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Chapter 1

Introduction

1.1 Motivation for the present research

Many physical aspects in daily life are modeled by partial differential equations.
Examples are the flow of fluids, which are described by the Navier-Stokes equa-
tions, the radiation of electromagnetic waves, modeled by the Maxwell equations
or the heat equations, describing the heat conduction in materials.

Although the fundamental processes which these equations describe differ
considerably, partial differential equations in general share a nasty property.
They are too complex to be solved analytically. As a consequence, the emphasis
in solving these equations shifts from finding a solution in closed form toward
the numerical approximation of the solution.

The increasing availability of powerful computers makes the application of
numerical methods, such as finite volume, finite difference and finite element
methods feasible for the accurate approximation of the solutions and, therefore,
their numerical analysis is a most relevant subject.

This thesis concerns aspects of the numerical solution of elliptic partial dif-
ferential equations, where the efficiency of the solution method and the accuracy
of the numerical approximation play a central role.

Let us discuss the efficiency of the solution method in some detail. The ap-
plication of a numerical method for the computation of an approximate solution
generally requires the solution of a large system of algebraic equations, formally
denoted by

Lyup = fr. (1.1)
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Here, the subscript h denotes a parameter that influences the accuracy and
also the size of the system. Because, solving this system can be quite demand-
ing with respect to computer resources, efficiency both in data storage and in
computational time are essential aspects in the numerical treatment of partial
differential equations. To keep control of the data storage, it is of importance
that the number of unknowns in the equations, the degrees of freedom (dofs)
that determine the approximation, should more or less be proportional to the
complexity of the solution of the partial differential equation. If, the solution
locally has a complex structure. such as in the case of boundary layers, shear
layers or shock waves. the amount of degrees of freedom in the approximation
should be suficiently large to ensure that the approximation captures these
particularities of the solution. However. at locations in the domain where the
solution is smooth. the density of the degrees of freedom in the approximation
may be reduced in order to reduce the number of equations and unknowns in
(1.1) and hence to reduce the data storage and computation time. Moreover,
to make efficient use of computer time, we should rely on a solution method,
in which the amount of work scales proportional to the number of unknowns in
the system of algebraic equations.

Considering the aspect of the accuracy of the approximation, not only the
degrees of freedom is an essential aspect, but also the numerical treatment of the
domain on which the partial differential equation is approximated. To guarantee
an accurate approximation of the boundary value problem, the boundary of the
domain should be approximated with the same order of accuracy as required
for the approximate solution.

In this context, the selection of a special class of finite element methods in
an automatic mesh refinement (h-refinement) and polynomial-order adaptation
(p-refinement) algorithm can be crucial for an accurate treatment of elliptic
partial differential equations and its application can be an efficient means to
keep control of the number of degrees of freedom. Because of their efficiency for
very large algebraic systems, a multigrid method should be the method of choice
for the solution of these equations. Hence, finally aiming at an hp-self-adaptive
multigrid method, in this thesis we study the convergence of multigrid (MG)
iteration for the solution of a linear second order elliptic equation, discretized by
discontinuous Galerkin (DG) methods. Aiming at high-order of accuracy of the
approximate solution, we introduce a novel DG-discretization technique for the
treatment of elliptic equations defined on curved domains. This technique shows
its use in cases where regular rectangular grids are preferred and it therefore
fits well within the structure of the self-adaptive MG algorithm.
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1.2 Aspects studied in the thesis

In this section we give a short overview of the main aspects studied in this work.

First, we discuss some properties of the DG discretization methods for the
elliptic boundary value problem, that are of interest in view of our research.
For an excellent overview and analysis of the various DG methods, however, we
refer to [3].

Next we give a flavor of an important aspect of multigrid iteration for the
solution of the system of equations arising from DG discretizations: the choice
of the smoother. For a complete treatment of multigrid iteration we refer to
standard works as [7, 45, 49].

Further, we introduce the basic idea behind the novel high-order DG dis-
cretization technique studied in the Chapters 6 and 7, for treating elliptic equa-
tions defined on curved domains, discretized on a regular rectangular mesh.

DG methods

DG methods are a special class of finite element methods. They approximate the
continuous solution of an elliptic boundary value problem by a discontinuous
function. As an example, we show in Figure 1.1 the solution obtained by a
fourth-order DG approximation of an elliptic equation discretized on the unit
square.

In this figure we see a coarse DG discretization on only four regular rect-
angular cells and a finer DG discretization on sixteen cells. On each cell, the
solution of the boundary value problem is locally approximated by a fourth-
order polynomial. In the left figure, the DG discretization is still too coarse to
accurately approximate the solution of the elliptic equation. As a consequence,
we see large discontinuities across the cell interfaces in the DG discretization.
Halving the gridsize in each of the two coordinate directions, the DG method
approximates the solution more accurately. The visible discontinuities in the
approximation have vanished.

Hence, in contrast to the classical finite element method, DG methods ap-
proximate the solution of the boundary value problem in a space of discontinuous
finite-dimensional polynomial functions. The inter-element continuity require-
ments for the approximation at the cell boundaries are not incorporated in the
approximation space, but arise as additional terms in the discrete equations.

Although this discretization approach seems not to be natural, it is because
of this discontinuity in the approximating function, that DG methods owe their
flexibility in mesh refinement (h-refinement) and polynomial-order adaptation
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coarse discretization fine discretization

Figure 1.1: A fourth-order DG discretization (the Baumann-Oden DG-method) of the ellip-
tic problem Au = f defined on the unit square. In the left figure, we see the DG discretization
on four regular rectangular cells. The discretization is still too coarse in order to capture the
solution by means of the cubic polynomials. Notice the typical discontinuities over the interior
cell interfaces. On halving the gridsize in each of the two coordinate directions, the visible
discontinuities have vanished.

(p-refinement). Since no inter-element continuity in the approximation space
is required, we do not have to take care of this continuity restriction when we
locally refine the mesh or we locally adapt the order of the polynomials. As a
consequence, mesh refinement and order adaptation in a DG method is much
more convenient than in the classical finite element discretization. Therefore,
we prefer DG methods for hp-self-adaptive solution methods.

Because of the discontinuities, the DG approximation is two-valued at the
interior cell boundaries (see Figure 1.1) and the DG method produces more
degrees of freedom for a given order of accuracy than the classical finite element
method. Therefore, for a regular mesh and a fixed order of accuracy, we solve a
larger system of discrete equations, compared with the classical finite element
method. This leads to some inefficiency when simple smooth functions are
approximated.
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Multigrid iteration

To efficiently solve the system of discrete equations (1.1), obtained from a DG
method, we rely on iterative methods of defect-correction type

ugkﬂ) = u;Lk) — Gh(LhuEIk) — fr). (1.2)

Here, G}, is an approximate inverse of a discrete DG operator Ly as in (1.1).
Starting with an initial guess of the approximation, uﬁf’), we hope that for a
properly constructed approximate inverse G, the iterative process (1.2), con-

verges rapidly to the discrete solution up, = L,_L1 frn of the DG method. Hence,

the error up — uglk), should decrease rapidly within a small number of iteration
sweeps.

However, usual iterative methods of the type (1.2}, have the property, that
the rate of convergence strongly depends on the number of equations and un-
knowns in the system (1.1). Whereas for coarse DG discretizations, (1.2) shows
good convergence, the rate of convergence drops significantly, if the solution
of DG discretizations on finer meshes is required. Therefore, to speed up the
convergence of (1.2), we rely on multigrid (MG) iteration.

The multigrid approach is to consider a coarse mesh and a sequence of finer
meshes. The MG algorithm obtains its efficiency, from the fact that, during the
iteration process, highly varying modes in the error can be efficiently damped
on fine meshes, whereas slowly varying modes in the error can be dealt with
on coarse meshes. Then, if the iterative procedure (1.2) damps within a small
number of iteration sweeps the high frequencies in the error, the slowly varying
modes can be represented on the coarser meshes and damped by means of the
coarse grid correction (CGC), i.e., by cheaply solving a relative small set of
additional correction equations. Hence, within a few iteration sweeps of (1.2)
and a small amount of additional work on the coarser grids, we find the solution
of the system (1.1).

However, to guarantee the success of MG iteration, the relaxation method
(1.2) must sufficiently damp the high frequency modes in the error, i.e, the
method must show good smoothing behavior. We quantify this ‘good smoothing’
behavior by considering Figure 1.2.

In this figure, we see the error u, — uf’) after a small number of iteration
sweeps (k = 3) for the two different types of iterative methods that are studied
in this thesis: the cellwise and the pointwise block-relaxation method. Although
for both methods the error uy — uf’) is not sufficiently small, we see in the left
figure that the function is highly non-smooth and discontinuous, whereas in the









































































































































































































































































































































































































































































































































































































