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Chapterr 1 
Introduct ionn to multiresolution signal 

processing g 

'11 here c m be many different ways to represent a signal and the usefulness of a »iven represen­
tat ionn depends on the subsequent nit erpret at ion or manipulat ion of' its content. IT the' signal 
needss to he eompressed. one is interested in representations that are sparse: obviously the 

descriptionn .; - 1 j " - ti. n = 1.2 1000. needs less hits I han (). T 2 1001 . Kor denoisine, 

applications,, one is interested in representations that separate the robust global characteristics 
off the signal l io in the raudomdike local fli iet nations. The challenge is to find a transform t hat-
iss intr insically well adapted to represent a signal for a <iiven application. 

flii the last decades, new wavs of representing a signal have been developed: amonjj, those, 
mult iresolutionn representations occupy a prominent place and have proved to be a powerful 
tooll both from a ll ieoretica! and a practical points of view. 

Thiss chapter provides a short overview to mult iresolution representations and their appli­
cationn to signal processing. It serves both as an introduct ion and as a motivat ion for further 
discussionss in the next chapters. Special attention is paid to the pyramid and the wavelet 
representt a 1 ions, as wel] as to the application of nn ill iresohttion representations m linage fusion. 
Inn the final section, we <;ivc an outl ine of this thesis. 

1.11 The need for multiresolution representations 

1.1.11 Classical approaches 

Theree are several ways to transform one represent a l ion of a "uven signal into another one. The 

mostt classical example is the- Koiirie]- transform I T . ' s ' . where a si-nal is decomposed into 

sinusoidall waves. Such a decompo.-at ion <;ives the inieusitv of the fluctuation.-, : frequencies) 

inn the signal which is often .,| oj-eat importante. However, due to the infinite extent of the 

sinusoidall functions, any local signal characteristic- (i.e.. an abrupt change in the signal: are 

spreadd over the enti le represent at ion. thus niaku-L; them Invisible". This is a serious drawback 

sincee singularities and irregular struct ures often earrv I lie most important it donna! ion in signals. 

f o rr instance, in images, discont muit ics in tlie intensity may provide l he location of the object 

1 1 
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1.1.1.1. The need for multiresolution representations 

frequency y frequencyy i 

(a)) (b) 

Figuree 1.1: Localization in time and frequency: (a) Dirac bases: (b) Fourier basts. 

'Thiss can he accomplished by decomposing the signal in terms of functions that arc both localized 
inn time and frequency. In this way. a one-dimensional signal is mapped onto a two-dimensional 
functionn in the time-frequency plane (t,w). 

Theree are various ways to define the localization of a function, but they are all related to 
thee spread of the function in time and frequency. Given a finite energy function ƒ with Fourier 
transformm F. one can think oi' reducing its time spread by scaling with a factor 0 < a < 1. i.e.. 
/ ( 00 = ./('A')- For the Fourier transform F, this amounts to a dilation, that is: F(w) = aF(aw). 
Tims,, we have lost in frequency localization, what we have gained in time. Conversely, if we 
reducee the frequency spread by a factor a > 1. we increase the time spread by a. This suggests 
thatt there is a trade-off between time and frequency localization. Indeed, both localizations are 
subjectedd to the uncertainty principle [59], which formalizes mathematically the time-frequency 
trade-offf  observed before. More precisely, consider a signal ƒ € L2(H) (i.e.. finite energy) with 
Fourierr transform F. and define 

t\f(t)\(ll t\f(t)\(ll 
1 1 

and d 
1 1 

Inn these expressions, || 
that t 

WITWIT J-, 

XX(t-T)(t-T)22\f{t)\\f{t)\ 22dt, dt, 

2rr||F| | 

1 1 

w\F(w)\w\F(w)\ dw, 

(w-u)(w-u)22\F(w)\\F(w)\22dw dw 

denotess the L2-\ 

""  27r||F||2„ 

Thee Heisenberg's uncertainty principle states 

1 1 
<7t°w<7t°w > 4 > 

wheree the equality holds only for Gaussian signals. 
Thee localization of ƒ in the time-frequency plane (t,w) can be represented by a tiling 

rectanglee centered at (r, u) whose width along time is a, and whose width along frequency is 
aaww.. This is illustrated in Fig. 1.2. Such a tile defines the joint resolution1 in time and frequency 
off  ƒ. 

Thee uncertainty principle limits the join! resolution in time and frequency of any linear 
signall  representation: the frequency content at a certain time can only be known with finite 
accuracy. . 

'Heree resolution refers to the degree of precision to which a quantity (e.g.. time or frequency) can be measured 
orr determined. 
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frequoncy y 

Figuree 1.2: Tilt in the time-frequency plain as an approximation of tht time-frequency localization oj 
aa signal. Tin tilt  contains most of tht energy ofthi time-domain and frequency-domain representation 
ofof tht signal. 

Onee of the first time-frequency representations is the windowed Fourier transform or short-
timee Fourier transform. This transform replaces the Fourier transform's sinusoidal wave by the 
productt of a sinusoid and a smooth window localized in time. The resolution of the windowed 
Fourierr transform depends on the spread of the window in time and frequency. However, once 
aa window has been chosen, the time-frequency resolution is fixed over the entire time-frequency 
planee since the same window is used for all frequencies: see Fig. 1.3(a). The basic idea behind 
multiresolutionn signal representations is to vary I lie shape of the windows in the time-frequency 
tilin gg such as in Fig. L.3(b)-(c). 

Thee most famous example in this respect is the wavelet transform. It replaces the Fourier's 
transformm sinusoidal waves by a family generated by translations and dilations of a basis signal 
calledd wavelet2 function. This results in a family of functions with varying time-frequency 
localization.. As a result, the wavelet transform analyzes a signal at different frequencies with 
differentt time resolutions. High frequencies are analyzed with short temporal windows, while 
loww frequencies are analyzed with longer windows: see Fig. 1.3(b). Thus, it offers a good 
timee resolution at high frequencies, and a good frequency resolution at low frequencies. Fliis 
time-frequencyy trade-off makes sense especially when the signal at hand has high-frequency 
componentss of short durations and low-frequency components of long durations. Indeed, many 
real-worldd signals do exhibit such type of behavior. 

AA still greater diversity in time-frequency tilings {see e.g. Fig. 1.3(c)) can be obtained by 
introducingg the notion of a wavelet packet: we refer to Section 2.5 for more details. 

Inn wavelet theory, one speaks about time-scale representations rather than time-frequency 
representations,, scale being in a way the inverse of frequency, because the term frequency is 
reservedd for the Fourier domain. In Section 1.4, we describe the wavelet transform in more 
detail. . 

-'Thee term wavelet means 'small wave'. •Small' refers to its finite length (or energy) in rime. i.e.. good 
localizationn in time. 'Wave' refers to its oscillatory behavior in time. i.e.. good localization in frequency. 



1.1.1.1. Tht need for multi-resolution representations 5 5 
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(b) ) < < 

Figuree L.3: Time-frequency tilings: (a) windowed Fourier basis; (b) wavelet basis: (c) wavelet packet 
basis. basis. 

1.1.33 Multiresolution: what is it good for? 

Multiresolutionn representations make it possible to analyze signals at multiple scales. One way 
off  thinking about multiresolution processing is to consider how our eves look at the world. One 
cann observe a scene such as a forest at different scales. As we gel closer, we can distinguish 
thee individual trees, then the branches and finally the leaves. As we zoom in at smaller and 
smallerr scales, we can see details that we did not see before, but at the same time the view 
heldd is reduced. 

Signalss often contain physically relevant features at many different scales or resolutions. 
Thus,, for a comprehensive understanding of a signal, one has to analyze it over a broad range 
off  resolutions. Sometimes signals behave in a similar way across different scales (i.e.. scale-
invariance).. For signals thai are not scale-invariant, one docs not know in general at which 
scaless the signal contains the more relevant information. Therefore all scales are of equal 
importancee a priori. This suggests that for a proper interpretation of the signal information, 
thee signal should be analyzed at different scales in a uniform way. i.e.. the size of the operators 
usedd to analyze the signal must be adapted to I he size of the structures contained within the 
signal.. This size defines the inner scale or resolution, which is the smallest detail that can be 
distinguished. . 

AA representation of a signal which can he subdivided into pails, each of which corresponds 
withh a given resolution, is called a multiresolution representation. The structures at high 
scaless in a multiresolution (MR) representation correspond to low resolutions (coarse details) 
off  corresponding structures at lower scales (liner details). Thus. MR representations, often 
referredd to as MR decompositions, allow us to see the 'forest and the trees', so to speak. 

Theree are many reasons lor taking recourse to MR techniques, hirst, as we already pointed 
out.. most signals exhibit relevant features at many different resolutions. For example, images 
containn objects of different sizes. Moreover, there are similarities between MR processing and 
thee way the human auditory and visual system work 102.111) . Secondly, it may be the case that 
dataa is available at multiple resolutions. For instance, sensors may provide signals at different 
spatiall  and frequency resolutions, third, there may be a need for output at different multiple 
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f u n c t i o nn (e.<.>.. the s c k ü i i ,n te a p a r t i a l d i f ferent ial e q u a t i o n :. 

S<<;!S<<;!ff ' 

Scale-spacee represeul ;-i1 iolss form a special p\pe " f M f-* lepleseniaUon iha! c i ! i : i | i i lM' a con­

t inu .. >}\> scale pa la mot el aijr| pre-r -jve t jj,- sal lic -pa ! ia] sampl ing ai all si ales. 'hh>' mModl iel loii 

(iff scale-space the. uw hv Wit kin 1 ?H a;:d Kor •];< Ir Tii:k >> i was a 1 .tea kt In ( n i l h in nna-e under-

stt atliÜll.'A- l hese a lil hors were annaiu I :..• t i ls ! to real]/.- that I he not ion of -scale' \va> coupled 

I t ii a \'aric1>- of has!.:- concept-.. ^11' ], ,,.^ -}]r smallest entit\- of all linage eonlainil iLi discernible 

i l d o r n i a ll ii >n : 1 l ie i nne r scale or vcsolu! ;.:ni ;. and 1 in • n'.Li'siarizeil ca lcn la t ion of an inia.^e de r i ya -

t i v c . . 

I'rn<I'rn< f<n' imti'/inif 

[•factt als are- s ignals • ! .n i a in in ' j , se l f -sxa i larU ie.-,. I l.a! is. i hey can be .-ui >diy idod in pa r t s , cacti 

off w h i c h is (F j| k-ast apprr >xima! elv ; a s ' r i led eopv of' a not her )r<\\\ o f I he s igna l . F rac ta l s igna l 

ana l ys i ss is I M M ' I I on t he ot isciwal ion tha i m i i ) ;m\ re-al-wori i l s ignals and processes, there ueeui 

patt tela is t hat repeat rheii iselye.-, at diU'eic-H scales. f r a c t a l mode ls t r y t o i d e n t i f y and represent 

se l f - s i n i i l a r i tt v r e l a t i o n s h i p s w i l h i i i images t h r o u g h t he use of spa t ia l t r n n s f o n n a i ions of t he 

si.unall assoc ia ted w i t h sh rmk in . i ; . t r a n s l a ' i o n . s\' i i utir-r rv-> and sca l ing . These i n m s i o r n i a t ions 

aree p a r t i c u l a r l y s u i l e d to he i n t e r p r e t e d in an M R fash ion . I n r l ie pas t . a lot of research effort 

wass put i n t he f ie ld o f ' f ra r - ta l c o d i n g o i ' images 77 ' . d ' l ic tnosi i m p o r t a n t concept here was I he 

ifiifi -rail, ii funcf/iin .^i/.-Jt ru i'Ik\S I t h a i Was pr >pu la l i / ed by B a n i s l e v a . 

Inn 1 l ie l i t e ra l ure one f n if Is va r ious other M R n i d hods. 1-or e x a m p l e , n i a i w of i he exist in.u, 

n i o i ] ) h ii ilou,ical techu i i pies t K) . such a- - : rann ]o ine ' r i es . ske le tons and a l i e m a i ine, sequent ia l 

t i l l e r ss are essent ia l l y M R ; echi.]<|Ues 

1.2.33 Applications of mult involution representat ions 

WW d esc r lire a jew I vpica! apphea t ioiis ef M R sliqial ] >t< icesM ]]'_>,. 

(( 'fiinpn -</<>/> 

M HH d e c o m p o s i t i o n s a l l ow for sparse signal i'eprr'senl at ion enpt ur in* : the .'sseucc of i he .signal 

w i l hh o n l y ,i s in , i l l set of s i - j i i l i i ant eoetln-ients. ' I ' h i - is due to the fact t h a i most s ignals ha\-e-

rr o ] | - ' 'hu ion hoi h in spa.-e and f n •( j i n i u \ M . n . ' . i v i . some e. impress ion met 'hods take ady.aui ,ti;e 

oll the l i l l l i l at ions of (.'ill percept Hal s\sieiü 1 o aehjcce hiu.ii coluprr N.-ioU fat i'is wit hout nol leeahie 

rlc'Lira'' lat l o i r hor e.xaii i ]) le. t i n - h i i n i a n v isual s\-.-i. i: i i ends I o he ua if. • sen- i t i \e to ,.]•]( .t> in h.'W-

t ]e( |nenc\ -- i m a c e conipoiM ail s I l inn in hi L-JI-frequency ones. 'I i ic i 'dol e di ' ta i l eoef l ic ieui s a l h i i i he r 

levelss eau he o m i t t e d wit ho i i l e m i s i i i - sen, .us d e - r a o e t ! " • ; oj i j , , a]>]>roxni iated in ia::.'' ((UaJitw 



\.-i.\.-i. M •••'// in ^ohifmn apjiruoch'^ d 

l'nthl'nth ni f ciKjiuiion 

Supposee wc need in locate a l.ii'^ c complex pa t te rn wit hiii an ima^e. Ra ther than a t tempt ins; 

too convolve the whole paft i.-ni wil h the l inage, one may perform an approx ima te search by con­

volvingg a reducod-resolut ion pa t te rn with a reduced-resolut ion version of the image. Thus one 

cann roughly locate possible occurrences of t li e target pa t te rn with a minimi tin oi compu ta t i onal 

effort.. Xcxl . higher-resolut ion versions of the pa t te rn and image are used to rctine rise pos i t ion 

est imates.. (".'oui]mtat ion is kept 1o a n i in imuin by rest r ic t ing the search to ne ighborhoods of 

thee points identified at the coarser resolut ion. 

%i<jn.tii%i<jn.tii ( nhanrt w< nf 

Signall  enhancement is anot her area where MR decompose ions can be used to reduce random 

noisee in a degraded signal while sharpen ing detai ls of the signal itself. The under ly ing idea is 

thatt real-world signals and noise possess ra ther dist inct proper t ies in the t ransform domain. 

Thee detail coefficients in each level of' the MR representat ion are passed Ihrough some kind of 

jj  hresholding fund ion where small values (which are likely to include most of the noise) arc sot 

too zero, while larger values (which include prominent signal features) are reta ined. T he final 

enhancedd signal is obta ined by reconst ruc t ing the levels of lli e processed MR representat ion. 

l inagee fusion is a methodo logy concerned with the in tegrat ion of mul t ip le images, e.g. de­

rivedd from different sensors, into a composi te image that is more suitable1 for the purposes of' 

humann visual percept ion or computer -process ing tasks. Since the essential .goal of fusion is to 

preservee image features from the sources, a plausible approach is to t ransform the images in to 

representa t ionss 1 hai decompose the images into relevant features such as edges, and perform 

fusionn in t ins domain. An MR representat ion faci l i tates this type of analysis because it decom­

posess an image into different scales while preserving locali ty in space. MR image fusion is one 

off  tii e main topics of this thesis and wil l be discussed in great detai l. 

ProijriProijri <*ir-< I niacin.'s.^/nu 

Forr many appl icat ions, such as web browsing, it is desirable that a low-resolution version 

imagee can be made available very fast, and that further ref inements eventual ly resul t ing in a 

high-resolut ionn image, become available as t ime goes on. Th is is known as progressive1 Iral is-

niission.. Al t hough other uou-niuh ircsolut ion image coding techniques can be modi lied to allow 

progressivee I ransmission. MR represent at ions are inherent ly su i tab le for i his purpose by si nip] v 

sendingg information from successive levels of' the MR representat ion. 

'Flie-- above list of application-; is far from exhaust ive. The idea of represent ing a signal at 

mul t ip lee resolut ions is used ui several appl icat ions in signal processing and computer vision 

speechh recognit ion, tex tu re classification, edge detect ion, image' segmentat ion, surface' recon­

s t ruc t ion.. iniriiM ' ro'jjsi rat ion. mot ion analysis and opt ical How est imat ion, in name only a tew. 
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w\[>-y>-w\[>-y>- i t i i l v the d-nn.-. i.» w iden /,••, • / and ;; •- / ;uv cvc i i ü i v !••> 1»' i nc l uded in t he -.sim. 

' j ' 1 : , .. nu,) - e .('• c;iü l ' i ' 1 [ i r H T| >[i -f i -f i a- ;i j )]e< [ jc t i i >t; o f .e' . TllU.-v C t r l : d i ' t a i l Ullage ' .'/ ' ' ol i In ' 

Laplae't . i l ll p V i a i l u d e. ,1T>'s] ,< a H b ' " ' i l 1 ' '''ITnr <>t appIOXimat li l 'J. .r' !.' \ .f' . i.e.. 

.•/'' ' ' •' ; . ' i . /.' ; ..' '' ' ;,'/. n < - ./'' I in. n ! . " '"• I-' "' A . 

; i l ldd //'''' " ' ! ii'. ii ) — .'•'"' I .'.'o ." ;. whe fe r ' i< i i i r ci..;!l>i'>t illja.<j.V hl 1 tie (..'allssiai; j UTal l i l i l . 

.Notee th,: t i he o|-j^!n,i i s ignal ./ c i i i i be recovered exact l\" t r o m t }JL*- i .ap lac ian p v r a m i d . J be 

i inauee ..'/'' ' ! is i n t e r p o l a t e d and added !o i/h I n f o n n .rA ' . w h i c h i> 1 hen i in <>i\h >lat ed a l i d added 

I nn //^ t n i T n wer .fh J . a l id si •• t ' l i U))t il .r" i.- reached. X o t e also I haf 1 he ]'< -| ü's '-f 'lit at inn o! r ' 

inn i c n i t ^ «>f i * - d< ••(•!. .nip» i.-f'd il i ia.' j,!^ -{JJ1 i/h . .rIx } is r edundan t m i h< • SCUM • t bat ii produces. 

liinVee - a m p l e - t h a i : a tv a c h i a l l v needed jo l represent i l tu .e1'. Hence, the h a p l a c i a n p v r a m i d 

iss al i ar' n-nrnp!' '< n 'pn 'sent at i> >n. i . e . it ha,- b o t h perfect n v o u s t n ie t ii .n i a u n p l i l c u t ^ a n d 

r e d u n d a n c yy p roper t ie- , 

i'i.L!,.. 1.1 shows al l e x a m p l e ol ' 1 l ic (. iaüss iau as we l l as t he Lap la< ia l j p v r a m i d The ( m u s s i a l i 

p v r a m i dd has been 'generated wit Ii a i i l l . T ui ' ' he f o r m i; iveti i>y i 1 .1 : w i t h n ~ Ü.T~>. 

h ii t l i c next cl iMprci ' . where we propose an .ax ioniat ie i r a l l i e w o r k lo r M H d e c o m p o s i t i o n s , wc 

w i l ll revis i t the H u M - A d e K o i : p y r a m i d . 

1.44 Wavelets 

i nn t i i i s seet ion \ve nit t " d nee i he basics of wavelet I he*. >rv. f o r a more exhaus t i ve s t u d y we refer 

t oo ' 1 I . 'JU.IO?. 1 I T \\\'-'t . 

1.4.11 The continuous wavelet transform 

dYad i t i ona l l v .. a wavelet is a (unci ion i: ê / . J i l l \ i w i t h zero average: 

C\t)fltC\t)flt - : 0 . 

T l i ee wavelet t r a n s f o r m decompose - a s igna l over a f a m i l v of' wavelet f unc t i ons o b t a i n e d l>v 

t rans la tt es and d i l a les of / \ i.e.. 

I)I) ui  ' ' V ( ' ~ - 1 n.b'r.  IK ..H =P t! 

Korr s i m p i i c i t v . we assume that r is a read ('unci i on in the t i m e d o m a i n ee i i le red at t U and, 

n o r m a l i z e dd s<> that ](.-'• 1.. T i l e mril/n nous inifihf I niP*fi>rrn < >l f c- / . J i l H ) at sea] e r.' a n d 

l oca t i onn h is ce'Uiputed bv c o i i e l a t iii.'j, /' w i l h O,./,: 

1V,:,,C..:ƒ.,,., ,, „• '\l'[f^-i'  „'') 
' T f cc h i r l i ' v i U ' J . e l ' I . V i ' l s l i j , i t '..Vi I I S " l e i ' l l i c 1 . . 1 | l l . i r ):|1 I | ) V : - ; i l l i l ' ] l - i l U l ' i T i ' l l ! I f u l i l i i n ' <><::• [ l ! - ( i p i . ' ^ - ( ! tfV B u r l 

;iiKjj Ail.'lsnii. We ia<l.A 'In- difler.'iit !i•'•.•,•[.- teai; ,',• -- 1 r(. A' • I. wliiic Pari ;ai<l Ad-' l^.n ir;.|i-v tii.-m fn.ti, k -• I. 
Inn /,• - A' ( )ni- nuf -x im i- ri.ii.sisTi.il! -'lai li Tin- nutaHuh nasi idiieed is, ( 'I j.i [)!(•[• 'J f ' l I he -.'MiTai ir.i![j"\'.-eik i >i 
M MM d i ' i n i a p n s l t l e n s . 
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Figuree 1.1: Example of a Gaussian (left) and a Laplacian (right plus top-left image) pyramid. For 
thethe Gaussian pyramid (from bottom to top) images x°, ./•'. x2 and .r3 an depicted. For tin Laplacian 
(from(from bottom to top) images //'. /ƒ-'. y3, y4 = .r3 are shown. Thi coarse approximation imagt x3 in 
combinationcombination with tin detail images y1. y1. y3 provide an alternative (but redundant) representation of 
tintin original imagt x . 
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1.1.55 The need for adaptive wavelets 

W . - i w l dd - k ; i \ i ' h.-sd .i l » - d ) i d n i " H - l i n p . n 1 < -h - n j . l n i l p l " < •> •.— ll n.:. I •> • • 1 t. k - i ; i i l - i ' •: i h d f ' 1 h l i \ i l n.i 

f.. .. h • ; i t n i 1 h ' - i f - IK r e — i i : v v i l i l l ; l j ) p l K ;;i ii 'M- . I l i>' . . i p p l l w i h l l l t V uf I h f W , i \ r l d I | ; i l i - k n ] ) i h i . -



1.4.1.4. Wavi • - L9 9 

II  \' I IWS 

Columns s 

* 00 -,,-'-> 

0—( /+ ' (- |2) ) 

a^-^2/* +1(-|3) ) 

Figuree L.6: Separabh two-dimensional wavelet transform. Hen h and g an the low-pass and high-pass 
analysisanalysis filtt rs, respectively. 

Figuree 1.7: Examplt of a two-level discrete wavelet transform. In the upper-left quarter, tin second 
levellevel is displayed. Starting from tin top left and going clockwise: approximation, vertical, diagonal 
andand horizontal detail images. Tht upper-right, bottom-right and bottom-left quarters show respectively 
tintin vertical, diagonal and horizontal first-It vel details. 

welll  as for other MR decompositions) is somewhat limited, however, by the linearity assump­
tion.. Coarsening a signal by means of linear operators may not be compatible with a natural 
coarseningg of some signal attribute of interest (e.g., the shape of an object), and hence the use 
off  linear procedures may be inconsistent in such applications. In general, linear Hirers smear 
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1.55 Application to image fusion 
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Chapterr 2 

Multiresolutionn decomposition systems 
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11 i. .;: 2.Ï. Wr d i . - r - l s . - t I j . • w U C l a ! r i i l l r r p t i .1 a d r r - a i n n i - i l m i l s \ ' s ! r l n W i t h p r r i r r l !'• '< •( A IS I Tl K' ' h tl , 

ai;<< ! V.-r r v p h i M . In av i i i[ ji -a. I i-i i a 1 11 il i i )l - ' i r l i - \ ' - l a i n - r a n li -,\<] 1 ' > 1 [ i l l ! ' i IV .M J ] 1 ] 1 H HI d r e a m p< >M' 1' ))!>. 

l i .. S.--- i' ' i i '2._' v,-i' :nl r< i d a r r a a r i i r r a l iin-l hi-'d. ' - h a d hf l i l ia , wh ich can l>r e x p l o i t e d t<> m o d i f y a 

L . l \ euu d a n n t j p i i : - i l !' >1: s y - 1 r ] ; j . W h i l e t i i e i r c x i s l . - r y e f a 1 1 \ p e - < it 1 t a i h i l I 'M >h 11 it . ] ; d < ' ( ' o l l l p t » H i' HIS, 

wrwr l h a i u h • • ' i t : i ' ' i i : ; a i i ' •:»: i w n \v> •}}-)::]> >wn . -p r r ia l r-la.—>•-: p y r a m i d - and w a \ r | r l . - . w i n c h arc 

da<< i:-scd in Si < i i. • l. ' j . / i a:ni See! ion '1. \, n 'spert i v r l y . 1 'hay an • - ! ndu ' d wit i nn I jL• • isxi< oaai i r 

tii a inew. irk p iv 'p i i-cd l i \ - I i c i j tua i i s and (.',< a i is ias in liM. 7') . k n i a l i y , w r .aive a hrirS' d r s r i ï p i i on 

-1!'' . it iir-t i n n h i ! ' •-• ant ii m d e n Jii i j i ' ' - i ; i' ai sysi cu;> m So-1 ion ^ .a . 

I'hee e. .nl : i d i ; t i i . n - made- in I Ins r kap l i 'V can In- ^ roa ]» rd in i \vu l m .ad ra1c -M i ; r s . l/ ir.-'. w r 

l w i r uu r\i.-.r j]!._. m n h n r - M i m inn dec: Hiipiv-i i ion s \a- ic tn- w i t l i i n T in • a ü . T i i ; f f a t n r w n r k | . ' i ' i p i y d 

i l ll f i d . 7* i . S r r o n d , v.-r i x t ' ' l i d ! i i r 11! M i a : - c i n 'M i r M l - n a i l v res I f i r ! r d i n waXTJ i ' t - ; t o r r n c i a i 

d c c n i n p ii >sil [n ] ;> s c h r i l l e . - . 

2.11 D(K:ompositioii systems with perfect reconstruct ion 

\ \ ' l i e ! :: an.! a / ' l i a . i --. s L-. i; • i! i! !.- o l t n i l'.-.cl'ih i • i d ' 'i-i n i ip i '.-.I- ;: :ni < > ' 111 [i a i -].\ naM -. ' I ' I K I M • [ ia i n- cam 

11 h e ; , h r a n n l v / t d - e n . e a t e h w h i c h ! l i a \ - l a c i l l l a l c - ! 1 h.-c-« 11;. •] i • pn.,r r . - . - i la : l a - k s . ( »1' [ >a ; l i i I i 1 a 1' 

iii : : r i - r . i i- i ;,.• . a - r w l a i i \ \v - i ana l i - d r i • a a p o - r f l m - n r h a \\,\\ t ha i no mh n ina t ii >n is r n n u y r d 

a.. i id i i i r . ' f i w i s e - l a i i a i r a n h r f e . , \ v i c d . ' y i i d v i /••' / /'- •• ;• '• .'/,•.-/; .•••• .',•••' " i In -in il - ••••. m-1 i r ai uvi. 

p.alls s 
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lx-- f e n j's'i ••!(•-] ; hl '. >i IL: ti >< iin<- r-'-i -n-1 n i i : i i ' i . j j r i Ü ••-s.- >.y.<.'.'/,'i .-.•..... h'i.u- 2.1 depict -. a w i i t T ; i j -< hf •] J n • 
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. / ' '' .111(1 'I1 C i i l i })•• i n t e r p r e t e d i l - l l j e ir^f*ru.n Ui'!! ma Ü l l d 'I'll!/! > i . ' i l l i t ] v ut ' ï " . I- ' i -pei 1 iv< ' i v . I n 

n i i i i ' 1 '' w i ,M- - . f t- ,i — •: • i T iit '> impl i i i ' - . i t i i> i i ' ut .r' . i i . l i r r i t i n - j . n i n n v - if i r - pre-p- 11 ie- , W I H T C Ü S 

//•• i - ;i k i n a --f ' r e f i nemen t " M . i t <•, >nt ; m - T I u - ïnh >ni i ; i t i . »n M a l lüi.- 1-een «h-.« n ide i 1 i.ti M e - i i : r 

p l i f i c i tt ii -n pr. . c » . "['he <,])f-riit(.|-~, ,•. • ; I j , • \ ' i . ^ : M • \\\ nre -n l l - ^ t <ni<::i:>;< e/,- /,,•,',•,,••. 

: iM ' ll M c . .] >. -l-.-i 1 . »T- ' ! ' • I , • 11 | • \ j ; M M 1 1 . - ' 1 t i j . ' - ly;,. '/-- ^ w - / » ; . ; , ' . , / • ' | In , i - M l ] : i p t i u l i t h ; i l t n . 

i l i M n i j a ll i< JU l - i " - t \>y t h e < 1< •<< .] : i p - - H : ü .;i i - r s p i v w -i\ h \ t h e n ( J U N - ' 1 u-'1 il M a t * M i - d i e l - ['t 

i i i \ " * ' i > ' '' ' -i 'h - :>• . ,.. . i . e . 

»!'-- i •••.• i.j-' .-...- \.r" \ ] •- .-•" . M r ,-" ,• l.:, . 

T i n -- o ' t i d i t i u i ; w i l l bc re fer red 1 < - a- \ !:«• /;<• ;;/r r.' ^ , u ^ r - v , , M,. 'J f e,•,••(ƒ/,',•,•,,-,. 

Sv inn h c s is 
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I I II i< n n i i i h / c ' h i . - ]H' i ccd i i rc . n - - i n i ] ; t i i . n i } M • r»• cx iMs ;i s c q n c i n i • i <\ s im n il -[>;ici •- \] . /,• '•• 0. 

;i ll ld d« ••!,•, ij sp;. ces 11 ; . .''• - I . A l r a i l i I r w l I, '• I! w. • IÜIVC : w> - a].;dv-.i-, i i pc ra l ( - r - . ,• \ : \ , ••- \ ]. . • 

a n dd . •; : \ • - 11'.-. . ;. a l id a - v n l [ ;CMS cpc iü i . - i >l ' ; : h . • I l ,. . . • \ •.. >at i>-f"\-i r J- HM- pc i j cc t 

i'ii 'er ni.-i m e i i, in i ; a id i t a >n: 

' 1 ' ;; (<•,••.••• ••-•[•• ' • ) J"- •--.- - ^ . M l 
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Ht'P'.. .e' ' ' '' is ;ii i appr< ixima! i( >n nf .i-'', hul eau also he regarded as a i /.' - 1 i l n-nnlcr cui i ix ' 

approx imat ionn til ' i In• '. Tiuitial signal .r". In cont rast, the detail signal //'''* ' conta ins information 

aa In tin .;••'• t lia! is not present in t ha simplified c< mi pi mr ut . / " ' ' . 

\ d i i '' t ha i, because <it' the perfect fccdiist r ud inn cdndi t ion. tin1 original signal .;•" fan !)<• 

perfectt I v ran ni.it niet r<l In mi ,r'v and ir . ir !/  ̂ hy means di' t he baak ward ree nis ion: 

.;•'•• -• *l>;/.  .r"'  '•.;/" ' ). /- A " - l . A " - 2 (I. IL'.-l) 

1'Tj.. '-VJ i l lustrates I ha anal\ 's is and s vul hes is schemes lor t ha part icula!' case where A' ••- 3. 

ty:, ty:, 

-- >r 

l - ' ku i vv  ,1 ,'-,', r, / <!,,nr.>i>n.„f,or  s.jst, nu until:/.-/*  nnii *</>ith<  MS. 

2.22 Liftin g 
1111 t h i s s e c t i on we d e s c r i be a ^e iKTa! a l ïd i l . 'Xlhl e t e c h n i q ue to HlodifV a i j jven d f f f i l l lposi t i on 

svsl r inn inld ai idlher diie. possihlv will i some inipl'i wed ehnractci ist trs. Th is technique, rai led 
hfinitj.hfinitj. was developed hv Sweldeüs in tii e context ut' wavelets la. 1 l(i . 1 IV (see aiso i 1 Fur a 
relatedd si heme. km-wn as a hi<!ih  f u< ! <rai  k). hut it rail he appl ied Id general decninpf isitii ill s 
ss \ s T e 11 i s. 

AA genera] lif t in'j. Mer l in' - t a r ts uit h au ni\-eri ihle drenii i posit ion "f i in1 input signal .:" - \ n 

Mitr .. t w d p a r t -, t he a] >pn>xii i ia t idi i s i g n al ..'• •." I i . a nd I li e d e t a il s i i i nal // C \\'\. T w o t ypes, 
oi'' liiniiL' , M-heiiM s i.sii he d isl iuj.i [ is i l f . ( ] ; nn t!i<  ! nm hjtni'j a nd npilnti hflnnj. W e t r e at 1 h f se 

'•;i>rss sr[>ara1- ' ]v. In hot h c a s e -, we c o n s i d er all mil ial s i gnal dee. . inpos it inl l s r h e t ne wit h per fect 

tii  ' i d us i m i l [i in si ic i! ,,s d e p i c t ed in I- i'j... '_'. I. wi t h ai;al \">is ( jperaK it's M' \ i • .  ̂ i a nd a s\'111 11 as is 

d i . n a t o !'' i[»-

['hee tleW.ii sij.Ua 1 .'ƒ is ) >V> 'i 1 iet ed lidia.'. 111 f. >' ! ua M' .11 c .1 it a'Sl' '. 1 11; t he a p p r o x i m a t i on si;J..U.:l 

Üldd I- r e p l a c ed i \ "he pi'. •• l ic ! iol . • T 1' '1 

'.•'' II l'..r.. 
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11 ' • ' . . . , , , , , ; l l . ; l l ' j ; : \ l l ! : n i l :: A . - I .'< ' i i ' ! i •. 1 i n • . i l ' 1111 In i ' . i - i ! v 1' ' " l ! - l M l i l 

i . n -- i hi u ] n j . i t i l i t : i n - ' \ ]<•]• I- .i !.!•'-.'. l 

h i ll ->, M I h. M - i uu - i .si i n> u : w h 1 ..-,-

' II h i ' i i ' t ' i >Y>-. , i i i i - M M it!'.:. Hei < i ] i i ; n o i l ) .\, - v M . - i h w i i h p. r l - •• i i . • " . >i>l M ; . •; j . :.| ; ,-.-.n I,. ! : : . K [ i i :• 

:: h . i I- . h i J;1 1 . i ! '-, ] ••) i i ii< -i I < i l l i il l i l ii h , t i • . i : i • ] : ! . ' . .-l .-: , | ' - : | i - ! - l M -i . ' : ; • ' 1 ' . ; 1 !• ' l i i - ; . / i . i 1 • i l l ' - I - ' I 1 . \ ' ' I. 
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< l ' \ " l ' ' | )) - - . ; i i i n - i i ' ' i i I n n ,n t ! . n i - t f ' i h i - 2'.! :'.M. I I s . : h ' - h h i n._ : : i ' j : i h : •]•• •••.]- . i i ^ : i ' •• ",''• i . 

i-'iy,.. L! .'! i l l u - t ! • ; ; ! ' • . - . ;i p i < •< 1!- i i ' >n n ] <• i i i . - Ht'i i i i " - I i - • ' : ] - • \ i i h ' U - i - i i i " pr> •> 1 :• • i' •! i • • ] " l .h 
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1'' I .ÜHl 'e '2.'•'>'. < '!'!;~:-li:S! 'iljhüij srtlt llii : Il,') il I IJS: s tlhll > ' / / . ' / / . " > / > . 

uu | H l, 111 • o p e r a t o r / a e t i n u on if js ILSIT! l n m o d i f y .r. y i e l d i n g a new a p p p >xi l i iat i i JU s igna l .f'. 

A ii - vu t he-i.-. t he - ] - i : a l - .r and </ are rec< .u-s n ie t cd by rever.-jn.ü. the lift its» -Jeps. 

( ) t i \\ if msiv. wc cai i c .H ica tc i i . i t f ai i \ - n u m b e r and (ype of l i f t m i ; Mep:- in o rder to i n o d i i v a 

y i veuu deet -t i ipi >sit ii in - v - l e n s . In p r a i l i e e . i h i w U i t i n g . - lep- are c h i N ' i i in M U T a way t l i a t the 

re-n l tt i ny deeon ipo - i l mn ] - a l l " L inpro\ etnent ' i it ' t he u r i y i n a l one. I [ere. t l ie w o r d ' i m p r o v e m e n t ' 

' a nn have v a r i u i i - i nea t i i ny - . 1'or e x a m p l e , i h c l i l ' ied t r a n s f o r m may i ia\ 'e more va i i i ^ l i i n y n io-

n ien ll - t i ia i i i in- o r i y i t i a ] < me. ur it ïnav he M ipe r io r in decor re la t in ;^ M.ynnIs w i t h i n a .'.riven r ]a->. 

AA IK ii her 'mijn. iff ant f cal ure i if t he l i ft my M T e n ie \u >\ ment io i ied so far i> t hat it a l l ow - in -p lace 

ra l e i i l a ll lull.-, l l i i - m e a n - tha t t he o t i y i n a l - i y t i a l values can ])c rep laced l iv t l ie t r a i i s f o r n i c d 

111 l ie - wi t hunt h a v i n g to a l luca l e add il i< mal memory . 

2.33 The pyramid transform 

2..'i.ll  Ax iomat ics 

T h ee p y r a m i d i r a i . - l o i i n i> ; i - p n i a l c iM ' i 'S ' i i ini lit i re -o l i [I ion deeon ipo - t l i< m wi t h perfect leeon-

- t r U ' l i u l i .. I t 1- c h a l ae i e l ' i z e d b y I h e a : - - t l l n] it i " i l t h a t 

T ; : . r . / / ii ,  ,/  f ' ' f ./'  ~"  I \ . ; . ,/ -"  \ \ \ . , . 1'_U I i 

w h e r ee 11';, . i ' I ; a n d .' '• : I • i — \ ';... T h e p e r f e c t t ' r c u ü M f i [el i o n c o i n l i t m i l !! l 1 '_\ 1 j c a l l b e 

reftt n i n n l a i ed a-

<< •: /  i.f  : - . •. i . / • : • •• .r. f t i f ./• •' I ;.. . 

T i n ; - .. ,. •_ ' c : ..•- r:; •, i ,e : i - ' l i e i •m .f uf i he - y n i h e - i - opera 1 or r; when reeon- l m e t iny ..<• f r om 

11 h e a p [ U " o \ i l h f t 1. i l l r , e ' i ] l . ' h i - e ; > e . t l i e i e e ' l l - ] V c a l i a ! VHS - ' T e l l i e i n •"_'.'_' i i.- y i \ e i ; 1 i\' 

•• ' . . /•• ' i . [ . . . A' ! . . T I T ' 

f t ; .. I t in - ' . 1:1 h e - ! - - l i ]) l i : ;!. i • ' -
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I : H ' ; Ü I -- <>\ . 2 . ] . : ; l > l i ; . - ,!,- • ,*. 

ii fM ! > ! < >V.1; :•'• l l ' i M .- 11 M. i T M ' !> - ! l 

•.••••-/••'.•• '•••• • >t' ./ . . : i i i ! 1 • • r i i i ; , | • ,; . - i ,f - v h ! i , < - i / i : . • .<' }•,-. 

•f// .'.•,.••.•.•-..'.'.• .'.'/. \ \;U .i i ; i [ | , ; _ ! . i ! ; l ' i h 1 - 1 i . : ' | ; | •; • ! . , • | , \ I - . M M ' , 
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2.XIÏÏ  Lift.in*»" pyramids 
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2.44 The wavelet transform 

2.4.11 Axiomatics 
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2.5.JJ Wavelet packets 
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2.5.22 Local basis 
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(( i pte.r i. Multiresolution decomposition system: 

frequii  n< • 

Figuree 2.8: A wavelet packet basis divides tht frequency axis in separatt intervals of varying sizes. A 
tilingtiling is obtained by translating in timt tht wart hi packet basis covering each frequency interval. 

thatt cover each time interval and multiplying them by cosine functions of different frequencies. 
Similarlyy to wavelet packets, a local cosine tree can be constructed by recursively dividing 

spacess built with local cosine bases. As in the wavelet packet case, this offers the possibility of 
choosingg a 'best' basis for a given signal. A best local cosine basis adapts the time segmentation 
too the variations of the signal time-frequency structures. In comparison with wavelet [jackets. 
wee gain time adaptation but we lose frequency flexibilit y ('since the frequency axis is being split 
withh constant bandwidth). 

frequen(( y 

Figuree 2.9: A local basis divides tht timt axis in separate intervals of varying sizes. A tiling is 
obtainedobtained by translating in frequency the laad basis covering each time interval. 

Notee that wavelet packets and local cosines are dual families of bases. Wavelet packets 
segmentt the frequency axis and are uniformly translated in time, whereas local cosines divide 
thee time axis and are uniformly translated in frequency. By combining the two dual concepts 
onee can obtain arbitrary 'dings of the time-frequency plane [72 . 

2.5.33 Multiwavelets 

Multiwavelett decompositions offer more design flexibilit y by introducing at each level several 
analysiss and synthesis operators. Multiwavelets have some advantages over scalar wavelets 
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2.5.2.5. Other multiresolution decompositions 39 9 

wheree i = \/— 1. For future convenience, we define v (u. v) and H'iv) = H(—v). 
Thee frequency tiling after one level of decomposition is shown in Fig. 2.11 for the case of two 

orientationn hands (i.e.. P - 2). The corresponding diagram for this decomposition is depicted 
inn Fig. 2.12. The filters Bp, p = 1.2. are oriented hand-pass filters. H\ is a narrow-band 
low-passs filter, G'o is a non-oriented high-pass filler and H{t is a low-pass filter. 

Figuree 2.1 L: Frequency tiling after 1-level decomposition of a steerablt pyramid transform with P = 2. 
TheThe frequency plan< has been decomposed into a loir-pax* band (after filtering by H\). two oriented 
band-passband-pass components (after filtering by Bp, p — 1.2/ and a high-pass hand (after filtering by Go). 
TinTin depicted squared region turn spends to thi frequency rangt [ ~. ~] x [—TT.TT]. 

Ho Ho 

> • • 

Go Go 

^ ^ 

BBx x 

B-2 B-2 

MÖ --

Figuree 2.12: First level of a stet rablt pyramid transform with P = 2. 

Ass illustrated in Fig. 2.11. the hand-pass filters together act as a circular symmetric hand-
passs filter. The low-pass filter //] passes the low-frequency components that fall inside the 
centrall  core of that circular filter, while the high-pass filter G'o passes the high-frequency infor­
mationn thai falls outside. In this way, the entire signal, regardless of its frequency, is passed to 
onee of I he output channels. 

AA block diagram illustrating the steerable pyramid transform and its inverse is shown 
inn Fig. 2.13. Initially , the image is separated by the pre-processing filters Hu and Go into a 
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Inn this ease. \'l.'ï-\:- implies that T f ii • pre and ]>• tst-proei 'ssiny steps must also have a unitv '.min. 

ihatt is, 

^ , , i i < ;; " • Cu:v\' - 1 . 

T v p i e a l l v .. / / , , ; J ' : - / / ; : r 2 e .- > t ha l the i n i t i a l l ou -pass "shape' o f 1 l ic f i l te r Ls t he N I Ü H ' as that 

Usedd wit I i i n 1 he i l i Tal i( ui. 1 I'm-, d u r i m ; t l ic hera t ion 11 \[v 2) p lavs t he rolt1 o f \ he ini t ia 1 i /at ion 

l i l te i -- / / , , : r ! . 

"II he angu la r eon-t raint on t he band-pass f i l te rs B,, requi res these f i l te rs t n f o r m a s teerab le 

basis'' \'-\^ . l i l tl;..' s imple rase where die basis f'unet lolls oi' the (leeompnsit ii >n are .JilerTtunal 

d e r i v a t i v ee o p e r a t o r - , 11 j * • angu la r ewt is t ra in l eau tie expressed as 

B.,iV!B.,iV! i1\V>( Mos l . e 1 - H,,))'' ' . 

Wheree / — v'— I • " arei am' e ii :. f)., ' - ' ' ' / . ' fot• [i - I / ' . a l l d 

/ ; • > ; -- (^  n,>v) 

Thee pvra l ind i all 1 ie des!L'lied to prod Ure ailV number < 'f orient al ioll i ial ids 1'. result i l ly il) 

alll ove] (( ui ij het e I rnllsii Ui tl wit 11 ri red Hilda tie v hletol ' of ) / ' • a. 

2.5.55 Gradient pyramid 

AA gradient p y r a m i d 1 * ' is o b t a i n e d by a p p i v m » a <;radien1 o p e r a t o r t o r a r l i l e w ] of t he (. h iUssian 
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lul loUiiall t i l ler. Then , it eall tie shown thai perl'eel reconstruct ion is possible hv l a k i m ; 
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•• : N , 
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Figuree 2.14: Gradient pyramid transform (analysis) and. its invtrst (synthesis). 
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3.11 Adapt ive wavelets: existing approaches 
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-jj  Li ( 'h-ijl!'  r .•',. Aihli.i'n/f Hpthiti- i/fhii;.;:  thr n.i imnnt "• fr-i  mi irm i; 

P r o p o s i t i o nn ' i . 5 . 1. If 'hi thn ^inihi r;it>  rum /aT /> !?n a in 'hue p</;P ft n t tm.-i <•><<•!  nm. 

' I 'hee ('..ri '^pi aali jo: reconst ruc t ion ,dû  »rit hm is Mruitdn forward: 

1 .. c -f ij 11) J UT i • v' f t ' l i u ['..\. 1 -^.!: 

2.. i!' /.-: (•':• <;' 7 ' t h en <!  _ IT o thc rw iM- d 1; 

.').. '•( in i j j i i t c .r ft (tin ; '.•>. l i i i . i .e.. 

<< l y
T h uss it remains to verify t in' val idhv nt' t lie threshold cri terion, hhe following P M I I I provides 

inn ' rcssarv and suhieient condit ions. 

P r o p o s i t i onn '.i.'i.'I.  77," ihr' -d/e/J <-el> rioa huidi- if and unit; if </.<< fdimemi thru .mail!an,< 
anan ."tiii.-jn  ••/.• 

/'{ -- li:. -a .X- <in<i  j.i ' i'-4i .' •=:. "\_ •. 5.2 1 .' 

p i . T dpp '(--li i < 1 • bh22) 

Pn.H'j.Pn.H'j. Il l till s proof, we use the til'Sf ;anl tin- second threshold cri terion c< .ndil ii JI IS dejiiied il l 

pa.Liee 55. denoted In' I p i and i / / , respectively. 

' l i ' :: put I' j>[.  1,11 : we show that thr threshold cr i ter ion holds. To in-live (be assume that 

pii  n) *•'•' 7'. If' pi i' 'i — II . then ji[A uv l U by ( T 2 1! and Proposi t ion 5.a.2i Id. If' p; i.') :> f I. t hen 
wee ca-l i'n.ni P i' > posit n,n A.'.', .2 \(\) that 

p i .. In-t?.) < pp l l ( ipU'j < i>\  An ;7 -• 7 '. 

' l oo ]>rii\ i i',<; ) assume r har ƒ/( )!: •••'/". From I he f'aet (hat p - . - I j -.•• x and Pioposil i< >n 5.5.2 'c, 
wee mi 11-hide thai p: A r ) -+• I) and we ;:*•! from I ' IOp. i>ji ion 5.5.2ie; that p[v) -' p • ;'. \- );,', A \ v a 
Inn e,mil ijnat jon with ' 5.22 a I his <j,ives us 

j>\A-n\j>\A-n\ • '"'*"  - p i,, i/.! i a ..• p ; , l , , . 7' ... 7". 

ƒ '' • - ' : • ' 

' I ' l l i ss e. M i r h l d r s t h e p r o of of t h e ' i f ' - p a M . 

' o n lyy it" : to pn we t h at pi . 1 , j ••: x .. a s i n i ne thr it jiiv) - 0 a nd pi Anr < — II. W e .-Tow l hal t h is 
Wil ll  LpYe i i - o 1m a e o l l t l ' a d i el i o n . ( ' h o n ^ i n >; ,\ '• 7 " / p i . T i t ' '.' W r ll,-l\T ' A i jr. j 1, , 1' j - / " I b l V i ' V c l ' 

j>[\v.j>[\v.  — A / j ; r i •- II . a nd we h a ve a c o n t r a d i c t i on w i t h \n. ' I ' hc fact t h at p ! i'. 1, \ •- x 

i ss p n > V ed , ; ] i ; i io.u i a i s i y. T h l l s it 1 'el i ia ' l i -. l o pn >Yt d ï . ' 2 2 .. C ' i i o o . -e ƒ' .- i . i l j i j i l l ./" h r t i i - -

c o r r e s p o u d i i iuu t hi ('--hold m v en 1 >\ t he ' f f e s h o lu r n l e n o n. We d e r i ve ir; ua ' ; i t h at i>[  . \,,] -". V ' . 

\ 5 tww in' r e a d- as foil . >w>: if pi r \ • \ i i ien p; . I v • 7" S u ] i p o se i h .a i :•; 22 i (1ms not I n T j . 

i .e... }>[  . T pp : ;' . 1 '• 1 ; ;>\ . 1:I i -' !i . i a ii. r w i se p ' ; . 1, ; 'd i " i ; | ( l be m h i ai e ;. I 'r, a a t he d e i a n t i en 

off  p ' 1 p 'See p. i-.! ...1): ;] toljr ,\vs 'h,:! t h e re n n i s! bi ,i v e r r -a r •". fl; ''• \\\\\\ ;>\  1 l ' i ; 

a t all  /" . L, a" r : ; . i ' i a t i n e r ' :><  . 1.. r . \^e LMI a r ' ; i a ad /" 1 r P /'• . 1, i •' / ' • .>. h ;eh 

e o l l tt ] - ,u l i l 1 s I , '/ I . T l n - 1 e |i il ' . '. ! . ' ' , . ' 2 2- i ! M ; s ! h o l d . 



•• •!.'). Winti tin n:< hun ptrinf r> roust nut nni'f öi 

Notee that i he pr< joi' ui' i lic ;il.»JVC propi isition allows I hat il is sufficient to choose '/'' -•• pi Au \1'. 

Wee have slmwti that a sufficient condi t ion for perfort reconst ruct ion is the threshold cri te-

rion.. i .e. (3.21 \-\'-i.'22). In the nexi chapter, we wil ) special ize to cer ta in class of se inmunns. 

\ o \ v.. we prove some resul ts related to the specific form of the mat r ix .1,/ • / — net , '. We s tart 

wit hh Tin; following auxi l iary result. 

P r o p o s i t i o nn 3 . 5 . 3 . In f p hi a si mi norm mi IR ami lit \'u in tin in nit I of p. in .. tin limiir 

s<ihsp<irts<ihsp<irt of Si (jirt U hi/ 

\;\; tt -. {v e IRX | i*v) = u } . 

ifif A — i u3' ami ji\u i -r i). tin n. j>i A) ••••'. x . if n mi 11 nil/ if ,3 c' I u~. 

i'ronf.i'ronf. 'if" : assume that ,3 i~- \]p. hollowing Proposi t ion 3.3.2 we must show I hat p\v) — 0 

impliess that pi An; •• I). If j>iv)  - 0 then v <£ I [., hence f}1 v 0. Th is implies that Av ••••• 

vv • itfi  v — v and hence thai jiiAv) — 0. 

'onlyy it" : assume that pi A) ••" x, and f3 it \',f' . Thus there is a v <E \\} wi th 3! v = I. Then 

AvAv -- v -- u3 •(.; • •• IJ — u. Since pin)-/[). we have ') =£ piu) < p[u v) -I- ]>[v)  ••- p{u — v). and 

!!  herefoie pill  v } -- p[v u) — p[ Av } •?-(). Since p[ v ) • 0 we conclude from Propos i t ion 3.3.2 

thatt p\A) — "x.. a coni radici ion. This concludes the proof. '"] 

Wee now invest igate the eigenvalue problem Av \v with A — I uf.3!. Th is can be 

wr i l lc uu as v — u3' v \v. We have (o dist inguish the cases A — 1 and A / 1. If A • f we 

iindd 3 v ••• I) and from A /- I we get that v is a mult ip le of -u. Thus we arr ive at the following 

ns i i l i . . 

L e m m aa 3 . 5 . 4 . in t A --- / uf3r ami n -- d e t f . l j :- J - 0' a. 

\u)\u) ij o — I •'//( ;,' .1 in is on h/ nu i > nji nrn.i in A "• - 1." tin >: up ti*pur( is tin hijpi rpiam 3 v = 0 . 

ii ii\ // i\ / 1 •'//' ,w .-1 /y (-/ .-• i iijriirniiii T l . ( i i in: i /</(•• n* part nssnr/ati <i ir/fii ( /</(• iiraitn- A — 1 cs 

finfin in/j>t r/iimn 3' r • (). ami tin i up linrtur nssurnitn! iniii A • <l is u 

Notee lliat in bo th the rnsos in) and (/// we liavt1 Au — nu. We apply this result to t li e ma t r ix 

A,iA,i ui\'en hv i3 . IT ' or. a l temat i\-elv. bv i3.2ll j . Assuming piu) > (I (see (3.Ti). we get tliat 

p[A,i)p[A,i) A j'iA,iWpp\u) ^ jo„ | 

l>l>  • { • • ! , / ! •> p\U}:-p{A,iU) ~ \n,i\ ' . 

(( )n the oi her hand, if' there exists ii -j' wit ]i 3*. v -: 0 ;md p[ o) ,'• (I i hen 

/ - ' . I , ,:: ••• 1 and p '-\A.ii - 1 . :3.23i 

11 liii s we arrivi • ,-u ! he [o!]( iwiiiL ; iic-c"Ssar\' cmidit ions for t he i hresln )ld coiid11 ion I < hold. 

P r o p o s i t i onn 3 . 5 . 5. A .-.-nun tin;! fin -i in "o, nu n süti^jn s ho min phi''I;/ rum! it no, pi u \ • (!. 
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Chapterr 4 

Adaptivee update lifting : specific cases 

111 l l l r p P ' v i ü i i s > ] l ; i | i t ' T We llaV>' | i n 'S< '1 it f'cI a h ;i .\ i n ] i l a t l r t r a i l u Wt i l k t n f ;u l;i pt i v i ' w a v e l e t s r n i l -

•ii 1'Url et 1 1 iv i l i r a I is < >\ a n a< l;i j it i v i ' U p d a ! e 1 i l'l i t ]'J, -Map. I ' In • ac ! , i | >l i v i t V n >] i s i s t s h e t V i if' t h a t t h i ' 

jj pf 1,1f •% t i he r cn i ' l i i i - i f n i - . i i rc ; j iw-a' ivd 11\ a <[ei i.-a<ni p a i a i i i e t r r . I n par? i< Hilar, we h a w s t u d -

innn i> h i n a r v and n nht ;i lin •' 1 I >v t h n s l m l i jin>j. t l ie snmi in >t"iTt nf a 

tedd t'mtti the ni | ) i [ l s ianais t i l t i n ' - .y . - l r in . ' I d i r l i f t i n g scheme can 

'nn dil i i- i ' t-!!! u p d a t e i i n r a i ' f i l te rs : it' 111r•• s iHu i tmnn nf' the u;radii'iiT 

<n,<>^<n,<>^ on- ' t i ln-r . <n h m v i s e it chnnses i h r n t h f r . A i >\-m l icsis. I l ie 

l e dd 1 In c ; i s " W l l e ] V 1 Jns r h •( L 

hh i r a l ;_•. t". i e 1 ii •] i r v< ' i h a1 n ii r i ] >h 

tt h . ' i v t m v i •!!,•». isc- h r t u e r h 1 

I-- n h u v a - t i n - ! h t c s h n l d . it c 

decis ionn is i i l i ta i ta-d in t h f satin- w; iv i nn iisim.; t i n - a ind ien t c o m p u l e d i rn i i i the hands ava i l ­

ablee a! -\ nt In-si-, : t l n - u p d a t e d a; j pn ix in iat i> HI hand and l l n - u m t i n d i h e d de ta i l hands ) . W i t h 

- ' n i ll a ! hns!!nldi t i i_ i . . -d! ,r is in:: >.< Su a i^ •. i v r f e r t n < i H I M luet ic HI ,nii( Mint s tc) t hi- t l in-shci ld c r i t e r i u m 

w h n nn s i ' ó : i ia t t in - s e m i m ' r m ni ' t in - '.-radiant at - . vn l l n^ i s ^ Im i i l d h r a h n v r I In- 11 :r< --liolc Ï m i l v 

i!! l h> • s< •inii i i ' t in i>t t in • nf iL ' j t ia l a r a d i n i l i--. h i Sectie.u '.',.'>. « v s ta ted hen-ssaia and sufüc ic i i t 

..•i-nditintiss ;'i >v ' I n ' I Inv-h ' . ' ld < r i t r ! in i , m ln>ld. 

hii t n t - ' i j a p h T . we ima-si i-.atc p - r h v i n ( ( n isl n n t i' n i e, :.|Mih i " i is inr several der i -an i i seen a r-

HH )-. i' i t 's ! . a r . i s - l i i n e a h m . H V < [ e r i s i n h m a p a n d l i l n a : f i l t e r - as d r s r r i h e d 111 Sec t ]< .a : i . I. \ \ " c 

i S l a h / cc i 1Ï! h a t j i T -' H i n i n H h i - a h d dnfh- . i ' s h t h ' - i i - n t " i Ha l i t i n n - i n r pc -id r e t [ i n HI si I i n t ]• >:; - t at ! ' d 111 

i ii r i i h " I i i!'- Silt i i r i i. •iheii -at - \ \c- si adv ! ':>,< • w e r j h n d - e m i i m r m in S< •• • t jc IT i 1.1. i l i r ( j i iadr . i t i<-

-<-< inn i' H'hl ia Si -I t n in I._!. . ihd ; m • f ' ' E • • J l •; . i.—- w>'il as 1 he / ' -tn ' f in in Sect ic in 1 .'.',. fn S. T -r j ,n i [. ;. 

inn '\v!'\-i •: '••••'• i < n i - id i a '-if i-asi • win f ' • t i n ' dec i - inn m a p is in n h i n a r v Inn < nijt n n mcs. In | i , ir-

II n u i a r . Va h i ' . i ' - : i a a t i - l hi . a - " a I n - I - ! l.e ••[>-• !-l< Hi ' ' n l i a h t i n / ' - ] ; , ,]•[][ , ,f r h r 'i'J-aciicTit \< i-ti •]•. 

,-ii .i i '.s:,:. i j : I i ] i •_; v.-a a ,: p i ' ss iMv i: i! 11! 111 • • •, <\\< •< •< n m " 1 ' a p d . i t ' ' t i h . a - !n S r r i n n i l..h. v.r m h s i d i - : 

•• n in t ah <•: h.i i a.--- v. hn !. ' i n in •' :a " i t :,.•] inh > i '<:,- ,) „ r h i r .•.;-,.. m-a m a s h - d'-s> f ; h c d . ha : w h r h 

i - v i i ' l i - ll t ; ; , 

i n M a i ! '' n!i 

1 .-- I , i t :: >.-(•: n HI ! • • •• -.\' ihL;; i it in r •: ! " " l s n Hi l a a p - a t . 



4.11 Weighted gradient seminorm 

4.1.11 Perfect reconstruction conditions 
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'' UU • I !. 

(I.(I. 3 'II'  in 

o.o. 3 nr. „. 

3' 3' 

.'"••.••'•••.•'.. !-;-':i; i "in- i l i ' t i i i i t ; . >:, . -.\ a m a i r ix ^ • m i i i ' i n n , , v p a ue • »'); we h aw 

/"... 1! Mi j d a : . \v v - il\ v a nd a ' t'i 1 \. 

i ' lwpp ! i . | . - . it; on icr in aawninte l ] , : - ̂  .;., ; l l , ,,-, n U c ] m v r ( , , | N [ ( ] T ï j«• - I i] »re! n i i i 11 e,C a / . l i \ Ulider 

! ww (•• > i> : i l ü i i (i ' r 1 . 

A ^ l ü h rr O ' </ i l . '1'ln'll. 

\a'\a' . W1' r/'' i / i / . / j ' ; r a ' t; a' u:i' n -• 1 

i'hi>.. pMWe.-. './!). 

\'<\v.\'<\v. a-Hinie a ; u •-' II. Ue (itMiiK-iiiM) Iwn wi.-es, l iainelv 3 and « </." f >r . j f in.,! eoilinear. 

" ii 3 ,•< . l i i i i r i i r w i th a. it: lhi> c a y we can wr i te ;.ll a Cur ,-a.nie ri.M.-lani . -" ii\ and we 

ii III- Vlei.N : fi.lt /a. . I : < w 

'' •'•''! >'."J I ' " ' '-'il l inear WÜ \\ ({. It! ! i l i^ r,iM va ' ra i l e\j>h'.— 3 ' (I • C W] I ll « '' f " - I ) ;i nd C •' f I. 

II w' i> elii •• - * • r - i ! r i j t ha! <i' v II and f'' (' - - I I . Then. j>\v : «''' (" - II and 

/'ii  . I r :• <; ,4c; ••- a' tic' r -i 0 . 

lawntt I hop, ^jt j, ,n :',.:;.'„',; 1,; we ( . .whide i hat /'f'. 1 i -•- x . 

T i l ! i >> w e a r r i v e al I l i e [. i | j , ,u ill;. ; M'l-aUt . 

I ' l ' o p o s i t i o i ll 4 . 1 .2 . /./ /'( J\: - (('V . On n tin !hn siniid rnlrnnn liniil- if ami o/ni/ ,\ mn <>[ 

'In.'In. U'Unuim: Inn rnl/ii.'fiiil!.- inilil.-: 

'n:'n: <t: ll •• I) [in irinrli !,/*< tin aiiaii' int ij nnniifnai ji[tt) • fl /.-. an! -ah*fit rf .>: 

I'dd X - ^ : - « ' " • ' ••,.11,,,,.,, ami aw - u , . 

I'mrf.I'mrf. 11 a ! u l l . we emwinde CM-in I.eiiima 1.1.I that /a .h , i / a . 1 , ' ; 1. d i n - hn'ds 

i i tdepetidentlyy \\ lu 1 het' ; ^ , and o aie eoilinear. ('ievnlv. e, ,i«( lit u ms in :' \:1 :••••• I..'),i are -at i.-tied. 

(( 'oie-ider iniv." 1 he H I M wl ieiv a ! it -• (). f f / ^ . and n are m l linear, t he previmis !en m ia vields 

thai i d 'h iww Cl'e Wee ennelllHe tnat the t hre-t iuj i i ' H ii ' e i u / - . . i , .- ( l j | 

enii anon 1-t ihls it' ain 1 i iti!\- il n(J -"•' 'M ; '. 

It'' A | / -Did r/ ,ire ma ( .. i l l inear. l.eitiuia 1.1.1 vields that /a . 1,,-; -• x and. eon>e<jiient lv. the 

\\ hle>hii ld en tenu i ! calitidt hold. ' ' 



I ' h . T c t ' . U - . ' .. i f ' h e a d a p ï i v i l V c o n d i t i o ! : ' . ' l ! t ! l ' ' W . - w i l l e d m a d l ' M l t -•' ! m ! . " 1 1 1 . i s s a l i d U ' d . t l . ' 

!hr.--,||,,l«]] <-i i t i ' f i<.i. holds i f and m . h is : i •'•!!• mm-i •• • a e : am - ~ . • I!-! s u . i : ' l m ' 

ii "... ^ e . ;-• : '• ^ f ; . :: I J H 1 e . W e , f. .1 ••' U . i a l i d ., ! . . . V . 

K x a m p l ee -1.1.3 ( C h o o s i n g 1 l i c u p d a t e f i l t e r c o e f f i c i e n t s ) . ('• i n m i e r t iw -e in inu ] I:J P< v: 

a'a' v w i l i. \ J a , •--• i l . w i i c r i ' j ^ ' l eü . i i i - . the - u n m i a t i " 1 ; , , V H - I : n i d i ' i ' - ; h . i l w a m : ! h u p u - i • 

M u l :: i d . „ . Wc I l l U s l c j [ O o s f ij., : - ' , . •« - ' I ' l l i i l i l t 

i . . .. - , y \ > , . ••_ i -• V<- • . • . 

' ii l i c o h v i o i l . s ( [ U C S t i ' i l i i s l i u W t u d u m y i h r i j . H . i ! [ ] < • ! ' • ! . - • | . ' , . s K ' l l ! ] l > t 1 1 l i c I d l 11 ] U.'J. f i l l e d h a v e 

t i i cc d i i d i t b e h a v i o r ' . W h a t ^ i j ! s l l l d i >e ï n e a t i l h v d a ^ i i l 1 - i c h a v i o ] ' i - , . . f CL i i ; i s, •. - [ 1 < > i j ' _d \ ' f • p ( ' 1 1 [ ! f ' l i ; 

m ii t he L!,o;-il .i j t he JiheniK', . In most p rac t ica l cfi-.es. t i n - u p d a i e d m-na i ."' >ln >uUl he a coam 'T 

r e p r e s e n t a t i o nn of T to' o r i g i n a l ./•;, where i m p o r t a n t iea tures >i[<•'[; a.~ e r ^ c s h a v 1 >reu preserved 

i o rr p e r h a p s e v e n e n h a n c e d I. w h i l e n o n e h a s h e e l ! l e d u c e d n u d h ' i lNO^.c i iCf Mis n y l o n s h a v e h e c ) ; 

s i m p l i f i e d ,, f i ins. we fo l l ow t he p n ' inne . >\ M : I ' n >1 lan i i 1 ht >ianal m a cert a in decree l i c reduce 

noisee a n d avo id al iaMli.u) hut w i t h o u t b l i i n itaj, l l i e edü,m d o preserve t i i c mos ! !in]>'Mi ant \ isUal 

f e a t u r e s 1 . . 

ho rr exat i i ]> lc. for </ — 1. in w h i c h rase the grad ient is la tam' . we mav choose not I n f i l l e r at 

a l l .. i.e.. r ' — r in ! 1.1 ). T h i s can he achieved hv choosima -.; d. w h i c h y ie jds ,3] • - 0: hence 

0 [[ -•• 1. In inoi 'e homogeneous areas, w h e r e i! •• (I. we choose -.,, in such a way t h a i a low-

passs t i l ter i i i . i ' is p e r f o r m e d , ho r m-dai iee we m a v requ i re t h a i a ;.>ivcn noise reject ion o i t e r i o i i 

iss i n a x i m i / . c d . If wc assume tha t T li • = i i i p u i -a.miul i> e m l a n i m a l ed h\- a t ld i l i \ " c u i ieor rc la t e-d 

( h m s s i a nn noise, t hen it i,-< easy to shov r t hat we must choose 

^^  ,/ 
^ ''  -  i I . . ) ' . 

torr m i n n m / a m ; t he va r iance of the n o w in the a p p r o x i m a t a 'U sie.i oil r'. 'I hi.- leads, to ; o, , : 

;; V . re; i iY ,'-r, • i \ V . <'. )".) '__ - • Hem e, if o : '•'• ) . I h o p o s i : ion 1. I .2d o is sat ist] ' 'd and we 

<hh i h a v e p e r f e e t r e c o l l S t r u c l i o n . 

O l w i o m l v .. an i m p o r t a n t para n ieter is the ! h resho id 7' w h i c h see- the t m n ! iei het w o r n dnu l i 

g rad ien tt ' er 'cd i j , - ' [,•! - 1 •• and 'ho i necei i con - r e - i o n " or i i c m - e d - - ' :,! l i e d 'hns. / ' sh'. add 
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Inn ' h e t w o p rev ious cases, it can he shown t h a i )"]''. K ,i, ./ (} ,md hence t h e ;K lapt i\dr \-

cond i t io i?? on the <e in i i i o rn i is sa t is f ied . Indeed. m l i o i l i e ; i>es th is express ion represents t h e 

summ ol an al tern. i t i i iL ' , series whose l e a n s have deereasinu. abso lu te values. As the f irst t e r m is 

pii isj! ive. \ he sum is U< i l l / e rn . 

N'eitee ? li. it i l ' (i •'. A\ . (hen I he c- H I espoud i n - dec is ion m a p does not respond t o p, , |vn- ' i i i ia ls 

Upp ' o r l i ' ^ r i e A 1 . i.e., 1 h<- e( j ireSjlollrlniL- i :<])|eSs]on U : V..11 i is. / i To f u l al l / ; . 'I he li.--e of' 

t h i ss dec is ion m a p a l lows Us to s inoo i ii ' p o l y n o m i a l ' h - i , >ns •>!' I h<' u<uial w h i c h are d i - t o i l e d b y 

l o w - a m p l i t u d ee noise. ( l n d t«. p r e s r r w i ra i i s i l ioi;> between si.Li h r e - i o n - w h i c h : t i v Viet. T i - ' d ' b v 

tt hi.- dec is ion m a p . In o! her wo rds , a der-jsj, , u n i l e u,ivei: \ ,\ a A"'t h - o r d o d-Ttvat iv. o p e r a t o r is 

's»'nsiii ive' i n i i i , i i i ' . ' , is in s ignals o f order less t h a n or i 'uuai so A' I. 
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V.'U'' that since (I,, -. .] ^ ' . , t ') • .1 •">. for lr.w-",radieiil region-. where <!  d the apprnxi-

lii.i ll  iuii va hl.' .r':- ii  : is . •( >mput. •< 1 1 >v averag int:, the -fu np]i •> iji n •- 2 ). </•e ! i. .ri n i. f/.' u •. u\ n - I j . 
Inn other words, the f-f [iii\-; i U-iit alialvMs low-pass fill.' f is an average üï 1 * T. J-'ot hi'jJi-.L'Vadient 
regionss whef, • tl 1. .r'i'i\  .ri n). i.e.. t he equivalent fil l f i is t in- identit v til ler . 

T h ee illpU I s i g n al i;i f r a g m e nt ui' 1 li e l e f ce ru t l l' s i g n al f rom t i l ' ' wave iel t o o l b ox ni M a t l a b) 

iss shown in l i t ; . \:2\H). TIn - apptux in ia! nm and the detail signals ave depicted ii ; f ite L. Lï f I > 1 
andd ;.e:. respectively, tuf the. first. se.Miul and third level ui' rli e decomposi t ion. These levels'' 
aree displayed from bor ium to top in earn subtiüiire. A I hreshold of 7' I * lias hern Used. T he 
verticall  <lut led lines m 1' it;. 4.2i hi represent t he locat ions where the decision m ap let mi l s <l  •- 1. 
horr compar ison, the decomposi t ion*  obta ined for hoth non-adapt ive cases cor responding with 
fixedd <l  --- (J and <l  ~ 1 arc shown in Yvz.. -\.2\i.\ !-(e i and bit;. 1.2|fi-(t;). respeel ivelv. 

()hscr\ 'cc that the adapt ive scheme tunes itself' lo the local s t ruc tu re of the signal: it vir lds 
aa smoothed approx imat ion si»nal except a! locat ions where the gradient is lai'u'e (i.e.. r/ 1). 
11 lie selieine 'decides l hai ! hose local ions correspond wil h sharp transit ions in 1 he signal and it 
doess not apply any smooth ing. Therefore, the adapt ive seiieme is capable of ' recotmmnt ;' the 
edg'ess and preserving them, while sinmlt alieouslv smooth ing the move homogeneous regions. 
Ass a consequence, t he detail signal remam.s small except near disco] it inn it ies. There, i he det ail 
signall  shows oulv a single peak, avoiding the oscillal orv behavior one encounters in I he nun-
adaptt ive case with fixed (I - I), Th is osci l latory behavior can he noticed bv carefully inspect ing 
II  he detai ls at the finest resolut ion level. 

E x p e r i m e ntt  4 .1 .2 ( T h i r d o r d er  d e r i v a t i v e s e n i i n o r in i'or  I D - Kig . 4 .3} 

Next.. we choose a Mich thai the derision m ap dues no! respond to polynomial regions of order 
TT This 'jjves a -. \ — l.': j.:).:{ , -•• 1 .•':•}; •'. ( 'housing -.; -- 0 and -..,, as in •;' l .a). we uet 

"uu — 1 '•')">  and hence flu •= ( D 'T j Ia. 

Wee consider the input signal depicted in Kit; . h. 'haj. TTiis signal con iams constant, l inear and 
quadra t icc par ts, phis uncorrelared (h-nissiali noise with var iance (1.1)1. Figures 1.2, (1 > )-l d ! show 
11 he ap])voximal ion signal at t h ree subsequent levels of deer >m pi is it ion usint; a t h ieshold T — T 4. 
A ss befufe, the vertical dot ted lilies show the locat ions where the decision map equals <i  1. 
At;ain.. we can observe thai the adapl ive scheme smooth-, the- hoinou'ctieous regions but does 
nott in t roduce in termediare points dur ing sharp t ransi t ion-. This allows removal of the noise 

w h i l ee k e e p i ng t he ed'.',es liliafl'eet n 1 e\-c]| at cuaVser s c a l es 

21)) {'ase: ( j iunc i in x s a m p l i ng s e h e i ne 

f-'iiMM we cunsid'T 2D si turds thai are decomposed into i w* < 1M mis .r and // corres]>unr][ii'A I " the 

p utt \ p h a se de -cu t] i pu .M ' t i o t: i h a ( j i l i t i c u i i x s a n i j i h n . ' J. s c h e n n -, H . - t v , I 1M- s i g n a l s. /• a l i d .;/ a l e d e f i n ed 

''!•'<•;; ali i J i. i" t i i 'Ju-f l ' -o- is i-ni-fi-'Sp'aid '•- ~ :>.:\  •-,,<: ,,tij>r' i-ora-a I- 'a a m] -l.-t.ii l o : - i i a l - . a mi O ca rh,- •.\-,:.\-f!ct 
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Figuree 4.2: Decompositions (at levels 1. 2 and 3) corresponding with Experiment 1.1.1. (a) Original 
signal;signal; (b)-(c) approximation and dctad signals in the adaptive case using a threshold T — 18; (d)-(e) 
approximationapproximation and detail signals in the non-adaptive case withd = Ü; (f)-(g) approximation and detail 
signalssignals in the non-adapthn case with d = 1. 
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Figuree 4.3: Adaptivi decomposition with polynomial criterion of order 3 corresponding with Experi­
mentment J,.1.2. (a) Original signal; (b)-(d) approximation signals at levels I. 2 mul'4 using a threshold 
TT = 3.4. The vertical doited lines show the locations when the decision map equals 1. 

att all points n = (rn.u)1 with m + n even and odd respectively. We use the labeling shown in 
Fig.. 4. 1 (where the argumenl n lias been omitted). The adaptive update liftin g step is followed 
byy a fixed prediction step of the form: 

ii  ' 

tf(m,n)tf(m,n) = y{m,n) - - £V/m,n), (4.13) 

.// i 

wheree in + n is odd and x'Am, n). j = 1 1. are the four horizontal and vertical (updated! 
neighborss of y(m,n). Repealed application of this scheme with respect to the approximation 
imagee yields an adaptive multiresolution decomposition. 

Exper imentt  4.1.3 (Laplacian derivativ e s e m i n o rm for  2D quincunx - Fig. 4.5) 
Considerr the case where /> models the Laplacian operator, that is. 

i i 

P(V)P(V) = \J2VJ\-
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Figuree 4.4: Indexing of samples for a quincunx sampling structun centered at samph x. 

Inn this rase. Proposition 1.1.2 amounts to i,i.t = I'd for j = 1 4 and [1 — lA (|j < |1 — FyJ. 
Byy choosing M. < I. we ensure that, in any case, a low-pass filtering is performed, albeit with 
aa varying degree of smoothness depending on the decision «!. We take -,„  = 1/5 and 7] = 1/20. 

Wee consider as input imago the synthetic image shown at the top lolt of Fig. 1.5. and 
computee two levels of decomposition using a threshold T = 2(1. The decision map associated 
withh level 2 is depicted at the top right. The black and white regions correspond to d = 0 and 
dd = 1. respectively. Thus, the decision map displayed here shows the high-gradient regions (i.e.. 
dd = 1) of the approximation image at level 1 (not shown). The corresponding approximation 
andd detail images are depicted in the middle row. For comparison, the decomposition images 
obtainedd in the non-adaptive case with fixed d — 0 are shown in the bottom row. One can 
appreciatee that in the adaptive case the edges are not smoothed to the same extent as in the 
non-adaptivee case. 

2DD case: squa re samp l i ng scheme 

Next,, we consider a 2D decomposition with 4 bands corresponding with a square sampling 
structuree as depicted in Fig. 4.6. Observe that this decomposition lias the same structure as the 
onee in Fig. 3.3. However, we have adopted a new notation yv.iji,.y<i  of the //-bands, replacing 
y(-\l),y(-\2).y(-\3).y(-\l),y(-\2).y(-\3). This reflects the hui that, after the prediction stage, the corresponding 
outputss a',.. i/h. a',! are sometimes called the vertical, the horizontal, and the diagonal detail 
hands,hands, respectively. 

Thee input images x.yv,yh,yd are obtained by a polyphase decomposition of an original 
imagee ;r0, that is: x(m,n) .rn(2n/.'2n). yv(m.n) x0(2m,2n \ L) yt,(m.n) — x0(2m + l,2n). 
y.iim.n)y.iim.n) = x0(2m t \.'2n • L). We label the eight samples surrounding x (rn, /?) by yj(m,n), j = 
11 8; see also Fig. i.(i. 

Inn the experiment below, we < ompute the detail signals //,',.//.. y'd with a prediction scheme 
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Figuree 1.5: Decompositions (at level 2) corresponding with Experiment J,. Li. Top: input image 
(left)(left) and decision map (right) using a threshold 7' = 20. Middle: approximation (left) and detail 
(right)(right) images in the adaptive case. Bottom: approximation (left) and detail (right) images in the 
non-adaptivinon-adaptivi case with d = 0. 
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Figuree 4.0: Indexing of samples in a 3 x :5 window centered at xo(2m.2n). 
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ass depicted in Fig. 4. i. with Ph{x' I /',(./•') = x' and Pd{x', y'h:y'v) = x' + y'h + y'v. Tins yields 

y vv = Vv - •'• 

y'dy'd = yd - •'•' - y'r - y'h 

(4.14) ) 

(4.15) ) 

(4.16) ) 

Alternatively.. y'd = u,i + x' - yv — yi,. Note that the resulting 2D wavelei decomposition is 
non-separable. . 

UPDATE E PREDICTION N 

Figuree 4.7: 2D wavelet decomposition comprising an adaptive update lifting step (left) and three 
consecutiveconsecutive (fixed) prediction lifting steps (right). 

Exper imentt  4.1.4 (Seminorm p(v) = \a' v\ for  2D square, N -- 8 - Fig. 4.8) 
Considerr the seminorm given by 

8 8 

p(v)p(v) = \a' v\ = y ^ eijVj 
jj i 

wheree 0\ + a2 + • •• +a8  ̂ 0. Note thai this last condition guarantees the adaptivity condition 
forr the seminorm. Recall that this condition is necessary for the scheme to be truly adaptive: 
ii '' it is not satisfied, then p(v) does not depend on x. According to Proposition 4.1.2, we choose 
thee filter coefficients 

QQ00 -,/«. with 1 -
s s 

E E ',!<!! -- "n E 
.// i 

Wee have seen that for the ID case, on.'can choose the coefficients </, in such a way that the 
decisionn map 'ignores1 polynomials up to a given degree: the seminorm p(v) corresponds with 
aa derivative filter in this case. It is easy to see thai this can be extended to 2D images. For 
example,, the expression x — yh — y,,-\ yd\ corresponds with a first-order derivative with respect to 
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4.22 Quadrat ic seminoma 

4,2.11 Perfect reconstruction conditions 

Inn this section we consider the case where p is a quadra t ic sennnur in oi tin.' torni: 

/ t(uii  = (vs \[vy ' . ve IHV . {  1.17) 
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Figuree 1.8: Decompositions (at level I) corresponding with Experiment Jt.l.Jh Top: input image (left) 
andand decision map (right) using a thresholdT = It). Middle: approximation left) and horizontal detail 
(right)(right) images in the. adaptivt case. Bottom: approximation (left) and horizontal detail (right) images 
inin the non-adaptivt cast with d — 0. 
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Figuree 4.9: Decompositions (at h uels I. 2 and Z) corresponding with Experiment 4-2.1. (a) Original 
signal;signal; (b)-(c) approximation and detail signals in the adaptivt cast using a threshold T = 18; (d)-(e) 
approximationapproximation ami detail signals in tin non-adaptive case mith d = 0; (f)-(g) approximation and detail 
signalssignals in tin non-adaptivt casi with d = 1. 
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thresholdd T. the adaptive system can be tuned to one of its non-adaptive counterparts (fixed 
dd = 0 or d = 1). If T is very small, the adaptive system wil l behave more or less as the 
non-adaptivee scheme with fixed d = 1 (not. shown). If T is increased, the decision map wil l 
attainn the value 0 more often, meaning that it behaves increasingly as the non-adaptive scheme 
withh fixed d = 0 (Fig. 4.10(e)). Obviously, this general observation is valid for all the adaptive 
schemess described so far. 

Figuree 4.10: Decompositions (at levels 1. 2 and 3) corresponding with Experiment 4.2.2. (a) Original 
signal;signal; (h)-(c.j approximation in the adaptive cas( >isnia a threshold 7' = 15 and 'I' = 20: (d)-(e) 
approximationapproximation in tin adapt in rast using a tint .-hull! 'I' - 30 "/" / non-adaptivt rast irifh d= 0. 
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Figuree 4.11: Decompositions (at level 2) corresponding with Experiment 4-2-3. Top: input imagt 
(left)(left) and decision map (right) using a threshold T ~ 60. Middle: approximation (left) and detail 
(right.)(right.) images in tin adaptive case. Bottom: approximation (left) and detail (right) images in the 
non-adaptivenon-adaptive cast with d = 0. 
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Figuree 1.12: Decompositions (at level 2) corresponding with Experiment Jt..!..-,. Tup: input Imagi 
andand decision map (right) using a threshold T = 82.5. Middle: approximation (left) and detail 

'ighi'ighi mages in tht adaptiw <<i*>.  Bottom: approximation (left dctai right) images in tht 
non-adaptiiHnon-adaptiiH east withd = 0. 



H x p o r i i t H M i tt  1.2.5 ( Q u a d r a t i c s e i n i n o r m fo r 21) s q u a r e N 8 - F i g . -1.13) 
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r . , (
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4.3.11 Perfect reconstruction conditions 
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Figuree L.13: Decompositions (at level 1: corresponding with Experiment /,.J.5. Top: original • H 
andand decision map (right) using a thresholdT = 49. Middle: approximation (left) and horizontal detai 
(right)(right) images in tht adaptivi case. Bottom: approximation (left) and horizontal detail (right) image.' 
inin tht non-adaptivt ras* with </ 0. 
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thee M.iilia] whi le preserving the sharp ! ralisit i* mr-. detected l.tv the cor responding decision maps. 

A.--- a consequence. T j H • deta i l signal remains smal l except tie;))1 dis< < Hit l imit ie.-. There , the derai l 
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resu l t ,, it a\< ' ids the df >u l ' k -peaked del a i l I hat one observes in f i le i t o i i - n d a p l i v r ease w i t h f ixed 
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4.44 Continuous decision map 

Inn the p rev ious seel ions we have Keen dea l i ng exc lus ive ly w i t h b i n a r y de r i s i on m a p s I.) whose 
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,1-,1- juv) > I . 

Inn i his sec t i on , we consider dec is ion maps f) whose o u t p u t <7 can lake values in a con t i nuous 

in ll e rva l . 

4.4.11 Perfect reconstruction conditions 
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Figuree 1.1 I: Decompositions (at level 1) corresponding with Experiment J,.d.t. Top: original signal. 
StroudStroud and third rows: approximation (left) ami detail (right) signals for the I1-norm and th< lx'-
iiorni.iiorni.  respectively, using a threshold J = 0.28. Fourth and bottom rows: approximation (left) and 
detaildetail (right) signals in tht non-adaptive casts with d = 0 and d= 1, respectively. 
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!!  . ( ' o l l l p l l t e A "•- \}J2 — <)\ • 

2 .. ( ' o n I p i l t e e o e i h e j e n l s o _ \ . . " j \ j . C _, . 
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)) - : in in { ( / ; - - ' \ . u / ;j -!l\)-!h- i i j ! //- •- !f\ !•} 
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Note,, l i i nwwr , ' hat those ivojuireuiems arc nut enough if we wish to use ? he ï iv . ..ustniet i< ni 
a lgor i thmm i li'si-]-i l ifM 1 in Sect inn :;.."> ' p a -c öii... MIH C the threshold erin-i ion does nut held. i .e. 

4.4.22 Simulations 

\ \ cc consider ! lie case when- the rni-iiicicni s a re <_>.iven by i-{.:•{;} ) in I \xnmple L ha. wirl i -1U ••-•• J
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anill  '7 • •. a. d'hat is. 

Xnfcc thai i'nr -lüal] v a h rs of,/. the resul tiim. low-pass idler approx imates the average til t or in - •• 

'.. -~ h. " ',:•. while fnr jarL'..- values h behaves niuiv hke i he idem itv filter in 1. i, TT )._,--(}] . 
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equalss the ."-norm - r a d i m t. i-- shown a! the middle left. On i he ri.uht. the era respoin lim-, 
•• nefjheieni.- , /M .jii2 have l i t r i ; depicted. These figures show clearly that sharp transit!'»!!-, 
ni'ee siiiijo ! hi'd tu ,i much lesser decree I han move homogeneous par ts of the signal. 

4.55 Other cases 
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!!  he deeh-.ii >u m ap is <JJ l oa; 1 »\": 
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wh i l ee h c e p mu t he per fect 1 . o ;Ust i act ion r o l i d i t i o n . In t i ns s e c t i o n. WC Uive s o me e x a m p l es of 
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Figur ee 4.15: Tbp: original signal. Middle: decision map d (left) and coefficients <?,/,] = i/._> (right, 
Bottom:Bottom: approximation (left) arid detail (right) signal*. 

suchh adaptive schemes. In all cases, as it wil l be shown, the resulting updated sample x' can 
bee written as 

x'x'  = (\,i.r + Y^ 'ii.jUi  with H,i = od + 51 -ii,i  = 1 for  all d € T> 
jj  i ii • 

4 .5 .11 R a n k i n g - b a s ed u p d a t i n g 

Inn this subsection, we give some examples of adaptive update liftin g schemes using ranking 
operatorss such as the minimum and the median operators. 
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Figuree 4.16: Top: original signal. Middle: approximation (left) and detail (right) signals in the 
adaptiveadaptive case. Bottom: approximation (left) and detail (right) signals in the non-adaptive cast 
withwith d = 0. 

wheree N is even and x' is given by (4.39). 

Experiment.. 4.5.2 (Threshold criterio n and median-based update for  I D , N = 2 -
Fig.. 4.17) 
Wee consider the adaptive update1 liftin g step 

x'x' = o,,x + i,/niedian(>. y,. //_,). (4.40) 

wheree d •• \j>(v) > T\, v € R2 and p(v) - min{|t/i|, |v2| } . We choose /3, = (0.0)7 and 
(3(3(l(l = | (1 ,1 )T . Then we can write (4.40) as 

{ \x\x -I- |median(.x, /y,. \j2) if d = 0 

xx if d = 1. 

Iii  is easy to cheek that we can recover the decision at synthesis. 



T h ee - i m u l at ion ]•' . -n | r- a re v | „ A v : , -n F ig. 1.17 wii< n- t wo I r w l ^ of . u-i«iinpo.-it r >n- a nd ,1 

t h r e s h o ldd of 7" M.a h a ve b e en Used. A - il l t l i c p r e v i o us e x p e r i m e nt . s a m p le ,'• m l ri-|)«)ll<K t o 

.MM MI .J ,i 2/-' a li d s a m p l e- </,. ]}-,  r i Ï :J.'/ -•• 1 i .,'•, 'In - 1 : a nd ij : 't) = . J ,, 2M - i i. n -speet ive lv. 

andd tiii ' tixf d pred ic t ion s tep is of the form ,-iveu in • j . 12; "I'll* - iirst row of Fig. 1.1 7 shows the 

inputt signal ; 1 f• it ; and the decision uü.p f i iuht i ai level ] . The second row shows the ap»}jroxi-

ma t ionn ; ICI'T .; and deta il : n - h: i s ignal- ut level 2. The vertical do t ted l ine- in i he approx imat ion 

- u b i i g u i ee r e p r e s e n ts ! l ; e d e c i s i on m ap at levcj 2. For c o m p a r i s o n, r i i e d e c o m p o s i t i on o b t a i n ed 

forr b o th h o l j - a d a p t i ve case.-, c o r r e s p o n d i ng v.'iti i li\r<.\  >!  = N ; m e d i a U - b a . - ed f i l ter ) a nd 7 •- l 

;; ident i ty u i l en are shown in the third ami fourth rows. respectively. One eau observe tliat in 

t hee a d a p t i ve - c h e m e. t he app roXUUa! ie-! I s i gnal Is s m o o t h ed bv ill* ' m e d i a n- base-i J f i l te r t X< ept 

inn those .locations where there are sharp transit iuli s ; hence 7 • 1 ;. in which ease no filtering is 

per formed.. Th is could be useful for detect ing sharp t rans i t ions while removing noise. 

4.5.22 Switching between horizontal and vertical filters 

Inn th is subsect ion we consider 2D signals. We bui ld a decision ma]) thai Uses itr<>  seininoni is. 

onee govern ing the hor izontal gradient and one for rhe vert ical grad ient. Iak ing A = 1. we 

choose-- t l i e samples tj, in such a way that They correspond with the four horizontal and vert ical 

ne ighborss of sample .;•. We use the labeling shown in Fig. • 1. 'IS. Thus, only the hor izontal and 

vert icall  ne ighbors i/]. //_,. ih- !)\ are Used to upda te r. Note that this may correspond either to a 

qu incunxx or to a square decomposit ioa scheme. 

Wee define 

l>i.\v)l>i.\v)  — r, - r-.: a l ld !>,-[V)  — | cj — r-.'- , 

cor respond ing,, respeel ively. with a 'nnrr.tmiul and a i'<  rfira!  derivarive filter oi second o lder. 

Wee cltoo-e a b inary decision m ap whose output >i  is given by 

itit  / a . U » '' < j), [V]  . I'-F-tl ) 

[ h ee liltc- r e o e f i i c i e u ts ,J,, a re c h o s en as fo l lows: 

3,;3,; - • t.--„.-i;.-,n'  for <l  0. 1 . c l . 1 2] 

Forr e x a m p l e, if 7 - •• 1 . I h en t he u p d a te of' s a m p le .;- is 

•'•''  n ; i • . ' M ƒ/, ~ !h'i  - ~-\:' !h  - ƒ / ; ) • 

Th iss case lias t he following geometr ic in terpretat ion. If /aa v '< < j>, [v). and hence 7 1. then 

thee vert ical der ivat ive 'l.r - //_> - //: dominates (in abso lu te value) the horizontal der ivat ive 

2.i-2.i- ij., //.e and in ibis ease we cheese the til l el' in such a wav that it cause.- a s t ronger 

-nioothiii'.!.. in the hor izontal than the vert ical direct ion, i.e.. - [ < i.. 

Iff  we o;iii choose t he coefficients ">',,. "u- M A in such a wav that 

[l>i,iv)[l>i,iv)  '••'• i>. \.v\ -• ••i>i,iv')  < p.iv'y . 

tt hen we can recover i he original decision in ( i. -11 ; from the gradient vector at svuthesis v'. and 

hencee perfect reconst ruc t ion is possible in this case. 
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A A 'U U L f l : : 
Figuree 4.17: Decompositions (at level 2) corresponding with Experiment 4-5.2. Top: original signal 
(left)(left) and decision map at level 1 (right). Second row: approximation (left) and detail (right) signals 
inin the adaptive case. Third and bottom rows: approximation (left) and detail (right) signals in tht 
non-adaptivinon-adaptivi cases withd = 0 (median-based filter) and d = I (identity filter), respectively. 
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•.<•!;; ei no. f '• .n>ei|];cnt Iv. i ne de! a i l m tauc- o; >t ainc-i! in t he adapt i \ c case '. apt nrc" r i ie r d ^ c s in a 

ntofee CI . 'U^ .MC- wa\ ' t h a i i l l ' i i c ! ii '1 \-.)< !at)H\"' • e.-^c. 



104 4 ChapteiChaptei .;'. Adaptiv( updatt lifting, specific cases 

F iguree 4.19: Decompositions (at level [) corresponding with Experiment 4-5.3. Top: input imagt 
(left)(left) and decision map (right). Second row: approximation (left) and horizontal detail (right) images 
inin the adaptire case. Third row: approximation (left) and horizontal detail (right) images in f IK non-
adaptinadaptin cast with d — 0. Bottom: diagonal detail images in thi adaptiw (left) and non-adaptive 

•• gl : cas< s. 



Chapterr 5 
Adaptivee wavelets in image compression 

T l u '' d e v e l o p m e nt u! nun.' .v c o m p r e s s i on m e t h o ds is an o n - g o i ng t h e o r e t i c al a nd p r a ei uml re­

s e a r chh e f for t. V i d eo t e l e p h o n e, t e l e c o n f e r e n c i n g. ;-ü'< ( 'sSU lg Ul lages ijcill l d i s t a nt s e r v e r s, v i d eo 

<< < .mmmiicat ions HS well as lnanv other mul t imedia appl ieatu ms would noi be feasible whh-

ou!!  C o m p r e s s i o n, ll i a d d i t i o n, most ut' t h e se app l ii at iol l s r e q u e st l i r w luin-T ii >] Lalit it1.-. :-1 u -i i as 

rr >h if •(!-( ,n<'iii rd o .din:' m:d progressive t ran-miss)oii i >t informat ion. 

forr varum.- reason.-, wavelet-based image compression a lgont inns aiv hee, n t ] i 111; ext if •mcly 

popular,, and t hev have been adopted into the new st i l l- image coding s tandard J1 * J_. C;2l)(.)l). Such 

compressionn a lgor i thms exploit the abi l i i v ol" wavelet representat ions to efficiently decorre la te 

andd approx ima te image da ta with few u o i w e ro wavelet coefficients. Mnrcuv i i . the mul l i reso-

lurioi ii  na tu re of' wavelets allows lor progressive image ending, a useful timet ionali ly for image 

t ransmiss ionn over low bandwid th ehaimels. 

Inn this rhap te r. we exai inue the potent ial of' til e adapt ive wavelol sehemes described in 

Chap terr ^ for image eompression. Seetion 3.1 s ta r ts with a reminder of basir concepts iroin 

imagee compression. In Section 3.2. we discuss briefly wavelet-based image eomprossinn. In 

Secii  ion 3 o. we point out some l imi ta t ions of classical wavelets. We ment ion various new 

approachess I hat have heen recently in t roduced to overcome such ihni lai ions arid outline- the 

adapt ivee wavelet schemes proposed in previous chapters. In Section 3.1. we evaluate the ef­

fectivenesss of 'our adap t i ve wavelet schemes by means of 'an entropy cr i ter ion, hi Section 3.3. 

wee discuss (he elf eels of t ]Ua ill i/.at ion il l t he adapl ive wavelet st heme. \W provide condi t ions 

forr recovering the original decisions at synthesis and we provide expressions lliat relate the 

reconstruct ionn error ;<> the quan! izal ion error. Such an analv.-is r- essential for the appl icat ion 

oii  ' our adapt ive decompose ions in lossy image ei mi press i< >u a Igor it hins. In Sect ion 3.(i we show 

severall  s imulat ion results, bmallv. in Sed ion a.7. w> • give sonic conclusions and discuss future 

research. . 

5.11 Preliminaries 
C o m p r e s s i onn is a pror ess i n t e n d "d to y i e ld a c o m p a ct l e p r e s e n t al iol i of I he d a ta bv reuu>\ iu.g. 

orr al least t e d u e i i m. : hc r e d i m d a i i cv p r e s e nt in t he o r i g i n al d a t a, f o r e x a m p l e, in i m a g es t h e re 
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wilss T f .V is t i l . ' ^^t •-( possib le ol l t col l ies ut A". -.11 ui /'(..r! is t i l . ' ] >V< J] >« 11 -i 1 i ! V ut' t he .iU t r i i ] in- A' -• .r. 

11 ' in- ('Ut l u p v Is ;l measure ol ' t l l r a m o u n t ut UI t o n na Ho]] r equ i red o i l t i n - aVeraye l o descr ibe t i l r 

r a n d o mm v a r i a b l e ['• is ;n ; i m p o r t a n t concept for i m d c r - t a n d i n y aii-1 deve lop ing compress ion 

al.L-oviTT i i j i i>: Shannon ' - , c o d i n i ; t h e o r e m fa'A 1 uu says that t he ei il ropy of .Y represents a !uv , r r 

b o u n dd on t i i ' • ( i v i 'L , iU ' n u m b e r ot 1 Ji 1 s needed t o r c p n - . c n ! each of it - o n ! comes. 

.-\\ t v o i r a l cu inpM - > i o i i a t y o n t h m cons is ts a\ l i n v r steps: 1 raus fo i mat i on . t [ i iai it i /at ion a n d 

cudd iny. I l ie Irtiii.^f'/rnuiliiii: - t u p appl ies a 1 r-m s t o r m l o l tic i i r fy ina l nnay'e .-.- - tha t l In- result m y 

>cii ut' ru i ' i i i r jc i i i . - , m e i i i ou - amenab le t u i ot .a]) i ' i^s ion. T h r t ra i i s lu r in . - arc des igned 1o reim-vc 

tt !;'• -t al 1st i ca i <•• ÜTI 'lat ii -ii a n d . ol ' to s.eparal e il role va ut i ' ' .1 ; . . f r u m a pc|.c"p1 m i l po in t ot v i e w ) 

i n f o r m a t i o nn i'ri-m relevant i n f u r u i a t i o m ' [ ' l ic t r a n s f o r m upc i ' a t i un is nsua l l v invert ib ie. (hiimti-

;<i!ti>ii;<i!ti>ii is used f o d i sca rd ; raas lo i m roe j i i e ien i i n f o r m a l mu i ha l is cons idered ! o 1-e ' i ns ign i f i can t . 

Ouat l tt i /at ioü U iap- 1 lic uu I put set o!' I i ie 1 LaUsfoni l int o a sma l le r se; . in Uio.st cases, il is o u l v 

thee q u a n t i z a t i o n s tep that d iscards i n f o r m a t i o n and hence in t roducé- , d i - i o r l i o m l i : the- case of 

losslesss compress ion , uu ( j i lan l i /a l ion is p e r f o r m e d . T h e <;>(Un<i process exp lo i t s t l ie si a hst i r a i 

redd i m d a n e v in t i n - i quan t i zed or not } t ransf i a m eoet i ic iem s. ['his s tep is mv<'i i ik !e . 

T h ee dr< ompi - rsMoi j a k u r n i n n s i m p l y m i r r o r - t he p roces- used tor compress ion . Fir- , ! , tin.-. 

Compressedd i tnaue is decoded to o h t a i t l the q u a n t i z e d t r a n s f o r m c o o i l i r l o n t - . 1'iiese are t l i e r i 

d e - t j ; i a u u / o d '' y ie ld iu. . . an a p p r o x i m a l n-n ol ' t he o r i g i n a l t r aus fu rm coef f ic ients. F ina l l v . t h e 

inversee of t l ie ; rans for: u usee! d u r i u y cotnpressi< • i j i.-, - 'm pi- -\"ed h> ol •! a m a n v a u - l r u e t e d i i t iaüe. 

' I ' l ll e k i n d of compress ion schemes descr ibed a I K.-ve arc also k n o w n as irun-jnrn.--ht!.-,t </ < t>m-

/>!•</>!•< .-,s/i-e-' .-••/,••' /;a - Not i • i hal I he t r aus fo rm si ej> is on ly une of' t l ie I Inee compc- i ienl s oi s iu ' l i 

cumpl 'ess io i ii s i r p s . and I hat t here exist s a st r o i l ; ; i n t e rp lay a l l i u m ; I hen : In t i l ls t l iesis. however , 

wee arc nu -si [y in te res ted m t i n - t ramsj i >rm s tep , am i it une speeifu a l k . ia i in- -nh-pi i w v/a'/ck -I 

t r a n s f o r mm scl iemes i i. 's, •;[[ >- •[! in p rev ious chap te rs We i -r ie l ly a.ddres.s uUrUii 1/al ion . hur i)],; 

codlll iJ,, s tep is in-Vol id I he scope O*' t i l e 1 i j i 's js. 

5,22 Wavelets in image foiiiprossion 

(( )nc p o p u l a r choice iur i he i ra t i - fo ! mat ion s l i p j . - [;!>• v. a\ ek' i i rausi- 'Lie. w k i e h Mas p i . a uc 

q l l l t ee c f f c c l n e Jul ima: j i co| 1! pr - - - - io l i ! "•. 17. i d . 1 * ' * , I jA . K h . T! ; - ' eiject mimes- of Wavelets 

s temss I rum : l ie v i : - i ha- . t i iant is t., i i,,-jr ••;.< Ü ... I spm- i - i r i 'UU' •!!• v l o c a l i / a i i> -n i : w ( a n ;m -\-|( [•• 

aa sj-aise rep iese i i ! .a ion o!' ima ia s '..villi s ly nit; r a n i wave], ' - coei lu :eni s o— :u i n a1 most I v in t he 

u e k i j i h o r h u u dd i if i f ; - and oi in i ' a m i of M --, t|1L. ; r a n - ; ! r -TL.-. I ' i i " mt u i : ive e x p h m a ! ion is t h a i 
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11 Ij c - l i l ' >"th t.-uii , i > . w a v e l et ( oi'f hi ;, •:.!.- a le .-lila] ] e l ue l u valiishiiiL: . Jla • 11 L • •! it:- a lui ieLUdal it V 

p r o p e]]  t ie - .: a l id i ) i " V U t ' i av l a p l d ïv fr-ua c o a t . -' ! o tï 1H • -r-a]< —. Il ) l]:< lli'iijiil. n i rhm .tj ,,t ed^e , -. 

w a v e l ett iTJi ' füi- ici i i s aO l a r y er a nd TIJ.'V d e c av il l a b l o w er f a s h i o n, h ut bei a 1i-.- • (,[ i heir ji.ical 

s l ipper!!  . l ' ' la! ivelv f< 'W wavelet n lefhrirüt.-, a le affected bv r ht- pirsei ice of rdi',es. "klüls. wavelet 

decornn posit ions iv-uk in few lal ya'-nm]J 1 iT ude <<  j efficients w ii]•: J!. in addi: i( UI. ei >rn Mimi d o > 

visuallyy impor tant iiua^i • h 'at isiv> : i _i'. * -f l.Li.*  s> i. 

All" !!  In'l' ;< MM-I i f o taki' recourse to Wavelets Is t licj f mult irr-o] i ;t ion liatUV''. whirl ; f arili t al - •-

ff  uil ' 1 uaiaiit ia- -ueh as progressive i laiisniissii JU and re-olm mu sealnhiht \" ' i . e. a compressed 

hiii  --1 ]"' MUI Il lav he part ia 11V dr ei nopO—er! ! .... ebt am MK i (-sivr lv 'm.iit V lesohii i"l i ver-it >l:s i )i' 

tt lic or iginal nnaye ,. 

Inn ar ld il l'HL Wn veiet deeom posit ii -li>- i'xhllnt dependencies across ai;d wit lun scales which ran 

haa easily exploi ted by the quant iza t ion ,m<l coding steps. Ia.tr rxan ip l r. if a wavelet coefficient is 

smal l,, t h ru it 1.- likely that i ts descendants. ! hat is. coefficients eorrespr mdinü to t lie sal lie spat ial 

kk ical ion in inii'i ' .-rales, are also smal l. Ill sueh ease una lliav code sueh wavelet ei teificient and all 

it ss i leseendal i ts into a single 'zero' svnihul. 1 Ids is t he idea 1 it'hind t he so-called wavelet :j. ru-tri  < 

ruthruth r>. A well-known examp le is the embedded zero-tree wavelet : K / \ Y ) a lgor i thm developed 

hvv Shap i ro 1'i 1 . which eon ibmes the /em- t ree coding with b i l -p lane rod int;. 'K inbedded' means 

thatt t he coder ran s top encoding at any desired rate (progressive t ransmission!, hi the K7AY 

almoinn Inn l his is done 1 >v l ransinit t in^. more import ant inh mm it ion firs l. 

5.33 Adapt ive wavelets in image compression 

AA key point in the success <>f' wavelet.- for compression is their ^ood nonl inrar approx imat ion 

p roper t iess [or piecewise smoo th fimciieii s in "lie' d imension i l D l 17. I /n lon unatelv, this is 

lesss t rue tor 1 wo-dinieiisioiiul i ' jD j functions. Wavelets m 2D are usually obta ined bv a tensor 

productt of' ID wavelets. Thus, they ;i! ' adap ted to point s ingular i t ies and eannot effiiieinl y 

modell  h iyher order s ingular i t ies, like nliies ill images. 'Id a lar.^e extent the same am be said 

forr i it her basic const ri iel ions of nou-se] (arable 21) wavelets. T in- hit r in sic weakness t if class ii a I 

2DD wavelets has mot iva ted var ious researchers to luok lor novel wavelet representat ions that t\i^ 

be t terr su i ted for the descr ip t ion of inures. Several promisine, approaches are current Iv under 

investt i.-iiat ion. im hiding eoinpiessioii m die ridyelet and cnrvclet domain 1> . compression alom.; 

curvess usin.u, bande le ts .\s , and ed^epni;!.- ~\.\ . In Sect it m 'h 1. st-me of t liese approaches have 

beenn diseussci 1 ui more detai l. 

Inn t he same venue, i he adapt ive wave'et schemes that we have described in previous cl iapters 

mayy be rrya idet 1 as a tioi hri a ! : eiapt m • tverei tine ! he limi t a! ma- •. d ma-si'-a; wavelet;-, la i he 

l'ii  tllowim; sect io us. we u;\"est j î a t e t he potent ial of oiu ada j . ! :\-i -cht me- ;u u uaue • "1 npi' 'ssioii. 

Wee emphas ize tiiat ' l i e f*'.-U li s repor ted Lore ci illce] u Mlii v a •••,;-.• ; I 1 > I  v, -e;L |-rh elhsrl and dial 

IllUchh IllelV ' il l Vev[ ;<j.al i"l i vVSll be reijlinvi j i n -̂ el a Li.ui tr | I Ulde!>; al ld ill u "f i 1.M' p " t f lit ials "f "l l r 

adaptt i\-e wa\'«det - -i hemes. 

\\"ee rest iiei ourselves ! o t he adapt hv wavelet scheme- dc-ei';1 :<•>]  :n Sect juii ,'•!. 1. 'I'jiat is. an 

lit]ui tt s ignal .,"l!: ..'."' - - !h is split into .;•.:/ - {;;[  • [ i .-/•,•/ ' ' [•. d'he.-e bands pass l iiroti.^i i a 
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inn Secs i.-m T l 1 kat i f 111 • • t h r e s h o l d f r i 11 •] it n J holds ' i . e . / J •. _- \...; ; im l /; ! •: . 1; :• am i m i i c and 

'i''i' l , , . i / ' ! ; . 1 i ' •_ ! .'. i l is po . - s ih le l u IV i -uv iT I 1M • d e c i s i o n , i l a n a k s l s w h i c h is hased o n i h e 

LJJ-.HH li> 'lil vcci ( l f r. fvi i tn l i i c u rad tc in r' w l i i r l i is ava i lah ie al ^vt : l hesm 

T h ee e. i i n k i na : K >n o| ! k' • ;n lapl i \e u p d a t e l i f l UIL. u i l k I kc k x e d p ted ie i j ( >n lift in.:; v ie ids ,u : 

ad; ip ll ivo wave lei i lecoii i po.-di i' m si ep u ia pp ! HL ./'' ml < < .;''. T . Wc i tl > | ai ii a l l ai lapt ivi • m u i l il'es 

ii i l l l l ji ill w a v e l e t d e c m i p i i>i | ii .ii 1 iv II o ra l l " i ! i>\ M i e i ; w a \ e! ei Mop- , . T h a t is. w c c a n l l^e I he 
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5.4-5.4- Computing the empirical entropy 111 1 

decompositionss is considerably higher than that of the non-adaptive case, whereas a smaller 
improvementt is observed for K = 2. 

Wee also observe that, in terms of the proposed entropy measure and for the chosen set 
off  images, the adaptive transform in Experiment 4.2.5 performs the best, followed by the 
adaptivee transform in Experiment 4.1.4. Experiment 4.2.5 corresponds to a square sampling 
decompositionn using a weighted quadratic seminorm. Experiment 4.1.4 corresponds also to a 
squaree sampling decomposition but using a weighted gradient seminorm. In both cases, the 
equivalentt low-pass analysis filter is a 3 x 3 low-pass Hirer for <l  = 0 and the identity filter for 
dd = 1. 

Figuree 5.1: Test images. From left to right and from top to bottom: 'House'. 'Lenna'. 'Barbara' and 
'Goldhill'.'Goldhill'. Thar respectivt sizes are: 256 x 256, 512 x 512, 576 x 704 and 576 x 704. 

Tablee 5.3 shows the entropy values for K 2 taking as input images the synthetic images 
depictedd in Fig. 5.2. We evaluate the coding performance of Experiment 4.2.5 and Experiment 
4.5.3.. In this latter experiment, the adaptive scheme switches between horizontal and vertical 
low-passs filters of length 3. The non-adaptive case corresponds to a filter which averages each 
samplee with the average of its four horizontal and vertical neighbors. 

Inn both experiments the entropy values of the adaptive scheme are considerably smaller 
thann for their non-adaptive counterparts. This is to be expected since the images comprise 
largee homogeneous regions separated by sharp edges, and our adaptive decompositions are 
especiallyy suited to distinguish between 'edge1 and "non-edge' regions. Note that for image 



ll \ : l 

Lxp>-ii in 

1.2.. 1 

•• t ; i ] j t h 

•77 I I 

< : a pm m 

« ] , ) ! ) ''  V-

m ^^ B a r k a t a (;«.]. ihi! l L - i : i ; 

i s. . 

l»t]MM 5 . 01 5,15 

" i ll 5.1 )9 5. i1* 

55 53 93 3 

5.6-11 fi 00 5.95 5 85 

".. 77 fj. 15 h.i.i:i 5.Mi 

~5411 5 20 

.".177 5.3u 

5 .888 5.75 

ee i. (i: ', 5 . M I 

j ip i i ww " 5 51 5 97 5.98 5 .79 

,'' -- I) V> l I h.2~; l i H>- 5.9)1 

11 84 ' 5 42 ' 5 31 " 5 12 

5.300 -5 .Mi 5.75 5.:ip 

T a k k ml.ii-ml.ii- I I I 

L x p r r i l ! i r n ff H: JllSc H a l ! » , n a (. i u M h i i l L r ] l i l a 

( . . 2 3 ___ 7."tl " 7.5<i ~ ' 7~~ lf 

a d a p t i vee 5 . 35 : 5 .67 5.51 5 .35 
J.. 1 . .) 

11 "J '{ 

11 "> 1 

11 '} 5 

,/'' - I l 

a t l a ptt iv<-

,// - 1 ! 

ü i i a j j ii  i v r 

.// " 1! 

a i l a pll  i v c 

,!,! I) 

.• i . l . - ipi iv. ' ' 

-// 1) 

~ i . ) \\ i 

44 90 

5.00 0 

5.11 1 

5.5-1 1 

5 .08 8 

5.00 0 

44 70 

. " ,, ' > • ' ' 

5.. Mi 

55 35 

5.39 9 

55 53 

5.. Mi 

5 .58 8 

5.97 7 

5.31 1 

5.M M 

5.7M M 

55 29 

5.33 5 

55 31 

•5.70 0 

55 11 

55 7S 

55 17 

5.0'i i 

5.. 15 

5.0G G 

5.1> > 

55 10 

•• 5. 15 

.. 5 23 

5.1,2 5.1,2 

11 9(i 

55 '5 

iliiUC.i: iliiUC.i: 

'Svt i tt h2". u l i i i ' l i - i • ] i r; ii i i.- i ii i i i i '. .'hal i •( L . 'v 1 l i r i ! ; ip i i ivrtiM nl ̂  < 'UT j [;r :i< iK-.ni-ipt :\-f a p p n -a^kf 

an -- - m a l I n i ha ] ; l< >r i n i a - r V , nt a 1 ' . u ; ; v i i .. <.ntaiii> • >iJv in 'i i/< -ui al ai [ij \ < -rt ic.:l !'<1'J.I>. Tn i> 

! [ s ll i^I l l i ' l i i v i l i i v H l K \ ' p - • ! 1 i : H --S J T i . 5 . : ; . <.VhiT>' ! l i ' ' t l i t r n i i U <\> n^ IH>1 l a k e i t l t i » , i n i 111111 t i i r f H a m - n , 

i i i - i ' . : . i ; i i c . f > > 

5.55 Adding quantization 

ii •'. a a p i \ i l ; ' . 1 - ( - l a . ' V a V - - l < - < 1 

:•• •;• • \:< • [ < • : • ; : n i - » 1 : .-• 11• J T j = . • • 

: ! . ' • - ' . . 

i-- • . • ! ; ; ; Ü;1 i p a : • N Ü I : ; ; ! I- a . - I ^ Ü . , . ..•• ::- .;:- ' •<: 

! : . i ii .-/ •- - lü.ar. l ]/.• •: i 1 -'' a ] : i.: 1 >pi ] i;.; (,; "-" ^ • - h | j 



5.5.5.5. Adding quantization 113 3 

• • 
Figuree 5.2: Synthetic test, /.mages: Synthl' (left) anil -St/nfl^' (right). Their respective sizes are 
644 x 128 and 128 x 128. 

Experiment t 

_jj  2 r adaptive 
dd = 0 

.. ., adaptive 
non-adapt. . 

Synthl l 

1.79 9 
0.40 0 
1.33 3 
00 40 
1.27 7 

Svnth2 2 

2.01 1 

0.62 2 
1.63 3 
0.77 7 
1.24 4 

lablee 5.3: Entropy values for the adaptive and non-adaptivt decomposition schemes using K = 2. 

yykk = Q(y )• After a A'-levcl decomposition we have K quantized detail signals //' yK and 
ann approximation signal xh which is also quantized by Q to yield xK. This decomposition 
schemee is shown in Fig. 5.3, where the wavelet transform 11" corresponds to the adaptive liftin g 
schemee described in Chapter 3 and summarized in Section 5.3. Here, however, we assume that 
thee prediction is based only on the approximation signal. The transform W is also illustrated 
inn Fig. 5.3. Here. 5 is an invert ible mapping which splits xk~l into two components xk

y y£, and 
rr is the gradient operator, e.g.. f'; hi./';. //*'). 

Thee synthesis scheme that we use is depicted in Fig. 5.4. Here U ' and 5_ 1 denote the 
inversee of the update liftin g and the splitting, and Q_ 1 is a right inverse of 0. i.e., QQ~l\ t 
forr / e Ran(Q). We assume that for all z e JR. 

\Q\Q lQ(z)-z\<vq, 

wheree q is the quantization parameter. For example, if Q(z) {'-.'/} • where {•}  denotes 
roundingg to the closest integer, then v = I '2. Henceforth we shall restrict ourselves to this 
particularr case, which is known in tin1 literature as uniform quantization. Moreover, we shall 
usee the same quantizer Q for all bands. 

Wee assume that the threshold criterion holds. In the scheme of Fig. 5.3 this means that we 
wil ll  be able to recover dk

n = D(v^(n)), where r,' n = V[.rk. yk)(n). from vk{n) = I 
wheree xk is the update of .',',. However, as becomes clear from the scheme in Fig. 5.4, we can 



I l l l Chapterö.Chapterö. Adaptivt wavelets in image compression 

Figuree 5.3: Analysis part of a multiresolution wavelet decomposition scherru with quantization. Tin 
waveletwavelet transform W (gray has) is obtained, by a splitting S. an adaptive updatt step I and a fixed 
predictionprediction step P. 

Figuree -r>.4: Synthesis pur* of a rmdtircsolution wavelet decomposition scheme with quantization. 
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5.66 A case study 
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Figuree 5.5: Rate-distortion curves for test images in Fig. 5.1. From left to right and from top to 
bottom:bottom: 'House', 'Lenna', 'Barbara' and 'Goldhill'. The .solid curvi corresponds with the adaptive 
scheme,scheme, tht dashed curve corresponds with the non-adaptive scheme with d = 0. 

Inn Fig. 5.8, we sec the result of the adaptive scheme on the synthetic images of Fig. 5.2 
compressedd to 0.31 bpp. We note that in the non-adaptive ease, the images suffer from blurring 
andd ringing around the edges. In the adaptive case, ringing is reduced and edges are better 
preserved. . 

Inn Fig. 5.9, we show the different levels of reconstructed approximation "Lenna' images with 
thee adaptive scheme. Wavelet aliasing artifacts arc quite noticeable in the early stages (lower 
levels)) of the reconstruction. The blocking effect is partly due to the quincunx sampling scheme. 

Finally,, we give some examples where conditions in Proposition 5.5.1 (and hence (5.24)) are 
satisfied.. This means thai the decisions made at analysis can be perfectly recovered. Using the 
samee update filters, we take q = 2 and 'l\. - 72 • 2"~A:i . k = 1 1. Hence, we have to use the 
synthesiss thresholds fk = 60 • 2"-A ' \ k = \ 4. 

Thee top row of Fig. 5.10 shows the reconstructed images for both adaptive (left) and non-
adaptivee (right) wavelet decompositions applied to 'Barbara' image. The middle row shows the 
decisionn maps at level k = 2 and k = 4 used in the adaptive case. Note that the decision map at 
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Figuree 5.6: Reconstructed images at bit rate 0.5 bpp for adaptivt (left) and non-adaptivt (right) 
schemes. schemes. 
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Figuree 5.7: Reconstructed images at bit rale 0.28 bpp for adaptive (left) and non-adaptive (right) 
schemes. schemes. 
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Figuree 5.8: Reconstructed linages at 0.31 bpp for adapt iff (left) and non-adaptive (right) schemes. 

Figuree 5.9: Progressive decoding. From left to right: ,;,4..r- and .r' 

levell  2 (and the same applies to level 1 not shown here) has lew values equal to 1. This means 
tt hat at those levels the system behaves mostly as the non-adaptive scheme with d = 0. Although 
thee reconstructed images with the adaptive decomposition are visually indistinguishable from 
thee non-adaptive, we find that the residual error between the original and the reconstructed 
(seee bottom row) has 5'X less energy than in the non-adaptive ease. 

Fig.. 5.11 shows the same experiment with 'I.onna' image. Note that here the decision map 
att level 2 has practically all values equal to (). and that even at the highest level k = 4, the 
decisionn map has tew values equal to 1. The energy of the residual error for the adaptive 
decompositionn is 1.39? less than for the non-adaptive one. 
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Fromm Fig. 5.10-Fig. 5.11. one can sec that the differences between the adaptive and non-
adaptivee scheme are negligible due to the high thresholds that have been used (T] = 576 . l-i  = 
288,, T;i = 144 and T4 = 72). One can achieve better performances by lowering the thresholds 
(seee e.g. Fig. 5.5-Fig. 5.9), though this might3 imply that the decision map at synthesis is not 
exactlyy the same as the one at analysis. 

Figuree 5.10: Top: reconstructed images for the adaptive, (left) and non-adaptive (rigid) schemes. 
Middle:Middle: decision map at levels 2 (left) and J, (right). Bottom: error images for tht adapt in (left) and 
non-adaptivenon-adaptive (right). Here, <t = 2 and conditions in Proposition 5.5.1 are satisfied. 

Finally,, we perforin the same experiment but with K = 2 and <y = 1 for the synthetic image 
'Synth2'.. The results are shown in Fig. 5.12. In this case, the reconstruction error resulting 

'Notee that conditions in Proposition 5.5.1 were obtained for the worst of the cases. In practice, one can 
reconstructt the decisions under milder conditions. 
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Figuree 5.11: Top: reconstructed images for lh< adaptivt (left) and non-adaptivt (right) schemes. 
Middle:Middle: decision map at levels 2 (left) and 4 (right). Bottom: error images for tht adaptivt (left) and 
non-adaptivenon-adaptive (right) schemes. Hi re. // = 2 and conditions in Proposition 5.5.1 art satisfied. 
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fromm the adai)tive decomposition (bottom left of Fig. 5.12) has much less energy (649c less) 
thann the error obtained in the non-adaptive case (bottom right of Fig. 5.12). This example 
showss again (sec Table 5.3) that our adaptive wavelet decompositions are especially suited to 
discriminatee between homogeneous regions and sharp transitions (edges). 

Figuree 5.12: Top: reconstructed images for the adaptivt (left) and non-adaptive (right) schemes. 
Middle:Middle: decision map at U vel 2. Bottom: error images for tht adaptive (left) and non-adaptive (right) 
schemes.schemes. Here, q = 1, K = 2 and conditions in Proposition 5.5.1 art satisfied. 
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Chapterr 6 

Multiresolutionn image fusion 

h x i r a n i d i n a rvv advances in MH-IH - l erunologv. imcrnelect rumcs and ei mil ill u lien T ions have brought 
nn need io|- processing techniques that can effectively nnnli i in1 m in ima r [<  >n from different sources 
intraa a single compos i te for int erpiei at ion. In image-based appiienl ion fields, intake fusion has 
emergedd as a promising reseaivh area. 

Imagoo fusion provides the means to in tegrate niul t iplc images inlo a composi te image that is 
inuree su i tab le for 1 lie purposes nf hi it nan visual percept ion and enmput coprocess ing tasks such 
ass segmentat ion, feature extract inn and target recognit ion, lair example, the fusion of visual 
andd infrared images in an a i rborne seiisnr cm aid pi lots nav igate m poor weather vendi t ions, 
andd the fusion cf compu ter tomography and maguel ie resonance images mav facil i tate medical 
diagnosis. . 

Amongg the various frameworks in which linage fusion has heen formulated, the nmlt i reso-

lutioi ii  approach is one oi ili e most intensively s tudied and used in pract ice. In this chapter, 

wee reframe 'he mulr i resul iu ion-hased fusion methodology into a conmion formalism which en-

(( o i u p a s es most n|' i he exist mg mult ; result it ion fusion schemes and provides freedom to create 

neww mies.. After a brief miroduei ion l i . image fusion in Section fj.'l . a general f ramework for 

pixel-basedd mult iresolu! inn fusion is presented in Section f.i.2. Wi th i n this framework, sonic of 

t hee O X W mg s c h e m es , i rc d e s c r i b ed il l See! inn i;.:>)_  F u s i on resu l t -, e x a m p l es of e\ast ill » as Well as 

neww fusil in schemes- are shown in Section n. 1. Finally, in Section fj.a. we s tudy how the adap t i ve 

Siftingg scheme prnpnsed in Chap ter a can he used in mul t i resolut ion image fusion. 

6.11 l inage fusion 

II II  t i l l s s e e l m i l. we- int leu luce 1 he c o n c e pt , ,\ i m a ge fus ion. W e d i s c u ss 1 ] if • r a t i o n a le b e h i nd 

hlsiei l i .. a l id t he \ a l t o Us issues t h at n e ed In l i e a d d r e s s ed wi iei l d e s i g n i ng a fus ion s c h e m e. W e 

ii  uit line siiiue appl icat ions and review si line of i he n n st importatiT fusion t eelniitjues used in 
pract ice. . 



(i.'l. ll  Concept of image? fusion 

JJ ̂  i L . i _• i t u - i - . ; : ' ^ l i \"- l»f' M ' U V .1 'T i t ..•••! .•:- : in ; > ! ' • ' • > - • >t •• • > ; : ! i . i i ! i t : u Ü Ü I : ; i j >i'• i n p u t T K - - K T " •; 

^ n n l l e ]] I ' l i l l f ' - i i - J i i u : :ni.-i '_v.-. b - i i b M v ;, -•',:•>-}<• •<:-.< •. v. h b i : • - • • • i" . i • i i.- H . ' - T •.•U-\ M.i ' )].:• •) I JLT : b ' t : t i - n 

t h ee i n p u t - , i t , .. .1 ' i i ' f f . ' - • i i . i l i k ;i •_•.!>'),; ' ; : ; : M- :> t . i i ! : i i ! i L : • • : i h " -< . n - • . in •' e i i i v i t : • • •; m - > •; p. >.-H n n. 

. H i dd ' jet , ] | j . i ; v. M I it t i n >Ti- t i r p ' - f l ,Mit [••.. v. t . ' i ;v~ • .| . - • ! [ ! , ! ] ) ' i' i : i t " i p v i - i 1 i " : : I : . l i b - e, , n b Y t . t l.> 

v.;v.; . u l - i - ' j . - ^ i i J ' ^ : - ii;!< ! : : • • < • . i i - : i !'•]<•<: i;. ' : J - ):.-•' e f •, i- -••---=.;:: w i i i: M - p - ••. " T • . ' i.. t i -A 1 i i ' • • n ;\ p ; , •• 

ii.!.•••..•,, - v.- i l ! ' !»• - . n l . J • • : ; . • ' . i n ; : . . - ; • • , : - - ! • i -_ r. i> •--•! i . - ! : . - .->:• i. . . - ! : . : • i h i - ! • r ; - • ! . .>i ' • l . i - - i : i < - n ' i " r . 

] ; II i l,i M^j iM •'.. \\-i- \ \ i!i M-i i -r t . • l h i - •••! : i - \ - ; ; ] j ' ' u ; i . ••! i : : . i t i- •!. ..• ••:;:<•:! i: i :• n ' • i., i i; • ' : ' A i : : ^ ; 1 " -

1 , ,, n e , , , 1 [ : M i n e r ] v . ' i l ] I i. r.-«', • ! ) • - . • I M i .•:•• • " / e b • •! -..••'.'.•',•< i t : ; . ; - . . . - . . M M : ' A ' f n - l - Ü l ' - b ! l b : b e e . : • ! 

11 L l ! | i : > ] . « ! : l b I I :: : . . , - ]>l, ; '' M i l ! ' M ' l h l e v . : - i T 11;] ' T i n - : ! n . 1 . 1 - j T ' -.-• '. l ' • 11 i " l . . 

AA H r m l i n n ; . - . - I t . - , , ' • , / , , ! i, „ I 1 - I . . '1 ) - : : . : : ] > ] : Met >...•<•,, j • ; > . . • ; . I'. • ; : ! : ! ! • • • ; , l ; b i i« •. 1 - l e ] , L Y e ] U A 1 1 ~, 

; , i ll JH H U \ l l ! }•<•]••• ! l i a \ - I 'M ' - ! " - M l l - > A ' 1 V.' : ] : I i i e l l i I l l i . i ' J ' u l ^ i ' ' i i - i t p l M ^ ' l I ' V ' - i i i i i n b l l ; ! - ! > • i l l M - l ; i -

t l e l ii D l Si ..\v l e v e l l i i i ' i i l H u l i i H i , i i i l m ^ : • ; i > e . - [ > A - b A 1: n •;).- = 11 "• • ] 11' '! i i - - ^ 1 : . ; - ! f ; l e ] . - ü y i A i . A ' . 

I ii ; j . t ' l i ! ' V ; i t < > ,i Ci J | 1 1 } H J - T t e i l t b i y e i l l V Y A A I r;\r\: p l b A !-• <l ' I ' T l : l i t l ' '< 1 t l - S l i , ; - e i e ' ! r •,• , | n ^ | j , ,] ,r ] i ; ,;_• 

p i ; \ e ] -- j u l | i i - Y i U ' l e i ; . - s i n i b e - . i ' i [ s n i b ;T t ' M L: 11 j i • A v i 1 b < | l l b ' ' - i n - ! : ] ; i - •. • v t f, i i •" 1' •! i ^ ' . J . . 1 >\' ^ ' -'..'. 

M i e l l S . i ll i . - t : j D i i r r d t l f o . a] I i l < ' ] e ; i i l , l < - - , i H i ' ,-|tt n ' , ] 111 1 h e v.u i r» 'M- M I M ' i l - ' - M t i < .-• i ' J . 1 - I i i e - i • 

j e n l U f r SS ' . t i l l i e i < ] f ' H U t H ' ( l 1 IV r h ; i t n < - c H M i ( > - ; t « ] : . - ^ >.]/••. ^ i i : , j ) . - e n ü t r . l - t : )> , , ] t - ' V i l i l i - ' 1 1 1 ' 1 

t U s i u I ii IS 11 i l l - 1 > ; [ M ' d i r t l l . h r t r - i - .••>;! ]- ; t.-•!••<] S ' ( ' , ; l ! : n ^ ; ! ] ] < ! . 4 : . • , ! , ; , - , i h c i | , f •<•! i , - i - n i ' l l - ' - f l l j t - - ; i ! H M -

w i l l ii l i i j . h r ' 1 - 1 -i u j ti< h 't J-- -e M I ' l i s i i n i ; H 1 ]< -i l-ir Mi h'V^} M i n v . ^ Tin- : > >ti il >ii;;i 1 i' n < «>! 11 :!< n i n , i ! n Hi , i l i i - ' -

l n - i i o ii ]i •>•(•! ..] ; i l is i riu-11' 'i ii i l . 7> ' l i i t - i i i()i;t i:M.-iL.'v, ;uv- uM!i i i i \ - in-M'-,-^.( i in<i 'v i<iu; i l lv hn 

in]'.. in t i iU it in ( ' x t r . i r t inn m i ü rb is^ j i i cü t int.. 'I hi.- M ' M ; ] Ï > in .1 t t t i t i i i ' i ' i - <••> - vmhr ,]i,- M-; >t •— •ni ^1 i " n -

\ \\ l i i c i : .--1 l"i - 1 l i e n f u - e e i ; n v i i f i l i t l . U , 1 " <!•:••: i - i ' '11 t n l i > w h n ] l 1 >'] n [( ,M--i • < >. ,\ ] 1111; . 1 ; 111 M. '1 j >fi '1 ; 1 i j .'t I i l t i - l 

l i N i l v i '' - l i f f e f i ' l K ' ' . - . ' I ' l l ! ' e h r l i r e u j ' l l i - ' , i |!] )V> <) )V\;! i i ' | e \ . ' i . !• ' j )•']:< I - e l i Ü ü i I i V 1 [ l l [ e f , ' M l i ' ; i ( M , t > - H e l l 

M -- 111-- r l n n n e l e t l s l l r - , . r t ' l ! i e p h y . - l . . I \ - . '«1 . ' - . ' 1 .•• - ] » ' ' ' 111'' . ' [ ' j >11'': i M ' ' r. • i ! I' i 1 \ M \-<<>\- i l l ; : ! ; M ' -

, i \ . l l ] « l ll ' ] e A i 1 ! )C > < I i : i e 1 it ! l i - . t i l l ' ( l l . '!• . ' . r] t h . i n - i - . ' ! ; 1< ' e ' 1 r l - ' M j I M l i i . - ' ] ; r ' j i f i - ] r l " r '- ' - - 1 1 i J. ' i l . i t 

!-.. 1 , -q i l iM 'M. !•', ,i ; M M ;« ; , ' • ! • . ï n - i ' - t i , i l ; i : : - . . i i e v e ] : , , • . . . ' , ' , • . • - , - , . . . • , M - M U I M ' - • ••' 1 1 ' : ; - ! e] ••<] i t ; !,!;.,>'> . 1 ' 

- l i l l j i | V . ' !! : ; - r i n ,n \ 1 ' . ! ' : i l b . ' p l X r ' 1 i ' i l - j i i i . h i e ! : , . • < ] - . . l i e Y e ] V ••- 1 , - i ' ]\ e M . i ' l l - t r ' J i - l 1 , 1 ! 1 •: • 1 i 

'['<< r i i . i Y . l l i e . - t i n u i . ' J ' - t i l - 1 ' ' l l M p l i l i c . e i e ] . : - r M l i i ü V MM, e l l i b ) , ' i ; ' ; 11 't i b " i - . ' ! ' L ' • ; i ' 1 Y . i i l l • I iLM i i] ; , l \ e l 

] ' l l > i c | ;; i > t l b l l l i b ' l l ! b b \ e - l i s . ' . ] e e l l t i b ! ; l l i e . . l b : . ! h ; i ! I 111'. >! }• I, i 1 11 '1 I . M 1 f t i 1' T l I b '1 <'. l i b ' . i ! 'J " h i t 111! i s 

M p l i ' l i i e l i ll J l l n i 1 I I I ! ' - e i i i e i . ' H i . A - V:< d l i > - T - \ e , l !>. ' ] ' . T e . Mi i 1 l i } u .j t , i ! l l M b -

\ e ll h l - l o t i i l i c l i l e i i - i - , n : , ; l L . b ' Ve ; j , i - . ! r ; i ! \< U ; . w i l l : j l e b - U l ' e - , l l b i l l i e r b i b i , ! ' 

l ;L!! I n l i b ' - . ; l l ! i e j . ; b - i l .'.] ^ 11 1' t 11 f ' : s . l b i h e M '1 I I ;i 11 H U '1 . i i W i l l 1-e ;! S>1 i 1! I' 'i i 

>> j l ; l \ - e i l i ' l T V< ' i . i b b ' 1 e r ] . i ', h { ; [ | i\;-\), •] j -.] 'be b -V] i ' \ Y - i >] | j l I b l J. e M ' i .M-1 M l : i< ' l ! e ; ! ] ; 

i ]] e 1 i l l Hi •] e v i M ' t e l l 

> l , n e e r - s | I i ' J .. , - t i ' l ^ i i i ]>i 

' i l r . ' l ll M ' U l e r i - l e j e i j ] 

lb- i tt -1 l i >' ' t i l e i ' i l i b l 

i i ' i i m ll i i ; [ : l . !M . l h l . i d ! 

[[ H...1.L i . - - u i - i ; . i - t i i - i r . r . . i : i ! . L I . I M ' T 1'ie b . i ' b 

AA |. . i i i ; n i.-. .![,-•>• . ] ; - ! ! i : ' . ; ' i i - i i i i ! L ' j x e i i ' M;- -U T M i h ü i 

.••:!•:.(( - ] l l j f •:-. 1 ' l t M ' l h - > . ' l o t . i '!r . 

I I : "" l b . i !M 

11 v ; ! l l i | , | , !! l . I r r : , i •.. i 11 b i 



<><> I. h>,,:.r fn.^nu ] 2 ( ( 

G.l.22 Objectives, requirements and challenges of imago fusion 

'II ii<' a im o!' it; u i ; - ' fus ion i - i«.' m t . - j r a t e c a m p i o n l e j j ,uv and r e d n n d a n l i n i o r n i a ! mu ir« >m mui t ip lo 

imagess to f f c a l c ;i c o m p o s i t e tha t edntaiUs a , O e | ! f i " i l ' ' > 'T ! ] ! l | i i ] l o f the .-et']]!' t h a l l allV of 

i l t oo i:if li'-'if li ;• i I s o m v e imae.fs. 1 i i l izat i< m of t he r <anposit e i m a y is expec ted to increase t ho 

tt J i' i" j i > r": i i; 111«. - i • ni t i i . ' >ii l i>i'(| i i.-!it p rocess ing i,<sks. f Jy nit o - ra t my i n f o r m a t i o n , uuayo fus ion can 

reducee < l i i i •«•];•-]( >i i, i lit v. I his ]v> id i> in ;i mo re efi ieient s t o n m e and faster i n t e r p r e t a t i o n of 

' i n '' i M i T ] >i 11. i i y u>iii ' j. r edundan t i n f o r m a t i o n , imaye fus ion may i m p i . w. • accuracy as wel l as 

r e h a b i h i v .. and l iv Usiny o imp lement a ; \ i r i i "• i n im t i> >n. i m a . ^ ' fus ion may i m p r o v e i n t e r p r e t a t i o n 

capab i l i t i e ss w i t h 1 i-.-perl 1,.. si ibseej l lou; tasks. T h i s lead.- fi> more a o c ü l n t e d a t a . m< T. 'ased 

' I t i i i tt v and !' ihust !>(•]•('. .f] i :a tic. •. ( '< n^ i i [ . T i l l y t in ' oh jee l ives of iniaLM' i'u.->!( in and i!s p o t e n t i a l 

add Va 11! ayes. ,-:. | i ir .'.'.eiicfie requi re ] n. 'tit s ear I l ie imp" -e< ] on ! l ie t l ic fusl ' Hi a l yo l i t l i l t) Ï'.]:',,: 

•• it shou ld not d iscard any sal ient i n f o r m a l mn con ta i ned in a i iv o!' t in - input unarms: 

•• i ' shou ld not m t f o d u e e ai iv a r t i f a c t s or n ioons is i . 'ueies w i n c h can d is l ra.a or mis lead a 

i l l i n i a i :: oh - .ave r of any subsequent ima tm p r o d •ssite.: steps: 

•• ii must lie re l iab le , robust a i n i . as t m l ' k as possib le, t o le fa t l l o f impef fee t ions such as 

la i iM '' ( a- misfo' jJM rat i' ai>. 

(( l e a r l v . a choice as !o w h i r l ; inn i ru iat Ion is sain' l i t has t o he made . 1 fefe a y a i m know ledge 

a l io t i tt mptH da ta and a p p l i c a t i o n plays a c ruc ia l ro le, Howeyc f . a fus ion a p p r o a c h w i n c h is 

i ndependen tt nj t he n i o d a i i l i e s ot t he i n p u t s and p r o d u c e a c o m p o s i t e it nat; e w i i i ch appears 

' n a t i i f a ll to a h u m a n i n t e f p f e t c f . is i n y h l v des i rab le . 

Idiee rc ( ; i i i ren ien ts l is ted a h o y a fo o f ten vef \ d i f f i cu l t t o achieve and even m o t e d i f f i cu l t t o 

assess.. 1 he p r o b l e m oj eva 1 ual my in lage his i ' nt met in ids lies in t he va r i eU of d i f ferent a p p l i -

•• at ion r equ i r emen ts and the b u k of' a e lear lv .defined ground-11 til h. I'he t op i c of p e r f o r m a n c e 

e\ 'ahlall i'-'ll w i l l be disr l l . -oed 111 m o l e de ta i l it i ( " l l a p l r r s. 

T oo i l l u s t r a t e some of i h c eiia i leJ i - f s WO llaVe to face w h e n d c \ e | o | a i t e a fus ion a l g o r i t h m . 

cons iderr t he source images in F iy . h'.l d e p i r t i n y the same seeiic. W h i l e in the v i sua l nnaye 

" tt H y . ' U f a . ' it is h a r d to d i s t i n y u i s h t he person m e a m o u i b u m f r o m the baokyi. . m u d . t h i s 

p r i s o nn is c lear! v < l i iservahle in t he i n f r a red ; i l l i in ia ye of | •" i •_•. II. I.; h i . In .-on t r as t . l he easi ly 

d i seermo lee l i ackm-o imd il l I he v isua l i iUaye. Mich as t he fence. j> n e a l i v lUlpercept i i i l c m the IR 

ima'.i.e.. \ . iw 1 he quest ioU is how t. . eontl une hot h images iti a t l t i ioj i ie c o m posit e w i l i eh represents 

II he overa l l scene h . ' l t e f t h a n any of the t w o i n d i v i d u a l imam's . We sum Up e x p l i c i t l y some of' 

tt he d i f f i cu l t ie- t hat w. • e n c o u n i . a. 

•• ( ' o tnp len ieu i ary i n l o i i n a l i< m: some iniaL'.c f ea tmes appear :n on.- source lu i t not m ! he 

ott he i . e.y.. the- |i. 'f-.-,n in Km t i . I d a or t n . ' je nee in 1 iLy (,. 1: a :. 

•• ( ' d i l u t i o n lu l l con t ras t rev . ' i xa i i l i f o t n i a t l o n : t i i e t e ,ue \ a l i o u s dh iee ts and l ey io i i s tha t 

ocel l ii in ho ' li itll.i'.;es hu ! ',\ ii 1. i ij tposlt e f d l i l l a s l . .-.•.:.. paft o! t l ie o .of' o f t l;e ho!;>e . ,<• 1 he-

11 'Us hes at 1 he |e] 1 |, ,\\ : •]• < < if [ ; f ] \ d ' i l l is. I he d i feet a p[ )1",1 eh of a Vel'a ••_;. U i'_!. t f ;e s' '11 fee j U! a 'J, e S 

iss Hot sat l s f l f l o r v 
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Figuree 6.1: Examplt of source images to be fused: (a) visual image; (b) infrared image. Images 
courtesycourtesy of Alexander Toet. from TNO Human Factors Institute, Th( Netherlands. 

•• Disparity between sensors: input images conic from different types ol sensors which may 
havee different dynamic range and different resolution. Moreover, they may not be equally 
reliable.. If possible, such disparities have to be taken into account when comparing the 
contentt of the information in the images. 

Thiss is. by no means, an exhaustive list of problems that could arise. Furthermore, we should 
alsoo be aware of the inherent difficulties present in any image acquisition and analysis task: 
presencee of noise, sensor calibration or hardware limitations, to name a few. 

6.1.33 Application fields 

Imagee fusion is widely recognized as a valuable tool for improving overall system performance 
inn image-based application areas such as defense surveillance, remote sensing, medical imaging 
andd computer vision. We list some application fields and give some references to the relevant 
l i terature. . 

Military Military 
Historically,, military appears to be the first application area for image fusion. It covers 

subareass such as detection, identification and tracking of targets [6,10,149], mine detection [106, 
108].. tactical situation assessment [121.157]. and person authentication [109]. 

Fig.. ti.2 illustrates how information from visible and IR wavelength images can improve sit­
uationall  awareness in a typical pilotage scene. Note thai the IH image in Fig. 6.2(b) contains 
muchh of the road network details while the visual image in Fig. 6.2(a) provides horizon infor­
mationn and additional building and vegetation details. Xote also that the light spots appear 
onlyy in the visual image, where they are perceived as small dark blobs. Of different nature is 
thee glare effect on the IR image. This is due to common scanner interference and is usually 
perceivedd as a ripple effect. The composite image, shown in Fig. 6.2(c). contains the mosl 
salientt information from each sensor. 
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Figuree 6.2: Fusion of visual and IR images: (a) visual image; (b) IR image (<•) composite image 
obtainedobtained by a multiresolution fusion stratum (Section 6.2). Hen. a discrett tract lit  transform (2 
levels,levels, Daubechies (2,2)) ami a maximum selection ruk were employed. 

GtGt oscienct 
Thiss field concerns the earth study with satellite and aerial images (remote sensing) [115, 

119].. A major problem is interpretation and classification of images. The fusion of images from 
multiplee sensors allows the detection of roads, airports, mountainous areas, etc. [36.89. 159]. 

Inn remote sensing applications, there is often a difference in spatial or wavelength resolution 
bell  ween the images produced by different sensors. A typical example is the merging of a high-
resolutionn SPOT Panchromatic image with Landsat Thematic Mapper multispectral images. 
Thee Landsat spectral bands enable classification of objects and areas in the scene, while the high 
spatiall  resolution SPOT band provides a more accurate localization of the observed objects. A 
majorr challenge is to preserve the higher spatial resolution of the SPOT band without destroying 
thee spectral information content provided by the Landsat bands [35,120]. 

Fig.. 6.3 exemplifies the fusion of two bands of a multispectral scanner. Band f penetrates 
waterr and is useful for mapping along coastal areas, for soil-vegetation differentiation and for 
distinguishingg forest types, in Lig. 6.3(a), buildings, roads and different agricultural zones 
aree clearly discernible. Band 2 is more convenient for highlighting green vegetation and for 
detectingg water-land interfaces. In Fig. 6.3(b), the bay is sharply delineated. The composite 
imagee in Fig. 6.3(c) contributes to a better understanding of the objects observed and allows a 
moree accurate identification. 

MedicalMedical imaging 
fusionn ot multimodal images can be very useful for clinical applications such as diagnosis, 

modelingg of the human body or treatment planning [74,103,104,171]. 
Thee next example illustrates the usage of fusion in radiotherapy and skull surgery. Here, the 

informationn provided by magnetic resonance imaging (MRI) and X-ray computed tomography 
(CT)) is complementary. Normal and pathological soft tissues are better visualized by MRI 
(Lig.. 6.4(a)), while the structure of tissue bone is better visualized by CT (Fig. 6.4(b)). The 
compositee image, depicted in Lig. 6.4(c), not only provides salient information from both images 
simultaneously,, but also reveals the relative position of soft tissue with respect to the bone 
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fa)) (b) (c) 

Figuree 6.3: Fusion of multispectral images: (a) imagt from band 1: (b) imagt from bund 2: (c) 
compositecomposite image obtained by a mult ire solution fusion strategy (Section 6.2). In this case, a shift-
invariantinvariant disc.rett wavelet transform (2 levels, Davbechies (2.2)) and a maximum selection ride wen 
ii  mployt d. 

(a)) (b) (c) 

Figuree 6.4: Fusion of MR1 and CT images: (a) MR1 image: (b) CT image: (c) compositt imagt 
obtainedobtained by a multiresolution fusion strategy (Section 6.2). Here, a morphological pyramid (2 levels, 
opening-closingopening-closing and closing-opening filters) and a mmr/mum selection ruk were employed. 

structure. . 

RoboticsRobotics and industrial engineering 
Here,, fusion is commonly used to identify the environment in which the robot or intelligent 

systemm evolves [2.25 . It is also employed for navigation in order to avoid collisions and keep 
trackk of the trajectory [79, 112 . [mage fusion is also employed in industry, for example, for 
thee monitoring of factories or production lines [95], or for quality and defeel inspection of 
productss 121 . 

Fig.. 6.5 shows how fusion can be used to extend the effective depth of field3 of a vision 
system.. Due to the limited depth of field of optical lenses, it is often not possible to gel an 

''Thee depth of field is the range of distance from a camera that is acceptably sharp in the image obtained by 
thaii  camera. 
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Figuree 6.5: Fusion of out-of-focus images: (a) image with focus on tht right; (b) imagt with focus on 
thethe left; (c) compositt irnagi obtained by a multiresolution fusion strategy (Section 6.2). In this case, 
aa Laplacian pyramid (3 levels) and a maximum selection rult were employed. 

imagee with all objects in focus. One way to overcome this problem is to take several recordings 
withh different focus points and combine I hem into a single composite which conl ains i he focused 
regionss of all input images. This could be useful, for example, in digital camera design or in 
industriall  inspection applications when1 the need to visualize objects at very short distances 
complicatess the preservation of the depth of field. 

6.1.44 Fusion techniques 

Theree are various techniques for image fusion, even at the pixel level [115]. The selection oi the 
appropriatee one depends st rongly on the type of application. Here, we outline some of the most 
commonlyy used techniques in pixel fusion. We have grouped them into lour major categories; 
however,, this is a rather loose classification since these categories do overlap in various ways. 

WtWt ighted combination 
AA simple approach for fusion consists of synthesizing the composite image by averaging 

correspondingg pixels of the image sources. An 'optimal' weighting can be determined, for 
example,, by a principal component analysis of the correlation or covariance matrix of the 
sourcess [122]. The weightings for each input are obtained from the eigenvector corresponding 
too the largest eigenvalue. Variations of this method and other arithmetic signal combinations 
aree numerous [8, s7 . 

ColCol o i- spa a fusion 

Imagee fusion by color transformations takes advantage of the possibility of representing data 
inn different color channels. The simplest technique is to map the data from a sensor to a partic­
ularr color channel. Many different band combinations and color spaces can be applied [158,167 . 
Thee challenge is to generate an intuitive, meaningful, color, composite image. Moreover, pseu­
docolorr mappings can help to identify sensor-specific details in a composite image. That is. the 
usee of color can be used to identify which sensor generated the features appearing in the com-
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Figuree 6.6: MR image fusion scheme. Left: MR transform <!*  of thi sources; middle: combination in 
thethe transform domain: right: inverst MR transform * ' of the composite representation. 

Inn the literal urc one finds several variants of the MR fusion scheme. In what follows, we 
presentt a general framework which encompasses most of them. Section 6.2.2 describes the 
variouss modules of the framework. Some of the existing algorithms that fit within our frame­
workk are reviewed in Section 6.3. Examples of such schemes as well as other implementation 
alternativess are given in Section 6.4. 

Itt is to be noted that our fusion framework has been partially inspired by the MR fusion 
methodologyy proposed by Zhang and Blum in [175]. 

6.2.11 Notation 
Wee fix some notation for MR image decompositions. As we have seen in Chapter 2. an input 
imagee x° can be represented by a sequence of detail images at different levels of resolution along 
withh the coarsest approximation image. Henceforth, the MR decomposition of an image x° is 
denotedd by y and it is assumed to be of the form: 

yy = {yl.y2 yK..xK). (6-1) 

Heree xK represents the approximation image at the highest level (lowest resolution) of the MR 
structure,, while images //', k = 1 A', represent the detail images at kwel k. The detail at 
levell  /•' will , in general, comprise various frequency or orientation bands, depending on the type 
off  MR transform that has been used. We assume henceforth that yk is composed of P detail 
images,, i.e.. yk = (yfc(-|l) y k ( - \ P ) } -

Leii  I'f and Ik(p) denote the domain of xk and yk{-\p) respectively. As in previous chapters. 
wee use the vector coordinate n = (/??. n)1 to index the location of the coefficient. Then. xk(n), 
where?? n € Ik. represents the approximation coefficient at location n within level k. Similarly, 
yykk(n\p).(n\p). where n e •/,*(/>). represents the detail coefficient at location n within level k and 
bandd p. Note that /': is not necessarily equal to /';'(/'). In the pyramid case, for example, yk 

representss a detail image of the same size as xk~l, while in the standard wavelet transform 
yykk(-\p)(-\p) is a detail image oï the same dimensions as xk. Note also that in most eases Ik(p) does 
nott depend on p. 

Forr convenience, we will sometimes denote the approximation image xk by //'(-JO). In 
thiss way, we can use the general expression of yk{-\p) to refer both to the detail images (for 
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pp = 1 P) and the approximat ion image (for p 0). If no confusion is possible, we wil l use 
thee shorthand notation (•) to denote {n\p): e.g.. we wil l write //'(•) rather than yk(n\p). 

6.2.22 The general framework 

Inn I- ig. G.7 we sin iw a m< >re del ailed version of I he fusion scheme < >! Fig. 6.6. in which i he com­
binationn algorithm has been specified. In our framework, the combination algorithm consists 
off  four modules: the activity and match measures extract information from the MR decom­
positionss oi the inpul images, which is then used by the decision* and combination maps to 
computee the MR decomposition in of the composite image. Below, we give a shorl description 
off  each of the building blocks. Note however, that some of them, such as the "match block', 
aree opt ional. 

, , 
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aa A 
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Maii eh 
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W W 
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•• 11F 
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"n "n 
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FF igure 6.7: Gt ni ric. pm I based MR fusion scheme with two inpul sources .r  , and XB- and out output 
romposittrompositt imagt Xf . 

MRMR analysis I  ll'  I 
Thee analysis block computes an MR decomposition of the input sources .;.. S £ S, where 

SS is the index set of source images. For every input xs we obtain its MR representation 
ysys = lI'(•''>•)• with ys having the form defined in (6.1 ). That is, 

ysys Uily's Us-usW}. 
'' rhis decision map has nothing n< do with the decision map used in previous chapters. 
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\ « J | CC I ! I , IT o t he r hu- tors n i i iy t ic i n c c r p u n i i c d A r i j i c fus ion ru les. In p a r t i c u l a r , i f some 

p r i o rr know ledge i.s ava i lab le , al l i l i c fus ion I ..locks r a n use Mich i n f o r m a t i o n t o i m p r o v e fus ion 

p e r f o r m a n c e .. Kor ins tance , w h e n con i l . inii iL; t he source coef f ic ients , the we igh ts assigned t o 
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I.VV l l l e a p p l i c a t i o n . At t he sal l ie t i m e , t i l e cha rac te r i s t i cs of (he fcsl l il i l l ' j , c o m p o s i t e i l l l aye 
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m i dd :i.-v t : n - !- '-.(•] her wi t I, r j ic a r t i v i t v t... < lei e r m i n e t he wekqns. o l i ii< • waYclei r < >etfieient.- h u m 

enenn -on h e . i ) h - r . n e i hai i h i - i tere, • j n UM! d i - i a n e e i.- dir t-ci lv re la ted f> ; he matehma; measure: 
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mvenn 1 'Y .•;• ; (/.'"•. • .) 1 :r,,;[/!'• ' . • ' : ) • r/''': • i. w i t h : 
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ïd . - .. ü . v .e . i l l us t ra tes t he i n - i o n a l - o n t h m proposed hv Mi n T and l \o ] r /» .nsk i in 21 . Hor*-. 
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6.55 Adaptive M R schemes for image fusion 
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da taa in . d o -;ei a r o u n d t his p r o h l e m . •,.•,,• look for ., jo int M R t r n - P i n i w lm h is a d a p t e d ><-• ,dl 
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MM |. !es ' - f - - - i - l e e . i ! ni.- i .yaii .- i 



11 të ClCl ipter 6. Multiresolution irnayt fusion 

Figuree 6.8: Examples affusion by som< existing methods: (a) avemge; (b) weighted averagt by PCA, 
(c)(c) Bvil's method: (d) Toet's method: (i Burl ami Kolczynski's method: (f) I.' ei al.'s method. 
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Figuree 6.9: Examples of fusion by other methods: (a) steerabk pyramid with Burl and Kolczynski's 
combinationcombination algorithm; (b) undecimated DWT with Hurl and Kolczynski's combination algorithm and 
consistencyconsistency verification. For (c)-(f), the combination algorithm is (6.7)-(6.8) and th< MR decom­
positionspositions are: (c) median pyramid: (d) ratio-o f-median pyramid; (e) max-lifting wavelet schemt (in 
quincunxquincunx lattice); If) linear lifting with Nevillt filters wavelet schemt tin quincunx lattice). 
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0.5.11 Case1 stiulios 
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l i i a x n u i i r nn , - e i e c t i i .a r a l e as i n i i j . ü . 'I l i e M M T v i a n p i . - i i n -.n ••//• is a i \ e i t e d 'Uv r e v e r i in . ' j ' h e 

l i f tt it i a.. > i e p s T ' s c r i h e i l a l n i \ e . I n p a r l i c a i a r . the- i n v i • ] • - ; " ] ) < it' t he u p ' l a t e l i f t in.i1, s t e p is L ' j \ e i ; h v 
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1111 l l a - a<-, M M , , n.;aa s l ; " u l h f ;et ! „ • , u a h a e l a ' i tn tl,< 
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' . e b .. .\<Uii>!ir< MIt *<•!>• / - / - > f,.r / . ' . ' M ; . / ' y V w w f ] .") J 

wheree ••/,( — D) • n . and ,,• <• i i • ] ]( , ] . ' - I he - u h i r , i n ion w h n h invor i s ••.,. "1 he c o m p o s i t e i m a - e is 

,jj / ••• ..'•',' . ('1 >i i-iiin'il IV' uu nn'i '.^ii iu. .r',[ r w i t h / / ; ' ; . 

I l ll Ui»' tv. u tn>t si mulat i' -lis. y > i. !.>_:.; al»- c o m p u t e d as de.seribed in Kx iJ f ' i inn- t i t L T V i .e . 

IK'.n.IK'.n. ! • i>[ r'.-' n :) .- / y . .-•' - . 1 . i> . i f i . i a t 

wh i ' t vv r'v ï- t i n ' u rnd i i ' i i t veetni ' at h-\*• I // and p i- t he we i i d i i ed Kne t idean i m r u i : 

"i"i''  fêr'Jr^"' J,),J' 
T h ee i ih' ' !>- Used in t he u p d a t e l i i n n i : > tcp are also i he same a,s in K x p e n m e n t 4.'2.a i i .e . . a 

weightt i-d a v e i a - e l'.ai' il - !) al ld the id- 'tit il v ti lt ('f t n ï il 1 j . \ o t e 1 ha t l l iese f i l te rs atv ehoseti 

i l ll sU 'h a ua> t hat I he a d a p t i v e scheme -a l i n i e s t l ie t h i esho ld er i l i ' f i i >n Isee I ' n ip<t.sil ju l i l . T b ; . 

H o w e v e r ,, .s ince f a r t 11' ' !" ' ' ( 'ui 1st t 'U' 't ii )] 1 We H M ' a -J.ivell d e c i s i o n I t l i i p , We c o u l d h a v e r h o s e l ] a l i V 

o t h e rr t i t t e l s , l l e e a l l t i l . l t i l l p r e v i n l l s e h a p l e | > . t h e t h r e s h o l d e r i t e r i u i l w a s i l t l p o r l a i l t i l l o l d e r 

11 ( J i ' U M l f i • p e r i eet p ' e o i l s l 1 U e l i o l i w i l h u l l I t l i e t iee '1 t u f b u i ik ke i 'j l i l le , . l i l 1 I l l s Seel H H l . W' ' ' I ' ) S to l ' ' ' 

i h ee d i v i s i o n s w e m a k e l u l ' t h e U p d a t e f i l l e r s . '1 ' i i i s 1 )' >' t k k e ' ' p i l l ' j , .'as lo t IL', as We a t e Uut e n t i e e n i 

a«ll )•: Jill l l l e l i l i >1\' st i i i a ' ^ e i n t h e s y s t e m i is i l " 1 a sel ' i i >l IS i s s l l e i t ! l ] i ) , i ; : i • t u s i o m h ' U V c V i T , 

Casee 1: / ) , as t he ' u n i o n ' o f / > , . !),-, - F i ^ . ti.10 
l i tt 'i h i s e \ a m p l e , w e c o n s i d e r t h e f u s i o n u[ a m a _ ; l i e l ie | V M I I )alK ë i n l a g e : A I I M I a n d a ei.,n i p n t e f 

i ii >uiournphv : ( ' ] ' ; i n ia^e ; see t u p row of I 'm. II. 10. At ear l i leve! ./,'. we o b t a i n t he i r i i ^ p . r t ive 

u p d a t ee d e i i - m i i maps IJ1]. D), a.s desc r ibed ahei\'e. u s i n ^ 'i~\ H). "//; u0. W e have i]M-d 

' l i i l t ' i v n ll I h i e n f o l d s b e c a u s e u l ' t i l ' ' d i f f e r ' ' t i e . ' s l a t i-t ie> of' [ h e i m a g e s . ' J ' h e l l , w e eon.-, I m e t 1 h e 

jii l inl di ' i isii iti m a p i)'i t 'V 

/ ' e f HH - i n n x i / ï ' i ' t / i . J)"j,[ u ; \ . 

Sincee [)^: ii : •" ] 1.1. 1 \. t l ie p rev ious express ion means t iiat !.)',• is o b t a i n e d a.s t he u n i o n " of' H\ 

a ia ll [)';.. 
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W ee e . t i i o l j s e i \ - e I h a t t i n ' eo t 11 p o s l t'' ' ima;_i,e o ! it a l tn. ' i 1 I A' t he a d a p t i v e si " I n ' m e i l i l ' e i s a ,^i i in 1 

ii o i i i j i f o m i s e eoit i j iar i . 'd i n i ts t ioi i-ada]>t i \e e n i n l e r p a r m It ïednee.s b o t h \}\r b l n r r i i m ;md 

! l l : .m i l . ' jj o l I j l e n u l l - a d a p t i v e ei a n ] ) ' ' S i t e ima'_',e w i t h 'I 0 . a n d i l l ' ' l A< >ekl l i ; . ; al'1 i t 'ae! s of' i k e 

t i o t ii a d a p t ] \ . ' ei i i n p o s i l e iina'..'.e w i t h ' / ! . 

Casee 2: Pr ;is t h r - i n l c r s r r t i o n " of I)-,. Ih; - Fig. (i.11 
M e r ee We 1 - i ke -^ s i H l f c r v t i n ' ima.L',('s s l l O W l ; a ! t h e l o p l'i >w o f Id'J,. 0. I I . W e o b i a i l l !>\. / ^ i l l 

thee same wav as be jure but w i t h / ; / / ; 10. W'e rus is i rner t i ie joint n p d a l e deei.sioti m a p 

bv v 

/ • ' ' • • tt ft ': • n i i t : { / / ' . • ' • ƒ / j . ƒ> ; . , ; n \\ . 



T h a -- is. D', ï- d m 'u : t . •!><•! l i o n ' - ,f t he i n d i v i d u a l u; jd. i t»' - i n m i . m m a p - . T h i s i m p l m - that on lv 

ü'' I j . il i i i npu t naam-s have Ü laixm madi<'i i t l m t i i t e n t m lakes p lace, i.e.. . ; \ ' n ' - r'l: ' 2/7 . 

T h ee m - u l t s a.re d , o w n in b i w «!.: l . \ ' ; f ' ' h a t t he o >i:i| ̂  ,-u e i m a m »tl a aim »i w i t h the 

a d a p t i v ee a p p o. -a<h [\r-'U i l l i a U - ' o* t i l - — i •! H ] Ui1.'/ ' is - n ü l i k i r r ( .. : | .e , ,|:, • o b t a i n e d w i t i l ÜK ' ! : ' • ! ! -

a d a p tt ] \ e d e c o n i p . >Mt 1' ' l i -W i l l : ' / — D h f l U n a i O ' <'i l i l ' 1 • • >T T • -ï: l 1"W l i l ' h e d . o : j e e , ; ] ; l u l v s . r 

ii h l - s i i u i l a n r v I A msm ei urn t in }•• m.i a n d a m - h-emon HJÜI I> w h i c h . .->] u 'md lv 1' .r hm I k v a s . 

L'.ivf'' i! !.! j'i »• 1!i. - t "• 'i •: • T 1< J l i - . b i i e s] : ; , ;oi h ! ÏIL' " ! l e c l " I 1 I.' t i i t ' T f< .Vl-.'^pi . l l d i l i L ' t " ' / - I ' 1- '< 11 1' < s 

ii i i i - , i l i , i > i \ j and t lif • o - o u t l m b h . k i m mt it a ei - • l.,i] • au •. ,-m ; i-m-f i \e in i i r •• mi m< -sim naam • 

- . l i ll a i m d w i l h ! l>: i - ' l •-/ I ' r i - ! i t i l :..::.;•• ...f ' i n - h . t t o i u n a v '•. l' > 1 i ! i;> • i '1 i n r j i,:! n I. H m l a l t ' t 

I-II ' H l p o s ! ' - ' J C l . l ' i ' - p r - ' s e i j t s | i ' ^ l U m i m .. 1 f ! h n T -. ; h ; i j i T ] L H o l i e o b t a i n e d W i l l . H x e d - / H [ h l -

fill.L'JllLJ.. is ! ! J " s t ! , ! « | n ' ; i | i k i l ; i l ; . ' i n n i/<..;; I ; i | <d_i..- jUs l a b o V i l l n - d i '_ , l ' ' \'2' SilK. i ' t i l ! - ' d - e is 

• s l i n i i ' jj \: •>,- :... i l i i i i : ; u;t n i i . i u . - . it is j iimi r w d by i in- j - -nu adapt we > l m >i ] J Ï >< isil n ai I In-n ••< ,yi •. 

t i n 11 c o m p o s i t e ! . i ; ! ( i - ! - o b t a i n e d w i t i l Oje ,-n l a p t 1 \ i • Ml >j >] ' i;-< h ; i V " n i r - l i l . ' ! ü ; - . ; i i ' : -s- Vu'11 .l> ! t n ' 

!>l(ickill.>22 .Ui iiVu-t.-. 

Cas ee u: cumb in in ^  l inea r an d morphologica l decomposit ion s - F ig . 6.12 
h ii r h i s i 'X;ui i ] ) le i h u u p d a t u dcc i s i o i : ni;-i|) . t l t f - n i ï i i o I n ' l w i - r i : t w o d i f i e r e m t i l lur.- : a i i a v r a , ^ . -

t i l ll I T !'(.>]• texture- reuiuiss ï il — 0) a n d a med ian- h a ^ c d ' ' ti lt er i'ur a l l mln- i - reu, ir HI.-, I r / — I "i. I lic-

d i o i ii v »if l hu t i l l i-r is m a d e a eei i n l i n e •••> t he text i l i c e r i te r i i m p p iposed n. aü . I ! i i ^ r r i t e r i u i i is 

basedd " i i l l i e ]>iejuise' i i i , u t e x t u r e ïv.Ljji HIS. l i a \ e a l i i ^ l i l u ra i va r i ance m a l l d i i i -c l ii nis. 

dd lee ro inpos i tc - i n lage i j h t a i n e d iisin.Li t i l l s ap] ) ruael i is - . l iuwi i a! rhc left o f t he m i d d l e r<>\\ 

uff T •' i t1 i i. I 2. Hi 're. va' have eon-adered l wi > levels nf iiei.i m i| n >sit n ms. T I n - nun -adap t ] \ e cu im-

t e r p a r t ss are shmv i ] in 1 he l ioTToni n >v.\ (.'Jlisrrve t h a t . aü.ain. 'A l th the a d a p t i v e app roaeh . hot i l 

i ' i i i.^tii,^^ and b l o c k i n g a i l i t a r t s have f-c>ti.-i<lr'-l-it 1 :• t>" decreased w h e n c o m p a r e d (o t he j i na^cs ob­

t a i n e dd w i t h t i l e n o n - a d a p t ive app roach ' » . 

6.5.22 Discussion 

Ti ie>ee j H e l m a u a i ' v e x p e r i m e n t s slmw tiif it t i ie use of a d a p i i w r r a n s f o i n i s m.iv re>idt in a sii.^ht 

r e d n e t i t - uu < >t m t i f a e t - w h e n i.-oinpaiea o . the i r n< .n-ad- i ja ivr- ( . a m t e i p n r ! -•. Howe-ver. a t ho r -

o i m i ll ili '. 'e-t iuat ii ai i> needed i l l " l d ' i 1 < > t i nd di'< i n:ip"^:1 i " l is w in* h i an out |>e;'oi m s f -U ida id 

t r a i i s t o r i u ss tor nna;j.e fus ion such as :::•:• Lapha ran ] ) \ r a n i i d . 

(( ) h \ a " i i - i v . t he ci -list n let i " l l " f t h " Jul 111 adap l ive - lecoi i ipo- i t a .|] is a key fai t--r Wti ic i l needs 

f u r t h e rr ri'sra..ieh. ( 'm ien i |v we eon- i rne f t he jo in t u p d a t e dec is ion m a p f r o m ihe independen t 

u p d a t ee dec is ion m a p s of t he d i f ferent .-..anves. H o w e \ e r . we can a h - t h i n k ot co i i i j a i t ini '. sueh 

jo in tt decisir H! u j - p i ,y sii i iujt ,uie( iiis;\- d c d v z i m : d ie , ou ! ' i e - ] he choice of i |)c hit em is -mother 
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F iguree 6.10: Cast I. Top: MRI (left) anil CT I right) input images. Middle composite image in the 
adaptiveadaptive cast (left) and joint updatt decision maps (right) D\:. Df . Df. Df. Bottom: composite images in 
tintin non-adaptivt cases with d = 0 (left) and d = 1 (right). 
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Figuree 6.11: Cast 2. Top: out-of-focus input images. Middle: compositt imagt in the adaptivt 
castcast (left) and joint updatt decision mops (right) I)).-. Dp. Dp. Bottom: compositt images in tht 
non-adaptivenon-adaptive casts with d = 0 (left) andd= 1 (right). 
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Figuree 6.12: Case 3. Top: MR! (left) and CT (right) input images. Middle: composite image in tin 
adaptiveadaptive case (left) and joint updaU decision maps (right) D\.-. Df-. Bottom: composite image in tin 
non-adaptivenon-adaptive cases with d — 0 (left) mul d = 1 (rigid). Here d — 0 corresponds to an average filter. 
whilewhile d = 1 to a median-based filter. 





Chapterr 7 

Region-basedd multiresolution image fusion 

II  'he , i ].'_!,"!• ii i n ns b a s ed on mi ;h i ivMihi i ma : M b ! : t< c l m t q ü es t hai we h a ve d i s c u s s ed in t he p re­

v i o uss e l i a p l e ]' ,UV m a l t . lv p i x e h h n s ed a p p r o a c h es w h e re r ; ! ( l , i n d i v i d u al ('of ' tHr ienf of Til e \[\\ 

(1<< ••(.-. !!)[p ' 'S!! loll In] ' poSs ibK' t he c o e f f i c i e nt il l ,] Slüiil l t ïxeil w i n d ow ! is t r e a t ed m o re or k's.S in-

d e p e u d e n!!  !w i l . .w-'ViT. ior ia...-! . it Li' • T a l l. j taa' j .r fus ion ; ipp I ieat i ons, u s e e ms an in • m e a n i md ui 

' ""  (' • 11! 1.11:. • ob jec t -, cat har ' h a il p i xe l s, h .] e \ a m p; e. in I l i e in pal i n t a k es d e p i e l ed in I MI; , la. 1 . 

aa co in p o sh a ims ; ;e f , •> 11 a i I j i 1 a; o bi e a ts s!K 1: ,iS 1 lit • in . IX ' . r hr b u s h e s, t he 11 i l ls , off a. as Wall a.s 

' h aa par . -on i ron; t he II ! - . . i n c .' a nd l a .' fence f rom 1 h« • v i s u al s o m v a, w o u ld r e p r e - e ni a r a t h er 

a c c u r a tee d: sc r i pt j< .a of u;,.. a t id< r! \ i i ; - sa . 'na. T h e r e f o r e, u h r i i fiiMii. ü ; hose i m a g e s, it is rea­

s o n a b lee ii i .-oa.-adi't- i he p i x e l- w h i ch i -oiisl it \\T< • ! | :e -e o b j e c ts as ' ' t i l i t l o i n s t e ad of c o m b i n i m; 

t i l ' 11 p i xe ls Wit i l "u ; I<M>']'.'1U<' I u t he o b j e. 1 : h av beli,h.'J, l o. A s all i n l a n i i a d i a ra .-la]) f rom p i x oh 

i i asadd l o W a lb : .1 . ji -a! - hnsi 'b i'llsioU -oh. ' l i lc- .. . .|ia m av c o n s i d er l .vciou b a s ed a p p r o a c h e s. Sl i r i l 

a p p r o a e h a-- h ; i \v [i n a d d i t i o n al a d v a n t a ge I ha! ' he fus ion | i i n i v » b e c o m e .- m o ra r o b u st a nd 

laaVV h e lp ; .. a ! i ' a i ; i u \enl Soma of l i i a \vi a!- k l i ow l ; < I rawl sacks of ])i Xel-I U s ed I e c l n n qi les. Mlell as 

hhirr i i mm . d el s and iii.^h sen- iuvil v to IMI- I and uilsra-ist tat ion. 

Il ll  t i l l - r l i a p t e f. We il l t l 'O.i l l ' a a 1 lev; 11 •L'.lo! id ia-i '. I a p p l ' o a a |; to MM J'ilS.ioll Which i 'OI1,1 )i I ITS 

, i - p e o tss ,:\ l e a l me a nd p ixaj t n - i om 'I ' i i a !>,isie idea is t o li|ii]r l a s e g m e n t a t i on b a s ed oil all 

diii 'elVii tt .-...lit i'a U i i a -a- .! ! L r J to Use Ma- -- 'J „1: lei it a ] iol i to - H i de ! ha c o m b i n a t i on prooo.-v-. A 

maa ]or difference •..>..-;! h . .1 her axis' uw rc-j, i iebas. 'd a|>pi < -ache- HP,. 17 1 j> t hat d n ' M- ü iat inü 

performedd :- : :/• m ••,•/,'.'--..,•,•,•,, . ui the sense i hat ,, ,/;.,,ƒ, -e^nicnlai ion is obta ined fn>m all 

ihee in|)u; ina.-as, and WM •a////a< • a: ^ ; . .a in l ha s o a i- lhat it t> computed in an Ml-! fashion 

'' 1 hi is. We do not m c r e lv ' - o i n p u la it id' h e ; . d e nt . e ^ n a il at iol i s . ,] i m a - cs at d i f ferent i 'a-oiut ions , 

korr i i is lan.e. in 171 the n ^ i ms arc ob tamed bv -e'j .ment hji; : independent !\-) each of dr-

a])proxi !U, ill  ii ui illia'J.as .. '^ a nd !>',• e v p ], >[t  i l; L; t !i a t r e a - s t i n e: u re in t he d a a o m p n s i! jon: eyi'iA 

dat , i lll  aoaf l iai .-nt i/'i-:-  Is a s s i g n ed !o a 1'^.ion in .r  ̂ . 



7.11 The overall scheme: from pixels to regions 

7.1.11 I n t r o d u c t i o n 
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Figuree 7.1: Generic region-based MR fusion scheme with two input sources .rA and xB, and one 
outputoutput compositi image ./•/ . 

7.1.33 Combination algorithm 

Sincee the building blocks of the combination algorithm in the region-based approach are essen­
tiallyy the same as in the pixel-based case, the combination algorithms discussed in Chapter 6 
cann be easily extended to the region-based approach. For example, we can define the activity 
off  each region R G Rk in </k

s(-[p) by 

a%(R\v)a%(R\v) = *|P)=miX>!( nb), , 7.1 1 

wheree \R\ is the area of region R. Similarly, we can define the match measure of each region 
RR £ 7vA' in the image bands //',(-|/d and yB(-\p) by 

mmABAB(R\p)(R\p) = r^^2mAB{n\p). 
'i 'i 

(7.2) ) 
,i,i a 

Givenn these measures, the decision map can be constructed in several ways as discussed 
inn Section 6.2.7, with the only difference that a$(R\p), mk

AB(R\p) are used instead of ak
s{n\p). 
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F iguree 7.2: A diagram illastratiiuj linkina relationships, h'.i/.. pixel A is the parent of children a. b 
andand c, and il  is also the child of pixel I. 

declaredd as roots, the size of the neighborhood in which children can look for a parent to link 
to,, the attr ibute thai is being \\MH\ (e.g., gray value, edge, local texture), etc. 

Ass a result, a general pyramid linking method is hard to define, and most research has been 
focusedd on specific problems or aspects. Two major problems are the enforcement of connec­
tivit yy in the .segmented regions and the root labeling. The hist problem arises from the fact 
thaii  standard algorithms do not guarantee connectivity of regions. Pixels which are adjacent 
att some higher level do not necessarily represent adjacent regions at the lower levels. This can 
causee the creation of disconnected regions at the bottom level. To avoid such anomalies, one 
cann use the connectivity preservation criteria proposed by Nacken in 11.'!. The second prob­
lemm concerns root characterization. In Burt's original approach, only pixels at the top kwel are 
definedd as roots, and therefore, the number of segments (which equals the number of roots) is 
fixed.fixed. Posterior approaches avoid such a prior choice and define roots as those pixels which are 
nott linked "strongly" enough to a parent [75,164]. Now, the problem of root characterization is 
reducedd to the definition of link strength and the choice of a root labeling threshold. 

7.2.22 M R segmentation algorithm using linking 

Ourr basic algorithm follows the classical '50% overlapping 1 x -1' structure [20]. This means 
thaii  each parent is derived from the pixels in the 1 x 1 neighborhood immediately below it. and 
thiss neighborhood overlaps 509c of thai of its 1 neighbors. Thus, each pixel has lb' candidate 
childrenn and each child up to 4 candidate parents: see Fig. 7.3. The bottom of the pyramid 
correspondss to level zero and. for simplicity, is assumed to be of size N x N with N a power of 
2.. The highest level is considered to be KM = l'>(/>-^'  — P 

Att each level k. the pixels are indexed by I he vector n = (m, n)1. where m. n = 0 £ — 1. 
Wee denote by C(n) the set of candidate children of pixel n at level k > 0; that is. 

C(n)C(n) = {(m',n') | m'e{2m- 1,2m,2m i- 1,2m + 2},n' e{2n - l ,2n ,2n H L,2rH 2 } } . 

Similarly,, we denote by V(n) the set of candidate parents of pixel n at level k < KM'-

P ( n)) = { ( m , n O | m ' € { L ^ ^ 0 J } } . 

wheree [_-J denotes the integer part of the enclosed value. We define the receptive field of a pixel 
nn as the set of pixels at level zero thai belong to the same tree as n. 
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Figuree 7.3: Parent-child relations. Thi dark pixel at the lower level should choost a parent within the 
44 candidate pan/its at the next finer level. Each of the candidate parents has 16 children. E.g.. tin 
bottom-leftbottom-left gray pixel at tht finer level has as children thi pixels shaded in gray in tin lower level. 

Too each pixel we associate one or more variables representing the attributes on which the 
segmentationn wil l be based. In this study, we assign to each pixel n at level k its grayscale 
valuee xk(n), and the area Ak(n) of its receptive held. 

Considerr an input image x = x°. Our pyramid segmentation algorithm consists of three 
steps. . 

1.1. Initialization 
Wee associate to each pixel n at level zero the gray value x°(ra) of the original image, and to 
eachh pixel n at level k > 0 a gray value xk(n) computed from the average of the gray values of 
itss candidate children: 

n'<n'<  C\ a 

2.2. Linking 

(a)) Pixel linking and root labeling. 

Forr each child, a suitable parent is sought among the candidate parents: it is linked to 
itss most -similar' parent or it heroines a root (see below). Here, 'similarity' is based on 
grayscalee proximity. A distance measure between the child and each of its four candidate 
parentss is computed. A link is established with the parent that minimizes that distance. 
Itt may occur that more than one candidate parent minimizes the distance measure. In 
thiss case we arbitrarily pick one of them. A simple choice for the distance measure is the 
absolutee difference in grayscale. Examples of other distances can be found in [113,164]. 

Inn our approach, we perform the root labeling within the linking step. That is. when 
tryingg to link to a parent, the link is not established if the minimal distance is above 
somee threshold. In such a case the pixel is labeled as a root (thus, it is not considered to 
bee a child any more). We refer to [75.164] for other alternatives. 
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compositee image (bottom-righl of Fig. 7.4) there is less contrast between the person and the 
backgroundd than in the IR image. This is due to the fact that the approximation images at 
thee coarsest level are averaged, i.e.. no region information has been used there, 

Figuree 7.4: Case 1. Top: visual (left) and IR (right) input images. Middle: segmentation (left and 
decisiondecision map (right) at level L; Bottom: segmentation '• ft and decision map (middle) at level2, and 
composittcompositt imagi (right). 
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t n e t i tt at i o n . t h e \ i - l l a l p e r i l i l U l a U c e [- s u r p r i s i m t . i v '. d . T h i s - U r e s i s t h a t l i i e ]V; j . ioU-! i ;ssc-d 

approachh ; ii < .posed hi 're r a n at least 1 >e con ipr ' l i t i ve wit ii d ajt in. r|e likc-h' f üit pet f " i n i :• ot her 

M I \\ fusii .ii i echiii<|i;i •.-. 

' I ' I n 11 i l i i ] n ' [ l a n c e o f t h e \"al l o l l s ]>a lau i< t e i ^ i l l • •: j 1" . I p.( i f oa r l l ! - a t o p i c t h a i n e e d s m u c h m o r e 

i u \\ est iu.at ii HI. In par; i c i i la r . m i r M M MS segment at ion is w r v >eu- i t ; \ r - !o the rout I n h e ü u g 

c r i t e r i aa a l i d t he t h n s i l o l r 1 p r o p i ised i n S e c t i o n 7/2/2 d o e s n o t a l w a y s yjv a sa t is f ac t oV\ s e u i l U ' I l -

t a tt i o n . 
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Figuree 7.5: Cast '2. Top: multi-focus input images. Second row: segmentation (left) and decision 
mapmap (right) at level 1. Third row: composite images with pixel-based (left) and region-based (right) 
approach.approach. Bottom: filtered decision map (left) and corresponding composite imagt (right). 
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Figuree 7.6: Cast 3. Top: MR1 (left) and CT (right) input images. Second row: segmentation (left) 
andand derision map (right) at levi 11. Third row: segmt ntation (left) and decision map (middlt I at l<  vels 
22 and 3, and composite image (right). Bottom: pixel-based (left) and region-based (right) compositt 
imagesimages with pixel-wint average combination f or tin approximation images. 



Chapterr 8 
Performancee assessment in image fusion 

T h ee w idesp read use (>f una ' ie f n - i o n met In." Is. in m i l i t a r y app l i ca t ion - . , in su rve i l l ance , in med i ca l 

dia.-jjln.-tt ics, etc. . ha - led i n an i i K 'i s L; s î i l'L; i n •< -< 1 for pt -rt i in 'tit p! T!< » J " I I L a I I < • H • i >i ((i if i l i l y assos-niont 

l u i i l ^^ i i ; o l d e r ' o c o m p a r e n-snl ts o b t a i n e d w i t h d i f ferent ahj,uril h m - or t i . o l i j a i n an o p t i m a l 

set:: ui1.1, of p a r a m e t e r - j'oi ,1 - i v i ' i i hi.^ioi! . iku >ril Inn . 

i l ll t l l u s t case. - . i l l l i i ' J J ' l u s i i - l l l - n l i h ;i p r e p a r a t o r y s t e p t o -Ol l l .e s p e ( Ui l t a s k S U f h as i l U l l i n t i 

n i '' ü lit i ndiiu.. and r l iu. i the pc' i to i n i . i i i cc of t he fus ion a l g o r i t h m has t " he iiio.-i.-.iü'i'd in term.- >>| 

i m p r o v e m e n tt o f t h e - l i h s e q u e n t T a^k.-- Y < >Y ' '_N a I I I p i ' •. i l l ('|; i ss i f ] (71 f Ï < • 1J t a s k s . .1 e u l u j l i o l l ' 'Val 11,-i • 

t i o nn m e a s u r e is t h e p e r c e n t , m e of c o r r e c t < l a s - i f i( a l i o U s . I h i - - r e q u i r e - l l l . l t l l i r ' 1 11H •' c o r r e c t 

c lass i f i ca t ionss arc kn-. \v i ! . l:i expe r imen t al > ' i i i [ b . however , t he a v a i l a h i l m o; ,i - n amd--l rut Is 

iss imi gua ran teed . 

Inn I hi.- chap te r , we iui i . iv u i : general p e r f o r m a n c e measures w h i c h can he c o m p u t e d inde­

p e n d e n t l yy of 1 he subsequent l a - k . M o l e p rec i se ly we are i n te res ted in measures tha t express 

tt h e M i e r e n f u l n e s s o f a l l U l l a g e f i r - t o n t e c h n i q u e !>Y t l i e e x t e n t t h a t i t c r e a t e - a c o i i i p o - . i l e i h a t 

retain.--- - a l i en ! l n fo i t ua t ion tt 'oiu t l ie source- wh i l e i i i i i n m i . / i m i t he nu in l i e r of a r t i f a c t s or i he 

a tno imtt <>' d is l o r i Ion d i a l cou ld in ter fere w i t h int e r p r e t a ' ion . 

Inn Sect ion >. 1. we- present a i un •)' sum m a n of rhe ,-i ai o-of- i l ie (-,rl met h o d - i ; >! u i e a - m i u ^ 

fu.-iot:: ] )e r to rmane ' . In Sec t ion V l \ we pro])o.-e th ree va r i an ts of a new q u a l i t y measure for 

i ina-jee fus ion , l i t e ini ere.-,! ot <inr ineasures. w i n c h are Iiased on an it tiaLo • qua l i t \ ' i ndex r e c e n t h ' 

inn I rod need I w \\ ami and i ï ov i k in i ijf.i . lie.-, m t he t a d t ha! \ hey do not requ i re a g r o u n d - ! m i h 

o rr r e f e r e n c e intrlLM-. I l l S e e t i ' .ti V d . v.e p e r f o r m s e v e i a l si 1 U l l la I i o ] Is w l l i c j l - h o w 1 h a t < .11 f I: n - . i s l l l ' ' -

a l ee c o m p l i a n l w i t h - u l q e o l i v - e y a l u a l i o n s a n d c a n ! h e n ' t o r e b e u s e d t o c o l u p ; ire- d i i h ' i e n l mi.iL'.< • 

fus ionn n i e i hods m to f i nd l i te best parameter . - for a speci f ic fus ion a k m n t h m . Wo also u.-e 

tt l i e se l u e a s l i l ' e s 1 o d e l ] | o | 1st l a ! e ! l |e e l f e c l i v ' i i ess < ij t he- I V " l o u d tUM'd f l i - K in U p p l ' >aeh '1< ' - c i ' i b e i 1 

i l ll ( d l a p i e f 7. 

8.11 Existing approaches to image fusion performance 
Inn mam, app l i ca t ion . - , the end w«-\ or in i ei-pn-i ei o f the f u - i " H i c - u h i - a h u m a n , l i m - . t he 

h u m a nn pe rcep t i on , ,i ' spc i o t upos i t e ïmaue is of p a r a m o u n t i m p o r t a n c e and ri jen-:.. ,n- f u - i o n 
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11 V: ' i aaa_.:.i •- .; . ,'.,'. a .-didiliLJ, WIU< U 'W e i i l N i -i i - l / e i i ü w e - p i x e l I w p i x e ] < H I T T } n • e n t l i c 1 i l I a lJ e n u t l! 

ii i r - In 'l i c i a - a i x d c, ,••]!,.]• i - i-eacnei j . [-',..; i M I ij w i n d ' w <r. t he k .cal < p i a l m index (j.r.r.u <r; ;.-

•• ' ' i i i j n i t c d !•: 'i i in- \ a a i ' - , i i /a . e i a l id •;'/,' i. a1 i where p i x e l - •, m. n '• \v m ' u r - l i d in'.i w i n d i 'W ir 

hd l ia l iv .. t l;e < i \e| ,i] l in ; ;me (p ia l l l v ltrj> ;-. <J,, i- c Ul i | ) i i lc r l hy avi •ra'.dli..'. a l ! local cpiaÜ! \ it idlee.-: 

Ou-Ou- r VV <J„  r 

v..-l!C]cc 11 ' ]>. t i i c i ' a i n i K c f ; , ! | w n a l d U - : t :d 11' 1 - I 11 c , a f d 111 a 1 i t \ > d' I I . 

W'i i i iuu and Pu ivak ihd ! ; a \ c et ij) ij ia: i d i under -cvern l I . •• '1^-^ ' if d w u r r i i ' i i - : ' lie ir «p ia li l \ a ide; 

W!tt i l C'Xl.-t m - l t i i a L ' c l n r a - l i r e - S - U e l l a - d i e II l ea l I - ( p u l l e d cff,- i f i' M S K I a - We l l ;:> W i l l i - i d i j c e l iv> 

e\-;duatt Ü 'U:-. I hc i i - n i a i i i r-( i i jc lnsi '« i i wa- i l i a ! d r : r new iijiic'V < >at pel |i n u i - the MSk.. and t h e 

l i i d i e \ - ee t i l l - I n h e d l K ' I n ! l i t ' i n d e x " - a l i i l i l y • d' l l l e a - i l l 1111: - I 11 U ' U f a ! d ;.-t " f | [« . ] [ - . i n ( i Oil l a - t c 

II l i e \ j S h ' '•.'•, I]J< i l IS i i i ' „ d l l \ - M ' ! l ^ l t i \ l . ' t n t l i f ' / ' ' - e l l c f U Y ( i f c ] f i ' I - , 
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8.2.22 A now fus ion q u a l i ty m e a s u re 

W - '' l ! -e i l l . ' W a J l ' j y H ' > v i k i i l i a y r i j l l ; i l i l V i n d e x ()„ < i f - f lTl f ' ( I i J i (-v.",; t o d e f i n e a q u a h t v l J ] r a . - n r r 

(J(J::-- .r \ ••''!•;• '/••; for i T 11 r i • v • inwint;, l l f ' i c . . ' ' , i . . . ' " / , - are t w o inpu t i n i aye - and ..<•,• r- t he n mi] » i-in 

hu;\-j.>'hu;\-j.>' '1'hf ni 'M.-nr-' ()'.r ],..!•:.:..i-/. .: - h o i i M ex p r o s t he ' q u a l i t y ' ul ' t he <•, ..nipo-atr n n a y r j i v e n 

tt he i n p u t s .-• ,. .;•,',. 

Wee d ' ' i ] " h ' t iy .-•. ..',i fC'; l l n ' ^ l l i i ' i i c v of i m a y r .r \ m w i n d o w u\ [t i d io i i l d reflect dn - local 

]'!•]('\>mcrr i >t in my,e .'' i wit l i i n t In • w i ndow u\ a n d ii max depend m i . o.y., n >nt ra.-l . x'^ri;m< < -. . >i 

r - l l l lopv.. ( d \ c i i l l n - In-; : ] -a lit 'in a< >-, >l .r-, <;•; and .^:.r, ; ir \ ' >t t he I w n inpt i t n n a y r - .r , a n d ./>;. 

u"cc ( ( i n i p n i i ' a local \\ I • i •_•. f 11 \ i /e.i h r t w r r u II and 1 i n d i c a t i n g t in - r r l n t i \ v i m p ! .it a i n r <.(' i n m y r 

.'•-.. c o m p a r e d tu i n c u r .,-.•,•: i h r l a r y r r V a u . t he n i m v w i u h l j - . y i ycu to i n i a y r .i t . A top i ca l 

c h o i c ee In-- \ f M-i 1.-

Aii ; - -  - - . : v h : 
M . r . 11 i c i • .-.•:./•.,; ,!•: 

\<< >w we dc j i nc 1 In • i n - i o n qua l i l y l ilea.-a l i e (J\.r (../.,•;. ,r, ; . i -

( J ' - ' - AA •>/;••  '-,-• u Y  ̂ (•\<-<<-- !(J,\->\l--'-/-:"''1 -" (1 - A i ^ - l J f J , , : . / - , . . . . -, a - ) . . . .v .7! 
•,•• ' ,r 

II i i U - . i l ; r c j . i i H i - \',"1]"]'. ' ni l . iL'C' r , ha.- ; i 1.1T U.( • - a l l ' '11CV f , j ] [ ] p a Ti 'd 1 o •',;;. 1 i l e ( j l l n l i i V n n ' i i . - I IH ' 

O'•' ' ' ' .. • •'''.•• ••'',' •• '•" m a i n l y del enn inc f 1 1 >y the "y in i i la r i l v" i if aa and i i i p u i i m a ' j r a y ( >n the 
11 'i h' •!' hand . ni reyj< m- win ' iv I he >alict;c\- of .,••;.. j - , much I a r u n 1 t han i hat i >f ,r i. I he t n r a . - u i r 

ff .>''.r ;- . Ï . C •'-,• : i - d e t e r m i n e d | ü , , s | l v 1 >y 1 ] L, • a m ] i 1 a t l t V " i if . r , a l i d i i i p U ! i i l i . l - ! ' . / / ; . 

A ii ! l l i> p o i n t . o i ; r H H ' d e l i;;i.-, ] ) f i j r h l r i T J a < J11 i 11Ï1 \' 111'•a.-ll!,i • w h i c h i i . i v . - a n ! 1 i d :ca t H H ) ( i f l i u W 

muchh " t i he .-al ien! inim-suni imi c. -ni a in^d in c-adi of I h r i npu i i m a j e - ha-, he rn l ia i i . - fe l ic 'd i n ! ' i 

t i n -- e. i m p . i - i : e i i : i a : ; e H u W r C r ! - . d i e d i l l e n ' l ; t i | U a i ! l C 311< '•; l .-.11 !T •.- i i h l a i l l c d w i l i i i n r a r a w h i d m v 

l i a ww hu-el ; 1 r e a l i 'i ! r c j l ' i a l l W I l l i : - ];•-• i l l r ( i ] ! l f a - 1 W i t h 1 l i e i j l I! Ha t ; v i s u a l -V>1 e m w h i c h 1.- k i n )U'!i 1 i •' 

j , i \ ee n iuher i i i i ])<i|- lanc.' i n \ ' i . -ua] | \ .-al ien! ;-. ' j , i ,ni^ ni an itnaLw. We now d- ' jmr a t a i l h r r \ ,ar ia t i l 

•.iff t he fii.-]. us q i : a l i l \ - t i i ea^n ic I >v LJ. i \" i 11 u 11 M •;•( • w c i j j i i i n I In i-r w i n d o w - w lna- 1 h.- .-.;di''la'\- • >!d he 

11!]] HU i t l i a ; > c - 1> i 1 i; •_] ]> J . ' I he . - r n J 1 J 1 - , p , it :d I " a r e a - w h i r l i a i r l i k e l y t u h e p r - l r e l i l 11.a i i \ i i ] I p i .11 a 1 11 

p a ]] I - " 1 1 h e U l l d e r l v i l m - r r t j r . I 'h i •]V't< >V< • 1 i l e q u a l i t y , ,f I j [ r r ( ,[ ] ] p n - i t e il l ia.'J.r i l l d i ' iM' a | r a - ir-

'' >f n i ' i f r i :u [>" ] ' ta i i rc when d e i e n n m m j . t he i . \ - r ra l ! q u a l i l v . ' I ' h r nyrj-.-dl - a h n ; c v ,,t a w i n d i i w 

i.-- d e f i n e d ; i - . ('•::•• • m a x { >\ .r , ;,'•'!..-:.,'•/,• .'.••;•}. \ hr- ir< i-lhii <i fa.-/•>:; <lf>lhh/ m-<i-,.-1. h- i i i ^ i ; 

' ) l ) l a i n r dd a -

<J\-.<J\-.  : V ^  , - , • , . . ••( A ' i a . : . , ' , . . . / • , . . ' • ; K ' - i ! \ > ; c i ) f / , • : . / • , ; . / • / » . \ ^ . \ 

,•• i'. 

w l i e r rr , • ••/ i ('••(,'•: I ^ , ( f 'l , v '' ' ) . I i i c l - r a i r \. . 11" j • .11- ! i! h c l WaV.-. 1 " ci i l n p u t r t i l ' ' \Vei ' j .h l -

rr ••: /.'• d " V e x a m p l e . We o M i l d d e t i Me < '. , r I .si ..r . ;;• ' • -! .; / ; .',••! y 1 .. l ] 1 \c, . h a \ " r i ; i U i i d 1 i; M I h e 

r l n . j r rr l l l a d r h - T r 1- a y 1 l l l d n a i ! " ] - ' >f i I! I [ X 'H a i it a i r . ; . - i n ! h r i n p u t I t u a i y -

\ \ ee i u l l ' i i d u c r r i l e h l i a j U H ' d i t ie ; 11 i; '11 '• <\' t h e fl[.-i<)U q l l a l i ! \ ' i i i e a ^ U l r l h ; i l l a k e - i i l ' i ' a c e i a u i ' 

soii MI • a-pec; o ld he h u m a n \ i.-iial .-\>l c m . na i t ie lv t ])<• m;]>' >ri atici. o f n h j r mh n iua t i< .11. \ ' . i t r r ha ' 

1WW r a t i rv; i l l l a ! e ( >., i l j ,-^. ̂  ; l ^ i l ; : ; e d y r l l l l a y ; ' 1 - ' ; e . - . . t h e l i o n II o f t i l e J l a d l r U l ' l l l : - ! ' ' ; l ( l o j ' 1 h e 
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S.3S.3 Experimental results 

h ii r h i - .set 1 :. .:j w e ü.-.i' 1 I k - p r o p - rsed U k i o n i p l a h t Y m e a s u r e s i l f h l J ' ' < l m :' ̂  ,• k • > . > ' a l u l : > . ! ! ' : t( 

e v a l u a t ee ( l i i i e ie i i i 11 n • ji i r r ^ JIUI ii ii i \ \\\{: i m a ^ e fus ion sehruu 's :.sr!' ('hapi.ers ij- 7 '•. 

h ii i l ie e, mi] )i Ui-i t it in et' t he ( jUi i ln y u i " a M i i i ^ de f ined Ü I h w .-.e< t j o n . w ' t ake Ai ir i as in •: s . h : 

V l t i ll >! .f ; if .i\i/if.i\i/if l h Jf"• ï11»„Ï, t he vur ia lKv i.>t j rnayes .r \ and ,r/ ;. respecl ivefv. w i t h i n 1 he w i n d o w 

tit '' - i / f ^ • V I I I a l l d i s p l a y e d i l l k l . - e - . We- h a v e p C ' l f t i l l l l e d i l h i s t o g r a m M l r l c l i i l l ü i i t n l W r h a v e 

«iledd i h e ' ü a v \-;iJm -> of t he p ixe ls 1 n tween U ihhsek l and "_--,.", ( w i n t e l . 

8.3.11 Case studies 
l l ii 1 h e l i e y r t w o f 'X] l o n i l i e n t s. w e p r e s e n t M i l l ü ' r e s u l t s Us in .s ! h e L a p l a e i n n p y r a m i d , t l i k l i i U n 

p y r a m i dd and i he s p a t i a l l y - i n v a r i a n t d iscrete wavelet t f a n si o n n i S IDW T j as M R t ranst o m is of 

tt l i e i n p i l t s u l U c e s . I n a l l f i W ' ^ w e p e r i ' e n n a d d e v o l d e c o m p o s i t i o n . W e c n l n h i n e l l i e eoefü< i o t l t s 

o ff t h e M R i lee.f i i n p i is l t )i Hls o f e a c h l l i p i l t h v s e l e c t i n g at e a i l l p o s l l l o l l l l i e eoef f i c i e l H W i l l i a 

l l i a X i n i i l l UU a h s o l u l e V a l u e . c X k e p l i o r d l ' 1 a [ l ] > l " X i l l l a l K i l l ki l e f h e i e l l l s h ' u lU t h e l i tWe-. ; l e s , ) ] ] [ | j u l j 

w h e r ee W( • ! a k e ' h e a'O - l T k j k ]•'•!] e o n i j J J - i x >)J. We , l l ^ e u s e t h e M l l l p l e [ l l ^ i o U l l l ' ' l h i k ] o f aVe laL- i l lU , 

tt h e i l LpU t i l l i , i k .e- -

(( 'i-isc !: fusion of' complementary blurred images - Fig. S. 1 
kk u>! . \\-< • i ake •-- skju.U i l i ia i jes * l-i" ( " ï i i j i l t •Uieiit ar \ ' pa i r M K »\vn in d i e t op ;i -.w of i- i-.. s . i I he-v 

h a v '' koek ' l e a t e d h-v M u r n i m the o i i u J i a l '(..'auie-3'anian' in i . iue et >[•/_<• '2')U > 'J.~>r> w i t h a d isk of 

d iaa ii iet er of ! 1 p ixe ls , '["he :i iiac.es are o . n i p l e n i e i ] i ; u v in t ha sense- that t in - l i l u i r i i m n i i - i ; i > at 

thee lej't ha l f and the m d : r i ia l l ' , re>p, 'ed\ e|\-. |.n the - i v o n d rmv we d i -p !a \ - ilie-jj- i , , t ,d we[:d i ts 

' i s e i ii [, | , : k x p l i o - (,): , I:I • s . s :. \\< ,ye spee l t i r ; : ] !v . e a e h p i x e l i m. 'i ' i n i l i e le f t U l l a y e eo] Ma i l l s t he 

:.\\:i<:.\\:i< •• . .'•.-. ,, • \\ it il 'k i J • •! 1J •!. i l i e •-.VlllOeV. 'O-diOse t o p d e l t ei il H e i t o f r e s j ,o I j t K k . •' •: : . ,•.. ' . S l l l l i l a l h . 

rr ! e I 1 e i ! r i ] ; i ; k . i ' l l - p ! a V- • " tk • j i " '\ ••• •• t o r k V k l V ',' -; 11" , ' [ " l l i ' e o n i j n i s l i e n a a u e - o h t a m e t l h v 

' k ee l . k p l a e i U i O V i a l M l d l l i e K i l i o p \ J : : ! l i i d . d i e S I D W ' I ' . i ü d l l i e . k - r k . . ' , P ' d |e] ) je !e<l i l l t b 

t h i r dd a i l ' ! [ ' t ! , ! ! : ; j - , .,v.-_ ] ' , - , . , n l ;,.|'i k , l i e ; ; ! . ' l ' a h i e S ] eo ! ; s ]>a les t i n - M U . d i l y < ••! U l e s e e o l i i p o s i t t . 

l ; : k k k -- üs iü; : e>; r pn»pi..-.ed liUaiit ',- ::ii-i.-j.ires l 'he tn-a i'e.w e. ,i re-.p,,i i. is : . i t i n - h is in i i ip i ,d i t \ -

: h f , i - l , | ii <} d e n n e t ] i i ; ' -V ' , " ' . t i l e M ' C i | d ; M>V ! O t i k ' W e - j ' j l l l e t l ! l ] - ; i ' l l e p t a i l t V U i ' T i S U l e <) \\ !U ' s . ^ i 

, : l : dd T h e • h i l ' 1 1- AV 1 •'; 1 \ Ie er \vj ' • h '1 *' 1 i d«'! li f l isjt ' I l (P i il i I f \ !! leasU l'e ( , ) ; i l l > ' i • Wi t j] o | '2. 1'"1 
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eii i m p a r l s i n . w r a l s o ' o l l l p U t e 1 f H • ' J u a e t r i o 11, ' . > . ) ! I n 'I W( 'i 41 l l H ' o r i u i h a l ' f ' ; U Ü I ' r a i h a l i ' nnaV;e 

aa l i d < v i r l i i it t h r I-' i j l ; ] ) . ) > i l c l maya's. . \ ( J| t 1 l i n t 111 ' n - ' i l l ' l ' u d o l i s c e n a l K >S Wc d o h o t i !;•] \ ' i ' ; U ( t » t u 

!! h i ' ' T l y j t e e ih;a 'J.o. I he r e s u l t i n g r l l u l - a IV - L o W h 111 t h r las t m w ut' "La M r V I . 

L i - .. v ! - h o w - i l : , i l t i n - I . a p l a r l a h a m i S I I . A V L n u l l ] . . ; ! - a ] v . u ! 11] >ara b l r a m i ' L a t 1 b r v 

ii i l l ' l .srr i i .[-ui I L r n l i i i T I W< > s c h e m e . - . \ o T r . t o l ' i] 1st a l l e r . I i , r 1 > 11 ] 1 ï ] ] L -_•. \'•.::.. i l l t i l ' ' b l 1 t ld ih 'J. .- a l u l 

tt l l r lo—. " t l i •;t m r h •.'_'... j u 1 h r e r a s - i o f 1 h r ei ,Hi jH ..-it i. • ihMLJ.r- o b t a i n e d in.' t l i r i n t i i . . p \ l a l i n d 

,-uirll a'. '-n;Li ia:. |- u n he-i uu a r. ia d i e i ai i' >-pvrahi id • -, ' i n p o - i i -• imaav . r h r d e t a i l - et' ' m- man .-. 

laeee have In-'ra i-L-arrd <>n! . a l i d Ui T1 L i • averaym <•< anpos i l r i i n a ^ r . 1 l,r lo-s .- >t' r, »n! rasl ; - ev iden t , 

b i i e - ee - n h j r r t h v v [ - i [ a ] c o m p a r i s o n - a l ' r f< •,<•);. il j( i i a f r t l h v I h r | v - i ; l | - ; i n T a b l e x . h \ o i e t h a i 

t i n '' l . a p l a ' - i a l l m e i L o d h a s a l l i u l i r f (),. t l i a l i I L r S I D W L . " f i l l s is hlo.st l i k e l y d l l c h . t l i r [act 

tt a a r t a<- t r ' l i t i r l " H i r r l i C ' d is L i ' t h ' i - a L i r t. i j t i V M T W edv'.rs a l i d r e d u c e i L r r i hyUhy , a l t if a r t - a r o u n d 

tt i i r t i i . 

measuree LapJacian R a t i o N I D W T A w r a y 

QQ n.ïur.J 0.7(71 0 . 9 3 0 n x ï u 

" __ ~ ( J ^ ^ ~ i ) 7 i f ï ï " ' ~ (7.N27 ^ 0 .965"  Ö.~N77 

<?/•"" Ö-966 ' 0 . 7 M " ' K'.')Ü2~~ 'Ö.fiN') 

il,il, 8 . 4 1 : iü-t . : ja la.uM :in.hf.i 

' l a L l rr V l : ('i.ih-p'/r's'in lulu;,,/ ,jjjj, ,•< r,t ijimiit./) n,i uxiin > !<,r !hi rme/ io>e '< ni,inj>. s /;• Knj. - V / . 

C a s ee _ : f us i o n o f a m a g n e t i c r e s o n a n c e i m a g e ( A 1 . R I ) a n d a c o m p u t e r t o m o g r a p h y 

( C T )) i m a g e - F i g . 8 . 2 

Cons ide rr now r i i r i n p u t images i T i t he t up rtnv of Kit;. N . 2 . W if ^ »< '<H t hr same c o m p u t a t i o n s 

ass d e s c r i b e d a b o v e . I i i r r e s u l t . - a l e s h o w n i n I ) ^ . >.2 a n d T a b l e .V_\ I n t h i s r a s e , h o w e v e r , as 

we-- d o 1li.it h a v e a l e t e r e n e r i n t a k e r o e o l l l p a i ' e w i t h . We e a l l l i o l e o i l l ] ) U t e the- / " - m e t r i c . I n s t e a d , 

w ee use a l l i e a s u f e b a - e d o n m u t u a l i i i f o i ' l i ia t i o n . M o r e p r e c i s e l y , t h e r e s u l t . - i n t h e ias l r o w o f 

II able s _ h a w been oht a ined bv a d d i n g t l ie mat nal i n f o r m a l ii- m be! we-r-n I h r n i inpo.- i te l inage 

d\i<\d\i<\ each , ,f the i n p u t - , si i ' -h as in •: >. .'.J :•. and d i v i d i n g it b\- t he s u m of I h-- onl ropies of the 

i n p u t s ,, i.e.. 

pp / ; : . r / . - i 

HixHixAA;; ~ f h . r u , 

fnn t i i i - w.-er. w>- no i taa l i / c - i j i e iin-a.-ure ui i's.:pi i , i d r ran Lie U. 1 . 

Inn I-'i-j.. s._'. we- i an ser ! hat aL!.ain r In • L a i i i a r i a i i and S I U W T ;H< -I IK ids rie-arlv •• >ut p r r f o r n i i he 
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Figuree 8.1: Cast I. Top: input images xA (left) and XB (right). Second row: total weights e• A (left) 
andc-{andc-{ I -A) (right). Third row: compositt images with a Laplaeian (left) and a ratio (right) pyramid 
decompositions.decompositions. Bottom: compositt images with a SIDWT (left) decomposition and averaging (right). 
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Figuree 8.2: Cast 2. Top: input images xA (MET. left) and xB (CT image, right). Second row: total 
weightsweights e • X (left) untie- (I A) (right). Third row: composite images with a Laplaeian (left) and a 
ratioratio iright) pyramid decompositions. Bottom: composite images with a S1DWT (left) decomposition 
andand averaging (right). 
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Figuree 8.3: Cast :'>. Region-based (left) and pixel-based (right) compositi images. Se.( also Fig. 7.4-
/-•/ƒ/.. 7.6. 
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Figuree A.I : Control panel with default parameters. 
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Figuree A.2: Visualization panel: input images (top) and corresponding compositt imagi (bottom left) 
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tintin specific fusion algorithm of Fig. A.3. 
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