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Chapterr 1 

Biologicall  pattern formation 

Thee growth of plants and animals is a highly intriguing process. A fully developed 
organismm is a complex arrangement of many different structures, yet it grows from 
aa single fertilised cell. In the initial stages of its development, an organism grows 
byy cell division only, forming a sphere of identical cells, but after this first stage, 
moree and more structure appears. The formation of structures out a less structured 
tissuee is known as morphogenesis (from the Greek words |iop(prj =shape and yévsaic; 
=creat ion).. Though many processes are involved in morphogenesis, the result is a 
highlyy reproducible arrangement of the various structures. 

Thee variety of structures arises, because different cells develop in different ways, 
aa process known as (biological) differentiation. Differentiation is a complex process, 
whichh involves many phenomena like cell division, cell movement, gene activation 
andd changes in the shape of the cells. Irrespective of the exact mechanisms of differ­
entiation,, the point I want to address here is the fact, that the way the cells develop 
dependss on their position in the tissue. Hence, there must exist some mechanism to 
'tell'' the cells, where they are in the tissue. Of course, the genes play an important 
rolee in the differentiation process, but as the genetic information is the same in all 
cells,, the genes alone can not provide the necessary spatial information. Hence, we as­
sumee that differentiation is triggered by a patterned signal, called the morphogenetic 
field.. Therefore, morphogenesis is also called (biological) pat tern formation. 

D isc la imer r 

Thiss introduction is not aimed at providing a full description of the differentiation 
process.. Instead. I focus on one mechanism to generate spatial information in the 
developingg tissue. The choice for this mechanism was made purely on mathematical 
groundss and I make no claim towards its biological relevance. I also am aware that it 
underexposess the role played by the genes in the differentiation process. In defence of 
thee mechanism that I am about to describe. I point to the reaction-diffusion models, 
thatt have been used to reproduce biological patterns, including the patterns on sea 
shellss (see especially [53]). pat terns on mammal coats [58. 60] and the regeneration of 
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polypss [31, 52]. However the mechanisms behind these examples of biological pattern 
formationn remain unclear. More information on biological pattern formation can be 
foundd in the literature [51, 60]. 

1.11 Modelling pattern formation 

Ass the underlying mechanisms remain unclear, it is essential to develop (mathemat­
ical)) models of biological pattern formation. The complexity of a fully developed 
organismm seems to rule out any kind of model, but fortunately the differentiation 
patternn is not formed for the organism as a whole. Instead, development is build 
upp of individual steps, which in many cases only occur when previous steps have 
beenn completed. For example, in a human embryo the arms are formed first as a 
(shapeless)) bud, and only later smaller structures like the hands are formed in these 
buds.. Furthermore, many of the developmental steps occur in a small part of the 
embryoo and can proceed independently from the processes in the rest of the embryo. 
Usingg the same example, the development of, say, the right hand is not influenced by 
thee processes involved in the formation of the left hand. Thus, the patterns formed 
inn the individual developmental steps are relatively simple. 

Despitee the relative simplicity of the individual developmental steps, it is still not 
easyy to model them, as there are many phenomena such a model needs to incorpo­
rate.. Arguably, the most important problem is the fact that during differentiation, 
structuree appears from a less structured starting point. Hence, any morphogenetic 
modell  must be able to form spatial patterns spontaneously from a uniform state. 

1.22 Reaction-diffusion systems 

AA frequently used type of models for the development of a morphogenetic patterns, 
iss the class of reaction-diffusion systems, in which it is assumed that differentiation 
iss triggered by concentration patterns of certain chemicals, called morphogens. In 
thiss approach the developing tissue is considered as a chemical reactor, where the 
morphogenss can react with each other. Thus, the tissue is considered as a continuous 
medium,, without a direct influence of the cell boundaries, so that the morphogens 
cann diffuse freely. On the other hand, the influence of the tissue is not completely 
ignored,, as the composition of the tissue influences the chemical properties of the 
morphogens.. One can think here for example of the influence on the reaction rates 
off  the concentration of enzymes that facilitate the morphogen reactions. Therefore, 
thee influence of the tissue enters the model through parameters like the diffusion rate 
andd the reaction rates. This is especially important if the pattern formation process 
followss an earlier differentiation process, which made the composition of the tissue 
nonhomogeneous.. However, these spatial effects are easily incorporated by including 
space-dependentt parameters (see Section 1.3 on the Hydra for an example). 
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Turin g g 

Thee differentiation patterns necessarily evolve from a state, where the morphogens are 
distributedd equally over the tissue. Hence, the fundamental question in the reaction-
diffusionn approach is: How do spatial concentration patterns emerge from a uniform 
initialinitial  condition? Since the patterns appear spontaneously, they must be triggered 
byy the always-present fluctuations around the uniform state. However, it seems 
thatt the diffusion of the morphogens smoothens any fluctuations. The question was 
answeredd by Alan Turing's1 1952 paper "The chemical basis of morphogenesis" [80], 
whichh can safely be called the foundation for reaction-diffusion equations as a model 
forr (biological) pattern formation. In this paper Turing showed that under the right 
conditions,, diffusion does not prevent, but actually stimulates pattern formation: he 
showedd that in a system with a uniform state that is stable in the absence of diffusion, 
thee uniform state can destabilise if diffusion is introduced in the system. The crucial 
conditionn for this diffusion-driven instability is that the two components diffuse at 
aa (very) different rate. Turing predicted that the instability would lead to complex 
spatiall  patterns. Such patterns were observed experimentally only in 1990 [7]; the 
mainn reason for the long time it took to discover these patterns was this condition 
onn the ratio of diffusion rates. 

Notee that Turing's diffusion-driven instability does not contradict the normal 
notionn of diffusion as a smoothing effect. In fact, we will see below that it is actually 
thee smoothing out of one of the components that -in combination with the effects of 
thee reactions- leads to pattern formation. 

Activator-inhibito r r 

Unfortunatelyy Turing's analysis was restricted to linear reaction rates, which makes 
thee reactions biochemically infeasible. The Turing mechanism was extended to non­
linearr reaction-diffusion systems in 1972 by Gierer and Meinhardt [31], who showed 
thatt the crucial conditions for pattern formation in reaction-diffusion systems are 
locallocal self-activation and long-range inhibition. 

AA straightforward realisation of these principles is an activator-inhibitor system. 
Ann activator-inhibitor system consists of two chemicals; a slowly diffusing activator, 
thatt stimulates its own production and a rapidly diffusing inhibitor, that is pro­
ducedd by the activator and reduces the production rate of the activator. Due to the 
autocatalyticc property of the activator, a small local increase in the activator concen­
trationn is amplified. The increase in activator concentration triggers the production 
off  the inhibitor, which diffuses rapidly into the surrounding tissue. Therefore the 
inhibitoryy effect at the peak is initially not strong enough to prevent the peak from 
growingg further, but the diffusing inhibitor prevents the formation of new peaks in 
activatorr concentration in the surrounding tissue. The high inhibitor concentration 
inn the tissue around the initial peak also prevents the spreading of the activator peak 
intoo the surrounding tissue, i.e. it keeps the peak localised. When the activator peak 

1Thee reader may know Turing for breaking the Enigma code in World War 2 or as the father of 
modernn computers. 
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hass become large enough, the high inhibitor production blocks further growth of the 
activatorr concentration. The difference in diffusion rates of the activator and the 
inhibitorr is crucial: if the activator diffuses too fast (or the inhibitor too slow), the 
activatorr can invade the entire tissue before the inhibitor can prevent this. 

Thee final result of this process is a localised peak in the activator concentration, 
whosee form is determined by the balance of the (net) activator production and its 
diffusion.. Hence, the form of the peak is independent of the initial perturbation. Of 
course,, the position of the peak depends on the position of the initial trigger of the 
activatorr concentration. The activator-inhibitor mechanism allows for the formation 
off  multiple activator peaks, but due to the long-range effect of the inhibitor, there 
existss a minimum distance between two peaks. Once one or more activator peaks 
aree formed, new peaks can only be formed in places where the inhibitor concentra­
tionn is low. This means that there exists a kind of self-regulation mechanism with 
respectt to the positioning of different structures in activator-inhibitor models [51]. A 
similarr self-regulation mechanism is observed in nature in situations, where multiple 
structuress of the same form, maintain a certain distance from each other; consider 
forr example, the positioning of stomata on plant leaves. 

Differentt mechanisms exist for the activation and inhibition. Most important are 
thee activator-substrate systems, in which a chemical, called the substrate, is used up 
inn the activator production. Thus, if the activator concentration increases locally, the 
substratee is consumed locally, but if it flows in rapidly from the surrounding tissue, 
itt is depleted over a large area. Then, no peaks in activator concentration can be 
formedd in this larger area. 

Thee linear equations used by Turing in his 1952 paper were of activator-inhibitor 
type.. It can also be shown that a linear system with an autocatalytic activator and a 
inhibitorr can exhibit Turing instabilities if the inhibitor diffuses (much) more rapidly 
thann the activator. 

1.33 The Hydra and the GM-equation 

Thee work of Gierer and Meinhardt [31] was aimed at modelling the growth and 
regenerationn of the Hydra, a type of fresh-water polyps. The Hydra is considered as a 
modell  organism for morphogenesis for its relative simplicity and its fast reproduction. 
Thee animal is a few mm long and consists of about 100,000 cells of only a small 
numberr of different types. The polyps consist of a foot, a body column, which 
enclosess the digestive channel, a head region, containing the mouth, and the tentacles, 
surroundingg the head region. Small pieces of Hydra can regenerate to a complete 
neww animal, maintaining the orientation of the original animal. 

Forr biological reasons. Gierer and Meinhardt modelled the growth of a new head 
onn a piece of the Hydra using an activator-inhibitor model. The activator promotes 
thee formation of a head, while the inhibitor prevents the formation of secondary 
heads.. After the removal of the original head, the production of the inhibitor stops 
andd the inhibitor concentration decays rapidly. In the absence of the inhibitor a new-
peakk in activator concentration can form following the general activator-inhibitor 
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mechanismm outlined above. The new peak in activator concentration initiates the 
developmentt of a new head. The peak in activator concentration at the position 
off  the new head also leads to the production of the inhibitor, thus preventing the 
formationn of secondary heads. To explain the orientation-preserving regrowth of the 
head,, Gierer and Meinhardt assumed that the ability of the tissue to produce the 
activator,, called the source density, varies over the body of the Hydra. The source 
densityy depends on things like the presence of enzymes and chemicals needed in the 
reactions.. They assumed that a graded source density was laid down by an earlier 
patternn formation process. The graded source density implies that the area closest 
too the original head is the most suitable for the production of the activator, so that 
thee new head grows there. 

Th ee Gierer-Meinhard t equation 

Too illustrate their theory, Gierer and Meinhardt introduced the following set of 
reaction-diffusionn equations, referred to as the classical Gierer-Meinhardt equation, 

jj  Vt = dvVxx - vV + aPV2/U + p0p 
\U\Utt = duUxx - pU + bpV2 ' [L-L) 

wheree V is the activator concentration, U is the inhibitor concentration and p = p(x) 
iss the source density. The diffusion rates dv and du satisfy du ^> dv. The terms uV 
andd pU are the decay terms; they correspond to the disappearance of the activator 
andd inhibitor due to the interaction with the surrounding tissue. The autocatalytic 
reactionn term is given by apV2/U; note that the V2-term grows faster with V, than 
thee linear decay pV. The activator stimulates the inhibitor production through the 
bpV2-term.. The basic activator production pop provides the necessary activator to 
startt the pattern formation. The spatial coordinate is along the Hydra from head to 
foot;; for the modelling one dimension is sufficient. 

Remarkk 1.1 In the style of Alan Turing2, I do apologise for springing these partial 
differentiall  equations (PDE) on the non-mathematical reader. PDE's are used to 
expresss the evolution over time of a time- and space-dependent quantity, in situations 
wheree the time-evolution depends not only on the quantity itself, but also on spatial 
differencess in this quantity. The first line of this equation states that the rate of 
changee of the activator concentration (Vt = dV/di) in a point x is the sum of the 
changee due to diffusion (dvVxx — dvd

2V/dx2), the (negative) activator decay (vV), 
thee autocatalytic production (cpV2/U) and a basic production(pop) independent of 
thee activator concentration. 

Extensionss of the simple model 

Thee simple two component system used for the modelling of the (re)growth of the 
headd can be extended to include several other phenomena in the growth and repro-

2II  Quote from [80] ''Certain readers may have preferred to omit the detailed mathematical 
treatmentt of §§6 to 10. For their benefit the assumptions and results wil l be briefly summarized, 
withh some change of emphasis."'. 
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ductionn of the Hydra. The gradient in the source density can be explained, if one 
assumess that the source density follows the inhibitor concentration but on a much 
longerr time scale [47]. Note that this corresponds to experimental observations, which 
showw that polarity reversal takes days, whereas the formation of a new head region 
takess only about six hours. The polarity of the tissue can be reversed by removing 
thee head and transplanting it on the 'wrong' side of (part of) the body column. At 
itss new location the head produces the inhibitor, which diffuses into the tissue, pre­
ventingg the formation of a new head at the normal position closest to the original 
head.. After the inhibitor concentration is settled, the source density slowly adapts 
too the new situation. Also the positioning of the foot and the tentacles with respect 
too the head can be explained with simple extensions of the two component model 
[52]. . 

Remarkk 1.2 It is important to note that the gradient in the source density is not 
essentiall  for the pattern forming properties in the system. For a constant source 
densityy patterns can be formed but the orientation is lost. This is also observed in 
experiments;; clumps of mixed up cells from all parts of the Hydra can develop to 
fullyy grown polyps[30]. 
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Thee generalised 
Gierer-Meinhardtt equation 

InIn this thesis, we study the existence and stability of stationary pulse patterns in a 
generalisationn of the classical model (1.1) 

ee22UUtt = Uxx - e2pU + lHU^V^ 
VVtt = e2Vxx - V + h2U

a^V3  ̂ ' { } 

wheree e is a small positive number, which expresses the ratioo of the diffusion rates. 
Notee that the original model (1.1) (with po = 0) can be recovered from (2.1) by 
makingg a special choice for the nonlinearities. that is (a\, c*2, 3\, P2) — (0, —1.2,2), 
andd setting h\ = cp and ft 2 = c'p. However, we assume that h\ and ft2 a re constants, 
soo that wc in effect have removed the spatial dependence of the source density p. In 
thee rest of this thesis, we set fti  — ft.2 — 1. The unusual scaling of (2.1). i.e. the 
appearancee of 5 at various places in the equations, will be explained in the normal 
formm analysis below. In accordance with the biological background of the Gierer-
Meinhardtt equation, the variables U and V in (2.1) are interpreted as chemical 
concentrations.. Therefore, we are only interested in solutions to (2.1) with U(x) > 0 
andd V(x) > 0 for all x. Also, the choice for small e is motivated by the activation-
inhibitionn mechanism, hence we may refer to the [/-component as the inhibitor and 
too the V'-component as the activator. We restrict the analysis to p > 0. so that the 
pU-termpU-term in (2.1) can be interpreted as (linear) decay. 

Inn the classical Gierer-Meinhardt equation (1.1) pulses evolve spontaneously from 
smalll  perturbations of a uniform equilibrium state. Under the right conditions, the 
resultt is a pattern, which consists of (almost) stationary pulses. The stationary pulse 
patternss that are studied in this thesis can be interpreted as the result of a similar 
patternn formation process in the generalised model (2.1). However, we do not study 
thee patterns from a pattern formation point of view. i.e. we do not consider the 
questionn whether the patterns form spontaneously from a uniform state. Instead, we 
aimm to do the following: 

7 7 
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(i)) Determine and construct all stationary pulse solutions in (2.1), their properties 
andd their domains of existence in parameter space. 

(ii )) Determine the stability of these pulse solutions. 

Thoughh we do not consider, which patterns form spontaneously, the stability of the 
patternss determine which patterns can be observed in biological systems, as unstable 
pulsee patterns can not be observed. 

Inn biological systems, the domain is necessarily bounded by the dimensions of 
thee tissue. In this thesis, the analysis is performed on an unbounded domain. The 
patternss on a bounded domain can be seen as a restriction of a (periodic) pulse 
patternn on R, see especially Sections 3.3 and 5.8. 

Th ee mathematics behind £ < 1 

Inn this thesis, the number e is treated as an asymptotically small parameter, which 
means,, that we do not specify its value, but that we can make it as small as necessary 
forr our results to hold. Hence, many statements in this thesis are formulated under 
thee assumption 'Let 0 < £ <C V or 'Let £ be small enough". Both of these assumptions 
aree equivalent and either one of them needs to be interpreted as 'There exists an 
£Q£Q > 0 such that the statement holds for all £ < £o\ 

Inn this thesis, we use the standard notation/ terminology of the analysis of (sin­
gular)) perturbations, such as '<C\ '0(e)' etc., see for instance [22]. In this section, I 
shortlyy discuss some of the terms that appear frequently in this thesis. 

Thee key idea is that £ is so small, that a quantity can be expanded as an asymp­
toticc series in e and that the effect of terms of higher order can be neglected. The 
usee of such an expansion is illustrated with an example. The stability or instability 
off  a pulse solution is determined by the sign of quantities called eigenvalues. (To 
followw this example, it suffices to remember that only the sign of the eigenvalue is 
important.)) The expansion of an eigenvalue is typically of the form 

AA = A(c) = A0 + £Ai + £2X2 + . . ., (2.2) 

wheree the Xt are numbers, independent of £, which in principle can be calculated. 
(Note,, that we implicitly assume that this series converges for e small enough. 
Thiss assumption puts some restrictions on the numbers Â , but these are satisfied 
inn general.) Suppose, that we have determined that Ao > 0 and that we want 
too determine whether the true eigenvalue X(e) is positive as well. The difference 
X(e)X(e) — Ao = £Xi + £2X<i + .... can be made arbitrarily small by decreasing £, irre­
spectivee of the values of Ai, A2,.... Therefore, we can conclude —without the trouble 
off  calculating Ai,A2,...— that for small enough e, the difference is so small that 
A(c)) > 0, if Ao > 0. Only if A0 — 0, one can not predict the sign of X(s) from the 
signn of Ao, not even for small e. In that case, for small enough £, the term eX\ is the 
largestt term in the expansion (2.2). Hence, the sign of A(c) can be determined from 
thee sign of Ai (for small enough c). 

Thee first non-zero term in an asymptotic expansion like (2.2), is called the leading 
orderorder term and all following terms are called the higher order terms. Hence, to 
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determinee the sign of A (for e small enough), one only needs to consider the leading 
orderr terms of A(c). 

Inn many places in this thesis, we use the order symbol Ö. A quantity A = A(E) 
iss said to be Ö(E<T). if there exist constants A0 and £-0, such that \A(E)\ < A0£

a for 
alll  0 < e < £o- For example, the quantities 

£,££,£22,£\f£,,£\f£, sin(e-) 

aree all O(s). The O-symbol is most often used to estimate the higher order terms in 
ann asymptotic expansion. For instance, we can write (2.2) as A = Ao 4- 0(c), which 
meanss that there exists an upper limit on the higher order terms of the form \u£, 
i.e.. |A — Ao < \u£ for e small enough. Hence, the O-symbol can be used to indicate 
thee higher order terms and how small they actually are. 

Inn some cases, we want to have a sharper estimation of the higher order terms. 
Therefore,, we use the notion of the O-symbol in the strict sense. A quantity A = A(e) 
iss said to be strictly 0(£a), if 

e^OO £a a 

wheree Aa is a non-zero constant. (Note that if we allow Ag = 0, we can use this 
expressionn as an alternative definition for the O-symbol in the non-strict sense.) 
Off  the quantities in the example above, only e and sin(c~) are strictly 0(E). The 
strictt sense of O is usually used to indicate the magnitude of the leading order term. 
Referringg to (2.2), we say that A = O(l) = ö{e°) (if A0 / 0) or that A = 0(E) (if 
Aoo = 0 and Ai ^ 0). Both O-symbols are meant in the strict sense. 

Somee quantities in this thesis behave as negative powers of e for small e, i.e. they 
aree asymptotically large as E —> 0. The term 0(EG) is also defined for a < 0. For 
asymptoticallyy large numbers, the O-symbol is usually used in the strict sense. 

2.11 Mathematical background 

Despitee the biological background of the Gierer-Meinhardt equation, the main moti­
vationn to study pulse solutions to (2.1) is mathematical. In this section, we derive the 
generalisedd Gierer-Meinhardt equation (2.1) as the leading order part of a 'normal 
form11 for large U and V of reaction-diffusion equations of the form 

(2.3) ) 

withh d[j ;§> dy. We assume that these equations have a homogeneous steady state 
solutionn of (2.3), which by translation always can be set to (U(x).V(x)) — (0,0). 
Thee linear terms are such that under the linear reaction kinetics, i.e. the behaviour 
off  (2.3) with H^U.V) = H2(U.V) - 0 and UXI = Vxx - 0, the homogeneous 
statee is asymptotically stable. (Note that this is one of the elements of the Turing 
mechanism.)) We assume that the nonlinear reaction terms Hi2(U.V) are smooth 
(enough)) functions for U. V > 0. Many well-studied reaction-diffusion equations are 

uutt = 
vvtt --

== dvUxx 

== dvVxx 

+ + 
+ + 

aauuuuu u 

aavuvuU U 
+ + 
+ + 

*uvV *uvV 
aavvvvV V 

+ + 
+ + 

H^U.V) H^U.V) 
HH22{U.V), {U.V), 
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off  the general form (2.3), including the Gray-Scott equation, the Schnakenberg model 
andd the Thomas model. 

Too avoid the technicalities involved in scaling the general form (2.3), the scaling 
analysiss will be restricted to the simpler class of reaction-diffusion equations 

UUtt = dvUxx - fiU + FiWdiV) , , 
VVtt = dvVxx - V + F2(U)G2(V)  [Z'V 

Thuss we assume that the nonlinearities are separable, so that it wil l be straightfor­
wardd to write down their behaviour for large U and V. In many cases the more 
generall  class (2.3) can be treated in the same way as the separable case (2.4), see 
alsoo the Remark at the end of this section. Since dy <C dy. we can define a small 
parameterr e by c2 = dy jdy and rewrite (2.4) as the set of singularly perturbed 
equations s 

ƒƒ Ut = Uxx - nil + Fi(ï7)Gi(V) , . 
\\ Vt = e2Vxx - V + F2(U)G2(V) ' {Z-0) 

wheree x = x/y/djj. (The hats are dropped in the following analysis.) 
Beloww we show using a scaling analysis that under some conditions on Fjt2 and 

Gi722 the leading order behaviour of (2.4) for large pulse solutions is given by the 
generalisedd Gierer-Meinhardt equation (2.1). This implies that the methods used in 
thiss thesis on the existence and stability of pulse solutions can be applied to reaction-
diffusionn equations of the general form(2.3). However, the analysis in the general form 
(2.3)) involves some technicalities, which we wish to avoid. Therefore, the analysis in 
thiss thesis is restricted to the generalised Gierer-Meinhardt equation (2.1). 

Scalingg analysis 

Inn the scaling analysis we focus on stationary homoclinic pulse solutions to (2.4), 
i.e.. on solutions that decay to ([/, V) — (0, 0) as x — . Such homoclinic solutions 
inheritt the singular nature of (2.5), in the sense that the {/-component and the V-
componentt vary over different length scales. Since the ^-component evolves on a 
veryy short length scale, the V^-component will only be non-zero (to exponentially 
smalll  order with respect to e) on short intervals with an O(e) length. On the other 
hand,, the {/-component varies over an 0(1) length scale, so that it is to leading order 
constantt in the short intervals, where V is non-zero. Furthermore, the localisation 
off  the V-component implies that the inhibitor production is O(e) if U and V were 
0(1).. On the other hand, the [/-component is present over 0(1) length scales, so 
thatt its total decay is 0(1) if U were 0(1). Hence, we conclude that to match the 
productionn to the decay, it is impossible that both U and V are 0(1). Therefore, we 
set t 

U(x,t)U(x,t) =E-rU(x,t) and V(x, t) = e~sV(x, t), (2.6) 

wheree U,V are 0(1) functions. The numbers r and s determine the critical mag­
nitudess of the pulse solutions; depending on r and s the pulse solutions may be 
algebraicallyy large (r,s > 0), algebraically small (r,s < 0) and even of mixed type 
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(rr and s have opposite signs). Here, we choose to focus on large pulse solutions, so 
thatt we require r, s > 0. 

Too determine the critical magnitudes, we assume that for large U and V, the 
leadingg order behaviour of Flt2(U) and Glj2{V) is algebraic in U and V, so that we 
cann express the leading order behaviour of F\t2(U) and G\i2{V) as 

( -- \ a l , 2 

^ JJ (fi,2+erF lt2(Ü;e)) 

fVv-fVv- - . (2-7) 
Gi,Gi,22(V)(V) = Gh2{e-rV) = f - J (fli,2 + ^Gi,2(V; £)). 

Thee coefficients a1?2, A,2, ƒ1,2 and #i,2 completely determine the leading order be­
haviourr of Fi,2 and 6?ii2 for large £7 and 1/. A priori we do not impose restrictions on 
thee coefficients ajl j 2 and /?i)2. However, the existence results on homoclinic solutions 
wil ll  give conditions on the coefficients, see Section 2.3 Our goal is to express the 
valuess of r and s in terms of the coefficients a\ 2 and 0X 2. Substitution of (2.6) and 
(2.7)) in (2.5) yields 

,, (2.8) 
\Üt\Üt = Üxx - fiÜ + e-^-Vr-fo'Ü^Vhfh + êHiiÜ^) 

\\ Vt = e2Vxx - V + £-a* r-(fo-VaÜa2VfoUi2 + êH2(Ü,V) 

wheree ê = £mm(r>$ï, h% — ƒ;#, and H{ is defined by 

( / i + e ^ M )) (9i + e°Gi(V;e))=hi + êHi{Ü,V;£). 

Stationaryy (homoclinic) solutions to (2.8) are only possible if the total production of 
thee U and ^-components matches the total decay. Therefore, the linear and nonlinear 
reactionn terms in the ^-equation must have the same magnitude, which gives by (2.8) 
aa first condition on r and s: a2r + (02 - l)s = 0. The total inhibitor production can 
bee found by integration of the nonlinear reaction term in the ^/-equation of (2.8): 

- ( a i - l ) r - / ? ? 1SS f Üa"V^ (fn+êHiiÜ.V^dx. 

Sincee the V-component is restricted to an 0(e) interval and Ü is to leading order 
constantt over this interval, the integral is O(e), so that the total production of 
thee [/-component is O ^1 ^ 0 1 " 1 ^ " ^ 5 ) . On the other hand, the [/-component is 
(9(1)) over an C(l)-length, so that the total decay of Ö is O(l). Thus matching 
thee inhibitor production to the inhibitor decay yields a second condition on r and 
s:s: 1 - (a 1 - l)r — 0is = 0. Note that this argument uses some general, but yet 
unproven,, properties of the homoclinic pulse solution. However, the existence results 
off  homoclinic pulse solutions in the resulting scaling legitimate the argument. The 
twoo conditions on r and s are solved by 

0202 — 1 — OL2 
rr=—=—p-,p-, s = ^ - w i t h ^ = K - l ) ( / 3 2 - l ) - c t ^ ^ O (2.9) 
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andd subsequent substitution in (2.8) yields 

VtVt = Uxx - fiU + E-1Ü^V^(hl+êË1(Ü,V) 

VVtt = z2Vxx - V + Üa*V^\h2+êH2(Ü,V) 

(Thiss scaling is sometimes found in the literature, for example in [81, 82, 39].) To 
avoidd the asymptotically large reaction term in the {/-equation, we introduce a new 
spatiall  scale x and a new small parameter i by x = y/sx and È = y/e to yield 

ii 22ÜÜtt = Üxx - è2^Ü + Ü^V^fh+êH^ÜiVJ) 

VVtt = ë2Vxx - V + Ü^V^[h2+êH2(Ü1V)) 

Droppingg the tildes and ignoring the higher order parts of the nonlinear reaction 
terms,, gives the generalised Gierer-Meinhardt equation (2.1). 

Remarkk 2.1 Non-separable reaction terms can generally be treated in the same way 
ass the separable case. Specifically, if the behaviour of Hii2{U, V) is algebraic for large 
UU and V, the nonlinear reaction terms may be written immediately in the form 

HH h2h2(U,V)=(^\(U,V)=(^\  (J;) ' (hli2 + Hlt2(Ü,V-,ej), 

soo that (2.8) follows. However, in the nonseparable case the coefficients a 1,2 and /?i,2 
mayy depend on r and s. For example, if Hi{U, V) = UV2 + U2V, the magnitudes of 
thee two terms in this sum are £-(s+2 r) and e~{2s+r). Hence, (auPi) = (1,2) if r > s, 
butt (ai,Pi) — (2> 1) if r < s. However, this can simply be taken into account. Note 
thatt the classical Gierer-Meinhardt model (1.1) with a nonzero basic production rate 
(poo  ̂ 0) can be included in this way, as long as p0 is small compared to the pulse 
sizes. . 

Remarkk 2.2 The simplification of (2.3) to the separable form (2.4) excludes acti­
vator-substratee systems, like the Gray-Scott equation and the Schnakenberg model. 
Nevertheless,, they can be scaled into a form that is slightly more general than (2.1) -
seee [17]. Therefore, the results in this thesis can be translated to this type of systems 
ass well. 

Remarkk 2.3 In the scaling analysis, we have implicitly assumed that the reaction 
ratess fiU, Flm2 and Gi,2 are (9(1 ̂ functions if their arguments are 0(1). As we may 
assumee that the reaction rates do not depend on the ratio of the diffusivities of the 
twoo chemicals (expressed by £r), this is a valid assumption from a biological point of 
view.. On the other hand, from a mathematical point of view it is possible to scale 
forr example the inhibitor decay rate fi by some power of e, which has an influence 
onn the scaling analysis as it alters the magnitudes of the pulse solutions. Exactly 
thiss kind of analysis is performed in Section 4.2 to show that pulse solutions may 
disappearr if // = ö(l/£4). 
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2.22 Pulse solutions in the GM equation 

Inn this section, we try to give the reader a feeling for the type of the pulse patterns 
studiedd in this thesis. This section is in no way meant as a formal proof of the 
existencee of pulse solutions, nor is it a formal construction; these can be found in 
Chapterr 3. In this section, we implicitly focus on patterns on bounded domains, in 
particularr on homoclinic and periodic pulse solutions. 

Stationaryy pulse solutions to (2.1) can be found by removing the time depen­
dencee in (2.1), i.e. by setting Ut = Vt = 0, and solving the resulting set of ordinary 
differentiall  equations 

UUxxxx = c2tiU - U^V^ 
ee22VVxxxx = V - U^V8*  ' ( 2-1 2) 

(Notee that we set hi = h2 — I.) Since the two components in this set of equations 
havee completely different diffusion rates, the two components both have their own 
naturall  length scale. The ^-component varies over 0(e) lengths, whereas U generally 
'lives'' on much longer length scales. Therefore, the V-component is often referred to 
ass the fast component and the {/-component as the slow component. Note, however, 
thatt the notions fast and slow are not based on the time dependence of the original 
PDEE (2.1); instead they reflect how the components change over space in solutions 
too the ODE (2.12). 

Thee pulse solutions studied in this thesis, consist of narrow pulse regions, where 
thee K-component has a sharp peak, and long intervals, called the outer regions, where 
thee K-component is very small. Thus, the pulse solutions, reflect the differences in 
thee length scales. The behaviour of the solutions is approximated by two different 
limi tt systems. 

Thee problem is studied in the natural (O(e)) length scale of the fast component 
byy introducing the fast spatial coordinate £ = x/e. In the £-scale, (2.12) is written 
as s 

UKUK = eAnU e*U<^V^ 
VtfVtf = V - Ua2V02 ' [ } 

Byy taking the limit e — 0 of (2.13), we obtain the fast reduced limit, given by 

^ ( 00 = U0 = constant and % = V - U%2V02. (2.14) 

Iff  32 > 1, the V-equation has a homoclinic solution V/,(£) = Vh(£: UQ) for every value 
off  UQ\ Vh(£) is a bell-shaped pulse solution, which decays exponentially to V — 0 as 
££ —+ . The pulse solution is shown in Figure 2.1. 

Thee homoclinic solution Vh(£) is exponentially small at C(l/c)-distances (in the 
£-scale,, that is 0(1) in the x-scale) from the centre of the pulse. Therefore, we can 
approximatee the solutions in the outer regions by setting V — 0 in (2.12), which 
yieldss the slow reduced limit 

V(x)V(x) = 0 and Uxx=e2nU. (2.15) 
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Figuree 2.1: (a) The phase portrait associated to the fast reduced limit (2.14) (/32 > 1) 
(b)) The homoclinic solution Vh(S,: U0) of (2.14) for a = - 1 , f32 = 2 and U0 = 1. 

Thee linear equation for U is easily solved to give the general solution 

UULL{x){x) = Cie
£^x + C2e-£^ix. (2.16) 

Thus,, we have two limit systems, (2.14) and (2.15), of (2.12), of which we know the 
(exact)) set of solutions. However, for e > 0, the pulse solutions to (2.12) cannot be 
approximatedd uniformly by the solutions of either limi t system alone. The solutions 
off  the fast limit system (2.14) have constant U. whereas the solutions of the slow 
limi tt system (2.15) all have V(x) = 0 for all x. Furthermore, any non-zero solution 
off  (2.15) is unbounded as a solution on E. This problem, which is characteristic 
forr singularly perturbed ODEs. is solved by dividing the domain in long intervals, 
wheree the behaviour of the pulse solution is described by the slow limit system (2.15). 
interspersedd by narrow regions, where the behaviour of the pulse solution is described 
byy the homoclinic solution of the fast limit system (2.14). 

Thiss approach yields pulse patterns with the following characteristics. The V-
componentt is exponentially small everywhere, except in the narrow regions, where 
thee system follows the fast limit . There, the V-component is to leading order given 
byy a copy of the homoclinic solution Vh{£: U0) of (2.14), which has the form of pulse 
withh an 0(1) width (£-scale). Hence, in the original x-scale, V(x) has a sharp peak of 
O(e)O(e) width. The [/-component is approximately constant over the pulse region, but 
itt varies slowly over the long outer regions. The positions of the pulses, and hence 
thee positions of the pulse regions, depend on the type of pattern. A homoclinic pulse 
solutionn to (2.12). i.e. a solution that decays to (U, V) = (0. 0) as £ -> , consists of 
justt one pulse region, surrounded by two outer regions, which extend to -co and +oc. 
Figuree 4.1 on page 48 shows a homoclinic solution in a two-dimensional setting. On 
thee other hand, a (fundamental) periodic pattern consists of a regular arrangement 
off  pulse regions, separated by 0(l/e) outer regions. We refer to Figure 3.1 on page 
200 for an example of a periodic solution. 
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N-pulsee solutions 

Byy construction, the pulse solutions described above have just one peak in the V-
componentt in each pulse region. However, it was shown in [14] (but see also Section 
3.1.33 in this thesis) that one can construct homoclinic solutions to (2.12) that consists 
off  a number of peaks contained in one pulse region. These N-pulse solutions exist 
forr any N > 1. Each of the peaks has to leading order the form of the homoclinic 
solutionn Vh{£) of the fast reduced limit (2.14), but as the distance between the peaks is 
0(11 log(c)f), they are so close together that the minimum of the K-component between 
thee pulses is 0{y/e) and not exponentially small. Therefore, this type of solution 
shouldd not be confused with iV-pulse patterns generally encountered in the literature 
(seee for example [72, 73]) that consist of N isolated pulses and have exponentially 
smalll  V-components between the pulses. As |log(£)| <C 1/e, the [/-component can 
too leading order be considered as constant over all N pulses. Note, however, that 
thee fast limit system (2.14) has no homoclinic N-pulse solution and that the TV-
pulsee solutions only exist in the full system (2.12), due to (small) variations in the 
[/-componentt over the pulse region. (See Section 3.1.3 for the details.) 

Thee N-pulse patterns can be used as a building block for both homoclinic solutions 
andd periodic solutions, see Figure 3.2. However, it was shown in [14], that the 
homoclinicc N-pulse solutions are unstable with respect to an C?(l)-eigenvalue for all 
NN > 1. Therefore, we pay no attention to the N-pulse solutions in the stability 
analysiss of the stripe solutions (Chapter 4) or the periodic patterns (Chapter 5). 
Thee techniques developed in those chapters can however also be applied to N-pulse 
solutions. . 

2.33 Conditions on the existence of pulse solutions 

Whetherr pulse solutions to (2.12) can be constructed depends on the exponents 
ai,22 and /?i:2. It was shown in [14], that (large, homoclinic) pulse solutions can be 
constructedd under the conditions 

0i0i > 1, ih > 1, a2 < 0 , D = ( Q 1 - 1 ) ( / 3 2 - 1 ) - Q 2 / 3 1 > 0. (2.17) 

Thee conditions on 3\ and 02 are necessary for the existence of homoclinic solutions; 
forr instance the fast limi t system(2.14) has no homoclinic solution, if 02 < 1. The 
conditionss on D and a2 follow from the choice to study large pulse solutions. (Note 
thatt r. s > 0 (2.9). if the conditions are satisfied.) Though the conditions were 
derivedd in the existence analysis of homoclinic pulse solutions, they apply to all pulse 
patterns,, including the periodic patterns that we study in this thesis. Therefore, 
throughoutt this thesis, we assume that the parameters a\_2 and 3\_2 satisfy (2.17). 

Thee conditions on Bi, a2 and 02 imply that (2.1) must be a system of activator-
inhibitorr type, with U as the inhibitor and V as the activator, to exhibit stationary 
pulsee solutions. Therefore, note that the the (nonlinear) production rate Ua2Vd2 of 
thee V-component is a decreasing function of U if a2 < 0. Furthermore, since 3\ > 1. 
thee production of U is obviously stimulated by a high V'-component (actually 3\ > 0 
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wouldd be sufficient). Hence, under the conditions (2.17) the [/-component has the 
necessaryy properties of an inhibitor. Finally, the V-component is autocatalytic if the 
nonlinearr reaction term grows faster with increasing V (and constant U) than the 
linearr decay term, which is the case if 02 > 1-

Pulse-splitting g 

Thee existence of the homoclinic pulse solutions was proven under the assumption that 
thee decay parameter JJ, is 0(1). In Chapter 4, Section 4.2.1, we extend the existence 
analysiss to asymptotically large values of fi. i.e. we set [i  = ö(e~a) with a 6 [0,4]. 
Byy a scaling analysis, we find that homoclinic pulse solutions exist as long as a < 4, 
butt that there exists a critical decay rate jic = / /c/e

4, such that no homoclinic pulse 
solutionss exist if n > [i c. The regime \i = 0(1/e4) marks the transition from f « 1 
too c > 1 (in a scaled form). 

Numericall  calculations show that as fi is increased past the critical value fic, the 
homoclinicc pulse solution splits in two separate pulses. The two pulses move away 
fromm each other and split again if the distance between the pulses is large enough. The 
pulsee splitting is illustrated in Figure 4.2. On the infinite line the pulse splitting keeps 
repeating,, but on a finite domain the pulse splitting stops when a certain number 
(determinedd by the size of the domain) of pulses has been formed. Pulse splitting 
wass first observed in the Gray-Scott equation [67, 70, 19, 64, 11, 12]. The result in 
Sectionn 4.2.1 is the first observation of pulse-splitting in the Gierer-Meinhardt model. 

2.44 Overview of this thesis 

Thee contents of the following chapters consists of three papers, two of which have been 
publishedd in mathematical journals. Chapter 3 was published as Spatially periodic 
andand aperiodic multi-pulse patterns in the one-dimensional Gierer-Meinhardt equation 
inn Methods in Applied Analysis (2001) [18] with co-authors A. Doelman and T.J. 
Kaper.. Chapter 4 was published as Homoclinic stripe patterns in SIAM Journal on 
Appliedd Dynamical Systems (2002) [21] with co-author A. Doelman. Chapter 5 has 
nott yet been published, but it has been submitted to Indiana University Mathematics 
Journall  (with co-author A. Doelman). As the papers were only mildly edited, the 
chapterss can be read independently from each other. (Well, to leading order anyway.) 

Summary y 

Inn Chapter 3, we construct stationary pulse solutions to the generalised Gierer-
Meinhardtt equation (2.1), which consist of sharp pulses in the IZ-component, whereas 
thee {/-component varies slowly across the domain. We construct two one-parameter 
familiess of fundamental spatially periodic patterns, which consist of a periodic ar­
rangementt of identical pulses. The two types are distinguished by the height of the 
pulsess and the spatial period of the pattern. The two types merge in a saddle-node 
bifurcationn for a certain period LSN- Furthermore, it is shown that there exists a 
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largee variety of periodic pulse patterns consisting of a repeated sequence of two differ­
entt types of pulses. It is shown that such periodic pulse patterns exist if the sequence 
hass two internal reflection symmetries. Finally, we show that one can form 'random' 
pulsee patterns on a bounded domain with homogeneous Neumann boundary condi­
tions.. These pulse patterns can be interpreted as the restriction of a periodic pattern 
too the bounded domain. 

Inn Chapter 4< we study the stability of homoclinic stripe solutions in the two-
dimensionall  Gierer-Meinhardt equation. Homoclinic stripe solutions are formed by 
extendingg a homoclinic pulse solution of the one-dimensional equations trivially in a 
secondd spatial direction (See Figure 3.1). As the stripe solution has no structure in the 
directionn along the stripe, the stability problem of the stripe solution can essentially 
bee treated as a one-dimensional stability problem, where the second dimension enters 
onlyy through a wave number I, acting as a parameter. Using an Evans function 
analysis,, we find that with increasing wave number one of the eigenvalues A = A(/) 
convergess (on a 0(1) scale in I) to the unstable eigenvalue of a certain limit system. 
Thee eigenvalues of the limit system also depend on the wave number, but in such a 
way,, that the unstable eigenvalue is stabilised only if I = Ö{E~A). Therefore, we find 
thatt all stripe solutions are unstable except on asymptotically small strips (measured 
alongg the stripe). It is shown, that the analysis breaks down for asymptotically 
largee decay rates fi. Therefore, the existence analysis of homoclinic solutions is 
extendedd to asymptotically large it. We find, that there exists a critical value /ispHt = 
Ö(l /£4) ,, such that there exist no pulse solutions if ji  > //split- Numerical simulations 
reveall  that the pulse solutions disappear in a series of pulse-splittings, both in a 
one-dimensionall  and a two-dimensional setting. Our calculations show, that stripe 
solutionss can be stable if \i = 0(l/e4), which is confirmed by numerical simulations. 

Inn Chapter 5, we study the stability of the periodic pulse solutions constructed 
inn Chapter 3. Following Floquet-theory, the spectrum of the linearisation around a 
fundamentall  periodic wave consists of curves of 7-eigen values. The spectrum consists 
off  twro types of spectrum: (i) the small spectrum, connected to the translational 
eigenvaluee A = 0 and (ii) the 0(l)-spectrum, which consists of curves away from 
AA = 0. In this chapter, we determine leading order expressions for the eigenvalues in 
bothh types of spectrum. We find, that the small spectrum associated to a fundamental 
periodicc pattern with period 2L is real and negative if L > LSN- where LSN is the 
spatiall  period for which the two types of fundamental periodic patterns merge in 
aa saddle-node bifurcation. The stability of the periodic pattern is then entirely 
determinedd by the (9(l)-eigenvalues. On the other hand, if L < LSN the 2L-periodic 
fundamentall  pattern is always unstable with respect to O(l) 7-eigen values. The 
analysiss on the stability of the fundamental periodic solutions is straightforwardly 
extendedd to AB-patterns, which are shown to be unstable. Finally, we show that the 
spectrumm associated to a pulse solution on a bounded domain is a certain subset of 
thee set of 7-eigenvalues. which enables us to (correctly) predict the form of the most 
unstablee eigenfunction. 
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Chapterr 3 

Singularr pulse patterns 

Inn this chapter, we study the existence problem for positive, stationary, spatially 
periodic,, multi-pulse solutions (f7per{x -), VpeT(x)) of the generalised Gierer-Meinhardt 
equation n 

ƒƒ £2Ut = Uxx -£2fxU + U^V^ 
{{  Vt = £2VXX -V + U^Vto. ^ 

forr x € R [39, 61, 62, 38, 81, 83] (see also [14]). The unboundedness of the domain 
reflectss our choice to study a spatially extended system: the spatial scale of the 
patternss is assumed to be much smaller than the length scale of the domain. The 
ratio,, £2, of the diffusion coefficients of the two species, whose concentrations are 
denotedd U and V, is assumed to be asymptotically small, i.e. 0 < e < l . Throughout 
thiss chapter, the parameters (01,0:2, ft, ft) a nd M a r e assumed to satisfy 

DD = (ai - l ) ( f t - 1) - a2 f t > 0, a2 < 0, ft > 1. ft > 1, // > 0, (3.2) 

seee Section 2.3. One directly observes that (3.1) has the reversibility symmetry 
xx —> — x, which plays a crucial role in the analysis. 

Sincee x € K, the existence problem for stat ionary solutions of (3.1) can be written 
ass a singularly perturbed ordinary differential equation in which x plays the role of 
' t ime': : 

u'u' — p 
p'p' — —UctlVt)l+£2fiU fi o\ 

evev = q 
eq'eq' = v — ua2vP2, 

wheree ' denotes the derivative with respect to the slow spatial variable x. By intro­
ducingg the fast variable £ = x/s. we can write the slow system (3.3) in the equivalent 
fastfast form 

üü = £p 

pp = c [ - l i Q i ^ + c V ]  ( 3 4 ) 
vv = q \  J 

qq — v — uOL2v3'2. 

19 9 
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(b) ) 

Ji i !i i 
Figuree 3.1: (a) A (finite part of a) fundamental periodic pattern (U  ̂ (x) ,V^er (x)) 
thatt is (numerically) stable as solution of the scaled PDE (3.1). (b) A (numerically) 
stablee periodic pattern of 'mixed' type: the A\D\-solution (U^V

B (•£), V^6^ (x))-
Bothh graphs were obtained by a direct numerical integration of (3.1) with a\ — 0. 
a-2a-2 = —1. /Si = 02 = 0 and /i — 1 on a bounded domain of length L = 50. using the 
moving-gridd code described in [4]. In (a) z1 = 0.0300. in (b) e2 = 0.0206. Note that 
bothh patterns can be extended to solutions on K by reflection with respect to the 
boundariess of the domain. 
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where""  denotes the derivative with respect to £. Both equations inherit the reversibil­
it yy symmetry of (3.1): 

j .. £ - > - a ; , - £. p - > - p, q^-q- (3.5) 

Thee systems (3.4)/(3.3) have one fixed point. S, at (0, 0.0,0). This fixed point lies on 
thee boundary of the slow manifold Ai, the central feature of interest in (3.4)/(3.3): 

MM = {(u,p,v,q) :v = q = 0.u>0} (3.6) 

(seee Remark 3.3). As may be seen by direct inspection, this manifold is invariant 
underr the flow generated by (3.4)/(3.3) (recall that /3i,/32 > 0 (3.2)). 

Wee wil l study the existence of periodic solutions 7p e r(£) of (3.4) by the methods of 
geometricgeometric singular perturbation theory [24, 25]. We refer to [40, 43] for an introduction 
too the general theory and to [76] for a general account on the geometric theory of 
periodicc orbits in singular perturbed systems. In this chapter we use a combination 
off  geometrical and asymptotical techniques that has been developed to establish the 
existencee of periodic/homoclinic/heteroclinic orbits in singularly perturbed ODEs 
[16,, 34, 77, 76] and in Hamiltonian systems [42, 6]. These methods have also been 
employedd to study the existence of (multi-pulse) traveling waves in various PDEs: the 
Ginzburg-Landauu equation [10], coupled Ginzburg-Landau equations [20], the Gray-
Scottt equation [19], and several families of singularly perturbed reaction-diffusion 
equationss [14], [33], We note that this list is far from being exhaustive. 

Usually,, the search for travelling 'localised' solutions is one of the first steps in 
thee existence analysis of nontrivial solutions of a parabolic PDE. When the PDE 
iss defined for x E IR, these localised patterns correspond to homoclinic or hetero-
clinicc solutions of an associated ODE reduction ((3.3)/(3.4) in the case of stat ionary 
solutionss of (3.1)). The following result on the existence of singular, stationary, 
multi-pulsee homoclinic solutions of the generalised Gierer-Meinhardt equation was 
provenn in [14]: 

T h e o r emm 3.1 (homoc l in ic mul t i -pu ls e so lu t ions) Let (tx\, c*2, /?i, @2ilJ>) satis-fy 
(3.2).(3.2). Then, for any N > 1 with N — O(l) and e > 0 small enough, (3.4) possesses 
anan N-loop orbit 7jvom(£) homoclinic to S — (0,0, 0,0). The u, v coordinates o/7J i?m(0 
areare non-negative, and 7Jv°m(0 is exponentially close to ftA except for a connected 
intervalinterval of £ values during which it makes N circuits through the fast field, and 
duringduring which it remains at least 0{y/e) away from M. 

AA solution 7Jv
o m(0 corresponds to a localised pulse solution (UY^om(x),V^om(x)) 

off  the PDE (3.1). When N — 1. V^om(x) consists of only one sharp 'pulse; on a 
narroww spatial region; whereas when N > 2, V^ o m(x ) is a sequence of N consecutive 
narroww pulses that are relatively close to each other on a narrow spatial region. 
Inn particular, V^om(x) decreases to 0(\/Ë), but not further, in between any two 
adjacentt pulses in this narrow region, while outside of it V^om(x) is exponentially 
small.. Furthermore, the {7-component, U]

I^'m(x). is constant, at its maximum value, 
too leading order inside the narrow region, and then it decreases to zero outside of 
thiss region on a much longer spatial scale (Remark 3.3). 
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Thee orbits 7Jv°m(£) are all homoclinic to the saddle point S of (3.4). In fact, 
7jv°m(00 € WS{S) n WU{S), where WS(S) and Wu{S) are the stable and unstable 
manifoldss of S. However, both IVs(S) and WL' (S) are two-dimensional (see Re­
markk 3.3 below, and [14]), while the phase space of (3.4) is four-dimensional. Thus, 
onee should a priori not expect to be able to establish the existence of the intersec­
tionss 7Jvom(0- Nonetheless, it can be shown that WS(S) and Wu(S) do intersect 
(countablyy many times) by the application of the reversibility or reflection symmetry 
(3.5)) (see Section 3.1, as well as [14], for the details). In this chapter, the symmetry 
wil ll  be used in a similar way to establish the existence of one-parameter families of 
symmetricsymmetric periodic patterns. 

Thee first result of this chapter (Theorem 3.6) is a natural extension of Theorem 3.1 
too spatially periodic multi-pulse solutions. In particular, we show that, for any N > 1 
off  0(1), there exist two one-parameter families of 'fundamental' periodic solutions, 
7^er(£;i/)) and 7^er(C;l/) of (3.1). Orbits in different families are distinguished by 
thee type of 'jump' they make from A4 to A4. During its period, an orbit 7^cr(£)? 
respectivelyy 7^e r(0; 'takes off' once from A\, makes N circuits through the fast 
fieldd of -A/v-type, respectively B/v-type, and again 'touches down' on M. The orbits 
7^er(£)) and 7#er(£) are exponentially close to A\ after 'touch down' up until the 
nextt 'take off'. The 'jump', 'take off', 'touch down' terminology and the details of 
'beingg exponentially close to M' are explained in full detail in Sections 3.1 and 3.2. In 
Sectionn 3.1, the take off and touch down curves, Tf and TN

own (with T^ff,down C M) 
aree also defined and determined. These curves, and especially their intersections with 
thee orbits Tu of the slow flow on A\ (see Section 3.1.1), determine the difference 
betweenn the Ajv-jumps and the i?jv-jumps through the fast field. 

Thee main difference between the periodic AN- and £?jv-patterns (U^eT(x), V%eT(x)) 
andd {Uge*(x), V^(x)) of the PDE (3.1), which are associated to the solutions 7^er(£) 
andd 7J V̂(£)> respectively, of (3.4), is that the amplitudes of the U and V compo­
nentss of the Atf-type pulses are always larger than the amplitudes of the U and 
VV components of the B^-type pulses (see Figure 3.1). In turn, the amplitudes of 
thee (U^(x),V^(x)) and (U^T(x): Vger(:c)) patterns are always less than the am­
plitudess of the corresponding homoclinic pattern (UN

om{x),VN
om(x)). Apart from 

that,, the structure of the ^-component of an A^- or £?/v-pulse is, in essence, the same 
ass that of the homoclinic pulse in VN

om(x), especially in that V^eT(x) and Vger(x) 
aree exponentially small outside the narrow region in which 7^er(£) and 7ger(£), re~ 
spectively,, make their circuits through the fast field. The [/-components U^T(x) 
andd Uge*(x) again vary on a long spatial scale. However, unlike the {/-component 
UUNN

omom(x)(x) of a multi-pulse homoclinic orbit, the [/-component of all of the periodic 
patternss constructed in this chapter remains bounded away from zero (see Figures 
3.1a,, b and 3.2). Each fundamental periodic orbit 7£er(£), where a is any type of 
thee form {Ajy. BM}N\M>\I  c an De considered as a 'skeleton' for the construction 
off  periodic orbits of 'mixed' type. In Figure 3.1b, we show a plot of the pattern 
{U^{U^TT

BB (x), V^er
B (x)) that was obtained as the time-asymptotic state in a simulation 

off  the PDE (3.1). This pattern corresponds to the most simple periodic orbit of 
mixedd type in that the solution 7^er

B (£) of (3.4) is a periodic orbit that makes two 
differentt 'jumps' through the fast field, one of Ai-type and the other of Bi-type. Our 



23 3 

Figuree 3.2: A schematic il lustration of a finite part of the pat tern 
{U{U PPA*A*A2A2AA33AA22AM)'AM)'VVMAMA22A,AA,A22ASASXX)))) associated to an A1A2A3A2A1-oxHt of r r r r " 1-
typee (with r = AiA2. a = A 3) . The •full ' pat tern can again be obtained by reflection 
wit hh respect to the boundaries of the domain. The singular l '-pulses are represented 
byy vertical line segments. The [/-components are. to eading order, constant during 
thee fast excursions of 74C'4. 4, 4 4 (£)• Note that the values of U are identical at the 

0 11 UA1A2A3A2A1 
(upp to exponentially small corrections, see Section 3.2) 

secondd main result. Theorem 3.8. establishes that, for each N > 1 and M > 1. there 
existss a one-parameter family of periodic orbits 7£^2(£ ), with G\-,oi G { . 4 . V - 5 A / } -
Thesee orbits are called 'of <7i<72-type' (see Section 3.2.2 for the details), since the pat­
ternss (U%% (x), V£%2{x)) associated to these solutions consist of periodic sequences 
...<7i<72<7i<7-20"iO"2---- of pulses of cri-type and (72-type (Figure 3.1b). 

I tt follows from the construction of the 'fundamental' orbits of cr-type and the 
'mixed'' orbits of a ic^- type that there must be many other families of singular, pe­
riodic,, multi-pulse solutions of (3.4). or. equivalently. many other types of singular, 
spatiallyy periodic, multi-pulse pat terns in the generalised Gierer-Meinhardt equation 
(3.1). . 

Off  course, these one-parameter families of periodic solutions wil l have to obey the 
reversibilityy (or reflection) symmetry (3.5). Hence, an element of such a family of 
periodicc solutions, 7p e r(£; v), must satisfy (after translation) ypc' r(0: v) G {p = q = 0} 
and d 

per r 

vvPor(T. Por(T. 

7*""(£ ;; v). Thus. 
,perj_T T 

[p[p = q = 0}  where T = T(v) is the period, or wave length, of 
7per(£:z/)) has two internal symmetries. 7p e r( - £ ; ^) = 7p e r(? : ^) and 

- £ ;; y) — 7p e r( f + ?: v) (we refer to Section 3.2for the details). It follows that 
onee can distinguish between three possible types of periodic solutions 7p e r(^ : i / ) . An 
orbitt 7pe r(£;z') might have both jpel(0;v) and 7p e r( f ;v) exponentially close to M. 
orr it might have jpeT(0;i/) exponentially close to M and 7p e r( f s ^) in the fast field 
(notee that one can always translate, so that one can assume that 7p e r(0 :^) is close 
too M): finally 7p e r(£ ; f ) might have both 7p e r(0; i / ) and ypei(^;v) in the fast field, 
i.e.. each halfway along a fast u- jump or <r-jump from M to M. 
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Inn Theorem 3.9 we give a complete characterisation of all possible one-parameter 
familiess of symmetric periodic solutions. In particular, let r be a 'random' sequence 
off  ays, j ~ 1,2,..., J, where Oj represents a jump through the fast field of o3-
type,, i.e. r = G\G2---GJ with Gj 6 {AN..BM}N,M>\* and let r~: be defined by 
r _ 11 = GJOJ-I...G\. It is shown in Theorem 3.9 that one can construct three different 
one-parameterr families of singular symmetric periodic orbits for any r: one of TT_1-
type,, one of rar^1 -type and one of GTGT~1 -type, where G and G are arbitrary. 

Thee orbits of r r_ 1- type correspond to solutions 7P^11(£;f) of (3.4) that have 
bothh the points 7^111 (0: v) and 7^_i (f ; v) exponentially close to M. The associated 
patternn (UpeiL1 (x), V^l,. (x)) in the PDE (3.1) exhibits a periodic sequence of singular 
pulsess of crj-type of the form 

...GiG...GiG22...GjGjGj-i...GiGiG2-.-GjGjGj-i...Gi..., ...GjGjGj-i...GiGiG2-.-GjGjGj-i...Gi..., 

wheree Gj can represent any possible jump through the fast field of A^- or B^-type. 
Thee rcrr_1-orbits correspond to solutions 7per _1(^;u) that have 7per- i(0; i / ) expo­
nentiallyy close to M. and 7^ . -1 (|-; v) in the fast field, halfway along a jump of cr-type. 
Inn Figure 3.2, a sketch is given of the pulse pattern ...A1A2A3A2A1 A1A2A3A2A1... 
generatedd by (U%e*A2A3A2Al(x),VX°rMA!iA2Ai(x)), the solution of (3.1) associated to 

thee roT-1-orbit lA
e
1
TA2A3A2A1(^^ w i t h T = AXA2, G = A3. Finally, the GTGT~1-

orbitss correspond to orbits 7per- _1(£;v) that have their intersections with {p = 
qq — 0}  halfway along their jumps of er- and a-type. The corresponding patterns 
(U^(U^TT--TT-.-.11(x),V^l(x),V^lrr__11(x))(x)) are generated by the following periodic sequences: 

...GGiG2...GjGGjGj-i...GiGGiG2...GjGGjGj-i...GiGGiG2--., ...GGiG2...GjGGjGj-i...GiGGiG2...GjGGjGj-i...GiGGiG2--., 

withh a, G, Gj e {AN,BM}N,M>I f° r 3 — 1> 2,..., J. 
Therefore,, we may conclude by Theorem 3.9 that the generalised Gierer-Meinhardt 
equationn (3.1) has an extremely rich set of distinct periodic solutions/ patterns. 

Finally,, we extend the results obtained for periodic intervals to the case of the 
Gierer-Meinhardtt equation defined on a bounded interval with homogeneous Neu­
mannn boundary conditions. We show that this leads to a very natural distinction be­
tweenn the three types of periodic orbits described by Theorem 3.9. Specifically, we re­
formulatee Theorem 3.9 into a new result, Corollary 3.11, by restricting £ to a bounded 
interval.. In essence, Corollary 3.11 states that any 'random', and thus in general ape­
riodic,, multi-pulse pattern of J pulses of Uj-type, with Gj £ {AN,BM}N,M>I, exists 
ass solution of (3.1) on a bounded interval of sufficient length and with homogeneous 
Neumannn boundary conditions. Moreover, this corollary clearly brings out why such 
'random11 patterns exist. 

Thee chapter concludes with a brief discussion section, in which we comment on 
thee possible stability of the spatially periodic patterns and on some related issues. 

Remarkk 3.2 The (natural) choice to study positive solutions (i.e. U(x.t). V(x,t) > 
0)) does not have an essential influence on the analysis. We refer to [14] for more 
detailss on this issue. 
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Remarkk 3.3 The fact that the fixed point S lies on the boundary of Ai where u = 0 
introducess a technical difficulty for the application of the Fenichel geometric singular 
perturbationn theory, since the theory applies for u > 0. Moreover, since a2 < 0 (3.2), 
theree is a singularity in the vector field at u — 0 that, a priori, could prevent the 
existencee of orbits homoclinic to S. Both these issues are treated and resolved in 
[14].. Since the periodic solutions studied in this chapter remain bounded away from 
thee hyperplane {u = 0} . we do not have to consider the singular behaviour at u = 0 
inn this chapter. 

3.11 Geometric preliminaries 

InIn this section, we present the background material on which the construction of 
thee periodic patterns is based. This approach was in essence already developed in 
[19]]  for the Gray-Scott model and was generalised in [14] to a large class of singu­
larlyy perturbed reaction-diffusion system, including the generalised Gierer-Meinhardt 
equation.. Both [19] and [14] are mostly restricted to homoclinic (i.e. non-periodic) 
patterns. . 

3.1.11 The reduced problems and persistence 

Thee fast reduced limit e J, 0 of (3.4) is given by 

vv = v-ua2v02, (3.7) 

withh u = u° and p = p°, where u°,p° 6 IR are constants. System (3.7) is integrable 
andd has, for u° > 0, a saddle fixed point at (v — 0, v — 0) that has an orbit 
( r h o m( 0 wh o m( 00 = t 'h o m(0) homoclinic to it. Note that one has to assume that 
0202 > 1, which is one of the conditions explicitly contained in the hypotheses (3.2). 

Thee slowT manifold M. defined in (3.6) is simply the union of the saddle points 
(0.0)) over all u° > 0 and all p° 6E M. The slow manifold is normally hyperbolic relative 
too (3.4) with e — 0 for all v. Specifically, with e — 0, A4 has three-dimensional stable 
andd unstable manifolds that are the unions of the two-parameter (i/°,p°) families 
off  one-dimensional stable and unstable manifolds, respectively, of the saddle points 
(1.,*?)) = (0,0) in (3.7). 

Thee Fenichel persistence theory (see [24. 25, 40, 43]) implies that system (3.4) 
withh 0 < £ « 1 has a locally invariant, slow manifold, under the condition that the 
vectorr field is at least C1. Hence, wre have to impose (3.2). Here, we know even more 
already,, since the manifold A4 is also invariant in the full system (3.4) with £ / 0. 
InIn addition, the Fenichel theory states that, in the system (3.4) with 0 < e <C 1, M. 
hass three-dimensional stable and unstable manifolds. wrhich we denote WS(A4) and 
\Y\YLL [M.].  and that these manifolds are O(E) close to their £ — 0 counterparts. 

Generally,, the slow reduced problem can be obtained by taking the limit E —> 0 in 
thee slow system (3.3). This reduced system governs the (slow) flow on M.. However, 
takingg E —> 0 in (3.3) yields u" = 0, so that we conclude that the flow must be super 
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slowslow on M (see also [19]). The flow on M is obtained by setting v,q = 0 in (3.3): 

u"u"  = £2/iU, (3.8) 

thuss d/dx = 0(e), where x is the slow variable. 
Thee slow reduced problem (3.8) is linear. On jVf, there are one-dimensional 

stablee and unstable manifolds (restricted to Ai) that are asymptotic to the saddle 
SS = (0, 0, 0,0) on the boundary of M (see Remark 3.3): 

eeuu<< 88 : p =  (3.9) 

Thee manifolds tu,s are especially important for the construction of homoclinic (multi-
pulse)) solutions. 

Periodicc solutions are associated to a family of hyperbolic solutions of (3.8) that 
liee to the right of iu and £s in the u > 0 half-plane. We define the one-parameter 
familyy of orbits 

r „„  :={p 2 = £2{/iu2 -v)} for v e E. (3.10) 

Notee that Yy corresponds to £s U £u for v — 0, and that u changes sign on Tv for 
vv < 0. Since we focus on positive solutions in this chapter, we only consider Tv with 
vv > 0 (see Figure 3.3 and Section 3.1.3). Solutions on these orbits can be expressed 
explicitlyy as 

u{x-u{x- v\ x0) = u m i t » cosh (ey/U{x - x0)) = umin(u) cosh (e2v^(^ - Co)) , 

soo that U{XQ]V\XQ) = umin(u) and 

u(x;u(x; u; x0) > umin(u) d= . ƒ? > 0. (3.11) 

3.1.22 Periodic solutions and orbits homoclinic to A4 

Periodicc solutions of (3.4) cannot be homoclinic to hA. However, we now show that 
anyy periodic solution of (3.4) must have a singular structure, in the sense that it must 
consistt of 'slow' parts close to M. and 'fast' parts that are excursions away from M. 
andd back to it. 

Thee argument is based on a Poincaré map approach. A periodic solution 7per(£) 
off  (3.4), with 7p e r(0 = (w p e r( 0 ,Pp e r( 0 ^ 'p e r( 0 ^p e r( 0 ), and with Oil) period T, is 
aa closed curve in the phase space, so that 

Ap(7per)) = / p ( 7p e r( 0R = 0, 
J-Til J-Til 

^T/2 ^T/2 

-T/2 -T/2 

byy construction. However, it follows from (3.4) that 

"T/2 "T/2 
Ap(7

per)) = -£(u
0)ai f {v°{S;u°))01dZ + O{ 

J-T/2 J-T/2 

J2' J2' 
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wheree u° > 0 is constant. Hence, such a periodic solution satisfies |uper(£) - u°| = 
0(e)0(e) for all £ and the t'-component, v°(£; u°) > 0, is a periodic solution of (3.7) that 
satisfiess K e r( 0 ~ i '0 ( £ ; u0 ) | = 0(e) for £ E (-T/2.T/2). Therefore, Ap(7per) cannot 
vanishh for e < 1, since the coefficient on the 0(e) term in the formula for Ap must 
bee strictly negative. In turn, this implies that A/?(7per) cannot vanish for p < 1/e4. 
Seee Remark 3.4. 

Sincee we consider here 0 < e < 1 and p = 0(1), we conclude that periodic 
solutionss cannot be close to a periodic solution of the fast reduced problem and 
cannott have an 0(1) period T. Only solutions that have i;per = 0 to leading order for 
mostt of the circuit might be able to satisfy the condition Ap = 0. Such solutions thus 
havee 'slow' components that are close to M (where v = 0) and 'fast' components 
thatt are close to the homoclinic solutions uhom(4; u°) of the fast reduced problem. 

AA 'fast1 excursion away from, and back to, M gives a negative contribution to 
ApAp strictly of 0(e). This contribution must be 'balanced' by the component +e3(iu 
(3.7)) of p that is the leading order contribution of Ap for v = 0. It follows that a 
potentiall  periodic solution must remain close to M for ö(l/e2) 'time' (here 'time' 
== the fast spatial variable £), so that the 0(E3) component can have a net effect 
alsoo strictly of 0(e). Note that this argument also shows that a spatially periodic 
solutionn must have a period of 0(1/e) in the (slow) spatial variable x of the (scaled) 
PDEE in normal form (3.1). 

Thee slow manifold M is normally hyperbolic, hence, a solution can remain close 
too M for ü(l/e2) time (as measured in £) only if it is exponentially close to M 
duringg its 'passage' near M. Therefore, each segment of a periodic solution must 
bee exponentially close to either M, or, during a circuit through the fast field, to 
WWSS(M)(M) fl WU(M) ([41, 77, 76] and Section 3.2 ). This implies that any periodic 
solutionn to (3.7) must be exponentially close to a solution homoclinic to M. As a 
consequence,, it is necessary to first develop a theory by which solutions homoclinic 
too M can be constructed. The results reviewed below were first reported in [14]. 

One-circuitt orbits homoclinic to M in the full system (3.4) with 0 < e < 1 will 
liee in the transverse intersection of Wu(M) and WS(M), and their excursions in 
thee fast field will lie close to a homoclinic orbit of (3.7) for some particular value of 

Inn order to detect these solutions, we use a Melnikov method for slowly varying 
systemss ([71, 19, 14]) System (3.7) has a conserved quantity, or energy, given by: 

Kit)Kit)  = \Q2 ~ \v2 + ^ ï « a a^ 2 + 1 - (3-12) 

Byy construction, K\M = 0, and K < 0 for orbits inside the homoclinic orbit 
(v(vhoho™(^u°),q™(^u°),qhomhom((-u((-u00)))) of (3.7), while K > 0 for orbits outside. In addition, a 
directt calculation yields: 

KK = e-^-ua*- lpv^+\ (3.13) 
P2P2 + 1 

i.e.. K = 0(e). Since K\M = 0, any orbit 7(£) = (u(£),p(£),v(Z),q(£)) of (3.4) that 
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iss homoclinic to M must satisfy the condition 

AK(uAK(u00.p°)=.p°)= f  ̂ A ' b ( OR = 0. 

Here,, without loss of generality, we assume that the orbits 7(£) homoclinic to M. 
iff  they exist, are parameterised such that 7(0) = (u°.p°. r°.0). Therefore. (3.13) 
implies: : 

llpv^pv^ + 1d  ̂ = 0. (3.14) 
/ : : 

Thee condition (3.14) is exact in the sense that we did not introduce any approxima­
tionss so far. Moreover, as we shall show, if the zero of AK is a simple one, then the 
homoclinicc orbit 7(f) lies in the transverse intersection of WS(M) and WL{M). 

Now,, WS(M) and Wu(M) are three-dimensional manifolds. Thus, in the four-
dimensionall  phase space of (3.4), one expects that WS{M) C\ WU{M) is a two-
dimensionall  manifold, or, equivaleutly. that there is a one-parameter family of orbits 
77 that are homoclinic to M. The analysis carried out in the remainder of this 
subsectionn reveals that this is indeed the case as long as (3.2) holds. 

Sincee WS{M) and Wu(M) are O(e) close to the (u°,p°)-family of homoclinic 
orbitss to (3.7), both WS{M) and Wu(M) intersect the three-dimensional hyperplane 
[q[q = 0}  transversely in two-dimensional manifolds, defined as 1-\(M) and l+i(M), 
respectively.. These manifolds can be parameterised by (u°,p°): 

II (M)(M) = {(u0,p0,v0 (u0,p0),Q),u° > 0}  C {q = 0} . 

Thus,, for every u° > 0 and p° € R, there exists a v°_1 such that the solution 7(f) 
off  (3.4) with 7(0) = ( U ° , P W 0 ) satisfies l i m ^ ^ f É ) e M. Similarly, there 
existss a v% such that the solution 7 (0 of (3.4) with 7(0) = {u°,p°,v%u0) satisfies 
l im^^_oc,7(00 € M (where the superscripts are indices, not powers). Note that the 
usee of the above limits constitutes a slight abuse of notation. The slow manifold M 
hass a boundary dM = {(u,p,v,q) : u = v = q = 0}  (3.6) and the vector field (3.4) 
cann be singular when u —> 0. However, in this chapter we are only interested in orbits 
thatt have positive u-coordinates for all £. see also Section 3.1.3 (and Remarks 3.2, 
3.3). . 

Havingg established that the sets T-i(M) and I+i(M)  are nonempty, we now 
showw they intersect in the hyperplane {p = 0} . We use the homoclinic orbit (t,hom(£), 
qqhomhom{0){0) of (3-7) to approximate the solutions on WU{M) and WS(M). The exact 
conditionn (3.14) now implies that, to leading order, one-circuit homoclinic solutions 
mustt satisfy: 

(u ° ) f t 2 ~yy r {vhom{Z))'h+1dS + 0{E) = 0. (3.15) 

Thee improper integral exists because rhom converges exponentially to zero as £ —» 
.. and hence so does the entire integrand. Then, since the integrand in (3.15) 

iss positive and since u° is assumed to be positive, we see that it is only possible to 
satisfyy (3.15) if p° is O(e). In addition, we conclude that 

A A > ( V )) = 0(s2) for p° = 0{E). 



3.1.. Geometric preliminaries 29 9 

Finally,, for the one circuit homoclinic orbits to M. we now show that not only is 
itt necessary that p° = ö{s). but it is in fact the case that p° = 0. We go back to 
thee exact condition (3.14). For any solution j(£) = (u(£).p(£).v(£),q(£)) G \VU(M) 
withh 7(0) = (u°.0, I'J^u^OJ.O) G I^(M), the reversibility symmetry (3.5) implies 
that t 

u(-0u(-0 = u(0~ p(-0 = -p(0, ii-0 = HO- and g ( -0 = - ? (0. 

and,, hence also, r ^ = v°_l. Therefore, along 7(f), the integrand in (3.14) is an 
oddd function of £, and the integral vanishes identically. This, in turn, implies that 
WWUU{M){M)  n WS(M) precisely in the orbit 7(f) and that the set I+i(M)r\l- 1(M) C 
{pp = 0} . 

Remarkk 3.4 In [55] the transition from singular periodic orbits to regular periodic 
orbitss (by varying the parameters), and the ultimate 'fate' of the family of periodic 
orbitss in a Turing bifurcation, has been analysed in full detail for the Gray-Scott 
model.. We also refer to this chapter for more details on the 'Poincaré map approach' 
sketchedd in the beginning of this subsection. An analysis similar to that of [55] can 
bee done for the generalised Gierer-Meinhardt equation by increasing (j, from 0(1) 
too 0(l/e4). Note that one has to adapt the scalings in (3.1) as soon as \x becomes 
»» 1. It then follows that increasing fi to ö ( l / e4) is equivalent to making e an (9(1) 
parameter.. The details of this scaling analysis can be found in Section 4.2.1. 

3.1.33 Multi-circui t orbits homoclinic to M. 

Soo far, we have only paid attention to homoclinic orbits to M that make a single 
circuitt through the fast field. In this subsection, we follow [14] and establish the 
possibilityy of having orbits that take off from M and make N > 1 loops through the 
fastt field before touching down again on A4. 

Ass we shall show below, the global stable and unstable manifolds of M intersect 
thee hyperplane {q = 0}  many times. The sets  defined above can be seen to 
bee the first intersections of WS(M) and Wu(M) with {q = 0} : an orbit 7(£) with 
initiall  condition in l_i(M) only follows the reduced fast flow for half a circuit and 
•gets•gets caught' by M, i.e. it does not leave an exponentially small neighbourhood of 
MM anymore. Orbits that have their initial conditions in the second intersections of 
WWUU--SS(M)(M) with {q = 0} , whose existence we shall show shortly, follow the fast flow for 
twoo half circuits through the fast field before settling down on M. Hence, they each 
makee one full circuit. We label these sets of initial conditions (u°,p°. 2(u

Q.p0), 0) 
byy  For initial conditions in them. i^2(u°.p°) are strictly 0{yfe). 

Similarr definitions can be given for the n-th intersection sets n(M). These sets 
aree also two-dimensional manifolds. For n even. i'^.n is strictly 0(^/ë). since these 
solutionss make n/2 full circuits in the fast field: while, for n odd. v^_n is strictly 0(1) 
(andd O(z) close to the intersection of the corresponding unperturbed homoclinic orbit 
off  (3.7) with {q = 0}). since these solutions make a half-integer number of circuits in 
thee fast field. Below, we will show that all l (M) exist. Finally, we will show that 
1-m{M)1-m{M) fMn(M) for all m + n even, and it is precisely in these intersections that 
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thee orbits homoclinic to M lie that make ^ ^ full circuits through the fast field of 
(3.4).. Note that intersections with m + n odd are ruled out due to the locations of 
v°_v°_mm and I'J, since one of these is strictly 0{\/Ë), while the other is strictly O {I). 

Wee first establish that the curves l (M) exist for all n > 1 (if (3.2) holds), 
focusingg on the case oïl+n(M), since the case of J_n(-M) may be done similarly. The 
planee {p° = 0}  separates l+i(M) into two parts. The strategy then is to determine 
thee fate of initial conditions on l+i(M). We will see that there are "wrong" and 
'right'' components oil+i(M) such that orbits with initial conditions in the 'wrong' 
partt of l+i(M) are "outside" the three-dimensional manifold \VS(M) and follow the 
unboundedd part of the integrable flow (3.7) in forward "time* £. Hence, they do not 
returnn to {q = 0} . On the other hand, orbits with initial conditions in the 'right' 
partt oil+\(M) are 'inside' the three-dimensional manifold IVs(M) and follow the 
boundedd part of the integrable flow (3.7) in forward 'time' £. Therefore, these will 
bee the ones of interest since there is the possibility that they can return to {q — 0} . 

Inn order to deduce which part of l+i(M) does return to {q = 0} , i.e. which 
partt of l+i(M) is the 'right' part, we consider an orbit r+ i (£ ) = (u+1(£,),p+ï{£,), 
v + 1 ( 0 ^ + 1 ( 0 )) w i t h r+ i ( ° ) = « i - P + i ^ ' V O) E I+1(M). We assume that p°+l  is 
strictlyy 0(E), i.e. r+i(0) is not too close to X-i(M). Thus, F+i  is at its minimal 
distancee (strictly ö(y/ë)) from M when £ = E = ö{\ log£r|). Then, since T+1(£) —• 
M.M. as £ —• —oc and since K = 0 on A4, we see that 

K(TK(T+1+1(E))=(E))= P K(1mdi = e-^-AulX^Pli r\vhom)02+1dl; + O(E2) 

(sincee ?;hom(^) approaches 0 exponentially fast), where we have made the same ap­
proximationn as in (3.15). Thus, since «2 < 0 (3.2), we have 

K(TK(T+1+1(3))<0(3))<0  ̂ P°+1>0. 

Finally,, since K < 0, we know from the definition (3.12) of K that T+ i (S) is inside' 
WWSS{M)\{M)\  and, also that r+i(H) intersects {q = 0}  again, i.e. 1+2{M) is nonempty. 
Correspondingly,, the above argument shows that if pQ

+l < 0, then K > 0 and the 
orbitt r+ i (H ) is 'outside" WS(M). Hence, it cannot intersect the hyperplane {q — 
0}}  again. The same argument in backwards 'time' yields that orbits r_i(£) with 
r_i(0)) = {u^p^.v^O) E I' l{M) intersect {q = 0}  again when p0  < 0 (but 
nott when p°_x > 0). Thus, both 2{M) exist, 

Thee above argument may be extended to show that all n(M) exist, and we de­
notee the points in these sets by n n, n(u n̂.p%n).0), respectively. Moreover, 
thee same argument can be applied to any solution of (3.4) with an initial condition 
inn {q = 0}  that is at least Ö{E) close to WS(M) or WU(M). Only the orbits with 
positivee p-coordinate are 'inside' \VS(M) and will thus intersect {q — 0}  again in 
forwardd 'time' (= £): the p-coordinate must be negative for a next intersection with 
{q{q — 0}  in backward time. 

Next,, we show that the intersections J+2(A4) r\I-2(M). and their higher order 
equivalents,, exist. Orbits with initial conditions in  can also be approximated 
byy t>hom(£) (3.7) to leading order, since both circuits must be 0{s) close to vhom(£). 
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Thus,, to leading order, 

AKAK = 2E^-i(u°+ir-y+1 ƒ°° ( r h o m) ^ + 1^ , 

andd we find that the p-coordinate p° of the initial condition must also be 0, to 
leadingleading order, for a two-circuit homoclinic orbit with initial conditions in Ï + 2 ( J M ) (~1 
X_ 2 ( JM).. Moreover, not only is p° = 0 to leading order, but p° = 0 exactly, since the 
reversibilityy symmetry (3.5) implies that the homoclinic orbits with initial conditions 
p°p° — 0 in 1+2(M) n l _2 ( M ) are also symmetric, just as we saw for the one-circuit 
orbits.. That is, we have shown 

XX+2+2(M)(M) nX_2(M) C {p = 0}  exactly. 

Finally,, the same argument may be repeated inductively to show that 

l+l+ nn{M){M)  n l _n ( M ) C {p = 0}  for all n = O(l) exactly. (3.16) 

Soo far, however, it is not yet clear for which pairs m  ̂ n with m + n even, 

XX+n+n(M)(M) n {p = 0}  Ï 0 and J_m(.M) n {p = 0}  ^ 0. 

Ass shown above, only those orbits with initial conditions in X+\(M) U {p > 0}  can 
'build'' J+2(-M) . The main question then is: Can (at least) one of these orbits satisfy 
P(0P(0 — 0 at its second intersection with {q — 0}? 

Wee begin by calculating the change in p during the half-circuit from {q — 0}  back 
too {q = 0} . Note that a similar computation was already done at the beginning of 
Sectionn 3.1.2. We consider the orbit T+1(£) = (w+i(£),p+i(£),z;+1(£),(jr+1(£)) with 
T+i(0)) = (u(l l,p%1,v l̂,0) e I+1(M), where now p°+1 - ep° > 0 with p° strictly 
0(1).. Let E (= ö(\loge\)) be such that r+ i (S) e 1+2(M) C {q = 0} . We define 
ApAp by p+1(E) = e °̂ + Ap. Hence, by the second component of (3.4), 

ApAp+1+1{u°,£p°){u°,£p°) = -£ f uaiv^dZ + ö{E*\\oge\)- (3.17) 
Jo Jo 

notee that Ap+1(u°,ep°) is finite (3.2). Thus, 
/•esc c 

ApAp+1+1{u{u00,£p°),£p°) = ~£{u°)a' / (vhom(^)f1d  ̂ + 0(e2), (3.18) 
Jo Jo 

Ass a consequence, the p-coordinate of r+ 1(E) G X+2(M) is given to leading order by 

^00 / , 0 \ QI ƒ /„.hom ppöö-(u-(uöö))aiai / ( v h o m( e ) ) ^^ withh p° > 0. 

Thiss expression can change sign (since u° > 0 and i'hom(£) > 0). By a similar 
argumentt for the general case, we conclude that all intersections X+n(M) HX-n(M) 
existt and satisfy (3.16). Moreover, by following the fast flow for j half circuits, we see 
thatt all ln+j(M) nX_n+ j(M) exist, although these sets are not subsets of {p = 0} , 
sincee Ap  ̂ 0, by (3.18) or its equivalents. Summarising, 

XX+n+n(M)(M) nl_m(M) ^ 0 for all n + m even and m.n = 0(1). 
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3.1.44 Take off and touch down curves 

Soo far, we have focused on the dynamics in the fast field of (3.4). and for every O(l) 
NN > 0. we have constructed a one-parameter family of multi-circuit orbits homoclinic 
too M. We now turn our attention for each N > 1 to locating special pairs of curves 
onn M that are essential for determining the slow segments of these same multi-circuit 
orbits.. In particular, we will need the ideas developed in [25]. 

Lett I\!v{£ ) be an ^-circuit orbit homoclinic to yVl. of the type whose existence 
hass been shown in the previous subsection, with rjv(O) £ TN(M) C\T_N(M) c 
{pp = 0} . By geometrical singular perturbation theory (see [25] and [40]), there are 
twoo orbits Tf$ = r£°^<£; (u%,p%)) C M and 7l '7(£; {u°_ N,p°_N)) C M, re­
spectivelyy (where ; ) — (u 7 ) G -M), such that Ijr^f O -
T+°vv (£; (U+JV,P+JV))|| is exponentially small for £ > 0 with f > 0(\) and ||rjv(0 -
T!!;7(£:: {u°_N,p°_N))\\ is exponentially small for £ < 0 with -£ > O(^). As a conse­
quence. . 

d(Td(TNN(£),M)(£),M) = O (e-$\ for |f| > O (-) or larger. 

forr some k > 0. The orbits r ^ ^ ( ^ ; {u\N,pQ )) determine the behaviour of TJV(£) 

nearr M. Moreover, T./v(£) satisfies the reversibility symmetry (3.5) by the choice of 
initiall  conditions, and thus 

Hir ee («° *,*£*) ) = rf^(-fc («%, -P%)). 

Wee now define the curves TiV
own C .M ('touch down') and Tf C X ('take off') as 

T*rT*r nn = UrNio){(u
0
+N,p0

+N) = rST(0; « * , ? % , ) ) } , and 

Tf?Tf? = UrNl0){(u°+N,-p0
+N)} i 

wheree the unions are over all IV (0) € X jV (X) n 1-N(M) C {p = 0}  fl {q = 0} . 
Forr each N = 1,2,..., the take off set T°f f (respectively, the touch down set T$°WT1) 
iss the collection of base points of all of the Fenichel fibres in Wu{M.) (respectively, 
WWSS(A4))(A4)) that have points in the transverse intersection of Wu(A4) and WS{M) 
[24,, 25, 40, 41, 43]. 

Detailedd asymptotic information about the locations of Tff and T^own can be 
obtainedd explicitly by determining the relations between TJV(O) = (u°,0,v°,0) and 
{u^{u N̂N,p^_,p^_NN,, 0,0). First, we observe that p = 0(e3) on M (3.4), thus, the p-coordinate 
off  T^™ remains constant to leading order during the fast excursions of IV(£)- There­
fore,, p®_N is completely determined (to leading order) by the accumulated change in 
pp of TJV(£) during its 'time7 £ > 0 in the fast field. These changes have already been 
calculatedd for N = 1 in (3.17) and (3.18). For N > 1, the calculation is exactly 
thee same, except for the fact that T^(^) now makes N half circuits before 'touching 
down'' on Ai: 

plplNN = -£7V(u°)Ql / {vhom(£)fld£ + 0{E2). (3.19) 
Jo Jo 
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Fromm the first component of (3.4) and the fact that p = 0(c), we also conclude that 
u^u N̂N — u° to leading order. Thus, we find 

Tdownn . L H f
 p d o w n ( u ) = . ^ a , f"  ( ^ o m ^ j j  A ^  + ^ 1 a n d 

II Jo J (3.2U) 

wheree t.'hom(0 = t'hom(£;w), the homoclinic solution of (3.7). 
Too more fully determine the behaviour of p ^w n as a function of u, we introduce 

whomm = whom(^;/?2) > 05 which is the (positive) homoclinic solution of a rescaled 
versionn of (3.7): 

ww = w — w^. 

Withoutt loss of generality, we take the solutions to be parameterised such that 
iyhom(£)) is symmetric with respect to £ = 0. Thus, 

vvhomhom^;u)^;u) = vhom{Z;u1a2,02) = (uQ2)^whom{^ &) , (3.21) 

whichh yields 

(vhom(0)^rf££ = 2 / (7;hom(£))'31^ = « " 3 5 ^ l ^ ^ ! , ^ ) , 
ooo JO 

where e 

Wtfufo)Wtfufo) = r (whom(C,P2)fid^. (3.22) 
JJ — oo 

Wee can now rewrite (3.20) to leading order as 

rdown! 0f ff  .  ̂ = d o w n ( u ) J w i t h p j o w n^ = _ 1 ^  + 3 ^ 1 W {fa , fa) , (3.23) 

withh D > 0 (3.2). Note that the higher order corrections, which are not needed here, 
cann be obtained by a straightforward asymptotic approximation scheme, see [19]. 

Inn Figure 3.3, we have plotted the curves TN
own'° for a few values of TV superim­

posedd onto the linear flow on M. given by (3.8). Since D > 0 and fa > I, the curve 
Tv

f ff given by (3.23) to leading order is tangent to the «-axis for each N. Thus, by 
(3.9),, both Tff Diu and T^ownn£s consist for all N of one uniquely determined point 
inn the half-plane {u > 0}-coordinate. By the symmetry (3.5), both intersections have 
exactlyy the same u coordinate, that is given to leading order by 

,hom m 
(/*)) = 

2v7I I 
(3.24) ) 

NW{fa,fa)\ NW{fa,fa)\ 
Itt was proven in [14] that there corresponds a unique homoclinic orbit 7^?m(£) to 
thee saddle point S to any pair of intersections (with positive u-coordinates) {T v

own H 
££uu,Tf,Tf n f }  = r 0 n (T$own U T^) (3.10). This result is formulated as Theorem 3.1 
inn the Introduction. 
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down n 

Figuree 3.3: A representation of the relevant part of the (linear) flow on M (for typical 
parameterr values) and the curves Tf, Tf 
TTvv has been chosen such that v ,SN N 

TfTf and T2
down. Notee that the orbit 

Thee periodic solutions to be constructed in the next section are exponentially close 
too (parts of) the (multi-pulse) homoclinic solutions associated to the intersections 
YYvv n (T^own U Tf) with v > 0 (and u > 0). Remark 3.5 below also addresses our 
reasonss for focusing on v > 0 here. It is a straightforward calculation to check that 
TTvv n (T$own U Tf) ^ 0 for 0 < v < vf(p) where, to leading order, 

,SN N 
'N 'N (M) ) 

D D ,SN N 

n(vff(n)rn(vff(n)r  with UN(M) 
/ ? 2 - l l 

fo-lfo-l + D 
<o m( / i )) (3.25) 

(3.24).. Here, u f V ) < < ?0 1( M ) is the «-coordinate of r„  n (T#own U 7)f) at 
i// = i4N(/i) . the value of i/ at which Tv is tangent to T$°wn U Tf. Note that 
limw^occ ^ N = 0. 

Wee conclude that for 0 < v < vf(p), Yv D (T$°wn U Tf) f] {u > 0}  consists of 4 
points,, i.e. 

r,n(T^rnu:r;f)n{u>o}}  = P^»UP|V (Z/) (3.26) 

where e 
00 < u$£ (v) < 4 N (j/) < «p

4
e; (!/) < uh,?m. (3,27) 
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Figuree 3.4: Two schematic illustrations of fundamental periodic orbits in the four-
dimensionall  phase space associated to (3.4). Note that the direction perpendicular 
too the {«,p}-plane M. is represented by v. (a) An orbit •~/pA

er(£::ij):  (b) an orbit 
7^er(^:: v) that makes two circuits through the fast field in between take off from and 
touchh down on M. 

seee Figure 3.3. Note that lim„j o u ^ f " ) = 0 and lim^m «^^( i /) = u^m. 

R e m a rkk 3.5 For v < 0. the intersections T  ̂ n (T$°w n U T^f) correspond to homo-
clinicc orbits to M. of which the «-coordinate becomes negative and unbounded for 
sufficientlyy large |£|. Such solutions are unrealistic as solutions of the PDE (3.1) and 
aree not considered in any further detail here. 

3.22 Singular, periodic, multi-pulse solutions 

3.2.11 The fundamental periodic solutions 

Thee first extension of the existence result on homoclinic solutions. Theorem 3.1 (orig­
inallyy from [14]). is a result on the existence of so-called 'fundamental' periodic or­
bits.. For any N > 1 of 0 (1) there are two one-parameter families of such orbits. 
Thee iV-pulse homoclinic solutions of Theorem 3.1 can be interpreted as being on the 
boundaryy of one of these fanrilies (see Corollary 3.7). 

T h e o r emm 3.6 ( T h e fundamental per iod i c so lu t ions) Let (a\,012, fii,P2,M) 
satisfysatisfy (3.2). Then, for any N > 1 with N = C ( l ) and e > 0 small enough. (3.4) 
possessespossesses two one-parameter families of periodic orbits, 7^er(£) and 7gC r(0- with 
positivepositive u,v coordinates. For each N, each solution. 7 4 " (0 = '^Ati'.v). 7gCr(£) = 
7ge r(£:: 1/). respectively, consists of a slow piece on which it is exponentially close to a 
partpart of an orbit Y'v (3.10) on M with 0 < v < j/yN(/i ) (3.25) as well as a fast jump 
inin which it makes N circuits through the fast space during which it remains at least 
ö(^/s)ö(^/s) away from M. 
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Inn Figure 3.4, two examples of fundamental periodic orbits are sketched in the 
4-dimensionall  phase space of (3.4). The periodic patterns (f7^er(x), V^eT(x)) and 
(U%(U%ee*{x),V%™{x))*{x),V%™{x)) of the PDE (3.1) associated to the orbits 7^r(£) and 7 ^ ( £ ), 
respectively,, have the following structure. They consist of long intervals on which 
thee [/-components vary slowly and on which the ^-components are exponentially 
smalll  (these parts correspond to the slow pieces of the orbits 7^er(£) and 7ger(£) near 
A4).A4). Moreover, these long intervals are interspersed with narrow intervals in which 
thee ^-components have AT distinct pulses (the N fast jumps of the orbits 7^er(£) 
andd 7^er(£))i  a nd in which the [/-components U^ev(x) and U^r(x) are constant to 
leadingg order. See Figure 3.1a for a finite part of a (numerically) stable pattern 
(U^(U^TT(x),(x), V^eT(x)), i.e. N = 1. The structure of a pattern with pulses of ^4^-type 
hass been schematically illustrated in Figure 3.2 for TV = 2 and N = 3. Note that the 
amplitudess of both U^T(x) and V^eT(x) are larger than the amplitudes of U^er(x) 
andd V^(x) by (3.27) and (3.21). 

Thee proof of Theorem 3.6 is very similar to the proof of a theorem on the existence 
off  (stationary) spatially periodic patterns in the Gray-Scott model (see [19]; note, 
however,, that only the case N = 1 has been considered in [19]). However, in the 
Gray-Scottt the counterpart of the intersections Tv D (T^own U Tpf) consist of only 
twoo (symmetrical) points: the take off point of the periodic orbit and the touch down 
pointt of the periodic orbit. As we have seen in the previous section, for any N > 1 and 
00 < v < ufP (3.25) there are two pairs of take off/touch down points in the Gierer-
Meinhardtt case, (P+N (v), ?AN (")), (PBN ^)^PBN (")) e r - (3-26)- T h i s explains the 
existencee of two families of periodic orbits (for each given N). This feature of the 
Gierer-Meinhardtt model enables us to construct countably many classes of periodic 
solutionss of 'mixed' type, as we shall show in the next subsection. The construction 
off  these 'mixed' solutions is based on the 'skeleton' spanned by the fundamental 
solutionss described by Theorem 3.6. 

Prooff  of Theorem 3.6. Choose an N > 0 and a v E (0, vfj*) (3.25). We consider 
ann exponentially small interval I AM on the halfline C {p — q — 0} , perpendicular to 
AiAi with u = umiu(v) (3.11) and v — v° € (bie-1^6 ,bue~lle ) for certain constants 
00 < bg < bu. Note that the choice of the exponent — l/e2 is determined by the 
unstablee eigenvalue A = 1 of the fast reduced limit problem (3.7). 

Anyy solution 7(£) of (3.4) with initial conditions on IA,B  ̂'l-e- 7(0) — (wmin(^),0, 
f°,0)) wil l remain G(e~1^£ ) close to M for 0(1/£2) time £, during which it follows 
thee solution Tv on M. (3.10) at an 0(e^lj/£ ) distance. Hence, the u-coordinate of 
7(£)) will change by an 0(1) amount before 7(£) takes off from Ai] 7(£) remains 
CC11 -0{e-xlel) close to Wu(M) ([41]. [77], [76]) after take off. We can even be more 
precise.. Define WU(TU) c Wu (Ai) as the two-dimensional submanifold of orbits 
asymptoticc to M (as £ —> —oc) that take off from T„  (see Section 3.1.4). It follows 
thatt 7 (0 is C1 - ö(e-1^2) close to WU(TU). 

Thee manifold WU(TV) C Wu(M) intersects the hyperplane {q = 0}  transversally, 
andd WU(T„)  n {<? = 0}  C T+i (Section 3.1.2). It follows from the Ap analysis in 
Sectionn 3.1.3 that the /^-coordinate of the first intersection (i.e. N — 1) WU(TU) f) 
{q{q — 0}  is positive for orbits in WU(TU) that take off from points on Tu in between 
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P^P  ̂ (u) and PXX {v) (3.26) - i.e. the points on M -above' rff f (Figure 3.3) - while 
WWUU{T{TVV)) n {q — 0}  has negative p-coordinates for the other orbits in WU(T„).  We 
knowknow by the reversibility symmetry (3.5) that the p-coordinates change sign exactly 
att the two homoclinic orbits associated to Tu n (pd™11 \j p°ff ) that intersect {q — 0} 
inn J+ 1 n l _ i . The Ap calculations in Section 3.1.3 also imply that only the orbits 
thatt take off from r„  in between Pg {v) and P  ̂ {v) will have a second intersection 
withh {q = 0}  € P+2 (by definition, Section 3.1.3), and that the p-coordinate of this 
secondd intersection of WU{TU) with {q = 0}  again changes sign twice (where the 
zeroess again correspond to the 2 homoclinic orbits associated to Yy n (2^o wn \j T%^) 
andd to ! + 2 n 2_2)- Only those orbits that have a positive p-coordinate at their 
secondd intersection with {q = 0}  will return to {q = 0}  for a third intersection 
(€€ £+3). These are, by construction, the orbits that take off from M. on points of I'„ 
inn between Pg2(^) and P^"(v). 

Byy the principle of finite induction, this argument can be iterated: the p-coordi­
natee of the iV-th intersection of WU(TU) with {q = 0}  (e 1+N) changes sign twice. 
Onlyy orbits that take off from M. on points of Yu in between Pg . (1/) and P\ [y) will 
havee aniV + 1-th intersection with {q = 0} . Note that this iteration is consistent: 
forr all AT > 1, the part of Tu in between Pg . (^) and P  ̂ , {v) is a subset of that 
betweenn P%N{v) and P j ^ H-

Noww consider the two-dimensional manifold CA,B generated by solutions of (3.4) 
withh initial conditions on IA,B- This manifold is, by construction, exponentially 
closee to WU{TU). The constant bu can be chosen such that the orbit through the 
'upper'' boundary of £A,B takes off from M. near a point on T  ̂ with a u coordinate 
thatt is smaller than u^er(i/) , the u coordinate of Pg (v) (3.26); likewise, hi can be 
chosenn such that the 'lower' boundary of CA,B takes off from M. near a point on Tu 

withh a u coordinate that is larger than u^er(^) > uB
eT(u) (3.27), the u coordinate of 

P~XP~X (y)- Since CA,B H {q — 0}  is exponentially close to WU{TV) n {q = 0}  CM+N. 

wee may therefore conclude that there are two solutions, 7^er(£) and 7f l
er(£), of (3.4) 

withh initial conditions on I AM that have an JV-th intersection with {q = 0}  with a 
p-coordinatee that is identically zero. Note that the orbits Jp^Y(£,;v) and JB

eT(£,',v) 
takee off from Ai exponentially close to the points P~  ̂,,PB \v) £ IV, respectively. 

Wee use once again the reversibility symmetry (3.5) to extend the orbits 7^er(£) 
a n dd 7 B " ( 0 t o negative £ by setting 7 ^ ( ~ 0 = 75" (0 a n d 7 J B " ( -0 = 7B**(0-
Hence,, we have established that 7^er(£) and 7s

er(£) are indeed periodic solutions of 
(3.4).. * * D 

WTee state without further proof (see also Section 4.3 of [19]): 

Corollar yy 3.7 (A saddle node bifurcatio n of periodic orbits) The periodic 
orbitsorbits 7^er(£: v) and 7B

C^(£: v) merge in a saddle node bifurcation of periodic orbits as 
vv j *4 N (A0- Finally, 7%*{£:v) -^ 7&oin(0 (Theorem 3.1) and^^-v) -+ (0,0,0,0) 
asas v I 0. 
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3.2.22 Periodic solutions of mixed type 

Thee fundamental periodic orbits constructed in the previous section only make one 
excursionn through the fast field (see Figure 3.4). In this section we wil l show that 
periodicc orbits can also be of "mixed type' in the sense that a periodic orbit may 
makee various different excursions through the fast field. 

Too distinguish between all possible mixed periodic orbits, we define a labeling 
off  the possible ' jumps' through the fast field. A jump of an orbit from M, to M 
iss said to be of AN-type, respectively J^M-type, when the orbit takes off from M 
exponential lyy close to a point P% (v) G Tv (respectively Pg (v) G Tu), makes N 
(respectivelyy M) circuits through the fast field, and touches down on M, close to 
P^P N̂Niy)iy) {PBM(U))- The set of all possible jumps through the fast field is thus given 

byy {AN,BM}N,M>I-

AA singular periodic orbit 7p e r(£ ;^) is said to be of o-io^-.-ov-type, where Gj G 
{AN,{AN, B>M}N,M>I, j — 1,2,..., J, when it follows an orbit Tu c A4 at exponentially 
smalll  distance, takes off at P^(u), makes a jump of o v t y pe through the fast field, 
touchess down on M. near P~x (i/), follows Tu again, takes off at P+2 (v) for a (T2-jump, 
touchess down on M, makes a o^-jump etc.. After the crj-jump, 7p e r(£) touches 
downn on M., follows Tv and takes off again at P^{v) for identically the same G\-
j umpp as the one that started the series of jumps. Such an orbit 7p e r(£) is denoted 
byy 7 ^ 2 . . . f f J ( ^ ) - The solution { U ^ ^ i x ^ V ^ ^ ^ x ) ) of (3.1) given by the 
orbitt 7£f£-2...<TJ(£; u~) corresponds to a pat tern with a periodic sequence of pulses 
...o\G<z...o...o\G<z...o J(J\02...G jc\a<i...a j . . . (see Figure 3.2 for a sketch). Note that a G\G2---GJ-
orbitt is identical to a G2G3...GJG1-orbit, a cj3...crj«7ia-2-orbit, etc.. 

Thee fundamental orbits constructed in Theorem 3.6, denoted by 7p e r(£; v) with 
GG E {A^, B>M}N,M>I, are thus by definition of a-type. The simplest periodic orbits of 
mixedd type are the o"1o'2-orbits. These orbits only make two different jumps through 
thee fast space, one of G\ type, the other of o^-type. Note that the orbit reduces to a 
fundamentall  orbit when G\ — G2. 

T h e o r emm 3.8 ( T h e cr1cr2-orbits) Let (a i , a2 , / ? i , / ?2 , fi) satisfy (3.2). Choose G\, 
o~2o~2 G {AN,BM}N,M>I for some N and M such that G\ ^ cr2. Then, for any 0 < 
uu ^ umlx.(N M) and £ > ^ small enough, there exists a periodic orbit 7 ^^ (£; v) with 
positivepositive u,v coordinates such that 7p ^ 2 ( £ ' i / ) consists of two fast jumps away from 
andand back to A4 and two slow segments near AA.. Of the fast jumps, one is of G\ -type 
andand the other of cr2 -type; and, of the slow segments, one is exponentially close to that 
partpart ofYv C M. in between P~ (v) and P+2{v), while the other is exponentially close 
toto that part ofTu in between Pa2{v) and P+ (v). 

Wee refer to Figure 3.1b for (a part) of the 4 iB i -o rb i t as solution of the PDE 
(3.1)) and to Figure 3.5 for a sketch of the same orbit in the 4-dimensional phase 
spacee associated to (3.4). 
P r o off  of T h e o r em 3.8. Choose 0-1,2 G {AM~BM}N,M>\- with a\ / G2., and v 
suchh that 0 < v < i^x f / v My where N is determined by o\ and M by o-2. Consider 
thee fundamental periodic orbit T^T{0 — (uai (£)iPai(£)i  V<T^ ( O ' ^ i ( 0) (Theorem 
3.6).. By a translation in £ we can assume that rPe r(£) has its N-th intersection with 
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Figuree 3.5: A schematic il lustration of an orbit of 'mixed' type. 7^e r
B (£; v). 

\q\q = 0}  at £ = 0, exponentially close to I+N- It follows from the construction of 
r g ff  (£) (and the symmetry (3.5)) that r g f (0) = « f r , 0 , ^ f r , 0 ) so that < x t r and 

Mextrr a r e j o c aj extrema of uai (£) and vai(^). Note that w^xtr and w^xtr are absolute 
maximaa when N = 1 and local minima for N even (see Figures 3.1a, 3.4a and 3.4b). 

Ass in the proof of Theorem 3.6 we consider the two-dimensional manifold of 
orbitss through an exponentially small one-dimensional interval, Iai C {p = q = 
0,u0,u = < x t r }  with r g f (0) e Iai. We know from the construction of r £f ( 0 that 

i tt is 0 (e~1 / /£ )-close to WS(M), and 'inside' W/S(jV( ) (the «-coordinate of an orbit 
thatt is 'outside' WS{M) wil l become negative). We choose one endpoint, Qs

a , of 
II aiai to be at WS(M) n{p = q = 0,u = <4f r } , i.e. Q%1 e I-N. Note that Qs

ai has a 
«-coordinatee that is larger than «J;xtr when N is odd, and smaller than «^xtr when AT 

iss even. The other endpoint. Q°a . of Iai is assumed to be situated at the other side 

ofrpf(o). . 
Noww consider an orbit y(£) = (w(£),p(£), «(£),<?(£) with ",(0) e Iai. This orbit 

wil ll  follow rPc r(^) for Y circuits, or Ar 'half-circuits', through the fast field and wil l 
touchh down on M exponentially close to P~ (v) € T  ̂ (3.26). It is asymptotic to 
MM when 7(0) = Q%x, it wil l take off from M at P+ (v) when 7(0) = r g f (0). If 
7(0)) is too far away from WS(A4), y(£) wil l again take off from M 'immediately' 
att the touch down point P~ (y). Hence, it follows that one can choose v(0) = V(. 
respectivelyy v(0) = vu, such that 7 (0 touches down on M. near P~(i/), follows T„ 
andd takes off again before, respectively after, it reaches P+2(v), the take off point 
associatedd to the o"2-jump. 

Wee can now use similar arguments as in the proof of Theorem 3.6. The manifold 
CCaiai spanned by orbits with initial conditions on Iai with «-coordinates between Vf 
andd vu is. of course, exponentially close to WU(TU). The Af-t h intersection of £CTl 

withh {q = 0}  is exponentially close to the M- t h intersection of WU(TU) with [q = 0} , 
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i.e.. WU(TU) DT+ M . The curve of the A/-th branch of C(Tl (1 {q = 0}  crosses the plane 
{p{p — 0}  ( s ee the proof of Theorem 3.6), which implies that there must be a point in 
thee M- t h intersection of Cai with {q = 0}  with p-coordinate = 0. 

Hence,, we have constructed an orbit 7p^ 2 ( £) with initial condition on Iai C {p = 
qq = 0}  that makes y circuits through the fast field before it touches down on M. 
nearr P~^(y). On Ml, it follows r „  until it takes off near P£2(y) and makes 4f circuits 
throughh the fast field, after which it again intersects {p = q = 0} . By the symmetry 
(3.5),, we can 'double' this "half-orbit1 into a 'full1 periodic orbit 7 ^^ (£) of crio^-type. 
D D 

Thee construction of the 7 p ^ 2 ( 0 o r D hs is clearly based on the existence of the 'fun­
damental'' 7 ^r ( 6) orbits. By extending the procedure used in the above proof, we 
cann construct more than just the a"i<72-orbits from the fundamental orbits. 

Forr instance, it is a straightforward procedure to construct cr^n+1o"2-orbits (n > 1) 
byy the methods of the proof of Theorem 3.8. The idea is to again take an interval of 
initiall  conditions C {p = q = 0}  exponentially close to X_JV and to r p e r( 0 ), that is 
translatedd to be C {p — q — 0}  'halfway' along the ov jump of rp^ r (£ ), and to consider 
ann orbit 7p e r( 0 that follows 7pf r(£) for a longer time than 7 ^ ( 0 - This orbit 7p e r( 0 
alsoo remains exponentially close to 7p^ r(£) during the next o"i-jump of 7p^ r(£) through 
thee fast field until 7p^ r(£) touches down again on M. After this full a i - jump we let 
7p e r(£)) take off at P+ (v) in such a way that 7p e r(£) crosses {p = q = 0}  after 4f 
circuitss of 0-2-type (exponentially close to I+M)-  Thus, half of 7p e r(£) consists of 
halff  a ö"i-jump, followed (after a slow piece on M.) by a full c i - jump and half a tJ2-
jump.. We apply the symmetry (3.5) and conclude that 7p e r(£) is a periodic orbit that 
producess a solution of the P DE consisting of the sequence ...a\a\o\02V\a\o\<J2V\---
off  pulses/jumps, namely 7p e r( 0 — 7P3r (£)• This is a periodic orbit of tr^o^-type. 

Forr each n > 1, the cr^"+1cr2-orbit can be constructed in a similar fashion. 

Moreover,, we can use the existence of the aic^-orbi ts to construct orbits that 
makee jumps of 3 different types, a\, a-i and aj, (with (71,2,3 £ {A*/, BM}N,M>I)-
Againn we can follow the construction in the proof of Theorem 3.8. We construct 
ann orbit 7p e r(£) that has its initial condition in {p = q — 0} . exponentially close 
too X-Tv and to 7 P ^ (£), 'halfway' along the ov jump; 7p e r(£) follows 7P^ 2 ( £) along 
thee first 'half' eri-jump, along A4, and along the full 02-jump back to M.. Then, we 
cann make 7p e r(£)- jump at P^{y) and let it make half a o^-jump (of A3/2 circuits, 
wheree N3 is determined by f73) to arrive, once again, at {p — q = 0} , exponentially 
closee to ï+yv3- Note that we have to assume that v is small enough, i.e. that r „ 
hass a non-empty intersection with the take off set T^f f associated to the <73-jump. It 
followss that half of 7p e r(£) consists of half a ov jump, followed by a full (72-jump and 
halff  a (73-jump: 7p e r(£) is associated to a pattern with a ...cri0"2<73O'2criCT2<73(72cricr2... 
sequencee of singular pulses, 7p e r( 0 = ll^w^iZ), a o^c^uso^-orbit. 

Everyy family of periodic orbits we have so far constructed can again be used as 
foundationn for the construction of a next, more complicated, family of orbits. And 
soo on. The main question we need to answer is: What kind of multi-pulse periodic 
pat ternss can, and what kind cannot, be constructed? 
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Off  course, the use of the reversibility symmetry (3.5) is crucial for the construction 
off  the periodic orbits. Every orbit is constructed by establishing that there is a 
connectionn possible from {p = q = 0}  back to {p — q = 0} . This connection is 
'halff  an orbit ', and the symmetry (3.5) makes it into a full , closed periodic orbit. 
Thiss implies that any periodic orbit constructed by this procedure has (at least) two 
internall  reflection symmetries, one at £ = 0 (after translation), 7per(—£) = 7p e r(£)i 
andd one halfway along the period T of the orbit, 7p e r( |- — £) = 7p e r(-^ + £)• 

AA periodic orbit cannot have only one internal reflection symmetry, since the exis­
tencee of the second symmetry can be deduced from the first symmetry by application 
off  the periodicity of 7p e r(£ ) : 

7pe r(^^ - 0 = 7p e r( - ^ +0= 7pe r(^ + 0-

Moreover,, a periodic orbit with more than two internal reflection symmetries must 
correspondd to a periodic orbit with less symmetries and a shorter period: assume 
thatt 7Pe r( T - £) = 7Pe r( f + f) for some f < f , then 

7
per(2ff  + 0= 7p e r( -0 = 7per(0- (3-28) 

i.e.. 7p e r(£) is 2T-periodic. Thus, any periodic orbit 7p e r(£) either has exactly two 
internall  reflection symmetries (around 0 and ?) or no symmetries. 

I tt follows from simple geometric counting arguments that one cannot expect that 
theree exist one-parameter families of periodic orbits without an internal reflection 
symmetry,, since one cannot use the reversibility symmetry (3.5) to construct these 
orbits.. We do not investigate the possible existence of these 'degenerate periodic 
orbi ts'' in any further detail. 

Finally,, we show that, for every possible periodic symbol sequence with two in­
ternall  reflection symmetries, there exists a one-parameter family of singular periodic 
orbitss that has precisely that sequence of pulses: 

T h e o r emm 3.9 (Th e TT~1~, TOT~X- and a r a r- 1 - o r b i t s ) Let ( Q I , ct2, /? I, 02, lA sat­
isfyisfy (3.2). Let a,a,(jj G {AN, BM}N,M>I , j = 1,2,3,. . .; let r = O\<J2---<JJ be a 
randomrandom sequence of J Oj 's, and define r _ 1 by r _ 1 = ajoj-\...<j\;  let e > 0 be small 
enough.enough. Then there exists one-parameter families of periodic solutions of (3-4) of 
TT~TT~11-type,-type, of rar-1-type, and of arar-1-type. Moreover, any possible periodic orbit 
withwith internal reflection symmetries is of one of these types. 

Wee refer back to Figure 3.2 for a sketch of an orbit 7 ^ 4, A. A A (£) as solution of the 
PDE.. This is an orbit of rar~ 1- type, with r = A1A2 and <r = A3. In terms of the 
notat ionn of Theorem 3.9. the a"i(T2-orbits described in Theorem 3.8 are of arar"1-
typee with a — o\, r = 0 and a = 02- Also, the fundamental periodic solutions of 
Theoremm 3.6 are of Tcrr_ 1- type with, again, r = 0. In Section 3.3, a very natural 
interpretationn is presented of the three different types of periodic orbits as multi-pulse 
pat ternss of the PDE on a bounded domain with homogeneous Neumann boundary 
conditions. . 
P r o off  of T h e o r em 3.9. A symmetric periodic orbit 7p e r(£) must have its reflection 
symmetryy points, i.e. its intersections with {p — q — 0} . either exponentially close to 
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A4A4 or in the fast field, halfway along a jump of cr-type for a certain a, i.e. exponentially 
closee to an ./V-th intersection v of Wu,s(Ai) and {q = 0} , where N is determined 
byy a. There are three different possible connections from {p — q — 0}  to {p — q = 0} . 

Inn the first one, 7p e r(£) is exponentially ((9(e~1/ /£ )) close to M both at £ = 0 
andd at £ = -^. The second one is encountered in the proof of Theorem 3.6: at £ = 0, 
7p e r(£)) is exponentially close to SA, while at £ — ^ , 7p e r(£) is exponentially close to 
ann XJV in the fast field. The third one appears in the proof of Theorem 3.8: at £ = 0, 
7 p e r( 00 i s exponentially close to an 1-N, and at £ = ^ , 7p e r(£) is again exponentially 
closee to an Z+ i V . 

Wee first consider the third case. Here, we have to put 7p e r(0) e {p = q — 0} 
halfwayy along a cr-jump, exponentially close to X-N', 7p e r( | " ) £ {p = q = 0} is 
halfwayy along a «j-jump, exponentially close to T+fj. The behaviour of 7p e r(£) in 
betweenn the a- and <7-jumps is prescribed by the ' random sequence' r. Hence, by the 
symmetry,, these orbits are of CTTCTT-1-type. 

Thee first nontrivial example has already been constructed above, just after the 
prooff  of Theorem 3.8: 7p^2Cr3(T2(£) is an orbit of a r a r ^1 - t y p e, with a = 07, T = 02 
andd <7 = (T3. This orbit is constructed from 7p^-2(£) in the same manner as 7p^ 2 ( ^ ) 
hass been constructed from 7p^ r(£) in the proof of Theorem 3.8. Furthermore, by 
exactlyy the same methods, it is possible to use r~ïa%2a3(J2(^) as the foundation for 
thee construction of the orbit 7P^r2<T3<T4<T3<72(£)j  a n orbit of (xrêrr_ 1- type with a = 07, 
rr = (72 3̂ and a — «74. Therefore, any OTUT~ 1-orbit, with r of finite length, can be 
constructedd by the iteration of this procedure. 

Thee second case corresponds to the periodic orbits of TGT~ 1- type. As mentioned 
above,, these orbits can be constructed by the iteration of the procedure described 
inn the proof of Theorem 3.6. The first step is the construction of the T<7T_1-orbit 
7o^o-2o-i(£)) 0, e> r ~ ai > ° ~ a2)> which follows by combining the ideas of the proof 
off  Theorem 3.6 with the construction of the a\<J<2U?,V2-orbit above. In particular, we 
placee 7p^r2(T l(0) in the exponentially small interval IA,B £ {p — Q — 0}  exponen­
tiall yy close to M.\ IA,B was already defined in the proof of Theorem 3.6. The orbit 
7al?CT2ai(00 follows 7pf r(£) along T„  and during the <7i-jump through the fast field. 
Afterr 7p^ 2 ( 7 l (£) has touched down again on .M, i t follows T^, but eventually diverges 
fromm 7p f r ( 0- We tune the initial condition on IA,B such that 7p^2 C Tl (0 takes off 
nearr P+2, and so that it makes its A^-th intersection at £ = -̂  with {p = q = 0} , ex­
ponential lyy close to T+AT

2. Thus, 7pf^2CTl (£) is exactly an orbit of CTia"2<7i-type. Next, 
wee use 7^2(71 ( 0 t o construct 7P^2CT3Cr2Cr1 (0> t n e n e x t Tc7T_1-orbit with r = axa2 

andd a — a^. And so on. 
Soo far, we have not yet constructed an orbit of TT~̂ type, described above as case 

one.. The first nontrivial example is 7p^2 C r a C ri (£)? where r = o\02- This orbit can 
bee constructed from the fundamental orbit 7p e r(£). We again consider the interval 
off  initial conditions IA,B € {p — q — 0} , and again consider a family CA,B of orbits 
wit hh initial conditions in IA,B (see the proof of Theorem 3.6) that follow 7p^ r(£) 
alongg r „ , and during its first a i - jump through the fast field. By tuning the initial 
conditions,, we can make any orbit 7(£) 6 CA,B take off near P+2 and have it make 
aa jump of o"2-type through the fast field. After touch down, 7(£) can be made to 
intersectt {p = 0}  again, since 7(£) follows the slow flow on Ty and any T„  intersects 
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{p{p = 0}  on M (Figure 3.3). 
Inn order to apply the symmetry (3.5), we need to show that there is a special 

orbitt 7afa2<72<7i(£) ^ £A,B that first makes the o\- and the cr2-jumps. touches down 
onn M and has its g-coordinate identically 0 at its next intersection with {p — 0} . 

Thee existence of this orbit follows by studying (3.4) near M in its Fenichel normal 
formm [40, 41, 76]. Here, we refrain from presenting all computational details and only 
sketchh the main ideas. Since the eigenvalues of the fast reduced limit problem (3.7) 
doo not depend on u°, we conclude that the linearised fast flow near M. is, to leading 
order,, not influenced by the values of u and p. As a consequence, it follows from the 
normall  form analysis that an orbit j(£) that touches down on M. near a point P~ at 
ii  = Hdown (approximately) and takes off again at £ = Soff after an 0(1/e2) amount 
off  time near a point P+ , has a minimal v-coordinate of ö(e^1^E ) at a point that is 
halfwayy between P~ and P+ (to leading order), i.e. at £min = off + Sdown)+h.o.t. 
Thus,, 7(f) intersects {q = 0}  at £min, by definition ((3.4): q = v). 

Thee application of the Fenichel normal form analysis to the construction of 
llVollVo22>i2<ïi>i2<ïi  (0 y^lds that an orbit 7(£) G £A,B, which touches down on M near P~2 

andd jumps off from M. just after it has passed {p — 0} , wil l reach a minimal (exponen­
tiallyy small) distance to AA halfway between P~2 and {p — 0} , i.e. q — 0 with p < 0 
(Figuree 3.3). An orbit 7(£) that follows Tv beyond P+2, the take off point of the <T2-
jump,, spends more time near the {p > 0}-part of M that near the {p < 0}-halfplane, 
hencee it intersects {q — 0}  with a positive ^coordinate. It follows that there is a 
uniquelyy determined orbit 7(£) = 7£ r̂2£72o-1 (0 e £-A,B t n at intersects {p = q = 0} 
exponentiallyy close to M., after a full ovjump and a full cr2-jurnp (one need the 
detailss of the normal form analysis to conclude that 7£ 2̂CT2(Jl (£) is uniquely deter­
mined).. Note that the normal form arguments also imply that 7£^r2Cr2o-i(£) takes off 
fromm M. (after the cr12-jumps) near P+. This agrees with the final construction of 
7£^20-2<ri(£)) by the application of the symmetry (3.5). 

Now,, as in the second and third case above, it is a straightforward procedure 
too construct the next r r ^ -o rb it l ^ ^ ^ i O by first following 7 ^ 2 ^ ( 0 f o r 

twoo full jumps. Hence, we can also construct all periodic orbits of r r - 1- type by an 
iterativee process: the orbit with r = ai<72---Vk&k+i is based on its predecessor with 
TT = f71Cr2...fJfc-

Thiss completes the proof of the theorem. D 

Remarkk 3.10 One could a priori think that an orbit 7per(£) could be both of 
f7T(7r~1-typee and of r r - 1- t ype (these orbits have an even number of jumps through 
thee fast field, whereas the rar~^orbits make an odd number of jumps). However, 
suchh orbits would have more than two internal reflection symmetries, and it follows 
fromm the arguments above (3.28) that one should be able to reduce these orbits to 
orbitss with a shorter period. A direct check reveals: if 7per(£) is both of TT'1- and 
off  (JTOT~:-type, then err- 1 should be equal to (CTT)-1, i.e. with r = o\02---oj: 

aa = <JJ = a, o\ = c j - i , o-i = crj-2. etc.. 

Hence,, if J is odd. OTOT~1 — <JT(UT)~X ~ f f _1f f _1. with f = o(J\—0{j-\)ii- The 
orbitt 7per(£) with a periodic cr-jump sequence of 2 J + 2 elements is in fact a r r _ 1 
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orbitt with a periodic sequence of half the number of pulses, J + 1. If J is even, 
c r ra r- 11 = ( f a r- 1 ) 2 with r — aai...aj/2-i- & — ̂ jji-. which implies that 7p e r(0 is 
inn fact an orbit of rcrr_1-type, again with a periodic sequence of J + 1 elements. 

3.33 Random patterns on bounded intervals 

Itt is natural to consider solutions of the PDE (3.1) on a bounded interval (0, L) with 
homogeneouss Neumann boundary conditions (or with other boundary conditions, see 
alsoo Remark 3.12). In the terminology of the dynamical system (3.4), these boundary 
conditionss correspond t op = <7 = 0 a t£ = 0 and £ = L/e. Note that this implies 
thatt we have to consider L = L/e, since the distance (as measured in £) between 
successivee pulses of a multi-pulse pattern of Ai, B\-type is of Q(l/e2). Thus, we can 
takee L/e, or L/e2, to be ^, i.e. half the period of a periodic solution 7per(£)-

Thee three different types of orbits described in Theorem 3.9 have a very natural 
interpretationn in this context, since they can also be distinguished by their character 
nearr £ = 0 and £ = ~ (Section 3.2.2). An orbit of rr~!-type corresponds to a multi-
pulsee pattern (UperL1(x).Vpe,Ll(x)) that has no pulses at the boundaries; V^l^x) 
iss exponentially small at £ = 0 and £ — \ since 7P^r_!(0) and 7P^r_i(f ) are both 
exponentiallyy close to M. Moreover, both U^r_1(x) and V^^ fx ) are at a local 
minimumm at the boundaries. The pattern (UpGJT_x (x), Vp

r̂_l (x)), that corresponds 
too a rar- 1-orb i t, has a similar structure near one of the boundaries, say at £ — 0, 
however,, 7p er _1 (£) is halfway along a pulse of c-type at the other boundary, £ = |--
Thus,, Vp^_1 (x) generates half a pulse of a-type, i.e. ~ pulses (where TV is determined 
byy a), at this boundary. The L7-component UPeJT_Y{x) is at a local minimum at the 
££ = 0 boundary and exhibits half a ('slow') {/-pulse at the £ = f boundary. The 
(U(Uperper~~ -i(x),Vpel -i(x)) patterns have 'half-pulses' at both boundaries, one of a-
typee at £ = 0 and one of o"-type at £ = ~. See Figures 3.1a and 3.1b and Remark 
4.3. . 

Now,, we can reformulate Theorem 3.9 in terms of a result on random, in general 
aperiodic,, patterns on bounded intervals: 

Corollar yy 3.11 ('Random' singular  patterns on bounded intervals) Letai, 
«2,, Pi, 02 and /i satisfy (3.2). Let f be a random sequence of J a7s, (with Oj E 
{AN,BM}N,M>1!{AN,BM}N,M>1! 3 — 152,3, ...,J), with a\ and o~j such that they either correspond 
toto a full pulse of o\ or aj-type or to half a pulse of o\ - or aj-type at £ = 0 or £ = L; 
letlet e > 0 be small enough. Then there exists an Lmm > 0 such that for all L > Lm[ n 

thethe PDE (3.1) defined on the interval (0, L) with homogeneous Neumann boundary 
conditionsconditions has a 'random' multi-pulse pattern of the type described by the sequence 
r. r. 

Notee that the fact that there exist 'one-parameter families' in Theorem 3.9 has 
beenn translated into the existence of a continuum of allowed intervals (0, L)\ the limit 
LL —• oc corresponds to considering orbits Tu on M. with v \ 0. 
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Remarkk 3.12 The geometric singular perturbation approach of Sections 3.1 and 3.2 
cann also be applied to the construction of singular multi-pulse patterns on bounded 
intervalss with other types of boundary conditions, such as homogeneous Dirichlet 
conditions.. We do not go into the details here. 

Remarkk 3.13 By choosing the length L of the interval (0. L) such that L — kT. for 
aa fixed integer k = 1, 2,3,.... i.e. by taking L such that it is equal to an even multiple 
off  -j-, a pattern of Tar~1-type can either have no pulses at the boundary or pulses at 
bothh boundaries (here, we of course assume that the solution satisfies homogeneous 
Neumannn boundary conditions). Thus, for instance the fundamental solutions (where 
rr is the empty set) can be plotted with or without pulses at the boundaries of the 
domain.. See Figure 3.1a, where L = 4T = 8 ^ , and compare it to the fundamental 
periodicc patterns in the Gray-Scott model in [15] that have been plotted without 
pulsess on the boundaries. Solutions of r r_ 1- type, respectively araT1-type, can only 
bee represented on finite domains (again assuming homogeneous Neumann boundary 
conditions)) by patterns without pulses at the boundary, respectively with pulses 
att both boundaries (Figure 3.1b). The most simple 'mixed" patterns of aia^-type 
describedd in Theorem 3.8 are of ö-nrr^-type and thus cannot be plotted without 
pulsespulses at both boundaries (Figure 3.1b). It follows that these solutions have not been 
consideredd in [81]. 

3.44 Discussion 

Wee have shown in this chapter that the generalised Gierer-Meinhardt equation (3.1) 
hass an extremely rich set of distinct periodic and random solutions/ patterns. 

AA very natural, and important, next question is: Can any of these patterns be sta­
ble?? Let us focus our attention here on the spatially periodic patterns. It was shown 
inn [14] that the homoclinic patterns (U\^m(x). V^om(x)) associated to the solutions 
7.v°m(00 of (3-4) c an o n l> 7 b e s t a b le for iV = 1 (and/i not too close to 0). When Ar > 2. 
thee spectrum associated to the linearisation of (3.1) along (c/v

om(.r). Vryom(.r)) always 
hass at least one unstable (real) eigenvalue [14]. The distance between successive o-
pulsess in any periodic multi-pulse pattern is asymptotically large, therefore there 
wil ll  be a strong relation between the spectrum of the linearisation along a periodic 
patternn and the spectra associated to the homoclinic 7Jv°m(0 pulses (see [27] for a 
generall  treatment of this issue, and [15] for explicit computations of the spectra as­
sociatedd to singular periodic patterns in the Gray-Scott model). Hence, one cannot 
expectt a periodic multi-pulse pattern that involves cr-pulses with a = A  ̂ or BM 
andd N, M > 2 to be stable as solution of the PDE. Of course this result has not yet 
beenn proved, but it provides a strong motivation to focus on the stability analysis of 
multi-pulsee patterns that consist only of pulses of either A\- or B\-X\pc. Note that 
thesee are exactly the kind of patterns considered in [81] (see Remark 3.14). 

Evenn when one restricts the kind of jumps through the fast field to the "poten­
tiallyy stable" types A\ and B\. the results of Section3.2 still produce a rich struc­
turee of spatially periodic patterns. It is. for instance, not immediately clear what 
iss the minimum length of a sequence f of A{s and Bi's that is not of one of the 
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symmetricall  types described in Theorem 3.9. As an example, we consider the se­
quencee f — AiAiBiBiAi of length 5; f corresponds to the periodic sequence of 
pulsess ...AiAiBiBiAiAiAiBiBiAi..., i.e. a pattern of rar'1 -type, with r = B\A\ 
andd a — A\. An asymmetrical sequence f must be at least of length 6; and, 
ff  = A\BiBiAiA\B\ is one of the first examples. Note however, that the fact 
thatt the sequence f = AiBiBiAiA\Bi is not symmetrical does not imply that it is 
nott possible to have a solution with this structure, or a periodic iteration of it, on a 
boundedbounded spatial interval (Corollary 3.11). 

Finally,, we briefly consider some of the subtleties associated to the distinction 
betweenn having established the existence of symmetric periodic orbits in (3.4) in 
Theoremm 3.9 and their interpretation as ' random', in general aperiodic (or asymmetric 
[81]),, pat terns on a bounded domain in Corollary 3.11. For instance, Corollary 3.11 
establishess the existence of a pat tern associated to the 'periodic' sequence of pulses 
ff  = (AiBiBiAiAiB  ̂ without pulses on the boundary, for any K > 1 (on intervals 
(0,L)) of sufficient length). Here, AiBiBiAiA\B\ is the above mentioned example of 
ann asymmetric sequence of Ai and B\ pulses, hence, there is no one-parameter family 
off  periodic orbits 7^e r

B B A A B (0- Of course, the f-pattern on (0, L) is associated 
too a symmetric periodic solution ^IK^^-KH) of (3.4) of r r _ 1- t y p e. This implies 

thatt there is neither periodicity nor symmetry m this pattern on (0, L) — (0, - j ), 
al thoughh it wil l definitely look as if the 'block' AiBiBiAxAiBi is repeated K times 
inn the output of a numerical simulation of the PDE. Moreover, the maxima of the 
UU and V pulses cannot coincide, although that 's again certainly not obvious from a 
simulationn (see also [81]). A close inspection wil l show that there are asymptotically 
smalll  differences between each of these K 'blocks', and that the maxima of the U and 
VV pulses have slightly different ^-coordinates. This latter observation is especially 
clear,, since coinciding maxima correspond to an intersection of the associated solution 
off  (3.4) with {p — q — 0}  in phase space. This would imply, by the symmetry (3.5), 
thatt the pat tern should be symmetric around this point, which cannot be the case. 

Thiss perhaps subtle distinction can be expected to have a significant influence 
onn the stability of the pat terns on bounded intervals, since the associated linearised 
stabil i tyy problem will , in general, have asymptotically small eigenvalues [81], see also 
Remarkk 3.14. This issue wil l be discussed in more detail in chapter 5. 

R e m a rkk 3.14 In [81] bounded domain pat terns without pulses at the boundary of 
thee type f = cri<72...crj, with o3 G {Au £?i}, have been analysed, by a combination of 
(formal)) asymptotic methods and numerical computations, as solutions of a simplified 
versionn of the generalised Gierer-Meinhardt equation (3.1). This simplified version 
off  (3.1) has no explicit t/t term, as a consequence the stability analysis simplifies 
considerablyy (for instance, the spectrum associated to the stability of these patterns 
iss real; this is not the case in the 'full ' equation [14]). In Chapter 5, the stabil ity of 
thee periodic patterns (U?er(x), V?eT(x)), with f = TT~1 ,TUT~1 or OT(JT~1 , wil l be 
analysedd as solution of (3.1) on M.. 



Chapterr 4 

Homoclinicc stripe patterns 

4.11 Introduction 
Stripee patterns can be observed in many (bio-)chemical reactions and appear fre­
quentlyy in numerical simulations of reaction-diffusion equations. Moreover, these 
patternss are quite robust, in the sense that they exist for large 'open' sets of parame­
terr combinations (see the review [9] and the references therein). However, the math­
ematicall  theory of stripe patterns in reaction-diffusion systems is largely restricted to 
systemss at near-critical conditions, which means that the system parameter values 
aree close to a Turing bifurcation. Near such a bifurcation, the (Turing) patterns 
necessarilyy are of small amplitude, where the srnallness is related to the distance to 
thee Turing bifurcation in parameter space. Under these 'weakly nonlinear' condi­
tions,, the patterns generated by the system can be analysed by a normal form or 
Ginzburg-Landauu approach (see [48] for a (formal) application of this approach to 
reaction-diffusionn systems and [54] for a survey of the general mathematical theory). 

Inn this chapter, we study two-dimensional stripe patterns in the strongly nonlinear 
regime;; i.e. we consider systems that are not close to a Turing bifurcation (Remark 
4.3).. As a consequence, the amplitudes of the solutions cannot be assumed to be 
small.. In this regime, there is no equivalent of the general Ginzburg-Landau theory. 
However,, when one restricts oneself to two-component reaction-diffusion systems 
andd assumes that the ratio of the two diffusion constants is small, then one can 
usee singular perturbation theory to study the existence, stability, and dynamics of 
patternss 'far from equilibrium': see. for instance. [70. 62. 19. 61. 39. 83. 14]. 

Mostt of these recent papers on pattern formation in singularly perturbed reaction 
diffusionn equations consider spike, pulse, or spot patterns (see Remark 4.1). Similar 
too these patterns, a homoclinic stripe pattern is isolated in the sense that both com­
ponentss U(x. y. t) and Vr(j'. y. t) are close to a trivial homogeneous background state 
outsidee a neighbourhood of the stripe (see Figure 4.1). A Turing bifurcation imposes 
aa spatial periodicity on the pattern: hence, in general, there cannot be homoclinic 
patternss at near-critical conditions. The stripe patterns we consider are assumed to 
bee stationary, linear (or straight), and essentially one-dimensional. Since reaction-
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Figuree 4.1: The homoclinic stripe pattern. The V-component is strongly localised, 
andd the [/"-component decays to the limit state U = 0 on a long spatial scale. 

diffusionn equations in two space dimensions are invariant with respect to rotations in 
thee plane, we can define x as the direction perpendicular to the stripe and y as the 
coordinatee along the stripe. The assumption that the homoclinic stripe pattern is 'es­
sentiallyy one-dimensional' implies that the stripes have no structure in the y-direction; 
i.e.. the stripe patterns are of the form {Ustripe(x, y, t). V^triPe( ,̂ V-1)) =  {UQ(X), V0(X)). 

Ass a consequence, the stripe patterns correspond to homoclinic pulse solutions as 
functionn of the variable perpendicular to the stripe, x. This enables us to refer for 
thee existence to the literature on stationary homoclinic pulse solutions of systems in 
onee spatial variable. (We will , in particular, use [14].) 

Wee study the existence, stability, and bifurcations of homoclinic stripe patterns 
inn the generalised Gierer-Meinhardt equation: 

ee22UtUt = &U -c2nU + UaiV0\ , . 
VVtt = e2AV -V + Ua2V02. {' ' ' 

forr (x,y) € M2 [39. 61, 62. 38. 83]. where we assume that the ratio of the diffusion 
coefficientss of the two 'species' V and U. dy, and d\j is asymptotically small: e2 = 
dyjdjjdyjdjj <S 1. Throughout this chapter, the parameters (a.\. a-2- di, ih) and \x are 
assumedd to satisfy 

n n 

aiai>l>l  + -p^-, a2 < 0 , 0! > 1. 32 > 1. n>0 (4.2) 

(comparee to [39. 61. 62. 38. 83]). 
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Itt is shown in Chapter 3 that the one-dimensional Gierer Meinhardt equation, 
(4.1)) without ^-dependence, has stationary, homoclinic pulse solutions for parame­
terss satisfying (4.2) and \i = 0(1). This result establishes the existence of homoclinic 
stripee patterns to (4.1); see Theorem 4.5. By a careful re-examination of the construc­
tionn of the one-dimensional homoclinic pulses, we are able to determine analytically 
ann upper bound in fi on the existence domain of the stripe patterns: we establish 
thatt homoclinic stripe patterns exist in (4.1) up to \x = /xSpiit = 0{l/eA) and not 
beyondd this value (Theorem 4.6); see also Remark 4.2. This bifurcation is, in essence, 
aa bifurcation of the one-dimensional problem. The nonexistence result is similar to 
thee proof of the existence of a 'disappearance bifurcation' in the one-dimensional 
Gray-Scottt model in [13], [12]. Note that numerical continuations and simulations 
inn [64] for the Gray-Scott system indicate that this 'disappearance bifurcation1 is, in 
fact,, a saddle-node bifurcation of homoclinic orbits. It is natural to expect that the 
samee is true for the 'disappearance' or 'splitting' bifurcations in the systems studied 
inn this chapter. However, as in the Gray-Scott case, the bifurcation takes place in 
thee region in parameter space, where the existence problem is no longer singularly 
perturbed.. When // = Ö(l/em) 3> 1, i.e. m > 0, one needs to rescale (4.1) since U 
andd V can no longer be assumed to be O(l) (see Section 4.2). The rescaled system 
iss singularly perturbed in the scaled parameter ë = ö (e1 _ m/ 4) so that one can no 
longerr use the ideas of geometric singular perturbation theory [40] for m = 4. As 
aa consequence, the analytic 'control' of the homoclinic orbits decreases significantly. 
Therefore,, the identification of the 'disappearance bifurcation' as a saddle-node bi­
furcationn of homoclinic orbits has become a challenging task. 

Itt was shown in [13, 12] that the 'disappearance bifurcation' initiates the well-
knownn pulse splitting, or self-replication, process in the Gray-Scott model [67, 70, 69, 
19,, 64]. Exactly the same behaviour can be observed in numerical simulations of the 
one-dimensionall  Gierer-Meinhardt model (4.1) for [i  > /^spnt; see Section 4.2. This 
impliess that the self-replicating process is a 'generic phenomenon' in singularly per­
turbedd reaction-diffusion equations and that it thus is not special to the Gray-Scott 
modell  (see Remark 4.7). Increasing \i through /^spii t induces a stripe splitting bifur­
cationcation in the two-dimensional system (4.1). The end-product of the self-replication 
processs is a spatially periodic stripe pattern; see Figure 4.11. 

Thiss splitting bifurcation is related to the existence problem of the stripe patterns. 
Otherr bifurcations, such as the bifurcations from stripes to spots, are associated to 
thee (in)stability of the stripe pattern (Ustripe{x, V, t), Vstripe(x, y, t)) = (U0{x), V0(x)). 
Thee stability of the two-dimensional stripes again relies heavily on insights in the 
stabilityy of one-dimensional homoclinic pulse patterns. Since we assume that (4.1) is 
definedd on the unbounded plane, i.e. (x. y) G l 2 , it follows that the linearised stability 
problemm reduces to the study of a one-parameter family of eigenvalue problems in 
thee one-dimensional variable x. This family is parametrised by a wave number in 
thee y-direction, I (see Section 4.3). We show that these eigenvalue problems can 
bee studied by the recently developed extension of the Evans function method, the 
so-calledd nonlocal eigenvalue problem (NLEP) approach [13, 15, 14]. This method 
enabless us to determine the spectrum of the linear stability problem associated to 
thee stripe pattern explicitly as function of /. 
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Wee again find that the magnitude of fi with respect to e is crucial for the stability 
off  the stripes; therefore, we again introduce m and set ji  = 0(l/em). We show 
inn section 4.3 that the eigenvalues A(/) all are stable and real; i.e. A(/) < 0 for 
\l\\l\  > fo.stab = y/{ih + 1)^/4 - 1 - 0{\) and X(l) = A(0), at leading order, for 
|/|| <C e2-™/2 (Lemma 4.16). The latter result implies that the possible stability of 
thee stripe pattern strongly depends on the stability of the associated pulse solution of 
thee one-dimensional equation (that does not depend on y). We find, in the case that 
thee one-dimensional pulse pattern is stable, that there are two symmetrical bands of 
unstablee wave numbers /: ö{e2~m^2) < |/| < 0(1). This implies that all homoclinic 
stripee patterns are unstable as solution of (4.1) on R2 if m < 4, i.e. fi <C ö{\/em) 
(Theoremm 4.17). 

Nevertheless,, these results also indicate that the homoclinic stripe patterns can 
bee stable on R2 for m = 4 since the bands of unstable wave numbers might dis­
appearr for rn — 4. A necessary ingredient is, of course, the stability of the one-
dimensionall  pulse pattern. Therefore, we first follow [14] and consider the classi­
call  case (cti, ö2, P11P2) ~ (0, —1,2,2) and 0 < ji  <§C 1/e4. In this case, the one-
dimensionall  pulse is stable for fi > /iHopf(O) = 0.36.. . (= O (I)) (Theorem 4.21 
orr [14]). Furthermore, we use the NLEP machinery to explicitly determine the 
bandd of unstable wave numbers in this case: we deduce that, for 0 < /iHopf(O) < 
(.i(.i — jlfem and m < 4, there is one (unique) real unstable eigenvalue A(Z) > 0 for 
|/|| E (£2~nijf2\/3jl, \ /5/4), at leading order in e; there are more unstable wave num­
berss / with |/| < e2 - m / 2

v / 3^ for /x < ^Hopf(0) (Theorem 4.23). 
Nextt we consider the general problem in more detail. We focus, for simplicity, 

onn stability analysis of the one-dimensional problem (i.e. / = 0). We distinguish 
twoo open, unbounded domains, Viarge and VSjnguiar, in the (ai,a2,Pi,P2) parameter 
spacee (with boundaries given by (4.2)) in which the homoclinic pulse pattern cannot 
bee stable. The region Viarge includes the case a>i > 1. We show that, for a\ > 1 
andd ^ large enough (but not necessarily 3> 1 with respect to e), there is always (at 
least)) one unstable real eigenvalue A°(/i, 0) that grows linearly with \x (Theorem 4.27). 
Inn Theorem 4.28, we establish the existence of the region Vsinguiar, which includes 
P2P2 > 2/?i + 1, in which the stability problem has at least one bounded unstable real 
eigenvaluee for all /x > 0. 

Finally,, we consider the stability of the stripes for m — 4, i.e. [i  — C( l /e4) , by 
numericall  simulations. This is necessary since the stability analysis is based on the 
samee rescaled value of e as the existence analysis: like the existence problem, the 
linearr stability is no longer singularly perturbed for m — A. The simulations are 
performedd on bounded domains; therefore, we first interpret some of our results in 
termss of cylindrical domains, or strips, of the form M x (0,Ly). (The length, Lx, of 
thee domain in the ^-coordinate is taken so long as it has no leading order influence; 
seee [19, 13, 11] and Section 4.5.) We conclude that a homoclinic stripe solution that 
iss stable as a one-dimensional pattern is automatically stable on a strip M. x (0.Ly) 
iff  Ly < KEJ\j{Qi + l ) 2/4 — 1 (Corollary 4.29). This critical value of Ly is confirmed 
byy the numerical simulations for fi <§C \jex (where we considered the classical case, 
i.e.. {a.\. Q'2,A. /32) = (0 , -1 ,2, 2)). Moreover, it is found that the stripe pattern can 
bee stable as a solution on M2 for fi > /istripe — Afstripe(ö'i; &2- di, 02) — C(l/c" )• This 
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bifurcationn is followed by the splitting bifurcation predicted by the existence analysis 
off  Section 4.2: /ispnt > ^stripe or. more explicitly. 

^Split(0,, - 1 . 2, 2) « - ^ - > - ^ j - « Stripe(0, - 1 , 2. 2). 

Beyondd the splitting bifurcation value of/i, a self-replicating stripe pattern is observed; 
i.e.. the homoclinic stripe splits into two repelling stripes, which split again (etc., 
dependingg on the length Lx of the domain) so that eventually an asymptotically 
stablee spatially periodic stripe pattern appears (see Figure 4.11). The dynamics are 
completelyy homogeneous in the ^/-direction so that the bifurcation is, in essence, a 
one-dimensionall  process. Note that these simulations also imply that (numerically) 
stablee spatially periodic stripe patterns exist on R2 (see also Remark 4.3). 

Thee numerical investigations are concluded with an analysis of the 'fate' of the 
stripee pattern as \x < /Stripe and Ly increases through a bifurcation value. This 
confirmss the varicose type of the instability [66], [36]: the stripe, in general, bifurcates 
intoo half a spot at either one of the boundaries y = 0 or y = Ly in the middle of the 
(0,, Lx) interval. For values of \x close to ^.stripe, it is possible to have stripe patterns 
onn a strip of width Ly that is larger than that given by Corollary 4.29. Such stripes 
bifurcatee into a full spot, two half spots, one and a half spots, etc. (see Figure 4.12). 
Thiss behaviour is typical for systems near a bifurcation of Turing type; it can be 
explainedd qualitatively by the analysis. 

Remarkk 4.1 As mentioned in the literature, i.e. [70, 62, 19, 61, 39, 83, 14], we con­
siderr so-called monostable systems. There is much literature on the existence and sta­
bilit yy of (multi)front patterns in (singularly perturbed) bistable systems. (Unlike in 
monostablee systems, there are (at least) two different stable trivial solutions/patterns 
inn bistable systems.) See, for instance, [63] and the references therein. We refer to 
[66]]  for the stability analysis of a double front, i.e. homoclinic, stripe pattern in a 
bistablee system with a piecewise linear nonlinear term and to [78, 79] for the stabil­
ityy analysis of stripes/planar fronts in more general bistable systems. An essential 
differencee between the stability of (multi)front solutions in bistable systems and that 
off  the monostable homoclinic solutions studied here is that all potentially unstable 
eigenvaluess are asymptotically small, i.e. approach 0 in the limit e —• 0, in the bistable 
case.. The limits of these eigenvalues correspond to 'marginally stable' eigenvalues 
off  the so-called fast reduced limi t systems [63]. The relation between the stability 
inn the full e  ̂ 0 system and the E — 0 limi t systems is completely different in the 
monostablee equations studied here. In fact, the fast reduced limit systems have 0(1) 
unstablee eigenvalues (see Section 4.3). This is called "the NLEP paradox' in [15, 14]. 

Remarkk 4.2 The critical magnitude of ji, fi = C( l /c4) , that appears throughout 
thiss chapter is in terms of the rescaled parameter e of the (truncated) 'normal form' 
(4.1).. It follows from the scaling analysis in Section 2.1, that this corresponds to 
HH = Q(du fdy) 3> 1 in terms of the unsealed Gierer-Meinhardt equation (1.1). Hence, 
thee splitting bifurcation (and the Turing bifurcation—see Remark 4.3) will occur at 
HH = 0{dv/dv). 
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Remarkk 4.3 Numerical simulations show that the amplitude of the periodic stripe 
patternn that occurs through the splitting bifurcation decreases as \i approaches the 
valuee /̂ Turing > /%>ut• At //Turing = /̂ Turing(o-i- c*2< Pi. P2) = C(l /^4)- a Turing bifur­
cationn takes place. (//Turing can be determined by a straightforward linear analysis; 
see,, for instance, [59].) Thus the homoclinic stripe patterns are indeed 'far from 
equilibrium.'' We refer to [55] for a detailed analysis of the connection between ho­
moclinicc pulse patterns and Turing bifurcations in the context of the one-dimensional 
Gray-Scottt equation. 

Remarkk 4.4 An important subtheme of this chapter is the competition between 
stripee and spot patterns, far from equilibrium. There is much literature on the in­
teractionss between patterns—most of it on systems close to bifurcation/equilibrium. 
Wee refer to [5] and [32] and the references therein. 

4.22 The existence problem 

Thee following result on the existence of singular, stationary, multipulse homoclinic 
solutionss of the generalised Gierer-Meinhardt equation was proved in [14]. 

Theoremm 4.5 Let (QI, ct2,Pi, 02, /0 satisfy (4.2), and let // be 0(1). Then, for 
anyany N > 1 with N — 0(1) and s > 0 small enough, there is a stationary N-
pulsepulse homoclinic stripe solution (U(x,y,t),V(x.y,t)) = (U]^™(x), V^°m(x)) to (4.1) 

00U%™(X)U%™(X) = \imlx^ocV^m(x) = 0 ? a n d l i m QoUham(x)eeSÜ\x\f soso that lirri i 
lim\lim\xx̂ ôcocV^V^omom(x)e^(x)e^xx^  ̂ exist and are nonzero. The V-component V^°m(x) has a se­
quencequence of N consecutive narrow pulses of the same height (at leading order) that are 
ö(e\loge\)ö(e\loge\) close to each other; V^om(x) decreases to ö(y/i) in between two adjacent 
pulses.pulses. Both U^om(x) andV^om(x) are monotonous functions of x outside the region 
ofof pulses. Moreover, the amplitudes U$&x and V^ iax of the U^om(x) and V$om(x) 
pulsespulses are, at leading order, given by 

2JJL 2JJL 

NW(pNW(puupp22] ] 

where where 

and and 

T/max x 
•• VN — 

2^n 2^n 
NW(3NW(3uupp22] ] 

DD = (a1-l)(02-l)-a20l > 0 

W(0W(0ll,3,322)=)=  f"'(wh(Z;02))01dt, 
JJ —DC 

withwith Wh(£) the (positive) homoclinic solution of 

,02 ,02 
ww — w — W' 

(4.3) ) 

(4.4) ) 

(4.5) ) 

(4.6) ) 

I tt is clear from the formulation of this theorem that only the case \x = 0(1) 
(withh respect to e) has been considered in [14]. In this section, we consider the 
existencee problem for fi = 0(1/em) for m > 0. We do not pay attention to the 
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multipulsee solutions with N > 2 since these solutions cannot even be stable on the 
one-dimensionall  (unbounded) domain, as has been proved in [14]. In this chapter, 
wee denote (U?om(x), V?om{x)) by {U0(x). V0(x)). 

4.2.11 Scaling analysis 

Wee introduce [i  — O(l) and m > 0 by 

0 = AA  (4.7) 

Itt follows from (4.3) that U0{x) and VQ(X) can no longer be considered as ö{\) for 
[i[i  > 1. Therefore, we have to scale U(x, y, t) and V(x, y, t) in (4.1) and thus introduce 
thee 0(1) quantities Ü(x,y,t) and V(x,y,t) by 

UU = £-{02^)mÜ, V = e^V. (4.8) 

Insertingg these scalings into (4.1) yields 

VVtt = £2AV -V + Üa2V02. 
(4.9) ) 

Hencee we can introduce x, y, and i by 

xx — e 4 x, y = £ 4 y, £ — £ 4 (4.1U) 

soo that 
ëë22+&zÜ+&zÜ tt = AÜ -£2jlÜ + ÜaiVP\ 

VVtt = ë2AV -V + Üa*V02. 
(4.ll ) ) 

Exceptt for the factor in front of the term C/t, this equation is identical to (4.1). In this 
section,, we are interested in the existence of solutions to (4.II) that depend neither 
onn t nor on y. Thus we write (4.II) as a (four-dimensional) ODE in x: 

ff  Üix -ë2jxÜ + Ü^V  ̂ = 0, 2 

ll  ë2Vxx -V + Ü^V  ̂ = 0. { ' } 

Exceptt for the tildes, this equation is identical to the existence problem for stationary 
solutionss that do not depend on y of the original equation (4.1). Hence we can 
immediatelyy apply Theorem 4.5 to system (4.12) and conclude that there exist N-
pulsee patterns (Ü%om(x), V$om{x)) in (4.11) and thus in (4.1) for /j » 1. However, 
theree is one crucial condition in Theorem 4.5 that cannot be satisfied for all fi » 1: £ 
mustt be small enough. Hence, by (4.10), Theorem 4.5 can only be applied for ra < 4 
(seee Remark 4.2). The condition on £ is essential to the proof of Theorem 4.5 since it 
iss based on geometric singular perturbation theory [40] and it exploits the fact that 
ÜÜ and Ux vary slowly compared to V and Vx\ i.e. Ü,  = O(ë), while V. Vx — 0(1). 
Thiss approach can no longer be used when £ becomes 0(1), i.e. when m = 4 (4.10). 
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Onn the other hand, when m becomes > 4 or. equivalently, when i becomes > 
1.. it might be possible to use geometric singular perturbat ion theory to construct 
homoclinicc solutions to the saddle point (£/, ÜX.V.VÏ) = (0. 0, 0. 0) by reversing the 
roless of U and V. Therefore, we introduce Ü. V, I . //, and x by 

ÜÜ = (i2fi)^^Ü, V = {ë2fi) l^r^Vê= i. fi = l. x = y/jix (4.13) 
cc /J 

soo that (4.12) can be written as 

êê22ÜÜxxxx -Ü + ÜaiV& = 0. 

VxxVxx -ê2fiV + Ü^V  ̂ = 0. [ ] 

Thiss equation is identical to (4.12) after the following substi tut ions: 

ÜÜ -> V, V -> Ü, «i — 02, Pi -> «2, a2 -^ 0U 02 -+ au (4.15) 

and,, of course, ë —> Ê, // —> //. 

4.2.22 The existence and disappearance of homoclinic solutions 

Thee 'symmetry' (4.15) between the two scaled systems (4.12) and (4.14) can be used 
too obtain the following extension of Theorem 4.5. 

T h e o r emm 4.6 Let (at i ,a2, /3 i, 02, fi) satisfy (4.2), and let {U^om(x), V^om(x)) = 
(UQ(X),(UQ(X), VQ(X)) be the (1-pulse) homoclinic stripe solution of (4.1) described in Theo­
remrem 4.5 (for /i = 0{l)). Then there exists a critical value /i spi i t of ji  with /ispi i t = ^ r 1 

andand 0 < /iSpiit = 0(1) such that (UQ(x),V0(x)) exists for 0 < fi < fispnt. Equation 
(4.1)) does not have a homoclinic solution (UQ(X), VQ(X)) for ji > / i s pi j t . 

AA similar result has been proved for the one-dimensional Gray-Scott model in 
[15]]  (although the proof is based on a topological shooting approach in the Gray-
Scottt context). For the Gray Scott model, the upper boundary on the existence 
domainn of the homoclinic pulse solutions has been identified numerically in [64] as a 
saddle-nodee bifurcation of homoclinic orbits. A similar behaviour is expected here. 
Moreover,, there is a very natural candidate that can act as the 'partner' of the pulse 
pat ternn (UQ(X),V0(X)) in the saddle-node bifurcation. I t is the 2-pulse homoclinic 
orbitt (U20m(x),V20m{x)) (see Theorem 4.5) since it has the same structure as the 
unstablee 'partner' of the homoclinic pulse that has been found numerically in [64] 
(forr the Gray-Scott model) near the saddle-node/disappearance bifurcation. (Fur­
thermore,, (C/2

hom(x), V2
hom(x)) is unstable; see [14].) Note that it is quite a challenge 

too prove this conjecture, especially since the bifurcation occurs in a parameter region 
wheree the system can no longer be treated as a singularly perturbed problem. 

I tt was shown by numerical simulations that this 'disappearance' of the homo­
clinicc pulse solution marks the boundary of the region (in parameter space) in 
whichh a solitary pulse 'splits' into two slowly travelling copies of the initial pulse 
(withh opposite speeds) [15]. Thus the equivalent of Theorem 4.6 for the Gray-Scott 
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Tirae.V' ' 

1600 0 

Figuree 4.2: The self-replication process in the classical Gierer-Meinhardt problem 
( Q I .. CÏ2, Pi, ih) = (0, —1- 2. 2). This simulation was clone for fi = 56. e2 = 0.05. Note 
thatt only the V-components of the solutions are shown. 

modell  gave an analytical foundation of the origin of the so-called self-replication pro­
cess.. This phenomenon has been a challenging topic of research in recent years (see 
[67.. 70. 69. 19. 64]. and the references therein: we refer to [12] for a discussion on the 
l i teraturee on this subject). 

Byy analogy to the Gray Scott model, the 'disappearance' result of Theorem 4.6 
att /i = ö(-=r) provides a strong motivation to run simulations of the generalised 
Gierer-Meinhardtt model for I_I » 1. It is shown in Figure 4.2 that the critical value 
//splitt defines the boundary of a domain in parameter space in which the (generalised) 
Gierer-Meinhardtt model also exhibits self-replication of pulses. This yields a strong 
indicationn that the self-replication phenomenon is not a special feature of the Gray-
Scottt model but that it wil l occur in a large family of reaction-diffusion equations 
[64]:: see also Section 2.1. 
P r o off  of T h e o r em 4.6. This proof is based on the proof of Theorem 2.1 in [14]. 
Heree we present the main arguments and refer to [14] for the details. 

Ass was already noted in the previous section. Theorem 4.5 applied to (4.14) 
establishess the existence of (Uo(x), VQ{X)) for 0 < fi <C jz- Using the 'symmetry' 
(4.15).. we can apply Theorem 4.5 to (4.14) for fi » JJ since f » 1 and thus ê <C 1 
(4.13).. This yields the existence of the homoclinic solution (L7o(;r). V'o(.r)) of (4.1) if 
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ai,oi2:0i.S2ai,oi2:0i.S2 satisfy a condition that is the equivalent of (4.2) under (4.15): 

Qll > 1, Q2 > 1, di < 0. 32 > 1 + a2 \ • (4.16) 
Qll  — 1 

Thee nonexistence of a homoclinic (Uo{x),Vo(x)) pattern follows from the obvious 
conflictt between (4.2) and (4.16). However, one cannot, of course, obtain a nonexis­
tencee result from the fact that an existence result cannot be applied. As is explained 
inn detail in [14], the conditions on the a^s in (4.2) are not essential to the existence 
off  homoclinic solutions. The conditions on the a /s are determined by our decision 
too study large pulses in (2.3). i.e. our decision to impose r, s > 0 in (2.6) see also 
Remarkk 4.8. 

Onn the other hand, the condition on (32 is sharp in the sense that there cannot 
bee homoclinic solutions for f32 < 1. This can be seen immediately by writing (4.12) 
ass a four-dimensional system in the 'fast' scaling; i.e. we introduce the fast variable 
££ = x/s and obtain 

(( ü — ep, 
++  E2pu], ( 4 1 7) 

u u 
p p 
V V 

Q Q 

— — 
= = 
= = 
= = 

£/ / 

*[ [ 
Q, Q, 
V V 

>, , 
-u-uaiaivvdl dl 

-- ua2 t' A 

wheree we have neglected the tildes and where ' denotes the derivative with respect 
too £. For /?2 < 1, there is no homoclinic solution in the fast reduced limi t u = UQ, 
pp = po, and v — v — UQ2V@2 so that it is impossible to construct a homoclinic solution 
too (0,0,0,0)—see [14] for the details. The condition on Pi might be relaxed to 
0i0i > 0 (see Remarks 2.3 and 3.2 in [14] and Remark 4.8 below); however, the lower 
boundaryy on (3\ cannot be decreased beyond 0: there cannot be homoclinic solutions 
too (0, 0,0, 0) in (4.17) for 0i < 0. This follows especially from the equation for p: the 
accumulatedd change Ap in p over an orbit that is homoclinic to (0,0,0, 0) cannot be 
boundedd for Q\ < 0 since the integral over p (from — oc to oc) diverges in this case; 
seee Remark 2.7 in [14]. 

Byy the 'symmetry' (4.16), we thus conclude that there cannot be homoclinic 
solutionss to (0,0,0,0) in (4.14) for a\ < 1 or a2 < 0. Since we assumed that a2 < 0 
inn Theorems 4.5 and 4.6, it follows from (4.10) and (4.13) that the homoclinic stripe 
patternn (UQ(X). Vo(a:)) cannot exist as a solution of (4.1) for \i S> ^ . 

Forr the intermediate case, m = 4 in (4.7), we set ê = 1 in (4.12) and once more 
usee (4.3) to scale (U, V) in a similar fashion as (U, V) was scaled in (4.8): 

ii  -

UU = p^rrU. V = ii,™V. (4.18) 

Thiss way, (4.12) becomes 

üü£i£i -Viïü + üaiv01 =o. , 
y/pVzïy/pVzï -V + Üa*V3*  = 0. y ' ' 

wheree x = (p)lj/4x. This equation is identical to (4.12) when we set p. = 1 and 
ii 22 = y/p in (4.12). Hence we can apply Theorem 4.5 and conclude that the homoclinic 
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patternn (UQ(X),VQ(X)) exists for jl  < JIQ small enough. Note that we have only 
introducedd the U-, V^-scaling (4.18) to validate the intuitively clear observation that 
thee limi t jl  —> 0 with m = 4 corresponds to the case rn < 4, i.e. f « 1. Similarly, 
onee can scale (4.12) with ë — 1 as in (4.13) so that the new system can be identified 
wit hh (4.14) with ft = 1 and e2 = l/y/JÏ. Hence the nonexistence result for (4.14) can 
bee applied for jl  > £LQ large enough. 

Wee conclude that there must be a value jlSp\it in between /xo and £IQ so that 
(UQ(X),VO(X))(UQ(X),VO(X)) exists for m = 4 and jl  < /xspii t but not (immediately) beyond this 
value.. • 

Remarkk 4.7 The proof of Theorem 4.6 cannot be applied directly to the more 
generall  system (2.3) in Section 2.1. Equation (4.1) appears from (2.3) as the leading 
orderorder part of a normal form. Thus (2.3) can only be approximated by (4.1) for £ < 1 . 
Thee proof of Theorem 4.6 is based on the 'symmetry' between e <§; 1 and £ ^> 1 in 
(4.1)) and is thus special for the Gierer-Meinhardt model. However, the existence 
resultt for e «C 1 is based on a combination of properties of the singular perturbed 
model.. In general, it can be expected that such a combination no longer exists for 
ee = O (I) and/or £ ^> 1. Hence it is natural to suspect that there is an equivalent 
off  Theorem 4.6 for the general model (2.3) if the model satisfies some additional 
conditions.. The topological shooting method employed for the proof of this result in 
thee Gray-Scott context [15] seems to be the most suitable method for the proof of 
suchh a general result. 

Remarkk 4.8 As is explained in the proof of Theorem 4.6, the conditions on the ct's 
inn (4.2) are based on our preference to have (asymptotically) large solutions.Only 
thee conditions j3\ > 0, f32 > 1, a nd Ö / 0 (2.9) are necessary for the existence proof 
inn [14]. However, we note that it has been necessary to assume that (3\ > 1 in the 
prooff  of Theorem 2.1 in [14] in order to be able to apply the standard persistence 
resultss of Fenichel; see [40]. Thus it is not completely straightforward to relax the 
conditionn (3\ > 1 to j3\ > 0 in Theorem 4.5. (The case (3\ — 0 is special; see Remark 
2.77 in [14].) Nevertheless, it can thus be expected, by combining (4.2) and (4.16), 
thatt there exist homoclinic solutions in (4.1) of the type described by Theorems 4.5 
andd 4.6 for e < 1 and for £ > 1 if  Q l > 1, a2 > 0, ft > 0, 32 > 1, and D / 0 . Thus 
onee does not expect 'splitt ing dynamics' [12] in this case. However, we wil l find in 
Sectionn 4.4 that the homoclinic pulse pat tern cannot be stable when ot\ > 1 and /i 
iss large (Theorem 4.27) so that this (possible) persistence result wil l not be relevant 
forr the dynamics of (4.1). 
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4.33 Stability analysis 

Inn this section, we consider the stability of the stationary homoclinic stripe pattern 
(U(x,y,t).V(x.y.t))(U(x,y,t).V(x.y.t)) — (UQ(X).VQ(X)) on the unbounded domain, i.e. with {x.y) E 
RR22.. Due to the lack of structure in the «/-direction, we can study the linearised 
stabilityy of the stripe by introducing a wave number / € R. and set 

U(x.yJ)U(x.yJ) = U{S.r}<t) = Uo{S) + u(aexteilT>. (4.20) 

V(x,V(x, y. t) = V{Z. rh t) = V0(S) + v(OeXt eü\ 

Thuss we consider the stability problem in the fast spatial variables, defined by 

(x.y)(x.y) = (et.ETi). (4.21) 

Moreover,, it will be convenient to introduce a scaled version I of the wave number /: 

// = e2l (4.22) 

Byy construction, the wave number /. or /, appears as a parameter in the linear 
stabilityy analysis. In this and the following sections, we will determine, for any fixed 
II  £ R, the spectrum of the associated ^-dependent linear operator. The stripe is 
spectrallyy stable when the union of the spectra (over all / € K) has no intersection 
withh the unstable half plane (Re(A) > 0} ; see Remark 4.2. In this chapter we will 
nott consider the nonlinear stability of the stripes. We refer to [14] for some remarks 
aboutt the nonlinear theory for the one-dimensional case. In this section, we present 
ann extension of the Evans function method, the NLEP approach, as it has been 
developedd in [13], [15], [14]. Here, we sketch the main ideas behind this method. The 
statementss in this section can all be proved by the methods developed in [15], [14]. 
Wee refer to these papers for the analytical details. 

4.3.11 The linearised equations 
Insertingg (4.20) into (4.1) yields, after linearisation: 

ff  t*« = -e^U^-'V^u + faU? V^v] + <r4[/x + A + l2]u. 
\\ r « + [W'V**- 1 - (1 + A + r*P)}v = -{a2U^-lV^]u. 

(4.23) ) 

wheree we have used (4.21) and (4.22). Note that u(£) remains constant to leading 
orderr on ^-intervals of (at least) (9(1) length, as long as fi.X «C ^ and |/| <S ^ . 
i.e.. \l\ <C 1 (4.22). System (4.23) can be written as a four-dimensional linear equation, 

00 = A{E,:X.le)o with o{$) = (u (0-p(0. V(0-Q(OY- (4-24) 

soo that A(£:\.Le) = 

ff 0 E 0 0 \ 

00 0 0 1 

(4.25) ) 
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Wee know by Theorems 4.5 and 4.6 that Vo(£) decays much faster than £/o(0> as 

functionn of |£|, for any /J <C p-. Thus, using (4.2). we can take the limit |£| —> oc in 

// 0 e 0 0 \ 
e3(A// + A + /"2) 0 0 0 

00 0 0 1 
VV o o (i + x + £4i2) o / 

Matrixx A(£) converges exponentially fast to Ax for any l e R and any ^ « ^ 
i.e.. there exist positive 0(1) constants C\  ̂ such that 

AAxx(\J,e)(\J,e) = (4.26) ) 

\A{Z;\,i\A{Z;\,i77e)-Ae)-Aococ{\{\ }} l,E)\\<Cl,E)\\<C11e-e-cc^  ̂ for |£| > —, for any a > 0. (4.27) ) 

Ass we shall see, this implies that the NLEP approach can be applied to the eigenvalue 
problemm (4.25). The essential spectrum creSs(0 associated to the matrix operator 
A(£;\,1,E)A(£;\,1,E) (4.25) is for any fixed I determined by A  ̂ [35]-see also Remark 4.9. 
Sincee the eigenvalues Â  and eigenvectors Ei (i — 1 , . . ., 4) of Aoo are given by 

(4.28) ) 
A M (A j ,e)) = l + A + £472~, EÏA(Xj,e) = (0,0,1, l + A + eH2)1, 

A2,3(A,f,e)) = 2  ̂ + X + l2, E2,3{\J,e) = (1,  + A + [2,0,0)f , 

withh Re(Ai) > Re(A2) > Re(A3) > Re(A4), it follows immediately that 

< W 00 = {A G E : A < max( -̂  - f2, - 1 - e4F)} . (4.29) 

Hencee the essential spectrum has no influence on the stability of the stripe; the 
(in)stabilityy is completely determined by the discrete spectrum, i.e. the eigenvalues, 
off  (4.25); see Remark 4.9. We introduce the complement of a ^-neighbourhood of the 
essentiall  spectrum: 

CC66(l)(l)  = C\ {(Re(A) < max(-/i - f2, - 1 - e4l2), |Im(A)| < S) or 
||AA - maxf- î - f2, - 1 - e4l2)\\ < (5}, ( 3 U) 

wheree 0 < 6 < 1 is a second asymptotically small parameter that is independent 
off  £. By restricting A to C$, we cannot run into problems with the definition and 
analysiss of the Evans function near the essential spectrum (see below). 

Remarkk 4.9 The spectral stability of the two-dimensional stupe (i.e. (x, y) € R2) is 
determinedd by the eigenvalues X(l) of the /-family of one-dimensional systems (4.24) 
(inn ( e l ) . It is clear form the ansatz (4.20) that a curve of eigenvalues {X(Ï)J e R} 
inn the (I, Re(A))-plane is a component, or branch, of the essential spectrum of the 
fulll  two-dimensional stability problem associated to the stripe. (Perturbations of 
thee type (4.20) are, by definition, not integrable over R2.) The full problem cannot 
havee point spectrum, plotted in the {I, Re(A))-plane: it consists of a two-dimensional 
region,, {aess(f) , l e R}  (4.29), and a number of one-dimensional curves (A(/), l 6 R} . 
Inn this chapter, we refer to the elements of these curves as eigenvalues (since they 
aree in the point spectrum of (4.25) for a certain value of /). 
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4.3.22 The Evans function 

Thee eigenvalues \(i,e) of (4.25), i.e. those values of A for which (4.25) has an ex­
ponentiallyy decaying eigenfunction solution 0(0- correspond to zeros of the Evans 
functionn V(X: /, e) associated to (4.25). Here we give a brief sketch of the construction 
off  the Evans functions V(X:l) associated to (4.25), following [14]. We refer to [1], 
[28],, [15], [14] for the details. The definition of V{\. Ï) and its decomposition is based 
onn the following results. 

Lemmaa 4.10 (see [1], [28], [15], [14]) For all X eCs(ï), there exist four indepen­
dentdent solutions 0j(£; AJ, e) of (4.25), j = 1, . .. ,4, such that 

(i)) l i m ^ - ^ x t è ; A,/VAi<*•'>« = £i(A,f) , 

(ii )) l i m ^ _ ^ 2 ( £ ; A , / > - A ^ A ^ - E2(XJ), 

(iii )) ]im^x<fo(Z-,\,i)e-A^M = E3{Xj), 

(iv)) lim^^M  ̂ \i)e~Ai{xM = E4(X,l), 

wherewhere A-,(A,/) and Ej(Xj), j = 1,...,4 have been defined in (4.28); 0i(£;A,£) and 
02(£i 'U)) sPan the two-dimensional family <I>_(£;A, I) of solutions to (4.25) that ap­
proachproach (0,0,0,0)*  as £ -• -oo, 03(£;A,f), and fafaxj) span the two-dimensional 
familyfamily $+(£; A J) of solutions to (4.25) that approach (0,0,0,0)*  as £ -» oo. Further­
more,more, there exist two transmission functions ii(A , /,£•) and t2(X, l:e) such that 

limm (/>1(e;A,/)e-Al(A 'f)€-ti(A,ÓJE;1(A,f) , and 

limm 02(£; A, Z)e-
A

2(^")€ = t2(A, l)E2(X, f); (4.31) 
0 0 

£i(A,£,e)) is analytic as a function of X e Cs, andt2(X,l£) is only defined for ti(X) ^ 
0.. TTie solutions <t>\{£\  XJ) and 02(£; A,/) are determined uniquely: 0i(£;A, j) % (i) 
andand 4>2(^\ XJ) by (ii) and f/ie existence oft2{X,l). 

Notee that these results are quite natural. By the limit behaviour of the matrix 
AA (4.27), one expects that there are two independent solutions to (4.25) that behave 
inn the limi t £ —> -oo as the two independent unstable solutions of the constant 
coefficientss problem associated to the limit matrix Ax. These are the solutions <pi 
andd <p2- The solutions </>3 and 4>4 correspond to the stable solutions associated to A^. 
Notee that neither (p2 nor 03 is determined uniquely by these requirements; 4>\ and 04 

aree selected by the normalisations in (i) and (iv). The existence of the transmission 
functionn  confirms the intuitive idea that a general solution of (4.25) wil l grow as 
thee most unstable eigenfunction eAl ? as £ -• oo. The existence of t2 follows from the 
observationn that è\ and <b2 are independent: there will be orbits in <&-(£; X,l) that 
doo not grow as eAl ? if £ —»• oc. The growth of these orbits will then be determined 
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byy eA2?. Thus the solution 02(£: A, /) is selected as one of these orbits. Note that this 
constructionn implies that t2 cannot be defined automatically for t\ = 0. 

Thee Evans function V(X) is defined by 

D(A,, /, e) = det[0i(£; A, /), 02(£; A, /), <j> 3(£; A, [), 04(^; A, /)]. (4.32) 

Thee determinant T>(\) does not depend on £ (since the trace of A(£) is 0 [1]) and is 
analyticc as function of A for A E Cs (or, in general, for A outside the essential spectrum 
[1]).. It follows from the general results of [1] that the zeros of T>{X) coincide with 
thee eigenvalues of (4.25), counting multiplicities. Intuitively, this can be made clear 
byy observing that an eigenfunction </> of (4.25), associated to an eigenvalue A, must 
approachh (0, 0,0.0)*  for both £ —> —oo and £ —> +oo. This implies that <fi  e <ï> n<£>+ 

soo that Z>(A) = 0. At the same time, $ n <I>+  ̂ 0 at a zero of V. Hence there must 
bee an eigenfunction 0 G $_ Pi $+ . 

Thee Evans function D(A) can be decomposed into a product of ti(A) , £2(A) and 
aa nonzero component: 

P(A,s)) - l i m ^ . det [0! (0,02(0, ^3(0, 04(C)] 
== l im^oo det[01(Oe-A l «,02(Oc-A2€,03(Oe-A3€,04(Oc"A4e] 

d e t ^ , ^ , ^ , ^ ] ] 

4£ti(A,, Z, e)t2(A,e, f) Y/(A* + A + Z2)(l + A + e4/2) 
(4.33) ) 

sincee £ ] i = 1 Aj(A) = 0 (4.28). Thus the zeros of V(X,E) are determined by solving 
*i(A )) = 0 and £2(A) = 0. Since ii(A ) is associated to the 'fast' solution 0i, i.e. the 
solutionn that behaves as EieAl  ̂ as £ —• -co, it is relatively straightforward to deter­
minee the zeros of t\ (A, I). 

Lemmaa 4.11 Let X3Al) € M be an eigenvalue of the reduced limit problem 

(£(£ff{t;l){t;l)  - X)v = va + Vhu^ivhit))0*- 1 - (1 + A + l2)]v = 0, (4.34) 

wherewhere Uh = U™&x (4.3) andvh(£) = the leading order approximation ofVo(£), i.e. the 
(positive)(positive) homoclinic solution of v = v — u^2v^2. Then there exists a unique XJ(1,E) 

suchsuch that ti(Xj(l,£),l,£) = 0 and lim£._oAJ'(/,£•) = Xi(l). 

Thee proof is based on a winding number argument applied to a contour around 
XX33f{l)\f{l)\  see [15], [14] for the details. The result is, once again, quite natural. It 
followss from the structure of E\ (4.28) and the approximation (4.27) that the u-
componentt of 0i(£) is asymptotically small for £ <C - 1 . Moreover, u  ̂ = Ö(e2) 
(4.23)) f or I not 'too large' (see below). This yields that the u-component of c>i(£) 
iss also asymptotically small for £ = G(\/E<J), for some a > 0. Hence, as e —> 0. the 
t»-componentt of the solution (pi of (4.23) merges with a solution v\ of the reduced 
fastt limit problem (4.34) that converges to 0 as £ —» - cc. The assumption that the 
transmissionn function t\(X) has a zero implies that 0i(£) does not grow as eAl^ for 
££ —» oc. In the limit E —> 0, this is equivalent to assuming that the solution v\ of 
(4.34)) does not grow exponentially. Hence v\ is an eigenfunction of (4.34), and A must 



62 2 Chapterr 4. Homoclinic stripe patterns 

bee asymptotic to an eigenvalue. This argument cannot be applied when / becomes 
tooo large. However, if the u-component of <pi does not remain asymptotically small, 
itt will grow exponentially in this case, which implies that t\ cannot be 0 (see Section 
4.3.4). . 

4.3.33 The NLEP approach 
Thee NLEP approach has been developed to determine the zeros of the slow trans­
missionn function £2- Here we will sketch this method by assuming that |/| <C 1, 
i.e.. \l\ <C 1/e2 (4.22). Furthermore, we assume that /i = 0(1). In section 4.3.4, we 
wil ll  consider the case / € E and fi^> 1. 

Wee introduce 7 e (0, 2] and assume that |/| <C l / e2 - 7. It is clear from (4.23) that 
«(£)) remains constant (at leading order) on intervals of length < 0(1/e^), where 
ÏÏ  — \ min{l ,7} . Therefore, we introduce the interval 

J77 = [ - l / ^ , l / £ ^ ] , 7 = ^ m i n { l , 7 } . (4-35) 

Byy (4.27), we know that outside Ln the behaviour of the solutions of (4.25) is domi­
natedd by the constant coefficients matrix AXJ(X, I) (4.26). Thus we know by Lemma 
4.100 that there are 0(1) constants C_,C+ > 0 such that 

Heree ts(XJ,e) is a third meromorphic transmission function that determines the 

componentt of 02 that is associated to the A3 eigenvalue of A^. The u-components 

off  E2,3 = 1 (4.28); thus it follows that 

tt22(\A,£)(\A,£) + t3(\,i,£) = l+0(e* f) for £ G / 7 (4.37) 

(seee [15], [14] for all details). We can obtain a second relation between t2 and £3 
byy imposing a matching condition that couples the slow evolution, i.e. the (almost) 
linearr flow dominated by A^, to the fast field. This idea was first developed outside 
thee context of the Evans function in [13]. 

Sincee u = 1, at leading order in /7 we observe that the t'-equation decouples from 
thee full system (4.23). For £ G J7, we can furthermore approximate UQ by Uh = [7™ax 

andd Vo(£) by vh(£) (Lemma 4.11). Thus we obtain, at leading order, 

(C(Cff(^e(^e22i)-\)vi)-\)v = v  ̂ + [d2Ua
h*(vh(i))^-l-(l + \ + en2)]v (4.38) 

-o^C^MOr32-- £€/. 

Notee that we could have neglected the e l2v term; it does not have any leading 
orderr influence. However, we prefer to keep the presence of I explicit. The inhomo-
geneouss problem (4.38) is of Sturm-Liouville type and thus has a unique bounded 
solutionn t>in(£; A) for A £ Có(£

4l2) = Cö(0)+ h.o.t. (4.30) and A / A}(e4f2) = A}(0)+ 
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h.o.t.. (Lemma 4.11); see also [14]. By construction, we know that i'j n(0 is the leading 
orderr approximation of t'2(0> the i'-component of 02(O = iu2{€)-.P2{£), V2{0•> *?2(0)-
Thee evolution of «2(0 is thus at leading order governed by 

««« = -e2[a lU^'l(vh(0)  ̂ +3iua
k
1(vh(0fl-1vin(0] (4-39) 

(4.23).. From this we obtain a leading order approximation of the total change in the 
«-componentt of 02(£) through 77: 

Afasiee = -e2 fX [ a n C " 1 ^ ) ) " 1 + / 3 i « ï1 M O ) / 3 l - 1 M O ] d e, (4-40) 

wheree we have replaced the integration over 77 by an integration over M. since this 
doess not have a leading order effect. This expression should match the leading order 
sloww 'jump' in ug over 77, as is described by (4.36): 

A s l o w^^ = uz{l/eï) - Hi-l/eï) = [A2t2(A, I) + A3t3(A, /)] - A2. (4.41) 

Thuss we can solve £2(A, I) by combining (4.37) with the matching condition Afastu^ = 
AgiowW^: : 

11 f°° 
t2(A,00 = 1 . / [ a i u j 1 - 1^ 1 + / 3 i < 1 ^ 1 " 1 ^ ] ^ - (4-42) 

Thee first order corrections to (4.42) are ö(s^) (4.35). Note that t2{X;l)  depends 
almostt trivially on I. 'Slow' eigenvalues to (4.25) are now determined by solving 
^(A,, I) = 0. The nonlocal eigenvalue problem, i.e. the combination of (4.38) and 
thee equation t2(A,/) = 0 (4.42), gets its name from the nonlocal term in (4.42); see 
Remarkk 4.14. 

Wee can use the explicit information on Uh and Vh{£) (Theorem 4.5 and Lemma 
4.11)) to obtain a somewhat less involved expression for ^(A,/). We first note that 
thee reduced fast limi t problem (4.34) is equivalent to 

(£/(£;; /) - X)w = W& + [fciMO)02'1 -(l + X + l2)]w = 0. (4.43) 

Usingg hypergeometric functions, it is possible to determine the eigenvalues and eigen-
functionss of this equation explicitly. 

Lemmaa 4.12 Let J = J {fa) e N be such that J < (02 + l)/(/?2 - 1) < J + 1. The 
eigenvalueeigenvalue problem (4.43) has J + 1 eigenvalues given by 

AJj(/)) = \[(02 + 1) - 3(02 - I)] 2 - 1 - I2 for j = 0 , 1 , . . ., J (4.44) 

unc-unc-soso that - 1 - I2 < Xj{l)  < \j-\l) < •-- < A}(/ ) = -I2 < X°f(l). The eigenf 

tionstions «'ƒ(£) can be expressed explicitly in terms of IJL%(£) and Wh(€); wJ,(£) is even 
respectively,respectively, odd, as function of £ for j even, respectively, odd. 
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Seee Remark 4.20 for the main ideas behind the proof of this result. Note that 
thee eigenvalues Xi(/) are at leading order given by X3J0) for \l\ <§: \Je2 (4.22). Using 
(4.3).. we can rewrite (4.42) as 

* 2(A,/)) = 1 ^ aall  ~ 77777,—7TT / ™in«£ °i 
J^ü~*J^ü~*  L "'(0,MJ-

(4.45) ) 

wheree W{3\,d2) is defined in (4.5) and w-m{^) — wlTi(^; X) is the unique bounded 
solutionn of 

(£/(£:e2l )) - X)w = wK + [ / ^ ( O V 3 " 1 - (1 + A + eAP)]w = (w^))02. (4.46) 

Wee know by Lemma 4.11 that the zeros of £i(A) are at leading order given by (4.44). 
However,, we now see by (4.45) that we should expect £2(A) to have a pole (of order 
one)) near these same eigenvalues (since £/(£) - A will , in general, not be invertible 
att an eigenvalue). The Evans function T>(X) is analytic in C5 [1], which implies that 
aa pole of t2{X) must coincide with a zero of £i(A). Thus the eigenvalues of the fast 
reducedd limi t problem (4.34)/(4.43) do not automatically appear as eigenvalues of 
thee full problem (4.25)! Nevertheless, some of the zeros of £i(A) persist as zeros of 
V{\)V{\) (and are thus eigenvalues of/(4.25)). The slow transmission function ^(A) does 
nott have a pole near Xi(l), i.e. the solution w-m(£) of (4.46) exists, if the following 
solvabilityy condition is satisfied: 

(w/ l(O)/3a«4(CKK = 0-

Sincee Wh{Q is even as a function of £ (Lemma 4.12), we conclude by that V{\) must 
havee a zero near Xi(l) for j odd. We can now give a full characterisation of the 
eigenvaluess of (4.25). 

Lemmaa 4.13 Let X e C6 be a zero ofV(X). Then either t2{X) = 0 or X -*  Xj
f (4.44) 

withwith j odd as £ —> 0. 

Sincee the most unstable eigenvalue of (4.43), X°r(l), is cancelled by a pole of t2, 
wee may conclude that the stability of the homoclinic stripe pattern is determined by 
thee zeros of the slow transmission function £2(A, /). 

Remarkk 4.14 The combination of (4.38) with t2(XJ) — 0 (4.42) can, at leading 
order,, be written in an equivalent but more standard and compact way: 

VKVK + [02U?V%'-1-(l + \)]v = 

aa22j3\u j3\u " 2 - 1 , , # 22 /-CO 
hh " / tC f?"1^ , 
dt-2\/ndt-2\/n + X + i2 J-x aa11JJ0C0C

ococu^-\^d^-2^u^-\^d^-2^  + X + l2 

wheree v must decay exponentially as £ —> c (note that v(£) = v-m(Q up to a mul­
tiplicationn factor). The NLEP equation was originally introduced in a form similar 
too this in [13]. 
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4.3.44 |/| > 1 and ji  » 1 

Itt follows from the explicit expression (4.45) that ^(-M must have zeros near its 
poless for fi small enough. In that case, £2(A) is close to 1 on a contour K encircling 
thee pole so that the winding number of t-2 over K must be zero. Since £2 has a 
polee inside K (that gives a contribution of —1 to the winding number), it must also 
havee a zero inside K. Complex eigenvalues come in pairs, and so this argument 
alsoo implies that the eigenvalue is real. This result has been established in [14, 
Theoremm 5.1]. The essence of the proof is the derivation of sufficiently small (and 
uniform)) upper bounds on |£2 — lj and l ^ ^ l over the contour K. Due to the factor 
yfji/j{liyfji/j{li  + X +12) in (4.45), that can be made as small as necessary by decreasing 
jj,;jj,;  this is a straightforward procedure. (The integrals appearing in (4.45) can be 
estimatedd uniformly for A on a contour that is bounded away from the pole [14].) 
Sincee / does appear only in £2(^10 (at leading order) through this same factor, we 
cann immediately conclude by this winding number argument that <2(A,/) must have 
aa unique zero near X3Al) with j even for \l\ 3> 1. 

Wee have developed the NLEP procedure under the assumption that jl | <C 1/e2-7 

forr some 7 <E (0,2]. It follows from (4.45) and the above argument that all possible 
zeross of £2 (A) must be asymptotically close to a pole of £2(X) for 1 <C |/| «C 1/e2-7. 
Byy Lemma 4.13, this implies that all zeros of T>(X) are asymptotically close to an 
eigenvaluee of the reduced limit problem (4.43). The NLEP procedure cannot be used 
forr larger I;  however, it is clear from (4.23) that this statement must also be valid 
forr these I. As soon as |/| becomes ^> 1/e (i.e. 7 < 1), the n-equation decouples, at 
leadingg order, from the system (4.23): 

ii££ii££ — £4[tx + X + P]u + h.o.t. 

Thiss equation cannot have a nontrivial bounded solution. This either implies that 
uu must be asymptotically small at an eigenvalue of (4.23) when \l\ ;§> 1/e or, equiv-
alently,, that v must be asymptotically large. (Note that u has been scaled to be 
closee to 1 in the development of the NLEP approach.) Hence v must be a solution 
off  (4.34) at leading order (Lemma 4.11). 

Lemmaa 4.15 Assume that \i = 0(1) and that \l\ > 1, i.e. \l\ > e2 (4.22). All 
eigenvalueseigenvalues X{1) of (4.25) are real and asymptotically close to an eigenvalue X3Al) of 
thethe fast reduced limit problem (4.23)/(4.43). 

Thiss result also implies that (4.25) has only nontrivial eigenvalues for / = 0(1). 
Soo far we have not considered the case | i > l . The extension of the analysis to 0 < 

HH = fi/em <SC 1/e4, i.e. m E [0,4), is straightforward: we have seen in Section 4.2.1 
thatt (4.1) can be scaled to (4.11). The only difference between these two equations 
iss the magnitude of the factors in front of the Ut and the Üt. E

2 and ë2 x e4m/(4~m). 
Thiss introduces an extra factor £4m/(4-™) m ê Evans function/NLEP analysis that 
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iss asymptotically small (for m > 0) so that (4.45) reduces to 

y/Jl y/Jl 
MA.0MA.0 = i ^-HOT/-*^^^^ 1" 1* * 

(4.47) ) 

'fi'fi  + l2 

withh / the m > 0 equivalent of / (4.10), (4.22): 

ll  = ë2l = e2-m/2l. (4.48) 

Thus,, for /i 3> 1, t2 depends only on A through w-m (4.46). To understand the 
evolutionn of the eigenvalues of (4.25) as [i  is increased from O(l) to (9(l/e4), we need 
too formulate an equivalent of Lemma 4.15 for /i = 0(1/em) in terms of the original, 
unsealed,, wave number /. 

Lemmaa 4.16 Assume that /i = 0(1/em) with m 6 [0.4). All eigenvalues \(l) of 
(4.25)) are real and asymptotically close to a fast reduced eigenvalue X3Al) for \l\ Ŝ> 
ee22--mmll 22;;  \(l) = A(0) are at leading order for \l\ <C £2~m/2: i.e. for \l\ < e2~m/2. the 
eigenvalueseigenvalues of (4.25) are at leading order given by those that determine the stability 
ofof the one-dimensional pulse problem. 

Thee proof follows immediately from (4.10), (4.21), and (4.22). Note that 1 = I but 

thatt the analysis for m > 0 is done in terms of i so that I ̂  I (4.48): |/| <C £2 _ m/ 2 

correspondss to \l\ <§; 1, which simplifies (4.47) even further. As was the case for the 
geometricc singular perturbation approach to the existence problem in Section 4.2, 
wee cannot use the NLEP approach to study the stability of the stripes when m is 
increasedd to 4 (since ë becomes 0(1) for m = 4 (4.10)). This case will be considered 
inn Section 4.5. 

Lemmass 4.15 and 4.16, of course, have an immediate impact on the stability of 
thee homoclinic stripe pattern (Uo(x), Vo(x)). In [14], it has been shown that the one-
dimensionall  pulse pattern can be (spectrally) stable, i.e. that all eigenvalues X(l) can 
satisfyy Re(A(0)) < 0 (depending on the parameters c*i, a2, #i,/32, a nd [i]  see Section 
4.4).. However, for |/| 3> £2~val2, there is a (real) eigenvalue of (4.25) near A^(/), and 
thiss eigenvalue can be positive (4.44). We define the critical value /RiStab of I by 

/R,stabb = ^ i ( /?2 + l ) 2 - l (4-49) 

soo that A*r(/) < 0 for \l\ > /R.stat>- Lemma 4.16 can be applied to  near /R;Stab if 
g.2-171/22 ^ i (4,49), i.e. if 2 - m/2 > 1. Thus we recover the same critical boundary 
mm < 4 as in the existence analysis {Theorem 4.6)! Since X°f(l) becomes positive as |/| 
decreasess through /R.stab- we conclude the following theorem. 

Theoremm 4.17 The homoclinic stripe pattern (U(x,y.t),V(x,y.t)) = (Uo(x),Vo(x)) 
isis unstable as a solution of (4.1) for (x. y) G R2. for 0 < fi <C 1/c4. 
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Thiss result does not exclude the possibility of asymptotically stable homoclinic 
stripee patterns on R2, as we shall see in Section 4.5. By Theorem 4.6 we know 
thatt (Uo(x), VQ(X)) exist up to fi — /2Spiit/£4- and the theorem does not include case 
mm = 4. Moreover, this result does not give any insight into the transition from 
thee (possibly stable and complex) eigenvalues in the one-dimensional case (/ — 0) 
too the unstable real eigenvalues at |/| 3> z2~m^2. This will be discussed in detail 
inn section 4.4. For 0 < m < 4. it follows from Lemma 4.16 that the transition 
occurss at \l\ — ö(s2~m^2), and we expect two symmetrical bands of unstable wave 
numbers—thee one with I > 0 being bounded from below by an ö ( e2 - m/ 2 ) expression 
andd from above by /R,stab = C(l)- As rn | 4, the width of the unstable bands 
decreases,, and all boundaries become O (I). This implies that the bands of unstable 
wavee numbers might disappear as ji  becomes 0(1/s4), i.e. that the homoclinic stripe 
patternn might become stable. See also Remark 4.25 for an explicit, quantitative, but 
formall  refinement of this argument. Note, however, that the stripe patterns can only 
bee stabilised when the band of unstable wave numbers disappears before ji  reaches 
/igpiitt = 0(1/eA), the upper boundary on the existence domain of the homoclinic 
stripess (Theorem 4.6). Since m = 4 corresponds to ë ~ 1 (4.10), we cannot study 
thiss case by the asymptotic NLEP analysis. In section 4.5, we will consider the 
stabilityy of the homoclinic stripe patterns for fi up to /.isp\\t by numerical simulations. 

Remarkk 4.18 The instability associated to /R,stab is of so-called varicose type, since 
thee associated eigenfunction, w9(£), is even as a function of £ (Lemma 4.12); see [66], 
[36].. This is confirmed by the numerical simulations of Section 4.5: there, it is shown 
thatt ^R.stab marks the transition of a stripe pattern to a spot pattern. 

4.44 The eigenvalues as function of / 

InIn this section, we determine all eigenvalues A(/) of (4.25) explicitly as a function of 
// £ R. Lemma 4.15 provides all relevant information of X(l) for I 3> £2, i.e. I 3> 1, 
soo that we need only to consider / = 0(1) here. The case fi = ö(\J£m), m £ (0,4), 
cann be considered as a subcase of [i  = 0(1) since (4.47) is equivalent to considering 
\i\i  ;§> 1 and I §̂> 1 in (4.45), as we have seen above. 

4.4.11 Hypergeometr ic functions 

Thee NLEP equation, i.e. the system of £2(A.Z) = 0 (4.45) coupled to (4.46). can 
bee solved explicitly (with the aid of Mathematica) by transforming (4.46) into a 
hypergeometricc differential equation. As in [14], we first consider (4.43) and introduce 
PP — P(X, I), F — F(£: P). and the new independent variable z by 

P(\J)P(\J) = Vl + X + l2. u'(0 = F(Z)(wh(S)f, z = \(l- ^ H ) , (4.50) 
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wheree Wh{€) — ^h{^,-02) is the homoclinic solution defined by (4.6) that can be 
expressedd explicitly by 

Whiffy)Whiffy)  = ( 1P^ | (4.51) 

[8].. Note that P = P(A. 0) at leading order in the region where the zeros of £2(A) are 
nott prescribed by Lemma 4.15. The eigenvalue problem (4.43) can now be written 
ass a hypergeometric differential equation [57] for F as function of z: 

*(11 - z)F" + (1 - 2,) r + 2 ( ^ - ^ + l ) - 2 P ( P - l ) F = Q 

(4.52) ) 
(seee Remark 4.20). The inhomogeneous problem (4.46) can be transformed in pre­
ciselyy the same fashion. Following (4.50), we introduce G(z) by 

F(z;F(z; P, 02) =  [ vy } G{z; P, 82) (4-53) 
(P22 - I r 

soo that (4.38) can be written as an inhomogeneous hypergeometric differential equa­
tion: : 

z(l-z)G"z(l-z)G" + {l-2z)(32Jr2P_~lG' (4.54) 

++ 2(A -P)(/yy ( f -1)G = [ ^ ( i _z ) ]^ 
Thiss equation can be solved explicitly in terms of the independent hypergeometric 
functionss that are solutions of the associated homogeneous problem (4.52); G(z; P) 
iss determined uniquely by the condition that u'in(£) is bounded for £ -^ ; see [14] 
forr the details. We introduce 

K(P-fo-lh)=BK(P-fo-lh)=BUUkwkw)) f G{z-PQ2)[z{l-z)]^7^dz. 

withh B{(3,,02) =  2
{l\-ll x) J [z{l-z)YA^-dz, 

wheree the integral in B{3\,(32) comes from the term W{Qi,(32) (4.5) so that the 
equationn for t2(X) (4.45) can be written as 

tt22(XJ)(XJ) = 1 - [ai -a2K(P;hj32)} **  (4.56) 
VV fi + A + /2 

withh P = P{X,l) (4.50). Thus we conclude that the equation t2(\, /) — 0 can be 
solvedd explicitly by (4.56) (with the use of Mathematica). In general, its solutions. 
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i.e.. the eigenvalues of (4.25), will be complex. The real eigenvalues can be found 
throughh the graph of /xreai(A) , where ^reai solves £2 (A) = 0: 

AA + /2 

/i real(A,/)) = ~, Ö , (4-57) 
[[ aiai-a-a22K{P{X,l);i3u02J\-l' K{P{X,l);i3u02J\-l' 

withh the extra condition 
QII  -a2TZ(P; /3i, p\) > 0. (4.58) 

Inn Section 4.4.3, we will use (4.57) to derive some general (in)stability results. It 
iss clear that understanding TZ(P', P\,p\) i s crucial to the analysis of/i rea](A,0- The 
followingg (technical) lemma extends the results on 7Z(P; Pi, P2) m [14]. 

Lemmaa 4.19 (i) 1Z(P: Pi, P2) and its derivative can be determined explicitly at P = 

-- (4-59) 
wherewhere P = 1 corresponds to A = Aj-(= 0, a£ leading order, for \l\ <C 1 (4.50),). 

(ii )) TTie leading order behaviour of 1Z(P; Pi,P2) is, for P > 1, given fry 

* ™ . « - - 4 ! ?^^  + 0(£)- (4'60) 
Thesee results give only leading order approximations. It is possible to determine 

higherr corrections (as can be seen from the proof below). Moreover, the equivalents 
off  (i) can be obtained for all (eigen)values of P that correspond to a Xi with j odd. 
Proof-- The key to the derivation of (4.59) is the observation that (4.54) or, equiva-
lently,, (4.46), has a simple solution, i.e. not in terms of hypergeometric functions, at 
PP = 1, or A = A ƒ = 0 at leading order; see also [14]. The solution to (4.46) at A = 0 
iss given by 

«U£0)) = -^—wh(0+Cwh(0, (4-61) 
pp22 — 1 

wheree C € R is a free constant. (The solution to (4.46) cannot be unique since Aj-
iss an eigenvalue; ibh{0 is the eigenfunction wj($,) associated to Aj-; recall that Wh(£) 
hass been defined in (4.6).) The function 7l(P; P\,p2) can, of course, also be expressed 
inn terms of win(^) instead of G(z) (4.55): 

W;ft,& )) = ^TTTTTM r «'inteAXt^))^-1^ (4-62) 
W{Pi,P2)W{Pi,P2) J-oc 

(seee (4.5)). Substituting (4.61) into (4.62) yields the first part of (4.59). Note that 
thee C drops out of the equation since Wh(£) is odd as a function of £. The second 
identityy in (4.59) can be obtained in a similar fashion. 

Thee leading order behaviour of K(P; Pi,P2) for P2 = 1 + A + Ï2 » 1 (4.50) can 
againn be obtained from (4.46) and (4.62). We decompose w in(£;P2) into 
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andd substitute this into (4.46). It follows that u'i(£)= -{u'h{£))32 and that wr(£: P) = 
Ö{1)Ö{1) with respect to the small parameter 1/P2. Together with the explicit expression 
(4.51).. the expansion of wm can now be used to evaluate the leading order behaviour 
off  KiP-^Lih) by (4.62). D 

Remarkk 4.20 An eigenfunction of (4.43) is a solution that decays for £ —• c 
andd therefore corresponds by (4.50) to a solution F(z) of (4.52) that is regular at 
bothh 2 — 0 and z — 1. Lemma 4.12 can now be proved using the classical theory 
onn hypergeometric functions (see [57]). by which the local expansions of F(z) near 
zz = 0 and z = 1 can be studied (see [14] for all details). 

4.4.22 The classical Gierer-Meinhardt equation 
Inn this subsection, we consider the special case Q-I = 0. a2 = - l . ^ i = 2. 32 — 2 in 
fulll  detail. However, some of our results extend immediately to the general case and 
wil ll  thus be presented in the general setting. The classical parameter combination 
correspondss to the original (biological) values of the parameters in [31]. Since Q2 = 2. 
theree are three eigenvalues to the fast reduced equation (4.43): X°Al) = | — I2, 
A}(/ )) = 0 - /2, and \){l)  = ~\-l2 (Lemma 4.12). 

Wee first consider the stability of the one-dirnensional pulse pattern (that was 
alreadyy established in [14]); i.e. we search for eigenvalues Xj((i, I) of (4.25) with I = 0. 
Forr fj, small enough, there are three eigenvalues: A°(/i, 0), X1(fi,0), and A2(//,0). Two 
off  them already occurred in the general analysis of section 4.3. There is a solution 
A°(/A,0)) of £2(A,0) = 0 close to the pole § (see Section 3.4 or Theorem 5.1 in [14]); 
A2(/x,, 0) = 0 is the trivial solution of t\ (A, 0) = 0, i.e. the eigenvalue that corresponds 
too the translation symmetry in (4.1). Note that there is no eigenvalue (yet) near the 
polee of t2(A, 0) at — | since this pole is embedded in the essential spectrum o"ess(0) for 
f.if.i > 0 small enough (4.29): this eigenvalue will appear from the essential spectrum as 
ann edge bifurcation when ji  increases (see also Remark 4.26). However, for 0 < ^ <C 1, 
theree is a second zero of t\ (A, 0) close to A = 0 that can be determined explicitly by 
usingg (4.59) to solve t2{\,0) = 0 (4.56) for A = C(//): A ](^.0) = 3/J + C(//2). 

Off  course, this is not special for the classical case: all three eigenvalues XJ((J.. 0) 
alsoo exist for the general homogeneous case [14], and A^ .O) can be determined 
explicitlyy for all parameters that satisfy (4.2): 

r j22 _i_ o / 3 i \ r ) 

XXll(p.0)(p.0) =  3 1X2 V + 0{fi2) for 0 < / i < l . (4.63) 
W22 - 1) 

withh D as in (4.4) see also the proof of Theorem 4.28. 
Wee use Mathematica to compute 1Z(P: 8\. 32). ^(A.O), and /ireai(A.0) so that we 

cann follow A°(/x. 0). A^/x.O). and A2(/i.0) as /i is increased. Condition (4.58) is met 
forr all A between the poles Xj = | and A2 = — |; therefore. fiTe&i(X,0) is defined 
onn this interval. However. //rf;ai(A.0) is only positive on the interval (0. A^). and 
A*reai(0,0)) = //reai(f, 0) = 0 (see (4.57): recall that K(P) has a pole at A = f) . Thus 
wee recover for /i small enough the eigenvalues A°(^.0) and AT(/i.0). The graph of 
Mreai(A,0)) has a maximum value of //complex — Â compiexfO) = 0.053.... and at this 
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Figuree 4.3: The curves (a) /xreai(P,0) and (b) K{P\Px,(32) for the classical Gierer-
Meinhardtt equation. 

valuee the two real eigenvalues A°(0) and Ax(0) merge and become a pair of complex 
conjugatedd eigenvalues; see Figure 4.3(a). If fj, is increased further, the real part 
off  the two complex eigenvalues decreases and eventually becomes negative. Thus 
thee homoclinic pulse is stabilised by a Hopf bifurcation at // — /iHopf = MHoPf(0) = 
0 .36. . ... Al l eigenvalues remain in the stable half plane for all /iHoPf(0) < fi <C 
1/e1/e44.. The upper bound on /v, reflects the fact that we cannot analyse the case /i = 
ö ( l / c 4 )) by the NLEP method (see Section 4.3.4). In section 4.5, we wil l see that 
thee pulses are (numerically) stable up to fispi it = 0(l/e4). The following result is a 
(straightforward)) extension to /i. 3> 1 of Theorem 5.11 in [14]. 

T h e o r emm 4.21 (see [14]) Let ax = 0 , Q2 = - l , / ?i = 2,/32 = 2 and 0 < /x < 
1/e4.. The pulse solution (Uo(x), VQ(x)) is (spectrally) stable as a solution of the one-
dimensionaldimensional Gierer-Meinhardt equation, i.e. (4.1). in which there is no y-dependence, 
forfor u > //Hopf = MHopf (0) = 0.36 • • • + 0 (c) and unstable for u < //Hopf • 

Ass was already noted. A°(/i . 0). A1 {pi. 0). and X2(jt. 0) are not the only eigenvalues: 
att points where a.\ - a27l{P; ih • ,62) = 1Z(P: 2. 2) = 0. so that the graph of /i rcai(A . I) 
iss tangent to the edge of the essential spectrum (4.29). there is an edge bifurcation 
att which a fourth eigenvalue X3(fi. 0) G K 'pops' out of the essential spectrum. This 
occurss at fi = / /e d ge = Medge(O) = 0.77-•• + 0 (e) = -A' 3( / /e d g e(0), 0). Note that 
A 3(/i.0)) appears just below the second pole A^ = —|. The eigenvalue A3(//.0) exists 
forr all //edge(0) < /i -C 1/e4; it moves slowly toward A = — 1 as n increases. Since 
A 3(/i.0)) remains real and negative for all /;. it plays no role in the stability analysis 
(seee also Remark 4.26). 

Thee function //reai(A./ ) and the bifurcation values /iHopf- ^complex- a nd AWge a r e 

functionss of /. Therefore, the bifurcations wil l vary with / and may even disappear. 
Moreover,, when / ^ 0. it is possible that the eigenvalue A = 0 is no longer isolated: 
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onee of the real eigenvalues can move through 0. The influence of / on //reai(A , /) is 
eminentt from (4.57). It is possible to express //reai(A,/ ) in terms of //reai(A,0) by 
usingg the fact that all quantities involved are real: 

^real(A.ÓÓ - ^eal(A.O) ( 1 + - J . (4.64) 

Notee that this identity holds for any (allowed) combination of O I . Q2 . 3\. 32: it is 
nott special for the classical case. For positive A, the multiplication shifts //reai(A,/ ) 
upwardd with respect to ^reai(A,0). Furthermore, the multiplication has a stronger 
effectt for lower A, which results in a shift of the maximum of the graph of //reai(A , /) 
towardd lower A: the value of //COmpiex(Ó will increase with increasing /, whereas 
thee corresponding eigenvalue will decrease. Between A ƒ and A}  = 0, //reai(A,0) is 
definedd (condition (4.58)) but negative (4.57); see Figure 4.3(a) and (b). (Note that 
(4.58)) reduces to 7£(P;2,2) > 0.) Since the multiplication factor is negative when 
—I—I22 < A < 0, //real(A,/) is positive for these A. Therefore, there can be negative 
reall  eigenvalues for I ^ 0; see Figure 4.4. The function //reaj(A,Z) is always zero 
att A = X2f{l):  thus, by the pole in 1l(P), the limit // —• 0 of A1 (//,£) is given by 
m a x ( - r,, —A^(/)) (recall that A1(//,0) is the positive real eigenvalue near 0 for // 
smalll  enough). Thus, A1 (//,/) < 0 for // small enough, and it increases with //. It 
crossess through zero at some critical value of //, called //double(0; s ee Figure 4.4. Note 
thatt for / = ö{\) there are two eigenvalues at zero (at leading order) for this value 
off  //: \l(ix,l) and A2(//,l) (Lemmas 4.12 and 4.13). The value of //double(0 can by 
constructionn be found by evaluating /zreai(A, I) (4.56) at A = 0, i.e. P = 1, at leading 
orderr (4.50). Since this argument is neither special for the classical Gierer-Meinhardt 
casee nor for // = (9(1), we use (4.58) and (4.4) and formulate the outcome in its most 
generall  setting. 

Corollar yy 4.22 Assume that // - ft/e™ = ö{\/em) with 0 < m < 4 and that 
\l\\l\  -C 1. Then, for any given I, there is a uniquely determined //doubie(0? with 

doublee (0 = D2 + l{02_l)D -1«^< double = D2 + ^ _ 1 ) 7 / <4"65) 

(4.48),, at leading order, such that eigenvalue problem (4.25) has a double eigenvalue 
atat X — 0. Equivalently, for any //, there is a uniquely determined value Ih.st&b > 0 of 
I,I, with 

'L.stabb = £ 3 : v7*  < ^ 'L,stab = ~ £ : V//, (4.66) 
0101 — 1 P2 — 1 

atat leading order, such that the nonlocal eigenvalue problem £2(A; /) = 0 has a solution 
atat X = 0. 

Thus,, although the eigenvalue problem (4.25) can have many eigenvalues (Lem­
mass 4.12 and 4.13), there is only one value of // for which an eigenvalue can cross 
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(c) ) 

0.4 4 

/ " ^^  0.2 

-0.5 5 

-0.2 2 

-0.4 4 

0.55 1 

d) ) 

// 0.2 

-0.5 5 

-0.2 2 

-0.4 4 

0.55 1 

Figuree 4.4: The function /ireai(A./ ) for various choices of I > 0: I = |, I = \\f7i-
11 = 1^3, i = 1. 

throughh A = 0 (for a given \l\ <C 1). Note that in the classical case with \i = 0(1), 
(4.65)) and (4.66) reduce, at leading order, to 

I'I' 22 I2 „ 
Mdouble(00 = WZl = ^ a n t l 'l.-stab = £2 V^i1 o r ^L.stab = \/3/ï- (4:.67) 

Inn Figure 4.5. we have used the expression for t2(\,l,fj.) in terms of hypergeomet-
ricc functions to plot the 'orbits' of the eigenvalues Aü(^./) and A1 (//./) as func­
tionn of //. for several values of /. There is a critical value of / at which the Hopf 
bifurcationn disappears in the sense that both eigenvalues A0,1(/i , I) become (or re­
main)) real and negative before they merge. At this bifurcation value of /. / = 
/triple-- McomPiex(0> a n cl AMoubie(0 merge so that, by definition, ^complex(triple) = 
Mdouble(triple)) = MHopf(triple) = /"triplei see Figures 4.4(b). 4.5(c). and 4.6. This 
valuee of / can determined explicitly by taking the derivative of /ireai(A,/ ) with re­
spectt to A. This expression must be equal to 0 at A = 0 and / = triple- It follows 
fromm Lemma 4.19 that /triPic = 2 and //tripi c = I (at leading order) in the 
classicall  Gierer-Meinhardt case (see Remark 4.24 for the general case). 

Forr the stability analysis, it is more natural to fix \i and to determine the be­

haviourr of the eigenvalues AJ(/i, /) as function of / or /. /. The following result follows 
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Figuree 4.5: The orbits through the complex plane of the eigenvalues A°(/;./) and 
\\ll{p.l){p.l) as function of /;. for several values of I:  I = 0, I = A. / = ^V^- / = \s/S-
Notee that A°(0./) = | and A1 (//./) = 0 at leading order for these (0(1)) values of Ï. 

directlyy from the above analysis and gives a precise description of the unstable eigen­
valuess of (4.25) in the classical Gierer-Meinhardt case. 

Theoremm 4.23 Let cti = 0. a2 = - 1 , Pi = 2, 02 = 2 and 0 < fj, < l/ei. There is one 
uniqueunique unstable eigenvalue A°(/i,/) > 0 for any I G (^L.stab^R.stab) = (-2v/3M- \/5/4) 
aii  leading order. There are no unstable eigenvalues for 1 > /rt.stab- Except for 
thethe symmetrical eigenvalues with / < 0. these are the only unstable eigenvalues for 
/// > /iHopf(O) = 0(1)- For /Jtripic = 1/6 < /' < MHopf(O), there is an additional 
intervalinterval (0, Zc,stab(A4)) C (0,/L,stab) m which (4.25) /m.s a pair of complex conjugate 
unstableunstable eigenvalues: for 0 < // < //triple- tóere are always two unstable eigenvalues 
inin the interval (0./L.stab)- both of which are real when 0 < // < /'Compiex(0). 

Notee that only the eigenvalues A°(//. /) and A1 (//. /) are important for the stability 
off  the homoclinic stripe pattern. We know that there can be a fourth eigenvalue, 
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A 3( / J,, / ), for (i large enough, but this eigenvalue always remains negative: see Remark 
4.266 (recall that A2(^, /) = -I2 at leading order). In Figure 4.7. the graphs of XJ(fx, / ). 
j'j'  — 0 ,1, are plotted for several values of n. 

R e m a rkk 4 .24 The critical values /triple and t r ip l e are defined by jicomp\GX (/"triple) = 

/^doublee (/triple) =/^Hopf (/triple) =Aitriple- ShlCe 

dd n hl ([<*i  ~ ^ ( l ) ] 2 - 1) + 2(A + P) [a, - a2n{\)\ q2 f t ' ( l ) g g |A = 0 

^ r ^ rea l (A , ^ |A = 00 = ,„  —» ^ 
oXoX {[ai  - a2/l(l)\

2 - l ) 2 

(att leading order), it follows by (4.59) and (4.4) that 

pp [cn-a2K(l:0 l,32)}
2-l 

t r i p l ee a2K'(l;0u02)(ai - 0 2 ^ ( 1 : ^ 1 . ^ )) 

D(0D(022-l)(D-l)(D + 2(02-l)) 

\<*2\{20i\<*2\{20i  - {lh - 1))(D + (fa - 1)) 

att leading order (recall that a2 < 0 (4.2)). Note that /"triple does not exist for 
WiWi - (02 - 1) < 0; see also Section 4.4.3 and Theorem 4.28. Finally, we see from 
(4.65)) that 

uu = (02 ~ I ) 3 

Mtnp lee M(20l-(02-l))(D + (02-l)Y 

Notee that we have considered only the case fi = 0(1), the case JJL = 0(1/em) follows 
immediately. . 

R e m a rkk 4.25 As JJL becomes 0(1 / e4 ) , the derivations of the expression for /L.stab 
(4.66)) and /R,stab (4.49), both of which have become 0 (1 ), can no longer be valid. 
Thiss is of course so, since the asymptotically small parameter ë has become 0 (1) 
(4.10),, but if we proceed formally and assume that all results of the preceding sections 
cann be extrapolated to this case, we see two other reasons why these derivations break 
down.. The former is no longer valid since A = 0 no longer corresponds to P — 1 at 
leadingg order for / = 0 (1) (4.50), and the latter is no longer valid since its derivation 
iss based on the fact that all eigenvalues of (4.25) are close to the eigenvalues of the 
fastt reduced system for / large enough, but / = 0 (1) is no longer large enough if 
mm = 4 (see Lemma 4.16). For a given value of /i , both /L,stab(/-0 and /R,stab(/-0 are 
definedd as these values of / for which there is an eigenvalue A = 0. Thus, if we 
againn assume formally that the expression (4.57) for //reai(A , /") can be extrapolated 
too /i = 0(1/E4), we see that both /stab's must solve the equation 

[a[a ll-a-a22n(P(QA):3n(P(QA):3ll.3.322)f)f -1 
AXX = A*real(0,/) = _ , _ „  „  n n 2 - (4.68) 

(recalll  (4.22)). This expression has exactly the same form as /i reai(A , 0) (4.57) after 
thee interchange A «-» /2! Thus / i r e a l(0. /) is in essence given by Figure 4.3(a). For \i 
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Figuree 4.6: The graphs of the bifurcation values fJ,doub\e(l), Mcompiex(0> a r l^ MHoPf(0 
ass functions of I2. Note that (7t

2
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Figuree 4.7: The (real parts of) the two critical eigenvalues A°(/z,Z) and A^/x./) as 
functionn of I for /" e (0.O(l/c2)) or. equivalently. I e (0,O(l)): [i  = Mtripie = \ < 
MHoPf(0).. n = MHopf(O), fj, = 0.5 > /LtHopf(O), and // = 25 > WHopf(O). 
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smalll  enough, we can indeed formally determine two zeros, /L,stab(/-0 and /R.stab(p)-
However,, there is a maximum, explicitly given by /J, = /iCompiex(0)/£'4. at which these 
zeross come together. For higher values of /i > /iCompiex(0)/£4. there are no solutions 
soo that there is no interval in which (4.25) has unstable eigenvalues (Theorem 4.23): 
thee homoclinic stripe pattern must be stable. Of course, this is a completely formal 
argument;; however, we shall see in the numerical simulations of Section 4.5 that this 
analysiss is qualitatively, although not quantitatively, correct. 

Remarkk 4.26 Just as in the I = 0 case, there can be edge bifurcations for / ^ 
0.. We first consider the case when ji  — 0(1). Edge bifurcations occur as ai — 
a2R.(P\a2R.(P\ Qx-fii) — 0. For these critical values, the graph of //reai(A, /) is tangent to the 
edgee of the essential spectrum (4.29) —see Figure 4.3(a) for the case when /" = 0. It 
followss from (4.29) that ^edge(0 = -Aedge - ^'- with —1 < A3(/zedge(/),/) = Aedgc < 
A^^ = —3/4, which implies that the edge bifurcation value /iedge(0 decreases with 
increasingg I. For 1 > I > ^/—Aedge, ^edge(Ó is negative so that eigenvalue \3(fi,l) is 
presentt for all fi > 0. However, when I > 1, the multiplication-factor in front of the 
Aureal(A,, 0) in (4.64) is negative for all A 6 ( — 1,0) so that /i real(A,/) must be negative 
forr all allowed (4.58) with - 1 < A < X2

f(l) = - 3 /4 at leading order; see Figure 4.4. 
Thus,, for these values of /, the edge eigenvalue X3(iiJ) has again disappeared back 
intoo the essential spectrum. A similar argument can be applied to the case when 
fifi  = 0 ( l / em ) with m G (0, 4). It follows that the edge eigenvalues do not play a role 
inn the stability question. 

4.4.33 Stabil ity analysis for general cti, a2, Pi, fy 

Soo far, we have obtained a number of general results that seem to suggest that it is 
possiblee to obtain an equivalent of Theorem 4.23 for a large (and open) set Vciassicai 
off  parameter values (all a2, /?i, /32). For instance, there is the result of [14] on the 
existencee of two positive eigenvalues, A°(//,0) (near A^(0)) and Ax(^,0) (near A}(0)) , 
forr 0 < fi small enough and O I ,Q2 , / 31 , / 32 satisfying (4.2): see also Sections 4.3.4 and 
4.4.22 (4.63). Moreover, we note that, for / = 0, eigenvalues cannot cross through 
AA = 0, i.e. that A = 0 is always a simple eigenvalue (for I — 0) so that (in)stability 
cann only set in by a Hopf bifurcation. This observation was already made in [14], 
andd it follows from Lemma 4.19 (4.59) and (4.56) that 

t2(0.0)) = l - 0i 0i 
Qll  — Q 2 0 2 - 1 1 

byy (4.4). Hence X>(A. 0) always has a simple zero (associated to f i (A, 0)) at A = 0. The 
combinationn of these results with the transparent relation (4.64) between //rea!(A.0) 
andd /ireaJ(A, I) and the results of Corollary 4.22 and Remark 4.24 suggest that a gen­
eralisationn of the classical case considered in Theorem 4.23 must be feasible, i.e. that 
theree indeed is a large and open subset Vciassical of the (QI, Q2. 3\. 82) parameter 
spacee in which a result similar to Theorem 4.23 can be proved. 
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Figuree 4.8: (a) The orbits of the eigenvalues A°(//./) and X1(fi,l) through the upper 
halff  plane as function of// for ctj = 5/4. a2 = —3. ft = ft> = 2. and / = 0: (b) zooms 
inn near the Im-axis. Note that there are two (Hopf-) bifurcation values: //HoPf(0) 
andd /iHoPf.2(0) > MHopf(O). 

However,, we wil l not pursue such a general result here. Instead we wil l formu­
latee two results in which the behaviour of the eigenvalues (as functions of //) differs 
significantlyy from that in the classical case considered in the previous section. For 
simplicity,, we wil l mainly focus on the one-dimensional case; i.e. we consider homo­
geneouss perturbat ions with 1 = 1 = 0. 

Wee know that there must be two real unstable eigenvalues, A°(/v,.0) and X1(fi, 0), 
forr // small enough. We have seen in the previous section that A°'1(/^,0) can merge 
att a critical value /xcornpiCx(0) and become a pair of complex conjugated eigenvalues. 
However,, such a pair of complex conjugated eigenvalues does not necessarily remain 
complexx for all /./ > Mcomplex(O). In Figure 4.8 it is shown that, for QI = 5/4. «2 = —3, 
andd ft = ft = 2. the complex conjugate pair A 0 1( / / .0) crosses to the stable side of 
thee Im(A)-axis at a certain value //iioPi(0) so that the one-dimensional pulse becomes 
stable.. Nevertheless, the pair returns to the Re(A) > 0 half plane at a //Hopf.2(0) so 
thatt the pulse pattern again destabilises. This bifurcation is followed (for increasing 
/j)) by another bifurcation, at // = /^complex.2(0)1 at which the complex pair splits 
againn into a pair of (unstable) real eigenvalues. The (re)occurrence of unstable real 
eigenvaluess for // large enough is a general phenomenon. 

T h e o r emm 4.27 Let (r>i. 02- ft- ft) satisfy (4.2). and assume that a\ > 1. Then 
therethere is a critical 0(1) value /^destab(0; « i- «2- ft- -h) of [i  so that, for all // > 
/'destab(O)) (and // <S 1/c4). the eigenvalue problem (4.25). with I = 0. has (at least) 
oneone unstable, real eigenvalue A°(/z,0); for /j » 1. A°(//.0) is given by 

A ° ( M , 0 )) = ( O ? - 1 ) A» + O ( 1 ). (4.69) 

Proof.. We know from (4.GO) that l i m A _ x TZ(P(X). ft. ft) = 0. Thus existence 
conditionn (4.58) wil l be satisfied for A or P large enough if Qi > 0. We see by (4.60) 

22 0 . 4 0 . 

( . A ; ; Re[A] ] 
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andd (4.57) that 

Mrea l (A ,0)) = - ^ r + ö ( l ) 
Oljj  — 1 

forr large A (recall (4.50)), which implies that there must be an unstable eigenvalue 
A°(/i,0),, given by (4.69). for QI > 1 and /i beyond a certain critical value /idestab(O). 
D D 

Notee that we have not necessarily proved the reoccurrence and thus the existence of 
aa pairoï unstable eigenvalues, as appears in the example of Figure 4.8. It is, a priori, 
alsoo possible that the A°(/i,0) of Theorem 4.27 'just' decreases toward A^(0) as /i 
decreasess to 0, without ever becoming complex. In this case, the unstable eigenvalue 
A°(/i,0),, which must exist close to X°A0) for \i small enough, always remains larger 
thenn A°(0). This implies that A°(/i.0) cannot merge with A^/z.O), as happened in 
thee classical case. It is shown in [14] that the homoclinic pulse pattern is unstable for 
anyy fi > 0 if A°(/i,0) > A°(0) for p. small enough. This implies in terms of Theorem 
4.277 that /idestab(0) = 0. 

Theoremm 4.27 also indicates that the two-dimensional homoclinic pulse patterns 
wil ll  be unstable for all 0 < fi < /iSp\it' it is unstable against homogeneous pertur­
bationss (i.e. perturbations with / = 0) for any fi large enough, and we know from 
Sectionn 4.3(especially Theorem 4.17) that stable stripe patterns can only be expected 
forr large (i. (However, Theorem 4.27 is of course only valid for p. <C 1/e4, i.e. not up 
tOO //split-) 

Thus,, with Theorem 4.27, we have shown that there is a large (unbounded, open) 
domainn Viarge

 m the (ot\,ot2,(5\,(h.) parameter space in which (4.25), with / = 0, 
alwayss has a large unstable real eigenvalue for (i large enough. Our next result shows 
thatt there is another (unbounded, open) subset VSinguiar of the parameter space in 
whichh there is always, i.e. for any // > 0, a real and unstable eigenvalue between 
A}(0 )) = 0 and Aj(0). 

Theoremm 4.28 Let (ai,a2, 8i, 32) satisfy (4.2), and assume that 32 > 2Q\ + 1-
Then,Then, for any a2 < 0. there is a critical value asi ngui ar > 1 -f a2/3i/(/32 - 1) of a\ 
suchsuch that, for all a.\ € (1 + Q2./3i/(/32 - 1). ̂ singular)- the eigenvalue problem (4.25). 
withwith 1 = 0, has (at least) one unstable, real eigenvalue A1(//,0) € (O.Ay.fO)) for all 
fj,fj, > 0 (and fj, <C \jeA). 

Proof.. As was the case for Theorem 4.27. the proof is again based on the asymptotic 
resultss of Lemma 4.19. We know that there alwrays exists an unstable eigenvalue 
\\ll{(i.0){(i.0) near 0 for /j, <§C 1. This eigenvalue is given by (4.63). a result that has been 
obtainedd by plugging (4.59) into (4.57). As an intermediate step in the derivation of 
(4.63),, we find that the denominator of /ireai(A , 0) is at A = 0 given by 

[axx - a2K(h 3u32f - 1 = -^—x Cg^ï + 2) > 0. 

Thiss denominator will decrease as A increases when 81Z/8P is negative at P — 1 
(sincee a2 < 0). This is the case when 32 > 23\ + 1 (4.59). Thus the denominator of 
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A*reall  ( -̂ 0) will decrease through 0 for A increasing from 0 if D > 0 is small enough and 
/i'22 > 2/3i + 1. Note that the condition on Q\ in the statement of the theorem causes 
DD to be small enough. A change in sign of the denominator implies that //reai(A,0) 
hass a singularity at a certain value Asj,iguiar of A that is in between 0 and A^O). As 
aa consequence, there must be an unstable eigenvalue A^ /J .O) G (0. Asjnguiar) for any 
/// > 0. G 

Underr the conditions of Theorem 4.28. one expects two singularities in / r̂eai(A,0) 
betweenn 0 and A'i(O) in the case that A°(//,0) < A^(0) for fi small enough. Thus, 
inn such a case, there will be two unstable real eigenvalues for all /i > 0. We will 
nott consider this in more detail here. As was the case for parameter combinations 
inn Viarge (Theorem 4.27). one does not expect stable homoclinic stripe patterns for 
(a ].. e>2. 3\. J2) £ Vsj,igUiar: i.e. we already know that it is impossible for 0 < // <C 1/c4 

(Theoremm 4.17). and Theorem 4.28 strongly suggests that the pattern is unstable with 
respectt to homogeneous (/ = 0) perturbations up to fi — //Spiit-

Wee have thus distinguished three regions in (ai, 0:2./̂ l*  ^J-space: VciasSjcai, in 
whichh the eigenvalues of (4.25) behave as in the classical case (Theorem 4.23). Vi arge. 
inn which there is always a large real unstable eigenvalue for // large enough (Theorem 
4.277 and Figure 4.8). and Vs;nguiai.. in which there is an unstable real eigenvalue be­
tweenn 0 and Aj(0) for any ^ > 0 (Theorem 4.28). These results give only indications 
off  the possible behaviour of the eigenvalues of (4.25); we do not consider other types 
off  behaviour in this chapter. 

4.55 Numerical simulations 

Inn this section, we confirm and extend the analysis of the previous sections by per­
formingg numerical simulations on the full PDE (4.1) for (.r, y) on a bounded domain 
withh homogeneous Neumann boundary conditions: (x,y) 6 (0,LX) x (0, Ly) C R2. 
Wee choose Lx ^> 1 large enough so that it has no leading order effect on the existence 
orr stability of the one-dirnensional homoclinic pulse pattern. We refer to [19]. [13], 
[11]]  for more details on the influence of Lx and the type of boundary conditions. We 
usee Ly as an additional bifurcation parameter. 

Duee to the homogeneous Neumann conditions at y = 0 and y = Ly. the wave 
numberr I of the perturbation can now attain only discrete values: 

ll  = lm = T?l  ̂ m = . (4.70) 

(recalll  (4.20). (4.21)). The analysis of section 4.3 immediately implies the following 
corollary. . 

Corollar yy 4.29 Let 0 < // <g; 1/c4. Assume that the homoclinic solution (UQ(X). 

Vo(.r))) is stable as a one-dimensional pattern (i.e. with respect to homogeneous, I = 0 
perturbations).perturbations). Then it is stable as a stripe pattern on the strip R x (0.Ly) for all 

TT8 TT8 

00 < Ly K = . 
V J ( ^^  + D 2 - I 
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Figuree 4.9: The critical width Ly of the domain R x (0. Ly) for the classical Gierer-
Meinhardtt equation with e2 = 0.1 for several values of /(. The horizontal dotted line 
representss the critical value of Ly given by Corollary 4.29 and (4.71). and the vertical 
dottedd lines stands for the stripe splitt ing bifurcation. The other curves are all based 
onn (formal) relation (4.68)—see text. 

Thus,, on strips that are narrow enough, the entire (I > 0)-band of unstable 
eigenvaluess that exist for I large enough (Lemma 4.16, Theorem 4.23) is between 
// = 0 and the first nonhomogeneous wave number / = 7re/Ly. This result provides 
uss with a simple method to check the analysis of the preceding sections numerically 
(Remarkk 4.30). 

Inn Figure 4.9. we fixed e2 = 0.1 (note that e is thus quite large) and considered 
thee classical Gierer -Meinhardt case (ai = 0 .o2 = — 1, /?i = fh = 2) for various 
choicess of //. We made a homoclinic stripe pattern by taking the one-dimensional 
stablee homoclinic pulse (UQ(X), V0(X)) as the initial condition on the two-dimensional 
domainn (0,LX) x (0,Ly) and extending it homogeneously in the y-direction. We took 
LLxx so large that the boundaries in the ^-direction are not relevant (at leading order) 
andd Ly initiall y very small (the maximum of the stripe is situated in the middle 
off  the domain, i.e. at x = Lx/2). Next we increased Ly up to the point at which 
thee homoclinic stripe became unstable. Corollary 4.29 predicts that the bifurcation 
shouldd take place at 

LLvv = 7 r \ / — « 0 . 8 8 8 . .. (4.71) 
'' V 1.25 

(att leading order in e « 0 .316. .. (!)). This critical value is confirmed by the sim­
ulationss for fj up to. say. 10 (taking into account the 0 (e) correction term). For 
fifi  < 2. the prediction of Corollary 4.29 is extremely accurate. Figure 4.10 shows the 
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0.. 02 

Figuree 4.10: The critical width Ly of the domain K x (0. Ly) for the classical Gierer-
Meinhardtt equation for various values of fi and s2 = 0.1.0.07 and 0.05. Note that 
thee .r-axis is scaled by e4// and the (/-axis by Ly/e so that the simulations confirm 
thee obtained scaling relations. The curves are again based on relation (4.68). 

outcomee of similar experiments, now for 0.1.0.077 and 0.05: here the vertical 
axiss represents Ly/e so that by Corollary 4.29 the bifurcation should take place at 
7T/V1.255 « 2 .80. . .; the horizontal axis is measured in £4/x. Al l observed bifurcation 
valuess are very close to a (dotted) line, which confirms the scaling properties of the 
Gierer-Meinhardtt equation established in this chapter. Again, the critical value of 
Ly/eLy/e is recovered with remarkably high accuracy. 

Thee curves in Figure 4.9 are based on the formal relation (4.68) between /j, and 
// obtained in Remark 4.25: the same curves, but now in the form of e4/x as function 
off  Ly/e, arc plotted in Figure 4.10. The bifurcation values are all very close to a 
stretchedd version of curve (4.68). i.e. one of the dotted curves (thus the dotted curves 
aree obtained from (4.68) by multiplication of fi with a well-chosen (and numerically 
determined)) factor). Hence, although the relation (4.68) is obtained by a formal 
extrapolationn of the asymptotic results into the regime fi = ö{\/e4). it seems to 
givee a reasonably accurate qualitative description of the behaviour of the critical 
valuee of Ly as a function of \i for /j = 0 ( l / c4 ) However, it should be noted that the 
quanti tat ivee error is certainly not small for n/e4 not small. Beyond 

/ '' = Mstripe = /'stripc(ckl = 0. Q2 = - l , / 3 ] = 02 = 2) 
0.12 2 

- 44 ' 

thee stripe pattern appeared to be stable on (0,LX) x (0. L y ) for any Ly (and any 
LLxx).). Thus we conclude by the numerical simulations that, for //. > /-tstripe. stable 
homoclinicc stripe pat terns exist for (x.y) e M2. However, the simulations also show 
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Figuree 4.11: The self-replication of stripes process. The grey shades represent the 
magnitudee of the V-components. The simulation was run for the classical Gierer 
Meinhardtt case with // = 14 and e2 = 0.1. Time increases in the downward direction. 
Thee dynamics converge- to a stable spatially periodic stripe pattern. 
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thatt the stripe splitting bifurcation, predicted by the analysis of Section 4.2. sets in 
at t 

0.14 4 
HH = Msplit = ^spiit(cti = 0, a2 — - 1 . i3\ — 32 — 2) ~ —^-: 

seee Figures 4.9 and 4.10. It is observed that beyond //Spiit^ there can be no homoclinic 
stripee patterns, which confirms the analysis of section 4.2. The self-replication process 
iss completely equivalent to the self-replication of pulses in the one-dimensional case 
(seee Figure 4.2 and [67], [70], [69], [19], [64] for the Gray-Scott equation): the stripe 
splitss into two stripes that slowly move away from each other, and these stripes split 
againn (etc., depending on the length Lx of the domain), until the system reaches 
ann asymptotically stable spatially periodic stripe pattern (Figure 4.11). Hence the 
stripee replication process is in essence a one-dimensional phenomenon. 

Thuss we may conclude that the classical Gierer Meinhardt equation has stable 
homoclinicc stripe patterns on R2 for ji  £ (^stripe. Â spiit) ~ (0.12/£4,0.14/e4). More­
over,, there exist spatially periodic stripe patterns that are (numerically) stable on E2 

forr fi > //per-stripe = 0{l/£x), where /iper-stripe depends on the distance L\ between 
thee stripes (i.e. the wave length); /iper-stripe(^A) < Mspiit if L\ is large enough and 
lirn/,, ^oo Mper-stripef-^A) = Mstripe- Once again, this behaviour is completely similar 
too the one-dimensional case (see [55] for a detailed existence and stability analysis of 
one-dimensionall  spatially periodic patterns in the Gray-Scott equation). Note that 
thee existence of spatially periodic patterns in the (generalised) Gierer-Meinhardt 
systemm (4.1) has been established in Chapter 3 of this thesis. 

Finally,, we consider the 'fate' of the homoclinic stripe pattern on IR x (0, Ly) as 
LLyy increases through its critical value. Except for one measurement in Figure 4.9, 
alll  critical values of Ly shown in Figures 4.9 and 4.10 correspond to the situation in 
whichh the smallest allowed nonhomogeneous eigenvalue l\ (4.70) decreases through 
^R.stabb (4.49). It is shown in Figure 4.12(b) that the stripe bifurcates into half a spot 
(att either one of the ^-boundaries in the middle of the domain with respect to x) at 
thesee bifurcations. This fully agrees with the varicose type of the associated unstable 
eigenfunctionn (see Remark 4.18). Note that this indicates that the bifurcation is 
subcritical.. Figure 4.12 shows the end-product of the homoclinic stripe pattern for 
variouss choices of Ly (with ji  fixed at 11 < /istripei £2 = 0.1, and a\ = 0.c*2 = 
—— I,Pi — 32 — 2). Thus, as is shown in Figure 4.12(c). the stripe 'returns' as a 
stablee object for an additional interval of Ly values. In this region, the entire band 
off  unstable eigenvalues, (̂ L.stab, ^R,stab) (Theorem 4.23), is in between the first and 
secondd nonhomogeneous eigenvalues (4.70); i.e. (̂ L.stab, ^R,stab) C {hJ2). The stripe 
againn destabilises as l2 enters (^L,stab JR,stab)- This bifurcation is of course again of 
varicosee type. Due to the spatial structure in the y-direction associated to l2, the 
stripee now bifurcates either into a (full) stable spot in the middle of the domain or 
too two half spots at both ^/-boundaries; see Figure 4.12. The curve on which this 
bifurcationn occurs has been indicated with the second dotted line in Figure 4.9. This 
/2-curvee is just a translated and stretched version (in the _Ly-direction) of the / ] -
curve.. The above-mentioned special measurement is on this /2-curve and indicates 
thee bifurcation of the stripe pattern into a (full) spot. In Figure 4.12(e). the one-and-
a-halff  spot pattern that occurs as a stable state from the homoclinic stripe pattern 
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Figuree 4.12: The fate of the homoclinic stripe patterns on various domains R x (0. Ly) 
forr the classical Gierer-Meinhardt case with // = 11 and s2 = 0.1; (a) Ly = 1.(1 : the 
homoclinicc stripe is stable: (b) Ly = 1.5 : the wave number h (4.70) lias become 
unstable,, i.e. /i £ (^L,stab)'R,stab), and the stripe bifurcates into half a spot; (c) Ly = 
2.33 : the homoclinic stripe is again stable: 1\ is no longer in the instability interval 
('L.stab-'R.stab)-- (d) Ly = 3.0 : I2 € (/i..srab• hi,Mab)• and the stripe bifurcates into a 
fulll  spot centered in the middle of the domain: (e) Ly = 4.5 : I3 £ (h..M-M>- IR.stab) 
(andd neither one of the other wave numbers), and the stripe bifurcates into one and 
aa half spot. 
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ass Is enters (/L.stab- ^R.stab) after I2 has decreased through /L.stab- See Remark 4.31. 

Remarkk 4.30 The two-dimensional numerical simulations were performed using the 
VLUGR.22 code of Blom, Trompert, and Verwer [3]. This adaptive mesh code was 
developedd especially for two-dimensional PDEs that generate steep spatio-temporal 
gradients. . 

Remarkk 4.31 The accumulation of the ^-bifurcation curves, where an /m-curve 
indicatess that the stripe bifurcates into m/2 spots, is typical for systems that have a 
bifurcationn of Turing or Ginzburg Landau type. Here the background pattern, which 
destabilises,, is the homoclinic stripe pattern. We refer to [59] for a description of 
thiss phenomenon with a homogeneous state as the background pattern. 

4.66 Conclusion 

InIn this chapter, we have shown that the stability of homoclinic stripe patterns in 
thee generalised Gierer-Meinhardt equation can be studied in full analytical detail 
ass long as the parameter fi is not too large, i.e. as long as /i -C l/e4 in (4.1); see 
Remarkk 4.2. The stability analysis is based on an extension of the NLEP method to 
two-dimensionall  problems. The NLEP method follows the Evans function approach 
too the linear eigenvalue problem that is associated to the stability question. This 
methodd has recently been developed in the context of the stability of pulse solutions 
inn monostable (Remark 4.1) one-dimensional reaction-diffusion equations [13, 15, 
14].. By transforming the reduced nonlocal eigenvalue problem into a hypergeometric 
differentiall  equation, it is possible to obtain an explicit description of the spectrum 
associatedd to the stability of the homoclinic stripe pattern (see Theorem 4.23 and 
Figuree 4.7). 

However,, the NLEP analysis establishes that the homoclinic stripe patterns can­
nott be stable as long as /i <C 1/e4 in (4.1); see Theorem 4.17. Nevertheless, formal 
extrapolationn of the asymptotic analysis (see especially Remark 4.25) strongly sug­
gestss that homoclinic stripe patterns can be stable for \i — ö(l/£4) (in (4.1)). This 
iss confirmed by numerical simulations: it is found in the case of the classical Gierer-
Meinhardtt equation (i.e. Q; =0.0:2 = —l-di = O2 — 2) that the homoclinic stripe 
patternn is stable for fi > /Stripe = Q(l/e4). Nevertheless, this will not be the case 
forr all allowed parameter combinations (4.2): in section 4.4.3, several (open, un­
bounded)) regions in parameter space have been determined in which there cannot be 
stablee homoclinic stripe patterns (Theorems 4.27 and 4.28). 

Thee prediction of Theorem 4.6, which is an extension of the existence results 
inn the literature, is also confirmed by the numerical simulations: at /istripe >  ̂ > 
Â spütt = Ö( l /c4) , a self-replication of stripe patterns takes place. This implies that 
thee homoclinic stripe pattern evolves into a (numerically) stable spatially periodic 
stripee pattern (Figure 4.11). See Remark 4.32. 

Remarkk 4.32 The stability of the spatially periodic stripes patterns, whose exis­
tencee has been shown in Chapter 3 can also be studied by the NLEP approach, 
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inn combination with the ideas presented in [27] and [74]. We refer to [13] for a 
formall  stability analysis of spatially periodic pulse patterns in the one-dimensional 
Gray-Scottt equation using the NLEP method. The structure of the spectrum of the 
stabilityy problem associated to the homoclinic stripe pattern strongly suggests that 
thee long-wave-length, nearly homoclinic, spatially periodic stripe patterns will also 
bee unstable for /i <C 1/e4 in (4.1); see [27, 74]. However, it should be noted that 
thee distances between the stripes in the periodic patterns are in general not large 
enoughh for the application of the ideas of the analysis of weakly interacting pulses, 
i.e.. pulses that are so far away from each other that all Uj-components are expo­
nentiallyy close to the background state; here (Ui,U2) — {U,V} = (0,0) in between 
thee pulses (see [13, 11, 12, 55] for detailed discussions of several aspects of this issue 
inn the context of the one-dimensional Gray-Scott model). Hence the stripes in the 
spatiallyy periodic patterns observed in this chapter are so close to each other that 
thee instability of the stripe pattern for /i <C l/s4 does not automatically follow from 
thee 'homoclinic' analysis in this chapter, combined with [27] and [74]. The stability 
off  spatially periodic structures is studied in the next chapter. 

Remarkk 4.33 In this chapter, we paid attention only to completely linear, or straight, 
homoclinicc stripe patterns. Reaction-diffusion equations also exhibit stripe, or 'vol­
cano1,, patterns in a circular shape [66, 56]. The NLEP approach can also be used to 
studyy the stability of such circular structures and the bifurcation of these patterns 
intoo rings of spots, as is shown in [56]. 
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Chapterr 5 

Stabilityy of periodic patterns 

5.11 Introduction 
Inn Chapter 3, we constructed a remarkable mult i tude of (families of) spatially periodic 
pat ternss to the generalised Gierer-Meinhardt equation 

(5.1; ; 

(5.2) ) 

s^Uts^Ut = Uxx -s2fiU + C/QlV'?1 

VVtt = e2Vxx -V + Ua2Vh, 

wit hh x € 1R and £ « 1. The parameters / i .a i .2- d\.2 £ K. are such that 

V>0.DV>0.D = (ai - l){32 - 1) - a23x > 0. Q2 < 0. Jj.2 > 1, 

seee also Section 2.3. At several places in the chapter, we wil l consider the special 
"classical""  case as an explicit example, i.e. we wil l set 

f>11 = O. î = 2 . Q2 = -l.ih = 2. and D = I. (5.3) 

Inn this chapter, we study the stability of the singular pulse solutions constructed in 
Chapterr 3. using a "spatially periodic' Evans function V(X. -.). which is an extension of 
thee "hoinoclinic' Evans function V(X) used in the stability analysis of homoclinic pulse 
solutionss in the generalised Gierer-Meinhardt equation in [14]. In an adapted form 
(4.32).. the 'homoclinic*  Evans function was used to study the stability of homoclinic 
stripee solutions in Chapter 4. It is worth noting that the Evans function has been 
appliedd to the stability analysis in various classes of nonlinear part ial differential 
equations,, both in the homoclinic case (see [1. 28, 68. 37. 44. 14. 2. 46] and the 
referencess therein) and in the periodic case (see [26. 27. 23. 74. 65] and the references 
therein). . 

Wee do not consider the stability problem for a "general" spatially periodic pat­
tern.. Instead, we only consider the most simple types of patterns. The fundamental 
spatiallyy periodic patterns (Up(x: L). Vf)(.r: L)) consist, as graphs of i € K. of iden­
ticall  pulses at a distance 2L apart. We distinguish two types of fundamental pulse 

89 9 
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patterns,, the patterns of A-type, (UP<A{X~ LA),VP.A(X- LA))-. a nd those of B-type 
{U{U PP,B{,B{XX\\ LB)<VP,B(X\ LB))- LB < LA- that merge in a saddle-node bifurcation of 
periodicc solutions (Theorem 5.5). As a first example of a more complex pattern, we 
alsoo consider the AB-patterns (UP,AB(Z- L)- VP,AB{Z- L)). that consist of alternating 
pulsess of A- and B-type (Theorem 5.6) see Section 5.1.1 and Figure 3.1. Our meth­
odss can be extended (in a straightforward fashion) to include more complex patterns, 
ass the periodically extended 'random' arrays of A- and B-pulses. Such an extension is 
mostlyy a technical exercise, and we will therefore refrain from presenting the details. 

Duee to the singularly perturbed nature of (5.1). the character of the spatially 
periodicc patterns depends strongly on the properties of the fast reduced limit problem 

ff  Ü = U0 ( . 
\\ V, = V^-V + U^V3*.  [ ' 

whichh is obtained from (5.1) by introducing the fast spatial variable £ = xjz and 
takingg the limit e —> 0 (under the assumption that U(£.t) is bounded on IR). This 
iss a scalar equation for the limit function V(^.t)\ UQ e IR is the leading order value 
off  the [/-component of the periodic pattern in the (narrow) ^-region around the Im­
pulsee (Figure 3.1), UQ = UQ(L) depends on the period (— 2L) of the periodic pattern 
(Chapterr 3, Section 5.1.1). The V-component of the periodic pulse solutions is ap­
proximatedd by the homoclinic solution Vh{£,\ L) of the stationary problem associated 
too (5.4) - recall that 02 > 1 (5.2). Both U0(L) and Vh{£:L) have well-defined lim­
itss as L —* DC, these are the leading order approximations of the homoclinic pulse 
(Uh{0iVh(0)(Uh{0iVh(0) ~ (Up(£; oo), Vp(£; oo)) that is the natural boundary of the family of 
2L-periodicc solutions ( [ / P,A(£; L), VP^A{£,\ L)) (Theorem 5.5). The patterns we study 
inn this chapter, have an asymptotically long period: e2L — O(l) (or larger) in the in­
coordinatee (Theorems 5.5 and 5.6). Nevertheless, this length scale corresponds to the 
naturall  length scale of the [/-components in the regions between two pulses (G(l/e2) 
inn the ^-scaling, see (5.13)). Hence, for L such that z2L = 0(1). subsequent pulses 
off  a periodic pattern are so 'close' to each other that the [/-components remain 0(1) 
inn between the pulses. Thus, the [/-component of a periodic pattern does not (nec­
essarily)) become exponentially small in between the pulses. Also UQ(L) and t4(£; L) 
aree not necessarily close to [/o(oc) and V^(£: DC), i.e. the pattern (f/p(£; L), Vp(£,; L)) 
iss not necessarily close to its homoclinic limit (C/p(£; oo), Vp(^: oc)) (restricted to one 
periodd [0,2L]). 

Unlikee in [27] and [74], we can therefore not assume that the period 2L of 
(U(UPP(£;L),(£;L), VP(£;L)) is 'large enough1. As a consequence, the theory presented here 
extendss that of [27, 74], which is developed for near-homoclinic patterns in which 
alll  components of the periodic pattern are exponentially small between subsequent 
pulses.. On the other hand, the results of [27, 74] are, of course, valid in a much larger 
classs of (not necessarily singularly perturbed) reaction-diffusion equations than (5.1) 
consideredd here. Moreover, our results can (and will ) be checked against [27. 74] by 
consideringg the limit E2L —* DC. 

Independentt of the type of the 2L-periodic pattern {Up(£; L), Vp(£; L)), the lin­
earisedd stability on IR of the pattern with respect to bounded and uniformly contin-
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uouss perturbations is determined by a linear equation of the form 

—— ó = Ap(^X.L,e)^ (5.5) 

inn which A € C is the eigenvalue that determines the linear growth of a perturbation. 
<p<p : R —• C4 its potential eigenfunction, and Ap(£) a 4 x 4 matrix that is 2L-periodic 
(seee Section 5.2 for the details). Floquet theory implies that A E C is an eigenvalue 
off  (5.5) if and only if there is a 7 G S1 = {7 € C : I7J = 1}  and a nontrivial 0(£) 
suchh that <£(£ + 2L) = 70(£) for all { E l . These A = A(7)'s are the 7-eigenvalues. 
andd the full spectrum of (5.5) consists of a number of curves of these 7-eigenvalues, 
parameterisedd by 7 e S1 ([26], Definition 5.7, Proposition 5.8). 

Inn essence, the Evans function P(A, 7; L) for the stability problem (5.5) is a deter­
minantt that determines whether a monodromy matrix associated to a fundamental 
(matrix)) solution *(£; A) of (5.5) has eigenvalues 7 e S1 (Section 5.2.1). As a conse­
quence,, A(7) is a 7-eigenvalue if and only if T>(X(^), 7; L) = 0, counting multiplicities 
([26],, Section 5.2.1). Following the approach of [14, 15], an especially suitable set of 
independentt solutions to (5.5), i.e. a matrix *!>(£; A), can be determined that facilitates 
thee construction of £>(A,7;L) (Section 5.3). As is usual for an Evans function, this 
constructionn breaks down (or has to be adapted [29, 45]) if A is close to the spectrum 
associatedd to the trivial background state, i.e. the solution (U(x,t),V(x,t)) = (0,0) 
off  (5.1). Given that /j, > 0, this spectral set is part of the stable half plane and 
hencee it has no influence on the stability of {Up(£; L), Vp{£\ £,)), so that cutting out 
aa small neighbourhood of this set from the complex plane does not influence the 
stabilityy analysis. Hence, we introduce a second (artificial) small parameter S so that 
0 < K < k < ll  (Remark 5.4) and define 

Cee = C \ {A e C I Re[A] < max( - l, -fi) + 5 and |Im[A]| < <5}, (5.6) 

(Remarkk 5.3). The eigenvalues Xr
3 of the eigenvalue problem associated to the stability 

off  the homoclinic solution Vh(£;L)of (5.4) play a crucial role in the stability analysis 
off  the periodic patterns. These A '̂s do not depend on L, Â  = A^(/32) with Ag = 
\{02\{02 + l ) 2 - 1 > 0. X\ = 0. and Â  < 0 for j = 2.3 J - 1 with J - J (fa) > 2. 
seee [14] and Lemma 5.15. In fact, in the construction of P(A, 7; L) it is necessary to 
distinguishh between the cases in which A is close, and in which A is not close to a Ar. 
Hence,, we define Cr by 

C r = C e \\ (J B{\rj.6). (5.7) 
j '= 00 J - l 

withh S as in the definition of Ce, and B[Xr
j, 6) a small ball around AJ, i.e. 

B(XB(X11
jj.S).S) = {XeC : \X-Xrj\<S}. (5.8) 

Thee following theorem summarises the theory developed in Sections 5.3. 5.4 and 5.5. 

Theoremm 5.1 Assume that (5.2) holds, let 0 < £ <C S < 1 and let T>{\, 7. L) be the 
EvansEvans function associated to the stability problem (5.5) of a fundamental spatially 
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periodicperiodic pattern {Up(£,: L). Vp(£; L)) with period 2L (Theorem 5.5). 

(I )) A G Cr 

ForFor A G Cr and 7 <E S1, V(X, 7: L) can be decomposed into a product of a fast compo­
nent,nent, T>f{\."f-L),  and a slow component, VS{X^\L); T>f{X^:L) / 0 for all X G Cr , 
soso that all 7 -eigenvalues X = X(-)re) G Cr of (5.5) must be zeroes of VS(X, 7; L). 
Moreover,Moreover, X = \{-y,£) = A(7,0) + ö{e) solves Vs{X,r-L) = 0 if and only if A(7,0) 
satisfies satisfies 

T°(X,L)T°(X,L) Hf ^ - ( 1
A 7 ^ f tanh(62v^^) ["1 - <*20iH(\)]  G [-2,2], (5.9) 

A zz A^VA4 + A 

where where 
AA = A(A.L ) = e-£2v7ZTXL € C, witfi [A| G (0,1), (5.10) 

sincee arg[>//i + A] € ( —f, f ) (5.6); 71(A) is an explicitly known expression (5.64) 
thatthat also appears in the stability analysis of homoclinic patterns [14j. The value of 
77 G S1 (and that of 7 G S1, Proposition 5.8) is determined by TS(A,L ) = 2Re[7]. 

(II )) XeBiX^S) 

AssumeAssume that also \a2\ » y/S, |a i| = 0(1), and e2L = (9(1) or e2L » 1 win re­
spectt to 8. 
•• If j — 2k is even, then eigenvalue problem (5.5) has no 7-eigenvalues in the ball 
B(yB(y2k2k,ö). ,ö). 
•• If j = 2k + 1 is odd and if Ts{Xr

2k+l,L) £ [-2,2], i.e. if there is no 0(1) 7-
eigenvalueeigenvalue described by (5.9) near X = X2k+1, then eigenvalue problem (5.5) has one 
(and(and only one) ^-eigenvalue A(/y) G B(X2k+1, 6) for every 7 G S1 (counting multiplic­
ities);ities); ifTs(Xr

2k+1,L) G [-2,2] then (5.5) has one ^-eigenvalue \{p/) G B{Xr
2k+l,5) 

forfor any 7 G S1 with |Re[7] -
r
2k+1,L)\ » 6. 

( I I I )) A G B ( 0 , < 5) 

AllAll  small 7-eigenvalues in B(X[ = 0.Ö) are 0{eA). 
•• IfTs(0,L) £ [-2,2], i.e. if there is no (9(1) ^-eigenvalue near X = 0, then 
A(7)) € [A(-1),A(1)] for all 7 G S1, with A(- l ) < 0 = A(l) ; the multiplicity of 
A(l )) = 0. i.e. the eigenvalue associated translations of (Up(£; L), Vp(& L)), is 1. 
•• IfTs{Q,L) G (-2,2), then \(-y) G R \ (A(- l) , A(l) ) for all 7 e S1 uni/i (Reft] -

S(0,, L)\ » 5; A(l) = 0 is simple. 

Thiss theorem is a combination of Proposition 5.20 and the calculations of Section 
5.4.22 (part (I)), Proposition 5.24 (II) , and Lemmas 5.28 and 5.29 (III) . The additional 
conditionss in (II ) are not relevant to the stability question, since (Up{£: L). Vp{£: L)) 
iss unstable if any of these conditions are violated (Remarks 5.25 and 5.26). Based 
onn Propositions 5.41, 5.42 and Section 5.7.2, a similar theorem could be formulated 
forr the stability problem associated to the periodic patterns of AB-type. The main 
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differencee between these two cases is that the explicit expression (5.9) becomes more 
complicatedd in the AB-case (see (5.97) in Proposition 5.41). and that the number 
off  7-eigenvalues near the reduced eigenvalues A2fc+1 is 2 instead of 1 (per allowed 
77 e S1, Proposition 5.42). The analysis is very similar (Section 5.7). In fact, it is 
clearr from the analysis of the AB-patterns, that the same approach can be applied 
too each of the more complex periodic patterns constructed in Chapter 3. Again, the 
mainn difference will be the complexity of the equivalents of (5.9) and (5.97), and the 
numberr of 7-eigenvalues near a X7

2k+l. As an explicit example, we have considered 
thee stability of a AAB B-p&ttem in Remark 5.43. 

Thee methods by which the results presented in Theorem 5.1 have been obtained 
aree based on the approach developed in [14, 15]. It is found that many of the 
buildingg blocks of the theory that led to the decomposition of the homoclinic Evans 
functionn V{X\e) have a natural counterpart in that of the theory for the periodic 
Evanss function X>(A, 7; L, e) developed here. Of course there are some differences. For 
instance,, the homoclinic limit does not have small ö(E'i) eigenvalues (this interval 
describedd in Theorem 5.1 (III ) shrinks to the point A = 0 in the limit L —• oc). 

AA more remarkable difference is that the pole-zero cancellation of the homoclinic 
limit ,, also called 'the NLEP paradox' in [14, 15], has become a much more subtle 
phenomenon.. In the homoclinic case, V(X) decomposes into the product V?(X)VS (A) 
forr all A e Ce. The fast component V^(X) is analytic and has zeroes at A*, where A*  is 
asymptoticallyy close to the eigenvalues A£ associated to the stability of the homoclinic 
solutionn Vh(£; 00) of the fast reduced limit problem (5.4). The slow component Vs(A) 
hass simple poles at the zeroes A*  of T>f(X) for j even. Thus, the unstable zero AQ > 0 
ofT>f(X)ofT>f(X) is removed by this cancellation mechanism and the homoclinic pulse can be 
stablee (while its fast reduced limit has an 0(1) unstable eigenvalue). In the periodic 
case,, the decomposition of £>(A, 7) into the product Vf(X, 7)2?S(A,7) breaks down 
nearr the fast reduced eigenvalues A .̂ Outside B(Xj,S), the fast component X^(A,7) 
iss asymptotically close to the periodic Evans function of nearly-homoclinic periodic 
solutionss of (5.4), that has 7-eigenvalues near each Â  (Lemma 5.16). However, 
itt is a priori not even clear whether X>^(A,7) can be extended inside B(Xj,S) as 
aa smooth (analytic) function. As a consequence there is no definite information 
onn the (possible) zeroes of V^{X,^) near A .̂ Thus it does not necessarily follow 
thatt X>S(A,7) has poles - although it is certainly also not clear whether X?S(A,7) is 
analyticc (see Section 5.4.3). Nevertheless, we can apply an adapted version of the 
windingg number arguments of [14, 15] over dB(Xr

J.5) to obtain a result that is very 
similarr to the pole-zero cancellation result of the homoclinic limit (Theorem 5.1 (II ) 
orr Proposition 5.24). 

Theoremm 5.1 contains all information that is necessary to establish the linear sta­
bilit yy of (£/p(£:L), Vp(E,: L)) (see Remark 5.2). Section 5.6 is devoted to the stability 
analysiss of the fundamental periodic patterns. It is found that all patterns of B-
typee are unstable (with 0(1) unstable 7-eigenvalues (Corollary 5.36)). An A-pattern 
{Up,A{£,\L)-,{Vp.A{£,':L)){Up,A{£,\L)-,{Vp.A{£,':L)) with c2L = e2LA > 1 is stable, if it is near a homoclinic 
limi tt that is stable {Corollary 5.32). As L decreases. {UP,A(  ̂ L), (VP,A(& L)) may 
destabilisee by a Hopf bifurcation, or by the saddle-node bifurcation, as it merges 
withh a B-pattern (Theorems 5.38 and 5.39). In Section 5.7.3, a similar analysis is 
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performedd for the patterns of AB-type. There it is established that the AB-patterns 
aree unstable with respect to 0(1) eigenvalues (Corollary 5.45). 

Furthermore,, our explicit methods are considered in the limit L » 1 in somewhat 
moree detail. If A^ £ C \ R is an eigenvalue of the stability problem associated to the 
homoclinicc limit {Uh{0<  vh(0) = {Up{£. oc). Vp(£; oc)) (Theorem 5.5), then it follows 
fromm [27] that there is a curve of -/-eigenvalues {A = A{7),7 € S1}  that approaches 
XXhh as L —* oc. Here, it is shown that this curve is at leading order a straight line 
betweenn the 'endpoints' A(- l ) and A(+l) , that shrinks, and rotates around its centre 

)) as L increases (Lemma 5.31). Although the B-pulse shrinks to 0, and the A-
pulsee converges to the homoclinic pulse in the limit L —• oc, the results of [27, 74] 
cannott be applied to the AB-patterns. In fact, we show that the AB-patterns have 
spectrumm near the eigenvalues of the homoclinic limit for L > 1, which agrees with 
[27],, but that there also are small curves of 7-eigenvalues near every even eigenvalue 
\'\'2k2k associated to the reduced problem (5.4) Lemma 5.46. 

Finally,, in Section 5.8 we consider the restriction of the stability problem posed 
onn M to a bounded interval [0, X] with homogeneous Neumann boundary conditions, 
andd compare our results to [39, 81, 82]. It follows from Section 3.3 that a fundamen­
tall  pattern (t/p(£; L), {Vp{£\ L)) restricted to [0, X] can be of three types, depending 
onn the number of (half-)pulses on the boundaries see also Figure 5.9. The sta­
bilit yy characteristics of a pulse pattern restricted to [0. X] strongly depends on this 
type.. For instance, we show that the saddle-node bifurcation at which an A-pulse 
transformss into a B-pulse generates 0(1) unstable eigenvalues (Corollary 5.36). This 
seemss to be in contradiction with the results of [39, 81], where it is shown that this 
destabilisationn is driven by the small 0(e4) eigenvalues. However, if the patterns 
havee no (half-)pulses on the boundaries, i.e. if the pattern is of the type consid­
eredd by [39, 81], then the most unstable 7 = -1-eigenfimction cannot satisfy the 
boundaryy conditions (Corollary 5.49), and it indeed also follows from our methods 
thatt the pattern is destabilised by the (less unstable) Ö (^-eigenvalues (Corollary 
5.50).. The - 1-eigenfunction is a solution of the finite interval problem if the pattern 
hass half-pulses at both boundaries (as in Figure 5.9). In this case it is destabilised 
byy the 0(1) eigenvalue (Corollary 5.50). We have confirmed these somewhat subtle 
distinctionss by numerical simulations (see Figure 5.9). 

Remarkk 5.2 It follows from Theorem 5.1 that a periodic pattern (Up(£,: L), Vp(£: L)) 
iss linearly stable if all 0(\) eigenvalues are in the complex left half plane, since the 
Ö(eÖ(eAA)) eigenvalues are negative, and the translational eigenvalue at A = 0 is simple. 
Nevertheless,, one cannot conclude that (UP{£,\L),VP{€,\L)) is stable in a nonlinear 
sense,, since the curve of Ö{E4) eigenvalues is connected to A = 0. In this chapter we 
doo not consider the nonlinear stability of periodic solutions of (5.1) on R. In fact. 
thiss issue has not even been settled for the homoclinic limit patterns (see Remark 1.3 
inn [14]), although it should be remarked that the homoclinic limit problem involves 
additionall  problems that do not appear in the periodic setting {Up{£\ L) remains 
boundedd away from 0 for L < oc. while Uh{0 = Up{£: oc) -> 0 as f -• ; this 
causess problems in (5.1) since Q2 < 0 (5.2)). The spectrum of the linear problem 
associatedd to a periodic pulse pattern restricted to a bounded interval [0, X] with 
homogeneouss Neumann boundary conditions consists of discrete eigenvalues, and is 
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aa subset of the spectrum associated to that periodic pattern as solution of (5.1) on 
RR (Section 5.8). The translational eigenvalue A(l ) = 0 is not an element of this 
subset,, since its 1-eigenfunction. i.e. the ^-derivative of (UP(^:L).VP(^:L)). is odd 
withh respect, to the boundaries £ = 0 and £ = X. Thus, if all 0(1) eigenvalues are in 
thee stable half plane, the standard results as for instance given in [35] can be applied, 
andd it can be concluded that the bounded domain pattern is nonlinearly stable. 

Remarkk 5.3 In this chapter, the search for eigenvalues is restricted to Ce. The 
complementt of this set. i.e. C \ Ce. contains the essential spectrum of the stability 
problemm associated to the homoclinic solution (Lrh(0- ^ ( 0 ) = (^p{£: o c) - Vp{£- ^c)) 
(Theoremm 5.5, [14]). In the homoclinic limit , the essential, or continuous, spectrum 
containss eigenfunctions that oscillate in the regions beyond the pulse, i.e. that do 
nott decay to zero as £ —* . As already noted, the restriction to A € Cc has no 
influencee on the stability question for (c/p(£: L). Vp(^: L)). Nevertheless, the excluded 
regionn C\Ce may contain 7-eigenvalues of (5.5). for which the 7-eigenfunctions have 
oscillatoryy parts in the regions in between the pulses. See for instance [50]. from 
whichh it follows for the special case of the Hill' s equation, that the essential spectrum 
associatedd to a homoclinic limi t indeed breaks up in intervals of 7-eigenvalues for the 
nearly-homoclinicc periodic solutions. See also Remark 5.52. 

Remarkk 5.4 In this chapter, we use the standard notation/terminology of the anal­
ysiss of (singular) perturbations, such as '<C\ '0(e)' etc., see for instance [22]. Hence, 
thee fact that a statement S£ is valid under the assumption 'Let 0 < e < i 5 < r as 
inn Theorem 5.1 and many other Propositions and Lemmas in this chapter, is equiv­
alentt to the formulation "There is an do > 0, such that for all S < S0 there is an 
ee00 — £Q(S) < 6 such that for all e < €Q, S£ holds'. All statements made in this 
chapterr are under the assumptions that 0 < £ < Cl and that (5.2) holds. 

5.1.11 Existence of periodic pulse solutions 

AA stationary solution to (5.1) is a solution of the ordinary differential equation 

(5.1i; ; 

wheree ' denotes the spatial derivative with respect to the slow spatial variable x. For 
00 < £ <C 1. this system exhibits an invariant slow manifold M. defined by 

MM = {i:  = q = 0.u>0}. (5.12) 

Thee spatially periodic pulse solutions (Up(x).Vp(x)) of (5.1) are periodic solutions 
(iip(x).p(iip(x).ppp(x).i'(x).i'pp(x).q(x).qpp(x))(x)) of (5.11) that consist of long slow segments close to M 
interspersedd by short 'jumps' away from M. We refer to Chapter 3 for the details of 
thee construction, that is based on geometric singular perturbation theory (see [40]). 
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Duringg a slow segment, a solution to (5.11) follows the flow on the slow manifold, 
whichh is given by 

u"u" = z2\iu. (5.13) 

Notee that ^ = O(s), hence the flow on the slow manifold is actually "super slow' 
withh a typical length scale of ö(l/s). The ODE (5.13) has a saddle point S in the 
origin,, with one-dimensional stable and unstable manifolds (u's = {p =
Thee solutions to (5.13) are given by the solution curves 

IVV = {p2 = £2{(iu2 - i / ) }  for v e R. (5.14) 

Forr v —> 0. the curve Yv approaches the union of iu and £s, while for v < 0 the curves 
F^^ cross the p-axis and the u coordinate becomes negative. Therefore we focus on Y„ 
withh v > 0 for the construction of periodic solutions (with positive u). The solutions 
onn Yv can be written as 

u(x:u:xu(x:u:x00)) = Umm(v) cosh(ey/ji{x - x0)). (5.15) 

withh minimum 

tfminWtfminW = * / ^ > 0. (5.16) 

Duringg the 'jumps* away from «M, system (5.11) is written in its fast form 

uu = ep 
pp = - c ua ' r 0 1 +£3(j,u 
vv = q 
qq — v — ua2v@2 

(5.17) ) 

wheree ' denotes the derivative with respect to £. By considering £ —• 0. we obtain the 
fastt reduced limit . 

vv = v-ua2vf3\ W = L70, p = P0, (5.18) 

wheree UQ > 0. PQ € R are constants. Note that (5.18) is the stationary problem 
associatedd to (5.4). This system has a homoclinic orbit v^(^:U0)(= Vh(O) given by 

WH&fr)WH&fr)  = (l3^)'2 (sech ( 1 ( ^ - 1 ) 4 ) )^ 

Systemss (5.11) and (5.17) exhibit the same reversibility symmetry as equation (5.1), 

£.x£.x -+ - £ . -x. p -> -p. q-> -q. 

Thee reversibility symmetry plays an important role in the construction and the sta­
bilit yy analysis of the periodic solutions. 

Thee slow manifold M is normally hyperbolic and has (3-dimensional. smooth) sta­
blee and unstable manifolds WU{M)MLA \VS{M) [24. 40]. The intersection Wu{M)Ci 
IVIVss(M)(M) consists of countably many 2-dimensional manifolds (Section 3.1.3). Here, we 
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Figuree 5.1: The take off and touch down curves superimposed on the linear flow 
(5.13)) on M. 

onlyy consider the manifold spanned by solutions to (5.17) homoclinic to M that only 
makee one circuit through the fast space (close to a reduced homoclinic orbit t>£(£; Uo) 
(5.19)).. With a slight abuse of notation we identify WU(M) H Ws(M) with this 
branchh the other manifolds correspond to (unstable) multi-pulse orbits (See Section 
3.1.3).. The one-parameter family of homoclinic orbits {UM(0-PM(S,)- VM(0- QM(0) 

cann be parameterised by the base points of the Fenichel fibers [24] on M. of I T (M)n 
WWSS(M)(M) as a subset of WU{M), i.e. the take off curve Toff C M. and of WU{M) l~l 
WWSS{M){M)  as a subset of WS(M), i.e. the touch down curve Idown C M. These curves 
havee been determined explicitly in Section 3.1.4, 

Toff f 

-**  down {P-{P-
vvdd((

uu) ) 
-PM)--PM)-

\su\sull* * ^W{8^W{8ll.d.d22)) + Ü(s2)} 
(5.20) ) 

where e 

WW {Pi, (3-2 (wh&Mfidt (wh&Mfidt (5.21) ) 

(5.19)) see Figure 5.1. Since D/(32 - 1) > 0 (5.2). both roff)down are tangent to the 
u-axis.. they intersect the stable and unstable manifolds £u-s of the saddle S C M. 
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i.e.. To (5.14). in two symmetric points (^ S) that have the u-coordinate, 

J 2 - I I 

UUhomhom = Uhom(al.a2:01,.g2.p;E) = (W
2
{^32)) ° + ° ^ (5-22) 

Byy construction, these two points represent the (one-pulse) homoclinic solution 
(U(Uhh(0-V(0-Vhh(0)(0) to (5.1), i.e. Uh(O-Vh(O^0 as £ -» : ^ ( 0 - ^ ( 0 are the u-, 
t'-componentss of the solution 7h{£) = (7/^(0,Ph(^), i>ft(0»9fc(0) of (5-17) t n at i s 

homoclinicc to S. For increasing £, 7/j(£) is first exponentially close to £u C .M, then 
'takess off' from M near £u D T0ff. makes a circuit through the fast (t\</)-space O(e) 
closee to (f/hom- 0, t'£(£: t/hom). ^ ( ^ ^hom)) "touches down' on At near ^s n Tdown and 
remainss exponentially close to £s (Theorem 2.1 in [14] with N = 1). For 0 < v < VSN, 
where e 

^^ = Z/SN(S) = j _ 1 , D V Uh + ö(g)with 

(3.25),, the intersections T0ffnr^ and XdownHr,, (5.14) consist of two points, see Figure 
5.1.. Each symmetric pair of points in T0ffdown nTy corresponds - again by construc­
tionn to a solution of (5.17) that is homoclinic to Ai, i.e. u E (0, ^SN) labels two 
familiess of homoclinic solutions, 7 X , A ( £; ^) = {uM,A{£,\v),pM,A{£,\l'),VM,A{t,'->1'), 
qM,A{£',v))qM,A{£',v)) and 7M,s(C; )̂ = {uM,B(&v),PM,B(&1')> vM,B{€,',v),qM,B{£m,v))- If 

 and (UQ.B-,  are the (u,p)-coordinates of roff,down H IV C .M, 
thenn the distinction between the orbits of A- or B-type is made by 

00 < U0tB{v) < U0,BWSN) = USN = UO,A{V$X) < UQA{u) < U0,A{0) = Uhom 

forr v G (0. ^SN)- The orbits 1M.A,B{£,'- U) travel twice along the parts of Tu in between 
(C/O,A,BTT — PQ.A.B) and (t/o./i.ŝ  +PO.A.B)- By construction, the 2L-periodic patterns 
{U{U PP,A,B(£\,A,B(£\ L),VPtA,B(£\ L)) are exponentially close to {UM,A,B{  ̂ V), VM,A,B(£; ^)), 
i.e.. the u- and t'-components of 7JVI, J4,JB(£; f) , for all £ such that W.M,A.B(£; i') < 
UO.A.B-UO.A.B-

Theoremm 5.5 Let £ -C 1 and assume that (5.2) holds. Equation (5.17) possesses 
twotwo one-parameter families of 2L-periodic orbits, 7P,/i(^;t /) = (UP,A(£', U)IPP,A{£,'I V), 

VVPP,A(£;,A(£; V), qp,A(& v)) and 7P,B(£; V) = (UP,B(£; V),PPM&  U)^ VP,B(& U)  ̂ QPM& U)) with 

positivepositive u, v-coordinates, parameterised by v £ (0, ^SN) (5.23). For each v, 7p,,4.s(£: V) 
consistconsist of a slow piece exponentially close to the part of Tv C M with u < £/O,A,B-

where where 

UU00,AM"),AM") = (tanh(£2 V / ^ . B M ) ) ^ t/hom (5.24) 

(5.22).(5.22). or equivalently. 

LA,B(V)LA,B(V) = - 5 -= arccosh ( °'A£*  ) (5.25) 
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andand a fast jump away from M. 0(e) close to (UQ,A,B, 0, f£(£; UQ.A,B), ^'£(£; UO,A.B)) 
(5.19).(5.19). The orbits 7P , A , B ( £ ; ^ ) intersect the {p = q = 0}-plane twice, so that they 
havehave two internal reflection points at £ = £0 o^d at £ — £0 + LA.B-

lfu[0,lfu[0, | | 7P , B ( £; f ) II —• 0 uniformly in £, while 7PiJ4(£; 1̂) —• 7/i(£), ^ e homoclinic 
solutionsolution to (0 ,0 ,0 ,0). If v ] z/gN (5.23), 7P , A ( £ ; ^ ) and 7P i#(£; i/) merge in a saddle-
nodenode bifurcation of periodic orbits. For 0 < ^ < I^SN? UO.BI^) < f̂ SN < ^ O . A ( ^) a^d 
£ O , B ( ^)) < £ SN < £ O , A ( ^ ), «ü^ene 

UsNUsN = f/min(^SN)\/— ~ 1" 0 ( E ), ^ d 

c2L SNN = - ^ arccosh J ^2 * + ° + 0 ( e) (5.26) 
vv A* * ^ 

TTiee orbits 7P , A ( £ ; * / ) , 7 P , B ( £ ; ^ ) correspond to 2L-periodic patterns ( [ / p^ (£ ;L ) , 
VP,A(£'IL)),VP,A(£'IL)), (UP,B{£',L),VP,B(£,'IL)) in (5-1) with L = LA,B{V). The internal reflec­
tiontion points £n = £0 -^^LA^, n E Z, are ai the minima/maxima of' £ /P,A ,B(£; L(V)), 
^ P , A , B ( £;; £ (^) )- ^4s £ —» oo, i/ie fundamental periodic pattern of type A approaches 
thethe homoclinic pattern (£^(£), V^(£)) uniformly in £, i.e. 

^P^^P 0̂0-L^-L +̂L]+L] \\(U\\(Uhh(0,Vh(0)(0,Vh(0) ~ (UPA^L),VPA^m\  ̂ 0 as L ^ o o ; 

(^ / i (0 )^ f t (0 )) c an a^ so èe denoted by (UPyA(£,; 00), Vpij4(£; 00)). 

Thiss Theorem is a combination of Theorem 3.6 and Corollary 3.7 (with iV = 1). The 
relationss (5.24), (5.25) and (5.26) cannot be found explicitly in Chapter 3, but follow 
fromm a straightforward analysis using (5.14) and (5.15). 

Iff  we set £0 = 0 at the maximum of the fast pulse, then the orbits 7JM , B ( £) 
andd 7 P , B ( £ ; ^ ) are exponentially close in e for £ G [—2LB(V) + T/£,2LB(V) — y/e], 

i.e.. almost for two full periods of 7 P I B ( £ ; £ B )- Note that the  are not optimal 
andd could be improved to 0(e) quantit ies. However, as £ approaches  i.e. as 
1M,B(01M,B(0 and 7 P , B ( £ ; ^ ) approach T0 ĵdown C\TV, then 7 P , B ( £ ; ^ ) jumps (again) away 
fromm M, while 7 . M , B (0 remains exponentially close to M. for all |£| > 2LB — \fe. 
Onee can construct a solution 7P , A B ( £ ; V) of (5-17) that is exponentially close to both 
7 A I , B ( £ )) and 7P , B ( £; V) on this same ^-interval, and that remains exponentially close 
too 1M,B(0 for £ £ [—LB(V) — LA(V) + y/ë, LB(V) + LA(V) — y/e\, i.e. beyond the take 

off/touchh down points of 7P I B ( £ ; v). This new solution 7P )A B ( £ ; V) takes off/touches 
downn at the A-intersections of T0ff :down H Yv, i.e. exponentially close to a 7P,.4(£; ^ ). 
Thee 7P , A B ( £ ; v) is periodic with period 2LAB = 2L^ 4- 2LB-

T h e o r emm 5.6 Let e <C 1 and assume that (5.2) holds. Equation (5.17) possesses a 
familyfamily of 2L-periodic orbits, 7P , A B ( £ ; ^ ) with positive u,v-coordinates, parameterised 
byby v € (0,^SN)>' L — LAB(V) = LA + LB with LA,B(V) as in Theorem 5.5. The orbits 

7 P , A B ( £ ; ^ )) intersect the {p — q — 0}-plane twice and have two internal reflection 
pointspoints at£, = £A and a i£ = £# = £A + LA+LB- The orbit7P,AB(£;^) is exponentially 
closeclose to an orbit 7PiJ4(£; u) on the intervals [£4 — L + nL + y/e, £,A + L + nL — y/e], 
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f i e Z .. where ")P.A{€'- V) IS translated such that £ = £.4 is a reflection point of 7p..4(£: ^) 
atat the centre of an A-pulse. and exponentially close to an orbit 7P . B ( £: V) on intervals 
[£B[£B - 2Ln + nL + y/ê.^B + 2LB + nL - <Jï\. n e Z. where £ = £# defines the centre 
ofof the B-pulse of 7P, .B(£: V). 

AsAs v \ I^SN- ~!P.AB(£'-V) merges with 7p„4(£:i /) (or 7P.#(£: V)). but with twice its 
period,period, since 

LAB(")LAB(") = LA{u) + LB{u) > 2LSN 

forfor all v £ (0. ̂ SN)- i-f- the saddle-node bifurcation of Theorem 5.5 can also be seen 

asas a period-doubling bifurcation. 
TheThe orbits 7P. . . IB(£: V) correspond to 2L-periodic patterns (UP,AB(^'- L)-VP.AB{^'- L)) 

inin (5.1) with L — LAB{V). The internal reflection points £n = £.4 + nL. n £ Z. are 
atat the centres (maxima) of the alternating pulses of A-type (n even), or of B-type (n 
odd). odd). 

Again,, a more general result has already been proven in Theorem 3.8. The fact 
thatt LAB(V) > 2 L SN has not been explicitly noticed in Chapter 3. but follows from 
straightforwardd calculations. 

5.22 Stability of periodic patterns 

Lett {Up(£),Vp(€)) be a periodic pulse solution to (5.1) as described in the previous 
sectionn with minimal spatial period 2L. The ideas we wil l develop in this section 
aree valid for arbitrary periodic solutions, both for the fundamental periodic solutions 
andd for the periodic solutions of AB-type. After developing the general theory, we 
firstt study the stability of the fundamental solutions (Theorem 5.5) in the Sections 
5.33 5.6 and then the stability of the solutions of AB-type in Section 5.7. 

Wee investigate the linear stability of the periodic solution against perturbat ions 
inn £?C(R.M2). i.e. the space of bounded and uniformly continuous functions, and set 

U(S,U(S, t) = £/p(0 + u(Z)ext V{S. t) = Vp(0 + v(S)ext. 

Afterr substitut ion into (5.1) and linearisation we obtain 

ƒƒ « K = -E2 [a,Up-1Vp^u + d ^ V ^ v ]  + c4 (,/ + A) u ( 

{{  r « + [hU^V*-1 - (1 + A)] v = -a2V?-xV%>u l ' ' 

Notee that we switched to the fast scale £ = x/s. Equivalently, we can write the 
eigenvaluee equation as a 4-dimensional system. 

o(0o(0 = Ap(Z:\. 5)0(0- (5-28) 

wheree 0 = (u.p = u?. i\ q — v^)f. The matr ix Ap is given by 

AApp(£.\.e)(£.\.e) = 
( ( 

\ \ 

0 0 
- 2 0 1 f - ' - 1 l ^ + £ 4 ( AA + /.i) 

0 0 

-ovUfVf -ovUfVf 

1 1 
0 0 
0 0 
0 0 

00 0 \ 

-e^w^v^--e^w^v^-11 0 
00 1 

-ihupv^-ihupv ̂ + ii  + x) 0 J 
(5.2 2 9) ) 
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Thee theory for linear ordinary differential equations with periodic coefficients like 
(5.27)) is well developed. This Floquet Theory leads to the concept of 7-eigenvalues 
[26]. . 

Definitio nn 5.7 A £ C is a ^-eigenvalue of eigenvalue problem (5.28) if (5.28) has a 
solutionsolution 0(£: A) that satisfies 

0(££ + 2L :A)= 70(£ ;A). (5.30) 

forfor some 7 £ S1. The corresponding eigenfunction 0(£; A) is called a 7-eigenfunction; 
77 £ S1 for which (5.30) is satisfied is called the Floquet multiplier of 0(£; A). 

Notee that if 0(£) satisfies this condition in one point, it automatically satisfies it in 
everyy point. 
Itt was shown in [26] that any bounded solution to (5.28) can be written as a combi­
nationn of 7-eigenfunctions and hence that the spectrum of the linearisation about a 
periodd pattern consists entirely of 7-eigenvalues. In general, the spectrum of a lin­
earisedd problem with periodic coefficients like (5.28) consists of a number of ioops', 
wheree each loop is an image of S1. However, because of the reflection symmetry 
presentt in the particular system (5.28), this image will have a special structure. 
Thee matrix Ap(£: A) (5.29) inherits the reflection symmetry of the periodic solution 
{Up(£),Vp(£))i{Up(£),Vp(£))i i.e. for every reflection point £0 of the pulse solution we have Ap(£o + 
rj\rj\  A) = Ap(£o — 77; A) for all A and all r]  — £ — £o- This immediately implies that 
iff  0(£) is a solution to (5.28), the reflection of 0(£) in any reflection point is also a 
solution.. We denote the reflection of 0(£) in the reflection point £0 by R<P(£o — n), 
wheree 7) = £ — £0 and R is defined by 

R R 

fu(0\ fu(0\ 

Wo/ / 

// «(0 \ 
-P(0 0 

VV  -Q(O J 

(5.31; ; 

Byy applying this reflection symmetry to a 7-eigenfunction, it follows that if A is a 
7-eigenvaluee then A is also a 7-eigenvalue. Let 0(£) be a 7-eigenfunction associated 
too the 7-eigenvalue A. i.e. 0(£) is a solution to (5.28) that satisfies 0(£ + 2L) = 70 (0. 
Then,, setting £0 — 0. the reflected solution 0(£) = Ró(— £) is also a solution of (5.28). 
Clearlyy this solution satisfies 0(£ + 21) = R0(-£ - 2L) = ) = 70(0- Hence. 

0(£)) is a 7-eigenfunction and A is a 7-eigenvalue. 
Thee general results in [26]. combined with the reflection symmetry in this particu­

larr problem, lead to the following characterisation of the spectrum of the linearisation 
aroundd periodic pulse solutions of the type analysed in this chapter. 

Propositionn 5.8 The spectrum of the linearisation around a periodic pulse solution 
(Up.(Up. Vp) consists of a number of (degenerate) curves of'7-eigenvalues. Each curve can 
bebe parameterised by X — A(7) = A(7). where 7 £ S1 is the Floquet multiplier of the 
associatedassociated 7-eigenfunction. i.e. the image of S1 covers each curve of ^-eigenvalues 
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twice.twice. The periodic pulse pattern is linearly stable, if apart from a translational 1-
eigenvalueeigenvalue at the origin, every spectral curve is completely in the stable half plane 
{Re[A]]  <0} . 

Remarkk 5.9 It is important to distinguish between two notions of (geometric) mul­
tiplicit yy of an eigenvalue A. First, the ^-multiplicity of an eigenvalue A is defined 
ass the number of independent (generalised) 7-eigenfunctions to (5.28) for one par­
ticularr value of 7. On the other hand the (total) multiplicity of A as an element of 
thee spectrum is given by the number of independent (generalised) eigenfunctions of 
(5.27).. i.e. the number of independent bounded solutions to (5.27). It follows from 
thee fact that any bounded solution to (5.27) can be written as a combination of 7-
eigenfunctions,, that the total multiplicity of A is given by the sum of 7-multiplicities 
overr all 7 for which A is a 7-eigenvalue. 

Remarkk 5.10 The spectral curves indicated in Proposition 5.8 are not necessary 
disjoint:: two or more curves may intersect, may be connected at the endpoints of 
thee curves, or may coincide partially or completely. HowTever. in all cases it is still 
possiblee to parameterise the curves by the Floquet multiplier of the associated 7-
eigenfunction. . 

Remarkk 5.11 In general, the reflection R(p(£o — r}) of a solution in a reflection point 
£00 is different from the solution 0(£o + f])- However, in two special cases Ró(^o — n) 
iss not independent of 0(£o + v)> l-e- R<J>{£o ~ rl) — #0o(£ + v) f° r some number 9. 
First,, a solution such that i?0(£o ~ V) = <£(£o + vi) {@ = 1) is called symmetric in 
thee reflection point £o- The evaluation of the symmetry condition for 77 = 0 yields 
thatt 0(£) is symmetric in £0 if and only if its p- and g-components vanish in £o-
i.e.. if and only if u(£) and v(£) are even with respect to £0- Second, a solution such 
thatt R<j>(£,Q — 77) — — 4>(£,o + rj) (0 = —1) is called anti-symmetric in the reflection 
pointt £0: <ƒ>{£) is anti-symmetric in £0 if and only if its u- and t'-components vanish 
inn £o< i-e- if  a nd only if u(£) and r(£) are odd with respect to £0 Note that it is not 
possiblee to have 0 ^ . Symmetrical and anti-symmetrical solutions to (5.28) play 
ann important role in the stability analysis of pulse patterns on a finite interval with 
homogeneouss Neumann boundary conditions, see Section 5.8. 

5.2.11 The monodromy matrix and the Evans function 
Usingg the concept of 7-eigenvalues and 7-eigenfunctions, the stability problem of the 
periodicc pattern (Up(t;), Vp(t;)) can be reduced to the problem of solving the linearised 
equationss (5.28) over just one spatial period of the pattern, chosen to be the interval 
[—L,, L] , with the boundary condition <p(L) = jé(—L). This problem is studied using 
thee monodromy matrix A//,(A. E) associated to (5.28). that is defined by 

f(L:\.E)f(L:\.E) = V(-L:\.s)ML(\.s). (5.32) 

wheree ty^X.s) is a fundamental matrix solution to (5.28). The eigenvectors of 
A/L(A.C )) are related to the 7-eigenfunctions of (5.28). Consider an eigenvector v of 
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ML(X.E)ML(X.E) with corresponding eigenvalue p. Then 0(£) = ^ (Ov is a solution to (5.28) 
whichh satisfies <j>(L)  = p0( —L). This argument can be reversed, if there exists a 
solutionn <£(£) to (5.28). such that 4>{L) — p4>{-L), then p is an eigenvalue of M L ( A ) . 

Therefore,, A is a 7-eigenvalue if and only if ML{X,e) has an eigenvalue 7 £ S1. 
Thee eigenvalues p of the monodromy matrix depend on A. Since the elements of 

Mi(X)Mi(X) are analytic functions of A, the p(X) are at least continuous in A. The eigen­
valuess of M L (A) are implicitly defined as the roots of the characteristic polynomial 

P(A,, p\ L, e) = det [A/L(A; e) - pi). 

Followingg [26, 27], we define the Evans function £>(A, 7; L, e) associated to the linear 
eigenvaluee problem (5.28) as the restriction of P(X,p) to p = 7 G S1, 

£>(A,, 7; L, e) = det [ML(A; e) - 7I] . 

Sincee £>(A,7;L) = 0 if and only if 7 is an eigenvalue of M L (A), the zeroes of the 
Evanss function correspond to 7-eigenvalues of (5.28). The elements of M L (A) are 
analyticc functions of A, hence P(A, 7; L) is an analytic function of both A and 7. The 
orderr of a zero A0 of £>(A, 7; L) with 7 fixed gives the algebraic 7-multiplicity of the 7-
eigenvaluee Ao- Note that this is not necessarily the same as the algebraic multiplicity 
off  7 as an eigenvalue of A /L (A 0) , since the latter is defined as the order of the zero 
forr fixed A. See [26] for an example where the two multiplicities are different. On 
thee other hand, the geometric multiplicity of 7 as an eigenvalue of M L ( A 0 ) is always 
equall  to the geometric 7-multiplicity of Ao-
Althoughh the matrix ML(X,e) depends on the choice of the fundamental matrix 
solutionn in (5.32), the eigenvalues of ML(X,E) are independent of that choice. In 
fact,, if ^ ( 0 and \t(£) denote two fundamental matrix solutions, there exists an 
invertiblee constant matrix C such that *&(£)  = ^ ( 0 ^ a nd thus we can write M L = 
^ ( - L ) _ 1^ ( L )) = C~1MLC. Hence, the eigenvalues of Mi are independent of the 
choicee of the fundamental matrix solution in (5.32), so that P(A,7;L) does not 
dependd on this choice. Similarly, the monodromy matrix can be expressed on a 
differentt basis, without changing its eigenvalues. In particular, we will express Mi 
withh respect to the basis V — V(X) spanned by the 4 columns of \I>(—L), ^f(-L) = I 
withh respect to V, so that MitV = #{L) (with respect to V). With a suitable choice 
off  the fundamental matrix solution in (5.32), the monodromy matrix takes a form 
thatt simplifies the evaluation of the Evans function considerably. 
Thee monodromy matrix ML has 4 eigenvalues pt. counting their algebraic multiplic­
ity.. Therefore, the algebraic multiplicity of any A € C is at most 4. Alternatively, 
thee Evans function can be expressed as 

4 4 

V(\.V(\.TT.L.e).L.e) = l[(pi{\.e)-n). 
i = i i 

wheree pi(X:e) denote the eigenvalues of ML. Though this form stresses the relation 
betweenn 7-eigenvalues and the eigenvalues of M L (A), its use is restricted to situations 
wheree one has expressions for the eigenvalues of M L (A). It follows from Abels theorem 
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andd the fact that Tr[Ap{^)} = 0 (5.29) that the 4 eigenvalues p{ of ML{X.s) satisfy 
P\p2pspAP\p2pspA = 1- We can deduce a stronger result using the reversibility symmetry in 
(5.28).. If (5.28) has a solution with o{L) = po( — L). then there also exists a solution 
satisfyingg ${L) — -0{—L). These two solutions correspond to the eigenvalues p and 
\j\j  p of M L (A). Hence, the eigenvalues of Mi (A) come in pairs p and 1/ p. This implies 
thatt the algebraic multiplicity of 1 is always 2 or 4. The geometric multiplicity of 
ann eigenvalue 1 can be odd. Also note, that if A is not a "/-eigenvalue. Mi(X) has 
twoo eigenvalues inside S1 and two eigenvalues outside S1. For real A, all elements 
off  Ali(X) are real. Therefore, the eigenvalues of AIi(X) are real or come as a pair 
off  complex conjugated eigenvalues p and p, and thus, if p is an eigenvalue of Mi(X) 
withh A € IR, so are 1/p. p and If p. Therefore, if Mi{X) has one non-real eigenvalue 
pp with \p\ -£ 1. the other 3 eigenvalues are automatically given. 

Remarkk 5.12 The 7-eigenfunetions, monodromy matrix and the Evans function 
aree defined with respect to the minimal period 2L. However, in some cases, like 
thee analysis of an AB-pattern close to the saddle-node bifurcation (Section 5.7). or 
inn the restriction to bounded domains (Section 5.8) it is useful to consider the pe­
riodicc solution and the associated linear eigenvalue problem as 2mL-periodic. for 
somee integer m > 2. Since the 2mL-periodic eigenvalue problem describes the same 
stabilityy problem as the 2L-periodic eigenvalue problem, they share the same spec­
trum.. On the other hand, the description of the spectrum in terms of 7-eigenvalues 
iss different for the 2mL~periodic eigenvalue problem. A 7-eigenfunction $(£) for 
thee 2L-periodic eigenvalue problem, satisfies 0(£ + 2rnL) = 7" '0(0' hence it is a 
7m-eigenfunctionn of the 2mL-periodic eigenvalue problem. For each curve A — A(7) 
off  7-eigenvalues in the spectrum of the 2L-periodic eigenvalue problem, the spec­
trumm of the 2mL-periodic eigenvalue problem contains m connected curves of 7-
eigenvalues.. Also, the monodromy matrices and the Evans functions are different. 
Sincee Mmi(X) — (Mi(X))m, the monodromy matrices Mmi(X) and M L (A) have the 
samee eigenvectors and their eigenvalues are related by pmi = p™- Hence the ze­
roess of the Evans function T>(X,~f.mL) occur for the same values of A as those of 
T>(X.",;T>(X.",;  tnL). but for different values of 7. 

5.33 Stability analysis for fundamental patterns 

Thee ideas in the previous section can be applied to any of the periodic pulse solutions 
discussedd in the Introduction. In this section, we study the linearised stability prob­
lemm for fundamental periodic pulse solutions (Theorem 5.5). whereas the stability of 
thee periodic solutions of AB-type will be treated in section 5.7. 
Usingg the translational invariance. we shift the solution so that one of the pulses is 
att the origin. The stability problem is studied on the symmetric interval [-L.+L] 
aroundd the pulse, i.e. the two boundaries are halfway to the next pulse. Note that 
withh this choice both the endpoints,  and the origin are points of symmetry of 
thee periodic pulse solution. Around the pulse in the origin we define the pulse region 
7VV that divides the interval into three parts. The width of Vo is chosen such that 
Vp(£:: L) is exponentially small everywhere outside Vo but Up(^: L) is to leading order 
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constantt over the pulse interval. This (for instance) leads to the following choices 

measuredd in the fast (£-) scale. In the outer regions X+ and J_. we can approximate 
thee matrix Ap(^; X.E) (5.29) up to exponentially small error by the limit matrix 

AAXX(X,E)(X,E) = 

(( 0 1 0 0 
e4(AA + ^) 0 0 0 , ( . 

oo o o i '  [0-óó} 

\\ 0 0 1+A 0 

Thee eigenvalues and eigenvectors of this matrix are given by 

A M (A )) = ) = , A 2.3(A,E) = S(A,5) = 2 v ^ + A 
EEl4l4(X)(X) = Ef {\) = f , £;2.3(A,e) = Es {X.e) = (1. 2 y/JTTX, Q,0)1 

(5.34) ) 
Manyy of the results in this section require that Ax is hyperbolic, i.e. that its eigen­
valuess have non-zero real part. This is. by definition, the case for A G Ce (5.6). 
Moreover,, the eigenvalues of A  ̂ satisfy |AS| <C |A^| in Ce, i.e. equation (5.27) ex­
hibitss a natural splitting in slow and fast solutions. 

Remarkk 5.13 The fundamental periodic solution {UP,A{£\ L), VP,A{£,\ L)) restricted 
too [— L, L] converges to the homoclinic pulse solution (Uh(£),Vh(£)) on R as L —• oc 
(Theoremm 5.5). The linearisation around {Uh{Q,Vh(£)) is given by 

0(OO = ^ ( ^ A , e ) 0 ( O- (5-35) 

Ann eigenfunction of the linearisation around (£//,(£), Vh(£)) is a solution to (5.35) that 
decayss to zero as |£| —• oo. The matrix Ah.(£\ A) can be obtained by taking the limi t 
LL -  ̂ oc in Ap(£; A). By Theorem 5.5. ||AP(0 - Ah(£)\\ -+ 0 uniformly in £ € [-£,, L] 
forr L —• oc; ||AP(£) - ^ ( O l l is exponentially small (in L) outside the pulse region. 
Thus,, the results of [27. 74] on the stability of nearly homoclinic periodic waves can 
bee applied to our problem (see Section 5.6.1). The analysis of the periodic eigenvalue 
problemm (5.27) has many elements in common with the analysis of the homoclinic 
eigenvaluee problem (5.35) in [14]. Therefore, wTe will refer to [14] and [15] at various 
placess in the following analysis for further details. 

5.3.11 Fast solutions and the fast reduced limi t problem 
Followingg Section 5.2.1. we choose a suitable fundamental matrix solution to express 
thee monodromy matrix. Since Ap(£) is exponentially close to the limit matrix A-^ 
onn the outer regions, solutions to (5.28) behave like combinations of  ̂  ̂ and 

^  ̂ on X- and X+. Therefore, it is natural to choose a fundamental matrix 
solutionn for the calculation of ML(X) that consists (to leading order) of the 4 solutions, 
definedd by the boundary conditions ö;(-L) = E;e~A 'L . i — 1 4. 
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Lemmaa 5.14 Let A e Ce (5.6) and let <2>{(£:A.c) be the solution to (5.28) that 
satisfiessatisfies <p{{— L) — e~A LE+. Then, there exist an analytic (transmission) function 
tf(\,e)tf(\,e) and a positive number C, such that 

e-e-xfLxfLo{(+L:\o{(+L:\ ::c)c) = tf{\.£)Ef
+ + u(e-CL). 

wherewhere the ö{e~CL) rest term is spanned by {E_,ES
+,ES_}-

Proof.. This is a natural result as in general a solution to (5.28) grows as eA ^ o n I+ . 
AA full proof of this statement involves the Elephant Trunk procedure [28]. For this 
construction,, there is no essential difference between the case £ € R and £ G [—L, L); 
wee refer to [28, 14, 15] for the details. D 

Wee define <$>2(£: A, £•) = Ró[{—£; X.e) (5.31) as the second independent solution of 
*(£;A,e).. Note that if t/(A,£) ^ 0, <t>((-L)  = tfeAfLEf_ (to leading order), i.e. a 
multiplee of E_. 

Inn the limit L —> oo, the solution 4>{{$,) corresponds to the solution 0i(£) of the 
homoclinicc linear stability problem (5.35) as defined in Lemma 3.5 of [14]. This 
solutionn 0i (£) was defined as the unique solution of the linear eigenvalue problem, 
thatt decays to 0 as e~A ^ as £ —• — oo. In this limit , the transmission function 
tf(\,e)tf(\,e) corresponds to the fast transmission function ti(X,e) as defined in Lemma 
3.66 in [14]. 

Obviously,, the solution <p{ is not a 7-eigenfunction. Instead, the fact that 4>[{L) 
iss exponentially large and <t>[{—L)  is exponentially small suggests that there exists 
aa solution to (5.28) such that 4>*(L)  = p(f)*(—L), with p = 0(e2AL). It is necessary 
forr the forthcoming analysis to obtain a more detailed knowledge of the transmission 
functionn £^(A), which can be obtained by studying the fast reduced limi t problem 
(5.4). . 

Wee approach this problem in two ways. First, since taking the limit e —• 0 means 
thatt L = ö{lje2) —>• oo, we consider this problem as that of a single homoclinic pulse 
onn IR. This means that we determine the homoclinic pulse solution V/i(£) of (5.4) and 
studyy its linear stability. This approach has the advantage that we can obtain explicit 
resultss on the location of the spectrum. Alternatively, we consider the wavelength L 
ass an independent large parameter and look for periodic pulse solutions to (5.4) of 
periodd L. The stability analysis of this reduced periodic solution gives insight in the 
stabilityy issue of the periodic solutions of the full problem. As we will see below, the 
twoo ways of looking at the problem are closely connected. 

Thee reduced equation is rescaled by setting V(£) = U0
a2 2~ W(£), so that the 

differentiall  equation for W reads 

WWtt = W  ̂ -W + W02. 

Thiss equation has a stationary homoclinic pulse solution ic/i(£: #2)1 given by (5.19). 
Thee linear stability of this pulse solution is determined by the linearised equation 

(C(Crr - X)w = W& + [foiwhit))02-1 - (1 + A)] w = 0. (5.36) 
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whichh has the form of a Schrodinger equation with a sech-squared potential. The 
positionn of part of the spectrum can be predicted, because the derivative w^iO of the 
homoclinicc pulse solution is an eigenfunction corresponding to A = 0. Since Wh{0 is 
ann odd function and it has one zero, there must exist an eigenfunction that is even 
andd without zeroes. This even eigenfunction corresponds to a positive eigenvalue. 

Althoughh the exact location of the eigenvalues of (5.36) can be obtained using 
methodss from classical mathematical physics (see for example [49]), we follow a 
somewhatt different approach here. Therefore, we write (5.36) as the system 

00 = Ar(0*l>  with ip{0 = (u>(£), wit))', (5.37) 

wheree the matrix A r(£) is given by 

ArAr®®=={{ -fh(wh(0)to-i + (i + \) 0 )

Alternatively,, the matrix Ar can be obtained by taking the limi t of the lower diagonal 
2 x 22 block of Ap(£) (5.29) and scaling out U0. For |f | » 1, the matrix Ar{£) is 
exponentiallyy close to the limi t matrix 

AArr = ( ° l 

000 ^ 1 + A 0 

thatt has eigenvalues Ar  = f and eigenvectors E^ = , with A-̂" as in 
(5.34). . 

Considerr the unique solution ^ i ( 0 to (5.37) that satisfies l i m ^ - , » ^ i (£ )e_ A / s = 
E^.. In general, this solution grows as eA ^ for £ » 1 and, similar to the behaviour of 
4>4>xx for f » 1, defined in Lemma 5.14, there exists an analytic transmission function 
ttrr{\){\)  such that l i m ^ s o ^ J e - ê = tr(X)Er

+ [14]. Hence ^ ( 0 is bounded as 
££ -» oc if and only if tr( A) = 0 and thus the position of the eigenvalues of the stability 
problemm associated to the homoclinic pulses corresponds to the zeroes of tr(X). The 
transmissionn function tr(X) can be calculated explicitly using a transformation of 
(5.36)) to a hypergeometric equation, see [14] and Section 5.4. 

Lemmaa 5.15 All zeroes of the transmission function tr(X) associated to the fast 
reducedreduced limit problem (5.36) are given by X = Xr, with 

A JJ = 4 [& + l - . 7 ' ( # 2 - l ) ] 2 - l . forj= 0,1 J - l . (5.38) 

withwith J such that 

Notee that A[ = 0 and that A£ > 0 as was predicted above. 
Alternatively,, we study the stability of spatially periodic solutions to (5.4) with 

periodd L > 1. Since the period of these pattern is long, the spatially periodic 
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solutionss wp(€) are close to the homoclinic pulse solution Wh(£) on [-L.L].  The 
linearisationn about u-p(0 is given by (5.36). or by the system (5.37), with wh(£) 
replacedd by wp(£). To this system we associate a 2 x 2 monodromy matrix M£(A), 
dennedd by 

* r(L:A )) = #r(-L;A)A/£(A) , 

wheree \I>r(£: A) is a fundamental matrix solution to the reduced eigenvalue problem, 
andd the Evans function 

Pr (A, 7;L )) = det[M£(A) - 7 / 2 ] . 

Ass the columns of the fundamental matrix solution ^ r ( 0 - w e choose the two solutions 
Wi(0Wi(0 and ^ ( O ' that satisfy 

<(-L )) = e~AfLEr
+ and V2(0 = Rtf(-t), 

wheree R is the 2-dimensional equivalent of the reflection operator R introduced in 
Sectionn 5.2. Note that since i/>i decays to 0 as eA e as £ —» -oc, it is exponentially 
closee (in L) to ip\ if £ = - L . For general A, the solution \jjf  grows as eA * for £ » 1 
andd therefore, we can define an analytic transmission function tp(X) and a positive 
numberr C = C{X) > 0 such that < ( L ) e -A ' L = ^ ( A ) £ ; + ö ( e -C j L ) £ : , as in Lemma 
5.14.. It is clear that the two transmission functions ££(A) and tr(X) are closely related. 
Therefore,, note that the periodic solution V r(£) is uniformly exponentially close to 
thee homoclinic solution Vp(£) on [-L,L]  and that ipi(-L) is exponentially close to 
iJji(-L).iJji(-L).  Hence, the two transmission functions are exponentially close to each other. 
Thee monodromy matrix can be expressed on the basis Vr = { ^ ( - L ) , ^ - ^ ) } . 
Therefore,, we write 

<(L)) = mr
ntf(-L)  + mr

21tf(-L)  , . 
it$(L)it$(L) = m1 2< ( - L ) + m ^2 ^ ( - L ) ?

 l ' ; 

withh vli-L) = e~AfLEr
+ (Lemma 5.14) and ^(-L) = ity'f(L ) = trpe

AfLEr_ + 
ö(eö(e((--AfAf--cc^^LL)E)Err

++ .. Since < ( L ) = trpe
Af LEr

+ + ö{e(Af ~c^L)Er_ and < does not contain 
ann £7-term, we have m^ = ö(e~CL). Furthermore, by looking at the E\ terms in 
thee first line of (5.40). we find m\x = trpe

2ArL + h.o.t. Following a similar reasoning 
forr <$£,(L), we find to leading order 

M ^  ̂ ~ ( m5 l mi2) ~ [ 0 ( e -c t ) T^r^2A'L ) ' l ' 

Thee exact expressions of the elements are Af£(A) are not needed to get leading order 
expressionss of its eigenvalues. Due to the reversibility symmetry in the problem, we 
knoww that det[M£] = 1. Since Tr[A/£] = 0{e2Ai L). the eigenvalues of the monodromy 
matrixx are given by 

pprr
11(\)(\) = t;(X)e2AfL and p^{A) = - i -

P\\P\\AA) ) 
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(upp to exponentially small errors in L). Hence, there are no -)-eigenvalues to the re­
ducedd eigenvalue problem if trp(X) = Ö{\). However, the above leading order analysis 
breakss down if trp{X) becomes exponentially small, which implies that ^-eigenvalues 
off  the reduced periodic eigenvalue problem may occur if tr{\) is exponentially small. 

Lemmaa 5.16 Let A_y be given by (5.38). For each 0 < j < J - 1 there exists a curve 
ofof 7-eigenvalues A (̂->) with \Xrj - AJ(7)| < e~CL for some constant C > 0. There are 
nono other 7-eigenvalues in (5.36). 

Thiss Lemma can be proved with the methods developed here, however, this result 
alsoo follows directly from the literature [27]. The Lemma implies that every periodic 
pulsee solution to (5.4) with large enough spatial period is unstable (this is a special 
casee of a well-known result, see [50, 27]). 

Thee two reduced transmission functions tr(X) and ££(A) are. by construction, 
leadingg order approximations of tf(X) if A is not close to the reduced eigenvalues AJ. 
00 < j < J - 1 (5.38), i.e. if A 6 Cr (5.7). 

Lemmaa 5.17 Let XeCr, then tf (A) = tr(X)+0(e) uniformly in A. so that tf(X)  ̂ 0 
andand 0(1) with respect to e for X £ Cr. 

Proof.. As for Lemma 5.14, the proof of the statement, t*(A) = ££(A) + O(s) is com­
pletelyy analogous to the proof of the corresponding result for the stability of localised 
homoclinicc pulses on R, therefore we again refer to [28, 14, 15] for the technical de­
tails.. Since by construction |tJ(A) - tr(A) | < e~CL for some C > 0 and L = 0(\/E2), 

thee Lemma follows from Lemma 5.15. D 

Thee relation between the fast ingredients of the Evans function V(X,^\e) and those 
off  the fast reduced limit problem are much more subtle for A close to AJ, and will be 
discussedd in detail in Sections 5.4.3 and 5.5. 

5.3.22 The slow solutions 

Inn the previous section, we constructed two fast solutions <2>{2 to (5.28), which fol­
lowedd to leading order the behaviour of the reduced equation. In this section, we 
determinee a special set of two solutions 0f  2 that are independent of the two fast 
solutions.. In general, a solution grows as the most unstable eigenmode (eA ^ ) in the 
outerr regions ( for A e Ce). However, it was derived in [14] for the stability analysis of 
thee homoclinic pulse that there exist solutions to the linearised homoclinic equations. 
thatt do not grow as eA  ̂ as £ —• . Furthermore, it was shown in [14] that the 
behaviourr of these solutions determines the location of the eigenvalues associated to 
thee stability of the pulse solutions. Therefore, we will here also impose on the slow 
solutionss the condition that they do not grow as the most unstable eigenmode. 

Wee also impose a second condition on the slow solutions of  2-
 t n e subspace of 

solutionss $s(£; A) = spanjof (£: A), &%(£; A)}  must be invariant (as a subspace) under 
translationn over one spatial period 2L, i.e. we require that 0\ 2 satisfy 

span{^(ee + 2Z,).(&|(5 + 2L)}=span{^(0.« i>| (0}  (5-42) 
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forr all ( e l . Since Ap(£: A) (5.29) is 2L-periodic in £. 0(£ + 2L) is a solution of (5.28) 
iff  <£>(£) is. It follows (by straightforward linear algebra) that it is always possible to 
choosee two independent solutions of (5.28), such that they satisfy condition (5.42). 
However,, together with the condition that <f>\  and 4>2 do not grow as eA Ki, <p\ and 
022 are determined uniquely, as we will see in Lemma 5.18 below. 

Byy (5.42). d>\ 2{L) € $S(L: A) can be written as a linear combination of <t>\ %2{—L), 
i.e.. there exist coefficients m^ such that 

4>f(L;A,£)) = mn(A,e)^f(-L;A,e:) + m2i(A,e)0|(-L;A,£) , , 
4>4>ss

22(L;\,e)(L;\,e) = m12(A,e)0f(-L;A,e) + m22(A,e)01(-i;A,e) ' l ' } 

Duee to the 2L-periodicity and the linearity of (5.28), (5.42) is automatically satisfied 
forr all £ if it is satisfied in one point, i.e. if (for instance) (5.43) holds. 

Lemmaa 5.18 Let A <E Cr (5.7). Then, there exists a 2-dimensional subspace of solu­
tionstions <£>s(£: A) = span{0i(£; A), <£|(£; A)}  of (5.28) that is invariant under translations 
byby 2L, where the solutions 0f  2(£; A) satisfy the following properties. 

(i)(i)  There exists a positive 0(1) number C = C(X) such that 

0f(£;A,£)) = Es
+(\,E)eA°t + 0(e~c^) 

0S(E;A,e)) = E°_(\,e)e-ASS + 0{e~c^), 
(5.44) ) 

for^el^. for^el^. 

(ii)(ii)  There exists an 0(1) number Cv = CV{X), such that ||0f  2(£)|| < Cv and 
uuBB

li2li2{0{0 = l + O(e) for ZeVo. 

(in)(in) There exist transmission functions Uj = tij(X,e) and a positive 0(1) number 
CC — C(X), such that 

d>l^:X.£)d>l^:X.£) = tuE
s
+{\,e)eASZ +t21Et(X^)e~A  ̂ +0{e~c^) 

0i(fcA,£r)) = t12E
s
+{\,£)eASZ +t22E

s_{\,e)e-A°Z +0(e-
c^) 

(5.45) ) 

forfor £ e IA 

TheThe subspace <(>S(£:A) is uniquely determined by (5.42) and properties (i),(ii)  and 
(Hi).(Hi). Furthermore, the subspace $s(£) is closed under reflection in £ = 0, i.e. if 
<P<PssiOiO e $5(£;A), then ms{-0 e $*(£; A). 

Notee that the coefficients m^ in (5.43) and the ttJ in (5.45) are at leading order 
relatedd by 

MMss(x(x A _ ( mn{X,e) m12(A,£) \ _ ( i i i(A,e)/A 2 i 12(A, £)/A 2 \ 
( A , £ )) ~ I ™ 2 i ( ^ ) m22(A,e) ) ~ { A2t21(X.£) AH22(X,e) ) ' {bAb} 

withh A = A(AS) as in (5.10). 
Proof.. The proof consists of three parts. First, we prove that there exist two 
independentt solutions to (5.28) that do not grow as the most unstable eigenmode 
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(E(Eii
++ eeAA 1̂1) on both outer regions T_ and 1+. Then, we prove that these solutions 

satisfyy the properties in the Lemma. Finally, we show that these solutions can be 
perturbedd to span a subspace that satisfies (5.42). 
Definee £_(£;A) as the linear 3-dimensional space of solutions of (5.28), spanned 
byy the solutions that satisfy the three boundary conditions <P(—L) = E^.E  ̂ and 
S+(£;A)) as the 3-dimensional family of solutions, spanned by the solutions that 
satisfyy the three boundary conditions 4>(+L) =  It follows from a dimension 
countt that the intersection £-(£; A) D £+(£; A) exists and is at least 2-dimensional. 
Furthermore,, 0{(O is contained in E_(£;A) by construction, but it is not part of 
£+(£;A),, since tf(X)  ̂ 0 on Cr (Lemma 5.17). Therefore E_(£; A) n E+(£;A) is 
exactlyy 2-dimensional. 

Thee solutions in £_ D £+ are spanned by two solutions 0i,2(O> that satisfy the 
propertiess (i) (Hi) in the Lemma. In particular, we have 

«MfcA.e)) = E%{Ke)e*'* +0(e~c^) 
02(^;A,£)) = £i(A,E)e-A '^ +0(e~c^), { } 

forr £ 6 1- and for some (well defined) positive 0(1) number C and there exist 
transmissionn functions t\\ and £21, such that 

0i(OO = tnE
s
+(\,e)eASt + t2lEi(\,e)e-ASZ + 0(e-ct) 

MOMO = h2Es
+(\,e)eA3Z + t22El(\,e)e~A3Z + 0(e-cZ) { ' 

forr £ e 2+. The proof of the existence of a solution 0i(O of (5.28) with these 
propertiess is essentially the same as the combined proofs of Lemmas 4.4-4.7 in [15]. 
Thoughh the proofs given in [15], apply to the study of an eigenvalue problem for 
thee linearisation about a homoclinic solution, the proofs carry over to the periodic 
eigenvaluee problem. The proofs in [15] are by contradiction, showing that a solution 
thatt does not satisfy (5.47) in J_ must grow as E^_eA $ in X+ and is obviously 
nott in E+ - see [15] for a full proof. To prove the existence of 02, we consider 
0*(OO = #01 (£), which by (5.48) is given by 

d>*(£)d>*(£)  = i21E
s
+(\,£)eASS +tuE

s_(\.E)e~ASt +0(e-c^) 

forr £ € T_. Thus, 02 can be constructed as a linear combination of 0i and 0*. 
Thee solutions 01 2 do not satisfy (5.43) exactly, but since 0i:2 € E_f lE+ , there exists 
coefficientss m^, i,j — 1,2 such that 

éi(L)éi(L) = mnói(-L) + m2]<p2(-L) + Ö(e-°L) 
02(L)) = m1 20 i ( -L ) + m224>2(-L) + Ö(e-CL), 

wheree the ö(e~CL) terms are spanned by E+ and EÏ_- Thus, the solutions 0i.2(O 
(5.47)) are exponentially close to the desired solutions 0f  2 that satisfy (5.43). and 
thuss (5.42). exactly. We adapt 01.2(0 by 

0?(OO = 0i (0 + e -( C + A ' , L (a i i0 { ( O + a2i0£(O) 
05(00 = 02(0 + e-^+A^L(al2é{(0 + a22O

f
2(0h 
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wheree a .̂ i.j = 1.2 are free 0(1) constants. Note that the correction terms are at 
mostt 0(e~cL). Lemma 5.14. Using the structure of <p{  2 . the solutions 0]<2(O 
cann now be made to satisfy (5.43) exactly, by making ö(e~CL) corrections to the 
m.j-"ss thereby defining the m^'s and choosing the ttj/s such that there are no 

restt terms spanned by E+ and E_. This straightforward linear algebra exercise 
determiness the «ij's. and thus the G>II 2(0'S- uniquely. 
Thee observation that $s(£) is closed under reflection in £ = 0 follows immediately 
fromm the uniqueness of <&*(£)• Suppose, that there exists a solution <j) s (£) € $s(£), 
suchh that ito*(-£) ^ $s( 0 and let o* be an independent element of $s. Then, the 
subspacee <£>*(£) = sp&n{R<ps(—t;),R0*{-t;)} is a second subspace of solutions that 
satisfiess the properties in the Lemma and that is invariant under translations by 2L. 
Thiss contradicts the fact that $*' is determined uniquely by the properties in the 
Lemmaa and (5.42). • 

Remarkk 5.19 In the homoclinic limit L —> oc, the slow solution 0f(£) converges 
onn [-L.L]  by construction to the unique solution of the stability problem (5.35) 
associatedd to (£4(£),14(0) = (Up{£,;oc),Vp(£,;oc)), that satisfies 

limm (^(Oe-A* € = £^and lim 0?(Oe~A '5 = (0.0.0.0)' 

(Theoremm 5.5, Remark 5.13, [14]). Furthermore, since Ap(£,; A) converges to Ah(^X) 
uniformlyy on [-L.L]  (Remark 5.13), the transmission functions tlj{\)  converge to a 
homoclinicc limit t^(A) as L —• csc. In this limit , the slow solution <f)\{£) satisfies (by 
construction), , 

limm tf(Oe"A"*=*ii(A)E;, 
£—»x x 

soo that </>f (0 is an eigenfunction of (5.35) if and only if tfT(A) = 0. Note, that the 
notationn used here is different from the notation used in [14], 4>l(0 and ^ ( A ) are 
denotedd by O2(0 and t2(A) in [14]. It has been shown in [14] that all (non-trivial) 
eigenvaluess A/, (^ 0) of (5.35) correspond to zeroes of £2(A), i-e. of t'n(A). 

5.3.33 The decomposition of the Evans function 

Wee consider the vectors 

vf(A)) = <?{(-!; A) = e-A'LE{ 
==  tf(X)e+AfLEf_ +ö(e^f-c^] 

ee+\'L+\'L EEs_s_ +0{e-CL) 

v2'(A)) --
vf(A)) = 
v|(A)) = 

== <P{(-L:X) 
==  0\{-L:\) 
== ^(-L;A ) 

(5.49) ) 

andd express the monodromy matrix A/L(A. 7) with respect to V — {v{ . v^, vf, v2} . 
Sincee of and o2(0 satisfy (5.42) and (5.43). the monodromy matrix has the form 
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wheree each entry denotes a 2 x 2 matrix. The matrix Ms is defined in (5.46). M? is 
byy construction at leading order equal to A/£ (5.41) with tr(X) replaced by t^(X) 
Lemmaa 5.17. The eigenvalues of ML{X) (5.50) are independent of the coefficients 

inn the block B(X), so that the Evans function can be decomposed 

Z>(A,, r- L) = det[Ms(A) - 7/2] det[A//(A) - -yl2]  = Vs{\, 7; L)Vf (A, 7: L). 

Propositionn 5.20 For all A 6 Cr (5.1) and 7 E S1, the Evans function Z>(A,7) 
associatedassociated to (5.28) can be decomposed into a product of a fast and a slow component, 
2?̂ ^ (A, 7) and Vs(X, 7), that are given by 

£>'(A,7;L)) - -7^(A)e2A / j L ( l + £>(£)) 

V°(X,V°(X,rrL)L) = 7 2 - ( ^ n ( A . 0 ) + A2i22(A,0) + O ( ^ 7 ++ x (5.51; 

wif/ii  A = A(A, L) as m (5.10). The fast Evans function P^(A, 7) is non-zero in Cr 

soso that all 7-eigenvaluess A = A(7, e) of (5.28) in Cr must be zeroes of the slow Evans 
functionfunction DS(A,7); A = A(7,e) = A(7, 0) + 0(E) is a ^-eigenvalue if A(7,0) solves 

Tr(M s(A))) = ^ i n ( A , 0 ) + A 2 i 2 2(A,0)e[ -2 ,2] (5.52) 

withwith 7,7 € S1 determined by Tr(Ms(A)) = 2Re[7J. 

Thee 0(e) corrections in (5.51) are clearly uniform in 7 € S1 and L = 0(1/e2), but 
wee cannot yet conclude that they are uniform in A (for A E Cr), since we need more 
insightt in the structure of tn(A,e) and t22(X,e) - see Section 5.4.2. 
Proof.. Due to the structure of M^(X). 7 € S1 does only appear linearly in the 
leadingg order expression of Z)^(A,7) for 7 € Cr . Since t^(X) is bounded away from 
zeroo in Cr (Lemma 5.17), it follows that P-^(A,7)  ̂ 0 in Cr . The determinant 
off  MS(X) - 7/2 can be computed using (5.46). Since $s(£; A) is symmetric under 
reflectionn in £ = 0 (Lemma 5.18). it follows that the eigenvalues of MS(X,E) come 
inn pairs. ps(e) and l/ps(e). Hence. det[AF(A,e)\ = 1, so that (5.51) follows. The 
magnitudee of the leading corrections in (5.51) follow in a straightforward fashion. 
Furthermore, , 

Tr(A/ s(A.0))) = -L t „ (A.0 ) + A2* 22(A,0) = P*(0) + * 
A 22 " 11V ' ' ~ v ' ' r y~,  pS{Qy 

Thee observation that ps + l/ps G [-2,2] if and only if ps = 7 6 S1, implies (5.52). D 

Remarkk 5.21 Since the eigenvalues of Mr,(X) come in pairs, pi.2 and l/pi.2- and 
sincee one of these pairs is formed by the eigenvalues of A/S(A), ps and l/ps. it follows 
thatt the eigenvalues of Aff(X) also form a pair, pf and 1/p*• The approach of Section 
5.3.11 yields that pf = tf(X)e2A* L at leading order (for A € Cr) . 



114 4 Chapterr 5. Stability of periodic patterns 

5.44 The 0(1) 7-eigenvalues 
InIn this section we determine the coefficients of the slow monodromy matrix MS(X) 
(5.46)) for A £ Cr . which yields by Proposition 5.20 explicit expressions for the 7-
eigenvaluess of equation (5.28). Furthermore, the possible existence of 7-eigenvalues 
nearr the reduced eigenvalues A ,̂ i.e. A ^ Cr , is considered. 

5.4.11 The jump J(X.e) 
Ass in [14, 15], we determine t\\ and t22 by relating the expressions for the slow 
solutionss é\ 2 hi the outer regions J_ and J+ to over-all properties of 4>\ 2 over the 
pulsee region VQ. We denote the value of (pi 2

 o n the boundaries of VQ by (pf _ = 
0f(—j^)) and <j>l  + — <fil{-j^).  Thus by (5.34), the 1; and q components of <j)\  are 

exponentiallyy small (i.e. ö(e~c/^)) and the leading order parts of the u and p 
componentss of 0*  are given by 

«ii  _ = 1, 

«1-- = !• 
p f „„  = A5, 

Notee that the expected difference Asp* — pf + — pf _ between the right and left 
boundaryy of VQ is proportional to As — Ö(E2). 

Thee two outer regions are connected to each other by the pulse region VQ where the 
fastt components are 0{\). We know from Lemma 5.18(h) that the u-component of 
4>\4>\  2 is to leading order constant over the pulse region. On the other hand, since 
bothh uf and vf are 0(1) over the pulse region, the first equation of (5.27) tells us 
thatt it££ — Ö(E2) on the pulse region. Therefore, there is a change in p over the 
pulsee region given by Avp\ = fv u* ccd£ = 0{E2)< which is of the same order as the 
expectedd difference Aspf. This yields the leading order matching conditions 

" ii  + = u\ - , *n +*2i = 1; 
AAssp\p\ = Avp\ , As(tn~t21) 
w l ++ = u2.- * *2i +t22 = 1; 
AAssppss

22 = AvP
s
2 , As(t12-t22) 

wheree the expressions in the second column follow from those in the first by sub­
stitutionn of the leading order parts of uf  and p?  (5.53). Thus,the transmission 
functionss tlj can be expressed in terms of the jumps in the derivative A-ppf  2. 
Inn general, i.e for general solutions 0s £ <&s (Lemma 5.18), the jump in ps over the 
fastt field VQ is given by 

AArrp*p* = J(\.6)ub
0 + h.o.t.. (5.55) 

4.+ + == tn +t 21--
U2.++ — *21 + ^22̂  
plpl++  = As(tu-t2i) 
plpl++  = As(t12-t22] 

(5.53) ) 

AAss + Avp\\ 

AAss + Avp
s
2-

(5.54) ) 

wheree u*  is the (to leading order constant) value of us in VQ. The function J(\,E) 

denotess a unit jump in the derivative, i.e. the jump in the derivative if UQ — 1. The 



5.4.. The ö(l) 7-eigenvaliies 115 5 

changee in p is found by integrating uf „  over the pulse region, 

AAvvppss = [ u^dt; = - c2 f a1U^~lV^ul + 3xU^V^-lvsd£, + h.o.t. (5.56) 
J-PoJ-Po Jr0 

wheree we have replaced ws(0 by its leading order value UQ. We also substitute UQ in 
thee second equation of (5.27), which implies that vf satisfies at leading order 

v^v  ̂ + \02-l \02-l faKfaK22 (^p(0)P3_1 - (1 + A) v = -a2U?-1 (Vp(0f2 < (5.57) ) 

Wee see that the solution vs is proportional to UQ, SO that we can scale out this 
constantt by writing vs — UnU* tt88

00rr
B B 

J(\,e)J(\,e) = ^f- + h.o.t. = -e2 ( a i t C " 1 ! ^ 2 +0iU?1VJ?*-1vsdS + h.o.t. 
uuoo Jv 

Wee now return to the evaluation of the transmission functions and thus set UQ — \ 
andd vs — vf. 

Equationn (5.57) is defined only for £ (E Vo and we a priori need two boundary 
conditionss to determine the exact solution vf. It is a non-trivial procedure to obtain 
thee exact boundary conditions. Since 0f and 0| span a family of solutions that is 
invariantt under translations by 2L, there are two conditions that relate 4>\ 2(C) to 
0ff  2(£ + 2L). However these conditions concern both the u and v-components of (j>\  2. 
Inn particular this means that the boundary conditions (on the boundaries of Vo) on 
vfvf can only be formulated if the values of wf  2{L) are known. Fortunately, the exact 
boundaryy conditions are not necessary to determine a leading order expression for 
vf.vf. To show this we approximate (5.57) by a problem that is defined for £ € R. 
I tt was noted in the existence analysis in Section 5.1.1 that the periodic solution 
{Up(£),Vp(£)){Up(£),Vp(£)) is exponentially close for £ e [—L,L] to the solution (UM{£), K M ( 0 ) 

thatt is homoclinic to M. (5.12). Hence the restriction to Vo of a solution defined on 
RR to 

vvuu + 0 2 -1 1 32U^{V32U^{VMM{0f{0f22-'{l-'{l  + \) ==  -a2U%-1 (VM (0)' ' (5.58) ) 

satisfiess (5.57) up to exponentially small errors. Note that this expression is obtained 
fromm (5.57) by replacing Up and Vp by Uj^\ and VM and setting UQ = 1. or alter­
nativelyy by direct linearisation around {UM^M)- The solution vf(£) is known and 
exponentiallyy small at the boundaries of the pulse region ((5.44),(5.45)). We may 
thereforee conclude that the solution vf to (5.57) must be exponentially close to a 
boundedd solution V{n of (5.58), independent of the precise boundary conditions. 

Sincee (5.58) is a Sturm-Liouville problem, there exists a unique bounded solution 
Vin{£,)Vin{£,) to (5.58) if A € Cr . Therefore, the change 'unit jump' in p is in terms of vin(£,), 
UM:UM: and VM given by 

J(X,e)J(X,e) = «IU^-«IU^- 11 (vM(O)01 + W% (VM(O)01-1 vin(0 d£d£ + h.o.t. 
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Notee that we have replaced the integration over the pulse region by an integration 
overr E, since the contributions of the integrals outside VQ are higher order terms [VM 
decayss exponentially fast). To simplify this expression we approximate UM an(  ̂KM 
by y 

UUMM(0(0 = Up(0) and VM(0 = (Up(0)ra^^-l)wh(O 

andd scale the fast component by setting 

ViniS)ViniS) = - a a t t / p t O ) ) -1 - 0 ^ ^ - 1 ^ ^ ^ ) . 

soo that equation (5.58) scales into 

(C(Crr - X)w = wa + [f t (wh(0f2-1 - (1 + A)] w = (wh(0f2 . (5.59) 

wheree Cr is the operator of the reduced linear eigenvalue problem (5.36). Note that 
thiss is exactly the same inhomogeneous problem that was derived in the study of the 
eigenvaluess of the linearisation about the homoclinic pulse solution in [14]. In terms 
off  the bounded solution Win to (5.59), the leading order part of J{X,e) is given by 

J(X,e)J(X,e) = -£2W(/3i,02)C/oD/(/3a"1) [<*i  - <*20iKW]  (5-60) 

wheree W(ft 1,02) has been defined in (5.21) and TZ(X) is given by 

*<A>> = WIR R \ fX W - ( ^ ) K ( 0 ) ^ ^ - (5-61) 

Notee that 1Z(X) corresponds to the 7Z{X) defined in [14], the only difference is the 
1/W{/31/W{/3UU3322)) factor. 

Lemmaa 5.22 For X E Cr, the unit jump J{X,e) — J{X,L,e) is given by 

J{X,J{X, L,e) = - 2 e2
v ^ t a n h ( ^2

v ^ L ) [c*i - a20in{\)]  (1 + 0{e)), (5.62) 

wherewhere the O(e) correction is uniform in X E Cr and in L = G(l/e2). 

Proof.. The proof follows immediately from the above calculations (and (5.24)), 
whilee keeping track of the magnitude of the leading order correction terms. The 
observationn that the approximation is uniform in A € Cr is based on the fact that 
thee function 7£(A) is uniformly bounded in Cr , see [14]. • 

Thee solution Win of (5.59) has been determined in terms of hypergeometric func­
tionss in [14]. We will not give all details of this calculation, instead the interested 
readerr is referred to [14]. The transformation into hypergeometric function starts 
withh the observation that Wjn decays as e~^1+A^' as £ —> . Therefore we search 
forr solutions of the form 

wwinin(0(0 = CF{Z){wh(S)f 
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wheree P = \/\ + A, F(£) is the new unknown function and C is a constant that is 
forr convenience set to be 

[2(&&  + l ) p ^ > / ^ - D 
{3{322 - 1)2 

Afterr the introduction of a new independent variable 2 € (0,1) by 

11 f1_wh(0 
22 V wh{£) 

thee inhomogeneous equation (5.59) is transformed into the inhomogeneous hyperge-
ometricc differential equation (' — d/dz) 

z{\z{\ - z)F" + [c-(a + b+ l)z] F' - abF = [z(l - z)]V-n/{fr-D, (5.63) 

withh a, b and c given by 

_2Pj-202_2Pj-202 2P - / j 2 - 1 2P + & - 1 

Thee solution space of the homogeneous part of (5.63) is spanned by the hypergeo-
metricc functions 

HH11{z){z) = F?{a,b\c\z) and H2(z) = # i ( l - z) = F?{a, b\c\l - z). 

Notee that the symmetry around z = \ corresponds to the reversibility symmetry 
££ <-> —£ in (5.59). The bounded solution to the inhomogeneous problem can then be 
foundd using a classical variation of constants approach, see appendix B in [14] for the 
details.. Using the solution F(z) thus found, the expression for 7£(A) can be written 
as s 

with h 

BW.MM = ^ ^  ƒ' [,(i - z)?*-™"*-»  «fa. 
^(P22 +1) y0 

Apartt from a constant, the function 5(/?i,/32) corresponds to Vy(/3i,/32) in the defi­
nitionn of 7£(A) (5.61); 7£(A) corresponds to 7£(A) as defined in [14]. 

Obviously,, the function 7£(A) is essential for the evaluation of (5.60) - [14] for 
moree details. Therefore we give a few important characteristics of 7£(A) that can be 
obtainedd without the transformation to hypergeometric functions. The inhomoge­
neouss equation (5.59) does not necessarily have a bounded solution if A is equal to 
onee of the eigenvalues A^ (5.38) of the operator Cr. A bounded solution to (5.59) 
existss if and only if the corresponding eigenfunction Wj(£) satisfies the solvability 
condition n 

/ / 
02 2 u.h(OrM(0 ## = o. (5-65) 
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Sincee the eigenfunction trj corresponding to the eigenvalue Xj is even for j even 
andd since Wh is even, the solvability condition is not satisfied for j even. Hence for 
AA = Aj, j even, there exists no bounded solution to (5.59). The function 7Z(\) is 
meromorphicc and has a simple pole at each of the even eigenvalues A^. (and nowhere 
else).. On the other hand, the eigenfunctions w k̂+x are odd for the odd eigenvalues 
AJJjt+i-- so that the integrand in (5.65) is odd and the integral vanishes. Thus, for the 
oddd eigenvalues there exists a bounded solution to (5.59). though it is not unique. 
Nevertheless,, 7l(X) is well-defined in X k̂+l and smooth in a neighbourhood of A£fc+1. 
Inn particular it is easy to verify that if A = \\ = 0, (5.59) is solved by 

wheree C may be any real number. Thus, (5.61) can be evaluated at A = 0. 

K(0)) = STÖi(^I)£ <*« = *b' (5'66) 

sincee ihh is odd. We conclude by (5.62),(5.2) that, at leading order, 

J (0,, 0) = -2E2  ̂ (j^TJ + l) t a n h ^2 ^ ! ) . (5.67) 

Remarkk 5.23 For general 02, 7l(X),7l(X) (5.64) is expressed in terms of (integrals 
over)) hypergeometric function F(z). However, F(z) reduces to a product of poly­
nomialss of at most order k if 02 — j™y = 3, 2, | , . .. (k — 2,3,...). For example, 
thee classical Gierer-Meinhardt problem has 02 ~ 2, so that TZ(X) is based on cubic, 
quadraticc and linear polynomials [14]. 

5.4.22 Explicit expressions for the 0(1) slow 7-eigenvalues 

Thee leading order expressions for the transmission functions t  ̂ can be determined 
byy solving the equations (5.54). By (5.55). this results in 

(5.68) ) 
withh AS(X. E) — e2\j'[i  + A (5.34). The leading order approximations tlj(X.Q) of 
tjj(\,£)tjj(\,£) can all be expressed in terms of 

J(^)J(^)  y/ï * i / „ 2 
2A s(A.c)) s/i^X 

tanh(^v^L)) [ai - a2#ift(A) ] + 0(E). (5.69) 

Lemmaa 5.22. Note that e2L = 0(1) - Theorem 5.5 - so that tij(X.O) indeed does 
nott depend on E. Moreover, we have found that tlJ(X.E) is uniformly bounded as 
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functionn of A for AGCr . so that we now also may conclude that the O(E) corrections 
inn (5.51) Proposition 5.20 are uniform in A (A G Cr) . 

Withh these expressions and with (5.46), we have for A 6 Cr obtained a leading 
orderr expression for the 'slow' monodromy matrix, 

A/s(A,0) ) 

(5.10);; A/s(0,0) can be evaluated explicitly; M s(0,0) = 

A2 2 

V V 

f l - ^ ^ \ \ 

- A 2 2 

2A* * 
J J 

2A5 5 

) ) 

A2 2 

1 1 J J 
A 22A* * 

(
J J 

2A* * 

\ \ 

• ) ) 

^^ A 2 ( ^ + l)tanh(e2v7H0 A2 ( l + ( ^ + 1) t a n h ^ ^ L ) )^ 
(5.70) ) 

(5.67),, where A0 = A(0,L) (5.10). Substitution of the expressions (5.68) and (5.69) 
inn (5.52) gives the desired leading order expression for the position of the slow 7-
eigenvaluess (5.9) in Theorem 5.1 with, of course, TS(A,L ) = Tr(A/s(A, 0)). 
Thee 7-eigenfunctions 0*  corresponding to the ö(l)-eigenvalues, are of the form 

^(O=c10f(O+c2^(O, , 

wheree (ci, C2Y is the eigenvector of Ms that corresponds to the eigenvalue 7 of Ms. 
Therefore,, 0*  has the same properties as 0f and 0|. Of course, we have so far only 
paidd attention to the stability problem restricted to one spatial period (centered 
aroundd £ = 0). By construction, the u-component u*  of 0̂  is to leading order 
constantt over any pulse region Vn, i.e. the pulse region centered around £ = 2nL, 
andd is give by u*  = «^.(0)7" with in principle u*(0) = cx + c2, however, u*(0) 
cann be set to be 1 (by choosing c\  ̂ appropriately). Since the leading order part 
off  the t'-component i'*  of 0*  is a combination of the leading order parts of vf and 
t'|,, the leading order part of i'*  in a pulse region is a multiple of t'in, the bounded 
solutionn to (5.58). Hence, the leading order part of v  ̂ on E is given by the uniform 
approximation n 

^ ( 00 = 5 > ^ n ( £ - 2 n L) (5.71) 

Notee that v  ̂ satisfies (5.57) with UQ = 7n - on each pulse region Vn, up to 
exponentiallyy small errors. 

5.4.33 Near the reduced eigenvalues Â  

Forr A €i Cr (5.7), the position of the 7-eigenvalues of (5.28) is determined by Proposi­
tionn 5.20. To complete the picture, it is necessary to determine the (possible existence 
of)) zeroes of V(X,7) for A near Â  (5.38), i.e. inside the balls B(Xj,6) (5.8). Since 
AQQ > 0. the presence of a 7-eigenvalue in B(XQ.S) would imply the instability of the 
periodicc pulse solution. Furthermore, X[ = 0, so that the 7-eigenvalues in B(X[,6) 
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cann in principle also lie in the unstable half plane. Thus, the analysis of the eigen­
valuee problem near the eigenvalues of the reduced eigenvalue problem is crucial for 
thee stability of the periodic pulse solutions. 

Afterr the introduction of the concept of a 7-eigenvalue and the monodromy matrix 
Mi.Mi. the analysis of the Evans function for periodic patterns has been remarkably 
similarr to that of the Evans function for localised homoclinic patterns, as developed 
inn [14. 15] especially concerning the technical details of the construction of the 
fastt and slow functions 0J'2(£; A,e). This is no longer the case for £>(A,7) near the 
reducedd eigenvalues A^. although the difference is rather subtle. 

InIn the context of localised patterns, the Evans function can be decomposed into 
aa product of two transmission functions, t\{X) and ^(A) (x a constant), where t\(X) 
correspondss to t-^(X) in the limit L —> 00, and £2 (A) to i n (A) (Remark 5.19). Us­
ingg the analyticity of f 1 (A), it is shown in [14] that ^i(A) must have a zero A*  near 
eachh of the reduced eigenvalues Â  (compare to Lemma 5.17)). However, this zero 
iss not automatically a zero of the associated Evans function, since it is also shown 
inn [14] that t2(A) has a (simple) pole at A*  for j even. This zero-pole cancellation 
phenomenonn for even reduced eigenvalues is the resolution to the so-called 'NLEP 
paradox1,, which states that pulse solutions may be stable, although the fast com­
ponentt of the Evans function, £i(A), has an Ö{1) unstable zero at AQ [14, 15]. The 
polee of £2(A) corresponds directly to an obstruction to the construction of the slow 
solutionn 4>2(0, that corresponds to 0f(£) here (Remark 5.19). 

Inn the periodic setting, the homoclinic decomposition of the Evans function into a 
productt of ti(A)  and £2 (A) corresponds to the decomposition V(X^) = T>f (X,'y)Vs(X,/y) 
-- Proposition 5.20. It follows from the proof of Lemma 5.18 that the construc­
tionn of (p\ (£) also breaks down for those A for which t^(X) = 0, since in that case 
4>\(04>\(0 € S_(( :A)nS+( ( ;A) , so that the space £_(£; A)flX +(£; A) cannot be spanned 
byy two functions 4>\(£) and 02(£) that are both independent of </•{(£) (which is nec­
essaryy for the construction of the monodromy matrices Mf(X) and MS(X) Section 
5.3.3).. This is completely analogous to the homoclinic case. However, the fact that 
tf(X)tf(X) = 0 does not necessarily imply that there exists a zero of P^(A,7). t^(X) is just 
onee of the ingredients of the matrix M^(X). Hence, there is no natural counterpart 
off  A*  in the periodic case, so that there is no obvious 'NLEP paradox' in the periodic 
casee (such a 'periodic NLEP paradox' would be based on the existence of zeroes of 
T>f(X,T>f(X, 7)). Likewise, there are no obvious poles for DS(A, 7). 

Moreover,, it is a priori not clear that either one of P^(A, 7) or Vs(A, 7) is analytic 
nearr a reduced eigenvalue A .̂ The transmission function ^(A) is analytic by Lemma 
5.144 (a result that is completely analogous to that for t\{X) in the homoclinic case). 
However,, the matrices MS{X) and M^(X) are determined by the decomposition of 
thee vectors è\2{L:X) with respect to the span {vf -^}  = {ól'^i—L: X)} - Section 
5.3.3.. Since {vj'2 }  is not orthogonal, all coefficients will in principle depend on all 

vectorss v{'3. Due to the obstructions in the construction of <2>f2(£
: A) for t*(X) = 0. 

itt can a priori not be concluded that vf  2 depend analytically on A near a Xr-, As a 
consequence,, it is a priori unclear whether the V^S(X, 7)'s are analytic near Xj. 

Off  course the fast and slowr Evans functions T>^S(X. 7) are. by construction, ana-
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lyti cc for A G Cr. Thus, both functions must have analytic continuations into the balls 
B(XB(Xrr

jj,5),5) (5.8). However, the interpretation of T>f's(\,y) in terms of well-determined 
monodromyy matrices M^'S(X) (Section 5.3.3) becomes unclear near Xr

y For instance, 
itt follows from a more detailed analysis (not given here) that the leading order ap­
proximationss given in Lemma 5.18 obtain leading order corrections as A approaches 
A^.. Therefore, we are forced to conclude that the decomposition of 2>(A,7) into 
aa product of P^A.7) and Vs(X, 7) does not give insight into the existence of 7-
eigenvaluess near A .̂ Nevertheless, we can use the decomposition for A € Cr and 
0(6)0(6) near A^, and apply a winding number argument. 

Propositionn 5.24 Let 0 < £ <§: 6 <C 1 and /i » 6, \a2\ » y/6. and \ax\ = 0(1) 
withwith respect to 6. Assume that the period 2L of the fundamental periodic pattern 
{U{U pp{Z;L),Vp{£,\L)){Z;L),Vp{£,\L)) (Theorem 5.5) satisfies e2L = 0(1) or s2L » 0(1) with respect 
too. too. 
(i)(i)  If j = 2k is even, then eigenvalue problem (5.28) has no 7-eigenvalues in the ball 
B(X^6). B(X^6). 
(it)(it)  If j = 2k + 1 is odd and if Tr(A/s(A£fc+1,0)) g [-2,2], then for every 7 G S1, 
eigenvalueeigenvalue problem (5.28) has exactly one -y-eigenvalue X(-y) G B(X2k+116) (count­
inging geometric multiplicities), and X(~f) G K; if Tr(A/s(A2fc+1,0)) G [-2,2] then 
(5.28)(5.28) has one -^-eigenvalue X(^) G B{Xr

2k+x,6) fl R for any 7 G S1 with |Re[7J -
iTr(M*(A^ + 1,0)) |»<5. . 

Onlyy the local 7-eigenvalues near Â  = 0 are relevant for the stability analysis. 
Thesee small eigenvalues are studied in the forthcoming section, in this analysis both 
subcasess of (it) wil l be encountered (Lemmas 5.28 and 5.29). It will be explained in 
Remarkk 5.30 why the second subcase of (ii) does not contradict the general theory 
developedd in [27]. In this thesis we do not pay further attention to the 7-eigenvalues 
nearr Xr

2ki 1 < 0, k > 1 (that only exist for 1 < fi2 < 2 (5.39)). 

Proof.. In the proof we consider the balls B(Xrj,S) around Â  with radius 6 > 6 with 
66 as defined in (5.7), so that dB(Xr

y 6) C Cr . With a slight abuse of notation we do 
nott distinguish between this 6 and d>. i.e. we assume that dB(XTj.6) c Cr for the 6 
thatt appears in the Lemma. 

(i)(i)  The (leading order) condition (5.9) on the existence of 7-eigenvalues can be writ­
tenn as 

_ V ^ _ rr RV(\R fi\\ l - 2 A 2 R e [7 ] + A4 

// Aai -Q2/3i7e(A:/3i,/32) = - - r-r——, , 2 r , . (5.72) 
vVV + X (1-A4) tanh(£2

N / / IL ) 
Iff  A is 0(6) close to an even eigenvalue Xr

2k. the absolute value of the left hand side 
off  this identity clearly is » 1 with respect to <5, since H(X) has a simple pole at A^.. 
i.e.. |ft(A)| = 0{1/S) and fi » 6, \Ql\ = 0(1), a2 » v^; E2L = 0(1), 0 < |A| < 1 
andd |1 - AI = 0(1) by the assumption on L, so that the right hand side is 0(1) with 
respectt to 6 for 7 G S1. This implies by Proposition 5.20 that £>(A,7) cannot have 
zeroess on dB(Xrj. 6). Hence, for any (fixed) 7 G S1. we can define the winding number 
W(V.dB(XW(V.dB(Xrryy6))6)) of £>(A.7) over the contour dB(Xr

j.S). Since V(X.'y) is analytic as 
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functionn of A in B{Xp 6)), W(D, 0B(AJ, 6)) = the number of zeroes of V{\, 7) = the 
numberr of 7-eigenvalues of (5.28) for this given 7 inside B(Xpö)). 

Onn dB{XTp5), P/ (A,7) and Vs {X^) are defined (and analytic), Z>(A,7) can be 
decomposedd into the product D-f(A,7)Ds(A,7), and the approximations given in 
(5.51)) are uniform in A, 7. L Proposition 5.20 (in combination with the uniform 
approximationss of tij(X) in Section 5.4.2). Thus. 

w(v,dB)w(v,dB) = j-j3Big^dX 

-- 2 7̂ f dB dVt(\n) dA + 2™ f dB dVa{Ki)  d^ 

JOBJOB _ ^ r a i , 2 A /L  a A  ̂ JdB -72-TrfA/^A,0) H + l UA 
dBdB _7 r ( A ) e2A /L  uyx  ̂ JdB ~f2-Tr(Ms(\,0)h + l 

==  W ( r (A), dB) 4- W(72 - 7Tr(Ms(A, 0)) + 1, dB) 4- O(e) 

11 + Q(£) 
2ni 2ni 

(5.51),, (5.52),(5.9). The transmission function tr(X) is analytic in B(X2k,S)) and 
hass a unique zero at A f̂c ([14]. Section 5.3.1), so that W(f r(A), <9£?) = 1. The trace 
Tr(A/s(A.. 0)) depends on A through 7Z(X) (5.9) and is thus meromorphic on BfA^ , 5)) 
withh a simple pole at A£fc ([14], Section 5.4.1). By the conditions on the parameters 
fj,fj, and cti,2, it follows that |Tr(A/s(A, 0))| 2> 1 with respect to 5 on ^ (A^ . S)), so that 
f o r 7 G S1 , , 

W(72-7Tr (M s(A,0))) + l , d£) = W(Tr(M5(A,0)),<9£) 

== W(n(\),dB) = -l. { } 

Hence,, for any 7 G S1, 

W(P,, dB) = W(tr(X),dB) + W{Tl{X)1dB) + 0(E) = 1 - 1 4- O(E) = 0, 

sincee W(D,dB) G Z (and 0 < e « 1). This proves that there are no 7-eigenvalues 
mB(XmB(Xrr2k2k,6). ,6). 
(ii)(ii)  Both the slow Evans function Vs'(A, 7) and Tr(Ms(A, 0)) are smooth as function 
off  A on dB(Xr

2k+1,6) (5.9), so that 
2>-(A,, 7) = 72 - 7Tr(M*(A , 0)) + 1 4- O(e) =  7

2 - <yTr{M*(X r
2k+1,0)) 4- 1 4- 0(«5), 

forr A G o ^ A ^ . ^ ) (Proposition 5.20). The condition Tr(Ma(A£fc+1,0)) £ [-2,2] 
impliess that 72 - 7Tr(Ms(A,0)) 4- 1 / 0 for all 7 G S1. If the condition holds, 
thiss is true for all A G £(A£fc+1,<5) since Tr(Ms(A,0)) is well-defined and smooth on 
B(X2B(X2k+lk+l ,S),,S), unlike £>S(A,7). The approach of the proof of (i) can now be applied 
withoutt any modification, up to the arguments leading to (5.73), since now clearly 
W(722 - 7Tr(M s(A , 0)) + 1, dB) = 0. This yields, 

W{V.dB)W{V.dB) = W{tr{X).dB) + W{-f2-iTr{M s(X,0)) + l.dB) + O(e) ( 

==  l + 0(e) = l, { } 

soo that there indeed is a unique 7-eigenvalue G B(X2k+1,ö) for any 7 G S1 if 
Tr(AfTr(Afss(X2(X2k+lk+l .0}).0}) ^ [—2.2]. Since complex eigenvalues of (5.28) come in pairs, it 
followss that A(7) G R. 
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Iff  Tv(Ma{\r k+l.O)) = Tv* e [-2.2], then 72 - -;Tr(.Us(A.O)) + 1 = 0 has two so­
lutionss 7!*  2 £ S1 with Re[7i2] = ^Tr*. Hence, for any 7 e S1 with |-> -71* 2 | = 0{S), 
722 - 7Tr(Ms(A.0)) + 1 = 0{5) as function of A e B{\r2k̂ .8). As a consequence, 
wee do not know the number of zeroes of 72 - 7Tr(A/*(A , 0)) + 1 in B(M2k+vS) for 
thesee r s. Nevertheless, if I7 - 7^1 » 6 then clearly 72 - 7Tr(jLP(A.0)) + 1 ^ 0 for 
AA e B(\2k+1,S) and (5.74) can be applied. D 

Remarkk 5.25 If e2L becomes small, the right hand side of (5.72) is large (if 7 is 
nott too close to 1). so that (5.9) will have solutions for H{\) large, i.e that there are 
7-eigenvaluess ( 7 ^ 1) near the poles of 71(A). Hence, the periodic patterns of type 
BB must be unstable for e2LB small enough, since these patterns have 7-eigenvalues 
(77 ^ 1) close to AQ > 0. Here, we will not work out the details of this statement. In 
Corollaryy 5.36 it will be shown that all patterns of type B are unstable. 

Remarkk 5.26 The conditions in Proposition 5.24 on the parameters fi and oL 2 

cann slightly be weakened. Nevertheless, as in [14] they correspond directly to the 
instabilityy results. It is shown in Theorems 5.1 and 5.2 of [14] that the homoclinic 
pulsee is unstable if //, |Q2[ is too small, or |a i| too large. Equivalently, there will 
bee spectrum near the even eigenvalues Â  under these circumstances, i.e. the long 
wavee periodic pattern will be unstable if ji  < fic. |c*i| > Q1IC or |a2| < a2.c for some 
^ c , Q l , c . Ö 2 , cc > 0. 

5.55 The small eigenvalues 

Propositionn 5.24 established the existence of 7-eigenvalues near 0 = A[. Since the 
derivativee of the wave is a 1-eigenfunction for A = 0, there exists a curve of small 
7-eigenvaluess connected to A = 0 (Proposition 5.8). 

5.5.11 An explicit expression for A = A(~/) 

Lett 0̂  be a 7-eigenfunction, so that <p^ satisfies <p~,(L) = 70„( -L) . Asymptotically 
closee to A = 0, the 7-eigenfunctions is expected to be similar to the derivative of 
thee wave, however, since Up(£) is 2£-periodic. it can not satisfy the 7-boundary 
conditionss if 7  ̂ 1. Therefore, we have to add a perturbation to the u component, of 
<£->> that is of the same order {0{£2)) as Üp. Since the leading order perturbation in 
thee fast t'-component follows from the order of the perturbation in u (through (5.27)). 
wee also add an Ö{e2) perturbation to Vp. Therefore, we propose in our search for 
thee small eigenvalues the following expansions for the u and r components of o-, 

u^t)u^t) = Üp{Z)+E2
Ul(S:£) and r,(£) = Vp(£) + £

2
Vl(  ̂ e). (5.75) 

withh the 7-boundary conditions 

u.u.;;{L){L)  = -)u^(-L) and ü^{L) = 7Ü.(-L). 

Althoughh it is quite natural to expect that the 7-eigenfunctions have this structure 
forr A close to 0. it is a priori not necessary. However, if we find small 7-eigenvalues 
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byy 'ansatz' (5.75). then we know by Proposition 5.24 that all 7-eigenfunctions must 
bee of the form (5.75). 

I tt is again not necessary to explicitly consider the 7-boundary conditions on the 
fastt components of ö^. In fact, the choice of Vp(£) as the leading order part of v-, is 
nott a priori obvious, since Vp(£) does not satisfy the 7-boundary conditions. However, 
itt has been argued in Section 5.4.2 that r7 can be approximated (uniformly in R) by 
aa summation of shifted localised solutions (5.71), i.e. the leading order approximation 
off  v-y is exponentially small outside the pulse region(s). Here, the leading order part of 
vvinin{£){£) in (5.71) is given by Vp(0- since ug = the leading order part of Üp(£) = 0{E2) 
inn (5.57), so that there is no inhomogeneous term in the leading order ^„-equation 
(5.58).. Note that the higher order terms of v7 can also be written in the form (5.71), 
vivi is exponentially small in all outer regions. On the other hand it is not useful 
too write the slow part of 07 in a form similar to (5.71). Since the u-component of 
ann eigenfunction to (5.27) decays only on an 0(c~2)-length scale, the terms coming 
fromm n / 0 give a leading order contribution to the u-component on \-L, L]. Instead 
wee consider the u-component directly in the first equation of (5.27), with its explicit 
7-boundaryy conditions. 
Forr notational convenience, we introduce the operator L{ for the left hand side in 
thee second equation of (5.27) 

dp dp ^^  = ^ + [ ^ a 2 ^ - 1 - l ] , 

soo that v1 must solve 

(C{(C{ - A K = -azUp^Wp82^. 

Sincee the pair {ÜP{£),VP(€)) solves the eigenvalue problem (5.27) for A = 0, the 

operatorr L{ satisfies the useful relationship 

Notee that this is an exact expression, i.e. we have not introduced any approximations 
off  f/p(0 and of Vp(£). We substitute the expansions of u7 and v1 (5.75) in the 
eigenvaluee problem (5.27). After elimination of the terms containing Up and Vp in 
thee resulting expression, the linear problem for ui(£) and t'i(£) reads 

ff  Ü! = - e2 [ Q i t / p
Q l - 1 ^ « i + . / 91 C / °1 ^ - 1 t . i ] + e4 ( , *  + A)Ul 

\\ C{vy = p-a2U^-lV Ûl 

Furthermore,, the 7-boundary conditions on u7 yield 

ÜÜPP(L)(L) + E2
UI(L) = 7 (Üp(-L) + e^i-L)) 

l)p(L)l)p(L) + e^u^L) = 7 (Üp(-L) + E^i-L)) . 

Soo far, we have not considered the magnitude (with respect to E) of A. The second 
equationn of (5.76) suggests that A = 0(E2). However, we will derive a solvability 
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conditionn for the second equation of (5.76) to show that A = 0(s4) and to derive an 
explicitt expression for A(7). Therefore, we rewrite the second equation of (5.76) as a 
problemm involving the operator Cr (5.36). We approximate the pulse around £ = 0 
by y 

wheree UQ is the leading order (constant) value of Up(t;) in the pulse region (Theorem 
5.5),, and wh(£) is denned in (5.19). Thus, C[ = Cr+ higher order terms, and the 
leadingg order part of the second equation of (5.76) is given by the inhomogeneous 
equation n 

-C»,, = A ^ — A A - » ^ - a 2t V , - ° , / ( a ' - , , » A « , ., (5.77) 

wheree w\ denotes the leading order part of v\. The homogeneous problem Cw = 0 
iss solved by wh (Section 5.3.1), so that we have the following leading order solvability 
conditionn for (5.77) 

A A 
Wi Wi 

- a 2 / ( / 3 2 - l ))  „ , r r - l - a 2 / ( ^ 2 - l ) „ „ A U~^^->wU~^^->whh - a2U--^^->w Ûl) = 0, 

wheree (f\g) is the standard L2-inner product on R. Since U0 is constant we find 

A A - a 2 / ( / 3 a - l ) //  ]  v „  TT-l-a3/(02-l 
UrUr 2n2n"-"- LL'(*'(* hh \*h)- *2Uöl-a3nP2-1}<*H  I <«1 ) = o, 

whichh yields (at leading order), 

££22aa 1 {wh\w Ûl) 
22UU00 (wh\wh) 

I tt follows from (5.76), that ü\ = ö{eA) in the outer regions and ü\ = ö{e2) in the 
pulsee region. Therefore, the first derivative ii\  is at most 0(e2), so that u\ is to 
leadingg order even. However, since Wh is an odd function, this even leading order 
termm gives no contribution to the integral in the numerator, so that we need to 
takee the (odd) higher order terms into account. To approximate the integral in the 
numerator,, we substitute the leading order Taylor expansion of u-i(£) around £ — 0. 

ii  ( ^ K 2 ( M 0 ) + MQ)O ,t i U v > ' g2 Q ? . m 

UU00 (wh\wh)
 2U0 (wh\wh) 

Notee that the third and higher derivatives of u\ are 0{eA) or smaller, as can be 
verifiedd by taking the derivative of the first equation of (5.76) and evaluation of the 
resultingg expression in £ = 0. Finally, using integration by parts, the expression for 
AA is written as 

22 |a2| 1 fwfr+1(% , 

wheree the dependence on 7 is only due to ^1(0:7). From this expression for A we 
concludee two things. First, since u'i(0; 7) = ö(e2), we see that A = ö(eA) and second 
thatt A is proportional to the derivative tii(0). A careful error-analysis of the above 
leadingg order arguments yields that the leading order correction to (5.78) is ö(s5). 
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Remarkk 5.27 The expression for A was derived as a solvability condition for the 
leadingg order part of vi. Alternatively the same result can be found directly from 
thee full equation for v\ in (5.76) by multiplying both sides of the second equation of 
(5.76)) by Vp(£) and integrating the result over one period 

j ++ VpC{vl(i^ = ̂ l VpVpd^-a2J VpUp-'V^mdS. 

Thee crucial point in this calculation is to show that the integral on the left hand side 
iss 0(£4), whereas the second integral on the right hand side is Ö{c2). The latter is 
easilyy shown by substituting the Taylor series expansion of u\ in the integral as was 
donee above. The former requires somewhat more work. 

5.5.22 The position of the ö(eA) spectrum 

Sincee we know that A{7) = ö(£4), we can at leading order neglect the terms contain­
ingg A from (5.76), so that the linear problem for the leading order parts of u\ and vi 
iss written as 

Thus,, the leading order parts of u\ and v\ satisfy the linear eigenvalue problem 
(5.27)) for A = 0. The set of solutions for u\ and v\ to (5.79) is at leading order 
thee same as the set of solutions of (5.27) for A = 0. We showed in Section 5.3 that 
eigenvaluee problem (5.27) has two types of solutions that have u-components that are 
exponentiallyy small in the outer regions  The derivative of the wave (Up, Vp) is a 
fastt solution of (5.27) for A = 0 - Section 5.3.1. Since this solution can be absorbed in 
thee leading order part of u and v (5.75), it does not contribute to {u\,v\). Therefore, 
thee solution of (5.79) must be e $a(£,A) (Lemma 5.18), i.e. (ui,i ' i ) is spanned by 
thee slow solutions {{u\, v{), {us

2, v|)} , so that there exist constants cL and c2 such 
that t 

« i ( 0 = C i « i (00 + c2«S(0 (5.80) 

forr all £ e [-L,L].  The constants c\ and c2 are determined by the 7-boundary 
conditions.. We now need to express üi(0;7) in terms of c\ and c2. We integrate 
ui(0ui(0 over the left half of V0 and obtain 

11 f° 
7^(0)) = üi(—j= ) + ƒ t uxdi. 

Sincee the leading order part of ül is an even function (see (5.76) and recall that the 
leadingg order parts of u\ and v\ are even), we have 

r°r°  1 fVS 1 
ƒƒ üxd$ = - ƒ ü  ̂ + h.o.t. = -J (0)u1(0) + h.o.t. 
^ 7 ?? ^ - 7 ? 
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(5.55),, (5.56). By (5.44) and Lemma 5.18 we thus have 

^ ( 0)) = eJv^( Cl - c2) + -{cx+ c2)J{0) + h.o.t. = ö{e< [5.81) ) 

(5.67).. For notational convenience we re-introduce the vector notation of the previous 
Sections,, i.e. the 7-eigenfunction <£>-> = (u^t i^, t'^.r-y)*  is expanded as 

<PM)<PM) = Mt) + £2M0, (5.82) ) 

where0oo - {ÜP,ÜP,VP, VPY and fa = (m.üi.vi.vx)1 is given by 0l(£) = cl(^)4>s
1{^) + 

c2(7)^2(0'' w i t n ci,2 ^ above. As in Section 5.3.3. we decompose <p1(-L) and 07(+L ) 
withh respect to V = {vf , v |}  - {0f ( -Z), <^(-L)}  (5.49), with, by (5.44), 

v * = e - A S ( o> L £ ; ( 0 ) = e -£ 2^ L L 

0 0 

VV 0 ) 

andd v̂  ,, + eJv^L 
0 0 

VV 0 / 
upp to exponentially small corrections. By (5.43), 4>\{L) is given by 

0i(L )) = ci<f>\{L)  + c2è
s
2{L) = {cimn + c2mi2)i'J + {cim2\ + c2m22)v2' (5.83) 

withh rriij  = ra^O) as in (5.70), and, up to exponentially small corrections,
by y 

<f><f>00

(U(UPP{-L)\ {-L)\ 
UUPP(-L) (-L) 

0 0 

VV 0 J 

==  £2^Um-m ( — v? - A0v^ (5.84) ) 

wheree Umm = Umin(v) is the minimal value of Up(£) (5.16) and Ao = A(O.L) (5.10). 
Combiningg (5.82), (5.83) and (5.84) yields, 

<M-L )) = £2(vWminX- + cJvfC-Z) + c^vTZ/minAo + c2) v^(-L ) 

0^{L)0^{L) = e2{,/jlU min— + dl)v
s
1(-L) +62{y/JIUminA0 + d2)v

s
2(-L), 

ZAo o 

wheree d\ and d2 are related to C[ and C2 by 

S)=Jt f ' (0 ' 0,ft ) ) (5.85) ) 

(5.70).. The 7-boundary condition ó-,(L) — ryé-){ — L) induces the following leading 
orderr equations for c\2, 

-\Z&U-\Z&U minminAoAo +d2 = -)(-y/^UminA0 + c2) 
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whichh is equivalent to an inhomogeneous matrix problem, 

( J i r ( 0 . 0)) - ll) (fy = (l - l ) v ^ ^ m i n A ^ J - (5.86) 

Wee conclude that we have gained full control over the 0(e4) 7-eigenvalues: they are 
att leading order given by (5.78), with üi(0;7) as in (5.81), and c\ and c2 determined 
byy (5.86) and (5.70). Moreover, we know by the reversibility arguments of Section 
5.22 that A(7) = A(7) and that u\{^\-y) = i*i(£;7) - recall that £ = 0 has been set 
ass a point of symmetry. Thus, cl2{ï) = cl2{l)  by (5.80). Since 7 € S1 is the only 
non-reall  ingredient in the 7-boundary conditions that determine c1 2, we also know 

thatt c1 2(7) = cx 2(7) (exactly). Hence, cli2{l)  = £1,2(7) anc*  w e m ay conclude that 
thee small eigenvalues are real, i.e. A(7) £ R. 

Lemmaa 5-28 Suppose that the eigenvalues p and l/p of M's(0,0) are not in S1. 
Then,Then, the small ^-eigenvalues have the following properties (for all 7 6 Sl): X(j) £ 
R.. A(7) = 0(£4). A(- l ) < 0. A(l) = 0 has multiplicity 1, and A(- l ) < A(7) < 
A(1)=0. . 

Proof.. We know by Proposition 5.24 that there must be 7-eigenvalues and 7-
eigenfunctionss within the ball £?(0, S) (5.8). The above analysis is based on our 
controll  of the full set of independent solutions of the linear eigenvalue problem (5.28) 
(forr A = 0), as developed in Sections 5.3 and 5.4. We have constructed the small 
7-eigenfunctionss and we know that A(7) € R and A(7) — 0(£4). For 7 = — 1, c\ and 
C22 do at leading order not depend on J7(0), 

cii  = ~c2 = -2y/ÏÏUmin ° 2 (5.87) 

(5.86).. Since c1 +c2 = 0, the slow derivative ü:(0) (5.81) is also independent of J(0), 
soo that the sign of Wi(0), and hence the position of the small 7-eigenvalue (5.78), is 
determinedd by the sign of cx — c2- We know by (5.87) that cx — c2 < 0, so that 
A ( - 1 ) < 0. . 

Inn principle, all 7-eigenvalues can be determined with the same procedure. (Note 
thatt A/s(0, 0) — 7/ is invertible as 7 is by assumption not an eigenvalue of Ms(0, 0).) 
Thee result of such a calculation yields that A(7) is in between A( —1) < 0 and A(l ) = 0. 
D D 

Iff  M5(0,0) has an eigenvalue 7*  in S1, there is a singularity in equation (5.86), 
thee coefficients C1.2 become unbounded as 7 —> 7*. Hence, the above approach, that 
iss based on the expansion (5.75), is no longer valid if 7 is asymptotically close to 7*. 
Nevertheless,, Proposition 5.24 (ii) can still be applied, and it can be concluded that 
theree are (uniquely determined) 7-eigenvalues near 0 for all 7 G S1 not too close to 
7*.. Moreover, the small spectrum can also still be determined explicitly. 

Lemmaa 5.29 Let 0 < e <§; 5 < 1 and let 7*  € S1 with |Im(7*)| > 6. Suppose 
7**  G S1 is an eigenvalue of A/*(0,0). Then, 
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(i)(i)  The 0(eA) spectrum consists of two disjoint parts. G\ C {A > 0}  and a*_ C {A < 
A(- l )) < 0 } . For-; G S1 such that h ~ 7 *| » ^ Ah) G < i/|arg(7)| G [0. | arg(-y*)|). 
wherewhere A(l ) = 0 is simple, and A(7) € er!! z/ [ arg(7)| G (| arg(7*)|, 7r]. 
fii jj  There exist a \*_ < 0 and o AÜJ_ > 0, suc/i that all A £ [AI , —5) and all A G (<5, A+] 
aree 0(1) 7-eigenvalues. 

Proof.. (^ The methods by which the small 7-eigenvalues can be determined based 
onn (5.78), (5.81), (5.86), (5.70) - are valid for the 7's considered in this Lemma, so 
thatt A(7) can be explicitly computed as a function of 7 ^ 7*, or, equivalently, 
ass a function of arg(7) G [0, | arg(7*)|) U (| arg(7*)|,7r]. It follows that the function 
AA = A(arg(7)) € M is monotonically increasing with a singularity at | arg(7*)|, i.e. that 
A(7)) > 0 for 0 < arg(7) < |arg(7*)| and A(7) < A(- l ) < 0 for n > arg(7) > 
|arg(7*)|. . 
(ii)(ii)  Since Tr[Af s(0,0)] = 2Re(7*) G [-2,2] -Proposition 5.20-, we know that there 
existt A*  < 0 and A; > 0, such that - 2 < Tr[A/ s(A.0)] < 2 for all A G [AI.A^] . 
Althoughh the eigenvalues of A/s(A.0) may not provide an accurate approximation of 
thee zeroes of VS(X) inside B(0,S), they do so outside 3(0,6) (Section 5.4.3). Hence, 
inn the intervals [AL.-<5) and (<5,A+], we have - 2 < Tr[M*(A.0) ] < 2 which implies 
thatt £>S(A,7) = 0 for some 7 G S1 if A G [A!_, -6) U (J, A^] - Proposition 5.20. • 

Thee unbounded A-intervals &*+  and a*_ are by construction only determined for 
AA = ö(sA). Beyond this magnitude, the small 0(eA) eigenvalues merge with the 
0(\)0(\) eigenvalues, that for the same reason - will not be 0(1) for 7 close to 7*. 
Hence,, for A > 0 and for A < A( — 1) — Ö(54), there is a (smooth) transition of 
thee 0(£4) eigenvalues into 0(1) eigenvalues. We do not consider the details of this 
transitionn here. Neither do we go further into the details of the appearance of the 
7**  singularity into the interval of ö(e4) eigenvalues, i.e. we do not consider the cases 
thatt 7*  is close to . 

Remarkk 5.30 One can also interpret Lemma 5.29 as a result on how the small 
eigenvaluess appear as an 0(eA) 'hole' in the 0(1) 7-curve of large eigenvalues. To­
gether.. Lemmas 5.28 and 5.29 show that the spectrum near A = 0 behaves as can be 
expectedd from the general literature on eigenvalue problems for periodic systems (see 
forr instance [50]). The critical eigenvalue at A = 0 is either the upper bound of an 
intervall  of 7-eigenvalues (Lemma 5.28). or the lower bound (Lemma 5.29). On the 
otherr hand, Lemma 5.29 seems to contradict the results of [74] that are obtained in 
aa more general setting under the assumption that the spatial period of the periodic 
pattern.. 2L. is large enough. There, it is shown that the 7-curve of eigenvalues that 
includee A = 0 must be a smooth closed curve, i.e. the hole or singularity described 
inn Lemma 5.29 seems to disagree with [74]. However, it will be shown in Section 
5.6.11 that A/*(0.0) cannot have eigenvalues 7*  G S1 for L (too) large. Hence, for 
largee L the spectrum near A = 0 is governed by Lemma 5.28, that agrees completely 
withh [74]. For the same reason, the second subcase of Proposition 5.24 that is 
alsoo associated with the existence of an eigenvalue 7*  G S1 of A/s(0. 0) does not 
contradictt the theory of [27] (that is also developed for L large enough). 
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5.66 The stability of fundamental periodic pulse so­
lutions s 

Inn the previous sections, we have developed the machinery by which we can calculate 
thee 0(1) and 0(s4) "/-eigenvalues of the linearisation around a fundamental periodic 
pulsee solution. In this section, we apply these results and determine the stability and 
instabilityy of the fundamental periodic pulse patterns. 

5.6.11 Periodic solutions with large spatial periods 
Inn [27] the stability of periodic patterns that limi t on a homoclinic pattern as the 
periodd tends to oc has been studied. It was shown that for large enough spatial 
periodss the 7-eigenvalues of the periodic eigenvalue problem are close to the spectrum 
off  the linearisation around the homoclinic pulse solution. More precisely, it was shown 
thatt for every closed curve K that does not intersect the spectrum of the homoclinic 
pulse,, there exists an Lc such that for all L > Lc and for each 7 on the unit circle 
thee number of 7-eigenvalues (counting -)-multiplicity) inside K equals the number of 
eigenvaluess of the homoclinic pulse solution inside K. 
Ourr quantitative methods enable us to determine in detail the convergence of the 7-
eigenvaluess to the eigenvalues of the homoclinic eigenvalue problem. In this section, 
wee consider |A| = |A(A,L) | (5.10) as a small parameter - note that A(X,L) G C for 
AA ^ R - i.e. we assume that e2L is so large that, for all A € Cr , |A(A)| <C 1 with 
respectt to the (artificial) small parameter S as introduced in (5.6) and (5.7) recall 
thatt AS(A) ^ 0 for A £ Ce. We obtain approximations of both the distance between 
thee curve of 7-eigenvalues and their homoclinic limi t A^ and of the length of the 
curvee of 7-eigenvalues. 

Thee position and multiplicity of the non-trivial O(l) eigenvalues A/,., i.e. A,,. 7̂  0, 
off  the homoclinic stability problem are known from [14]. In fact, they correspond 
too zeroes of ^ ( A ) = lim^—oc tn(A), see Remark 5.19. Such an eigenvalue can 
onlyy have multiplicity 2 if two real eigenvalues merge (and leave the real axis as 
twoo complex conjugated eigenvalues by changing a parameter). This happens for 
aa special value of fj,. // = /̂ compiex(ai< ^2: A./:^)- that can be determined explicitly. 
Moreover,, A/, is 0(6) close to the essential spectrum associated to the homoclinic 
stabilityy problem, i.e. A/, ^ Ce (Remark 5.3. (5.6)). if ]// - /iedge| — 0(S)< where 
A'edgcc — ^edge(ai-c>2</?i, $2) is a critical value of (i (that can be determined explic­
itly )) at which a new (homoclinic) eigenvalue appears from the essential spectrum 
[14].. Eigenvalue A/, cannot be 0(6) close to an eigenvalue Xj of the fast reduced limit 
systemm if // > 6. \a2\ > 0{\/S) and |oij = 0(1) for some 0 < e < 6 < 1 (Remark 
5.26).. Therefore, we formulate the following assumption, 

(A)) fi, |/i - /icompicx|, |// - /iedgel, M, l«i I = 0{\) with respect to |<5|. 

soo that we know that A^ is simple and isolated and that A/,.A(7) C Cr - where 
A(7)) is the curve that limits on A/, in the limit L —> oc. Note that this assumption 
cann be slightly weakened (Remark 5.26). 
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Lemmaa 5.31 Let 0 < e <C S <C 1 and consider L such that 0 < |A(A)| <C 1 
withwith respect to S for all A G Cr . Le£ Assumption (A) be satisfied and let Xh ^ 
00 öe an eigenvalue of the linearisation (5.35) around a homoclinic pulse solution 
{Uh{Q-{Uh{Q- Vh(£) = (UP!A{£'< OC),VP,A{€'< 3C)) (Theorem 5.5). Then there is a zero Xp(L) 
ofof tn(A,0) suc/i t/iaf lAfe - AP(L)| = G(A(0)2.£). w/tere Ap E R i/ Ah G R. For 
77 G S1, the "(-eigenvalues A(7) o/ (5.28). that limit on A/, /or L  ̂ oc. are given by 

A(7)) = Ap -
 [7J A(A,) 2 + 0( |A(Ah) |4,e) , (5.88) 

withwith -^(A/^O) T̂  0. J4S a consequence, X{^) is up to ö(\A(Xh)\4) corrections ap­
proximatedproximated by the straight interval connecting A(l ) E C to A( —1) G C. and 

|A(1)) - A(- l ) | = 4 ^ ; ^ + 0(\A(Xh)\\e), 

min7 € S.. |AP - A(7)| = |AP - | + ö(\A(Xh)\\e) = 0(\A(Xh)\\e), 

soso i/ iaimiiL Y€Si |A h-A(7)| = O(A(0)2, |A(Ah)|2,e). 

Notee that it also follows from (5.88), that the orientation of the A(7)-interval, i.e. the 
argumentt of A{1) — A( —1), remains constant as a function of L if A^ E K. However, 
arg[A(l)) - A(-l) ] is a periodic function of L if Xh <£ R, since A(Xh,L) £ M (5.10) 
inn that case. Thus, as L increases, the curve of 7-eigenvalues approaches A/, as a 
shrinkingg interval, which rotates around its centre  = Ap + C?(|A(A/,,)|4). 
Proof.. Since A^ G Cr and |A(A)| <C 1 with respect to S for all A^ G Cr , the results 
obtainedd in the previous sections can be applied. Thus, A(7, s) = A(7,0)+O(e), where 
A(7,0)) is a solution of (5.52) Proposition 5.20. The (leading order) transmission 
functionss *ii, 22(A,0) are given by (5.68) and (5.69). Tr(Ms(A,0)) can only be 0(1) 
withh respect to |A| if *n(A,0) = 0(|A|2) (i22(A,0) cannot be C?(|A|-2) since that 
impliess that tu(X,£) = Ö(|A|~2) as well (5.68)). Thus. (5.52) can be rewritten as 

ttuu(X.0)(X.0) = 2A(A)2Re[7] + 0{\A\\e). (5.89) 

Itt follows from Assumption (A) that t^(A, e) — 0 (see Remark 5.19) and that 

^(X^(Xhh,s),s) ^ 0 (and 0(1) with respect to S). In fact, 

^n(A,0)) = ^1(A,£)(tanh(e2v^L ) + C9(£))= 1̂(A,£)(l + C?(|A(0)|2,£)) (5.90) 

(5.68),, (5.69), which yields that i n (A. 0) must have a zero A = AP(L) with AP(L) = 
XXhh+O(\A(0)\+O(\A(0)\22

::s)s) and that ^(Xh:0) + 0 and 0(1) with respect to 8. Thus, (5.88) 
followss by a direct Taylor expansion of (5.89). D 

Thee quantitative control over periodic solutions on large intervals also yields a more 
qualitativee result, that is similar to more general statements in the literature [27. 74]. 

Corollar yy 5.32 Let (£/p(£: L), Vp(^\ L)) be a family of fundamental periodic solu­
tionstions of (5.1) parameterised by its spatial period 2L and let (Uh(£)i Vh(0) = (Up(£\ cc), 
Vp(^;oc))) be its homoclinic limit. If (Uh(£).Vh(£)) is (spectrally) stable, respectively 
unstable,unstable, as solution of (5.1) on R, then there is an Lc such that (£/p(£; L), Vp(£; L)) 
isis (spectrally) stable, resp. unstable, on M for L > Lc. 
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Thee (in)stability of the homoclinic pattern can be determined by the methods of 
[14].. For instance, it is shown in [14] that (£//,(£). Vh(0) is stable as solution of the 
classicall  Gierer-Memhardt problem (5.1). (5.3) for p > A'Hopf = 0.36... and that it is 
destabilisedd by a Hopf bifurcation as p decreases through /i-Hopf- It follows from our 
analysiss that the same is true for periodic patterns (Up(£: L). l'p(£ : L)) with L large 
enough. . 
Proof.. The essential spectrum of the stability problem associated to (£//,(£). V,,(0) 
iss C C \Ce. If (Uh{0' ^4(0) is «table or unstable then all eigenvalues A/, / 0 must be 
boundedd away from the imaginary axis. It follows from [27] that for L large enough 
alll  0(1) 7-eigenvalues are in the same half plane as their homoclinic limits A/,. Since 

IV(Jl/'(0.0))) = A (
1

0 ) 2 ^ 1 + O ( l ) > l 

(5.70).. (5.2) for L » 1. it follows that Ms(0.0) cannot have eigenvalues 7 € S1. thus 
alll  non-translational small eigenvalues are in the stable half plane for L large enough 
(Lemmaa 5.28). • 

Remarkk 5.33 By (the proof of) Lemma 5.28. in combination with the information 
onn U0 and Umln (Section 5.1.1). it follows that the asymptotic length of the interval 
off  small 7-eigenvalues is Ö(eAe~2e ^lL) for large L. 

5.6.22 The destabil isation of fundamental periodic pulse solu­
tions s 

Ass L decreases the curves of 7-eigenvalues. i.e. the solutions A(7) of (5.9), increase in 
lengthh and move away from the homoclinic eigenvalues. Therefore, it is possible that 
(partt of) a curve that is in the stable half plane for large L, crosses the imaginary axis 
intoo the unstable half plane as L decreases. As in the homoclinic case [14]. whether 
(andd when) this occurs can only be determined by direct evaluation of (5.9). On 
thee other hand, it is possible to analyse whether JIF(O.O) has an eigenvalue in S1. 
Recall,, that if M s(0,0) has an eigenvalue in S1, there exists unstable 0(1) spectrum 

Lemmaa 5.29. 

Lemmaa 5.34 The matrix Ms(0,0) has an eigenvalue 7 = - 1 G S1, i.e. A( — 1) = 0, 
atat L — LSN(p). The eigenvalues p.l/p of Ms(0.0) are not in S1 if L > LSN(p). If 
LL < L5N, p, \jp G S1. and for every 76 S '\ {1} . there exists a uniquely determined 
LLcc = Lc(")) such that 7 is an eigenvalue of Ms(0.0) at L — Lc: 1 is never an 
eigenvalueeigenvalue of Ms (0,0). 

Proof.. The eigenvalues p of Ms(0. 0) are (at leading order) determined by Ts(0. L) = 
Tr(M*(0,0))) = p+l/p (5.9). Here. (5.9) can be written as 

ƒ(A0.. 7) - <*i  - ^3,71(0: ^ . 32) = 1 + — 5 - > 1 (5.91) 

Ajj-2AjJRe[7]]  + l 

^5.66).. where 

ƒ(£(,.-,)) = 
( A ? - l ) ( A ? - i ) ) 2 2 

[A?? - I? 
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withh A0 = A(0). It can be checked that /(Ao,7) is monotonous as function of 
Aoo € (0,1). Clearly / (A 0.1) = 1 for all A0. so that (5.91) does not have a solution 
forr 7 = 1. On the other hand, 

22 2 2D 

/ ( A o , - l )) = {*° 2
 + ]\ ^ t a n h - V v ^ ) = ^ h o m 

( A J - 1 )22 v v ^ ' \UQ 

byy (5.24). This yields by (5.23) that (5.91) is satisfied at the saddle-node bifurcation. 
Thuss A/s(0,0) has an eigenvalue — 1 if L — LSN(/i) . Since /(Ao,7) < / (A 0, —1) for 
alll  7 / - 1 and A0 G (0,1), it follows that /(AoN^7) < 1 + ^ j if T ^ - 1 - For 
A 00 < A§N = A0(L SN(^)) (or equivalently if L > LSN), / (A 0,7) < / ( A 0 , - l ) < 
11 + Q _x, so that (5.91) cannot be satisfied, i.e. A/s(0,0) cannot have eigenvalues in 
S11 for L > LSN(fi). Moreover, lim^o—l /(Ao,7) = +oo for all 7 7̂  1, so that there 
existss a Ao = A0(Z<) > AQN for every 7 7̂ 1 such that (5.91) is satisfied, i.e. there 
iss an Lc such that M s(0,0) has eigenvalues 7.7 6 S1 at L = Lc. D 

Remarkk 5.35 For a given 7 £ S1, the critical period 2LC of the fundamental pattern 
att which M5(0,0) has an eigenvalue 7, can be explicitly determined through (5.91), 

^C(T)) ~ ~2 r, /TT arccosh ( 1 + (1 - Re[7]) 
££222^/Ji2^/Ji V D 

Note,, that Lc(^) < Lc( —1) = LSN (see (5.26) and recall that 2arccoshv/ïF = 
arccosh(2F- l ) ). . 

Corollar yy 5.36 Let {Up(^: L), Vp(£; L)) be a fundamental periodic solution of (5.1). 
IfIf  it is of type A, i.e. if L > LSN{V), then there exists a S > 0, such that there is 
nono 0(1) spectrum in the ball B(Q,S) (5.8): all small non-translational eigenvalues 
areare negative and contained in B(0,S). If (Up(£; L), Vp(£,; L)) is of type B, i.e. if 
LL < LSN(^), then are positive real 0(1) ^-eigenvalues; the small eigenvalues may be 
eithereither positive or negative. Hence, the periodic patterns of type B are always unstable 
asas solutions on R. their most unstable 7-eigenvalues are always of 0(1). 

Thiss corollary might seem to contradict the results obtained in [39, 82] in which 
itt is shown that the destabilisation at the saddle-node bifurcation is induced by the 
0(E0(EAA)) eigenvalues. However, this is not the case, as is explained in Section 5.8.2, see 
especiallyy Corollary 5.50. 

Off  course, it is not claimed in Corollary 5.36 that all periodic patterns of type A 
aree stable. As was already noted, an A-pattern may destabilise by a Hopf bifurcation 
(seee also [39, 82]). Though (5.9) gives an expression for the 7-eigenvalues, it gives 
noo direct analytical insight in their positions. Therefore, we give a number of proto­
typicall  examples of the development of the curves of 0(1) 7-eigenvalues in the next 



134 4 Chapterr 5. Stability of periodic pat terns 

sectionn for the classical Gierer-Meinharclt case (5.3). Al l calculations of 7-eigenvalues 
aree based on evaluating (5.9) with the help of Mathematica. Note that 82 — 2. so 
thesee calculations do not involve hypergeouietric functions (Remark 5.23). 
Proof.. If L > LSN(jt). Lemma 5.34 yields that Tr [M s(0,0)] g [ -2,2]. so that 
itt immediately follows that there is a 6 > S > 0 (with S as in (5.6)) such that 
theree are no 0(1) 7-eigenvalues inside B(0.6) (Proposition 5.20. Section 5.4.3). If 
LL < LSN((J>). there exists an eigenvalue 7*  of Ms(0, 0) in S1 (Lemma 5.34). Then by 
Lemmaa 5.29, there exists an interval of positive unstable 0(1) 7-eigenvalues. Thus, 
(5.28)) has positive 7-eigenvalues if L < Lsx(fi). i.e. the periodic B-patterns are un­
stable.. The statements on the small spectrum are based on Lemmas 5.28 and 5.29. • 

R e m a rkk 5-37 Lemma 5.34 only shows that A = 0 is an O (I) — 1-eigenvalue to 
leadingg order (in E) if L = Ls\(ft). However, it can be shown in various ways that 
AA = 0 indeed exactly is an —1-eigenvalue at the saddle-node bifurcation. In fact, the 
bifurcationn at L = LSN((I) can be seen as an period doubling bifurcation, since the 
fundamentall  pat terns of A- and B-type bifurcate at LSN((I) into the periodic AB-
pat terns.. with twice the period of the original A-. B-patterns. The structure of the 
marginallyy unstable —1-eigenvalue also indicates that the A-, B-patterns bifurcate 
intoo an AB-pattern at L = Lsx(fi). 

5.6.33 The classical Gierer-Meinhardt equation 

Inn this section we apply the theory developed in the preceding sections (i.e. in essence 
Theoremm 5.1) to the special case of the classical Gierer-Meinhardt equation (5.1) with 
(5.3).. We consider as examples two special cases (/J, = \ and fi = 1), and consider 
thee period 2L of the fundamental periodic pat tern {UP,A(€'< L), VP,A(£,'< L)) of A-type 
ass bifurcation parameter. 

T h e o r emm 5.38 Let 0 < e <C 1 and consider // = 1. Let (UP.A(£,: L), VP.A{Z> L)) 
bebe a fundamental periodic pattern of (5.1) with (5.3) Theorem 5.5. Then, all 
fundamentalfundamental patterns of type A are spectrally stable as solutions of (5.1) on M., 
i-e.i-e. (UP.A(&L),VP.A(S:L)) IS stable for L > ^ Z S N = ^ | l o g [ \ /2 - 1]|. As e2L 
decreasesdecreases through XgN, then (UP,A(£'° L), VP,A{& L)) is destabilised by the saddle-
node/period-doublingnode/period-doubling bifurcation associated to the real 0(\) ^-eigenvalues A(7); the 
firstfirst eigenvalue to cross the imaginary axis is the —1-eigenvalue. 

T h e o r emm 5.39 Let 0 < e <§C 1 and consider fi = | . Let (UP,A{£,\ L), Vp,A(£; L)) 

bebe a fundamental periodic pattern of 5.1) with (5.3). Then. (UP.A(£: L).VP.A(£'- L)) 
isis spectrally stable as solution of (5.1) on M. for L > ^-Z-[j0pf = ^TT^1 (> LSN)-
AsAs £2L decreases through Lnop{, then (UP,A(£,'< L),VP,A(£,< L)) is destabilised by two 
complexcomplex conjugate branches of 0(1) 7-eigenvalues \(~f): the first eigenvalues to cross 
thethe imaginary axis are 1-eigenvalues. 

Thee proofs of Theorems 5.38 and 5.39 can be obtained by direct evaluation of (5.9), 
seee especially Section 5.4.1 and Remark 5.23. Note that both theorems confirm the 
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Im[A] ] 

(c) ) 

- 0 . 5 5 0 .55 1 

Figuree 5.2: The leading order representations of the curves {A(-,):~, £ S1}  C Ce of 
0(1)) 7-eigenvalues as given by Theorem 5.1 for the classical Gierer-Meinhardt case 
(5.3)) with /7 = 1.0 and e = 0.1, for various values of L = s2L. In (a) L = 5.2.1.5.1 
andd L = LSx = | log[^2 - 1]| = 0.88... (Theorem 5.38). It is shown in (b). I = 0.75. 
andd (c). L = 0.5. that also the complex valued "/-eigenvalues cross through the 
imaginaryy axis (for L < LSN)- Note that the ö{e ) 'hole' of small 7-eigenvalues near 
00 (Lemma 5.29) is not represented in (b) and (c). and that part of the spectrum with 
negativee imaginary part is not plotted in (b) and (c). 

1 . 255 r 
Ree [A] 

- O . 7 5 I --

Figuree 5.3: The real part of (all possible) C(l) 7-eigenfunctions as function of L = 
ss22LL for the classical Gierer-Meinhardt case with /i = 1.0 and z = 0.1. The dashed 
linee denotes (the real part of) the 1-eigenvalues. the thick line the — 1-eigenvalues. 
thee thin line the : all other 0(1) --eigenvalues are in the grey area. 
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(b) ) 

(c) ) 

Figuree 5.4: The leading order representations of the curves {A(')); ^ e S1}  C Ce of 
0(1)) "/-eigenvalues as given by Theorem 5.1 for the classical Gierer-Meinhardt case 
withh // = 0.5 and e = 0.1: L = e2L = 5. 2.5.1.5.1.25 in (a). At L = LHopf = 2.0... 
(>> ZSN = \/2| log[-\/2 — 1]| = 1.24... (5.26)), two complex conjugate A(l)'s cross the 
imaginaryy axis (Theorem 5.39). A branch point crosses the imaginary axis (and the 
smalll  spectrum) as L decreases from 1 (b) to 0.6 (c). 

Re(A) ) 

Figuree 5.5: The real part of (all possible) 0(1) "/-eigenfunctions as function of L 
forr the classical Gierer-Meinhardt case with fi = 0.5 and e = 0.1. The dashed line 
denotess the 1-eigenvalues, the thick line the — 1-eigenvalues. the thin line the
eigenvalues:: all other 0(1) "-eigenvalues are in the grey area. Note that the region 
off  -.-eigenvalues is bounded from below by C \ Ce. that extends up to A = fi (+6) 
(5.6). . 
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0 .22 0 .4 0 .6 0 .8 1 1 .2 1 .4 1 .6 

Figuree 5.6: The stability region of a fundamental 2L-periodic pulse solution 
{U{U PtPtA{^',L),VA{^',L),VPlPlA{^',L))A{^',L)) of the classical Gierer-Meinhardt equation (5.1) with (5.3) in 
(fi.(fi. L)-space. In the shaded region the periodic pulse solution is unstable. The curves 
denotee the (/./. Z,)-values where a complex conjugate pair of 1-eigenvalue (dashed) or 
off  —1-eigenvalue (solid) crosses the imaginary axis. The bold line represents (//. L S N )-
pointss where a real —1-eigenvalue passes through the origin (5.26). The inset shows a 
blow-upp for large L near /; = //Hopf • the /i-value of Hopf-bifurcation of the homoclinic 
limi tt pattern. 

resultt obtained in [14] on the stabil ity of the homoclinic patterns (U/, (£), V), (£)) = 
(L(LTT

PP.A(£;.A(£;:: °°)) V[>.A(£,'- 3O)) (Theorem 5.11 in [14]). that corresponds to the limit s L —> 
occ in Theorems 5.38 and 5.39. Of course, the analytical information on L SN is based 
onn Corollary 5.36 and (5.26). Note also that it follows from Lemma 5.28 that we do 
nott need to pay attention to the small Ö(EA) eigenvalues (for pat terns on R. this is 
nott the case for periodic patterns on bounded intervals - see Section 5.8). 

Thee outcome of the Mathematica-assisted calculations is presented graphically in 
thee Figures 5.2 -5.5. In these Figures. L = e2L has been chosen as natural bifurca­
tionn parameter. Note that these Figtires supply more information than described in 
Theoremss 5.38 and 5.39. For instance, it follows from Figure 5.2 that the complex j -
eigenvaluess do cross the imaginary axis for // = 1. this only occurs after the pat tern is 
destabilisedd by the saddle-node bifurcation. In Figure 5.4 it is shown that the branch 
pointt of two combined curves of "/-eigenvalues may pass through the imaginary axis, 
andd thus through the small spectrum. The precise interaction between a branch point 
andd the small spectrum is a subtle higher order effect that has not been considered 
inn the analysis of Section 5.5. Finally, we note that the spectrum associated to 
thee B-patterns (£/,,.#(£: L), Vp./j(£: L)) seems to cover large parts of the real axis 
(AA < AQ = | , Lemma 5.15) as L decreases. This observation can be proven with the 
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methodss developed in this chapter (see also Remark 5.25). 
Inn Figure 5.6. the critical (destabilizing) values of L as function of fi are presented. 

Hence,, this figure gives the values of L and ft for which a fundamental periodic pattern 
{U{U PP,A{£-,A{£- L), VP,A(^'- L)) is (spectrally) stable. Moreover, it can be concluded from Fig­
uree 5.6 that (UP,A{£,'< L). VP.A{£- L)) is destabilised by the saddle-node bifurcation for 
A**  > A*SN-Hopf — 0.84.... i.e. the scenario described by Theorem 5.38. and by the Hopf 
bifurcationn scenario of Theorem 5.39 for fi < /usN-Hopf — 0.84.... Note that there 
iss a vertical asymptote at fi — /inopf — 0.36..., the Hopf bifurcation value of /.i that 
(de)stabilisess the homoclinic pulse pattern ([//,(£). Vj,(£)) = (Up 4(£: oc), Vp A(£>: oc)) 
[14]. . 

Althoughh this is not clear from the Figure, the lines representing the 1- and the 
—— 1-eigenvalues have countably many intersections near \i = ^Hopf as L —> oc, the 
firstt of these is shown in the inset of Figure 5.6. This is due to the rotation of 
thee (shrinking) interval of ^-eigenvalues A("y) as L —> 00 described in Lemma 5.31. 
Thus,, for (i close to //Hopf- {UP,A(£'< L), VP,A{£' L)) may either be destabilised by a 
complexx conjugate pair of i ( l ) - or of -;<( —1)-eigenvalues (see the inset of Figure 5.6). 
Thiss behaviour also implies that a pulse pattern {Up{E,:L).Vp(E,\L)) may change its 
stabilityy a (finite) number of times as function of L if ji  is chosen close enough to 
MHopff  (and (.i > /̂ Hopfi so that (UP_A(^: L).Vp^A(Ei: L)) is stable for L large enough -
Corollaryy 5.32). 

5.77 The periodic orbits of AB-type 

Inn this section, we study the linear stability of the periodic solution {UP,AB{£,'-> L), 
VVPP.AB{£,'-.AB{£,'- L)) of AB type with period 2L (Theorem 5.6). The general results from 
Sectionn 5.2 apply to this case. For reference, we recall the main ingredients. The 
linearisationn around {UP,AB,VP,AB) is given by 

wheree APIAB{£,'- A) = Ap(£; A) (5.29) with UP,AB and VP.AB substituted for Up and Vp. 
Again,, the spectrum consists entirely of 7-eigenvalues. so the study of the eigenvalue 
problemm can be restricted to one period. For technical reasons, this interval wil l 
bee chosen different than in the stability analysis of the fundamental periodic orbits. 
Usingg the translational invariance, we assume that UP,AB(0 has a minimum in £ = 0. 
Thee first pulse, which we assume to be of A-type. is then located at ^4 = LA — LA(v) 
(5.25).. The second pulse is then located at £# = 2LA + LB = 2L — LB{V). The 
eigenvaluee problem is studied on the interval [0.2L]: hence we define the associated 
monodromyy matrix MAB by 

** ABAB(2L)(2L) = *AB(Q)MAB(\,e), 

wheree ^AB{£,) is a fundamental matrix solution of (5.92). The Evans function asso­
ciatedd to (5.92) is defined by 

VVABAB(\.-(\.-tt)) = det[MAB(\.s)--)!]. 
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Itt follows from the existence analysis (Theorem 5.6) that on the interval [0,2L>i], 
thee components UP,AB{0 and VPiAB{0 are uniformly exponentially close to Up(£) 
andd Vp(£), the U. K-component of the fundamental periodic solution of A-type with 
periodd 2LA > 2LSN{^) that has a pulse in £4. Therefore, the matrix APtAB{£) is 
exponentiallyy close to APyA{£) for £ € [0,2LA], where APiA{£) is the matrix obtained 
inn the linearisation around {UPiA(€),Vp,A(£)). Similarly, for £ e [2LA,2L], the ma­
trixx AP,AB(0 is uniformly exponentially close to AP,B{£), the matrix obtained from 
thee linearisation around the fundamental periodic solution {UPtB(£), VP,B{0) w i t n 

periodd 2LB. In the analysis in this section, we will divide the interval [0,2L] in the 
subintervalss [0, 2LA]  and [2LA,2L] and approximate the solutions on these intervals 
byy the solutions to the eigenvalue problem of the fundamental periodic solutions. 
Ass in the analysis of the fundamental periodic patterns, we will determine 4 inde­
pendentt solutions to (5.92), such that the fundamental matrix MAB(X) spanned by 
thesee solutions has a form that facilitates the evaluation of VAB. Since AP^AB(^: A) 
iss exponentially close to the limit matrix A » (A) (5.33) outside the pulse regions, so­
lutionss to (5.92) behave to leading order as combinations of £,£e ^ and ££e * * 
inn these outer regions. Hence, we again look for a splitting in fast solutions 4>{2 

andd slow solutions 0f  2. The analysis is - by construction - very similar to that 
off  Sections 5.3, 5.4 and 5.5, therefore we will refrain from giving the full analytical 
details. . 
Wee define the pulse regions around the pulses by 

VAVA = {U--7=,U + -r) and VB = (tB-J-,zB + A=). 

andd the outer regions by 

J00 = [0,£4--p], X ^ ^ - K - L £B -_L] and J2 = fo, +-L , 2L]. 
yy££ v£ V£ v£ 

Remarkk 5.40 For L = LSN, the A- and B-pulses of the AB-periodic orbit are 
actuallyy the same. Hence, the AB-periodic solution with period 2L consists of 2 
copiess of a fundamental periodic solution with half the period, i.e. a period L. This 
impliess that the 7-eigenvalues for the linearisation around (UP,AB, VP,AB) are the 
samee as the 7-eigenvalues for the linearisation around (UA,VA), though the Floquet 
multiplierr of the corresponding eigenfunctions is different. Hence, the spectrum is 
thee same, but the parameterisation of the curves of 7-eigenvalues is different (Re­
markk 5.12). Since a solution 0*  that satisfies 0*(£ + L) = 70*(£)i also satisfies 
4>*(t;4>*(t;  + 2L) = 720*(£), the Floquet multiplier of the eigenfunctions runs over the 
unitt circle twice as fast. Therefore, we consider one curve of 7-eigenvalues of the 
linearisationn around {UP,A(£), VP,A(0) as two curves of 7-eigenvalues of the lineari­
sationn around (UP,AB(€),VP.AB(£)). S i n ce A = 0 is an 0(1) -1-eigenvalue for the 
linearisationn around (E/p^fO, VP.A(0) at L = L5jV , A = 0 is an C(l) 1-eigenvalue for 
thee linearisation around {UPtAB(£),VPtAB{£)) at L = LSN (Lemma 5.34). Actually. 
AA = 0 is a 1-eigenvalue of 7-multiplicity 2. since the derivative of the AB solution is 
alsoo a 1-eigenvalue. 
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5.7.11 The O (I) 7-eigenvalues 

Wee define <p{ as the solution to (5.92), that satisfies <f>{{0)  = e~^LE!
+. In general, 

aa solution grows as the fastest growing eigenfunction E{eA € on every outer region. 
Sincee the total length of the outer regions is (to leading order) 2L, we expect that 
theree exists a transmission function tfAB{\). such that e~A L4>l{2L) = tABE+ + 
exponentiallyy small terms. We make this more precise by first tracking </>{(£) over 
thee interval [0, 2LA]  and then over [2LA,2L]. On [0,21^], the matrix AP,AB(£) is 
exponentiallyy close to AP.A(£). thus the solution </>{(£) behaves to leading order as the 
solutionn 0 ^ ( 0 to (5.28), with Ap(£) = APtA(£), that was defined in Lemma 5.14. 
Hence,, there exists a transmission function ^(A) , such that up to exponentially small 
terms, , 

4>{{2L4>{{2L AA)) = tA(X)eAfi2LA-L)Ef
+ + h.o.t., 

wheree tfA{\) = tf{X;LA) + exponentially small terms, with tf{X:LA) the transmis­
sionn function, defined in Lemma 5.14 for the stability analysis of the fundamental 
periodicc solution with period 2LA. Similarly, on [2LA.2L]. the matrix AP.AB(0 
iss exponentially close to AB(£). Hence, the solution 0*(£) to (5.92), defined by 
ó*(2Ló*(2LAA)) = e~A'' lBEf

+, behaves to leading order as the solution ${, with L = LB, 
definedd in Lemma 5.14. Hence, there exists a transmission function tB(X), such that 
upp to exponentially small terms, 

0*(2L)) = tfB(X)eAfLBEf
+ + h.o.t., 

wheree tfB(X) = tf(X: LB)+ exponentially small terms, with tf (A: LB) the transmission 
function,, defined in Lemma 5.14 for L = LB. Since (p{{2LA) is to leading order a 
multiplee of é*(2LA), we have 

e-e-AA'' LL<t>{(2L)<t>{(2L) = tAB(\)E{ 

upp to exponentially small terms spanned by {EL,E^_,EL}, and 

ttABAB(X)(X) = tA(X) tfB(X) + h.o.t. = tf(X: LA) tf(X: LB) + h.o.t. (5.93) 

wheree all higher order terms are exponentially small. It was shown in Section 5.3.1, 
thatt the zeroes of tf(X\LA) and tf{X:LB) are close to the eigenvalues Â  of the 
reducedd eigenvalue problem. Hence, we conclude that tAB{X) has no zeroes in Cr 

(5.7). . 
Wee again define <j){  by ó{{0 = R(p{{-0- Following Subsection 5.3.2, we define 

twoo slow solutions <f>\ a that are independent of (p( 2 and that span a linear subspace 
off  solutions $s(£) that is invariant, under translations by 2L. Since the ideas in the 
prooff  of Lemma 5.18 also apply to (5.92), we know that in all outer regions such 
solutionss are exponentially close to spani{E$_.EL}. Therefore, $s(0) is spanned by 
thee vectors 

vff  = Es
+ + exp. small and v2 = Es_ + exp. small. 
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Togetherr with the vectors 

0{(O)) = e~AfLEf
+, 

^2(0)) = ^ s( A ) eA / L £ { + h . o . t ., 

VABVAB - {v{ , v£, vf, v |}  is a basis of C4. Note that, for technical reasons, this choice 
off  the slow base vectors differs from the choice of the stow base vectors in (5.49) by a 
factorr 1/A, respectively A. With respect to VAB-, the monodromy matrix MAB has 
thee form 

IlAB{A)IlAB{A)  V B(\) M' AB(X)J 

ass in (5.50), so that the Evans function again splits into a product of a fast and a 
sloww Evans function, 

VVABAB{\,1){\,1) = det[MAB - 1I]det[M f
AB - 1I]  = ^ B ( A , 7 ) 7 ^B ( A , 7 ) . 

Thee same reasoning that was applied to the eigenvalues of M? in Section 5.3.3, also 
appliess to the eigenvalues of MAB. Hence, M{B(X) has no 0(1) eigenvalues if A e Cr : 
theree are no fast 7-eigenvalues in Cr . 
Thee matrix MAB is easily determined by using the similarities between the AB-
solutionn and the fundamental solution. Consider the slow solutions <p\ 2(£) defined 
by y 

# (0)) = e~A W f = AAv{, 0»(O) = eA W | = -= -v |, 
A-A A-A 

wheree A ,4 = A(A,L^ ) (5.10). In J0, these solutions are given by 

0!(OO = E*_eAate-L*)  + exp. small 
02(00 = Es_e~AS^-L  ̂ + exp. small 

Ass in (5.45), there exist transmission functions tfj = tfj(\), such that for £ e lx 

<t>l(0<t>l(0  = t^E'+e^'^-  ̂ + t^Ete-A'^-L  ̂ + exp. small 
0UO0UO = t&E'+eA'U-LA) + t&ELe-A'«-LA) + exp. small. 

Hence,, £ = 2L^, we have 

0i(£)) = ^nvfeASjL^ + t$xv
s
2e-ASLA + exp. small 

01(00 = 4 v f eA U ^ + t^e~A"LA + exp. small. 

Withh respect to {vf , v^} , the transmission over the A-pulse is at leading order given 
by y 

M%=M\{\)=M%=M\{\)=  nA\ h2 . (5.94) 
VV tfi*  t$2AA) 

Notee that due to the different choice of basis, there appear no factors A^ and l / A \ 
inn the off-diagonal elements of MS

A, as opposed to Ms (5.46). Since for £ e [0. 2LA\ 
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thee matrix AP,AB{Q is uniformly exponentially close to AP<A(£), the transmission 
functionss tf- are to leading order the same as the transmission functions ttJ (5.68), 
thatt were derived in the stability analysis of the fundamental periodic solution with 
periodd 2LA. 
Now,, by essentially the same arguments, the transmission over the B-pulse, i.e. from 
££ = 2LA to £ = 2£ = 2LA + 2L#, is up to exponentially small errors given by 

1 1 

11 f 
—— v>2 — *f 2vf^ - + *f 2v!A f l , 

wheree AB = A ( A , L B ) . Thus, with respect to the basis {vf ,v | } , the transmission 
overr the B-pulse is described by the matrix 

M%M% = M'BW= | " " A ' è ' " ) • (5-95) 

Combiningg the results over the A- and B-pulses, the total transformation is given by 

MMABAB{X)=M{X)=M SS
BB(X)M%{\), (X)M%{\), 

i.e.. by 

—— (1 + — ) 
M%BW=\**M%BW=\**  JB

2AS JB 

2~K*2~K* A ' B ( 1 2A-V V 2A*  A ^ ( 1 2A 
[5.96) ) 

wheree % f = J
2\f  ̂ = ° ^ i s § i v e n i n (5"69) w i t h L = LA-B' T h e a b o ve a i i a ly s i s 

yieldss the following counterpart of Proposition 5.20. 

Propositionn 5.41 For all A 6 Cr and 7 e S1, the Evans function T>AB{^-1) can be 
decomposeddecomposed into a product of a fast and a slow component. The fast Evans function 
VVABAB(\,-y)(\,-y) is non-zero in Cr , all 7-eigenvalues A = A(7,e) € Cr of (5.92) must 
bebe zeroes of the slow Evans function T>s

AB(\,y); A = A(7, e) = A(7, 0) + 0{e) is a 
7-eigenvaluee if A(7,0) solves 

Tr(M lB(A))^(ll  + ^)(l  + ^ ) + 

1 _ A ï ï i _ ^ _ 2 ^ ^ e [ - 2 , 2 ]]  (5.97) 
2ASS \ 2AS / 2Aa 2AS l J v } 

withwith 7.7 € S1 determined by Tv(MAB) = 2Re[7J. and A = A,4A B = e - A SL L 
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5.7.22 Near the reduced eigenvalues 

Thee methods developed in Section 5.4.3 can directly be applied to the periodic orbits 
off  AB-type. 

Propositionn 5.42 Let 0 < e <C ö <C 1 and \L » S, \a2\ » Vö, and \ax\ = 0(1) 
withwith respect to 5. Assume that the period 2LB of the B-part of periodic pattern 
{Up,An(£,<{Up,An(£,< L),VP,AB(€- L)) satisfies e2LB = O (I) with respect to S. 
(i)(i)  If j — 2k is even, then eigenvalue problem (5.28) has no 7-eigenvalues in the ball 
B(X^Ö). B(X^Ö). 
(ii)(ii)  If j = 2k + 1 is odd and ifTv(Ms

AB{X
r
2k+1,0)) i [-2,2], then for every 7 e S\ 

eigenvalueeigenvalue problem (5.92) has (precisely) two 7-eigenvalues Ai t2(7) € B(A£fc+1,<5) 
(counting(counting multiplicities); if Tr{M£ B(A£fc+1, 0)) e [-2,2] then (5.28) has two 7 - ei­
genvaluesgenvalues X^l) € B(\$k+1J)nMforanyy 6 S1 s(Xr

2k+1,Q))\ » 
5. 5. 

Thee main difference with Proposition 5.24 is the fact that (5.92) has two 7-eigenval-
uess near the odd fast reduced eigenvalues X^k+i' which is n° t surprising given the 
observationss in Remark 5.40. 
Proof.. The proof is very similar to that of Proposition 5.24, therefore we focus on 
thee differences with Proposition 5.24 and refer to the proof of that Lemma for more 
technicall  details. 
(i)(i)  It follows from Proposition 5.41 and (5.93) in combination with Lemma 5.17 that 
thee winding number W(T>AB,dB(X2k,6)) can be decomposed into 

W(VW(VABAB,dB),dB) = W((tr)2,dB) + W(72 - 7Tr(M^ B(A,0)) + l,dB), (5.98) 

wheree we have used that det(M^B) = det{M%)det(MA) = 1. The trace of MAB 

consistss of a sum of products of the meromorphic expressions JA(X) and JB(X) 
((5.97),, Lemma 5.22). Hence, for 6 small enough 

w(vw(vABAB,, dB) = w((tr)2
: dB) + win2, dB) = 2-2 = 0 

forr all 7 G S1. 
(ii)(ii)  If Tr(A^B(A£ fc+1.0)) i [-2,2] then 7

2 - 7Tr(M^ B(A,0)) + 1 ^ 0 for A € 
B(XB(Xrr

2k+v2k+vS),S), so that (5.98) reduces to W(VAB,dB) = 2 + 0 = 2 for all 7 e S1. 
Iff  Tr(M^B(A£fc+1,0)) = 7*  e [-2,2], then this argument can be applied for 7 G S1 

suchh that |Re[7] - iTr(M s{A^ + 1,0))| » S. D 

Inn the next section we will find that the periodic patterns of AB-type are always 
unstablee with respect to the 0(1) eigenvalues. Hence, the small (and again 0(E4)) 

7-eigenvaluess are less relevant for the stability of the AB-patterns (on R. see Sec­
tionn 5.8). Nevertheless, we will very briefly sketch a procedure that is very similar 
too that of Section 5.5 (but computationally more involved) by which the small 
eigenvaluess can be determined explicitly. 

Wee write the eigenfunctions as a perturbation of the derivative of the A-part 
(££ € [0.2LA])  and of the B-part (£ € [2L.4.2L]) of the pattern, i.e. we make the 
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ansatz z 
O,(00 = O0(0 + = V ( 0 for ^€ [0 .2L4 ] 
0,(00,(0 = 90O(O + E2O?(O f o r ^ [ 2 L 4 . 2 L ] , 

wheree 4>0(£) =  ( L ) P , ^ B ( 0 - ^P . ^ B ( 0 ^P , . 4 B ( 0< ^ B ^ ) ) ' a nd ^ is a constant (not 
necessarilyy e S1). that needs to be determined in the process. By the methods of 
Sectionn 5.5. we find at leading order over the A-region [0. 2LA] that 

\a \a 
0202 + 1 

andd over the B-region [2L.4.2L] that 

A " b ) - EE 3I + i t / 0 ( M » " ' , 0 ' l ) ƒ *»« ' 

Ass in Section 5.5 we introduce 2 x2 constants c\'2 that describe the decomposition 
off  &f'B{£) with respect to slow solutions {(f>l(£\  LA.B),<J>1(& LA,B)}- Thus, we have 
introducedd in total 5 unknown constants (0,cff). The ö(e4) 7-eigenvalues are 
noww determined by imposing 5 conditions: 2 7-boundary conditions. 2 matching 
conditionss in £ = 2L,4. and XA(I) = ^0(7)-

Remarkk 5.43 As an example of a more complex pattern, we may consider the 
AABB-patternn (UPIAABB(0^P,AABB(0) that consists as solution of (5.1) on R of 
aa periodic array of two A-pulses at distance 2L^, followed by two B-pulses at dis­
tancee 2LB. It can be shown by an approach that is completely analogous to that 
off  Section 5.7.1 that the part of the spectrum of the stability problem associated to 
(U(UPP,AABB{£),V,AABB{£),VPP,AABB{£)),AABB{£)) i n Cr is determined by the matrix MAABB(X), with 

M'AABBWM'AABBW = MB(X)MB(\)MA(\)MA(X). 

Hence,, the equivalent of Proposition 5.41 can be formulated immediately, with (5.97) 
replacedd by the condition Tr(MAABB(X)) E [-2,2]. This expression is a polyno­
miall  of degree 4 in the meromorphic functions JA(X) and j7s(A), so that we ob­
tainn the equivalent of Proposition 5.42 in which there are 4 7-eigenvalues near the 
oddd fast reduced eigenvalues X2k+1 for every allowed 7 € S1. An analysis near 
thee saddle-node/period-doubling bifurcation like that of Lemma 5.44 below will 
showw that there again are 0(1) unstable eigenvalues, i.e. that the AABB-pattern 
(U(UPP.AABB(0-.AABB(0-VVP.AABB(0)P.AABB(0) i s unstable. 

5.7.33 Stability analysis of periodic orbits of AB-type 

Ass for the case of fundamental patterns, expression (5.97) can be explicitly evaluated 
withh the aid of Mathematica. The results of such an evaluation for the classical 
Gierer-Meinhardtt case (5.3) are shown in Figure 5.7. We see in this Figure that 
forr L > 2LSx- the AB periodic solution (UP.AB{£'- L)- VP.AB(€'< L) is unstable with 
respectt to real 0(1) 7-eigenvalues (in the classical case). This observation can be 
provenn for general parameter combinations. 
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Figuree 5.7: The real part of (all possible) 0 (1) 7-eigenfunctions as function of 
LL = e2L for the periodic solution {UP^AB{£,\ L), VPIAB(£I L) of AB-type of the clas­
sicall  Gierer-Meinhardt equation (5.1) with (5.3) with /u = 1.0 and e = 0.1. Note 
thatt L > 2LSN = | log[\/2 - 1]| = 1.762... The dashed line denotes (the real 
partt of) the 1-eigenvalues, the solid line the — 1-eigenvalues: all other 0 (1) 7-
eigenvaluess are in the grey area. Subfigures (a)-(d) show the curves of 7-eigenvalues 
forr L = 2LSN- 1-765,1.82,1.85: (a) also appears in Figure 5.2(a), with a different 
7-parameterisation.. the saddle-node/period-doubling break-up point at 7 = — 1 in 
(a)) corresponds to 7 =  in 5.2(a) (Remark 5.40). Note also that as L.L —> oc. 
thee 4 curves of 7-eigenvalues approach the eigenvalues A;,. A;, of the homoelinic limi t 
[14],, and X'n = | , A2 = — | as described in Lemma 5.46. 

L e m m aa 5.44 There exists a critical length L = L*{j.i)  > 2L.5\-(/') such that the 
stabilitystability problem associated to the solution (UP.AR(£,'- L). VP,AB(£] L)) of (5.1) of AB-
type.type. has positive 0 (1) 7-eigenvalues for all L e (Lsy{ji). L*(fi))-

Similarr to the case of the destabilisation of the fundamental pat terns of type A 
(Corollaryy 5.36). there seems to be a contradiction with the results of [81] in which 
patternss of AB-type are studied on a bounded domain. However, this is again not 
thee case - see Section 5.8.2. 
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Proof.. The proof is based on a local analysis of Tr(M^B(0,0)), i.e. (5.97) at A = 0, 
nearr the saddle-node bifurcation, i.e. for both LA and LB close to L$N- Thus, we 
introducee the artificial small parameter S with 0 < t « (5 « 1 (that is not necessarily 
relatedd to S in (5.6), (5.7)) and set v = USN — Ö (recall that v — VSN determines the 
saddle-nodee bifurcation (5.23)). 

Itt follows by (5.34). (5.67) that. 

2 2 
A.B A.B ^ ww = -(l  + - ) t anh (, V ^ L 4 . B ) = - 6 Ï T ^ - . 

wheree we have introduced 
bb = ^—- > 0 (5.99) 

(5.2).. It follows from a straightforward perturbation analysis on LAB = LA,B(^SN — 
S)S) that 

AA22
AA = A2

SN - dx \fö + d2S + ö(<5\/5), A% = A2
SN + dx v^ + d2ö + G{SVS), 

where e 
4 4 
SN SN 

22 yfïiUSN 61-A2
SN iiUz

SN 

and,, by (5.26), (5.23), (5.22), (5.99), 

2VVM M 
AASNSN = A(0, L57V) = Vb + 1 - A USN=UQ(LSN) 

W(pW(puu(3(322)Vb)Vb + T 

Substitutingg all this into (5.97) at A = 0 yields by extensive, but straightforward, 
calculations s 

Tr[Af^(0 ;; L ( , s„  - * ) ) ] = 2 - ^ (1 + f r>(1 + 26> _ j _ 5 + O(öVó), 
33 &  ILU\ SN SN 

sincee Tr[M^ B(0; L5iV = ^ S N ) ) ] = 2Re[7J = 2 (see Remark 5.40). Therefore, 
Tr[AlTr[Al ABAB(0\(0\ L{VSN ~ <5))] € [-2, 2] at */ = ^siv — 5 for all allowed parameter combina­
tions,, so that A = 0 is a 7-eigenvalue of (5.92) for 7 e S1 with 

4y^^ / ( l + 6)(1 + 26) , m,„ 
arg(7>> = ^ i ^ V Fb + °{S) 

(Propositionn 5.41). The existence of 0(1) 7-eigenvalues 7(A) > 0 for L asymptoti­
callyy close to LSN now follows from the continuity of Tx[M\B{\:  L)] as function of 
A.. • 

Inn fact, we have proved that A = 0 is a 7-eigenvalue for all L € (2LSN(AO: £O(A0) f° r 

aa certain LQ{^) > 2LSN(AO- For the classical Gierer-Meinhardt case with fi = 1 it 
followss that IQ(1 .0) — 1.84... (see Figure 5.7 (c) and (d)). Figure 5.7 also shows that 
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L*(1.0)) = oc in the classical Gierer-Meinhardt case, with L*(fx) as defined in Lemma 
5.44. . 

Lemmaa 5.44 thus implies that the small eigenvalues do not play a role for the 
stabilityy of {UP,AB(& L),VP,AB(& L)) as solution on R if L is increased from LSN(V) 
~~ a situation that is similar to that of the periodic solutions of B-type (Corollary 
5.36). . 

Coro l lar yy 5.45 The period-doubling bifurcation of the periodic pattern (UP,AB{OI 
VP,AB{0)VP,AB{0) °f AB-type from the fundamental patterns (£/p(£; LA.B), Vp(& LA.B)) gen­
erateserates 0(1) unstable 7-eigenvalues. 

I tt is a priori not excluded by Lemma 5.44 that the AB-patterns gain stability at 
LL = L*(fi).  This is not the case, however. In principle, one could analyse relation 
(5.97)) to confirm that also for general parameter combinations LQ(H) < 00 and 
L*(n)L*(n) = oc; moreover. A = 0 is a - 1-eigenvalue for the AB-pattern at L = LQ(H), 
andd A = 0 cannot be a 7-eigenvalue for L > LQ(/I). For the parameter combination 
off  the classical Gierer-Meinhardt problem (5.3). these statements follow from the 
directt evaluation of (5.97) presented in Figure 5.7. Here, we refrain from performing 
thesee (fairly extensive) computations and only consider the limi t case L ;§> 1, or 
equivalentlyy 0 < I / < 1 . 

Thiss limi t is especially interesting, since it is a result for periodic orbits with 
arbitrari lyy large period, but the results of [27] and [74] cannot be applied. Although 
thee ampli tude of the B-pulse decreases to 0 as L —• 00, the {UP,AB{£,),VP>AB{£,)) 
pat ternn is not exponentially close (in L) over the interval [0, 2L] to the localised 
homoclinicc limi t pat tern (i.e. the limi t of the A-pulse as L —> oc). Thus, we cannot 
usee [27] to conclude that (5.92) only has eigenvalues near those of the homoclinic 
limit .. In fact, this is not even correct. 

L e m m aa 5.46 Let 0 < u <C 1 and assume that condition (A) - Section 5.6.1 -
holds.holds. Let [UP,AB{Z,\ L(V)),VP,AB{Z,'< L(v))) be a periodic pattern of AB-type and let 
(Uh{£),Vh(£))(Uh{£),Vh(£)) be the homoclinic limit that appears from the A-pulse of the AB-
patternpattern on the interval [0,2LA{V)\ in the limit v —> 0 (Theorem 5.5). Let Xh 
bebe an eigenvalue of the linearisation around ( ^ ( 0 » ^ i ( O ) - F°r anu 7 ë S1 and 
anyany homoclinic eigenvalue A/, there exists a 7-eigenvalue X('y) of (5.92) such that 
\\h\\h — A(7)| = 0{v,e). Moreover, for any 7 € S1 and any even eigenvalue A£fc G Ce, 
2k2k € {0 ,1 , . . ., J — 1}  (Lemma 5.15), there exists a ^-eigenvalue A(7) £ R of (5.92) 
suchsuch that \Xr

2k - A(7)| = O^IW^-^.E). 

Thus,, although the B-part of the AB-pulse shrinks to 0 in the limi t v —> 0, it does have 
aa leading order effect on the spectrum of (UPIAB(Z- L{V)), Vp^AB{{,\  L(v))). Unlike the 
homoclinicc limit , there always is (real) unstable spectrum in (5.92) recall that 
AJJfcc > 0. Note that the Lemma is confirmed by Figure 5.7, since for L ;§> 1 there is 
reall  spectrum near the two fast reduced eigenvalues of the classical Gierer-Meinhardt 
casee (5.3). A£ = f and A£ = - f . 
Proof.. The proof follows the same approach as the proof of Lemma 5.31. with 
(5.52)/(5.9)) replaced by (5.97). therefore, we need assumption (A) to ascertain that 
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XhXh is simple, isolated and G Cr - as in Lemma 5.31. Here, we choose S - (5.7) such 
thatt 0 < v < ó < 1. 

Wee need to be careful about the magnitudes with respect to the small parameter 
vv of the two asymptotically small expressions £2

V / /7Z,B(^) and AA{y). Note that 
AsAs = 1 at leading order, so that A = AAAB = AA at leading order in v. A 
straightforwardd asymptotic calculation with (5.14). (5.15) and (5.20) yields that 

ee22y/jlLy/jlLBB{v)=Ö(v&).{v)=Ö(v&).  AA{v) = 0{^). (5.100) 

withh b as in (5.99). If A € Cr . both JA.B{^) are bounded and (5.97) reduces to 

«A(A)) *fi(A ) = (1 + ^ ) ( 1 + ^ ) = 0{\A\2.E) = O(u.e) (5.101) 

(5.94).. (5.95). (5.96). (5.100). Since LA » 1 it follows that t\\(X) = ff^A ) at leading 
orderr (see also (5.90)). Moreover, by (5.69) and (5.100), 

tftfll(X)tf(X)tfll{X)=t^{X){l{X)=t^{X){l  + 0(u.E))[l-1l(X))0(^.E)} = tHX){l + 0(u.u^.s)). 
(5.102) ) 

soo that it indeed follows by (5.101) that TT[M%B(X:L{I/)]  G [-2,2] for A(~/) 0{vJ) 
closee to a zero A/, of t-^(X). Since 7Z{X) has a (simple) pole at A = A^ ([14]. Sec­
tionn 5.4.1), expansion (5.102) will also be 0(u,e) (5.101) for \Xr

2k - A| = Oivxl2b,E). 
However,, t-f (X) also has a pole near A^, and t? (X) also appears in the right hand 
sidee of (5.101) it could be incorporated in the O(v.s) terms under the condition 
thatt A G Cr , i.e. that 1Z(X) is bounded. In other words, it is a priori not clear 
thatt the right hand side of (5.101) really is asymptotically small if A is close to A f̂c. 
Nevertheless,, a next order analysis shows that the fact that t^(X) — 0{y~xl2h) for 
AA C?(^1//26,c)-close to A£fc does not have a leading order influence on (5.101). i.e. it 
indeedd follows that Tr[A/|B(A; L(u)] G [-2, 2] for | Xr

2k - A| = 0{u^2\ e). U 

5.88 Pulse patterns on bounded domains 

Soo far, we studied the stability of periodic pulse patterns on 1R. Of course, most 
applicationss and numerical simulations require the problem to be posed on a bounded 
domain.. In this section we apply the analysis of the preceding sections and determine 
thee spectrum, and thus the stability, of pulse patterns (Ub(0-^b(0) o n a bounded 
domainn [0. X] with homogeneous Neumann boundary conditions. 

5.8.11 The structure of the spectrum 
Wee consider a stationary singular pulse pattern (£/(,(£). V{,(£)), that, is a solution 
off  (5.1) on [0,X] with the boundary conditions Üh{0) = ^ (0) = 0 and Üb{X) = 
Vb{X)Vb{X) — 0. This solution can be an equidistant array of identical pulses (of A- or 
B-type).. or a combination of A- and B-pulses. In fact, we can distinguish between 
threee types of patterns (£/(,(£)• H(O) (see al so Section 3.3): 

(I)) All localised pulses of V&(£) are in the interior of [0. X]. i.e. Vb(£) is exponentially 
smalll  at £ = 0. X and Ub(0 has local minima at the boundaries. 
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(H)) Vb(E,) has 'half a pulse' at both boundaries, i.e. both Vb{£) and Ub(^) are at an 
OO (I) local maximum at £ = 0. X. 

(IH)) Vj,(0 has half a pulse at one of the boundaries and is exponentially small at 
thee other. Without loss of generality we may assume that the "half-pulse" is 
situatedd at £ = 0. 

Wee refer to Figure 5.9 for examples of patterns of type (I) and (H). The analysis 
inn this section will reveal that different types may give different stability properties, 
evenn if the number and the type of the pulses is the same, see especially Corollary 
5.499 and 5.50 and the simulations depicted in Figure 5.9. 

Byy the homogeneous Neumann boundary conditions and the reversibility sym­
metryy of (5.1), (Ub{£,), H ( 0) c an De extended to a solution of (5.1) on [—X,X], 
i.e.. (Üb(S),Vb(0) = R(Ub{-0,Vb(-0) with R as defined in (5.31). It follows from 
thee homogeneous Neumann boundary conditions at £ = X that Ub(—X) — Ub(X) 
andd d/d£Ub(—X) = d/d^Ub(X). Thus, there is a uniquely determined solution 
{Ux,{Ux,PP{Z),Vx,p(Q){Z),Vx,p(Q) of (5.1) associated to (Ub{€),Vb{0) that is periodic on R with 
periodd 2X and is such that (*/x, p(0, Vx.P(0) = (Ub{£), Vb(£)) on [0,X]. 

Ann eigenfunction 0j>(£) of the linearised eigenvalue problem associated to (£/&(£)• 
Vb(£))) can be extended in a similar fashion to a 2X-periodic solution 4>x,p(0 of the 
stabilityy problem (5.28) associated to {Ux,P{Q,Vx,p{0)- As the thus constructed 
4>x,p{04>x,p{0 is a 2X-periodic solution of (5.28), it is by definition a 1-eigenfunction 
-- an eigenfunction associated to a 1-eigenvalue - of (5.28). However, not all 1-
eigenfunctionss of (5.28) correspond to eigenfunctions associated to ([/&(£), Vb(£)). 
Forr instance, the derivative of {Ux,p(€)>Vx,p(£)) is a 1-eigenfunction that does not 
satisfyy the (homogeneous) Neumann boundary conditions (d/d£Ub{£) and d/d£Vb(£) 
aree odd at £ = 0, X). 

Mostt often, the minimal period 2L (by definition) of (Ux,p(£), Vx,p(0) 1S smaller 
thann 2X. We define N by N = X/L and (UP(&L),VP(£;L)) as the periodic so­
lutionn of (5.1) of minimal period 2L such that {Up{£), Vp{£)) = {Ux,p(Z),Vx,p(Q) 
onn a certain subinterval of [-X, X] of length 2L. Note that N cannot be even for 
patternss ([/(,(£), V Vbb(£)(£) of type (IH), that N is even for patterns of type (I) and (H) 
iff  (£4(£), 14(0) consists of identical pulses, and that N can be either even or odd if 
(Ub(0-(Ub(0- Vb{£)) is of type (I), (H) and consists different (A- and B-)pulses. If N > 1, 
itt is natural to express the eigenvalues of the linear stability problem associated to 
(£/{,(£),, Vb(£)) in terms of the 7-eigenvalues associated to (£/p(£; L), Vp(£: L)). 

Lemmaa 5.47 Let {£/&(£), Vj>(£)) be a stationary pulse solution of (5.1) on [0, X] that 
satisfiessatisfies homogeneous boundary conditions and let (UP(£:L),VP(£:L)) be the cor­
respondingresponding periodic solution on M. that has minimal period 2L = 2X/N for N = 
1,, 2, 3 Then, A G Ce can only be an eigenvalue of the stability problem associated 
toto (Ub(£), Vb(£)), if X — X(-y) is a "/-eigenvalue of (5.28) such that 7 G F ^, where 

TTNN = {yeS1 |7j V = l } - (5.103) 

Proof.. The proof follows immediately from the arguments in Remark 5.12. See also 
Propositionn 3.1 in [26] for a more general version of this Lemma. • 
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Att this point, it is not yet clear which of the 7 E T\-eigenvalues of (5.28) may 
givee rise to an eigenfunction that satisfies the homogeneous Neumann boundary 
conditionss on [0,X]. By construction, an eigenfunction of the linear problem as­
sociatedd to (Ub{£). Vb(0) must be symmetric at both endpoints of the interval. In 
general,, a 7-eigenfunction 0(£) of (5.28) associated to the minimal period periodic 
solutionn (Up(£:L),Vp(£;L)) is not symmetric. However, we know that A also is a 
7-eigenvaluee with 7-eigenfunction R(f){£o - £) ~ where £0 is a point of symmetry of 
(c7p(£;; L), Vp{^\ L)) (Section 5.2). If these functions are independent, these two eigen-
functionss may be used to construct an eigenfunction to the problem associated to 
(Ub{£),(Ub{£), Vb(£)), i.e. a function that is symmetric in £ = 0 and £ = X. 

Recalll  that we can also use the symmetry operator R to characterise whether a 
functionn 0(£) is symmetric in a given point £0, i?0(£o — 77) = 0</>(£o + vi) for 0 — 1; 0(£) 
iss anti-symmetric in £0 if 9 = - 1 (Remark 5.11). Recall also that any 2L-periodic 
solutionn (Up(£; L),VP(£; L)) has internal reflection points at £n = £0 + kL, k E Z, 
wheree of course £0 can be set to be equal to 0 (Theorem 5.5). 

Propositionn 5.48 Let (Ï7&(0i H(O) &e a pulse solution of (5.1) on [0,X] that satis­
fiesfies homogeneous boundary conditions and let (Up(£; L), Vp(^; L)) be the corresponding 
periodicperiodic solution on R that has reflection points at £n = nL, n E Z, and that has 
minimalminimal period 2L = 2X/N for certain N — 1,2,3,.... Then, A E Ce is an eigenvalue 
ofof the linearised equations associated to (Ub(£), V&(£)) if and only if X satisfies one of 
thethe following three conditions. 

(i)(i)  X is a 1-eigenvalue of the eigenvalue problem (5.28) associated to (Up(£\ L), 
Vp(£;Vp(£; L)) and there exists a 1-eigenfunction that is not anti-symmetric in £n 

forfor at least one n E Z. 

(ii)(ii)  X is a -l-eigenvalue of problem (5.28) associated to (Up(£\ L),VP(£; L)), N is 
even,even, and there exists an —1-eigenfunction that is not anti-symmetric in one 
ofof the endpoints of [0, X], 

(til)(til)  X is a ^-eigenvalue of problem (5.28) associated to (Up(^:L),Vp(^:L)) with 
-fET-fETNN\R. \R. 

Thus,, this Proposition gives a complete characterisation of the spectrum of the lin­
earisationn around the (multi-)pulse pattern (£/&(£)» VJ>(£)) on the interval [0, X] (with 
homogeneouss Neumann boundary conditions). However, it does not give information 
onn the multiplicity of the eigenvalues. Since the multiplicity of an eigenvalue A is not 
relevantt for the stability question if A  ̂ 0, we do not go further into this here. More­
over,, we already noticed that the 'trivial' translational eigenfunction at A = 0 does 
nott satisfy the homogeneous Neumann boundary conditions. Hence, the presence 
off  an eigenvalue at the origin in the stability problem associated to ( t 4 ( 0 , H ( 0) 
immediatelyy implies that (Ub({i),Vb(0) is about to bifurcate, i.e. that it generically 
iss in the transition from stable to unstable (or vice versa). 
Proof.. Consider Ao E Ce such that the linearisation around (Up(£: L).VP(£: L)) has 
aa 7-eigenfunction 0P(£)- To 0P(£)> w e associate its symmetrical counterpart R(pp(—Q 
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(5.31)) - note that R0P(—^) is a 7-eigenfunction of (5.28). If 0P(O and /£0p(-£) are 
independent,, we can define 

Byy construction, 0+(£) is symmetric in £ = 0, i.e. 0+(£) satisfies the homogeneous 
boundaryy conditions at £ = 0, and 0-(£) is anti-symmetric in £ = 0 (Remark 5.11). 

Hence,, we first need to determine the dimension of {0P(£)< Rd>p( —£)}• Clearly, 
thee condition 0P(£) = 9R<pp(—^) on R implies that 6 = , i.e. 0P(£) and i?0p(—£)} 
cann only be dependent if 0P(£) is symmetrical or anti-symmetrical in £ = 0 (Remark 
5.11).. In that case, 

0P(LL + 77) = i(j> p{-L + r))=  -y9R(f>p(L - 7?), (5.105) 

forr 77 G K, which implies that 7Ö = . Thus, 0P(£) and R(pp(— £)}  c an on^Y De 

dependentt for 7 — . This implies that the combination 0+(£) (5.104) is a candidate 
forr being an eigenfunction with eigenvalue Ao of the linear problem associated to 
{Ub(£),{Ub(£), H ( 0) on [ 0 ^ ] for 7 E TN \R, since it is a solution of (5.28) for A = A0, and 
itit  satisfies the homogeneous Neumann boundary conditions at £ = 0. 

Beforee we consider the more special cases 7 = , we first prove part (iii ) of the 
Proposition.. Since 7^ = 1, the solution 0+(£) is symmetric in £ = kNL for k € Z, 

<t>+(kNL-r})<t>+(kNL-r})  =<f) p{kNL-r])  + R<f>p{-kNL + r]) 
==  lkN4>p{-kNL - n) + "f-kNR<t>p{

kNL + v) 
==  <f> p{-kNL -r})  + R(f)p{kNL + 77) 
== R[4>p(kNL + ri) + R4>p(-kNL - 77)] 
-- R(p+{kNL + rj) 

forr 77 e M. Since X = NL, it follows that 0+(O is a solution of (5.28) that is 
symmetricc in both £ — 0 and £ = X, i.e. 0+(£) is an eigenfunction at A = Ao for the 
linearr stability problem associated to (£/{,(£), Vb{Q)-

Forr the special cases 7 = , the multiplicity may be > 2, so that 0P(£) and 
RèRèpp{—{—£)}£)}  can be independent, and the symmetric/anti-symmetric eigenfunctions 

OO w^n exist. In such cases, A = Ao is also an eigenfunction for the (Ut>(£),Vb(Q) 
stabilityy problem. Note that these cases are covered by (%) and (ii) (where N must 
bee even to have —1 € I\v. Lemma 5.47). 

Thus,, to finish the proof of (i) and (ii), we may assume that 0P(£) is either 
symmetricc or anti-symmetric in £ = 0, i.e. that 0P(£) = #i?0p(—£) for 9 — . It 
followss from (5.105) that 0P(£) is also symmetric/anti-symmetric in £ = L, and that 
thee symmetry-type is the same as in £ = 0 for 7 — 1, but changes for 7 = — 1. More 
inn general, for k £ Z, 

00pp(2kL(2kL + r)) = 7^(77) , , 
== 1

k9R<J>p{-r )) =0R4>p(2kL-T]) y } 

and d 

0p((2fcc + l)L + 77) = 7
f c + 1«M-£ + >7) - 1 f m 

== 7fc+16>i?<2.p(I - 77) = ~f9R0p((2k + 1)1 - 77). W ' ; 
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soo that it follows that (Z>p(£) has the same symmetry-type at every £ = nL for 7 = 1. 
andd that its type alternates for 7 = — 1. This immediately proves part (i) of the 
Proposition.. Since X = NL and N must be even in part (ii) of the Proposition 
(Lemmaa 5.47). <?p(£) is either symmetric or anti-symmetric at both boundary points. 
D D 

5.8.22 M identical pulses on [0,X] 

Ass an application of the results of the preceding subsection, we study the stability 
off  a pulse pattern (£4(£), Vf,(£)) that consists of M identical pulses on the interval 
[0,X] .. Since (Ub(0,Vb{0) may be of type (IH), we allow for M e ^N/{0} . The 
associatedd 2X-periodic solution (Ux,p(0, Vx,p{£)) consists of 2Af identical pulses. 
Thee periodic solution (£/p(£; L), Vp(£; L)) of minimal period is a fundamental periodic 
solutionn (of either type A or B) with period 2L = X/M = 2X/N, so that N = 
2AI.2AI. By Proposition 5.48, the spectrum of the linearisation around the A/-pulse 
patternn ([/{,(£), %(£)) is given by the 7-eigenvalues of the eigenvalue problem (5.28) 
associatedd to (Up(£,; L). Vp(^\ L)) with 7 e I\v (5.103), where we need to be extra 
carefull  writh the special cases 7 = 1 (parts (i) and (ii) of Proposition 5.48). Of 
course,, the conclusion whether or not a n of (5.28) corresponds to an 
eigenfunctionn associated to the full (£/(,(£), Vf,(£)) pattern depends on the character 
off  the pattern - i.e. whether it is type (I),(H), or (IH). 

Wee know from the theory developed in preceding sections that the (relevant 
partt of the) spectrum of the linearisation around the fundamental periodic solu­
tionn {Up(£; L), Vp(£\ L)) consists of a curve of small 0(e4) 7-eigenvalues, connected 
too the translational eigenvalue A = 0, and a number of curves of 0(1) 7-eigenvalues. 
Recalll  that (Up(^; L), Vp(f;;  L)) has two reflection points per period (by construction, 
Theoremm 5.5), one at £ = £0 = 0 (without loss of generality) such that Up(£: L) and 
VVpp(£\(£\ L) are at a local maximum (i.e. £0 determines the centre of the pulse), and one 
att £1 ~ L, exactly between two adjacent pulses (i.e. UP(£:L) and Vp(t;:L)  are both 
att a local minimum). 

Iff  0P(O is an eigenfunction of (5.28) that corresponds to a small 7-eigenvalue, 
thenn its u-component is to leading order equal to the derivative d/dt;Vp(t;;  L) of the 
wavee in a pulse region (Section 5.5). Since the «-component of 0>p(£) is at leading or­
derr 0 in a pulse region (5.75). it follows that 0P(£) is to leading order anti-symmetric 
inn the reflection points $,2k = 2kL (Remark 5.11). By Proposition 5.24, the small 
7-eigenvaluess have 7-multiplicity one. Hence, ö>p(£) and R4>p{—£,) cannot be inde­
pendentt for 7 = , i.e. 7 6 S1 such that 7 = 7, so that 0P(£) must be exactly 
anti-symmetricc in all reflection points 2̂fc = 2kL for 7 = . It follows from (5.106) 
thatt 0P(O is anti-symmetric in all reflection points £„  = nL, n € Z for 7 = 1, so that 
4>4>pp{£){£) cannot be an eigenfunction of the stability problem associated to (E4(£)i ^4(0) 
forr 7 = 1 (part (i) of Proposition 5.48). Note that we already knew this, for the 
smalll  1-eigenfunction is the derivative of the wave. On the other hand, it also follows 
fromm (5.107) that op(0 is symmetric at the reflection points £2^+1 — (2& + 1)£ for 
77 = — 1. Hence, the eigenfunction 0P(£) corresponding to an 0{E4L) — 1-eigenvalue of 
(5.28)) is an eigenfunction of the stability problem associated to (£/&(£), 14(£)) if  a nd 
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onlyiff  (C76(0,Vb(0)isoftype(I). 
Thee large 7-eigenfunctions are. by construction, to leading order symmetric with 

respectt to the reflection point £,2k- i-e. the centres of the pulses. This follows imme­
diatelyy from the fact that the solutions Win(£) of (5.59) must be even with respect to 
thee centre of the pulse recall that the i'-component of an (9(1) 7-eigenfunction d)p(^) 
iss to leading order a scaled version of uyh(0 in the pulse region, while its u-component 
iss to leading order constant (Section 5.4.1). Therefore, by the same arguments as 
appliedd to the small eigenvalue case, if A is a 0(1) 1-eigenvalue with geometric 7-
multiplicityy one. then the corresponding 1-eigenfunction must be exactly symmetric 
inn all reflection points £n = nL. Moreover, an 0(1) —1-eigenfunction is symmet­
ricc in the points 2̂fc at the centres of the pulse, and anti-symmetric at the points 
^2fc+ii  in between the pulses. Hence, the 1-eigenfunction corresponding to an 0(1) 
1-eigenvaluee of (5.28) satisfies the Neumann boundary conditions at £ = 0,X, irre­
spectivee of the type of the ({ƒ&(£), V&(£)) pattern, whereas the 0(1) — 1-eigenfunctions 
satisfyy the boundary conditions if and only if (t7b(£), Vb(£,)) ^s OI" *yPe (H). 

Corollar yy 5.49 Let (£/{>(£), VJ>(£)) be a pulse solution of (5.1) on [0, X] that consists 
ofof M £ |N/{0}  identical pulses and that satisfies homogeneous Neumann bound­
aryary conditions, and let (Up(£; L),Vp(£: L)) be the corresponding fundamental periodic 
solutionsolution on E with minimal period 2L = X/M = 2X/N. Then, A € Ce is an eigen­
valuevalue of the linearised equations associated to (£/&(£), V&(£)) depending on the type 
ofof (Ub(€),Vb(£)) and on the magnitude of the '-/-eigenvalues of (5.28) associated to 
(U(Upp{t,L),V{t,L),Vpp{£,L)): {£,L)): 

(I)(I)  A £ Ce is an eigenvalue if X is an 0(1) ^-eigenvalue with 7 £ TN/{ — 1}  or an 
0(e0(e44)) 7-eigenvalue with 7 £ I V / j l } . 

(H)(H) A £ Ce is an eigenvalue if X is an 0(1) "/-eigenvalue with 7 £ T  ̂ or an 0(e4) 
^-eigenvalue^-eigenvalue with 7 E Tjv/{  —1,1}. 

(IH)(IH)  X £ Ce is an eigenvalue if X is an 0(1) ^-eigenvalue with 7 £ T^/{ — 1}  or an 
0(E0(EAA)) ^-eigenvalue with 7 £ YN /{ — 1,1}-

Notee that TN\R = Y2M\K = 0 for M = \. 1. so that 7 = 1 are the only possibilities 
forr patterns consisting of a half pulse (type (IH)), two half pulses (type (H)). or one 
fulll  pulse (I). As a consequence, the half pulse pattern only has eigenvalues that 
correspondd to 0(1) 1-eigenvalues of (5.28), the two half pulses pattern only has 
eigenvaluess that correspond to 0(1)  1-eigenvalues, and the one pulse pattern only 
hass eigenvalues that correspond to 0(1) 1-eigenvalues and the 0(e4) —1-eigenvalue 
(thatt is always negative, Lemmas 5.28 and 5.29). 

Inn combination with Lemma 5.29. Corollary 5.49 can also be used to derive a 
somewhatt surprising result on the character of the destabilisation of the A/-pulse 
patternn (t4(£), Vj,(£)) caused by the saddle-node (or period doubling) bifurcation, 
i.e.. the parameter value at which the associated periodic orbits (Up(£: L), Vp(£; L)) 
changess of type A into type B. In Section 5.6.2, the destabilisation of the fundamental 
patternn (£/p(£; L), Vp(^\ L)) has been studied as function of L. Here, it is more natural 
too fix L, i.e. to fix X and M, and to vary the main bifurcation parameter \x of (5.1). It 
followss from (5.26) that for given L fixed there is a critical value of /i. ^SN(L) at which 
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Figuree 5.8: A sketch of the interaction of the 0 (1) 7-eigenvalues (black) and the 
C(c4)) 7-eigenvalues (grey) as // decreases through /YSN(^)- The markers indicate 
thee positions of the -.-eigenvalues with 7 = e /Ji and k = 1.2.3.4 (A = 0 is a 
smalll  1 = eü-eigenvalue). Note that the transit ion between the 0 (1) and the 0{si) 
spectrum,, for /i < /i^(L), has not been studied in this thesis. 

thee pat tern (Up((;:  L). Vp(£; L)) passes through the saddle-node bifurcation. Clearly, 
(C/p(£;; L), Vp(£; L)) is of A-type for fj, > / / S N ( £ ) and of B-type for // < fisN(L). 

Wee assume that the solution (£/,,(£: L). Vp{£,\ L)) is stable as solution of (5.1) on K 
forr fi > / isN( i )- he. that the A-pattern did not destabilise by a Hopf bifurcation. We 
knoww by Corollary 5.36 that the stability problem associated to ({/ p(£; L), VP(S;: L)) 
hass 0 (1) unstable eigenvalues as soon as //, < /JSN(L). However, the most unstable 
eigenvaluee is a — 1-eigenvalue (Lemma 5.34). This 0 (1) — 1-eigenvalue only corre­
spondss to an eigenvalue associated to (£/(,(£). Vft(£)) if this pattern is of type (H). 
Thus,, if ( t / b ( 0, V b(0) is o f type (I) or (IH). it wil l not be destabilised by the 0 (1) 
-1-eigenvalue!!  Nevertheless, in these cases (£/;,(£). V),(£)) is also destabilised at a 
bifurcationn value that is at leading order the same as / / .SN(L) (if M > | . see below). 

Thiss can be seen by Figure 5.8. that gives a graphic representation of the relation 
betweenn the small and the 0 (1) spectrum as // decreases through fisN{L). as deter­
minedd in (the proofs of) Lemmas 5.28 and 5.29. If // < / / S N ( £) with /J,SN(L) — fJ- = S 
forr some 0 < 5 <C 1, the largest 0 (1) 7-eigenvalue. 7 = - 1 (Lemma 5.34). is still » c4 

awayy from 0 (for s small enough - Corollary 5.36). the entire ö(eA) spectrum is (also) 
inn the stable half plane (Lemma 5.28). If /J < ^S N( L ) with fisvt(L) - // = 6 <S 1. only 
aa small part of the C( l ) -spect rum has passed through A = 0 (Lemma 5.34). How­
ever,, except for those O(S) close to 7 = —1. all (!) 0(e') 7-eigenvalues have moved 
throughh the imaginary axis. This follows immediately from the structure of the graph 
off  A as function of |argpy]| as described in the proof of Lemma 5.29. This means that 
thee most unstable eigenvalue A,*  of the stability problem associated to ([/(,(£). Vf,(£)) 
off  type (I) or (IH) on [0,X] is the 0{eA) 7-eigenvalue with 7 = e ] i e t h e 

smalll  eigenvalue with -> as close as possible to —1. Note that this corresponds to 
kk = 3 in Figure 5.8. Note also that AjJ does not exist if M = | , 1. 

C o r o l l a ryy 5.50 Let ({/&(£) , V&(£)) ^e a pulse solution of (5.1) on [0,X] that con­
sistssists of M e | N / { 0 }  identical pulses and that satisfies homogeneous Neumann 
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boundaryboundary conditions, and let (UP(£:L).VP(£:L)) be the corresponding fundamental 
periodicperiodic solution on R with minimal period 2L = X/M = 2X/N. Assume that. 
(U(Upp(£;(£; L),VP(£; L)) is stable as solution onRfor j.i > / JS N( L ) . 

•• U{Ub{0, VbiO) is °ftype (H), then it is destabilised as fi decreases through ^ S N ( £) 
byby an O (I) eigenvalue associated to 7 = - 1 in (5.28). 
•• V (Ub(0,Vb(0) is of type (I) or (IH) and if M > §. then it is destabilised as fi 
decreasesdecreases through fisn(L) by an ö(eA) eigenvalue associated to 7 = e _ 
•• (£4(OiH(0) does not destabilise as fi decreases through / /SN(^) if it is of type (I) 
oror (IH) with M = \ or I. 

Thiss corollary proves that there is no contradiction between the results presented in 
[39,, 82] and those in this chapter. In [39, 82] it has been shown that the destabilisation 
off  an M-pulse pattern on a bounded domain at the saddle-node bifurcation is always 
associatedd with the small spectrum. However, in [39, 82] bounded interval patterns of 
typee (I) are considered. In this chapter, it has been shown that there are always 0(1) 
unstablee eigenvalues beyond the saddle-node bifurcation in the stability problem for 
(fundamental)) periodic patterns on R (Corollary 5.36). Corollary 5.50 shows that, 
nearr the saddle-node bifurcation, the 0(1) eigenvalues cannot be 'seen' by patterns 
off  type (I) on a bounded domain. Hence, these patterns are destabilised by the 'less 
unstable'' 0(e4) eigenvalues. It is for the same reason that there is no contradiction 
betweenn the statement on the instability of patterns of AB-type on R (Lemma 5.44) 
andd the results obtained in [81]. In this paper, AB-patterns of type (I) (i.e. on a 
boundedd domain) are considered, and they are shown to be unstable with respect to 
thee Q(e4) eigenvalues. Again, the unstable 0(l)-eigenvalues of Lemma 5.44 cannot 
bee 'seen' by the type (I) pattern. 

Thee statements of this Corollary are confirmed by the numerical simulations. It 
hass been checked that the (Ub(£), Vb(£)) pattern with M = 1 indeed does not bifurcate 
att LLSN(L) if it is of (I) type, while the M = 1 pattern of type (H) does bifurcate at 
}1SN{L).}1SN{L). In Figure 5.9, numerical simulations of two M = 2 patterns, of types (I) and 
(H),, are presented for ji  just beyond jisn(L). Clearly the (H) pattern evolves on a 
muchh faster time scale, i.e. the time scale associated to an 0(1) unstable eigenvalue, 
thann the (I) pattern (that has an unstable eigenvalue of 0(e4)). Moreover, the 
destabilizingg eigenfunctions have been computed numerically. If (Ub(E,)- H(O) is of 
typee (I), the (unstable) eigenfunction clearly consist (at leading order) of -locally odd 
copies'' of the derivative of the localised pulses (Figure 5.9). Hence, it is (numerically) 
confirmedd that the destabilisation is associated with the ö(e4) eigenvalues (Section 
5.5).. The unstable eigenfunction consist of localised even pulses, associated to the 
solutionn vin(C) of (5.58), for the (H)-pattern. i.e. the (H)-pattern is indeed destabilised 
byy an O(l) eigenvalue. 

Remarkk 5.51 Note that the first 0(1) eigenvalue of the stability problem associated 
too (Ub(£).Vb(£)) of type (I) or (IH) that crosses through the imaginary axis is the 
eigenvaluee associated to 7 = 7^ = eMM-\)m/M_ B y Re m a rk 5 35 t^s o c c u rs (at 

leadingg order) at 

MM 22 ( 7T 3 — 1 \ 2 

^  ̂ = VM = 772YT2 arccosM1 + (1 + c os T ? ) ^ ^ —) ) •• 
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whichh agrees with the results found in [39, 82]. Note that fi* M approaches HSN{L) as 
MM —• oc (Remark 5.35). We may also conclude that if /J < HSN(L) with fis^(L) — fj, = 
K < 1 ,, then there is an MQ(Ö) such that the 0(1) eigenvalue associated to 7^ is 
positivee for M > M0(S). In other words, if one considers a pulse pattern (£/&{£). Vb(€)) 
thatt consists of many identical pulses (i.e. if M is large enough) as an initial condition 
forr a numerical simulation of (5.1) with // = ^ S N ( ^) - 5, then (6^(0- H ( 0) wiU De 

destabilisedd on the fast time scale, i.e. by an 0(1) eigenvalue, irrespective of the type 
off  (£4(0,^(0). 

Remarkk 5.52 According to Corollary 5.49, the stability problem for a periodic pat­
ternn on a bounded domain only has finitely many eigenvalues A e Ce. This im­
pliess that this stability problem must have infinitely many additional eigenvalues 
AA 6 C/Ce, i-e. in (a neighbourhood of) the essential spectrum of the homoclinic limit 
pattern.. See Remark 5.3. 

Figuree 5.9: Numerical simulations of the destabilisation of two different pulse solu­
tionss (Ub(£), Vb(0) o n t ne same bounded domain [0,40], both with M = 2, \i = 1.08, 
ee = 0.3, and (5.3). The patterns correspond to the same fundamental pattern 
(Up(£;(Up(£; L), Vp(£: L)) with L = e2L = 0.9, but are of different types: (I) in the left col­
umn,, (H) in the right. The bifurcation value iisn(L\ E) = (log[\/2 - l ] ) 2/Z2 -I- 0(E) « 
0.966 -I- 0(E) > 1.08, as is found numerically. Both patterns bifurcate into the same 
pulsee pattern of type (I) with M = 1. In the first row, the {/-components (thick 
lines)) and K-components (thin lines) of the initial pattern are plotted. The second 
roww shows the evolution of the amplitude of the ^-components of the pulses: note 
thee significant difference in the time scales. The third row presents the V-component 
off  the (numerically computed) most unstable eigenfunctions. 
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Samenvatting g 

Dee afgelopen jaren is mij door familie en vrienden regelmatig gevraagd waar mijn 
onderzoekk over ging. Deze vraag hoop ik in dit hoofdstuk te beantwoorden. Mij n 
aandachtt gaat daarbij vooral uit naar de iets minder wiskundig ontwikkelde lezer 
enn daarom zal ik mij voornamelijk richten op de biologische achtergronden. De 
lezerr die geïnteresseerd is in de wiskundige resultaten zal in de overige. Engelstalige 
hoofdstukkenn ongetwijfeld aan zijn trekken komen. 

B io log ischee pa t roonvorm in g 

Inn dit. proefschrift wordt langs wiskundige weg een model bestudeerd dat afkomstig 
iss uit de morphogenese. Deze tak van de biologie houdt zich bezig met de vraag hoe 
vormenn en patronen ontstaan in dieren en planten. Een volgroeid organisme, zoals 
dee mens, bestaat uit een groot aantal verschillende organen en weefsels, elk met hun 
eigenn type cellen. Toch ontstaat het organisme uit een enkele cel. De verscheidenheid 
aann celtypes ontstaat doordat verschillende cellen zich op verschillende manier ont­
wikkelen,, een proces dat bekend staat als (biologische) differentiatie. Hierbij is een 
groott aantal processen betrokken, variërend van celdeling en sterfte van cellen tot het 
veranderenn van de vorm van de cellen. Daar gaat dit proefschrift echter niet over. Dit 
proefschriftt richt zich enkel op het feit dat de manier waarop cellen zich ontwikkelen 
afhankelijkk is van hun plaatss in het organisme. Er moet dus een mechanisme bestaan 
datt de cellen vertelt waar in het organisme ze zich bevinden. 

Hett model dat in dit proefschrift bestudeerd wordt, is een van de vele modellen 
diee gebruikt worden om deze plaatsinformatie te leveren. Ik wil daarbij opmerken 
datt de keuze voor dit model gebaseerd is op de wiskundige eigenschappen ervan en 
datt het niet duidelijk is in hoeverre dit model daadwerkelijk van toepassing is in de 
morphogenese.11 Het gebruikte model is van het reactie-diffusie type, waarin het ont­
wikkelendee weefsel beschouwd wordt als een chemische reactor, met daarin een aantal 
stoffenn die met elkaar kunnen reageren. Het idee is dat er in de reactor spontaan 
eenn situatie ontstaat waarin de verdeling van de stoffen niet meer uniform is. met 
anderee woorden, dat er een verdeling ontstaat met gebieden met een hoge concen­
trat iee en gebieden met een lage concentratie van een bepaalde stof. De ontwikkeling 
vann de cellen wordt dan bepaald door de concentratie van die stof: in gebieden met 
eenn hoge concentratie ontwikkelen de cellen zich op één manier, in gebieden met een 

Terr verdediging, de biologen zijn er ook nog niet uit. 
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166 6 Samenvatting g 

lagee concentratie op een andere manier. In de re act ie-diffusie benadering zijn er twee 
manierenn waarop de concentraties kunnen veranderen. Ten eerste kunnen de stof­
fenn verdwijnen of juist gevormd worden door chemische reacties in het weefsel. Ten 
tweedee kunnen de stoffen zich door het weefsel verplaatsen door middel van diffusie. 
Diffusiee is de verplaatsing van stoffen door de altijd aanwezige thermische beweging 
enn geeft een verplaatsing van een stof van gebieden met een hoge concentratie naar 
gebiedenn met een lage concentratie. 

Patronenn op dierenhuiden 

Dee patronen op dierenhuiden, zoals de strepen van de tijger en de stippen van het 
luipaard,, kunnen gezien worden als het resultaat van differentiatie. De kleur van de 
harenn op de huid wordt bepaald door het al dan niet aanwezig zijn van pigment, 
datt geproduceerd wordt door cellen in de huid. Niet alle huidcellen produceren 
hett pigment, waardoor kleurverschillen ontstaan. Of een cel al dan niet pigment 
produceert,, wordt vastgelegd in een vroeg stadium van het embryo, aan de hand van 
eenn patroon. Hoewel het mechanisme waarmee dit patroon wordt vastgelegd niet 
bekendd is, is men er in geslaagd om diverse patronen die op dierenhuiden voorkomen 
tee reproduceren in simulaties van reactie-diffusie vergelijkingen. 

Turin gg en het activator-inhibito r  mechanisme 

Hett is verre van vanzelfsprekend dat chemische stoffen een patroon vormen van ge­
biedenn met een hoge concentratie en gebieden met een lage concentratie. Immers, 
diffusiee geeft een verplaatsing van hoge naar lage concentratie en zal dus normaal ge­
sprokenn leiden tot een uniforme verdeling. Dit gegeven vormde lange tijd een barrière 
voorr de toepassing van reactie-diffusie systemen als model voor (biologische) patroon­
vorming,, totdat Turing in 1952 liet zien dat onder de juiste voorwaarden patronen 
zichh spontaan kunnen vormen, juist dankzij het effect van diffusie. Turing werkte met 
sterkk vereenvoudigde vergelijkingen, maar zijn resultaten werden in de jaren 70 uit­
gewerktt door Gierer en Meinhardt voor meer algemene vergelijkingen. Zij lieten zien 
datt de spontane vorming van patronen mogelijk is in zogenaamde activator-inhibitor 
systemen. . 

Zo'nn systeem bevat twee stoffen, een langzaam diffunderende activator en een 
snell  diffunderende inhibitor. Belangrijk is dat de activator een stof is die zijn ei­
genn productie bevordert, zodat een kleine, plaatselijke verhoging in zijn concentratie 
leidtt tot een grotere productie. Dit verhoogt de concentratie verder, waardoor meer 
activatorr geproduceerd wordt. enz. Omdat de activator bovendien langzaam diffun­
deert,, blijf t de verstoring beperkt tot de plaats van de oorspronkelijke verstoring. Er 
ontstaatt zo een klein gebied waar de concentratie van de activator veel groter is dan 
inn het gebied er omheen. Natuurlijk kan de groei van de activatorconcentratie niet 
eeuwigg doorgaan. Daarom stimuleert de activator ook de productie van de inhibitor, 
diee de productie van de activator remt. De inhibitor wordt alleen geproduceerd in 
hett gebied met de hoge concentratie van de activator, maar omdat de inhibitor snel 
diffundeert,, verspreidt de geproduceerde inhibitor zich over een groot gebied. Dit 
heeftt twee belangrijke gevolgen. Ten eerste verzwakt het de remmende werking bij 
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dee oorspronkelijke verstoring, waardoor deze verder kan blijven groeien. Ten tweede 
verzwaktt het de aanmaak van activator in de omgeving van de oorspronkelijke versto­
ring,, waardoor nieuwe verstoringen in de concentratie van de activator in dat gebied 
niett kunnen groeien. Uiteindelijk wordt er zoveel inhibitor aangemaakt dat de ac-
tivatorconcentratiee niet verder meer groeit. Er ontstaat dan uiteindelijk een klein 
gebiedd met een grote verhoging van de activatorconcentratie, met daaromheen een 
groott gebied waar soortgelijke verhogingen wrorden onderdrukt door de aanwezigheid 
vann de inhibitor. 

Hett mechanisme van Turing en het activator-inhibitor mechanisme zijn succesvol 
geblekenn in het reproduceren van verschillende biologische patronen, zoals bijvoor­
beeldd patronen op dierenhuiden. Ook de groei van de Hydra, een soort zoetwater­
poliepen,, kan beschreven met reactie-diffusiebergelijkingen. Ten slotte zijn de door 
Turingg voorspelde concentratiepatronen waargenomen in chemische experimenten, al 
gebeurdee dit pas 40 jaar na het werk van Turing. 

Wiskunde e 

Reactie-diffusiee modellen worden wiskundig gezien beschreven met behulp van een 
partiëlee differentiaalvergelijking (PDV). Een PDV wordt gebruikt om de afhanke­
lijkheidd van een grootheid (hier de chemisiche concentratie) van meerdere variabelen 
(hierr de tijd en de positie) aan elkaar te relateren. De vergelijkingen die in dit 
proefschriftt gebruikt worden, zijn gebaseerd op de vergelijking die door Gierer en 
Meinhardtt gebruikt werd om het activator-inhibitor mechanisme te illustreren. Deze 
vergelijking,, die wordt aangeduid als de (klassieke) Gierer-Meinhardt vergelijking, 
wordtt gegeven door 

VtVt = 

uutt = 
== dvVxx -
—— duuXx 

-- uV 
-- fiU 

+ + 
+ + 

aVaV22/U /U 
bVbV22. . 

(GM) ) 

Dee grootheden U en V geven de concentraties van respectievelijk de inhibitor en 
dee activator die in principe afhankelijk zijn van de tijd (t) en de positie (x). De 
eerstee vergelijking vertelt ons dat de verandering van de activatorconcentratie (Vt) 
wordtt gegeven door drie componenten: de effecten van diffusie (dvVTX), een lineair 
vervall  (vV) en de productie (aV2/U). Merk op dat deze productie groter wordt 
alss de activatorcontratie (en dus V) groeit, maar juist daalt als U stijgt, hetgeen 
inn overeenstemming is met het activator-inhibitor mechanisme. De tweede regel 
vann (GM) geeft een soortgelijke uitdrukking voor de concentratie van de inhibitor. 
Tenn slotte is het voor het activator-inhibitor mechanisme cruciaal dat de inhibitor 
veell  sneller diffundeert dan de activator. Daarom wordt in het hele proefschrift 
verondersteldd dat du veel groter is dan dv. 

Inn dit proefschrift wrordt een gegeneraliseerde versie van (GM) bestudeerd, waarin 
dee niet-lineaire reactietermen V2/U en V2 zijn vervangen door Ua'2V92, respectieve­
lij kk UaiV31, zie vergelijking (2.1). In hoofdstuk 2 worden als wiskundige motivatie 
dezee gegeneraliseerde Gierer-Meinhardt vergelijkingen afgeleid als de belangrijkste 
termm voor het bestuderen van patronen in een grote klasse van reactie-diffusie verge­
lijkingen. . 
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Hett systeem (GM) vormt spontaan pulspatronen met scherpe pieken in de acti-
vatorconcentratiee vanuit een uniforme begintoestand volgens het activator-inhibitor 
mechanisme.. Het resultaat van dit proces is een pulspatroon dat niet meer verandert 
inn de tijd. In dit proefschrift bestuderen we dergelijke stationaire oplossingen van 
(GM).. met als doel de volgende vragen te beantwoorden. 

11 Voor welke waarden van de parameters bestaan er stationaire pulsoplossingen 
enn wat zijn hun eigenschappen ? 

22 Zijn de gevonden pulsoplossingen stabiel ? 

Dee eerste vraag wordt bestudeerd in hoofdstuk 3, met de nadruk op de constructie 
vann periodieke pulsoplossingen van de gegeneraliseerde Gierer-Meinhardt vergelijkin­
gen.. Er wordt bewezen dat er een groot aantal periodieke pulsoplossingen bestaat, 
zowell  pulspatronen waarin alle pulsen even groot zijn, als pulspatronen waarvan de 
pulsenn verschillende hoogtes hebben. In Figuur 3.1 op pagina 20 wordt van deze beide 
groepenn oplossingen een voorbeeld gegeven. Bovendien wordt in dit hoofdstuk bewe­
zenn dat pulsoplossingen op een eindig domein kunnen bestaan uit elke willekeurige 
combinatiee van hoge en lage pulsen. 

Inn de laatste twee hoofdstukken wordt de stabiliteit van de pulsoplossingen be­
studeerd.. In hoofdstuk 4 gebeurt dit in een 2-dimensionale setting door een 1-
dimensionalee pulsoplossing uniform uit te breiden in een tweede ruimtelijke richting. 
Omdatt de aldus gevormde streeppatronen in essentie 1-dimensionale structuren zijn, 
kann het stabiliteitsprobleem herleid worden tot een 1-dimensionaal probleem. Het 
belangrijkstee resultaat is dat de streeppatronen instabiel zijn tenzij de lengte van de 
streepp erg klein is of de waarde van fi in (GM) erg groot. Bovendien wordt in dit 
hoofdstukk aangetoond dat pulsen kunnen splitsen in twee pulsen. 

Inn Hoofdstuk 5 wordt de stabiliteit van de periodieke pulspatronen bestudeerd die 
inn hoofdstuk 3 werden geconstrueerd. De belangrijkste conclusie is dat de periodieke 
patronenn niet stabiel kunnen zijn voor periodes korter dan een kritische waarde, die 
samenvaltt met de overgang tussen twee types periodieke oplossingen. Bovendien 
wordtt aangetoond dat het simpelste patroon met pulsen van verschillende hoogte, 
mett afwisselend hoge en lage pulsen, altijd onstabiel is. 
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