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Introduction

This thesis aims to give a uniform, analytical approach to the quantization and reduc-
tion of moduli spaces of flat connections over general surfaces, possibly with bound-
aries. This involves both a generalization of the Borel-Weil theorem for loop groups
as well as a construction of a certain three dimensional Topological Quantum Field
Theory, eventually resulting in a modular tensor structure on the category of positive
energy representations of loop groups. The necessary technical background to these
issues will be given in three additional chapters. In this introduction we will merely
sketch the general picture in which these result fit, along with some historical notes.

Quantization. Quantization describes the passage from classical mechanics to
quantum mechanics. Its inverse, passing from quantum mechanics to classical me-
chanics, is called the classical limit. From a mathematical point of view, the main
problem of quantization is its definition, although there is a sense of common agree-
ment about the basic features of such a procedure. Recall that classical mechanics
is mathematically described in terms of symplectic geometry, whereas Hilbert spaces
and operator algebras arc the natural language of quantum mechanics. Therefore,
quantization may ultimately be viewed as a certain correspondence between symplec-
tic geometry and operator algebras. The most basic feature of this correspondence
is the following: Since the phase space of a classical mechanical system is always
symplectic, one expects quantization to associate a Hilbert space Q(Af) to a sym-
plectic manifold M. Conversely, observe that the projective space of a Hilbert space
is a symplectic manifold. Second, it is understood that real-valued functions on A
should be quantized by self-adjoint operators on Q(A{) in such a way that the map
f—Q(f), f e C>®(M) is linear and relates the Poisson bracket and the commutator,

QU{f.g}) ~ Q) Q)]

It is known that putting an equality in this relation is too restrictive, and usually
one requires this to hold merely asymptotically, in the limit where a deformation
parameter (h) goes to zero. Another option is to quantize only a certain subalgcbra
of smooth functions and put an equality sign for those functions in the relation above.
This second approach is what we will do in this thesis, where subalgebra corresponds
to functions associated to a representation of a symmetry group.

Already this rather vague notion of quantization stands at the origin of a remarkable
similarity between certain geometric notions in symplectic geometry and the theory
of operators algebras, see e.g. [CW, Lal]. To fully appreciate this, it is convenient to
keep in mind the geometric interpretation of operator algebras, as provided by Connes’
noncommutative geometry [Con]. We start with a description of the classical side.
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INTRODUCTION

As is well known, the ring of smooth functions on a symplectic manifold carries in a
natural way the structure of a Poisson algebra, i.e., it is a commutative associative
algebra A that has a Lie bracket { , } giving an action of 4 on itself by the derivations
{.f}. f € A In fact, the Poisson algebra on smooth symplectic manifold has the
special property that its Poisson commutant is trivial, i.e.,

VfeC>™(M), f+#cst. 3ge C™(M) st. {f. g} #0.

More generally, and also more fundamentally, one can consider general Poisson mani-
folds, that is manifolds whose ring of smooth functions is endowed with the structure
of a Poisson algebra. Such manifolds generically have Casimir functions. i.e., functions
that Poisson commute with the whole of C°>(P). Since by definition any function
f € C>(P) acts on C°(P) by derivations, one can introduce the Hamiltonian vector
field X of f. The set of all these vector fields forms an involutive distribution on P
which can be integrated. Since on every leaf of the resulting foliation, the Poisson al-
gebra of functions has trivial Poisson center. the manifold P is foliated by symplectic
leaves.

Next. consider a Poisson map J : M — P from a symplectic manifold M to a
Poisson manifold P. that is a smooth map whose pull-back induces a homomorphism
of Poisson algebras J* : C>(P) — C>(M). In this situation, the Poisson commutant
of J*C>(P) CC>(M). i.ec.

JIC(PY = {f € C*(M),{f.g}n = 0 Vg € J*CX(P)},

turns out to be a Poisson algebra as well. From this point of view it is natural to
consider so called dual pairs: A dual pair consists of a triple of manifolds (P}, M, P,),
with Py, P, Poisson and M a symplectic manifold, equipped with maps

polar 2 op,

with Jy anti-Poisson and J; Poisson such that C>(P;) and C°°(P,) lie in each others
Poisson-commutant, i.e.,

{J1C>(P), J3C(Py)}ar = 0.

The rich geometrical structure of these triples can be neatly organized by collecting
them in a category [LaZ2], with objects given by (integrable) Poisson manifolds while
a dual pair as above gives an arrow from P, to P,. Composition of arrows is given by
a generalization of symplectic reduction: One takes the fibered product of two sym-
plectic manifolds over the intermediate Poisson manifold, and integrates the foliation
given by the kernel of the product-symplectic form.

On the quantum mechanical side, consider the category of von Neumann algebras
and correspondences. Its objects are given by von Neumann algebras. that is subal-
gebras M C B(H) of the algebra of bounded operators that equal their bicommutant
M" = M (see also chapter 3). As for Poisson spaces, the commutant M’ of a von
Neumann algebra is again a von Neumann algebra. Therefore it is natural to consider
bimodules over von Neumann algebras, that is, a Hilbert space with a (normal) left
and right action of two von Neumann algebras that commute with each other. Such
a bimodule is also called a correspondence [Con], and these form the morphisms in
our category. The composition of morphisms is given by the relative tensor product
over von Neumann algebras of Connes. which is the correct analytical analogue of the
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algebraic tensor product of modules over rings. This category has a similar structure
to the category of dual pairs, summarized by the following table:

[ Poisson geometry l Operator algebras

Poisson algebra von Neumann algebra
Symplectic manifold M Hilbert space H
Poisson algebra associated to M | von Neumann algebra B(H)
Dual pair Correspondence/bimodule
Symplectic reduction Composition of correspondences
Symplectic groupoid Standard form
Modular vector field Modular automorphism group

We have not yet discussed the last two entries on both sides of this table, which were
added for completeness. The correspondence between the symplectic groupoid and
the standard form of a von Neumann algebra will be fundamental in our construc-
tions. For the last entry, we refer to [We]. From this point of view, it is natural to
require quantization to implement this similarity, i.e., to define a functor from the
classical category of dual pairs to the quantum category of von Neumann algebras
and correspondences. This refines the assignment M +— Q(A) in the sense that the
Hilbert space Q(M) should carry two commuting actions of von Neumann algebras
obtained by quantizing the Poisson manifolds constituting the classical dual pair M is
part of. However, most notably, this definition of quantization implies that symplectic
reduction of dual pairs should be quantized by the relative tensor product over von
Neumann algebras. In [La2] such a quantization scheme is called “functorial”.

Quantization commutes with reduction. A particular case of functorial
quantization implements the “quantization commutes with reduction” philosophy,
which we will now explain. Suppose a connected Lie group G acts on a symplectic
manifold M by symplectomorphisms. Such an action is said to be Hamiltonian if
there exists a G-equivariant map u : M — g* with the property that the contraction
of u with &€ € g, pe = (u,§) € C> (M) generates the action of £ € g through the
Poisson bracket, i.e.,

{/l'i-,.un} = HKigm) &,meg.
Demanding that for these functions the Poisson bracket is quantized by the commu-
tator, one expects the quantization to implement a representation of the Lie algebra
g, l.e.,
[Q(ue), Qutn)) = QUke, n}) = Qlure.y): Y& M€ @

Integrating, one finds a representation of the group G. This basic observation lies at
the origin of the correspondence between representation theory and symplectic geom-
etry, by applying the ideas of quantization. We mention two examples of this prin-
ciple, the Kirillov correspondence and the “quantization commutes with reduction”
philosophy. The first is concerned with the construction of irreducible representations
of (0. whereas the second entails the identification of the multiplicity spaces of the
representations obtained by quantization.

Concerning the first example, one expects the representation obtained by quantization
to be irreducible when the G-action is transitive, since that case the functions u¢, £ € g
generate the whole ring of smooth functions on the coadjoint orbit. Such symplectic
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manifolds with a transitive G-action can be classified and are given by the orbits
O C g" of the coadjoint action of G on g*. Putting everything together, quantization
should give a certain correspondence between coadjoint orbits in g* and irreducible
representations. This is called the Kirillov principle. The connection with operator
algebras is given by passing to a suitable group algebra. in our case the group von
Neumann algebra (after choosing a Haar measure).
We now turn to the “quantization commutes with reduction”-theme. For a general
Hamiltonian G-space. i.c.. carrying a not necessarily transitive G-action. one obtains
a dual pair

MG — M 5 g,
where g* is equipped with the usual Lie-Poisson structure. and we assume, for sim-
plicity. that AM/G is smooth. Composition with the dual pair g* — O¢ — {pt.} given
by a coadjoint orbit O¢. £ € g* in the category of dual pairs mentioned above. gives
exactly the symplectically reduced space M¢ := (M x O¢)//G = 1~ (O¢). Therefore,
functorial quantization as outlined above implies the “quantization commutes with
reduction”-theorem. i.e.. the commutativity of the following diagram:

M9 QM)

QR

/6 —% Quyya)

Here QR stands for quantum reduction. i.c., taking the tensor product over a suitable
group algebra implementing the unitary representation of G. For a compact Lie group,
this is equivalent to taking the subspace of Q(A) of G-invariant vectors, and in this
context, in the case of actions on compact Kéhler manifolds. the above principle
was initiated in [GS1]. In physics, such considerations originated with the work of
Dirac [Di]. In this case. the structure predicted by the “quantization commutes with
reduction principle” is quite strong: For any quantizable symplectic manifold A, one
finds by “quantization commutes with reduction™ that

QM) = (Q(M) & Vi)Y,

where x is the involution on the set A* labeling the irreducible representations of G.
that sends a representation to its dual. Therefore, by Schur’s lemina it follows that

QM) = P QM) ® Va,
AEA
Le., the multiplicity space associated to the isotypical component labeled by A €
A* is given by quantization of the reduced space M. One can thus think of the
quantization commutes with reduction philosophy as giving geometric meaning to
multiplicity spaces of representations.

Topological Quantum Field Theory. Our aim is to obtain certain Topological
Quantum Field Theories (TQFT’s) by quantizing moduli spaces of flat connections
and proving a “quantization commutes with reduction” theorem. In chapter 2 we give
an introduction to TQFT, but let us briefly discuss its main features.
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According to Atiyah’s axioms [A], a TQFT is nothing but a monoidal *-functor from
the n-dimensional cobordism category to the category of finite dimensional vector
spaces (or, rather Hilbert spaces). We will restrict our attention to n = 3. In this
case, a TQFT associates a vector space V(X) to every closed, compact oriented two-
dimensional manifold ¥, and a vector V(M) € V(OM) to every three manifold M
with boundary M. More generally, a cobordism induces a linear map between vector
spaces, and these maps should compose according to the gluing properties in the
cobordism category. Since a closed three-manifold is interpreted as a cobordism form
0 to 0, and we assume V(@) = C, a TQFT assigns a number V(M) € C to M.
This is the three-manifold invariant associated to a TQFT. The basic characteristic
of this invariant is the gluing law imposed by the axioms above when M is cut along
a two-manifold £ C M into two pieces M, and Mp;

V(M) = (V(M1),V(M2))ys) -

It is this property, just like the Mayer—Vietoris sequence for ordinary (co)homology,
that makes the manifold invariant computable.

In three dimensions, one can always use a Heegaard decomposition of a three-manifold,
and therefore the axioms for TQFT are equivalent to giving representations of the
mapping class group I'(X) on V(). However, it was soon realized that in all examples
of TQFT’s, there was a more involved structure related to cutting and gluing in
codimension 2. In the three dimensional example of TQFT given by the quantization
of moduli spaces of flat connections (see below), this is related to “factorization rules”
of conformal blocks. These rules give certain relations between the above mentioned
representations of the mapping class groups when surfaces are glued together, so that
they all combine to give a representation of a more complicated object, called the
“Teichmiiller tower” of groupoids. Several authors have tried to incorporate these
extended structures into the axioms of TQFT, see e.g. [Fr2, Tu, KeLu], we will
follow Quinn’s axioms of what he calls “modular TQFT" [Q)].

In the three-dimensional case, this consists of the following, purely algebraic assign-
ments ([Q] uses coalgebras instead of algebras, which is more convenient from the
point of view of Tannaka—Krein reconstruction theorems):

1-manifold ST ~  Algebra Ag:
cobordism ¥ from 6'22 to 0¥ ~»  Aosx,, — Aos,,, bimodule Es
cobordism M, OM = X, 113, ~+ linear map Tys : By, — Ey,

Notice that the 3-manifolds involved, are manifolds with corners, an aspect that we
will ignore now for simplicity. The objects should be subject to some conditions,
describing their behaviour under the gluing of cobordisms. Most notably, one has

EZIUSIE'Z = EZH ®A51 EEQ'

This axiomatizes G. Segal’s gluing law for modular functors [S3], usually written in
terms of “charges” that label irreducible representations of A. On the other hand, in
this formalism one recovers Atiyah's axioms for TQF T by considering only 2-manifolds
without boundaries. The by now well-known equivalence between 3d TQFT and
modular tensor categories, see e.g. [BK], follows essentially by taking the category
of modules over Ag:.






































































































































































































































































































































































































































































