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Chapter 1

Introduction

In this thesis we define and analyze an explicit holonomic system of linear first-order
q-difference equations for vector-valued functions, which we call the bispectral quan-
tum Knizhnik-Zamolodchikov equations. The first goal of this introduction is to explain
the concepts involved on a non-expert level. Secondly, we like to demonstrate how
the bispectral quantum Knizhnik-Zamolodchikov equations can be exploited to gain
insight in the well-known (trigonometric) Knizhnik-Zamolodchikov equations and
quantum Knizhnik-Zamolodchikov equations, systems that have naturally emerged
from mathematical physics and representation theory.

1.1 Linear q-difference equations

As a first step, we explain in this section the notion of a scalar linear q-difference
equation. Let q be some fixed real number satisfying 0 < q < 1 and let γ ∈ C× :=
C \ {0}. Consider the equation

f(qt) = γf(t) (1.1.1)

for a function f : C× → C. By means of the (renormalized) Jacobi theta function
θq(t) :=

∏
m≥0(1 − qmt)(1 − qm+1/t), which is a holomorphic function in t ∈ C×

satisfying
θq(qt) = −t−1θq(t),

we readily find a nonzero meromorphic solution fγ of (1.1.1), given by

fγ(t) =
θq(t)

θq(γt)
.

In other words, fγ solves the eigenvalue problem

Tqf = γfγ ,

1



2 Chapter 1. Introduction

where Tq is the so-called q-dilation operator (Tqf)(t) := f(qt). Note the reminiscence
with the fact that the exponential map u 7→ eλu for u ∈ C is an eigenfunction of the
differential operator d

du corresponding to the eigenvalue λ ∈ C.

Definition 1.1.1. A (homogeneous) linear q-difference equation for a meromorphic func-
tion f on C× is an equation of the form

an(t)(T nq f)(t) + · · ·+ a1(t)(Tqf)(t) + a0(t)f(t) = 0, (1.1.2)

in which a0, . . . , an are fixed meromorphic functions on C×. If an, a0 6= 0, then we
call n the order of the q-difference equation (see, e.g., [1]).

Note that (1.1.1) is a first-order linear q-difference equation. Another elementary
example of a first-order linear q-difference equation is

f(qt)− f(t)

qt− t
= a(t)f(t), (1.1.3)

where a(t) is a given meromorphic function. This is actually a rather special exam-
ple, for, if we let q → 1, then the left-hand side of (1.1.3) tends to the derivative df

dt (t)
of f at t (if it exists). Thus, in some formal sense, q-difference equations generalize
differential equations. We call a q-difference equation of which a given differential
equation is the result when formally taking the limit q → 1, a q-deformation of this
differential equation.

If we change the variable t = eu and write q = eh for some h > 0, then the
q-dilation operator becomes the translation operator T acting on 2πi-periodic mero-
morphic functions f on C, given by (T f)(u) := f(u + h). Accordingly, a linear
q-difference equation turns into a linear difference equation.

Definition 1.1.2. We call an equation for meromorphic functions f on C of the form

an(u)(T nf)(u) + · · ·+ a1(u)(T f)(u) + a0(u) = 0, (1.1.4)

where the ai are given meromorphic functions on C with an, a0 6= 0, a (homoge-
neous) nth-order linear difference equation. Often, h is taken to be 1, so that (T f)(u) =
f(u+ 1) (see [48]).

The difference analog of the differential equation df
du = af reads

f(u+ h)− f(u)

h
= a(u)f(u). (1.1.5)

Indeed, considering the limit h→ 0 in the left-hand side of (1.1.5) yields the familiar
formula for the derivative of f at u.

1.2 Holonomy

The bispectral quantum KZ equations, which are the main characters of the thesis,
form a holonomic system of linear first-order q-difference equations for meromorphic
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vector-valued functions on some complex torus. The goal of this section is to explain,
in various settings, the notion of holonomy.

1.2.1 Covariant derivatives

Let V be a finite-dimensional complex vector space. We write End(V ) for the algebra
of complex linear endomorphisms of V . Fix an integer N ≥ 1. Let Ai (1 ≤ i ≤ N )
be holomorphic functions on an open subset U ⊂ CN with values in End(V ) and
consider the system of linear first-order differential equations

∂f

∂ui
= Ai(u)f(u), 1 ≤ i ≤ N (1.2.1)

for V -valued holomorphic functions f on U . We call such a system of differential
equations holonomic, if

∂Aj
∂ui
− ∂Ai
∂uj

= [Ai, Aj ], (1.2.2)

where the bracket [, ] denotes the usual commutator [x, y] := xy−yx for ring elements
x and y.

Note that this is the natural condition in order to expect nontrivial solutions of
(1.2.1) to exist, since for a solution f of (1.2.1), both application of ∂Aj

∂ui
+ AjAi and

∂Ai
∂uj

+AiAj to f yield ∂2f
∂ui∂uj

.
In the language of differential geometry, the system of differential equations (1.2.1)

gives rise to covariant derivatives in the standard ith direction

∇i :=
∂

∂ui
−Ai(u) (1.2.3)

acting on holomorphic V -valued functions on U . These covariant derivatives may
occur as local coordinate expressions ∇i = ∇∂/∂ui for a connection ∇ on some holo-
morphic vector bundle, locally trivialized as U ×V . The system (1.2.1) then becomes

∇if = 0, 1 ≤ i ≤ N, (1.2.4)

while the holonomy condition translates to the familiar flatness condition

[∇i,∇j ] = 0, 1 ≤ i, j ≤ N. (1.2.5)

We call a holomorphic function f : U → V satisfying (1.2.4) flat with respect to∇.

1.2.2 Covariant q-derivatives

It is tempting to try to develop similar notions for systems of linear first-order q-
difference equations. The situation is substantially different though, since we are
then dealing with nonlocal operators: whereas for the differential operator d

du , the
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value of df
du at a point u0 (for some differentiable function f ), only depends on the

values of f in an arbitrary small neighborhood of u0, this obviously is not the case
for the q-dilation operator Tq . This makes it rather unclear what the appropriate
notion of a connection should be in the q-difference setting, but the local description
of a covariant derivative with respect to a chosen coordinate patch quite naturally
allows a q-difference analog. This is the path we will now follow. In the q-difference
setting it is natural to work with meromorphic functions.

Write qεit = (t1, . . . , qti, . . . , tN ) for 1 ≤ i ≤ N and t ∈ (C×)N . For a meromorphic
function f : (C×)N → V we consider the system of q-difference equations

Ai(t)(Tq,if)(t) = f(t), 1 ≤ i ≤ N, (1.2.6)

where (Tq,if)(t) := f(qεit) and the Ai are End(V )-valued meromorphic functions on
(C×)N . Fully written out, it reads

Ai(t1, . . . , tN )f(t1, . . . qti, . . . , tN ) = f(t1, . . . , tN ), 1 ≤ i ≤ N.

The system (1.2.6) is called holonomic if A1, . . . , AN satisfy

Ai(t)(Tq,iAj)(t) = Aj(t)(Tq,jAi)(t) (1.2.7)

for all 1 ≤ i, j ≤ N . Again, holonomy is the natural condition in order to expect
nontrivial solutions of (1.2.6). Indeed, for a solution f of (1.2.6), application of either
side of (1.2.7) to f(t1, . . . , qti, . . . , qtj , . . . , tN ) yields f(t).

The system of q-difference equations (1.2.6) gives rise to what we will be calling
covariant q-derivatives∇qi , defined by

∇qi := AiTq,i − idV , 1 ≤ i ≤ N,

acting on meromorphic V -valued functions on (C×)N . The holonomy of (1.2.6) is
then equivalent to the flatness condition

[∇qi ,∇
q
j ] = 0, 1 ≤ i, j ≤ N (1.2.8)

of ∇q := {∇qi }Ni=1, to which we sometimes will refer as the associated q-connection.
We call a meromorphic function f : (C×)N → V flat with respect to∇q if∇qi f = 0 for
1 ≤ i ≤ N . Hence, f is flat with respect to∇q if and only if it satisfies (1.2.6).

Remark 1.2.1. We need to mention that we use terms like ‘q-connection’ and ‘co-
variant q-derivative’ just because we like to think of them as q-analogs of locally
trivialized connections and covariant derivatives, but that it is by no means stan-
dard terminology. The same goes for the terminology introduced in the following
section where we consider the difference setting.



§1.2. Holonomy 5

1.2.3 Covariant difference derivatives

Now that we discussed analogs of holonomy and covariant derivatives for q-diffe-
rence equations, it is a small step to construct corresponding notions for difference
equations.

For a function f depending on λ = (λ1, . . . , λN ) ∈ CN , let Ti (1 ≤ i ≤ N ) be the
difference operator (Tif)(λ) := f(λ1, . . . , λi + 1, . . . , λN ). For holomorphic functions
f : CN → V we consider the system of linear first-order difference equations

Ai(λ)(Tif)(λ) = f(λ), 1 ≤ i ≤ N, (1.2.9)

where the Ai are End(V )-valued holomorphic functions on CN . We call (1.2.9) holo-
nomic if

Ai(λ)(TiAj)(λ) = Aj(λ)(TjAi)(λ) (1.2.10)

for all 1 ≤ i, j ≤ N . In a similar way as in the previous subsection, one observes that
holonomy is the natural condition to expect the existence of nontrivial solutions of
(1.2.9).

We say that the system (1.2.9) gives rise to covariant difference derivatives ∇i (1 ≤
i ≤ N ), defined by

∇i := Ai(λ)Ti − idV

for 1 ≤ i ≤ N . If the system (1.2.9) is holonomic, then the ∇i satisfy the flatness
conditions

[∇i,∇j ] = 0, 1 ≤ i, j ≤ N. (1.2.11)

We will call ∇ := {∇i}Ni=1 the corresponding difference connection. Let us complete
the analogy with Subsections 1.2.1 and 1.2.2 by calling a smooth function f : CN → V
flat with respect to ∇, if ∇if = 0 for 1 ≤ i ≤ N , hence, equivalently, if f is a solution
of (1.2.9).

1.2.4 Holonomy for mixed systems

In this subsection we will discuss a concept of holonomy in case we combine dif-
ferent types of systems of equations. Concretely, we explain what we will mean by
a holonomic system consisting of both linear first-order differential and difference
equations.

Let U be an open subset of CM and let Ai, Bk be holomorphic End(V )-valued
functions on U × CN for 1 ≤ i ≤M , 1 ≤ k ≤ N . Now define

∇i :=
∂

∂ui
−Ai, 1 ≤ i ≤M

∇̂k := BkT λk − idV , 1 ≤ k ≤ N,
(1.2.12)

viewed as linear operators acting on holomorphic V -valued functions in (u, λ) ∈
U × CN (here T λk is the operator Tk defined in the previous subsection acting in the
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variable λ ∈ CN ). Now consider the linear system of first-order differential/diffe-
rence equations corresponding to (1.2.12),

(∇if)(u, λ) = 0, 1 ≤ i ≤M, (1.2.13)

(∇̂kf)(u, λ) = 0, 1 ≤ k ≤ N (1.2.14)

for holomorphic functions f : U ×CN → V . We call the total system (1.2.13)–(1.2.14)
holonomic if

[∇i,∇j ] = 0, [∇̂k, ∇̂l] = 0, [∇i, ∇̂k] = 0

for all 1 ≤ i, j ≤ M and 1 ≤ k, l ≤ N . Note that the first two conditions are equiva-
lent to ∂Aj

∂ui
− ∂Ai

∂uj
= [Ai, Aj ] and BkT λk (Bl) = BlT λl (Ak), respectively (cf. (1.2.2) and

(1.2.10)), and a small computation shows that the third condition is equivalent to

∂Bk
∂ui

−AiBk = −BkT λk (Ai). (1.2.15)

These are the natural conditions to expect nontrivial solutions. For the first two con-
ditions this is clear from the previous subsections, for the third we remark that ap-
plication of either side of (1.2.15) to T λk (f) for a solution f of (1.2.13)–(1.2.14), yields
−Bk ∂

∂ui
(T λk (f)).

Analogously to the other cases considered in this section, we might say that∇ :=

{∇i}Mi=1 and ∇̂ := {∇̂k}Nk=1 together define a mixed connection and call a solution f

of the system (1.2.13)–(1.2.14) flat with respect to∇, ∇̂.

1.3 Compatible systems in auxiliary parameters

In this section we will give a reinterpretation of the holonomic systems discussed
in the previous section as holonomic systems depending on auxiliary parameters,
together with a compatible holonomic system of equations operating on the auxiliary
parameters. First we consider the differential case.

Suppose we have covariant derivatives∇i = ∂
∂ui
−Ai (1 ≤ i ≤ L) on U ⊂ CL (see

Subsection 1.2.1), satisfying the flatness conditions [∇i,∇j ] = 0 (1 ≤ i, j ≤ L). Now
let L = M + N and write u = (v, w) ∈ U1 × U2 ⊂ U , with U1 ⊂ CM and U2 ⊂ CN
open. For fixed w ∈ U2, the ∇i (1 ≤ i ≤M ) give rise to flat covariant derivatives

∇i(w) :=
∂

∂vi
−Ai(·, w) (1.3.1)

acting on holomorphic V -valued functions on U1. Note that ∇i(w) depends holo-
morphically on w ∈ U2. In other words, the second set of variables w ∈ U2 ⊂ CN are
interpreted here as auxiliary parameters. We thus have a family of flat connections
∇(w) = {∇i(w)}Mi=1 (w ∈ U2) depending holomorphically on w ∈ U2 and operating
on V -valued functions on U1.
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Similarly, for fixed v ∈ U1, the ∇k+M (1 ≤ k ≤ N ) give rise to flat covariant
derivatives

∇̂k(v) :=
∂

∂wk
−Ak+M (v, ·) (1.3.2)

acting on holomorphic V -valued functions on U2, depending holomorphically on
v ∈ U1.

Corresponding to (1.3.1), for all w ∈ U2, we have a holonomic system of differen-
tial equations for holomorphic functions f : U1 → V

(∇i(w)f)(v) = 0, 1 ≤ i ≤M. (1.3.3)

Similarly, corresponding to (1.3.2), for all v ∈ U1 we have a holonomic system of
linear first-order differential equations acting on the auxiliary parameter w of∇i(w),

(∇̂k(v)f)(w) = 0, 1 ≤ k ≤ N, (1.3.4)

for holomorphic functions f : U2 → V . Now the fact that the holonomic systems
(1.3.3) and (1.3.4) come from a flat connection ∇ = {∇i}M+N

i=1 implies that these two
systems are mutually compatible in the sense that ∂Ak+M

∂vi
− ∂Ai

∂wk
= [Ai, Ak+M ] for

1 ≤ i ≤M and 1 ≤ k ≤ N (which is equivalent to [∇i,∇k+M ] = 0; see (1.2.2)).

Definition 1.3.1. Let U1 ⊂ CM and U2 ⊂ CN be open and let Ai, Bk : U1 × U2 →
End(V ) be holomorphic. Suppose that for each w ∈ U2, the covariant derivatives

∇i(w) :=
∂

∂vi
−Ai(·, w), 1 ≤ i ≤M (1.3.5)

acting on holomorphic V -valued functions on U1 are holonomic. Furthermore, sup-
pose that for each v ∈ U1 the covariant derivatives

∇̂k(v) :=
∂

∂wj
−Bk(v, ·), 1 ≤ k ≤ N (1.3.6)

acting on holomorphic V -valued functions on U2 are holonomic. Then the families
of flat connections {∇(w)}w∈U2

and {∇̂(v)}v∈U1
are called compatible, if

∂Bk
∂vi
− ∂Ai
∂wk

= [Ai, Bk] (1.3.7)

for 1 ≤ i ≤ M and 1 ≤ k ≤ N as End(V )-valued functions on U1 × U2. We will
also say that the corresponding (two families of) holonomic systems of differential
equations are compatible.

Now if we actually have such a compatible family of connections as in the defini-
tion, then we can construct a flat connection ∇ = {∇i}M+N

i=1 acting on holomorphic
V -valued functions f on U1 × U2, by setting

(∇if)(v, w) :=
(
∇i(w)f(·, w)

)
(v), 1 ≤ i ≤M,

(∇k+Mf)(v, w) :=
(
∇̂k(v)f(v, ·)

)
(w), 1 ≤ k ≤ N
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for all (v, w) ∈ U1 × U2. In particular, given holonomic covariant derivatives (1.3.5)
depending holomorphically on auxiliary parameters w ∈ U2, it is natural to ask
whether it extends to a compatible system of equations in the sense of the definition.

We just discussed compatible systems of equations for the differential case (which
corresponds to Subsection 1.2.1), but the story for difference equations (Subsection
1.2.3) and q-difference (Subsection 1.2.2) is completely analogous.

Moreover, in the same spirit, we may reinterpret the mixed system we discussed
in Subsection 1.2.4 as a compatible system of holonomic covariant derivatives∇i(λ)
(1 ≤ i ≤M ) determined by∇i(λ) := ∂

∂ui
−Ai(·, λ) acting on holomorphic V -valued

functions onU , and of holonomic covariant difference derivatives ∇̂k(u) (1 ≤ k ≤ N )
determined by ∇̂k(u) := Bk(u, ·)T λk − idV and acting on holomorphic V -valued
functions g on CN . The compatibility condition in this case, that is, the analog of
(1.3.7), is given by (1.2.15). As we will see, the main nontrivial example we examine
in this introduction is of this kind (see Section 1.6).

One way that holonomic systems of equations in auxiliary parameters, compat-
ible to a given system, naturally arise, is in isomonodromy theory (see [28]). An-
other, and closely related, feature of such compatible systems in the case of differ-
ence or q-difference equations, is that they give rise to nontrivial isomorphisms be-
tween spaces of solutions of the original system with respect to different values of the
auxiliary parameters (see Proposition 2.4.9 for an example related to the bispectral
quantum KZ equations).

Remark 1.3.2. In this thesis, compatible systems of q-difference equations in the
auxiliary parameters will also give rise to nontrivial bispectral problems for higher-
order scalar q-difference operators (bispectrality in the sense of Duistermaat and
Grünbaum [13]). We come back to this in Section 1.8 (see also Chapter 3).

The rest of this section is devoted to a couple of very elementary examples of
compatible systems. In subsequent sections we will deal with the nontrivial case
involving (various instances of) the Knizhnik-Zamolodchikov equations, which is
the main subject of this thesis.

1.3.1 Differential / differential

For λ ∈ C, consider the covariant derivative ∇(λ) := d
du − λ operating on holomor-

phic complex-valued functions on C. Note that the function fλ(u) := eλu satisfies
∇(λ)fλ = 0. Now for u ∈ C, define ∇̂(u) by

∇̂(u) :=
∂

∂λ
− u,

operating on holomorphic complex-valued functions on C. Then, clearlyA(·, λ) := λ

andB(u, ·) := u satisfy (1.3.7), so {∇(λ)}λ∈C and {∇̂(u)}u∈C are compatible. Accord-
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ingly, if we define∇ and ∇̂ by

(∇g)(·, λ) := ∇(λ)g(·, λ),

(∇̂g)(u, ·) := ∇̂(u)g(u, ·),

for g : C×C→ C holomorphic, then∇ and ∇̂ define flat covariant derivatives acting
on holomorphic functions on C × C. Consequently, we have a holonomic system of
first-order linear differential equations

(∇f)(u, λ) = 0,

(∇̂f)(u, λ) = 0
(1.3.8)

for holomorphic complex-valued functions on C×C in the sense of Subsection 1.2.1.
If we regard fλ(u) as a function of both u, λ ∈ C, then the resulting function

f(u, λ) := eλu is a nontrivial solution of (1.3.8). Moreover, f(u, λ) is a self-dual solu-
tion of (1.3.8), that is,

f(u, λ) = f(λ, u)

for u, λ ∈ C. The existence of self-dual solutions of (1.3.8) is related to the duality
symmetry

∇ = φ ◦ ∇̂ ◦ φ

of the system (1.3.8), where φ is the involution of the space of complex-valued func-
tions on C×C defined by (φg)(u, λ) = g(λ, u). It follows, in particular, that if we start
with a holomorphic function g : C × C → C such that ∇(λ)g(·, λ) = 0 for all λ ∈ C
and satisfying g(u, λ) = g(λ, u) (u ∈ C, λ ∈ C), then g automatically also satisfies
∇̂(u)g(u, ·) = 0 for all u ∈ C. Hence, g is a self-dual solution of (1.3.8). In this thesis
we exploit such duality symmetry extensively (see Section 2.5).

1.3.2 q-Difference / q-difference

To equation (1.1.1) we can associate a covariant q-derivative ∇q(γ) = γ−1Tq − id
acting on meromorphic functions on C× for all γ ∈ C×. We extend it as follows. For
a meromorphic function f on C××C× write (T tq f)(t, γ) = f(qt, γ) and (T γq f)(t, γ) =
f(t, qγ). We put

∇q := γ−1T tq − id,

∇̂q := t−1T γq − id.

Then one easily checks that [∇q, ∇̂q] = 0, and so the set of equations

(∇qf)(t, γ) = 0,

(∇̂qf)(t, γ) = 0,
(1.3.9)
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define a holonomic system of q-difference equations for meromorphic functions on
C××C× in the sense of Subsection 1.2.2. Note that we can reinterpret (1.3.9) as a com-
patible system of a q-difference equation determined by the covariant q-derivative
∇q(γ) = γ−1Tq − id depending meromorphically on an auxiliary parameter γ ∈ C×

and a q-difference equation determined by ∇̂q(t) := t−1T γq − id operating on that
auxiliary parameter. If we multiply the solution θq(t)

θq(γt)
of (1.1.1) by θq(γ), then by a

similar analysis as in Subsection 1.3.1, we obtain a nontrivial meromorphic solution

g(t, γ) :=
θq(t)θq(γ)

θq(γt)

of (1.3.9), which is self-dual, i.e. invariant under t ↔ γ. As in the previous subsec-
tion, this relates to a duality symmetry of (1.3.9).

1.3.3 Differential / difference

For the final basic example, first recall the covariant derivative ∇(λ) := ∂
∂u − λ on

C from Subsection 1.3.1. For a function f depending on λ ∈ C, put (T λf)(λ) :=
f(λ+ 1). Define

∇̂(u) := e−uT λ − id.

We readily see that A(·, λ) := λ and B(u, ·) := e−u satisfy (1.2.15), hence {∇(λ)}λ∈C
and {∇̂(u)}u∈C are compatible.

In other words, we have a flat mixed connection given by

(∇f)(·, λ) := ∇(λ)f(·, λ),

(∇̂f)(u, ·) := ∇̂(u)f(u, ·)
(1.3.10)

acting on holomorphic functions C× C→ C. Accordingly, the system of linear first-
order differential/difference equations

(∇f)(u, λ) = 0,

(∇̂f)(u, λ) = 0
(1.3.11)

for holomorphic functions f on C×C, is holonomic (in the sense of Subsection 1.2.4).
Note that we have a nontrivial solution of (1.3.11) given by

f(u, λ) := euλ.

This is the same function as we obtained in Subsection 1.3.1 as a solution of (1.3.8).

1.4 Trigonometric Knizhnik-Zamolodchikov
equations

We now come to a nontrivial example of a holonomic system of linear first-order dif-
ferential equations, which can be regarded as forming the classical background of the
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theory developed in this thesis: the so-called trigonometric Knizhnik-Zamolodchikov
equations. They form a system of linear first-order differential equations for holo-
morphic functions on

UKZ := {u ∈ CN | ui − uj /∈ 2π
√
−1Z for all i 6= j},

with values in a vector space V of dimensionN ! (here and in the rest of this introduc-
tion we take N ≥ 2). The Knizhnik-Zamolodchikov (KZ) equations were originally
obtained as a holonomic system of differential equations satisfied by the correlation
functions in a Wess-Zumino-Witten conformal field theory (cf. [33]). A mathematical
rigorous treatment of these equations was provided by Tsuchiya and Kanie [62]. The
corresponding covariant derivatives in this case are defined in terms of a classical
r-matrix (by definition a solution of the classical Yang-Baxter equation; see e.g. [15,
§3.9]), which is constructed by means of representation theory of affine Lie algebras.

In general, one can associate flat covariant derivatives to any r-matrix (again, see
[15, §3.9]). Cherednik developed an alternative way to produce r-matrices, namely
via representations of so-called degenerate affine Hecke algebras (see [10, §1.1]), and
the corresponding holonomic system of differential equations are Cherednik’s affine
trigonometric KZ equations (cf. [10, §1.1]). In this thesis we employ Cherednik’s ap-
proach to (q-analogs of) the KZ equations, but in the introduction we merely present
the various KZ equations rather than actually construct them. The natural construc-
tion of the trigonometric KZ equations can be found in [10]; for the construction in
the quantum case see Chapter 2.

In order to write down the KZ equations, we need some facts about the sym-
metric group. Let SN denote the group of permutations of the set {1, . . . , N}. For
i 6= j, write sij ∈ SN for the transposition i↔ j. We will identify SN with the group
presented by generators s1, . . . , sN−1, subject to the relations

s2
i = 1,

sisi+1si = si+1sisi+1,

sisj = sjsi, (|i− j| > 1).

(1.4.1)

The identification is made by relating the generator si (1 ≤ i ≤ N − 1) to the trans-
position si,i+1. For w ∈ SN , we call an expression for w of the form

w = si1 · · · sir
reduced, if r ∈ Z≥0 is as small as possible. In this case, the integer r is referred to as
the length of w and is denoted by `(w).

Let V be a complex vector space of dimension #SN = N ! and let {vw}w∈SN
denote a distinguished basis of V over C. Define a C-linear left action of SN on V by

wvw′ := vww′ , (1.4.2)

for w,w′ ∈ SN . Later on, we will also need the C-linear right action of SN on V ,
which is defined by

wvw′ := vw′w (1.4.3)
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for w,w′ ∈ SN .

Remark 1.4.1. The map w 7→ vw defines an isomorphism of vector spaces C[SN ] '
V , where C[SN ] is the group algebra of SN . The left (respectively right) action of SN
on V we just defined corresponds to the left (respectively right) regular action of SN
on C[SN ].

Now fix κ ∈ C and let h be a formal parameter. We write C[[h]] for the ring of
formal power series in h and put V [[h]] := C[[h]] ⊗ V . The actions (1.4.2) and (1.4.3)
of SN on V give rise to SN -actions on V [[h]] by C[[h]]-linear extension. We define
operators Ti (1 ≤ i < N ) and π(λ) (depending on λ ∈ CN ) in EndC[[h]](V [[h]]) '
C[[h]]⊗ End(V ) by setting

Ti(vw) =

{
vsiw if `(siw) = `(w) + 1,

vsiw + (ehκ − e−hκ)vw if `(siw) = `(w)− 1,
(1.4.4)

π(λ)vw = ehλw−1(N)vσw (1.4.5)

for w ∈ SN , where σ ∈ SN is given by σ(i) = i + 1 (1 ≤ i < N ) and σ(N) = 1.
Note that the Ti are invertible with inverse T−1

i = Ti − ehκ + e−hκ. In fact, the
operators T1, . . . , TN−1, π(λ) represent the so-called extended affine Hecke algebra H =
H(ehκ) (see Subsection 2.2.2). The Hecke algebra H contains a large commutative
subalgebra (CY [T ], see Theorem 2.2.3). Its image in C[[h]]⊗ End(V ) is generated (as
an algebra) by Yi(λ)±1, where

Yi(λ) = T−1
i−1 · · ·T

−1
1 π(λ)TN−1 · · ·Ti,

for 1 ≤ i ≤ N .
For F ∈ C[[h]]⊗ End(V ), let Fn ∈ End(V ) be the coefficient of hn, that is,

F =
∑
n≥0

Fnh
n.

Note that with this notation, Ti,0 = si as operators on V . Furthermore, we have
Yi(λ)0 = idV , and hence, since [Yi(λ), Yj(λ)] = 0, also [Yi(λ)1, Yj(λ)1] = 0.

Remark 1.4.2. The operators Ti,0 (1 ≤ i < N ) and Yj(λ)1 (1 ≤ j ≤ N ) define a
representation of the so-called degenerate affine Hecke algebra (cf. [10, §1.1]).

Define End(V )-valued holomorphic functions Ai (1 ≤ i ≤ N ) on UKZ × CN by

Ai(u, λ) := Yi(λ)1 + 2κ

 N∑
j=i+1

sij − 1

euj−ui − 1
−

i−1∑
j=1

sij − 1

eui−uj − 1
+ i− N + 1

2

 (1.4.6)

and set
∇i(λ) :=

∂

∂ui
−Ai(·, λ), 1 ≤ i ≤ N.
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Theorem 1.4.3. The system of linear differential equations

(∇i(λ)f)(u) = 0, 1 ≤ i ≤ N (1.4.7)

for V -valued holomorphic functions f in u ∈ UKZ is holonomic (see (1.2.5)).

Definition 1.4.4. The holonomic system of equations (1.4.7) is called the system of
trigonometric Knizhnik-Zamolodchikov equations (with respect to the degenerate affine
Hecke algebra module V ).

Theorem 1.4.3 is due to Cherednik (see [10]). The trigonometric form of the KZ
equations was also found by Frenkel and Reshetikhin in [21], then in the setting
of affine Lie algebras. In this introduction, we will see that Theorem 1.4.3 follows
by degenerating a specific holonomic system of q-difference equations, called the
quantum KZ equations (see Subsection 1.7.2).

Note that (1.4.7) is defined in terms of a flat covariant derivative depending holo-
morphically on an auxiliary parameter λ ∈ CN , so it is natural to look for a compat-
ible system in the auxiliary parameter (see Section 1.3). This will be constructed in
the following section.

1.5 Difference KZ equations

In this section we construct a difference analog of the KZ equations, which will turn
out to be compatible with the trigonometric KZ equations (1.4.7). In order to do so,
we need to introduce operators C[[h]] ⊗ End(V ) dual to the Ti and π(λ) defined in
previous section. First, let ι be the involution of V determined by ι(vw) = vw−1 . We
view ι as element of EndC[[h]](V [[h]]) = C[[h]] ⊗ End(V ) by C[[h]]-linear extension.
Then for fixed u ∈ CN , we define

T̂i := ιTiι, π̂(u) := ιπ(−u/h)ι

for 1 ≤ i < N , where the second formula (involving “h−1”) should be understood to
mean that π̂(u)vw = e−uw(N)vwσ−1 for all w ∈ SN (compare with (1.4.5)). Similarly as
the Ti and π(λ) did before, these operators define a representation of the extended
affine Hecke algebra. Accordingly, we obtain invertible commuting operators

Ỹi(u) := T̂−1
i−1 · · · T̂

−1
1 π̂(u)T̂N−1 · · · T̂i

in C[[h]]⊗ End(V ), for 1 ≤ i ≤ N .

Remark 1.5.1. We have T̂i,0 = si (see (1.4.3)) as elements of End(V ), and one can
easily check that

Ỹi(u)0vw = e−uw(i)vw

for 1 ≤ i ≤ N and w ∈ SN . In particular, the s̃1, . . . , sN−1 and Ỹi(u)0 (1 ≤ i ≤ N )
define a representation of the affine Weyl group W = SN n ZN on V , where the
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action of the standard basis element εi ∈ ZN (1 ≤ i ≤ N ) is by Ỹi(u)0 (see Subsection
2.2.1).

Define End(V )-valued rational functions R̂i on C by

R̂i(z) :=
z

z + 2κ
(si − 1) + idV

for 1 ≤ i < N . The R̂i satisfy

R̂i(z)R̂i+1(z + w)R̂i(w) = R̂i+1(w)R̂i(z + w)R̂i+1(z), 1 ≤ i < N − 1,

R̂j(z)R̂j(−z) = idV , 1 ≤ j < N.
(1.5.1)

An R-matrix, compared to a classical r-matrix, is by definition a solution of the
quantum Yang-Baxter equation (with spectral parameter). It gives rise to a flat q-
connection, just like an r-matrix gives rise to a flat connection. The first identity in
(1.5.1) is reminiscent of the quantum Yang-Baxter equations (with spectral parame-
ter), and though the R̂i are no genuineR-matrices (but rather generalizedR-matrices
in the sense of Cherednik), they do give rise to a flat q-connection, as we will see
shortly.

We define End(V )-valued rational functions Aj on UKZ × CN by

Âj(u, λ) :=R̂j−1(λj − λj−1)R̂j−2(λi − λj−2) · · · R̂1(λj − λ1)π̂(u)0

× R̂N−1(λj − λN + 1)R̂N−2(λj − λN−1 + 1) · · · R̂j(λj − λj+1 + 1)

(1.5.2)

for 1 ≤ j ≤ N . Furthermore, we define the covariant difference derivatives

∇̂j(u) := Âj(u, ·)T λj − idV ,

for 1 ≤ j ≤ N .

Theorem 1.5.2. For fixed u ∈ CN , the system of linear first order difference equations

(∇̂j(u)f)(λ) = 0, 1 ≤ j ≤ N (1.5.3)

for V -valued holomorphic functions f in λ ∈ CN is holonomic (in the sense of Subsection
1.2.3).

Definition 1.5.3. We call the holonomic system of difference equations (1.5.3) the
difference KZ equations.

Again, just as we announced for the trigonometric KZ equations, Theorem 1.5.2
will follow by degenerating a specific holonomic system of q-difference equations,
which are in some sense dual quantum KZ equations. The assertion of Theorem 1.5.2
is actually a partial result of the fact that the system (1.5.3) is one ‘portion’ of a certain
compatible mixed system, as we will see in the next section.
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1.6 Compatibility of the trigonometric KZ and the dif-
ference KZ equations

The following theorem asserts that the trigonometric KZ equations (1.4.7) and the
difference KZ equations (1.5.3) we defined in the previous two subsections are com-
patible in the sense of Section 1.3.

Theorem 1.6.1. Let Ai and Âj , as End(V )-valued functions in (u, λ) ∈ UKZ × CN , be
given by (1.4.6) and (1.5.2), respectively. For 1 ≤ i, j ≤ N define covariant derivatives

∇i :=
∂

∂ui
−Ai

and covariant difference derivatives

∇̂j := ÂjT λj − idV ,

acting on holomorphic V -valued functions on UKZ × CN . Then the system

(∇if)(u, λ) = 0, 1 ≤ i ≤ N,

(∇̂jf)(u, λ) = 0, 1 ≤ j ≤ N,
(1.6.1)

is a holonomic system of differential/difference equations for V -valued holomorphic functions
f on UKZ × CN in the sense of Subsection 1.2.4.

Note that Theorem 1.6.1 implies Theorem 1.4.3 as well as Theorem 1.5.2. The
proof of Theorem 1.6.1 follows from degenerating the result that the bispectral quan-
tum Knizhnik-Zamolodchikov equations, to be defined in the following section, form
a holonomic system of q-difference equations. This approach was used before by
Takeyama [56] in a different setting.

The search for systems of equations compatible with the Knizhnik-Zamolodchikov
equations was initiated by Felder, Markov, Tarasov and Varchenko. In their paper
[20] they found a system of differential equations compatible with the rational KZ
equations and they called this compatible system the (rational) dynamical differential
equations. Subsequently, the trigonometric KZ equations were considered by Tarasov
and Varchenko in [58]. Here, the resulting compatible system is a system of differ-
ence equations, so-called dynamical difference equations. Under the limiting process
which turns the trigonometric KZ equations into the standard (rational) KZ equa-
tions, the dynamical difference equations are turned into the rational dynamical dif-
ferential equations from [20].

Accordingly, we now know two different cases of trigonometric KZ equations
forming a compatible system together with a certain holonomic system of differ-
ence equations: trigonometric KZ equations associated with affine Lie algebras and a
compatible system of difference equations constructed via quantum groups (Tarasov
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[57], Tarasov-Varchenko [58]), and, secondly, (affine) trigonometric KZ equations as-
sociated with degenerate affine Hecke algebras (Cherednik) and a compatible sys-
tem of difference equations by degenerating the bispectral quantum KZ equations.
Comparing Theorem 1.6.1 with Theorem 4.1 of [57], it is likely that both compatible
systems are (gauge) equivalent.

1.7 Bispectral quantum KZ equations

The bispectral quantum Knizhnik-Zamolodchikov equations constitute a holonomic sys-
tem of q-difference equations on a complex torus, which in some sense contains two
families of the quantum Knizhnik-Zamolodchikov equations. These quantum KZ equa-
tions are a q-deformation of the Knizhnik-Zamolodchikov equations and are due to
Frenkel and Reshetikhin [21] (from the quantum group perspective) and Cherednik
[6] (from the Hecke algebra perspective).

In this section we provide an ad hoc definition of the bispectral quantum KZ
equations by explicitly writing out the covariant q-derivatives. The conceptually
more justified definition of the bispectral quantum KZ equations as well as the proof
of the holonomy (which heavily depends on the conceptual definition) are given in
the main text (see Section 2.3).

1.7.1 The bispectral quantum KZ equations

Fix a complex parameter k ∈ C×, and let h > 0 such that q = eh. Accordingly, we
view the operators Ti, T̂i, π(λ) and π̂(u) from Sections 1.4 and 1.5, as linear operators
on V . We write T := (C×)N . The generalized R-matrices Rqi (z) and R̂qi (z) on which
the construction relies are the End(V )-valued rational functions in z ∈ C defined by

Rqi (z) :=
1− z

k−1 − kz
(Ti − k) + idV ,

R̂qi (z) :=
1− z

k−1 − kz
(T̂i − k) + idV

for 1 ≤ i < N . Using representation theory of the affine Hecke algebra, it can be
shown that

Rqi (z)R
q
i+1(zw)Rqi (w) = Rqi+1(w)Rqi (zw)Rqi+1(z), 1 ≤ i < N − 1,

Rqj (z)R
q
j (z
−1) = idV , 1 ≤ j < N,

(cf. (1.5.1)) and similarly for the R̂qi (z) (1 ≤ i < N ). Define Cqi (t, γ) and Ĉqj (t, γ)
(1 ≤ i, j ≤ N ) as End(V )-valued meromorphic functions in (t, γ) ∈ T × T by

Cqi (t, γ) =Rqi−1(ti−1/ti)R
q
i−2(ti−2/ti) · · ·Rq1(t1/ti)π(log(γ)/h)

×RqN−1(qtN/ti) · · ·Rqi+1(qti+2/ti)R
q
i (qti+1/ti)
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and

Ĉqj (t, γ) =R̂qj−1(γj/γj−1)R̂qj−2(γj/γj−2) · · · R̂q1(γj/γ1)π̂(log(t))

× R̂qN−1(qγj/γN ) · · · R̂qj+1(qγj/γj+2)R̂qj (qγj/γj+1),

where log(y), for y = (y1, . . . , yN ) ∈ T , is allowed to be any x = (x1, . . . , xN ) ∈ CN
such that exi = yi. In other words, π(log(γ)/h)vw = γw−1(N)vσw and π̂(log(t))vw =
t−1
w(N)vwσ−1 for w ∈ SN . We have the following result.

Theorem 1.7.1. The system of linear first-order q-difference equations

Cqi (t, γ)f(q−εit, γ) = f(t, γ), 1 ≤ i ≤ N,

Ĉqj (t, γ)f(t, qεjγ) = f(t, γ), 1 ≤ j ≤ N
(1.7.1)

for V -valued meromorphic functions f in (t, γ) ∈ T × T is holonomic.

Remark 1.7.2. The system (1.7.1) can be written in the familiar form (1.2.6), so that
it is clear what holonomy means here. Alternatively, we can reformulate it as a com-
patible system of flat q-connections, which is what we will do below.

Definition 1.7.3. We call (1.7.1) the system of bispectral quantum KZ equations.

Theorem 1.7.1 is one the main results in this thesis (see Section 2.3). The construc-
tion of the bispectral quantum KZ equations depends on a sophisticated algebraic
structure called the double affine Hecke algebra, which was introduced by Cherednik
(cf. [7]). Its fundamental properties, in particular a certain nontrivial duality sym-
metry (see [10, Theorem 1.4.8]), turn out to force the holonomy of the total system
(1.7.1).

In the language of Section 1.3, (1.7.1) gives rise to a compatible system of flat
q-connections on the complex torus. Concretely, the two systems are given by

∇qi (γ) := T tq,i(C
q
i (·, γ)−1)T tq,i − idV , 1 ≤ i ≤ N, (1.7.2)

operating on meromorphic V -valued functions in t ∈ T , and

∇̂qj(t) := Ĉqj (t, ·)T γq,j − idV , 1 ≤ j ≤ N, (1.7.3)

operating on meromorphic V -valued functions in γ ∈ T .
Both the linear first-order system of q-difference equations determined by (1.7.2)

and the system determined by (1.7.3) are examples of Cherednik’s quantum KZ
equations [10, (1.3.12)]. For (1.7.2), the auxiliary parameters γ then relate to the cen-
tral character of the affine Hecke algebra module naturally associated to the quan-
tum KZ equation. Our key result, Theorem 1.7.1, thus states that the quantum KZ
equations (associated to (1.7.2)) and the dual quantum KZ equations (associated to
(1.7.3)) form a compatible system in the sense of Definition 1.3.1.
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Let us return to Theorem 1.6.1. We do not have a direct and conceptual proof
(as we do have for the holonomy of (1.7.1)), which is due to the absence of a dual-
ity symmetry of the associated degenerate double affine Hecke algebra in this case.
Instead, Theorem 1.6.1 can be shown by degenerating the bispectral quantum KZ
equations, as we will see in the next subsection.

1.7.2 Compatibility of the trigonometric and difference KZ equa-
tions revisited

In order to employ the result of Theorem 1.7.1 to come to a proof of Theorem 1.6.1, it
is convenient to rewrite the bispectral quantum KZ equations as a system of differ-
ence equations for meromorphic functions on CN ×CN . For that purpose, we apply
a change of variables by setting ti = eui , γj = ehλj , and we let ehκ = k. Define

Ri(z) := Rqi (e
z), R̂i(z) := R̂qi (e

z),

for 1 ≤ i < N as End(V )-valued meromorphic functions in z ∈ C. Note that we have

Ri(z)Ri+1(z + w)Ri(w) = Ri+1(w)Ri(z + w)Ri+1(z), 1 ≤ i < N − 1,

Rj(z)Rj(−z) = idV , 1 ≤ j < N,

and similarly for the R̂i(z) (1 ≤ i < N ). Correspondingly, Cqi (t, γ) and Ĉqj (t, γ)
become the operators

Ci(u, λ) :=Ri−1(ui−1 − ui)Ri−2(ui−2 − ui) · · ·R1(u1 − ui)π(λ)

×RN−1(uN − ui + h) · · ·Ri+1(ui+2 − ui + h)Ri(ui+1 − ui + h)

and

Ĉj(u, λ) :=R̂j−1(h(λj − λj−1))R̂j−2(h(λj − λj−2)) · · · R̂1(h(λj − λ1))π̂(u)

× R̂N−1(h(λj − λN + 1)) · · · R̂j+1(h(λj − λj+2 + 1))R̂j(h(λj − λj+1 + 1)),

as End(V )-valued meromorphic functions in (u, λ) ∈ CN×CN . For u = (u1, . . . , uN ) ∈
CN and c ∈ C, write u + cεi := (u1, . . . , ui + c, . . . , uN ). Theorem 1.7.1 can then be
reformulated as follows.

Theorem 1.7.4. The system of linear difference equations

Ci(u, λ)f(u− hεi, λ) = f(u, λ), 1 ≤ i ≤ N,

Ĉj(u, λ)f(u, λ+ εj) = f(u, λ), 1 ≤ j ≤ N
(1.7.4)

for V -valued meromorphic functions f in (u, λ) ∈ CN × CN is holonomic.
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First note that Theorem 1.7.4 is equivalent to conditions

Ci(u, λ)Cj(u− hεi, λ) = Cj(u, λ)Ci(u− hεj , λ)

Ĉi(u, λ)Ĉj(u, λ+ εi) = Ĉj(u, λ)Ĉi(u, λ+ εj)

Ci(u, λ)Ĉj(u− hεi, λ) = Ĉj(u, λ)Ci(u, λ+ εj)

(1.7.5)

for 1 ≤ i, j ≤ N (cf. (1.2.10)). In order to establish the link with (1.6.1), it is convenient
to put

Di(u, λ) := Ci(u+ hεi, λ)− idV

for 1 ≤ i ≤ N , and also write D̂j(u, λ) := Ĉj(u, λ) for 1 ≤ j ≤ N . Then (1.7.4) reads

Di(u, λ)f(u, λ) = f(u+ hεi, λ)− f(u, λ),

D̂j(u, λ)f(u, λ+ εj) = f(u, λ)
(1.7.6)

for 1 ≤ i, j ≤ N . Now to derive Theorem 1.6.1 as a consequence of Theorem 1.7.4, we
will view h as a formal parameter, and accordingly we will view Ci(u, λ), Ĉj(u, λ),
etc. as elements of C[[h]]⊗ End(V ), and the equations (1.7.5) as identities in C[[h]]⊗
End(V ). By a direct computation one can now show that

Ai(u, λ) = Di(u, λ)1

Âj(u, λ) = D̂j(u, λ)0,

for 1 ≤ i, j ≤ N . Considering the h1-term in the first and the h0-term in the second
set of equations of (1.7.6), we formally obtain the mixed system (1.6.1). Picking out
the appropriate h1-terms and h0 terms in the holonomy conditions (1.7.5) then leads
to the holonomy of (1.6.1), and hence to a proof of Theorem 1.6.1, as a consequence
of the holonomy of the bispectral quantum KZ equations (1.7.1).

1.8 BqKZ and bispectral problems

From the results in this thesis it follows that solutions of a compatible system of
differential, difference or q-difference equations can lead to solutions of bispectral
problems in the sense of Duistermaat and Grünbaum [13]. In this section we explain
the concept of bispectrality and its relevance to the compatible system of q-difference
equations (1.7.1).

In general, the bispectral problem is concerned with a commutative algebra A of
scalar differential (difference/q-difference) operators L, which is said to be bispectral
if there exists a family of common eigenfunctions f(u, λ) (depending on a spectral
parameter λ)

(Lf)(u, λ) = φL(λ)f(u, λ), L ∈ A, (1.8.1)

which is also a family of common eigenfunctions of a commutative algebra B of
scalar linear differential (difference/q-difference) operators Λ with respect to λ

(Λf)(u, λ) = θΛ(u)f(u, λ), Λ ∈ B. (1.8.2)
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The bispectral problem has its origins in the work of Duistermaat and Grünbaum,
who encountered the case where A is the algebra of differential operators that com-
mute with a Schrödinger operator L = − d2

du2 + V (u) for some specific potential V .
Since then, many other systems of differential equations have been considered, as
well as generalizations to difference and q-difference equations. Bispectrality has
shown up in various areas of mathematical physics (see [24]).

It is sometimes possible to find an explicit correspondence between solutions of a
holonomic system of linear first-order differential (difference or q-difference) equations
and solutions of a certain spectral problem of the form (1.8.1). For example, Cherednik
derived a correspondence [7, Theorem 4.4] between the quantum KZ equations and
the spectral problem involving Ruijsenaars’ commuting trigonometric q-difference
operators [50] (also known as Macdonald-Ruijsenaars operators). In this thesis we
consider a refinement of this map, which leads to a correspondence between so-
lutions of the bispectral quantum KZ equations (1.7.1), and solutions of a bispectral
problem of the form (1.8.1)–(1.8.2), where nowA and B are commutative algebras of
scalar linear q-difference operators, generated by the Ruijsenaars operators.

In particular, asymptotic solutions of the bispectral quantum KZ equations that
we construct in this thesis are transferred to bispectral analogs of Harish-Chandra
series solutions ([16], [17], [31] and [36]) of the spectral problem of the Ruijsenaars
operators. These bispectral Harish-Chandra series solutions can be exploited to obtain
new results on the singularities and the convergence of the Harish-Chandra series
(see Chapter 3).

Furthermore, fixing one of the variables of the asymptotic solutions in an appro-
priate way, we obtain Laurent polynomial solutions of the bispectral quantum KZ
equations. Pushing these polynomials forward through the correspondence, we end
up with the well-known symmetric self-dual Macdonald polynomials. By exploiting the
results concerning the solutions of the bispectral quantum KZ equations, we obtain
new proofs of the duality and evaluation formulas for the symmetric Macdonals
polynomials [42] (see Chapter 4).

1.9 Overview

We conclude the introduction with a brief outline of the contents of the remaining
chapters in this thesis. For a more detailed description per chapter, including ref-
erences to the literature, the reader is referred to the introduction with which each
chapter starts off.

In Section 1.7 we already introduced the system of bispectral quantum Knizhnik-
Zamolodchikov equations, which, at a first encounter, probably seemed to come
from nowhere. Its ‘natural’ construction and also the proof of its holonomy heav-
ily relies on the theory of Cherednik’s double affine Hecke algebra. In Chapter 2
we recall this theory and give a detailed construction of the bispectral quantum KZ
equations as a holonomic system of linear first-order q-difference equations. More-
over, we construct asymptotic solutions which constitute a basis of the solution space
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of the bispectral KZ equations, regarded as a vector space over the field of q-dilation
invariant meromorphic functions (which serves as field of constants).

The correspondence between the solutions of the bispectral quantum KZ equa-
tions and the solutions of a bispectral problem for the Ruijsenaars operators (see
Section 1.8) will be established in full detail in the first part of Chapter 3. We al-
ready mentioned in 1.8 that it is worthwhile to see what, under this correspondence,
happens to the asymptotic solutions of the bispectral quantum KZ equations. The
resulting so-called bispectral Harish-Chandra series solutions of the bispectral prob-
lem, as well as its applications to the theory of (ordinary) Harish-Chandra series, are
the object of study in the remaining part of Chapter 3.

In the final paragraph of Section 1.8 we mentioned that the correspondence be-
tween the bispectral quantum KZ equations and the bispectral problem on the level
of polynomial solutions has several interesting applications in the theory of Macdon-
ald polynomials. These are addressed in Chapter 4.

To any root system one can associate (quantum) KZ equations. Up till Chapter
5 (including this introduction), we consider only one particular root system, namely
the root system of type AN−1. In Chapter 5 we extend the theory we developed in
Chapters 2 and 3 to arbitrary root systems. In particular, we construct the bispectral
quantum KZ equations by means of the double affine Hecke algebra, now corre-
sponding to an arbitrary irreducible reduced root system. We will not discuss the
polynomial theory for arbitrary root systems in this thesis, but we expect that many
of the results obtained in Chapter 4 can be transferred to the arbitrary root system
case as well.

The appendix contains a detailed account on the general theory of power series
solutions of holonomic systems of q-difference equations, which plays a crucial role
in Chapter 2 (and Chapter 5), when we construct the asymptotic solutions of the bis-
pectral quantum KZ equations.

The material presented in Chapters 2–4 and the appendix can be found in [45].
Chapter 5 is a slightly adapted version of [44].

1.10 Global conventions

Throughout the text we adopt the following notations and conventions.

– For a module M over a commutative ring R and a ring extension R ⊂ S, we
write MS = S ⊗RM .

– Without subscript, ⊗ always stands for tensor product over C.

– For a module M over C, End(M) stands for C-linear endomorphisms.

– N = {1, 2, . . .}.

– For a, r ∈ R with a > 0, we choose ar to be the positive real branch of the
power function.
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Chapter 2

Bispectral quantum
Knizhnik-Zamolodchikov
equations

2.1 Introduction

Let V be an N !-dimensional complex vector space and let T denote the complex
torus T := (C \ {0})N . In this chapter we derive an explicit holonomic system of
q-difference equations on V -valued meromorphic functions on T × T , which we call
the bispectral quantum Knizhnik-Zamolodchikov (BqKZ) equations. It contains as a
subsystem, quantum affine KZ equations of a particular type [10, 21]. From this per-
spective, the additional compatible equations may be thought of as the associated
quantum isomonodromy transformations. Let us briefly explain the ideas involved
and the relation of the BqKZ equations to the quantum affine KZ equations intro-
duced by Cherednik.

Let W = SN n ZN be the (extended) affine Weyl group of type GLN , that is, the
semidirect product of the symmetric group SN and the lattice ZN . The group SN
acts on T by permuting the coordinates. Choose 0 < q < 1. The action of SN on T
extends to an action of W on T by letting λ = (λ1, . . . , λN ) ∈ ZN act via

t = (t1, . . . , tN ) 7→ qλt := (qλ1t1, . . . , q
λN tN ).

The BqKZ system which we will introduce, is a system of q-difference equations of
the form

C(λ,µ)(t, γ)f(q−λt, qµγ) = f(t, γ), λ, µ ∈ P∨,

for meromorphic functions f on T × T with values in V . Here C(λ,µ) (λ, µ ∈ ZN ) are
explicit End(V )-valued meromorphic functions on T × T , satisfying the following

23



24 Chapter 2. Bispectral quantum Knizhnik-Zamolodchikov equations

cocycle property

C(λ+ν,µ+ξ)(t, γ) = C(λ,µ)(t, γ)C(ν,ξ)(q
−λt, qµγ), λ, µ, ν, ξ ∈ ZN , (2.1.1)

which reflects the fact that BqKZ is holonomic.
BqKZ contains, in some sense, two families of Cherednik’s quantum affine KZ

equations associated with the principal series representation of the affine Hecke al-
gebra H of type GLN . We recall [10] (for arbitrary root systems, see also Subsection
5.3.2) that the quantum affine KZ equations associated with a finite dimensional H-
module M is a consistent system of q-difference equations of the form

FMλ (t)f(q−λt) = f(t), λ ∈ P∨,

for meromorphic functions f on T with values in M , and where FMλ (λ ∈ ZN ) are
End(M)-valued meromorphic functions on T satisfying cocycle conditions similar
to (2.1.1). Now the first family of quantum affine KZ equations inside BqKZ is pa-
rameterized by γ ∈ T ' {1} × T ⊂ T × T . More precisely, if we fix γ = ζ ∈ T , we
have

C(λ,e)(t, ζ) = F
Mζ

λ (t),

where Mζ is the principal series representation of H with central character ζ, which
as a vector space can be identified with V via a ζ-dependent isomorphism. Similarly,
BqKZ contains a second family of quantum affine KZ equations, parameterized by
t ∈ T , related to the affine Hecke algebra module Mt−1 . It is obtained from the
first by interchanging the roles of the torus variables t and γ−1 and by conjugating
the cocycle matrices by an explicit complex linear automorphism Cι of V . Hence,
it acts only on the second T -component of T × T and as such realizes qKZt−1 for
fixed t ∈ T . In particular, this provides a quantum isomonodromic interpretation of
qKZ. This should be compared with the interpretation of rational KZ equations as
quantizations of Schlesinger equations, see [49] and [23].

Etingof and Varchenko [19] used quantum group methods to construct systems
of q-difference equations (so-called dynamical q-difference equations) that are com-
patible with Frenkel and Reshetikhin’s quantum KZ equations associated with eval-
uation representations of quantum affine algebras. It is likely that the system of dy-
namical q-difference equations associated with qKZζ is equivalent to the dual qKZ
subsystem in BqKZ.

Preceding the above mentioned work [19] of Etingof and Varchenko, dynamical
equations for various degenerations of quantum KZ equations have been analyzed
in detail; see, e.g., [20], [60], [57], [59], [58] and [35]. An interesting aspect in, e.g., [60]
and [59], is the observation that various degenerations of quantum KZ equations are
the duals of their associated dynamical equations with respect to (glr, gls) duality. In
the present set-up (which corresponds to r = s = N ), this duality is incorporated
by the automorphism Cι, which reflects Cherednik’s duality anti-involution of the
double affine Hecke algebra H on the level of BqKZ.

Related to this observation, an important virtue of the present approach is worth
mentioning. The double affine Hecke algebra and its symmetry (embodied by the
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duality involution) give rise to the bispectral quantum KZ equations, and thus a
way to construct a system of q-difference equations compatible with the quantum
KZ equations, which is relatively easy compared to cases considered in the above
mentioned works of Etingof, Felder, Markov, Tarasov and Varchenko.

We conclude this introduction with a detailed outline of this chapter. In Section
2.2 we introduce Cherednik’s [10] double affine Hecke algebra H of type GLN , on
which the construction of BqKZ relies in the following way. As a vector space H is
isomorphic to C[T ]⊗H ' C[T ]⊗H0⊗C[T ] ' C[T ×T ]⊗H0 withH0 the finite Hecke
algebra of type AN−1. Cherednik’s anti-algebra involution ∗ : H → H essentially in-
terchanges, under the above vector space identification, the role of the two copies of
C[T ]. Forw,w′ ∈W = SNnZN we consider the map h 7→ S̃whS̃

∗
w′ (h ∈ H), where the

S̃w ∈ H are Cherednik’s nonnormalized (X-)intertwiners. Restricted to w,w′ ∈ ZN ,
suitable renormalizations of these maps become the cocycle matrices of BqKZ, with
H0 playing the role of V . The anti-involution ∗ of H gives rise to the automorphism
Cι interchanging the qKZ subsystem of BqKZ with its dual subsystem in BqKZ. This
construction of BqKZ is described in Section 2.3.

In Section 2.4 we make the BqKZ equations explicit by calculating the cocycle
matrices C(λ,µ) for suitable λ, µ ∈ ZN . This enables us to relate qKZζ to Frenkel and
Reshetikhin’s [21] quantum KZ equations associated with the N -fold tensor product
of the vector representation of quantum slN (see [10, §1.3.2]). A special case of qKZζ
was considered earlier by Smirnov [54].

In Section 2.5 we investigate the space SOL of M -valued meromorphic solutions
of BqKZ in detail. We first analyze BqKZ in a suitable asymptotic region. It leads to
a solution Φ of BqKZ which is self-dual, in the sense that Φ(t, γ) = CιΦ(γ−1, t−1) as
M -valued meromorphic functions in (t, γ) ∈ T × T . We construct a basis of SOL in
terms of Φ, and we give an explicit formula for the leading term of Φ(t, γ) as function
of t.

The contents of this chapter agree with Sections 2–5 of [45].

2.2 The double affine Hecke algebra

2.2.1 The extended affine Weyl group

Let N ≥ 2 and let D = DN be the affine Dynkin diagram of affine type ÂN−1 (the
cyclic graph with N vertices if N ≥ 3). The N vertices are labeled by the numbers
0, 1, . . . , N − 1 (anticlockwise if N ≥ 3). Occasionally we identify the set of labels
with the group ZN of integers modulo N .

Write WQ for the affine Weyl group of affine type ÂN−1. In terms of its Coxeter
generators si (i ∈ ZN ), the characterizing group relations are the quadratic relations
s2
i = 1 and, if N ≥ 3, the braid relations

sisi+1si = si+1sisi+1,

sisj = sjsi, i− j 6= 0,±1.
(2.2.1)
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The subgroup generated by s1, . . . , sN−1 is isomorphic to the symmetric group SN
in N letters, where si is identified with the simple transposition i↔ i+ 1.

Let Aut(D) be the group of automorphisms of the affine Dynkin diagram of type
ÂN−1. Let c ∈ Aut(D) be the element of order N , acting on the label set ZN of the
vertices of D by c(i) = i+ 1. We view c as automorphism of WQ by c(si) = si+1.

Let Ω = 〈π〉 be the infinite cyclic group with cyclic generator π. It acts by group
automorphisms on WQ by π 7→ c. Accordingly, we can define the semidirect product
groupW = WQoΩ, which is called the extended affine Weyl group (associated with
GLN ). We write e for the identity element of W .

Since s0 = πsN−1π
−1, the subgroups SN and Ω already generate W as a group.

Furthermore, we have W ' SN n ZN . The cyclic generator π of Ω corresponds to
π = σεN , where {εi}Ni=1 denotes the standard Z-basis of ZN and σ = s1s2 · · · sN−1 ∈
SN is the “clockwise rotation” which mapsN to 1 and all other i to i+1. Conversely,

εj = sj−1 · · · s2s1πsN−1sN−2 · · · sj (2.2.2)

for j = 1, . . . , N .

Remark 2.2.1. Under the identification W ' SN n ZN , we have WQ = SN nQ with
Q ⊂ ZN the sublattice of rank N − 1 consisting of N -tuples of integers that sum up
to zero (this is the (co)root lattice of the root system R = {εi − εj}1≤i 6=j≤N of type
AN−1).

For w ∈ W , let w′ ∈ WQ and ω ∈ Ω be the unique group elements such that
w = w′ω. Then we define the length `(w) of w to be the length of w′ ∈ WQ, i.e., it is
the minimal number r such that w′ can be expressed as

w′ = si1 · · · sir
for some ik ∈ ZN (such an expression of w′, as well as the resulting expression for
w = w′ω, is called a reduced expression). Thus Ω consists of the elements of W of
length zero.

A central role in this thesis is played by an action of the extended affine Weyl
group W by q-difference reflection operators on suitable function spaces on T :=
(C×)N , where C× := C \ {0}. Here q is taken to be real and strictly between zero
and one (with minor technical adjustments the condition on q may be relaxed to
0 < |q| < 1, and a parallel theory can be developed for |q| > 1). Since q is fixed once
and for all, we will in general suppress the dependence on q in notations. We start
with an action of W on T by

wt = (tw−1(1), . . . , tw−1(N)), w ∈ SN ,
λt = (qλ1t1, . . . , q

λN tN ), λ = (λ1, . . . , λN ) ∈ ZN ,
(2.2.3)

for t = (t1, . . . , tN ) ∈ T . It is convenient to introduce κλ := (κλ1 , . . . , κλN ) for κ ∈ C×
and λ ∈ ZN , so that the action of λ ∈ ZN on t ∈ T can simply be written as

λt = qλt
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in standard vector notation. Note that the action of π ∈ Ω is given by

π(t1, . . . , tN ) = (qtN , t1, . . . , tN−1).

Consider the algebra C[T ] = C[x±1
1 , . . . , x±1

N ] of complex-valued regular func-
tions on T , where xi(t) := ti for t = (t1, . . . , tN ) ∈ T are the standard coordinate
functions. We write

xλ := xλ1
1 · · ·x

λN
N ∈ C[T ]

for λ = (λ1, . . . , λN ) ∈ ZN , which form the monomial basis of C[T ].
Let C(T ) be the field of rational functions on T , O(T ) be the ring of analytic

functions on T , and M(T ) be the field of meromorphic functions on T . Note that
M(T ) is the quotient field ofO(T ) (cf. [25, Theorem 7.4.6]). TheW -action on T gives
rise to a left W -action by algebra automorphisms on C[T ], C(T ), O(T ) and M(T ),
via

(wf)(t) = f(w−1t)

for w ∈ W , t ∈ T . We can, in particular, form the smash product algebra C(T )#W .
Recall that if G is a group and A is a G-algebra over C (that is, a unital associative
algebra over C endowed with a left G-action by algebra automorphisms), then the
smash product algebra A#G is the unique complex unital associative algebra such
that

(i) A#G = A⊗ C[G] as a complex vector space;

(ii) the canonical linear embeddings A ↪→ A#G, C[G] ↪→ A#G are algebra homo-
morphisms; and

(iii) the cross relations

(a⊗ g) · (b⊗ h) = ag(b)⊗ gh,

are satisfied for a, b ∈ A and g, h ∈ G.

We will always write ag := a ⊗ g ∈ A#G (a ∈ A, g ∈ G). Observe that A#G
canonically acts on any G-algebra B containing A as a G-subalgebra.

Note that the smash product algebra C(T )#W depends on q, since the W -action
on C(T ) depends on q (see (2.2.3)). Sometimes it is convenient to emphasize its q-
dependence, in which case we write C(T )#qW instead of C(T )#W .

The canonical left C(T )#W -action on C(T ) (and M(T )) is faithful and realizes
C(T )#W as the algebra of q-difference SN -reflection operators with coefficients in
C(T ). If f ∈ C(T ), then we write f(X) for the associated element in C(T )#W (it is
the operator defined as multiplication by f ). In particular, Xi is multiplication by
the coordinate function xi.
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2.2.2 The extended affine Hecke algebra and Cherednik’s basic rep-
resentation

In this subsection we recall some constructions and results due to Cherednik (see,
e.g., [10, Chapter 1] and references therein).

Fix a nonzero complex number k.

Definition 2.2.2. The affine Hecke algebra HQ = HQ(k) is the complex unital asso-
ciative algebra generated by Ti (i ∈ ZN ) and satisfying

(i) if N ≥ 3, the braid relations

TiTi+1Ti = Ti+1TiTi+1,

TiTj = TjTi, i− j 6= 0,±1;

(ii) the quadratic relations (Ti − k)(Ti + k−1) = 0.

The Dynkin diagram automorphism c ∈ Aut(D) can also be viewed as automor-
phism of HQ by c(Ti) = Ti+1. Accordingly, Ω acts by algebra automorphisms on HQ

by π 7→ c. The extended affine Hecke algebra H = H(k) is the associated smash
product algebra HQ#Ω.

For a reduced expression w = si1 · · · sirω ∈W (ik ∈ ZN , ω ∈ Ω), the element

Tw := Ti1 · · ·Tirω ∈ H

is well-defined. The Tw (w ∈ W ) form a linear basis of H . For k = 1, the extended
affine Hecke algebra H is isomorphic to the group algebra C[W ] of W via the identi-
fication Tw ↔ w (w ∈W ).

The finite Hecke algebra is the subalgebra H0 of H generated by T1, . . . , TN−1.
The elements Tw (w ∈ SN ) form a linear basis ofH0. Note thatH is already generated
as algebra by H0 and π±1, since T0 = πTN−1π

−1.
Put

Yi := T−1
i−1 · · ·T

−1
2 T−1

1 πTN−1TN−2 · · ·Ti ∈ H (2.2.4)

for i = 1, . . . , N . Note that Yi becomes the translation element εi in W if k = 1.
We furthermore write Y λ := Y λ1

1 · · ·Y
λN
N for λ = (λ1, . . . , λN ) ∈ ZN . We have the

following characterization ofH , due to Bernstein. For details we refer to Lusztig [38]
or Macdonald [42, §4.2].

Theorem 2.2.3. H is the unique unital complex associative algebra, such that

(i) H0⊗C[T ] ' H as complex vector spaces, via h⊗ f 7→ hf(Y ) for h ∈ H0, f ∈ C[T ],
where f(Y ) =

∑
λ cλY

λ if f =
∑
λ cλx

λ ∈ C[T ];

(ii) the canonical maps H0,C[T ] ↪→ H are algebra embeddings; we write CY [T ] =
spanC{Y

λ}λ∈ZN for the image of C[T ] in H ; and
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(iii) the following cross relations

T−1
i YiT

−1
i = Yi+1,

YjTi = TiYj , i 6= j − 1, j

are satisfied for 1 ≤ i < N and 1 ≤ j ≤ N .

Cherednik realized the affine Hecke algebra H inside the algebra C(T )#W of
q-difference reflection operators as follows.

Theorem 2.2.4. There is a unique injective algebra homomorphism ρ = ρk,q : H(k) →
C(T )#qW satisfying

ρ(Ti) = k + ck(Xi/Xi+1)(si − 1),

ρ(π) = π,

for i = 1, . . . , N − 1, where

ck(z) :=
k−1 − kz

1− z
. (2.2.5)

Note that for the affine Hecke algebraH = H(k) with fixed parameter k, Theorem
2.2.4 yields a one-parameter family of realizations of H (the additional parameter
being q).

Remark 2.2.5. The image ρ(H) preserves C[T ], viewed as a subspace of the canonical
C(T )#W -module C(T ). The resulting representation of H on C[T ] is faithful and is
called the basic representation of H .

We frequently identify H with its image under ρ in C(T )#W .
We now come to the definition of Cherednik’s double affine Hecke algebra which

depends, besides on k, on the additional parameter q.

Definition 2.2.6. The double affine Hecke algebra H = H(k, q) is the subalgebra
of C(T )#qW generated by ρk,q(H) and by the multiplication operators f(X) (f ∈
C[T ]).

Let L = C[T ]⊗C[T ] ' C[T × T ] denote the complex-valued regular functions on
T × T . We view H as L-module by

(f ⊗ g) · h := f(X)hg(Y ) (2.2.6)

for f, g ∈ C[T ] and h ∈ H. The following theorem is the so-called Poincaré-Birkhoff-
Witt (PBW) property of the double affine Hecke algebra.

Theorem 2.2.7. We have H ' HL
0 = L⊗H0 as L-modules.

The PBW property is an essential ingredient in deriving the characterizing rela-
tions for the double affine Hecke algebra H in terms of its algebraic generators Ti
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(1 ≤ i < N ), π±1 and X±1
j (1 ≤ j ≤ N ). Since we are not going to use this presen-

tation explicitly here, we refer the reader to [10] for further details. We use though
one of its direct consequences, namely the existence of the duality anti-isomorphism
(see Cherednik [10, Theorem 1.4.8]):

Theorem 2.2.8. There exists a unique C-linear anti-algebra involution ∗ : H → H deter-
mined by

T ∗w = Tw−1 , w ∈ SN ,
(Y λ)∗ = X−λ, λ ∈ ZN ,
(Xλ)∗ = Y −λ, λ ∈ ZN .

2.2.3 Intertwiners

In this subsection we recall the construction of the (nonnormalized) affine intertwin-
ers associated to the double affine Hecke algebra H. The intertwiners play an im-
portant role in the construction of a nontrivial W ×W -cocycle in the next section.
Consider the elements

S̃i = (k − k−1Xi+1/Xi)si, 1 ≤ i < N,

S̃0 = (k − k−1q−1X1/XN )s0,

S̃π = π

in C(T )#qW . The following facts are well known (cf., e.g., [10, §1.3]). For the conve-
nience of the reader, we give a short sketch of the proof.

Proposition 2.2.9. Letw ∈W and letw = sj1 · · · sjrπm be a reduced expression (jl ∈ ZN ,
m ∈ Z).

(i) S̃w := S̃j1 · · · S̃jr S̃mπ is a well-defined element of C(T )#W ;

(ii) S̃w ∈ H;

(iii) the S̃i (i ∈ ZN ) satisfy the ÂN−1-type braid relations;

(iv) S̃wf(X) = (wf)(X)S̃w in C(T )#W for all f ∈ C(T ); and

(v) S̃iS̃i = (k − k−1Xi+1/Xi)(k − k−1Xi/Xi+1) for 1 ≤ i < N .

Proof. (i) Set di := (k− k−1Xi+1/Xi) (1 ≤ i < N ) and d0 := (k− k−1q−1X1/XN ). We
have

S̃w = dj1(sj1dj2) · · · (sj1 · · · sjr−1
djr )w

in C(T )#W . By, e.g., Macdonald [42, (2.2.9)], we know that

dw := dj1(sj1dj2) · · · (sj1 · · · sjr−1
djr ) (2.2.7)
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is independent of the reduced expression ofw. Hence S̃w ∈ C(T )#W is well defined.
(ii) Note that S̃i can be written as

S̃i = (1−Xi+1/Xi)(Ti − k) + k − k−1Xi+1/Xi (2.2.8)

for 1 ≤ i < N , which shows that it lies in H. Furthermore, π±1 ∈ H, hence S̃±1
π ∈ H

and S̃0 = πS̃N−1π
−1 ∈ H. Consequently, S̃w ∈ H ⊂ C(T )#W .

(iii) is immediate from (i), while (iv) and (v) are clear from the definition of the S̃i
and S̃π .

Definition 2.2.10. The elements S̃w (w ∈W ) are called the affine intertwiners of H.

2.3 The bispectral quantum KZ equations

2.3.1 Construction of the cocycle

Let ι denote the nontrivial element of the two group Z2. We define the group W as
the semidirect product

W := Z2 n (W ×W ),

where ι ∈ Z2 acts on W ×W by switching the components: ι(w,w′) = (w′, w)ι for
w,w′ ∈ W . We first use the double affine Hecke algebra, its affine intertwiners, and
its duality anti-isomorphism to construct a group homomorphism τ = τk : W →
GLC(HK

0 ) depending on the Hecke algebra parameter k, where K := M(T × T ) is
the field of meromorphic functions on T × T .

The representation τ will be constructed from the complex linear endomorphisms
σ̃(w,w′) (w,w′ ∈W ) and σ̃ι of the double affine Hecke algebra H, defined by

σ̃(w,w′)(h) = S̃whS̃
∗
w′ ,

σ̃ι(h) = h∗

for h ∈ H. In the following lemma we collect some elementary properties of the
maps σ̃(w,w′) and σ̃ι. First we introduce some auxiliary notations.

For a regular function g ∈ C[T ], we write g(x) ∈ C[T × T ] (respectively g(y) ∈
C[T × T ]) for the corresponding regular function on T × T constant with respect to
the second (respectively first) T -component. In particular, the xi (respectively yi)
are the standard coordinate functions of the first (respectively second) copy of T in
T × T . Recall the regular function dw ∈ C[T ] (w ∈W ) such that

S̃w = dw(X)w

in C(T )#W ; see (2.2.7).

Lemma 2.3.1. The complex linear endomorphisms σ̃(w,w′) and σ̃ι of H satisfy the following
properties:



32 Chapter 2. Bispectral quantum Knizhnik-Zamolodchikov equations

(i) the σ̃(si,e) (i ∈ ZN ) satisfy the ÂN−1 braid relations;

(ii) σ̃2
(si,e)

= dsi(x)(sidsi)(x) · id for i ∈ ZN ;

(iii) σ̃(π,e)σ̃(si,e)σ̃(π−1,e) = σ̃(si+1,e) for i ∈ ZN ;

(iv) σ̃2
ι = id and σ̃(e,w) = σ̃ισ̃(w,e)σ̃ι for w ∈W ; and

(v) σ̃(w,e)σ̃(e,w′) = σ̃(w,w′) = σ̃(e,w′)σ̃(w,e) for w,w′ ∈W .

Proof. These are direct consequences of Proposition 2.2.9 and Theorem 2.2.8.

To construct a W-action from the maps σ̃(w,w′) and σ̃ι, we need to renormalize the
maps appropriately. To do so, we describe as a first step the behavior of the maps
σ̃(w,w′) and σ̃ι with respect to the L-module structure (2.2.6) on H. This will allow us
to extend the maps σ̃(w,w′) and σ̃ι to endomorphisms of HK

0 ' K ⊗L H, which is a
suitably flexible surrounding for the normalizations of the maps to take place in.

Consider the group involution � : W → W defined by w� = w for w ∈ SN and
λ� = −λ for λ ∈ ZN . Then W acts on T × T by

(w,w′)(t, γ) = (wt,w′�γ),

ι(t, γ) = (γ−1, t−1)

for w,w′ ∈ W , where t−1 := (t−1
1 , . . . , t−1

N ) ∈ T and the action of W on T is by q-
dilations and permutations; see (2.2.3). By transposition, this defines an action of W
on K =M(T × T ) by field automorphisms,

(wf)(t, γ) = f(w−1(t, γ)), w ∈W. (2.3.1)

Note that L = C[T × T ] is a W-subalgebra of K.

Lemma 2.3.2. For h ∈ H and f ∈ L we have

σ̃(w,w′)(f · h) = ((w,w′)f) · σ̃(w,w′)(h),

σ̃ι(f · h) = (ιf) · σ̃ι(h)
(2.3.2)

for w,w′ ∈W .

Proof. From Proposition 2.2.9 we know that S̃wp(X) = (wp)(X)S̃w in H for p ∈ C[T ]
and w ∈ W . For p ∈ C[T ], let p� ∈ C[T ] be defined by p�(t) = p(t−1). Then we also
have

p(Y )S̃∗w′ = (S̃w′p
�(X))∗ = ((w′p�)(X)S̃w′)

∗ = S̃∗w′(w
′p�)�(Y )

in H. Hence for p, r ∈ C[T ],

σ̃(w,w′)(p(X)hr(Y )) = (wp)(X)S̃whS̃
∗
w′(w

′r�)�(Y ).

The first formula of (2.3.2) now follows since (w′r�)� = w′�r. The second is immedi-
ate from the definition of the duality anti-involution.
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As a direct consequence of Lemma 2.3.2 the maps σ̃(w,w′) (w,w′ ∈ W ) and σ̃ι
uniquely extend to complex linear endomorphisms of HK

0 ' K⊗LH such that (2.3.2)
is valid for all f ∈ K and h ∈ HK

0 . We keep the same notations σ̃(w,w′) and σ̃ι for
these maps. Note that the properties of σ̃(w,w′) and σ̃ι as described in Lemma 2.3.1
also hold true as identities between endomorphisms of HK

0 .

Theorem 2.3.3. There is a unique group homomorphism

τ : W→ GLC(HK
0 )

satisfying

τ(w,w′)(f) = dw(x)−1d�w′(y)−1 · σ̃(w,w′)(f),

τ(ι)(f) = σ̃ι(f)
(2.3.3)

for w,w′ ∈W and f ∈ HK
0 . It satisfies τ(w)(g · f) = wg · τ(w)(f) for g ∈ K, f ∈ HK

0 and
w ∈W.

Proof. The last statement is clear.
The action τ of W × {e} arises naturally from left multiplication by normalized

affine intertwiners on a suitable localization of the double affine Hecke algebra (see
Cherednik [10, §1.3]). In the present set-up, one observes that Lemma 2.3.2 and
Lemma 2.3.1(i)-(ii) imply that the τ(si, e) (i ∈ ZN ) satisfy the ÂN−1 braid relations
and the quadratic relations τ(si, e)

2 = idHK
0

. Since furthermore τ(π, e) is a complex
linear automorphism of HK

0 with inverse τ(π−1, e), and τ(π, e)τ(si, e)τ(π−1, e) =
τ(si+1, e) for i ∈ ZN by Lemma 2.3.2 and Lemma 2.3.1(iii), we conclude that the
formulas (2.3.3) for the maps τ(si, e) (i ∈ ZN ) and τ(π, e) uniquely extend to a group
homomorphism τ : W × {e} → GLC(HK

0 ). It follows from Proposition 2.2.9 and its
proof that the resulting group homomorphism satisfies

τ(w, e)f = dw(x)−1 · σ̃(w,e)f

for w ∈W . This is in accordance with formula (2.3.3).
Combining Lemma 2.3.1(iv) with Lemma 2.3.2 we can relate the complex endo-

morphism τ(e, w) (see (2.3.3)) of HK
0 to τ(w, e) by the formula

τ(e, w) = τ(ι)τ(w, e)τ(ι), w ∈W, (2.3.4)

where τ(ι) is given by the second formula of (2.3.3). Since τ(ι)2 = σ̃2
ι = idHK

0
we

conclude that W 3 w 7→ τ(e, w) (see (2.3.3)) defines a left W -action on HK
0 .

By Lemma 2.3.1 and Lemma 2.3.2(v) we have

τ(w, e)τ(e, w′) = τ(w,w′) = τ(e, w′)τ(w, e)

for all w,w′ ∈ W . Thus τ : W × W → GLC(HK
0 ), defined by the first formula of

(2.3.3), is a group homomorphism. Combined with (2.3.4) and τ(ι)2 = idHK
0

we
conclude that τ (2.3.3) indeed defines a complex linear action of W on HK

0 .
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For w ∈ W and f ∈ HK
0 = K ⊗ H0, we write wf for the action of w on the

K-coefficients of f in its expansion along a basis of H0. In other words, viewing
f(t, γ) as H0-valued meromorphic function in (t, γ) ∈ T × T , the action is given by
(wf)(t, γ) = f(w−1(t, γ)). Consider GLK(HK

0 ) as a W-group by the corresponding
conjugation action

(w, A) 7→ wAw−1, w ∈W, A ∈ GLK(HK
0 ) (2.3.5)

by group automorphisms. We have the following direct consequence of the previous
theorem.

Corollary 2.3.4. The map w 7→ Cw := τ(w)w−1 is a cocycle of W with values in the
W-group GLK(HK

0 ). In other words, Cw ∈ GLK(HK
0 ) and

Cww′ = CwwCw′w
−1

for all w,w′ ∈W.

For more details on non-abelian group cohomology, see, e.g., the appendix in
[53].

Remark 2.3.5. Interpreting A ∈ EndK(HK
0 ) as End(H0)-valued meromorphic func-

tion A(t, γ) in (t, γ) ∈ T × T , the action (2.3.5) becomes (wA)(t, γ) = A(w−1(t, γ)). In
particular, wAw−1 = A for all w ∈ W if A ∈ EndK(HK

0 ) is the K-linear extension of
a complex linear endomorphism of H0. This is, for instance, the case for the cocycle
value Cι (see Subsection 2.4.2).

Remark 2.3.6. One may replace in this subsection K by the field C(T ×T ) of rational
functions on T × T . Consequently, the cocycle value Cw(t, γ) for w ∈W is a rational
End(H0)-valued function in (t, γ) ∈ T × T . We presented the results with respect to
K =M(T ×T ) since this is the natural setting for the applications of the cocycle C in
the analytic theory of the quantum KZ equations (to which we come at a later stage).

2.3.2 Bispectral quantum KZ equations

In this subsection, we use the cocycle Cw ∈ GLK(HK
0 ) (w ∈ W) to define a holo-

nomic system of q-difference equations on the space HK
0 of H0-valued meromorphic

functions on T × T .
The constructions thus far have led to a C-linear action τ of W on HK

0 . In terms
of the cocycle Cw (w ∈W), it is given by

(τ(w)f)(t, γ) = Cw(t, γ)f(w−1(t, γ)) (2.3.6)

for w ∈W and f ∈ HK
0 , where (2.3.6) should be read as identities betweenH0-valued

meromorphic functions in (t, γ) ∈ T × T . It follows that f ∈ HK
0 is τ(ZN × ZN )-

invariant if and only if

C(λ,µ)(t, γ)f(q−λt, qµγ) = f(t, γ) ∀λ, µ ∈ ZN , (2.3.7)

viewed as identities between H0-valued meromorphic functions on T × T .
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Definition 2.3.7. We call the q-difference equations (2.3.7) the bispectral quantum
KZ (BqKZ) equations. We write SOL for the set of functions f ∈ HK

0 satisfying the
BqKZ equations (2.3.7).

Let F ⊂ K denote the subfield consisting of f ∈ K satisfying (λ, µ)f = f for all
λ, µ ∈ ZN . Let furthermore SN denote the subgroup Z2 n (SN × SN ) of W.

Corollary 2.3.8. (i) The BqKZ equations (2.3.7) form a holonomic system of q-difference
equations. In other words, the cocycle matrices C(λ,µ) (λ, µ ∈ ZN ) satisfy the compatibility
conditions

C(λ,µ)(t, γ)C(ν,ξ)(q
−λt, qµγ) = C(ν,ξ)(t, γ)C(λ,µ)(q

−νt, qξγ) (2.3.8)

for λ, µ, ν, ξ ∈ ZN , as End(H0)-valued meromorphic functions in (t, γ) ∈ T × T .
(ii) The solution space SOL of BqKZ is a τ(SN )-invariant F-subspace of HK

0 .

Proof. (i) By means of the cocycle condition, both sides of (2.3.8) can be seen to be
equal to C(λ+ν,µ+ξ)(t, γ).
(ii) Clearly, SOL is an F-subspace ofHK

0 . Note, furthermore, that ZN×ZN is a normal
subgroup of W with quotient group isomorphic to SN . Hence the F-subspace SOL
of τ(ZN × ZN )-invariant elements in the τ(W)-module HK

0 is τ(SN )-invariant.

2.4 The explicit form of the bispectral quantum KZ
equations

In this section we derive explicit expressions for the cocycle values Cw (w ∈ W)
and, in particular, for the cocycle matrices C(λ,µ) (λ, µ ∈ ZN ) of the BqKZ equations.
It will become apparent that the C(λ,e)(·, ζ) (λ ∈ ZN ) with ζ ∈ T fixed coincide
with the cocycle matrices of Cherednik’s quantum affine KZ equation associated to
the principal series module of H(k) with central character ζ. They also turn up as
gauged cocycle matrices for a Frenkel-Reshetikhin [21] type quantum KZ equation
associated to the quantum affine algebra Uk(ŝlN ).

2.4.1 Generic principal series

View the commutative subalgebra CY [T ] of H as left CY [T ]-module by left multi-
plication. Let M = IndHCY [T ]

(
CY [T ]

)
be the corresponding induced left H-module.

With respect to the C[T ] ' C[{1} × T ]-module structure

f · (h⊗CY [T ] g(Y )) = h⊗CY [T ] (fg)(Y ) f, g ∈ C[T ], h ∈ H

on M we have M ' H
C[{1}×T ]
0 = C[{1} × T ] ⊗H0 as C[{1} × T ]-modules. The left

H-action on M is C[{1} × T ]-linear, hence we obtain an algebra homomorphism

η : H → EndC[{1}×T ]

(
H

C[{1}×T ]
0

)
.
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We occasionally view η(h) as End(H0)-valued regular function in γ ∈ T , in which
case we write it as T 3 γ 7→ η(h)(γ). Extending the ground ring C[{1} × T ] to
K =M(T × T ) we obtain an algebra homomorphism

H → EndK(HK
0 ),

which we shall also denote by η. From this viewpoint, η(h)(γ) is the regular End(H0)-
valued function in (t, γ) ∈ T × T which is constant in t. Note that η(h) for h ∈ H0 is
constant as End(H0)-valued function on T × T (see Remark 2.3.5).

Lemma 2.4.1. For w ∈ SN and 1 ≤ i < N we have

η(Ti)Tw =

{
Tsiw if `(siw) = `(w) + 1,

(k − k−1)Tw + Tsiw if `(siw) = `(w)− 1,
(2.4.1)

and
η(π)(γ)Tw = γw−1(N)Tσw (2.4.2)

as regular H0-valued functions in γ ∈ T .

Proof. The first formula follows directly from the definitions. For the second formula
it suffices to verify that πTw = TσwYw−1(N) in H .

If w = e then π = TσYN since σ = s1s2 · · · sN−1 is a reduced expression. If
w = sN−1 then

πTw = πTN−1 = T1 · · ·TN−2YN−1 = Ts1···sN−2
Yw−1(N) = TσwYw−1(N).

Next, we prove that πTw = TσwYw−1(N) inH if w 6= e and `(siw) = `(w)+1 for all
1 ≤ i ≤ N − 2. Then w = sN−1sN−2 · · · sj for some 1 ≤ j < N (and this is a reduced
expression of w). We find, making repetitive use of the cross relation TrYr+1Tr = Yr
(1 ≤ r < N ) in H ,

πTw = πTN−1TN−2 · · ·Tj = T1 · · ·TN−2YN−1TN−2 · · ·Tj
= T1 · · ·TN−3YN−2TN−3 · · ·Tj
...
= T1 · · ·Tj−1Yj = Ts1···sj−1Yj

= TσwYj = TσwYw−1(N),

which is the desired relation in H .
The general case is now proved by induction on `(w). Let w 6= e and decompose

it as w = siu with 1 ≤ i < N and u ∈ SN such that `(siu) = `(u) + 1. Suppose that
πTu = TσuYu−1(N) in H . In order to prove that πTw = TσwYw−1(N) we may, in view
of the previous paragraph, assume without loss of generality that 1 ≤ i ≤ N − 2.
Then si(N) = N and `(si+1σu) = `(σu) + 1. (The latter equality is equivalent to
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(σu)−1(i+ 1) < (σu)−1(i+ 2), which follows from u−1(i) < u−1(i+ 1), which again
is equivalent to the assumption `(siu) = `(u) + 1.) Then

πTw = πTiTu = Ti+1πTu = Ti+1TσuYu−1(N)

= Tsi+1σuYu−1si(N) = TσsiuYw−1(N)

= TσwYw−1(N)

in H , which completes the proof.

In view of the explicit expression (2.2.8) for the intertwiner S̃i ∈ H (1 ≤ i < N )
and the definition of the duality anti-involution, we have S̃∗w ∈ H for all w ∈ SN . We
now set

ξw := η(S̃∗w−1)Te ∈ HK
0 , w ∈ SN .

Note that ξw ∈ H
C[{1}×T ]
0 ⊂ HK

0 for w ∈ SN . We view ξw as regular H0-valued
function in γ ∈ T , as well as meromorphic H0-valued function in (t, γ) ∈ T × T
constant in t ∈ T .

Lemma 2.4.2. {ξw}w∈SN is a K-basis of HK
0 consisting of common eigenfunctions for the

η-action of CY [T ] on HK
0 . For p ∈ C[T ] and w ∈ SN we have

η(p(Y ))(γ)ξw(γ) = (w−1p)(γ)ξw(γ) (2.4.3)

as H0-valued regular functions in γ ∈ T .

Proof. For p ∈ C[T ] we have η(p(Y ))(γ)Te = p(γ)Te. Furthermore, observe that
p(Y )S̃∗w−1 = S̃∗w−1(w−1p)(Y ) in H for p ∈ C[T ] and w ∈ SN ; see the proof of Lemma
2.3.2. Combining the two observations gives (2.4.3). It follows from Proposition
2.2.9(iv)-(v) that the ξw (w ∈ SN ) are nonzero in HK

0 . The eigenvalue equations
(2.4.3) then show that the ξw (w ∈ SN ) are K-linearly independent in HK

0 .

2.4.2 The cocycle values

We define
Ri(z) = ck(z)−1(η(Ti)− k) + id, 1 ≤ i < N,

viewed as a rational End(H0)-valued function in z. The results of the previous sub-
section imply that the Ri(z) satisfy the following Yang-Baxter type equations (see
Cherednik [10, §1.3.2]).

Lemma 2.4.3. We have

C(si,e)(t, γ) = Ri(ti/ti+1), 1 ≤ i < N,

as rational End(H0)-valued functions in (t, γ) ∈ T × T . In particular, the Ri(z) satisfy

Ri(z)Ri(z
−1) = id,

Rj(z)Rj+1(zz′)Rj(z
′) = Rj+1(z′)Rj(zz

′)Rj+1(z),
(2.4.4)

for 1 ≤ i < N and 1 ≤ j < N − 1 as End(H0)-valued rational functions.
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Proof. For 1 ≤ i < N and h ∈ H0 we have, as H0-valued meromorphic functions in
(t, γ) ∈ T × T ,

C(si,e)(t, γ)h = (τ(si, e)h)(t, γ)

= dsi(t)
−1(S̃ih)(t, γ)

= ck(ti/ti+1)−1(η(Ti)− k)h+ h,

in view of the explicit expression (2.2.8) for S̃i, ck (2.2.5) and dsi (see the proof of
Lemma 2.2.9). For the second statement of the lemma, note that the cocycle property
of C implies for 1 ≤ i < N and 1 ≤ j < N − 1 that

C(si,e)(t, γ)C(si,e)(sit, γ) = id,
C(sj ,e)(t, γ)C(sj+1,e)(sjt, γ)C(sj ,e)(sj+1sjt, γ)

= C(sj+1,e)(t, γ)C(sj ,e)(sj+1t, γ)C(sj+1,e)(sjsj+1t, γ),

as rational End(H0)-valued functions in (t, γ) ∈ T×T . Then using thatC(si,e)(t, γ) =
Ri(ti/ti+1), these formulas imply (2.4.4).

Observe that Cι is the K-linear extension of the anti-algebra involution of H0

mapping Tw to Tw−1 for all w ∈ SN . Note furthermore that

C(π,e) = η(π). (2.4.5)

Together with the explicit description of C(si,e) (1 ≤ i < N ) from the previous
lemma, these formulas determine the values Cw (w ∈ W) uniquely (cf. Corollary
2.3.4). In particular, the cocycle property of C implies that

C(e,w)(t, γ) = CιC(w,e)(γ
−1, t−1)Cι, w ∈W,

as End(H0)-valued rational functions in (t, γ) ∈ T × T .

Lemma 2.4.4. Let w ∈W .
(i) C(w,e) ∈ (C(T )⊗ C[T ])⊗ End(H0).
(ii) The C[T ] ⊗ End(H0)-valued rational function t 7→ C(w,e)(t, ·) in t ∈ T is regular at
t ∈ T \ S , where

S = {t ∈ T | tα ∈ k−2qZ for some α ∈ R}. (2.4.6)

Proof. By the cocycle condition, C(w,e)(t, γ) can be written as a product of factors
C(si,e)(ut, γ) (1 ≤ i < N , u ∈ W ) and η(π±1)(γ). By Lemma 2.4.1 and the fact that
Ri(z) has a single pole at z = k−2, we conclude (i) and (ii).

2.4.3 The cocycle matrices

Besides the standard Z-basis {εi}Ni=1 of ZN , we also have the Z-basis {$i}Ni=1 consist-
ing of the fundamental weights $i :=

∑i
j=1 εj ∈ ZN . Note that

$i = πiσ−i (2.4.7)
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in W for all 1 ≤ i ≤ N . In the following lemma, we compute the cocycle matrices
C(λ,e) for λ ∈ ZN of BqKZ explicitly in case λ is one of these two types of basis
elements of ZN .

Lemma 2.4.5. (i) For 1 ≤ j ≤ N we have

C(εj ,e)(t, γ) = Rj−1(tj−1/tj)Rj−2(tj−2/tj) · · ·R1(t1/tj)

× η(π)(γ)RN−1(qtN/tj) · · ·Rj+1(qtj+2/tj)Rj(qtj+1/tj)

as rational End(H0)-valued functions in (t, γ) ∈ T × T .
(ii) For 1 ≤ i < N we have

C($i,e)(t, γ) =
(
η(π)(γ)

)i
(RN−i(qtN/t1) · · ·R2(qti+2/t1)R1(qti+1/t1))

× · · · × (RN−2(qtN/ti−1) · · ·Ri(qti+2/ti−1)Ri−1(qti+1/ti−1))

× (RN−1(qtN/ti) · · ·Ri+1(qti+2/ti)Ri(qti+1/ti))

as rational End(H0)-valued functions in (t, γ) ∈ T × T .
(iii) We have

C($N ,e)(t, γ) = γ$N id

as rational End(H0)-valued functions in (t, γ) ∈ T × T .

Proof. (i) By the cocycle property of C and by the expression (2.2.2) for εj ∈ W ,
we obtain an explicit expression for C(εj ,e) in terms of the C(si,e) (1 ≤ i < N ) and
C(π,e). Combining (2.4.5) and the previous lemma then gives the desired expression
for C(εj ,e)(t, γ).
(ii) σi is the permutation(

1 2 · · · N − i N − i+ 1 N − i+ 2 · · · N
i+ 1 i+ 2 · · · N 1 2 · · · i

)
,

so we find a reduced expression

σi = (si · · · sN−1)(si−1 · · · sN−2) · · · (s2 · · · sN−i+1)(s1 · · · sN−i). (2.4.8)

Combined with (2.4.7) we get a reduced expression for $i. Using the cocycle condi-
tion for Cw repeatedly, we obtain the desired result.
(iii) Since σN = 1, we get C($N ,e)(t, γ) =

(
η(π)(γ)

)N , which maps Tw to γ$NTw for
all w ∈ SN in view of Lemma 2.4.1.

We end this subsection by computing the asymptotic leading terms of the cocycle
matrices C(λ,e)(t, γ) (λ ∈ ZN ) as |t−αi | → 0 (1 ≤ i < N ), where we take αi := εi−εi+1

(1 ≤ i < N ) as a base of the root system R = {εi − εj}1≤i 6=j≤N of type AN−1.
Let R+ = {εi − εj}1≤i<j≤N denote the associated set of positive roots and Q+ =⊕N−1

i=1 Z≥0αi the corresponding cone in the root lattice Q of R. Let furthermore
δ := (N − 1, N − 3, . . . , 1−N) ∈ ZN and write w0 ∈ SN for the longest Weyl group
element (mapping i to N − i+ 1 for 1 ≤ i ≤ N ).



40 Chapter 2. Bispectral quantum Knizhnik-Zamolodchikov equations

Consider the subringA := C[x−α1 , . . . , x−αN−1 ] of C[T×{1}] = C[x±1
1 , . . . , x±1

N ] ⊂
C[T × T ]. We write Q(A) for its quotient field and Q0(A) for the subring of Q(A)
consisting of rational functions which are analytic at the point x−αi = 0 (1 ≤ i < N ).
We consider Q0(A)⊗C[T ] as a subring of C(T ×T ) in the natural way. The first part
of the following corollary is a refinement of Lemma 2.4.4(i) in case w ∈ ZN .

Corollary 2.4.6. Let λ ∈ ZN . We have

C(λ,e) ∈ (Q0(A)⊗ C[T ])⊗ End(H0). (2.4.9)

Writing
C

(0)
(λ,e) = C(λ,e)|x−α1=0,...,x−αN−1=0 ∈ C[T ]⊗ End(H0),

we have C(0)
(λ,e) = k〈δ,λ〉η(Tw0

Y w0(λ)T−1
w0

), where 〈·, ·〉 is the standard scalar product on
RN .

Proof. To prove (2.4.9) it suffices, in view of the cocyle property of C, to verify (2.4.9)
for λ = εi. The statement then follows from Lemma 2.4.5(i), Lemma 2.4.1 and the
explicit expression of Ri(z).

Observe that limz→0Ri(z) = kη(T−1
i ) for 1 ≤ i < N . Combined with Lemma

2.4.5(i) and the explicit expression for Yj (see (2.2.4)) we obtain for 1 ≤ j ≤ N ,

C(εj ,e)(t, γ)→ k2j−N−1η(Yj)(γ)

as |tαi | → 0 for all 1 ≤ i < N , hence

C(λ,e)(t, γ)→ k−〈δ,λ〉η(Y λ)(γ)

as |tαi | → 0 for all 1 ≤ i < N . To derive the asymptotics of C(λ,e)(t, γ) as |t−αi | → 0
for 1 ≤ i < N we use the cocycle property to write

C(λ,e)(t, γ) = C(w0,e)(t, γ)C(w0(λ),e)(w0t, γ)C(w0,e)(q
−w0(λ)w0t, γ).

Note that C(w0,e)(t, γ)→ k`(w0)η(T−1
w0

) if |tαi | → 0 for all 1 ≤ i < N . Hence

C
(0)
(λ,e) = k〈δ,λ〉η(Tw0Y

w0(λ)T−1
w0

),

as desired.

2.4.4 Relation to quantum KZ equations

Fix ζ ∈ T and let χζ : C[{1}×T ]→ C denote the corresponding evaluation character
χζ(f) = f(ζ). Recall the generic principal series η : H → EndC[{1}×T ](M). The
corresponding complex H-representation Mζ = C ⊗χζ M of dimension N ! is the
principal series module of H with central character ζ. We identify Mζ with H0 as a
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complex vector space, and push theH-action onMζ through the linear isomorphism
to H0. We denote the corresponding representation map by

ηζ : H → End(H0).

As in Subsection 2.4.1 we have as identities in H0,

ηζ(Ti)Tw =

{
Tsiw if `(siw) = `(w) + 1,

(k − k−1)Tw + Tsiw if `(siw) = `(w)− 1,

for 1 ≤ i < N and w ∈ SN ,

ηζ(π)Tw = ζw−1(N)Tσw,

for w ∈ SN , as well as

ηζ(f(Y ))ξw(ζ) = (w−1f)(ζ)ξw(ζ),

for w ∈ SN , where ξw(ζ) ∈ H0 is the regular H0-valued function ξw(γ) in γ ∈ T
specialized at γ = ζ. Extending the base field toM(T ) we get an algebra homomor-
phism H → EndM(T )(H

M(T )
0 ), which is also denoted by ηζ .

In this subsection we consider the BqKZ for specialized values of γ. In view of
Lemma 2.4.4(i) we may specialize C(w,e)(t, γ) (w ∈W ) at γ = ζ. We write

Cζw(t) := C(w,e)(t, ζ), w ∈W,

for the resulting specialized cocycle values, viewed as End(H0)-valued rational func-
tions in t ∈ T . For ζ ∈ T the map W 3 w 7→ Cζw defines a cocycle of W with values
in the W -group GLC(T )(H

C(T )
0 ). In other words,

Cζww′(t) = Cζw(t)Cζw′(w
−1t), w, w′ ∈W,

as rational H0-valued functions in t ∈ T . Comparing the cocycle values Cζλ (λ ∈ ZN )
to the ones in [10, §1.3] we obtain the following result.

Corollary 2.4.7. Fix ζ ∈ T . The holonomic system of q-difference equations

Cζλ(t)f(q−λt) = f(t), ∀λ ∈ ZN (2.4.10)

for f ∈ HM(T )
0 is Cherednik’s quantum affine KZ equation associated to the principal H-

module Mζ with central character ζ.

We occasionally write qKZζ for the quantum KZ equations (2.4.10). Let SOLζ ⊂
H
M(T )
0 denote the set of solutions of (2.4.10). Write E(T ) ⊂ M(T ) for the subfield
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of meromorphic functions f satisfying f(qλt) = f(t) for all λ ∈ ZN as meromor-
phic functions in t ∈ T . The set SOLζ of solutions is a E(T )-subspace of HM(T )

0 .
Furthermore, SOLζ is invariant for the SN -action

(ς(w)f)(t) := Cζw(t)f(w−1t), w ∈ SN (2.4.11)

onHM(T )
0 (note that ς does not depend on ζ sinceCζw(t) = C(w,e)(t, ζ) is independent

of ζ for w ∈ SN ).

Remark 2.4.8. The quantum KZ equations (2.4.10) are gauge equivalent to Frenkel
and Reshetikhin’s [21] quantum KZ equations associated with the N -fold tensor
product representation CN (t1)⊗· · ·⊗CN (tN ) of the quantum affine algebra Uk(ŝlN ),
where CN (ti) is the evaluation representation of the vector representation CN of
Uk(slN ) (see [10, §1.3.2] and [15] for the details).

In view of Corollary 2.4.7 the BqKZ equations (2.3.7) are a holonomic extension
of the quantum KZ equations (2.4.10) by q-difference equations in the central char-
acter ζ of Mζ . These may be thought of as analogs of isomonodromy transforma-
tions; in fact, in view of Lemma 2.4.2 and Corollary 2.4.6 the q-difference equations
in ζ (which are essentially the quantum KZ equations again!) are reminiscent of
Schlesinger transformations. This should be compared with the quantum isomon-
odromic interpretation of (rational) KZ equations as quantizations of Schlesinger
equations, see [49] and [23].

From a different perspective we may think of the cocycle values C(e,w) (w ∈ W )
as shift operators, in the sense that they map solutions of quantum KZ equations
to solutions of quantum KZ equations with respect to shifted central characters. To
formulate the precise result, we view in the following proposition γ 7→ C(e,w)(·, γ) as
C[T ]⊗ End(H0)-valued rational function in γ ∈ T .

Proposition 2.4.9. Let w ∈ W and ζ ∈ T such that γ 7→ C(e,w)(·, γ) is regular at γ = ζ.
Then f 7→ C(e,w)(·, ζ)f defines an SN -equivariant linear map SOLw�−1ζ → SOLζ .

Proof. By the cocycle property we have for f ∈ SOLw�−1ζ and λ ∈ ZN ,

Cζλ(t)
(
C(e,w)(q

−λt, ζ)f(q−λt)
)

= C(λ,w)(t, ζ)f(q−λt)

= C(e,w)(t, ζ)Cw
�−1ζ

λ (t)f(q−λt)

= C(e,w)(t, ζ)f(t).

Hence C(e,w)(·, ζ)f ∈ SOLζ . The SN -equivariance of the map is again a consequence
of the cocycle property of Cw (w ∈ W); indeed, for v ∈ SN and f ∈ SOLw�−1ζ we
have

Cζv (t)
(
C(e,w)(v

−1t, ζ)f(v−1t)
)

= C(v,w)(t, ζ)f(v−1t)

= C(e,w)(t, ζ)
(
Cw

�−1ζ
v (t)f(v−1t)

)
,

which is the desired result.
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From the quantum group perspective (see Remark 2.4.8), Proposition 2.4.9 re-
sembles the action of the dynamical Weyl group on solutions of quantum KZ equa-
tions from [19]. We expect that the second half of the BqKZ is closely related to the
Varchenko-Etingof dynamical difference equations [19, §9]; see also [20], [60], [57],
[59], [58] and [35] for detailed studies of various degenerate cases. An interesting as-
pect, e.g., in [60] and [59], is the observation that KZ equations are dual to the associ-
ated dynamical equations using (glr, gls) duality (our set-up relates to r = s = N ). In
the present theory this duality is incorporated by the cocycle value Cι, which relates
the cocycle matrices C(λ,e) (λ ∈ ZN ) of the quantum KZ equation to the dual cocycle
matrices C(e,λ) by conjugation,

C(e,λ)(t, γ) = CιC(λ,e)(γ
−1, t−1)Cι

as End(H0)-valued meromorphic functions in (t, γ) ∈ T × T . In turn, Cι is a direct
reflection of (the existence of) Cherednik’s duality anti-isomorphism of the double
affine Hecke algebra (see Theorem 2.2.8).

2.5 Solutions of the bispectral quantum KZ equations

In this section we use asymptotic analysis to construct a ι-invariant solution Φκ of
BqKZ, which we call the basic asymptotically free solution. It depends in a mild
way on an auxiliary parameter κ ∈ C× (in fact, FΦκ is independent of κ). The orbit
of Φκ under the action of {e} × SN ⊂ SN turns out to be an F-basis of SOL consist-
ing of asymptotically free solutions. Along the way we derive various additional
properties of Φκ.

2.5.1 The leading term

Let θ ∈M(T ) denote the renormalized Jacobi theta function

θ(z) :=
∏
m≥0

(1− qmz)(1− qm+1/z) (2.5.1)

for z ∈ C×. It satisfies

θ(qmz) = (−z)−mq− 1
2m(m−1)θ(z), m ∈ Z. (2.5.2)

For κ ∈ C× we define Wκ ∈ K by

Wκ(t, γ) :=

N∏
i=1

θ(κtiγ
−1
N−i+1)

θ(κk〈δ,εi〉ti)θ(κk−〈δ,εi〉γ
−1
N−i+1)

. (2.5.3)

By Corollary 2.4.6, the formal asymptotic form of the quantum KZ equations

C(λ,e)(t, γ)f(q−λt, γ) = f(t, γ), λ ∈ ZN
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in the asymptotic region |tαi | � 0 (1 ≤ i < N ) is

k〈δ,λ〉η(Tw0
Y w0(λ)T−1

w0
)(γ)f(q−λt, γ) = f(t, γ), λ ∈ ZN . (2.5.4)

Lemma 2.5.1. Wκ ∈ K enjoys the following properties.

(i) f (0)
κ (t, γ) := Wκ(t, γ)Tw0 is a solution of (2.5.4).

(ii) ι(Wκ) = Wκ and τ(ι)f
(0)
κ = f

(0)
κ .

Proof. (i) Since η(Tw0
Y w0(λ)T−1

w0
)(γ)Tw0

= γw0(λ)Tw0
for all λ ∈ ZN , it suffices to

show that
Wκ(q−λt, γ) = k−〈δ,λ〉γ−w0(λ)Wκ(t, γ), λ ∈ ZN ,

which follows from (2.5.2).
(ii) Clearly ι(Wκ) = Wκ, i.e. Wκ(γ−1, t−1) = Wκ(t, γ). Since Cι(Tw0) = Tw0 , it

follows that τ(ι)f
(0)
κ = f

(0)
κ .

Observe that, more generally, Wκ ∈ K satisfies the q-difference equations

Wκ(q−λt, qµγ) = k−〈δ,λ+µ〉tw0(µ)γ−w0(λ)q−〈w0(λ),µ〉Wκ(t, γ), λ, µ ∈ ZN . (2.5.5)

2.5.2 The basic asymptotically free solution Φκ

We now gauge BqKZ by Wκ ∈ K. Concretely, for λ, µ ∈ ZN we write

D(λ,µ)(t, γ) = Wκ(t, γ)−1C(λ,µ)(t, γ)Wκ(q−λt, qµγ)

as End(H0)-valued meromorphic functions in (t, γ) ∈ T × T . It is independent of κ
in view of (2.5.5). For f ∈ HK

0 we have f ∈ SOL if and only if g := W−1
κ f ∈ HK

0

satisfies the holonomic system of q-difference equations

D(λ,µ)(t, γ)g(q−λt, qµγ) = g(t, γ), λ, µ ∈ ZN (2.5.6)

as H0-valued rational functions in (t, γ) ∈ T × T .
The existence of a solution Ψ ∈ HK

0 of (2.5.6) admitting a convergent H0-valued
power series expansion

Ψ(t, γ) =
∑

α,β∈Q+

Kα,βt
−αγβ , K0,0 = Tw0 (2.5.7)

in the asymptotic region |tαi | � 0 and |γ−αi | � 0 (1 ≤ i < N ) is guaranteed by the
following properties of the gauged cocycle matrices D(λ,µ).

Consider the subring B := C[yα1 , . . . , yαN−1 ] of C[{1} × T ] = C[y±1
1 , . . . , y±1

N ].
Write Q(B) for its quotient field and Q0(B) for the subring of Q(B) consisting of
rational functions which are analytic at the point yαj = 0 (1 ≤ j < N ). We consider
Q0(A)⊗ B and A⊗Q0(B) as subrings of C(T × T ) in the natural way.
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Lemma 2.5.2. Set Ai = D($i,e) and Bi = D(e,$i) for 1 ≤ i ≤ N .

(i) AN = BN = id on HK
0 .

(ii) Ai ∈ (Q0(A)⊗ B)⊗ End(H0) and Bj ∈ (A⊗Q0(B))⊗ End(H0).

(iii) Set A(0,0)
i ∈ End(H0) and B(0,0)

j ∈ End(H0) for the value of Ai and Bj at x−αr =
0 = yαs (1 ≤ r, s < N ). For w ∈ SN we have

A
(0,0)
i (Tw0

Tw) =

{
0 if w−1w0($i) 6= w0($i),

Tw0
Tw if w−1w0($i) = w0($i)

(2.5.8)

and

B
(0,0)
i (Tw0Tw) =

{
0 if w($i) 6= $i,

Tw0
Tw if w($i) = $i.

(2.5.9)

Proof. (i) We only give the proof of AN = id. Since $N = πN in W , we have

AN (t, γ) = Wκ(t, γ)−1C($N ,e)(t, γ)Wκ(q−$N t, γ) = γ−$N (η(π)(γ))N = id,

where we use (2.5.5) and (2.4.5) for the second equality, and Lemma 2.4.1 and σN = e
for the third equality.

(ii) Note that
Ai(t, γ) = k−〈δ,$i〉γ−w0($i)C($i,e)(t, γ)

by (2.5.5). Since $i = πiσ−i the cocycle property of C gives

Ai(t, γ) = k−〈δ,$i〉γ−w0($i)
(
η(π)(γ)

)i
C(σ−i,e)(π

−it, γ).

It follows from the explicit expressions for the cocycle values C(si,e) (1 ≤ i < N )
that the End(H0)-valued rational function C(σ−i,e)(π

−it, γ) in (t, γ) ∈ T × T lies in
Q0(A)⊗ End(H0) (in particular, it is independent of γ). Furthermore, for w ∈ SN

γ−w0($i)
(
η(π)(γ)

)i(
Tw
)

= γw
−1w0($i)−w0($i)Tσiw

by Lemma 2.4.1, hence the End(H0)-valued regular function γ−w0($i)
(
η(π)(γ)

)i in
γ ∈ T lies in B ⊗ End(H0). Consequently, Ai ∈ (Q0(A) ⊗ B) ⊗ End(H0). The
statement for Bj follows from this result using the cocycle property C(e,$j)(t, γ) =
CιC($j ,e)(γ

−1, t−1)Cι.
(iii) Recall that ξw = η(S̃∗w−1)Te with S̃w the intertwiners of H (see Proposition

2.2.9). By induction on `(w), using the explicit expression (2.2.8) of the intertwiners
S̃i, it follows that ξw ∈ B ⊗ H0 and that the value of ξw at yαi = 0 (1 ≤ i < N ) is
Tw ∈ H0. Set

A
(0)
i = Ai|x−α1=0,...,x−αN−1=0 ∈ B ⊗ End(H0).
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By Corollary 2.4.6 and (2.5.5),

A
(0)
i = y−w0($i)η(Tw0

Y w0($i)T−1
w0

).

Lemma 2.4.2 then gives

A
(0)
i

(
η(Tw0

)ξw
)

= yw
−1w0($i)−w0($i)η(Tw0

)ξw, ∀w ∈ SN (2.5.10)

as identities in B ⊗H0. Specializing (2.5.10) at yαj = 0 (1 ≤ j < N ) yields (2.5.8).
To prove (2.5.9) we consider

B̃
(0)
j = Bj |yα1=0,...,yαN−1=0 ∈ A⊗ End(H0).

It is the rational End(H0)-valued function

B̃
(0)
j (t) = tw0($j)Cι

(
η(Tw0

Y w0($j)T−1
w0

)(t−1)
)
Cι

in t ∈ T . Denoting ξ̃w ∈ A⊗H0 for the rational H0-valued function ξw(t−1) in t ∈ T ,
it follows that

B̃
(0)
j

(
Cιη(Tw0)ξ̃w

)
= x−w

−1w0($j)+w0($j)Cιη(Tw0)ξ̃w (2.5.11)

for all w ∈ SN . The value of Cιη(Tw0
)ξ̃w at x−αi = 0 (1 ≤ i < N ) is Cι(Tw0

Tw). In
addition, Cι restricts to the anti-algebra involution on H0 mapping Tw to Tw−1 for
w ∈ SN , hence

Cι(Tw0
Tw) = Tw−1Tw0

= Tw0
Tw0w−1w0

.

Formula (2.5.9) then follows from specializing (2.5.11) at x−αi = 0 (1 ≤ i < N ) and
replacing w by w0w

−1w0 in the resulting formula.

For ε > 0, put Bε := {t ∈ T | |tαi | < ε, ∀i} and B−1
ε := {t ∈ T | t−1 ∈ Bε}.

Theorem 2.5.3. There exists a unique solution Ψ ∈ HK
0 of the gauged equations (2.5.6)

satisfying, for some ε > 0,
(i) Ψ(t, γ) admits an H0-valued power series expansion

Ψ(t, γ) =
∑

α,β∈Q+

Kα,βt
−αγβ , (Kα,β ∈ H0) (2.5.12)

for (t, γ) ∈ B−1
ε ×Bε which is normally convergent on compacta ofB−1

ε ×Bε. In particular,
Ψ(t, γ) is analytic at (t, γ) ∈ B−1

ε ×Bε;
(ii) K0,0 = Tw0

.

Proof. It follows from the previous lemma that the commuting endomorphismsA(0,0)
i ,

B
(0,0)
j ∈ End(H0) (1 ≤ i, j < N ) are semisimple. For a, b ∈ CN−1 set

H0[(a, b)] = {v ∈ H0 | A(0,0)
i v = aiv and B

(0,0)
j v = bjv (1 ≤ i, j < N)},
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so that H0 =
⊕

(a,b)∈S H0[(a, b)] with S the finite set of (a, b) ∈ CN−1 × CN−1 for
which H0[(a, b)] 6= 0. By the previous lemma, (1N−1, 1N−1) ∈ S and we have
H0[(1N−1, 1N−1)] = spanC{Tw0

}. Furthermore, ai, bi 6∈ q−N for all (a, b) ∈ S and
i. Under these conditions, the holonomic system of q-difference equations (2.5.6) ad-
mits a unique solution Ψ satisfying the desired properties; see Theorem A.6 in the
appendix (to show that the gauged BqKZ falls in the class of holonomic systems of
q-difference equations to which Theorem A.6 applies, one should takeM = 2(N−1),
qi = q for 1 ≤ i < N and variables zi = x−αi and zN−1+j = yαj for 1 ≤ i, j < N in
the appendix).

Remark 2.5.4. In a small neighborhood of a fixed (t′, γ′) ∈ T × T , the meromorphic
solution Ψ of (2.5.6) can be expressed in terms of the power series expansion (2.5.12)
by the formula

Ψ(t, γ) = D(λ,µ)(t, γ)Ψ(q−λt, qµγ)

= D(λ,µ)(t, γ)
∑

α,β∈Q+

Kα,β(q−λt)−α(qµγ)β ,

where λ, µ ∈ ZN are such that (q−λt′, qµγ′) ∈ B−1
ε ×Bε.

Definition 2.5.5. We call Φκ := WκΨ ∈ SOL the basic asymptotically free solution of
BqKZ.

Note that Φκ ∈ F×Φκ′ for κ, κ′ ∈ C×. The κ-flexibility will come in handy when
we consider specializations of Φκ. In the following subsections, we derive various
properties of the basic asymptotically free solution Φκ.

2.5.3 Duality

Theorem 2.5.6. The basic asymptotically free solution Φκ of BqKZ is self-dual, in the sense
that

τ(ι)Φκ = Φκ.

Proof. SOL is SN -invariant, hence τ(ι)Φκ ∈ SOL. In addition,

τ(ι)Φκ = Wκ(τ(ι)Ψ),

because ι(Wκ) = Wκ. Hence τ(ι)Ψ is a solution of the gauged equations (2.5.6)
having a convergent H0-valued power series expansion

(τ(ι)Ψ)(t, γ) = CιΨ(γ−1, t−1) =
∑

α,β∈Q+

Cι(Kα,β)γαt−β

for (t, γ) ∈ B−1
ε × Bε. Since Cι(K0,0) = Cι(Tw0) = Tw0 , we conclude from Theorem

2.5.3 that τ(ι)Ψ = Ψ, hence τ(ι)Φκ = Φκ.
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2.5.4 Singularities

Define

Λ := {λ ∈ ZN | λ1 ≥ λ2 ≥ · · · ≥ λN} =

N−1⊕
i=1

Z≥0$i ⊕ Z$N , (2.5.13)

i.e., Λ consists of the λ ∈ ZN such that 〈λ, α〉 ∈ Z≥0 for all α ∈ R+. Set

S+ := {t ∈ T | tα ∈ k−2q−N for some α ∈ R+}.

Write Ψ(t, γ) =
∑
α∈Q+

Γα(γ)t−α for (t, γ) ∈ B−1
ε × Bε, where Γα is the H0-valued

analytic function on Bε defined by the H0-valued power series

Γα(γ) :=
∑
β∈Q+

Kα,βγ
β .

Lemma 2.5.7. The Γα (α ∈ Q+) extend uniquely to a meromorphic H0-valued function on
T , analytic on T \ S+, such that Ψ(t, γ) admits an H0-valued power series expansion

Ψ(t, γ) =
∑
α∈Q+

Γα(γ)t−α

for (t, γ) ∈ B−1
ε × T \ S+, converging normally on compacta of B−1

ε × T \ S+.

Proof. Using Lemma 2.5.2 we write for µ ∈ Λ,

D(e,µ)(t, γ) =
∑
β∈Q+

Fµβ (γ)t−β ,

with Fµβ ∈ Q0(B) ⊗ End(H0) for all β ∈ Q∨+. Note that Fµβ ≡ 0 for all but finitely
many β ∈ Q+.

We first show that Fµβ (γ) is regular at γ ∈ T \ S+. By (2.5.5) and by the cocycle
property, Fµβ (γ) is regular at γ = ζ if C(e,$j)(·, qνγ) ∈ C[T ] ⊗ End(H0) is regular at
γ = ζ for all 1 ≤ j ≤ N and ν ∈ Λ. The latter statement follows from the fact that
Ri(z) has only a (simple) pole at z = k−2 and from the explicit expression

C(e,$j)(t, γ) = Cι
(
η(π)(t−1)

)j
(RN−j(qγ1/γN ) · · ·R2(qγ1/γj+2)R1(qγ1/γj+1))

× · · · × (RN−2(qγj−1/γN ) · · ·Rj(qγj−1/γj+2)Rj−1(qγj−1/γj+1))

× (RN−1(qγj/γN ) · · ·Rj+1(qγj/γj+2)Rj(qγj/γj+1))Cι,

(2.5.14)

which follows from Lemma 2.4.5(ii) and the cocycle property of C.
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Let U ⊂ T \ S+ be a relatively compact open subset. Choose µ ∈ Λ such that
the closure of qµU is contained in Bε, where qµU := {qµγ | γ ∈ U}. As meromorphic
H0-valued function in (t, γ) ∈ B−1

ε × U , we have

Ψ(t, γ) = D(e,µ)(t, γ)Ψ(t, qµγ)

=
∑

α,β∈Q+

Fµβ (γ)
(
Γα(qµγ)

)
t−α−β

=
∑
α∈Q+

( ∑
β∈Q+:α−β∈Q+

Fµβ (γ)
(
Γα−β(qµγ)

))
t−α,

with the sums converging normally on compacta of B−1
ε × U (note that the sums

over β are finite). It follows that Γα (α ∈ Q+) has a unique H0-valued meromorphic
extension to T which, on U , is given by

Γα(γ) =
∑

β∈Q+:α−β∈Q+

Fµβ (γ)
(
Γα−β(qµγ)

)
, (2.5.15)

such that Ψ on B−1
ε × U admits the power series expansion

Ψ(t, γ) =
∑
α∈Q+

Γα(γ)t−α,

which converges normally on compacta of B−1
ε × U . It follows from (2.5.15) and the

previous paragraph that Γα is analytic on T \ S+.

The arguments from the proof of Lemma 2.5.7, applied to both torus variables of
Ψ(t, γ) at the same time, directly lead to the following result.

Proposition 2.5.8. The H0-valued meromorphic function Ψ(t, γ) is analytic at (t, γ) ∈
T \ S−1

+ × T \ S+.

For specialized spectral parameter, we obtain the following result.

Proposition 2.5.9. Let ζ ∈ T \ S+.
(i) The H0-valued meromorphic function Ψ(t, γ) in (t, γ) ∈ T × T can be specialized at
γ = ζ, giving rise to a meromorphic H0-valued function Ψ(t, ζ) in t ∈ T . It has the power
series expansion

Ψ(t, ζ) =
∑
α∈Q+

Γα(ζ)t−α

for t ∈ B−1
ε , normally converging on compacta of B−1

ε .
(ii) Ψ(t, ζ) satisfies the gauged q-difference equations

D(λ,e)(t, ζ)Ψ(q−λt, ζ) = Ψ(t, ζ), ∀λ ∈ ZN . (2.5.16)
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Proof. (i) Restricting to t ∈ B−1
ε for ε > 0 small enough, the statement is correct by

Lemma 2.5.7. If t′ ∈ T is arbitrary then there exists a λ ∈ Λ such that q−λt′ ∈ B−1
ε .

For t ∈ T in a small neighborhood of t′ we then have

Ψ(t, γ) = D(λ,e)(t, γ)Ψ(q−λt, γ).

Since D(λ,e) ∈ (Q0(A)⊗B)⊗End(H0) by Lemma 2.5.2(ii) the statement now follows
in a small open neighborhood of t′.
(ii) Specializing the gauged q-difference equations D(λ,e)(t, γ)Ψ(q−λt, γ) = Ψ(t, γ)
(λ ∈ ZN ) to γ = ζ yields the desired result.

2.5.5 Evaluation formula

We write
(
z; q
)
∞ =

∏∞
m=0(1−qmz) for the q-shifted factorial. Recall the power series

expansion Ψ(t, γ) =
∑
α∈Q+

Γα(γ)t−α for |tαi | � 0 (1 ≤ i < N ) from Subsection
2.5.4. We call the following result the evaluation formula for the basic asymptotically
free solution Φκ = WκΨ of BqKZ, since it implies the celebrated evaluation formula
for the Macdonald polynomials (see Subsection 4.5).

Theorem 2.5.10. We have
Γ0(γ) = K(γ)Tw0

with K ∈M(T ) explicitly given by

K(γ) :=
∏

1≤i<j≤N

(
qγi/γj ; q

)
∞(

qk2γi/γj ; q
)
∞
. (2.5.17)

Proof. We use the notations of Lemma 2.5.2. Recall that Ψ satisfies the gauged q-
difference equations

Ai(t, γ)Ψ(q−$it, γ) = Ψ(t, γ)

for 1 ≤ i ≤ N . In view of the proof of Lemma 2.5.2 and Lemma 2.5.7, it reduces in
the limit |t−αi | → 0 (1 ≤ i < N ) to

γ−w0($i)η(Tw0
Y w0($i)T−1

w0
)(γ)Γ0(γ) = Γ0(γ)

for 1 ≤ i ≤ N , as H0-valued meromorphic functions in γ ∈ T . This forces Γ0(γ) =
K(γ)η(Tw0

)ξe(γ) = K(γ)Tw0
for some K ∈M(T ); see Lemma 2.4.2.

It remains to show that K is explicitly given by (2.5.17). Write L(γ) for the right
hand side of (2.5.17). Then L ∈ M(T ) is characterized by the following three prop-
erties:

(i) for some ε > 0 we have a power series expansion

L(γ) =
∑
α∈Q+

lαγ
α

for γ ∈ Bε, converging normally on compacta of Bε;
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(ii) l0 = 1; and

(iii) L(γ) satisfies the q-difference equations∏
1≤r≤j

j+1≤s≤N

1− qγr/γs
1− qk2γr/γs

L(q$jγ) = L(γ), 1 ≤ j ≤ N.

It thus suffices to show that K(γ) satisfies the three properties (i)–(iii). It is clear
that K ∈ M(T ) satisfies (i); see Subsection 2.5.4. Theorem 2.5.3(ii) implies (ii) for K.
What remains is the verification of the q-difference equations (iii) for K. Using the
notations of Lemma 2.5.2, we write

B
(0)
j := Bj |x−α1=0,...,x−αN−1=0 ∈ Q0(B)⊗ End(H0).

We view B
(0)
j (γ) as an End(H0)-valued meromorphic function in γ ∈ T . Taking the

limit |t−αi | → 0 (1 ≤ i < N ) in the gauged q-difference equations

Bj(t, γ)Ψ(t, q$jγ) = Ψ(t, γ), 1 ≤ j ≤ N

and using Γ0(γ) = K(γ)Tw0
we obtain

K(q$jγ)B
(0)
j (γ)Tw0

= K(γ)Tw0

for 1 ≤ j ≤ N , as meromorphic H0-valued functions in γ ∈ T . Writing B(0)
j (γ)Tw0 =∑

w∈SN a
j
w(γ)Tw with ajw ∈M(T ) it thus suffices to show that

ajw0
(γ) =

∏
1≤r≤j

j+1≤s≤N

1− qγr/γs
1− qk2γr/γs

= k−〈δ,$j〉
∏

1≤r≤j
j+1≤s≤N

ck(qγr/γs)
−1 (2.5.18)

for 1 ≤ j ≤ N , where the second equality follows from a direct computation using
the explicit expression (2.2.5) of ck.

By (2.5.5) we have

Bj(t, γ) = k−〈δ,$j〉tw0($j)C(e,$j)(t, γ)

and C(e,$j)(t, γ) is given explicitly by (2.5.14). Since Ri(z) = ck(z)−1(η(Ti)− k) + 1,
Lemma 2.4.1 and the reduced expression (2.4.8) for σi imply that

Bj(t, γ)Tw0
= k−〈δ,$j〉tw0($j)Cι(η(π)(t−1))j

( ∑
w≤σ−j

bjw(γ)Tww0

)
with ≤ the Bruhat order on SN and with

bjσ−j (γ) =
∏

1≤r≤j
j+1≤s≤N

ck(qγr/γs)
−1.
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By Lemma 2.4.1 we have

tw0($j)Cι(η(π)(t−1))jTww0 = tw0($j)−w0w
−1w0($j)Tw0w−1σ−j .

Hence
B

(0)
j (γ)Tw0 = k−〈δ,$j〉

∑
w

bjw(γ)Tw0w−1σ−j ,

with the sum running over w ∈ SN satisfying w ≤ σ−j and w($j) = w0($j). In
particular, ajw0

(γ) = k−〈δ,$j〉bjσ−j (γ). This completes the proof of (2.5.18).

2.5.6 Consistency of the bispectral quantum KZ equations

In this subsection, we show that BqKZ is a consistent system of q-difference equa-
tions, i.e., dimF(SOL) = dimC(H0), by explicitly constructing an F-basis of SOL.
Since the cocycle matricesC(λ,µ)(t, γ) (λ, µ ∈ ZN ) depend rationally on (t, γ) ∈ T×T ,
the consistency of BqKZ follows also from the abstract arguments in [14, §5].

We start with a preliminary lemma on the cocycle values C(e,w) for w ∈ SN .

Lemma 2.5.11. Let w ∈ SN . We have C(e,w) ∈ Q0(B)⊗ End(H0) and

C
(0)
(e,w)(h) = k−`(w)hTw−1 , h ∈ H0,

where
C

(0)
(e,w) = C(e,w)|yα1=0,...,yαN−1=0 ∈ End(H0).

Proof. Let w = si1si2 · · · sir be a reduced expression for w ∈ SN (1 ≤ ij < N ) and
write βj := si1 · · · sij−1

(αij ) ∈ R+ for 1 ≤ j ≤ r, where β1 should be read as αi1 . By
Subsection 2.4.2 and the cocycle property, we have

C(e,w)(t, γ) = CιC(w,e)(γ
−1, t−1)Cι = Cι

(
Rir (γ

βr ) · · ·Ri2(γβ2)Ri1(γβ1)
)−1

Cι.

From the expression for Ri(z) it now follows that C(e,w) ∈ Q0(B) ⊗ End(H0). Since
limz→0Ri(z) = kη(T−1

i ) we furthermore have

C
(0)
(e,w) = k−`(w)Cιη(Tw)Cι.

The map Cι is the K-linear extension of the anti-algebra involution of H0 mapping
Tw to Tw−1 . Hence C(0)

(e,w)(h) = k−`(w)hTw−1 for h ∈ H0.

Define U ∈ End(H0)K := K⊗ End(H0) by

U
(
k−`(w)Tw0

Tw−1

)
= τ(e, w)Φκ, w ∈ SN . (2.5.19)

Since SOL is SN -invariant, U is an End(H0)-valued solution of BqKZ, i.e.

C(λ,µ)(t, γ)U(q−λt, qµγ) = U(t, γ), λ, µ ∈ ZN

as End(H0)-valued meromorphic functions in (t, γ) ∈ T × T .
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Lemma 2.5.12. U ∈ End(H0)K is invertible.

Proof. Using the natural identification End(H0)K ' EndK(HK
0 ) as K-algebras, we

need to verify that U ∈ GLK(HK
0 ).

Set Φw := τ(e, w)Φκ and Ψw := τ(e, w)Ψ for w ∈ SN , so that

Φw(t, γ) = Wκ(t, w−1γ)Ψw(t, γ)

Since C(e,w)(t, γ) is independent of t ∈ T , we simply write it as C(e,w)(γ). Recall
the W -invariant subset S ⊂ T (see (2.4.6)), which contains S+. By Lemma 2.4.4 and
Lemma 2.5.7, we have for some ε > 0 the power series expansion

Ψw(t, γ) =
∑
α∈Q+

C(e,w)(γ)
(
Γα(w−1γ)

)
t−α

for (t, γ) ∈ B−1
ε × T \ S , converging normally on compacta of B−1

ε × T \ S . We write
Γwα (γ) := C(e,w)(γ)

(
Γα(w−1γ)

)
in the remainder of the proof. It is a meromorphic

function in γ ∈ T , analytic on T \ S , and the power series expansion of Ψw becomes

Ψw(t, γ) =
∑
α∈Q+

Γwα (γ)t−α. (2.5.20)

Observe that
Γw0 (γ)→ C

(0)
(e,w)(Tw0) = k−`(w)Tw0Tw−1 ,

in the limit γαi → 0 (1 ≤ i < N ), in view of the previous lemma.
Write U = V Ξ with V,Ξ the K-linear endomorphisms of HK

0 given by

Ξ
(
k−`(w)Tw0

Tw−1

)
(t, γ) = Wκ(t, w−1γ)k−`(w)Tw0

Tw−1 ,

V
(
k−`(w)Tw0

Tw−1

)
= Ψw,

for w ∈ SN . Since Ξ ∈ GLK(HK
0 ) it suffices to show that V ∈ GLK(HK

0 ). Let M be the
matrix of V with respect to the K-basis k−`(w)Tw0

Tw−1 (w ∈ SN ) of HK
0 . Fix ζ ∈ T \ S

such that ζα /∈ R for all α ∈ R. The matrix M(t, γ) may be specialized at γ = ζ and
the limit ofM(t, ζ) as t−αi → 0 (1 ≤ i < N ) exists. We writeM (0)(ζ) for the limit and
V (0)(ζ) for the corresponding linear endomorphism of H0. We then have

V (0)(ζ)
(
k−`(w)Tw0Tw−1

)
= Γw0 (ζ) = K(w−1ζ)C(e,w)(ζ)Tw0 ,

with K(γ) given by (2.5.17). Note that K(w−1ζ) 6= 0 since ζα /∈ qZ for all α ∈ R. By
the explicit expression for the cocycle value C(e,w)(ζ) ∈ End(H0) (see the proof of
the previous lemma) we have

C(e,w)(ζ)(Tw0) =
∑
v≤w

awv (ζ)Tw0Tv−1 ,

with aww(ζ) 6= 0 and with ≤ the Bruhat order on SN . This implies that V (0)(ζ) is a
linear automorphism of H0, hence det(M (0)(ζ)) 6= 0. Consequently, det(M) ∈ K×
and V ∈ GLK(HK

0 ).
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Proposition 2.5.13. (i) U ′ ∈ End(H0)K is an End(H0)-valued meromorphic solution of
BqKZ if and only if U ′ = UF for some F ∈ End(H0)F.
(ii) U , viewed as K-linear endomorphism of HK

0 , restricts to an F-linear isomorphism

U : HF
0 → SOL.

(iii) {τ(e, w)Φκ}w∈SN is an F-basis of SOL.

Proof. (i) If U ′ is an End(H0)-valued meromorphic solution of BqKZ then, since U is
invertible, we have for all λ, µ ∈ ZN ,

U(q−λt, qµγ)−1U ′(q−λt, qµγ) = U(t, γ)−1U ′(t, γ).

Hence U ′ = UF with F ∈ End(H0)F. The converse implication is clear.
(ii) By the previous lemma we haveU : HF

0 ↪→ SOL. It is surjective, since for g ∈ SOL,
f := U−1g ∈ HK

0 satisfies f(q−λt, qµγ) = f(t, γ) for all λ, µ ∈ ZN (cf. the proof of (i)),
hence f ∈ HF

0 .
(iii) This is clear from (ii) and from the definition of U .

By Proposition 2.5.9 and by the proofs of Lemma 2.5.12 and Proposition 2.5.13
we obtain the following consistency statement for the quantum KZ equation (2.4.10)
with specialized central character (see [8] and [10]). Recall the W -invariant subset
S ⊂ T given by (2.4.6). Recall furthermore that C(e,w)(t, γ) for w ∈ SN only depends
on γ, so we simply write it as C(e,w)(γ).

Corollary 2.5.14. Fix ζ ∈ T \ S such that ζα /∈ qZ for all α ∈ R. For generic κ ∈ C×,
the H0-valued meromorphic functions

(
τ(e, w)Φκ

)
(t, γ) in (t, γ) ∈ T ×T (w ∈ SN ) can be

specialized at γ = ζ, giving rise to

(i) a basis {C(e,w)(ζ)Φκ(·, w−1ζ)}w∈SN of SOLζ over E(T );

(ii) an invertible End(H0)-valued meromorphic solution Uζ of the quantum KZ equations
(2.4.10), where Uζ ∈ End(H0)M(T ) is explicitly defined by

Uζ(k
−`(w)Tw0Tw−1) := C(e,w)(ζ)Φκ(·, w−1ζ), w ∈ SN .



Chapter 3

Correspondence of BqKZ with
bispectral problems

3.1 Introduction

Cherednik [7, Theorem 3.4] constructed for arbitrary root systems a correspondence
between solutions of quantum KZ equations and solutions of a system of q-difference
equations. In [7, Theorem 4.4], Cherednik made the correspondence precise for GLN .
It yields an explicit map χ+ from solutions of the quantum KZ equations qKZζ (with
fixed central character ζ ∈ T ; see (2.4.10)) to solutions of the spectral problem of
Ruijsenaars’ [50] commuting trigonometric q-difference operators with spectral pa-
rameter ζ−1 (the Ruijsenaars operators are also frequently referred to as Macdonald-
Ruijsenaars operators). The latter result has been generalized to arbitrary root sys-
tems in [30, Theorem 4.6] and [8]. In the classical setting (q = 1) it goes back to Mat-
suo [43]. In this chapter we analyze the map χ+ in the bispectral setting of Chapter
2. It leads to the interpretation of χ+ as an embedding of the solution space SOL of
BqKZ (see Definition 2.3.7) into the space of meromorphic solutions of a bispectral
problem involving the above Ruijsenaars operators as well as Ruijsenaars operators
acting on the spectral parameter.

In Section 3.2 we introduce the so-called monodromy cocycle which plays a role
in the construction of the correspondence, which will be established in Section 3.3.
The techniques employed there are analogous to the ones for the usual correspon-
dence (see [10, Chapter 1]). For the convenience of the reader we provide full details
of the arguments involved.

In Section 3.4 we apply the correspondence to the self-dual solution Φκ (Defini-
tion 2.5.5) of BqZK to obtain a self-dual solution Φ+

κ of the bispectral problem of the
Ruijsenaars q-difference operators. For reasons which become apparent below, we
call this solution the basic Harish-Chandra series solution of the bispectral problem
of the Ruijsenaars q-difference operators.

55



56 Chapter 3. Correspondence of BqKZ with bispectral problems

Finally, in Section 3.5, we consider BqKZ for specialized γ = ζ ∈ T as in Sub-
section 2.4.4, and in this case reobtain from the bispectral correspondence the (clas-
sical) correspondence between solutions of qKZζ and the spectral problem of the
Ruijsenaars operators with spectral parameter ζ−1. Specialization of Φ+

κ leads to a
Harish-Chandra series solution of the Ruijsenaars operators with fixed spectral pa-
rameter. These Harish-Chandra solutions to the spectral problem were investigated
before in, e.g., [16], [17], [31] and [36]. The present approach to Harish-Chandra se-
ries, which uses quantum KZ equations in an essential way, has the advantage that
it leads to new results on the convergence and singularities of the Harish-Chandra
series. These results, together with Cherednik’s recent work [11], form important
building blocks in deriving the c-function expansion of Cherednik’s global (q, t)-
spherical function (see [55]).

The material presented in this chapter coincides with Section 6 of the paper [45].

Convention. Throughout Sections 3.2-3.4, we fix κ ∈ C×. Furthermore, we use the
notations and conventions of Chapter 2.

3.2 The monodromy cocycle

Recall the End(H0)-valued meromorphic solution U of BqKZ that we constructed in
Subsection 2.5.6. In this section, we will define an auxiliary cocycle Tw (w ∈ W) of
W, which can be thought of as a family of monodromy matrices with respect to the
fundamental solution U , as explained below.

Observe that F ∈ End(H0)K is an End(H0)-valued meromorphic solution of
BqKZ if and only if

τ(w)F = F, w ∈ ZN × ZN ,

where the W-action τ on End(H0)K is defined by

(τ(w)F )(t, γ) := Cw(t, γ)(wF )(t, γ) = Cw(t, γ)F (w−1(t, γ))

for w ∈ W and F ∈ End(H0)K, viewed as identities between End(H0)-valued mero-
morphic functions in (t, γ) ∈ T × T .

By Proposition 2.5.13(i), given an End(H0)-valued meromorphic solution F of
BqKZ, there exists a unique G ∈ End(H0)F such that F = UG. Accordingly, G
describes the deviation of F from the fundamental solution U of BqKZ, and therefore
can be thought of as a connection matrix (cf. [15, §12.1]). We will consider the special
cases when the solutions F are the End(H0)-valued meromorphic solutions τ(w)U
(w ∈W) of BqKZ.

For w ∈W we set
Tw := U−1(τ(w)U) ∈ End(H0)F,

that is, Tw (w ∈W) is the unique element of End(H0)F such that

τ(w)U = UTw.
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Note that End(H0)F is a W-stable subalgebra of End(H0)K with respect to the action
(wF )(t, γ) = F (w−1(t, γ)). The following lemma now shows that the Tw (w ∈ W)
define a cocycle of W with values in the group of units of End(H0)F.

Lemma 3.2.1. (i) Tw = id for w ∈ ZN × ZN .
(ii) For w,w′ ∈W we have the cocycle relation

Tww′ = Tww(Tw′)

in End(H0)F.

Proof. (i) This follows immediately from the fact that U is an End(H0)-valued mero-
morphic solution of BqKZ.
(ii) Note that Tw = U−1Cww(U) for w ∈ W. By the cocycle condition for Cw ∈
End(H0)K, which reads in the present notations as Cww′ = Cww(Cw′) for w,w′ ∈W,
we have

Tww′ = U−1Cww′ww′(U) = U−1Cww(Cw′w
′(U))

= U−1Cww(U)w(U−1Cw′w
′(U)) = Tww(Tw′)

for all w,w′ ∈W.

Definition 3.2.2. In analogy with the terminology in [10, §1.3.3] for the quantum KZ
equation, we call {Tw}w∈W the monodromy cocycle of the BqKZ.

Remark 3.2.3. Connection matrices and Riemann-Hilbert problems for ordinary lin-
ear q-difference equations have been studied extensively; see, e.g., [3] and [52]. For
quantum KZ equations, connection matrices have been computed explicitly in, e.g.,
[21], [15, §12], and [31].

3.3 The correspondence

Consider the algebra C(T×T )#W, where W acts as field automorphisms on C(T×T )
by the formula (2.3.1). Recall that C(T ×T )#W naturally acts on K. We write Df for
the action of D ∈ C(T × T )#W on f ∈ K.

We have a representation ϑ : C(T × T )#W→ End(End(H0)K) given by

ϑ(f)F = fF, f ∈ C(T × T ),

ϑ(w)F = w(F ), w ∈W

for F ∈ End(H0)K. Let D be the subalgebra C(T × T )#(ZN × ZN ) of C(T × T )#W.
Under the natural action of C(T × T )#W on C(T × T ), the subalgebra D identifies
with the algebra of q-difference operators on T × T with rational coefficients.

Set H∗0 := Hom(H0,C). We will regard a linear functional χ ∈ H∗0 also as an
element of HomK(HK

0 ,K) by K-linear extension. For F ∈ End(H0)K, write

φFχ,v := χ(Fv) ∈ K, χ ∈ H∗0 , v ∈ H0
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for its matrix coefficients. Note that for any D ∈ C(T × T )#W, χ ∈ H∗0 and v ∈ H0,

DφFχ,v = φϑ(D)F
χ,v (3.3.1)

for all F ∈ End(H0)K.

Lemma 3.3.1. For w ∈W we have

ϑ(w)U = C−1
w UTw.

In particular, ϑ(w)U = C−1
w U for w ∈ ZN × ZN .

Proof. For w ∈W

ϑ(w)U = w(U) = C−1
w (τ(w)U) = C−1

w UTw.

The second claim follows from the fact that Tw = id for w ∈ ZN × ZN .

We are now going to look for a particular linear functional χ such that the ma-
trix coefficients φUχ,v (v ∈ H0) of U solve a bispectral problem with respect to two
commuting families of Ruijsenaars’ trigonometric q-difference operators (one family
acting on the first torus component, the second on the second torus component). In
view of (3.3.1) and the previous lemma, to obtain q-difference equations for φχ,v we
have to deal with the cocycle value Cw and the monodromy matrix Tw in the equa-

tions wφUχ,v = φ
C−1

w UTw
χ,v . It is convenient to postpone the analysis of the monodromy

cocycle by initially absorbing it into the action ϑ of C(T × T )#W via the twisted
algebra homomorphism

ϑT : C(T × T )#W→ End(End(H0)K),

defined by

ϑT (f)F = fF, f ∈ C(T × T ),

ϑT (w)F = w(F )T −1
w , w ∈W

for F ∈ End(H0)K. Note that ϑT is indeed an algebra homomorphism, thanks to the
cocycle condition for T . Moreover, ϑT |D = ϑ|D.

For D ∈ C(T × T )#W we will occasionally use the notations

D =
∑
w∈W

dww =
∑

v∈SN

Dvv, (3.3.2)

where dw ∈ C(T × T ) (w ∈ W) and Dv =
∑

u∈ZN×ZN duvu ∈ D (v ∈ SN ). Reformu-
lating (3.3.1) and Lemma 3.3.1 in terms of the twisted action ϑT yields the following
result.



§3.3. The correspondence 59

Lemma 3.3.2. (i) For w ∈W we have

ϑT (w)U = C−1
w U.

(ii) For D ∈ C(T × T )#W we have

φϑT (D)U
χ,v =

∑
v∈SN

Dv(φ
C−1

v U
χ,v )

for all χ ∈ H∗0 and v ∈ H0.

Proof. (i) This is clear from Lemma 3.3.1 and the definition of ϑT .
(ii) By Lemma 3.3.1 and (3.3.1), we obtain

φϑT (D)U
χ,v =

∑
v∈SN

φϑ(Dv)ϑT (v)U
χ,v =

∑
v∈SN

Dv(φϑT (v)U
χ,v ).

The result now follows from (i).

We define the restriction map Res : C(T × T )#W → D to be the C(T × T )-linear
map

Res(D) :=
∑

v∈SN

Dv, D ∈ D.

Lemma 3.3.1(ii) implies that if we have a linear functional χ+ ∈ H∗0 that satisfies
χ+(C−1

v U) = χ+(U) for all v ∈ SN , then the corresponding matrix coefficients φUχ+,v

(v ∈ H0) satisfy
Res(D)(φUχ+,v) = φϑT (D)U

χ+,v (3.3.3)

for all D ∈ C(T × T )#W.

Lemma 3.3.3. Define χ+ ∈ H∗0 by χ+(Tw) = k`(w) for all w ∈ SN . Then

χ+(C−1
v F ) = χ+(F )

for F ∈ End(H0)K and v ∈ SN .

Proof. Since Cι(Tw) = Tw−1 for w ∈ SN , we have χ+ ◦ Cι = χ+. By the cocycle
condition for Cw (w ∈ SN ) it remains to prove that χ+ ◦ C(si,e) = χ+ for 1 ≤ i < N .
But this follows from the expression C(si,e)(t, γ) = ck(ti/ti+1)−1(η(Ti) − k) + 1 (see
Lemma 2.4.3), since

χ+((Ti − k)h) = 0 (3.3.4)

for 1 ≤ i < N and h ∈ H0.

If D ∈ C(T × T )#W satisfies ϑT (D)U = λU for some λ ∈ K, then it follows from
(3.3.3) that the matrix coefficients φUχ+,v (v ∈ H0) are eigenfunctions of Res(D) with
eigenvalue λ. We will now construct such a commuting family of D’s. It leads to the
interpretation of the φχ+,v (v ∈ H0) as solutions of a bispectral problem.
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The appropriate elements D ∈ C(T × T )#W are obtained as images of elements
from the center Z(H) of the affine Hecke algebra H under the faithful algebra ho-
momorphism ρ from Theorem 2.2.4. Since we aim at a bispectral version, we will
interpret ρ as algebra map ρ : H → C(T ×T )#W in two different ways. We have, on
the one hand, the algebra homomorphism

ρxk−1,q : H(k−1)→ C(T × T )#W,

which is the map ρk−1,q from Theorem 2.2.4, interpreted as algebra homomorphism
from H(k−1) to the subalgebra C(T ×{1})#(W ×{e}) of C(T ×T )#W. On the other
hand, we have an algebra homomorphism

ρyk,q−1 : H(k)→ C(T × T )#W,

defined as the map ρk,q−1 from Theorem 2.2.4, interpreted as algebra homomorphism
from H(k) to the subalgebra C({1}× T )#({e}×W ) of C(T × T )#W. Note that they
can be combined into an algebra homomorphism

ρxk−1,q × ρ
y
k,q−1 : H(k−1)⊗H(k)→ C(T × T )#W.

Definition 3.3.4. (i) For h ∈ H(k−1), define

Dx
h := ρxk−1,q(h) ∈ C(T × T )#W.

(ii) For h ∈ H(k), define

Dy
h := ρyk,q−1(h) ∈ C(T × T )#W.

Remark 3.3.5. Let ◦ : H(k−1)→ H(k) be the algebra isomorphism defined by π◦ = π
and T ◦i = T−1

i for 1 ≤ i < N . Then

Dy
h◦ = ιDx

hι, ∀h ∈ H(k−1). (3.3.5)

This follows by verifying the identity

ρyk,q−1(h◦) = ιρxk−1,q(h)ι

for the algebraic generators π and Ti (1 ≤ i < N ) of H(k−1) using Theorem 2.2.4.

Recall the generic principal series representation, encoded by the algebra homo-
morphism η : H(k)→ End(H0)K (see Subsection 2.4.1).

Proposition 3.3.6. (i) For h ∈ H(k−1) we have

ϑT (Dx
h)U = η(h†)U, (3.3.6)

where † : H(k−1)→ H(k) is the unique anti-algebra isomorphism satisfying

T †i = T−1
i , π† = π−1
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for 1 ≤ i < N .
(ii) For h ∈ H(k) we have

ϑT (Dy
h)U = Cιι

(
η(h‡)

)
CιU, (3.3.7)

where ‡ : H(k)→ H(k) is the unique anti-algebra involution satisfying

T ‡i = Ti, π‡ = π−1

for 1 ≤ i < N (note that † = ‡ ◦ ◦).

Proof. (i) We first show that it suffices to prove (3.3.6) for algebraic generators of
H(k−1). Indeed, if (3.3.6) is valid for h, h′ ∈ H(k−1), then we have

ϑT (Dx
hh′)U = ϑT (Dt

h)ϑT (Dx
h′)U = ϑT (Dx

h)η(h′†)U

= η(h′†)ϑT (Dx
h)U = η(h′†)η(h†)U

= η((hh′)†)U,

where the third equality follows since [ϑT (Dx
h), η(h′†)] = 0 as endomorphisms of

EndK(HK
0 ) (here η(h′†) should be viewed as element in End

(
End(H0)K

)
by left mul-

tiplication). Indeed, since η(h′†)(t, γ) does not depend on the torus parameter t ∈ T ,
it commutes with ϑT (Dx

h) ∈ ϑT (C(T × {1})#(W × {e})) (which involves, besides
the action of W × {e}, only right multiplication by the monodromy cocycle).

So it remains to verify (3.3.6) for h = π ∈ H(k−1) and for h = Ti ∈ H(k−1)
(1 ≤ i < N ). For h = π ∈ H(k−1) we have

ϑT (Dx
π)U = ϑT ((π, e))U = C−1

(π,e)U = η(π†)U,

where the last equality follows from (2.4.5). For h = Ti ∈ H(k−1) (1 ≤ i < N ), we
have

ϑT (Dx
Ti)U = (k−1 − ck(xi+1/xi))U + ck(xi+1/xi)ϑT ((si, e))U

= (k−1 − ck(xi+1/xi)U + ck(xi+1/xi)C
−1
(si,e)

U

= η(T †i )U,

where we used that ck−1(z−1) = ck(z) in the first equality, while the second equality
follows from Lemma 3.3.2(i) and the third equality from Lemma 2.4.3.
(ii) Unfortunately it is not possible to derive (ii) directly from (i) and from (3.3.5).
Instead, one has to repeat the steps of the proof of (i). It again amounts to verifying
(3.3.7) for h = π ∈ H(k) and for h = Ti ∈ H(k) (1 ≤ i < N ). We show the second
case, the first case is left to the reader.

Let 1 ≤ i < N . Then we have for Ti ∈ H(k),

ϑT (Dy
Ti

)U = (k − ck(yi/yi+1))U + ck(yi/yi+1)ϑT ((e, si))U

= (k − ck(yi/yi+1))U + ck(yi/yi+1)C−1
(e,si)

U.
(3.3.8)
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Since
C(e,si) = Cιι(C(si,e))Cι

by the cocycle condition (recall Remark 2.3.5) and since C2
ι = id and C(si,e)(t, γ)−1 =

C(si,e)(sit, γ), Lemma 2.4.3 implies that

C−1
(e,si)

= ck(yi/yi+1)−1(Cιι(η(Ti))Cι − k) + 1.

Substituting in (3.3.8) gives ϑT (Dy
Ti

)U = Cιι(η(T ‡i ))CιU , as desired.

The following lemma plays an important role in the bispectral version of the
correspondence. Recall that the center Z(H) of the affine Hecke algebra H is given
by CY [T ]SN (Bernstein, see [38]).

Lemma 3.3.7. For p ∈ C[T ]SN we have

p(Y )† = p(Y −1), p(Y )‡ = p(Y −1).

Proof. By (2.2.4) it immediately follows that Y †i = Y −1
i for 1 ≤ i ≤ N . This implies

the first formula.
For the second formula, it suffices to show that

Y ‡i = Tw0
Y −1
N−i+1T

−1
w0

(3.3.9)

in H(k) for 1 ≤ i ≤ N , since we then have, for p ∈ C[T ]SN ,

p(Y )‡ = Tw0
p(Y −1

N , . . . , Y −1
1 )T−1

w0
= Tw0

p(Y −1)T−1
w0

= p(Y −1),

where the last equality follows from the fact that p(Y −1) ∈ Z(H(k)). To prove (3.3.9),
note that Tw0

T−1
i = T−1

N−iTw0
, and Yi+1 = T−1

i YiT
−1
i by (2.2.4), for 1 ≤ i < N . Hence

(3.3.9) holds for Yi+1 if it is true for Yi. It thus remains to prove (3.3.9) for i = 1.
We will use the following observation. Write σi = sisi+1 · · · sN−1 (1 ≤ i < N ) and
τj = sj · · · sN−2 (1 ≤ j < N − 1), which are reduced expressions in SN . Then the
longest Weyl group element w0 ∈ SN can be written as

w0 = σN−1σN−2 · · ·σ1

= σ1(τN−2τN−3 · · · τ1),
(3.3.10)

and `(w0) is the sum of the lengths of the factors in the respective products in (3.3.10).
By (2.2.4), formula (3.3.9) for i = 1 will be valid if

Tσ1
π−1 = Tw0

π−1Tσ1
T−1
w0

(3.3.11)

in H(k). By the first expression in (3.3.10) and the fact that π−1Ti+1π = Ti for 1 ≤
i < N − 1, we have in H(k),

π−1Tσ1
T−1
w0

= π−1T−1
σ2
T−1
σ3
· · ·T−1

σN−1
= T−1

τ1 T
−1
τ2 · · ·T

−1
τN−2

π−1,
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so that (3.3.11) will follow from

Tσ1 = Tw0T
−1
τ1 T

−1
τ2 · · ·T

−1
τN−2

in H(k). But this is a direct consequence of the second expression of w0 in (3.3.10).

Corollary 3.3.8. For p ∈ C[T ]SN , we have p(Y )◦ = p(Y ), where ◦ : H(k−1) → H(k) is
the algebra isomorphism defined in Remark 3.3.5.

Proof. This follows from the previous lemma and the fact that † = ‡ ◦ ◦.

Definition 3.3.9. (i) Define

Lxp := Res(Dx
p(Y )) ∈ D, p ∈ C[T ]SN ,

where p(Y ) is the corresponding element in CY [T ]SN = Z(H(k−1)).
(ii) Define

Lyp := Res(Dy
p(Y )) ∈ D, p ∈ C[T ]SN ,

where p(Y ) is the corresponding element in Z(H(k)).

By Corollary 3.3.8 and (3.3.5) we have

Lyp = ιLxpι, ∀ p ∈ C[T ]SN .

Furthermore, it is well-known (see [10] and [42]) that the Lxp ∈ C(T × {1})#(ZN ×
{e}) ⊂ D are pairwise commuting and SN × SN -invariant,

wLxpw−1 = Lxp , ∀w ∈ SN × SN .

Similarly, the Lyp = ιLxpι ∈ C({1}×T )#({e}×ZN ) ⊂ D are pairwise commuting and
SN × SN -invariant. Clearly also [Lxp , L

y
p′ ] = 0 for all p, p′ ∈ C[T ]SN in D.

For the elementary symmetric functions ei ∈ C[T ]SN (1 ≤ i ≤ N ) given by

ei(t) =
∑

I⊆{1,...,N}
#I=i

∏
j∈I

tj ,

the corresponding Lxei , viewed as elements in

C(T )#qZN ' C(T × {1})#(ZN × {e}) ⊂ D,

are explicitly given by

Lxei =
∑

I⊆{1,...,N}
#I=i

∏
r∈I
s6∈I

kxr − k−1xs
xr − xs

∑
r∈I

εr ∈ C(T )#qZN , 1 ≤ i ≤ N ; (3.3.12)

see, e.g., [10, §1.3.5] and [32]. Hence, the Lxei (1 ≤ i ≤ N ) are, under their natural
interpretation as q-difference operators onM(T ), Ruijsenaars’ commuting, trigono-
metric q-difference operators from [50].
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Definition 3.3.10. Consider the bispectral problem

(Lxpf)(t, γ) = p(γ−1)f(t, γ), ∀ p ∈ C[T ]SN ,

(Lypf)(t, γ) = p(t)f(t, γ), ∀ p ∈ C[T ]SN
(3.3.13)

for f ∈ K, where the equations (3.3.13) are viewed as identities between meromor-
phic functions in (t, γ) ∈ T × T . We write BiSP ⊂ K for the set of solutions f ∈ K of
(3.3.13).

Remark 3.3.11. The bispectral problem for ordinary linear differential operators was
introduced by Duistermaat and Grünbaum in [13]. Many different types of bispectral
problems have since been considered. In particular, in [22] the bispectral problem for
ordinary linear second-order q-difference operators is investigated. For N = 2, our
bispectral problem belongs to this class.

The preceding remarks on the invariance properties of the Lxp and the Lyp (p ∈
C[T ]SN ) directly give

Lemma 3.3.12. BiSP is an SN -invariant F-subspace of K with respect to the usual SN -
action (wf)(t, γ) = f(w−1(t, γ)) on f ∈ K.

We can now prove the following bispectral version of the correspondence be-
tween solutions of the quantum KZ equations and the spectral problem of the Lxp
(p ∈ C[T ]SN ).

Theorem 3.3.13. The linear functional χ+ ∈ H∗0 (see Lemma 3.3.3) defines a SN -equivariant
F-linear map

χ+ : SOL→ BiSP.

Proof. The K-linear extended linear functional χ+ defines an SN -equivariant, F-linear
map χ+ : HK

0 → K, since Lemma 3.3.3 implies that χ+(τ(w)f) = w(χ+f) for w ∈ SN
and f ∈ HK

0 . Hence χ+ restricts to an SN -equivariant, F-linear map χ+ : SOL→ K.
It remains to show that χ+(f) ∈ BiSP if f ∈ SOL. Let f ∈ SOL. By Proposition

2.5.13 and F-linearity, it suffices only to consider f of the form f = Uv for v ∈ H0.
Then χ+(f) = χ+(Uv) = φUχ+,v . For p ∈ C[T ]SN we have(

Lxpφ
U
χ+,v

)
(t, γ) =

(
Res(Dx

p(Y ))(φ
U
χ+,v)

)
(t, γ) = φ

ϑT (Dxp(Y ))U
χ+,v (t, γ)

= φη(p(Y )†)U
χ+,v (t, γ) = p(γ−1)φUχ+,v(t, γ)

as meromorphic functions in (t, γ) ∈ T × T , where the last equality follows from
Lemma 3.3.7, (2.4.3) and the fact p ∈ C[T ]SN . Similarly,(

Lypφ
U
χ+,v

)
(t, γ) =

(
Res(Dy

p(Y ))(φ
U
χ+,v)

)
(t, γ) = φ

ϑT (Dy
p(Y )

)U
χ+,v (t, γ)

= φCιι(η(p(Y )‡))CιU
χ+,v (t, γ) = p(t)φUχ+,v(t, γ)

as meromorphic functions in (t, γ) ∈ T × T , hence f = φUχ+,v ∈ BiSP.
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3.4 Bispectral Harish-Chandra series

Definition 3.4.1. We call Φ+
κ := χ+(Φκ) ∈ BiSP the basic Harish-Chandra series

solution of the bispectral problem.

Corollary 3.4.2. The solution Φ+
κ ∈ BiSP of the bispectral problem is selfdual, i.e.,

Φ+
κ (t, γ) = Φ+

κ (γ−1, t−1)

as meromorphic functions in (t, γ) ∈ T × T .

Proof. By Theorem 2.5.6, we have

Φ+
κ (t, γ) = χ+(CιΦκ(γ−1, t−1)).

But χ+Cι = χ+, hence the result.

Remark 3.4.3. In [18], for special values of k, the function Φ+
κ is constructed as formal

power series in terms of generalized characters of Verma modules over the quantum
group Uq(slN ) (see also [16], [17]). The quantum group approach also leads to the
self-duality of Φ+

κ ; see [18, Theorem 5.6] (see [17]).

Note that Φ+
κ = WκΨ+ with Ψ+ = χ+(Ψ). For α ∈ Q+ set

Γ+
α (γ) = χ+(Γα(γ))

as meromorphic function in γ ∈ T . By Lemma 2.5.7 and Theorem 2.5.10, Γ+
α is

analytic at T \ S+ and
Γ+

0 (γ) = k(N2 )K(γ)

withK given by (2.5.17). Recall that the solution space BiSP of the bispectral problem
is SN -stable. In particular, we have solutions Φ+

w ∈ BiSP given by

Φ+
w(t, γ) := Φ+

κ (t, w−1γ). (3.4.1)

These are solutions of the bispectral problem which are asymptotically free in the
asymptotic sector {t ∈ T | |tαi | � 0 ∀ 1 ≤ i < N} in the following sense: by Lemma
2.5.7 we have Φ+

w(t, γ) = Wκ(t, w−1γ)Ψ+
w(t, γ) with Ψ+

w(t, γ) := Ψ+(t, w−1γ) admit-
ting, for ε > 0 sufficiently small, the power series expansion

Ψ+
w(t, γ) =

∑
α∈Q+

Γ+
α (w−1γ)t−α (3.4.2)

for (t, γ) ∈ B−1
ε × T \ w(S+), converging normally in compacta of B−1

ε × T \ w(S+).

Proposition 3.4.4. The set of asymptotic solutions {Φ+
w}w∈SN ⊂ BiSP of the bispectral

problem is F-linearly independent.
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Proof. Suppose that ∑
w∈SN

aw(t, γ)Φ+
w(t, γ) = 0

as meromorphic functions in (t, γ) ∈ T × T with coefficients aw ∈ F (w ∈ SN ).
Replacing t by q−mδt (m ∈ N) and using (2.5.5) we obtain∑

w∈SN

k−m〈δ,δ〉γ−mww0(δ)aw(t, γ)Wκ(t, w−1γ)Ψ+
w(q−mδt, γ) = 0 (3.4.3)

as meromorphic functions in (t, γ) ∈ T ×T . Fix u ∈ SN . We are going to derive from
(3.4.3) that au = 0. For this we will use the fact that for w 6= u,

lim
m→∞

ζm(uw0(δ)−ww0(δ)) = lim
m→∞

(w0u
−1ζ)m(δ−w0u

−1ww0(δ)) = 0 (3.4.4)

if ζ ∈ uw0(B1).
Recall the W -invariant subset S ⊂ T (see (2.4.6)), which contains S+. For generic

ζ ∈ T (concretely, ζ 6∈ S, and aw(t, γ) and Wκ(t, w−1γ) specializable at γ = ζ for all
w ∈ SN ), it follows from Proposition 2.5.9 and (3.4.3) that, for all m ∈ N,∑

w∈SN

ζm(uw0(δ)−ww0(δ))aw(t, ζ)Wκ(t, w−1ζ)Ψ+
w(q−mδt, ζ) = 0 (3.4.5)

as meromorphic function in t ∈ T . Using (3.4.4) and the power series expansion
(3.4.2), the limit m→∞ of (3.4.5) yields, for generic ζ ∈ uw0(B1),

au(t, ζ)Wκ(t, u−1ζ)Γ+
0 (u−1ζ) = 0

as meromorphic function in t ∈ T . This implies au = 0, as desired.

Corollary 3.4.5. The map χ+ : SOL→ BiSP is injective.

Proof. Note that χ+

(
τ(e, w)Φκ) = Φ+

w (w ∈ SN ). The statement follows now directly
from Proposition 3.4.4 and Proposition 2.5.13.

3.5 Specialized central character and
Harish-Chandra series

We write
SPζ = {f ∈M(T ) | Lxpf = p(ζ−1)f ∀ p ∈ C[T ]SN }

for the spectral problem of the Ruijsenaars q-difference operators with fixed spectral
parameter ζ ∈ T . Note that SPζ ⊂ H

M(T )
0 is SN -stable, with SN -action on H

M(T )
0

given by (wf)(t) = f(w−1t) for f ∈ HM(T )
0 and w ∈ SN .

By [14, Proposition 5.2], the quantum KZ equations (2.4.10) are consistent for all
values ζ ∈ T of the central character. The arguments from Subsection 3.3, applied
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to the quantum KZ equations (2.4.10) for fixed ζ and with the role of U taken over
by an invertible matrix solution Uζ of (2.4.10), result in the following special case
of the Cherednik-Matsuo correspondence from [7, 8] (concretely, in the notations
of [8], take the principal series module V = Mζ in [8, Theorem 4.2] and let τ be
the projection from Mζ , along the direct sum decomposition of Mζ in H0-isotypical
components, onto the trivial component).

Proposition 3.5.1. Let ζ ∈ T . Then χ+ defines an E(T )-linear SN -equivariant map
χ+ : SOLζ → SPζ .

For a further analysis of the map χ+ : SOLζ → SPζ , we refer to [8] and [10, §1.3.4].
Harish-Chandra type series solutions of the spectral problem of the Ruijsenaars

q-difference operators Lxp (p ∈ C[T ]SN ) with fixed spectral parameter ζ ∈ T were
studied in, e.g., [16] and [31] (see also [36] for arbitrary root systems). The results
of the previous section allow us to reobtain these solutions by specialization of the
basic Harish-Chandra series Φ+

κ . It leads to new results on the convergence and
singularities of these solutions, which we state now explicitly.

By Subsection 2.5.4, for generic κ ∈ C× the basic Harish-Chandra series Φ+
κ (t, γ)

is specializable at γ = ζ when ζ ∈ T \ S+. Concretely, for ζ ∈ T \ S+ and generic
κ ∈ C×, we can write

Φ+
κ (t, ζ) = Wκ(t, ζ)Ψ+(t, ζ)

as meromorphic function in t ∈ T , where Ψ+ = χ+(Ψ) (see Section 3.4). Due to the
results in Subsection 2.5.4 (see Proposition 2.5.8) we obtain the following result.

Corollary 3.5.2. For ζ ∈ T \ S+, the meromorphic function Ψ+(t, ζ) in t ∈ T is analytic
at t ∈ T \ S−1

+ .

Let ζ ∈ T \ S , where S ⊂ T is the W -invariant set (2.4.6). For κ ∈ C× such that
Wκ(t, w−1γ) may be specialized at γ = ζ for all w ∈ SN , the asymptotic solutions
Φ+
w(t, γ) (w ∈ SN ) of the bispectral problem (see (3.4.1)) may thus be specialized at

γ = ζ, giving rise to solutions Φ+
w(·; ζ) ∈ SPζ (w ∈ SN ); see Corollary 2.5.14 and

Proposition 3.5.1. Observe that for ε > 0 sufficiently small,

Φ+
w(t, ζ) = Wκ(t, w−1ζ)

∑
α∈Q+

Γ+
α (w−1ζ)t−α

for t ∈ B−1
ε , with normal convergence of the power series on compacta ofB−1

ε . Since
ζ 6∈ S we furthermore have

Γ+
0 (w−1ζ) = k(N2 )K(w−1ζ) 6= 0,

with K given by (2.5.17).

Definition 3.5.3. Let ζ ∈ T \ S. The Φ+
w(·; ζ) ∈ SPζ (w ∈ SN ) are the Harish-Chandra

series solutions of the spectral problem Lxpf = p(ζ−1)f (p ∈ C[T ]SN ).
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Remark 3.5.4. In [16] (and [36]) the Harish-Chandra series are investigated as for-
mal power series solutions to the spectral problem of the Ruijsenaars operators. The
advantage of the present approach is the fact that it implies the convergence of the
formal power series, basically as a consequence of a general statement about conver-
gence of formal power series solutions of holonomic systems of q-difference equa-
tions (see the appendix). Chalykh’s [5] Baker-Akhiezer functions arise as Harish-
Chandra series solutions for special values of k; see [36, §4.4]. In [31], the Harish-
Chandra series solutions of the Ruijsenaars operators are constructed as matrix co-
efficients of products of vertex operators. By this approach, one obtains an explicit
integral representation of the Harish-Chandra series.

Remark 3.5.5. Observe that

lim
λ∈Λ:

λ→∞

Φ+
κ (t, qλk−δ)

Wκ(t, qλk−δ)
= Γ+

0 (t−1) = k(N2 )K(t−1), (3.5.1)

with λ → ∞ meaning λi − λi+1 → ∞ for all 1 ≤ i < N . Thus, K (see (2.5.17)) is a
normalized limit of the asymptotic solutions Φ+

κ (·, qλk−δ) ∈ SPqλk−δ . The solution
space SPqλk−δ contains the symmetric Macdonald polynomial of degree λ ∈ Λ. It
turns out though that Φ+

κ (·, qλk−δ) is not a multiple of the Macdonald polynomial of
degree λ ∈ Λ, but Φ+

κ (·, qw0(λ)kδ) is (this will become apparent in the next section).
On the other hand, the leading coefficient K (see (2.5.17)) also naturally appears
as a normalized limit of the Macdonald polynomial when the degree λ ∈ Λ of the
polynomial tends to infinity; see [11, Lemma 4.3] (this limit was proven in [51] in the
L2-sense).



Chapter 4

Polynomial solutions of
quantum KZ equations and
Macdonald polynomials

4.1 Introduction

In view of Proposition 2.4.9, the cocycle matrices corresponding to the dual quan-
tum KZ equations of the bispectral quantum KZ equations can be viewed as shift
operators, mapping solutions of qKZζ (for fixed central character ζ ∈ T ; see (2.4.10))
to solutions of qKZζ′ where ζ ′ ∈ T is a certain shift of ζ. In this chapter we use this
fact to create Laurent polynomial solutions of quantum KZ equations, starting from
a constant solution of the quantum KZ equations. Exploiting the correspondence
with the spectral problem of the Ruijsenaars q-difference operators (see Proposition
3.5.1), this leads to a new construction of the symmetric self-dual Macdonald poly-
nomials. From the opposite perspective, we could say that we have found analogs of
the symmetric Macdonald polynomials as solutions of quantum KZ equations. Any-
way, together with the results from the previous chapters, these observations yield a
new approach to the well-known duality and evaluation formulas for the symmetric
Macdonald polynomials ([41, Chapter VI]).

Let us give a detailed description of the contents of this chapter. In Section 4.2,
we start with constructing a constant solution of the quantum KZ equations. From
this constant solution we obtain Laurent polynomial solutions Qλ (with λ running
over Λ ⊂ ZN ; see (2.5.13)) by means of the cocycle matrices of the dual quantum KZ
equations.

In Section 4.3, we prove that the Qλ satisfy a certain duality property between
λ ∈ Λ and specific points of evaluation. The Laurent polynomial Qλ can be related
to the basic asymptotic solution Φκ of BqKZ (see Subsection 2.5.2) and this happens
in Section 4.4.

69
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In the final section, we use the correspondence (Proposition 3.5.1) between the
quantum KZ equations and the spectral problem of the Ruijsenaars q-difference op-
erators to derive from Qλ a symmetric self-dual Laurent polynomial eigenfunction
of the Ruijsenaars operators, which we prove to be the normalized symmetric Mac-
donald polynomial of degree λ. We reobtain the well-known duality and evaluation
formulas for the Macdonald polynomials as consequences of the properties of the
Laurent polynomials Qλ.

This chapter agrees with Section 7 of [45].

Convention

We adopt the notations from the previous chapters. In particular, we still have fixed
0 < q < 1. For various reasons, which we address specifically when appropriate,
we need to impose some generic conditions on the Hecke algebra parameter k. Con-
cretely, we assume throughout this chapter that k ∈ C× satisfies

k2j 6∈ qZ, ∀ 1 ≤ j ≤ N,
k〈δ,$j−w($j)〉 6∈ qZ, ∀ 1 ≤ j < N, ∀w ∈ SN : w($j) 6= $j .

(4.1.1)

4.2 Constructing polynomial solutions of qKZ

We are going to use a special case of Proposition 2.4.9 to create SN -invariant (with
respect to the SN -action ς on SOLζ ; see (2.4.11)) polynomial solutions of the quantum
KZ equations.

Lemma 4.2.1. Let λ ∈ Λ. The possible poles of the C[T ]⊗End(H0)-valued rational function

γ 7→ C(e,−λ)(·, qλγ) = C(e,λ)(·, γ)−1

in γ ∈ T are at γα ∈ k2q−N for some α ∈ R+. The possible poles of

γ 7→ C(e,λ)(·, γ)

are at γα ∈ k−2q−N for some α ∈ R+.

Proof. Since Ri(z) has only a (simple) pole at z = k−2, this follows from (2.5.14) and
the cocycle property of C; see Lemma 2.5.7.

Since k satisfies k2j 6∈ qZ for 1 ≤ j ≤ N by (4.1.1), the spectrum of ηqλk−δ
(
CY [T ])

is simple and the ξw(qλk−δ) (w ∈ SN ) form a C-basis of H0 for all λ ∈ Λ. Further-
more, for such k we have that γ 7→ C(e,λ)(·, γ)±1 is regular at γ = k−δ for all λ ∈ Λ;
see Lemma 4.2.1. The additional conditions on k in (4.1.1) will play a role in Section
4.4 and Section 4.5.

Proposition 2.4.9 now immediately implies the following result.
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Corollary 4.2.2. Let λ ∈ Λ. Then f 7→ C(e,λ)(·, k−δ)−1f defines an SN -equivariant
isomorphism SOLk−δ → SOLqλk−δ .

The special interest in the quantum KZ equations for the particular central char-
acters γ = qλk−δ (λ ∈ Λ) comes from the fact that it admits SN -invariant polynomial
solutions. The key step in deriving this result is the following lemma.

Lemma 4.2.3. The element v+ :=
∑
w∈SN k

`(w)Tw ∈ H0 is a constant SN -invariant
solution of the quantum KZ equation with central character k−δ . In other words,

Ck
−δ

λ (t)v+ = v+, ∀λ ∈ ZN .

Proof. Note thatRi(z)v+ = v+, so by Lemma 2.4.1 and Lemma 2.4.5(ii), for any ζ ∈ T ,

Cζ$i(t)v+ = ηζ(π)iv+ =
∑
w∈SN

k`(w)ζw
−1w0$iTσiw =

∑
w∈SN

k`(σ
−iw)ζw

−1$iTw.

Then use `(σ−iw)− `(w) = 〈δ, w−1$i〉 for 1 ≤ i ≤ N (for the proof of this formula, it
suffices to prove it for i = 1. In that case, look at the positive roots that are mapped
to negative roots by σ−1w). It implies that

Cζ$i(t)v+ =
∑
w∈SN

k`(w)(kδζ)w
−1$iTw.

In particular, Ck
−δ

$i (t)v+ = v+ for all i. Note, furthermore, that Ri(z)v+ = v+ implies
that ς(si)v+ = Ck

−δ

si (t)v+ = v+ for all 1 ≤ i < N (with ς given by (2.4.11)). Hence,
v+ ∈ SOLk−δ is SN -invariant.

Proposition 4.2.4. For λ ∈ Λ, the nonzero SN -invariant solution

Qλ := C(e,λ)(·, k−δ)−1v+ ∈ SOLqλk−δ

of the quantum KZ equation is an H0-valued Laurent polynomial on T satisfying

Qλ(t) =
∑
α∈Q+

Kα(λ)tλ−α, (4.2.1)

with Kα(λ) ∈ H0 (all but finitely many terms zero).

Proof. Note that Corollary 4.2.2 and Lemma 4.2.3 imply that 0 6= Qλ ∈ SOLqλk−δ and
that Qλ is SN -invariant. The triangularity property (4.2.1) follows from the cocycle
property, (2.5.14), the explicit form of the Ri(z) and the fact that

η(π)(t−1)−iTw = tw
−1$iTσ−iw, w ∈ SN ,

which is a direct consequence of Lemma 2.4.1.
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4.3 Duality

Lemma 4.3.1. For λ ∈ Λ, we have Qλ(kδ) = v+.

Proof. Since v+ ∈ SOLk−δ and Cιv+ = v+, we obtain

Qλ(kδ) = C(e,−λ)(k
δ, qλk−δ)v+

= CιC(−λ,e)(q
−λkδ, k−δ)Cιv+ = v+,

for λ ∈ Λ.

The polynomial solutions Qλ of the quantum KZ equations are self-dual in the
following sense.

Proposition 4.3.2. For λ, µ ∈ Λ, we have

Qλ(q−µkδ) = CιQµ(q−λkδ).

Proof. For λ, µ ∈ Λ we have, using v+ ∈ SOLk−δ and the previous lemma,

Qλ(q−µkδ) = C(e,−λ)(q
−µkδ, qλk−δ)v+

= C(e,−λ)(q
−µkδ, qλk−δ)C(−µ,e)(q

−µkδ, k−δ)v+

= C(−µ,−λ)(q
−µkδ, qλk−δ)v+.

(4.3.1)

Since C(−µ,−λ)(q
−µkδ, qλk−δ) = CιC(−λ,−µ)(q

−λkδ, qµk−δ)Cι and Cιv+ = v+, we
conclude from (4.3.1) that Qλ(q−µkδ) = CιQµ(q−λkδ).

4.4 Relation to the basic asymptotically free solution

In this section, we relate the polynomial solutions Qλ (λ ∈ Λ) of the quantum KZ
equations to the basic asymptotic solution Φκ. Some care is needed though: it is not
possible to specialize all the asymptotic solutions C(e,w)(t, γ)Φκ(t, w−1γ) (w ∈ SN )
to γ = qλk−δ (λ ∈ Λ) since qλk−δ ∈ S; see Corollary 2.5.14. We shall see that
C(e,w0)(t, γ)Φκ(t, w0γ) can be specialized at γ = qλk−δ , which is sufficient for our
purposes.

Lemma 4.4.1. Let λ ∈ Λ. There exists a unique Ξλ ∈ SOLqλk−δ such that, for ε > 0
sufficiently small, we have an H0-valued power series expansion

Ξλ(t) =
∑
α∈Q+

Γ̃α(λ)tλ−α

converging normally on compacta of B−1
ε and with leading coefficient

Γ̃0(λ) = ηqλk−δ(Tw0
)ξw0

(qλk−δ).
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Proof. Consider the gauged quantum KZ equations for 1 ≤ i ≤ N ,

Ãi(t)Ξ̃(q−$it) = Ξ̃(t), Ξ̃ ∈ HM(T )
0 , (4.4.1)

with cocycle matrices Ãi(t) = q−〈λ,$i〉C($i,e)(t, q
λk−δ). Note that ÃN (t) = id; see

Lemma 2.5.2. Observe that Ξ̃ is a solution of the holonomic system (4.4.1) of q-
difference equations if and only if xλΞ̃ ∈ SOLqλk−δ . By Corollary 2.4.6, we have
Ãi ∈ Q0(A)⊗ End(H0) and

Ã
(0)
i = q−〈λ,$i〉k〈δ,$i〉ηqλk−δ

(
Tw0

Y w0($i)T−1
w0

)
. (4.4.2)

The Ã(0)
i (1 ≤ i < N ) are semisimple endomorphisms ofH0. A basis of simultaneous

eigenvectors of H0 is given by ηqλk−δ(Tw0)ξw(qλk−δ) (w ∈ SN ). In fact,

Ã
(0)
i

(
ηqλk−δ(Tw0

)ξw(qλk−δ)
)

= γw,iηqλk−δ(Tw0
)ξw(qλk−δ)

for all 1 ≤ i < N and w ∈ SN with

γw,i = q〈λ,w
−1w0($i)−$i〉k〈δ,$i−w

−1w0($i)〉;

see (2.5.10). Note, in particular, that γw,i 6∈ q−N for all w ∈ SN and all 1 ≤ i < N
by the generic conditions (4.1.1) on k, and that γw0,i = 1 for all 1 ≤ i < N . Hence,
Theorem A.6 in the appendix, applied to (4.4.1) by taking M = N − 1, qi = q and
variables zi = x−αi (1 ≤ i < N ) shows that there exists a unique Ξ̃ ∈ M(T ) ⊗ H0

satisfying (4.4.1) and admitting an H0-valued power series expansion

Ξ̃(t) =
∑
α∈Q+

Γ̃α(λ)t−α

converging normally on compacta of B−1
ε for some ε > 0 small enough, and hav-

ing as leading coefficient Γ̃0(λ) = ηqλk−δ(Tw0
)ξw0

(qλk−δ). This directly implies the
lemma.

Recall that the cocycle values C(e,w)(t, γ) (w ∈ SN ) are independent of t ∈ T . We
suppress t from the notation and simply write C(e,w)(γ). Recall that C(e,w)(γ) for
w ∈ SN is an End(H0)-valued regular function in γ ∈ T .

Theorem 4.4.2. Fix λ ∈ Λ. For κ 6∈ qZ, the basic asymptotic solution Φκ(t, γ) of BqKZ
can be specialized at γ = qw0(λ)kδ , giving rise to an H0-valued meromorphic function
Φκ(t, qw0(λ)kδ) in t ∈ T . Then

Qλ(t) = rκC(e,w0)(q
λk−δ)Φκ(t, qw0(λ)kδ) (4.4.3)

with

rκ = θ(κ)Nk−(N2 )
∏

1≤i<j≤N

(
k2(j−i+1); q

)
∞(

k2(j−i); q
)
∞

. (4.4.4)
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Proof. We first show that bothQλ and the right-hand side of (4.4.3) are nonzero scalar
multiples of Ξλ.

We start with the right-hand side of (4.4.3). Since Φ is SN -stable, we have

Φw0 := τ(e, w0)Φκ ∈ SOL.

Concretely, it is given by

Φw0
(t, γ) = C(e,w0)(γ)Φκ(t, w0(γ)) = Wκ(t, w0(γ))C(e,w0)(γ)Ψ(t, w0(γ)).

Since w0(qλk−δ) = qw0(λ)kδ 6∈ S+ by (4.1.1), we may, in view of Proposition 2.5.9,
specialize Φw0

(t, γ) at γ = qλk−δ , obtaining Φw0
(·, qλk−δ) ∈ SOLqλk−δ . By (2.5.3) we

have
Wκ(t, w0(qλk−δ)) = k〈δ,λ〉θ(κ)−N tλ, (4.4.5)

hence by Proposition 2.5.9,

Φw0(t, qλk−δ) = k〈δ,λ〉θ(κ)−N
∑
α∈Q+

Γw0
α tλ−α

with Γw0
α = C(e,w0)(q

λk−δ)Γα(qw0(λ)kδ). From the definitions of C(e,w0), dw, η and
ξw0

(see Subsections 2.2.3, 2.3.1 and 2.4.1) we have

C(e,w0)(γ)Tw0 = dw0(γ−1)−1η(Tw0)ξw0(γ)

=

( ∏
α∈R+

1

k − k−1γα

)
η(Tw0

)ξw0
(γ)

(4.4.6)

as H0-valued regular functions in γ ∈ T . By Theorem 2.5.10, the leading coefficient
Γw0

0 thus simplifies to

Γw0
0 = K(qw0(λ)kδ)C(e,w0)(q

λk−δ)Tw0

= K(qw0(λ)kδ)dw0(q−λkδ)−1ηqλk−δ(Tw0)ξw0(qλk−δ),

where K is given by (2.5.17). Combined with the previous lemma, we conclude that

Φw0(t, qλk−δ) = k〈δ,λ〉θ(κ)−NK(qw0(λ)kδ)dw0(q−λkδ)−1Ξλ(t). (4.4.7)

In view of (4.1.1), Φw0
(t, qλk−δ) thus is a nonzero constant multiple of Ξλ(t).

Next, we consider 0 6= Qλ ∈ SOLqλk−δ . By Lemma 4.4.1 and (4.2.1), it suffices
to note that K0(λ) is a constant multiple of ηqλk−δ(Tw0)ξw0(qλk−δ), which follows
directly from the fact that K0(λ) ∈ H0 satisfies

Ã
(0)
i K0(λ) = K0(λ), ∀1 ≤ i ≤ N,

where Ãi is given by (4.4.2); see the proof Lemma of 4.4.1. Thus, Qλ(t) is a nonzero
constant multiple of Ξλ(t), and we conclude that

Qλ(t) = rκ(λ)Φw0
(t, qλk−δ),
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for some rκ(λ) ∈ C×. We first show that rκ(λ) is independent of λ ∈ Λ.
For w ∈ SN , we write C(w,e)(t) for the γ-independent value C(w,e)(t, γ) of the

cocycle. Let λ, µ ∈ Λ. By the SN -invariance of Qλ, we then have, on the one hand,

Qλ(q−µkδ) = C(w0,e)(q
−µkδ)Qλ(q−w0(µ)k−δ)

= rκ(λ)C(w0,e)(q
−µkδ)C(e,w0)(q

λk−δ)Φκ(q−w0(µ)k−δ, qw0(λ)kδ)

= rκ(λ)C(w0,w0)(q
−µkδ, qλk−δ)Φκ(q−w0(µ)k−δ, qw0(λ)kδ).

On the other hand, using the self-duality of Qλ (see Proposition 4.3.2) and of Φκ (see
Theorem 2.5.6),

Qλ(q−µkδ) = CιQµ(q−λkδ) = CιC(w0,e)(q
−λkδ)Qµ(q−w0(λ)k−δ)

= rκ(µ)CιC(w0,e)(q
−λkδ)C(e,w0)(q

µk−δ)Φκ(q−w0(λ)k−δ, qw0(µ)kδ)

= rκ(µ)CιC(w0,w0)(q
−λkδ, qµk−δ)Φκ(q−w0(λ)k−δ, qw0(µ)kδ)

= rκ(µ)C(w0,w0)(q
−µkδ, qλk−δ)CιΦκ(q−w0(λ)k−δ, qw0(µ)kδ)

= rκ(µ)C(w0,w0)(q
−µkδ, qλk−δ)Φκ(q−w0(µ)k−δ, qw0(λ)kδ).

We conclude that rκ(λ) = rκ(µ) if Qλ(q−µkδ) 6= 0. In particular, since Qλ(kδ) = v+ 6=
0, we have rκ(λ) = rκ(0) for all λ ∈ Λ.

It remains to compute rκ := rκ(0). Using the fact that C(e,si)(γ) = CιRi(γ
−αi)Cι,

withRi(z) = ck(z)−1(η(T−1
i )−k−1)+1 for 1 ≤ i < N , as well as that Cι(T−1

w−1Tw0) =
Tw0w−1 for all w ∈ SN , we get C(e,w0)(γ)Tw0

=
∑
w≤w0

ew(γ)Tw0w−1 as H0-valued
regular function in γ ∈ T with ew ∈ C[T ] and with

ew0
(γ) =

∏
β∈R+

ck(γ−β)−1.

Taking the Te-coefficient in the expansion of the formula

v+ = Q0 = rκΦw0(·, k−δ) = rκθ(κ)−NK(kδ)C(e,w0)(k
−δ)Tw0

with respect to the C-basis {Tw}w∈SN of H0, we conclude that

rκ = θ(κ)NK(kδ)−1
∏
β∈R+

ck(k〈δ,β〉).

Substituting the explicit expressions (2.2.5) and (2.5.17) of ck and K, respectively, we
get the desired formula (4.4.4) for rκ.

The following formula is an analog for the Qλ (λ ∈ Λ) of the evaluation formula
for the self-dual symmetric Macdonald polynomials (see Section 4.5).
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Corollary 4.4.3. Let λ ∈ Λ and write Qλ(t) =
∑
α∈Q+

Kα(λ)tλ−α with Kα(λ) ∈ H0 (see
Proposition 4.2.4). The leading coefficient K0(λ) is given by

K0(λ) = k〈δ,λ〉

 ∏
1≤i<j≤N

λi−λj−1∏
m=0

1− q−mk2(j−i)

1− q−mk2(j−i+1)

 k−(N2 )P (k2)C(e,w0)(q
λk−δ)Tw0

with

P (k2) =
∏

1≤i<j≤N

1− k2(j−i+1)

1− k2(j−i) . (4.4.8)

Proof. By (4.4.3) and Theorem 2.5.10, we have for λ ∈ Λ,

K0(λ) = rκk
〈δ,λ〉θ(κ)−NK(qw0(λ)kδ)C(e,w0)(q

λk−δ)Tw0 ,

withK given by (2.5.17) and rκ given by (4.4.4). Substituting the explicit expressions
for K and rκ we get the desired expression.

The following consequence should be compared with the general expansion for-
mula of v+ =

∑
w∈SN k

`(w)Tw ∈ H0 in terms of the ξw(γ) (w ∈ SN ); see [47, Lemma
2.27 (2)].

Corollary 4.4.4. The element v+ =
∑
w∈SN k

`(w)Tw ∈ H0 can be written as

v+ = k−(N2 )P (k2)C(e,w0)(k
−δ)Tw0

=

 ∏
1≤i<j≤N

1

1− k2(i−j)

 ηk−δ(Tw0)ξw0(k−δ).
(4.4.9)

Proof. We have v+ = Q0 = K0(0), hence the previous corollary gives the first equal-
ity of (4.4.9). The second equality then follows from (4.4.6).

Applying the map χ+ to the first line of (4.4.9) gives∑
w∈SN

k2`(w) = P (k2)

with P (k2) given by (4.4.8), which is a well-known product formula for the Poincaré
series of SN ; see [39, Corollary (2.5)].

4.5 Relation to symmetric self-dual Macdonald polyno-
mials

In this section we collect various consequences of the previous sections for the sym-
metric Laurent polynomials χ+

(
Qλ) ∈ C[T ]SN (λ ∈ Λ). We keep the generic condi-

tions (4.1.1) on k ∈ C×. We define

Eλ := P (k2)−1χ+(Qλ) ∈ C[T ]SN , λ ∈ Λ.
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By Proposition 4.2.4, we have

Eλ(t) =
∑
α∈Q+

K+
α (λ)tλ−α,

with K+
α (λ) = P (k2)−1χ+(Kα(λ)) ∈ C all but finitely many zero, and with leading

coefficient K+
0 (λ) 6= 0 by Corollary 4.4.3 and (4.1.1).

Theorem 4.5.1. The Eλ ∈ C[T ]SN (λ ∈ Λ) are the symmetric self-dual Macdonald polyno-
mials. In other words, the Eλ are the unique symmetric regular functions on T satisfying

Lxp(Eλ) = p(q−λkδ)Eλ ∀ p ∈ C[T ]SN (4.5.1)

and Eλ(kδ) = 1 for all λ ∈ Λ.

Proof. By Proposition 3.5.1, Eλ ∈ C[T ]SN satisfies (4.5.1). Because the SN -orbits
SN (q−λkδ) (λ ∈ Λ) in T are pairwise different by (4.1.1), the eigenvalue equations
(4.5.1) uniquely characterize Eλ ∈ C[T ]SN up to a nonzero constant multiple. Now

Eλ(kδ) = P (k2)−1χ+(Qλ(kδ)) = 1

by Lemma 4.3.1, which fixes the normalization of the solution Eλ ∈ C[T ]SN of (4.5.1)
uniquely.

The duality property of Qλ (see Proposition 4.3.2) immediately gives the well-
known duality property of the Macdonald polynomials.

Corollary 4.5.2. The Macdonald polynomials Eλ (λ ∈ Λ) are self-dual, in the sense that

Eλ(q−µkδ) = Eµ(q−λkδ)

for all λ, µ ∈ Λ.

Remark 4.5.3. The self-duality of (the suitably normalized) Macdonald polynomi-
als was initially proved by Koornwinder using Pieri formulas in an unpublished
manuscript (the argument is reproduced in [41, VI (6.6)]). Cherednik ([10, Theorem
1.4.6] and [9, Theorem 3.2]) reproduced the self-duality of the Macdonald polyno-
mials using the anti-involution ∗ (see Theorem 2.2.8) on the double affine Hecke
algebra.

We also immediately reobtain the well-known evaluation formula for the sym-
metric Macdonald polynomials; see [41, VI (6.11)] (the parameters (n, q, t) in [41,
Chapter VI] correspond to (N, q−1, k2) in our notations).

Corollary 4.5.4. For λ ∈ Λ let Pλ := K+
0 (λ)−1Eλ ∈ C[T ]SN be the monic symmetric

Macdonald polynomial of degree λ. Then

Pλ(kδ) = k−〈δ,λ〉
∏

1≤i<j≤N

λi−λj−1∏
m=0

1− q−mk2(j−i+1)

1− q−mk2(j−i) . (4.5.2)
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Proof. By the previous theorem we have Pλ(kδ) = K+
0 (λ)−1. Corollary 4.4.3 gives

K+
0 (λ) = k〈δ,λ〉

∏
1≤i<j≤N

λi−λj−1∏
m=0

1− q−mk2(j−i)

1− q−mk2(j−i+1)
,

which implies the desired result.



Chapter 5

Bispectral quantum KZ
equations for arbitrary root
systems

5.1 Introduction

In this chapter we extend the theory of the bispectral quantum KZ equations and
their solutions, as developed in Chapter 2, to arbitrary root systems. Apart from
the case of GLN , there are three cases to consider in the Macdonald-Cherednik the-
ory, namely the twisted and untwisted affine root systems and the nonreduced root
system of type C∨C (see [42, (1.4.1)-(1.4.3)]). In this chapter we consider the twisted
case ([42, (1.4.2)]); the untwisted case is expected to allow for a similar treatment. The
construction of BqKZ for C∨C (along the lines of [45]) appeared in a recent preprint
by Takeyama [56].

Though the general constructions are more or less the same as for GLN , various
technical results require a different approach. This becomes apparent, for example,
in Section 5.4 when computing the cocycle values, in Section 5.5 determining the
asymptotic behavior of the cocycle matrices and their singularities, and in Section
5.7 finding the leading term of Φ. An important difference with the case of GLN ,
complicating some of the proofs, is the fact that the affine Weyl group of type GLN
(and the corresponding affine Hecke algebra) allows a rather convenient presenta-
tion in terms of the finite Weyl group (respectively finite Hecke algebra) and an affine
Dynkin diagram automorphism (see Section 2.2 or [10, Lemma 1.3.4]), which is lack-
ing for affine Weyl groups (respectively affine Hecke algebras) of arbitrary type. In
this paper we give all the main constructions and provide those proofs that are sub-
stantially different from the proofs for GLN .

The chapter is organized as follows. Section 5.2 serves to introduce the notations
and to recall Cherednik’s construction of the double affine Hecke algebra associated

79
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with an irreducible reduced root system. Just as for GLN , it is the main ingredient
in the construction of the bispectral quantum Knizhnik-Zamolodchikov equations,
which will be done in Section 5.3. Next, in Section 5.4, we describe the generic prin-
cipal series representation, needed, in particular, to express the (asymptotic) values
of the cocycle matrices C(λ,µ)(t, γ).

In Section 5.5, the latter are used to construct an asymptotically free self-dual
meromorphic solution Φ of BqKZ. The set of solutions SOL of BqKZ allows an action
of W0, and the orbit W0Φ constitutes a basis of SOL viewed as a vector space over
the field of q-dilation invariant meromorphic functions on T × T .

The correspondence (Theorem 3.3.13) between solutions of BqKZ of type GLN
and solutions of the bispectral problem (3.3.13) involving Ruijsenaars’ commuting
trigonometric q-difference operators was derived as a bispectral incarnation of Che-
rednik’s [7, Theorem 4.4] embedding of the solutions of the quantum affine KZ equa-
tions (for GLN ) into the solutions of the Ruijsenaars eigenvalue problem. The latter
has been generalized to an embedding of the solution space of the quantum affine
KZ equations for an arbitrary root system into the solution space of a system of q-
difference operators involving the Macdonald q-difference operator. In Section 5.6,
we give the analog of the bispectral correspondence Theorem 3.3.13 in the setting of
arbitrary root systems.

Finally, in Section 5.7, we apply the correspondence to Φ to obtain a self-dual
Harish-Chandra series solution of the bispectral problem (see Subsection 3.4 for
GLN ). It is a bispectral analog of (difference) Harish-Chandra series solutions of
the spectral problem for Macdonald’s q-difference operators, which were studied in
[16] and [31] for root systems of type A and in [36] for arbitrary root systems. We
will obtain new results on the convergence and singularities of the Harish-Chandra
series from the corresponding results for Φ.

The notations we use in this chapter are built up from scratch. In particular, they
are independent of the notations used in the previous chapters.

This chapter is a slightly adapted version of [44].

5.2 The double affine Hecke algebra

5.2.1 Root data

Let (V, 〈, 〉) be a real Euclidean space of dimensionN > 0. Let V̂ be the space of affine
linear real functions on V . Consider the 1-dimensional vector space Rc. There is a
natural isomorphism of real vector spaces V ⊕ Rc ' V̂ via v + rc 7→ (u 7→ 〈v, u〉+ r)

for u, v ∈ V and r ∈ R. We will use this isomorphism to identify V̂ and V ⊕Rc, thus
regarding c ∈ V̂ as the constant function equal to 1.

The mapD : V̂ → V defined byD(v+rc) = v (v ∈ R, r ∈ R) is called the gradient
map. We extend the inner product 〈 , 〉 to a positive semi-definite bilinear form on V̂
by

〈f, g〉 := 〈Df,Dg〉,
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for f, g ∈ V̂ . For f ∈ V̂ with Df 6= 0, we set f∨ := 2f/〈f, f〉 ∈ V̂ .
Let R ⊂ V be a reduced irreducible finite root system in V and assume that

the scalar product is normalized such that long roots have squared length 2. The
Weyl group W0 ⊂ O(V ) associated to R is the group generated by the orthogonal
reflections sα in the hyperplanes α⊥ (α ∈ R). Explicitly, we have

sα(v) = v − 〈v, α〉α∨,

for α ∈ R, v ∈ V . Fix a basis of simple roots {α1, . . . , αN} of R. Write R+ for the set
of positive roots, R− := −R+ for the set of negative roots, and φ for the highest root
with respect to this basis. Note that φ ∈ R+ is a long root (and so φ∨ = φ).

We use the standard notations for the (co)root and (co)weight lattices, that is,

Q := Z-span of R,
Q∨ := Z-span of R∨,
P := {λ ∈ V | 〈λ, α∨〉 ∈ Z, ∀α ∈ R},
P∨ := {µ ∈ V | 〈µ, α〉 ∈ Z, ∀α ∈ R}.

Note that Q ⊆ P and Q∨ ⊆ P∨. Furthermore, since ‖α‖2 = 2 for α ∈ R a long root
and thus ‖α‖2 ∈ {1, 2/3} for α ∈ R short, we have α∨ = 2

‖α‖α ∈ {α, 2α, 3α} ⊂ Q for
any α ∈ R. Hence Q∨ ⊆ Q and therefore also P∨ ⊆ P .

Let L ⊂ V be any W0-invariant lattice. The canonical action of W0 on V extends
to a faithful action of the semi-direct product group WL := W0 n L on V such that
elements of L act as translations. If we want to stress that we view λ ∈ L as an
element of WL, we write t(λ). In this notation, L ⊂WL acts on V by

t(λ)v = v + λ,

for λ ∈ L and v ∈ V . Transposing the action of WL on V gives an action of WL on V̂ .
It is given by

w(v + rc) = w(v) + rc, w ∈W0,

t(λ)(v + rc) = v + (r − 〈v, λ〉)c, λ ∈ L,

for v ∈ V , r ∈ R. Note that 〈w(f), w(g)〉 = 〈f, g〉 for all f, g ∈ V̂ and w ∈ WL. In the
case that L = Q∨, WL = WQ∨ = W0 n Q∨ is the affine Weyl group. The extended
affine Weyl group is WP∨ = W0 n P∨ and we will simply denote it by W .

Associated to the reduced irreducible finite root system R there is a reduced irre-
ducible affine root system S = S(R) := {α + rc | α ∈ R, r ∈ Z} in V̂ . For a ∈ S, let
sa : V → V be the reflection in the hyperplane a−1({0}), given by

sa(v) = v − a(v)Da∨,

for v ∈ V . Then sa = sDat(a(0)Da∨) ∈ WQ∨ . Note that S ⊂ V̂ is W -invariant. We
define an ordered basis (a0, . . . , aN ) of S by setting

(a0, a1, . . . , aN ) := (−φ+ c, α1, . . . , αN ).
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Write S+ and S− for the associated sets of positive and negative affine roots respec-
tively. Note that

S+ := {α+ rc | α ∈ R, r ≥ χ(α)},

where χ is the characteristic function of R−, i.e., χ(α) = 1 if α ∈ R−, and χ(α) = 0 if
α ∈ R+.

We put si := sai ∈ WQ∨ ⊆ W for i = 0, . . . , N . The affine Weyl group WQ∨ is a
Coxeter group with Coxeter generators the simple reflections si. For w ∈ W write
S(w) := S+ ∩ w−1S−. The length function ` on W is defined by

`(w) := #S(w), w ∈W.

The unique element with maximal length in W0 is denoted by w0.
The finite abelian subgroup Ω := {w ∈ W | `(w) = 0} of W is isomorphic to

P∨/Q∨ and we have
W 'WQ∨ o Ω.

The action of Ω on V̂ restricts to a faithful action on the set {a0, . . . , aN} of sim-
ple roots of S, so we can view Ω as a group of permutations on the set of indices
{0, . . . , N}. We write C[Ω] for the group algebra of Ω.

The Bruhat order ≤ on WQ∨ extends to a partial order on W , referred to as the
Bruhat order on W (cf. [42, §2.3]). It is defined as follows. For w = ωu and w′ = ω′u′

with ω, ω′ ∈ Ω and u, u′ ∈WQ∨ we have by definition

w ≤ w′ ⇐⇒ ω = ω′ and u ≤ u′. (5.2.1)

5.2.2 Algebra of q-difference reflection operators

Consider the complex torus T := HomZ(P∨,C×). By transposition, the natural ac-
tion of W0 on P∨ gives rise to an action of W0 on T . Fix 0 < q < 1. For λ ∈ P∨, let
qλ ∈ T be defined by

qλ(µ) := q〈λ,µ〉, µ ∈ P∨.

The action of W0 on T extends to an action of W = W0 n P∨ on T by letting λ ∈ P∨
act via t 7→ qλt. Let the evaluation of t ∈ T in a point λ ∈ P∨ be denoted by tλ ∈ C×.
Then, summarizing, we have an action of W on T given by

(wt)µ = tw
−1µ,

(t(λ)t)µ = q〈λ,µ〉tµ,

for t ∈ T , w ∈W0 and λ, µ ∈ P∨.
Let {$∨i }Ni=1 be the set of fundamental coweights in P∨ with respect to {αj}N=1,

so 〈$∨i , αj〉 = δij for 1 ≤ i, j ≤ N . We identify T ' (C \ {0})N via t ↔ (t1, . . . , tN )
defined by

ti := t$
∨
i
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for i = 1, . . . , N . Under this identification, the action of P∨ on T reads

t(λ)t = qλt = (q〈λ,$
∨
1 〉t1, . . . , q

〈λ,$∨N 〉tN ) (5.2.2)

for λ ∈ P∨ and t = (t1, . . . , tN ) ∈ T .
The algebra of complex-valued regular functions on T is

C[x±1
1 , . . . , x±1

N ] = spanC{x
λ}λ∈P∨ ,

where xi is the coordinate function xi(t) := t$
∨
i (i = 1, . . . , N ) and xλ(t) := tλ for

λ ∈ P∨. Clearly, it is isomorphic to the group algebra C[P∨] of P∨. We write C[T ] =
C[x±1

1 , . . . , x±1
N ] and we let C(T ) denote the field of rational functions on T ,O(T ) the

ring of analytic functions on T , andM(T ) the field of meromorphic functions on T .
The W -action on T gives rise to a W -action by algebra automorphisms on each of
these function algebras, via

(wf)(t) = f(w−1t),

for w ∈ W , t ∈ T and f a (regular, rational or meromorphic) function on T . Note
that for λ ∈ P∨ and r ∈ R, we have

w(xλ+rc) = xw(λ+rc),

where xλ+rc := qrxλ ∈ C[T ].
By means of this W -action by field automorphisms on C(T ), we can form the

smash product algebra C(T )#qW (see Subsection 2.2.1), which we call the algebra
of q-difference reflection operators with coefficients in C(T ), since it acts canonically
on C(T ) andM(T ) as q-difference reflection operators. For f ∈ C(T ) we will write
f(X) ∈ C(T )#qW for the operator onM(T ) (or C(T )) defined as multiplication by
f . We will also write Xλ+rc = qrXλ for λ ∈ P∨ and r ∈ R.

Remark 5.2.1. Note that since (t(λ)f)(t) = f(q−〈$
∨
1 ,λ〉t1, . . . , q

−〈$∨N ,λ〉tN ) (λ ∈ P∨,
f ∈ M(T )), C(T )#qW actually depends on a choice for q

1
m , where m ∈ N is deter-

mined bym〈P∨, P∨〉 = Z. Our global convention concerning real powers of positive
real numbers justifies the apparent abuse of notation writing q instead of q1/m.

5.2.3 The extended affine Hecke algebra and Cherednik’s basic rep-
resentation

Let ki (i = 0, . . . , N ) be nonzero complex numbers such that ki = kj if si and sj are
conjugate in W . Write k for the corresponding multiplicity label k : S → C \ {0}, so
k(a) = ki for all a ∈ W (ai) (i = 0, . . . , N ). We set ka := k(a) for a ∈ S. Furthermore,
for w ∈W we define

k(w) :=
∏

a∈S(w)

ka.

A coweight λ ∈ P∨ is called dominant if 〈λ, αi〉 ≥ 0 for i = 1, . . . , N . Let P∨+ denote
the set of dominant coweights.
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Lemma 5.2.2. For λ ∈ P∨+ , we have

k(t(λ)) =
∏
α∈R+

k〈λ,α〉α = δλk , (5.2.3)

where δk ∈ T is defined by (δk)i =
∏
α∈R+

k
〈$∨i ,α〉
α (i = 1, . . . , N ).

Proof. For λ ∈ P∨+ we have

S(t(λ)) = {α+ rc | α ∈ R+, 0 ≤ r < 〈λ, α〉},

cf. [42, §2.4]. Note that kα+rc = kα for α ∈ R and r ∈ Z since α + rc and α are
conjugate under the action of W . Indeed, for µ ∈ P∨ we have t(µ)(α+ rc) = α+ (r−
〈µ, α〉)c and for any α ∈ R there exists some ν ∈ P∨ such that 〈ν, α〉 = 1, so that we
can take µ = rν. Therefore

k(t(λ)) =
∏
α∈R+

0≤r<〈λ,α〉

kα+rc =
∏
α∈R+

k〈λ,α〉α .

The second equality in (5.2.3) follows from the definitions.

Definition 5.2.3. The affine Hecke algebra HQ∨ associated with the Coxeter system
(WQ∨ , {s0, . . . , sN}) and the multiplicity label k, is the unital complex associative
algebra generated by elements T0, . . . , TN , such that

(i) T0, . . . , TN satisfy the braid relations, i.e. if for i 6= j, we have

sisjsi · · · = sjsisj · · · ,

with mij factors on each side, then

TiTjTi · · · = TjTiTj · · · ,

with mij factors on each side;

(ii) (Tj − kj)(Tj + k−1
j ) = 0, for j = 0, . . . , N .

Note that since k is W -invariant, the group Ω acts on HQ∨ by algebra automor-
phisms via Ti 7→ Tω(i) for i = 0, . . . , N .

Definition 5.2.4. The extended affine Hecke algebra H = H(k) is the smash product
H := HQ∨#Ω.

For w ∈ W and a reduced expression w = ωsi1 · · · si`(w)
with ω ∈ Ω and ik ∈

{0, . . . , N}, we define
Tw := ωTi1 · · ·Ti`(w)

∈ H,
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which is independent of the reduced expression chosen. The set {Tw | w ∈ W} is a
linear basis of H . Note that for k ≡ 1 the extended affine Hecke algebra is just the
group algebra C[W ] of W . The finite Hecke algebra is the subalgebra H0 = H0(k) of
H , generated by T1, . . . , TN .

For λ ∈ P∨+ , put
Y λ := Tt(λ) ∈ H,

and for arbitrary λ ∈ P∨ put
Y λ := Y µ(Y ν)−1,

if λ = µ − ν with µ, ν ∈ P∨+ . Then the Y λ (λ ∈ P∨) are well-defined and we have
Y 0 = 1 and Y λY µ = Y λ+µ = Y µY λ for all λ, µ ∈ P∨. Set Yi := Y $

∨
i for i = 1, . . . , N .

For κ ∈ C \ {0}we define the functions b(z, κ) and c(z, κ) by

b(z;κ) :=
κ− κ−1

1− z
,

c(z;κ) :=
κ−1 − κz

1− z
,

as rational functions in z. Then for a ∈ S, we define ba;k,q = ba ∈ C(T ) and ca;k,q =
ca ∈ C(T ) by

ba(t) := b(ta
∨

; ka)

ca(t) := c(ta
∨

; ka).

Remark 5.2.5. The q-dependence of ba,k,q and ca;k,q comes from our convention
tα+rc = qrtα for α ∈ R and r ∈ R. Note that

ca;k,q(t
−1) = ca;k−1,q−1(t) (5.2.4)

for all a ∈ S and t ∈ T . We leave out the subscripts k and q as long as there is no
chance of confusion (which is until Section 5.6).

Note that ba(t) = ka−ca(t) and (wca)(t) = cw(a)(t) for all w ∈W . It is convenient
to introduce the notations bj := baj and cj := caj for j = 0, . . . , N . The following
characterization of H is due to Bernstein and Zelevinsky (see, e.g., [42, §4.2]).

Theorem 5.2.6. The affine Hecke algebra H = H(k) is the unique complex associative
algebra, such that
(i) H0 ⊗ C[T ] ' H as complex vector spaces, via h ⊗ f 7→ hf(Y ) for h ∈ H0, f ∈ C[T ],
where f(Y ) =

∑
λ aλY

λ if f =
∑
λ aλx

λ ∈ C[T ];
(ii) the canonical maps H0,C[T ] ↪→ H are algebra embeddings; we will also write CY [T ] =
spanC{Y

λ}λ∈P∨ for the image of C[T ] in H ;
(iii) Lusztig’s relations are satisfied, that is,

f(Y )Tj = Tj(sjf)(Y ) + bj(Y
−1) (f(Y )− (sjf)(Y )) (5.2.5)

for j = 1, . . . , N and f ∈ C[T ].



86 Chapter 5. Bispectral quantum KZ equations for arbitrary root systems

Remark 5.2.7. Note that bj(Y −1) (f(Y )− (sjf)(Y )) ∈ CY [T ] although bj(Y
−1) by

itself is not defined as an element of H .

We end this section with the definition of the double affine Hecke algebra and
state some of its key results. All of this is due to Cherednik; see [10]. It starts with the
realization of the affine Hecke algebra inside the algebra C(T )#qW of q-difference
reflection operators.

Theorem 5.2.8. There exists a unique injective algebra homomorphism ρ = ρk,q : H →
C(T )#qW satisfying

ρ(Ti) = ki + ci(X)(si − 1), i = 0, . . . , N,

ρ(ω) = ω, ω ∈ Ω.

Remark 5.2.9. The image ρ(H) preserves C[T ], viewed as a subspace of the canonical
C(T )#qW -module C(T ). The resulting faithful representation of H on C[T ] is called
the basic representation of H .

Definition 5.2.10. The double affine Hecke algebra H = H(k, q) is the subalgebra of
C(T )#qW generated byH (i.e. by ρk,q(H)) and by the multiplication operators f(X)
(f ∈ C[T ]).

Remark 5.2.11. Note that ρ = ρk,q and H = H(k, q) actually depend on q
1
m (see

Remark 5.2.1).

We view H as a left C[T ]-module by (f, h) 7→ f(X)h (f ∈ C[T ], h ∈ H). The rule
f ⊗ h 7→ f(X)h (h ∈ H , f ∈ C[T ]) induces an isomorphism of C[T ]-modules

C[T ]⊗H ' H, (5.2.6)

Similarly to Theorem 5.2.6, the algebra structure of H can be described in terms of
the left-hand side of (5.2.6), allowing for an abstract definition of H:

Theorem 5.2.12. The double affine Hecke algebra H can be characterized as the unique
associative algebra satisfying
(i) C[T ]⊗H ' H as complex vector spaces;
(ii) the canonical maps H,C[T ] ↪→ H are algebra embeddings;
(iii) the following cross relations are satisfied: for f ∈ C[T ]

Tjf(X) = (sjf)(X)Tj + bj(X) (f(X)− (sjf)(X)) , j = 0, . . . , N, (5.2.7)
ωf(X) = (ωf)(X)ω, ω ∈ Ω. (5.2.8)

A crucial ingredient in the construction of the bispectral quantum KZ equations
is Cherednik’s duality anti-involution on H (see [10, Theorem 1.4.8]).
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Theorem 5.2.13. There exists a unique anti-algebra involution ∗ : H→ H determined by

T ∗w = Tw−1 , w ∈W0,

(Y λ)∗ = X−λ, λ ∈ P∨,
(Xλ)∗ = Y −λ, λ ∈ P∨.

5.3 Bispectral quantum KZ equations

In this section we extend the construction of the bispectral quantum KZ equations
(2.3.7) for GLN to arbitrary root systems. First we recall Cherednik’s construction
of the quantum affine Knizhnik-Zamolodchikov equation [6] associated to a finite-
dimensional H-module. Since this takes place in terms of a certain extension (local-
ization) of the double affine Hecke algebra, we start with a short intermezzo on Ore
localization.

5.3.1 Ore localization

Let R be a unital ring and S a subset of R. A ring homomorphism R → R′ is called
S-inverting if it maps S into the group of units of R′. For any R and S as above
there exists a (up to isomorphism) unique ring SR and S-inverting homomorphism
λ : R → SR satisfying the following universal property: for any S-inverting ho-
momorphism f : R → R′ there is a unique homomorphism g : SR → R′ such that
f = g ◦ λ. The ring SR, which is called the universal S-inverting ring for the pair
(R,S), is constructed from a presentation of R by adjoining an element s′ for each
element s ∈ S with defining relation ss′ = s′s = 1 and then λ is defined by sending
each r ∈ R to the corresponding element in SR.

Now suppose that S is a multiplicative subset of R, that is, S satisfies S · S ⊂ R,
1 ∈ S and 0 /∈ S. One could ask under what circumstances the universal S-inverting
ring SR is a (left) ring of fractions. By definition, this means that, besides being S-
inverting, each of its elements can be written as a fraction s−1a (s ∈ S, a ∈ R) and
that kerλ = {a ∈ R | sa = 0 for some s ∈ S}, so that if in particular S does not
possess any zero divisors, λ is a ring embedding λ : R ↪→ SR. The following result,
due to Ore, provides the answer.

Theorem 5.3.1. Let R be a unital ring and S a multiplicative subset satisfying

(i) for all a ∈ R and s ∈ S we have Sa ∩Rs 6= ∅;

(ii) for a ∈ R and s ∈ S, if as = 0 then ta = 0 for some t ∈ S.

Then the relation ∼ on S ×R, defined by (s, a) ∼ (s′, a′) if and only if there exist x, x′ ∈ R
such that xs = x′s′ ∈ S and xa = x′a′, defines an equivalence relation on S × R. Writing
s−1a for the equivalence class of (s, a) ∈ (S ×R)/∼, we define addition on (S ×R)/∼ by

s−1
1 a1 + s−1

2 a2 = (ss1)−1(sa1 + ra2),
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where, using (i), r ∈ R and s ∈ S are chosen such that rs2 = ss1. Multiplication is defined
by

s−1
1 a1 · s−1

2 a2 = (ss1)−1ra2,

where, again using (i), r ∈ R and s ∈ S are chosen such that sa1 = rs2.
This defines a ring structure on (S ×R)/∼ and we have

SR ' (S ×R)/∼ .

In particular, SR a left ring of fractions.

We call a multiplicative subset S satisfying conditions (i) and (ii) of the theorem a
left Ore set and (S ×R)/∼ the left Ore localization of R with respect to S. Of course
there is also a notion of right Ore localization and it is clear what the appropriate def-
initions should be. For more details we refer to [34, §10] (which is in fact concerned
with right Ore localizations).

5.3.2 The quantum affine KZ equations

Consider the multiplicative subset C[T ] \ {0} of the double affine Hecke algebra H
(cf. (5.2.6)). It is a left Ore set in H. Indeed, consider a = g(X)ωTw ∈ H (g ∈ C[T ],
ω ∈ Ω, w ∈WQ∨ ) and s = f(X) ∈ C[T ] \ {0}. We will use induction on `(w) to verify
condition (i) of Theorem 5.3.1. Suppose (i) is true for u ∈WQ∨ with `(u) < `(w). The
cross relations (5.2.7) imply that

Twf(X) = (wf)(X)Tw +
∑
u<w

fu(X)Tu (5.3.1)

for certain fu ∈ C[T ]. By the induction hypothesis, for a given u < w, we can find
hu ∈ H and pu ∈ C[T ] \ {0} such that pu(X)fu(X)Tu = huf(X). So by multiplying
(5.3.1) from the left by pu(X), and repeating this for each u < w, we arrange that

p(X)Twf(X) = p(X)(wf)(X)Tw + hf(X)

for certain p ∈ C[T ] \ {0} and h ∈ H. It follows that

g(X)ωp(X)(wf)(X)Tw = g(X)ω
(
p(X)Twf(X)− hf(X)

)
,

and hence (ωp)(X)(ωwf)(X)a = g(X)ω(p(X)Tw − h)s. Condition (ii) is satisfied as
well, for, in view of (5.2.6), the elements of C[T ] \ {0} are clearly no zero divisors.

Let Ĥ denote the left Ore localization of H with respect to C[T ] \ {0}. We can
view C(T ) and H as subalgebras of Ĥ and then Ĥ ' C(T ) ⊗ H as complex vector
spaces, where the isomorphism is given by the multiplication map, and the algebra
structure is characterized by the cross relations (5.2.7) and (5.2.8) for f ∈ C(T ).

The injective map ρ of Theorem 5.2.8 extends to an injective algebra homomor-
phism

ρ : Ĥ→ C(T )#qW
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by setting ρ(f(X)) = f(X) for f ∈ C(T ). Note that ρ
(
cj(X)−1(Tj − bj(X))

)
=

sj for 0 ≤ j ≤ N , which shows that ρ is surjective and therefore establishes an
isomorphism Ĥ ' C(T )#qW . Restricting the inverse ρ−1 to W gives a realization of
W inside Ĥ×.

The left multiplication map turnsH into a left module over itself. The action of Ĥ
on the induced module IndĤ

H(H) = Ĥ⊗H H can be pushed forward along the linear
isomorphism Ĥ⊗H H ' C(T )⊗H to obtain an algebra homomorphism

π = πk : Ĥ→ End(C(T )⊗H).

We regard C(T )#qW ⊗H as a subalgebra of End(C(T )⊗H) by letting C(T )#qW act
on C(T ) as in Subsection 5.2.2, and H on H by left multiplication. Then the pullback
τx = τx,k := π ◦ ρ−1 of π along ρ−1 is an algebra homomorphism

τx : C(T )#qW → C(T )#qW ⊗H ⊂ End(C(T )⊗H),

which is explicitly given by

τx(f) = f(X)⊗ 1, f ∈ C(T ),

τx(sj) = (cj(X)−1 ⊗ 1)(sj ⊗ Tj − bj(X)sj ⊗ 1), 0 ≤ j ≤ N,
τx(ω) = ω ⊗ ω, ω ∈ Ω,

as can be verified by a direct computation using the formula for ρ−1 and the cross
relations (5.2.7).

Remark 5.3.2. The reason for the subscript x in τx will become apparent in the next
subsection when we discuss the bispectral story. Then two copies of T will play a
role and x will denote the set of coordinate functions on one of them.

Note that τx(sj) = (Fsj (X)⊗1)(sj⊗1) withFsj (X) = cj(X)−1(1⊗Tj−bj(X)⊗1) ∈
C(T )⊗H , and trivially also τx(ω) = Fω(X)(ω ⊗ 1) with Fω = 1⊗ ω ∈ C(T )⊗H . In
fact, more generally, we have

τx(w) = Fw(X)(w ⊗ 1), w ∈W,

where Fw are H-valued rational functions on T satisfying

Fe(t) = 1, Fvw(t) = Fv(t)Fw(v−1t) (5.3.2)

for all v, w ∈W and t ∈ T . Viewed as elements of End(C(T )⊗H) the Fw(X) (w ∈W )
are C(T )-linear and invertible (indeed F−1

w (X) = (w−1⊗1)τx(w−1)). In the language
of non-abelian group cohomology, (5.3.2) asserts that w 7→ Fw(X) constitutes a co-
cycle W → GLC(T )(C(T )⊗H), where GLC(T )(C(T )⊗H) is a W -group via the usual
action of W on the first tensor leg of C(T )⊗ End(H) ' GLC(T )(C(T )⊗H).
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Now let M be a left module over the affine Hecke algebra H . Then MM(T ) =
M(T ) ⊗ M is a module over C(T )#qW ⊗ H , where C(T )#qW acts on M(T ) as
described in subsection 5.2.2. Consequently, τx gives rise to a representation

τMx : W → GL(MM(T )),

defining τMx (w) (w ∈ W ) to be τx(w) ∈ C(T )#qW ⊗ H acting on MM(T ). Let FMw
(w ∈ W ) denote the corresponding functions Fw ∈ C(T )⊗H acting on MM(T ). For
simplicity we write FMλ = FMt(λ) for λ ∈ P∨.

Definition 5.3.3 (Cherednik [6]). The q-difference equations

FMλ (t)f(q−λt) = f(t), λ ∈ P∨ (5.3.3)

for f ∈ M(T ) ⊗M , are called the quantum affine KZ (qKZ) equations for the H-
module M .

From the cocycle condition (5.3.2) and the fact that P∨ is an abelian subgroup of
W , it follows immediately that the quantum KZ equation is a holonomic system of
q-difference equations, that is,

FMλ (t)FMµ (q−λt) = FMµ (t)FMλ (q−µt)

for all λ, µ ∈ P∨.
In this paper we will restrict our attention to a particular representation of H .

Recall that H ' H0 ⊗ CY [T ] (cf. Theorem 5.2.6). Fix ζ ∈ T and let χζ : CY [T ] → C
be the evaluation character f(Y ) 7→ f(ζ) for f ∈ C[T ]. We define Mζ to be the
induced H-module Mζ := IndHCY [T ](χζ) = H⊗χζ C. It is the minimal principal series
representation of H with central character ζ. As complex vector spaces we identify
Mζ ' H0 via

Tw ⊗χζ 1 7→ Tw, (w ∈W0, f ∈ C[T ]). (5.3.4)

The qKZ equation corresponding to Mζ thus can be viewed as a holonomic system
of q-difference equations for meromorphic functions f(t) on T with values in H0.
Now H ' C[T ] ⊗ H , so that since H ' H0 ⊗ C[T ], the double affine Hecke algebra
H contains another copy of C[T ]. In view of Cherednik’s duality anti-isomorphism
one might ask, when ζ is considered as a variable γ on the second torus, whether
one can find a set of q-difference equations acting on this central character γ, such
that together with the original qKZ equations it makes up a holonomic system of q-
difference equations for meromorphic functions f(t, γ) on T × T with values in H0.
As a first step, one could try to localize Ĥ once again, this time with respect to the
multiplicative subset CY [T ]\{0}, but we will take a different approach, based on the
following idea.

The construction of qKZ depended on the realization ofW inside the localization
of H by sending the w to the so-called normalized intertwiners ρ−1(w). Of course,
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we can multiply these intertwiners by appropriate factors from C[T ] to obtain ele-
ments S̃w which do live in H. Clearly, the map W → H×, w 7→ S̃w will no longer be a
group homomorphism (like ρ−1), but the S̃w still serve as intertwining elements from
which a cocycle can be constructed. Then Cherednik’s duality anti-isomorphism can
be invoked to obtain Y -intertwining elements and extend the cocycle to a ‘double co-
cycle’ which will give rise to the bispectral quantum KZ equations. This is explained
in the following subsection.

5.3.3 Bispectral quantum KZ equations

The construction of the bispectral quantum KZ equations in the present setting is
more or less the same as in the GLN case, which was done in Section 2.3. Here we
repeat the construction, but, since it is a matter of simply adapting the notations from
Section 2.3 we omit the proofs.

In view of the last paragraph of the previous subsection we should first renor-
malize the intertwiners so that they become members of H. We put

S̃i := (ki − k−1
i X−a

∨
i )si ∈ C(T )#qW, i = 0, . . . , N

S̃ω := ω ∈ C(T )#qW, ω ∈ Ω,

giving rise to the renormalized intertwiners S̃w (w ∈ W ), defined in the following
proposition (see also [10, §1.3]).

Proposition 5.3.4. Let w = si1 · · · sirω be a reduced expression for w ∈ W (i1, . . . , ir ∈
{0, . . . , N}, ω ∈ Ω). Then

(i) S̃w := S̃i1 · · · S̃ir S̃ω is a well-defined element of C(T )#W ;

(ii) S̃w ∈ H, in particular S̃i = (1−X−a∨i )Ti + (ki − k−1
i )X−a

∨
i (0 ≤ i ≤ N );

(iii) the S̃i (i = 0, . . . , N ) satisfy the braid relations (cf. Definition 5.2.3(i));

(iv) S̃wf(X) = (wf)(X)S̃w for w ∈W , f ∈ C[T ];

(v) S̃iS̃i = (ki − k−1
i Xa∨i )(ki − k−1

i X−a
∨
i ) for i = 0, . . . N .

For 0 ≤ i ≤ N define di ∈ C[T ] by di(t) := (ki − k−1
i t−a

∨
i ). Then for w ∈ W as in

the proposition we have

S̃w = di1(X)(si1di2)(X) · · · (si1 · · · sir−1dir )(X)w.

The proof of part (i) of the proposition relies on the fact that

dw := di1(si1di2) · · · (si1 · · · sir−1
dir )

is independent of the reduced expression for w.
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Now the ‘double cocycle’ we are going to construct is a cocycle ofW ×W . In fact,
it turns out to be convenient to anticipate the role that the anti-involution of H will
play and extend W ×W as follows. Note that the two-group Z2 acts on W ×W by
ι(w,w′) = (w′, w), where ι ∈ Z2 denotes the nontrivial element. Then we put

W := Z2 n (W ×W ).

Furthermore, the cocycle will act on H0-valued meromorphic functions on T ×
T . Let us write K := M(T × T ) for the field of meromorphic functions on T × T .
Moreover, write L := C[T ]⊗C[T ] ' C[T ×T ] for the ring of complex-valued regular
functions on T × T . It acts on H via

(f ⊗ g) · h := f(X)hg(Y ) (5.3.5)

for f, g ∈ C[T ] and h ∈ H. We will usually write (t, γ) for a typical point of T × T .
Let x = (x1, . . . , xN ) denote the coordinate functions of the first copy of T in T × T
and y = (y1, . . . , yN ) the coordinate functions of the second copy. For f ∈ C[T ] we
define f(x) ∈ L by the rule (t, γ) 7→ f(t), and f(y) ∈ L by (t, γ) 7→ f(γ). We use the
same conventions for f(x), f(y) ∈ K when f ∈M(T ).

An intermediate step in the construction of a W-action on HK = K ⊗H0 are the
complex linear endomorphisms σ(w,w′) (w,w′ ∈W ) of H defined by

σ(w,w′)(h) = S̃whS̃
∗
w′ ,

σι(h) = h∗

for h ∈ H. As a corollary of Proposition 5.3.4 we have the following lemma.

Lemma 5.3.5. The complex linear endomorphisms σ(w,w′) and σι of H satisfy:

(i) the σ(si,e) (i = 0, . . . , N ) satisfy the braid relations;

(ii) σ2
(si,e)

= dsi(x)(sidsi)(x) · idH for i = 0, . . . , N ;

(iii) σ(ω,e)σ(si,e)σ(ω−1,e) = σ(sω(i),e) for i = 0, . . . , N and ω ∈ Ω;

(iv) σ2
ι = idH and σ(e,w) = σισ(w,e)σι for w ∈W ;

(v) σ(w,e)σ(e,w′) = σ(w,w′) = σ(e,w′)σ(w,e) for w,w′ ∈W .

Let us investigate the behavior of these maps under the action of L. First consider
the group involution � : W → W given by w� = w for w ∈ W0 and λ� = −λ for
λ ∈ P∨. Then W acts on T × T by

(w,w′)(t, γ) = (wt,w′�γ),

ι(t, γ) = (γ−1, t−1)
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for w,w′ ∈ W , where t−1 := (t−1
1 , . . . , t−1

N ) ∈ T . Transposition yields an action of W
on K by field automorphisms and is given by

(wf)(t, γ) = f(w−1(t, γ)), w ∈W. (5.3.6)

Note that L = C[T × T ] is a W-subalgebra of K. The following lemma is a conse-
quence of the intertwining properties of the S̃w.

Lemma 5.3.6. For h ∈ H and f ∈ L we have

σ(w,w′)(f · h) = ((w,w′)f) · σ(w,w′)(h),

σι(f · h) = (ιf) · σι(h)
(5.3.7)

for w,w′ ∈W .

As L-modules we have HK
0 ' K ⊗L H, so the lemma enables us to extend the

maps σ(w,w′) (w,w′ ∈W ) and σι to complex linear endomorphisms of HK
0 for which

(5.3.7) holds for all f ∈ K and h ∈ HK
0 . Note that the properties of σ(w,w′) and σι

as described in Lemma 5.3.5 also hold true as identities between endomorphisms of
HK

0 .
We come to the main result of this subsection. It follows from the previous obser-

vations in the same way as the corresponding result for GLN (Theorem 2.3.3).

Theorem 5.3.7. There is a unique group homomorphism

τ : W→ GLC(HK
0 )

satisfying

τ(w,w′)(f) = dw(x)−1d�w′(y)−1 · σ(w,w′)(f),

τ(ι)(f) = σι(f)
(5.3.8)

for w,w′ ∈W and f ∈ HK
0 . It satisfies τ(w)(g · f) = wg · τ(w)(f) for g ∈ K, f ∈ HK

0 and
w ∈W.

Remark 5.3.8. Fix ζ ∈ T . Let w ∈ W and recall that we write τMζ
x (w) for τx(w) ∈

C(T )#qW viewed as endomorphism ofM(T )⊗Mζ as explained in subsection 5.3.2.
Then for w ∈W , f ∈M(T ) and h ∈ H0 'Mζ (see (5.3.4)), we have

τ
Mζ
x (w)(f ⊗ h) = τ(w, e)(f(x)⊗ h)(·, ζ)

as H0-valued meromorphic functions on T .

We are in position to define the W-cocycle with values in GLK(HK
0 ), which is a

W-group by the action of W on the first tensor leg of K ⊗ GL(H0) ' GLK(HK
0 ) (cf.

Subsection 5.3.2). This W-action on GLK(HK
0 ) is denoted without mentioning the

representation map (just as we do for the W-action on K, cf. (5.3.6)).
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Corollary 5.3.9. The map w 7→ Cw := τ(w)w−1 is a cocycle of W with values in the
W-group GLK(HK

0 ). In other words, Cw ∈ GLK(HK
0 ) and

Cww′ = CwwCw′w
−1

for all w,w′ ∈W.

In the same way as the cocycle Fw (w ∈ W ) in subsection 5.3.2 gave rise to the
quantum KZ equations, the cocycle Cw (w ∈ W) gives rise to a holonomic system of
q-difference equations for meromorphic functions on T × T with values in H0. By
construction we have

(τ(w)f)(t, γ) = Cw(t, γ)f(w−1(t, γ)) (5.3.9)

for w ∈ W and f ∈ HK
0 . For the sake of simplicity, write C(λ,µ) := C(t(λ),t(µ)) for

λ, µ ∈ P∨.

Definition 5.3.10. We call the q-difference equations

C(λ,µ)(t, γ)f(q−λt, qµγ) = f(t, γ) ∀λ, µ ∈ P∨, (5.3.10)

the bispectral quantum KZ (BqKZ) equations. We write SOL for the set of solutions
f ∈ HK

0 of (5.3.10).

Let F ⊂ K denote the subfield consisting of f ∈ K satisfying (t(λ), t(µ))f = f for
all λ, µ ∈ P∨. Furthermore let W0 denote the subgroup Z2 n (W0 ×W0) of W.

Corollary 5.3.11. (i) The BqKZ equations (5.3.10) form a holonomic system of q-difference
equations, that is

C(λ,µ)(t, γ)C(ν,ξ)(q
−λt, qµγ) = C(ν,ξ)(t, γ)C(λ,µ)(q

−νt, qξγ) (5.3.11)

for λ, µ, ν, ξ ∈ P∨, as End(H0)-valued meromorphic functions in (t, γ) ∈ T × T .
(ii) The solution space SOL of BqKZ is a τ(W0)-invariant F-subspace of HK

0 .

Now fix ζ ∈ T . By construction, BqKZ (in some sense) contains Cherednik’s
qKZ equation associated to the principal series module Mζ . Concretely, in view of
Remark 5.3.8, Cherednik’s quantum KZ equation (5.3.3) for M = Mζ is just

C(λ,e)(t, ζ)f(q−λt) = f(t), ∀λ ∈ P∨, (5.3.12)

for H0-valued meromorphic functions f on T . In analogy with BqKZ, we write
SOLζ ⊂ H

M(T )
0 for the set of solutions of (5.3.12). Regarding H

M(T )
0 as a vector

space over E(T ) := {f ∈ M(T ) | t(λ)f = f, ∀λ ∈ P∨}, SOLζ is a τMζ
x (W0)-invariant

subspace of HM(T )
0 .
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5.4 Generic principal series representation and the co-
cycle values

In this section we investigate the principal series representation Mζ of H , when the
(fixed) central character ζ ∈ T is regarded as a meromorphic variable. This allows
us to give explicit expressions for the cocycle values of the simple reflections.

5.4.1 Generic principal series representation

Recall that Mζ = IndHCY [T ](χζ). Now we view CY [T ] as a left CY [T ]-module by left
multiplication and we put M := IndHCY [T ](CY [T ]). We regard M as a left H-module
over C[T ] ' C[{1} × T ] ⊂ L via

f · (h⊗CY [T ] g(Y )) = h⊗CY [T ] (fg)(Y ) f, g ∈ C[T ], h ∈ H.

Note that M ' C[{1} × T ]⊗H0 = H
C[{1}×T ]
0 as modules over C[{1} × T ], hence the

representation map can be regarded as an algebra homomorphism

η : H → EndC[{1}×T ]

(
H

C[{1}×T ]
0

)
.

Also note that EndC[{1}×T ](H
C[{1}×T ]
0 ) ' C[{1}×T ]⊗End(H0), so we can and some-

times will regard η(h) (h ∈ H) as an End(H0)-valued regular function on T denoted
by γ 7→ η(h)(γ). By extending the ground ring C[{1}×T ] to K we can extend η to an
algebra homomorphism

η : H → EndK(HK
0 ).

Similarly, η(h) can be viewed as an End(H0)-valued function in (t, γ) ∈ T × T . As
such it is constant in t, and in case h ∈ H0 it is also constant in γ.

Before being more specific about η, we need the following concept (cf. [42, §2.6]).
A subset X of P∨ is said to be saturated if for each λ ∈ X and α ∈ R we have
λ−rα∨ ∈ X for all 0 ≤ r ≤ 〈λ, α〉. For λ ∈ P∨, let Σ(λ) denote the smallest saturated
subset of P∨ that contains λ.

Lemma 5.4.1. For w ∈W0 and 1 ≤ i ≤ N we have

η(Ti)Tw =

{
Tsiw if `(siw) = `(w) + 1,

(ki − k−1
i )Tw + Tsiw if `(siw) = `(w)− 1,

(5.4.1)

and for p ∈ C[T ] we have
η(p(Y ))(γ)Te = p(γ)Te (5.4.2)

as regular H0-valued functions in γ. Moreover, for λ ∈ P∨ and w ∈W0, we have

η(Y λ)(γ)Tw =
∑
u≤w

pλu,w(γ)Tu, (5.4.3)

where pλu,w(γ) ∈ spanC{γ
µ}µ∈Σ(λ+) and pλw,w(γ) = γw

−1(λ).
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Proof. Only (5.4.3) requires proof. We use induction with respect to the length `(w)
of w, the case `(w) = 0 being (5.4.2). Next, consider Tsiw with `(siw) = `(w) + 1.
Using (5.2.5), we find

η(Y λ)(γ)Tsiw = η(Y λTi)(γ)Tw

= η(TiY
si(λ))(γ)Tw + (ki − k−1

i )η
(Y λ − Y si(λ)

1− Y −α∨i

)
(γ)Tw.

Considering the first term we use the induction hypothesis to find

η(TiY
si(λ))(γ)Tw = Ti

∑
u≤w

p̃si(λ)
u,w (γ)Tu =

∑
u≤w

p̃si(λ)
u,w (γ)TiTu,

with p̃si(λ)
u,w (γ) ∈ spanC{γ

µ}µ∈Σ(si(λ)+) and p̃si(λ)
w,w (γ) = γw

−1(si(λ)). Since Σ(si(λ)+) =
Σ(λ+) and w−1(si(λ)) = (siw)−1(λ), we can rewrite this as

η(TiY
si(λ))(γ)Tw =

∑
u≤siw

pλu,siw(γ)Tu,

with pλu,siw(γ) ∈ spanC{γ
µ}µ∈Σ(λ+) and pλsiw,siw(γ) = γ(siw)−1(λ).

We deal with the second term, the expansion of which will consist of terms only
involving Tu with u < siw. Set n := 〈λ, αi〉. Note that

Y λ − Y si(λ)

1− Y −α∨i
=

 Y λ + Y λ−α
∨
i + · · ·+ Y λ−(n−1)α∨i , n > 0,

0, n = 0,

−Y λ−nα∨i − Y λ−(n+1)α∨i − · · · − Y λ+α∨i , n < 0,

which is in spanC{Y
µ}µ∈Σ(λ+) in all three cases. We can apply the induction hypoth-

esis to each of the Y µ (µ ∈ Σ(λ+)) to obtain

η(Y µ)(γ)Tw =
∑
u≤w

p̌µu,w(γ)Tu,

with coefficients p̌µu,w(γ) ∈ spanC{γ
ν}ν∈Σ(µ+). Since for each µ ∈ Σ(λ+) we have

µ+ ∈ Σ(λ+), and then by [42, (2.6.3)] Σ(µ+) ⊂ Σ(λ+), we obtain the desired expan-
sion.

We end this subsection by introducing a K-basis of HK
0 consisting of common

eigenfunctions of η(CY [T ]). Note that S̃∗w ∈ H for w ∈W0. Define

ξw := η(S̃∗w−1)Te, w ∈W0.

Just as we view η(h) as End(H0)-valued function in different ways, we will regard
ξw both as regular H0-valued function in γ ∈ T and as a meromorphic H0-valued
function in (t, γ) ∈ T × T (constant in t).
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Lemma 5.4.2. {ξw}w∈W0 is a K-basis of HK
0 consisting of common eigenfunctions for the

η-action of CY [T ] on HK
0 . For p ∈ C[T ] and w ∈W0, we have

η(p(Y ))(γ)ξw(γ) = (w−1p)(γ)ξw(γ) (5.4.4)

as H0-valued regular functions in γ ∈ T .

5.4.2 The cocycle values

Write
Ri(z; γ) = c(z; ki)

−1(η(Ti)(γ)− b(z; ki)), 0 ≤ i ≤ N, (5.4.5)

viewed as a End(H0)-valued function which depends rationally on z and rationally
on γ ∈ T for i = 0 and is otherwise γ-independent.

Lemma 5.4.3. (i) We have

C(si,e)(t, γ) = Ri(t
a∨i ; γ), 0 ≤ i ≤ N,

C(ω,e)(t, γ) = η(ω)(γ), ω ∈ Ω,

and Cι is the K-linear extension of the anti-algebra involution of H0 determined by

Cι(Tw) = Tw−1 , w ∈W0.

(ii) Ri(z; γ)Ri(z
−1; γ) = id for 0 ≤ i ≤ N .

Remark 5.4.4. Note that

C(e,w)(t, γ) = CιC(w,e)(γ
−1, t−1)Cι, w ∈W,

so part (i) of the previous lemma uniquely determines Cw for all w ∈W.

5.5 Solutions of the bispectral quantum KZ equations

The main result of this section is the construction of a particular meromorphic solu-
tion Φ of BqKZ called the basic asymptotically free solution. The idea is as follows.
We first look for v ∈ H0 and G ∈ K such that Gv will be the leading term of a
solution of BqKZ in some asymptotic region. These are obtained by looking for a so-
lution of an asymptotic version of BqKZ, that is, BqKZ in which the cocycle matrices
are replaced by their limit values in the asymptotic region.

Next, we gauge BqKZ by G and look for a power series solution Ψ of the gauged
BqKZ equation converging deep inside the asymptotic region and which has con-
stant term v. By meromorphic continuation Ψ can be extended to a meromorphic
solution of the gauged BqKZ equation yielding the desired solution Φ = GΨ ∈ HK

0

of BqKZ. Apart from the construction itself we will derive various properties of Φ
and give an explicit F-basis of SOL, but we start with the computation of the leading
term.
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5.5.1 The leading term

In order to find these v andG, we first need to compute the asymptotic leading terms
of the cocycle matrices C(λ,e)(t, γ) (λ ∈ P∨) as |t−α∨i | → 0 (1 ≤ i ≤ N ).

We define the subringA := C[x−α
∨
1 , . . . , x−α

∨
N ] of C[T ×{1}] = C[x±1

1 , . . . , x±1
N ] ⊂

C[T ×T ]. Let Q(A) denote its quotient field and write Q0(A) for the subring of Q(A)

consisting of rational functions which are regular at the point x−α
∨
i = 0 (1 ≤ i ≤ N ).

We consider Q0(A)⊗ C[T ] as subring of C(T × T ) in the natural way.

Lemma 5.5.1. Let λ ∈ P∨. We have

C(λ,e) ∈ (Q0(A)⊗ C[T ])⊗ End(H0). (5.5.1)

If we write C(0)
(λ,e) = C(λ,e)|x−α∨1 =0,...,x−α

∨
N=0

∈ C[T ]⊗ End(H0), we have

C
(0)
(λ,e) = δλkη(Tw0

Y w0(λ)T−1
w0

). (5.5.2)

Proof. First we consider λ ∈ P∨+ . Suppose we have a reduced expression t(λ) =
si1 · · · sirω (0 ≤ i1, . . . , ir ≤ N , ω ∈ Ω). Then

C(λ,e)(t, γ) = Ri1(ta
∨
i1 ; γ)Ri2(tsi1 (a∨i2

); γ) · · ·Rir (t
si1 ···sir−1

(a∨ir ); γ)η(ω)(γ). (5.5.3)

It follows that C(λ,e) ∈ (Q(A) ⊗ C[T ]) ⊗ End(H0). Expanding C(−λ,e) along the
reduced expression t(−λ) = ω−1sir · · · si1 gives an expression similar to (5.5.3), from
which we conclude that also C(−λ,e) ∈ (Q(A) ⊗ C[T ]) ⊗ End(H0). Since the Ri(z; γ)
are analytic at z = 0 and z =∞, we have C(λ,e), C(−λ,e) ∈ (Q0(A)⊗C[T ])⊗End(H0).
Writing an arbitrary weight as the difference of two dominant weights and using the
cocycle property we conclude (5.5.1) for any λ ∈ P∨.

To prove (5.5.2) we will first compute the limit of C(λ,e)(t, γ) as |tα∨i | → 0 for 1 ≤
i ≤ N and then use this together with the cocycle property to find C

(0)
(λ,e)(γ), which

is the limit as |t−α∨i | → 0 (1 ≤ i ≤ N ). Similarly as in the proof of (5.5.1), it suffices to
consider only dominant weights. Assume we have λ ∈ P∨+ a reduced expression for
t(λ) as above and put u = si1 · · · sir . By formulas (2.2.9) and (2.2.5) from [42] we have
{ai1 , si1(ai2), . . . , si1 · · · sir−1

(air )} = S(u−1) = S(ω−1u−1) = S(t(−λ)). Because
λ ∈ P∨+ we have

S(t(−λ)) = {α+mc | α ∈ R−, 1 ≤ m ≤ −〈λ, α〉}

(cf. [42, §2.4]), and thus, since w(a∨) = (wa)∨ (a ∈ S, w ∈ W ), we have |tb∨ | → ∞
(b ∈ S(t(−λ))) as |tα∨i | → 0 (1 ≤ i ≤ N ). Observe that limz→∞Ri(z; γ) = k−1

i η(Ti)(γ)
for 0 ≤ i ≤ N . It follows that

C(λ,e)(t, γ)→ k−1
i1
· · · k−1

ir
η(Y λ)(γ) = k(t(λ))−1η(Y λ)(γ)

as |tα∨i | → 0 for all 1 ≤ i ≤ N . More generally, we conclude that

C(λ,e)(t, γ)→ δ−λk η(Y λ)(γ), λ ∈ P∨ (5.5.4)
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as |tα∨i | → 0 for all 1 ≤ i ≤ N . In order to find C
(0)
(λ,e) we use the cocycle property to

write
C(λ,e)(t, γ) = C(w0,e)(t, γ)C(w0(λ),e)(w0t, γ)C(w0,e)(q

−w0(λ)w0t, γ)

and consider the limit as |t−α∨i | → 0 for 1 ≤ i ≤ N . Note that C(w0,e)(t, γ) →
k(w0)−1η(Tw0

) as |t−α∨i | → 0 for 1 ≤ i ≤ N . Hence, using (5.5.4),

C
(0)
(λ,e) = δ

−w0(λ)
k η(Tw0

Y w0(λ)T−1
w0

) = δλkη(Tw0
Y w0(λ)T−1

w0
),

where the last equality follows from (5.2.3).

The previous lemma implies that the asymptotic form of the quantum KZ equa-
tions

C(λ,e)(t, γ)f(q−λt, γ) = f(t, γ), λ ∈ P∨

in the asymptotic region |tα∨i | � 0 (1 ≤ i ≤ N ) is

δλkη(Tw0Y
w0(λ)T−1

w0
)(γ)f(q−λt, γ) = f(t, γ), λ ∈ P∨. (5.5.5)

Let θq ∈ O(T ) denote the theta function associated to the root system R (see [37]),
defined by

θq(t) :=
∑
λ∈P∨

q
1
2 〈λ,λ〉tλ, (5.5.6)

for t ∈ T . Note that θq is invariant under the action of W0 on O(T ). Furthermore, it
satisfies θq(t−1) = θq(t) and

θq(q
µt) = q−

1
2 〈µ,µ〉t−µθq(t), (5.5.7)

for all µ ∈ P∨.
Let G ∈ K be given by

G(t, γ) :=
θq(tw0(γ)−1)

θq(δkt)θq(δ
−1
k w0(γ)−1)

. (5.5.8)

Proposition 5.5.2. We have:
(i) ι(G) = G.
(ii) G(t, γ) satisfies the q-difference equations

G(q−λt, qµγ) = δ−λ−µk q−〈w0(λ),µ〉tw0(µ)γ−w0(λ)G(t, γ) (5.5.9)

for λ, µ ∈ P∨.
(iii) f (0)(t, γ) := G(t, γ)Tw0

is a solution of (5.5.5) and τ(ι)f (0) = f (0).

Proof. By construction we have (i). From (5.5.7) it follows thatG satisfiesG(q−λt, γ) =
δ−λk γ−w0(λ)G(t, γ) for all λ ∈ P∨. In view of (i) this suffices to prove (ii). (iii) easily
follows from (i) and (ii).
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5.5.2 The basic asymptotically free solution Φ

As indicated in the introduction of this section we are now going to gauge BqKZ by
G. We obtain the gauged cocycle matrices

D(λ,µ)(t, γ) = G(t, γ)−1C(λ,µ)(t, γ)G(q−λt, qµγ)

= δ−λ−µk q−〈µ,w0(λ)〉γ−w0(λ)tw0(µ)C(λ,µ)(t, γ),
(5.5.10)

for λ, µ ∈ P∨. It is clear that for f ∈ HK
0 we have f ∈ SOL if and only if g := G−1f ∈

HK
0 satisfies the holonomic system of q-difference equations

D(λ,µ)(t, γ)g(q−λt, qµγ) = g(t, γ), λ, µ ∈ P∨ (5.5.11)

as H0-valued meromorhic functions in (t, γ) ∈ T × T .
We write B for the analog of A corresponding to the second copy of T in T ×

T . That is, B is the subring B := C[yα
∨
1 , . . . , yα

∨
N ] of C[{1} × T ] = C[y±1

1 , . . . , y±1
N ].

Similarly, we write Q(B) for its quotient field and Q0(B) for the subring of Q(B)

consisting of rational functions which are regular at the point yα
∨
j = 0 (1 ≤ j ≤ N ).

We consider Q0(A)⊗ B and A⊗Q0(B) as subrings of C(T × T ) in the natural way.
In the proof of the lemma below, we will need a partial order� on P∨. First recall

the dominance partial order ≥ on P∨+ , which is defined by

λ ≥ µ⇐⇒ λ− µ ∈ Q∨+,

for λ, µ ∈ P∨+ . We can extend this to a partial order on P∨ as follows. For λ ∈ P∨
write λ+ for the unique dominant coweight in the orbitW0λ and let vλ be the shortest
w ∈W0 such that w(λ+) = λ. For λ, µ ∈ P∨ we say that λ � µ if either

(i) λ+ > µ+, or
(ii) λ+ = µ+ and vλ ≥ vµ (in the Bruhat order).

Note that with respect to this order, the anti-dominant coweightw0(λ+) is the largest
element in the orbit W0λ. More details can be found in [42, §2.7].

The following lemma describes the asymptotic behavior of the gauged cocycle
matrices. It allows us to put them in the context of the general theory of solutions of
q-difference equations as described in the appendix and is therefore a key ingredient
in the construction of Φ.

Lemma 5.5.3. Set Ai = D($∨i ,e)
and Bi = D(e,$∨i ) for 1 ≤ i ≤ N .

(i) Ai ∈ (Q0(A)⊗ B)⊗ End(H0) and Bj ∈ (A⊗Q0(B))⊗ End(H0).
(ii) Write A(0,0)

i ∈ End(H0) and B(0,0)
i ∈ End(H0) for the value of Ai and Bi at x−α

∨
r =

0 = yα
∨
s (1 ≤ r, s ≤ N ). For w ∈W0 we have

A
(0,0)
i (Tw0Tw) =

{
0 if w−1w0($∨i ) 6= w0($∨i ),

Tw0
Tw if w−1w0($∨i ) = w0($∨i )

(5.5.12)

and

B
(0,0)
i (Tw0

Tw) =

{
0 if w($∨i ) 6= $∨i ,

Tw0Tw if w($∨i ) = $∨i .
(5.5.13)
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Proof. We give the proof of (i), which differs substantially from the GLN case (cf.
Lemma 2.5.2), and omit the proof of (ii) which is similar. By (5.5.10) we have

Ai(t, γ) = δ
−$∨i
k γ−w0($∨i )C($∨i ,e)

(t, γ).

Because of (5.5.1) we only need to worry about the γ-dependence of Ai(t, γ).
Let t($∨i ) = ωsi1 · · · sir (ω ∈ Ω, 0 ≤ i1, . . . , ir ≤ N ) be a reduced expression.

Then, in view of the cocycle condition, Lemma 5.4.3 and formula (5.4.5),

C($∨i ,e)
(t, γ) = η(ω)(γ)C(si1 ···sir ,e)(ω

−1t, γ) =
∑

w≤t($∨i )

aw(t)η(Tw)(γ)

for certain aw ∈ Q0(A). Now consider such w ∈ W with w ≤ t($∨i ). We have a
unique decomposition w = t(λ)w̃, with λ = w(0) ∈ P∨ and w̃ ∈W0. Then

t(λ) = t(vλ(λ+)) = vλt(λ+)v−1
λ ,

hencew = vλt(λ+)v−1
λ w̃. Multiple use of [42, (3.1.7)] yields Tw = hTt(λ+)h

′ = hY λ+h′

for some h, h′ ∈ H0, hence

η(Tw)(γ) = η(h)η(Y λ+)(γ)η(h′).

It remains to show that γ−w0($∨i )η(Y λ+)(γ) ∈ B ⊗ End(H0). We can use (5.4.3) to
write

η(Y λ+)(γ)Tw =
∑
u≤w

pλ+
u,w(γ)Tu

with p
λ+
u,w(γ) ∈ spanC{γ

µ}µ∈Σ(λ+) and p
λ+
w,w(γ) = γw

−1(λ+). Thus we need to show
that

γ−w0($+)+µ ∈ B ∀µ ∈ Σ(λ+),

i.e., that −w0($∨i ) + µ ∈ Q∨+ for all µ ∈ Σ(λ+). Since Σ(λ+) is W0-invariant and
w0(Q∨+) = −Q∨+, this is equivalent to showing that−$∨i +µ ∈ −Q∨+ for all µ ∈ Σ(λ+),
or

$∨i − µ ∈ Q∨+ ∀µ ∈ Σ(λ+).

Now the fact that w ≤ t($∨i ) in the Bruhat order on W , implies that λ � $∨i (cf. [42,
(2.7.11)]), and hence either λ+ = $∨i or λ+ < $∨i . Fix µ ∈ Σ(λ+). In the first case, if
λ+ = $∨i , we have µ ∈ $∨i −Q∨+, since

Σ($∨i ) =
⋂
v∈W0

v($∨i −Q∨+)

by [42, (2.6.2)]. Hence $∨i − µ ∈ Q∨+. In the second case, if λ+ < $∨i , then Σ(λ+) ⊂
Σ($∨i ) by [42, (2.6.3)], and again µ ∈ $∨i −Q∨+. This concludes the proof for Ai. For
Bi, use that C(e,$∨i )(t, γ) = CιC($∨i ,e)

(γ−1, t−1)Cι.
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Part (ii) of the previous lemma asserts that the endomorphisms A(0,0)
i and B

(0,0)
i

are semisimple. Similarly as for GLN , the main theorem follows from the lemma
together with the general theory of solutions of q-difference equations as described
in the appendix (in particular Theorem A.6).

For ε > 0, put Bε := {t ∈ T | |tα∨i | < ε for 1 ≤ i ≤ N} and B−1
ε := {t ∈ T | t−1 ∈

Bε}.

Theorem 5.5.4. There exists a unique solution Ψ ∈ HK
0 of the gauged equations (5.5.11)

such that, for some ε > 0,
(i) Ψ(t, γ) admits an H0-valued power series expansion

Ψ(t, γ) =
∑

α,β∈Q∨+

Kα,βt
−αγβ , (Kα,β ∈ H0) (5.5.14)

for (t, γ) ∈ B−1
ε ×Bε which is normally convergent on compacta ofB−1

ε ×Bε. In particular,
Ψ(t, γ) is analytic at (t, γ) ∈ B−1

ε ×Bε;
(ii) K0,0 = Tw0

.

Proof. We only remark that in order to match the present situation with the one con-
sidered in the appendix, one should take in the appendix: M = 2N , Ai = A

(0,0)
i ,

AN+i = B
(0,0)
i and qi = q2/‖αi‖2 for 1 ≤ i ≤ N and variables zi = x−α

∨
i and

zN+j = yα
∨
j for 1 ≤ i, j ≤ N .

Definition 5.5.5. We call Φ := GΨ ∈ SOL the basic asymptotically free solution of
BqKZ.

The τ(ι)-invariance of SOL, the ι-invariance of G, and the uniqueness part of
Theorem 5.5.4 imply that Φ enjoys the following duality property.

Theorem 5.5.6 (Duality). The basic asymptotically free solution Φ of BqKZ is self-dual, in
the sense that

τ(ι)Φ = Φ.

5.5.3 Singularities

In this subsection we have a closer look at the analytic properties of Ψ. Write qα :=

q2/‖α‖2 for α ∈ R and set

S+ := {t ∈ T | tα
∨
∈ k−2

α q−Nα for some α ∈ R+}.

Proposition 5.5.7. TheH0-valued meromorphic function Ψ is analytic on T \S−1
+ ×T \S+.

Proof. Let λ, µ ∈ P∨+ . By (5.5.10) and the cocycle property, D(λ,µ)(t, γ) is regular at
(t, γ) = (s, ζ) ifC($∨i ,$

∨
j )(q

−νt, qξγ) is regular at (t, γ) = (s, ζ) for all 1 ≤ i, j ≤ N and
ξ, ν ∈ P∨+ . This in turn holds, again by virtue of the cocycle property together with
(5.5.1), if C(ω∨j ,e)

(q−νt, γ) is regular at (t, γ) = (s, ζ) for all ν ∈ P∨+ and 1 ≤ j ≤ N .
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Suppose we have a reduced expression t($∨j ) = si1 · · · sirω (1 ≤ j ≤ N ). Simi-
larly as in the proof of Lemma 5.5.1, we have

C($∨j ,e)
(t, γ) = Ri1(ta

∨
i1 ; γ) · · ·Rir (t

si1 ···sir−1
(a∨ir ); γ)η(ω)(γ),

and

{ai1 , si1(ai2), . . . , si1 · · · sir−1
(air )} = S(t(−$∨j ))

= {α+mc | α ∈ R−, 1 ≤ m ≤ −〈$∨j , α〉}

Now Ri(z; γ) has only a simple pole at z = k−2
i , so C($∨j ,e)

(t, γ) has possibly poles at

ta
∨

= k−2
a , a ∈ S(t(−$∨j )).

Note that
t(α+mc)∨ = tα

∨+(2m/‖α‖2)c = qmα t
α∨ ,

hence there are possibly poles at

qmα t
α∨ = k−2

α , α ∈ R−, 1 ≤ m ≤ −〈$∨j , α〉,

or, equivalently, at

t−α
∨

= q−mα k−2
α , α ∈ R+, 1 ≤ m ≤ 〈$∨j , α〉.

Consequently, C($∨j ,e)
(q−νt, γ) is regular at t ∈ T \ S−1

+ for all ν ∈ P∨+ . By the
considerations in the previous paragraph we conclude that D(λ,µ)(t, γ) is regular at
(t, γ) ∈ T \ S−1

+ × T \ S+ for all λ, µ ∈ P∨+ .
Let U × V be a relatively compact open subset of T \ S−1

+ × T \ S+. Choose
λ, µ ∈ P∨+ such that the closure of q−λU × qµV is contained in B−1

ε × Bε. Then as
meromorphic H0-valued function in (t, γ) ∈ U × V , we have

Ψ(t, γ) = D(λ,µ)(t, γ)Ψ(q−λt, qµγ), (5.5.15)

and by Theorem 5.5.4(i) the proof is now complete.

Remark 5.5.8. The previous proposition gives, in particular, information about the
singularities of the basic asymptotic solution Φ = GΨ. Unfortunately, it is not pos-
sible to precisely pinpoint the singularities of G. To overcome this issue we could
choose a different theta function in the definition of G, namely one for which we
have a product formula available. The price we pay is that we have to enlarge the
torus T . Let ϑq ∈M(T ) denote the renormalized Jacobi theta function

ϑq(z) :=
∏
m≥0

(1− qmz)(1− qm+1/z) (5.5.16)
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for z ∈ C×. It satisfies

ϑq(q
mz) = (−z)−mq− 1

2m(m−1)ϑq(z), m ∈ Z. (5.5.17)

Let e ∈ N be the unique positive integer such that e〈P∨, P∨〉 = Z. For all a ∈ S, fix
k

1/6e
a such that k1/6e

a = k
1/6e
w(a) for all w ∈ W . Now put T ′ := HomZ( 1

6eP
∨,C×). The

canonical map T ′ � T gives rise to an embeddingM(T × T ) ↪→M(T ′ × T ′). Now
define Ĝ ∈M(T ′ × T ′) by

Ĝ(t, γ) :=

N∏
i,j=1

(
ϑq1/e(κ

−1/e
j tαi/e)ϑq1/e(κ

−1/e
i γw0(αj)/e)

ϑq1/e(tαi/e γw0(αj)/e)

)e〈$∨i ,$∨j 〉
, (5.5.18)

where κ1/e
j :=

∏
α∈R+

k
〈αj ,α〉/e
α . Then Ĝ satisfies the properties of Proposition 5.5.2.

Corollary 5.5.9. (i) Write Ψ(t, γ) =
∑
α∈Q∨+

Γα(γ)t−α for (t, γ) ∈ B−1
ε × Bε, with Γα

(α ∈ Q∨+) the analytic H0-valued function Γα(γ) :=
∑
β∈Q∨+

Kα,βγ
β on Bε. Then each Γα

can uniquely be extended to a meromorphic H0-valued function on T , analytic on T \ S+,
such that for (t, γ) ∈ B−1

ε × T \ S+

Ψ(t, γ) =
∑
α∈Q∨+

Γα(γ)t−α,

converging normally on compacta of B−1
ε × T \ S+.

(ii) The leading term Γ0 satisfies

Γ0(γ) = K(γ)Tw0
, (5.5.19)

for some K ∈M(T ).

Proof. (i) See Lemma 2.5.7.
(ii) This is also similar as in Chapter 2, but for the convenience of the reader we pro-
vide the details. Ψ satisfies Ai(t, γ)Ψ(q−$

∨
i t, γ) = Ψ(t, γ) for 1 ≤ i ≤ N . Considering

the limit |t−α
∨
j | → 0, we obtain

γ−w0($∨i )η(Tw0Y
w0($∨i )T−1

w0
)(γ)Γ0(γ) = Γ0(γ)

for 1 ≤ i ≤ N , and in view of Lemma 5.4.2 this forces

Γ0(γ) = K(γ)η(Tw0
)ξe(γ) = K(γ)Tw0

for some K ∈M(T ).

Remark 5.5.10. In the following section we will give an explicit formula for K(γ). It
will follow immediately from an explicit formula for the leading term of the so-called
Harish-Chandra series solution of a bispectral problem corresponding to BqKZ. In
Chapter 2, for GLN , it was exactly the other way around. There, the latter was found
as a consequence of an explicit formula for K(γ), which in turn is due to rather
explicit expressions for the cocycle matrices of BqKZ.
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From Proposition 5.5.7 and its corollary we obtain the following result for spe-
cialized spectral parameter.

Corollary 5.5.11. Fix ζ ∈ T \ S+.
(i) The H0-valued meromorphic function Ψ(t, γ) in (t, γ) ∈ T × T can be specialized at
γ = ζ, giving rise to a meromorphic H0-valued function Ψ(t, ζ) in t ∈ T , which is regular
at t ∈ T \ S−1

+ .
(ii) For t ∈ B−1

ε we have the power series expansion

Ψ(t, ζ) =
∑
α∈Q∨+

Γα(ζ)t−α,

converging normally on compacta of B−1
ε .

(iii) Ψ(t, ζ) satisfies the system of q-difference equations

D(λ,e)(t, ζ)Ψ(q−λt, ζ) = Ψ(t, ζ), ∀λ ∈ P∨. (5.5.20)

5.5.4 Consistency

BqKZ is a holonomic system of first-order q-difference equations with cocycle ma-
trices depending rationally on (t, γ) ∈ T × T and therefore it is consistent (see [14,
Proposition 5.2]). This means that dimF(SOL) = dimC(H0), or, equivalently, that
BqKZ allows a so-called fundamental matrix solution U . In [14], such a fundamental
matrix solution was found by algebraic geometric arguments. A different approach,
using the asymptotic solution Φ, was taken in [45]. Here we shortly repeat this latter
approach for arbitrary root systems. The advantage of this approach is that it pro-
duces a basis of SOL in terms of asymptotically free solutions. For details we refer to
Chapter 3.

We say that F ∈ End(H0)K = K ⊗ End(H0) is an End(H0)-valued solution of
BqKZ, if

C(λ,µ)(t, γ)F (q−λt, qµγ) = F (t, γ), λ, µ ∈ P∨,
as End(H0)-valued meromorphic functions in (t, γ) ∈ T × T .

Define U ∈ End(H0)K by

U
(
k(w)−1Tw0

Tw−1

)
:= τ(e, w)Φ (5.5.21)

for w ∈W0.

Proposition 5.5.12. We have
(i) U ∈ End(H0)K is an invertible solution of BqKZ with values in End(H0). In particular,
identifying End(H0)K ' EndK(HK

0 ) as K-algebras, we have U ∈ GLK(HK
0 ).

(ii) U ′ ∈ End(H0)K is an End(H0)-valued meromorphic solution of BqKZ if and only if
U ′ = UF for some F ∈ End(H0)F.
(iii) U , viewed as K-linear endomorphism of HK

0 , restricts to an F-linear isomorphism
U : HF

0 → SOL.
(iv) {τ(e, w)Φ}w∈W0

is an F-basis of SOL.
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Remark 5.5.13. The quantum KZ equations (5.3.12) form a consistent system of q-
difference equations as well. For generic ζ ∈ T (that is, for ζ ∈ T where Φ(t, γ)
can be specialized in γ = ζ and moreover U(·, ζ) is invertible), this follows along
the same line as above, but of course one can use [14, Proposition 5.2] again, which
applies for all ζ ∈ T .

5.6 Correspondence with bispectral problems

For the principal series representation Mζ (ζ generic) of H , Cherednik [7, Theorem
3.4] constructed a map which embeds the associated solution space of the quan-
tum affine KZ equation (5.3.3) into the solution space of a system of q-difference
equations, involving the Macdonald q-difference operator. This is a special case of
a correspondence between the solutions of the quantum affine KZ equations associ-
ated with an arbitrary finite-dimensional H-module M and a more general system
of q-difference equations (see [8]).

We will consider the map when M is the generic principal series module M :=

IndHCY [T ](CY [T ]) (see Subsection 5.4.1). In this case Cherednik’s correspondence yields
an embedding χ+ of SOL into the solution space of a bispectral problem for the Mac-
donald q-difference operators.

5.6.1 The bispectral problem for the Macdonald q-difference oper-
ators

Using the action of W on C(T × T ) given by (5.3.6), we can form the smash prod-
uct algebra C(T × T )#W. It contains C(T )#qW ' C(T × {1})#(W × {e}) and
C(T )#q−1W ' C({1}×T )#({e}×W ) as subalgebras. In this interpretation, Chered-
nik’s algebra homomorphism ρk−1,q : H(k−1)→ C(T )#qW (see Theorem 5.2.8) gives
rise to an algebra homomorphism

ρxk−1,q : H(k−1)→ C(T × T )#W,

considered as q-difference reflection operators in the first torus variable, and simi-
larly ρk,q−1 : H(k)→ C(T )#q−1W to an algebra homomorphism

ρyk,q−1 : H(k)→ C(T × T )#W,

considered as q-difference reflection operators in the second torus variable. Note
that the images of ρx

k−1,q
and ρyk,q−1 in C(T × T )#W commute, so we can form the

algebra homomorphism

ρxk−1,q ⊗ ρ
y
k,q−1 : H(k−1)⊗H(k)→ C(T × T )#W.

The maps ρx
k−1,q

and ρyk,q−1 are related as follows.
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Lemma 5.6.1. Let ◦ : H(k−1)→ H(k) be defined as the unique algebra isomorphism satis-
fying

T ◦i = T−1
i , ω◦ = ω,

for 0 ≤ i ≤ N and ω ∈ Ω. Then we have

ρyk,q−1(h◦) = ιρxk−1,q(h)ι (5.6.1)

for all h ∈ H(k−1).

Proof. Since ρx
k−1,q

, ρyk,q−1 and ◦ are algebra homomorphisms, the lemma follows by
verifying (5.6.1) for Ti (0 ≤ i ≤ N ) and ω ∈ Ω. Let 0 ≤ i ≤ N and f ∈ K. In H(k), we
have T−1

i = Ti + k−1
i − ki, hence, on the one hand,(

ρyk,q−1(T−1
i )f

)
(t, γ) = k−1

i f(t, γ) + cai;k,q−1(γ)
(
f(t, s�i γ)− f(t, γ)

)
.

On the other hand,(
ιρxk−1,q(Ti)ιf

)
(t, γ) =

(
ρxk−1,q(Ti)ιf

)
(γ−1, t−1)

= k−1
i (ιf)(γ−1, t−1) + cai;k−1,q(γ

−1)
(
(ιf)(siγ

−1, t−1)− (ιf)(γ−1, t−1)
)

= k−1
i f(t, γ) + cai;k,q−1(γ)

(
f(t, s�i γ)− f(t, γ)

)
,

where we used (5.2.4) for the last equality. The verification for ω ∈ Ω is easier and
left to reader.

By means of the canonical action of C(T×T )#W on C(T×T ), the subalgebra D :=
C(T×T )#(P∨×P∨) ⊂ C(T×T )#W can be identified with the algebra of q-difference
operators on T ×T with rational coefficients. Any element D ∈ C(T ×T )#W has an
expansion

D =
∑

w∈W0

Dww, (5.6.2)

withDw ∈ D. Since this expansion is unique, we have a well-defined C(T×T )-linear
map Res : C(T × T )#W→ D, determined by

Res(D) :=
∑

w∈W0

Dw,

with D ∈ C(T × T )#W given as in (5.6.2). Let C(T × T )W0 denote the field of W0-
invariant rational functions on T×T . Restricted to C(T×T )W0 , we haveD|C(T×T )W0 =
Res(D)|C(T×T )W0 for all D ∈ C(T × T )#W.

It is well-known (see, e.g., [42, (4.2.10)]) that the center Z(H) of the affine Hecke
algebra H is CY [T ]W0 . For p ∈ C[T ]W0 , set

Lxp := Res(ρxk−1,q(p(Y ))) ∈ D,
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where p(Y ) is considered as element of Z(H(k−1)), and set

Lyp := Res(ρyk,q−1(p(Y ))) ∈ D,

where p(Y ) is considered as element of Z(H(k)). It is well-known that the operators
Lxp (and hence Lyp) are pairwise commuting and (W0 ×W0)-invariant, and by con-
struction [Lxp , L

y
p′ ] = 0 in D for all p, p′ ∈ C[T ]W0 . The operators Lxp and Lyp are related

as follows.

Lemma 5.6.2. For p ∈ C[T ]W0 , we have

Lyp = ιLxpι. (5.6.3)

Proof. Similarly as for GLN (see Section 3.3), the lemma follows from (5.6.1) together
with the fact that

p(Y )◦ = p(Y ), p ∈ C[T ]W0 (5.6.4)

with ◦ : H(k−1) → H(k) as defined in Lemma 5.6.1. We elaborate on the proof of
(5.6.4), which is different than for GLN . Note that since p ∈ C[T ]W0 , the result follows
if we can prove that (Y λ)◦ = Tw0Y

w0(λ)T−1
w0

for λ ∈ P∨. Moreover, it suffices to show
this only for specific elements of P∨, as we demonstrate first. For any λ ∈ P∨, let
vλ be the shortest element of W0 such that vλ(λ) = w0(λ), and put uλ := t(λ)v−1

λ .
Then by [42, (2.5.4)] Ω = {e} ∪ {u$∨j }j∈J with J := {i ∈ 1, . . . , N | 〈$∨i , φ〉 = 1}. If
λ ∈ P∨ \ Q∨, we can write t(λ) = u$∨j w for some j ∈ J and w ∈ WQ∨ (using W =

ΩnWQ∨ ), and then t(λ) = t($∨j )v−1
$∨j
w = t($∨j )t(α)w′ for some α ∈ Q∨ and w′ ∈W0

(usingWQ∨ = Q∨oW0). But thenw′ = e and λ = $∨j +α. In particular, {0}∪{$∨j }j∈J
is a complete set of representatives of P∨/Q∨. Since Q∨ = spanZ{w(φ∨) | w ∈ W0},
it thus suffices to show (Y λ)◦ = Tw0Y

w0(λ)T−1
w0

only for λ = $∨j with j ∈ J and for
λ = w(φ∨) (w ∈W0).

Let j ∈ J and write uj := u$∨j and vj := v$∨j . By [42, (3.3.3)], we have uj =

TwY
w−1($∨j )T−1

vjw for all w ∈ W0. Let • : H(k) → H(k−1) denote the inverse of ◦. It
follows that

(Y w0($∨j ))• = (T−1
w0
ujTvjw0

)• = Tw0
ujT

−1

w0v
−1
j

= Tw0uj(Tw0T
−1
vj )−1 = Tw0ujTvjT

−1
w0

= Tw0
Y $

∨
j T−1

w0
,

since ujTvj = Tujvj = Tt($∨j ) = Y $
∨
j . Hence (Y $

∨
j )◦ = Tw0

Y w0($∨j )T−1
w0

. Similarly,

we can use [42, (3.3.6)] to obtain (Y w(φ∨))◦ = Tw0Y
w0w(φ∨)T−1

w0
for w ∈ W0, and the

proof is complete.

In order to give more explicit formulas for Lxp and Lyp, we need to introduce some
notation. For λ ∈ P∨, write W0,λ for the isotropy subgroup of λ in W0, and Wλ

0 for a
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complete set of representatives of W0/W0,λ. We may assume that e ∈ Wλ
0 . Let mλ ∈

C[T ]W0 be the associated monomial symmetric function, that is,mλ(t) :=
∑
µ∈W0λ

tµ.
Finally, set Σ0(λ) := Σ(λ) −W0λ (recall that Σ(λ) is the smallest saturated subset of
P∨ that contains λ, cf. Subsection 5.4.1).

Now fix λ ∈ P∨− = −P∨+ . By [42, (4.4.12)], we have for f ∈ K

(Lxmλf)(t, γ) =
∑
w∈Wλ

0

∏
a∈S(t(−λ))

cw(a),k,q(t
−1)f(q−w(λ)t, γ) +

∑
µ∈Σ0(λ)

gµ(t)f(q−µt, γ)
(5.6.5)

for some gµ ∈ M(T ) (here we used (5.2.4)). In view of (5.6.3), one immediately
obtains a similar formula for Lymλ .

Remark 5.6.3. For λ = w0($∨j ) with $∨j minuscule (that is, 〈$∨j , α〉 ∈ {0, 1} for all
α ∈ R+), we have Σ0(λ) = ∅, while for λ = −φ∨ we have Σ0(λ) = {0}. In both
cases one obtains an explicit formula for Lxmλ and the resulting operators are the
Macdonald q-difference operators [40].

We now define the following bispectral version of Macdonald’s eigenvalue prob-
lem.

Definition 5.6.4. We define BiSP as the set of solutions f ∈ K of the following bis-
pectral problem:

(Lxpf)(t, γ) = p(γ−1)f(t, γ), ∀p ∈ C[T ]W0 ,

(Lypf)(t, γ) = p(t)f(t, γ), ∀p ∈ C[T ]W0 .
(5.6.6)

Remark 5.6.5. Note that BiSP is a W0-invariant F-linear subspace of K.

5.6.2 The correspondence

Consider the linear map χ+ : H0 → C defined by χ+(Tw) = k(w). By K-linear exten-
sion we obtain a K-linear map χ+ : HK

0 → K. It gives rise to the following correspon-
dence between SOL and BiSP.

Theorem 5.6.6. The K-linear functional χ+ : HK
0 → K restricts to an injective W0-equivar-

iant F-linear map
χ+ : SOL→ BiSP.

The theorem follows by restricting Cherednik’s correspondence mentioned in the
introduction of this section (for M the generic principal series module) to SOL. In-
deed, if f ∈ SOL, then for fixed γ ∈ T , f(t, γ) can be viewed as a solution of qKZ for
the H-module Mγ , and then by Cherednik’s correspondence χ+(f) satisfies the first
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system of equations of (5.6.6). This holds for all γ ∈ T . By (5.6.3) and the ι-invariance
of SOL, it then follows that

(Lypf)(t, γ) = (ιLxpιf)(t, γ) = (Lxpιf)(γ−1, t−1) = p(t)(ιf)(γ−1, t−1) = p(t)f(t, γ),

so also the second equation of (5.6.6) is satisfied.
For GLN , a detailed proof can be found in Section 3 and the arguments used there

can also be applied in the present setting.

5.7 Harish-Chandra series

Application of χ+ to the basic asymptotic solution Φ leads to a meromorphic solution
Φ+ of the bispectral problem, which can be viewed as a bispectral analogue of the
difference Harish-Chandra solutions of the Macdonald difference equations ([36]).
For root systems of type A, Harish-Chandra series solutions were studied before in
[16] and [31]. In Section 3.5, the Harish-Chandra series solution of type A was reob-
tained from Φ+(t, γ), by specializing γ ∈ T , yielding new results on the convergence
and singularities of these solutions as a consequence of corresponding results for Φ.
In the final subsection we extend this to arbitrary root systems.

5.7.1 Bispectral Harish-Chandra series

As announced, we apply the map χ+ to the basic asymptotically free solution Φ of
BqKZ to obtain a special meromorphic solution of the bispectral problem (see Section
3.4 for GLN ).

Definition 5.7.1. We call Φ+ := χ+(Φ) ∈ BiSP the basic Harish-Chandra series solu-
tion of the bispectral problem.

Put Ψ+ := χ+(Ψ). Then Φ+ = GΨ+ and as a consequence of Proposition 5.5.7
and Corollary 5.5.9, Ψ+ is analytic on T \ S−1

+ ×T \ S+, and for (t, γ) ∈ B−1
ε ×T \ S+

we have
Ψ+(t, γ) =

∑
α∈Q∨+

Γ+
α (γ)t−α,

where Γ+
α := χ+(Γα) ∈ M(T ) for all α ∈ Q∨+. Recall that Γ0(γ) = K(γ)Tw0

for some
K ∈M(T ) (see (5.5.19)).

Theorem 5.7.2. We have
Γ+

0 (γ) = k(w0)K(γ), (5.7.1)

with K ∈M(T ) given by

K(γ) =
∏
α∈R+

(qαγ
α∨ ; qα)∞

(qαk2
αγ

α∨ ; qα)∞
, (5.7.2)

where qα = q2/‖α‖2 for α ∈ R+, as before.
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Proof. The definition of χ+ and the preceding remarks imply (5.7.1). Let L(γ) denote
the right-hand side of (5.7.2). Then L ∈ M(T ) is uniquely characterized by the
following properties.

(i) There exists an ε > 0 such that for γ ∈ Bε, L admits a power series expansion

L(γ) =
∑
α∈Q∨+

lαγ
α,

converging normally on compacta of Bε.

(ii) l0 = 1.

(iii) L(γ) satisfies the following system of q-difference equations: ∏
α∈R+

〈λ,α〉∏
r=1

1− qrαγα
∨

1− qrαk2
αγ

α∨

L(qλγ) = L(γ), λ ∈ P∨+ .

From Theorem 5.5.4 it follows that K satisfies (i), and since K0,0 = Tw0 , K also
satisfies (ii). It thus suffices to show that K solves the q-difference equations in (iii).

Recall that in order to show that Γ0(γ) = K(γ)Tw0
for some K ∈ M(T ), we ex-

ploited the fact that Φ is a solution of the quantum KZ equation in t and investigated
what taking the limit |t−α

∨
j | → 0 had to mean for Γ0(γ). We are now going to exploit

the fact that Φ+ satisfies the spectral problem

(LypΦ+)(t, γ) = p(t)Φ+(t, γ), p ∈ C[T ]W0 , (5.7.3)

and consider the limit |t−α∨i | → 0 to obtain the desired q-difference equations for Γ+
0 ,

and hence for K.
Fix λ ∈ P∨− . From formula (5.6.5) we deduce

(LymλΦ+)(t, γ) =
∑
w∈Wλ

0

∏
a∈S(t(−λ))

cw(a),k,q−1(γ)Φ+(t, qw(λ)γ) +
∑

µ∈Σ0(λ)

gµ(γ−1)Φ+(t, qµγ)

with gµ ∈ M(T ). Plugging in Φ+ = GΨ+, using (5.5.9) and dividing both sides by
G(t, γ), the equality (LymλΦ+)(t, γ) = mλ(t)Φ+(t, γ) gives

mλ(t)Ψ+(t, γ) =
∑
w∈Wλ

0

∏
a∈S(t(−λ))

cw(a),k(γ)δ
−w(λ)
k tw0w(λ)Ψ+(t, qw(λ)γ) +

∑
µ∈Σ0(λ)

gµ(γ−1)δ−µk tw0(µ)Ψ+(t, qµγ).

Now we multiply both sides by t−w0(λ) and consider the limit |t−α
∨
j | → 0. By (5.7.1)

this will result in a q-difference equation for K. Note that:
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(1) t−w0(λ)mλ(t) =
∑
µ∈W0λ

t−w0(λ)+µ → 1 since w0(λ) ∈ P∨+ and ν − w(ν) ∈ Q∨+
for all ν ∈ P∨+ and w ∈W0.

(2) t−w0(λ)tw0w(λ) = t−w0(λ)+w0w(λ) which is equal to 1 if w(λ) = λ and tends to 0
otherwise. Considering w ∈Wλ

0 , we have w(λ) = λ only for w = e .

(3) t−w0(λ)tw0(µ) → 0 for all µ ∈ Σ0(λ). Indeed, by [42, (2.6.3)] we have

µ+ ∈ Σ(w0(λ))⇔ w0(λ)− µ+ ∈ Q∨+

and hence also w0(λ) − w0(µ) ∈ Q∨+ for µ ∈ Σ0(λ) ⊂ Σ(w0(λ)). Moreover,
w0(λ) 6= w0(µ) since µ /∈W0λ.

Consequently, K satisfies the following set of q-difference equations: ∏
a∈S(t(−λ))

ca;k,q−1(γ)

 δ−λk K(qλγ) = K(γ), λ ∈ P∨− .

Equivalently, also setting µ := −λ ∈ P∨+ , ∏
a∈S(t(µ))

k−1
a − ka(qµγ)a

∨

1− (qµγ)a∨

 δµkK(γ) = K(qµγ), µ ∈ P∨+ . (5.7.4)

Note that Lymλ ∈ C(T )#q−1W ' C({1} × T )#({e} ×W ), so γ(α+rc)∨ = q−rα γα
∨

for
α ∈ R and r ∈ Z. Using

∏
a∈S(t(µ))

k−1
a − ka(qµγ)a

∨

1− (qµγ)a∨
=
∏
α∈R+

〈µ,α〉−1∏
r=0

k−1
α − kαq

〈µ,α〉
α q−rα γα

∨

1− q〈µ,α〉α q−rα γα∨

=
∏
α∈R+

〈µ,α〉∏
r=1

k−1
α − kαqrαγα

∨

1− qrαγα
∨

and δµk =
∏
α∈R+

k
〈µ,α〉
α , we obtain from (5.7.4) ∏

α∈R+

〈µ,α〉∏
r=1

1− k2
αq
r
αγ

α∨

1− qrαγα
∨

K(γ) = K(qµγ), µ ∈ P∨+ ,

and the proof is complete.

In view of Remark 5.6.5, we obtain solutions Φ+
w ∈ BiSP (w ∈W0), given by

Φ+
w(t, γ) := Φ+(t, w−1γ).
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Setting Ψ+
w(t, γ) := Ψ+(t, w−1γ), we have Φ+

w(t, γ) = G(t, w−1γ)Ψ+
w(t, γ) and by

Corollory 5.5.11(ii), for ε > 0 sufficiently small, Ψ+
w has a power series expansion

Ψ+
w(t, γ) =

∑
α∈Q∨+

Γ+
α (w−1γ)t−α

for (t, γ) ∈ Bε×T \w(S+), converging normally on compacta of Bε×T \w(S+). The
next result follows along the same line as Proposition 3.4.4.

Proposition 5.7.3. The set {Φ+
w}w∈W0 ⊂ BiSP is F-linearly independent.

We expect that the set {Φ+
w}w∈W0

is in fact a basis of BiSP over F. This would
follow, for example, if we could prove that χ+ is an F-linear isomorphism SOL →
BiSP (rather than only an embedding). Both are still open problems.

5.7.2 Application to Harish-Chandra series solutions of Macdon-
ald’s difference equations

Let ζ ∈ T . The spectral problem of the Macdonald q-difference operators with spec-
tral parameter ζ is

Lxpf = p(ζ−1)f, ∀p ∈ C[T ]W0 , (5.7.5)

for meromorphic functions f on T . Let SPζ ⊂ M(T ) denote the set of solutions
of (5.7.5). It is a vector space over E(T ), invariant under the usual action of W0 on
M(T ).

Recall the solution space SOLζ ⊂ HM(T )
0 of the quantum KZ equation (5.3.12) as-

sociated toMζ , alsoW0-invariant, but with respect to the τMζ
x (W0)-action onHM(T )

0 .
We have the following special case of Cherednik’s correspondence from [7, 8] (see
Proposition 3.5.1).

Proposition 5.7.4. For each ζ ∈ T , χ+ defines an W0-equivariant E(T )-linear map

χ+ : SOLζ → SPζ .

Remark 5.7.5. In an upcoming paper by Stokman it is shown that χ+ is an isomor-
phism if ζα

∨ 6= k2
α, 1 for all α ∈ R (see [55]).

Recall that Ψ+ = χ+(Ψ) with Ψ, as usual, the solution of the gauged bispectral
BqKZ equations (5.5.11) obtained in Theorem (5.5.4). It follows from Corollary 5.5.11
that Ψ+(t, γ) may be specialized at γ = ζ for ζ ∈ T \ S−1

+ , yielding a meromorphic
function Ψ+(·, ζ) ∈M(T ) with poles at t ∈ S−1

+ . Define G̃ ∈ K by

G̃(t, γ) :=
θq(tw0(γ)−1)

θq(δkt)
.
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Remark 5.7.6. Note that G̃(t, γ) = θq(δ
−1
k w0(γ)−1)G(t, γ) and that G̃(t, γ) can be

specialized in γ = ζ. Lacking the factor θq(δ−1
k w0(γ)−1) in the denominator, G̃ does

not satisfy ι(G̃) = G̃. Therefore, G̃Ψ /∈ SOL, but we do have G̃(·, ζ)Ψ(·, ζ) ∈ SOLζ .

It follows that G̃(·, ζ)Ψ+(·, ζ) ∈ SPζ and hence Ψ+(·, ζ) is a solution of the spectral
problem for the gauged Macdonald q-difference operators with spectral parameter
ζ, that is, a solution of

(L̃xpf)(t) = p(ζ−1)f(t), ∀p ∈ C[T ]W0 , (5.7.6)

with
L̃xp := G̃(·, ζ)−1 Lxp G̃(·, ζ).

At the end of the previous subsection we introduced Ψ+
w(t, γ) = Ψ+(t, w−1γ) for w ∈

W0. Put S :=
⋃
w∈W0

w(S+). The considerations of this section imply the following.

Theorem 5.7.7. Fix ζ ∈ T \ S.
(i) For ε > 0 sufficiently small, Ψ+

w(·, ζ) has a power series expansion

Ψ+
w(t, ζ) =

∑
α∈Q∨+

Γ+
α (w−1ζ)t−α

for t ∈ Bε, converging normally on compacta ofBε and with Γ+
0 (w−1ζ) 6= 0 explicitly given

by (5.7.1).
(ii) Ψ+

w(t, ζ) (w ∈W0) is analytic in t ∈ T \ S−1
+ .

(iii) The function Ψ̃+
w(·, ζ) ∈M(T ) (w ∈W0) defined by

Ψ̃+
w(t, ζ) :=

G̃(t, w−1(ζ))

G̃(t, ζ)
Ψ+
w(t, ζ) =

θq(t(w0w
−1)(ζ)−1)

θq(tw0(ζ)−1)
Ψ+
w(t, ζ),

is a nonzero solution of the spectral problem (5.7.6) for the gauged Macdonald q-difference
operators for all w ∈W0.

The functions Ψ̃+
w(·, ζ) (w ∈ W0) are the Harish-Chandra series solutions of the

spectral problem (5.7.6). As already mentioned in the introduction of this section,
formal Harish-Chandra series solutions of Macdonald’s spectral problem were al-
ready obtained in [36], and earlier for the root system of type A in [16] and [31]. The
upshot here is that we obtain the Harish-Chandra series solutions as meromorphic
functions and are able to explicitly determine the leading term and the pole locations
of Ψ+

w(·, ζ).



Appendix: Holonomic systems
of q-difference equations

In the appendix we detail the construction of power series solutions of holonomic
systems of q-difference equations. Special cases have been investigated in, e.g., [2],
[21] and [15, §12]. Many arguments go back to classical works [1], [3], [4], [61] on
ordinary linear q-difference equations.

We begin with the construction of formal asymptotic solutions to holonomic sys-
tems of q-difference equations. Let C[[z]] = C[[z1, . . . , zM ]] denote the ring of formal
power series in M indeterminates z1, . . . , zM over the complex numbers. Let V be a
finite-dimensional complex vector space and let

Ai ∈ C[[z]]⊗ End(V )

for i = 1, . . . ,M . Since C[[z]] ⊗ End(V ) is isomorphic to EndC[[z]](C[[z]] ⊗ V ) as
C[[z]]-module, we can view the Ai as C[[z]]-linear endomorphisms of C[[z]]⊗ V . Fix
0 < qi < 1 for 1 ≤ i ≤M . Define the qi-dilation operators

Ti : C[[z]]→ C[[z]]

for i = 1, . . . ,M as the complex linear maps

Ti(
∑
m

dmz
m) :=

∑
m

qmii dmz
m (dm ∈ C),

where we use multi-index notation zm = zm1
1 · · · zmMM for m = (m1, . . . ,mM ) with

mj ∈ Z≥0. We also view Ti as operators on C[[z]] ⊗ V and on C[[z]] ⊗ End(V ).
Consider the system of first-order linear q-difference equations

AiTif = f, (i = 1, . . . ,M) (A.7.7)

for f ∈ C[[z]]⊗ V .
For f ∈ C[[z]]⊗ V and A ∈ C[[z]]⊗ End(V ), we introduce the notations

f (m) := f |zm+1=...=zM=0 ∈ C[[z1, . . . , zm]]⊗ V
A(m) := A|zm+1=...=zM=0 ∈ C[[z1, . . . , zm]]⊗ End(V )

115



116 Appendix: Holonomic sytems of q-difference equations

for 0 ≤ m ≤ M , with the convention that f (M) = f and A(M) = A. We make the
following assumptions on the system of q-difference equations (A.7.7):

(a) The system (A.7.7) is holonomic, that is

AiTi(Aj) = AjTj(Ai) (A.7.8)

for all 1 ≤ i, j ≤ M . Note that the holonomy implies that the leading coefficients
A

(0)
i ∈ End(V ) of Ai mutually commute, i.e.,

[A
(0)
i , A

(0)
j ] = 0

for all 1 ≤ i, j ≤M .
(b) The complex linear endomorphismsA(0)

1 , . . . , A
(0)
M of V are semisimple. Com-

bined with (a) we thus have
V =

⊕
γ∈S

V [γ]

with V [γ] := {v ∈ V | A(0)
i v = γiv ∀i} (γ ∈ CM ) and S := {γ ∈ CM | V [γ] 6= {0}}.

(c) (1M ) := (1, . . . , 1) ∈ CM belongs to S.
(d) γk /∈ q−Nk for all γ ∈ S and 1 ≤ k ≤M .

Proposition A.1. Fix v ∈ V [(1M )]. Consider the system (A.7.7) of q-difference equations
and suppose that (a)-(d) are satisfied. Then there exists a unique solution Φv ∈ C[[z]] ⊗ V
of (A.7.7) such that

Φ(0)
v = v.

Proof. The proposition is a consequence of the following lemma.

Lemma A.2. Let 0 ≤ m < M . Suppose one has a solution

fm ∈ C[[z1, . . . , zm]]⊗ V

of the system of equations

A(m)
r Trfm = fm, 1 ≤ r ≤ m,
A(m)
s fm = fm, m < s ≤M.

(A.7.9)

Then there exists a unique

fm+1 =
∑
n≥0

fm;nz
n
m+1 ∈ C[[z1, . . . , zm+1]]⊗ V

with fm;n ∈ C[[z1, . . . , zm]] ⊗ V and fm;0 = fm satisfying (A.7.9) with the role of m
replaced by m+ 1:

A(m+1)
r Trfm+1 = fm+1, 1 ≤ r ≤ m+ 1,

A(m+1)
s fm+1 = fm+1, m+ 1 < s ≤M.

(A.7.10)
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The proposition follows directly from the lemma as follows. Note that f0 := v ∈
V [(1M )] is a solution of (A.7.9) form = 0. The formal V -valued series fM ∈ C[[z]]⊗V ,
obtained by repeated application of the lemma starting from f0 = v, gives a formal
V -valued series solution of (A.7.7) satisfying f (0)

M = v. For uniqueness, assume that
f ∈ C[[z]] ⊗ V is another formal V -valued series satisfying f (0) = v and solving
(A.7.7). We have f (0) = v = f0 and f (m) solves (A.7.9) for all 0 ≤ m < M . Hence, by
the uniqueness part of the lemma, f = f (M) = fM .

We now proceed to prove the lemma. We assume that we have a formal power
series solution fm ∈ C[[z1, . . . , zm]]⊗ V of (A.7.9) for some 0 ≤ m < M . We write

A(m+1)
r =

∑
n≥0

A(m)
r;n z

n
m+1, (A.7.11)

where A(m)
r;n ∈ C[[z1, . . . , zm]] ⊗ End(V ) and A

(m)
r;0 = A

(m)
r . By a direct computation

one verifies that

fm+1 =
∑
n≥0

fm;nz
n
m+1 ∈ C[[z1, . . . , zm+1]]⊗ V

with fm;n ∈ C[[z1, . . . , zm]]⊗ V and fm;0 = fm satisfies the q-difference equation

A
(m+1)
m+1 Tm+1fm+1 = fm+1

if and only if (
1− qnm+1A

(m)
m+1

)
fm;n =

n∑
l=1

qn−lm+1A
(m)
m+1;lfm;n−l (A.7.12)

for all n ∈ Z≥0. The recurrence relations (A.7.12) admit a unique solution (fm;n)n∈Z≥0

with fm;n ∈ C[[z1, . . . , zm]] ⊗ V and with initial condition fm;0 = fm. Indeed, note
that (A.7.12) is valid for n = 0 since fm;0 = fm satisfies (A.7.9). For n ≥ 1, we have

det
(
1− qnm+1A

(m)
m+1

)
∈ C[[z1, . . . , zm]]×,

since

det
(
1−qnm+1A

(m)
m+1

)
|z1=...=zm=0 = det

(
1−qnm+1A

(0)
m+1

)
=
∏
γ∈S

(1−qnm+1γ
dim(V [γ])
m+1 ) 6= 0

by assumption (d). Cramer’s rule then implies that (A.7.12) admits a unique solution
(fm;n)n∈Z≥0

with fm;0 = fm.
We conclude that there exists a unique

fm+1 =
∑
n≥0

fm;nz
n
m+1

with fm;n ∈ C[[z1, . . . , zm]]⊗ V and fm;0 = fm satisfying the q-difference equation

A
(m+1)
m+1 Tm+1fm+1 = fm+1. (A.7.13)



118 Appendix: Holonomic sytems of q-difference equations

It remains to show that fm+1 also satisfies (A.7.10) for r = 1, . . . ,m and for s =
m+ 2, . . . ,M .

Fix 1 ≤ r ≤ m and write gr := A
(m+1)
r Trfm+1. Its expansion in powers of zm+1 is

written as
gr =

∑
n≥0

gr;nz
n
m+1

with gr;n ∈ C[[z1, . . . , zm]] ⊗ V and gr;0 = A
(m)
r Trfm = fm, where the last equality

follows from the fact that fm is assumed to satisfy (A.7.9). Furthermore, using the
holonomy (A.7.8) and the q-difference equation (A.7.13) in zm+1 satisfied by fm+1,
we have

A
(m+1)
m+1 Tm+1gr = A

(m+1)
m+1 Tm+1(A(m+1)

r )TrTm+1fm+1

= A(m+1)
r Tr(A(m+1)

m+1 )TrTm+1fm+1

= A(m+1)
r Tr

(
A

(m+1)
m+1 Tm+1fm+1

)
= A(m+1)

r Trfm+1 = gr.

We conclude that gr satisfies the characterizing properties of fm+1. Hence gr = fm+1,
i.e.,

A(m+1)
r Trfm+1 = fm+1.

Fix m + 1 < s ≤ M and write gs := A
(m+1)
s fm+1. By a similar argument as used

in the previous paragraph, we now show that gs = fm+1. We write

gs =
∑
n≥0

gs;nz
n
m+1

with gs;n ∈ C[[z1, . . . , zm]] ⊗ V and gs;0 = A
(m)
s fm = fm, where the last equality

follows by the assumption that fm satisfies (A.7.9). Using the holonomy (A.7.8), the
q-difference equation (A.7.13), and the obvious fact that Ts(A(m+1)

m+1 ) = A
(m+1)
m+1 since

s > m+ 1, we have

A
(m+1)
m+1 Tm+1gs = A

(m+1)
m+1 Tm+1(A(m+1)

s )Tm+1fm+1

= A(m+1)
s Ts(A(m+1)

m+1 )Tm+1fm+1

= A(m+1)
s A

(m+1)
m+1 Tm+1fm+1

= A(m+1)
s fm+1 = gs.

We conclude that gs satisfies the characterizing properties of fm+1. Hence gs = fm+1,
i.e.

A(m+1)
s fm+1 = fm+1.

This completes the proof of Lemma A.2, and hence the proof of Proposition A.1.
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We investigate the analytical properties of the solution Φv when the q-connection
matrices Ai (1 ≤ i ≤ M ) satisfy, besides the conditions (a)-(d), the following analyt-
icity condition:

(e) For some ε > 0 the formal End(V )-valued seriesAi ∈ C[[z]]⊗End(V ) (1 ≤ i ≤
M ) converges normally on compacta of the open polydisc DM

ε := {z ∈ CM | |zi| <
ε ∀ i}.

In other words, if we expand Ai along a basis of End(V ), condition (e) requires
its coefficients in C[[z]] to converge normally on compacta of DM

ε .

Proposition A.3. Suppose that the q-connection matrices Ai ∈ C[[z]]⊗ End(V ) (1 ≤ i ≤
M ) satisfy (a)-(e). Let v ∈ V [(1M )]. There exists an ε > 0 such that the formal V -valued
series Φv ∈ C[[z]]⊗ V converges normally on compacta of DM

ε .

Proof. For ease of notation, we will write Φ instead of Φv . By induction on m =
0, . . . ,M we prove that there exists ε > 0 such that Φ(m) ∈ C[[z1, . . . , zm]] ⊗ V con-
verges normally on compacta of Dm

ε .
Form = 0, there is nothing to prove. Fix 0 ≤ m < M and suppose Φ(m) converges

normally on compacta of Dm
δ for some δ > 0. Write

Φ(m+1) =
∑
n≥0

Φm;nz
n
m+1

with Φm;n ∈ C[[z1, . . . , zm]] ⊗ V and Φm;0 = Φ(m). Recall from the proof of Lemma
A.2 that the formal V -valued power series Φm;n (n ≥ 1) are unique characterized by
the recurrence relations

Φm;n =

n∑
l=1

qn−lm+1

(
1− qnm+1A

(m)
m+1

)−1
A

(m)
m+1;lΦm;n−l (A.7.14)

for all n ≥ 1. We use this recurrence formula to find bounds for Φm;n in a neighbor-
hood of 0 ∈ Cm.

Turn the finite-dimensional complex vector space V into an inner product space,
with corresponding norm denoted by ‖ · ‖. We also write ‖ · ‖ for the operator norm
of the associated finite-dimensional normed space End(V ). We continue the proof
of the proposition with two technical sublemmas. First we find a proper uniform
bound for A(m)

m+1;l for all l (see (A.7.14)).

Lemma A.4. There exists ε > 0 and M > 0 such that ‖A(m)
m+1;l‖ ≤ Mε−l on D

m

ε for all
l ≥ 0.

Proof. By (e) there exists an ε > 0 such that A(m+1)
m+1 ∈ C[[z1, . . . , zm+1]] ⊗ End(V )

converges normally on compacta of the polydisc Dm+1
2ε . Consequently, for ε < ε′ <

2εwe have that ‖A(m+1)
m+1 ‖ is uniformly bounded on the polydiscDm+1

ε′ , say byM > 0.
In particular, we get

‖(∂lzm+1
A

(m+1)
m+1 )(z1, . . . , zm+1)|zm+1=0‖ ≤Mε−ll!
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for all (z1, . . . , zm) ∈ Dm

ε and for all l ≥ 0 (see, e.g., [25] Theorem 2.2.7). This proves
the lemma in view of the definition (A.7.11) of A(m)

m+1;l.

Lemma A.5. There exists an ε > 0 such that Φm;n ∈ C[[z1, . . . , zm]] ⊗ V converges
normally on compacta of Dm

ε for all n ≥ 0. Furthermore, there exists a constant C > 0
(independent of n) such that

‖Φm;n‖ ≤
C

1 + C

(
1 + C

qm+1ε

)n
‖Φ(m)‖

on Dm
ε for all n ≥ 1.

Proof. In the proof of this lemma, we write q instead of qm+1. By assumption, Φm;0 =
Φ(m) converges normally on compacta ofDm

ε if 0 < ε < δ. We now use the recurrence
relation (A.7.14) to obtain the desired results for Φm;n with n ≥ 1.

By the proof of Lemma A.2 and since 0 < q < 1, there exists some ε > 0 (indepen-
dent of n ≥ 1) such that det(1− qnA(m)

m+1)−1 is analytic on Dm
ε for all n ≥ 1 and such

that |det(1 − qnA(m)
m+1)−1| is bounded on the closure D

m

ε of Dm
ε , with bound inde-

pendent of n ≥ 1. For such ε, it follows from (A.7.14) that Φm;n converges normally
on compacta of Dm

ε for all n ≥ 1. Furthermore, by (e), 0 < q < 1, and Cramer’s rule,
it implies that for ε > 0 small enough,

‖(1− qnA(m)
m+1)−1‖ ≤ C ′

on D
m

ε for all n ≥ 1, with C ′ > 0 also independent of n. By (A.7.14), 0 < q < 1 and
the previous lemma, we thus obtain for ε > 0 small enough,

‖Φm;n‖ ≤ C ′
n∑
l=1

qn−l‖A(m)
m+1;l‖ ‖Φm;n−l‖ ≤ C

n∑
l=1

(
1

qε

)l
‖Φm;n−l‖ (A.7.15)

on D
m

ε for all n ≥ 1 with the constant C = C ′M > 0 (independent of n).
Now, we have the following claim (cf. [15] §10.6): the recurrence relation

gn = C

n∑
l=1

(
1

qε

)l
gn−l, (n > 0)

with g0 ∈ R fixed is uniquely solved by

gn =
C

C + 1

(
1 + C

qε

)n
g0
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for n ≥ 1. Being obvious for n = 1, the claim follows using induction for n > 1 by

gn = C

(
1

qε

)n
g0 + C

n−1∑
l=1

(
1

qε

)l
gn−l

= C

(
1

qε

)n
g0 +

C2

C + 1

n−1∑
l=1

(
1

qε

)l(
(1 + C)

qε

)n−l
g0

= C

(
1

qε

)n
g0

(
1 + C

n−2∑
l=0

(1 + C)l

)

= C

(
1

qε

)n
g0

(
1 + C

(
(1 + C)n−1 − 1

1 + C − 1

))
=

C

C + 1

(
1 + C

qε

)n
g0.

Combined with (A.7.15), the lemma now follows immediately.

To conclude the proof of the proposition, note that the previous lemma shows
that

Φ(m+1) =
∑
n≥0

Φm;nz
n
m+1 ∈ C[[z1, . . . , zm+1]]⊗ End(V )

converges normally on compacta of Dm+1
ε′ if we take ε′ > 0 sufficiently small. This

concludes the proof of the induction step.

We interpret the q-dilation operators Ti as automorphisms ofM(CM ) by

(Tif)(z) = f(z1, . . . , zi−1, qizi, zi+1, . . . , zM ).

Theorem A.6. Suppose Ai ∈ M(CM )⊗ End(V ) (1 ≤ i ≤ M ) satisfy the holonomy con-
ditions (A.7.8) as meromorphic End(V )-valued functions on CM . Suppose that the Ai are
analytic at 0 ∈ CM and that their power series expansions at 0 ∈ CM satisfy the conditions
(b)-(d).

Let v ∈ V [(1M )]. There exists a unique Φv ∈ M(CM ) ⊗ V solving the holonomic
system (A.7.7) of q-difference equations and coinciding, in a small neighborhood of 0 ∈ CM ,
with the converging V -valued power series solution Φv from Proposition A.3.

Proof. Since the Ai are assumed to be analytic at 0 ∈ CM , their power series expan-
sions at 0 ∈ CM are converging normally on compacta of some open polydisc DM

ε

(ε > 0). Hence, condition (e) is automatically satisfied.
Let Φv ∈ C[[z]]⊗V be the power series solution from Proposition A.3 and let ε > 0

such that Φv converges normally on compacta of DM
ε . Let z′ ∈ CM and U ⊂ CM

some open locally compact neighborhood of z′. Since 0 < qi < 1 (1 ≤ i ≤ M ), there
exists a λ ∈ ZM≥0 such that qλU ⊂ DM

ε , where qλz = (qλ1
1 z1, . . . , q

λM
M zM ). Define Φv

as V -valued meromorphic function on z ∈ U by

Φv(z) = Aλ(z)Φv(q
λz), (A.7.16)
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where Aλ ∈M(CM )⊗ End(V ) is defined inductively by

Aλ+µ(z) = Aλ(z)Aµ(qλz), ∀λ, µ ∈ ZM≥0,

and Aεi = Ai (1 ≤ i ≤ M ), where the εi (1 ≤ i ≤ M ) are the standard generators
of the additive monoid ZM≥0. Of course, the definition of Aλ(z) makes sense by the
holonomy conditions for the Ai. Furthermore, (A.7.16) together with the holonomy
conditions for the Ai show that the power series solution Φv of (A.7.8) has a unique
extension to a meromorphic V -valued solution on CM of (A.7.8).
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Samenvatting

In deze samenvatting zullen we proberen een globale beschrijving te geven van de
inhoud van dit proefschrift. We beginnen met het verduidelijken van een aantal veel
gebruikte concepten aan de hand van een alledaags voorbeeld.

De hoofdrolspelers in dit proefschrift, zoals de titel wellicht al doet vermoeden,
zijn de bispectrale quantum Knizhnik-Zamolodchikov vergelijkingen. Ze vormen een nog-
al niet-triviaal voorbeeld van een systeem van differentievergelijkingen. Vele fenome-
nen in de natuurkunde, scheikunde, biologie, maar ook in de financiële wereld, kun-
nen gemodelleerd worden met behulp van differentievergelijkingen. Wanneer men
bijvoorbeeld een bepaald bedrag x0 op een spaarrekening zet tegen een jaarlijkse
rente van 4% en xn stelt het bedrag voor dat men na n jaar bij elkaar heeft gespaard,
dan wordt het verloop van het spaarproces vastgelegd door de eenvoudige differen-
tievergelijking

xn+1 = 1, 04xn. (1)

Als de begininleg e50 bedraagt, dat wil zeggen x0 = 50, dan heeft men na 1 jaar dus
e52 (x1 = 1, 04x0 = 52), na 2 jaar e54,08 (x2 = 1, 04x1 = 54, 08), etc. We kunnen
het rijtje x0, x1, x2, x3, . . . beschouwen als een functie f op de niet-negatieve gehele
getallen, bepaald door f(n) = xn. In deze notatie krijgt bovenstaande differentiever-
gelijking de vorm f(n+ 1) = 1, 04f(n). De oplossingen van deze differentievergelij-
king worden gegeven door f(n) = c · 1, 04n, waarbij c de begininleg is. In ons geval
hebben we dus f(n) = 50 · 1, 04n. Merk op dat deze uitdrukking niet alleen zinvol
is voor gehele getallen n; f(t) = 50 · 1, 04t is gedefinieerd voor ieder reëel getal t en
geeft de waarde van de spaarrekening als ware het een continu proces.

Indien we de rente niet gelijk aan 4% maar willekeurig kiezen, zouden we, meer
algemeen, de differentievergelijking

f(t+ 1) = λf(t) (2)

kunnen beschouwen, met λ een gegeven constante. De oplossingen van (2) worden
gegeven door f(t) = c · λt met c weer de begininleg, of, als we de financiële context
even vergeten, gewoon een willekeurige constante. De vergelijking (2) laat zich weer
verder generaliseren tot een vergelijking

f(t+ 1, λ) = A(t, λ)f(t, λ), (3)
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waarbij A(t, λ) een gegeven functie is die afhangt van t en λ. Men zou zich nu de
vraag kunnen stellen of er ook een differentievergelijking in de variabele λ bestaat,
dus zeg f(t, λ + 1) = B(t, λ)f(t, λ) voor een zekere functie B(t, λ), zodanig dat het
systeem van differentievergelijkingen

f(t+ 1, λ) = A(t, λ)f(t, λ),

f(t, λ+ 1) = B(t, λ)f(t, λ)
(4)

compatibel is, wat ongeveer wil zeggen dat er een niet-triviale functie f(t, λ) bestaat
die aan beide vergelijkingen tegelijk voldoet. Als we nu (3) vervangen door een
specifiek, belangrijk systeem van differentievergelijkingen, de zogeheten quantum
Knizhnik-Zamolodchikov (KZ) vergelijkingen (dit zijn zekere vergelijkingen werkende
in t = (t1, . . . , tN ) voor vectorwaardige functies f(t, λ) die afhangen van extra vari-
abelen λ = (λ1, . . . , λN )), dan is de analoge vraag of er een systeem van differentie-
vergelijkingen werkende in λ bestaat, zodanig dat het totale, ‘verdubbelde’ systeem
compatibel is, de centrale vraag in dit proefschrift. Deze vraag kunnen we met “ja”
beantwoorden.

De quantum KZ vergelijkingen hebben hun oorsprong in de theoretische fysica
en zijn sinds hun eerste verschijning begin jaren ’90 veelvuldig bestudeerd. Eigenlijk
zijn de quantum KZ vergelijkingen zogenaamde q-differentievergelijkingen, maar voor
de doeleinden van deze samenvatting, kan het niet zoveel kwaad om het verschil
hier niet te duiden.

Het verdubbelde, compatibele systeem dat we construeren, noemen we de bispec-
trale quantum KZ vergelijkingen. De constructie van de bispectrale quantum KZ verge-
lijkingen en het bewijs dat ze daadwerkelijk een compatibel stel differentievergelij-
kingen vormen, berust op de eigenschappen van een geavanceerd algebraı̈sch object
geı̈ntroduceerd door Ivan Cherednik, de zogenaamde dubbele affiene Hecke algebra.
Een van de belangrijkste toepassingen van de bispectrale quantum KZ vergelijkin-
gen is dat het extra, compatibele stel vergelijkingen gebruikt kan worden om uit
bestaande oplossingen van de quantum KZ vergelijkingen nieuwe oplossingen te
creëren. Dit wordt uitgebreid in het proefschrift besproken.

Een andere toepassing van de bispectrale quantum KZ vergelijkingen is de vol-
gende. Een door Cherednik gevonden correspondentie tussen de quantum KZ ver-
gelijkingen en een spectraalprobleem (eigenwaardevergelijking) voor de zogenaam-
de Macdonald-Ruijsenaars operatoren, blijkt aanleiding te geven tot een correspon-
dentie tussen de bispectrale quantum KZ vergelijkingen en een bispectraal probleem
voor de Macdonald-Ruijsenaars operatoren. Oplossingen van de bispectrale quan-
tum KZ vergelijkingen die we in dit proefschrift vinden, gaan via de correspon-
dentie over in oplossingen voor het bispectrale probleem. Op die manier worden
nieuwe resultaten verkregen omtrent de convergentie van speciale machtreeksoplos-
singen (Harish-Chandra machtreeksoplossingen) van het spectraalprobleem, alsook
nieuwe inzichten in de theorie van zekere polynomiale oplossingen van het spec-
traalprobleem, de beroemde (symmetrische) Macdonaldpolynomen.

Er zijn verschillende typen van de dubbele affiene Hecke algebra en het blijkt
dat we bispectrale quantum KZ vergelijkingen kunnen associëren met ieder type. In
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de hoofstukken 2 tot en met 4 geven we een uitgebreide behandeling van bovenge-
noemde theorie in het geval dat de dubbele affiene Hecke algebra van het typeAN is.
In het laatste hoofdstuk beschrijven we de theorie corresponderend met de dubbele
affiene Hecke algebra van een willekeurig type.
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