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1 INTRODUCTION

1 Introduction
1.1 Historic background

The present overview of what brought people to the study of systems like the ones
that form the main topic of this thesis, is based on [1], [4], [19] and [22]. More
details can be found there.

The description of various types of water waves goes back to the nineteenth
century. We mention two antagonists in this respect: J. Scott Russell who de-
voted much of his attention to solitary waves and Airy, who published in 1845
in his Tides and Waves a theory of long waves of small but finite amplitude and
concluded that solitary waves of permanent form do not exist. This dispute lasted
for 50 years till in 1895 Korteweg and his PhD-student de Vries, inspired by the

work of Boussinesq, derived the following partial differential equation

ou 10%uw 3 Ou 1
Uy = = —Ugzz + S UU,

T 100 120 1 2

to describe the propagation of shallow water waves in a narrow channel. Here the
dependent variable u = u(z,t) describes the height of waves in the channel as a
function of a space coordinate = along the channel and a time coordinate ¢. Since
then it carries their name and is abbreviated as KdV equation. This equation

possesses a family of permanent wave solutions
u(z,t) = k*cosh ™2 (kx + k>t + ¢), (1)

where k and c are constants. They are examples of so-called soliton solutions of
the KdV equation.

For a long time this equation remained obscure. It was another physical prob-
lem that triggered interest in this equation: Fermi, Pasta and Ulam performed
numerical experiments with an anharmonic one-dimensional lattice and observed
to their surprise not a steady continuous flow of energy from the first mode to the
higher ones, but more an exchange of energy, essentially, among only a certain
few. To understand this phenomenon Kruskal and Zabrusky made a continuous
model, where the equations of motions in the approximation up to the second

order in the distance between the springs reduced to the KdV equation. They
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observed that the interaction of two solutions of the form (1) was inelastic: start-
ing at ¢ = 0 with two well-separated solutions with the highest(= fastest) one at
the left, the fastest one starts overhauling the slower one, they interact for some
time and continue to move on, whereby they regain asymptotically for ¢ — oo
their original shape and only a phase shift has taken place. These observations
triggered a lot research. In particular, it led to the development by Gardner,
Greene, Kruskal and Miura, see [11] and [12], of the inverse scattering transform,
roughly speaking a method to reconstruct fast decaying solutions u(x,t) of the
KdV equation out of u(z,0) and its scattering data.

Inspired by the outcome of the numerical work of Fermi and coworkers, M.
Toda started the search for nonlinear lattices that are susceptible for analysis. He
considered systems of one-dimensional particles where the equations of motion
of each particle are determined by a potential depending only of the distance to
the particle on the left and the distance to the particle on the right, see [51] and
[52]. From an integrable perspective such systems were treated by J. Moser, [36].
To give a concrete idea of these systems we present following [41] an example,
namely that of the so-called finite open Toda lattice. Consider n particles on a
line and let ¢1(¢),- - - , ¢n(t) denote their positions and assume for simplicity that
each particle has mass equal to 1. The momentum p; of the i-th particle is then

pi = %qi. Further we assume that the center of gravity remains in the origin
n n
> 4= p=0.
j=1 j=1
The Hamiltonian function H for this model is given by
1 n n—1
TR WA W
Jj=1 Jj=1

The corresponding Hamiltonian system consists then of the equations

_0H
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In terms of the ¢; and the p; this amounts to the equations

4 =pjJ =1, n
p1 = —9¢2(a1—q2)
Py = 2201795 2e2( 6~ 2 < j<pn 1,

Pn = 92¢2(an-1—an)

This finite-dimensional Hamiltonian system is a special case of a series of Hamil-
tonian systems connected with Dynkin diagrams, see [39]. The representation
theoretic and symplectic aspects of these systems and the most explicit integra-
tion are treated extensively in [31], see also [50] for a more compact and slightly
different view on them. Many of the techniques used in these papers could be
adapted to integrable systems connected to affine Lie algebras, see [43], [44] and
[8].

Another important discovery was made by P.D. Lax [33]. He considered cer-
tain deformations of constant coefficient differential operators and showed that
the KdV equation follows as the compatibility condition of an appropriate lin-
earization and as such the KdV equation can be written as an identity between
differential operators in 0 := 3% with coeflicients from some ring of functions R

in the variables z and ¢. For simplicity we assume here that R = C*°(R?).

If one associates to any function v € R the differential operators
9 s 3 3
L=0"+vand P=0 —l—iv@—i—za(v), (2)

then a direct computation shows that [P,£] = Po L — L o P is equal to the

zero-th-order operator in 9
1 3
[P, L] = 183(1)) + iva(v).

Now one considers 92 +v(z,t) as a flow of Schrodinger operators and in that light
one lets % =: 0y act on L by differentiating its coefficients w.r.t. £. Thus we see
that the fact “v is a solution of the KdV-equation” is equivalent to the following
identity for £ and P

0 _0 0%  ov

~@+E:[P,£]. (3)
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This explains the name Laz form of the KAV equation for the equation (3).
Also in the context of the Toda lattices Lax forms occur. We illustrate this
at the finite open Toda lattice. Define for each i and j € {1,--- ,n}, the function

gi,; by e?~%. Then one introduces the matrices

p1 q2 O 0 e e 0
g2 p2 q3 O e e 0
0 @23 p3 q34 0 e 0
L p—
0 0 Pn—2 dn—2,n—1 0
0 0 0 v guon1  Pn-1  Gn-1m
0 P PO PO 0 qn_Ln p'n,

and the skew symmetric matrix

0 Q1,2 0 0 e .. 0
g2 0 gasz O 0
0 —g3 0 g34 0 0
I . . .
0 0 0 gn—2,n—1 0
0 0 0 —qn—-2n—1 0 dn—1,n
0 0 —Qn-1n 0

A direct computation shows then that the Hamilton equations are equivalent to

L =[L,M] (4)

This form was found by H. Flaschka in [9] and used in [10] to show that the inverse
scattering transform works also in this setting.

In the Lie algebraic picture one has a description of a general solution of
systems like (4). Note that, as the center of gravity is preserved, both L and M
are maps from R — s, (R), the Lie algebra of real n X n-matrices with trace zero.

By the Iwasawa decomposition

where SO, (R) N P_ = Id and P- = AU_(R) with A the positive real diagonal

matrices and U_(R) the unipotent real lower triangular matrices. If one denotes
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by g = g1g2 the decomposition of each g € SL,,(R) w.r.t. the decomposition (5),
then there holds, see [19] and [40]

L(t) = exp(—=tL(0))1 L(0) exp(tL(0))1. (6)

The phenomenon that specific parts of certain decompositions in a Lie group are
at the basis of the construction of solutions of your system is also met at the
hierarchies that are being dealt with in this thesis.

In 1970 Kadomtsev and Petviashvili proposed a two dimensional version of the
KdV equation to study the transversal stability of soliton solutions of the KdV
equation. In this case we have a function u = u(z,y,t) and it satisfies

Zuyy = (ut — ium - %uuw)w (7)
In particular, you see that if you have a solution of the KdV equation and you
extend it to a function in three variables by making the y-dependence trivial,
you have a solution of the KP equation. Also the KP equation results from an
identity between differential operators in 0 = 6%’ but now the coefficients depend
in a differentiable way of three variables, namely x, y and ¢. Assume for simplicity

that u = u(z,y,t) and v = v(z,y,t) € C°°(R3) and consider the operators
3
Bs = 8%+ w and Bs :83—1—51«9—&—0.

One relates to these operators the linear system for the function ¥ = ¥(x,y,t)
9L = B¥
{3% hw (8)
B = b3
The compatibility conditions of this system are the equations

00u, 0 ov,
ot oy’ Oy ot
The left hand side of this equation equals

9 0¥
and the right hand one
0,0V

0
Biy( En ) = {8 (B3) + B3 B}V = { 5ty + vy + By Ba} W
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The linear system (8) can be seen as a Cauchy-problem in the two variables y and
t for some initial value = — ¥ (x,yo,to). If one wants to choose this initial value
as generic as possible, then it is necessary that the two operators acting on ¥ in

the compatibility conditions have to be equal. Thus one arrives at the relation

9] 0 3
a(BQ) — %(BS) — [B3,BQ] =0& us — iuya — Uy — [B3,BQ] =0 (9)

A direct computation shows that the commutator [Bs, Bs] is equal to the first
order operator

3 3

Thus the equations (9) boil down to two equations

3

Ut = Uy + Upzr + iuuz — Uzgz (10)
3 3

0= 25Uy + (ium — 2u,) (11)

Now solving v,, from equation (11), i.e. v, = %uy + %um, and substituting this

identity in equation (10) result in
Ut = Uy + Zumx + iuuJc — Zuyx
This equation one differentiates once w.r.t. x and substituting

Vyax = Zuyy + Zurry

yields the KP equation for .

There exist also two-dimensional variants of the Toda lattice. We mention the
so-called elliptic periodic two-dimensional Toda lattice from [34]. In this model

one considers functions w; : C — R, i € Z, satisfying the periodicity condition
Witnt1 = w;, for all i,

and the center of gravity condition

10
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These functions should satisfy

o 0

2(wi).z = €2wet1—w) _ 2mimwis), (12)
and are of a geometric importance as solutions for n = 1 describe surfaces of
constant mean curvature. Define as before for each i and j € {1,--- ,n}, the

function w; ; by e**~" and introduce the matrices

(’U)())Z 0 0 0 s e wWo,n

wig  (wr). 0 0 0
0 w2 1 (w3)z 0 0 T 0

W . .
0 0 o (wp—2) 0 0
0 0 0 . Wn—1,n—2 (wnfl)z 0
0 0 Wnn—1 (Wn)s
and V = —W*. Then a direct verification shows that the equations (12) are

equivalent to the matrix identity

0 0
(W) = (V) = [W,V] (13)
Also the generalized Toda lattices have a two-dimensional version, see [35].

Gelfand and Dickey determined the Hamiltonian structure of many equations
similar to the KdV equation, see [13] and also [6]. From their work and that of
Wilson [55], it became clear that it made sense to group certain Lax equations or
zero curvature equations together as they correspond to commuting flows on the
same object. It was Sato and his school, see [45], [5] and their successors , who
took up the study of these combined systems, so-called hierarchies, systematically
and showed their relation to quantum field theory and infinite dimensional Lie
algebras. V. Kac , see [26] , used the representation theory of these algebras to
describe rational solutions of the bilinear form of these hierarchies.

To illustrate this notion of hierarchy, we present here the description of the

KdV hierarchy. The key to the other Lax equations in this hierarchy lies in the
relation between the Schrédinger operator £ = 02 +wv and the third order operator

P in O from equation (2). In general, £ is not the square of some first order

11



1.1 Historic background

differential operator. However, if one extends the ring of differential operators
in @ with coefficients from the ring R to that of the pseudodifferential operators
in 0 with coefficients from R, then one can define a square root L2 of £ in this

extended ring. It has the form
Lr=0+> 1,07,
i=0

where all the coefficients I; of the formal integral operators O~% are polynomial
expressions in the potential v and all its derivatives w.r.t. 0 because of the
relation (£2)% = £. If one denotes the differential operator part Z;'VZ(] p;07 of a
pseudodifferential operator P = Z;V:ﬂo p;07 simply by Py, then the the third

order operator P is equal to ((£2)3),. The relation

[N

[P, L] = —[((£%)%) — (£5)*)4, L]

shows that the commutator [P, L] is a zero-th order operator in J. By replacing
three by any odd k, the same reasoning yields that it makes sense to consider the

Lax equations
0 &
— 14
atk ) )+7 ( )

where the potential v depends now of all the parameters {¢; | k odd }. Note

N

(L) = [Py, L], where P, = ((L

that for even k the commutator in the right hand side of (14) is zero so that the
Lax equation (14) in that case means that the potential is independent of this
parameter. For k = 1, the equation (14) is equal to C%(v) = 0(v). The equations
(14) are the equations of the KdV hierarchy. Also the KP equation is the lowest
nontrivial member of a series of Lax equations similar to (14) for a first order

pseudodifferential operator, see e.g. [5].

The Toda equations that have their origin in the description of the equations
of motion for chains of particles with nearest-neighbour interaction, can also be
embedded into hierarchies that constitute towers of nonlinear differential differ-
ence equations, see e.g. [2] . By now, it has become clear that their importance

goes far beyond the description of these particle systems as they play a role in

12
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topics ranging from quantum crystals, see [38] and [37], matrix models [29], quan-
tum gravity, see [7], string theory, see [14] and [54], special functions, see [3] and

[20], harmonic maps, see [19], to mirror symmetry, see [15].

1.2 Examples

In this subsection we present two examples of the form of the nonlinear equations
that we will meet in this thesis.

The first has the key equations in the Lax form. Following [52], we consider
the infinite Toda-chain consisting of an infinite number of particles on a straight
line with the same mass that are labeled by Z and whose equations of motion in

dimensionless form are described by

n € Z. (15)

d
— =Py and % — e*(q'n*lh—l) _ e*(Q'rLJrl*Qn)’

dt

Here g, is the displacement of the n-th particle and the two exponential factors
in equation (15) describe the forces exerted on the n-th particle by each of its
neighbours. These equations can be rewritten as an equality between infinite

matrices by putting

1 1
ap = —e =01 and b, = —p,.
2 2

The equations (15) get then the following form

% = an(bn = bp) and % =2(ap_y —az), nel (16)
Introduce the Z x Z-matrices L and B by
0 0
bn-1  an 0 0 —a, 0
L= an bn  ant1 and B = a, 0 _—
0 Gn+1  bnt1 0 anit 0
0 0

where the central diagonals as a reference point have been printed in boldface.

Then a direct computation shows that the equations (16) amount to the matrix

13



1.2 Examples

equation

%:BL—LB: (B, L). (17)

This is a Z x Z-version of the so-called Laz equation and the solution (6) of the
finite open Toda lattice suggests that the matrix L can be obtained by conjugating
a matrix that does not depend of ¢ with a suitable t-dependent one. This turns
out to be true for the solutions that we construct.

The second example is a two-dimensional variant similar to the elliptic peri-
odic two-dimensional Toda lattice and yields the main equations in zero curvature
form. Following [53] the two-dimensional infinite Toda lattice is a set of nonlin-
ear wave equations for an infinite chain of particles with only nearest neighbour

interaction

99
ot ﬁsun

It can also be formulated as a relation between Z x Z-matrices, but of a slightly

— pUn—Un—1 Un+1—Un
— s .
e e nez (18)

different form. Consider namely two Z x Z-matrices B and C of the form

0
bp-1 1 0
B=A+b=A+bld=| -, 0 by, 1 U I
0 0 bnt1
0 .
resp.

0

0 0 0

C=cA =] cn 0 o .|, withe, #0, forall n € Z.
0 cpe1 O
0

Here A is the upper triangular matrix corresponding to the basis shift e; — e;
and the entries {c, | n € Z}, {b,, | n € Z} of both diagonal Z x Z-matrices ¢ and

b are assumed to be differentiable functions in the variables ¢t and s. Analogously

14
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to the finite dimensional terminology, the equation

0 0
25 B~ 5

is called a zero curvature relation for B and C. A direct computation yields that

(€)= [C, Bl (19)

this amounts to the equations

%(b) =c— AcA™! and 071%(0) =b— A"1DA.
Hence, if one chooses for all n € Z
by, = —(uy) and ¢, = e 741

ot
then the zero curvature relation is equivalent to the nonlinear wave equations of
the two-dimensional infinite Toda lattice. Also the nonlinear equations of the
hierarchies considered in this paper can be presented in a a zero curvature form

like the equations (19).

1.3 Topics in the thesis

In this thesis we consider certain basic sets of commuting Z x Z-matrices. We are
interested in various deformations of these directions depending of the commuting
flows associated with these basic directions and in particular in the nonlinear
evolution equations satisfied by these matrices. It will turn out that it makes sense
to group evolution equations of a similar form together into systems of compatible
equations, the so-called hierarchies. We will consider three types of deformations:
the first takes place in the lower triangular matrices and preserves the leading
term. The second one that will be analyzed is in the upper triangular matrices and
allows also a distortion of the leading term. Finally one considers a combination
of the two foregoing types, where, roughly said, half of them is deformed in the
lower triangular matrices and the other half in the upper triangular ones.

The equations of each hierarchy may appear in various forms like the Lax
form, the zero curvature form or the bilinear form. So at every type the first goal
will be to analyze the underlying algebraic structure of the equations and to show
the equivalence of the different forms that are used. The next step will be to give

a geometric construction of solutions of these systems of compatible equations.

15



1.3 Topics in the thesis

This work is built up as follows: we start after the introduction with giving
examples of Z x Z-matrices that will be widely used in the text, we introduce
notations for Z x Z-matrices that will occur frequently and we prove various
properties for this class of matrices like relevant decompositions.

The equations of the hierarchies are intimately linked with infinite dimensional
Cauchy problems. This link also justifies the use of the terminology zero curvature
form. Therefore a separate section is devoted to a discussion of their formal
solvability.

After these preparations we are ready to discuss the three types of deforma-
tions, starting with the lower triangular ones. Chapter 4 is devoted to the study of
these hierarchies. One starts with a discussion of the Lax form of the hierarchies.
Then a minimal realization of the hierarchy is presented, where minimal refers to
the number of relations between the deformed generators of the basic directions.
The next step is taken in the subsequent subsection, where the discussion of the
zero curvature form can be found and the proof of the equivalence with the Lax
form. In the finite dimensional case zero curvature relations occur naturally as
the compatibility equations for the horizontal sections of an integrable connec-
tion. To show that the nonlinear equations of the hierarchy can be seen as the
compatibility equations of a linear system, we discuss in the fifth subsection of
this chapter the so-called linearization of the hierarchy. Here one can also find the
description of the link with the Cauchy problems. The final two subsections de-
scribe the infinite dimensional flag variety from which one can construct solutions
of the hierarchy.

The second class of deformations form the topic of the next chapter. It is
built up in a similar way as the one with the lower triangular hierarchies with
delicate adjustments of the algebraic structure to include now also perturbations
of the leading term. The algebraic description for both type of deformations of
the equivalence of the Lax form and the zero curvature form forms the contents
of [23]. Apart from that, the main difference is the infinite dimensional geometry
that yields the solution of the hierarchy: this time it is a relative frame bundle over

a flag variety similar to the one occurring in the lower triangular case that does

16
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the job. As we know from [46] and [49] infinite dimensional Grassmann varieties
are basic for the construction of solutions for KP-type hierarchies and finite chains
of such planes determine Darboux transformations for those hierarchies, see [28].
The present two constructions furnish two new illustrations of the important role
various infinite dimensional varieties play for integrable hierarchies and are treated
in [24].

In the last chapter we discuss what happens if you deform half of your basic
directions into the lower triangular matrices in the way as described in chapter 4,
the other half into the upper triangular matrices in a manner as treated in chapter
5 and you consider the evolution of all generators w.r.t. both sets of parameters.
The hierarchy that is obtained in this way is a multi component version of the
two-dimensional Toda hierarchy, where the terminology is analogous to one used
for a similar hierarchy of matrix pseudo differential operators. Also with this
type of deformation we have such a minimal set-up, we show the equivalence
of the Lax form and the zero curvature form and we present the appropriate
linearization. Besides the two forms just mentioned, there is still another way
to describe the system, namely the bilinear form, and we present also this one.
One concludes with a geometric construction of solutions of the multi component

Toda hierarchies. Paper [25] is based on chapter 6.

17






2 THE SPACE My(R)

2 The space My(R)

Since the nonlinear systems of differential and difference equations that are the
central topic of this paper are formulated in terms of relations for Z x Z-matrices,
one will first discuss the necessary ingredients from that space.

Let R be a commutative ring. Then one writes Mz(R) for the R-module of
Z x Z-matrices with coefficients from R. On this space one uses the ordering of
columns and rows that is compatible with the finite dimensional case, i.e. any

matrix A = (a;) is denoted by

An—1n—-1 Qp—-1n Op—1nt1
Oy on—1 Op n (6% n+1

Ant+in—-1 Ontln OCnpntlnitl

There is a number of special elements in Mz (R) that will be used frequently. First

of all, there are the basic matrices E; j), ¢ and j € Z, given by

where 65, for t and s € Z, denotes the Kronecker symbol. Thus one can describe
every A = (a;;) € Mz(R) as a formal linear combination of the basic matrices
A=Y 0iBay =) a6pEu)- (21)
i€Z jEL i€Z jEL
The notation «; ;) for the matrixcoefficient a;; of A will be used only if confusion
in the labeling might occur. This will be done without further mentioning. Any
map A : R — R extends in a natural way to a map A : Mz(R) — Mz(R) by
putting
A(A)ij = Aaj), if A= (asj).
An important role is played by the shift matrix A and its powers {A™ | m € Z}
defined by

AT = ZE(i—m7i)’ m € 7.
€L

19



It permits you to decompose each matrix A € Mz(R) in diagonals that are handy
at explicit computations and enable a simple description in the present context
of the notions lower and upper triangular matrix.

For each nonzero k € N, one denotes the ring of k x k-matrices with coefficients
from the ring R by My (R). Assume one has a collection of k x k-matrices {d(s)|s €
Z} in My(R). To such a collection one associates a diagonal of k x k-blocks
diag(d(s)) in Mz(R) given by

ko
diag(d Z Z Z 8)aBE(skra—1,sk+5-1)- (22)

s€EZ a=1p=1

The form of this matrix is as follows

dmn—-1) 0 0
0 d(n) 0 (23)
0 0 dn+1)

and justifies the terminology used. For any such & > 1 one denotes the ring of

k x k-block diagonal matrices in Mz(R) by
Dy (R) = {d = diag(d(s))|d(s) € My(R) for all s € Z}.

One has a diagonal embedding iy from My(R) into Di(R) by taking for any
A € My (R) all diagonal blocks of ix(A) equal to A. The elements A*™, m € Z,

act on Dy (R) according to the formula
AFmdiag(d(s))A™"™ = diag(d(s +m)). (24)

It implies e.g. that the image of i) consists of all matrices in Dy (R) that commute
with A*. This brings one to the decomposition in diagonals mentioned above. For,

if A= (w;) € Mz(R), then one puts

Definition 1. The j-th k x k-block diagonal of any matrix A, j € Z, is the matrix
k

Z Z O(ki—kjty—1,kitB—1)E(ki—kjtry—1,kitp—1)-
i€Z y=1p=1

20



2 THE SPACE My(R)

From equation (24) it is clear that the j-th k x k-block diagonal of a Z x Z-
matrix A can uniquely be written in the form diag(d(s))A* or A*idiag(c(s))
where both diag(d(s)) and diag(c(s)) belong to Dy(R). Thus each matrix A =

(a(,5)) € Mz(R) can uniquely be written as a formal infinite sum

A=Y "dA¥ or A=Y AN, (25)
JEZ J€z

with all the d; and ¢; in D (R). Thanks to this decomposition and the equation
(24) it is clear now that multiplying any matrix A from the left or right with a
power of A is well-defined and easily computable. In particular one sees that any
matrix that commutes with A* has the form (25) with d; and c¢; in the image
of i;. The elements of Dy (R) were given in terms of k x k-blocks. It will be
convenient to work with a similar, compatible decomposition for general matrices

A € Myz(R). One has then

Anfl n—1 Anfl n Anfl n+1
A = a . An n—1 An n An n+1 B . ’ (26)

AnJrl n—1 An+1 n AnJrl n+1

where all the {(A);; := Aj;; | 4,5 € Z} belong to My(R) and the (t,s)-entry of
Ajj is given by a(ikti—1,jk+s—1)- Lo distinguish between the two notations one
will use greek letters for the matrix coefficients of A in R and latin ones for the
coefficients in My(R). E.g. for the matrices ix(F),F € My(R) and A* their

k x k-block decomposition looks respectively like

F 0 0 0 Id 0
k

ir(F) = 0 F 0 , AY = 0 o0 Id

0 0 F 0 0 0
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The basic matrices can be multiplied and satisfy
Ei,j) Em.k) = 8m k)

In general, for arbitrary matrices A = (o) = (A;;) and B = (6;;) = (B;;) in
M7(R), one cannot define the product AB. However, if it exists, its ts-block is
given by

(AB)1s = > Ay;Bjs. (27)

JEZ
In particular, this expression makes sense if both A and B belong to the class of

upper or lower triangular matrices that will be introduced in a moment.

Definition 2. An element A in Mz(R) is called upper k x k-block triangular of
level m, if it can be written as
A= Z a;AF | with a; € Di(R). (28)
jzm

One calls m the order of A in A*, if a,, is nonzero.

The collection of all upper k x k-block triangular elements of level m in A*
one denotes by U TZm(Ak) or simply UT>,,. For the set of all upper £ x k-block
triangular matrices one uses the notations

UT(R) := ] UTsm(A¥) = UT.
meEZ

In the same spirit one has the notations

UTem(A*) :={A| A€ UT, A= a;A",a; € Dy(R)} = UT<p,
j<m

UT<m(AF) and UTs,,,(A*). Clearly UT(R) is independent of k and one speaks
also simply of upper triangular matrices if the size of the diagonals needs less
emphasis.

Similarly one can introduce the collection of lower triangular matrices LT (R)
as the collection of matrices in Mz (R) for which all the j-th diagonals are zero if j
is sufficiently large. For completeness sake one introduces analogous terminology

and notations for this class of matrices
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2 THE SPACE My(R)

Definition 3. An element A in Mz(R) is called lower k x k-block triangular of

level m, if it can be written as

A=>"d;AM, with d; € Di(R).

Jj<m
One calls m the order of A in A*, if d,, is nonzero.

The collection of all lower k x k-block triangular elements of level m one denotes
by LT<,,(A*). The notations LT%,,(A"), LT« (AF) and LTs,,(A*) speak for
themselves. For the set of all lower k& x k-block triangular matrices one uses the
notations

LT(R) := | J LT<m(A*) = LT.

mez
The matrices in the intersection LT(R) N UT(R) of the two algebras are called
finite band matrices and they possess the property that their product with any
matrix from Mz(R) is well-defined.
A convenient property of the rings LT and UT is that for each k£ > 1, there is
a ring isomorphism between UT and LT that is compatible with the k& x k-block

decomposition. Consider namely the element

& 0O 0 Id
Wk = Z ZE(fjk+a71,jk+a71) =|". 0 I1d 0
e Id 0 0

in Mz(R). Then wy, is an element of order two and acts as follows on elements of

D (R) and powers of A*
wydiag(d(j))wy = diag(d(—5)) and wiA*™w;, = A=F™, (29)
This leads to the following result

Lemma 1. Conjugation with the element wy gives a ring isomorphism between

UT and LT that transforms the k x k-block decompositions in UT to those in LT
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and vice versa. This isomorphism reinverses the order of elements:
order(wylw; ') = —order(¢), £ € LT.

Inside UT and LT one can describe large classes of invertible elements. Since
the multiplication in Dy (R) corresponds to the multiplication of the k x k-matrices
with the same number, one sees that the elements of D (R) that possess an inverse

in Di(R) cousists of all
diag(d(j)), with all d(j) € GLg(R).

Assume now that one has a V € LT of the form

V= wuAk,

i<m

with v, invertible in Dy (R) and that one tries to find the inverse

V=) d N

J<t

of V in LT. Then the relations

VoV 'l=Id=V"'oV
amount first of all to ¢ = —m and the relation

U AP, AT = 1d,

which determines d_,, totally. For all [ > 1 there should hold moreover

> N FGATE = Ny AR AR =0 (30)
itj=—1 i=m—1

and these relations determine in a recursive way the remaining coefficients {d; |

j < —m} uniquely. Using the isomorphism between LT and UT, we proved

Lemma 2. Fach element V' in LT resp. UT with an invertible leading coefficient

in its k x k-block decomposition (25) is invertible in LT resp. UT.
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2 THE SPACE My(R)

The classes of invertible elements from Lemma 2 form the subgroups I(LT)
and I(UT) in respectively the groups of invertible elements LT™* and UT™* and
they are used at the dressing-procedure in LT resp. UT.

Definition 4. An element A € LT resp. UT is said to be obtained by dressing the
element B € LT resp. UT, if thereisaV =3, v; A% resp. an U = D it u A
with vy, resp. u, invertible in Dy(R) such that A = VBV ! resp. A=UBU!.

Note that dressing an element does not change its order in A*. Next we show
that each element in I(LT) resp. I(UT) that is of nonzero order in A¥ can be

obtained by dressing the corresponding power of A¥.

Proposition 1. (1) For any nonzeror € Z, let £ in I(LT) have the k x k-block

form

L= a;N*

j<r
with a, invertible in Dy (R). Then there exists an element U in LT of the
k x k-block form U =3, -, BiAF with By € Dy(R) invertible in Dy (R) such
that
L=UN*U"

Hereby, one can choose the coefficients of U to be quotients of polynomial

expressions in those of L.

(2) For any nonzero r € Z, let M in I(UT) have the k x k-block form

M = Z O[jAjk

jzr
with oy in Di(R). Then there exists an element V in UT of the k x k-block
form V.=37,-, B AF* with By € Dy(R) invertible in Dy(R) such that

M =VA™VL

Hereby, one can choose the coefficients of V' to be quotients of polynomial

expressions in those of M.
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Proof. Due to the isomorphism between the rings LT and UT described in (29),
it is sufficient to prove part a) of the proposition. Since the leading coefficient
o, is invertible, one knows that £ is invertible and that £~! belongs to LT_,
with A="*a71A™ as its leading coefficient. Therefore one can restrict oneself to
the case r > 0. The matrix U one is looking for, should satisfy the equation

LU = UA*". This amounts to the following equations for the coefficients 3; of U:

0
Be =Y AT g AT (31)
i=t

for all ¢ < 0. If each 3; = diag(b;(j)) and a; = diag(a;(j)), then this equation for
t=0says forall j € Z

diag(bo(j)) = diag(ar(j))diag(bo(j + r)). (32)

Thus one sees that in order to solve this equation, one can pick arbitrary invertible
elements by(s),0 < s < r, and then the equation (32) determines the element
Bo € Di(R) uniquely. Now that it has been shown how to find a solution for Sy,
one may assume to have found all the (§;, with [ > s. The next coefficient g
of the operator U is then again fully determined by equation (31), once one has
chosen the by(v),0 < v < r. In this way one finds an operator U that satisfies the
equations. All other solutions have the form UUy, with Uy = Zizo w; AF ) with
all u; in the image of the map i, and ug invertible. To get the last statement in
the proposition, one chooses every time the free matrices to be the identity. This

completes the proof of the proposition. O

Remark 1. Proposition 1 implies that any element Ly in LT of order one in
A* with an invertible leading coefficient can be written as £y = UoAka_ ! with
Uy € ULT of order zero. Since the conjugation with Uy is an automorphism of
LT, one can decompose any matrix A in LT also uniquely as

A=Y "aiL, (33)

=

where all the a; belong to UgDy(R)U; ! This kind of ”coordinate transforms”
occur naturally in integrable hierarchies, see e.g. [49], [18] and [38]. In LT the
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2 THE SPACE My(R)

notions of level and order in £j of an element A are defined in the same way as

for A* and one uses the notation
LT<,,(Lo) ={A € LT | level of Ain Ly is m}.

Thus one has
LT(R) := | LT<m(Lo).
meZ

For each Ly as in remark (1) and the corresponding decomposition (33) one

is interested in a specific way to split the elements of LT. If A = > jez ajﬁé as
n (33) then one writes
A= A>0(Ly) + Aco(Lo), with the components (34)
Aso(Lo) =Y a;Lh and Aco(Lo) = a;L)
5>0 <0

From the multiplication rules for the k x k-block diagonals it follows that this
decomposition induces on the Lie algebra LT a splitting of LT in the direct sum

of two Lie subalgebras

LT = LT>o(Lo) ® LT<o(Lo), (35)
with LTZ()(,C()) = {A e LT ‘ A= Azo(ﬁo)}
and LT<0(EO) = {A S LT | A= A<0(£0)}.

This decomposition lies at the basis of the system of the Lax equations in LT

that we consider.

Remark 2. From the Proposition 1 it follows similarly that any element Mg in

UT of order one in A* with an invertible leading coefficient can be written as

My = VOAkVJ1 with Vy € UT of order zero. Since conjugation with V{ is an

automorphism of UT, one can decompose any matrix A in UT also uniquely as
A= "a;Mj, (36)

i€’
where all the a; belong to VyDy (R)Vo_l. The notions of level and order in M

of an element A in UT are defined in the same way as for A* and one uses the
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notation

Usz(Mo) = {A eUT ‘ level of A in My is m}

Thus one has

UT(R) := | ) UTsm(Mo).

meZ
For each M as in remark (2) and the corresponding decomposition (36) one
is interested in a specific way to split the elements of UT. If A = ZjEZ ang as

n (36) then one writes

A=A9(My)+ A>o(My), with the components (37)
A<0(M0) = Zaj/\/lé and Azo(Mo) = Za]‘M%
J<0 720

From the multiplication rules for the k x k-block diagonals it follows that this
decomposition induces on the Lie algebra UT a splitting of UT in the direct sum

of two Lie subalgebras

UT = UT<o(Mo) ® UT>0(My), (38)
with UT<0(M0) = {A eUT | A= A<0(M0)}
and UTso(Mp) := {A € UT | A= Aso(My)}.

They give rise to the system of Lax equations in UT considered in section 5 of
this thesis. As with the direction A*, one introduces also for M the more general

notations

UT<p(Mo) :={A€UT | A= aiMj} and
i<r
UTsr(Mo) :={A€UT | A= a;M{}.

i>r
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3 CAUCHY PROBLEMS

3 Cauchy problems

The aim of this chapter is to discuss the formal solvability of an infinite dimen-
sional Cauchy problem related to the hierarchies that we will consider. First the

finite dimensional analogue will be treated.

3.1 A finite dimensional Cauchy problem

First one has a look at the scalar case. Consider on an open subset U in C™
with local coordinates zi,--- , 2, around the point xg € U and a collection of
holomorphic functions {ci, -+ ,c¢.} on U. It is well-known that the system of

differential equations

0
aZi

has for a fixed value g(z) € C locally a unique solution around z if and only if

(9) =cig,1 <i<m, (39)

all the compatibility equations

0 1o}

%(cj)za—zj(q),iandje{l,m i (40)
hold. Next one considers the vector case of a collection of constant n x n-matrices
{C4, -+ ,C,} and the set of differential equations for a C"-valued holomorphic

function ¢

9
8zi

If one integrates this equation one variable at a time one sees that a solution, if

(9) =Cig, 1 <i<r. (41)

it exists, must be given by

exp(z1C1) - - - exp(z.Cy)(g(x0)) = exp(z-Cy) - - - exp(z1C1) (g9(x0)),

where the exponential factors can also be placed in any other order. This last

fact implies that all the matrices {C;} have to commute:
[C;,C;] =0, foralliand j € {1,---,m}. (42)

The next step is to consider the equation (41) for matrices {C;} that are no longer
constant and depend on a neighbourhood of x( in a holomorphic way of the local

coordinates z1,-- - , z;m. The conditions under which one has a unique solution of
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3.1 A finite dimensional Cauchy problem

these equations are a mixture of those in (40) and (42). To see how the conditions
look like, assume that one has locally for each a € C™ a unique solution. Let the
{ei} be the standard basis of the C™. Then there is in a neighbourhood of zero
a unique solution g; of (41) such that g;(xo) = e;. Let G be the matrix with the
{gi} as columns. It is a holomorphic matrix-valued function with G(zg) = Id.

Hence it is invertible around zero and there holds:

0

97 (@) =CG,1<i<r. (43)
From the equations 5 s 5 s
872‘7' 0z; - 0z; (sz(G)
one deduces
C:C;G + aazj(Ci)G =C;C:G + %(Cj)G

This is equivalent with

([am - (e (C) - ;ijm) G=0

and since G is invertible, one gets

0 0

[Cy, Cj] = (87,22»(@) "oz

(€)= 0. (44)

These conditions are necessary, but also sufficient. One way to proceed is to use
the condition to show that you have a unique formal power series solution and
next to prove that this solution converges as soon as the {C;} are convergent
power series. This result goes back to Cauchy and Kovalevskaya, see [32], and for

completeness we formulate it in a

Theorem 1. Let xg be a point in C" with local coordinates z1,--- ,z. and let
the Cy,--- ,C, be holomorphic matriz-valued functions on a neighbourhood of x.

Then the equations

0

821‘
possess locally a unique solution for fized g(xo) if and only if the equations (44)
hold.

(9)=Cig,1 <i<r, (45)
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3 CAUCHY PROBLEMS

The equations (44) are also called zero curvature relations because they relate
to the vanishing of the curvature in the following setting: let Q2 be the holomorphic

matrix differential 1-form on U C C" defined by

i=1

Theorem 1 gives a necessary and sufficient condition for the solvability of the

linear Pfaffian system
dy = Qy, y(z) € C™. (46)

Consider over U the trivial vector bundle E = U x C™. Let the {e;} be the
standard basis of C™. They determine the trivializing sections {s; | 1 <4 < n} of
the bundle E by

si(z) = (z,e;),z € U.
The matrix Q of 1-forms over U defines w.r.t. the {s;} a connection V =d — Q
on the space of sections of E. This connection V is a map from the space A°(E)
of holomorphic sections of E or zero order forms with values in F to the space

AY(E) of 1-forms with values in F satisfying
V(fo) =odf + fV(0), (47)

where 0 € A°(E) and f € A°, the space of holomorphic functions on the manifold.
The connection has a natural extension V : AP(E) — AP*1(E) from the p-forms
AP(E) with values in E to the p + 1-forms APT!(E) with values in E by the
formula

V(fo) = o Adf + fV(o),
with f as above and o € AP(E). The space of horizontal sections, i.e. those

y=> ", yis; with V(y) = 0, is p-dimensional, see [30], if and only if the curvature
VoV =—-dQ+ (-Q) A (-Q)

of V is zero, which is equivalent to the Pfaffian system being integrable in the sense
of Frobenius, see [16] and [56]. The connection V is then also called integrable.
In terms of the matrices {C;} the integrability of V amounts to the so-called zero

curvature equations (44) for the{C;}.
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3.2 The Cauchy problem: infinite dimensional case

3.2 The Cauchy problem: infinite dimensional case

Here we want to discuss a formal power series version of the Cauchy problem
discussed in the foregoing subsection, where both the size of the matrices and
the number of variables is infinite. As for the first type of infinity, we treat here
only Z x Z-matrices, but note that also the semi-infinite case of N x N-matrices
is important, see [2] and similar results hold in that case. To stress the algebraic
nature of our considerations and to give an equal footing to real and complex
solutions we replace the complex numbers by a field F' of characteristic zero.

We use the notation FZ for the F-vector space of all Z x l-matrices with
coefficients from F. The product of any Z x Z-matrix with a vector from FZ
with only a finite number of nonzero coordinates, is well-defined. Let e; be the
vector with its j-th coordinate equal to one and all others equal to zero. Then
the {e; | j € Z} are a basis of the finite vectors Ff;, in F”. The variables in the

present set-up are the
{z; | i € I'}, for some finite or countable index set I = {iy. -+ ,ip, - }.

One will use a multi-index notation for monomials in these variables: take any
a = (a;) € ZL, with only a finite number of o; nonzero. Then one writes
2% = H z.
icl

On these multi-indices one uses the order relation
a<fsa; <G foralliel.

and the inequality a < [ means that for one index «; < ;. For simplicity the
zero index is denoted by 0. The degree deg(a) of the multi-index « is given by
deg(a) := Zai.
il
Assume one has for each 7 € I an infinite matrix C; with coefficients from the
formal power series in the variables {z;}, i.e.

Ci = Z Ci(a)zo‘, (48)

a>0
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3 CAUCHY PROBLEMS

where each C;(e) is a matrix in Mz(F'). Now one looks for formal power series
solutions of the system of equations

0 .

where g € F[[z]]% i.e.

9=">Y_g(a)z" g(a) € F*.
a>0

In particular, one needs that all the products C;g are well-defined vectors in
F[[2]]% and that is the case if all the C;(a)g(/3) are well-defined vectors, for then
the right hand side of equation (49) becomes

Y DY Cilagly—a)] 2.

720 \0<a<y
Let for each i € I, the multi-index 1(%) be defined by
S fe
Then the left hand side of equation (49) for the i-th case equals
Z a;g(a)z* 10
a>1(i)
and this leads for all v > 0 to the identities
(i + Dg(v+ 1) = Y Ci(a)g(y - a). (50)
0<a<y
In particular, all the coefficients of g corresponding to degree one multi-indices
have to satisfy
9(1(i)) = Ci(0)g(0)
and with the relations (50) one shows with induction on the degree of the multi-
index « that each coefficient g(a) is a polynomial expression in the matrices
{Ci(B) | i € I, > 0} acting on the vector g(0). This proofs that, if g exists, it is
uniquely determined by ¢g(0). Thus one sees that the condition on the existence
of the product of all the C;(a)g(5) is fulfilled if all finite products of the matrices
{C;(B) | i € I, > 0} exist. This last condition is also necessary to discuss zero

curvature relations, so it is natural to make it a general
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3.2 The Cauchy problem: infinite dimensional case

Assumption 1. All finite products of the {C;(3) | i € I, 8 > 0} are well-defined.

The assumption 1 is clearly satisfied if all the C;(83) belong to UT(F') or
LT(F). Assuming that one has for each element e; in the basis a solution g; such
that g;(0) = e;, then one can form the matrix G with the g; as its columns. It
decomposes w.r.t. the variables {z;} as

G =G(2) =Gz, 21, ) = Y G(a)z =1+ G(a)2"
a>0 a>0
The matrix G is called the formal fundamental matriz of the Cauchy problem (49)
with G(0) = Id. Tt satisfies for all ¢ € I

0
8Zi

(G) = GiG. (51)

In particular, being able to solve the equations (51) is equivalent to having a
unique solution of (49) for each v € Fﬁ.n. Note that the equations (51) imply
that the coefficients G(«) are polynomial expressions in the matrices C;(5) and
therefore all finite products of the coefficients G(«a) exist. This fact allows you
to prove another property that G shares with the fundamental matrix from the

finite-dimensional context

Lemma 3. The matrix G has a formal inverse, i.e. there exists an

H=> H(B):"=1d+Y H(j):"

50 5>0

such that GH = 1Id.

Proof. Multiplying the two formal series G en H yields for each v > 0:

S GHG-a)=0&HA) =~ Y. Ga)H(y-a).

0<a<y 0<a<y

For the multi-indices « of degree -1 this gives you

and by induction on the degree of the relevant multi-indices one shows that each
H(o) with deg(a) = k is a polynomial expression of degree utmost %k in the

coefficients {G(0) | deg(B) < k}. O
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Due to Assumption 1 it makes sense to consider the equations

0 0 0 0

92 959 = 5555, @
and they yield
0 0
C,C;G + 6—%(@)@ = GGG + 5 ()G

This is the same as

(100 = G - 5= ) 6 =0

and since G is invertible, one gets the formal version of the zero curvature relations

0 0 . )
C;,Cy) — (6—22(63) - a—ZJ(CZ)) =0, for all ¢ and j € I. (52)
We have seen now that under the Assumption 1 the equations (52) are necessary
to solve the system (49). They are also sufficient as we will show now. What one
needs to show is that the power series coefficients G(«) of G are defined in an

unambiguous way by the relations: for all v > 0
(i + DG +10) = S Cila)G(y - a). (53)
0<a<~y

First we have a look at the multi-indices a in which only one variable occurs.

Then one gets the recursion

(ki + DG((ki + D1@) = Y Calml(D)G((ki —m)1(i)) (54)

0<m<k;
and this determines the G(k;1(i)) inductively in an unambiguous way starting
from G(0) = Id. Moreover the power series G(- - ,0,z2;,0,---) is built such that
it satisfies

0
8zi

(G(-+,0,2:,0,-+)) = Cy(-++ ,0,2:,0,-)G(-+ ,0, 2,0, )

The idea is now to use induction w.r.t. n, the number of variables really present
in the multi-index «, i.e. the number of elements in {i | a; > 0}. Thus we
may assume that any coefficient G(3) corresponding to n or less variables is well-

defined and one considers a coefficient G(«) in which n + 1 variables occur. One
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3.2 The Cauchy problem: infinite dimensional case

may assume that
n+1

o= Z o, (i),
k=1

otherwise one can reduce to this case by rearranging. It is sufficient to show that

the compatibility conditions allow you to introduce a well-defined power series
G(zil’ R 7Zin+170; . )

that satisfies for all k,1 < k <n+1,

0
8Zik

(G(Zi1"" azin+1707"’)):Cik(ziu'" azin+1707"‘)G(zi17"' 7Zin+170a"')'

To define the coefficients G(«), a;, > 0 for all k,1 < k < mn+ 1, one has n + 1
possibilities each corresponding to the variable z;, for which one uses the recursion

(i)G(@) = > Co(nGla—1(ix) = 7). (55)

0<y<a—1(ix)
Each choice gives you a power series Gy(2i,,"-- , Zi,,,,0,---) Note that each G},
is constructed in such a way that it satisfies for the variable z;, the equation

0
6Zik

(Gk) = Cik (Zi1 R 0,--- )Gk' (56)

Next we show that all the Gy, are equal to G, 1. Note that the two series agree
on terms with n variables or less so that they agree in particular in the terms

with only one variable and hence it is sufficient to prove the equality

0 0 0 0
(Gk)

(Gn+1) =0

aZin_'_l 62’% 82% 8zin+1

To the left hand side one applies the equations (56) and substitutes the zero
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curvature relations and this gives for the left hand side

0 0 0

. (Ci)Gr + T (Gk) B2r, (Ci, 1) G
0 o o
in+187(Gn+1) = af(cik)GnH + Cikaz%(GnH)*'
'k In41 int1
Oz, O G ¥ Gy, O = ) = (GG
1o} 0 9
Cin+1 Oz (Gk) - W(Ci,l_*_l)(Gk — Gn+1) — Oin+1g(Gn+l — Gk) —
9 0
m(cik)c*n“ + Ci,.Cip i, Grg1 + m(@ N(Gr — Gri1)+
0 d
C; m(Gk —Gny1) — _aTM(CWl)G”*l ~ G, Ci, Gi—
B2y, Cint) (O = Cn1) = Croa g (Gra = G) = = (G0 ) (G = G )+
0 0
Oik @(Gk - Gn+1) - @(Cin+1)(Gk — Gn-H) — Ci"H@(GnJ'_l — Gk)

Assume that Gy — G471 is nonzero and has a non trivial coefficient for the multi-

. 6 a a 6 o« e .

index ~, then e E(Gk) — EW(G”H) has a non trivial coefficient for

the multi-index v — 1(ix) — 1(,,41). If one chooses 7 to be one of the lowest mult-

indices of G, — G141 for which there is a nonzero coefficient, then this contradicts

the fact that Gy — Gpi1, %(Gn+1 —Gy) and E)Z_L(Gnﬂ — G};) do not possess
1k Tn+4+1

such coefficients. Hence G, — G, +1 has to be zero. We resume this result in a

Theorem 2. Under Assumption 1 the equations (51) possess a unique formal
power series solution G with G(0) = Id if and only if the zero curvature relations

(52) hold for the formal power series {C;}.

One can consider a variant of the equations (51) with the starting value G(0) =
D, where D is an invertible matrix different from the identity and in that case

one has the same theorem if one makes another assumption

Assumption 2. All finite products of the C;(a) multiplied from the right with

the matrix D give you well-defined matrices.

This condition is superfluous if all the C;(«) are finite band matrices.
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3.2 The Cauchy problem: infinite dimensional case

Remark 3. Now that we have shown that the zero curvature relations are a nec-
essary and sufficient condition for the solvability of the Cauchy problem in the
formal power series setting, a natural step would be to develop convergence es-
timates. We will not pursue this line of approach, but instead we will develop
geometric frameworks to obtain convergent solutions, an approach which is also

successful in a more general context, see the next remark.

Remark 4. In this subsection we have shown under mild assumptions the existence
of a fundamental matrix for a collection of Z x Z-matrices {C; | ¢ € I} with
coefficients in F[[z]] if the zero curvature equations hold for this collection of
matrices. This fundamental matrix was moreover unique up to multiplication from
the right with an invertible matrix from My(R). A natural generalization would be
to allow singularities in the set-up and to consider localizations R = S™!F([[z;]] of
the ring F'[[z;]] with S a multiplicative subset of F'[[z;]]. All the partial derivatives
% are then derivations of R. Assuming then that all the matrices {C; | i € I}
have coefficients in this bigger algebra R and that all finite products of the {C;}
exist , then one might wonder if there exists an invertible matrix G € My(R)
that satisfies the equations (51). Such a matrix G will be called a fundamental
matriz corresponding to the {C; | i € I'}. As in the case of R = F[[z;]] one derives
that a necessary condition for the existence of a fundamental matrix are the zero
curvature relations (52) for the {C;}.

A solution to this problem does not have to exist. Consider namely the case
of one variable z1, the multiplicative set S = {z{" | m € N} and the function
Ci(z1) = 7+, a ¢ Z. Then one verifies directly that the equation

A (F(e)) = £ F(z)

00
=m

does not have a solution of the form F(z1) =Y 0 a;2i, m € Z.

As for uniqueness, let G; and G2 be fundamental matrices for the {C;} and
let D = G1_1G2 be a well-defined matrix, the analogue of the Assumption 2 in
the present setting. Then there holds

i(Gz) = i(Gl)D + Gy 0

0
62,‘ azl 8zi (D) o CZGQ + Gl

821‘

(D)=CiGs  (57)
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3 CAUCHY PROBLEMS

and thus the matrix D is constant, i.e. %(D) = 0 for all i. Despite the lack
of a general existence theorem, one can can often use geometry to construct
fundamental matrices. Various examples of this phenomenon can be found in this

thesis.
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4 LOWER TRIANGULAR HIERARCHIES

4 Lower triangular hierarchies
4.1 Lax equations in LT

The aim of this section is to describe the algebraic structure that lies at the basis
of systems of equations like (17). The coefficients of the Z x Z-matrices in these
equations will satisfy a mixture of differential-difference equations and are taken
from a commutative ring R. Since this structure is similar for real and complex
solutions, we assume that R is an algebra over a field F' of characteristic zero,
whose elements are constant for the derivations involved. Let Ly in LT(F) be
an element of order one in A* as in Remark 1. It is one of the basic matrices in
LT(F) on which the system that we will consider is based. The system consists

of compatible equations of the form

& —pa) (59)

where P belongs to LT>0(Lo) and A has order > 0 in £y. From equation (58)
one can see directly that something special is going on. Namely, the order of %—’?
in £y will be less or equal to that of A, while the order in £y of the right hand
side [P, A] is less or equal to the sum of order(A) and order(P).

Thus one arrives at the natural question: given a matrix A = > i<l ajﬁ'(j) of
positve order in Ly, how to find matrices P in LT>(Lo), such that its commutator
with A has order in £ smaller or equal to that of A. For solutions to this question
it makes sense to consider equations like (58) for A.

There is a natural choice for such matrices. Consider namely the centralizer

Zrr(A) of Ain LT. Let Z be an element in Zr(A). Because of the relation
[Z>0(Lo) + Z<0(Lo), Al =0,

one sees that
[Z>0(Lo), A] = —[Z<0(Lo), Al.

Hence [Z>0(Lo), A] has order < order(A)-1. For such matrices Z it makes sense

to look for suitable F-linear derivations 0z of R such that the equation

0z(A) = [Z>0(Lo), A] (59)
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4.1 Lax equations in LT

holds. Recall that the action of 9z on elements of Mz(R) is defined coefficientwise.
Note that the equation (59) becomes trivial, if one takes an element Z in Zpr(A)
of negative order in £y. Therefore, the equation (59) will only be considered for
Z € Zpr(A) that have a positive order in £y. Before one continues the discussion,
note the following property:
Remark 5. If a matrix A satisfies the equation (59), then this equation implies
for its leading coefficient «; that it is a constant for dp, i.e. dp(a;) = 0. The
commutator [P, A] has then namely order smaller or equal then order(A4)-1 in L.
The equation (59) will be considered for various choices of A and P, starting
from a basic set of commuting directions in LT that includes the direction L.
Thereto we consider the centralizer Zy1(Lo) of Lo in LT. If k = 1, then Zp (L)

is equal to

{Z a;Lh € LT | a; € R for all 4}

and this ring is commutative. Hence in that case the powers of Ly basicly span
the space of directions commuting with Lo and to avoid trivial relations (59) one
considers only the basic directions {L£} | i > 0}.

However, if k > 1, then an element of Z; (L) has the form

> aiLy € LT, with a; € Upix(My(R))U; ',

with Uy = 3, ., wiA™ € I(LT(F)) such that Lo = UgA*U; *. In particular, the
centralizer Z; (L) is no longer commutative. Therefore, one chooses a number
of matrices

Uno = Uoix(Ea)Uy ", By € Mi(F),

in LT of order zero in Ly. They commute clearly with £y and one requires that

they also commute between each other
[Ua0,Us o] = 0 for all o and (.
To include as many directions as possible, one assumes that the

{Ea|1§a§m0}
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4 LOWER TRIANGULAR HIERARCHIES

are a basis over F' of a maximal commutative F-submodule § of My (F). The
{Uq 0} are then a basis of the maximal commutative F-submodule h of the twisted
algebra Ug My (F)Uy ! Here one can think of the diagonal matrices, but also of
algebras like

0 1 0 0
k-1 ‘ 0 : :
h={h=> aB withB=|: -. - -~ (60)
=0
: . . o1
0 ... ... 0 0

with a significant nilpotent component. The interesting commuting directions for

the equation (59) are then the
{UpoLi|i>0,a€{1,--- ,mo}}.

To get consistency of notation for the cases £ =1 and k£ > 1, one puts U; o = Id
if K = 1. Now that the basic directions have been fixed, one makes several choices
for the matrices A. In fact, one takes for A deformations of the basic directions.
In particular, the deformation of L; is obtained by dressing this direction with
an element from I(LT) of order zero. In order to avoid dressing the leading
coefficients with constant matrices, see Remark 5, one gauges the deformations
in such a way that the leading coefficients are not effected. One starts with the
deformation of the direction L

L:=) LLy=Lo+ > LL) (61)

i<1 i<0

It can be written according to Proposition 27 in the form

L=ULU™, with U =Td+ Y L. (62)

i<—1

If £ =1, then the centralizer of £ in LT is

{Z a;L' € LT | a; € R for all 4},
i
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4.1 Lax equations in LT

which is clearly commutative and it suffices to consider the equations (59) only
for the generator £. For k > 1, we also deform in the assigned way the basic

directions of order zero
U, = Z ui,a[,loci = Z/{a,O + Z U?,,oe['lgl (63)
i<0 i<0
The element A is chosen to be one of these deformations (£,U,,) of the basic gen-

erators. Now one requires that the (£,U,,) as deformations of the basic generators

Lo,Uy o) should respect the algebraic relations
( ;
[£,Uy] =0 and [Uy,Us] = 0 for all o and S, (64)

These relations are trivially satisfied if the deformations (£,U,,) are obtained by

dressing the basic generators with the same matrix

L=ULU " and U, = Uldy oU " (65)
For each ¢ > 0 and all @ € {1,---,mo} one takes as the deformation of U, oL},
then the matrix P, := LU,. Because of the relations (64) one can choose for

the matrices Z in the centralizer of A all the P,,. If one has for all ¢ > 0 and
all @ € {1,--- ,;mp} an F-linear derivation dp, of R, then one can consider all
these equations (59) simultaneously and the nonlinear differential equations that

one wants the £ and the U3 to satisfy, are
Ipia (L) = [(Pia)>0(Lo), £] and Ip,, (Us) = [(Pia)>0(Lo) Usl.  (66)

The basic generators (Lo,Ug,o) satisfy these equations trivially. For one has for

all >0 and all a,1 < a < my, that
(Eéua,O)ZO(LO) = Eéua,o

and therefore the action of all the derivations Op,, on them is trivial. The equa-
tions (64) and (66) for matrices £ and the Ug form the equations of the (Lo, h>o)-

hierarchy as they correspond to the commuting flows with as generators the
{UaoLh |1 >0,0 € {1, -+ ,mg}},
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4 LOWER TRIANGULAR HIERARCHIES

which generate a maximal commutative subalgebra of the F-matrices in LT>(Lo).

The equations (66) are called the Laz equations of the hierarchy because of their

similarity to the equations (17).

Ezample 1. A concrete context, where one can look for realizations of the (Lo, h>¢)-
hierarchy is the following: for the ring R one takes the algebra F'[t;,] of all poly-

nomials in the parameters {t;, | i > 0,1 < o < my} or, more generally, that of all

formal power series F[[t;o]] in these variables. You consider matrices £ and the

Ug in Myz(R) that have first of all the form (61) resp. (63) and secondly satisfy the

commutation relations (64). For the derivations dp,, one takes then the partial

derivative Oy,, w.r.t. the variable ¢;o. The nonlinear equations one wants the £

and the Ug to satisfy are then

010 (£) = [(Pia)>0(Lo), £] and 8y, (Us) = [(Pia)>0(Lo), Ug] (67)
Note that one has silently assumed in this example that the derivations Jp,,
commute among themselves. We come back to this issue in the next subsection.

Ezample 2. Other examples of possible algebras R are the localizations S~ F[[t;4]]
with S a multiplicative subset of F[[t;s]]. As in example 1 one takes for dp, the
partial derivative 0, and one can look for commuting matrices £ and the Ug in
Mz(S71F[[tio]]) that have the form (61) and (63) and satisfy the equations (119).
By allowing singularities in the solutions one may fail to make the specialization

tio, = 0 for all 7 and «.

Remark 6. The dependence of the solutions of the hierarchy of the basic directions
is as follows: if b is a maximal commutative F-submodule of 45 (M (F')), then there
is a bijection between solutions £ and {Us,} of the (A*, h>o)-hierarchy and those
of the (Lo, (UghU; ')>o)-hierarchy , namely

L AU — U LU {UULUG
The reason is that for all i > 0 and all « € {1,--- ;mp}
Uo(LUa)>0(M Uy = (UoL'UUg ) >0(Lo).-

Since the general case gives better insight in the full geometric picture and it

requires no additional effort, one presents the general case here.
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4.2 A minimal realization of the (Lo, hs()-hierarchy

4.2 A minimal realization of the (L, h>¢)-hierarchy

In this subsection one discusses a minimal realization of the relations (64) and
(66) in the style of [55], where minimal refers to the number of relations between
the solutions. Start with a collection of Z x Z-matrices of the right form

Z =Ly + Zl}ﬁ%, Z;[a = Uu,0 + Zai,aﬂé.

<0 i<0

Then the matrices {I;} and the {@; o} can be written as
I; = Updiag(l;(s))U; " and i o = Updiag(iii.q(t))Uy " (68)

and this shows that the matrix coefficients of the I; resp. the ;o are polyno-
mial expressions with coefficients from the field F' in the coeflicients le (s)ys Tesp.
@0 (t) o Of the {I;(s)} resp. {i;a(t)}. The idea is now to take these matrix
coefficients of all the {/;(s)} and {@; (t)} as independent as possible. One starts
with taking them totally independent. Observe thereto that the coefficients of
the matrices £ and the {U,} belong to Mz(R>0), where the ring R> is defined
as

Rxo = F[[;(8)ys, i, (t) pol,

with all {v, 6, p, o} in {1,...,k};both s, and ¢t € Z;j < 1,7 < 0. By conjugat-
ing with Uy ! one sees that the matrix coefficients of all the {I;} and the {i; o}
are also generators of the ring R>o.

Note that every F-linear derivation A € Derp(R>¢) is completely determined

by describing freely all the

{A(1;(8)ys), Alliia(t)pe)}-

As the matrix coefficients of the leading terms of £ and the U, are constants for
all F-linear derivations, every F-linear derivation of R>g acting coefficientwise on
these matrices renders a matrix of order in Ly at least one less than the original.
The same property holds for the commutator of one of these matrices with a
matrix of order < —1 in £y. Taking these considerations into account and since

the matrix coefficients of le and the ;. are also generators of the ring R>,
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4 LOWER TRIANGULAR HIERARCHIES

one can define for each P in LT(Rxq) of degree > 0 in Ly a unique derivation
515 : R>9 — R>( by the matrix equalities

({;ﬁ,(ﬁ) = —[p<o(£0)7£~} and 513(2:{a) = —[15<0(£0),Zfla]. (69)
The specific P we are interested in of course are the P, = ﬁida, i > 0 and
a,l < a < mg. Now, one wants the L and the {Z:{a} to commute and therefore
one imposes on the independent variables [;(s),s and i o(t),o first of all the
relations

[£,Uy] = 0 and [Uy,Us] = 0 for all a and S. (70)

The quotient of the ring R>( by the ideal I>( generated by the matrix coeflicients
of the left hand sides of the relations (70) is denoted by R.,. We will use the
same notation for the natural images in Mz(R-,) of the matrices L, the {Uy,}
and the pm- Note that the derivations 513 also factorize to derivations of EZO’

for one has

Op(£,Ua]) = [~ Peo(Lo), [£,Ua]], (71)

and thus 515 maps the ideal I into itself. One uses the same notation for the

corresponding derivation of R . In particular there holds in Mz(R)
[05(£),Us) + [£,0pUp)] = 0 (72)
(05 Us), U] + [Us, p(Uy)] = 0

Since the P, commute in Mz(R>,) with the L and the {Us}, we have a set of
derivations 5151_0 of R for which the equations (66) hold. It will be clear that
the number of relations between the coefficients of the £ and the {/,} is minimal.
Though the Lax equations of the hierarchy in this minimal setting hold practically
by definition, they possess interesting consequences. Before discussing them, it is
convenient to introduce a notation: for all # > 0, and all a, 1 < a < mg, one

writes

Bio = (LU,)>0(Lo).

These matrices satisfy the following relations:
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4.2 A minimal realization of the (Lo, hs()-hierarchy

Proposition 2. The matrices {Bpna} in Mz(Rs) satisfy for all n and m > 0

and all B and o in {1,--- ;mgo} the equations

~15m (Bmﬁ) - ~15m5 (Bna> - [Bnav BMB] = 0. (73)
Proof. The idea is to show that the left hand side of equation (73) belongs both
to LT>0(Lo) and to LT<_1(Lp) and thus has to be zero. The left hand side of
equation (73) clearly belongs to LT>(Lo). To get the other property, note that
for all n and m > 0 and all @« and 3 € {1,...,mg} there holds

éﬁw (Pmﬁ) = [Bnm pmﬁ] = _[(pna)<0(£0)a Iamﬁ]- (74)
This is a direct consequence of the fact that both dp, . and [Bpq, —| are derivations
of LT(R>o) and that their action on £ and Ug is equal. Now one substitutes the

equation B,o = Pna — (Pra)<0(Lo) in the left hand side of (73) and one uses
equation (74) to obtain

3, (Pus) — O, ((Pms)<o(L0)) — O, (Poa) + 35, ((Pua)<o(L0))—

[Pna - (Pna)<0(£0)7 Pmﬁ - (Pmﬁ)<0(£())] =
0, (Pua)<0(£0)) = 35, (Prp)<0(Lo)) = [(Paa) <0(Lo0), (Prms)<o(Lo)]-
This last expression belongs clearly to LT<_1(Lo), which proves the statement.

O

This proposition allows you to show that it was not so strange to assume in
example 1 that the basic derivations commute and it furnishes at the same time

a unifying property of the equations that belong to the (Lo, h>()-hierarchy

Corollary 1. All the derivations {515W [n>0,1<a<mg} of the algebra R,

commute.

Proof. As mentioned above the matrix coefficients of £ and Uy generate the al-

gebra R so that one merely has to show respectively that

(épk’y o 615”& — 815na o 815167)(5) =0 and (5}5M o 8157“1 — 615 o 815k )(U5) =0.

no %
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4 LOWER TRIANGULAR HIERARCHIES

One gets the desired identities by applying the following property: let 0; and 0
be derivations of a ring R and let X be a matrix in Mz(R) such that for i = 1,2

0:(X) = [D;, X] for some D; € Mz(R).
Then a straightforward computation shows that
(01003 = 02 001)(X) = [01(D2) — 02(D1) — [D1, Do), X] (75)

By inserting the zero curvature relations from Proposition 2 in this identity for
the operators and derivations listed above, one obtains the statements in the
corollary. Hereby it is tacitly assumed that all the commutators in this reasoning
make sense, a fact that holds in our situation, where the matrices X, D; and Dy

belong to LT (R). O

Since the basic derivations in the Lax equations of the (Lo, hs()-hierarchy
commute, it is appropriate to call the equations in Proposition 2 the so-called

zero curvature equations of the (Lo, h>o)-hierarchy, see section 3.2.

4.3 The zero curvature form of the (L, h>o)-hierarchy

In the last section one has built a minimal context in which the equations of
the form (59) hold. Here one wants to discuss other realizations and the zero
curvature form of the hierarchy.

The first step in realizing solutions of the hierarchy is to come up with matrices
of the right shape. Since the leading terms are fixed, these matrices are determined
by assigning to each matrix coefficient I;(s),s,j < 0, of £ an element 1;(s),s in
some F-algebra R and to each matrix coefficient 4; o (t),s,? < 0, of Z;{a an element
Uj,0(t) po in the same [-algebra . This assignment is nothing but an F-algebra
morphism A : R>9 — R. The morphism A determines an F- linear map from
Mz (R>0) to Mz(R) that is denoted by the same letter. On the level of the lower
triangular matrices the map A is even an F-algebra morphism from LT (R>¢) to

LT(R). It furnishes you a set of matrices

L :=\L) and the U, = A\(U,) (76)
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4.3 The zero curvature form of the (Ly, h>)-hierarchy

of the right shape. To keep notations consistent, one writes for all ¢ > 0 and all
Q, 1 <ac< mo,

Piy := LU, and B, = (Pia)>0(Lo).

If the assignment is chosen such that the matrices £ and the U, commute among
each other, then one has in fact an F-algebra morphism A : R, — R. This we
assume from now on.

Next one wants to transfer the Lax structure to R and in that light one needs
that R is equipped with a number of F-linear derivations Op,, : R — R, with Pi,
as above. What one wants then algebraically is a compatibility of the derivations

5151_(1 and Jp,, according to
apia o\N= )\Oéﬁ)ia, (77)

Now the compatibility conditions (77) imply all the Lax equations for the matrices
L and U, in Mz(R):

6Pm ([’) = [Bioul:L (78)

aPm (ua) = [Bionua]- (79)

Since the matrix coefficients of £ and the U, generate R, the equations (78)
and (79) are also sufficient for having the compatibility conditions (77). Thus
finding such an R, the morphism A : B>, — R and a set of F-linear derivations
Op,., such that the relations (77) hold, gives you a solution, namely £ and the
Uy, of the equations of the (Lo, h>¢)-hierarchy. Note that the relations (77) also
imply that the subring A(R) is stable under all the derivations dp,, and that
their restrictions to A(R) all commute.

Keeping in mind that A is an F-algebra morphism, one may conclude from

relation (77) and Proposition 2 that the zero curvature relations also hold in R

0P, (Bmg) — 0p,,5(Bna) — [Bna, Bmg] = 0. (80)

There is still a second set of zero curvature relations related to the above situation,

for there holds
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Lemma 4. Assume one has an F-algebra R, a morphism A : R>, — R and a set
of F-linear derivations Op,, such that the relations (77) hold. Let L and the U,
be given by (76). Then the {Dy,g := Bimg — Pmp} satisfy

0P, (Dmp) = 0P, 5(Dna) = [Dna, Dmg] = 0. (81)

Proof. Because of the Lax equations for £ and the U, each P,z satisfies the same
Lax equations

Op,., (Pmp) = [Bia, Pmp)- (82)

Thus we get

8Pna (Dmﬁ) - aPmﬁ (Dna) - [Dnou Dm,@] =
aP"n,a (Bmﬁ) - 8Pn(x (P’rFLﬁ) - ang (Bna) + ang (Pna)_
[BnouBmB] + [Bnon Pmﬁ] + [Pn(x; Bmﬁ] - [Pnon Pmﬁ] = Oa

thanks to the Lax equations (82). O

Next it will be shown that, reversely, the equations (80) also imply the Lax
equations (78) and (79). So to describe the stage, let R be an F-algebra and
let A : Ry — R be an F-algebra morphism. The induced F- linear map from
Mz(Rs,) to Mz(R) is also denoted by A. Consider the commuting matrices
L := XL) and U, := ANUy,) €Mz(R), where £ and the U, are as in the foregoing
subsection. Assume R is equipped with a number of F-linear derivations Op,, :

R —R,i>0,1 <a< mg, then we can say

Theorem 3. Under the assumption just made and notations being as above, the
Lazx equations (78) and (79) for the matrices L and the U, are equivalent to the

zero curvature relations (80) for the matrices {Bnq }-

Proof. One merely has to prove sufficiency still. Recall that for all m > 0 and
all Dy,3 := Bimg — Pmp. To get the Lax equations for £ and U3 one considers
for all m > 1 the matrices dp,, (L™Ug) — [Bia, L™Ug]. By substituting in it the
identity L™Ug = By,g — Dmg and by using the zero curvature equations, one gets

the equality

8Pm (‘Cmuﬁ) - [BiOw Lmuﬁ] = 78131'@ (Dmﬁ) + aPm,g (Bia) + [Biou Dmﬂ]
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4.3 The zero curvature form of the (Ly, h>)-hierarchy

From the left hand side of this equality one sees that the order in Ly for all the
aPia (Emuﬁ) - [Biou Emuﬂ}

is uniformly bounded above by i — 1. Consider first the operator £. Assume now
that
0p,., (L) = [Bia, L] = aL{ + lower order in Ly, (83)

with o € UyDy(R)U; ! nonzero. Since both dp,. and [Bj,, —] are derivations,

there follows with induction that
0P, (L™) = [Bia, L] = Z LH{0p, (L) = [Bia, L]} L1,
Now one focusses on the leading term of this equality and one gets
0p,. (L) = [Bia, L] = Z LialyHLyt™ ! 4 lower order in Lo.

If one lets m tend to infinity this contradicts the fact that the left hand side
belongs to LT<;_1(Lo), unless one has for all sufficiently large m that

m—1
> LieLy =0
i=0
This identity would, however, immediately imply that for sufficiently large m,
glaly™ =0

and hence o = 0. This contradicts the assumption that has been made, so there

holds for all i > 0, and all a,1 < a < myg,
op,, (L) — [Bn, L] =0.

Hence the Lax equations (78) hold for £. Next one considers the operator LUz
and applies the Lax equations for L™ to get

P (L™Up) = [Bia, L"Up] = (9p,, {L™) = [Bia, L™} Up+ (84)
L7{0p,, (Up) = [Bia, U]} = 0+ L™ (P, (Up) = [Bia,Us])
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If the operator Ug would not satisfy the Lax equation (79), then there holds
0p,,, (Ug) — [Bia,Ug] = BL + lower order in Lo, (85)

with 8 € UyDy(R)U; ' nonzero. Hence the right hand side of (84) would have a
nonzero leading coefficient in Ly of order m+s. This contradicts the fact that the
order in Ly of the left hand side is bounded above. Therefore the Lax equations

79) have to hold for Ug as well. O
( 3

Remark 7. The zero curvature equations are also often called Zakharov-Shabat
equations after Zakharov and Shabat who introduced this form for many integrable

equations, see e.g. [57].

4.4 Wave matrices for the (£y, h>o)-hierarchy

In this section the linearization of the (Lo, h>()-hierarchy will be treated. Recall,
see [30], that in the finite dimensional situation such as described in subsection

3.1, the vanishing of the curvature of the connection with the connection form

0= 27: C’Zdzl
i=1

is equivalent to having n independent functions ¢; from U to the C" that satisfy

0
871-(%) = Csp;.

Hence, if ® is the n x n-matrix with ¢; as its j-th column, then there holds for
this map from U to GL,(C)

0

0 1
o ()DL (86)

82’1'

Note that, if Lg is a constant n x n-matrix, then L := ®Ly® ! is a holomorphic

matrix on U whose evolution w.r.t. all the variables z; is given by a set of Lax

equations
o .. _ 0 . L0
azi(L)_azi(‘p)LO‘b —OLyd aZi(CI))fI)
0 _
=[5, (@2 LI =G L. (87)
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The linearization of the (Lo, h>g)-hierarchy will be an algebraic substitute for
these horizontal sections from which follow the Lax equations for the hierarchy.
One starts out with an F-algebra R equipped with a collection of F-linear com-
muting derivations {dp, ,i > 0, € {1,--- ,mo}}. Further one has the corre-
sponding potential solutions, namely commuting operators £ and U, in LT(R)
of the form (61) resp. (63). The linearization of the (Lo, h>)-hierarchy consists
of the following equations for £ and U,

Lo = ¢Lo, U = PUq 0 and Op,, (¢) = Bia o, (88)

where ¢ is a not yet specified object for which all the operations in (88), like
multiplying from the left and right with Z x Z-matrices and applying all the
derivations 0p,, make sense. To get the Lax equations for £ one applies the
derivation dp,, to the first equation in (88) and substitutes the last one. This

leads to the following manipulations

aPm (E(b - ¢£O) = aPm (£)¢ + ‘C(apm (¢)) - (aPm (d)))EO = (89)
Op, (L) + LBiad — Bia®Lo = {0p,. (L) — [Bia, L |}¢ = 0.

Hence, if it is allowed to scratch the function ¢ from the foregoing equation, one
obtains the Lax equations for £. For the operator U, one applies dp,, to the

second equation in (88) and substitutes the last one. Thus one gets

0P, Ua® — PUa0) = Op,, (Ua )Y +Ua (0P, (¢)) — (0P, (¢)Uao = (90)
= aPm (uoz)¢ + uozBioz(b - Bia¢ua,0 = {aPm (ua) - [Biaauoz ]}¢ = 0.

and if one can leave out ¢ again, this yields the Lax equations for U,.

For the linearization (88) one needs a left action of £, the U and all the B;,
on the functions ¢ and a right one for matrices like £y and the U, ¢. To realize
the first, one builds a left UT(R)-module. The actual form of the elements in the
module is guided by the trivial solution £ = Ly and U, = U o of the hierarchy.

In that case the equations (88) become

Lo¢ = ¢L0,Un 00 = dUa0 and Ip,,, (6) = (Lila,0)- (91)
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In particular, one sees that the first order approximation of the flow corresponding
to each Op,,, is multiplying from the left with the constant basic direction L{U, 0.
Let t;q be the parameter for the flow corresponding to dp, so that dp,, acts on ¢
as taking the partial derivative Bt =: 04,,. The equations (91) can then formally

be integrated simultaneously. For, consider the formal series

oo Mo

boo = exp(D > tialda 0 L)) (92)

=0 a=1
With the action of dp, just defined, it satisfies the equations (91). As a formal

powerseries in the parameters {¢;o |7 > 0, € {1,--- ;mg}}, one can write
= ¢oo(8)t?, with all ¢oe(8) € LT(F) (93)
s

and where § = {§(ia)}, with 6(ic) € N equal to zero, for all but a finite number
of them. Note that in general ¢ is not a well-defined matrix in Mz(R). That
would require minimally a natural embedding of the algebra F[t;,] into R and
convergence conditions on the element L.

The module for the linearization will consist of perturbations in LT (R) of this

trivial solution. Consider namely the collection M () (L) consisting of formal

products
oo myp,
{ Z d; L} exp(> > tiallaoLf), where d;j € UgDi(R)U; . (94)
j=—00 =0 a=1

The elements of M(>)(L) are called oscillating matrices at infinity, since they
are formal products of a series in Ly that has a pole around infinity and the
exponential term, which is an essential singularity in Lo. If F[t;] C R and Lg is
sufficiently nice so that ¢, belongs to Mz(R), then it requires still convergence
considerations to make sense of the product in (94) as a matrix in Mz(R). Such
a setting is described in the remaining subsections of this chapter. So in general
these formal products do not give a well-defined element of Mz(R). However, if
R = F[[ti]] and 9p,, = O

both ¢, and any element Z;-szoo d; E% are formal power series in the variables

as in example (1), then we know from (148) that

i

tio with coefficients from LT(F) and their product is also a well-defined formal

power series in the variables t;, with coefficients from LT(F).
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4.4 Wave matrices for the (Lo, h>()-hierarchy

Nevertheless there is in the general case a well-defined left action of LT'(R) on

M) (Ly). For all u; and uy € LT(R) one puts namely

Ul{u2}¢oo = {U1U2}¢oo- (95)

Multiplying elements of M () (L) from the right with the matrices Lo and Uz,
is defined as if the formal product is a real product of matrices and as if £y and

Ug,o commute with ¢

{u}doo Lo :={u Lo}doo and {u}tdoo Ug o := {uUp 0} Poo

The action of the derivations dp,, on M©) (L) is defined as if the product in the

module M () (L) is a real one

N N N
Op{ D dili}doe ={ Y Op (d)Ll+ D dilh LiUsotdoo  (96)

t=—00 t=—00 t=—00
All the actions occurring in the linearization have been introduced now. Note
that M(°)(Ly) is a free LT(R)-module with generator ¢.,. Hence scratching ¢
from the equations (89) and (90) is permitted as soon as one knows that ¢ = ¢
with (ﬁ € LT(R) invertible. In this last case the equation L¢ = ¢Ly implies then
that

L=L():=pLop "

and the equation U, ¢ = ¢y, implies that
Z/{a = Uoz(gg) = qua,OQgil'

An oscillating matrix at infinity ¢ = (;AS¢OO, with ¢A> =1Id+ Zig—l d; L}, is called a
wave matriz at infinity for the matrices £(¢) and U, (¢), if it satisfies the equations
(88). Since the manipulations to get the Lax equations are well-defined on such
a ¢, the matrices £(¢) and the U, ($) form a solution of the (Lo, h>)-hierarchy.
If one wants to prove the equations (88) for an oscillating matrix at infinity ¢ of

the right form, it suffices to prove a weaker result, for there holds

Proposition 3. Let ¢ = (;3(;500, with (;Ab—Id € LT<_1(Lo) , be an oscillating matriz
at infinity. If it satisfies for all i >0 and all aw € {1,--- ,mqo}

aPm (¢) = Giaw? with Gia S LT(R)ZO7
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then Gio = (L(0)Ua(9))50(Lo). In particular L(¢) and the Us(p) form a solution
to the (Lo, h>q)-hierarchy

Proof. From the definition of the action of dp,, on M(*)(Ly) and the fact that
M) (Ly) is a free LT(R)-module with generator ¢, one gets the operator
equation

Op,,, (¢) + ¢LiU0 = Gind. (97)

Multiplying this equation from the right with QZA)*I and taking the upper triangular
part “> 0”7 in Ly gives the desired result. O

Remark 8. The wave matrices at infinity are in the present context the analogue
of the Baker-Akhiezer functions for the K P-hierarchy, see [49].

Remark 9. Note that if one has an oscillating matrix at infinity of the right form,
ie. ¢ = q3¢oo with qAﬁ —1Id € LT<_1(Ly) , then the condition to ensure that ¢ is
a wave matrix at infinity can totally be expressed in the perturbation (Z; There

always holds
Op.o (#) = (0o (9) + GLUo0) P
and if this has to equal B¢ ¢, then there holds, since dp, (¢)¢~' € LT<_i(R)
that
0p,..(6) = Dia, (98)

where D;, = —(LU,)<0(Lo) as in subsection 4.3. Reversely, if the equations (98)
hold, then ¢ is a wave matrix at infinity for the operators £(¢) and the U ().
The equations (98) form the analogue of the Sato equations in the context of the
KP-hierarchy.

Different wave matrices at infinity may lead to the same solution of the

(Lo, h>p)-hierarchy. Assume namely that
P |
L=¢1Lop1 = p2Lo2

and

. A1 . .21
U = pr1llgop1 = ol oda
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4.4 Wave matrices for the (Lo, h>()-hierarchy

where both ¢; and ¢- are wave matrices at infinity. Then one has first of all that

A =1 A
¢1  ¢2 commutes with £y and the U3¢ and thus has to have the form

Q§1_1¢§2 = ZUT 67

r<0

where v; € Upig(Mg(R))U; ' commutes with the Us g. One has seen in the proof
of Proposition 10 that for all¢ >0, all @« € {1,--- ,m} and s = 1,2,

0P, (6s) = (L'Ua)>0(L0)bs — b5 LiVar0.

Hence, if one applies the operator dp,, to the equality <§2 = (51 >, vr L4, then one

obtains
O, (62) = Op,, (61) D 0L+ b1y Op,, (vr)L5 =
r<0 r<0
(L'Ua)20(L0)d1 = d1(LiUa0) Y 0r LG+ b1 Y Op,, (vr) L5 =
r<0 r<0
(L'Ua)0(Lo)d2 — 2 Lilao + b1 Z Ip,, (vr) Ly
r<0
Hence one must have for all » <0, all ¢ > 0 and all & € {1,--- ,mgo} that
O, (1) = 0.

For completeness sake, this result is resumed in a corollary

Corollary 2. If ¢1 and ¢2 are wave matrices at infinity w.r.t. the same set of
operators L and the U, then there holds

¢2 = b1 > veLy,

r<0

where all the v, are constant for the deriwations Op,, , i.e. dp,, (v,) = 0.

a’

Remark 10. In the case of the Example 1 of the formal power series in the variables
{tia}, a wave matrix at infinity ¢ = Qg(ﬁoo for the solutions £ and the U,, is a formal
power series in these variables with coefficients from LT(F') and a constant term
equal to the identity. Note that all the matrices B;, are formal power series

in the variables {t;o} with as coefficients matrices in LT<,;(F'). Therefore these
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4 LOWER TRIANGULAR HIERARCHIES

coefficients satisfy the Assumption 1 and the zero curvature relations. Hence,
since ¢ satisfies

31&,;” (¢’) = Bia9,
the wave matrix at infinity ¢ is nothing but the fundamental matrix for the
corresponding Cauchy problem. Note that thanks to Remark 9 the matrix (;AS is
also a fundamental matrix for a Cauchy problem, namely the one corresponding

to the matrices {D;q }.

Remark 11. To actually construct solutions of the (Lo, h>g)-hierarchy, one will
describe in the next subsection a geometric setting from which one can construct
oscillating functions at infinity for which the exponential factor determines a well-
defined element in UyUT(R)U; 1 the formal product of this exponential factor
and the perturbation factor in LT(R) is real, i.e. it converges, and the oscillating

functions at infinity satisfy Proposition 3.

4.5 A geometric setting for the (£, h>)-hierarchy

All the relevant Z x Z-matrices that will be produced in the sequel correspond to
bounded operators on a separable complex Hilbert space and therefore one takes
the basic field F' here equal to C, so that the ring R will be a C-algebra.

Let S' be the unit circle in the complex plane. Throughout this thesis one
will work with the Hilbert space H = L?(S',C¥) of square integrable C*-valued
functions on S'. Its elements are represented by their Fourier series

h = Z a(n)z", where a(n) € C* for all n € Z.

nez

Let (- | ) be the standard inner product on C*. The inner product on H is
expressed in the Fourier coefficients of its elements by

<> a(n)z" | Y b(n)z" >= (a(n) | b(n)).

nex nez nez

Let {fs | 0 < s <k — 1} denote the standard basis of C¥, where f, has a one on
the s+ 1-th entry and zeros elsewhere. Then one gets a Hilbert basis {e; | i € Z}
of H, if one puts for all j € Z and all 5,0 <s<k—1,

Cstkj ‘= st]-
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To each bounded operator B € B(H) one associates the Z x Z-matrix [B] w.r.t.
this basis. In this paper one will mainly work with a decomposition of [B] in
k x k-blocks. Thereto one considers inside H a number of subspaces. For each

i € Z, let H® be the complex subspace of H spanned by the
{f2"|0<s<k—1}

The projection H — H® given by > jenh(5)2? = h(i)z" is denoted by p. The

space H decomposes as the direct sum
H = ®iezHY

and this determines for each bounded linear operator B € B(H) the associated
block decomposition B = (B;;), where B;; := p o B | H9) and correspondingly
the matrix decomposition [B] = ([B;;]) in k x k-blocks. E.g. if A € gl (C), then
multiplying from the left with A defines a bounded map M4 : H — H such that
the k£ x k-block decomposition of its Z x Z-matrix looks like

[Ma] = ix(A) =

o o P
o P o
> o o

Similarly, the Z x Z-matrix of the bounded map M, : H — H, defined by
MZ(Z hiz') = Z hiz' T,
i€ i€Z

has a k x k-block decomposition of the form

0 0 0
[M.] = A7F = d 0 0 :
0 Id 0
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with A the Z x Z-matrix corresponding to the shift operator ), ae; — Y. cie; 1.
A direct computation shows that conjugating with M, corresponds in the matrix
picture with shifting each k x k-block one step along the diagonal. Hence all
operators in B € B(H) that commute with M, can be written in the form

B =Y MpgM:, with B; € gl (C). (99)

ez
Another subspace that plays a role in the sequel is the subspace H;, j € Z, defined
by
Hj=®ig; HY,

with its orthogonal projection p; := @igjp(i). One will use a special notation for
the decomposition of any element b € B(H) w.r.t. the splitting H = H; & Hj-,

namely
_ (b++() b-(9)
= (00 20 o)

Now one is ready to introduce a Lie group in which the flows corresponding to
the basic directions

{LUpo |i>0,1<8<mp}

can be realized and from which one can construct solutions of the hierarchy. Here
one has some freedom and to illustrate that the group one is about to introduce,
depends of a class of compact operators of H and for each class the construction
works. For each integer r > 1, let S, be the Schatten ideal, see [47], of bounded
operators A : H — H such that

||A||" := trace((A*A)2) = trace(]A|") < oo,

where A* denotes the adjoint of A. For r» = 1 this gives you the trace-class
operators and for r = 2 the Hilbert-Schmidt operators. For each such a r one

introduces the group G_(r) by

G_(r) = {g = (95) € GLH) | ¢, 2(01),, € 5,

®i>jGi5 € Sr }
It consists of the invertible elements in the Banach algebra

G (r)= {b = (bij) € B(H)

@i>jbij € Sr}
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4.5 A geometric setting for the (Lo, h>¢)-hierarchy

equiped with the norm || - || s defined by
[Bllres = [1(bij)lIres = [Ib]] + || Bi>; bijllr-

Here || - || is the operator norm and || - ||, the Schatten norm. This turnes G_(r)
in a natural way into a Banach Lie group with G_(r) as its Lie algebra. For each
N > 1, one has the subgroup
gij =0 for ¢ > jand [j| > N
Gy :=R9=1(g;) €G_(r) | gij=0fori<—Nand —N<j<N (101)
gj; is invertible for |j| > N
By using the fact that in each GL(n,C) any element can be linked to the identity
by a continuous path, one proves the same for the group Gy, in other words G
is connected. Since each element in G_(r) differs from an element in Gy for some
N by a small operator in the Schatten class S, one can connect any element
in G_(r) by a continuous path with some element from Gy and thus one may

conclude
Lemma 5. The group G_(r) is connected.

Next a number of ways to split the Lie algebra G_(r) will be discussed. First
of all the Lie algebra G_(r) can be split into the sum of the Lie subalgebras

P = {p = (pij) S g_(T’) DPij = 0 for all ¢ > ]}

and

U- = {u = (uij) € G_(r) | u;; =0 for all + < j}.

Their corresponding Lie groups are

P:= {p = (pij) € G-(r)

pij =0 and (p~');; =0 for all i > j}
and

U-:= {“ = W) €G-} ' 1d for all i € 2

uz-j—()foralli<j}

The group P N P_ of diagonal k X k-blocks in G_(r) is denoted by Dy. Let p_

be an element of the group P_. Then its matrix [p_] = Up is a lower triangular
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matrix of order zero in A*. It has an invertible leading coefficient and determines
the direction £y. Now conjugation with p_ determines another way to split G_(r)
namely

G_(ry=U_@®p_Pp_L.

All the commuting directions
{ua,o[.:é ‘ [ORS {L te 7mL}ai > O}

that are relevant for (Lo, h>¢)-hierarchy belong to the Lie algebra p_ Pp=t. The
Lie group corresponding to the Lie algebra p_ Pp_" is clearly the group p_ Pp_".
As the map from U_ x p_ Pp=* to G_ (r) defined by

(u, p) + exp(u) exp(p)

is a local diffeomorphism at (0,0), the set U_p_ Pp~" is an open subset of G_(r).
It is called the big cellin G_(r) w.r.t. U_ and p_ Pp_*. Following the terminology
for loop groups, see [42], we speak of the Bruhat decomposition of the big cell. The
component in p_ Pp~! is called the parabolic component of the decomposition
and U_ the unipotent component of the decomposition. Each big cell is a dense
open subset of G_(r) since this holds for the case p_ = Id and in that case it
is a consequence of the following characterization, which is similar to the finite

dimensional case

Proposition 4. Let Q C G_(r) be the collection of all ¢ € G_(r) such that
g++(2) is invertible for all i € Z. Then Q is equal to U_P and is a dense open
subset of G_(r).

Proof. One starts with the alternative description of the big cell. Since for all
1€ 7 and all p € P and v € U_ one has the decompositions
p= (50 p) mae= () L 0):
the inclusion U_P C ) is clear.
Reversely, a direct computation shows that §2 is invariant under right mul-
tiplication with elements of P and under left multiplication with elements from

U_.
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For each j > i, consider the decomposition of an operator g € 2 w.r.t. the
splitting H = H; ® {H; N H;"} @ Hj-
g++(1) 912 91,3

g= 92,1 92,2 92,3
g3.1 gs.2 9——(j))

By definition of the subset  the operator g4 () is invertible and one can form

the element

Id 0O O
u=[—-g2194+(@)"" Id 0
0 0 Id

in U_. By left multiplication with u one reduces g to the form

g++(@) G122 913
g= 0 J2,2 92,3
g3.1 93,2 9——(j))

Similarly one can get rid of g3 1. Note now that the defining property of {2 ensures
that go 2 is invertible and the same procedure gives that one may also assume g3 o

to be zero. Thus the operator g is brought back to the form

g4 (i)  * *
9= 0 G2 *
0 0 g9--())

The operator go > is finite-dimensional and it satisfies on the k x k— block level
the finite-dimensional analogue of the defining property of €2, which results in the
required splitting. As for the other operators on the diagonal, g, (i) decomposes
as

9++ (1) = ui(g) + pi(g),

where the k x k-block decompositions of these components are given by

ui(g) = | " Gi-2i- 0 g i=] 0 gi2ic1 gie2i
. gi—1i—2 Gi—1i—1 0O .0 0 Gi—1i
9ii—2 9ii—1 Gii ... 0 0 0

By choosing ¢ sufficiently small, one can get the Schatten norm of p;(g) arbitrary

small such that for all t < i

max(|[ui(9)g++ () 7' Pi(9)lres, g4+ (£)) ' pi(9)llres) < o for some 0 < a <1,
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independent of t. Now ¢4 (i) can be split as follows:

(g++(i+ 1) U) _ <9++(i+ 1) 0 ) (Id g+ (i + 1)_171) .

u Gii u gii —ugs+(i+1)"1v ) \ 0 Id

By the estimate above, repeating this process determines a well-defined operator

of the form

Id =
0 Id =«
0 0 Id

Then one can reduce the operator g4 (i) to an operator of the form of u;(g) by
right multiplication with this operator. By extending this operator with the iden-
tity on Hin this yields elements of U_. Likewise the operator g__(j) decomposes

9——(j) =u(g) +p9(9),

where the k x k-block decompositions of these components are respectively given

by

Gj+1 j+1 0 0
o i 0 ..
uh ()= | PRI O
9j+3 j+1  9j+3j+2 Gj+3j+3
0 gjr1j+2 Gj+1j+3
. 0 0 9j+2 j+3
p9(g) == 0 0 0

By taking j sufficiently big, the Schatten norm of pU)(g) can be made arbitrary
small such that all the {gix | ¥ > j + 1} are invertible. Now g__(j) can be split

similarly as:

<9j+1j+1 x ) _ (9j+1j+1 0 ) <Id g{ﬁlex) ,
Y g-—(G+1) Y g——(G+1) —yg; 115012/ \ 0 Id
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The infinite product

Id, 0 0o ... Idy  w * s Idy wy *
0 Idg we 0 Id, 0 0 Idp wue

0o o W “.|{lo o @ of70 O I =

thus one can reduce g__(j)) to an operator of the form of u?(g) by right multi-

plication with operators of the form

Id =« *
0 Id =«
0 0 Id

By extending these with the identity on H; one obtains again operators in U_ and
thus one has reduced g to an element of P_— = U_Dy,. This proves the equality
Q = U_P. Tt implies directly that the big cell is open.

To show that it is dense, note that we have seen from the foregoing discussion
that for sufficiently small ¢ all the gy (i) are invertible. The idea is now that
by adding a suitable small k x k-block at the (i + 1,7 + 1)-entry one can make
g++(i+ 1) also invertible. This can be seen as follows: the operator g, (i + 1) is
Fredholm of index zero, since g4 (i) is invertible. Hence it suffices to show that
such a small perturbation can make its kernel equal to zero. A vector v in the
kernel of g4 (i + 1) satisfies:

perlis @ = (40PN (5) =0

c Ji+1,i+1 Yy

and since g4 (4) is invertible, this amounts to the equation

(—g4++ ()70 + gigr,i41)y = 0.

Hence, adding a suitable k x k-block to g;+1,i+1, can arrange that this problem
has only the trivial solution y = 0. Continuing this process a finite number of
steps, it can be arranged for a sufficiently large N that for all ¢ < N the perturbed

matrices g4 (¢) are invertible. If N is sufficiently large then the operator g4 _ (V)
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is small, just like the part p™ (§) of the matrix and all the gjj for j > N +1 are
invertible. Thus one sees that for all j > N + 1 that g4 (j) is the matrix of a
Fredholm operator that differs by a small operator from the operator with matrix

(‘J**(J.) 0 ) . (102)

9-+0J)  Gj+1,+1

In particular it is invertible if g, (j)) and gj11 41 are invertible. This implies
that all the g4 (7),7 € Z, are invertible for the slightly perturbed matrix g, in
other words g € . O

To demonstrate how wave matrices at infinity can be constructed in practice,
one makes first a choice for the basic commuting directions. Let § as in subsection
4.1 be a maximal commutative subalgebra of M},(C) with the basis {E, |1 < p <
mo} and let h be equal to the span of the twisted directions Up(ix(h))U, ', where
Uy = [p—] is the lower triangular matrix of an element p_ in P_ that determines
the direction Lg.

There is a natural group of commuting flows associated with h that embeds
into GL(H). Let namely U be any open connected neighbourhood in the complex
plane of the unit circle S. Then one writes I'(U, h) for the set of holomorpic

maps 7 : U — B such that
det(y(u)) # 0 for all u € U.

It is a group w.r.t. the pointwise multiplication in GLg(C). If two such neighbour-
hoods U; and U, satisfy Us C U; then one has a natural embedding of T'(Us, b)
into T'(Us, h) and the inductive limit is denoted by I'(h). For each r > 1, one
writes I'(h, r) for the subgroup of T'(h) consisting of the inductive limit of all the
T'(U,h), with U containing the disk with radius r. Each v € T'(h) has a Fourier

series

Z%zi, with ~; € b.
i€z

Let hss denote the subset of semi simple elements in h and let b, be the
collection of nilpotent elements in h. From the fact that b is the direct sum of

these subspaces one deduces that the group I'(h) is the direct product of the
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groups
L()ss :={y |7 €T(h),7(u) € hy, for all u}

and

I'(h)y :={v |~ €T(h),y(uw) is unipotent for all u}.

Now it is easy to see that any v € I'(h),, can be written as

v = exp(z ks2%) = exp(z ksz?) exp(z ksz®%),

SEZ 5>0 5<0

where ks € h,, for all s € Z. This shows that the elements of T'(h), split up
perfectly in those that have an analytic continuation to the interior of S' and
those that extend holomorphically around ”infinity”.

As for the group I'(h)ss, recall that, if U is an open connected neighbourhood
of S, any holomorphic f : U — C* decomposes as

fz)={1+ Zbizi}zm{z cjz’}, with cg # 0 and m € Z.
i>0 §<0

By applying this to the group I'(h)ss, one arrives at the following decomposition
of T(h)

Proposition 5. There is a subgroup A(h) of T'(h)ss isomorphic to Z", where r
is the dimension of hss, such that T'(h)=I'(h)>0 A(h) I'(h)<o, where

L(h)s0 = {7 |7 =exp(d_ 72"), with v, € b for all s < 0}
s<0

and

THlco={7v|~v= exp(z vs2°), with vs € b for all s > 0}.
>0

In the case that h equals the diagonal matrices, one can take

zZm 0 ... 0
A(h) = < diag(z™,...,2Mk) = 0 00 m; €7 (103)
: 0o . 0
0O ... 0 2™

However if one takes the unipotent algebra (60), then the group A(h) shrinks to

the subgroup of (103) consisting of the elements with all m; equal to some m € Z.
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A direct embedding of T'(h) into GL(H) is obtained by letting it act on H
through multiplication from the left with this series. It defines then the bounded
operator M, : H — H. In general the operators M, : H — H do not belong to
G_(r). E.g. let 7y denote the element u — Idu, then [M,,] = A% and M., does
not belong to G_(r). Since the elements of the commutator subgroup of M.,

have the form

> My M, with A; € gl (C),

i€z
one sees that the image of T'(h) contains pretty much all the directions that
commute with b and M.,,. Let B be an operator in GL(H) with inverse B~1,

then one writes a(B) for the maximum of one and || B||||B~}||. Then one has the

twisted embedding ip of the subgroup I'(h, a(B)) into GL(H) defined by
v+ BM,B™". (104)

Likewise the image of I'(h, «(B)) under the map ip takes care of all the directions
that commute with BhB~! and BM,Y(O)B_l.

The flows from T'<(h) do not embed into G_(r) in the way just described,
since they fail the Schatten condition, but those of I'>(lh) do. Take an operator
p— € P_ that determines the direction £y. The group I'so(h, a(p_)) embeds
through ¢, into the subgroup p_ P.plofG_ (r). Its image is the group of com-
muting flows I'(h>() connected to the (Ly, h>)-hierarchy. After this embedding
there is for each element y>o of I'<o(h, a(p—)) an N1 > a(p_) such that

oo mo
[Z.P— (’720)} = GXP(Z Z tiaua,oﬁg), tia € (C, Z |tia|Nf < 00
i=0 a=1 i,00

This illustrates once more that the {¢;,} are the coordinates w.r.t. the basic
directions of the relevant group of commuting flows. Thus one has for v>¢ from
I'>o(h, a(p-)) a well-defined matrix [i, (y>0)] that can be used as the exponential

factor in the wave matrices at infinity.
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4.6 The construction of solutions of the hierarchy

4.6 The construction of solutions of the hierarchy

One starts with an element g € G_(r). Inside the group of commuting flows

I'>o(h, a(p—)) one considers the subset

I'>0(g, b, (p-)) = {70 € I's0(h, a(p-)) | ip_(y0)g € p—Qp_"}.

Now one takes for R the ring of holomorphic functions on I'>¢(g, b, a(p—)). On

this ring one clearly has the set of derivations

{8tioc =

>0, 1<a<
8151-&“_ 1 <a<mg}

The decomposition p_Qp~' = U_p_Pp~! is basic for the (Lo, h>)-hierarchy: if
an element y>q lies in I'>o(g, b, a(p—)), then there holds

ip_ (¥20)9 = u—(g, v>0,p—) " 'p(g, v>0,P-),

where the component u_ (g, y>0, p—) belongs to U_ and the component p(g, >0, p—)
to p_Pp_*. Thus one has obtained an element of M) (L) , namely

[u—(9,720,p-)]lip_ (120)] = Pooc = @

for which the formal product in the definition of these spaces is a well-defined

one. Note that on the matrix level one has the relations

[u—(g,750,p-)lip_ (¥>0)] = [p(g, 720, p-)][g] * (105)

Now one takes the derivative of [u_(g, v>0,p—)][ip_ (v>0)] w.r.t. the parameter

tio. On one hand there holds

Ot (Rlip_ (v20)]) = Ot, (D) [ip_ (720)] + PUa,0LYip_(720)]
= {0, (®)D! + L(D) UL (D)}, (106)

where the matrices L((f) and L{a(i)) are obtained by dressing the basic directions
with ®:
L(D) = LoD and Uy (D) = dUs 0D
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4 LOWER TRIANGULAR HIERARCHIES

On the other hand, if one writes ¥ := [p(g, y<o0,p—)] "', then differentiating the
right hand side of equation (105) w.r.t. ¢;, results in

Ot (®) = 0r,, (V)[g] ™" = {04, (V)™ 1} 0. (107)

As M) (L) is a free LT (R)-module, the equations (106) and (107), yield

01, (D)7 + L(®) Ua(®) = 0y, (1)1
Since the right hand side of this equation belongs to UT>o(R), the left hand side
to LT<;(R) and the matrix d;, (®)®! to LT-o(R) one may conclude that the

following two identities hold:

01, (U)T ! = (L(2)Us(®))>0(Lo) (108)
Or,, (D)2 71 = —(L(D)'Up (D)) <0(Lo). (109)

In particular the matrix ® satisfies the linearization equations for the set of
matrices (L(®),Uy(®)). If one replaces g € G_(r) by gp® with an arbitrary

p© € p_Pp~!, then the lower triangular component does not change:

(0)

u_(gp"™, v>0,p-) = u—(g,v>0,P-)

and consequently the corresponding solutions of the hierarchy are the same. One

resumes the results obtained in a

Theorem 4. Let p_— € P_ determine the direction Ly. Consider operators
g € G_(r) and v>0 € I'>0(g,h,a(p_)). Denote the inverse of the unipotent com-
ponent of i, (y>0)g in the Bruhat decomposition of the big cell by u_(g, v>0,p—).
Then the matriz [u—(g, v>0,-)][ip_(7<0)] is @ wave matriz at infinity for the set
of matrices (L([u—(g,v>0,P-)]);Ua([u—(g,v>0,p-)])) and these matrices form a
solution of the (Lo, h>o)-hierarchy. Moreover, there holds for each p© in the
parabolic subgroup p_Pp~t of the decomposition that

L([u—(g,7>0,p-)]) = £([u,(gp(0),720,p,)]) and

)

Us([u—(g,720,p-)]) = Us([u—(gp'”, v20,p-)]).
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4.6 The construction of solutions of the hierarchy

Remark 12. The theorem shows that the variety G_(r)/p_Pp_" determines the
solutions of the (Lo, h>)-hierarchy. The isomorphic variety G_(r)/P is a flag

variety consisting of all infinite flags
Wi =gH; 1 CW;=gH; CW;y1 =gHiy1--
which are perturbations of the basic flag

"'Hi71CHiCHi+1"'
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5 UPPER TRIANGULAR HIERARCHIES

5 Upper triangular hierarchies

In this chapter we consider deformations of a number of basic commuting direc-
tions in the upper triangular matrices but this time we also allow a perturbation

of the leading coefficient.

5.1 Lax equations in UT

As in chapter 4 we will denote by R a commutative F-algebra over a field F of
characterictic zero. Let Mo = VoA*V; ! in UT(F) be an element of order one in
A* as in Remark 2. It is an analogue of the direction Ly in the lower triangular
matrices and the matrix Mg ' will be one of the basic directions in UT(F) on
which the system that we will consider is based. The evolution of the deformations
of the basic directions will consist of compatible systems of equations that have

the form

0B
5 = Q.81 =QB - BQ. (110)

In particular one is interested in equations of the form (110) with B € UT being
an element of negative order in My and @ an element from UT.o(M,y). Note
the special character of the equation: the order of %—If in My in equation (110)
will be higher or equal to that of B, while the order in M of the right hand side
[@, B] is higher or equal to the sum of order(Q) and order(B).

Thus one arrives like in the case of the lower triangular matrices at a natural
question: given a matrix B of negative order in My, is there a systematic way
to find a matrix Q in UT<o(My) such that [@, B] has an order in M bigger or
equal to that of B? For solutions @ to this question, it makes sense to consider
the equations (110) for B.

Also here the answer to the question is affirmative: consider namely the cen-
tralizer Zyr(B) of B in UT and choose an element Z of a strictly negative order

in My in the centralizer Zyr(B) of B in UT , then one has that
[Z<0(Mo), B] = —[Z=0(Mo), B]

and the order in M of the right hand side is clearly > order(B). For the matrix
Q = Z.0(My), it makes sense to look for a suitable derivation 9 of R such that
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5.1 Lax equations in UT

the equations

9z(B) = [Z<0(Mo), Bl (111)

hold. Here the action of 9z on elements of Mz(R) is defined coefficientwise. Note
that the equation (111) becomes trivial, if one takes an element Z in Zyr(B) of
order bigger or equal to zero in M. Therefore, we will consider the equation
(111) only for Z € Zyp(B) N UT<_1(My).

One makes various choices for the matrices B and also for the matrices Z in
the centralizer Zyr(B) of B in UT to produce sensible equations (111). First we
fix a set of generators of a commuting set of matrices in UT(F) N UT<o(My),
including Mal. Consider thereto the centralizer Zyr(Mg) of My in UT. If
k=1, Zyr(My) is equal to

{d biM €UT | b; € R, for all i}
i
and this ring is commutative. Hence in that case the powers of M| basically
span the space of directions commuting with M and hence one considers only

the basic directions {My7 | j > 1}.
However, if k > 1, then an element of Zy7r(Mj) has the form

> biMj € UT, with b; € Viir(My(R))V; !

and Zyr(My) is no longer commutative. Therefore, one chooses a number of
matrices

Va,o = Voir(Fa)Vy ', Fa € My(F),

in UT of order zero in My. They commute clearly with M, and one requires

that they also commute among each other
Va0, Vs.0] = 0 for all @ and 3.

To include as many directions as possible, one assumes that the {V, 0} form a
basis over F' of a maximal commutative F-algebra k of Vyix(My(F))Vy . The

interesting commuting directions for the equation (111) are then the

VaoMy7 [ j>1,ae{l, - ,mo}}.
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5 UPPER TRIANGULAR HIERARCHIES

To get compatibility in notation of the cases k =1 and k > 1, one puts V; o = Id
if kK = 1. Having fixed the basic commuting directions, one takes for B a number
of generators of a commutative ring in UT, starting with a generator M of order

minus one in M

M= " miMj, with m_y invertible. (112)

i>—1

The matrix M is regarded as a deformation of the direction Mg !, The coefficients

in this decomposition of M all have the form
m; = Vodiag(m;(s)) Vg .
According to Proposition 27 the matrix M can be written in the form

M=VMGWV with V => v My, (113)

i>0

where the leading coefficient vy of V is invertible. Concretely it can be taken of
the form vy = VowoVy !, with wy = diag(wo(s)) the k x k-block diagonal matrix
given by wp(0) = Id and

wo(t) =m_1(t)...m_1(1) for t > 1 and (114)
wo(t) =m_1(t+ 1) ...m_1(0)"! for t < 0.

For k = 1 the centralizer of M in UT equals

{d_biM' €UT | b; € R for all i},

which is commutative and one merely chooses Z = M ™7, j > 1, to get the equa-

tions

Ori-1 (M) = [MZJ(Mo), M] (115)

Since 0z and [Z<o(My), —] are derivations, one sees that as soon as the equations

(111) holds for M, then they are also valid for all the

{d _biM' €UT | b; € R and dz(b;) = 0 for all i}.
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5.1 Lax equations in UT

Therefore it suffices to consider the equations (115) only for the generator M.
However, for k > 1, one also considers deformations of the other basic directions
{Va,oMy 11, One assumes again as in the lower triangular case that the deforma-
tions of each V, oMy 1is the product VoM of a deformation V, of the zero-th
order matrix V,,0 and the deformation M of M L. Moreover, the type of de-
formations of the V, o should in first order be the same as that of M,. More

precisely, one wants the V,, to have the form
Vo = Zviya./\/lé, with vo o = voVa,005 ' (116)
i>0
where vg is the leading coefficient of the dressing matrix of M. Again the defor-

mation should preserve the commutativity relations:
M, V,] =0and [V,,Vs] =0 for all « and 3 € {1,--- ,mo}. (117)

This condition is trivially fulfilled if the matrices (M, V,) are obtained by dressing

the basic directions with the same matrix, i.e.
M=VMG'V and V, = VV, VL

For the matrices Z in the centralizers of both M and the {V,} one can choose
now the Z = Q;p := M7Vg for all j > 1 and all 8 € {1,---,mg}. The nonlinear

equations that one wants the M and the V, to satisfy, are

99,s(M) = [(Qjs)<0(Mo), M] and 8g,,(Va) = [(Qj5)<0(Mo), Vol (118)

Note that, if the equations (118) hold for the generators M and the {V,}, then
they hold for all the {M™V, | m € Z}, since dq,, and [(Q;s)<0(Mo), —] are
derivations of UT. Therefore it suffices to consider the equations (118) just for
the generators.

The equations (117) and (118) for matrices M and the V, form the equations
of the (Mg L k¢)-hierarchy since they correspond to the commuting flows with

infinitesimal generators the basic directions

{VavoMofj |i>1,ae{l,--- ,mg}}.
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5 UPPER TRIANGULAR HIERARCHIES

that determine a maximal commutative subring of F-matrices in UT<o(M,). The
equations (118) are called the Laz equations of the hierarchy. The (Mg, Vao)
are a trivial solution of the Lax equations of the (My, k<o)-hierarchy, meaning
that

99,,(Mgy") =0 and 9g,,(Va,0) = 0 for all j and .

The reason is that one has for all j > 1 and all g € {1,--- ,mp} that
(Mg?Vs.0)<0(Mo) = Mg7 Vs 0.

Remark 13. Here one wants to give an idea of the differential difference character
of the equations in the hierarchy. For simplicity one takes k = 1 and My = A and
one concentrates on the derivation 8; corresponding to the direction A~!. Then
one has

M = Z m;AY, with m; = diag(m;(s))

i>—1

and the Lax equation w.r.t. J; reads

D oum)AT =Y (mo A mgA — mAm_ AT

i>—1 >0

Componentwise this amounts to: for all ¢ > —1 and all s € Z
A (m;(s)) = m_1(s)miy1(s — 1) — mip1(s)m-1(s + i+ 1).
In particular, this gives for the m_;(s)
A1 (m-1(s)) = m_1(s)(mo(s —1) =mo(s)) & Or(In(m_1(s)) = mo(s — 1) —mo(s),

a mixture of a differential and a difference equation well-known from Toda equa-

tions like (15).

Remark 14. The dependence of the solutions of the hierarchy of the basic direc-
tions is as follows: if b is a maximal commutative F-subalgebra of ix (M (F')), then
there is a bijection between solutions M and {V,} of the (A=, bho)-hierarchy
and those of the (Mg, (VohVy ') <o)-hierarchy , namely

M, (Vo } = VoMV VoV Vy 1)
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5.2 A minimal realization of the (Mg ! k.o)-hierarchy

The reason is that for all j > 0 and all « € {1,--- ,mg}
Vo(MjVa)<0(A_k)V(fl = (VoMjVaV(flko(Mo)

Since the general case gives better insight in the full geometric picture and it

requires no additional effort, one presents the general case here.

Example 3. Also in the upper triangular case there is a concrete setting, where
one can look for a realization of the equations of the (Mal, kp)-hierarchy: take

for the ring R the algebra F|[s;g] of all polynomials in the parameters

{sjp1j=1,1<pB<mo}

or, more generally, that of all formal power series F/[[s;g]] in these variables.
You consider matrices M and the V,, in Mz(R) that have first of all the form
(112) resp. (116) and secondly satisfy the commutation relations (117). For the
derivations dq,, one takes then the partial derivative d;,, w.r.t. the variable s;3.

The nonlinear equations one wants the M and the V,, to satisfy are then
s (M) = [(Qjs)>0(Mo), M] and 8Sjg(va) =[(Q;3)>0(Mo), Va] (119)

Again one has silently assumed in this example that the derivations dg,, commute
among themselves. We come back to this issue in the next subsection.

Ezample 4. A wider range of solutions of the (Mg ! k_¢)-hierarchy is obtained
if one localizes the F-algebra from example 3. Take a multiplicative subset S in
the algebra F'[[s;5]] and consider R = S™!'F([[s;3]]. On this F-algebra one has the
same set of derivations as in example 3 and one can search for solutions inside
Mz (S~ F[[s;]]) of the (M, ko)-hierarchy and this may lead to solutions that

have singularities in their s;3-dependence.

5.2 A minimal realization of the (M k.()-hierarchy

In this section one discusses a minimal realization of the relations (118), where
minimality refers again to the number of relations between the solutions. For the

minimal model of the (M L ko)-hierarchy, one starts with matrices of the right
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shape. On the first place there is the deformation of M !
M= Y M, with 1, = Vodiag(iin,(s))V, ' and 7i_; invertible . (120)
r>—1
Then, one has thanks to Proposition 1,
M=VM;'V, with V = ivi/\/lé and vy = VooV,
i=0
where wy = diag(wo(s)) is the k x k-block diagonal matrix given by wg(0) = Id

and

Wo(t)

m_1(t)...m_1(1) for ¢ > 1 and (121)
wWo(t) =m_

W(t+1) oo (0) 7 for t < 0.
Besides M one has all the deformations of the Va0

Vo i= Voo Vy VaoVoiig 'V ' + ) Bi.a Mg, (122)
>0
with a € {1,--- ,mo} and @ as in (121). One writes Q5 for each M7V;. Also

the matrices {0; o} in VoDx(R)Vy ' can be written as
B0 = Vodiag(;,q (1) Vy . (123)

Combining the formulae (120), (121) and (122) yields that all the matrix coef-
ficients of the {m,} and the {9; o} are polynomials over F' of the matrix coeffi-
cients My (p)e, of the M, (p), the matrix coefficients 0, g(t),. of the o, g(t) and
the inverses of the determinants of all the m_;(p). Recall that the aim was to
construct a minimal realization of the equations of the hierarchy and in that light
one wants to take the coefficients of M and the V, as independent as possible.
Consider the free polynomial ring F'[m,(p)ey, Om,3(t)uw], where all the indices
{e, n, u, v} belong to {1,...,k}; bothpandt € Z;m > 1and r > —1. In this
ring one has the multiplicative subset S generated by the determinants of the
matrices m_1(s),s € Z. Then the coefficients of M and the V, belong to the

localization

Rep:= S_lF[mr(p)emﬁm,ﬁ(t)W}»
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5.2 A minimal realization of the (Mg ! k.o)-hierarchy

of the ring F [, (p)ey, ¥m.5(t) ] wrt. S. By conjugating with V' one sees
that the matrix coefficients of m, and the ;. are also generators of the ring
R.o. Every F-linear derivation A € Derp(R<g) is completely determined by
describing freely all the

{Amr(P)en), AlVm,p()u)}-

Since the commutator of an element in UT>(Mj) with an element U € UT has
order in M bigger or equal to that of U, one can therefore define for each Q in
UT of degree < 0 in M a unique derivation 5(2 : R.g — R.o by the matrix

equalities
GQ(M) = —[on(Mo),/\;ﬂ and 5@(‘7&) = —[on(Mo), ‘7(1] (124)

In particular, one has for all s € Z
1

Dy (det(m_1(s)) ") = ~det(1_1(s))?

505 (det(1m_1(s))).

A priori the matrices M and the V, do not commute between each other, so
one sanctions upon all the independent variables ., (p)e, and Oy, g(t),m the set
of relations
[M,V,] =0 and [V,, V3] =0, for all a and 3 (125)
meaning that we pass over to the quotient ring R_, of R.¢ by the ideal J gen-
erated by the matrix coefficients of the left hand sides in the relations (125). For
simplicity, the natural image in Mz(R_,) of the matrices M, the V, and the Q;3
is denoted by the same notation. Observe that the derivations 5(2 also factorize
to derivations of R_ for there holds
05(IM, Val) = [-Q20(Mo), M, V], (126)

95V V3l) = [=Q20(Mo), [V, V5]

and thus 5@ maps the ideal J into itself. One uses the same notation for the
corresponding derivation of R_,. In particular there holds in Mz(R_,) the first

order consequences of the commutativity relations

[05(M), Vsl + M, 05(Vs)] = 0 (127)
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and likewise all the higher order ones. The ng = ./\;ljf/g, j > 1and g €
{1,--- ,mg}, all commute in Mz(R_,) with the M and the {Vs} and if one
takes for @ all the elements ng, then we have a set of derivations 5@5 of R

for which the Lax equations of the hierarchy
35,,(M) = [(Qj5)<0(Mo), M] and 95, (Va) = [(Qj5)<0(Mo), Val.  (128)

hold nearly by definition.

As with the lower triangular hierarchies one concludes also here with a dis-
cussion of some consequences from this minimal realization of the Lax equations
of the (Mg 1,k<0)—hierarchy. Before doing so, it is convenient to introduce a

notation: for all n > 1, and all v € {1,--- ,mo} , one writes

Cy 1= (M™V3) <0(Mo).
Also these matrices satisfy the following so-called zero curvature equations

Proposition 6. The operators {Cp.} in Mz(R_,) satisfy for all n,m € N and
all « and 7y in {1, - ,mo}

~Qm(énw) - %m (Cra) = [Crevs Conr] = 0. (129)

Proof. One will show that the left hand side belongs both to UT<¢(My) and to
UT>¢(Mp) and thus has to be zero.

Since the C,,, belongs to UT<o(My) for all m > 1, it is clear that the left
hand side of the zero curvature equations for the {C,,,} belongs to UT<o(Mo).
Next one uses again the Lax equations for M and the V, to get the relations: for

alln and m € Nand all « and v € {1,...,mg}

8QM (Qma) = [én'ya Qma] = _[(an)ZO(M0)7 Qmo{} (130)

If one substitutes in the zero curvature equation Cy = Qmy — (Qms)>0(Mo)
and uses property (130) , then this leads to

05, (Qmr) = 05, (Qun)>0(Mo)) = 05 (@na) + g, (Qna)>0(Mo))
— [@na — (Qn ) 0(Mo), Qunry = (Qury)0(Mo)] = =35, ((Qumr)>0(Mo))
+3g, ((Qna)>0(Mo)) = [(@na)>0(Mo), (Qm-)>0(Mo)].
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The right hand side of this expression belongs to UT>¢(My) and one has shown
the desired property. O

This proposition allows you to show the following property that unites the

equations that belong to this hierarchy

Corollary 3. All derivations {5@77% | m > 1,8 € {l,---,mo}} of the algebra

R_y commute.

Proof. The matrix coefficients of M and the V,, generate the algebra R <o- There-
fore it suffices to show

3,5 ©9a,, = 95,, ©0g,,,) (M) =0and (95, , 005, =g, °0g, ,)(Va) = 0.

One gets the desired identities by applying the following property already men-
tioned in Corollary 1 in chapter 4: let 9; and Oy be derivations of some ring R

and let X be a matrix in Mz(R) such that for i = 1,2
0;(X) = [D;, X] for some D; € Mz(R).
Then a straightforward computation shows that
(01002 — 02 001)(X) = [01(D2) — 92(D1) — [D1, Do, X] (131)

By inserting the zero curvature relations from Proposition 9 in this identity for
the operators and derivations listed above, one obtains the statements in the
corollary. Note that all the commutators in this reasoning make sense, because

the matrices X, D7 and D belong to UT(E<0). O

Since the basic derivations in the Lax equations of the (Mg, k<o)-hierarchy
commute, it is appropriate to call the equations in Proposition 9 the so-called

zero curvature equations of the (Mal, k<o)-hierarchy, see section 3.

5.3 The zero curvature form of the (M;", k.y)-hierarchy

In the last section one has built a minimal context in which the equations of the
form (111) hold. Here one discusses other realizations of the equations of the

My ! k_o)-hierarchy and the zero curvature form of the hierarchy.
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Let M and the V, be as in subsection 5.2. To get a matrix M of the right shape
we assign to each matrix coefficient 7, (p), of M an element m,,(p)e, in some
F-algebra R such that all the m_1(p),p € Z, are invertible in My (R). Those ma-
trices m_1(p), p € Z, determine also the invertible element wg € Dy (R) by making
the same substitution in the element Wy € Dy (R<o) defined in subsection 5.2. For
the leading coefficient m_; this amounts to m_; = VowoVy My Vowg V' M.
Likewise the matrix Vs is determined by assigning to each matrix coefficient
Oy 5(t) s m > 1, of the Vg an element vy, 5(t),, in the same F-algebra R and
by assigning to diag(p 5(t)) the k x k-block matrix woir(Fs)wy . The leading
coefficient of each Vs is then in particular VowoVy 'V oVowy 'Vy ' All these
assignments are nothing but an F-algebra morphism p : Roog — R. The mor-
phism g determines an F-linear map from Mz (R<q) to Myz(R) for which one uses
the same notation. On the collection of upper triangular matrices the map p
induces an F-algebra morphism from UT'(R<o) to UT(R). It furnishes you a set

of matrices

M = (M) and the V, := u(Va) (132)

of the right shape. To keep notations consistent, one writes for all j > 1 and all

ﬁ € {17 7m0}a
Qjp == MV and Cjp := (Qj5) <0(Mo).

If the matrices M and the V,, commute among each other, then the assignment
corresponds even to a morphism p : R_y — R. This we assume from now on.

Next we want to transfer the Lax structure to R and in that light we require
that R is equipped with a number of F-linear derivations dq,, : R — R, with
Qjs as above, such that

9q,50n=po0g,,. (133)
Clearly, the relation (133) implies relations for the matrices M and V,, in Mz(R).
Namely they have to satisfy respectively

BQJ‘B (M) = [CjﬁvM]v (134)
9q,5(Va) = [Cjp, Val. (135)
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Since the matrix coefficients of M and the V,, generate R_,, the equations (134)
and (135) are also sufficient in order that relation (133) holds. Thus finding such
an R and a set of derivations dg,, such that relation (133) holds, amounts to
finding a solution, namely M and the V,, of the equations of the (./\/lgl,k<0)—
hierarchy. Keeping in mind that p is an F-algebra morphism, one may conclude
from relation (133) and Proposition 6 that, if M and the V, satisfy (134) and

(135), then also the zero curvature relations hold
aQna (Cm’)’) - aQ"n’Y (C"LO() - [Cna7 C”n'y] = 0' (136)

Also in the upper triangular case there is still a second set of zero curvature

relations related to the above situation, for there holds

Lemma 6. Assume one has an F-algebra R, a morphism j1: Ry — R and a set
of F-linear derivations 0q,, such that the relations (133) hold. Let M and the
Ve be given by (132). Then the {Hpms := Cims — Qms + satisfy

aQna (Hmé) - an5 (Hna) - [Hnaa Hmé] =0. (137)

Proof. Because of the Lax equations for M and the V, each @Q,,s satisfies the

same Lax equations
9q,5 (Qms) = [Cjp, Qms]- (138)

Thus we get

aQna (Hmé) - an& (Hna) - [Hnav Hm&] =
6Qna (Omé) - 6Qna (Qmé) - 6Qm§ (Cna) + 8Q7n6 (Qna)*
[Cnay Cm&] + [Cnou Qm&] + [Qnav Cmé] - [Qnom Qmé} = 07

thanks to the Lax equations (138). O

Next it will be shown that, reversely, the equations (136) also imply the Lax
equations (134) and (135). So we start with the following setting: let R be an
F-algebra equipped with a collection of F-linear derivations dg,, : R — R,j >
L,Be{l,---,mp}, and let u: R_y; — R be an F-algebra morphism. It induces
an F- linear map from Myz(R<o) to Mz(R). The matrices M := pu(M) and

Vo = (Vo) €M7z(R) satisfy the relations (117). Then we have
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Theorem 5. With the notations just introduced, there holds that the Lax equa-
tions (134) and (135) for M and the V. are equivalent to the zero curvature
relations (136) for the matrices {Cy}.

Proof. One merely has to prove still that the zero curvature equations imply the
Lax equations. To get the Lax equations for M and the {V,}, consider for all
m > 1 the matrices

00,y (M™Vy) = [Crg, M™V,].

By substituting in it the formula M™V, = Cpo + (M™V,)>0(Mp) and by using

the zero curvature equations, one gets the equality

0Q,s (M™V4) = [Crp, M™Vo] = 0q,,,(M"™Va)>0(Mo)) + 0q,,. (Cnp)—
[Crp, (M™Va)>0(Mo)].

From this equality one sees that the order in Mj in all the expressions
9Q,5(M™Va)) = [Crp, M™Va)]
is bounded below by —n. Consider first the operator M. Assume that one has
99,.,(M) = [Cpg, M] = BM}{ + higher order in Mo, (139)

with 8 € VoD(R)V, ' nonzero. With induction with respect to m one shows

m—1

00,5 (M™) = [Cog, M™] = Y M{q,,,(M) = [Crup, MIIM™ 71 (140)
Hence the leading term in M of the right hand side is
m—1
> (moa MG BMG(moa M) T moa MG (141)
=0

which is of order I +1 — m in My. If m tends to infinity this contradicts again
the fact that the left hand side belongs to UT>_,, (M), unless for all sufficiently

large m

m—1
Z m_ 1MO ﬁMé(mflMal)_i =0.
=0
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This in its turn implies that the matrix SM] is equal to zero and hence that
8 = 0. So, the Lax equations (134) have to hold for M for all n > 1 and all
B € {1,---,mg}. To obtain the Lax equations (135) for V, one considers the
operator M™V,, and applies the Lax equations for M™ to get

8627,,[5 (vaoc) - [Cn& vaoc)] =0+ Mm(aQn@ (Va) - [Cn,3> VaD- (142)
If the operator V, would not satisfy the Lax equation, then the matrix

8Qnﬁ (Va) - [Cnﬁﬁ V(Jé]

would have an order s in My and the right hand side of (142) would be of order
—m + s in My and this contradicts the fact that it was bounded below by —n.
Therefore the Lax equations have to hold for the V,, as well. O

5.4 Wave matrices for the (M;"' k_y)-hierarchy

The linearization of the (Mg L ko)-hierarchy will also be an algebraic substitute
for the basis of horizontal sections of the lacking flat connection that would yield
the zero curvature relations of the hierarchy.

To set the stage: one starts with an F-algebra R and an F-linear morphism
u: Ry — R. Then one has the corresponding potential solutions, namely
operators M = pu(M) and V, = u(V,) in UT(R) of the form (120) resp. (122).
Further one assumes that R is equipped with a collection of F-linear derivations
{0q,5,9 > 1,8€{1,--- ,mo}}.

The linearization of the (Mg 1 k)-hierarchy consists of the following equa-

tions for M and V),
Mo = ¢My ", Vo = ¢Va 0 and g, ,(¢) = Cj0, (143)

where ¢ is a not yet specified object for which all the operations in (143), like
multiplying from the left and right with Z x Z-matrices and applying all the
derivations dg,, make sense. Before specifying ¢, we show first by which manip-
ulations one can derive the Lax equations of the hierarchy and after that we build

a context in which they make sense.
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To get the Lax equations for M one applies the derivation dg,, to the first
equation in (209) and subtitutes the last one. This leads to the following manip-

ulations

0q,, (Mo — M) = 8g,,(M)d + M(0q,, () — (8q,, (¢))M;' = (144)
9, (M)§+ MCjgp — CipoMy " = {8q,,(M) — [Cjz, M 1}é = 0.

Hence, if it is allowed to eliminate the function ¢ from the foregoing equation,
one obtains the Lax equations for M. For the operator V, one applies dg,, to

the second equation in (143) and substitutes the last one. Thus one gets

99,5 (Va® = #Va0) = 0,5 (Va)¥ + Va(0q,5(¢)) — (0,5 (9))Vao = (145)
=9Q;5(Va)¢ + VaCjsd = CipdVa,0 = {9q,,(Va) = [Cjs, Va [} = 0.

and if one can leave out ¢ again, this yields the Lax equations for V,,.

For the linearization (143) one needs a left action of M and all the Cjg on
the functions ¢ and a right one for matrices like My "' and the Voip(F,)Vy ' To
realize the first, one builds a left UT(R)-module. The actual form of the elements
in the module is guided by the trivial solution M = My Land V, = .0 of the

hierarchy. In that case the equations (143) become
Mal¢ = ¢MO_17 Va,O¢ = ¢Va,0 and 8ng (¢) = (MO_jV,370)¢' (146)

The last equation of (146) tells you again that the action on ¢ of the first order
approximation of the flow corresponding to the basic direction M J Vg,0 is simply
multiplying ¢ from the left with the constant matrix M J Vg,0. Let s;g be the
parameter corresponding to the flow of dg,,, so that Jq,, acts as taking the

partial derivative ~2— =: 9

Bs5 w.r.t. the parameter s;3. The equations (146) can

558
then formally be integrated simultaneously. For, consider the formal series

oo Mo

do = exp(Y Y si8Vs0 M), (147)
j=1p8=1

With the action of dg,, just mentioned, ¢ satisfies the equations (146). A priori,

¢o does not define a proper matrix in Mz(R). That would require at least a
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natural embedding of F[s;g] into R and convergence conditions on the element
M. However, as a formal power series in the parameters {s;g | j > 1,8 €

{1,--- ,mg}}, there holds

= ¢o(t7, with all ¢o(v)) € UT(F). (148)

Here the multi-index v = {v(j5)} is such that v(j8) € N is equal to zero, for all
but a finite number of indices.

The module for the linearization will consist of perturbations in UT(R) of this
trivial solution. Consider namely the collection M (9 (M) consisting of formal

products
> deg}exp(ZZ s;8Vs.0My7), where dj € VoDp(R)Vy L. (149)
j=N j=1p=1

The elements of M(©) (M) are called oscillating matrices at zero, since they are
formal products of a series in M that has a pole around zero and the exponential
term, which is an essential singularity in M. If F[s;3] C R and M is sufficiently
nice so that ¢g belongs to Mz(R), then it requires still convergence considerations
to make sense of the product in (94) as a matrix in Myz(R). Such a setting is
described in the remaining subsections of this chapter. So in general these formal
products do not give a well-defined element of Mz(R). However, if R = F[[s;g]]
and dg,, = 0

5,5 as in Example (1), then we know from (148) that both ¢g
and any element Zjvzioo d; M) are formal power series in the variables s;3 with
coefficients from UT(F') and their product is also a well-defined formal power
series in the variables s;3 with coefficients from UT'(F').

Nevertheless there is in the general case a well-defined left action of UT(R)

on it. For all u; and uy € UT(R) one puts namely

ui{uz}po = {uruz}o. (150)

Also the right multiplication with My ! and Vg0 is well-defined on an element
ugo of M (M,) and well by

{u(bo}Mal = {u/\/lgl}gbo and {vgo}Vs.0 = {vVs,0} o0, (151)
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as if ¢p is a matrix commuting with these basic matrices. An action of the
derivations 0, on M) (M) is defined as if the product in the module M () (M)
is a real one
em{z di M}y = {Z By, (d) M + Z MMy Vs 0}d0.  (152)
t=N t=N
All the actions occurring in the linearization have been introduced now. Note that
MO (M) is a free UT(R)-module with generator ¢o. Hence scratching ¢ from
the equations (144) and (145) is permitted as soon as one knows that ¢ = ddo
with ¢ € U T(R) invertible. In this last case the equation M¢ = ¢M; "' implies
then that
M= M(9) = oMy o™

and the equation V,¢ = ¢V, o implies that
a - V ((Zg) - éVa,oqgfl-

An oscillating matrix at zero ¢ = ng507 with QAS =37 d; M, with dy invertible,
is called a wave matriz at zero for the matrices M((ﬁ) and Va(é) , if it satisfies
the equations (143). Since the manipulations to get the Lax equations are well-
defined on such a ¢, the matrices M(¢) and the V,(¢) form a solution of the
hierarchy. If one wants to prove the equations (143) for an oscillating matrix at

zero ¢ of the right form, it suffices to prove a weaker result, for there holds

Proposition 7. Let ¢ = ¢¢o, with ¢ —dy € UT>1(Mo) and dy € VoDy(R)Vy*
invertible, be an oscillating matrix at zero. If it satisfies for all j > 1 and all
66 {17 amO}

8sjﬁ (¢) = Gjﬁwv with ng S UT(R)<().

then Gjz = (M($)7V3(4))<0(Mo). In particular M(¢) and the Vs(¢) form a
solution to the (M517k<0)—hiemrchy

Proof. From the definition of the action of 9, , on M (M;) and the fact that

M©) (M) is a free UT(R)-module with generator ¢, one gets the operator equa-

Sip

tion

8,5 () + dMy V50 = Gy (153)
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Multiplying this equation from the right with ! and taking the strict lower
triangular part “< 0” in My gives the desired result. O

Remark 15. Note that if one has an oscillating matrix at zero of the right form, i.e.
¢ = (]3¢0 where (ﬁ =D >0 d;M§ with dy invertible, then the condition to ensure
that ¢ is a wave matrix at zero can totally be expressed in the perturbation .

There always holds
an,e (¢) = (an (Qg) + QgMajVﬂ,O)QbO

and if this has to equal nggzgqﬁo, then there holds, since dg,, (p)p~! € UT>o(R)
that

00,,(9) = Hjpo, (154)
where Hjz = —(M($)7V5(¢))>0(Mo) as in subsection 5.3. Reversely, if the
equations (154) hold, then ¢ is a wave matrix at zero for the operators M(¢) and

the V,(¢). The equations (154) form the analogue of the Sato equations in the
context of the KP-hierarchy.

Similar to the considerations in Remark 4 in chapter 3 one shows that wave
matrices at zero that lead to the same solution of the (My ', k<o)-hierarchy dif-
fer by a constant perturbation. Moreover this perturbation has a specific form.

Assume namely that
~ A~ —1 A ~A —1
M=pMytor = daMy' s
and
- ~—1 . ~ -1
Vi =¢1Vpo01 = o2Vpod2

where both ¢ and ¢5 are wave matrices at zero. Then one has first of all that

q§1_1¢;2 commutes with M and the V3 ¢ and thus has to have the form
A1 A~ .
b1 dr=> My,
i>0
where v; € Vyix(My(R))Vy ' commutes with the V9. One has seen in the proof
of Proposition 10 that for all j > 1, all 8 € {1,--- ;mo} and i = 1, 2,

s, (03) = (MIV3) c0(Mo)di — d:My7 Vg 0.
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Hence, if one applies the operator 9s,, to the equality by = gzgl >, viM, then

one obtains

8Sj[j (¢2) = aSj[j (qgl) Z viMé + (;31 Z 68_7‘[-1 (UZ)MzO = (155)

i>0 i>0
(MIVi)<o(Mo)d1 — d1(Mg7Vp0) D viMi+ 1 Y Dy (0:) My = (156)
i>0 i>0
(MIV5)<o(Mo)pa — ¢2Mg7 Va0 + Z Ds,5 (V) MG, (157)
i>0
Hence one must have for all ¢ > 0, all j > 1 and all 8 € {1,--- ,;my} that

8Sj B(Ui) = 0. For completeness sake, this result is resumed in

Corollary 4. If ¢1 and ¢o are wave matrices at zero w.r.t. the same operators
M and Vg, then there holds
P2 =P Z viMp,
i>0

where all the v; are constant for the derivations O, i.e. 857.6 (v;) = 0.

Sjg?

Remark 16. In the case of the Example 3 of the formal power series in the variables
{sjs}, a wave matrix at zero ¢ = (ﬁqbo for the solutions M and the V, is a
formal power series in these variables with coefficients from UT(F') and a constant
term equal to the identity. Note that all the matrices Cjz are formal power
series in the variables {s;3} with as coefficients matrices in UT>;(F'). Therefore
these coefficients satisfy the Assumption 1 from chapter 3 and the zero curvature

relations. Hence, since ¢ satisfies

0s,5(¢) = Cjpe,

the wave matrix at zero ¢ is nothing but the fundamental matrix for the corre-
sponding Cauchy problem. Note that thanks to Remark 15 the matrix qAS is also a
fundamental matrix for a Cauchy problem, namely the one corresponding to the
matrices {H,3}.

Remark 17. To actually construct solutions of the (Mg L k¢)-hierarchy, one will

describe in the next subsection a geometric setting from which one can construct
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oscillating functions at zero for which the exponential factor determines a well-
defined element in VOLT(R)V}fl, the formal product of this exponential factor
and the perturbation factor in UT(R) is real, i.e. it converges, and the oscillating

functions at zero satisfy Proposition 10

5.5 The construction of solutions of the hierarchy

As in subsection 4.5 one takes the basic field F' here equal to C, so that the
ring R will be a C-algebra. Also the solutions of the (Mal, k¢)-hierarchy to be
constructed in subsection 5.5 correspond to Z x Z-matrices coming from bounded
operators on the Hilbert space H = L?(S', C*) and we will freely use the notations
and results related to this space from subsection 4.5.

One starts with describing the group in which the flows of the hierarchy can
be realized and from which one can construct solutions for the hierarchy. One has
some freedom of choice in this matter and we illustrate that again with a group

depending of the Schatten class S,.,r > 1. For each such a r one introduces the

group G4 (r) by

Gy(r) = {g = (9i;) € GL(H)

Di<jgij € Sr
Dicj(g7 )iy €S [

It consists of the invertible elements in the Banach algebra

Gi(r) = {bz (bij) € B(H)

Dicjbij € Sr}
equiped with the norm || - ||;s defined by

[1bllres = 11(bis)[[res := [BIl + | Di<j bisll-

Here || - || is the operator norm and || - ||, the Schatten norm. This turnes G ()
in a natural way into a Banach Lie group with G, (r) as its Lie algebra. Let wy
be the automorphism of H whose matrix [wy] equals the matrix wy from page 23
in chapter 2 that determined the bijection A « wy, Aw, ' from UT(R) to LT(R).
Then conjugation with wy determines an isomorphism between the groups G (r)

and G_(r). Hence we may conclude from Lemma 5
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Lemma 7. The group G, (r) is connected.

As in the case of the lower triangular matrices there is a number of ways to
split the Lie algebra G (r). First of all the Lie algebra G (r) can be split into
the sum of the Lie subalgebras

P = {p— (pw) e g+(’f‘) Pij = 0 for all ¢ >]}

and

Their corresponding Lie groups are

P = {p = (pij) € G+(r)

pi; = 0 and (p_l)ij =0 for all 7 > ]}

and

u;; =0 for all i < j
U-:= {u = (uij) € G+() uiij: Id for all i € Z} ’

The group U_ is the unipotent radical of the opposite parabolic group

P_= {p: (pij) € G4(r) | pij =0 for all i < j},

which has the Lie algebra

P_ = {p = (pij) € G+(r)

pl-jOforalli<j}.

The group P N P_ of diagonal k x k-blocks in G4 (r) is denoted by Dy. Let py
be an element of the group P. Then its matrix [p;] = V} is an upper triangular
matrix of order zero in A*. It has an invertible leading coefficient and determines
the direction M 1 VOA”“VO_1 . Now conjugation with p, determines another

way to split G (r) namely
Gi(r)=ps U_p;' ®P.
All the commuting directions

{VOL,OMaj | o€ {17 7m0}aj Z 1}
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that are relevant for (Mal, kp)-hierarchy belong to the Lie algebra p L{_pj_l.
The Lie group corresponding to the Lie algebra py Z/ij_l is clearly the group
D+ U,pjrl. As the map from py Z/Lp;1 x P to G (r) defined by

(u,p) — exp(u) exp(p)

is a local diffeomorphism at (0,0), the set py U_pfrlP =ps P_pllU is an open
subset of G (r). It is called the big cell in G (r) w.r.t. py U_p;' and P . The
component in P is called the parabolic components of the decomposition and that
in pt U,p;1 the unipotent component of the decomposition. Each big cell is a
dense open subset of G (r) since this holds for the case p; = Id and that case is

proved in a similar way as for the group G_(r).

Proposition 8. Let Q C G, (r) be the collection of all g € G (r) such that
g4+ (2) is invertible for all i € Z. Then Q is equal to U_P = P_U and is a dense
open subset of G4 (r).

Recall from subsection 4.5 that we have a natural group I'(h) of commuting
flows associated with h consisting of all holomorphic maps from a neighbourhood

of the unit circle to h that have a nonzero determinant. The flows of

T>o(h) = {y<0 € T(h) [ 7<0 = exp() _ 7:2°), with 5, € b for all 5 > 0}
s>0

do not embed into G4 (r), but those of

IFeo(h) ={v<0€T(H) | v<0 = exp(z vs2°), with v, € b for all s > 1}

s>1

do. Let the operator p; € P determine the direction Mal and let a(ps) as in

subsection 4.5 be the maximum of one and ||p ||||p;'||- To get the relevant flows

for the (M ! k.¢)-hierarchy one looks at the subgroup

T<o(h, a(po)) = {y<0 € T(h, a(p4)) | y<o = exp(Y_ 752"),7s € b for s > 1}.
s>1

The group I'co(h, a(p4)) embeds through i,, into the subgroup pLU_p=t of
G4 (r) . Its image is the group of commuting flows I'(k<o). After this embedding
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there is for each element y<o of I'co(h, a(p+)) an N > a(p4) such that

oo Mo
lip, (7<0)] = exp(D > 5i8Vs.0Mg7), 558 € C, Y |55V < o0,
i=1 =1 .8

In other words the {s;g} are the coordinates w.r.t. the basic directions of the
group of commuting flows I'(k<g). For each v<¢ in I'o(h, a(pp)) one has thus a
well-defined matrix [ip, (v<o)] that can be used as the exponential factor in the
wave matrices at zero.

To construct solutions one starts with an element g € G (r). Inside the group

of commuting flows I'¢(h, a(p4)) one considers the open subset

T 0(g,h,(p+)) = {7<0 € T<o(h,a(p1)) | gip, (v=g) € p+ O3}

Now one takes R to be equal to the collection of holomorphic functions on

T<o(g,b,a(py)). On this ring one clearly has the set of derivations

o Fsjp

sj8 "
Again one uses the decomposition p+Qp;1 = p+U_pjrlP of the big cell: if an
element v<¢ € T'<o(g, h, @(p+)), then one has

gip+ (’Y<0)71 = “7(97’Y<0»P+)p(977<0ap+),

with one component p(g,v<o,p+) € P and the other u_(g,v<0,p+) € p+U,pjrl.

Thus one has obtained an element of M(®) (M) , namely

[p(9,7<0, P+ )1lip, (v<0)] =t Doy = @,

for which the formal product in the definition of this space is a well-defined one.

Note that on the matrix level one has the relations

[u—(g,7<0,p+)] 9] = (g, 7= p+)][ip, (v<0)] (158)

Take the derivative of [p(g,7,p4)][ip, (Y<0)] w.r.t. the parameter s;5. On one
hand there holds

as]'g ((i)[izu (7<0)D = asjﬂ( )[ilbr (7<0)] + (i)vﬂ,UM(;j [ip+ <7<0)]
= {05, (D)7 + M(®)V5(d)} @, (159)
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where the matrices M(®) and V3(®) are obtained by dressing the basic directions
with ®:
M(D) = dM D! and Va(d) = DV 001

On the other hand, if one writes ¥ := [u_(g,7—,p+)]”!, then equation (158)
results in

Os;5(®) = 05, (V)[g] = {0s,, (V)T "} . (160)

As M) (M) is a free UT(R)-module, the equations (159) and (160), yield

as_m(ci))i)_l + M((i))]vﬁ(i)) = 687‘6(\1/)‘1’_1-

Since the right hand side of this equation belongs to LT<_1(R), the left hand side
to UT>_j(R) and the matrix 8, ,(®)®" to UTso(R) one may conclude that

s, (U)T™ = (M(D)7V5(D)) <0(My) and
9;5(2)>" = —(M(D)V3(®))>0(Mo)

In particular ® satisfies the linearization equations for the collection of ma-
trices (M(®),Vo(®)). If one replaces g € G (r) by ugg with an arbitrary
Uy € erU,p;l7 then the upper triangular component in the decomposition (158)
does not change: p(ugg,v—,p+) = p(g9,7—,p+) and consequently the correspond-
ing solutions of the hierarchy are the same. One resumes the results obtained

in
Theorem 6. Let py € G4 (r) determine the direction My. Consider elements

g € Gi(r) and v<o € To(g, b, a(py)). Let p(g,v<o,p+) be the parabolic compo-
nent of the Bruhat decomposition of the element giy, (723) in the corresponding
big cell. Then the matriz [p(g,v<o0, P+ )][lip, (7<0)] is a wave matriz at zero for the
set of matrices (M([p(g,v<0,p+)]), Va([p(g,v<0,p+)])). In particular these ma-
trices form a solution of the (Mgl,k<0)-hiemrchy. For each ug in the unipotent

subgroup p+U_p_;1 of this decomposition one has

M([p(9,7<0,p+)]) = M([p(u0g, V<0, P+)]) and
Vs([p(9,7<0,p+)]) = Va([p(w0g, 7<0, P+)])-
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Remark 18. Theorem 6 shows first of all that the variety pyU_p;'\G4(r) de-
termines the solutions of the (Mg L ko)-hierarchy. This homogeneous space is
clearly isomorphic to U_\G4(r) and G4 (r)/U-. Now the variety G, (r)/P- is a

flag variety consisting of all infinite flags
o Wiyr = gHi5, C W, = gHi" C W,y = gH- | -+

The natural projection from the manifold G (r)/P— on the manifold G4 (r)/U_
is a fiber bundle over the flag variety G, (r)/P- with the diagonal group

{g = (9i) € G1.(r) | giy = 0 and (97 ");; = 0 for all i # j}

as a fiber and this is nothing but the collection of frames of the space ®;czW;/Wii1
that are bounded above and away from zero. Therefore one calls it the relative

frame bundle of the flag variety G4 (r)/P-—.
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6 MULTI COMPONENT TODA HIERARCHIES

6 Multi component Toda hierarchies

In this chapter we combine the two types of deformations introduced in the fore-

going chapters.

6.1 The equations in Lax form

As in the chapters 4 and 5 we work over a field F' of characteristic zero and by R
we denote a commutative F-algebra. At the basis of the hierarchies lie a number
of commuting directions inside Mz(F) that include the matrices {A*™ | m € Z}.

Since the matrices that commute with all the {A*™} have the form

D in(AAR A, € My(F),

SEZL
we complement the initial directions with ix(h), where b is as before a max-
imal commutative F-subalgebra of My (F) that possesses a basis {F, | a €

{1,--- ,mo}}. This gives you the basic set of directions
BD := {ij.(E,)A*™ |m € Z,a € {1,--- ,mo}}
in Mz(F). This set one divides into two parts

BD>o = {ix(Ea)A™ |2 0,0 € {1,--- ,mo}}
BD<o = {ix(Eg)A™ | j > 0,8 € {1,--- ,mo}}.

The directions from BD>q will be deformed in the lower triangular matrices in
the way described in chapter 4 and those from BD_( are deformed into the upper
triangular matrices in the style of chapter 5.

We start with the deformation of the basic directions from BD>q. Each ba-
sic element is a product of some i(E,) and a suitable power of AF and the
deformation is built up in the same way. Therefore we concentrate first on the
deformations of those generating matrices. The deformation £ in LT of the basic

direction A* is such that the leading term is unchanged, i.e.

Li=AF 4> L, AP (161)

m<0
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6.1 The equations in Lax form

Besides £ one considers in LT also deformations of the basic directions {ix(E-)}
that preserve the leading term. This gives you elements

Uy = tp A" =ip(By) + D un oA 1 <y <mp. (162)
n<0 n<0

As deformations of the basic generators (A*, i, (E,)) one requires that the (£, )

preserve the commutativity relations
[£,Uy] =0 and [U,,Ug] = 0 for all v and (. (163)

As deformation of iz (E,)A™* € BD> one takes the matrix P, := U, L. Its lead-
ing coefficient is iy (E,)A*, and P;, belongs to the centralizer of all the elements

(L,U,) for all o and all ¢ > 0. This implies the identities

K}%a)ZO(Ak)vlj ::4{([%Q)<O(Ak)7lj’ (164)
[(Pioc)ZO(Ak)?u"/] = _[(Pioc)<0(Ak)7ua]~

As we have seen in subsection 4.1 the relations (164) show that it makes sense
to look for a F-algebra R that is equipped first of all with a set of F-linear
derivations {0p,, | ¢ > 0,a € {1,--- ,mo}} such that the following nonlinear

differential equations hold for £ and the {U,}
0P, (L) = [(L'VUa)>0(A%), £] and Op,,(Uy) = [(£L'Ua)>0(A"), U, (165)

In other words the matrices £ and the U, form a solution of the equations of the
(A%, h>o)-hierarchy.

Next, one deforms the directions from BD_q into the upper triangular matri-
ces, only this time one allows also certain deformations of the leading term. The
deformation is built up in a similar way as in the lower triangular case starting
from a number of generators. Since b is maximal commutative, this F-algebra

contains the identity matrix and there holds:

Id = io: caFy.
a=1

Hence A™F = 3" ¢,ik(Eq)A™F. First, one considers the deformation M of the

a=

direction A™* and one assumes that M like A% is invertible, more precisely one
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takes M to be of the form
M= Z m; A" with m_; invertible. (166)
i>—1

The coefficients in this decomposition of M all have the form
m; = diag(m;(s)).

Note that according to Proposition 27 from chapter 2 the matrix M can be written

in the form

M=VAFVT with V =" vA", (167)
i>0

where the leading coefficient vy = diag(vo(s)) of V' is chosen in such a way that

v(0) = Id and
vo(t) =m_1(t)...m_1(1) for t > 1 and (168)
vo(t) =m_1(t+1)"1 .. .m_1(0)"" for t < 0.

Next, one considers the deformations of the elements ij(Ez)A~* and one assumes

that they have the form Vg M, where Vg is a deformation of iy (Eg) in the upper

triangular matrices of order zero in A* that has the form
Vg =Y i gA¥, with vo s = voir(Eg)vg - (169)
i>0
Here vg is the leading coefficient described above of the dressing matrix of M.

As deformations of the i, (Ez)A~*7 one takes then the Q;5 := Vs M. Again one

wants that this deformation preserves the commutativity relations:
M, Vo] =0 and [V,,Vs] =0 for all @ and g € {1,--- ,mq}. (170)

These relations imply that the elements Q) ;3 belong to the centralizers of both M
and the {V,} forall j > 1 and all § € {1,--- ,mp}. In particular, there hold then
the following identities
[(Qj5)<0(A*), M] = —[(Qj5)=0(A"), M, (171)
[(Qjs)<0(A"), Vs] = —[(Qjs)>0(A"), Vs]. (172)
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6.1 The equations in Lax form

Because of these relations, it makes sense to look for an F- algebra R that is also
equipped with a set of F' -linear derivations {9q,, | j > 1,8 € {1,---,mo}} such
that the following nonlinear differential equations hold for M and the {V,}

9Q,,(M) = [(Qjp)<0(L"), M] and dq,, (Vs) = [(Qjp)<0(L5), V5. (173)

In other words the matrices M and the Vg form a solution of the (A=F, hg)-
hierarchy

The next step is to combine both hierarchies. This combination consists of
a number of data. First of all one looks for an F-algebra R that is equipped
with two sets of F-linear derivations the {0p,, | ¢ > 0,a € {1, -+ ,mp}} and the
{0, | 7 = 1,8 € {1,---,mo}}. Further, one needs inside Mz(R) a solution
(L£,{U,}) of the (A¥, h>o)-hierarchy and a solution (M,V,) of the (A=F, h¢)-
hierarchy. These four types of matrices should satisfy besides the Lax equations
coupled to these two hierarchies, still some other nonlinear equations. The first
set of equations should describe the evolution of the £ and the {U,} w.r.t. the
flows corresponding to the derivations {Jq,,}} and the second one should give
the evolution of the set (M, V,) w.r.t. the flows that correspond to the other set
of derivations {dp,_ }}. This yields the remaining Lax equations. If one uses as in
chapter 4 and chapter 5 the short hand notation B, for (£'U,)>0(A¥) and Cjg

for (Q;5)<o(A¥), then these cross equations are

op,, (M) = [Bjo, M] and 9p,, (Vs) = [Bia, Vs) (174)
8@3‘/3 ([:) = [ng,ﬁ] and 8Qm (L{,Y) = [ng,uy]. (175)

Both sets of equations from the two hierarchies together with the cross-differenti-
ation rules (174) and (175) form the equations of the (A*, b)-hierarchy. We will
also call it a multi component Toda hierarchy because of a similar terminology at
the KP-hierarchy. The equations (165), (173), (174) and (175) are called the Lax

equations of the hierarchy.

Ezample 5. Also in the combined case one gets a concrete setting where one
can look for solutions of the hierarchy by combining the Examples 1 and 3 from

respectively subsection 4.1 and 5.1. Take for R the F-algebra F/[[t;q, s;g]] of all
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formal power series in the variables ¢;, and s;g. For the derivation Op,, one takes
the partial derivative 9;,, w.r.t. t;, and similarly for g, one chooses the partial
derivative Os;, w.r.t. sj3. This context has the advantage that it allows the
specialization t;,, = 0 and s;3 = 0 for all indices. Note that the present example
takes for granted the commutativity of all derivations involved in the hierarchy.

This matter will be discussed in the following subsection.

Example 6. Again one also has the variant of allowing singularities in the solutions
by localizing the Example 5. Let S be a multiplicative subset of F/[[t;q, s;3]]. Then
one can take for R also the localization S~ F|[[t;a, s;5]], choose the derivations as
in Example 5 and look for solutions in Mz (S~ F|[[t;a,s;js]]). The specialization
tioa = 0 and sjg3 = 0 survives in this case only if all the elements of S have a

nonzero constant term.

Remark 19. The present hierarchy is built around the basic directions from BD.
If one has an invertible matrix Wy € Mz(F') then one could distort BD to the

collection of commuting directions
{(Woir(EL)A*™ Wit |m e Z,a € {1, ,mo}},

split this set into VVOBDZOI/VO_1 U WOBDZOVVO_1 and try to introduce a corre-
sponding hierarchy with similar properties. If Wy and the F-algebra R are such
that WoLT(R)W, ' and WoUT(R)W, * are well-defined algebras in Mz (R), then
this can be carried out, but we refrain from it here due to the lack of a simple

visualization of the algebras Wy LT(R)W, ' and WoUT(R)W, *.

6.2 A minimal realization of the (A* h)-hierarchy

In this subsection one discusses a minimal realization of the relations in (165),
(173), (174) and (175), where minimal refers to the number of relations between
the solutions.

For this minimal model one starts with matrices of the right shape. First of
all one considers matrices £ and U, of the right form

L= A4 Y LA™ T = i A = i (By) + ) i AP

m<0 n<0 n<0
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6.2 A minimal realization of the (A*, h)-hierarchy

The matrices {I,,},m <0, and the {i@,~}, n < 0, are written as

by, = diag(ln(s)) and @y, = diag(dn,~(%)). (176)

and their respective matrix coefficients are the l~m(s),.i A Tesp. Up (1) po-

Next there is the matrix
M= 3" i, A, with i, = diag(i,(s)) and m_, invertible . (177)
r>—1
Then one has thanks to Proposition 1
M=VAF*V~! with V = iviAki and vy = W,
i=0
where wy = diag(wp(s)) is the gauge introduced in subsection 5.2 of a k x k-block

diagonal matrix given by wo(0) = Id and

wo(t) = m_1(t)...m_1(1) for t > 1 and (178)
wo(t) =m_1(t+1)"1 . ..m_1(0)7" for t < 0.
Besides M one has all the deformations
Vs 1= woir(Es)iwg ' + Z ¥y, s AM, (179)
1>0

with § € {1,--- ,mo} and Wy as in (178). Also the matrices {7; s} in D(R) are

written as
y,5 = diag(?,5(q))- (180)

The .. (p) resp. 0;,5(¢q) have matrix coefficients M, (p)e, resp. 1.s(q) -

Recall that the aim was to construct a minimal realization of the Lax equations
of the hierarchy and in that light one wants to take the coefficients of M, L, the
U’v and the V, as independent as possible. Consider thereto the free polynomial
ring

F[m’l’(p>6’l’[? 51,6((1),“/, lm(s)n)w ’an,'y (t)po]a

where all the indices {e, 1, k, A\, u, v,p, o} belong to {1,...,k}; p,q,s and ¢

are in Z; the remaining indices range as follows: r > —1,1 > 0,m < 0 and n < 0.
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In this ring one has the multiplicative subset S generated by the determinants of
the matrices m_1(s),s € Z. Then the matrix coefficients of L, M, the Tj,y and

the V, belong to the localization

Ry = SilF[mr(p)ena'Dl,é(Q)umlm(s)HAaﬂn,’y(t)pﬂ]a

of the ring F [y (p)en, 01,6 (@) ps lm () kx» Un,y () po) W.r-t. S. Every F-linear deriva-
tion A € Derp(Ryz) is completely determined by describing freely all the

{A(ﬁ%(p)en), A(f}l,&(Q)uV)v A(Zm(s)m\)v A(anﬁ(t)pa)}-

For, the derivation property requires for all p € Z
1
det(m—1(p))?

Such a A can be constructed by prescribing which matrices in Mz (Ryz) of a similar

A(det(m-1(p)) ") = A(det(rm-1(p)))-

form as the generating matrices M, £, the (NJA, and the Vs are the image under A
of each of these generators.
Keeping the foregoing remark in mind one defines for each element P;,, = [Ziﬁ.y,

i>0and a € {1,--- ,mp}, a derivation 51% on the generators M and the Vs by

05, (M) = [(Pia)>0(A*), M] and 95, (V) = [(Pia)>0(A"), Ve]. (181)

Note that the first commutator in (181) is of order > —1 in A¥ in UT and the
second of positive order in A¥ in accordance with the fact that the orders of M
resp. Vs are minus one resp. zero. Next one defines the action of BNI-DM on the

generators £ and the ﬁw by
0p,,(£) = ~[(Pia)<0(A"), £] and 05, (U;) = =[(Pia)<o(A*), U, (182)

Note that the first commutator in (182) is of order < 0 in A¥ in LT and the
second of order < 0 in A* in accordance with the fact that that the leading terms
of £ and the Tj'W are constant and that £ is of order 1 and the 07 are of order
zero in LT. This defines a C-linear derivation 5152,0 of Ry.

Similarly one defines for each element ng = ./\;ljffg, j>land g e{l,--- ,mo},
the derivation 5(2]_5 on the generators £ and the U.Y by

35,,(£) = [(Qya)<o(A"), £] and 8 (T) = [(Qy0)<0(A¥). O] (183)
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The first commutator in (183) is of order < 0 in A* in LT and the second of
negative order in A*, which agrees with the fact that the leading terms of £ and
the [77 are constant and that the orders of £ resp. ﬁv are one resp. zero. Next

one defines the action of 5@7,[1 on the M and the Vs by

05,,(M) = ~[(Qjp)20(A"), M] and I (Vs) = ~[(Qj5)=0(A*), Vs].  (184)

s
Again the first commutator in (184) is of order < —1 in A* in UT and the second
of order > 0 in A* in accordance with the fact that M is of order -1 and the
U’y are of order zero. This defines a C-linear derivation 5@3_3 of Rz. Now both
the elements of the set of matrices M and the Vj as well as that of the matrices
L and the UAY do not commute among each other. Therefore one sanctions the

commutativity relations
[£,U,] =0 and [U,,,U,,] =0, for all 5; and 7. (185)

and
M, V,] =0 and [Vs,,Vs,] =0, for all §; and &, (186)

upon them, meaning that we pass to the quotient ring R, of Rz by the ideal Iz
generated by the matrix coefficients of the commutators in the left hand sides
of the equations (185) and (186). Note that the derivations 9 also factorize to

derivations of R, for one has

95, (I£.Ua)) = [~ (Pia)<0(A*), [£, U], (187)

05, (Ve Us]) = [=(Pra) <0(A"), [T, U]

O, (M, Vo)) = [(Pra) 20(A%), [M, Vi,

0, (Vs, V5]) = [(Pia) 0(A"), [Ve, V5]
and thus 515m maps the ideal Iz into itself. As the action of 5@_5 on £ and the
{Uy} consists also of taking the commutator with a certain matrix and the same
is true for its action on M and the {Vs}, one may conclude that also all the 5@5
factorize over R;. The same notation will be used for all these induced derivations
of R,. Also the natural images in Mz(R,) of the matrices £, M, the {U,}, the

{Vs}, the {P,,} and the {Q;3} will hold the same notation as their originals.
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Since the matrices £ and the {U,} commute among each other in Mz (R;),

the equations (182) are equal to

0p,,(£) = [(Pia)>0(A*), £] and Op,  (U,) = [(Pia)20(A"), Uy (188)

(2

and in that case one has a uniform expression for 05 as the commutator with
kXe3

the matrix
Bia = (ﬁ)ia)ZO(Ak)~

Now the same holds for the M and the {Vs} in Mz(R,) and therefore the equa-
tions (184) are equal to

3o, (M) = [(Qy5) <o(A*), M] and 8y (Vs) = [(Qyp)<o(A¥), V5] (189)

and in that case one has a uniform expression for 5@6 as the commutator with

the matrix
Cjp = (Qjp)<o(A").
Thus the relations (186) and (185) together with the definitions (183), (184),
(181) and (182) yield the minimal realization of the (A*, h)-hierarchy referred to
at the beginning of this section.

One concludes this section with the discussion of some consequences of this

minimal realization of the Lax equations of the (A*, h)-hierarchy.

Proposition 9. Let £, M, the U, and the Vs be the matrices in Mz(Ry;) as
introduced above. Then the matrices {Cjg} resp. {Bia} satisfy the following

so-called zero curvature equations w.r.t. the derivations 5@7,[5 and 5151-&

5Qj1ﬁl( j2ﬁ2) o 5Q]2ﬁ2( jlﬁl) o [éj151’0j252] = Ov (190)
5}51-10‘1 (BiQQZ) - éﬁ)i2a2 (Bilal) — [BilOCl?éizch] = O’ (191)
95,,(Bia) = 0p,, (Ci5) = [Cip, Bia] = 0 (192)

Proof. The proof of the first equation is given in Proposition 6 in subsection 5.2
and that of the second equality in Proposition 2 in subsection 4.2. To prove the
last equation one will show that the left hand side belongs both to UT-o(A*) and
to UT>o(A¥) and thus has to be zero.
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Because of the Lax equations for £ and the IL w.r.t. the 5Qm there holds for
their products

9~

0,0 (£0) = (Cya, £0].

By decomposing the LU, as (£'U,)<o(AF) + By, this equation results in

B, (Bic) — Gy Bial = ~35, (£10a)<0(A) + Gy, (£T) co(AY)]
and this shows that the left hand side of equation (192) belongs to UT«o(AF).
Likewise the Lax equations for M and the f/ﬁ yield for their products
dp, (MIVp) = [Bja, M V3.

Again one decomposes the M7V as (M7V3)50(A¥) + Cj5 and now one gets that

—0p. (Cjg) + [Bia, Cjp] = 0p. (M7 V3)z0(AF)) = [Bia, (M7 V3)50(A")]

T

and from this equality one sees that the left hand side of equation (192) belongs
to UT>o(A¥) and this proves the proposition. O

The Proposition 9 permits you to show the following property that unites the

equations that belong to the same hierarchy

Corollary 5. The collections of derivations {5@5 |Be{l,--- ,mo},j > 1} and
the {51% |i>0and a € {1,--- ,mo}} of the algebra R, all commute.

Proof. The matrix coefficients of the matrices M, L, the UA, and the Vs generate

the algebra ;. Therefore it suffices to show
(81 082—82061>(X):0 (193)

for two derivations 0y and J, from the sets {5@5 | 3e{1,---,mo},j > 1} and
the {5[:,1,“ |i>0and o€ {1,--- ,mp}} and for X one of the matrices M, L, U,
or Vs. One gets the desired identities by applying the following property: since

01 and 0 have on the generators the form

0:(X) = [Dy, X] for some D; € Mz(R,),
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where the commutator in the right hand side of equation 194 is well-defined, since
the relevant D; are finite band matrices. Then a straightforward computation

shows that
(81 o 82 — 82 9] 81)(X) = [81(D2) — 82(D1) — [D17.D2LX:| (194)

The zero curvature relations from Proposition 9 yield then the desired equalities.

O

6.3 The zero curvature form of the (A* h)-hierarchy

In the last section one has built a minimal context in which the equations (173),
(165), (174) and (175) hold. Here one discusses other realizations and the zero
curvature form of the hierarchies.

Let £, M, the U, and the V5 be the matrices in Mz(R,) introduced in the
foregoing section. As in chapter 4 and 5 we will assign appropriate matrices L,
M, the U, and the Vg to them to get other realizations.

For the lower triangular part of the deformation the matrices £ and the U, are
determined by assigning to each matrix coefficient le(s)A,g, m < 0, of L an element
lm(5)kx in some F-algebra R and to each matrix coefficient @; o (t),s,% < 0, of U,
an element u; o(t),s in the same F-algebra R.

Similarly, the upper triangular part of the deformation consisting of the ma-
trices M and Vg is determined by assigning to each matrix coefficient ¥ ().,
Il > 1, of the fig an element v; g(t),, in the same F-algebra R and by assigning to
each matrix coefficient 1, (p)e,, 7 > —1, of M an element m,.(p)., in R such that
all the m_1(p),p € Z, are invertible in My (R). Those matrices m_1(p),p € Z,
determine also the invertible element wy € Dy(R) by making the same substi-
tution in the element wy € D(Ry) defined in the last section. For the leading
coefficient m_; of M this amounts to m_; = wOA*ka_lAk and the leading co-
efficient diag(vo g(t)) of Vs is then given by wyix(E,)wy '. In algebraic terms all
these assignments correspond to a F' -algebra morphism v : R, — R. The mor-
phism v determines an F-linear map from My(R;) to Mz(R) for which one uses

the same notation. The map v induces F-algebra morphisms from respectively
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UT(R;) to UT(R) and LT(R;) to LT(R). Moreover it also furnishes you two
sets of commuting of matrices the
L :=v(L) and the U, := v(U,)
and the
M := v(M) and the Vs := v(Vs)
of the right shape for being solutions of the hierarchy.
To keep notations consistent, one writes for all j > 1 and all 5 € {1,--- ,mq},

Qjp = M7V and Cj5 = (Qjs)<o(A")
and likewise for ¢ > 0 and all @ € {1,--- ,my},

Pia = Liua and Bia = (Pia)zo(Ak>.

The next step is to transfer the Lax equations to the matrices with coefficients
from R and in that light one needs that R is equipped with two sets of F-linear
derivations, namely the dg,, : R — R and the dp,, : R — R, with Q5 and Pj,
as above. The hope then is that these derivations will be compatible with the

minimal ones introduced in the foregoing section, i.e. they should satisfy

anOV:VOéQm and dp,, ov=vo0dp . (195)

i

Clearly, the relations in (195) imply equations for the matrices M, L, the U, and
the Vs in Mz(R). Namely they have to satisfy the Lax equations

anB (M) = [CjﬁvM]anjB (‘C) = [Cjﬁ’[’]’ (196)
9q,5(Vs) = [Cjp, Vsl, 0q,,(Uy) = [Cjp, Us]

and

op,., (M) = [BiOé?M]vaPia (‘C> = [Bim‘c]? (197)
8Pm (Vﬁ) = [Biowvﬁ]vapm (u"/) = [Biomu’y]'

Since the matrix coefficients of M, £, the Vs and the Z;I,Y generate Ry, the equa-
tions (196) and (197) are also sufficient in order that relation (195) holds. Thus
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finding such an R and the sets of derivations dg,, and dp,, such that relation
(195) holds, amounts to finding a solution, namely £, M, the U, and the V,, of
the equations of the (A¥, h)-hierarchy. Since v is a F-algebra morphism, one may
conclude from relation (195) and Proposition 9 that then also the zero curvature

relations hold

aQ.mfl (Capa) — 862.7’2/32 (Cirpy) — [Ciipy Ciapa] = 0. (198)
apilal (Bizaz) - 8P1:2a2 (Bilal) - [Bilal ’ Bizoé’z] =0. (199)
9q,5(Bia) = 0p,.(Cjp) — [Cjp, Bia] = 0. (200)

Next it will be shown that, reversely, the equations (198), (199) and (200) also
imply the Lax equations (196) and (197).

Theorem 7. Let R be an F -algebra equipped with two collections of F-linear
derivations the 0g,, : R — R,j > 1,8 € {1,--- ,mg}, and the Op,,,i > 0,a €
{1,---,mg}, and let v : R; — R be a F-algebra morphism. Let M, L and Vs and
the 1;{,Y be the matrices in Mz(Ry) as introduced in the foregoing section. Then the
Lax equations (196) and (197) for their images M, L, the U, and the Vs under
v are equivalent to the zero curvature relations (198), (199) and (200) for the
matrices {Crs} and the {By~} .

Proof. One merely has to prove sufficiency still.
To get the Lax equations for M and the {Vs} w.r.t. the dg,,, consider for all
m > 1 the matrices

0Q,s(M™Vs) — [Cjg, M™Vs].

By substituting in it the formula M™Vs = Cys + (M™Vs)>0(A¥) and by using

the zero curvature equations (198), one gets the equality

9Q,,(M™Vs) — [Ci5, M™Vs] = 0g,, ((M™Vs)>0(A"))+
9q,,,(Cjp) — [Cjg, (M™Vs)>0(A")]

From this equality one sees that the order in A* in all the expressions

99,5 (M™Vs)) — [Cjg, M™Vs)]

111



6.3 The zero curvature form of the (A¥, b)-hierarchy

is for all m > 1 bounded below by —j. Consider first the operator M. Suppose

that one has
99,,(M) — [Cj3, M] = BA™ + higher order in A, (201)

with 0 € Dy(R) nonzero. By induction with respect to m one shows
m—1
0,5 (M™) = [Cia, M™] = D MH{Dg,, (M) = [Cia, MIPM™ 7 (202)
Hence the leading term in A* of the right hand side is
m—1
D (moa AT BAR (m_y AR T (m o AR (203)
=0

which is of order [ +1 —m in A¥. If m tends to infinity this contradicts again the
fact that the left hand side belongs to UT>_,,(A¥), unless for all sufficiently large

m

m—1
> (mo AR BAR (m_ AR = 0.
1=0

This in its turn implies that the matrix SA'* is equal to zero and hence that
B = 0. So, the Lax equations w.r.t. dq,, have to hold for all M™, m > 1. To
obtain the Lax equations w.r.t. dq,, for the Vs one considers the operator M™V;s

and applies the Lax equations for M™ to get
0Q,;5(M™Vs) — [Cip, M™Vs)] = 0+ M™(0q,,(Vs) — [Cjs, Vs))- (204)
If the operator Vs would not satisfy the Lax equation, then the matrix
9q,;(Vs) — [Cip, Vs]

has an order s in A¥ and the right hand side of (208) would be of order —m + s
in A* and this contradicts the fact that it was bounded below by —j. Therefore
the Lax equations w.r.t. dg,, hold for the Vs as well.

Next one shows the Lax equations for £ and the {i4,} w.r.t. the dq,,. Consider

for all t > 1 the matrices
9,5 (L'Uy) — [Cjs, LU).
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By substituting in it the formula LU, = Cyy + (M™V,)>( and by using the zero

curvature equations (200), one gets the equality
9q,,(LUy) = [Cjp, L'UL)] = g, , (LUy)20) + 0q., (Cja) — [Cip, (LU ) >0]
From this equality one sees that the order in A* in all the
0q,5(L'Uy)) = [Cjp, LU, )]

is for all ¢ > 1 bounded above by —j. Consider first the operator £. Suppose that
one has

0q,5(L) — [Cjp, L] = BAM + lower order in A¥, (205)

with 8 € Di(R) nonzero. By induction with respect to ¢ one shows

9q,,(L ") - Cjﬂvﬁ ZE {0q,, (L) — Jﬂvﬁ]}ﬁmiiil- (206)

Hence the leading term in A* of the right hand side is

3 (AR AR (AR) ARy, (207)

i=0
which is of order [ — 1 4 m in AF. If ¢ tends to infinity this contradicts again the
fact that the left hand side belongs to LT<o(A¥), unless for all sufficiently large ¢

t—1

> (moa AR BAR (m_ ATR) T = 0.

i=0
This implies that the matrix A% is equal to zero and hence that 3 = 0. So, the
Lax equations (196) have to hold for all £!, ¢ > 1. and all 8 € {1,--- ,mg}. To
obtain the Lax equations w.r.t. for the U, one considers the operator £'U, and

applies the Lax equations for £! to get
0q,5(L'Uy) = [Cip, LU)] = 0+ LD, , (Uy) — [Cip, Uy ). (208)
If the operator U, would not satisfy the Lax equation, then the matrix
99,5 (Va) = [Cjp, Val
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has an order s in A¥ and the right hand side of (208) would be of order —m + s in
A* and this contradicts the fact that it was bounded above by 0. Therefore the
Lax equations w.r.t. dg,, hold for the U, as well.

Finally, the Lax equations w.r.t. the Op, are proved in the same fashion,
since the zero curvature equations (200) imply that the order of dp, (M™Vs) —
[Bia, M™Vs] in A* is bounded below by zero and similarly the zero curvature
equations (199) imply that the order of 9p,, (L'U,) — [Bia, LU,] in A¥ is bounded
above by 4. This completes the proof of the theorem. O

6.4 Wave matrices for the (A* h)-hierarchy

In view of the zero curvature form of (A¥, h)-hierarchy one can expect a Cauchy
problem to play a role in the hierarchy. We present here an algebraic analogue
of a basis of horizontal sections for the connection associated with the formal

connection form

oo mg oo mo
wyg, = Z Z Cjgdsjg + Z Z Biodtiq.
j=1p8=1 i=0 a=1

Thereto one starts out with a F-algebra R equiped with two collections
{6Qj/33j >1,p¢€ {17’ o amO}} and {avai >0,a€ {13 T 7m0}}

of mutually commuting F-linear derivations of R. Further one has the corre-
sponding potential solutions, namely commuting matrices M and Vs in UT(R)
of the form (166) resp. (169) and commuting matrices £ and U, in LT(R) of the
form (161) resp. (162). The linearization of the (A*,h)-hierarchy consists of two
sets of equations. The first set is for M and the Vs and reads

Mo = 6A™F, Vsé = in(Es), 9q,,(6) = Cjp¢ and Op,, (¢) = Biad.  (209)

Here ¢ is a not yet specified object for which all the operations in (209), like
multiplying from the left and right with Z x Z-matrices and applying all the
derivations dg,, and dp,, make sense. The second set is similar and concerns the

matrices £ and U,
Ly = A" Uy = $in(B,), 0q,, (¥) = Cjptp and 9p,, () = Biatp.  (210)
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The % in these equations, like the ¢ in the equations (209), needs further speci-
fication. Before specifying the ¢ and v, we first show how the Lax equations for
the matrices M, the Vs, £ and the U/, can be derived from the linearization. In

this derivation one assumes that the actions of dg,, and Jp,, on matrices A and

(221

B on ¢ are coupled by the Leibnitz rule

6Qj5 (A¢B) = ang (A)¢B + Aa@jﬁ (¢)B + A(banB (B).

To get the Lax equations for M one applies the derivation dg;, resp. dp,, to
the first equation in (209) and substitutes the one before last resp. the last one.

This leads to the following manipulations
0Q,;5(M¢ — pA™F) = g, (M)d + M(Dq,5(9)) — (9g,s(9)A™F = (211)
9q,5 (M) + MCjpp — CippA™" = {8g,,(M) = [Cjs, M ]} =0
and similarly
Op,, (Mo — pA™") = {9p,, (M) — [Bia, M ]}¢ = 0. (212)

Hence, if it is allowed to eliminate the function ¢ from the foregoing equations,
one obtains the Lax equations for M. For the operator Vs one applies dg,, resp.
Op,., to the second equation in (209) and substitutes the one before last resp. the

last. Thus one gets

an (V5¢ — Qi (E5)) = 8@_7’& (V5)¢ + Vﬁ(aQ_w ((b))_ (213)
- (an/i (¢))Zk(E5) = 8Qj[5‘ (Vé)(b + V&ng(ﬁ - Cjﬁ(bik(Eﬁ) =
= {anﬂ (Vé) - [Cjﬂv Vs ]}Qb =0.

resp.
Ip,.(Vsp — ¢ir(Es)) = {0p,, (Vs) — [Bia, Vs |}¢ = 0. (214)

If one can leave out ¢ again, this yields the Lax equations for Vs. In the same
way one gets the Lax equations for £ and the U/, by applying the derivations to
the first and the second equation in (210).
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6.4 Wave matrices for the (A, b)-hierarchy

For the equations (209) one needs a left action of M, the Vs and all the Cjz
on the functions ¢ and for the equations (210) a left action of all the matrices
L, the U, and the B;, on the functions . To realize this, one builds a left
UT(R)-module for the functions ¢ and a left LT (R)-module for the functions 1.
The actual form of the elements in each module is guided by the trivial solution
M=AF* £ =AU, =i,(E,) and Vs = ix(E;s) of the hierarchy. In that case
the equations (209) resp. (210) become

A~ ) = AT iy (Bs)¢ = ¢ir(Es) and (215)
Q5 () = A" (Ep)$, 0p,. (¢) = (A ik (Ea) -

resp.

Ay = ¢AF iy (Es)Y = i (Es) and (216)
90,,(¥) = A4y (Eg)p, 0p,, (V) = A ik (Eq ).

Note that the action of dg,, on ¢ and ¢ is multiplying from the left with the
constant matrix A=*i;(Eg) and that of dp,, is multiplying from the left with
the constant matrix A*iy(E,). Let s; be the local parameter corresponding to

0q,, so that 0q,, acts as taking the partial derivative ai =: 0., w.r.t. the

Sip SiB
parameter s;3 and let ¢;, be the local parameter corresponding to dp,, so that
Op,, acts as taking the partial derivative % =: Oy, w.r.t. the parameter ¢;,.
The equations (215) and (216) can then formally be integrated simultaneously.

For, consider the formal series

oo Mo oo mo
¢z = eXp(Z Z sipik(Eg)A™") exp Z Z tioir(Ba)AF) = 4pg.  (217)
Jj=1p=1 i=0 a=1

Note that ¢z is a formal power series in the variables {s;3}U{t;o } with finite band
matrices in Mz(Z) as coefficients and ¢y satisfies the equations (215) and (216).
. Another solution to the linearization for the trivial solution of the hierarchy is
the formal product of ¢z and an invertible Z x Z-matrix § that commutes with

AF and the ix(Fps) and that is constant for all the flows , i.e. it satisfies

0q,;(0) = 0p,, (6) =0, forall j > 1,i> 0,8 and o € {1,--- ,mo}.
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The module for the linearization equations for the matrices M and the Vs will
consist of perturbations in UT'(R) of these trivial solutions. Consider namely the

collection M () (A*, 6) consisting of the formal products

{D djA¥}6¢y, where d; € Di(R). (218)
j=N
The elements of M(O)(Ak, 6) are called oscillating matrices of type 6 at zero as the
perturbation part has, as series in A¥, utmost a pole at zero . In general these
formal products do not give a well-defined element of Mz(R). Nevertheless there
is a well-defined left action of UT(R) on it. For all u; and us € UT(R) one puts
namely

’LL1{’LL2}(S¢Z = {U1UQ}6¢Z. (219)

Also the right multiplication with A=* and i) (Eg) is well-defined on elements of
MO (AR §):

{u}(S(bzAik = {uAik}(Sd)Z and {u}&d)zlk(Eg) = {uzk(Eg)}(?qbZ

The action of the derivations dg,, and 9p,, on M (A* §) is defined as if the

product in the elements of the module M(®)(A* §) is a real one

9a,, ({Z th“€}5¢>2> = {90, (d)A™ + > d A ATIRiy (Eg) Yo

t=N t=N t=N
and
op,., ({Z thtk}ﬁd)Z) =D 0, (d)A* + > d A A*i(Eo) Yoz
t=N t=N t=N
Similarly, the module for the linearization equations for the matrices £ and the

U., will consist of perturbations in LT(R) of the trivial solutions 61z. Consider

namely the collection M(°)(A¥, §) consisting of the formal products

N
{ Y djA¥}60z, where d; € Di(R).

j=—0o0

The elements of M (%) (A*,§) are called oscillating matrices of type 6 at infinity

as the perturbation part has, as a series in AF, maximally a pole at infinity.
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6.4 Wave matrices for the (A, b)-hierarchy

In general these formal products do not give a well-defined element of Mz(R).
Nevertheless there is a well-defined left action of LT(R) on it. For all I; and
lo € LT(R) one puts namely

1{12}8¢z = {1115 }66z. (220)

Also the right multiplication with the matrices A* and i(E,) is defined on el-
ements of M) (A¥ §) as it was done on M (9 (A* 6) for A=* and ip(E,). The
action of the derivations dg,, and dp,, on M=) (A* ) is again defined as if the

product in the elements of the module M(>)(A*, §) is a real one

9Q,5 < > thtk}5¢Z> ={ Z g, (de) A + Z d A AR ()} o

t=—00 t=—00 t=—00
and
N N N )
op,. ({ > tht’C}wZ) ={ > Op (d)A* + > dAM ARG (Ey) oy,
t=—00 t=—00 t=—00

So, the ¢ occurring in the equations (209) will be an element from M©)(A*, )
and the 1 in the equations (210) will belong to M(>)(A*,§).

In general the formal products in both spaces M©)(A*, §) and M () (A* 6) do
not give a well-defined element of Mz (R). We have already met a setting where
one can make sense of them. Choose R equal to F([[tia,s;s]] as in Example 5
and take for ¢ an element from LT(F)NUT(F) that commutes with the basic
directions, a condition that is satisfied in the relevant cases, see section 6.6. Recall
that ¢z is a formal power series in the variables {s;3} U {t;o} with finite band
matrices in Mz(F) as coefficients. Then each ¢ € M) (A¥,§) is a formal power
series in the same variables with coefficients from LT(F) and each 1) € M) (A*, §)
is likewise a formal power series in the same variables but with coefficients from
UT(F).

Note that each of the exponential factors in (217) defines a well-defined matrix
in Mz(F[sjp,tia]). To make sense out of the formal products in both M) (A §)
and M) (A* §) as a well-defined matrix in Mz(R) in a more general setting,

requires first of all an embedding of the polynomial ring

Flsjg,tial,j > 1,0 >0, and ac € {1,--- ,mo},
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as a subalgebra of R. Further one needs that that the derivations dq,, resp.

Jp,,, are extensions to R of the partial derivative 0., resp. the partial derivative

6
O, and last but not least convergence considerations. Such a setting is given in
section (6.6).

All the actions and elements occurring in the linearization have been intro-
duced now. Note that M) (A, §) is a free UT(R)-module with generator §¢z and
M) (AF§) is a free LT(R)-module with generator §1z. In particular scratch-
ing ¢ from the equations (211), (212), (213), and (214) is permitted as soon as
one knows that ¢ = dd¢py with ¢ € U T(R) invertible. In this last case the first

equation from (209) M@ = ¢A~F implies that
M= M($) = psA " 6197 = GAF!
and the equation V,¢ = ¢iy(E,) implies that
Vo = Va(9) = 96i(Ba)6 7167 = din(Ea)d™".

Likewise, if ¢ € M) (A*, §) has the form ¢ = 16y with ¢ = Id + 32, _, diAM,
then the equations £ = ¥A* and U, = iy (E,) imply resp. that

L= E(Tﬁ) = &Aklﬁ_l and Uy = Uv(lﬁ) = &ik(Ev)I;_l

and 9 is a generator of M(°)(A¥, §). In particular, the last two equations in (210)
imply the Lax equations for this £ and these U,.

Consider pairs (¢, 1) € MO (AF §) x M(®)(AF 6) where ¢ = ¢d¢z, with
b = oo diAF and dy invertible and the second component 1 has the form
¥ = pdipy, with ¢ = Id + Y ico d;AF". Such a pair (¢,1) is called a pair of wave
matrices of type 8, if the equations (209) and (210) hold for the matrices M (),
L(1), the Vs(¢) and the U, (1)) just defined. The component ¢ of such a pair is
called the wave matriz at zero of type 6 and the v the wave matriz at infinity
of type 6. Since the manipulations to get the Lax equations are well-defined on

such a pair (¢, 1) of wave matrices, the matrices M(¢), L(1)), the Vs(¢) and the
U, (1)) form a solution of the (A¥, h)-hierarchy .

Remark 20. If R and the derivations are as in Example 5 and (¢,%) is a pair
of wave matrices for the matrices M, L, the Vs and the U, from Mz(R), then
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6.4 Wave matrices for the (A, b)-hierarchy

we have seen that both ¢ and 1 are well-defined power series in the variables
{55} U {tia} with coefficients from UT(F') resp. LT (F). Because of the last two
equations in the linearizations (209) and (210) one sees that they are fundamental
matrices for the Cauchy problem corresponding to the solutions {C;g} and the
{Bia} of the zero curvature equations. In other words the notion of wave matrices
is a generalization of that of a fundamental matrix for a Cauchy problem.

Different pairs of wave matrices of type 6 may lead to the same solution of the
(A*,b)-hierarchy. Assume namely that

M=GIA"6 " = 60765 Vs = rin(Es)dy | = duir(Bs)dn

and

L= Z/;1/\’“31/;171 = ﬁzAk1ﬁ2717Uy = 1/117;k(Ev)¢171 = d;zik(Ey)wAzia

where both pairs (¢1,11) and (d2,12) are wave matrices of type 6. Then one has
first of all that both q§171q§2 and 1ﬁ1711ﬁ2 commute with A* and the ix(Eg) and

thus have to have the form
61 dr= oA and gy =Y weAl
r>0 a<0

where v,, w, € ix(Mg(R)) commute with the ix(Eg). One has seen in the proof
of Proposition 10 that for all j > 1,4 > 0 and all 5,a € {1,--- ,mo} and ¢t = 1,2,

05,5 (1) = Cjﬁét — o A%, (Bp) and 9y, (d1) = Biats — o1 A% i (Eq).

Now, if one applies the operator dq,, to the equality gﬁg = qgl Do v, AF", then

one obtains

anﬁ (¢;2) = 8@]‘6 (él)(z UTA]W) + ‘2’1 Z anB (”T)AIW = (221)

r>0 r>0
(Cipd1 — B AMiR(Ep) (D veAF) + 61 ) g, (v)A = (222)
r>0 r>0
(Cjgda — b2NMin(Ep)) + d1 Y _ Osy (v) A (223)
r>0
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Hence one must have for all » > 0, all j > 1 and all § € {1,--- ,mp} that
0q,,(vi) = 0. By applying Jp,, instead of dg,, to the same identity, one gets in
the same way that for all > 0, r > 0 and all & € {1,--- ,mg} that 9p,_ (v,) = 0.
Similar results hold for the components in M (°°)(Ak, 6). For completeness sake,

this result is resumed in a corollary

Corollary 6. If the pairs (¢1,%1) and (¢2,2) are wave matrices of type 6 w.r.t.
the same operators M, L, the Vs and the U.,, then there holds

$o =1y 0 AN and ¢y = g1 Y wa M

r>0 a<0
where all the v, and all the w, are constant for all the derivations 8Qj[, and Op,,,,
i.e.

9,6 (vr) = 0= 0g;5(wa) and dp,, (vr) =0 = Ip,, (wa)

6.5 The bilinear form

In this section each derivation dg,, will be the partial differentiation s, and
likewise each Jp,, will be the partial differentiation J;, . Related to the lineariza-
tion there is another form of the hierarchy: the bilinear form. It will be discussed
in this section.

It starts with the following observation: if (¢, ) is a pair of wave matrices for

the (A*, b)-hierarchy, then there hold the equations

Os,s (V)1 =05, (4) ™" (224)
O W)™ =0y, (9) 7 (225)
Now, if one wants to prove for a pair (¢,v) € MO (A*, §) x M) (A¥, 6) of the

right form the equations (209) and (210), then it suffices to prove a weaker result,
for there holds

Proposition 10. Let ¢ be an oscillating matriz of type 6 at zero of the form
¢ = by, with ¢ —do € UT>1(A*) and dy € Dy(R) invertible. Similarly, assume
that ¢ is ¢ = 1&61/}2, with 1) — 1d € LT<_1(A¥) is. If they satisfy for all j > 1,
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1>0andall B and a € {1,--- ;mp}

05,4(0) = Gjp, 0s,, (V) = G, with Gjp € UT(R)<O(Ak)

Ot (W) = Hiath, 01, (9) = Hiad, with Hio € LT(R)50(A").
then the matriz G5 = (M($) V5(d)) <o(A*) with M(§) == A F¢~! and V() :=
(Jgik(E/g)qAS’l, and the matrix H;, = (E(z;)iua(zzj))zo(Ak), where E(i[)) = pARH—!
and L{a(vfz) = &ik(Ea)@/Afl, The pair (¢,1) is then a pair of wave matrices for
the (A¥,b)-hierarchy and the matrices L(1h), M(¢), the Uy (1) and the Vs(¢) are

a solution of this hierarchy.

Proof. From the definition of the action of dg,, on M O)(A¥,6) and the fact that
MO(AF §) is a free UT(R)-module with generator 8¢z, one gets the matrix
equation

Ds;5(0) + OA i (Ep) = Gip (226)
Multiplying this equation from the right with (ﬁ_l and taking the strict lower
triangular part “< 0” in A* gives the first equality. Similarly, M) (A, 6) is a
free LT(R)-module with generator 61z and then the equality 0, (¢) = Hia¥

amounts to

Ot () + A i1 (Ea) = Hiad. (227)
Then multiplying this equation from the right with ¢! and taking the upper
triangular part “> 0”7 in A* yields the second equality. The final conclusion

follows directly from these equalities. O

This proposition applies in the following situation:

Corollary 7. Consider a pair (¢,v) € MO (AF,8) x M) (A 6) of the form
¢ = ¢pb¢y, with ¢ — dy € UTs1(A*) and dy € Dy(R) invertible, and ¢ = )¢z,
with 1 — 1d € LT<_,(A¥). If they satisfy the relations (224) and (225), then
(6,%) is a pair of wave matrices for the (A*,h)-hierarchy.

Proof. For any such a pair (¢,) the equations (224) resp. (225) yield

sy (D)1 + DA i (Bp)ih ™" = 05,5 (0)07 " + SA Mi(Ez)™" (228)
Otso (D)7 + AP i (B ™! = 04, (9)7 1 + dAMin(Ea)d™ (229)
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As the left hand side of equation (228) has strict negative degree in A* and the
right hand side of (229) has positive degree in A*, the conditions of Proposition
10 are fulfilled. O

The conditions (224) and (225) extend to any constant coefficient differential

operator in the partial derivatives w.r.t. the parameters of the flows

Corollary 8. Let P be any differential operator in the Os,, and the Oy, with
constant coefficients. Then there holds for a pair of wave matrices (¢,v) for the

(A*.b)-hierarchy that
Pyt = P(¢)p". (230)

Proof. Thanks to the equations (224) and (225) the statement is correct for first
order operators and then one proceeds by induction. By induction it suffices to
show that if the relation holds for P, then it also holds for s, ,P and &y, P

Applying 05, to equation (230) gives

7[3 (W@b_ (’(/})1/1 m (¢)¢_ a ]ﬁp(w)’(/} - P(w)z/}_lcjﬁ =
05,y P(0)9" = P(¢)p™ 0y, (9)d™" = 05, P(¢)9~" — P(¢)6™ ' Cjp.

and this implies the desired equality for J;,,P. The proof for d;,, P is the same.
O

The identity (230) has the following interpretation: consider the variations
§ip = 8jp + gjp and tin = tin + hia
of the parameters s;3 and ¢;, and consider the two formal products
V(558 {ia)d)(smv tia) ™! 7[’(3],@ + 958, tia + hia)Vz(958, mﬁ[’(%ﬁ: tin) !
and
3355, tia)B(sj6,tia) " = D(s55 + gipstia + hia) D296, hia)Ds5, tia) ™"

According to (230) their Taylor coefficients w.r.t. the g;s and the h;, are the

same and this one denotes by the bilinear identity
V(3j, tia)V(sj, tia) Tt = 0358, Tia) (558, tia) -
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Multiplying on the left with the inverse of 1(3;3,%o) and on the right with the

matrix ¢(s;3,tia) results in the identity
U(s5p,tia) " (855, tia) = (358, tia) T $(35p, tia)- (231)

In other words, if 1/71¢ is a well-defined product, then this matrix is constant

w.r.t. the parameters s;3 and ¢;,. This can also be seen directly

asjﬁ (1/)_1¢>) = —¢_15sm (¢)¢_1¢ + ¢_1asjg (¢) =
— 7 O o+ Cipp = 0

and similarly for the differentiation w.r.t. ¢;,. The identity (231) lies at the heart

of the construction of the solutions.

Remark 21. To get real solutions for the hierarchy, we will construct from a
geometric setting pairs of oscillating functions of the right form in which the

formal products are convergent. This will be done in the final section.

6.6 A construction of solutions of the (A*, h)-hierarchy

In this subsection we limit ourselves to the construction of complex solutions of
the hierarchy and thus one takes from now on the field F' equal to C.

First one discusses the group that is the starting point for the construction of
the pairs of wave matrices for the (A*,h)-hierarchy. As with the foregoing two
classes of hierarchies one has also now some freedom in the choice of this group
and that is illustrated by its dependence of a class of compact operators. Recall
that for a Hilbert space H and any integer r > 1 the Schatten class S, consists
of the bounded operators A : H — H such that

r

[|A]|} := trace((A*A)?) = trace(|A|") < oo.

Thanks to the fact that the Schatten classes are two-sided ideals of compact

operators , one can introduce for each such a r a group G(r) by

G(r) = {g = (9:5) € GL(H)

g—IdESr}.
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It is a direct verification that the space S, is the Lie algebra G(r) of G(r). The
Lie algebra G(r) is the sum of the Lie subalgebras

and

P(r) := {p = (pij) eg(r) pi; =0 for all ¢ > j}

U_(r):= {u = (uij) € G(r) | u;; =0 for all s <j

Their corresponding Lie groups are

P(r) := {P = (pij) € G(r) | pij = 0 for all i > j}

and

U-(r) = {“ = (uij) € G(r) wi; = 1d for all i € Z

uij:Oforalli<j}

The collections of Z x Z-matrices of the groups P(r) and U_(r) are denoted by
[P(r)] resp. [U—(r)]. Also in the present situation there is a dense open subset
that plays a central role in the construction. Consider the map from U_(r) x P(r)

to G(r) defined by
(u,p) — exp(u) exp(p).

As it is a local diffeomorphism at (0,0), the set U_(r)P(r) is an open subset of

G(r). Tt can be characterized in a similar fashion as in the finite dimensional case

Proposition 11. Let  C G(r) be the collection of all g € G(r) such that g__ (i)
is invertible for all i € Z. Then Q is equal to U_(r)P(r) and is called the big cell

in G(r) w.r.t. these subgroups.

The basic commuting directions from BD are the generators of the commuting
flows that are relevant for the (A¥, b)-hierarchy. As we saw in 4.6 this group I'(h)
of commuting flows associated with § embeds into GL(H) , but none of them
can occur as a Z X Z-matrix of an operator in G(r). From Proposition 5 in
subsection 4.5 one sees that each v € I'(h) splits uniquely as v = v>06(7)7v<o,
where v>9 € T'(h)>0, 6(7) € A(h) and y<o € T'(h)<o. Since the Schatten-class

operators S, form a two-sided ideal in the ring of bounded operators on H, the
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6.6 A construction of solutions of the (A¥,h)-hierarchy

group I'(h) acts by conjugation on the group G(r). For each g € G(r), consider
the open subset of I'(h) defined by

I(g.h) = {y €T(h) | vgv ' € Q}.

By definition, one has for all v € T'(g, b)

gy~ =@ (7,9) " P (1, 9), (232)

with ®_(v,9) € [U_(r)] and @, (v,9) € [P(r)]. Now one takes for the ring R
the collection of holomorphic functions on I'(g, ), then @,(v,g) € LTy(R) and
®,(7,9) € UTy(R). Consider the oscillating functions of type [6(7)]

D (v,9) = D1 (v,9)[v] € MO (AR, [5(7)])

and
D_(7,9) = D_(v,9)[v] € MEI(AF, [5(7)).

They have the right shape for candidate wave functions and are related through

d_(v,9)lg) = @+ (v, 9)[, (233)

The claim is now that the pair (®,,®_) is a pair of wave matrices of type [6(7)]
for the (A*, h)-hierarchy. Differentiating the left hand side of equation (233) w.r.t.

tio leads to

{01, (2_(7,9)) + 2_ (v, 9)A™ik(Ea) ][9] =
{04, (2_(7,9))2_(7,9) " + L(_)' U (D) }D_(7,9)[g].

Applying 0, to the right hand side yields

O, (24(7,9)) + @4 (7, 9) A i (Eo)) ] =
= {04, (P4 (7,.9) P4 (7, 9) " + D1 (7, 9 ATk (Ea) D (v, 9) "} 24 (7, 9)

and the combination of both expressions gives

Ot (- (7,9)P_(7,9) " + L(P-)Ua(®_) = (234)
=0, (D1(7, )P4 (7,9) 7 + P (v, ) AFik (Ea) Dy (v, 9)
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6 MULTI COMPONENT TODA HIERARCHIES

Now the matrix ®_ (v, g) € LT<o(R) has the identity as its leading coefficient and
this implies that 8y, (®_(7y,9))®_(v,9)"' € LT<_1(R) and as the right hand side
of equation (234) belongs to UT>(R), one can conclude from equation (234) that

the following relations hold
(L) Ua(®-))20 = Bty (B4(7,9)) D4 (7,9) 7"
0rro (D (7,90 (7,9) " = (L(®-) Ua(®-)) <0
In particular this implies that the linearization equations w.r.t. the ¢;, hold for
(I)+ and ®_
Bty (B1) = (L(D)Ua(-)) 1 (24) and Dy, (D) = (L(D-) Ua(D-)) 4 (D).

For the parameters {s;3} one proceeds similarly: differentiating both sides of

equation (233) results in respectively

(M(‘i’+)‘7Vﬁ(ci)+))<0(Ak) = asj'ﬁ ((i)_(’}/,g))(i)_(’)/,g)717
(M((i)+)]Vﬁ(qA)+))ZO(Ak) = aSjﬂ ((i)-l‘(’%g))(i)-i-(’%g)_l

and this implies the remaining equations for &, and ®_

Ds;5(®1) = (M(D4)V5(D4)) <o(A*) P4 and

5 (D) = (M(D4)'V5(D4)) <o(AF)D_.
This final result is resumed in

Theorem 8. Consider for g € G(r) the ring R of holomorphic functions on
I'(g,h). The coefficients of ®, and ®_ in [ygy~'] = ®=1d, belong to R and the
matrices

L@ ), Un(®_ )}, M(B-) and the {Vs(®.)}
are a solution of the (A¥,h)-hierarchy.

Perspectives: This concludes the discussion of the algebraic and geometric
structure of various hierarchies in the Z x Z-matrices. Natural next steps will be
the treatment of the so-called 7-functions, the corresponding geometry and last
but not least the application of the present theory to multi-matrix models, see

[21].
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Summary

In this work we start from various basic sets of commuting directions in the
7Z x Z-matrices that are the generators of a group of commuting flows. The
main topic in this thesis form deformations of these original directions w.r.t.
the parameters of these flows and their evolution equations. The combination
of the evolutions of the perturbed matrices w.r.t. all directions yields so-called
hierarchies of nonlinear differential and difference equations. Specific examples of
these equations that one gets in this way, are the equations satisfied by infinite
Toda lattices.

We study three types of deformations: the first deforms the basic directions
into the lower triangular matrices with the leading term equal to the basic di-
rection. The second type of deformation is into the upper triangular matrices,
where one drops the preservation of the leading term. In the third case one de-
forms roughly speaking half of the directions according to the first category and
the other half according to the second one. In all three instances we study the
algebraic structure of the equations and show the equivalence of the various forms
in which they occur. One of them, the zero curvature form, is an indication that
there is a relation with an infinite dimensional Cauchy problem. We show the
uniqueness of the solvability of this Cauchy problem in the formal power series
setting. Finally, the discussion of each type of deformation is concluded with a
geometric construction of solutions of the hierarchies. This furnishes new illustra-
tive examples of infinite dimensional varieties that play a central role at integrable

hierarchies.






Samenvatting

In dit proefschrift beginnen we met diverse basiscollecties commuterende Z x Z-
matrices die de voortbrengers zijn van een groep commuterende stromingen. Het
centrale thema hier zijn deformaties van deze basisrichtingen met betrekking tot
de parameters van deze stromingen en de evolutievergelijkingen waaraan ze aan
dienen te voldoen. Alle evoluties van de gedeformeerde basisrichtingen combineert
men in zogenaamde hierarchién van niet lineaire differentie- en differentiaalvergeli-
jkingen. Specifieke voorbeelden van deze vergelijkingen zijn de vergelijkingen
waaraan de zogenaamde oneindige Toda roosters voldoen.

We bestuderen drie types deformaties: bij het eerste type worden de basis-
richtingen zo verbogen in de benedendriehoeksmatrices dat de leidende term be-
houden blijft. Het tweede type deformatie is in de bovendriehoeksmatrices maar
nu zonder behoud van de leidende term. In het derde geval verbuigt men grofweg
de helft van de richtingen volgens het eerste type en en de andere helft op de
tweede manier. In alle drie de gevallen bestuderen we de algebraische structuur
en we laten zien dat de diverse vormen waarin ze zich manifesteren, equivalent zijn.
Een van deze, de “kromming nul vorm”, is een vingerwijzing dat er een relatie is
met een oneindig dimensionaal Cauchy probleem. We laten zien dat dit Cauchy
probleem een unieke oplossing heeft in de context van de formele machtreeksen.
Tenslotte wordt de discussie van elk type besloten met een meetkundige con-
structie van oplossingen. Dit geeft nieuwe illustratieve voorbeelden van oneindig

dimensionale variéteiten die een centrale rol spelen bij integreerbare hierarchién.
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