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Chapter 1

Introduction

In this thesis we define and analyze an explicit holonomic system of linear first-order
g-difference equations for vector-valued functions, which we call the bispectral quan-
tum Knizhnik-Zamolodchikov equations. The first goal of this introduction is to explain
the concepts involved on a non-expert level. Secondly, we like to demonstrate how
the bispectral quantum Knizhnik-Zamolodchikov equations can be exploited to gain
insight in the well-known (trigonometric) Knizhnik-Zamolodchikov equations and
quantum Knizhnik-Zamolodchikov equations, systems that have naturally emerged
from mathematical physics and representation theory.

1.1 Linear g-difference equations

As a first step, we explain in this section the notion of a scalar linear g-difference
equation. Let g be some fixed real number satisfying 0 < ¢ < 1 and let y € C* :=
C\ {0}. Consider the equation

flgt) =~1(t) (1.1.1)

for a function f: C* — C. By means of the (renormalized) Jacobi theta function
0,(t) == T1,,50(1 — ¢™t)(1 — g™ /t), which is a holomorphic function in t € C*
satisfying

0,(qt) = —t710,(t),

we readily find a nonzero meromorphic solution f, of (1.1.1), given by

f"/(t) =

Oq(t)

In other words, f, solves the eigenvalue problem
Tof =71

1
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where 7, is the so-called g-dilation operator (7, f)(t) := f(gt). Note the reminiscence
with the fact that the exponential map u + e** for u € C is an eigenfunction of the
differential operator - corresponding to the eigenvalue A € C.

Definition 1.1.1. A (homogeneous) linear q-difference equation for a meromorphic func-
tion f on C* is an equation of the form

an(O(T7F)(O) + -+ ar(O)(To)() + ao(t) (1) = 0, (1.12)

in which ay, ..., ay are fixed meromorphic functions on C*. If a,,, a9 # 0, then we
call n the order of the ¢-difference equation (see, e.g., [1]).

Note that (1.1.1) is a first-order linear g¢-difference equation. Another elementary
example of a first-order linear ¢-difference equation is

flqt) — f(t)

o =nfw, (1.1.3)

where a(t) is a given meromorphic function. This is actually a rather special exam-
ple, for, if we let ¢ — 1, then the left-hand side of (1.1.3) tends to the derivative % (t)
of f at ¢ (if it exists). Thus, in some formal sense, ¢-difference equations generalize
differential equations. We call a g-difference equation of which a given differential
equation is the result when formally taking the limit ¢ — 1, a g-deformation of this
differential equation.

If we change the variable ¢ = ¢" and write ¢ = el for some h > 0, then the
g-dilation operator becomes the translation operator 7 acting on 2mi-periodic mero-
morphic functions f on C, given by (7 f)(u) := f(u + h). Accordingly, a linear
g-difference equation turns into a linear difference equation.

Definition 1.1.2. We call an equation for meromorphic functions f on C of the form
an (W) (T f)(u) + -+ ar(u)(T f)(w) + ao(u) = 0, (1.1.4)

where the a; are given meromorphic functions on C with a,,a¢ # 0, a (homoge-
neous) n''-order linear difference equation. Often, h is taken to be 1, so that (7 f)(u) =
f(u—+1) (see [48]).

daf

The difference analog of the differential equation 7 = af reads

w — a(u) f(u). (1.15)

Indeed, considering the limit ~ — 0 in the left-hand side of (1.1.5) yields the familiar
formula for the derivative of f at u.

1.2 Holonomy

The bispectral quantum KZ equations, which are the main characters of the thesis,
form a holonomic system of linear first-order ¢-difference equations for meromorphic
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vector-valued functions on some complex torus. The goal of this section is to explain,
in various settings, the notion of holonomy.

1.2.1 Covariant derivatives

Let V be a finite-dimensional complex vector space. We write End (V') for the algebra
of complex linear endomorphisms of V. Fix an integer N > 1. Let A; (1 < i < N)
be holomorphic functions on an open subset U C CV with values in End(V) and
consider the system of linear first-order differential equations

of
8Ui o

Ai(u) f(u), 1<i<N (1.2.1)

for V-valued holomorphic functions f on U. We call such a system of differential
equations holonomic, if
04; 0A;
ou; Ou;

= [A;, Ay, (1.2.2)

where the bracket [, | denotes the usual commutator [z, y| := zy—yz for ring elements
x and y.
Note that this is the natural condition in order to expect nontrivial solutions of

(1.2.1) to exist, since for a solution f of (1.2.1), both application of A,

gui + AjAZ‘ and
gﬁ; + A;A;j to fyield 783 afu] .
In the language of differential geometry, the system of differential equations (1.2.1)

gives rise to covariant derivatives in the standard i direction

7]
Vi o 5ui B

Ay(u) (1.2.3)

acting on holomorphic V-valued functions on U. These covariant derivatives may
occur as local coordinate expressions V; = Vy,5,, for a connection V on some holo-
morphic vector bundle, locally trivialized as U x V. The system (1.2.1) then becomes

Vif =0, 1<i<N, (1.2.4)
while the holonomy condition translates to the familiar flatness condition

We call a holomorphic function f: U — V satisfying (1.2.4) flat with respect to V.

1.2.2 Covariant ¢-derivatives

It is tempting to try to develop similar notions for systems of linear first-order ¢-
difference equations. The situation is substantially different though, since we are
then dealing with nonlocal operators: whereas for the differential operator -, the
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value of % at a point ug (for some differentiable function f), only depends on the
values of f in an arbitrary small neighborhood of u,, this obviously is not the case
for the ¢-dilation operator 7;. This makes it rather unclear what the appropriate
notion of a connection should be in the ¢-difference setting, but the local description
of a covariant derivative with respect to a chosen coordinate patch quite naturally
allows a g-difference analog. This is the path we will now follow. In the ¢-difference
setting it is natural to work with meromorphic functions.

Write ¢t = (t1,...,qti,...,ty)for1 <i < Nandt € (C*)". For ameromorphic
function f: (C*)™ — V we consider the system of ¢-difference equations

ATt = F(),  1<i<N, (1.26)

where (7, f)(t) := f(¢“t) and the A, are End(V')-valued meromorphic functions on
(C*)N. Fully written out, it reads

Ai(tl,...7tN)f(t1,...qt7;,.. .7tN) = f(t17~-~7tN)7 1 S 7 S N.
The system (1.2.6) is called holonomic if Ay, ..., Ay satisfy
A()(Taad)(8) = A5(D(To A () (1.27)

forall 1 < i,57 < N. Again, holonomy is the natural condition in order to expect
nontrivial solutions of (1.2.6). Indeed, for a solution f of (1.2.6), application of either
side of (1.2.7) to f(t1,...,qts, ..., qt;,...,tn) yields f(¢).

The system of g-difference equations (1.2.6) gives rise to what we will be calling
covariant g-derivatives V, defined by

V? :Alﬁﬂ—ldv, ].SZSN,

acting on meromorphic V-valued functions on (C*)¥. The holonomy of (1.2.6) is
then equivalent to the flatness condition

Vi, Vi=0, 1<ij<N (1.2.8)

of V¢ := {V#}N |, to which we sometimes will refer as the associated g-connection.
We call a meromorphic function f: (C*)¥ — V flat with respect to V7 if VI f = 0 for
1 <4 < N. Hence, f is flat with respect to V? if and only if it satisfies (1.2.6).

Remark 1.2.1. We need to mention that we use terms like ‘g-connection” and ‘co-
variant ¢-derivative’ just because we like to think of them as g-analogs of locally
trivialized connections and covariant derivatives, but that it is by no means stan-
dard terminology. The same goes for the terminology introduced in the following
section where we consider the difference setting.
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1.2.3 Covariant difference derivatives

Now that we discussed analogs of holonomy and covariant derivatives for ¢-diffe-
rence equations, it is a small step to construct corresponding notions for difference
equations.

For a function f depending on A = (A1,...,An) € CV, let 7; (1 < i < N) be the
difference operator (7;f)(A) :== f(A1,..., A +1,..., An). For holomorphic functions
f: CN — V we consider the system of linear first-order difference equations

AN =F(N),  1<i<N, (1.2.9)

where the A; are End(V)-valued holomorphic functions on C. We call (1.2.9) holo-
nomic if
AN (T A5)(N) = A;(MN(T;A:)(N) (1.2.10)

forall 1 <4,j < N.In asimilar way as in the previous subsection, one observes that
holonomy is the natural condition to expect the existence of nontrivial solutions of
(1.2.9).

We say that the system (1.2.9) gives rise to covariant difference derivatives V; (1 <
i < N), defined by

for 1 < ¢ < N. If the system (1.2.9) is holonomic, then the V; satisfy the flatness
conditions
Vi, V;] =0, 1<i4,5<N. (1.2.11)

We will call V := {V,;}}¥, the corresponding difference connection. Let us complete
the analogy with Subsections 1.2.1 and 1.2.2 by calling a smooth function f: C¥ — V
flat with respect to V,if V,;f = 0 for 1 <i < N, hence, equivalently, if f is a solution
of (1.2.9).

1.2.4 Holonomy for mixed systems

In this subsection we will discuss a concept of holonomy in case we combine dif-
ferent types of systems of equations. Concretely, we explain what we will mean by
a holonomic system consisting of both linear first-order differential and difference
equations.

Let U be an open subset of CM and let A;, By, be holomorphic End(V)-valued
functionson U x CN for1 <i < M, 1< k < N. Now define

Viizi—Ai, 1§Z§M
ou; (1.2.12)

Vi =BT} —idy, 1<k<N,

viewed as linear operators acting on holomorphic V-valued functions in (u,\) €
U x CN (here 7, is the operator 7}, defined in the previous subsection acting in the
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variable A € CV). Now consider the linear system of first-order differential/diffe-
rence equations corresponding to (1.2.12),

(Vif)(u,\) =0, 1<i<M, (1.2.13)
(Vef)w,)) =0, 1<k<N (1.2.14)

for holomorphic functions f: U x CV — V. We call the total system (1.2.13)—(1.2.14)
holonomic if L R
Vi,V =0, [Vi,Vi]=0, [V;Vi]=0

forall1 <i,57 < M and 1 < k,l < N. Note that the first two conditions are equiva-
lent to ‘Zﬁf — 94 — [A;, Aj] and B, TN (B) = BT (Ay), respectively (cf. (1.2.2) and

auj' -

(1.2.10)), and a small computation shows that the third condition is equivalent to

0By,
8ui

— AiBy = —BiTMA). (1.2.15)

These are the natural conditions to expect nontrivial solutions. For the first two con-
ditions this is clear from the previous subsections, for the third we remark that ap-
plication of either side of (1.2.15) to T (f) for a solution f of (1.2.13)—(1.2.14), yields
~Bigo: (T (f)).

Analogously to the other cases considered in this section, we might say that V :=
(VM and V := {V,})_, together define a mixed connection and call a solution f
of the system (1.2.13)—(1.2.14) flat with respect to V, V.

1.3 Compatible systems in auxiliary parameters

In this section we will give a reinterpretation of the holonomic systems discussed
in the previous section as holonomic systems depending on auxiliary parameters,
together with a compatible holonomic system of equations operating on the auxiliary
parameters. First we consider the differential case.

Suppose we have covariant derivatives V; = 0%1 —A;(1<i<LyonU C CF (see
Subsection 1.2.1), satisfying the flatness conditions [V;, V;] = 0 (1 <4,j < L). Now
let L = M + N and write u = (v,w) € Uy x Uy C U, with U; ¢ C™ and U, c CV
open. For fixed w € Uy, the V; (1 < i < M) give rise to flat covariant derivatives

0
Vi(w) := P Ai(,w) (1.3.1)
acting on holomorphic V-valued functions on U;. Note that V;(w) depends holo-
morphically on w € Us. In other words, the second set of variables w € Uy C CV are
interpreted here as auxiliary parameters. We thus have a family of flat connections
V(w) = {V;(w)}M, (w € Us) depending holomorphically on w € U, and operating
on V-valued functions on U;.
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Similarly, for fixed v € Uy, the Viip (1 < k < N) give rise to flat covariant
derivatives

Vi(v) = aiwk — A (v, ) (1.3.2)

acting on holomorphic V-valued functions on U,, depending holomorphically on
veU.

Corresponding to (1.3.1), for all w € Us,, we have a holonomic system of differen-
tial equations for holomorphic functions f: Uy — V

(Vi(w)f)(v) =0, 1<i<M. (1.3.3)

Similarly, corresponding to (1.3.2), for all v € U; we have a holonomic system of
linear first-order differential equations acting on the auxiliary parameter w of V,(w),

(Vi) f)(w) =0, 1<k<N, (1.3.4)
for holomorphic functions f: Us — V. Now the fact that the holonomic systems
(1.3.3) and (1.3.4) come from a flat connection V = {V; }M o implies that these two
systems are mutually compatible in the sense that M - 8‘47 = [A;, A+ m] for

w

1<i< Mand1 <k < N (which is equivalent to [V, Vk+M] = 0; see (1.2.2)).

Definition 1.3.1. Let U; ¢ CM and U, C C¥ be open and let A4;, By: U; x Uy —
End (V') be holomorphic. Suppose that for each w € Uy, the covariant derivatives

0
8’[17;

acting on holomorphic V-valued functions on U; are holonomic. Furthermore, sup-
pose that for each v € U; the covariant derivatives
N 0

Vi(v) = aT—Bk( ), 1<k<N (1.3.6)
j

Vi(w) := — A;(-,w), 1<i<M (1.3.5)

acting on holomorphic V-valued functions on U, are holonomic. Then the families
of flat connections {V(w) } e, and {V(v) },er, are called compatible, if
0B, 04,
ov; Owy,
forl1 <i< Mand1l < k < N as End(V)-valued functions on U; x Us. We will

also say that the corresponding (two families of) holonomic systems of differential
equations are compatible.

— [A;, By] (1.3.7)

Now if we actually have such a compatible family of connections as in the defini-
tion, then we can construct a flat connection V = {V,;}T% acting on holomorphic
V-valued functions f on U; x Uy, by setting

(vzf)(va w) = (Vz(w)f(7w))(v)7 1< < M:
(Vigar )0, w) = (Vi(0)f(v,-)) (w),  1<k<N
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for all (v,w) € Uy x Us. In particular, given holonomic covariant derivatives (1.3.5)
depending holomorphically on auxiliary parameters w € Uy, it is natural to ask
whether it extends to a compatible system of equations in the sense of the definition.

We just discussed compatible systems of equations for the differential case (which
corresponds to Subsection 1.2.1), but the story for difference equations (Subsection
1.2.3) and ¢-difference (Subsection 1.2.2) is completely analogous.

Moreover, in the same spirit, we may reinterpret the mixed system we discussed
in Subsection 1.2.4 as a compatible system of holonomic covariant derivatives V;(\)

(1 <i < M) determined by V;(\) := 8%1 — A;i(-, A) acting on holomorphic V-valued

functions on U, and of holonomic covariant difference derivatives v (u)(1 <k <N)
determined by Vj(u) := By(u,-)7;* — idy and acting on holomorphic V-valued
functions g on CV. The compatibility condition in this case, that is, the analog of
(1.3.7), is given by (1.2.15). As we will see, the main nontrivial example we examine
in this introduction is of this kind (see Section 1.6).

One way that holonomic systems of equations in auxiliary parameters, compat-
ible to a given system, naturally arise, is in isomonodromy theory (see [28]). An-
other, and closely related, feature of such compatible systems in the case of differ-
ence or g-difference equations, is that they give rise to nontrivial isomorphisms be-
tween spaces of solutions of the original system with respect to different values of the
auxiliary parameters (see Proposition 2.4.9 for an example related to the bispectral
quantum KZ equations).

Remark 1.3.2. In this thesis, compatible systems of g-difference equations in the
auxiliary parameters will also give rise to nontrivial bispectral problems for higher-
order scalar ¢-difference operators (bispectrality in the sense of Duistermaat and
Griinbaum [13]). We come back to this in Section 1.8 (see also Chapter 3).

The rest of this section is devoted to a couple of very elementary examples of
compatible systems. In subsequent sections we will deal with the nontrivial case
involving (various instances of) the Knizhnik-Zamolodchikov equations, which is
the main subject of this thesis.

1.3.1 Differential / differential

For A € C, consider the covariant derivative V(\) := d% — X operating on holomor-

phic complex-valued functions on C. Note that the function f,(u) := e satisfies
V(A)fr = 0. Now for u € C, define V(u) by

- 0
V(u) = W

operating on holomorphic complex-valued functions on C. Then, clearly A(-,\) := A
and B(u, -) := u satisfy (1.3.7), so {V(A) }xec and {V(u) }yec are compatible. Accord-
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ingly, if we define V and ¥V by

V(u)g(u, ),

—~

Vg)(u,-) :

for g: C x C — Cholomorphic, then V and V define flat covariant derivatives acting
on holomorphic functions on C x C. Consequently, we have a holonomic system of
first-order linear differential equations

(V) (u,A) =0,

~ (1.3.8)

(V)(u,A) =0

for holomorphic complex-valued functions on C x C in the sense of Subsection 1.2.1.

If we regard fi(u) as a function of both u, A € C, then the resulting function

f(u, ) := e is a nontrivial solution of (1.3.8). Moreover, f(u, \) is a self-dual solu-
tion of (1.3.8), that is,

for u, A € C. The existence of self-dual solutions of (1.3.8) is related to the duality
symmetry

V=¢oVoo

of the system (1.3.8), where ¢ is the involution of the space of complex-valued func-
tions on C x C defined by (¢g)(u, ) = g(A, u). It follows, in particular, that if we start
with a holomorphic function g: C x C — C such that V(A)g(-,A\) = 0forall A € C
and satisfying g(u,A\) = g(A\,u) (u € C, A € C), then g automatically also satisfies
@(u) g(u,-) = 0 for all u € C. Hence, g is a self-dual solution of (1.3.8). In this thesis
we exploit such duality symmetry extensively (see Section 2.5).

1.3.2 ¢-Difference / g-difference

To equation (1.1.1) we can associate a covariant ¢-derivative V?(y) = v~ 17, — id
acting on meromorphic functions on C* for all v € C*. We extend it as follows. For
a meromorphic function f on C* x C* write (7 f)(t,~) = f(qt,v) and (T, f)(t,~) =
/(t,q7). We put

AVARES 7_17;‘ —id,
Vi = T —id.
Then one easily checks that [V, V4] = 0, and so the set of equations
(Vif)(t,7) =0,
t 0,

- 1.3.9
(VI () = (52
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define a holonomic system of g-difference equations for meromorphic functions on
C* xC* in the sense of Subsection 1.2.2. Note that we can reinterpret (1.3.9) as a com-
patible system of a g-difference equation determined by the covariant g-derivative
Vi(y) = v~ 7, — id depending meromorphically on an auxiliary parameter y € C*
and a ¢-difference equation determined by V(t) := t~'7; — id operating on that
auxiliary parameter. If we multiply the solution 5 i (t) of (1.1.1) by 64(), then by a
similar analysis as in Subsection 1.3.1, we obtain a nontr1v1al meromorphic solution

sy = S

of (1.3.9), which is self-dual, i.e. invariant under ¢ < 7. As in the previous subsec-
tion, this relates to a duality symmetry of (1.3.9).

1.3.3 Differential / difference

For the final basic example, first recall the covariant derivative V(\) := QQ —Aon
C from Subsection 1.3.1. For a function f depending on A € C, put (T*f)(\) :=
f(A+1). Define
V(u):=e T -
We readily see that A(-, \) := X and B(u,-) := e~ satisfy (1.2.15), hence {V(A)}rec
and {V(u)}4ec are compatible.
In other words, we have a flat mixed connection given by
(VA = VL),
(V) (w, ) = V(u)f(u,-)
acting on holomorphic functions C x C — C. Accordingly, the system of linear first-
order differential/ difference equations
(V) (u,A) =0,
(V) (u,A) =0

(1.3.10)

(1.3.11)

for holomorphic functions f on C x C, is holonomic (in the sense of Subsection 1.2.4).
Note that we have a nontrivial solution of (1.3.11) given by

flu,\) = e

This is the same function as we obtained in Subsection 1.3.1 as a solution of (1.3.8).

1.4 Trigonometric Knizhnik-Zamolodchikov
equations

We now come to a nontrivial example of a holonomic system of linear first-order dif-
ferential equations, which can be regarded as forming the classical background of the
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theory developed in this thesis: the so-called trigonometric Knizhnik-Zamolodchikov
equations. They form a system of linear first-order differential equations for holo-
morphic functions on

Ukz = {u € CV | u; —u; ¢ 2nv/—1Z for all i # j},

with values in a vector space V' of dimension V! (here and in the rest of this introduc-
tion we take NV > 2). The Knizhnik-Zamolodchikov (KZ) equations were originally
obtained as a holonomic system of differential equations satisfied by the correlation
functions in a Wess-Zumino-Witten conformal field theory (cf. [33]). A mathematical
rigorous treatment of these equations was provided by Tsuchiya and Kanie [62]. The
corresponding covariant derivatives in this case are defined in terms of a classical
r-matrix (by definition a solution of the classical Yang-Baxter equation; see e.g. [15,
§3.9]), which is constructed by means of representation theory of affine Lie algebras.

In general, one can associate flat covariant derivatives to any r-matrix (again, see
[15, §3.9]). Cherednik developed an alternative way to produce r-matrices, namely
via representations of so-called degenerate affine Hecke algebras (see [10, §1.1]), and
the corresponding holonomic system of differential equations are Cherednik’s affine
trigonometric KZ equations (cf. [10, §1.1]). In this thesis we employ Cherednik’s ap-
proach to (g-analogs of) the KZ equations, but in the introduction we merely present
the various KZ equations rather than actually construct them. The natural construc-
tion of the trigonometric KZ equations can be found in [10]; for the construction in
the quantum case see Chapter 2.

In order to write down the KZ equations, we need some facts about the sym-
metric group. Let Sy denote the group of permutations of the set {1,..., N}. For
i # j, write s;; € Sy for the transposition ¢ <+ j. We will identify Sy with the group

presented by generators s, ..., sy_1, subject to the relations
=1,
SiSi+15i = Si+1S5iSi+1, (141)

$iSj = 8;jSi, (|Z —]| > 1).

The identification is made by relating the generator s; (1 < i < N — 1) to the trans-
position s; ;1. For w € Sy, we call an expression for w of the form

W = S35, * "S54

r

reduced, if r € Z> is as small as possible. In this case, the integer r is referred to as
the length of w and is denoted by ¢(w).

Let V be a complex vector space of dimension #Sy = N! and let {vy}uesy
denote a distinguished basis of V" over C. Define a C-linear left action of Sy on V by

Wy = Vg (1.4.2)

for w,w’ € Sy. Later on, we will also need the C-linear right action of Sy on V,
which is defined by
WU = V' (1.4.3)
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for w,w’ € Sy.

Remark 1.4.1. The map w — v,, defines an isomorphism of vector spaces C[Sn] =~
V, where C[Sy] is the group algebra of Sy. The left (respectively right) action of Sy
on V we just defined corresponds to the left (respectively right) regular action of Sy
on C[Sn].

Now fix ¥ € C and let h be a formal parameter. We write C[[1]] for the ring of
formal power series in h and put V[[h]] := C[[h]] ® V. The actions (1.4.2) and (1.4.3)
of Sy on V give rise to Sy-actions on V[[h]] by C[[h]]-linear extension. We define
operators T; (1 < i < N) and 7()\) (depending on A € CV) in Ende (V[[A]]) ~
C[[h]] ® End(V) by setting

Vs, if {(s;w) = £(w) + 1,

Ti(vy) = e e _ (s:w) = lw) (1.4.4)
Vs, + (€M — €7y, if £(s;w) = b(w) — 1,

T(A)vy = o1y, (1.4.5)

for w € Sy, where 0 € Sy is givenby o(i) =i+ 1(1 < i < N)and o(N) = 1.
Note that the T; are invertible with inverse Ti_1 = T, — " + e "%, In fact, the
operators 11, ..., Ty_1, m(\) represent the so-called extended affine Hecke algebra H =
H(e"") (see Subsection 2.2.2). The Hecke algebra H contains a large commutative
subalgebra (Cy [T], see Theorem 2.2.3). Its image in C[[h]] ® End(V) is generated (as
an algebra) by Y;(\)**, where

Yi(A) = Tz:l1 T (M- - T,

for1 <i<N.
For F € C[[h]] ® End(V), let F,, € End(V) be the coefficient of i, that is,

F= Z F,h™.

n>0

Note that with this notation, 7; o = s; as operators on V. Furthermore, we have
Y;(A)o = idv, and hence, since [Y;(A), Y;(A)] =0, also [Y;(A)1,Y;(A)1] = 0.

Remark 1.4.2. The operators T (1 < i < N)and Y;(\); (1 < j < N) define a
representation of the so-called degenerate affine Hecke algebra (cf. [10, §1.1]).

Define End(V')-valued holomorphic functions A4; (1 < i < N) on Uxz X cN by

N i—1
] L : Sijfl _ 57]71 _N+1
Ai(u, \) == Y;(\)g + 2k <j§1 T ; et 5| (146)

and set
0

:8ui_

Ai(A), 1<i<N.
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Theorem 1.4.3. The system of linear differential equations
(ViM)(w) =0,  1<i<N (14.7)
for V-valued holomorphic functions f in u € Uxz is holonomic (see (1.2.5)).

Definition 1.4.4. The holonomic system of equations (1.4.7) is called the system of
trigonometric Knizhnik-Zamolodchikov equations (with respect to the degenerate affine
Hecke algebra module V).

Theorem 1.4.3 is due to Cherednik (see [10]). The trigonometric form of the KZ
equations was also found by Frenkel and Reshetikhin in [21], then in the setting
of affine Lie algebras. In this introduction, we will see that Theorem 1.4.3 follows
by degenerating a specific holonomic system of ¢-difference equations, called the
quantum KZ equations (see Subsection 1.7.2).

Note that (1.4.7) is defined in terms of a flat covariant derivative depending holo-
morphically on an auxiliary parameter A € C, so it is natural to look for a compat-
ible system in the auxiliary parameter (see Section 1.3). This will be constructed in
the following section.

1.5 Difference KZ equations

In this section we construct a difference analog of the KZ equations, which will turn
out to be compatible with the trigonometric KZ equations (1.4.7). In order to do so,
we need to introduce operators C[[h]] ® End(V') dual to the T; and 7(\) defined in
previous section. First, let ¢ be the involution of V' determined by ¢(vy,) = vy,-1. We
view ¢ as element of Endcp,y(V[[R]]) = C[[A]] ® End(V') by C[[h]]-linear extension.
Then for fixed u € CV, we define

T, =Ty, #(u) == ur(—u/h)
for 1 <i < N, where the second formula (involving “h~!") should be understood to
mean that 7(u)v,, = e "vMy,,,-1 for all w € Sy (compare with (1.4.5)). Similarly as
the T; and 7 () did before, these operators define a representation of the extended
affine Hecke algebra. Accordingly, we obtain invertible commuting operators

~ ~ ~

Yi(w) =T\ - T 'R (@) Ty T,
in C[[h]] ® End(V), for1 <i < N.

Remark 1.5.1. We have ﬁ-,o = 3; (see (1.4.3)) as elements of End(V'), and one can
easily check that

Yi(w)ovw = e "0 v,

for1 < i < Nand w € Sy. In particular, the 51,...,5y_1 and ﬁ(u)o (1<i<N)
define a representation of the affine Weyl group W = Sy x Z on V, where the
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action of the standard basis element ¢; € ZV (1 < i < N) s by ﬁ(u)o (see Subsection
2.2.1).

Define End(V')-valued rational functions R; on C by

z .

forl1 <i < N.The 7%2 satisfy

~

Ri(2)Ris1 (2 + w)Ri(w) = Ripy (w)Ri(z + w)Rij1(2), 1<i<N—1,

o (1.5.1)
Rj(Z)Rj(—Z) =idy, 1<j5 <N.

An R-matrix, compared to a classical r-matrix, is by definition a solution of the
quantum Yang-Baxter equation (with spectral parameter). It gives rise to a flat ¢-
connection, just like an r-matrix gives rise to a flat connection. The first identity in
(1.5.1) is reminiscent of the quantum Yang-Baxter equations (with spectral parame-
ter), and though the R; are no genuine R-matrices (but rather generalized R-matrices
in the sense of Cherednik), they do give rise to a flat g-connection, as we will see
shortly.
We define End(V)-valued rational functions 4; on Uxz x CV by

Aj(u, N) =Ry_1 (A — o) Rj—a(hi — Ajz) -+ Ra(Aj — AR (u)o
X ﬁN—l(Aj — )\N + 1)7/?\,]\]_2()\]' — >\N—1 + ].) . ﬁJ(AJ — )\j+1 + ].)
(15.2)

for 1 < j < N. Furthermore, we define the covariant difference derivatives

V;(u) == Aj(u, )T} —idy,

for1 <j <N.

Theorem 1.5.2. For fixed u € CV, the system of linear first order difference equations
(Vi(wf)A) =0, 1<j<N (15.3)

for V-valued holomorphic functions f in A\ € C¥ is holonomic (in the sense of Subsection
1.2.3).

Definition 1.5.3. We call the holonomic system of difference equations (1.5.3) the
difference KZ equations.

Again, just as we announced for the trigonometric KZ equations, Theorem 1.5.2
will follow by degenerating a specific holonomic system of g-difference equations,
which are in some sense dual quantum KZ equations. The assertion of Theorem 1.5.2
is actually a partial result of the fact that the system (1.5.3) is one “portion’ of a certain
compatible mixed system, as we will see in the next section.
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1.6 Compatibility of the trigonometric KZ and the dif-
ference KZ equations

The following theorem asserts that the trigonometric KZ equations (1.4.7) and the
difference KZ equations (1.5.3) we defined in the previous two subsections are com-
patible in the sense of Section 1.3.

Theorem 1.6.1. Let A; and Ej, as End(V)-valued functions in (u,\) € Uxz x CV, be
given by (1.4.6) and (1.5.2), respectively. For 1 < i,j < N define covariant derivatives

0

V= —A;
8ui

and covariant difference derivatives

~ o~

Vj = Aj7;»>\ - idv,
acting on holomorphic V-valued functions on Uxz x CN. Then the system

(Vif)(u,A\) =0, 1<i<N,

~ (1.6.1)

(Vif)(w,A)=0, 1<j<N,
is a holonomic system of differential/difference equations for V-valued holomorphic functions
fon Uxz x CV in the sense of Subsection 1.2.4.

Note that Theorem 1.6.1 implies Theorem 1.4.3 as well as Theorem 1.5.2. The
proof of Theorem 1.6.1 follows from degenerating the result that the bispectral quan-
tum Knizhnik-Zamolodchikov equations, to be defined in the following section, form
a holonomic system of ¢-difference equations. This approach was used before by
Takeyama [56] in a different setting.

The search for systems of equations compatible with the Knizhnik-Zamolodchikov
equations was initiated by Felder, Markov, Tarasov and Varchenko. In their paper
[20] they found a system of differential equations compatible with the rational KZ
equations and they called this compatible system the (rational) dynamical differential
equations. Subsequently, the trigonometric KZ equations were considered by Tarasov
and Varchenko in [58]. Here, the resulting compatible system is a system of differ-
ence equations, so-called dynamical difference equations. Under the limiting process
which turns the trigonometric KZ equations into the standard (rational) KZ equa-
tions, the dynamical difference equations are turned into the rational dynamical dif-
ferential equations from [20].

Accordingly, we now know two different cases of trigonometric KZ equations
forming a compatible system together with a certain holonomic system of differ-
ence equations: trigonometric KZ equations associated with affine Lie algebras and a
compatible system of difference equations constructed via quantum groups (Tarasov
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[57], Tarasov-Varchenko [58]), and, secondly, (affine) trigonometric KZ equations as-
sociated with degenerate affine Hecke algebras (Cherednik) and a compatible sys-
tem of difference equations by degenerating the bispectral quantum KZ equations.
Comparing Theorem 1.6.1 with Theorem 4.1 of [57], it is likely that both compatible
systems are (gauge) equivalent.

1.7 Bispectral quantum KZ equations

The bispectral quantum Knizhnik-Zamolodchikov equations constitute a holonomic sys-
tem of g-difference equations on a complex torus, which in some sense contains two
families of the quantum Knizhnik-Zamolodchikov equations. These quantum KZ equa-
tions are a ¢g-deformation of the Knizhnik-Zamolodchikov equations and are due to
Frenkel and Reshetikhin [21] (from the quantum group perspective) and Cherednik
[6] (from the Hecke algebra perspective).

In this section we provide an ad hoc definition of the bispectral quantum KZ
equations by explicitly writing out the covariant g-derivatives. The conceptually
more justified definition of the bispectral quantum KZ equations as well as the proof
of the holonomy (which heavily depends on the conceptual definition) are given in
the main text (see Section 2.3).

1.7.1 The bispectral quantum KZ equations

Fix a complex parameter k € C*, and let h > 0 such that ¢ = e”. Accordingly, we
view the operators T, fi, 7(A) and 7(u) from Sections 1.4 and 1.5, as linear operators
on V. We write T := (C*)N. The generalized R-matrices R?(z) and R?(z) on which
the construction relies are the End(V')-valued rational functions in z € C defined by

1—=2

Bi(z) = — "% (T~ k) +idy
E Tkl — k!

for 1 < i < N. Using representation theory of the affine Hecke algebra, it can be
shown that

R?(z)R?+1(zw)Rf(w) = R?H(w)Rf(Z@U)R?H(Z), 1<i<N-1,
RI(z)RI(z"") =idy, 1<j<N,
(cf. (1.5.1)) and similarly for the ﬁf(z) (1 <4 < N). Define C{(t,~) and 5]‘?(15,7)
(1 <4,j < N)as End(V)-valued meromorphic functions in (¢,v) € T' x T by

Ci(t,y) =R} (ti—1/ti) R} _y(ti—2/t:) - -- Ri(t1/ti)m(log(v)/h)
x Ry_y(gtn/ti) -+ R i (qtive/ti) R (ativ1/t:)
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and

CUt,7) =R:_, (v /vi-1) R (v5/75-2) - Ri(v; /)7 (log (1))

~ ~ ~

X RYy_y(qvi /) -+ Ry (@i /vie) RE(qvi /i),

where log(y), for y = (y1,...,yn) € T, is allowed to be any z = (z1,...,zn) € CcN
such that e*" = y;. In other words, 7(log(v)/h)vw = V-1 (N)vsw and T(log(t))ve, =
tilN)va_l for w € Sn. We have the following result.

w(

Theorem 1.7.1. The system of linear first-order g-difference equations

(o ey <N
LS ) = ), 1<i<N, (1.7.1)

Cit,v)f(t,q9y) = f(t,y), 1<j<N
for V-valued meromorphic functions f in (t,v) € T x T is holonomic.

Remark 1.7.2. The system (1.7.1) can be written in the familiar form (1.2.6), so that
it is clear what holonomy means here. Alternatively, we can reformulate it as a com-
patible system of flat g-connections, which is what we will do below.

Definition 1.7.3. We call (1.7.1) the system of bispectral quantum KZ equations.

Theorem 1.7.1 is one the main results in this thesis (see Section 2.3). The construc-
tion of the bispectral quantum KZ equations depends on a sophisticated algebraic
structure called the double affine Hecke algebra, which was introduced by Cherednik
(cf. [7]). Its fundamental properties, in particular a certain nontrivial duality sym-
metry (see [10, Theorem 1.4.8]), turn out to force the holonomy of the total system
(1.7.1).

In the language of Section 1.3, (1.7.1) gives rise to a compatible system of flat
g-connections on the complex torus. Concretely, the two systems are given by

Vi) =TI T —idv,  1<i<N, (172
operating on meromorphic V-valued functions in ¢ € T', and
V(L) = CIt, )T, —idy,  1<j<N, (1.7.3)

operating on meromorphic V-valued functionsin y € 7.

Both the linear first-order system of ¢-difference equations determined by (1.7.2)
and the system determined by (1.7.3) are examples of Cherednik’s quantum KZ
equations [10, (1.3.12)]. For (1.7.2), the auxiliary parameters v then relate to the cen-
tral character of the affine Hecke algebra module naturally associated to the quan-
tum KZ equation. Our key result, Theorem 1.7.1, thus states that the quantum KZ
equations (associated to (1.7.2)) and the dual quantum KZ equations (associated to
(1.7.3)) form a compatible system in the sense of Definition 1.3.1.
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Let us return to Theorem 1.6.1. We do not have a direct and conceptual proof
(as we do have for the holonomy of (1.7.1)), which is due to the absence of a dual-
ity symmetry of the associated degenerate double affine Hecke algebra in this case.
Instead, Theorem 1.6.1 can be shown by degenerating the bispectral quantum KZ
equations, as we will see in the next subsection.

1.7.2 Compatibility of the trigonometric and difference KZ equa-
tions revisited

In order to employ the result of Theorem 1.7.1 to come to a proof of Theorem 1.6.1, it
is convenient to rewrite the bispectral quantum KZ equations as a system of differ-
ence equations for meromorphic functions on CY x C¥. For that purpose, we apply
a change of variables by setting t; = e“i, v; = e", and we let e"* = k. Define

Ri(z):=R{(e*),  Ri(2) == R{(e),
for 1 <1i < N as End(V')-valued meromorphic functions in z € C. Note that we have

Ri(Z)RZ‘+1(Z + w)RZ(w) = Ri+1(w)Ri(Z + w)RZ‘+1(Z), 1 < i< N — 1,
Rj(Z)R]‘(—Z) = idv, 1<5< N,

and similarly for the Ri(z) 1 < i < N). Correspondingly, C{(t,~) and @‘?(t,y)
become the operators

Ci(u, )\) ZZRifl(uifl — ui)Ri,g(ui,g — uz) T R1 (u1 - Uz)ﬂ'()\)
X RN,l(uN — Uy + h) e Ri+1(ui+2 — U + h)RZ(ul+1 — U + h)
and
Cj(u, A) :=Ry1 (h(Ny = Aj—1) Ry—a (A = Nj—2)) -+ Ri(A(N; = M))F(w)
X Ry—1(h(Xj = A +1)) -+ Rjpa(h(Aj — Aj2 + 1)) R (R(Aj — Aj1 + 1)),
as End(V)-valued meromorphic functions in (u, \) € CN¥ xC¥. Foru = (uq,...,uy) €
CV and ¢ € C, write u + c¢; := (u1,...,u; +¢,...,uyx). Theorem 1.7.1 can then be

reformulated as follows.

Theorem 1.7.4. The system of linear difference equations

Ci(u, N f(u — hej, N) = fu, N), 1<:¢<N, L4
Ci(u, N) f(u, A+ ;) = flu, A), 1<j<N 17.4)

for V-valued meromorphic functions f in (u,\) € CV x CV is holonomic.
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First note that Theorem 1.7.4 is equivalent to conditions

CZ'(U, )\)CJ (U - hq, )\) = Cj ('LL, )\)Cz(u - th, )\)
Ci(u, )\)@-(u, Ate)= @-(u, A)Ci(u, A + €5) (1.7.5)
Ci(u, N Cj(u — hei, A) = Cj(u, \)Ci(u, A+ €)
for1 <i,j < N (cf. (1.2.10)). In order to establish the link with (1.6.1), it is convenient
to put
Di(u, )\) = CZ('LL + hEi, )\) - ldV

for 1 <i < N, and also write ﬁj (u, A) := @(u, A) for 1 < j < N. Then (1.7.4) reads

Di(u, A) f(u, N) = flu+ heiy, A) — fu, A), (17.6)
Dj(u, \) f(u, A+ €;) = flu, A) o

for1 <i,5 < N. Now to derive Theorem 1.6.1 as a consequence of Theorem 1.7.4, we

~

will view h as a formal parameter, and accordingly we will view C;(u, A), C;(u, A),
etc. as elements of C[[h]] ® End(V'), and the equations (1.7.5) as identities in C[[h]] ®
End(V). By a direct computation one can now show that

Ai (’LL, A) = Dl(u, )\)1

A\j (’LL, )‘) = ﬁj (’LL, )‘)07
for 1 <i,j < N. Considering the hl-term in the first and the h°-term in the second
set of equations of (1.7.6), we formally obtain the mixed system (1.6.1). Picking out
the appropriate h'-terms and h" terms in the holonomy conditions (1.7.5) then leads
to the holonomy of (1.6.1), and hence to a proof of Theorem 1.6.1, as a consequence
of the holonomy of the bispectral quantum KZ equations (1.7.1).

1.8 BqKZ and bispectral problems

From the results in this thesis it follows that solutions of a compatible system of
differential, difference or g-difference equations can lead to solutions of bispectral
problems in the sense of Duistermaat and Griinbaum [13]. In this section we explain
the concept of bispectrality and its relevance to the compatible system of ¢-difference
equations (1.7.1).

In general, the bispectral problem is concerned with a commutative algebra A of
scalar differential (difference/¢-difference) operators L, which is said to be bispectral
if there exists a family of common eigenfunctions f(u, \) (depending on a spectral
parameter \)

(LA = orMN)f(w,h),  LeA (18.1)

which is also a family of common eigenfunctions of a commutative algebra B of
scalar linear differential (difference/¢-difference) operators A with respect to A

(Af)(u, ) = O0a(u) f(u,\), A€B. (1.8.2)
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The bispectral problem has its origins in the work of Duistermaat and Griinbaum,
who encountered the case where A is the algebra of differential operators that com-
mute with a Schrodinger operator L = —% + V(u) for some specific potential V.
Since then, many other systems of differential equations have been considered, as
well as generalizations to difference and g-difference equations. Bispectrality has
shown up in various areas of mathematical physics (see [24]).

It is sometimes possible to find an explicit correspondence between solutions of a
holonomic system of linear first-order differential (difference or ¢-difference) equations
and solutions of a certain spectral problem of the form (1.8.1). For example, Cherednik
derived a correspondence [7, Theorem 4.4] between the quantum KZ equations and
the spectral problem involving Ruijsenaars’” commuting trigonometric g-difference
operators [50] (also known as Macdonald-Ruijsenaars operators). In this thesis we
consider a refinement of this map, which leads to a correspondence between so-
lutions of the bispectral quantum KZ equations (1.7.1), and solutions of a bispectral
problem of the form (1.8.1)-(1.8.2), where now A and B are commutative algebras of
scalar linear ¢-difference operators, generated by the Ruijsenaars operators.

In particular, asymptotic solutions of the bispectral quantum KZ equations that
we construct in this thesis are transferred to bispectral analogs of Harish-Chandra
series solutions ([16], [17], [31] and [36]) of the spectral problem of the Ruijsenaars
operators. These bispectral Harish-Chandra series solutions can be exploited to obtain
new results on the singularities and the convergence of the Harish-Chandra series
(see Chapter 3).

Furthermore, fixing one of the variables of the asymptotic solutions in an appro-
priate way, we obtain Laurent polynomial solutions of the bispectral quantum KZ
equations. Pushing these polynomials forward through the correspondence, we end
up with the well-known symmetric self-dual Macdonald polynomials. By exploiting the
results concerning the solutions of the bispectral quantum KZ equations, we obtain
new proofs of the duality and evaluation formulas for the symmetric Macdonals
polynomials [42] (see Chapter 4).

1.9 Overview

We conclude the introduction with a brief outline of the contents of the remaining
chapters in this thesis. For a more detailed description per chapter, including ref-
erences to the literature, the reader is referred to the introduction with which each
chapter starts off.

In Section 1.7 we already introduced the system of bispectral quantum Knizhnik-
Zamolodchikov equations, which, at a first encounter, probably seemed to come
from nowhere. Its ‘natural’ construction and also the proof of its holonomy heav-
ily relies on the theory of Cherednik’s double affine Hecke algebra. In Chapter 2
we recall this theory and give a detailed construction of the bispectral quantum KZ
equations as a holonomic system of linear first-order ¢-difference equations. More-
over, we construct asymptotic solutions which constitute a basis of the solution space
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of the bispectral KZ equations, regarded as a vector space over the field of g-dilation
invariant meromorphic functions (which serves as field of constants).

The correspondence between the solutions of the bispectral quantum KZ equa-
tions and the solutions of a bispectral problem for the Ruijsenaars operators (see
Section 1.8) will be established in full detail in the first part of Chapter 3. We al-
ready mentioned in 1.8 that it is worthwhile to see what, under this correspondence,
happens to the asymptotic solutions of the bispectral quantum KZ equations. The
resulting so-called bispectral Harish-Chandra series solutions of the bispectral prob-
lem, as well as its applications to the theory of (ordinary) Harish-Chandra series, are
the object of study in the remaining part of Chapter 3.

In the final paragraph of Section 1.8 we mentioned that the correspondence be-
tween the bispectral quantum KZ equations and the bispectral problem on the level
of polynomial solutions has several interesting applications in the theory of Macdon-
ald polynomials. These are addressed in Chapter 4.

To any root system one can associate (quantum) KZ equations. Up till Chapter
5 (including this introduction), we consider only one particular root system, namely
the root system of type Ax_1. In Chapter 5 we extend the theory we developed in
Chapters 2 and 3 to arbitrary root systems. In particular, we construct the bispectral
quantum KZ equations by means of the double affine Hecke algebra, now corre-
sponding to an arbitrary irreducible reduced root system. We will not discuss the
polynomial theory for arbitrary root systems in this thesis, but we expect that many
of the results obtained in Chapter 4 can be transferred to the arbitrary root system
case as well.

The appendix contains a detailed account on the general theory of power series
solutions of holonomic systems of g-difference equations, which plays a crucial role
in Chapter 2 (and Chapter 5), when we construct the asymptotic solutions of the bis-
pectral quantum KZ equations.

The material presented in Chapters 2—4 and the appendix can be found in [45].
Chapter 5 is a slightly adapted version of [44].

1.10 Global conventions

Throughout the text we adopt the following notations and conventions.

— For a module M over a commutative ring R and a ring extension R C S, we
write M® = S ®pr M.

— Without subscript, ® always stands for tensor product over C.
— For a module M over C, End(M) stands for C-linear endomorphisms.
-N={1,2,...}.

— For a,7 € R with a > 0, we choose a" to be the positive real branch of the
power function.
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Chapter 2

Bispectral quantum
Knizhnik-Zamolodchikov
equations

2.1 Introduction

Let V be an N!-dimensional complex vector space and let 7' denote the complex
torus 7 := (C\ {0})". In this chapter we derive an explicit holonomic system of
g-difference equations on V-valued meromorphic functions on T' x T', which we call
the bispectral quantum Knizhnik-Zamolodchikov (BqKZ) equations. It contains as a
subsystem, quantum affine KZ equations of a particular type [10, 21]. From this per-
spective, the additional compatible equations may be thought of as the associated
quantum isomonodromy transformations. Let us briefly explain the ideas involved
and the relation of the BqKZ equations to the quantum affine KZ equations intro-
duced by Cherednik.

Let W = Sy x Z" be the (extended) affine Weyl group of type GLy, that is, the
semidirect product of the symmetric group Sy and the lattice Z. The group Sy
acts on 1" by permuting the coordinates. Choose 0 < ¢ < 1. The action of Sy on T’
extends to an action of W on T by letting A = (A1,...,A\y) € Z" actvia

t=(ty,....tn) = @t = (M, ..., "Viy).

The BqKZ system which we will introduce, is a system of ¢-difference equations of
the form

Couw V(@M q"y) = f(t,7), A pePY,

for meromorphic functions f on 7' x T with values in V.. Here C( ) (A, pn € ZN) are
explicit End(V')-valued meromorphic functions on T' x T, satisfying the following
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cocycle property
C(A+u,u+§)(t7 '7) = O()\,u) (t, ’Y)C(V,E) (q_ktv q#’}/)a A, p v, § € ZN; (211)

which reflects the fact that BqgKZ is holonomic.

BgKZ contains, in some sense, two families of Cherednik’s quantum affine KZ
equations associated with the principal series representation of the affine Hecke al-
gebra H of type GLy. We recall [10] (for arbitrary root systems, see also Subsection
5.3.2) that the quantum affine KZ equations associated with a finite dimensional H-
module M is a consistent system of ¢-difference equations of the form

) fa ) =ft), AeP,

for meromorphic functions f on T with values in M, and where F¥ (A € Z") are
End(M)-valued meromorphic functions on T satisfying cocycle conditions similar
to (2.1.1). Now the first family of quantum affine KZ equations inside BqKZ is pa-
rameterized by v € T ~ {1} x T' C T x T. More precisely, if we fixy = ¢ € T, we
have ,

O()\,e) (tv <) = F)]\\/IC (t)7

where M¢ is the principal series representation of H with central character ¢, which
as a vector space can be identified with V' via a (-dependent isomorphism. Similarly,
BgKZ contains a second family of quantum affine KZ equations, parameterized by
t € T, related to the affine Hecke algebra module M,;-:. It is obtained from the
first by interchanging the roles of the torus variables ¢ and v~! and by conjugating
the cocycle matrices by an explicit complex linear automorphism C, of V. Hence,
it acts only on the second T-component of 7' x T" and as such realizes qKZ,_, for
fixed t € T. In particular, this provides a quantum isomonodromic interpretation of
gKZ. This should be compared with the interpretation of rational KZ equations as
quantizations of Schlesinger equations, see [49] and [23].

Etingof and Varchenko [19] used quantum group methods to construct systems
of ¢-difference equations (so-called dynamical ¢-difference equations) that are com-
patible with Frenkel and Reshetikhin’s quantum KZ equations associated with eval-
uation representations of quantum affine algebras. It is likely that the system of dy-
namical g-difference equations associated with qKZ, is equivalent to the dual gKZ
subsystem in BqKZ.

Preceding the above mentioned work [19] of Etingof and Varchenko, dynamical
equations for various degenerations of quantum KZ equations have been analyzed
in detail; see, e.g., [20], [60], [57], [59], [58] and [35]. An interesting aspect in, e.g., [60]
and [59], is the observation that various degenerations of quantum KZ equations are
the duals of their associated dynamical equations with respect to (gl,., gl,) duality. In
the present set-up (which corresponds to = s = N), this duality is incorporated
by the automorphism C,, which reflects Cherednik’s duality anti-involution of the
double affine Hecke algebra H on the level of BqKZ.

Related to this observation, an important virtue of the present approach is worth
mentioning. The double affine Hecke algebra and its symmetry (embodied by the
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duality involution) give rise to the bispectral quantum KZ equations, and thus a
way to construct a system of ¢-difference equations compatible with the quantum
KZ equations, which is relatively easy compared to cases considered in the above
mentioned works of Etingof, Felder, Markov, Tarasov and Varchenko.

We conclude this introduction with a detailed outline of this chapter. In Section
2.2 we introduce Cherednik’s [10] double affine Hecke algebra H of type GLy, on
which the construction of BqKZ relies in the following way. As a vector space H is
isomorphic to C[T|®@ H ~ C[T|® Hy®C[T| ~ C[T x T| ® Hy with Hy the finite Hecke
algebra of type An_i. Cherednik’s anti-algebra involution *: H — H essentially in-
terchanges, under the above vector space identification, the role of the two copies of
C[T). For w,w’ € W = Sy xZ" we consider the map h — §wh§;, (h € H), where the
S, € H are Cherednik’s nonnormalized (X-)intertwiners. Restricted to w,w’ € Z,
suitable renormalizations of these maps become the cocycle matrices of BqKZ, with
Hj playing the role of V. The anti-involution * of H gives rise to the automorphism
C, interchanging the qKZ subsystem of BQKZ with its dual subsystem in BqKZ. This
construction of BqKZ is described in Section 2.3.

In Section 2.4 we make the BqKZ equations explicit by calculating the cocycle
matrices C(, ,,) for suitable A, 1 € Z". This enables us to relate gKZ to Frenkel and
Reshetikhin’s [21] quantum KZ equations associated with the IV -folci tensor product
of the vector representation of quantum sl (see [10, §1.3.2]). A special case of qKZ ¢
was considered earlier by Smirnov [54].

In Section 2.5 we investigate the space SOL of M-valued meromorphic solutions
of BgKZ in detail. We first analyze BqKZ in a suitable asymptotic region. It leads to
a solution ® of BqQKZ which is self-dual, in the sense that ®(¢,v) = C,®(y*,t7!) as
M -valued meromorphic functions in (¢,y) € T x T. We construct a basis of SOL in
terms of @, and we give an explicit formula for the leading term of ®(¢, ) as function
of t.

The contents of this chapter agree with Sections 2-5 of [45].

2.2 The double affine Hecke algebra
221 The extended affine Weyl group

Let N > 2 and let D = Dy be the affine Dynkin diagram of affine type A N—1 (the
cyclic graph with IV vertices if N > 3). The N vertices are labeled by the numbers
0,1,...,N — 1 (anticlockwise if N > 3). Occasionally we identify the set of labels
with the group Zy of integers modulo N.

Write W, for the affine Weyl group of affine type Ap_1. In terms of its Coxeter
generators s; (i € Zy), the characterizing group relations are the quadratic relations
s? = 1and, if N > 3, the braid relations

S$iSi4+18: = Si415iSi+1, (2 9 1)
§i8; = 5584, i—j#o,:l:l. -
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The subgroup generated by s, ...,sy_1 is isomorphic to the symmetric group Sy
in N letters, where s; is identified with the simple transposition 7 <+ i 4 1.

Let Aut(D) be the group of automorphisms of the affine Dynkin diagram of type
An_1. Let ¢ € Aut(D) be the element of order N, acting on the label set Zy of the
vertices of D by ¢(i) = i + 1. We view c as automorphism of W¢, by c(s;) = si41.

Let 2 = (m) be the infinite cyclic group with cyclic generator =. It acts by group
automorphisms on Wg by © — c. Accordingly, we can define the semidirect product
group W = Wg %), which is called the extended affine Weyl group (associated with
GL ). We write e for the identity element of W.

Since sp = Tsy_17 !, the subgroups Sy and ) already generate I as a group.
Furthermore, we have W ~ Sy x Z. The cyclic generator 7 of ) corresponds to
7 = oen, where {¢;}Y | denotes the standard Z-basis of Z" and 0 = sys5---sy_1 €
Sy is the “clockwise rotation” which maps N to 1 and all other i to i 4 1. Conversely,

€ = 8j—-1"""8251TSN-1SN—-2 """ Sj (222)
forj=1,...,N.

Remark 2.2.1. Under the identification W ~ Sy x Z, we have W = Sy x Q with
Q C Z" the sublattice of rank N — 1 consisting of N-tuples of integers that sum up
to zero (this is the (co)root lattice of the root system R = {e; — €; }1<iz;j<n of type
An_1).

For w € W, let w’ € Wg and w € Q be the unique group elements such that
w = w'w. Then we define the length ¢(w) of w to be the length of w’ € Wy, i.e., itis
the minimal number r such that w’ can be expressed as

!/
w :S”SZ

r

for some iy, € Zn (such an expression of w’, as well as the resulting expression for
w = w'w, is called a reduced expression). Thus 2 consists of the elements of W of
length zero.

A central role in this thesis is played by an action of the extended affine Weyl
group W by g¢-difference reflection operators on suitable function spaces on 1" :=
(C*)N, where C* := C \ {0}. Here q is taken to be real and strictly between zero
and one (with minor technical adjustments the condition on ¢ may be relaxed to
0 < |g| < 1, and a parallel theory can be developed for |g| > 1). Since ¢ is fixed once
and for all, we will in general suppress the dependence on ¢ in notations. We start
with an action of W on T by

Wt = (Tyy=1(1)5- - Lp—1 , w € Sy,
(i (W ) N (2.2.3)
)\t:(q 1,...,q NtN), )\:()\1,...7>\N)EZ R
fort = (t1,...,tn) € T. Itis convenient to introduce x* := (k*,... k) for k € C*

and \ € Z%, so that the action of A € Z" ont € T can simply be written as

A = g™t
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in standard vector notation. Note that the action of 7 € Q is given by

7T(t1, . ,tN) = (qtN,tl, e 7tN71)-
Consider the algebra C[T] = C[z7!,... 2% of complex-valued regular func-
tions on 7', where z;(t) := t; for t = (t1,...,ty) € T are the standard coordinate
functions. We write

= xi‘l xf‘VN e C[T]

for A = (A1,...,Ay) € Z¥, which form the monomial basis of C[T.

Let C(T') be the field of rational functions on T, O(T') be the ring of analytic
functions on T, and M(T') be the field of meromorphic functions on 7. Note that
M(T) is the quotient field of O(T') (cf. [25, Theorem 7.4.6]). The W-action on T gives
rise to a left W-action by algebra automorphisms on C[T], C(T'), O(T) and M(T),
via

(wf)(t) = flw™'t)

forw € W, t € T. We can, in particular, form the smash product algebra C(T")#W.
Recall that if G is a group and A is a G-algebra over C (that is, a unital associative
algebra over C endowed with a left G-action by algebra automorphisms), then the
smash product algebra A#G is the unique complex unital associative algebra such
that

(i) A#G = A ® C|G] as a complex vector space;

(ii) the canonical linear embeddings A — A#G, C[G] — A#G are algebra homo-
morphisms; and

(iii) the cross relations
(a®g)- (b®h)=ag(b)®gh,

are satisfied for a,b € Aand g,h € G.

We will always write ag := a ® g € A#G (a € A, g € G). Observe that A#G
canonically acts on any G-algebra B containing A as a G-subalgebra.

Note that the smash product algebra C(T')#W depends on ¢, since the W-action
on C(T') depends on ¢ (see (2.2.3)). Sometimes it is convenient to emphasize its g-
dependence, in which case we write C(T")#,V instead of C(T")#W.

The canonical left C(T)#W -action on C(T) (and M(T)) is faithful and realizes
C(T)#W as the algebra of g-difference Sy-reflection operators with coefficients in
C(T). I f € C(T), then we write f(X) for the associated element in C(T)#W (it is
the operator defined as multiplication by f). In particular, X; is multiplication by
the coordinate function z;.
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2.2.2 The extended affine Hecke algebra and Cherednik’s basic rep-
resentation

In this subsection we recall some constructions and results due to Cherednik (see,
e.g., [10, Chapter 1] and references therein).
Fix a nonzero complex number k.

Definition 2.2.2. The affine Hecke algebra Hg = Hg(k) is the complex unital asso-
ciative algebra generated by T; (i € Zx) and satisfying

(i) if N > 3, the braid relations

LT T = T Ty,
TZTJ :ETI, Z—j?é07:|:1,

(ii) the quadratic relations (T; — k)(T; + k=) = 0.

The Dynkin diagram automorphism ¢ € Aut(D) can also be viewed as automor-
phism of Hg by ¢(T;) = Ti41. Accordingly, €2 acts by algebra automorphisms on Hg
by m — c¢. The extended affine Hecke algebra H = H(k) is the associated smash
product algebra Hqg#.

For a reduced expression w = s;, - - s;,w € W (i, € Zy, w € ), the element

Tp:=T, - TiweH

is well-defined. The T,, (w € W) form a linear basis of H. For k = 1, the extended
affine Hecke algebra H is isomorphic to the group algebra C[W] of W via the identi-
fication T, > w (w € W).

The finite Hecke algebra is the subalgebra Hy of H generated by T4,...,Tn_1.
The elements T}, (w € Sy) form a linear basis of Hy. Note that H is already generated
as algebra by Hy and 7+!, since Ty = nTn_ 7~ L.

Put

Y, =T, Ty ' T a Ty 1 T o Ti € H (2.2.4)

fori = 1,...,N. Note that Y; becomes the translation element ¢; in W if k = 1.
We furthermore write Y := Y .. Y3~ for A = (Ay,...,Ay) € ZN. We have the
following characterization of H, due to Bernstein. For details we refer to Lusztig [38]
or Macdonald [42, §4.2].

Theorem 2.2.3. H is the unique unital complex associative algebra, such that

(i) Ho® C[T] ~ H as complex vector spaces, via h® f — hf(Y) for h € Hy, f € C[T],
where f(Y) =Y, exY if f =3, exx € C[T);

(ii) the canonical maps Hy,C[T] < H are algebra embeddings; we write Cy [T] =
span {Y*} ez~ for the image of C[T] in H; and
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(iii) the following cross relations

T7'YT ! =Y,
VT, =TY;, i#j—1,j

are satisfied for 1 <i < Nand1 < j < N.

Cherednik realized the affine Hecke algebra H inside the algebra C(T")#W of
g-difference reflection operators as follows.

Theorem 2.2.4. There is a unique injective algebra homomorphism p = py .2 H(k) —
C(T)# W satisfying

p(T;) =k + cp(Xi/ Xip1)(si — 1),
p(m) =,
fori=1,...,N — 1, where
E~t —kz
1—2

Note that for the affine Hecke algebra H = H (k) with fixed parameter k, Theorem
2.2.4 yields a one-parameter family of realizations of H (the additional parameter
being g).

ck(z) == (2.2.5)

Remark 2.2.5. The image p(H ) preserves C[T], viewed as a subspace of the canonical
C(T)#W-module C(T'). The resulting representation of H on C[T] is faithful and is
called the basic representation of H.

We frequently identify H with its image under p in C(T)#W.
We now come to the definition of Cherednik’s double affine Hecke algebra which
depends, besides on k, on the additional parameter g.

Definition 2.2.6. The double affine Hecke algebra H = H(k, ¢) is the subalgebra
of C(T')#,W generated by pi ,(H) and by the multiplication operators f(X) (f €
C[T).

Let L = C[T] ® C[T] ~ C|[T x T] denote the complex-valued regular functions on
T x T. We view H as L-module by

(f©g)- h:=f(X)hg(Y) (2.2.6)

for f,g € C[T] and h € H. The following theorem is the so-called Poincaré-Birkhoff-
Witt (PBW) property of the double affine Hecke algebra.

Theorem 2.2.7. We have H ~ H} = L ® Hy as L-modules.

The PBW property is an essential ingredient in deriving the characterizing rela-
tions for the double affine Hecke algebra H in terms of its algebraic generators T;
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(1 <i< N), 7+ and Xjil (1 £ j < N). Since we are not going to use this presen-
tation explicitly here, we refer the reader to [10] for further details. We use though
one of its direct consequences, namely the existence of the duality anti-isomorphism
(see Cherednik [10, Theorem 1.4.8]):

Theorem 2.2.8. There exists a unique C-linear anti-algebra involution *: H — H deter-
mined by

qu;:Tw—l, w € Sy,
(YN = XA, AezV,
(XM =Y, AezZV.

2.2.3 Intertwiners

In this subsection we recall the construction of the (nonnormalized) affine intertwin-
ers associated to the double affine Hecke algebra H. The intertwiners play an im-
portant role in the construction of a nontrivial W x W-cocycle in the next section.
Consider the elements

Si = (k — k™' Xip1/X:)si, 1<i<N,
So = (k—k™'q7' X1/Xn)s0,

Sy=m

in C(T')#,W. The following facts are well known (cf., e.g., [10, §1.3]). For the conve-
nience of the reader, we give a short sketch of the proof.

Proposition 2.2.9. Let w € W and let w = s;, - - 5, 7™ be a reduced expression (j; € Zn;,
m € 7).

() S, :=S8;, -5, S™ is a well-defined element of C(T)#W;
(i) S, € H
(iii) the S; (i € Zy) satisfy the A ~—1-type braid relations;
(iv) Suf(X) = (wf)(X)S, in C(T)#W forall f € C(T); and
) S8 = (k— k™' X1 /X)) (k — k™ X;/X;41) for 1 <i < N.

Proof. (i)Setd; := (k—k™'X;11/X;) (1 <i< N)and dy := (k— k™ '¢7'X1/Xy). We
have B
Sw = dj, (sj,dj,) -+ (85, -+ 85,1 dj, )w

in C(T')#W. By, e.g., Macdonald [42, (2.2.9)], we know that

dw = djl (8]’1 djz) .o (8.]1 PP sjry»fldj'r-) (2.2.7)
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is independent of the reduced expression of w. Hence S,, € C(T)#W is well defined.
(ii) Note that S; can be written as

Si=(1—Xip1/X)(Ti — k) +k — k' X1/ Xs (2.2.8)

for 1 < i < N, which shows that it lies in H. Furthermore, 7+! € H, hence 5! € H
and Sy = 7Sy_17~* € H. Consequently, S,, € H C C(T)#W.

(iii) is immediate from (i), while (iv) and (v) are clear from the definition of the S;
and S;. O]

Definition 2.2.10. The elements S, (w € W) are called the affine intertwiners of H.

2.3 The bispectral quantum KZ equations

2.3.1 Construction of the cocycle

Let . denote the nontrivial element of the two group Z,. We define the group W as
the semidirect product
W= Zy x (W x W),

where ¢« € Zy acts on W x W by switching the components: «(w,w’) = (w’, w): for
w,w’ € W. We first use the double affine Hecke algebra, its affine intertwiners, and
its duality anti-isomorphism to construct a group homomorphism 7 = 7,: W —
GL¢(HE) depending on the Hecke algebra parameter k, where K := M(T x T) is
the field of meromorphic functions on 7" x T'.

The representation 7 will be constructed from the complex linear endomorphisms
O(ww) (w,w" € W) and &, of the double affine Hecke algebra H, defined by

G,y (h) = SwhSly,
5.(h) =h*

for h € H. In the following lemma we collect some elementary properties of the
maps 0,y and o,. First we introduce some auxiliary notations.

For a regular function g € C[T], we write g(z) € C[T x T (respectively g(y) €
C[T x T)) for the corresponding regular function on 7' x T constant with respect to
the second (respectively first) T-component. In particular, the z; (respectively ;)
are the standard coordinate functions of the first (respectively second) copy of T in
T x T. Recall the regular function d,, € C[T] (w € W) such that

in C(T)#W; see (2.2.7).

Lemma 2.3.1. The complex linear endomorphisms G, .,y and o, of H satisfy the following
properties:
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() the (s, ¢ (i € ZnN) satisfy the /AlN_l braid relations;
(ii) 3(231;,@) =ds, (z)(s:ds,)(z) -id for i € Zn;
(iii) 5(“6)5(5“6)5(#—17@) = 5(Si+1’e) fOT’i € Zn;
(v) 7 =idand 5. ) = 0,0(w,e)0, for w € W; and
w) 5(11,’6)5(6@/) = 5(w7w,) = 5(6)10/)5(1“’6)](01’ w,w’ eWw.
Proof. These are direct consequences of Proposition 2.2.9 and Theorem 2.2.8. O

To construct a W-action from the maps 7,y and o, we need to renormalize the
maps appropriately. To do so, we describe as a first step the behavior of the maps
0(w,w) and &, with respect to the L.-module structure (2.2.6) on H. This will allow us
to extend the maps .,y and &, to endomorphisms of HE ~ K ®, H, which is a
suitably flexible surrounding for the normalizations of the maps to take place in.

Consider the group involution *: W — W defined by w® = w for w € Sy and
XN = —\for A € ZV. Then W actson T x T by

(’LU, w/)( 77) = (wtv wIQ’Y)a
ty) = (7t

for w,w’ € W, where t~! := (t7,... 7t]_\,l) € T and the action of W on T is by ¢-
dilations and permutations; see (2.2.3). By transposition, this defines an action of W
on K = M(T x T) by field automorphisms,

(WhH(t,y) = fFw (t,7), weW. (23.1)
Note that L = C[T' x T is a W-subalgebra of K.
Lemma 2.3.2. For h € Hand f € L we have

ai(w,w’)(.f . h) = ((U}, w/)f) : ai(u;,u)')(]’[‘)a

.0 h) = () 5u(h) 252

forw,w" € W.

Proof. From Proposition 2.2.9 we know that Sup(X) = (wp)(X)S,, in H for p € C[T]
and w € W. For p € C[T], let p° € C[T] be defined by p°(t) = p(t~'). Then we also
have

p(Y)S = (Swrp®(X))" = (w'p*)(X)Sur)™ = S5y (w'p®)°(Y)
in H. Hence for p,r € C[T],
& ww) (P(X)r(Y)) = (wp)(X)SuhSy (w'r®)° (V).

The first formula of (2.3.2) now follows since (w'r®)® = w’®r. The second is immedi-
ate from the definition of the duality anti-involution. O
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As a direct consequence of Lemma 2.3.2 the maps ¢,y (w,w’ € W) and 7,
uniquely extend to complex linear endomorphisms of HY ~ K @y, H such that (2.3.2)
is valid for all f € K and h € HY. We keep the same notations O(w,w) and o, for
these maps. Note that the properties of 7(,, .,y and &, as described in Lemma 2.3.1
also hold true as identities between endomorphisms of H{.

Theorem 2.3.3. There is a unigue group homomorphism
7: W — GLc(HY)
satisfying

T(w7w/)(f) = dw(x)_ldz)’(y)_l ' g(w,w/)(f)a
T()(f) =a.(f)

forw,w’ € Wand f € HE. It satisfies 7(w)(g - f) = wg - 7(w)(f) forg € K, f € HE and
weW.

(2.3.3)

Proof. The last statement is clear.

The action 7 of W x {e} arises naturally from left multiplication by normalized
affine intertwiners on a suitable localization of the double affine Hecke algebra (see
Cherednik [10, §1.3]). In the present set-up, one observes that Lemma 2.3.2 and
Lemma 2.3.1(i)-(ii) imply that the 7(s;,e) (i € Zy) satisfy the An_, braid relations
and the quadratic relations 7(s;,¢)? = id g Since furthermore 7(, e) is a complex
linear automorphism of HE with inverse 7(7~1,¢), and 7(m, e)7(s;,e)T(n 1, e) =
T(si41,€) for i € Zy by Lemma 2.3.2 and Lemma 2.3.1(iii), we conclude that the
formulas (2.3.3) for the maps 7(s;, e) (¢ € Zy) and 7(m, e) uniquely extend to a group
homomorphism 7: W x {e} — GLc(HY). It follows from Proposition 2.2.9 and its
proof that the resulting group homomorphism satisfies

T(w7e)f = dw(x)il ' g(w,e)f

for w € W. This is in accordance with formula (2.3.3).
Combining Lemma 2.3.1(iv) with Lemma 2.3.2 we can relate the complex endo-
morphism 7 (e, w) (see (2.3.3)) of HY to 7(w, ) by the formula

T(e,w) = 7(¢)T(w,e)7(1), weWw, (2.3.4)

where 7(1) is given by the second formula of (2.3.3). Since 7(.)? = 52 = id HE We

conclude that W 3 w + (e, w) (see (2.3.3)) defines a left W-action on H.
By Lemma 2.3.1 and Lemma 2.3.2(v) we have

T(w,e)r(e,w') = 7(w,w'") = 7(e,w")T(w, €)

for all w,w’ € W. Thus 7: W x W — GL¢(HY), defined by the first formula of
(2.3.3), is a group homomorphism. Combined with (2.3.4) and 7(.)? = id E We

conclude that 7 (2.3.3) indeed defines a complex linear action of W on H{. O
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Forw € Wand f € HY = K® Hy, we write wf for the action of w on the
K-coefficients of f in its expansion along a basis of Hy. In other words, viewing
f(t,v) as Hp-valued meromorphic function in (¢,v) € T x T, the action is given by
(wf)(t,v) = f(w=L(t,7)). Consider GLg(HE) as a W-group by the corresponding
conjugation action

(w,A) — wAw !, we W, AcGLg(HY) (2.3.5)

by group automorphisms. We have the following direct consequence of the previous
theorem.

Corollary 2.3.4. The map w — Cy := 7(w)w ! is a cocycle of W with values in the

W-group GLg (H(). In other words, Cy, € GLg (HY) and
Cow = CWWCW/W71
forall w,w' € W.

For more details on non-abelian group cohomology, see, e.g., the appendix in
[53].

Remark 2.3.5. Interpreting A € Endg(H{) as End(Hy)-valued meromorphic func-
tion A(t,v) in (t,7) € T x T, the action (2.3.5) becomes (wA)(t,v) = A(w~1(¢,7)). In
particular, wAw~! = A for allw € Wif A € Endg(HY) is the K-linear extension of
a complex linear endomorphism of Hy. This is, for instance, the case for the cocycle
value C, (see Subsection 2.4.2).

Remark 2.3.6. One may replace in this subsection K by the field C(7" x T') of rational
functions on T' x T'. Consequently, the cocycle value C\,(t,v) for w € W is a rational
End(Hy)-valued function in (¢,7) € T x T. We presented the results with respect to
K = M(T x T) since this is the natural setting for the applications of the cocycle C'in
the analytic theory of the quantum KZ equations (to which we come at a later stage).

2.3.2 Bispectral quantum KZ equations

In this subsection, we use the cocycle Cy, € GLx(HY) (w € W) to define a holo-
nomic system of g-difference equations on the space H{ of Hy-valued meromorphic
functionson T x T

The constructions thus far have led to a C-linear action 7 of W on H{. In terms
of the cocycle Cy, (w € W), it is given by

(T(W)f)(t,7) = Cult,y) f(w ' (t,7)) (2.3.6)

forw € Wand f € HE, where (2.3.6) should be read as identities between Hy-valued
meromorphic functions in (t,7) € T x T. It follows that f € H is 7(ZY x ZV)-
invariant if and only if

ComtNFl@ M q"y) = flt,y) VA pezZl, (2.3.7)

viewed as identities between Hj-valued meromorphic functions on 7" x T'.
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Definition 2.3.7. We call the g-difference equations (2.3.7) the bispectral quantum
KZ (BgKZ) equations. We write SOL for the set of functions f € HY satisfying the
BgKZ equations (2.3.7).

Let F C K denote the subfield consisting of f € K satisfying (A, pu)f = f for all
A, € ZN. Let furthermore Sy denote the subgroup Zs x (Sy x Sy) of W.

Corollary 2.3.8. (i) The BgKZ equations (2.3.7) form a holonomic system of q-difference
equations. In other words, the cocycle matrices C(y ) (A, € Z™) satisfy the compatibility
conditions

Con t7)Clue) (@, 0"7) = Clug) (8, 7)Cio (a7t ¢57) (2.3.8)

for A\, p, v, & € ZN, as End(Hy)-valued meromorphic functions in (t,~v) € T x T.
(ii) The solution space SOL of BgKZ is a (S )-invariant F-subspace of HY.

Proof. (i) By means of the cocycle condition, both sides of (2.3.8) can be seen to be
equal to Cixqp, ut6)(t, 7).

(ii) Clearly, SOL is an F-subspace of HE. Note, furthermore, that Z"V x Z" is a normal
subgroup of W with quotient group isomorphic to Sy. Hence the F-subspace SOL
of 7(ZN x Z™)-invariant elements in the 7(W)-module HY is 7(Sy)-invariant. [

2.4 The explicit form of the bispectral quantum KZ
equations

In this section we derive explicit expressions for the cocycle values Cy, (w € W)
and, in particular, for the cocycle matrices C( ) (A, p € Z™) of the BqKZ equations.
It will become apparent that the Cy .)(-,¢) (A € ZN) with ¢ € T fixed coincide
with the cocycle matrices of Cherednik’s quantum affine KZ equation associated to
the principal series module of H (k) with central character ¢. They also turn up as
gauged cocycle matrices for a Frenkel-Reshetikhin [21] type quantum KZ equation

associated to the quantum affine algebra 4, (sAl N)-

2.4.1 Generic principal series

View the commutative subalgebra Cy [T] of H as left Cy[T]-module by left multi-

plication. Let M = Indgy (7] (Cy[T7) be the corresponding induced left H-module.
With respect to the C[T] ~ C[{1} x T]-module structure

[ (h@cym 9(Y)) =h@cym (fo)Y)  figeC[T], he H

on M we have M ~ Hng}XT] = C[{1} x T) ® Hp as C[{1} x T]-modules. The left
H-action on M is C[{1} x T)-linear, hence we obtain an algebra homomorphism

n: H — Endq{l}xﬂ (Hng}XT])
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We occasionally view n(h) as End(Hj)-valued regular function in v € T, in which
case we write itas T' 3 v — n(h)(7). Extending the ground ring C[{1} x T] to
K = M(T x T) we obtain an algebra homomorphism

H — Endg(HY),

which we shall also denote by 7. From this viewpoint, (k) () is the regular End(Hy)-
valued function in (¢,7) € T x T which is constant in ¢. Note that n(h) for h € Hy is
constant as End(Hy)-valued function on T' x T (see Remark 2.3.5).

Lemma 2.4.1. Forw € Sy and 1 < i < N we have

_ Tsiw lfe(SzU}) = é(w) =+ 1,
()T = {(k T e T i ) = C(w) — 1 (2.4.1)
and
() () Tw = Y1 (8) Tow (2.4.2)

as reqular Ho-valued functions in v € T.

Proof. The first formula follows directly from the definitions. For the second formula
it suffices to verify that 773, = Tt Y, —1(ny in H.

If w= ethen 7 = T,Yy since 0 = s152---sny_1 is a reduced expression. If
w = sy_1 then

mhy =mIN_1 =T Tn_2YNn_1 = TslmsN,zYw*](N) = Tawafl(Ny

Next, we prove that 7T, = T4, Y,-1(ny in H if w # e and £(s;w) = £(w)+1 for all
1<i<N—-2 Thenw = sy_15ny—2---5; forsome 1 < j < N (and this is a reduced
expression of w). We find, making repetitive use of the cross relation 7,.Y, 1T, = Y,
(1<r<N)inH,

Tl =mIN 1IN 2 Tj=T1- TN 2YN 1IN 2T
=Ty Tn_3Yn_oTn_3--- T}

= Tl “e CZ-‘Ji:LYt7 = T81~'-Sj71
= TowYj = TowYu1 (a5

Y;

which is the desired relation in H.

The general case is now proved by induction on /(w). Let w # e and decompose
itasw = s;uwith 1 <4 < N and u € Sy such that {(s;u) = ¢(u) + 1. Suppose that
Ty = TouYy-1(v) in H. In order to prove that 7T, = T,.,Y,,-1(n) we may, in view
of the previous paragraph, assume without loss of generality that 1 < ¢ < N — 2.
Then s;(N) = N and {(s;+10u) = ¢(ou) + 1. (The latter equality is equivalent to
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(ou)™1(i +1) < (ocu)~!(i + 2), which follows from u~! (i) < u~!(i + 1), which again
is equivalent to the assumption ¢(s;u) = ¢(u) + 1.) Then
ﬂ-j_‘w = ﬂ'T‘ﬂL = jﬂi—&-lﬂ'z—‘u = 71'L'—‘,-ljﬂ’a'uyr'u,*l(1\7)
=T. 1+1auY “ls;(N) = Tasiqu—l(N)
- To-,wafl (N)
in H, which completes the proof. O

In view of the explicit expression (2.2.8) for the intertwiner S, € H (1 <i<N)

and the definition of the duality anti-involution, we have §;‘; € Hforallw € Sy. We
now set

€w = (S5 )T, € HY, w € Sn.
Note that &, € HC[{l}XT] C HE forw € Sy. We view &, as regular Hy-valued
function in v € T, as well as meromorphic Hy-valued function in (¢,v) € T x T
constantint € T'.

Lemma 2.4.2. {£,}wesy is a K-basis of HE consisting of common eigenfunctions for the
n-action of Cy [T| on H¥. For p € C[T) and w € Sy we have

n(p(Y))()éw(y) = (w™'p)(V)éw(7) (2.4.3)

as Ho-valued reqular functions in v € T.

Proof. For p € C[T] we have n(p(Y))(v)T. = p(7)Te. Furthermore, observe that

p(Y )S*,1 = S* (w™p)(Y) in H for p € C[T] and w € Sy; see the proof of Lemma
2.3.2. Comblnmg the two observations gives (2.4.3). It follows from Proposition
2.2.9(iv)~(v) that the &, (w € Sy) are nonzero in H{. The eigenvalue equations
(2.4.3) then show that the &, (w € Sy) are K-linearly independent in H. O

2.4.2 The cocycle values

We define
Ri(z) = cr(z) ' (n(Ty) — k) +id,  1<i<N,

viewed as a rational End(Hj)-valued function in z. The results of the previous sub-
section imply that the R;(z) satisfy the following Yang-Baxter type equations (see
Cherednik [10, §1.3.2]).

Lemma 2.4.3. We have

C(sle ( ) z(tz/ z+1) 1§Z<N7

as rational End(Hy)-valued functions in (¢, 7) € T x T. In particular, the R;(z) satisfy
Ri(z)Ri(:7") =

R;(2)Rj1(22')R;(2) = g+1( Z)R;(22")Rj1a(2),
forl1 <i< Nandl<j< N —1asEnd(Hy)-valued rational functions.

(2.4.4)
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Proof. For 1 < i < N and h € H, we have, as Hyp-valued meromorphic functions in
(t,v) €T xT,

O(si,e) (ta V)h = (T(Sia e)h) (tv ’Y)
= cx(ti/tiv1) " (0(T3) = k)b +
in view of the explicit expression (2.2.8) for S;, ci (2.2.5) and d;, (see the proof of
Lemma 2.2.9). For the second statement of the lemma, note that the cocycle property
of C impliesfor1 <i < Nand 1 <j < N — 1 that
C(s,;,e) (tv 'V)C(si,e)(sitv ’Y) = lda
Cls;,e)(t,7)C6,41,0) (558, 7)Cs,,0) (854185t,77)
= O(Sj+1,€) (t7 PY)C(S]',E) (Sj"l‘lt? V)C(Sj+1,€) (SJSJ+1t7 ,Y))

as rational End(Hj)-valued functionsin (¢,7) € 7' x T. Then using that C, .(t,7) =
R;(t;/ti+1), these formulas imply (2.4.4). O

Observe that C, is the K-linear extension of the anti-algebra involution of Hy
mapping T, to T;,—: for all w € Sy. Note furthermore that

Clre) = n(m). (2.4.5)

Together with the explicit description of C,, ) (1 < i < N) from the previous
lemma, these formulas determine the values Cy, (w € W) uniquely (cf. Corollary
2.3.4). In particular, the cocycle property of C implies that

C(e,w) (t»’Y) = CLC(w,e) (7_17t_1)CL7 w e VV;
as End(Hy)-valued rational functions in (t,v) € T x T.

Lemma 2.4.4. Letw € W.
(@) Crw,e) € (C(T) ® C[TT) ® End(Hy).
(ii) The C[T] ® End(Hoy)-valued rational function t +— C, ¢)(t,-) int € T is regular at
t € T\ S, where
S={teT|t*ck ?¢* forsomea € R}. (2.4.6)

Proof. By the cocycle condition, C,, .)(t,y) can be written as a product of factors
Clsie)(ut,y) (1 <i < N, u € W) and n(r*!)(7). By Lemma 2.4.1 and the fact that
R;(z) has a single pole at z = k=2, we conclude (i) and (ii). O
2.4.3 The cocycle matrices

Besides the standard Z-basis {e; };, of Z, we also have the Z-basis {w; };\., consist-
ing of the fundamental weights w; := }__; ¢; € Z". Note that

w; = wlo" (2.4.7)
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in Wforall 1 <4 < N. In the following lemma, we compute the cocycle matrices
Cirne) for X € ZN of BqKZ explicitly in case ) is one of these two types of basis
elements of Z.

Lemma 2.4.5. (i) For 1 < j < N we have

Cleje)(t,7) = Rj—a(tj—1/t))Rj—2(tj—2/t;) - Ra(t1/t;)
xn(m)(VRN-1(gtn/t;) - Rjv1(atj+2/t) Ri(qtiv1/t))

as rational End(Hy)-valued functions in (t,~v) € T x T.
(ii) For 1 < i < N we have

Clo, o) (t,7) = (W(W)(V))i(RN—i(qtN/tl) - Ro(qtiza/t1)Ri(qtiy1/t1))
X oo X (Ry—2(gtn/ti—1) -+ Ri(qtiva/ti—1)Ri1(qtiv1/ti—1))
X (Ry-1(gtn/ti) - - - Rig1(qtiva/ti) Ri(qtiv1/ts))

as rational End(Hy)-valued functions in (t,v) € T x T.
(iii) We have
C(wN,e) (ta ’Y) = ’VwN id

as rational End(Hy)-valued functions in (t,v) € T x T.

Proof. (i) By the cocycle property of C' and by the expression (2.2.2) for ¢; € W,
we obtain an explicit expression for C, ) in terms of the C(,, ) (1 < i < N) and
C(r,e)- Combining (2.4.5) and the previous lemma then gives the desired expression
for C"(ej‘,e)(t, 7).

(ii) o* is the permutation

1 2 - N—¢ N—-i+1 N—-+2 --- N
t+1 ++2 .- N 1 2 R ) ’

so we find a reduced expression

ot = (571 e SN—l)(Si_l s SN_Q) s (52 s SN_7;+1)(81 s SN—i)- (2.4.8)
Combined with (2.4.7) we get a reduced expression for w;. Using the cocycle condi-
tion for C, repeatedly, we obtain the desired result.

(iii) Since oV = 1, we get C(my ) (t,7) = (n(w)(fy))N, which maps T, to y*~ T, for
all w € Sy in view of Lemma 2.4.1. O

We end this subsection by computing the asymptotic leading terms of the cocycle
matrices C(y ¢)(t,7) (A € ZV)as [t7*| — 0 (1 < i < N), where we take o; := €; —€;41
(1 < i < N) as a base of the root system R = {¢; — €;}i<izj<n of type Ay_1.
Let R. = {e; — €;}1<i<j<n denote the associated set of positive roots and Q1 =
@f\;l Z>ooy; the corresponding cone in the root lattice () of R. Let furthermore
§:=(N—-1,N—-3,...,1— N) € Z" and write wy € Sy for the longest Weyl group
element (mappingito N —i+ 1for1 <i < N).
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Consider the subring A := Clz~,..., 2= 1] of C[Tx{1}] = C[z}*,..., 25| C
C[T x T]. We write Q(A) for its quotient field and Q(.A) for the subring of Q(A)
consisting of rational functions which are analytic at the point2=* =0 (1 < ¢ < N).
We consider Qo(A) @ C[T] as a subring of C(T" x T') in the natural way. The first part
of the following corollary is a refinement of Lemma 2.4.4(i) in case w € Z".

Corollary 2.4.6. Let A € Z. We have
C()\7€) € (Qo(A) ® C[T]) ® End(Hy). (24.9)

Writing
O3y = Crolaesco...mon-s 2o € CIT] © Endl(Ho),

we have C((g)e) = k<5=>‘>n(Tw0Yw0(>‘)Ttgol), where (-,-) is the standard scalar product on
RV,

Proof. To prove (2.4.9) it suffices, in view of the cocyle property of C, to verify (2.4.9)
for A = ¢;. The statement then follows from Lemma 2.4.5(i), Lemma 2.4.1 and the
explicit expression of R;(z).

Observe that lim,_,o R;(z) = kn(T[l) for 1 < ¢ < N. Combined with Lemma
2.4.5(i) and the explicit expression for Y; (see (2.2.4)) we obtain for 1 < j < N,

Cle;e)(t,) = KT N"1n(Y;)(v)

as [t*| = 0forall1 <i < N, hence

Cone(t,7) = kM) ()

as [t*| — Oforall 1 <i < N. To derive the asymptotics of C() ¢)(t,7) as [t~/ = 0
for 1 <14 < N we use the cocycle property to write

—wo(A)

C()\,e) (ta 7) = C(wo,e) (tv W)C(wo(/\),e) (wot, ’y)C(woA,e) (q wot, ,7)

Note that C(y, ¢ (t, ) = k(T 1) if [t| — 0 forall 1 < i < N. Hence

c©

(Ae) = kw’)\)n(Twoywo()\)Til)a

wo

as desired. 0

2.4.4 Relation to quantum KZ equations

Fix ¢ € T and let x¢: C[{1} x T] — C denote the corresponding evaluation character
Xc(f) = f(¢). Recall the generic principal series n : H — Endc({1}x7)(M). The
corresponding complex H-representation M; = C ®,, M of dimension N! is the
principal series module of H with central character ¢. We identify M. with Hy as a



§2.4. The explicit form of the bispectral quantum KZ equations 41

complex vector space, and push the H-action on M, through the linear isomorphism
to Hy. We denote the corresponding representation map by

ne : H — End(Hy).
As in Subsection 2.4.1 we have as identities in H,

Ts,w if £(s,w) = f(w) + 1,

T'i Cru; =
n¢(Ti) {(k ~ k)T + Topw if £(siw) = £(w) =1,

forl1<i< Nand w € Sy,

¢ (’/T)Tw = Cw*l(N)Tawa

for w € Sy, as well as

nc(F(Y))€w(¢) = (w™ F)($)€w(C),

for w € Sy, where &,(¢) € Hy is the regular Hy-valued function &,(y) iny € T
specialized at v = ¢. Extending the base field to M(T") we get an algebra homomor-

phism H — End (1) (Hévl (T)), which is also denoted by 7,.
In this subsection we consider the BqKZ for specialized values of . In view of
Lemma 2.4.4(i) we may specialize C(y, ¢ (t,7) (w € W) at v = (. We write

Cg) (t) = O(w,e) (t, C)a w e W,

for the resulting specialized cocycle values, viewed as End(Hj)-valued rational func-
tionsint € T. For ( € T the map W 3 w — C§, defines a cocycle of W with values

w

in the W-group GL¢(r) (Hg (T)). In other words,

CC

ww’

(t) = CS(H)CS, (w™tt),  w,w' €W,

as rational Hy-valued functions in t € T'. Comparing the cocycle values C§ (A ezZN)
to the ones in [10, §1.3] we obtain the following result.

Corollary 2.4.7. Fix ( € T. The holonomic system of q-difference equations
CiMfgt) = f(t), vrezN (2.4.10)

for f € Hé\/[ (™) is Cherednik’s quantum affine KZ equation associated to the principal H-
module M with central character (.

We occasionally write gKZ,. for the quantum KZ equations (2.4.10). Let SOL; C
Héw (™) denote the set of solutions of (2.4.10). Write & (T) € M(T) for the subfield
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of meromorphic functions f satisfying f(¢*t) = f(t) for all A € ZY as meromor-

phic functions in ¢t € T. The set SOL, of solutions is a £(T")-subspace of Héw ™,
Furthermore, SOL; is invariant for the Sxy-action

(c(w)f)(t) == CS () f(w™'t), weSy (2.4.11)

on H, éw (™) (note that ¢ does not depend on ¢ since C§,(t) = Cly,.¢)(t, ¢) is independent
of ¢ for w € Sy).

Remark 2.4.8. The quantum KZ equations (2.4.10) are gauge equivalent to Frenkel
and Reshetikhin’s [21] quantum KZ equations associated with the N-fold tensor
product representation CV (1) ®- - - @ CN (t 5) of the quantum affine algebra Uy, (sln),
where C¥(;) is the evaluation representation of the vector representation CV of
Uk (sln) (see [10, §1.3.2] and [15] for the details).

In view of Corollary 2.4.7 the BqKZ equations (2.3.7) are a holonomic extension
of the quantum KZ equations (2.4.10) by g¢-difference equations in the central char-
acter ( of M. These may be thought of as analogs of isomonodromy transforma-
tions; in fact, in view of Lemma 2.4.2 and Corollary 2.4.6 the g-difference equations
in ¢ (which are essentially the quantum KZ equations again!) are reminiscent of
Schlesinger transformations. This should be compared with the quantum isomon-
odromic interpretation of (rational) KZ equations as quantizations of Schlesinger
equations, see [49] and [23].

From a different perspective we may think of the cocycle values C(. .,y (w € W)
as shift operators, in the sense that they map solutions of quantum KZ equations
to solutions of quantum KZ equations with respect to shifted central characters. To
formulate the precise result, we view in the following proposition v + C(c ., (,7) as
C[T] ® End(Hj)-valued rational function iny € 7'

Proposition 2.4.9. Let w € W and ¢ € T such that v — C(¢ (-, ) is regular at v = (.
Then f — Clc.u)(+,C) f defines an Sn-equivariant linear map SOL,0 -1 — SOLy.

Proof. By the cocycle property we have for f € SOL,¢-1. and A € ZV,

Cﬁ(t) (C(e,w)(q_/\tv C)f(q_)\t)) = C(A,w) (tv C)f(q_)\t)
= Clean (OGSO F (D)
= C(e,w)(tv g)f(t)

Hence C(c (-, ) f € SOL¢. The Sy-equivariance of the map is again a consequence
of the cocycle property of Cy, (w € W); indeed, for v € Sy and f € SOL,o-1, we
have

C'g (t) (C(e,w) (U_ltv C)f(v_lt)) = C(U,w) (ta C)f(’l}_lt)
= C(e,w) (ta C) (C'Z)uoilg(t)f(v_lt))a
which is the desired result. O
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From the quantum group perspective (see Remark 2.4.8), Proposition 2.4.9 re-
sembles the action of the dynamical Weyl group on solutions of quantum KZ equa-
tions from [19]. We expect that the second half of the BqKZ is closely related to the
Varchenko-Etingof dynamical difference equations [19, §9]; see also [20], [60], [57],
[59], [58] and [35] for detailed studies of various degenerate cases. An interesting as-
pect, e.g., in [60] and [59], is the observation that KZ equations are dual to the associ-
ated dynamical equations using (gl,., gl,) duality (our set-up relates tor = s = N). In
the present theory this duality is incorporated by the cocycle value C,, which relates
the cocycle matrices C, ) (A € Z") of the quantum KZ equation to the dual cocycle
matrices C(, ) by conjugation,

C(e,/\) (t7 7) = CLC()“e) (’Y_l, t_l)CL

as End(Hj)-valued meromorphic functions in (¢,v) € T x T. In turn, C, is a direct
reflection of (the existence of) Cherednik’s duality anti-isomorphism of the double
affine Hecke algebra (see Theorem 2.2.8).

2.5 Solutions of the bispectral quantum KZ equations

In this section we use asymptotic analysis to construct a ¢-invariant solution ®,, of
BgKZ, which we call the basic asymptotically free solution. It depends in a mild
way on an auxiliary parameter k € C* (in fact, F®,, is independent of «). The orbit
of ®,, under the action of {e} x Sy C Sy turns out to be an F-basis of SOL consist-
ing of asymptotically free solutions. Along the way we derive various additional
properties of ®,.

2.5.1 The leading term

Let § € M(T) denote the renormalized Jacobi theta function

0(z) :== H (1—qm2)(1 —q™"/2) (2.5.1)
m>0
for z € C*. It satisfies
0(q"z) = (fz)fmqfém(mfl)ﬂ(z), m € Z. (2.5.2)

For k € C* we define W,, € Kby

-1
Hti7N—i+1)

o
. 2.5.3
Ok 1) (ek— O3 259

N

Wﬁ(tv 'Y) = H

i=1

By Corollary 2.4.6, the formal asymptotic form of the quantum KZ equations

Cone)tNfla ) = ft,7),  AeZN
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in the asymptotic region [t

>0(1<i<N)is
KON(Tu Y NT N () fla ) = f(87),  Aezh. (2.5.4)
Lemma 2.5.1. W, € K enjoys the following properties.
(i) fﬁf” (t,7) == Wi (t,v)Tw, is a solution of (2.5.4).
Gi) (W) = W, and 7(0) £ = £

Proof. (i) Since 1(Ty, Y "o N T 1) (1) Ty = 7N T,, for all A € ZY, it suffices to
show that
Wi t,y) = k= 0Ny 7o O (t,y),  rezP,
which follows from (2.5.2).
(ii) Clearly «(W,) = W,, ie. W, (v~ 1, t71) = W, (¢,7). Since C,(Tw,) = Tu,, it
follows that T(L)f,ﬁ") = S”. O

Observe that, more generally, W, € K satisfies the ¢-difference equations

Wielqg >, q"y) = k‘_<6’)‘+“>twﬂ(“)v_wo(’\)q_<’“’°(’\)"‘>Wn(t,fy), \pezZVN. (255)

2.5.2 The basic asymptotically free solution @,
We now gauge BqKZ by W, € K. Concretely, for A, u € Z" we write

D()\,u) (ta 7) = Wﬁ(ta 7)710()\#) (ta ’7)Wf'€(q7)\ta q'u’)/)

as End(Hj)-valued meromorphic functions in (¢,7) € T x T. It is independent of &
in view of (2.5.5). For f € H¥ we have f € SOL if and only if g := W, 1f € HY
satisfies the holonomic system of ¢-difference equations

Doyt Mgla ¢ y) = g(t,y),  AupeZV (2.5.6)

as Hy-valued rational functions in (¢,7) € T x T.
The existence of a solution ¥ € HE of (2.5.6) admitting a convergent Hy-valued
power series expansion

U(ty) = Y Kapt v’ Koo="Tu, (2.5.7)
a,BEQ+

in the asymptotic region [t*:| > 0 and |y~%| > 0 (1 < i < N) is guaranteed by the
following properties of the gauged cocycle matrices Dy ,,).

Consider the subring B := C[y*,...,y*~-1] of C[{1} x T] = ClyF',...,y&'].
Write Q(B) for its quotient field and Qo (B) for the subring of Q(B) consisting of
rational functions which are analytic at the point y® = 0 (1 < j < N). We consider
Qo(A) ® Band A ® Qo(B) as subrings of C(T" x T) in the natural way.
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Lemma 2.5.2. Set A; = D, ) and B; = D o,) for 1 <i < N.
(i) AN = BN :idOHHgS
(i) A4; € (Qo(A) ® B) ® End(Hy) and B; € (A® Qo(B)) ® End(Hy).

(iii) Set AEO’O) € End(H,) and B](.O’O) € End(H,) for the value of A; and Bj at =% =
0=y* (1 <r,s<N). Forw € Sy we have

. . '
AT, T, = o ol Zuol@) g5
Tonw Zf wilwg(wi) = wo(wi
and
BOY (7, 7)) = {° if w(wi) # @i, (2.5.9)
TowoTw if w(w;)=w;.

Proof. (i) We only give the proof of Ay = id. Since wy = 7V in W, we have

An(t,7) = We(t,7) " Claoy o) (N Wi(g TN, 7) ==V (n(m) (7)Y =1id,

where we use (2.5.5) and (2.4.5) for the second equality, and Lemma 2.4.1and oV = ¢
for the third equality.
(ii) Note that
Ay(t,y) = k™ 0=y =00 ) (t,7)

by (2.5.5). Since w; = w'oc " the cocycle property of C gives

Ai(t7 7) — k—(é,wi,),y—wo(ﬂm) (77(71')(7))10(0*1',(3) (W_it, ,Y).

It follows from the explicit expressions for the cocycle values C,, .y (1 < i < N)
that the End(Hy)-valued rational function C,-i o)(7~"t,7) in (t,7) € T x T lies in
Qo(A) ® End(Hp) (in particular, it is independent of ). Furthermore, for w € Sy

,wao(wl’) (W(ﬂ(’y))l (Tw) _ ,yw—lwo(wz')*wo(wi)Taiw

by Lemma 2.4.1, hence the End(Hy)-valued regular function v~“°(=:) (5(r)(v))" in
v € T lies in B ® End(Hy). Consequently, 4; € (Qo(A) ® B) ® End(Hy). The
statement for B; follows from this result using the cocycle property C. o) (t,7) =
CLC(WJ' ,€) (7_17 t_l)cb'

(iii) Recall that &, = n(§;‘1‘)_1 )T, with S, the intertwiners of H (see Proposition
2.2.9). By induction on ¢(w), using the explicit expression (2.2.8) of the intertwiners
§¢, it follows that £, € B ® Hy and that the value of £, at y* = 0 (1 < i < N)is
Tw € Hy. Set

A = Al 0y g 0mon-1_o € B& End(Ho).
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By Corollary 2.4.6 and (2.5.5),

AEO) _ yfwo(wi')n(TwU on(wi)Tfl)_

wo

Lemma 2.4.2 then gives

-1 i) —wo (w;
AEO) (U(Two)fu)) = y¥ wo (w;) —wo( 1)n(ng)£w7 Vw € Sy (2.5.10)
as identities in B ® Hy. Specializing (2.5.10) at y* =0 (1 < j < N) yields (2.5.8).
To prove (2.5.9) we consider
B = Bj|yei—q,. _yov-1—0 € A® End(Hp).
It is the rational End(Hj)-valued function

EJ(O) (t) = twt)(w_f)q (U(TwoywO(wj)TJ(,l)(fl))C’L

int € T. Denoting €w € A® H, for the rational Hy-valued function Co(t™Hint €T,
it follows that

B (Con(T,)Eu) = 2 0@ 0= 0T, )6 (2511)

for all w € Sy. The value of Cbn(Two)gw atz™ =01 <i< N)is C,(Ty,Tw)- In
addition, C, restricts to the anti-algebra involution on Hy mapping 7T, to T},-1 for
w € Sy, hence

OL(Tungw) = Tuﬁlng = TwUTwowflwg-

Formula (2.5.9) then follows from specializing (2.5.11) at 2™ =0 (1 <14 < N) and
replacing w by wow~!wy in the resulting formula. O

Fore>0,put B, :={t €T | [t¥]| <e¢ Vi}and B-':={t €T |t~! € B.}.

Theorem 2.5.3. There exists a unique solution ¥ € H{ of the gauged equations (2.5.6)
satisfying, for some e > 0,
(i) U(t,~y) admits an Hy-valued power series expansion

U(ty)= > Kapt ",  (Kap € H) (2.5.12)
a,BEQ+

for (t,7) € B! x B, which is normally convergent on compacta of B-' x Be. In particular,
W(t,v) is analytic at (t,) € B! x B;
(ii) Koo = Ty, -

Proof. It follows from the previous lemma that the commuting endomorphisms Ago,o),
B§O’O) € End(H,) (1 <4,j < N) are semisimple. For a,b € CV~1! set

Ho[(a,b)) = {v € Ho | A"v = a0 and B"Vv=1b;v (1 <i,j < N)},
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so that Hy = @, 4)cs Hol(a,b)] with S the finite set of (a,b) € CN~' x CV~! for
which Hy[(a,b)] # 0. By the previous lemma, (1¥~!,1¥=1) € S and we have
Ho[(IN=1 1N=1)] = span{T,,}. Furthermore, a;,b; ¢ ¢ " for all (a,b) € S and
i. Under these conditions, the holonomic system of ¢-difference equations (2.5.6) ad-
mits a unique solution ¥ satisfying the desired properties; see Theorem A.6 in the
appendix (to show that the gauged BqKZ falls in the class of holonomic systems of
g-difference equations to which Theorem A.6 applies, one should take M = 2(N —1),
gi = qfor1 <i < N and variables z; = ™% and zy_14; = y* for 1 <4,j < N in
the appendix). O

Remark 2.5.4. In a small neighborhood of a fixed (¢',+') € T' x T, the meromorphic
solution ¥ of (2.5.6) can be expressed in terms of the power series expansion (2.5.12)
by the formula

U(t,y) = Dt )‘I’(Q’At 7"v)

=Don(t7) Y. Kaplga ) (¢")",
a5€Q+

where \, i € ZV are such that (¢7*t',¢*+') € B! x B..

Definition 2.5.5. We call ®,, := W,,¥ € SOL the basic asymptotically free solution of
BgKZ.

Note that ®,, € F*®, for , s’ € C*. The s-flexibility will come in handy when
we consider specializations of ®,,. In the following subsections, we derive various
properties of the basic asymptotically free solution ..

2.5.3 Duality

Theorem 2.5.6. The basic asymptotically free solution ®,, of BgKZ is self-dual, in the sense
that
7(1)P, = Dy

Proof. SOL is Sy-invariant, hence 7(:)®,, € SOL. In addition,
T(1) P = Wi(r(1)¥),

because +(W,,) = W,. Hence 7(:)¥ is a solution of the gauged equations (2.5.6)
having a convergent Hy-valued power series expansion

FOOEY) = CUG ) = Y ClKa gyt
a,BEQ+

for (t,) € B! x Be. Since C,(Ko,0) = C,(Tw,) = Tw,, we conclude from Theorem
2.5.3 that 7(¢)¥ = ¥, hence 7(1)®,, = ®,. O
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2.5.4 Singularities

Define

N—-1
A={AeZ¥ | M2 X > >y} = P Zoow: @ Zaow, (2.5.13)

i=1
i.e., A consists of the A € Z" such that (\,a) € Zx( foralla € R,. Set
Sy :={teT|t*ck?¢" forsome o € R, }.

Write U(t,y) = > To(y)t~ for (t,v) € B-! x B., where I, is the Hy-valued

aEQq T«
analytic function on B, defined by the Hy-valued power series

To(y) := Z Ko 57"
BEQ+

Lemma 2.5.7. The T, (a € Q) extend uniquely to a meromorphic Hy-valued function on
T, analytic on T'\ S, such that U (t,~) admits an Hy-valued power series expansion

U(t,y) = Y Talyi™®

aEQ4
for (t,v) € BZ! x T'\ 84, converging normally on compacta of B-' x T'\ 8.

Proof. Using Lemma 2.5.2 we write for i € A,

D(e,u)(tvry) = Z Fg(’}/)tiﬁv
BEQ+

with Fj € Qo(B) ® End(Hp) for all 3 € QY. Note that Fjj = 0 for all but finitely

many § € Q+.

We first show that () is regular at v € T'\ S;. By (2.5.5) and by the cocycle
property, 5 (v) is regular at v = ( if C(¢,,)(-,¢"7) € C[T] ® End(Hy) is regular at
v = foralll < j < N and v € A. The latter statement follows from the fact that
R;(z) has only a (simple) pole at = = k2 and from the explicit expression

Closary) (t:7) = C(n(m) (™)) (Rv—j(ani /yn) - - Ralam [vi+2) Ralamn /7i+1))
X - X (Ry—2(qyj—1/7n) - Ri(qvi—1/vj+2) Ri—1(qvj—1/7j+1))

(Rn-1(qvi/n) - Rjva(avi/viv2) Ri(avi/vj+1))Co,
(2.5.14)

X
X

which follows from Lemma 2.4.5(ii) and the cocycle property of C.
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Let U C T\ Sy be a relatively compact open subset. Choose 11 € A such that
the closure of ¢"U is contained in B., where ¢*U := {¢"v|~v € U}. As meromorphic
Hy-valued function in (¢,7) € B-! x U, we have

\I/(t’ ’Y) = D(e,u) (t’ W)W(t’ qu’}/)
= Y Fi(y)(Talgy))t "’

a,BEQ+

> ( Y. FO) (Fafﬁ(q”v)))t‘“,

a€Qt FEQ+a—FEQs

with the sums converging normally on compacta of B! x U (note that the sums
over 3 are finite). It follows that I',, (o € @4) has a unique Hy-valued meromorphic
extension to 1" which, on U, is given by

To(y)= > Fi)@azsld"y), (2.5.15)
BEQ+:a—PEQ+

such that ¥ on B.! x U admits the power series expansion

U(t,y)= Y Ta()t™,

aEQ 4

which converges normally on compacta of B.! x U. It follows from (2.5.15) and the
previous paragraph that I',, is analyticon 7'\ S O

The arguments from the proof of Lemma 2.5.7, applied to both torus variables of
U (t,7) at the same time, directly lead to the following result.

Proposition 2.5.8. The Hy-valued meromorphic function U(t,~) is analytic at (t,y) €
T\S ' xT\S;.

For specialized spectral parameter, we obtain the following result.

Proposition 2.5.9. Let { € T'\ S;.
(i) The Ho-valued meromorphic function U(t,~) in (t,v) € T x T can be specialized at
v = , giving rise to a meromorphic Hy-valued function W(t,() int € T. It has the power
series expansion

Ut = Y Ta(t™

aEQ4

for t € BZ1, normally converging on compacta of B .
(ii) U (¢, ¢) satisfies the gauged q-difference equations

D()\,e) (ta C)\Il(q_)\tv C) = \Ij(tv C)v VA€ ZN' (2516)
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Proof. (i) Restricting to ¢ € B! for € > 0 small enough, the statement is correct by
Lemma 2.5.7. If ¢/ € T is arbitrary then there exists a A € A such that ¢~*¢' € B_'.
For ¢t € T in a small neighborhood of ¢’ we then have

U(t,7) = Dope) (t, 1) ¥ (g M, 7).

Since Dy ) € (Qo(A) ® B) ® End(H,) by Lemma 2.5.2(ii) the statement now follows
in a small open neighborhood of ¢'.

(ii) Specializing the gauged g¢-difference equations D A,e)(t,y)\lf(q*’\t,fy) = U(t,y)
(A € ZN) to v = ( yields the desired result. O

2.5.5 Evaluation formula

We write (z; q) o= [I,_o(1—q™z) for the g-shifted factorial. Recall the power series
expansion ¥(t,vy) = Za€Q+ To(y)t= for [t*| > 0 (1 < ¢ < N) from Subsection
2.5.4. We call the following result the evaluation formula for the basic asymptotically
free solution ®,, = W,V of BqKZ, since it implies the celebrated evaluation formula

for the Macdonald polynomials (see Subsection 4.5).

Theorem 2.5.10. We have
Lo(7) = K(7)Tw,
with K € M(T) explicitly given by

(avi/v53q)
K = _ % 2517
" 1<i1<_J[<N (ak2%i/7539) o, ( :

Proof. We use the notations of Lemma 2.5.2. Recall that ¥ satisfies the gauged ¢-
difference equations

Ai(t, )W (g™ t,7) = U(t,7)
for 1 < i < N. In view of the proof of Lemma 2.5.2 and Lemma 2.5.7, it reduces in
the limit |[t~*| - 0(1 <i < N) to

,wao(wi)n(TwO on(wi)Tq;Ol)(’Y)Fo (v) =To(v)

for 1 < i < N, as Hyp-valued meromorphic functions in v € T. This forces I'y(7y) =
K(7)n(Tw)e(y) = K()Ty, for some K € M(T); see Lemma 2.4.2.

It remains to show that K is explicitly given by (2.5.17). Write L(v) for the right
hand side of (2.5.17). Then L € M(T) is characterized by the following three prop-
erties:

(i) for some € > 0 we have a power series expansion
L(v) = Z la®
aEQ+

for v € B, converging normally on compacta of B,;
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(ii) lp = 1; and

(iii) L(~) satisfies the ¢-difference equations

1_q7r/'75 . .
D pg®ig) = L(y), 1<j<N.
1T Tk, o ™) = L) j

1<r<j
j+1<s<N

It thus suffices to show that K(v) satisfies the three properties (i)—(iii). It is clear
that K € M(T) satisfies (i); see Subsection 2.5.4. Theorem 2.5.3(ii) implies (ii) for K.
What remains is the verification of the g-difference equations (iii) for K. Using the
notations of Lemma 2.5.2, we write

B = Byl ar g o on1_g € Qo(B) ® End(Hy).

We view BJ(O) () as an End(Hy)-valued meromorphic function in v € T'. Taking the
limit [t7%| — 0 (1 <4 < N) in the gauged g¢-difference equations

Bi(t,M)¥(t,¢%y) =¥(t,y), 1<j<N
and using I'y(y) = K ()T, we obtain
K(q™7) B (7)Twy = K (7)Tu,

for 1 < j < N, as meromorphic Hy-valued functions in v € T'. Writing BJ(O)(fy)Tw . =
> wesy @ (V)T with af, € M(T) it thus suffices to show that

: L —qv/7s (6, 1
a,(N= ] —5F— = ] elew/) (2.5.18)
’ 1<r<j 1- qu’YT/FYS 1<r<j
JHI<SEN JHI<s<N

for 1 < j < N, where the second equality follows from a direct computation using
the explicit expression (2.2.5) of ¢y.
By (2.5.5) we have

B; (ta 7) = kiw’w'j)tw()(wj)c(e,wﬂ (tv 7)
and C. ,)(t,7) is given explicitly by (2.5.14). Since R;(z) = cx(2) "' (n(T3) — k) + 1,
Lemma 2.4.1 and the reduced expression (2.4.8) for ¢ imply that

Bj(t,7)Tw, = k™=@, (n(m)(t)) (D b, (1) T
w<o—J
with < the Bruhat order on Sy and with

btjyfj (’7) = H Cl (q'yr/’ys)_l'

1<r<j
JHI<S<N
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By Lemma 2.4.1 we have
two(wj)CL(n(ﬂ_) (til))ijwO _ tU)O(wj)7w0w71w0(wj)Twow_1o__j.

Hence © ‘
BJ' ('V)Two = k=) Z%(V)Twow‘la‘jv

with the sum running over w € Sy satisfying w < o7 and w(w;) = wo(w;). In
particular, a], (v) = ,If*@ij)bf7 _; (7). This completes the proof of (2.5.18). O

2.5.6 Consistency of the bispectral quantum KZ equations

In this subsection, we show that BqKZ is a consistent system of g-difference equa-
tions, i.e., dimp(SOL) = dimg¢(Hy), by explicitly constructing an F-basis of SOL.
Since the cocycle matrices C(, ,,)(t,7) (A, u € Z") depend rationally on (t,v) € TxT,
the consistency of BqQKZ follows also from the abstract arguments in [14, §5].

We start with a preliminary lemma on the cocycle values C. ., for w € Sy.

Lemma 2.5.11. Let w € Sy. We have C. .,y € Qo(B) ® End(Hy) and

CD () = k™" RT, s, he Hy,
where .
C((E,)w) = C(e’w)|yw1:07m,yaz\171:0 S End(HO).

Proof. Let w = s;,5;, - -- ;. be a reduced expression for w € Sy (1 < i; < N) and
write (3 1= 54, -+ 8;,_,(ay;) € Ry for 1 < j < r, where 3; should be read as a;,. By
Subsection 2.4.2 and the cocycle property, we have

_ _ —1
C(e,w) (ta 7) = CLC(w,e) (Py 17 t I)CL = CL (Rzr (’Yﬁ7) ce Ri2 (762)Rz1 (751 )) CL'

From the expression for R;(z) it now follows that C. ,,) € Qo(B) ® End(H)). Since
lim, o R;(2) = kn(T; ') we furthermore have

C((S,)w) = kie(w)ctn(Tw)CL'
The map C, is the K-linear extension of the anti-algebra involution of Hy mapping
T, to T,,—1. Hence C((S)w)(h) = k~*nT,, .+ for h € H,. O

Define U € End(H,)* := K @ End(H,) by
U(k™" )Ty Tyyr) = 7(e,w) @y,  w € Sy (2.5.19)
Since SOL is Sy-invariant, U is an End(Hj)-valued solution of BgKZ, i.e.

ComENU(@ M q"y) =U(ty),  Apezl

as End(Hy)-valued meromorphic functions in (¢,v) € T x T.
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Lemma 2.5.12. U € End(H,)¥ is invertible.

Proof. Using the natural identification End(Hp)* ~ Endg(H{) as K-algebras, we
need to verify that U € GLk (H{).
Set @, := 7(e,w)®P, and V., := 7(e,w)¥ for w € Sy, so that

2 (t, 7) =W, (ta wil'Y)\I’w (ta 7)

Since C(¢ ) (t,7) is independent of ¢t € T, we simply write it as C. (7). Recall
the W-invariant subset S C T (see (2.4.6)), which contains S . By Lemma 2.4.4 and
Lemma 2.5.7, we have for some € > 0 the power series expansion

Uy(t,7) = Y Clean(N) (Talw 7))t
aEQ+

for (t,7) € B! x T\ S, converging normally on compacta of B7 x T'\ S. We write
T'Y(y) = Cle,w)(7)(Ta(w™1v)) in the remainder of the proof. It is a meromorphic
function in v € T, analytic on T\ S, and the power series expansion of ¥,, becomes

ty)= Y Te(E ™ (2.5.20)
aEQ4
Observe that 0
T§(7) = Cl0) (Tug) = k= Ty, Ty,

in the limit y** — 0 (1 < ¢ < N), in view of the previous lemma.
Write U = VE with V, = the K-linear endomorphisms of H{ given by

Sk~ Ty Ty ) (1,7) = Wit w™ )k~ Ty T,
V (k=T Tyn) = T,

for w € Sy. Since = € GLg (HY) it suffices to show that V € GLg(HY). Let M be the
matrix of V with respect to the K-basis k—“(*)T,, T\, -1 (w € Sx) of H¥. Fix¢ € T\ S
such that (* ¢ R for all &« € R. The matrix M (¢,y) may be specialized at v = ¢ and
the limit of M (t,¢) ast~® — 0 (1 < i < N) exists. We write M(?)(() for the limit and
V©)(¢) for the corresponding linear endomorphism of Hj. We then have

VO (k)T Ty1) = TF(C) = K(w™ ') Ce.u) (O) Ty s

with K (v) given by (2.5.17). Note that K (w=1() # 0 since (* ¢ ¢” for all « € R. By
the explicit expression for the cocycle value Ci. .,)(¢) € End(Hy) (see the proof of
the previous lemma) we have

C(e,w) (C)(Two) = Z w(C)Twoj—‘U 1,

v<w

with a¥(¢) # 0 and with < the Bruhat order on Sy. This implies that V(9 (¢) is a
linear automorphlsm of Hy, hence det(M©(¢)) # 0. Consequently, det(M) € K*
and V € GLg(HY). O
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Proposition 2.5.13. (i) U’ € End(H,)* is an End(H,)-valued meromorphic solution of
BgKZ if and only if U' = UF for some F € End(H,)F.
(ii) U, viewed as K-linear endomorphism of HY, restricts to an F-linear isomorphism

U: Hy — SOL.
(iii) {7 (e, w) Py twesy is an F-basis of SOL.

Proof. (i) If U’ is an End(Hj)-valued meromorphic solution of BqKZ then, since U is
invertible, we have for all \, . € ZV,

U(g M q"y) U (¢t g"y) = U(t,y) U (¢, ).

Hence U’ = UF with F' € End(H,)¥. The converse implication is clear.

(ii) By the previous lemma we have U : Hj — SOL. It is surjective, since for g € SOL,
f:=U"Yg € HY satisfies f(q~*t,q"v) = f(t,7) forall \, u € ZV (cf. the proof of (i)),
hence f € H.

(iii) This is clear from (ii) and from the definition of U. O

By Proposition 2.5.9 and by the proofs of Lemma 2.5.12 and Proposition 2.5.13
we obtain the following consistency statement for the quantum KZ equation (2.4.10)
with specialized central character (see [8] and [10]). Recall the W-invariant subset
S C T given by (2.4.6). Recall furthermore that C(. .,(t,y) for w € Sy only depends
on v, so we simply write it as C'c ., (7).

Corollary 2.5.14. Fix ¢ € T\ S such that (* ¢ q” for all « € R. For generic k € C*,
the Hy-valued meromorphic functions (7(e,w)®,)(t,7) in (t,7) € T x T (w € Sx) can be
specialized at v = ¢, giving rise to

(@) a basis {Ce.)(Q)Pr (-, w1 ) bwesy of SOL¢ over E(T);

(i) an invertible End(Hy)-valued meromorphic solution U, of the quantum KZ equations
(2.4.10), where U € End(H)™M () is explicitly defined by

Ue(k™ ) Ty Tp-1) = Cle o) ()P, w™1C), w € Sh.



Chapter 3

Correspondence of BqKZ with
bispectral problems

3.1 Introduction

Cherednik [7, Theorem 3.4] constructed for arbitrary root systems a correspondence
between solutions of quantum KZ equations and solutions of a system of ¢-difference
equations. In [7, Theorem 4.4], Cherednik made the correspondence precise for GL y.
It yields an explicit map x4 from solutions of the quantum KZ equations qKZ . (with
fixed central character ( € T see (2.4.10)) to solutions of the spectral problem of
Ruijsenaars’ [50] commuting trigonometric g-difference operators with spectral pa-
rameter (! (the Ruijsenaars operators are also frequently referred to as Macdonald-
Ruijsenaars operators). The latter result has been generalized to arbitrary root sys-
tems in [30, Theorem 4.6] and [8]. In the classical setting (¢ = 1) it goes back to Mat-
suo [43]. In this chapter we analyze the map x in the bispectral setting of Chapter
2. It leads to the interpretation of x . as an embedding of the solution space SOL of
BqKZ (see Definition 2.3.7) into the space of meromorphic solutions of a bispectral
problem involving the above Ruijsenaars operators as well as Ruijsenaars operators
acting on the spectral parameter.

In Section 3.2 we introduce the so-called monodromy cocycle which plays a role
in the construction of the correspondence, which will be established in Section 3.3.
The techniques employed there are analogous to the ones for the usual correspon-
dence (see [10, Chapter 1]). For the convenience of the reader we provide full details
of the arguments involved.

In Section 3.4 we apply the correspondence to the self-dual solution ®,; (Defini-
tion 2.5.5) of BqZK to obtain a self-dual solution ®;| of the bispectral problem of the
Ruijsenaars g-difference operators. For reasons which become apparent below, we
call this solution the basic Harish-Chandra series solution of the bispectral problem
of the Ruijsenaars ¢-difference operators.
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Finally, in Section 3.5, we consider BqKZ for specialized v = ¢ € T as in Sub-
section 2.4.4, and in this case reobtain from the bispectral correspondence the (clas-
sical) correspondence between solutions of qKZ and the spectral problem of the
Ruijsenaars operators with spectral parameter (~'. Specialization of ®; leads to a
Harish-Chandra series solution of the Ruijsenaars operators with fixed spectral pa-
rameter. These Harish-Chandra solutions to the spectral problem were investigated
before in, e.g., [16], [17], [31] and [36]. The present approach to Harish-Chandra se-
ries, which uses quantum KZ equations in an essential way, has the advantage that
it leads to new results on the convergence and singularities of the Harish-Chandra
series. These results, together with Cherednik’s recent work [11], form important
building blocks in deriving the c-function expansion of Cherednik’s global (q,t)-
spherical function (see [55]).

The material presented in this chapter coincides with Section 6 of the paper [45].

Convention. Throughout Sections 3.2-3.4, we fix € C*. Furthermore, we use the
notations and conventions of Chapter 2.

3.2 The monodromy cocycle

Recall the End(H)-valued meromorphic solution U of BqQKZ that we constructed in
Subsection 2.5.6. In this section, we will define an auxiliary cocycle 7, (w € W) of
W, which can be thought of as a family of monodromy matrices with respect to the
fundamental solution U, as explained below.
Observe that F € End(H)* is an End(H,)-valued meromorphic solution of
BgKZ if and only if
7(w)F = F, wezZN x VN,

where the W-action 7 on End(H))¥ is defined by

(T(W)F)(t,7) = Cu(t, M) (WF)(t,7) = Cu(t, ) F (W (t,7))

forw € Wand F € End(H,)¥, viewed as identities between End(Hy)-valued mero-
morphic functions in (¢,v) € T' x T

By Proposition 2.5.13(i), given an End(H)-valued meromorphic solution F of
BgKZ, there exists a unique G' € End(H,)¥ such that ' = UG. Accordingly, G
describes the deviation of F' from the fundamental solution U of BqKZ, and therefore
can be thought of as a connection matrix (cf. [15, §12.1]). We will consider the special
cases when the solutions F' are the End(Hj)-valued meromorphic solutions 7(w)U
(w € W) of BgKZ.

For w € W we set

Tw == U (7(w)U) € End(H,)",

that is, 7, (w € W) is the unique element of End(H,)¥ such that

T(W)U = UTy.
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Note that End(H,)F is a W-stable subalgebra of End(Hy)* with respect to the action
(WE)(t,y) = F(w~'(t,7)). The following lemma now shows that the 7, (w € W)
define a cocycle of W with values in the group of units of End(H,)F.

Lemma 3.2.1. () 7y, = id for w € ZV x ZN.
(ii) For w,w’ € W we have the cocycle relation

Torw: = Tww(Tw)
in El’ld.([fo)]F

Proof. (i) This follows immediately from the fact that U is an End(H)-valued mero-
morphic solution of BqKZ.

(ii) Note that 7, = U~'Cyw(U) for w € W. By the cocycle condition for Cy, €
End(H,)¥, which reads in the present notations as Cyy = Cyw(Cly) for w,w’ € W,
we have

Taw = U Cywww' (U) = U Cyw(Corw’ (U))
= U CWuw(U)w(U ' Cyrw/ (U)) = Toew(Tor)
for all w,w’ € W. O

Definition 3.2.2. In analogy with the terminology in [10, §1.3.3] for the quantum KZ
equation, we call {7y }wew the monodromy cocycle of the BqKZ.

Remark 3.2.3. Connection matrices and Riemann-Hilbert problems for ordinary lin-
ear g-difference equations have been studied extensively; see, e.g., [3] and [52]. For
quantum KZ equations, connection matrices have been computed explicitly in, e.g.,
[21], [15, §12], and [31].

3.3 The correspondence

Consider the algebra C(T'xT)#W, where W acts as field automorphisms on C(T'xT")
by the formula (2.3.1). Recall that C(T" x T")#W naturally acts on K. We write D f for
the actionof D € C(T' x T)#Won f € K.

We have a representation 9: C(T x T)#W — End(End(H,)¥) given by

If)F =fF,  feC(TxT),
I(wW)F = w(F), weWw

for F € End(Hp)¥. Let D be the subalgebra C(T x T)#(ZN x ZN) of C(T x T)#W.
Under the natural action of C(T x T)#W on C(T x T'), the subalgebra D identifies
with the algebra of g-difference operators on T’ x T with rational coefficients.

Set H; := Hom(H,,C). We will regard a linear functional x € Hj also as an
element of Homg (H{, K) by K-linear extension. For F' € End(H,)¥, write

¢r ,=x(Fv) €K,  x€Hjve H
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for its matrix coefficients. Note that for any D € C(T x T)#W, x € H§ and v € H,,
D¢t = ¢?tF (3.3.1)
for all F € End(Hy)¥.
Lemma 3.3.1. For w € W we have
W)U = C UTy.
In particular, 9(w)U = C ;U for w € ZN x ZN.
Proof. Forw e W

IW)U = w(U) = C, (r(w)U) = C U T,

w

The second claim follows from the fact that 7, = id for w € ZV x ZN. O

We are now going to look for a particular linear functional x such that the ma-
trix coefficients ¢ , (v € Hy) of U solve a bispectral problem with respect to two
commuting families of Ruijsenaars’ trigonometric ¢-difference operators (one family
acting on the first torus component, the second on the second torus component). In
view of (3.3.1) and the previous lemma, to obtain ¢-difference equations for ¢, , we

have to deal with the cocycle value Cy, and the monodromy matrix 7y, in the equa-

-1
tions wol , = (bff{) YT+ Itis convenient to postpone the analysis of the monodromy

cocycle by initially absorbing it into the action ¥ of C(T' x T)#W via the twisted
algebra homomorphism

97: C(T x T)#W — End(End(H)¥),
defined by

ﬁT(f)F:fFa fE(C(TXT),
Ir(wW)F = w(F)T, wew

for F € End(H,)¥. Note that 9 is indeed an algebra homomorphism, thanks to the
cocycle condition for 7. Moreover, ¥7|p = V|p.
For D € C(T x T)#W we will occasionally use the notations

D=> dyw= Y Dy, (3.3.2)

weWw vESN

where d,, € C(T'x T) (w € W)and Dy = ) s~y znv duwt € D (v € Sy). Reformu-
lating (3.3.1) and Lemma 3.3.1 in terms of the twisted action ¥ yields the following
result.
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Lemma 3.3.2. (i) For w € W we have
Ir(w)U = CZ'U.

(ii) For D € C(T x T)#W we have

g2V = 3™ D (g% Y

vESN
forall x € H§ and v € H,.

Proof. (i) This is clear from Lemma 3.3.1 and the definition of J7.
(if) By Lemma 3.3.1 and (3.3.1), we obtain

¢197(D Z (bz’(l?v)ﬂT(V)U — Z Dv(¢zz(V)U)~

vESN vESN
The result now follows from (i). O

We define the restriction map Res: C(T' x T)#W — D to be the C(T" x T)-linear
map
Res(D Z Dy, D eD.
VESN
Lemma 3.3.1(ii) implies that if we have a linear functional x; € Hj that satisfies
X+(C7U) = x4 (U) for all v € Sy, then the corresponding matrix coefficients ¢¢, ,
(v € Hy) satisfy
Res(D)(¢Y, ) = ¢27 PV (3.3.3)

X4 5V

forall D € C(T x T)#W.
Lemma 3.3.3. Define x+ € Hg by x4 (Ty) = k'™ for all w € Sy. Then

X+ (CTHF) = x4 (F)
for F € End(Hy)¥ and v € Sy.

Proof. Since C,(T,) = T,-1 for w € Sy, we have x4 o C, = x4. By the cocycle
condition for Cy, (w € Sy) it remains to prove that x ; o C(,, o) = x4 for 1 <i < N.
But this follows from the expression C(s, ¢)(t,7) = cx(ti/tiv1) " (n(T;) — k) + 1 (see
Lemma 2.4.3), since

X+((T; = k)h) =0 (3.3.4)

for1<i< Nandh € Hy. O

If D € C(T x T)#W satisfies 197( YU = AU for some A € K, then it follows from
(3.3.3) that the matrix coefficients ¢ . v (v € Hy) are eigenfunctions of Res(D) with
eigenvalue A\. We will now construct such a commuting family of D’s. It leads to the
interpretation of the ¢, ., (v € Hy) as solutions of a bispectral problem.
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The appropriate elements D € C(T' x T')#W are obtained as images of elements
from the center Z(H) of the affine Hecke algebra H under the faithful algebra ho-
momorphism p from Theorem 2.2.4. Since we aim at a bispectral version, we will
interpret p as algebra map p : H — C(T" x T')#W in two different ways. We have, on
the one hand, the algebra homomorphism

P g: HETY) = C(T x T)#W,

which is the map pj-1 , from Theorem 2.2.4, interpreted as algebra homomorphism
from H (k™) to the subalgebra C(T x {1})#(W x {e}) of C(T x T)#W. On the other
hand, we have an algebra homomorphism

pY vt H(k) = C(T x T)#W,

defined as the map pj, ,—: from Theorem 2.2.4, interpreted as algebra homomorphism
from H (k) to the subalgebra C({1} x T')#({e} x W) of C(T x T)#W. Note that they
can be combined into an algebra homomorphism

Pt g X P g1t H(E™Y) @ H(k) = C(T x T)#W.
Definition 3.3.4. (i) For h € H(k™'), define
7= s, (h) € C(T x T)#W.
(ii) For h € H(k), define
Dy, = pj -1 (h) € C(T' x T)#W.

Remark 3.3.5. Let°: H(k™') — H(k) be the algebra isomorphism defined by 7° = 7
and TP = T, ! for 1 <i < N. Then

Dj, = 1D, Vhe H(k™Y). (3.3.5)
This follows by verifying the identity
g () = s (e
for the algebraic generators m and 7; (1 < i < N) of H(k™') using Theorem 2.2.4.

Recall the generic principal series representation, encoded by the algebra homo-
morphism 7: H(k) — End(H)* (see Subsection 2.4.1).

Proposition 3.3.6. (i) For h € H (k™) we have
97 (DU = n(hhU, (33.6)
where t: H(k=1) — H (k) is the unique anti-algebra isomorphism satisfying

Tj = T[l, at =gt
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for1 <i<N.
(ii) For h € H (k) we have

7 (DY)U = C,u(n(h*))C,U, (3.3.7)
where {: H(k) — H(k) is the unique anti-algebra involution satisfying

T = T; at=gn"1

for1 <4 < N (note that t =1 0°).

Proof. (i) We first show that it suffices to prove (3.3.6) for algebraic generators of
H(k™1). Indeed, if (3.3.6) is valid for h, h’ € H(k™!), then we have

O7(Dipp)U = 97(DR)IT (D )U = d7 (D )n(h'U
= (k)07 (Di)U = n(h'Mn(hh)U
= n((hh")")U,

where the third equality follows since [97(D%),n(h'T)] = 0 as endomorphisms of
Endk (H{) (here n(h'") should be viewed as element in End (End(H,)*) by left mul-
tiplication). Indeed, since n(h'T)(t, ) does not depend on the torus parameter t € T,
it commutes with 97 (D%) € 97 (C(T x {1})#(W x {e})) (which involves, besides
the action of W x {e}, only right multiplication by the monodromy cocycle).

So it remains to verify (3.3.6) for h = 7 € H(k™') and for h = T; € H(k™!)
(1<i< N).Forh=me€ H(k™') we have

I7(D)U = d7((m,e))U = C,!, U = n(x")U,

where the last equality follows from (2.4.5). Forh = T; € H(k™') (1 < i < N), we
have

ﬁT(D%)U = (]4?_1 — cp(@iv1/2:))U + cp(@ipr/zi)07((84,€))U
= (k_l — ck(xi+1/xi)U + ck(xi‘Fl/Ii)C(_s:,e)U
= 77(TiT)U’

where we used that ¢;-1(27!) = ¢;(2) in the first equality, while the second equality
follows from Lemma 3.3.2(i) and the third equality from Lemma 2.4.3.
(if) Unfortunately it is not possible to derive (ii) directly from (i) and from (3.3.5).
Instead, one has to repeat the steps of the proof of (i). It again amounts to verifying
(83.7)forh =7m € H(k)and for h = T; € H(k) (1 < i < N). We show the second
case, the first case is left to the reader.

Let1 < ¢ < N. Then we have for T; € H(k),

V7 (D7)U = (k — cr(yi/Yir1)U + ek (yi/yir1)07((e, 5:))U

3.3.8
= (k= eulysfver U + s/ O U 038
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Since
C(e,si) = CLL(C(Si,e) )CL

by the cocycle condition (recall Remark 2.3.5) and since C? = id and C{, .)(t,7) ' =
Cls,,e)(sit,7), Lemma 2.4.3 implies that

Cichy = cklwi/yir) " (Cu(n(Ty))C, — k) + 1.

Substituting in (3.3.8) gives V7 (D7, )U = CLL(n(Tii))C’LU, as desired. O

The following lemma plays an important role in the bispectral version of the
correspondence. Recall that the center Z(H) of the affine Hecke algebra H is given
by Cy [T]°~ (Bernstein, see [38]).

Lemma 3.3.7. For p € C[T]°~ we have
P =p(y™h),  p(YV) =p¥ ).

Proof. By (2.2.4) it immediately follows that YiT =Y, ! for 1 <i < N. This implies
the first formula.
For the second formula, it suffices to show that

yjii =T Yt i1 Tl (3.3.9)
in H(k) for 1 <i < N, since we then have, for p € C[T]°~,
(V) =Tup(Yy s YT DTt = Tuop(Y T, = p(Y ),

where the last equality follows from the fact that p(Y =1) € Z(H (k)). To prove (3.3.9),
note that TwOTf1 = TJQLTwO, and Y;11 = TleZ-T;1 by (2.2.4), for 1 <4 < N. Hence
(3.3.9) holds for Yy, if it is true for Y;. It thus remains to prove (3.3.9) for i = 1.
We will use the following observation. Write o; = s;s;41---sy-1 (1 <4 < N)and
Tj = 85---sn—2 (1 < j < N — 1), which are reduced expressions in Sy. Then the
longest Weyl group element wy € Sy can be written as

Wg =O0ON-10N-2"""01 (3.3.10)
=01 (TN_2TN-3 """ T1), o

and /(wy) is the sum of the lengths of the factors in the respective products in (3.3.10).
By (2.2.4), formula (3.3.9) for ¢ = 1 will be valid if

T, =Ty,n T, T} (3.3.11)

o1twg
in H(k). By the first expression in (3.3.10) and the fact that 777,17 = T} for 1 <
i < N —1,wehavein H(k),

—1 -1 _ ,_ —1p—1p—1 -1 _ m—=1p-1 -1 -1
O, Tyt = T T =T T e

01" wq ON-—1



§3.3. The correspondence 63

so that (3.3.11) will follow from
T, =T, T T T}

Wo ~ 711 T2 TN —2
in H(k). But this is a direct consequence of the second expression of wy in (3.3.10).
O

Corollary 3.3.8. For p € C[T]°~, we have p(Y)° = p(Y'), where °: H(k™') — H(k) is
the algebra isomorphism defined in Remark 3.3.5.

Proof. This follows from the previous lemma and the fact that t = o °. O

Definition 3.3.9. (i) Define
Ly :=Res(Dyy) €D, p € C[T)¥,
where p(Y) is the corresponding element in Cy-[T]°~ = Z(H (k™ 1)).

(ii) Define

LY = Res(Dg(Y)) eD, p € C[T)~,

where p(Y) is the corresponding element in Z(H (k)).

By Corollary 3.3.8 and (3.3.5) we have
z SN
LY =Ly, Vp e C[T]°N.

Furthermore, it is well-known (see [10] and [42]) that the LY € C(T x {1})#(Z" x
{e}) C D are pairwise commuting and Sy x Sy-invariant,

WLZVVilZLg7 Vwe Sy x Sy.
Similarly, the LY = 1L¥1 € C({1} x T)#({e} x Z") C D are pairwise commuting and
Sy x Sy-invariant. Clearly also [Lf, LY,] = 0 for all p, p’ € C[T]*N in .
For the elementary symmetric functions e; € C[T] SN (1<i<N) given by

ei(t) = Z Htj,

1c{1,...,N} jeI
H#I1=i

the corresponding LZ , viewed as elements in
C(T)#,2" = C(T x {IH#(ZY x {e}) C D,
are explicitly given by

ka, — ka,
=3 |T] % Y eCM#,ZY,  1<i<N; (33.12)
1C{1,...,N} oS rel

rel

H#I1=i sg1

see, e.g., [10, §1.3.5] and [32]. Hence, the L{. (1 < i < N) are, under their natural

interpretation as g-difference operators on M(T'), Ruijsenaars’ commuting, trigono-
metric ¢-difference operators from [50].
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Definition 3.3.10. Consider the bispectral problem

(LEf)(t,y) =p(y " f(tv),  VpeCT]Y,
(LYF)(t, ) = p(t)f(t,7),  VpeC[T]™

for f € K, where the equations (3.3.13) are viewed as identities between meromor-
phic functions in (¢,7y) € T x T. We write BiSP C K for the set of solutions f € K of
(3.3.13).

(3.3.13)

Remark 3.3.11. The bispectral problem for ordinary linear differential operators was
introduced by Duistermaat and Griinbaum in [13]. Many different types of bispectral
problems have since been considered. In particular, in [22] the bispectral problem for
ordinary linear second-order g-difference operators is investigated. For N = 2, our
bispectral problem belongs to this class.

The preceding remarks on the invariance properties of the L; and the L (p €
C[T)5~) directly give

Lemma 3.3.12. BiSP is an Sy-invariant F-subspace of K with respect to the usual Sy-
action (wf)(t,) = F(w=1(t,)) on f € K.

We can now prove the following bispectral version of the correspondence be-
tween solutions of the quantum KZ equations and the spectral problem of the L7

(p € C[T]*).

Theorem 3.3.13. The linear functional x+ € H{ (see Lemma 3.3.3) defines a S y-equivariant
F-linear map
X+ : SOL — BiSP.

Proof. The K-linear extended linear functional x; defines an Sy-equivariant, F-linear
map x;+ : HY — K, since Lemma 3.3.3 implies that x (7(w)f) = w(x4 f) forw € Sy
and f € HE. Hence x restricts to an Sy-equivariant, F-linear map x4 : SOL — K.

It remains to show that x4 (f) € BiSP if f € SOL. Let f € SOL. By Proposition
2.5.13 and F-linearity, it suffices only to consider f of the form f = Uw for v € H.
Then x (f) = x4+ (Uv) = ¢V . For p € C[T]°~ we have

X+,0"

N - 97 (D)) U
(Lzo¥, o) (t7) = (Res(DEy (@Y, 1)) (£:7) = i * (17)
_ mp)Hu _ —1\ U
- ;]((f,(v " (t77) - p(/y ) X+,v(t37)

as meromorphic functions in (¢t,7) € T x T, where the last equality follows from
Lemma 3.3.7, (2.4.3) and the fact p € C[T]°~. Similarly,

97 (DY ) U
(Lg )[{4.,1)) (tv'Y) = (Res(Dg(Y))( )Ii.,_,v)) (ta 7) = ¢X+:U o

L i L —_
= ¢ eIINCY (¢ y) = p(t)oY, ,(t,7)

as meromorphic functions in (t,7) € T x T, hence f = ¢{, ,, € BiSP. O

(t,7)
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3.4 Bispectral Harish-Chandra series

Definition 3.4.1. We call ®} := x,(®,) € BiSP the basic Harish-Chandra series
solution of the bispectral problem.

Corollary 3.4.2. The solution ®;> € BiSP of the bispectral problem is selfdual, i.e.,

Of(t,y) =@ (vt

K
as meromorphic functions in (t,v) € T x T.

Proof. By Theorem 2.5.6, we have

L (t,7) = x+(C.@e(y~1,t71)).
But x4+ C, = x4, hence the result. O

Remark 3.4.3. In[18], for special values of k, the function ®;! is constructed as formal
power series in terms of generalized characters of Verma modules over the quantum
group Uy (sly) (see also [16], [17]). The quantum group approach also leads to the
self-duality of ®;; see [18, Theorem 5.6] (see [17]).

Note that & = W, ¥T with U+ =y, (¥). For a € Q set

i) = x+Ta(v))

as meromorphic function in v € 7. By Lemma 2.5.7 and Theorem 2.5.10, '} is
analyticat 7\ S4 and

I () = kG K ()
with K given by (2.5.17). Recall that the solution space BiSP of the bispectral problem
is Sy-stable. In particular, we have solutions @}, € BiSP given by

of(t,y) = 0L (t,w ™). (3:4.1)

These are solutions of the bispectral problem which are asymptotically free in the
asymptotic sector {t € T'||t*| > 0 V1 < ¢ < N} in the following sense: by Lemma
2.5.7 we have ®f (t,7) = W, (t,w™1y)UL(t, ) with U (¢,7) == UF(t,w 1y) admit-

ting, for ¢ > 0 sufficiently small, the power series expansion

Uh(ty) = Y Thw 'yt (34.2)
aeQy

for (t,v) € B7! x T\ w(8;), converging normally in compacta of B! x T\ w(S4).

Proposition 3.4.4. The set of asymptotic solutions {®}},ecs, C BiSP of the bispectral
problem is F-linearly independent.
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Proof. Suppose that
D awt, )5t ) =0

wESN

as meromorphic functions in (¢,v) € T x T with coefficients a,, € F (w € Sy).
Replacing t by ¢~t (m € N) and using (2.5.5) we obtain

> kO ymmewo@g, (1 )W (8w ) T (gt y) = 0 (34.3)

weSN

as meromorphic functions in (¢,v) € T'x T Fix u € Sy. We are going to derive from
(3.4.3) that a,, = 0. For this we will use the fact that for w # v,

lim Cm(uwo(S)fwwo(S)) — lim (wou&C)m(‘;’“’O“*lwwO(‘s)) -0 (344)

m—r oo m—00

if ¢ € uwo(B1).

Recall the W-invariant subset S C T (see (2.4.6)), which contains S_.. For generic
¢ € T (concretely, ¢ € S, and ay,(t,) and W, (¢, w™'v) specializable at v = ¢ for all
w € Sy), it follows from Proposition 2.5.9 and (3.4.3) that, for all m € N,

> grlemo@mwwo@g, (1 Wt w ' Q)T (g™ () =0 (345)
wESN

as meromorphic function in ¢ € T. Using (3.4.4) and the power series expansion
(3.4.2), the limit m — oo of (3.4.5) yields, for generic { € uwy(B1),

au(t, YWt u™ QT (u™'¢) =0
as meromorphic function in ¢ € T'. This implies a,, = 0, as desired. O
Corollary 3.4.5. The map x4 : SOL — BiSP is injective.

Proof. Note that x4 (7(e,w)®,) = ®F (w € Sy). The statement follows now directly
from Proposition 3.4.4 and Proposition 2.5.13. O

3.5 Specialized central character and
Harish-Chandra series

We write
SP = {f € M(T) | Lyf =p(C)f ¥p e ClTI™}
for the spectral problem of the Ruijsenaars ¢-difference operators with fixed spectral
parameter ¢ € T. Note that SP, C Héw (T) i Sy-stable, with Sy-action on Héw ()
given by (wf)(t) = f(w='t) for f € HI'™ and w € Sy.
By [14, Proposition 5.2], the quantum KZ equations (2.4.10) are consistent for all
values ¢ € T of the central character. The arguments from Subsection 3.3, applied
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to the quantum KZ equations (2.4.10) for fixed ¢ and with the role of U taken over
by an invertible matrix solution U¢ of (2.4.10), result in the following special case
of the Cherednik-Matsuo correspondence from [7, 8] (concretely, in the notations
of [8], take the principal series module V' = M, in [8, Theorem 4.2] and let 7 be
the projection from M¢, along the direct sum decomposition of M. in Hy-isotypical
components, onto the trivial component).

Proposition 3.5.1. Let ¢ € T. Then x. defines an E(T)-linear Sn-equivariant map
X+ SOLC — SPC

For a further analysis of the map x : SOL; — SP, we refer to [8] and [10, §1.3.4].

Harish-Chandra type series solutions of the spectral problem of the Ruijsenaars
g-difference operators Ly (p € C[T] Sn) with fixed spectral parameter ( € T were
studied in, e.g., [16] and [31] (see also [36] for arbitrary root systems). The results
of the previous section allow us to reobtain these solutions by specialization of the
basic Harish-Chandra series ®;;. It leads to new results on the convergence and
singularities of these solutions, which we state now explicitly.

By Subsection 2.5.4, for generic k € C* the basic Harish-Chandra series ®; (¢, )
is specializable at v = ( when ¢ € T \ S;. Concretely, for ¢ € T\ Sy and generic
k € C*, we can write

(I): (t, Q) = Wil(t, C)\I}""(L Q)

as meromorphic function in ¢ € T, where U = x (0) (see Section 3.4). Due to the
results in Subsection 2.5.4 (see Proposition 2.5.8) we obtain the following result.

Corollary 3.5.2. For ¢ € T'\ S, the meromorphic function W™ (¢t,() in t € T is analytic
atte T\ S,

Let ( € T\ S, where S C T is the W-invariant set (2.4.6). For k € C* such that
W, (t,w™'v) may be specialized at v = ( for all w € Sy, the asymptotic solutions
o f(t,v) (w € Sn) of the bispectral problem (see (3.4.1)) may thus be specialized at
v = (, giving rise to solutions @ (-;¢) € SP; (w € Sy); see Corollary 2.5.14 and
Proposition 3.5.1. Observe that for € > 0 sufficiently small,

O (t,0) = Wi(t,w™¢) Y ThHw ¢t
a€Q4

fort € B. !, with normal convergence of the power series on compacta of B *. Since
¢ ¢ S we furthermore have

(w0 = kG K@w™¢) #0,
with K given by (2.5.17).

Definition 3.5.3. Let ¢ € T'\ S. The 1 (+;¢) € SP; (w € Sy) are the Harish-Chandra
series solutions of the spectral problem LZ f = p(¢™') f (p € C[T]] SN,
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Remark 3.5.4. In [16] (and [36]) the Harish-Chandra series are investigated as for-
mal power series solutions to the spectral problem of the Ruijsenaars operators. The
advantage of the present approach is the fact that it implies the convergence of the
formal power series, basically as a consequence of a general statement about conver-
gence of formal power series solutions of holonomic systems of g-difference equa-
tions (see the appendix). Chalykh’s [5] Baker-Akhiezer functions arise as Harish-
Chandra series solutions for special values of k; see [36, §4.4]. In [31], the Harish-
Chandra series solutions of the Ruijsenaars operators are constructed as matrix co-
efficients of products of vertex operators. By this approach, one obtains an explicit
integral representation of the Harish-Chandra series.

Remark 3.5.5. Observe that

+ A.—6
(¢ k™°) N

lim =1t Y = kGCIK (), (3.5.1)

Den W, (t,q*k=9)

with A = oo meaning A; — A;y1 — oo forall1 < i < N. Thus, K (see (2.5.17)) is a
normalized limit of the asymptotic solutions ®;7(-,¢*k~°) € SP,x;-s. The solution
space SP ;-5 contains the symmetric Macdonald polynomial of degree A € A. It
turns out though that ®; (-, ¢* k%) is not a multiple of the Macdonald polynomial of
degree \ € A, but @} (-, ¢*°Nk?) is (this will become apparent in the next section).
On the other hand, the leading coefficient K (see (2.5.17)) also naturally appears
as a normalized limit of the Macdonald polynomial when the degree A € A of the
polynomial tends to infinity; see [11, Lemma 4.3] (this limit was proven in [51] in the
L2-sense).



Chapter 4

Polynomial solutions of
quantum KZ equations and
Macdonald polynomials

4.1 Introduction

In view of Proposition 2.4.9, the cocycle matrices corresponding to the dual quan-
tum KZ equations of the bispectral quantum KZ equations can be viewed as shift
operators, mapping solutions of gKZ,. (for fixed central character ¢ € T’ see (2.4.10))
to solutions of gKZ, where (' € T'is a certain shift of . In this chapter we use this
fact to create Laurent polynomial solutions of quantum KZ equations, starting from
a constant solution of the quantum KZ equations. Exploiting the correspondence
with the spectral problem of the Ruijsenaars ¢-difference operators (see Proposition
3.5.1), this leads to a new construction of the symmetric self-dual Macdonald poly-
nomials. From the opposite perspective, we could say that we have found analogs of
the symmetric Macdonald polynomials as solutions of quantum KZ equations. Any-
way, together with the results from the previous chapters, these observations yield a
new approach to the well-known duality and evaluation formulas for the symmetric
Macdonald polynomials ([41, Chapter VI]).

Let us give a detailed description of the contents of this chapter. In Section 4.2,
we start with constructing a constant solution of the quantum KZ equations. From
this constant solution we obtain Laurent polynomial solutions Q) (with A running
over A C Z"; see (2.5.13)) by means of the cocycle matrices of the dual quantum KZ
equations.

In Section 4.3, we prove that the @, satisfy a certain duality property between
A € A and specific points of evaluation. The Laurent polynomial @) can be related
to the basic asymptotic solution ®,, of BJKZ (see Subsection 2.5.2) and this happens
in Section 4.4.

69
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In the final section, we use the correspondence (Proposition 3.5.1) between the
quantum KZ equations and the spectral problem of the Ruijsenaars g-difference op-
erators to derive from @) a symmetric self-dual Laurent polynomial eigenfunction
of the Ruijsenaars operators, which we prove to be the normalized symmetric Mac-
donald polynomial of degree A\. We reobtain the well-known duality and evaluation
formulas for the Macdonald polynomials as consequences of the properties of the
Laurent polynomials Q.

This chapter agrees with Section 7 of [45].

Convention

We adopt the notations from the previous chapters. In particular, we still have fixed
0 < ¢ < 1. For various reasons, which we address specifically when appropriate,
we need to impose some generic conditions on the Hecke algebra parameter k. Con-

cretely, we assume throughout this chapter that £ € C* satisfies
k¥ & ¢*, V1<j<N,

. ¢ ‘ == (4.1.1)

kOmimw(@)) o of V1<j<N,Vwe Sy : w(w;) # w;.

4.2 Constructing polynomial solutions of qKZ

We are going to use a special case of Proposition 2.4.9 to create Sy-invariant (with
respect to the Sy-action ¢ on SOL;; see (2.4.11)) polynomial solutions of the quantum
KZ equations.

Lemma4.2.1. Let A € A. The possible poles of the C[T|®End(Hy)-valued rational function

v Clemny (56™7) = Cleny (7)1

invy € Tareat v~ € k?q~" for some o € R*. The possible poles of
7= Clen (57)
are at v~ € k=2q~ N for some o € R*.

Proof. Since R;(z) has only a (simple) pole at z = k™2, this follows from (2.5.14) and
the cocycle property of C; see Lemma 2.5.7. O

Since k satisfies k% ¢ ¢” for 1 < j < N by (4.1.1), the spectrum of n,x;-s (Cy [T])
is simple and the &,,(¢*k~?) (w € Sx) form a C-basis of Hy for all A € A. Further-
more, for such k we have that v — C, »)(+,7)*" is regular at v = k= for all A € A;
see Lemma 4.2.1. The additional conditions on & in (4.1.1) will play a role in Section
4.4 and Section 4.5.

Proposition 2.4.9 now immediately implies the following result.
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Corollary 4.2.2. Let A € A. Then f — C’(e,,\)(-,k"s)*lf defines an Sy-equivariant
isomorphism SOLy—s — SOLxj-s.

The special interest in the quantum KZ equations for the particular central char-
acters v = ¢*k~° (A € A) comes from the fact that it admits Sy-invariant polynomial
solutions. The key step in deriving this result is the following lemma.

Lemma 4.2.3. The element vy := Y, o k)T, € Hy is a constant Sy-invariant
solution of the quantum KZ equation with central character k—°. In other words,

CF (g =vy,  YAez.

Proof. Note that R;(z)vy = vy,soby Lemma 2.4.1 and Lemma 2.4.5(ii), forany ¢ € T,

i (w) ~w ™ twooo; o w) rw Lo
Czcvi(t)er :77{(71—) Uy = Z kﬁ( )C 0 lTaiw: Z ke( )< LTw‘

weSN weSN

Then use /(o™ w) — £(w) = (§,w™ ;) for 1 < i < N (for the proof of this formula, it
suffices to prove it for i = 1. In that case, look at the positive roots that are mapped
to negative roots by o~ 1w). It implies that

CS, (v = D KR =T,

wESN

In particular, C’f;:é (t)vy = vy for all i. Note, furthermore, that R;(z)vs+ = v implies
that ¢(s;)vy = Csﬁ_é(t)v+ =g forall 1 <14 < N (with ¢ given by (2.4.11)). Hence,
v4 € SOLj -5 is Sy-invariant. O

Proposition 4.2.4. For \ € A, the nonzero Sy-invariant solution
Qx = Clen)(k7°) vy € SOLpag-s

of the quantum KZ equation is an Hy-valued Laurent polynomial on T satisfying

Q)= > KoM, (4.2.1)

acQy
with K, (\) € Hy (all but finitely many terms zero).

Proof. Note that Corollary 4.2.2 and Lemma 4.2.3 imply that 0 # @ € SOL»j-s and
that Q) is Sy-invariant. The triangularity property (4.2.1) follows from the cocycle
property, (2.5.14), the explicit form of the R;(z) and the fact that

T](Tr)(til)ii w = tw71WiT0*iw7 w € SN7

which is a direct consequence of Lemma 2.4.1. O
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4.3 Duality

Lemma 4.3.1. For A € A, we have Qy (k%) = v,
Proof. Since vy € SOL;-s and C,v; = vy, we obtain
QA(k°) = Clemny (K, k™ 0)vy
= C.C(re) (K B0 Coy = vy,
for A € A. O

The polynomial solutions @ of the quantum KZ equations are self-dual in the
following sense.

Proposition 4.3.2. For \, u € A, we have
O(g7"K’) = CQu(a™K?).
Proof. For A, n € A we have, using vy € SOL,-s and the previous lemma,
QA(G"E) = Ce,—x)(a "k, ¢ k™% )vy
= Cle-n) (@ "k, k™) C ey (47K k0o (4.3.1)
= C(—u,—k)(qiukév q)\kié)er‘

Since C(_,,—\) (¢ "k°, ¢ k%) = C.Cx (¢ K, ¢"k~°)C, and Covy = vy, we
conclude from (4.3.1) that Qx (¢ #k°) = C,Q,.(¢~ k). O

4.4 Relation to the basic asymptotically free solution

In this section, we relate the polynomial solutions @5 (A € A) of the quantum KZ
equations to the basic asymptotic solution ®,.. Some care is needed though: it is not
possible to specialize all the asymptotic solutions C(c ) (t,7)®x(t,w™ ) (w € Sy)
toy = ¢*k=% (A € A) since ¢*k? € S; see Corollary 2.5.14. We shall see that
Clewo) (t,7)®x(t, woy) can be specialized at v = ¢*k~°, which is sufficient for our
purposes.

Lemma 4.4.1. Let A\ € A. There exists a unique =) € SOLx-s such that, for e > 0
sufficiently small, we have an Ho-valued power series expansion

Ext) = ) To(r

aeQt

converging normally on compacta of BZ' and with leading coefficient

f0()‘) = Ng k-9 (Two)§w0 (qu—z;).



§4.4. Relation to the basic asymptotically free solution 73

Proof. Consider the gauged quantum KZ equations for 1 <i < N,
A,(0E(g ™) =2(t), EeH M), (4.4.1)

with cocycle matrices Zl(t) = q_(’\’w”C(wi,e)(t,qu_‘s). Note that EN(t) = id; see
Lemma 2.5.2. Observe that = is a solution of the holonomic system (4.4.1) of ¢-
difference equations if and only if 2*Z € SOL,x;-s. By Corollary 2.4.6, we have
Ai S Q()(A) &® End(Ho) and

AEO) _ q7</\’w'i>k<6’wi>77qkk*5 (TwOYWO(Wi)Tgl). (4.4.2)

0

The XEO) (1 <4 < N) are semisimple endomorphisms of Hj. A basis of simultaneous
eigenvectors of Hy is given by 7, ;s (T, )éw (¢ k~°) (w € Sy). In fact,

A (g5 (T ) (05 7%)) = Y i o (T Eur (k0
foralll <: < N and w € Sy with

Aw ™ wo (i) —ws) k<57wz‘—uflwo(wi)> :

Yw,i = 4

see (2.5.10). Note, in particular, that v,,; € ¢ " forallw € Sy andall1 <i < N
by the generic conditions (4.1.1) on k, and that v,,; = 1 forall 1 < < N. Hence,
Theorem A.6 in the appendix, applied to (4.4.1) by taking M = N — 1, ¢; = q and
variables z; = 2~ (1 < i < N) shows that there exists a unique = € M(T) @ H,
satisfying (4.4.1) and admitting an Hy-valued power series expansion

E(t)= > Ta(Mt™®

aceQt

converging normally on compacta of B! for some ¢ > 0 small enough, and hav-
ing as leading coefficient Io(A) = nyx -5 (T )&w, (¢*k~°). This directly implies the
lemma. O

Recall that the cocycle values C(. ., (t,7) (w € Sy) are independent of t € T'. We
suppress ¢t from the notation and simply write C(c (7). Recall that C(. ., (7) for
w € Sy is an End(Hy)-valued regular functioniny € 7.

Theorem 4.4.2. Fix A € A. For x & ¢7, the basic asymptotic solution ®,(t,~) of BgKZ
can be specialized at v = q“°MNk®, giving rise to an Ho-valued meromorphic function
D, (t,q o NEd) int € T. Then

QA(t) = 75Cle o) (k0D (t, ¢V E) (4.4.3)
with

N (j—i+1).
SIS ) QR uAEL (44.4)

1<i<j<N (B20=05q)
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Proof. We first show that both @) and the right-hand side of (4.4.3) are nonzero scalar
multiples of Z,.
We start with the right-hand side of (4.4.3). Since ® is Sy-stable, we have

Dy, = T(e, wo)®P,, € SOL.
Concretely, it is given by

Doy (£:7) = Cleswn) (N Pu(t, wo (7)) = Wi(t, wo (7)) Clewo) (M)W (¢ wo(7))-

Since wo(q*k™%) = ¢we Wk’ ¢ S, by (4.1.1), we may, in view of Proposition 2.5.9,
specialize @, (t,7) aty = ¢*k~, obtaining @, (-,¢*k %) € SOL ;5. By (2.5.3) we
have

W (t, wo (k%)) = KON ()N, (4.4.5)

hence by Proposition 2.5.9,
Doy (1,5 °) = KOVO(r)™N D T
a€Qy

with T = Cle 0) (k%) Ta (g™ k). From the definitions of C(c,yy,), duw, 17 and
&w, (see Subsections 2.2.3,2.3.1 and 2.4.1) we have

O(e,wo) ('Y)Two = dwo (7_1 ) _177(Two )fwo (7)

= ( H m) n(Tw0>€wo(7)

a€Rt

(4.4.6)

as Hy-valued regular functions in v € 7. By Theorem 2.5.10, the leading coefficient
'y thus simplifies to

L5 = K" ™ME)Cre ) (@ k)T
= K (" ™k )duy (47 k) " s (T ) (65 70),
where K is given by (2.5.17). Combined with the previous lemma, we conclude that
Dy, (8, k0) = EONO() TN K (g VK ), (¢ ) TIEN(®). (44.7)

In view of (4.1.1), ®,,, (¢, ¢*k~?) thus is a nonzero constant multiple of =, (¢).

Next, we consider 0 # Q) € SOLjr;-s. By Lemma 4.4.1 and (4.2.1), it suffices
to note that Ko()\) is a constant multiple of 1,xj—s (Lo, )éw, (¢*k°), which follows
directly from the fact that Ky()\) € H, satisfies

ADEG(\) = Ko(\), VI<i<N,

where le is given by (4.4.2); see the proof Lemma of 4.4.1. Thus, @ (t) is a nonzero
constant multiple of = (), and we conclude that

Qx(t) = 75 (AN) Py, (¢, qu_6)7
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for some r, () € C*. We first show that r,()) is independent of X € A.
For w € Sy, we write C(y . (t) for the y-independent value C(,, ) (t,7) of the
cocycle. Let A, 4 € A. By the Sy-invariance of @), we then have, on the one hand,

QG E) = Clug,e) (a#E)Qr(q~ ™MW E™?)
::TH(A)C%woﬁ)(q_“kﬁ)ckemm)(qu_é)én(q_UM(u)k_éaqum(k)ké)
= 7N Clag o) (4K, P E0) D (g0 W0 guo VR0,

On the other hand, using the self-duality of @, (see Proposition 4.3.2) and of ®,; (see
Theorem 2.5.6),

(@) = CQu(a k") = CCluy o) (47 k) Qula ™Mk ™)
= 7 (1)C.Clug,e) (4 K)o ) (@"F )P (q* N k™0 g0 W E?)
T (1) CoClawg ) (@K, gk ™0) @, (0N =0, g0 2
P (1)C g o) (4K, k) O o (g oV E0, g0 W k)
P (1) Clang o) (@K, @k 70) @y (q 0 WE, g0V ED).

We conclude that r,,(\) = 7. (1) if Q1 (¢ #k%) # 0. In particular, since Q (k%) = vy #
0, we have r,(A) = 7,(0) forall A € A.

It remains to compute 7, := r,(0). Using the fact that C. ,)(7) = C.R;(v~%*)C,,
with R;(2) = cx(2) X (n(T;7 ") — k™) +1for1 < i < N,as well as that C, (T, ", T\y,) =

?

Tyow-1 for all w € Sn, we get Cewy) (M) Twy = D wcwy €w (V) Twew-1 as Ho-valued
regular function in y € T with e,, € C[T] and with

ewr () = [ e~

BERT
Taking the T¢-coefficient in the expansion of the formula
v = Qo = 15 Puy (k) = 150(%) "V K (k) Cle ) (k) Ty
with respect to the C-basis {1, }wesy of Ho, we conclude that

re = 0(R)VK ()T ] en(B99).
BERT

Substituting the explicit expressions (2.2.5) and (2.5.17) of ¢;, and K, respectively, we
get the desired formula (4.4.4) for r,.. O

The following formula is an analog for the @5 (A € A) of the evaluation formula
for the self-dual symmetric Macdonald polynomials (see Section 4.5).
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Corollary 4.4.3. Let A € Aand write Q(t) = 3 ,cq, KoM~ with Ko(X) € Ho (see
Proposition 4.2.4). The leading coefficient Ko(\) is given by

Ai—Aj—1 1— q—ka(j—i)

p— N —
o ( I 1II 1 —q_ka(j—i+1)) B G POl ) (45 Ty

1<i<j<N m=0

with S—it1)
1— k20—
2y _
P(k*) = I | IEICEO R (4.4.8)

1<i<j<N
Proof. By (4.4.3) and Theorem 2.5.10, we have for A € A,
Ko(A) = rek @M 0(k) VK ("N E)Cler00) (@5 0) Ty

with K given by (2.5.17) and r,; given by (4.4.4). Substituting the explicit expressions
for K and r,, we get the desired expression. O

The following consequence should be compared with the general expansion for-
mula of vy = k)T, e Hy in terms of the &, (7) (w € Sn); see [47, Lemma
2.27 (2)].

Corollary 4.4.4. The element v, =Y, ¢ k"“)T,, € Hy can be written as

wESN

Vg = k_(g)P(kZ)C(e,wo)(k_é)Two

1 J—
- H 152G M5 (T ) éwo (K70).
1<i<j<N

Proof. We have vy = Qp = K((0), hence the previous corollary gives the first equal-
ity of (4.4.9). The second equality then follows from (4.4.6). O

(4.4.9)

Applying the map x4 to the first line of (4.4.9) gives
Z kZE(w) _ P(k2)
weSN

with P(k?) given by (4.4.8), which is a well-known product formula for the Poincaré
series of Sy; see [39, Corollary (2.5)].

4.5 Relation to symmetric self-dual Macdonald polyno-
mials

In this section we collect various consequences of the previous sections for the sym-
metric Laurent polynomials y (Qx) € C[T]%¥ (A € A). We keep the generic condi-
tions (4.1.1) on k € C*. We define

E\ = P(E*)"'x(Q\) € C[T]®V, A €A
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By Proposition 4.2.4, we have

Ex(t)= ) KX,
aEQ4

with K (\) = P(k*)"'x4+(Ka(N)) € C all but finitely many zero, and with leading
coefficient K (\) # 0 by Corollary 4.4.3 and (4.1.1).

Theorem 4.5.1. The E\ € C[T]* (X € A) are the symmetric self-dual Macdonald polyno-
mials. In other words, the E are the unique symmetric reqular functions on T satisfying

LI(E\) =p(qg *k°)Ex Vp € C[T]¥ (4.5.1)
and Ex(k°) = 1 forall X € A.

Proof. By Proposition 3.5.1, Ey € C[T]°" satisfies (4.5.1). Because the Sy-orbits
Sn(g=*k%) (A € A) in T are pairwise different by (4.1.1), the eigenvalue equations
(4.5.1) uniquely characterize E, € C[T]°~ up to a nonzero constant multiple. Now

Ex(k°) = P(k*) "' x+ (Qr(K°) =1

by Lemma 4.3.1, which fixes the normalization of the solution Ey € C[T]%¥ of (4.5.1)
uniquely. O

The duality property of Q) (see Proposition 4.3.2) immediately gives the well-
known duality property of the Macdonald polynomials.

Corollary 4.5.2. The Macdonald polynomials Ex (A € A) are self-dual, in the sense that
Ex(@ k") = Bu(a™ k)
forall A\, € A

Remark 4.5.3. The self-duality of (the suitably normalized) Macdonald polynomi-
als was initially proved by Koornwinder using Pieri formulas in an unpublished
manuscript (the argument is reproduced in [41, VI (6.6)]). Cherednik ([10, Theorem
1.4.6] and [9, Theorem 3.2]) reproduced the self-duality of the Macdonald polyno-
mials using the anti-involution * (see Theorem 2.2.8) on the double affine Hecke
algebra.

We also immediately reobtain the well-known evaluation formula for the sym-
metric Macdonald polynomials; see [41, VI (6.11)] (the parameters (n,q,t) in [41,
Chapter VI] correspond to (N, ¢~', k%) in our notations).

Corollary 4.5.4. For A\ € A let P\ := K (\)"'E\ € C[T]°~ be the monic symmetric
Macdonald polynomial of degree \. Then

Aim A =1 —m.2(j—i+1)
_ 1—qg ™KV
Py(K°) = k= (ON H H pEp=TEE (4.5.2)

1<i<j<N m=0
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Proof. By the previous theorem we have Py (k%) = K (\)~!. Corollary 4.4.3 gives

i—Aj—1

Ai—A
g =k 11

1<i<j<N m=0

1— qukQ(jfi)
1— q—mk2(j—i+1) ’

which implies the desired result. O



Chapter 5

Bispectral quantum KZ
equations for arbitrary root
systems

5.1 Introduction

In this chapter we extend the theory of the bispectral quantum KZ equations and
their solutions, as developed in Chapter 2, to arbitrary root systems. Apart from
the case of GLy, there are three cases to consider in the Macdonald-Cherednik the-
ory, namely the twisted and untwisted affine root systems and the nonreduced root
system of type CVC (see [42, (1.4.1)-(1.4.3)]). In this chapter we consider the twisted
case ([42, (1.4.2)]); the untwisted case is expected to allow for a similar treatment. The
construction of BqKZ for CVC (along the lines of [45]) appeared in a recent preprint
by Takeyama [56].

Though the general constructions are more or less the same as for GLy, various
technical results require a different approach. This becomes apparent, for example,
in Section 5.4 when computing the cocycle values, in Section 5.5 determining the
asymptotic behavior of the cocycle matrices and their singularities, and in Section
5.7 finding the leading term of ®. An important difference with the case of GLy,
complicating some of the proofs, is the fact that the affine Weyl group of type GLy
(and the corresponding affine Hecke algebra) allows a rather convenient presenta-
tion in terms of the finite Weyl group (respectively finite Hecke algebra) and an affine
Dynkin diagram automorphism (see Section 2.2 or [10, Lemma 1.3.4]), which is lack-
ing for affine Weyl groups (respectively affine Hecke algebras) of arbitrary type. In
this paper we give all the main constructions and provide those proofs that are sub-
stantially different from the proofs for GLy.

The chapter is organized as follows. Section 5.2 serves to introduce the notations
and to recall Cherednik’s construction of the double affine Hecke algebra associated

79
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with an irreducible reduced root system. Just as for GLy, it is the main ingredient
in the construction of the bispectral quantum Knizhnik-Zamolodchikov equations,
which will be done in Section 5.3. Next, in Section 5.4, we describe the generic prin-
cipal series representation, needed, in particular, to express the (asymptotic) values
of the cocycle matrices Cy ) (t,7).

In Section 5.5, the latter are used to construct an asymptotically free self-dual
meromorphic solution ® of BqKZ. The set of solutions SOL of BqKZ allows an action
of Wy, and the orbit W, ® constitutes a basis of SOL viewed as a vector space over
the field of ¢-dilation invariant meromorphic functions on 7" x T'.

The correspondence (Theorem 3.3.13) between solutions of BgKZ of type GLy
and solutions of the bispectral problem (3.3.13) involving Ruijsenaars’ commuting
trigonometric ¢-difference operators was derived as a bispectral incarnation of Che-
rednik’s [7, Theorem 4.4] embedding of the solutions of the quantum affine KZ equa-
tions (for GL ) into the solutions of the Ruijsenaars eigenvalue problem. The latter
has been generalized to an embedding of the solution space of the quantum affine
KZ equations for an arbitrary root system into the solution space of a system of ¢-
difference operators involving the Macdonald ¢-difference operator. In Section 5.6,
we give the analog of the bispectral correspondence Theorem 3.3.13 in the setting of
arbitrary root systems.

Finally, in Section 5.7, we apply the correspondence to ® to obtain a self-dual
Harish-Chandra series solution of the bispectral problem (see Subsection 3.4 for
GLy). It is a bispectral analog of (difference) Harish-Chandra series solutions of
the spectral problem for Macdonald’s ¢-difference operators, which were studied in
[16] and [31] for root systems of type A and in [36] for arbitrary root systems. We
will obtain new results on the convergence and singularities of the Harish-Chandra
series from the corresponding results for ®.

The notations we use in this chapter are built up from scratch. In particular, they
are independent of the notations used in the previous chapters.

This chapter is a slightly adapted version of [44].

5.2 The double affine Hecke algebra

5.2.1 Root data

Let (V, (,)) be a real Euclidean space of dimension N > 0. Let V be the space of affine
linear real functions on V. Consider the 1-dimensional vector space Rc. There is a

natural isomorphism of real vector spaces V @ Re ~ Vviav+re e (ues (v,u) +71)
for u,v € V and r € R. We will use this isomorphism to identify V and V @ Re, thus
regarding ¢ € V as the constant function equal to 1.

The map D: V — V defined by D(v+rc) =v (v € R, r € R) is called the gradient
map. We extend the inner product (, ) to a positive semi-definite bilinear form on ¥/
by

{f,9) = (D, Dg),
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for f,g € V. For f € V with Df # 0, weset f¥ :=2f/(f, f) € V.

Let R C V be a reduced irreducible finite root system in V' and assume that
the scalar product is normalized such that long roots have squared length 2. The
Weyl group W, C O(V) associated to R is the group generated by the orthogonal
reflections s,, in the hyperplanes a* (o € R). Explicitly, we have

504(v) =v— (v,a)a”,

for @ € R, v € V. Fix a basis of simple roots {«,...,an} of R. Write R, for the set
of positive roots, R_ := — R, for the set of negative roots, and ¢ for the highest root
with respect to this basis. Note that ¢ € R is a long root (and so ¢" = ¢).

We use the standard notations for the (co)root and (co)weight lattices, that is,

Q) := Z-span of R,
Q" = Z-span of R,
P:={\ecV|(\a")€Z, Vo€ R},
PV :={peV|{ua)€Z Ya e R}.

Note that Q € P and Q¥ C PV. Furthermore, since ||a* = 2 for a € R a long root
and thus ||a||? € {1,2/3} for a € R short, we have " = ﬁa € {a,2¢,3a} C Q for
any a € R. Hence Q¥ C @ and therefore also P¥ C P.

Let L C V be any Wy-invariant lattice. The canonical action of W, on V' extends
to a faithful action of the semi-direct product group Wy, := Wy x L on V such that
elements of L act as translations. If we want to stress that we view A € L as an
element of Wy, we write t(\). In this notation, L C W, acts on V by

tNv=v+ A,
for A € L and v € V. Transposing the action of W, on V' gives an action of Wy, on V.
It is given by
w(v +re) = w(v) + re, w € Wy,
tN) (w4 re) =v+ (r—{(v,\)e, A€ L,

forv € V, r € R. Note that (w(f), w(g)) = (f,g) forall f,g € V and w € W. In the
case that L = QY, W, = Wgv = Wy x QV is the affine Weyl group. The extended
affine Weyl group is Wpv = Wy x PV and we will simply denote it by W.

Associated to the reduced irreducible finite root system R there is a reduced irre-

ducible affine root system S = S(R) :={a+rc| a € R,r € Z} in V.Fora € S, let
sa: V' — V be the reflection in the hyperplane a~*({0}), given by

54(v) =v —a(v)Da",

for v € V. Then s, = spyt(a(0)Da") € Wgv. Note that S C V is W-invariant. We
define an ordered basis (ao, . .., an) of S by setting

(agya1,...,an) = (—d+c,a1,...,an).
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Write S and S_ for the associated sets of positive and negative affine roots respec-
tively. Note that
Sii={a+rclaeRr>x(a)},

where x is the characteristic function of R_, i.e., x(o) = 1if o« € R_, and x(«) = 0 if
ac Ry

We put s; := s, € Wov € W fori = 0,...,N. The affine Weyl group Wyv is a
Coxeter group with Coxeter generators the simple reflections s;. For w € W write
S(w) := S; Nw~1S_. The length function ¢ on W is defined by

L(w) = #S(w), we W.

The unique element with maximal length in W is denoted by wy.
The finite abelian subgroup Q = {w € W | {(w) = 0} of W is isomorphic to
PY/QY and we have
W ~ WQ\/ x €.

The action of © on V restricts to a faithful action on the set {ag,...,an} of sim-
ple roots of S, so we can view (2 as a group of permutations on the set of indices
{0,..., N'}. We write C[(] for the group algebra of (2.

The Bruhat order < on Wgv extends to a partial order on W, referred to as the
Bruhat order on W (cf. [42, §2.3]). It is defined as follows. For w = wu and w’ = w'u’
withw,w’ € Qand u, v’ € Wgv we have by definition

w<w <= w=wandu <. (5.2.1)

5.2.2 Algebra of ¢-difference reflection operators

Consider the complex torus 7' := Homy(P"Y,C*). By transposition, the natural ac-
tion of W, on PV gives rise to an action of Wy on 7. Fix 0 < ¢ < 1. For A € PV, let
¢* € T be defined by

Mp) =g, pep.
The action of W, on T extends to an action of W = W, x P¥ on T by letting A € PV

act via t — ¢*t. Let the evaluation of ¢ € T in a point A € PV be denoted by t* € C*.
Then, summarizing, we have an action of W on T' given by

(wt) = v,

(tA)1)" = g MHe,

fort e T,we Wyand \,u € PV.

Let {w; }}¥, be the set of fundamental coweights in PV with respect to {a;}Y,,
so (w),a;) = §;; for 1 < i,j < N. We identify T ~ (C\ {0}V viat <> (t1,...,tn)
defined by

L
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fori =1,..., N. Under this identification, the action of PV on T reads
tOt = Pt = (g0, gDy (5.2.2)

for A€ PV andt = (ty,...,ty) € T.
The algebra of complex-valued regular functions on 7" is

(C[sclil, . ,xﬁl] = Span(c{.f)\})\epv7

where z; is the coordinate function z;(t) := t®¢ (i = 1,...,N) and z*(t) := t* for
A € PY. Clearly, it is isomorphic to the group algebra C[P"] of P¥. We write C[T] =
Clz{!, ..., 25! and we let C(T') denote the field of rational functions on T, O(T) the
ring of analytic functions on 7', and M(T') the field of meromorphic functions on 7'.
The W-action on T gives rise to a W-action by algebra automorphisms on each of
these function algebras, via
(wf)(t) = fw™'t),

forw € W, t € T and f a (regular, rational or meromorphic) function on 7. Note
that for A € PV and r € R, we have

Atre w(A+re
7Y = g,

w( =z

where 27 7¢ .= ¢"2* € C[T).

By means of this W-action by field automorphisms on C(7"), we can form the
smash product algebra C(7")#,W (see Subsection 2.2.1), which we call the algebra
of g-difference reflection operators with coefficients in C(T'), since it acts canonically
on C(T') and M(T') as ¢-difference reflection operators. For f € C(T") we will write
f(X) € C(T)#,W for the operator on M(T') (or C(T)) defined as multiplication by
f. We will also write X**7¢ = ¢" X* for A € PV and r € R.

Remark 5.2.1. Note that since (t(A)f)(t) = f(g~ @' Ny, ..., @*Niy) (A € PY,
f € M(T)), C(T)#,W actually depends on a choice for g7, where m € N is deter-
mined by m(PY, PV) = Z. Our global convention concerning real powers of positive
real numbers justifies the apparent abuse of notation writing ¢ instead of ¢'/™.

5.2.3 The extended affine Hecke algebra and Cherednik’s basic rep-
resentation

Let k; (¢ = 0,..., N) be nonzero complex numbers such that k; = k; if s; and s; are
conjugate in W. Write k for the corresponding multiplicity label k: S — C\ {0}, so
k(a) = k; foralla € W(a;) (i =0,...,N). We set k, := k(a) for a € S. Furthermore,
for w € W we define

k(w) = H k.

aeS(w)

A coweight A € PV is called dominant if (\,a;) > 0fori=1,...,N. Let P/ denote
the set of dominant coweights.
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Lemma 5.2.2. For A € P/, we have

k) = [ x9 =ap, (5.2.3)

where 6, € T is defined by (0); = ||
Proof. For A € P we have
StA)={a+rclae Ry, 0<r<{\a)},

cf. [42, §2.4]. Note that kyirc = ko for @« € R and r € Z since a + rc and « are
conjugate under the action of W. Indeed, for u € P¥ we have t(u)(a+rc) = a+ (r—
(u,a))c and for any «a € R there exists some v € PV such that (v, ) = 1, so that we
can take p = rv. Therefore

RO = [T kawre= T K.

aERy a€ERy
0<r< (X0
The second equality in (5.2.3) follows from the definitions. O

Definition 5.2.3. The affine Hecke algebra Hyv associated with the Coxeter system
(Waov, {so,...,sn}) and the multiplicity label k, is the unital complex associative
algebra generated by elements Ty, ..., Ty, such that

(i) Tp,..., Ty satisfy the braid relations, i.e. if for i # j, we have
$iS;Sic = S8j8;Sj -,
with m;; factors on each side, then
T T =TT -
with m;; factors on each side;
(i) (T; — k;)(T; +k; ') =0, forj=0,...,N.

Note that since k is W-invariant, the group 2 acts on Hgv by algebra automor-
phisms via T; = T,,;) fori =0,..., N.

Definition 5.2.4. The extended affine Hecke algebra H = H (k) is the smash product
H := Hov#Q.

For w € W and a reduced expression w = ws;, - s;,,,, Withw € Q and iy €
{0,..., N}, we define

Ty :=wTy, -+ T, . €H,

To(w)
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which is independent of the reduced expression chosen. The set {T,, | w € W} isa
linear basis of H. Note that for £ = 1 the extended affine Hecke algebra is just the
group algebra C[W] of W. The finite Hecke algebra is the subalgebra Hy = Hy(k) of
H, generated by T7,...,Tn.
For A\ € Py, put
Y =Ty € H,
and for arbitrary A € PV put
YA = YH(Yyr) Tl
if \ = p — v with p,v € PY. Then the Y* (A € PV) are well-defined and we have
YO =1land Y Y* = YMP =YHY Morall A\, u € PV.SetY; := Y=i fori= 1,...,N.
For k € C\ {0} we define the functions b(z, ) and c(z, k) by

k—rT

b(z; k) :=

1—z "
k7t — k2
C(Z;:‘i) = TZ,

as rational functions in z. Then for a € S, we define by, = b, € C(T') and cyp,q =
¢q € C(T) by

ba(t) == b(t* s ky)
ca(t) == c(t" ; ky).

Remark 5.2.5. The g-dependence of b, , and cq, comes from our convention
t9t7¢ = ¢"t* for o € R and r € R. Note that

Ca?@;‘](til) = Ca;E_l,qfl(t) (524)

foralla € S and t € T. We leave out the subscripts k£ and ¢ as long as there is no
chance of confusion (which is until Section 5.6).

Note that b, () = k4 —ca(t) and (we, ) (t) = cy(q)(t) for allw € W. Itis convenient
to introduce the notations b; := b,; and ¢; := ¢,; for j = 0,..., N. The following
characterization of H is due to Bernstein and Zelevinsky (see, e.g., [42, §4.2]).

Theorem 5.2.6. The affine Hecke algebra H = H(k) is the unique complex associative
algebra, such that

(i) Hy ® C[T| ~ H as complex vector spaces, via h ® f — hf(Y) for h € Hy, f € C[T],
where f(Y) =3, axY*if f =, ana* € C[T;

(ii) the canonical maps Hy, C[T| — H are algebra embeddings; we will also write Cy [T] =
span.{Y*}cpv for the image of C[T) in H;

(iii) Lusztig’s relations are satisfied, that is,

FONT; =Ti(s; YY)+ b; (YY) (f(Y) — (s, £)(Y)) (5.2.5)
forj=1,...,Nand f € C[T].
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Remark 5.2.7. Note that b;(Y ™) (f(Y) — (s;f)(Y)) € Cy[T] although b;(Y ') by
itself is not defined as an element of H.

We end this section with the definition of the double affine Hecke algebra and
state some of its key results. All of this is due to Cherednik; see [10]. It starts with the
realization of the affine Hecke algebra inside the algebra C(T)#,W of ¢-difference
reflection operators.

Theorem 5.2.8. There exists a unique injective algebra homomorphism p = pq: H —
C(T)# W satisfying

p(T;) = ki +c(X)(ss —1),  i=0,...,N,
plw) = w, we Q.

Remark 5.2.9. The image p(H ) preserves C[T], viewed as a subspace of the canonical
C(T)#,W-module C(T'). The resulting faithful representation of H on C[T7] is called
the basic representation of H.

Definition 5.2.10. The double affine Hecke algebra H = H(k, q) is the subalgebra of
C(T)#,W generated by H (i.e. by py, ,(H)) and by the multiplication operators f(X)

(f € C[T)).

Remark 5.2.11. Note that p = p,, and H = H(k,¢) actually depend on ¢ (see
Remark 5.2.1).

We view H as a left C[T]-module by (f, k) — f(X)h (f € C[T], h € H). The rule
f@h— f(X)h(he H, f € C[T]) induces an isomorphism of C[T]-modules

C[T|® H ~H, (5.2.6)

Similarly to Theorem 5.2.6, the algebra structure of H can be described in terms of
the left-hand side of (5.2.6), allowing for an abstract definition of H:

Theorem 5.2.12. The double affine Hecke algebra H can be characterized as the unique
associative algebra satisfying

(1) C[T) ® H ~ H as complex vector spaces;

(ii) the canonical maps H, C[T'] — H are algebra embeddings;

(iii) the following cross relations are satisfied: for f € C[T]

T f(X) = (s, ))(X)T; + b;(X) (f(X) = (5, /)(X)), 7=0,....,N, (527
wf(X) = (wfH(X)w, we. (5.2.8)

A crucial ingredient in the construction of the bispectral quantum KZ equations
is Cherednik’s duality anti-involution on H (see [10, Theorem 1.4.8]).
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Theorem 5.2.13. There exists a unique anti-algebra involution +: H — H determined by

T:; =Typ-1, w € Wy,
YM =X AePY,
(XM =Y~ AePY.

5.3 Bispectral quantum KZ equations

In this section we extend the construction of the bispectral quantum KZ equations
(2.3.7) for GLy to arbitrary root systems. First we recall Cherednik’s construction
of the quantum affine Knizhnik-Zamolodchikov equation [6] associated to a finite-
dimensional H-module. Since this takes place in terms of a certain extension (local-
ization) of the double affine Hecke algebra, we start with a short intermezzo on Ore
localization.

5.3.1 Ore localization

Let R be a unital ring and S a subset of R. A ring homomorphism R — R’ is called
S-inverting if it maps S into the group of units of R’. For any R and S as above
there exists a (up to isomorphism) unique ring ¢ R and S-inverting homomorphism
At R — gR satisfying the following universal property: for any S-inverting ho-
momorphism f: R — R’ there is a unique homomorphism g: sR — R’ such that
f = go A Thering gR, which is called the universal S-inverting ring for the pair
(R, S), is constructed from a presentation of R by adjoining an element s’ for each
element s € S with defining relation ss’ = s’s = 1 and then X is defined by sending
each r € R to the corresponding element in gR.

Now suppose that S is a multiplicative subset of R, that is, S satisfies S-S C R,
1€ Sand0 ¢ S. One could ask under what circumstances the universal S-inverting
ring g R is a (left) ring of fractions. By definition, this means that, besides being S-
inverting, each of its elements can be written as a fraction s 'a (s € S, a € R) and
that ker A = {a € R | sa = 0forsome s € S}, so that if in particular S does not
possess any zero divisors, A is a ring embedding A\: R < gR. The following result,
due to Ore, provides the answer.

Theorem 5.3.1. Let R be a unital ring and S a multiplicative subset satisfying
(i) forall a € Rand s € S we have Sa N Rs # ;
(ii) fora € Rand s € S, ifas = 0 then ta = 0 for some t € S.

Then the relation ~ on S x R, defined by (s,a) ~ (s',a’) if and only if there exist x,z" € R
such that xs = o's’ € S and xa = 2'd’, defines an equivalence relation on S x R. Writing
s~ La for the equivalence class of (s,a) € (S x R)/~, we define addition on (S x R)/~ by

sflal + sglag = (851)_1(sa1 + ras),
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where, using (i), r € Rand s € S are chosen such that rso = ss1. Multiplication is defined
by
sflal . S;1a2 = (ssl)_lrag,
where, again using (i), r € Rand s € S are chosen such that sa; = rs,.
This defines a ring structure on (S x R)/~ and we have

sR~(SXR)/~.
In particular, s R a left ring of fractions.

We call a multiplicative subset S satisfying conditions (i) and (ii) of the theorem a
left Ore set and (S x R)/~ the left Ore localization of R with respect to S. Of course
there is also a notion of right Ore localization and it is clear what the appropriate def-
initions should be. For more details we refer to [34, §10] (which is in fact concerned
with right Ore localizations).

5.3.2 The quantum affine KZ equations

Consider the multiplicative subset C[T] \ {0} of the double affine Hecke algebra H
(cf. (5.2.6)). It is a left Ore set in H. Indeed, consider a = g(X)wT,, € H (g € C[T],
weQwe Wgv)and s = f(X) € C[T]\ {0}. We will use induction on ¢(w) to verify
condition (i) of Theorem 5.3.1. Suppose (i) is true for u € Wgv with £(u) < £(w). The
cross relations (5.2.7) imply that

Twf(X) = (wf)(X)Tw + Y fu(X)T., (5.3.1)

u<w

for certain f,, € C[T]. By the induction hypothesis, for a given v < w, we can find
h. € Hand p, € C[T]\ {0} such that p,(X) f,(X)T,, = hyf(X). So by multiplying
(5.3.1) from the left by p, (X), and repeating this for each u < w, we arrange that

p(X)Tw f(X) = p(X)(wf)(X)Tw + hf(X)

for certain p € C[T]\ {0} and h € H. It follows that

9(X)wp(X)(w f)(X) Ty = g(X)w (p(X) T f(X) — hf (X)),

and hence (wp)(X)(wwf)(X)a = g(X)w(p(X)T, — h)s. Condition (ii) is satisfied as
well, for, in view of (5.2.6), the elements of C[T"] \ {0} are clearly no zero divisors.

Let H denote the left Ore localization of H with respect to C[T] \ {0}. We can
view C(T') and H as subalgebras of H and then H ~ C(T) ® H as complex vector
spaces, where the isomorphism is given by the multiplication map, and the algebra
structure is characterized by the cross relations (5.2.7) and (5.2.8) for f € C(T).

The injective map p of Theorem 5.2.8 extends to an injective algebra homomor-
phism

p: H— C(T)#,W
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by setting p(f(X)) = f(X) for f € C(T). Note that p(c;(X) T, — b;(X))) =
sj for 0 < j < N, which shows that p is surjective and therefore establishes an

isomorphism H ~ C(T)#,W. Restricting the inverse p~! to W gives a realization of
W inside H*.

The left multiplication map turns H into a left module over itself. The action of H
on the induced module Ind%; (H) = H®y H can be pushed forward along the linear
isomorphism Hey H ~ C(T) @ H to obtain an algebra homomorphism

T=Tg: H — End(C(T) ® H).
We regard C(T')#,W ® H as a subalgebra of End(C(T") ® H) by letting C(T)#,W act
on C(T') as in Subsection 5.2.2, and H on H by left multiplication. Then the pullback
Ty = Top :=mo p ! of malong p~! is an algebra homomorphism

Tt C(T)#,W — C(T)#,W ® H C End(C(T) ® H),

which is explicitly given by

Tm(f):f(X)@l fec(1),
72(55) = (¢;(X) P @ 1)(s; @ Ty — b;(X)s; ®1), 0<j <N,
Tx(w)zw®w, WEQ7

1

as can be verified by a direct computation using the formula for p~" and the cross

relations (5.2.7).

Remark 5.3.2. The reason for the subscript « in 7, will become apparent in the next
subsection when we discuss the bispectral story. Then two copies of T’ will play a
role and z will denote the set of coordinate functions on one of them.

Note that 7, (s;) = (F, (X)®1)(s;®1) with Fy (X) = ¢;(X) (10T —b;(X)®1) €
C(T) ® H, and trivially also 7, (w) = F,(X)(w® 1) with F,, =1®w € C(T) ® H. In
fact, more generally, we have

Tz(w) = Fp (X)) (w ® 1), we W,
where F),, are H-valued rational functions on 7' satisfying

Fo(t) =1, Fu(t) = F,(t)Fu(v't) (5.3.2)
forallv,w € Wandt € T. Viewed as elements of End(C(T)® H) the F,,(X) (w € W)
are C(T)-linear and invertible (indeed ;' (X) = (w™ ' ®1)7, (w™')). In the language
of non-abelian group cohomology, (5.3.2) asserts that w — F,,(X) constitutes a co-

cycle W — GL¢(1) (C(T) ® H), where GL¢(1) (C(T) ® H) is a W-group via the usual
action of I on the first tensor leg of C(7') ® End(H) ~ GL¢(1)(C(T) ® H).
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Now let M be a left module over the affine Hecke algebra . Then MM(T) =
M(T) ® M is a module over C(T)#,W ® H, where C(T)#,W acts on M(T) as
described in subsection 5.2.2. Consequently, 7, gives rise to a representation

MW — GL(MMD),

defining M (w) (w € W) to be 7,(w) € C(T)#,W ® H acting on MM, Let FM
(w € W) denote the corresponding functions F,, € C(T) ® H acting on M), For
simplicity we write M = th(‘f\) for A € PY.

Definition 5.3.3 (Cherednik [6]). The ¢-difference equations
FY () fa ) =ft), AePY (5.3.3)

for f € M(T) ® M, are called the quantum affine KZ (qKZ) equations for the H-
module M.

From the cocycle condition (5.3.2) and the fact that P is an abelian subgroup of
W, it follows immediately that the quantum KZ equation is a holonomic system of
g-difference equations, that is,

FYOF) (a7) = FN (O FY (a7t)

forall \,u € PV.

In this paper we will restrict our attention to a particular representation of H.
Recall that H ~ Hy @ Cy [T] (cf. Theorem 5.2.6). Fix ( € T and let x¢: Cy[T] — C
be the evaluation character f(Y) — f(¢) for f € C[T]. We define M, to be the
induced H-module M, := Ind{, 1 (x¢) = H ®y, C. Itis the minimal principal series
representation of H with central character ¢. As complex vector spaces we identify
M, ~ Hy via

Tw @y 1+ T, (w e Wy, f € C[T)]). (5.3.4)

The qKZ equation corresponding to M. thus can be viewed as a holonomic system
of g-difference equations for meromorphic functions f(t) on T with values in Hj.
Now H ~ C[T] ® H, so that since H ~ H, ® C[T], the double affine Hecke algebra
H contains another copy of C[T]. In view of Cherednik’s duality anti-isomorphism
one might ask, when ( is considered as a variable v on the second torus, whether
one can find a set of g-difference equations acting on this central character v, such
that together with the original gKZ equations it makes up a holonomic system of g-
difference equations for meromorphic functions f(t,y) on T x T with values in H.
As a first step, one could try to localize H once again, this time with respect to the
multiplicative subset Cy [T]\ {0}, but we will take a different approach, based on the
following idea.

The construction of gKZ depended on the realization of W inside the localization
of H by sending the w to the so-called normalized intertwiners p~!(w). Of course,
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we can multiply these intertwiners by appropriate factors from C[T] to obtain ele-
ments S,, which do live in H. Clearly, the map W — H*, w ~ S,, will no longer be a
group homomorphism (like p~1), but the S, still serve as intertwining elements from
which a cocycle can be constructed. Then Cherednik’s duality anti-isomorphism can
be invoked to obtain Y-intertwining elements and extend the cocycle to a “double co-
cycle’ which will give rise to the bispectral quantum KZ equations. This is explained
in the following subsection.

5.3.3 Bispectral quantum KZ equations

The construction of the bispectral quantum KZ equations in the present setting is
more or less the same as in the GL case, which was done in Section 2.3. Here we
repeat the construction, but, since it is a matter of simply adapting the notations from
Section 2.3 we omit the proofs.

In view of the last paragraph of the previous subsection we should first renor-
malize the intertwiners so that they become members of H. We put

Si = (ki — k' X% )s; € C(T)#,W, i=0,...,N

K3

Soi=weC(T)#,W, weq,

giving rise to the renormalized intertwiners Sy (w € W), defined in the following
proposition (see also [10, §1.3]).

Proposition 5.3.4. Let w = s;, - - - s;,w be a reduced expression for w € W (iy,...,i, €
{0,...,N},w € Q). Then

(i) S, = §i1 e §iy‘§w is a well-defined element of C(T)#W;

(ii) S, € H, in particular S; = (1 — X% )T, + (k; — kTHX -4 (0<i < N);
(iii) the S; (i = 0,..., N) satisfy the braid relations (cf. Definition 5.2.3(i));
(iv) Suf(X) = (wf)(X)S, forwe W, f e C[T);

™) SiS; = (ki — k7 X% ) (ky — k72X —%) fori = 0,... N.

For 0 < i < N define d; € C[T] by d;(t) := (ki — k; 1t~%"). Then for w € W as in
the proposition we have

S = diy (X) (51,3, ) (X) -+ (53, - 80, s, ) (X w.
The proof of part (i) of the proposition relies on the fact that
dw = diy (siydiy) -+ (8iy -+ 80, i)

is independent of the reduced expression for w.
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Now the ‘double cocycle” we are going to construct is a cocycle of W x W. In fact,
it turns out to be convenient to anticipate the role that the anti-involution of H will
play and extend W x W as follows. Note that the two-group Z, acts on W x W by
t(w,w") = (w',w), where ¢ € Zy denotes the nontrivial element. Then we put

W= Zo x (W x W).

Furthermore, the cocycle will act on Hy-valued meromorphic functions on 7" x
T. Let us write K := M(T x T) for the field of meromorphic functions on 7' x T.
Moreover, write L := C[T] ® C[T]| >~ C[T" x T for the ring of complex-valued regular
functions on T x T'. It acts on H via

(f®g) h:=f(X)hg(Y) (5.3.5)
for f,g € C[T] and h € H. We will usually write (¢, ) for a typical point of T' x T
Let z = (z1,...,2n) denote the coordinate functions of the first copy of Tin 7" x T’
and y = (y1,...,yn) the coordinate functions of the second copy. For f € C[T] we

define f(x) € L by the rule (¢,v) — f(t), and f(y) € L by (¢,7) — f(v). We use the
same conventions for f(x), f(y) € Kwhen f € M(T).

An intermediate step in the construction of a W-action on H* = K @ H, are the
complex linear endomorphisms oy, .,y (w, w" € W) of H defined by

U(u;,w’)(h) = gwhgxﬂ,
o,(h) =h*

for h € H. As a corollary of Proposition 5.3.4 we have the following lemma.
Lemma 5.3.5. The complex linear endomorphisms o, .,y and o, of H satisfy:
() the o(s,.e) (i =0,..., N) satisfy the braid relations;
(ii) ‘7(231;,@) =ds, (z)(s:ds,)(z) -idg fori = 0,...,N;
(iii) T (w,e) 0 (s5:,6) O (w=1,e) = T(s45),6) fori=0,...,Nandw € ;
(v) o2 =idy and o, ) = 0,0 )0, for w € W;
(v) O(w,e)0(e,w’) = O(w,w’) = O(e,w )0 (w,e) fOT w, w e W.
Let us investigate the behavior of these maps under the action of L. First consider

the group involution : W — W given by w® = w for w € Wy and A° = —\ for
A€ PY. ThenWactson T x T by

(w,w')(t,7) = (wt,w'*y),
L(t77) = (’7_17t_1)
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for w,w’ € W, where t ' := (t;',...,t5") € T. Transposition yields an action of W
on K by field automorphisms and is given by
(wWh)(ty) = fw ' (t,7), weW. (5.3.6)

Note that L = C[T x T is a W-subalgebra of K. The following lemma is a conse-
quence of the intertwining properties of the S,,.

Lemma 5.3.6. For h € Hand f € L we have

a(w,w’)(f : h) = ((U}, w/)f) : U(w,w/)(h)a

o.(f-h) = (uf)-o.(h) (5.3.7)

forw,w" € W.

As L-modules we have HY ~ K ®p, H, so the lemma enables us to extend the
maps o,y (w,w’ € W) and o, to complex linear endomorphisms of H for which
(5.3.7) holds for all f € K and h € H. Note that the properties of O(w,w) and o,
as described in Lemma 5.3.5 also hold true as identities between endomorphisms of
HE.

We come to the main result of this subsection. It follows from the previous obser-
vations in the same way as the corresponding result for GLy (Theorem 2.3.3).

Theorem 5.3.7. There is a unique group homomorphism
7: W — GLc(HY)
satisfying

7(w, w')(f) = duw(@) " 5 (1) 7 O w,wn (f):
T(L)(f) = UL(f)

forw,w’ € Wand f € HE. It satisfies 7(w)(g - f) = wg - 7(w)(f) forg € K, f € HE and
weW.

(5.3.8)

Remark 5.3.8. Fix ¢ € T. Let w € W and recall that we write 7, ¢ (w) for 7, (w) €
C(T)#,W viewed as endomorphism of M(T") ® M, as explained in subsection 5.3.2.
Then forw e W, f € M(T)and h € Hy ~ M (see (5.3.4)), we have

7 (w)(f @ h) = 7w, e)(F(2) © h) ()
as Hy-valued meromorphic functions on 7'.

We are in position to define the W-cocycle with values in GLx (H{), which is a
W-group by the action of W on the first tensor leg of K ® GL(Hy) ~ GLg(HY) (cf.
Subsection 5.3.2). This W-action on GLg(HY) is denoted without mentioning the
representation map (just as we do for the W-action on K, cf. (5.3.6)).
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Corollary 5.3.9. The map w — Cy := 7(w)w! is a cocycle of W with values in the

W-group GLg (HE). In other words, Cy, € GLg(HY) and
Cyw = CouwCyrw !
forall w,w' € W.

In the same way as the cocycle F, (w € W) in subsection 5.3.2 gave rise to the
quantum KZ equations, the cocycle C,, (w € W) gives rise to a holonomic system of
g-difference equations for meromorphic functions on 7" x T with values in Hy. By
construction we have

(T(W))(t,7) = Cult,y) f (W (t,7)) (5.3.9)

forw € Wand f € HE. For the sake of simplicity, write Conp = Cuon,ep)) for
A\, p € PY.

Definition 5.3.10. We call the g-difference equations

Couw V)@ M a"y) = f(t,7)  VAupePY, (5.3.10)

the bispectral quantum KZ (BqKZ) equations. We write SOL for the set of solutions
f € HE of (5.3.10).

Let F C K denote the subfield consisting of f € K satisfying (t(\), t(u))f = f for
all \, x € PV. Furthermore let W, denote the subgroup Z, x (W, x W) of W.

Corollary 5.3.11. (i) The BgKZ equations (5.3.10) form a holonomic system of q-difference
equations, that is

Con M) Clue) (@ M0") = Clue) (6,7 C0n 0 (a7t ¢%7) (5.3.11)

for A\, p,v, & € PV, as End(Hy)-valued meromorphic functions in (t,y) € T x T.
(ii) The solution space SOL of BgKZ is a T(Wy)-invariant F-subspace of H.

Now fix ( € T. By construction, BJKZ (in some sense) contains Cherednik’s
gKZ equation associated to the principal series module M,. Concretely, in view of
Remark 5.3.8, Cherednik’s quantum KZ equation (5.3.3) for M = M¢ is just

Cine)(t, Q) f(g ) = f(t),  VAePY, (5.3.12)

for Hp-valued meromorphic functions f on 7. In analogy with BqKZ, we write
SOL: C Héw (™) for the set of solutions of (5.3.12). Regarding Héw (™) as a vector
space over E(T) :={f € M(T) | t(\)f = f, YA € PV},SOL¢ is a TéWC(WO)—invariant

subspace of Héw 1,
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5.4 Generic principal series representation and the co-
cycle values

In this section we investigate the principal series representation M. of H, when the
(fixed) central character ( € T is regarded as a meromorphic variable. This allows
us to give explicit expressions for the cocycle values of the simple reflections.

5.4.1 Generic principal series representation

Recall that M, = Indgy i) (X¢)- Now we view Cy [T7] as a left Cy [T]-module by left

multiplication and we put M := Indgy 1) (Cy [T7]). We regard M as a left H-module
over C[T] ~ C[{1} x T] C L via

f-(h@cym 9(Y)) =h@cym) (f9)Y)  f,g€C[T], he H.

Note that M ~ C[{1} x T|® Hy = HBCHl}XT] as modules over C[{1} x T, hence the
representation map can be regarded as an algebra homomorphism

n: H — Endc[{l}xﬂ (H(()C[{l}XT])

Also note that Endci1) x 1 (H(()C[{l} XT]) ~ C[{1} x T)|®End(H,), so we can and some-
times will regard n(h) (h € H) as an End(H))-valued regular function on 7' denoted
by v — n(h)(y). By extending the ground ring C[{1} x T] to K we can extend 7 to an
algebra homomorphism

n: H — Endg (HY).

Similarly, n(h) can be viewed as an End(H)-valued function in (¢,v) € T x T. As
such it is constant in ¢, and in case h € Hj it is also constant in ~.

Before being more specific about 1, we need the following concept (cf. [42, §2.6]).
A subset X of PV is said to be saturated if for each A € X and o € R we have
A—ra¥ € X forall0 <r < () a). For A € PY,let ¥(\) denote the smallest saturated
subset of P that contains .

Lemma 5.4.1. Forw € Wyand 1 < i < N we have

T, ) ] i = 17
n(T)Tw =14 ,"" ﬂ(s w) = Ltw) + (5.4.1)
(kl - ki )Eu + Te,,w lfg(Szw) = E(w) - 17
and for p € C[T| we have
np(Y))(v)Te = p(v)Te (5.4.2)
as regular Hy-valued functions in ~. Moreover, for X € PV and w € Wy, we have
n(YNN)Tw = ph ()T, (5.4.3)
u<w

w1
where pyy ,(7) € spanc{ "} exn,) and p), () = v .
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Proof. Only (5.4.3) requires proof. We use induction with respect to the length ¢(w)
of w, the case ¢(w) = 0 being (5.4.2). Next, consider Tj,,, with {(s;w) = {(w) + 1
Using (5.2.5), we find

(Y ) (V)T = n(Y ;) (1) T

Y)\ _ Ysi(/\)

= n(TY V) ()T + (ks — kfl)n( vy

K3

) (VT

Considering the first term we use the induction hypothesis to find

NTY )Ty =T 5N (T = V()

u<w u<w

with pr; G ( ) € spanc{7"} ex(s: (1)) and P, w)(v) = v (i) Since X(s;(N)4) =
Y(Ay) and wi(s; (M) = (szw)_l(/\) we can rewrite this as

(TYS )\) Tw: Z pusw

u<s;w

. W -1
with pi ., (7) € spanc{y" }uesr,) and pgy g, (7) = 710 .
We deal with the second term, the expansion of which will consist of terms only
involving T,, with v < s;w. Set n := (X, a;). Note that

VA _ysiA) YA pyr-ol po g yr-(mDay n>0
-y 0, n =0,
1-Y _yr-ne _yA-(ntlay _ Y/\Jra;/’ n <0,

which is in span {Y*} ,c5(x,) in all three cases. We can apply the induction hypoth-
esis to each of the Y* (1 € ¥()\4)) to obtain

)N Tw = Z ﬁﬁ’w(v)T
u<w

with coefficients p¥; ,,(v) € span{7"},ex(u,)- Since for each € X()\,) we have
i+ € 3(A1), and then by [42, (2.6.3)] 3(u4) C X(A4), we obtain the desired expan-
sion. O

We end this subsection by introducing a K-basis of HY consisting of common
eigenfunctions of n(Cy [T]). Note that S}, € H for w € Wj. Define

Ew = 77(~Z,—1)Te, w € Wp.

Just as we view 7(h) as End(Hj)-valued function in different ways, we will regard
&w both as regular Hy-valued function in v € T and as a meromorphic Hy-valued
function in (¢,y) € T x T (constant in t).
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Lemma 5.4.2. {&,}wew, is a K-basis of HE consisting of common eigenfunctions for the
n-action of Cy [T| on HY. For p € C[T)] and w € Wy, we have

n(p(Y))(1éw(7) = (w™'p)(1)éw () (5.4.4)

as Hoy-valued regular functions in v € T.

5.4.2 The cocycle values

Write
Ri(z;7) = c(z k) ((T)(v) = b(z: ki), 0<i<N, (5.4.5)

viewed as a End(Hj)-valued function which depends rationally on z and rationally
ony € T fori = 0 and is otherwise y-independent.

Lemma 5.4.3. (i) We have

Clorey(:7) = Ri(t*739), 0<i<N,
Clue)(t,7) =nw)(y), weq,

and C, is the K-linear extension of the anti-algebra involution of H determined by
C,(Ty) = Typ-1, w e Wy.
(i) R;(z;7)Ri(27 Y y) =idfor 0 <i < N.
Remark 5.4.4. Note that
Cley(t,7) = CCleo (Y HETHC,  weW,

so part (i) of the previous lemma uniquely determines C, for all w € W.

5.5 Solutions of the bispectral quantum KZ equations

The main result of this section is the construction of a particular meromorphic solu-
tion @ of BqKZ called the basic asymptotically free solution. The idea is as follows.
We first look for v € Hp and G € K such that Gv will be the leading term of a
solution of BQKZ in some asymptotic region. These are obtained by looking for a so-
lution of an asymptotic version of BqKZ, that is, BqKZ in which the cocycle matrices
are replaced by their limit values in the asymptotic region.

Next, we gauge BqKZ by G and look for a power series solution ¥ of the gauged
BgKZ equation converging deep inside the asymptotic region and which has con-
stant term v. By meromorphic continuation ¥ can be extended to a meromorphic
solution of the gauged BqKZ equation yielding the desired solution ® = G¥ € H
of BgKZ. Apart from the construction itself we will derive various properties of ®
and give an explicit F-basis of SOL, but we start with the computation of the leading
term.
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5.5.1 The leading term

In order to find these v and G, we first need to compute the asymptotic leading terms
of the cocycle matrices C(5 ) (t,7) (A € PY) as t='| 5 0(1<i<N).

We define the subring A := Clz=7, ..., 2= *¥] of C[T'x {1}] = ClziF},... 2l
C[T x T)]. Let Q(A) denote its quotient field and write (o (A) for the subring of Q(A)
consisting of rational functions which are regular at the point 2= =0 (1 <i < N).
We consider Qo (A) ® C[T] as subring of C(T' x T) in the natural way.

Lemma 5.5.1. Let A € PY. We have

Cirne) € (Qo(A) @ C[T]) ® End(H,). (5.5.1)
If we write C’((g?e) = C(A’e)|w_"’¥:0},.‘,m7°‘x:0 € C[T) ® End(H,), we have
CRuy = (T, Yo TY). (5.5.2)

Proof. First we consider A € PY. Suppose we have a reduced expression t(\) =
Siy -+ 8,w (0 <ip,...,i < N,w € Q). Then

Cine(t,y) = Ril(taivl :v)Ri, (tsq(aivg); v Ry (5 -<~S7’,7,71(aq,v7‘); Nw)(®).  (5.5.3)

It follows that C(y.) € (Q(A) ® C[T]) ® End(Hy). Expanding C(_, . along the
reduced expression t(—\) = w™!s;, ---s;, gives an expression similar to (5.5.3), from
which we conclude that also C(_, ) € (Q(A) ® C[T]) ® End(Hy). Since the R;(z;7)
are analyticat z = 0 and z = oo, we have C, ), C(—x.¢) € (Qo(A) @ C[T]) ®End(Hy).
Writing an arbitrary weight as the difference of two dominant weights and using the
cocycle property we conclude (5.5.1) for any A € PV.

To prove (5.5.2) we will first compute the limit of C( .)(t,7) as |t°"iv| —0forl <

i < N and then use this together with the cocycle property to find C((g)e) (), which

is the limit as |t“3‘iv | = 0(1 <i< N).Similarly as in the proof of (5.5.1), it suffices to
consider only dominant weights. Assume we have A € P\ a reduced expression for
t(\) as above and put u = s;, - - - 5;,.. By formulas (2.2.9) and (2.2.5) from [42] we have
{ai,, 86, (aiy)y -8, - 50, (ai,)} = S(u™t) = S(wlu=t) = S(t(—A)). Because
A € PY we have

St(-N)={a+mclaeR_,1<m< —(\a)}

(cf. [42, §2.4]), and thus, since w(a") = (wa)V (a € S, w € W), we have [t""| = oo
(b € S(t(=\)))as [t | = 0(1 < i < N). Observe that lim. o R;i(z;7) = k; n(T3)(7)
for 0 < i < N. It follows that

Cine)(t,7) = kit ki (Y ) (7) = k(E(V) " (Y M) ()
— 0 forall 1 <4 < N. More generally, we conclude that

Cirne)(t:7) = 6. (YN (), Ae Py (5.5.4)

as [t
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— 0Oforalll <7 < N. In order to find C(O) we use the cocycle property to

\2
as [t (\e)

write

C(A,e) (t7 PY) = C(wg,e) (tv W)C(wg()\),e) (thv W)C(wg,e) (q_wO(A)thv ’7)

—+ 0 for 1 < i < N. Note that C(,, ¢ (t,7) —
— 0for 1 <i < N. Hence, using (5.5.4),

and consider the limit as [t~/
F(wo) T n(To, ) as [t

—wo (A w, — w, —
C((g?e) = 6k o )U(Twoy O(A)Tw;) = 6277(T7UOY O(A)Twol)v

where the last equality follows from (5.2.3). O

The previous lemma implies that the asymptotic form of the quantum KZ equa-
tions

C()\,e)(ta’y)f(q_)\ta’)/) = f(t7’7)a AePY
>0(1<i<N)is

in the asymptotic region |t
Opn(TuY VT () f (a7 ) = f(ty), A€ PY, (5.5.5)

Let 6, € O(T) denote the theta function associated to the root system R (see [37]),
defined by

O,(1) = > g2V, (5.5.6)

AepPV

for t € T'. Note that 6, is invariant under the action of W, on O(T"). Furthermore, it
satisfies 0,(t~') = 0,(t) and

0,(q"t) = g~ =BG, (1), (5.5.7)

forall u € PV.
Let G € Kbe given by

Oq(two(y) ")

G(t,) := - . (5.5.8)
Gq(ékt)ﬁq(éﬁlwo(v)*l)
Proposition 5.5.2. We have:
@ «(G) =G.
(i) G(t, ) satisfies the q-difference equations
Gg Mt q'y) = 6, Vg (ool y w0 G ¢, ) (5.5.9)

for A\, p e PY.
(iii) £ (t,v) := G(t,7)Tw, is a solution of (5.5.5) and 7(1) () = £,

Proof. By construction we have (i). From (5.5.7) it follows that G satisfies G(¢~*t, ) =
Op Ay=woNG(t, ) for all A € PY. In view of (i) this suffices to prove (ii). (iii) easily
follows from (i) and (ii). O
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5.5.2 The basic asymptotically free solution

As indicated in the introduction of this section we are now going to gauge BqKZ by
G. We obtain the gauged cocycle matrices

Do (t,7) = G(t, ) Co (6, 7)G (g, ¢")

5.5.10
= 5 e mwe N o oy (), (5-510)

for A\, n € PV. Itis clear that for f € HX we have f € SOLifand only if g := G~ f €
HE satisfies the holonomic system of ¢-difference equations

Do (t7)g(at, ¢"y) = g(t, ), A pePY (5.5.11)

as Hy-valued meromorhic functions in (¢,7) € T x T.

We write B for the analog of A corresponding to the second copy of T in T' x
T. That is, B is the subring B := Cly',...,y*%] of C[{1} x T] = Clyi?,..., ¥l
Similarly, we write Q(B) for its quotient field and Qo (B) for the subring of Q(B3)
consisting of rational functions which are regular at the point y‘)‘jv =01 <j<N).
We consider Qo (A) ® B and A ® Qo (B) as subrings of C(T" x T') in the natural way.

In the proof of the lemma below, we will need a partial order > on P". First recall
the dominance partial order > on P, which is defined by

A>pe= X —peqQy,

for A\, u € PY. We can extend this to a partial order on P as follows. For A € PY
write A4 for the unique dominant coweight in the orbit WA and let 7 be the shortest
w € Wy such that w(A) = \. For \, u € P¥ we say that A > p if either

(i) Ay > py, or

(if) Ay = p4 and Ty > U, (in the Bruhat order).

Note that with respect to this order, the anti-dominant coweight wq (A ) is the largest
element in the orbit Wy\. More details can be found in [42, §2.7].

The following lemma describes the asymptotic behavior of the gauged cocycle
matrices. It allows us to put them in the context of the general theory of solutions of
g-difference equations as described in the appendix and is therefore a key ingredient
in the construction of .

Lemma 5.5.3. Set A; = Dy oy and B; = D¢ vy for 1 <i < N.
) A; € (Qo(A) ® B) ® End(Hyp) and B; € (A® Qo(B)) ® End(Hy).
(ii) Write AEO’O) € End(H,) and Bi(o,o) € End(Hy) for the value of A; and B; at x~*

O:y%v (1 <r,s <N). Forw € Wy we have

A\
T

; —1 V \
AT, 1,) =) ifw” wole)) # wo(e)). (5.5.12)
Ty Tw if w™two (@) = wo(wy)
and
' v v
B, 1) = {° if w(wy) # @/, (5.5.13)
TwTw  if w(@)) =)
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Proof. We give the proof of (i), which differs substantially from the GLy case (cf.
Lemma 2.5.2), and omit the proof of (ii) which is similar. By (5.5.10) we have

A; (ta ’Y) = 6£W7 V_wO(wi )C(w;/,e) (tv P)/)

Because of (5.5.1) we only need to worry about the y-dependence of A4;(t, ).
Let t(w)) = wsiy, -+ 8i,. (w € Q,0 < dy,...,4. < N) be a reduced expression.
Then, in view of the cocycle condition, Lemma 5.4.3 and formula (5.4.5),

Clary ) (t:7) = 1) (N Coy s @) = D aw()n(Tw)(7)

w<t(w))

for certain a,, € Qo(A). Now consider such w € W with w < t(w). We have a
unique decomposition w = t(A)w, with A = w(0) € P¥ and w € Wy. Then

t(A) = t(OA(A1)) = Dat(A4 )Ty

hence w = T\t(\ )7, 'w. Multiple use of [42, (3.1.7)] yields T, = hTyx,h' = hY 2+ 1/
for some h, h' € Hy, hence

0(Tw)(v) = n(h)n(Y ) (y)n(h').

It remains to show that v~*0(®)y(Y*+)(y) € B ® End(H,). We can use (5.4.3) to
write
(Y () Tw = > pht(1 T

u<w

with p?ﬁw () € spang{7"},ex(n,) and p{)fw (v) = 'yw_l(’\+). Thus we need to show
that
yeEHT e B e B\,

ie, that —wo(w;’) + p € QY for all p € X(A;). Since ¥(Ay) is Wy-invariant and
wo(QY) = —QY, this is equivalent to showing that —w; + 1 € —QY forall p € 3(\;),
or

@ —peQl  YaeI(h).

Now the fact that w < t(w,’) in the Bruhat order on W, implies that A < @’ (cf. [42,
(2.7.11)]), and hence either A\ = @, or A} < @,’. Fix p € ¥(\). In the first case, if
A =w,/, wehave p € w; — QY, since

(@)= () o= - QY)

veWy

by [42, (2.6.2)]. Hence w;” — ;1 € QY. In the second case, if Ay < w;’, then X(Ay) C
Y(w;") by [42, (2.6.3)], and again p € @, — QY. This concludes the proof for A4;. For
B;, use that C(e’in)(t v) = CLC(in,e) (’7_1, t_l)CL. O
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Part (ii) of the previous lemma asserts that the endomorphisms AEO’O) and Bi(o,o)
are semisimple. Similarly as for GLy, the main theorem follows from the lemma
together with the general theory of solutions of ¢-difference equations as described
in the appendix (in particular Theorem A.6).

Fore>0,put B, :={t €T | |[t*| <eforl1 <i<N}and B-':={teT |t 'e
B.}.

Theorem 5.5.4. There exists a unique solution ¥ € HE of the gauged equations (5.5.11)

such that, for some € > 0,
(D) U (¢,v) admits an Hy-valued power series expansion

U(t,y) = > Kapt™y",  (Kap € Ho) (5.5.14)
a,BeQY

for (t,~) € B! x B. which is normally convergent on compacta of B;* x Be. In particular,
(t,) is analytic at (t,) € B7' x B;

(ii) Ko,0 = Tow,-

Proof. We only remark that in order to match the present situation with the one con-
sidered in the appendix, one should take in the appendix: M = 2N, A; = AEO’O),
ANy = Bi(o,o) and ¢; = qQ/”ai”2 for 1 < ¢ < N and variables z; = =% and
Zni; = y® for1<i,j<N. O

Definition 5.5.5. We call & := G¥ € SOL the basic asymptotically free solution of
BgKZ.

The 7(¢)-invariance of SOL, the t-invariance of G, and the uniqueness part of
Theorem 5.5.4 imply that ® enjoys the following duality property.

Theorem 5.5.6 (Duality). The basic asymptotically free solution ® of BgKZ is self-dual, in
the sense that
7(1)® = .

5.5.3 Singularities

In this subsection we have a closer look at the analytic properties of U. Write ¢, :=
¢¥eI” for o € R and set

Sy ={teT|t* ek ?q" forsome o € R,}.
Proposition 5.5.7. The Hy-valued meromorphic function U is analytic on T\S;1 xT\Sy.

Proof. Let A\, ju € PY. By (5.5.10) and the cocycle property, Dy ,)(t,7) is regular at
(t,7) = (5,Q) if Clooy, ) (€71, q%v) is regular at (t,7) = (s,¢) forall1 < 4,5 < N and
& v € PY. This in turn holds, again by virtue of the cocycle property together with
(5.5.1),if Cwy e)(q7"t,7) is regular at (t,v) = (s, ¢) forall v € PYand1<j<N.
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Suppose we have a reduced expression t(w)') = s;, -+ - s;,w (1 < j < N). Simi-
larly as in the proof of Lemma 5.5.1, we have

Clawy.o)(t:7) = Riy (t%159) - Ry, (8702 () () (),
and

{a’iwsh (aiz)’ DR PR T A (az,)} = S(t(—wjv))

={a+mc|acR_, 1§m§—<w;/7a>}

Now R;(z;) has only a simple pole at z = k; 2, so Clwy e)(t,7) has possibly poles at

e = k2, a € S(t(—wy)).

Note that ,
.\ Vv Vv . \
t((x+mc) — @ +@m/|la|®)e — q;‘nt(x ,

hence there are possibly poles at

v )
gt = k2, aER_,1§m§—<w}/70‘>a

(e

or, equivalently, at

\%

- —m—2
7 =q,"k, ", a€ Ry, 1<m< (w),a).

Consequently, Cizy c)(¢"t,7) is regular at t € T\ S;' forall v € PY. By the
considerations in the previous paragraph we conclude that D, ,(t,v) is regular at
(t,y) €T\ S;' x T\ Sy forall \,u € PY.

Let U x V be a relatively compact open subset of T\ S;' x T\ S;. Choose
A, i € PY such that the closure of ¢ U x ¢V is contained in B;! x B.. Then as
meromorphic Hy-valued function in (¢,7) € U x V, we have

W(t,7) = Doy (,7)8(g™, ¢"), (5.5.15)
and by Theorem 5.5.4(i) the proof is now complete. O

Remark 5.5.8. The previous proposition gives, in particular, information about the
singularities of the basic asymptotic solution ® = G'¥. Unfortunately, it is not pos-
sible to precisely pinpoint the singularities of G. To overcome this issue we could
choose a different theta function in the definition of G, namely one for which we
have a product formula available. The price we pay is that we have to enlarge the
torus T'. Let ¥, € M(T) denote the renormalized Jacobi theta function

9q(2) == [ (1 = ¢"2)(1 = ¢+ /2) (5.5.16)

m>0
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for z € C*. It satisfies

Vq(g™z) = (—z)*mq*%m(mfl)ﬁq(z), m € Z. (5.5.17)
Let e € N be the unique positive integer such that e(PV, P¥) = Z. For all a € S, fix
kL/5¢ such that k2% = kij/(i'; forall w € W. Now put 7" := HomZ(e%ePV, C*). The
canonical map 77 — T gives rise to an embedding M(T x T) < M(T" x T"). Now
define G € M(T" x T") by

—1/e,n. —1/e e(wiv,wjv>
Bt = ﬁ Do 15 405020 o (1 ot o)
,Y) = ’19q1/e(tai/e ,ywo(aj)/e)

ij=1

where /1;/6 =11

. (5.5.18)

o ki€ Then G satisfies the properties of Proposition 5.5.2.

Corollary 5.5.9. (i) Write U(t,7) = ZaeQi Lo(y)t=* for (t,v) € B7 x B, with T,
(o € QY) the analytic Ho-valued function T () := 2 5eQy Ko pv? on Be. Then each T,

can uniquely be extended to a meromorphic Ho-valued function on T, analyticon T \ Sy,
such that for (t,~) € B-' x T'\ Sy

U(ty)= Y Ta(t™,

\2
OLGQ+

converging normally on compacta of B-1 x T'\ S
(ii) The leading term T’y satisfies

1—‘() (’7) = K(’Y)Twm (55]—9)
for some K € M(T).

Proof. (i) See Lemma 2.5.7.

(ii) This is also similar as in Chapter 2, but for the convenience of the reader we pro-
vide the details. W satisfies A;(t,)¥ (¢~ t,7) = ¥(t,7) for 1 <i < N. Considering
the limit [t~ | — 0, we obtain

Ay (T, YO O T ) ()T (7) = To(7)

for 1 < i < N, and in view of Lemma 5.4.2 this forces

1—‘0 (’7) = K(V)W(Two)ge (7) = K(’V)Two
for some K € M(T). O

Remark 5.5.10. In the following section we will give an explicit formula for K (7). It
will follow immediately from an explicit formula for the leading term of the so-called
Harish-Chandra series solution of a bispectral problem corresponding to BgKZ. In
Chapter 2, for GLy, it was exactly the other way around. There, the latter was found
as a consequence of an explicit formula for K (v), which in turn is due to rather
explicit expressions for the cocycle matrices of BqKZ.
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From Proposition 5.5.7 and its corollary we obtain the following result for spe-
cialized spectral parameter.

Corollary 5.5.11. Fix( € T'\ S;.

(i) The Ho-valued meromorphic function U(t,~) in (t,v) € T x T can be specialized at
v = ¢, giving rise to a meromorphic Hy-valued function ¥(t, () in t € T, which is regular
atte T\ S, "

(ii) For t € B! we have the power series expansion

U(t,¢) = Y Tt

aGQi

converging normally on compacta of BZ.
(iii) U(¢, C) satisfies the system of g-difference equations

Dixo(t, Q)W (g, ¢) = ¥(t,¢),  VYre PV (5.5.20)

5.5.4 Consistency

BgKZ is a holonomic system of first-order ¢-difference equations with cocycle ma-
trices depending rationally on (¢,7y) € T x T and therefore it is consistent (see [14,
Proposition 5.2]). This means that dimy(SOL) = dim¢(Hp), or, equivalently, that
BgKZ allows a so-called fundamental matrix solution U. In [14], such a fundamental
matrix solution was found by algebraic geometric arguments. A different approach,
using the asymptotic solution ®, was taken in [45]. Here we shortly repeat this latter
approach for arbitrary root systems. The advantage of this approach is that it pro-
duces a basis of SOL in terms of asymptotically free solutions. For details we refer to
Chapter 3.

We say that F' € End(Hp)® = K ® End(Hy) is an End(Hy)-valued solution of
BgKZ, if

Co (V@ M, ¢"y) =F(t,y),  ApePY,

as End(Hy)-valued meromorphic functions in (¢,v) € T x T.

Define U € End(H,)* by

U(k(w) ' Ty Typ-1) :=7(e,w)® (5.5.21)
for w € Wy.

Proposition 5.5.12. We have

(i) U € End(H,)¥ is an invertible solution of BgKZ with values in End(Hy). In particular,
identifying End(Hy)® ~ Endg (HY) as K-algebras, we have U € GLg (HY).

(ii) U’ € End(H)¥ is an End(Hy)-valued meromorphic solution of BgKZ if and only if
U’ = UF for some F € End(H,)".

(iii) U, viewed as K-linear endomorphism of HY, restricts to an F-linear isomorphism
U: HE — SOL.

iv) {7 (e, w)®}yew, is an F-basis of SOL.
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Remark 5.5.13. The quantum KZ equations (5.3.12) form a consistent system of ¢-
difference equations as well. For generic ¢ € T (that is, for ¢ € T where ®(¢,7)
can be specialized in v = ¢ and moreover U(-, () is invertible), this follows along
the same line as above, but of course one can use [14, Proposition 5.2] again, which
applies forall ¢ € T

5.6 Correspondence with bispectral problems

For the principal series representation M, (¢ generic) of H, Cherednik [7, Theorem
3.4] constructed a map which embeds the associated solution space of the quan-
tum affine KZ equation (5.3.3) into the solution space of a system of g-difference
equations, involving the Macdonald g¢-difference operator. This is a special case of
a correspondence between the solutions of the quantum affine KZ equations associ-
ated with an arbitrary finite-dimensional H-module M and a more general system
of ¢-difference equations (see [8]).

We will consider the map when M is the generic principal series module M :=
Indgy 1) (Cy[T]) (see Subsection 5.4.1). In this case Cherednik’s correspondence yields
an embedding x+ of SOL into the solution space of a bispectral problem for the Mac-
donald ¢-difference operators.

5.6.1 The bispectral problem for the Macdonald ¢-difference oper-
ators

Using the action of W on C(T" x T') given by (5.3.6), we can form the smash prod-
uct algebra C(T' x T)#W. It contains C(T)#,W =~ C(T x {1})#(W x {e}) and
C(T)#4-1W ~ C({1} xT')#({e} x W) as subalgebras. In this interpretation, Chered-
nik’s algebra homomorphism p;—1 ,: H(k™') — C(T)#,W (see Theorem 5.2.8) gives
rise to an algebra homomorphism

Pios gt HIEY) = C(T x T)#W,

considered as g-difference reflection operators in the first torus variable, and simi-
larly py, 4-1: H(k) = C(T)#,-: W to an algebra homomorphism

pz,q_l s H(k) = C(T x T)#W,

considered as g¢-difference reflection operators in the second torus variable. Note
that the images of p_, . and pz_q,l in C(T x T)#W commute, so we can form the

algebra homomorphism
Pt @ pp s HET) @ H(k) = C(T x T)#W.

The maps p;_, . and pj 41 are related as follows.



§5.6. Correspondence with bispectral problems 107

Lemma 5.6.1. Let °: H(k™") — H(k) be defined as the unique algebra isomorphism satis-
fying

Tio = Ti_lv w® = w,

for 0 < i < Nand w € Q. Then we have

Phg1 (%) = o1 ,(h)e (5.6.1)

)

forallh € H(k™").

Proof. Since Pr v pz ) and ° are algebra homomorphisms, the lemma follows by
verifying (5.6.1) for T; (0 < i < N)and w € Q. Let 0 < i < N and f € K. In H(k), we
have Tfl =T, +k ! _ k;, hence, on the one hand,

(Prgr (T ) (7)) = kT (87) + Cappg (N (L 557) = F(5,7))-
On the other hand,

(Lpzf1)q(Ti)Lf) (t,y) = (pzfaq(Ti)Lf)(w_l,t_l)
=k N+ gV (@) sy ) = () ( )
= ki_lf(tv’)/) + cai;ﬁ,qfl(’}/) (f(t7 5? ) - f(ta’Y))v

where we used (5.2.4) for the last equality. The verification for w € (2 is easier and
left to reader. O

By means of the canonical action of C(T'xT)#W on C(T'xT'), the subalgebra D :=
C(TxT)#(PYxPY) C C(TxT)#W canbe identified with the algebra of ¢-difference
operators on T' x T with rational coefficients. Any element D € C(T x T')#W has an
expansion

D= )" Dyw, (5.6.2)
weWg

with D,, € D. Since this expansion is unique, we have a well-defined C(T" x T')-linear
map Res: C(T' x T)#W — D, determined by

Res(D) := Z Dy,

weWg

with D € C(T x T)#W given as in (5.6.2). Let C(T x T)"o denote the field of Wy-
invariant rational functions on 7'x T'. Restricted to C(T'xT)"°, we have Dlcrxrymn =
Res(D)|¢(rxry7o forall D € C(T x T)#W.

It is well-known (see, e.g., [42, (4.2.10)]) that the center Z(H) of the affine Hecke
algebra H is Cy [T]"°. For p € C[T]"°, set

L% == Res(pf-1 ,(p(Y))) € D,
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where p(Y) is considered as element of Z(H (k™ ')), and set
LY = Res(pz’q,l(p(Y))) e D,

where p(Y) is considered as element of Z(H (k)). It is well-known that the operators
L; (and hence LY) are pairwise commuting and (W x Wjy)-invariant, and by con-
struction [Ly, L] = 0in D for all p,p’ € C[T]"°. The operators L and L} are related
as follows.

Lemma 5.6.2. For p € C[T|"°, we have
LY = L. (5.6.3)

Proof. Similarly as for GLy (see Section 3.3), the lemma follows from (5.6.1) together
with the fact that
p(Y)°=p(Y), pecC]" (5.6.4)

with °: H(k™") — H(k) as defined in Lemma 5.6.1. We elaborate on the proof of
(5.6.4), which is different than for GLy. Note that since p € C[T]"?, the result follows
if we can prove that (Y*)° = T,,, Y*e T 1 for A € PV. Moreover, it suffices to show
this only for specific elements of P, as we demonstrate first. For any A\ € PV, let
vy be the shortest element of Wy such that vy(\) = wo()\), and put uy := t(\)vy '
Then by [42, (2.5.4)] Q = {e} U {uxy }jes with J:={i € 1,. SN | (@), ¢) = 1} If
A € PV \ QVY, we can write t(\) = ug, vw for some j € J and w € Wgv (using W =
Q x Wgv), and then t(\) = t(ww) )v_ iw = t(w) )t(a)w’ for some a € Q¥ and w’ € Wy
(using Wov = QY xWWp). But thenw = eand /\ @ +a. In particular, {0}U{w} }jes
is a complete set of representatives of PV /Q". Since Q¥ = spanZ{w(qSV) | w e Wa},
it thus suffices to show (Y*)° = T,,, YoM T 1 only for A = @) with j € J and for
A =w(pY) (w € Wp).

Let j € J and write u; := Ugyy and v; = Ve - By [42, (3.3.3)], we have u; =
T,yv (= )Tv L forall w € Wo. Let *: H(k) — H(k™') denote the inverse of °. It
follows that

(Yool ) = (Tl Ty ) :TwoujT*1,1

= Tt (T Ty 1) = T Ty, Tl

Wo ~ v, Vi~ wo

=T, Yw T !

wo !

since u;T,; = Tyv; = Tt(wjv) = Y=/. Hence (Yw.fv)O = Tonwf’(wy)T;Ol. Similarly,
we can use [42, (3.3.6)] to obtain (Y*(¢))° = T, Y“’Ow(‘f’v)Tujo1 for w € Wy, and the
proof is complete. O

In order to give more explicit formulas for L; and L, we need to introduce some
notation. For A € PV, write W » for the isotropy subgroup of A in W, and Wy for a
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complete set of representatives of W /W y. We may assume that e € Wg'. Let m,, €
C[T]"° be the associated monomial symmetric function, thatis, m (t) :== > pewor U
Finally, set X°(\) := £()\) — W (recall that X()) is the smallest saturated subset of
PV that contains ), cf. Subsection 5.4.1).

Now fix A € PY = —PY. By [42, (4.4.12)], we have for f € K

Le, NEN =Y JI cwo@rdt @Mty +

weWg a€S(t(—A))

> au®f(gt7)

HEDO(N)

(5.6.5)

for some g, € M(T) (here we used (5.2.4)). In view of (5.6.3), one immediately

obtains a similar formula for L, . .

Remark 5.6.3. For A\ = wo(w]’) with @) minuscule (that is, (@), a) € {0, 1} for all
a € Ry), we have X°(\) = (), while for A\ = —¢" we have X(\) = {0}. In both
cases one obtains an explicit formula for L7, and the resulting operators are the
Macdonald ¢-difference operators [40].

We now define the following bispectral version of Macdonald’s eigenvalue prob-
lem.

Definition 5.6.4. We define BiSP as the set of solutions f € K of the following bis-
pectral problem:

Ly )(t.y) =p(y" ") f(t,7),  VpeCT]™,

5.6.6
(Ly )t ) = p)f(t,7), Vp € C[T|W. (566)

Remark 5.6.5. Note that BiSP is a Wy-invariant F-linear subspace of K.

5.6.2 The correspondence

Consider the linear map x4 : Hy — C defined by x4+ (7T,) = k(w). By K-linear exten-
sion we obtain a K-linear map x : Hyx — K. It gives rise to the following correspon-
dence between SOL and BiSP.

Theorem 5.6.6. The K-linear functional x 1 : HY — K restricts to an injective W-equivar-
iant F-linear map

X+ : SOL — BiSP.

The theorem follows by restricting Cherednik’s correspondence mentioned in the
introduction of this section (for M the generic principal series module) to SOL. In-
deed, if f € SOL, then for fixed v € T, f(t,y) can be viewed as a solution of gKZ for
the H-module M., and then by Cherednik’s correspondence x ( f) satisfies the first
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system of equations of (5.6.6). This holds for all y € T'. By (5.6.3) and the ¢-invariance
of SOL, it then follows that

(LyN)(t) = (Lpef)(t,7) = (Lyef) (vt 1) = p)(f) (v, t71) = p(t) f(t,7),

so also the second equation of (5.6.6) is satisfied.
For GLy, a detailed proof can be found in Section 3 and the arguments used there
can also be applied in the present setting.

5.7 Harish-Chandra series

Application of x to the basic asymptotic solution ® leads to a meromorphic solution
® of the bispectral problem, which can be viewed as a bispectral analogue of the
difference Harish-Chandra solutions of the Macdonald difference equations ([36]).
For root systems of type A, Harish-Chandra series solutions were studied before in
[16] and [31]. In Section 3.5, the Harish-Chandra series solution of type A was reob-
tained from ® (¢, ), by specializing v € T, yielding new results on the convergence
and singularities of these solutions as a consequence of corresponding results for ®.
In the final subsection we extend this to arbitrary root systems.

5.7.1 Bispectral Harish-Chandra series

As announced, we apply the map x to the basic asymptotically free solution & of
BgKZ to obtain a special meromorphic solution of the bispectral problem (see Section
3.4 for GLy).

Definition 5.7.1. We call &t := y, (®) € BiSP the basic Harish-Chandra series solu-
tion of the bispectral problem.

Put ¥t := x4 (¥). Then ®* = GU™' and as a consequence of Proposition 5.5.7
and Corollary 5.5.9, U7 is analyticon T\ S;' x T'\ S}, and for (¢,7) € B7! x T\ S;

we have
Ut(ty) = Y Thyt e,

aGQi

where T'} := x4 (') € M(T) for all « € QY. Recall that I'y(y) = K(v)T, for some
K € M(T) (see (5.5.19)).

Theorem 5.7.2. We have

Ty (v) = k(wo)K (), (5.7.1)
with K € M(T') given by
Ky =]] m (5.7.2)

aERy

where qo = ¢2/1°I* for o € R, as before.
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Proof. The definition of x and the preceding remarks imply (5.7.1). Let L(~y) denote
the right-hand side of (5.7.2). Then L € M(T) is uniquely characterized by the
following properties.

(i) There exists an € > 0 such that for v € B,, L admits a power series expansion
= la®,
aEQi
converging normally on compacta of B..
(i) lop = 1.

(iii) L(~) satisfies the following system of ¢-difference equations:

(Aa)
—
11 H T— k2 Lg™) =L(v), AeP).
—
acRy r=1

From Theorem 5.5.4 it follows that K satisfies (i), and since Koo = T\, K also

satisfies (ii). It thus suffices to show that K solves the g¢-difference equations in (iii).
Recall that in order to show that I'g(v) = K ()T, for some K € M(T), we ex-

ploited the fact that ® is a solution of the quantum KZ equation in ¢ and investigated

what taking the limit |t~ | = 0 had to mean for Ty (). We are now going to exploit
the fact that ™ satisfies the spectral problem

(LY®T)(t,y) = p(t)@*(t,7),  peCT]", (5.7.3)

and consider the limit |~ | — 0 to obtain the desired g-difference equations for T'§,
and hence for K.
Fix A € PY. From formula (5.6.5) we deduce

(Ly Z H w(a) k,q~ )(I)+ t, qw()\ +Z gp. (D+ t, q ’7)

weWg a€S(t(=X)) HEXO(N)

with g, € M(T). Plugging in &+ = G¥*, using (5.5.9) and dividing both sides by
G(t,7), the equality (L), ®F)(t,7) = m(t)27 (¢, 7) gives

- >\ wow w
D) = > T cua(d Ve wt (e, g Ny) +
weWR a€S(t(=A))
D gu(y T (8 gy).

HEDO(N)

Now we multiply both sides by t~*°*(*) and consider the limit [t~/ | — 0. By (5.7.1)
this will result in a ¢-difference equation for K. Note that:
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(1) t=woNmy (1) = dpewr b woNFH — 1 since wo(A) € PY and v — w(v) € QY
forall v € PY and w € Wj,.

(2) t~woMpwow(d) = g=woN)+wow() which is equal to 1 if w()\) = A and tends to 0
otherwise. Considering w € W', we have w()\) = X only for w = €.

(3) t~woMgwol) — 0 for all u € X°()). Indeed, by [42, (2.6.3)] we have
fit € B(wo(N)) & wo(N) — p+ € QY

and hence also wo(\) — wo(p) € QY for p € B°(N\) C B(wo(A)). Moreover,
wo(A) # wo(p) since p ¢ WoA.

Consequently, K satisfies the following set of ¢-difference equations:

I corar() |6 K@) =K(),  rePY.
aeS(t(=N))

Equivalently, also setting p := —\ € P,

( I ko' = ka(g"7)" ) SK(y) = K(¢"y),  pePY. (5.7.4)

1— (gkvy)e’
a€5(t(n)) (g"7)

Note that LY, € C(T)#,1W ~ C({1} x T)#({e} x W), s0 (@479 = g=7~" for
o € Rand r € Z. Using

I k;l—ka(q“vv)“v - 1] H — kagd" gz
wesly @) 0€Ry =0 g gz e
- 11 i —1:;337“
a€R; r=1 @

and 6; = HaeR+ k) we obtain from (5.7.4)

1*%%%
11 H o K(y)=K(¢"y), peP,
acRy r=1
and the proof is complete. O

In view of Remark 5.6.5, we obtain solutions ®;}, € BiSP (w € W), given by

O (t,y) == dT(t,w y).
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Setting Wi (t,v) := ¥t (t, w™'v), we have &} (t,7) = G(t,w 'y)V(t,v) and by
Corollory 5.5.11(ii), for € > 0 sufficiently small, ¥} has a power series expansion

ity =Y Thw 'yt

aEQK_

for (t,v) € Be x T\ w(S4), converging normally on compacta of B, x T'\ w(S4+). The
next result follows along the same line as Proposition 3.4.4.

Proposition 5.7.3. The set {®} },ew, C BiSP is F-linearly independent.

We expect that the set {®; },cw, is in fact a basis of BiSP over F. This would
follow, for example, if we could prove that x. is an F-linear isomorphism SOL —
BiSP (rather than only an embedding). Both are still open problems.

5.7.2 Application to Harish-Chandra series solutions of Macdon-
ald’s difference equations

Let ¢ € T. The spectral problem of the Macdonald ¢-difference operators with spec-
tral parameter ¢ is

Lyf=p(¢"hf,  Ypec[T]™, (5.7.5)

for meromorphic functions f on 7. Let SP; C M(T) denote the set of solutions
of (5.7.5). It is a vector space over £(T'), invariant under the usual action of Wy on
M(T).

Recall the solution space SOL; C Hé\/l ()

of the quantum KZ equation (5.3.12) as-

sociated to M¢, also Wy-invariant, but with respect to the Ti-\/[ ¢ (Wp)-action on Héw ),
We have the following special case of Cherednik’s correspondence from [7, 8] (see
Proposition 3.5.1).

Proposition 5.7.4. Foreach ¢ € T, x4 defines an Wy-equivariant £(T')-linear map
X+ SOLC — SPC

Remark 5.7.5. In an upcoming paper by Stokman it is shown that y is an isomor-
phism if ¢*" # k2,1 for all a € R (see [55]).

Recall that ¥+ = y (V) with ¥, as usual, the solution of the gauged bispectral
BgKZ equations (5.5.11) obtained in Theorem (5.5.4). It follows from Corollary 5.5.11
that U*(¢,) may be specialized at v = ¢ for ¢ € T'\ S;', yielding a meromorphic
function U+ (-, ¢) € M(T) with poles at t € S '. Define G € Kby

G(t,) = Hq(’;"(o;?)_ ),
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Remark 5.7.6. Note that G(t,7) = Gq(dﬁ_lwo(v)*l)G(t,y) and that G(t,7) can be
specialized in v = (. Lacking the factor 6, (4, Lwo(y)~1) in the denominator, G does
not satisfy «(G) = G. Therefore, GU ¢ SOL, but we do have G(-,¢)¥(-,¢) € SOL..

It follows that G(-, ()¥* (-, ¢) € SP; and hence ¥ (-, () is a solution of the spectral
problem for the gauged Macdonald g-difference operators with spectral parameter
¢, that is, a solution of

(Lif)(t) =p(¢ N f(t),  ¥peC[T|™, (5.7.6)

with _ B _
Ly =G, O™ Ly G(,Q).
At the end of the previous subsection we introduced ¥ (¢,v) = VT (¢,w™!v) forw €

Wo. Put S := e, w(S4+)- The considerations of this section imply the following.

Theorem 5.7.7. Fix( € T'\ S.
(i) For € > 0 sufficiently small, U} (-, ¢) has a power series expansion

VO = Y Ti(w e

v
aeQY

fort € B, converging normally on compacta of B, and with T'§ (w™'¢) # 0 explicitly given
by (5.7.1).

(i) U (¢, Q) (w € Wo) isanalyticint € T\ S; .

(iii) The function W (-,¢) € M(T) (w € Wy) defined by

G(t, w1 (Q) _ O (t(wow™1)() 1)
G(t,0) 04 (two(¢)~1)

is a nonzero solution of the spectral problem (5.7.6) for the gauged Macdonald g-difference
operators for all w € W

TE(t,¢) = E(t, Q) i (),

The functions (-, ¢) (w € Wy) are the Harish-Chandra series solutions of the
spectral problem (5.7.6). As already mentioned in the introduction of this section,
formal Harish-Chandra series solutions of Macdonald’s spectral problem were al-
ready obtained in [36], and earlier for the root system of type A in [16] and [31]. The
upshot here is that we obtain the Harish-Chandra series solutions as meromorphic
functions and are able to explicitly determine the leading term and the pole locations
of \I,Q—Z ('7 C)



Appendix: Holonomic systems
of ¢g-difference equations

In the appendix we detail the construction of power series solutions of holonomic
systems of ¢-difference equations. Special cases have been investigated in, e.g., [2],
[21] and [15, §12]. Many arguments go back to classical works [1], [3], [4], [61] on
ordinary linear g-difference equations.

We begin with the construction of formal asymptotic solutions to holonomic sys-
tems of g-difference equations. Let C[[z]] = C|[z1,. .., za]] denote the ring of formal
power series in M indeterminates z1, ..., zjr over the complex numbers. Let V be a
finite-dimensional complex vector space and let

4; € C[[2]] ® End(V)

fori = 1,...,M. Since C[[z]] ® End(V) is isomorphic to End¢yy.;(C[[z]] ® V) as
C[[#]]-module, we can view the A; as C[[z]]-linear endomorphisms of C[[z]] ® V. Fix
0 < ¢ < 1forl <i< M. Define the ¢;-dilation operators

Ti: C[[=]] — C[[=]]

fori=1,..., M as the complex linear maps
T dmz™) =D ¢ dmz™  (dm € ©),

where we use multi-index notation 2™ = 2" --- 2™ for m = (m4,...,my) with

m; € Zxo. We also view 7; as operators on C[[z]] ® V' and on C[[z]] ® End(V).
Consider the system of first-order linear ¢-difference equations

ATif=f  (i=1,...,M) (A7.7)

for f e C[[z]] ®@ V.
For f € C[[z]] ® V and A € C[[z]] ® End(V'), we introduce the notations

F™ = Flamyimman=o0 € Cllzt, ., 2m]] @V
A = Al 0 € Cllz, . 2m)] @ End(V)

115
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for 0 < m < M, with the convention that f™) = f and AM) = A. We make the
following assumptions on the system of ¢-difference equations (A.7.7):
(a) The system (A.7.7) is holonomic, that is

AiTi(Aj) = A;T;(As) (A.7.8)
forall 1 < 4,5 < M. Note that the holonomy implies that the leading coefficients
AEO) € End(V) of A; mutually commute, i.e.,

A9 401 =0
T 077y

foralll <i,j < M.
(b) The complex linear endomorphisms A§0>, ce AS&) of V are semisimple. Com-

bined with (a) we thus have
V=0PVh
yeS

with V[y] := {v € V | A = yv Vi} (y € CM) and § := {y € CM | V[4] # {0}}.
(©) (1M) :=(1,...,1) € CM belongs to S.
(d) vy ¢ ;" forally € Sand 1 < k < M.

Proposition A.1. Fix v € V[(1M)]. Consider the system (A.7.7) of g-difference equations
and suppose that (a)-(d) are satisfied. Then there exists a unique solution ®,, € C[[z]] @ V
of (A.7.7) such that
0 =y,

Proof. The proposition is a consequence of the following lemma.
Lemma A.2. Let 0 < m < M. Suppose one has a solution

fm €Cllz1,. .., z2m]] @V
of the system of equations

AT f = fme 1<7r <m,

T =1 - (A.7.9)
A.(gm)fm:fmv m<s <M.

Then there exists a unique
Jmy1 = Z Smmzmi1 € Cllz1, -y 2maa]] @V
n>0
with fom € Cllz1, ..., 2m]] @ V and fi.0 = fm, satisfying (A.7.9) with the role of m
replaced by m + 1:
Ag“m+1)7:"fm+l = fm-&-la 1 <r<m+ 1,

(A.7.10)
AED £ = fong m+1<s<M.
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The proposition follows directly from the lemma as follows. Note that f, := v €
V[(1*)]is a solution of (A.7.9) for m = 0. The formal V-valued series fi; € C[[2]]®V,
obtained by repeated application of the lemma starting from f; = v, gives a formal

V-valued series solution of (A.7.7) satisfying f I(Lo) = v. For uniqueness, assume that
f € C[[z]] ® V is another formal V-valued series satisfying f(°) = v and solving
(A.7.7). We have f(©) = v = f; and f("™ solves (A.7.9) for all 0 < m < M. Hence, by
the uniqueness part of the lemma, f = fM) = fy,.

We now proceed to prove the lemma. We assume that we have a formal power

series solution f,,, € C[[z1,...,2m]] ® V of (A.7.9) for some 0 < m < M. We write
AN =Ny Alman (A.7.11)
n>0

where A" € C[[z1, ..., 2m]] ® End(V) and A%) = A™). By a direct computation
one verifies that

Jmy1 = Z Smmzmi1 €Cllz1, -, 2Zm1]] @V

n>0
with fi.n € C[lz1,...,2m]] ® V and fy,,0 = fo, satisfies the ¢-difference equation
Ag:;tr:rll)ﬁn—&-lfm—&-l = fm—i—l

if and only if
(12 AU fosn Z gih AT | Fn (A.7.12)

forall n € Z>. The recurrence relations (A.7.12) admit a unique solution ( fm;n)nelzo

with fr.n € C[[21, ..., 2m]] ® V and with initial condition f,,;,0 = f,,. Indeed, note

that (A.7.12) is valid for n = 0 since fy,.0 = f», satisfies (A.7.9). For n > 1, we have
det(l — qanAf::ﬂzl) e Cllz1,- -5 2ml]™,

since

” m n 0) n dim(V
det (1—Qm+1A§rL-21)|z1:..4:zm:0 = det (1_qm+1A5n+1) = H(l_qm+17m+§ ['Y])) ;é 0
yES

by assumption (d). Cramer’s rule then implies that (A.7.12) admits a unique solution

(fnL;n)nEZZo Wlth fnL;O = fm-
We conclude that there exists a unique

1 = Z fm;nZZz-s-l

n>0

with fi,.n € C[lz1,...,2m]] @ V and fi,,0 = fim, satisfying the ¢-difference equation

AwT—i-Jrll)Terlferl Jm+1- (A.7.13)
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It remains to show that f,,+1 also satisfies (A.7.10) for r = 1,...,m and for s =
m+2,...,M.
Fix 1 < r < m and write g, := A$m+1)7; fm+1. Its expansion in powers of 2,41 is

written as
p— n
gr = E gr;nzm.:,_l
n>0

with g,., € C[[z1,...,2n]] ® V and ¢, = Agm)ﬁfm = fm, where the last equality
follows from the fact that f,, is assumed to satisfy (A.7.9). Furthermore, using the
holonomy (A.7.8) and the ¢-difference equation (A.7.13) in 2,41 satisfied by f,11,
we have

Ags?:il) Tm+19r - Aﬁgl_:rll),]:n-&-l (Angrl) )7;'7;n+1 f7n+1
= Ag'erl) 7;" (Ang—:il) )7;“Tm+1 f7r1,+1
= AlmtoT, (AX'ﬂl)TmemH)
= A£m+1)7;fm+1 = gr-
We conclude that g, satisfies the characterizing properties of f,,+1. Hence g, = fin+1,

ie.,
AT it = frr

Fix m +1 < s < M and write g, := Al fm+1. By a similar argument as used
in the previous paragraph, we now show that g, = f,,1. We write

gs = § gs;nzﬁﬁl
n>0

with gs., € Cllz1,...,2m]] ® V and gs0 = Agm)fm = fm, where the last equality
follows by the assumption that f,, satisfies (A.7.9). Using the holonomy (A.7.8), the
g-difference equation (A.7.13), and the obvious fact that 7'5(A£;’f11)) = Aﬁ;’fll) since
s >m + 1, we have

ASrTLT_ll)ﬁrﬁlgs = Ag:zn-:il)TM-&-l(Agm+1))Tm+1fm+1

= AT (AT N T

AgmH)AgZ:El)TmH Syt

— Ag7rl+1)fm+1 = gs.

We conclude that g, satisfies the characterizing properties of f,,+1. Hence gs = fin+1,
ie.
Agm—i_l)fm-ﬁ—l = fm-i-l-

This completes the proof of Lemma A.2, and hence the proof of Proposition A.1. O
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We investigate the analytical properties of the solution ®,, when the g-connection
matrices A; (1 < ¢ < M) satisfy, besides the conditions (a)-(d), the following analyt-
icity condition:

(e) For some € > 0 the formal End(V)-valued series A; € C[[z]| @ End(V) (1 <13 <
M) converges normally on compacta of the open polydisc DM = {z € CM | |z]| <
e Vi}.

In other words, if we expand A; along a basis of End(V'), condition (e) requires
its coefficients in C[[z]] to converge normally on compacta of DM.

Proposition A.3. Suppose that the q-connection matrices A; € C[[z]] @ End(V) (1 <3 <
M) satisfy (a)-(e). Let v € V[(1M)]. There exists an € > 0 such that the formal V-valued
series @, € C[[2]] ® V converges normally on compacta of DM.

Proof. For ease of notation, we will write ® instead of ®,. By induction on m =
0,..., M we prove that there exists ¢ > 0 such that ®(™) € C[[z1,...,2,]] ® V con-
verges normally on compacta of D™.

For m = 0, there is nothing to prove. Fix 0 < m < M and suppose ®("™ converges
normally on compacta of DJ* for some § > 0. Write

(P(m"rl) = Z @m;nz;r;l+1

n>0

with @,,,.,, € C[[z1,...,2p]] ® V and ®,,,,0 = &(m) | Recall from the proof of Lemma
A.2 that the formal V-valued power series ®,,,.,, (n > 1) are unique characterized by
the recurrence relations

- n— M m -1 m
Py = Z qm+l1 (1 - q7;z+1A$n-21) A7(n+)1;zq)m:,nfl (A.7.14)
1=1

for all n > 1. We use this recurrence formula to find bounds for ®,,, in a neighbor-
hood of 0 € C™.

Turn the finite-dimensional complex vector space V' into an inner product space,
with corresponding norm denoted by || - ||. We also write || - || for the operator norm
of the associated finite-dimensional normed space End(V'). We continue the proof
of the proposition with two technical sublemmas. First we find a proper uniform

bound for Aiﬁ)l;l for all [ (see (A.7.14)).

Lemma A.4. There exists € > 0 and M > 0 such that HASQM” < Meton D" for all
[ >0.

Proof. By (e) there exists an ¢ > 0 such that Affﬁ:rll) € Cllz1,- -5 2m+1)] ® End(V)

converges normally on compacta of the polydisc D3***. Consequently, for ¢ < € <

2e¢ we have that ||A£:L" ++11) || is uniformly bounded on the polydisc D/ !, say by M > 0.
In particular, we get

(G A Ty

Zm+1:0|| < Me_ll!
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forall (z1,...,2m) € ﬁlﬂ and for all [ > 0 (see, e.g., [25] Theorem 2.2.7). This proves

the lemma in view of the definition (A.7.11) of Af;njl; I O
Lemma A.5. There exists an ¢ > 0 such that ®,,.,, € Cl[z1,...,2m]] ® V converges

normally on compacta of D for all n > 0. Furthermore, there exists a constant C > 0
(independent of n) such that

n
(@] < —E— (”0) o)
' 1+C qm+1€

on D foralln > 1.

Proof. In the proof of this lemma, we write ¢ instead of ¢;,,+1. By assumption, ®,,.0 =
®(™) converges normally on compacta of D™ if 0 < € < §. We now use the recurrence
relation (A.7.14) to obtain the desired results for ®,,., withn > 1.

By the proof of Lemma A.2 and since 0 < ¢ < 1, there exists some ¢ > 0 (indepen-
dent of n > 1) such that det(1 — q"Af:Ln le)*l is analytic on D}" for all n» > 1 and such

that |det(1 — q”Afol)*H is bounded on the closure D" of D™, with bound inde-
pendent of n > 1. For such ¢, it follows from (A.7.14) that ®,,,.,, converges normally
on compacta of D" for all n > 1. Furthermore, by (e), 0 < ¢ < 1, and Cramer’s rule,
it implies that for € > 0 small enough,

11— AT )Y < ¢

on D, forall n > 1, with " > 0 also independent of n. By (A.7.14), 0 < ¢ < 1 and
the previous lemma, we thus obtain for ¢ > 0 small enough,

||®m;n” S Cl Z qnil ||A£:zn-gl,l|
=1

n 1 1
Bl < €Y (o) 1l (A7:15)
=1

on D" for all n > 1 with the constant C' = C’M > 0 (independent of n).
Now, we have the following claim (cf. [15] §10.6): the recurrence relation

n 1 l
gn = C; <q€) gn—1, (TL > O)
with go € R fixed is uniquely solved by

_C [(1+C\"
gn_C—Fl qe go
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for n > 1. Being obvious for n = 1, the claim follows using induction for n > 1 by
n n—1 l
1 1
gn=C <) go+C Z <) Gn—1
qe — \qe

1\" c? =y
:C —_ —_
(qE) gO+C+1;(q6>

1+o)\""
( )> 9o
qe

q
B 1\" 1+0)t—1
() (e (Be=r))
O [(1+C\"
CC+1 qe Jo-

Combined with (A.7.15), the lemma now follows immediately. O

To conclude the proof of the proposition, note that the previous lemma shows
that
o) =N " @, 20 ) € Cllz1, ., Zmaa]] @ End(V)
n>0
converges normally on compacta of D"/ if we take ¢ > 0 sufficiently small. This
concludes the proof of the induction step. O

We interpret the g-dilation operators 7; as automorphisms of M(C*) by

(Tif)(2) = f(21s s Zim1, QiZis Zig1s - -5 ZM)-

Theorem A.6. Suppose A; € M(CM) @ End(V) (1 < i < M) satisfy the holonomy con-
ditions (A.7.8) as meromorphic End(V')-valued functions on CM. Suppose that the A; are
analytic at 0 € CM and that their power series expansions at 0 € CM satisfy the conditions
(b)-(d).

Let v € V[(1M)]. There exists a unique ®, € M(CM) ® V solving the holonomic
system (A.7.7) of g-difference equations and coinciding, in a small neighborhood of 0 € CM,
with the converging V-valued power series solution ®,, from Proposition A.3.

Proof. Since the A; are assumed to be analytic at 0 € C*, their power series expan-
sions at 0 € CM are converging normally on compacta of some open polydisc DM
(e > 0). Hence, condition (e) is automatically satisfied.

Let @, € C][[z]]®V be the power series solution from Proposition A.3 and lete > 0
such that ®, converges normally on compacta of DM. Let 2/ € CM and U c CM
some open locally compact neighborhood of z’. Since 0 < ¢; < 1 (1 < i < M), there
exists a A € ZY such that ¢*U ¢ DM, where ¢*z = (¢;" 21, ..., ¢} zx). Define @,
as V-valued meromorphic function on z € U by

D, (2) = Ax(2)®u(q*2), (A.7.16)
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where A\ € M(CM) ® End(V) is defined inductively by
Axiu(2) = AN(2)Au(d*2), YA peZlf,

and A, = A; (1 < i < M), where the ¢; (1 < i < M) are the standard generators
of the additive monoid Z2/,. Of course, the definition of A, (z) makes sense by the
holonomy conditions for the A;. Furthermore, (A.7.16) together with the holonomy
conditions for the A; show that the power series solution ®,, of (A.7.8) has a unique
extension to a meromorphic V-valued solution on CM of (A.7.8). O
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Samenvatting

In deze samenvatting zullen we proberen een globale beschrijving te geven van de
inhoud van dit proefschrift. We beginnen met het verduidelijken van een aantal veel
gebruikte concepten aan de hand van een alledaags voorbeeld.

De hoofdrolspelers in dit proefschrift, zoals de titel wellicht al doet vermoeden,
zijn de bispectrale quantum Knizhnik-Zamolodchikov vergelijkingen. Ze vormen een nog-
al niet-triviaal voorbeeld van een systeem van differentievergelijkingen. Vele fenome-
nen in de natuurkunde, scheikunde, biologie, maar ook in de financiéle wereld, kun-
nen gemodelleerd worden met behulp van differentievergelijkingen. Wanneer men
bijvoorbeeld een bepaald bedrag z¢ op een spaarrekening zet tegen een jaarlijkse
rente van 4% en z,, stelt het bedrag voor dat men na n jaar bij elkaar heeft gespaard,
dan wordt het verloop van het spaarproces vastgelegd door de eenvoudige differen-
tievergelijking

Tns1 = 1,04z, 1)

Als de begininleg €50 bedraagt, dat wil zeggen x( = 50, dan heeft men na 1 jaar dus
€52 (z1 = 1,049 = 52), na 2 jaar €54,08 (z2 = 1,042; = 54,08), etc. We kunnen
het rijtje zo, x1, 2, 3, . . . beschouwen als een functie f op de niet-negatieve gehele
getallen, bepaald door f(n) = z,. In deze notatie krijgt bovenstaande differentiever-
gelijking de vorm f(n + 1) = 1,04 f(n). De oplossingen van deze differentievergelij-
king worden gegeven door f(n) = c- 1,04", waarbij ¢ de begininleg is. In ons geval
hebben we dus f(n) = 50 - 1,04™. Merk op dat deze uitdrukking niet alleen zinvol
is voor gehele getallen n; f(t) = 50 - 1,04" is gedefinieerd voor ieder reéel getal ¢ en
geeft de waarde van de spaarrekening als ware het een continu proces.

Indien we de rente niet gelijk aan 4% maar willekeurig kiezen, zouden we, meer
algemeen, de differentievergelijking

fE+1) =Af(t) )

kunnen beschouwen, met A een gegeven constante. De oplossingen van (2) worden
gegeven door f(t) = c- \! met ¢ weer de begininleg, of, als we de financiéle context
even vergeten, gewoon een willekeurige constante. De vergelijking (2) laat zich weer
verder generaliseren tot een vergelijking

FE+1,0) =A@, N f(E, M), 3)
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waarbij A(t, \) een gegeven functie is die afhangt van ¢ en A. Men zou zich nu de
vraag kunnen stellen of er ook een differentievergelijking in de variabele A bestaat,
dus zeg f(t,\+ 1) = B(t,\) f(t, A) voor een zekere functie B(¢, \), zodanig dat het
systeem van differentievergelijkingen

f(t + 17>‘) = A(tv)‘)f(tv)‘)7
fE,A+1)=B(t, N\ f(t, N

compatibel is, wat ongeveer wil zeggen dat er een niet-triviale functie f(¢, \) bestaat
die aan beide vergelijkingen tegelijk voldoet. Als we nu (3) vervangen door een
specifiek, belangrijk systeem van differentievergelijkingen, de zogeheten quantum
Knizhnik-Zamolodchikov (KZ) vergelijkingen (dit zijn zekere vergelijkingen werkende
int = (t1,...,tn) voor vectorwaardige functies f(¢,\) die afthangen van extra vari-
abelen A = (A1,...,An)), dan is de analoge vraag of er een systeem van differentie-
vergelijkingen werkende in A bestaat, zodanig dat het totale, ‘verdubbelde’ systeem
compatibel is, de centrale vraag in dit proefschrift. Deze vraag kunnen we met “ja”
beantwoorden.

De quantum KZ vergelijkingen hebben hun oorsprong in de theoretische fysica
en zijn sinds hun eerste verschijning begin jaren "90 veelvuldig bestudeerd. Eigenlijk
zijn de quantum KZ vergelijkingen zogenaamde g-differentievergelijkingen, maar voor
de doeleinden van deze samenvatting, kan het niet zoveel kwaad om het verschil
hier niet te duiden.

Het verdubbelde, compatibele systeem dat we construeren, noemen we de bispec-
trale quantum KZ vergelijkingen. De constructie van de bispectrale quantum KZ verge-
lijkingen en het bewijs dat ze daadwerkelijk een compatibel stel differentievergelij-
kingen vormen, berust op de eigenschappen van een geavanceerd algebraisch object
geintroduceerd door Ivan Cherednik, de zogenaamde dubbele affiene Hecke algebra.
Een van de belangrijkste toepassingen van de bispectrale quantum KZ vergelijkin-
gen is dat het extra, compatibele stel vergelijkingen gebruikt kan worden om uit
bestaande oplossingen van de quantum KZ vergelijkingen nieuwe oplossingen te
creéren. Dit wordt uitgebreid in het proefschrift besproken.

Een andere toepassing van de bispectrale quantum KZ vergelijkingen is de vol-
gende. Een door Cherednik gevonden correspondentie tussen de quantum KZ ver-
gelijkingen en een spectraalprobleem (eigenwaardevergelijking) voor de zogenaam-
de Macdonald-Ruijsenaars operatoren, blijkt aanleiding te geven tot een correspon-
dentie tussen de bispectrale quantum KZ vergelijkingen en een bispectraal probleem
voor de Macdonald-Ruijsenaars operatoren. Oplossingen van de bispectrale quan-
tum KZ vergelijkingen die we in dit proefschrift vinden, gaan via de correspon-
dentie over in oplossingen voor het bispectrale probleem. Op die manier worden
nieuwe resultaten verkregen omtrent de convergentie van speciale machtreeksoplos-
singen (Harish-Chandra machtreeksoplossingen) van het spectraalprobleem, alsook
nieuwe inzichten in de theorie van zekere polynomiale oplossingen van het spec-
traalprobleem, de beroemde (symmetrische) Macdonaldpolynomen.

Er zijn verschillende typen van de dubbele affiene Hecke algebra en het blijkt
dat we bispectrale quantum KZ vergelijkingen kunnen associéren met ieder type. In

(4)
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de hoofstukken 2 tot en met 4 geven we een uitgebreide behandeling van bovenge-
noemde theorie in het geval dat de dubbele affiene Hecke algebra van het type Ay is.
In het laatste hoofdstuk beschrijven we de theorie corresponderend met de dubbele
affiene Hecke algebra van een willekeurig type.
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