € H(Q) such that
f1 and fa have no common zeros. Then there exist g1, g2 € H(Q) such that

f1(2)g1(2) + fo(2)g2(2) =1 Vz e Q.
PROOF. Let

e fi(z) 5 "
g1(Z) = |f1(2)|2 + |f2(z)|2 +)‘( )fg(Z), ( )

- fa(2) _ .
92(2) T Ifl(Z)P + |f2(z)|2 /\(Z)fl(Z) ( )‘

Then fi1(2)g1(2)+ f2(2)g2(2) =1 Vz € Q. We try to find A such that g1, go € H(Q).
Well,

O 1./ X))
9 € HE <00 =09 N = G5 1Rp?

The (0, 1)-form
I
(If11% + 1 f2?)?
is O-closed and has C™ coefficients, hence there is a A € C°°(2) such that 9\ = p.

Now substitute this A in () and (**). From the symmetry of the problem follows
that Oge = 0, therefore we have that g, € H(2) as well. Thus we are done. O

A short summary of what we did : there was an obvious continuous solution to our
problem. We translated the problem into a d-problem. The solution of this problem
is added to the continuous solution, and we end up with a holomorphic solution.

Now let Q be {z € C2:1 < ||z|| < 2}. Earlier we mentioned that € is not a domain
of holomorphy. Thus € is not pseudoconvex, and therefore one cannot solve every
O-problem with smooth data on €. An easier way to see this, is the following : let
f1 = z1, fa = zp. Then f; and f; do not have common zeros on §2. If one could solve
all -problem with smooth data on €, one could copy the proof above, and find g1,
g2 € H(R2) such that fig1 + fage = 1 on Q. Because every function h in H(Q) extends
to a function h € H(B(0,2)), we would have that

1= fi(2)d1(2) + f2(2)G2(2) = 2161 (2) + 2262(2) ¥z € B(0,2).

The right side vanishes at z = 0, hence we derived a contradiction.

Since we will mainly deal with A(2) and H*(2), we are mostly interested in solutions
of the 9-problem with uniform estimates. That is : given a d-closed (p, q@)-form «, do
there exist a (p,q — 1)-form 3 and a constant K (that is independent of «) such that
08 = a and ||8||oc < K||a||oc ? During the end of the sixties, discoveries of Khenkin
([32]) and Ramirez ([54]) led to powerful integral representation formulas. With the
help of those formulas, many estimates on the solutions of 8-problems were proved.

We will only mention two important theorems.
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Theorem 1.3.4. Let 2 C C" be a bounded strictly pseudoconvez domain with C?
boundary. Let o be a 9-closed bounded (0,9)-form (1 < q < n) with coefficients in

C>®(Q). Then there ezists a (0,q ~ 1)-form u with coefficients in C°(Q)NC(Q) such
that Ou = a.

PROOF. Q@vrelid ([48]), 1971. O

Theorem 1.3.5. Let Q C C" be a bounded pseudoconvexr domain with C> boundary.
Let a be a O-closed (0, q)-form (1 < q < n) with coefficients in C>°($2). Then there
exists a (0,q — 1)-form u with coefficients in C*(Q) such that Ou = a.

PRroOF. Kohn ([33]), 1973. O
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CHAPTER 2

A survey of the Gleason problem

2.1. Some definitions and examples

Let A be a commutative complex Banach algebra with unit. It is known that each
maximal ideal of A is closed and has codimension one. For a € A we define a function
@ on M := {M : M is a maximal ideal in A}. Namely, let M be a maximal ideal in
A, let I be the identity element in A. We define a{M) as the unique complex number
such that a — a(M)I € M.

It was during his search for multidimensional structure in spectra of commutative
complex Banach algebras that Gleason ([20]) proved the following theorem :

Theorem 2.1.1. Let A be a commutative complex Banach algebra with unit. Assume
that the subalgebra generated by I, z1, . .., 2 is dense in A. If M is a finitely generated
mazximal ideal in A, then M is generated by

21 —ZAl(M)I,... s %k —5k(M)I.

Definition. For a domain © in C", we define P(Q2) as the set of the holomorphic
polynomials on €.

Now let © = B(0,1) C C2. Because the closure of P(f2) is exactly A(f2) in the
supremum norm topology, it follows that if

Ip:== {f € A(Q): £(0) =0}

is finitely generated, then Iy = (21, 22). Gleason mentioned that he was not able to
answer the question whether this ideal is finitely generated or not.

Of course one can generalize the problem. Let 2 be a domain in C", p a point in Q2
and R() a ring of functions on €2 that contains the polynomials. Let

I, == {f € R(Q) : f(p) =0}
Is I, generated by the functions zy—p;, ..., zn—Pn ? In other words : given f € R(f2),
do there exist functions fi, ... , fn € R(Q) such that

n

f(z)— f(p) = Z(Zi —pi)fi(z) VzeQ?
i=1
We say that one can solve the Gleason problem for R(?) at p if this decomposition is

possible for every f € R(£)). We say that one can solve the Gleason problem for R(2)
(or that € has the Gleason R-property) if this is the case for all p € Q, f € R(2).

21




22 2. A SURVEY OF THE GLEASON PROBLEM

Theorem 2.1.2. Let Q be a domain in C", let p be a point in . Suppose that one
can solve the Gleason problem for A(QY) at p. Then there is a neighborhood W of p
such that for every w € W and f € A(Q2) there exist functions f;(-,w) € A(Q) with
fie HQx W) and

£) = Fw) = 3 filzyw) (2 — wy).
=1

See [16] for a proof by Fallstrom. The proof relies on the ideas of the original article by
Gleason ([20]). Thus, ideals in a neighborhood U of an algebraically finitely generated
ideal in the maximal ideal space of A(Q2) are also finitely generated. Consequently, U
contains an analytic variety. This is one of the motivations for studying the Gleason
problem.

Before we continue with some examples, we would like to point out that there is at
least one other problem in the literature known as the Gleason problem : does any
probability measure on the lattice of all projections of a JW-algebra of type II extends
to a normal linear functional on the whole algebra ? See e.g. [44].

Example. Suppose 2 is open in C, R(f2) is, e.g., H*(Q2), p € Q. If f vanishes at p,
’;(TZ; is holomorphic and bounded. Since f(z) = {%(z — p), this solves the Gleason

problem for H>°(Q2) at p.

PrOOF. This is well-known. The function f is holomorphic on £, hence it has a
power series that converges uniformly on a neighborhood V' of p. We divide out a
factor (z — p), and the resulting function is both holomorphic and bounded. O

We see that the Gleason problem for domains in C is rather uninteresting. However,
in C*(n > 2) everything becomes more difficult, since the zero set of a function (e.g.
z1 — p1) is no longer a set of isolated points, but is an analytic variety instead. Thus
we cannot simply repeat the previous proof, and divide out factors zn_l_ - in the power
series of f : the problem has global nature, instead of local nature.

Lemma 2.1.3. Let P be a polynomial in z that vanishes at p € C™. There exist
polynomials Py, ..., P, such that P(z) = P1(z)(z1 — p1) + - - - Pp(2)(2n — D).

Proor. For p = (0,...,0), this follows immediately. For other points apply the
appropriate coordinate transform. [

What happens if we take the second most natural ring of functions, namely that of the
holomorphic ones 7 The following theorem is known in the literature as the lemma
of Oka-Hefer :

Theorem 2.1.4. Let Q) be a pseudoconver domain in C", let p € Q. For every
f e H(Q) there exist f1, ..., fn € H(Q) such that

f(z) - f(p) = Z(zi —-pi)fi(z) VzeQ
i=1
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It would be better to speak of the lemma, of Hefer-Oka, since Hefer published the result
in his dissertation (1940), and Oka in 1941 ([51}). The Second World War prevented
the proof of Hefer being published in a journal until 1950 ([25]). Hefer and Oka were
interested in this decomposition theorem, because it would have implications for the
Weil integral formula. This is a generalization of the Cauchy integral formula,
see [59]. The Weil integral formula was known to hold on polynomial polyhedra V.
Recall that a polynomial polyhedron V is of the form {z € W : |P;(z)| < 1 Vi} for
W an open set in C" such that V cC W and P4, ..., P, some analytic polynomials.
Having theorem 2.1.4 available, it was easy to prove that the Weil integral formula
also holds for analytic polyhedra R. Recall that an analytic polyhedron R is of
the form {z € S : |fi(2)| < 1Vi} for S an open set in C* with R CC S and fi, ...,
fm some functions that are holomorphic on a neighborhood of S.

Example. (Rudin, [56].) We now consider the polydisc U in C2. For an f € H>®(U)
(or in A(U)) that vanishes at the origin we define
oy FEO G = f0)
z w

We immediately see that f(z,w) = fi(z,w)z + fo(z,w)w and that f; € H®(U)
(or in A(U)). From the Cauchy integral formula it follows immediately that fo is
holomorphic; we proceed to show that it is bounded. Fix z = ¢ with |¢| < 1, and
consider U N [z = ¢|]. This is a disc with radius 1, and it (trivially) contains a circle
with radius 1/2. The maximum principle yields that

2|| flloo
1/2

We see that fo € H®(U) (or in A(U)) as well. Note that we can solve the Gleason
problem at a point (p,q) € U as well, by using the following biholomorphic automor-
phism of U : (z,w) — (£, 755%)-

What is used heavily, is that U N [z = ¢] always contains a circle with radius 1/2. A
similar idea can be found in chapter 6. This kind of proof would not work for the ball
B = B(0,1). Namely, BN [z = ¢] contains only circles with radius < /(1 — |c|?). If
c tends to 1, \/(1 — |c|?) tends to 0.

One might think that f; and f; defined as above solve the problem anyway. This is

false. Namely, let f(z,w) := v® Then

1-2z"°

e Sl
-2 = 1-]z
hence f € H*(B). However, fa(z,w) = = & H*(B). For g(z,w) = l‘i € A(B)
one has that go(2,w) = I“i ¢ A(B). Nevertheless, B has the Gleason A-property as
we shall see now.
We now return to the original question of Gleason. It was solved by Leibenzon ([31]),
in 1965. He proved a much sharper result :

| f2(c, w)| < =4||flloc for Jw| < 1/2.

|f(z,w)| =

=1+[2[ <2,

Theorem 2.1.5. Let @ C C” be a bounded domain with C? boundary. Suppose §) is
starshaped with respect to p € Q. Then for every f € A(QY) that vanishes at p, there
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exist f1, ..., fn € A(Q) such that

n

f2) = (i —p)fi(z) Vze.

i=1
Since a convex domain is starshaped with respect to every point, an immediate corol-
lary is :

Corollary 2.1.6. Let Q@ C C™ be a bounded conver domain with C? boundary. Then
one can solve the Gleason problem for A(Q).

The solution of Leibenzon is remarkably simple. For g € A(f) let Dyg denote the
derivative of g with respect to the k’th coordinate. For every f € A(f2) that vanishes
at the origin we define holomorphic functions T;(f) (1 £ j < n) as follows :

1
Ti(f)(z) = / Dif(Az)dA.

1 1 n I
1) = [ L= [ Y absoan =Y an0e)
i=1 i=1

which gives a solution to the Gleason problem for H(Q). Leibenzon estimated D;f
along the line segments [0, z| to show that T;(f) is indeed in A(Q) if f € A(Q).
Later, Grangé (1986, (21]) used different techniques to show that the functions fj,
.., fn as above still solve the Gleason problem for H*(Q) if Q is a bounded convex
domain with C'*¢ boundary. He also gave an example (that can be found in chapter
4) of a bounded convex domain 2 in C? having C*® boundary except for one point
(where the boundary is C!), and a function f € H*(f) for which the Leibenzon
divisor T(f) is not bounded. However, one can solve the Gleason problem for H>(£2)
using different techniques (see chapter 5).
The estimates of Leibenzon were sharpened by Backlund and Fillstrom, who showed
that one can solve the Gleason problem for both A(f2) ([4]) and H>(2) ([5]) if Q is
a bounded convex domain with C'*¢ boundary. In chapter 4 we will use Leibenzon'’s
ideas to solve the Gleason problem for these algebras if  is a so called C-convex
domain (a generalization of convex) that is bounded and has C'*+¢ boundary.

2.2. The use of J-techniques

In the early seventies, there were many developments in the area of J-techniques,
which led to considerable progress in solving the Gleason problem. We cite the fol-
lowing theorem of Fallstrom ([15]):

Theorem 2.2.1. Let 2 be a bounded domain in C". Let £L(Q) be an algebra of C>
functions on ). Let R(Q?) := H(Q)NL(R), let Lg,q)() be the set of (0, g)-forms on Q
with coefficients in L(). Suppose that for every O-closed form \ € Lo,q)()(g < n)
there exists a (0,q — 1)-form u € Lgq-1)(2) such that Ou = A. Then Q has the
Gleason R-property.
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“If one can solve the d-problem, one can solve the Gleason problem.” Basically, the
proof goes as follows : one has local solutions that are patched together to a global C*
solution. Then, using & (compare lemma 1.3.3), this smooth solution is modified to a
holomorphic one. This is quite hard, since the combinatorics get pretty wild. These
are tamed using a construction of Hérmander ([27]). Combining theorem 2.2.1 with
theorems 1.3.4 (of @vrelid) and 1.3.5 (of Kohn) now yields the following corollaries :

Corollary 2.2.2. (Qvrelid, [49].) Let @ C C™ be a bounded strictly pseudoconvez
domain with C? boundary. Then one can solve the Gleason problem for both H™(2)
and A(Q).

Corollary 2.2.3. (Ortega Arambury, [53].) Let 2 C C™ be a bounded pseudoconvez
domain with C® boundary. Then one can solve the Gleason problem for A®(Q) =

H(Q) nC=(0).

After Leibenzon solved the Gleason problem for convex sets, the first new result was
obtained by Kerzman and Nagel ([30]). They used sheaf-theoretic methods (that
are, in some sense, related to the construction of Hormander mentioned above) and
estimates on the solutions of d-problems to solve the Gleason problem for A(f2),
where © is a bounded strictly pseudoconvex domain in C? with C* boundary. Lieb
([38]) independently used similar techniques to solve the Gleason problem for A(2)
on bounded strictly pseudoconvex domains in C* with C°® boundary.

There are two more ways known for proving the result on strictly pseudoconvex do-
mains. These do not use estimates on solutions of d-problems. Jakobczak ([29])
uses the embedding theorem of Fornaess ([18]) to embed 2 C C™ in a strictly convex
domain 2 ¢ C™ (where m >> n in general). All functions in H*(Q) and A(Q)
extend to H®(€) and A(f) respectively (as proved in [18]). Now on  one has the
Leibenzon solution, and pulling back yields a solution on €2.

Another approach is of Khenkin ([31]), who decomposes f into functions f; that are
defined on a larger sets §2;. Using the ideas of Leibenzon he then solves the Gleason
problem for A(Q).

Especially the proof of Jakobczak uses heavily that the domain is strictly pseudocon-
vex.

In C? everything is easier. If one could solve all (0,1)-forms (like in theorem 2.2.1),
one can solve the Gleason problem, as Cegrell showed in [13]. We still face two
problems :

o find a covering such that one can patch local solutions together to a global
solution
e find local solutions.

One can imagine that the simpler the geometry of the domain, the easier the problem.

Definition. For a domain @ C C* with C? boundary, S(€2) denotes the set of strictly
pseudoconvex boundary points of 2.



26 2. A SURVEY OF THE GLEASON PROBLEM

The following two theorems are due to Beatrous ([8]). We give the proof of the second,
because its ideas are used in chapter 5 and 6.

Theorem 2.2.4. Let Q) be a bounded pseudoconvex domain in C™ with C* boundary,
let o be a C(0,q)-form (1 < q < n) that is & closed and extends continuously to 0.
Suppose that supp o N IQ C S(Q). Then there is a C1(0,q — 1)-form 3 that extends
continuously to A such that 88 = a.

Theorem 2.2.5. Let Q be a bounded pseudoconver domain in C? with C* boundary,
let p € Q. Suppose that there is a complex line through p that intersects 0Q only in
strictly pseudoconvex points. Then for every f € A(Q) there exist f1, fo € A(Q)) such
that

f(2) = f(p) = Ai(2)(z1 —p1) + fo(2)(22 —p2) VzeQ.

PROOF. Since we may have rotated and translated Q at the beginning, we may assume
that p = 0, and that the complex line given by z; = 0 intersects the boundary only
in strictly pseudoconvex points. We fix an f € A({2) that vanishes at the origin.
There is an € > 0 such that B(0,3¢) C @ and {2 : |z1] < 2¢} N30 C S(N). Let
Up:={z:|=| > €}, Uz := {2z : |z2| > €}, Us := B(0,2¢). For i =1,2,3 we choose
functions ¢; € C§°(U;) such that Z?:l pi(2) =1onQ,0<¢; <1, ¢ =1ona
neighborhood of the weakly pseudoconvex points. Let

Ae=19 pe=o

21
z
) =0, =12

22
Then f} € A(U;) for 4, j € {1,2}. There are functions f7, f3 € A(Us) such that
f(z) = f3(2)z1 + f3(2)22 on Us. Then

3 3
fi(2) =)0 fi(2),  fal2) =) 4i(2) f3(2)
=1 i=1

form a continuous solution of our problem. We search for a function w such that
£1(2) := fi(z) + u(2)z, f2(2) := falz) — u(z)z1 € A(SY).
Define a (0, 1)-form « as follows : a:= _—Zﬁ. One can easily check that it is equal to

%{3, that it is O-closed and that it extends C! to the boundary. Furthermore, supp

andN c S(Q). Applying the previous theorem yields a v € C(Q) such that du = a.
With this u we define f1, fo € A(f2) as above, and we see that

f(2) = filz)21 + fa(2)z2 Vz e
O

Remark. There is a similar theorem for a bounded pseudoconvex domain € in C2
with C? boundary, provided that  has a Stein neighborhood basis (this means
that there is a sequence 3, Qg, ... of pseudoconvex domains in C" with Q C Q;, Vk
and Q = N2, Q%). This is because the necessary O-machinery has been developed
(cf. [55]).
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Remark. One might think that a simple modification of the proof yields results in
C", n > 3. However, in e.g. C3 for the construction of Hérmander (used to prove
theorem 2.2.1) it is required that one can solve a (0, g)-form for all ¢ < 3. The
support of the relevant (0,3)-form a can be controlled, thus there is a (0,2)-form 3
with 83 = a. Unfortunately the support of 8 cannot be controlled anymore, and
there is no way known how to solve 8y = 3.

The ideas of Beatrous were extended by Fornaess and @vrelid, and Noell. They solved
the Gleason problem for A({2) where  is a bounded pseudoconvex domain in C? with
C* boundary, having real analytic boundary ([17]) or having a boundary of finite
type ([46]) respectively. The idea behind their proofs is that through every point
of the domain there passes a complex line such that one has good O-estimates on a
neighborhood of its intersection with the boundary.

The results of Backlund and Fallstrom ([6]), Lemmers and Wiegerinck (chapter 5 and
6) also make use of this idea of Beatrous.

Theorem 2.2.5 and the ideas behind it can be used to solve the Gleason problem on
some “notorious” domains.

Example. The “Worm domain” W of Diederich and Forness ([14]). This is a
bounded pseudoconvex domain in C? with C® boundary. Let N(W) denote the
interior of the intersection of all pseudoconvex domains in C? containing W. One
of the remarkable properties of W is that the set N(W) \ W has interior points. In
other words : W has no Stein neighborhood basis. Since W fails to be strictly
pseudoconvex precisely on the set {(z,w) € W : 1 < |2| £ 2,w = 0}, for every
p € W there is a complex line through p that intersects the boundary only in strictly
pseudoconvex points. Applying the theorem of Beatrous yields that one can solve the
Gleason problem for A(W).

Example. For v € C, let Rv denote the real part of v. Consider the following domain
in C? with C* boundary :

Q= {(z,w) € C?: Rw + |2 + 17§|z|2§n26 <0}.

In [34] Kohn and Nirenberg noted that there does not exist a holomorphic function
that vanishes at the origin and whose zeros lie outside €2 in a neighborhood of 0.
Thus the domain does not have a holomorphic support function at the origin. In this
example it is even impossible to introduce holomorphic coordinates relative to which
0f) is convex in a neighborhood of 0.

One can check that every point of 9 outside the set {(z,w) : z = 0, Rw = 0} is
strictly pseudoconvex. Thus through every point of 2 there passes a complex line
that intersects the boundary only in strictly pseudoconvex points, and from theorem
2.2.5 follows that one can solve the Gleason problem for A(2).

Example. Fornass and Sibony constructed in [19] a bounded pseudoconvex Hartogs
domain Q in C? with C* boundary that is strictly pseudoconvex except for one point
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such that there is a bounded J-closed (0,1)-form a with coefficients in C'°(2) for
which all solutions u of u = a are unbounded. Furthermore, they showed that there
exist f, g € H>®(Q) with |f] + |g| > & on Q, such that for every ¢, v € H*(Q) with
of +vg =1 on Q, one has that sup(|¢| + ||} = oo. In other words : one cannot
solve the Corona problem on .

As in the proof of theorem 2.2.5 one can cover Q and formulate the appropriate -
problem such that the corresponding (0, 1)-form A has no support near the weakly
pseudoconvex point. Then one can extend A (by defining it to be zero where it was
not defined previously) to a bounded 8-closed (0, 1)-form with coefficients in C* (),
where 0 is a strictly pseudoconvex domain. Thus there is a bounded function p such
that du = A, and this p can be used to solve the Gleason problem for H >*(Q).

Remark. One should not underestimate the importance of the previous example. It
tells us that the J0-problem and the Gleason problem are not the same. We now show
that there are domains where one can not solve the Gleason problem.

2.3. Counterexamples to the Gleason problem

We start with some definitions. The spectrum M () of the Banach algebra R() is
the set of non-zero multiplicative complex homomorphisms on R(2). In this section
R(2) will always be a ring of functions on 2. We denote by 7 the projection from
MFEE) t6 C defined by

m(m) = (m(z1),... ,m(zn))
for m € MES), For p € Q, the set
T Hp)={me MR r(m) = p}

is called the fibre over p. For such p, the point evaluation m, (defined by m,(f) =
f(p) for f € R(Y)) is an element in the fibre over p. A domain 2 C C™ is said to be
R-spectrumschlicht at p € Q if the fibre over p contains exactly one element. We
say (1 is R-spectrumschlicht if this is the case for all p € Q. For the definition of
non-schlicht and related terms we refer to chapter 1. A domain that is non-schlicht

with respect to R(2) is not R-spectrumschlicht, but later in this section we will see
a domain that is schlicht, but not H-spectrumschlicht.

The following example given in [35] is a non-pseudoconvex domain 2 where one
cannot even solve the Gleason problem for H(2). We define D as follows :

D:={z€C?:|z1| <1,|z2| <2} U{z € C?: || <2,1< |z| <2}

We now choose an arc v that is part of the circle around (4¢,0) with radius 4, that
lies completely in the z;-plane. Let v start at the origin, turn counterclockwise, make
almost a full circle and then terminate between the circles C(0,1) and C(0,2). Let
U be a small neighborhood of v such that the set U N D N {Rz; < 0} is empty. We
define 2 as the union of D and U.

Lemma 2.3.1. The domain Q2 has non-schlicht envelope of holomorphy.

PROOF. Let f be that branch of log(z; — 4:), for which S f on + runs from —/2 to
3n/2 — n/8. We now restrict f to D. This function can be extended to a function f
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on the whole polydisc A%(0,2) = {z € C? : |z,| < 2,|22] < 2}. However, f does not
assume the same values as f on {z € C?: 1 < |z1| < 2,R2; < 0,|z| < 1} N~y : §F
will be approximately —7/2 — 7/8 over there. Thus € has non-schlicht envelope of
holomorphy. |

One can see the H(f2)-envelope of holomorphy of §2 as a Riemann domain € over Q
consisting of two sheets. Given f € H(Q2), we denote its extension to H({2) by f.
We choose p € 2 on the first sheet, and  on the second sheet such that w(m,) =
m(mg3). There is a function f € H(Q) such that f(p) # f(). We may assume that
f(p) = 0. We now define a homomorphism m in MH® a5 follows : for g € H(Q),
m(g) := §(p). For many functions g € H(Q) one still has that m(g) = §(p) = g(p)-
Take for instance g a polynomial : the polynomials cannot separate p from p.
Now suppose that one could solve the Gleason problem for H(2) at p. Then there
would be fi, fo € H(f2) such that f(z) = Zle(zi —p;) fi(z). However, since m(f) =
f(®) # f(p) =0, this would imply that
2 2
04 m(f) = m(> (s ~ p)fil2)) = 3 mlz: ~ pm{fz) = 0.

i=1 i=1

This is a contradiction. Thus one cannot solve the Gleason problem for H(Q) at

p. Of course one can use this domain to construct a counterexample to the Gleason
problem for A(Q2) and H>°(2) instead of H(2) as well.

In 7] Backlund and Fillstrém give an example of a pseudoconvex domain § in C?
where one cannot solve the Gleason problem for H>*(Q2) and A(?). This domain
has a same obstruction as the example above : its H>-envelope of holomorphy is
non-schlicht. Note that one can solve the Gleason problem for H(f), since Q is
pseudoconvex (see theorem 2.1.4).

They also gave an example of a pseudoconvex H*°-domain of holomorphy § in C3
where one cannot solve the Gleason problem for H*°(?). This is quite surprising,
because the H*°(2)-envelope of holomorphy of €2 is schlicht, since it is 2 itself. How-
ever, {2 has a 2-dimensional subspace S that has non-schlicht H°(S)-envelope of
holomorphy, thus it is not H%(S)-spectrumschlicht. In the same way as above, one
can give a function f € H*°(Q) and a homomorphism m in MH7 ) (which can be
applied to f as well) that show that there is no solution to the Gleason problem for
H>(Q).

Applying the reasoning of the example above to the general case, with € a domain in
C"™ and R(Q), yields that if Q is not R-spectrumschlicht, then one cannot solve the
Gleason problem for R(f2). This implies that if one can solve the Gleason problem
for R(£2), then 2 is R-spectrumschlicht. It is a conjecture that the other implication
holds as well :

Conjecture 2.3.2. Q is R-spectrumschlicht <& one can solve the Gleason problem
for R(S2).
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CHAPTER 3

Generators and interpolation in algebras of entire
functions

3.1. Introduction

Let 2 be an open subset of C", let p(z) be a non-negative, plurisubharmonic function
defined on Q2. We denote by A,(f2) the algebra (with usual addition and multiplica-
tion) of all analytic functions f in © such that there exist some constants c; and ¢
(which may depend on f) with :

|f(2)| € c1exp(cep(z)), Vz e Q.

These algebras were introduced by Hérmander ([27]). It is customary to assume (and
we will do so in the rest of the chapter) p is such that :

1. Ay(€) contains the polynomials.

2. There exist constants K, K2, K3, K4 such that

z€and |z — (| < exp(—K1p(2) — K2) = ¢ € 2, p(¢) < K3p(z) + Ky.

These conditions have important consequences. Namely,
o If f € Ay(Q2), then %:—, EA Q) for1<j<n
o If f € H(Q), then f € A (Q?) « there is a K such that

/Q |F(2)2 exp(—2Kp(2))dA < .

e p(z) > (log1/d(z,09Q)— K>)/K;, hence p(z) — oc if z converges to a boundary
point of Q. Thus 2 has a plurisubharmonic exhaustion function; therefore is
) pseudoconvex.

The algebras Ap(€2) have been studied extensively, see e.g. [9]. Without loss of
generality (since Ap(Q2) = Ap42(Q)) we will also assume that p(z) > 2. Instead of
Ap(C) we will write Ap.

Classically, one considers functions satisfying (slightly) different growth conditions,
namely the functions of finite order. See e.g. [39]. For a continuous function f defined
on C™, not necessarily holomorphic, we define

M(f,7) 1= max (1£(2)],2).

Our functions will be very large for large r; the 2 is there simply because we want to
be able to speak about loglog M(f,r) for small r as well. A continuous function f
defined on C™, not necessarily holomorphic, is said to have (finite) order p € {0, c0)
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if
Hl‘)glOgM(fvT) =)
r—00 logr

The (p-)type 7 of a function of order p is defined as
7:= lim log M(f.7)

T—00 rP

(0 < 7 < 00). A function with type 7 < oo is said to be of finite type, a function with
type 7 = oo is said to be of infinite type.

In this chapter we study some properties of the algebras B, consisting of all analytic
functions in C™ of order < p :

loglog M(f,r)

B, :={f € HC") | lim, o log T

< p}.

In the rest of the chapter we assume that p only depends on r = ||z||. Inspired by
the relation between Aj;» and B, (note that these algebras are not the same !), we
introduce other algebras, R, (functions of finite or infinite type with respect to p),
that are related to the algebras A, (functions of finite type with respect to p) in a

similar fashion :
+—  loglog M(f,r)
= H(C™) | imy o —————
Rp {fe (C )I 1L [e.] 1ng(r)

Note that p(|z]) (# € C) subharmonic = p(||z||) (2 € C") plurisubharmonic. Hence
theorems in C give similar theorems in C™. Therefore it suffices to consider the
one-dimensional case. Since the function g(z) := z!*® is convex for all positive &,
g o p(z) = p(z)1*? is subharmonic.

We will prove the following theorem and proposition :

Theorem 3.1.1. Given a function h € C(C") (not necessarily holomorphic) with the
property

there is a plurisubharmonic majorant q(r) of |h(z)|, which depends only on r = ||z,
and can be written as q(r) = p(r)?"), with

lim, oop(r) = lim p(r) = 1.
This function p(r) can be chosen such that p(r) is decreasing.

Proposition 3.1.2. Suppose p is a non-negative plurisubharmonic function on C"
depending only on r = {|z||, such that :

1. All polynomials belong to Ap(C").

2. There exist constants K1, Ko, K3, K4 such that

2z € C" and |z — (| < exp(—K1p(2) — K2) = p({) < K3p(z) + Ks.
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Then the plurisubharmonic majorant q, constructed above, has similar properties :
1. All polynomials belong to A,(C™).
2. There exist constants Ly, Lo, L3, L4 such that

z2€C" and |z — (| < exp(—Lig(z) — L2) = q(¢) < Laq(z) + Ly.

Combining the theorem and the proposition above, we see that if f € R, there is a
q such that f € A; C R,. Therefore some theorems on A, hold for the algebras R,
as well. We will give three examples, and start by showing that one can solve the
Gleason problem for both A,(f2) and R,. Then, given fi, ..., fx € R,, a necessary
and sufficient condition is derived whether they generate the whole algebra or not.
We conclude by giving an example from interpolation theory.

3.2. An auxiliary theorem

Now we will prove theorem 3.1.1 (stated above).

PROOF. Actually, we will construct a majorant of M (h, r) with the desired properties.
We will use the following basic properties of subharmonic and convex functions, which
can be looked up in, e.g., [23] :

I. A subharmonic function, depending only on r = |z|, is convex with respect to logr.
II. A convex function is differentiable outside a countable set.

III. If p; and ps are subharmonic, then p3(z) := max(py(z), p2(z)) is a subharmonic
function.

IV. A convex function on an open interval is continuous.

Let
. log M(h,x)
) = e = e p(a)
just as in [57].
It is easy to see that ¢(r) is a well defined function, and that it is decreasing. If there
exists some R such that ¢(r) < 1,Vr > R, we will take

a(r) = p(r)*") = max(p(r), max M (h,t)),
and we are done. If ¢(r) > 1,Vr, we will show that there exist a strictly increasing

sequence of real numbers r,, tending to infinity, and constants ¢,, € R, such that the
function

¢(0)+2n
p(r)P") = p(r) ”‘“M \ ;T E[ren,Tan41]
= (0)+2n
P(rans1) 2% +enlog(5=) 7 € [rantr, T2nq2]

has the desired properties. It suffices to indicate how the constants ¢y, rg, 71, 72 and
r3 can be chosen; the other constants can be determined similarly.

DETERMINATION OF THE CONSTANTS.
Take rg = 0. We have that
S 1 h
fm, . g M(r) _
log p(r)
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hence there exists some R such that Vr > R,M(h,7) < p(r){?®+2/3 We take
r1 > R+ 1 such that p(r) is differentiable at r = r; (this is possible, because of I and
I).
Let

ap*®
" Ologr (ru);

1

then the derivative of p(r)?(") with respect to logr exists at r = r;.
We define a function [ on C as follows : I(r) := p(r)*® + ¢; log(). Because p > 2
and z € A,, there exist constants K and L such that for large r

I(r) < Klogr < Lp(r) < p(r){®©+2)/3,

Let ry be the largest number with I(ry) = p(ry)(¢(0)+2)/3,

There exists an § > r3 + 1 such that Vs > S, ¢(s) < ¢—(05M. Choose r3 > S such that
p(r) is differentiable at r = r3.

THE FUNCTION p(r) IS DECREASING.

p(r) is constant ¢(0) on [0,r1]. For A € [ﬂ%fu, ¢(0)), let x be the smallest number
in (r1,r2] with I(u) = p(u)*. Then the function p(r)* — I(r) is positive for small r,
negative at r = r, and zero at r = . Combining this with I, we see that p(r)* —1(r) >
0 for r > u. Because p(r)?(™) = I(r) on [ry, 7], this shows that p(r) is decreasing on
[r1, 7).

THE FUNCTION p(r)?(") 13 SUBHARMONIC.

Our function is subharmonic on [0, r3), with the possible exception of the points r; and
r2. It is subharmonic at ry, since the logarithmic derivative of p(r)?(") is increasing
at r = r1. Previously, we saw that p(r)?") = max (I(r), p(r)®@+2/3) for r > r;.
Using III, this yields that p(r)?(") is subharmonic at r = r3 too.

The function p(r)?(") is a majorant of M(h,r) on [0, r3] by construction. It is obvious
how to continue with this construction to obtain the desired function p(r) on [0, ).

O
We shall now prove proposition 3.1.2 (that is stated in the introduction).

PROOF. A, contains all polynomials, since these are contained in A, C A;,. We know
there are constants K, K2, K3, K, with :

z € CMand |z — (| < exp(—Kp(z) — K2) = p(¢) < K3p(2) + Kj.

Let z, ¢ € C™. Suppose |z — (| < exp(—K14(z) — Ka2).

If [z| > |¢| then ¢(¢) < q(z), since ¢ is subharmonic, defined everywhere on C,
depending only on r = |z| and therefore increasing. So suppose || > |z|. Say
q(z) = p**2(2), q(¢) = p**b(¢) for certain constants a, b. Then a > b, since p(r) is
decreasing. We also have that p(z) > 2, therefore g(z) = p(2)?(") > p(z), which yields
that

|z = ¢| < exp(—Kiq(2) ~ K2) < exp(—K1p(z) — K2),
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and therefore p(¢) < K3p(z) + K4. Hence

4(0) =P'(Q) S PO < (Koplz) + Ka) ™+ < (Ks + T24)epi+e(2) = Mo(z).
a

3.3. The Gleason problem

We recall theorem 2.2.1 of Fillstrém (it also holds for 2 = C™), that can be summa-
rized as : “if one can solve the §-problem, then one can solve the Gleason problem”.

Theorem 3.3.1. IfQ is a bounded domain in C”, it has the Gleason A,(Q2)-property.
C™ has both the Gleason Ap-property and the Gleason R,-property.

PROOF. Let Q be a bounded domain in C", or the whole space C*. For every 8-closed

form A, with coefficients not growing faster than Aexp Bp(z), we can find a form u,

such that du = A, where the coefficients of « do not grow faster than C exp Dp(z).

This follows from lemma 4 in [27] . So © has the Gleason Ap(Q)-property.

For f € Ry, there is a ¢ such that f € A; C R,. Hence C™ has the Gleason R,-

property. (|
3.4. Generating the algebra

Let p(z) a non-negative, plurisubharmonic function defined on C", depending only
on r = ||z||. Again, we will state the corresponding theorem for the algebras A,(2)
first. It is due to Hérmander ([27]).

Theorem 3.4.1. Suppose p is such that :
1. All polynomials belong to A, (S2).
2. There ezist constants K1, Ko, K3, K4 such that

z€ Qand|z — (| <exp(—K1p(z) — K2) = ¢ € Q, p({) < K3p(z) + Ky.
Let f1, ..., fx € Ap(Q). Then

-1
(frr s fi) = 4@ & (D 15:(2)]) < Aexp(Bp(), Vze
for some positive constants A, B.
In our setting, this becomes :

Theorem 3.4.2. Suppose p is such that :
1. All polynomials belong to A,(C™).
2. There erist constants K,, Ko, K3, K4 such that

z € C" and |z — (| < exp(—K1p(2) — K2) = p(¢) < K3p(2) + K4
Let fi, ..., fx € Ry. Then

loglog M((3|f:(2))) 1. 7)
log p(r)

Again note that it suffices to consider the one-dimensional case.

<1

(fis-o 1 fu) = Rp & Tim, o0
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PROOF. =>. This is the easiest part. We use a well-known argument :
if f1, ..., fx generate R,, we can find g, ..., gx € R, with

> filz)ai(z) =1, vzeC

Hence we have

1< Zlfi(z)|Zlgi(z)|»

that is,

(S 1) < Claital

mr_’oo log log M(Z |gi|v 7) <1
log p(r)

and since

3

the same holds for (3 |f:)~!.
<. Suppose

-1
mrﬁoologlogM((Z 1fiD~"m) o4
log p(r)

Let log™ h(z) denote, as usual, max(log |h(z)|,0). By theorem 3.1.1, there exists a
subharmonic majorant g(z) = p(r)?(") of

-1 k
log* (31£()N)  +D_log* M(Jal2]),
i=1

depending only on r = |z|, with

Then f; € A, and (3 |fi(2)]) 7! < expg(2).
Proposition 3.1.2 tells us that g(z) indeed satisfies the conditions in the theorem of
Hoérmander, hence (f1, ..., fi) A, = A, Ttis obvious that A, C R,, therefore

(fir---» fe)r, = Rp-

Corollary 3.4.3. Let p be a positive constant, let f1, ..., fc € By. Then

loglog M((S£:)17) _
logr? =

(flv“' 7fk)=Bp<=>mr_,oo

(In other words : if and only if (3 |fi(2)])~! is a function of order < p.)
For Bp = Rlzlp.

Corollary 3.4.4. The same holds for p = 0.
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The algebra By isn’t a R,, but the proof given for rings R, works also for By.

Remark. If we look at the proof of theorem 3.4.2, we see that it can be adapted to
the case Q = B(0,1), instead of Q = C".

3.5. An application in interpolation theory

In [9], [10] and [11], interpolation theory on the algebras A, is studied. It is now
possible to extend some theorems to R,. We will limit ourselves to one example.

Some definitions.

A multiplicity variety V consists of a collection of pairs (2, my), where the zj
are distinct points of C with |zx| — oo, and my are positive integers, called the
multiplicities of the points 2;. A typical example is V = V{(f), the zeros of an entire
function f with the multiplicities of these zeros.

We say that a multiplicity variety V is an interpolating variety for A, if for every
sequence ay ; satisfying

lak,;| < Aexp(Bp(zx)), 0<j<mg, k=1,2,...

for some constants A, B > 0 (that may depend on the sequence ag ;), there is a
function g € A, such that

99 (2x)
j!

=ag;, 0<j<mg, k=12,....

Theorem 3.5.1. (A consequence of theorem 4 in [10].)
Let f € Ay, V =V (f) = (2k, mi)k- If for some constants A, B >0

f(mk)(zk)
mk!

-1

< Aexp(Bp(zr)), Vk

then V is an interpolation variety.
Translating this theorem to one concerning the algebras R,, it becomes

Theorem 3.5.2. Let f € R, V =V(f) = (2, mi)e- If
log log (sz_kﬂ)_

[}
Timy_, ik <1
koo log p(zx) -
then for every sequence ay,; satisfying
T oo log log max; |ax ;| <1

log p(z)
there is a function g € R, such that
99 (zx)
4!

=ak;, 0<j<mg, k=12....
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PROOF. Suppose f € R, is given such that
log log (Mz_kﬂ) -

mk!

limy_, <1
Foee log p(zk) -
Let ag,; such that
o log log max; |ak, ;| <1
log p(2x)
It follows from theorem 3.1.1 and proposition 3.1.2 that there is a g such that f € Ay,
(mk) -1
‘f——@ <exp(g(zx)), Yk and
myg.

lak ;| < exp(q(zx)), 0<j<mi, k=12,....
Applying theorem 3.5.1 yields a g € A; C R, such that

G)
gj(f’“)zak,j, 0<j<mp k=1,2,....

a

Remark. This extends a result of Lapin ([37]), who proved this for the case p(z) =
|z[°.




























































































































































