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Voorwoord

Voor u ligt het resultaat van bijna vijf jaar onderzoek in de kansrekening aan het KdV
instituut voor wiskunde. Deze vijf jaren hebben op het eerste gezicht niet allemaal
evenveel bijgedragen aan de vulling van dit proefschrift. Het totstandkomen van
dit proefschrift kan volgens mij het beste vergeleken worden met het verloop van
een voetbalwedstrijd waarin een ploeg (vroeg) op achterstand komt, vlak voor tijd
de gelijkmaker scoort, en vervolgens in de verlenging de winnende treffer in het net
jaagt. Uiteindelijk is het dus allemaal gelukt, niet in de laatste plaats dankzij de
steun van velen, zie ook het dankwoord achterin.

Het onderwerp van studie in dit proefschrift is een model van een wachtrij waarbij
de klanten worden bediend volgens de zogenaamde Foreground-Background (FB)
bedieningsdiscipline. Deze niet zo bekende discipline werkt goed als de verdeling
van de bedieningstijd zogenaamde zware staarten heeft. Onlangs is aangetoond dat
dit soort verdelingen optreden in internetverkeer. In dit proefschrif beschrijf ik een
aantal eigenschappen van de FB-wachtrij. Verder vergelijk ik de FB-wachtrij met
wachtrijen die andere bedieningsdisciplines gebruiken en laat ik zien hoe de wachtrij
reageert op het veranderen van één van de begincondities, de bedieningsverdeling.

Inherent aan een procfschrift in de wiskunde is dat een zekere kennis moet wor-
den aangenomen; in dit geval is dat bekendheid met enkele basisbegrippen uit de
stochastiek in het algemeen, en de wachtrijtheorie in het bijzonder. Het zou te ver
voeren deze begrippen hier toe te lichten. Ik besef dat hierdoor het lezen van het
proefschrift er voor niet-stochastici niet makkelijker op wordt.

De voorkant van dit boekje tenslotte, ontworpen door Pepijn van der Laan, il-
lustreert enkele ideeén van het in dit proefschrift bestudeerde model, met name de
begrippen ‘leeftijd’ en ‘cohort’, zie ook hoofdstuk 1.

Amsterdam, april 2004 Misja




Models must be our slaves, not our masters.
Nick Bingham

Veniet tempus quo posteri nostri nos tam aperta nescisse mirentur.

Seneca, Naturales quaestiones
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CHAPTER ]_

The Foreground-Background

discipline

1.1 Queueing theory

Imagine a person who solves (mathematical) problems as a profession. Every month
he receives a number of problems. Many of them can be solved in a few minutes, most
of them within an hour, but some problems may take weeks or even years to solve.
Since eventually every problem is solved in an instant of insight, it is impossible
beforehand to say how much time he will spend on a problem. A reasonable strategy
to solve as many problems as possible is to dedicate a few minutes to a problem,
and if it cannot be solved, to put it aside and start with a new problem. When all
problems present on his desk have received a few minutes of attention, he returns
to a problem that was put aside and spends half an hour on that problem. Then he
returns to another problem that was put aside, and so on.

The situation in the example above may be modelled as a queue. The strategy is
called the service discipline, queue(ing) discipline or simply discipline. A large num-
ber of real world phenomena can be thought of in a queueing context. One should
think of communication networks like internet and call centres, queues for a printer,

1



2 Chapter 1 The Foreground-Background discipline

in the post office and supermarket, but also inventory systems may be modelled as
queues. Hence it is no wonder that a whole branch of {applied) probability theory
is devoted to queueing.!

It is clear that by means of the service discipline one may influence the behaviour
of a queueing system. Consider for example what happens to the queue described
above when the problem solver uses the FIFO (First in first out) service discipline,
which gives priority to the first customer in line, as is tradition in for example post
offices. This strategy may work for some time, until the mathematician hits upon a
problem that takes years to solve. Then the size of the pile of problems waiting to
be solved is likely to grow very large. The question which service discipline to use,

is therefore a crucial one.

Queueing theory has been around since the beginning of the twentieth century.
The Danish mathematician Erlang may be considered as the founder of queueing
theory, since his studies for the Copenhagen Telephone Company between 1909 and
1920 form pioneering work in the theory of queues. Since then queueing theory has
been the object of growing interest. From different angles and with different levels
of mathematical rigour people have investigated queueing models. This has resulted
in a rich variety of models and techniques in the literature. Nowadays hundreds of
articles on the subject appear yearly and several journals are devoted to queueing
theory. For an account of the (early) history of queueing theory up to 1960 we refer
to Saaty (1961, [56]). The developments in the second half of the twentieth century
are amply discussed in Stidham (2001, [62]).

1.2 The Foreground-Background (FB) model

In this thesis we analyse queues that use the so-called FB service discipline. This
not very well-known discipline has some appealing features. These will be described
in Section 1.4 below. The FB discipline works according to the following rule.

FB rule: the customer in the queue that has received the least amount
of service is served. If there are n such customers, for some n € N, then

they are served simultaneously, i.e., each of them is served at rate 1/n.

Let the age of a customer be the amount of work he has received. Then a server
using the FB discipline always serves the youngest customer(s). As a consequence

11t is claimed that ‘queueing’ is the only non-artificial English word containing five subsequent

vowels.




1.2 The Foreground-Background (FB) model 3

customers tend to cluster together in cohorts, groups of customers having the same
age.

When a new customer arrives in an FB queue, he is (strictly) the youngest cus-
tomer in the queue. Hence he is served immediately, see Figure 1 below. If the
server stops serving another customer(s) to serve the new customer, then the server
is said to have preempted the other customer(s). After that time, basically three
things may happen.

1. If the customer needs at least as much service as the age of the customer(s)
that was (were) preempted at his arrival, then at a certain time their ages will be
equal and they are served together. This happens to the second customer in Figure 1
below. We say that the customer joins a cohort. Later this cohort may join another
cohort.

2. The customer may need less service than the age of the customer that he
preempted, and hence he leaves the queue before joining the older cohort (see the
third customer in Figure 1 below) and the server returns to the cohort that was
preempted.

3. Before leaving the queue or joining another cohort the customer may be
preempted himself by the arrival of a new customer. This happened to the first

customer in Figure 1 below.

age

By |

B |

Figure 1 A realisation of the age process in the FB queue.

The (large) full circles denote the departure of a customer.




4 Chapter 1 The Foreground-Background discipline

this customer spends in the system? is the same as in the queue with service times
truncated at level 7. We call such a queue a 7-queue. The concept of the 7-queue is
used frequently in this thesis.

To further illustrate how the FB model works, let us consider a busy period in
the queue with constant service times. Customers arriving in the same busy period
cluster together as described above. By the FB priority rule however none of them
is allowed to leave the queue before another customer leaves: since service times
are constant, the customers with the smallest residual service time have the lowest
priority. Hence at the end of the busy period a large cohort, containing all customers
who arrived during that busy period, leaves the queue. Kleinrock (1976, [32]) uses
this example to emphasise the disastrous effect that using the FB discipline may
have.

1.3 History of the FB model

In its initial stages in the second half of the sixties, the term FB, or rather FB,,, was
used as an abbreviation for both Foreground-Background and Feedback queueing sys-
tems. These different names referred to the same models. See Schrage (1967, [58]),
Coffman and Kleinrock (1968, [13]), and the survey article by McKinney (1969, [38]).
The FB,, queue with so-called gquantum size ¢ at first was a one-gerver gueue with n
states, or priority classes. This queue operated as follows. A job upon arrival enters
the first - or highest priority - state. Within each priority class, the priority of cus-
tomers depends on their arrival time to that class, in a FIFO manner. Customers are
served alone and uninterruptedly for a time period of length g. After the server has
completed a customer’s service request in a certain state, one of the customers with
the highest priority is selected for service, according to the FIFO rule. If a customer
does not leave the queue during his time in the kth state, he moves to the k + 1st
state - this state has lower priority - and waits until he is served in that state. In the
nth and last state, customers are served uninterruptedly until they leave the system.

The interest in the FB,, model with n states and positive quantum size ¢ faded
after a few years. The only model to survive was the limiting case where (first)
n — oc and (then) g — 0. After Kleinrock devoted a section of his Queueing Systems
(1976, [32]) to this model, the term Foreground-Background (FB) is generally used
for the FB4 model with quantum size ¢ — 0. In this thesis the term FB refers to
this model.

To distinguish FB from the FB, model, some authors prefer to use the term

2The words ‘system’ and ‘queue’ are used as synonyms, as are ‘customer’ and ‘job’.




1.4 Why the FB queue?

Foreground-Background Processor Sharing (FBPS), FB, or generalised Foreground-
Background. Others, perhaps unfamiliar with the literature, have invented their
own acronyms like LAST (Least Attained Service Time first), LAS (Least Attained
Service first) or SET (Shortest Elapsed Time) or have interpreted the acronym FB
as ‘feedback’. As a consequence some theorems have been re-proved (in a weaker
form), for example in Feng and Misra (2003, [22]) and Wierman et al. (2002, [65]).

1.4 Why the FB queue?

By means of the service discipline the behaviour of the queueing process may be
influenced. There are many ways to choose the service discipline. A queue with a
certain discipline may behave well for certain service-time distributions, while for
other distributions the queue exhibits less favourable properties. Consider for exam-
ple the classical FIFO service discipline. This discipline performs very well in case
the service times are constant (deterministic) or are bounded random variables. For
light-tailed unbounded service times the FIFO discipline still behaves fine. However
in case of heavy-tailed service times, the number of customers in the queue is likely
to grow very large now and then: imagine what happens to the queue length when
a customer with a very large service time is served. In fact the Pollaczek-Khinchin
mean value formula, see for instance Kleinrock (1975, [31]), states that the mean of
the stationary queue length does not even exist if the second moment of the service
time does not exist.

Heavy tails arise in nature, for example, in job lengths in internet traffic, length of
telephone calls, etc., see for example Crovella and Bestavros (1996, [18]) and Tagqu
et al. (1996, [64]). For such heavy-tailed systems a different scheduling discipline
than FIFO is called for, to make sure that in the presence of a large job other jobs
do not suffer too much delay.

One candidate is the FB discipline: by the FB priority rule, a customer m, with
service time x say, has priority over customers older than = that are present in the
queue. The service requirements of jobs that arrive during the stay of customer m
are only relevant for him up to the value x: customer m leaves the queue the moment
these new jobs become older than x, if at all. Hence small jobs do not notice the
presence of large jobs in their midst and are therefore insensitive to the shape of
tail of the service-time distribution. For a number of these heavy-tailed service-time
distributions the FB service discipline is optimal in the following sense: it minimises
the queue length in certain ways over the class of service disciplines that do not use
knowledge of residual service times, see for instance Righter’s optimality theorem in
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Section 2.2.

Another discipline that limits the influence of large jobs present in the system
is the PS (Processor Sharing) discipline. Under the PS discipline all jobs receive an
equal share of the server’s capacity. Hence if there are n > 1 jobs present, then every
job is served at rate 1/n. We shall see that for a number of (asymptotic) results the
behaviour of FB and PS is comparable.

The overloaded system

Let the random variable B be the generic service time and denote the rate at which
customers arrive, the arrival rate, by A. Then p = AEB < o¢ is the load of the
queue. If p > 1 then on average more work enters the system than the server can
manage and the system is called unstable or overloaded. It may be seen that the
queue length in unstable queueing systems asymptotically grows linearly in time.

Under the FB discipline a certain part of the customers, namely those with
service times that are small enough, are still served in an efficient way. Indeed, by
the insensitivity property above, customers with service times up to a certain critical
value ¢* do not notice that the load is larger than one. Hence for those customers
the busy period is finite a.s. (almost surely) and they are not affected by overloading,
see Balkema and Verwijmeren (2000, [6]).

Numerical calculations show that for heavy-tailed distributions with much mass
to the left of A~!, the asymptotic growth rate of FB is smaller than that of PS. See
Section A.1 for further discussion on this issue and Section 8.5 for a result on the

output process in overloaded queues.

1.5 Goal of the thesis

This thesis studies several aspects of the Foreground-Background (FB) queue. We
mention the stationary queue length, the maximum queue length in a busy period
and over a time interval, the departure process, the cohort process, and the sojourn
time. The sojourn time, also known as response time or total waiting time, is the
total time a customer spends in the queue, i.e. the time between his arrival and his
departure.

Many of the results illustrate the concept that for heavy-tailed service-time dis-
tributions the FB discipline performs efficiently. For light-tailed service times, the
behaviour is exactly the opposite and the queue under the FB discipline may behave
badly, see Kleinrock (1976, [32]).
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In this thesis we provide evidence that for certain models the FB discipline is
markedly superior to FIFO. Especially for queues with heavy-tailed service times,
the FB discipline behaves very efficiently and outperforms the FIFO discipline. If the
overhead, caused by monitoring the ages of the customers. is not a problem, then
the FB discipline is an efficient scheduling mechanism in case the value of the service
times is unknown and the service-time distribution is heavy-tailed.

It is surprising that the FB discipline has received so little attention in the liter-
ature®, since in a certain sense it is the natural counterpart to the FIFO discipline:
FB serves the youngest customers, while FIFO gives priority to the oldest customer.
This may have to do with the fact that the interest in queues with heavy-tailed
characteristics is relatively recent, as well as with the difficulties that arise in the
analysis of the FB queue. The literature review in Chapter 2 gives an overview of
different types of results obtained for the FB queue. An overview of this type does
not exist in the literature. The review article by Yashkov (1992, [69]) on processor-
sharing, including FB queues, dates from 1992 and does not mention the optimality
results in Section 2.2, or the recent results on the slowdown in Subsection 2.3.3.

1.6 The FB queue: properties and basic notions

In this section we describe some basic notions and properties of the FB queue that

are used in this thesis.
Distributions: heavy tails and log-convex densities

There is no consensus on when a random variable is heavy-tailed. Some authors
require that the variance is infinite, while for others a distribution is heavy-tailed if
no exponential moments exist. We adopt this latter notion. For heavy-tailed service
times the FB queue may behave better than for light-tailed service times (with the
same mean). This counter-intuitive phenomenon appears on a number of occasions
in this thesis, see Chapters 4, 6 and 9. In this thesis a special place is reserved for
the class of distributions with log-convex densities. For this class the FB discipline
exhibits certain optimality properties, as will be discussed in Section 2.2. This class
contains heavy-tailed distributions, like the Pareto and (certain) Weibull distribu-
tions, as well as distributions that are light-tailed, like the exponential distribution

and (certain) gamma distributions.

3We estimate that this thesis roughly doubles the number of words on queues with the FB

discipline in the literature.










































































































































































































































































































































































































































































































