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Chapterr 1 

Introduction n 

1.11 Motivation for the present research 

Manyy physical aspects in daily life are modeled by partial differential equations. 
Exampless are the flow of fluids, which are described by the Navier-Stokes equa­
tions,, the radiation of electromagnetic waves, modeled by the Maxwell equations 
orr the heat equations, describing the heat conduction in materials. 

Althoughh the fundamental processes which these equations describe differ 
considerably,, partial differential equations in general share a nasty property. 
Theyy are too complex to be solved analytically. As a consequence, the emphasis 
inn solving these equations shifts from finding a solution in closed form toward 
thee numerical approximation of the solution. 

Thee increasing availability of powerful computers makes the application of 
numericall  methods, such as finite volume, finite difference and finite element 
methodss feasible for the accurate approximation of the solutions and, therefore, 
theirr numerical analysis is a most relevant subject. 

Thiss thesis concerns aspects of the numerical solution of elliptic partial dif­
ferentiall  equations, where the efficiency of the solution method and the accuracy 
off  the numerical approximation play a central role. 

Lett us discuss the efficiency of the solution method in some detail. The ap­
plicationn of a numerical method for the computation of an approximate solution 
generallyy requires the solution of a large system of algebraic equations, formally 
denotedd by 

LhUhLhUh = fh- (1.1) ) 
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Here,, the subscript h denotes a parameter that influences the accuracy and 
alsoo the size of the system. Because, solving this system can be quite demand­
ingg with respect to computer resources, efficiency both in data storage and in 
computat ionall  t ime are essential aspects in the numerical t reatment of part ial 
differentiall  equations. To keep control of the data storage, it is of importance 
thatt the number of unknowns in the equations, the degrees of freedom (dofs) 
t hatt determine the approximation, should more or less be proport ional to the 
complexityy of the solution of the part ial differential equation. If, the solution 
locallyy has a complex structure, such as in the case of boundary layers, shear 
layerss or shock waves, the amount of degrees of freedom in the approximation 
shouldd be sufficiently large to ensure that the approximation captures these 
part icularit iess of the solution. However, at locations in the domain where the 
solutionn is smooth, the density of the degrees of freedom in the approximation 
mayy be reduced in order to reduce the number of equations and unknowns in 
(1.1)) and hence to reduce the data storage and computat ion time. Moreover, 
too make efficient use of computer t ime, we should rely on a solution method, 
inn which the amount of work scales proportional to the number of unknowns in 
thee system of algebraic equations. 

Consideringg the aspect of the accuracy of the approximation, not only the 
degreess of freedom is an essential aspect, but also the numerical t reatment of the 
domainn on which the part ial differential equation is approximated. To guarantee 
ann accurate approximat ion of the boundary value problem, the boundary of the 
domainn should be approximated with the same order of accuracy as required 
forr the approximate solution. 

I nn this context, the selection of a special class of finit e element methods in 
ann automat ic mesh refinement (/i-refinement) and polynomial-order adaptat ion 
(^-refinement)) algori thm can be crucial for an accurate t reatment of elliptic 
par t iall  differential equations and i t s application can be an efficient means to 
keepp control of the number of degrees of freedom. Because of their efficiency for 
veryy large algebraic systems, a multigrid method should be the method of choice 
forr the solution of these equations. Hence, finally aiming at an hp-self-adaptive 
mult igr idd method, in this thesis we study the convergence of multigrid (MG) 
i terat ionn for the solution of a linear second order elliptic equation, discretized by 
discontinuouss Galerkin (DG) methods. Aiming at high-order of accuracy of the 
approximatee solution, we introduce a novel DG-discretization technique for the 
t rea tmentt of elliptic equations defined on curved domains. This technique shows 
i t ss use in cases where regular rectangular grids are preferred and i t therefore 
fit ss well within the st ructure of the self-adaptive MG algorithm. 
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1.22 Aspects studied in the thesis 
Inn this section we give a short overview of the main aspects studied in this work. 

First,, we discuss some properties of the DG discretization methods for the 
ellipticc boundary value problem, that are of interest in view of our research. 
Forr an excellent overview and analysis of the various DG methods, however, we 
referr to [3]. 

Nextt we give a flavor of an important aspect of multigrid iteration for the 
solutionn of the system of equations arising from DG discretizations: the choice 
off  the smoother. For a complete treatment of multigrid iteration we refer to 
standardd works as [7, 45, 49]. 

Further,, we introduce the basic idea behind the novel high-order DG dis­
cretizationn technique studied in the Chapters 6 and 7, for treating elliptic equa­
tionss defined on curved domains, discretized on a regular rectangular mesh. 

DGG methods 

DGG methods are a special class of finite element methods. They approximate the 
continuouscontinuous solution of an elliptic boundary value problem by a discontinuous 
function.. As an example, we show in Figure 1.1 the solution obtained by a 
fourth-orderr DG approximation of an elliptic equation discretized on the unit 
square. . 

Inn this figure we see a coarse DG discretization on only four regular rect­
angularr cells and a finer DG discretization on sixteen cells. On each cell, the 
solutionn of the boundary value problem is locally approximated by a fourth-
orderr polynomial. In the left figure, the DG discretization is still too coarse to 
accuratelyy approximate the solution of the elliptic equation. As a consequence, 
wee see large discontinuities across the cell interfaces in the DG discretization. 
Halvingg the gridsize in each of the two coordinate directions, the DG method 
approximatess the solution more accurately. The visible discontinuities in the 
approximationn have vanished. 

Hence,, in contrast to the classical finite element method, DG methods ap­
proximatee the solution of the boundary value problem in a space of discontinuous 
finite-dimensionalfinite-dimensional polynomial functions. The inter-element continuity require­
mentss for the approximation at the cell boundaries are not incorporated in the 
approximationn space, but arise as additional terms in the discrete equations. 

Althoughh this discretization approach seems not to be natural, it is because 
off  this discontinuity in the approximating function, that DG methods owe their 
flexibilityflexibility  in mesh refinement (/i-refinement) and polynomial-order adaptation 
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coarsee discretization finefine discretization 

F i g u ree 1.1: A fourth-order DG discretization (the Baumann-Oden DG-method) of the ellip­
ti cc problem Att = ƒ defined on the unit square. In the left figure, we see the DG discretization 
onn four regular rectangular cells. The discretization is still too coarse in order to capture the 
solutionn by means of the cubic polynomials. Notice the typical discontinuities over the interior 
celll  interfaces. On halving the gridsize in each of the two coordinate directions, the visible 
discontinuitiess have vanished. 

(p-refinement).. Since no inter-element continuity in the approximation space 
iss required, we do not have to take care of this continuity restriction when we 
locallyy refine the mesh or we locally adapt the order of the polynomials. As a 
consequence,, mesh refinement and order adaptation in a DG method is much 
moree convenient than in the classical finite element discretization. Therefore, 
wee prefer DG methods for /ip-self-adaptive solution methods. 

Becausee of the discontinuities, the DG approximation is two-valued at the 
interiorr cell boundaries (see Figure 1.1) and the DG method produces more 
degreess of freedom for a given order of accuracy than the classical finite element 
method.. Therefore, for a regular mesh and a fixed order of accuracy, we solve a 
largerr system of discrete equations, compared with the classical finite element 
method.. This leads to some inefficiency when simple smooth functions are 
approximated. . 
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Multigri dd iteratio n 

Too efficiently solve the system of discrete equations (1.1), obtained from a DG 
method,, we rely on iterative methods of defect-correction type 

u£u£+1)+1)=uW-G=uW-Ghh(L(L hhuW-fuW-fhh).). (1.2) 

Here,, Gh is an approximate inverse of a discrete DG operator Lh as in (1.1). 
Startingg with an initial guess of the approximation, uh', we hope that for a 
properlyy constructed approximate inverse Gh, the iterative process (1.2), con­
vergess rapidly to the discrete solution UH — L^1 fh of the DG method. Hence, 
thee error Uh — uh , should decrease rapidly within a small number of iteration 
sweeps. . 

However,, usual iterative methods of the type (1.2), have the property, that 
thee rate of convergence strongly depends on the number of equations and un­
knownss in the system (1.1). Whereas for coarse DG discretizations, (1.2) shows 
goodd convergence, the rate of convergence drops significantly, if the solution 
off  DG discretizations on finer meshes is required. Therefore, to speed up the 
convergencee of (1.2), we rely on multigrid (MG) iteration. 

Thee multigrid approach is to consider a coarse mesh and a sequence of finer 
meshes.. The MG algorithm obtains its efficiency, from the fact that, during the 
iterationn process, highly varying modes in the error can be efficiently damped 
onn fine meshes, whereas slowly varying modes in the error can be dealt with 
onn coarse meshes. Then, if the iterative procedure (1.2) damps within a small 
numberr of iteration sweeps the high frequencies in the error, the slowly varying 
modess can be represented on the coarser meshes and damped by means of the 
coarsee grid correction (CGC), i.e., by cheaply solving a relative small set of 
additionall  correction equations. Hence, within a few iteration sweeps of (1.2) 
andd a small amount of additional work on the coarser grids, we find the solution 
off  the system (1.1). 

However,, to guarantee the success of MG iteration, the relaxation method 
(1.2)) must sufficiently damp the high frequency modes in the error, i.e, the 
methodd must show good smoothing behavior. We quantify this 'good smoothing' 
behaviorr by considering Figure 1.2. 

Inn this figure, we see the error Uh - irh ' after a small number of iteration 
sweepss (k — 3) for the two different types of iterative methods that are studied 
inn this thesis: the cellwise and the pointwise block-relaxation method. Although 
forr both methods the error Uh — u\ is not sufficiently small, we see in the left 
figuree that the function is highly non-smooth and discontinuous, whereas in the 
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poorr smoothing good smoothing 

F i g u ree 1.2: The error uh - u  ̂ ', shown on a regular rectangular mesh, after three iterations 
withh the relaxation method of the type (1.2), that may serve as smoother in the MG algorithm 
forr DG approximations. In the left figure, we see poor smoothing of the relaxation (cellwise 
Gauss-Seidel).. The error is highly irregular and discontinuous and cannot be damped by 
meanss of a coarse grid correction. In the right figure, we see good smoothing of the relaxation 
(pointwisee Gauss-Seidel). The error is sufficiently smooth in order to be damped in the MG 
coarsee grid correction. 

rightt figure we see a sufficiently smooth function. In the multigrid process, a 
sufficientlyy smooth error can be represented on coarser meshes and can therefore 
bee damped by the coarse grid correction. This accelerates the convergence of 
(1.2)) essentially. 

Thiss thesis presents a detailed convergence analysis of multigrid iteration 
withh the possible cellwise and pointwise block-relaxation methods as smoothers 
forr the solution of the discrete equations arising from DG discretizations. 

Embeddedd boundaries 

Inn view of our multigrid algorithm, it is convenient to discretize the boundary 
valuee problem on regular rectangular meshes. Then a difficulty arises if the 
equationn is defined on a curved domain. The boundary of the domain cannot 
followw the grid lines of the orthogonal mesh. For that purpose, we introduce a 
techniquee for high-order DG discretizations for solving elliptic equations, which 
aree defined on a curved domain, while we maintain the basic orthogonal mesh. 
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Off  coarse, the classical finite element approach can be used to locally adapt 
thee shape of the cells to the curved boundary. However, the mesh generation 
technique,, in particular for three-dimensional problems, is generally a compli­
catedd task, while the regularity of the mesh is not ensured. Moreover, the way to 
handlee the generation of coarser meshes is paved with difficulties. Therefore, we 
studyy the possibility to 'embed' the curved boundary in the regular rectangular 
cell. . 

Wee show the main idea by the example in Figure 1.3. In this figure, we see 
thee solution of a two-dimensional DG discretization, discretized on a domain, 
withh a part of the boundary embedded. In the left top figure we see the domain 
QQ on which the equation is defined with a curved circular boundary segment. 

Too partition this domain Q in regular rectangular cells, we slightly extend 
thee domain by introducing a small fictitious part Q, as shown in the right top 
figure,, and we consider the equation jon the larger domain, i.e., the domain 
off  interest Q, and the fictitious part Q. Next, we partition the total domain 
inn regular rectangular cells, as shown, and we straightforwardly discretize the 
problemm with a DG method on this partitioning. As a consequence, the circular 
boundaryy cannot follow the grid lines and hence is embedded. According to 
thee principles, that underly DG methods, we impose the embedded Dirichlet 
boundaryy condition in the DG variational form. In the left bottom figure, we 
seee a fourth order DG discretization with cubic polynomials on each cell. At 
cellss where the boundary is embedded, the approximation satisfies the Dirichlet 
boundaryy condition. In the right bottom figure, we see the same DG approxima­
tionn on the total domain, the union the of domain of interest and the fictitious 
partt of the domain. Notice, the polynomial continuation in the fictitious part 
off  the domain. 

Ann anlysis of this discretization technique is presented in the Chapters 6 and 
77 of the thesis. 

1.33 Outline of the thesis 

Wee organize the contents of the thesis as follows. The first four chapters are 
devotedd to the multigrid (MG) convergence analysis for DG methods. In the last 
twoo chapters, we study the discretization technique of the embedded boundary. 
Thiss yields the following outline. 

Inn the next chapter we study the convergence of multigrid iteration for the 
solutionn of the discrete system arising from DG discretizations of the Poisson 
equation,, viz. the Baumann-Oden DG, the symmetric DG and the symmet-
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approximationn on n approximationn on fi 

F i g u ree 1.3: An elliptic problem defined on a curved domain, discretized by a DG method 
onn a regular rectangular mesh. The circular part of the domain boundary cannot follow the 
gridd lines of the mesh and is for that purpose 'embedded'. On the circular boundary, the 
solutionn has to satisfy the Dirichlet boundary condition u = 1. In the left bottom figure, we 
seee a fourth-order DG discretization on the domain of interest. In the right bottom figure, we 
seee the same DG discretization, shown on the total domain, the domain of interest and the 
extendedd 'fictitious' part of the domain. 
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ricc interior penalty DG method. In this initial study, we restrict ourselves to 
thee discretization of the Poisson equation in one space dimension. We describe 
thee DG discretizations and we introduce the MG algorithm. Then, we distin­
guishh between the concept of cell wise and pointwise relaxation methods that 
mayy serve as smoothers in the MG algorithm and we show how the different 
relaxationn procedures are related to the discrete DG operator. To study the 
convergencee of MG iteration, we introduce the Fourier analysis tools as needed 
forr the smoothing and two-level analysis. By Fourier two-level analysis we com­
putee smoothing factors and spectral norms. We conclude that an efficient MG 
algorithmm can be constructed, based on pointwise smoothing. By numerical 
experimentss we illustrate the analyzed MG convergence. 

Inn Chapter 3, we study MG iteration for DG discretizations of the Poisson 
equationn with linear elements, since this case may be used to accelerate the 
higher-orderr solution in the p-hierarchical structure of the /ip-adaptive approxi­
mationn case. This case is special, because an interior penalty term is compulsory 
forr stability. 

Havingg studied MG convergence for DG discretizations of the one-dimensional 
Poissonn equation, in Chapter 4 we analyze MG iteration for two-dimensional 
DGG discretizations. Starting with the DG variational form we introduce the 
discretizationn stencils and we extend the Fourier analysis tools for the two-
dimensionall  smoothing and two-level analysis. We show that again the point-
wisee smoothing strategy leads to efficient MG iteration. 

Inn Chapter 5 we study the convergence of MG iteration for the convection-
diffusionn equation and the convection dominated equation, discretized by DG 
methods.. Restricting to DG discretizations in one space dimension, by Fourier 
smoothingg and two-level analysis we determine smoothing factors and spectral 
norms.. The analysis shows that a small number of classical MG cycles is suffi­
cientt to solve the convection diffusion equation efficiently. 

Inn Chapter 6 we introduce the embedded boundary value problem for high-
orderr DG discretizations on regular rectangular meshes. We give an exposure of 
weakk forms, that can be used for the discretization of boundary value problems 
dennedd on a curved domain. We first restrict ourselves to simple experiments 
inn one and two dimensions, in order to identify the various properties of the 
methods.. Then in the last chapter we extend the embedded boundary technique 
forr DG disctretizations to complete regular rectangular grids. We study the 
convergencee and the regularity of the discrete operator. The presented technique 
fitsfits with the discontinuous Galerkin discretization and can directly be applied 
inn combination with a full MG algorithm. 

Thee research in this thesis will be published or has been published before. 
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Thiss thesis presents a re-edited version. 

Chapterr 2 has been published as: 
P.W.. Hemker, W. Hoffmann and M.H. van Raalte. Two-level Fourier analysis of 
aa multigrid approach for discontinuous Galerkin discretization. SIAM Journal 
onon Scientific Computing, 25:1018-1041, 2004. 

Chapterr 3 has been published as: 
P.W.. Hemker, W. Hoffmann and M.H. van Raalte. Fourier two-level analysis 
forr discontinuous Galerkin discretization with linear elements. Numerical Lin­
earear Algebra with Applications, 11:473-491. 2004. 

Chapterr 4 has been published as: 
P.W.. Hemker and M.H. van Raalte. Fourier two-level analysis for higher di­
mensionall  discontinuous Galerkin discretization. Computing and Visualization 
inin Science, 7:159-172, 2004. 

Chapterr 5 has been submit ted to Numerical Linear Algebra with Applications 
as:: P.W. Hemker and M.H. van Raal te Two-level multigrid analysis for the 
convection-diffusionn equation discretized by a discontinuous Galerkin method. 

Chapterr 6 has been published as: 
P.W.. Hemker, W. Hoffmann and M.H. van Raalte. Discontinuous Galerkin 
discretizationn with embedded boundary conditions. Computational Methods in 
AppliedApplied Mathematics, 3:135-158, 2003. 

Chapterr 7 has been published as: 
M.H.. van Raal te. A feasibility study for DG discretization with embedded 
Dirichlett boundary condit ion. Applied Numerical Mathematics, 51:361-383, 
2004. . 



Chapterr 2 

Two-levell  analysis for DG 
discretizationn with cubic 
elements s 

Summary y 

Inn this chapter we study a multigrid (MG) method for the solution of a lin­
earr second order elliptic equation, discretized by discontinuous Galerkin (DG) 
methods,, and we give a detailed analysis of the convergence for different block-
relaxationn strategies. 

Wee find that pointwise block-partitioning gives much better results than the 
classicall  cellwise partitioning. Both for the Baumann-Oden method and for 
thee symmetric DG method, with and without interior penalty (IP), the block-
relaxationn methods (Jacobi, Gauss-Seidel, and symmetric Gauss-Seidel) give 
excellentt smoothing procedures in a classical MG setting. Independent of the 
meshh size, simple MG cycles give convergence factors of 0.075-0.4 per iteration 
sweepp for the different discretization methods studied. 

2.11 Introduction 

Althoughh discontinuous Galerkin (DG) methods are traditionally used for the 
solutionn of hyperbolic equations [9, 30, 41], recently there has been renewed 

11 1 
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interestt in their application to elliptic problems. Early methods for elliptic 
problemss [13, 36] were considered unattractive because they resulted in discrete 
systemss that showed saddle-point problem behavior. The nondefinite spectrum 
makess time-stepping procedures unstable and makes many iterative methods 
inadequatee for the computation of steady solutions. This is fixed by introducing 
ann interior penalty (IP) to penalize the discontinuity in the discrete solution 
[2,, 43, 50], which is effective but leaves the user with the quite arbitrary choice 
off  an ö(h~l) penalty parameter. 

Inn 1998 Oden, Babuska, and Baumann [37] (see also [5, 6]) published an­
otherr stable method of DG type without such a free parameter. This interesting 
method,, however, results in an asymmetric discrete operator, even for the dis­
cretizationn of a symmetric continuous problem. In this chapter we consider the 
asymmetricc (Baumann) and the symmetric discretization methods, both with 
andd without IP. For an excellent survey and a unified analysis of the different 
DGG methods for elliptic problems we refer to [3]. 

Thee motivation for our present research lies in our interest in the /ip-self-
adaptivee solution of more general and three-dimensional problems on dyadic 
grids.. Here DG methods are particularly attractive because of their ability to 
convenientlyy handle difficulties related to order- and grid-adaptation [29, 44]. 
Forr the solution of the resulting discrete systems we want to rely on multigrid 
(MG)) methods because of their expected optimal efficiency. The framework of 
thee combined adaptive discretization and the MG solution process is found, e.g., 
inn [8, 19]. 

Wee emphasize that our approach is quite different from the analysis of MG 
ass a preconditioner, analyzed for DG methods in [15]. Considering MG as an 
independentt solution process gives us the opportunity not only to solve a linear 
systemm but also to simultaneously create the adaptive grid together with solving 
thee discrete (linear) system. This use of MG allows us to drop the Krylov-space 
iterationn (as, e.g., conjugate gradient or GMRES), preserving the optimal G(N) 
propertyy [16]. Moreover, the local mode analysis allows us to study not only 
thee symmetric positive definite case but also the asymmetric and nonpenalized 
methods. . 

Inn this chapter we study the convergence of the MG method by smooth­
ingg analysis and by analyzing the two-level convergence behavior, restricting 
ourselvess to the discretized Poisson equation in one space dimension. With­
outt considerably extra complexity a similar analysis can be made for two or 
threee space dimensions. In Chapter 4 (see also [25]) we show that, using the 
samee techniques as used in this chapter, but with proper modifications for more 
dimensions,, again an efficient MG method can be constructed. 
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Inn this chapter we show that the discrete operator can be partitioned in 
block-tridiagonall  form in two essentially different ways: cellwise and pointwise. 
Forr each of these partitionings, block-relaxation methods (block-Jacobi, block-
Gauss-Seidel)) can be used as smoothing procedures in the MG algorithm. It 
appearss that the type of block-partitioning makes an essential difference: the 
pointwisee block-partitioning shows a much better convergence than the usual 
cellwisee block-partitioning. It appears that pointwise block-partitioning even 
leadss to good smoothing for the symmetric DG method of saddle-point type. 

Thee outline of this chapter is as follows. In Section 2.2 we describe the 
DGG discretizations used. We select a particular basis in the space of piecewise 
polynomiall  functions for the test and trial spaces in order to introduce the 
distinctionn between cellwise and pointwise block-partitionings. We introduce 
thee MG algorithm and describe in detail the grid-transition operators used. 

Inn Section 2.3 we develop the Fourier analysis tools needed to make the 
locall  mode analysis for the block-Toeplitz matrices: the discretization operator, 
thee prolongation, and the restriction operator. Then, in Section 2.4 we apply 
thee smoothing analysis to the cellwise and pointwise partitioned discretizations. 
Wee determine the smoothing factors and compute optimal damping parameters. 
Thee results motivate us to continue with the two-level analysis for the pointwise 
partitioningg exclusively. Therefore, in Section 2.5 we take the MG coarse-grid 
correctionn into account. We compute the spectral radii for the error reduction 
operators.. It appears that an error reduction factor of 0.075 (for symmetric 
Gauss-Seidell  (SGS)) to 0.4 (for damped Jacobi) per MG-sweep is predicted for 
thee nonpenalized discretizations. For the penalized method the convergence is 
somewhatt slower, but still faster than 0.6 per MG-sweep. In order to see what 
cann be the worst possible behavior in a single as well as a couple of iteration 
sweeps,, we also compute the corresponding spectral norms. We conclude that, 
forr pointwise smoothers, MG converges rapidly in all cases. 

Inn Section 2.6 we show by Fourier analysis the consistency and the conver­
gencee of the discretization stencils obtained by the DG methods. This gives 
somee additional insight into the accuracy of the different methods and the lack 
off  adjoint consistency of Baumann's method as indicated in [3]. In the final 
sectionn we show some numerical results that illustrate the analyzed behavior 
andd show the fast convergence of the MG method. 
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2.22 The DG discretization 

2.2.11 DG methods 

Inn order to describe the discretization method studied in this chapter, we first 
givee the special weak form of the equation as used for these DG discretization 
methods.. On an open cube fi, with boundary d£l — To U IV , we consider 
thee Poisson equation, partly with Neumann and partly with Dirichlet boundary 
conditions: : 

- VV  Vu = ƒ on Ü; it = w0 cm TD n <9Q, un = g on FN n dQ. (2.1) 

Onn O we introduce a uniform partitioning Qh, i.e., a set of disjoint rectangular, 
openn cells f)e in fi, all of identical shape: 

nnhh = {ne | uene =n, ^no,- = 0,  (2.2) 
Wee define on fl^ the broken Sobolev space [5, 6, 37] for nonnegative integer k, 

HHkk(n(nhh)) = {ueL2(n)\ u\Qe eHk{Qe) v ne e nh } . 
Then,, the weak form of the equation, associated with the DG methods, reads 
ass follows [6, 37]: Find u G Hl(üh) such that 

B{u,v)B{u,v) = L{v) VveH1^), (2.3) 

where e 

and d 

B(u,v)B(u,v) = Y  ̂ / Vu-Vvdx-i (Vu)-[v]ds 

++ a I (Vv)  [u]  ds + {i / [u]  [v]  ds (2.4) 
inturDD Jrinturn 

L(v)L(v) = ^2 ƒ fvdx + a (Vv)  [u0]  ds 

+fi+fi  ƒ [uo]  [v]  ds + gv ds. 

Heree Tint is the union of all interior cell faces, and a ^ 0 and \i > 0 are pa­
rameterss identifying the different DG methods, (a = 1 for Baumann's method; 
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aa = — 1 for symmetric DG; fi > 0 is the IP parameter.) The jump operator [  ] 
andd the average operator ) are defined at the common interface T{j between 
twoo adjacent1 cells fi j and f)j by 

[w(x)][w(x)]  = iy(x)|an4ni + w(x ) |9^n j }  (2.5) 

(w(x))(w(x)) = - (w(x)\dSii + w(x)\anj) , 

forr x € Tij C Tint- Here n̂  is the unit outward pointing normal for cell O,. In 
thee case of a vector valued function, r, we define 

[T(X)][T(X)]  = T(x)\dQ.  ri i + T(x)\dQj  rij , (2.6) 

((TT(x))(x)) = 2 (r(x)l»n*  +r(ar)lönJ

Thee DG discretization is obtained by specifying the finite-dimensional trial 
andd test space Sh C uf1(0/l) as the space of piecewise polynomials of degree less 
thann 2p on the partitioning fi^ : 

sshh = {<t> i,eeP2p-\ne)} neenh} . 

Noticee that we restrict ourselves to odd degree k — 2p — 1. The discrete 
equationss now read as follows: Find Uh € Sh such that 

B(uB(uhh,v,vhh)) = L(vh) Vvh£Sh. (2.7) 

2.2.22 Choice of a basis 

Too completely describe the discrete matrix obtained, we should provide Sh with 
aa basis. Therefore we introduce the following basis polynomials on the one-
dimensionall  unit interval: 

<hn+k(t)<hn+k(t) = tn+k(l - t)n+l~k, n = 0 , 1 , . .. ,p - 1, k = 0,1. (2.8) 

Onn the unit cube, tl C Md, we use a basis of tensor-product polynomials based 
onn (2.8). A basis for P2p~1(Qe) is obtained by the usual affine mapping Cl —> fi e. 

Thee basis thus obtained has two advantages. First, it is hierarchical. This 
meanss that we can (locally) increase the accuracy of the approximation just by 
extendingg the basis with higher order polynomials. Second, the coefficients of 

11 At a Dirichlet boundary the interface with a virtual (flat, exterior) adjacent cell, containing 
onlyy the Dirichlet data, is used. 
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Figuree 2.1: <j> n,k{t) = i"+fc(l - t)n+1~k, n = {0,1} , k = {0,1}  . 

thee first degree polynomials represent function values at the cell-corners, while 
thee coefficients of the polynomials of degree 3 can be associated with corrections 
forr the derivatives at the cell-corners. All higher order polynomials, (/>n,k, n > 2, 
aree genuine bubble functions and correspond to interior cell corrections only. 

AA slightly better alternative basis satisfying our purposes is, defined on 
[-1,4-1],, the basis (x - l)"(x + l ) 9 for (p,q) = (1,0), (0,1), (2,1), (1,2), 
andd (a; - l)2(x + 1)2P« ' (x) with n = 0 ,1 , . . ., and P„  the Jacobi poly­
nomialss [1, p. 774]. The first four polynomials in this basis are essential for 
ourr purpose because they represent function values and first derivatives at the 
celll  boundaries. These are the same as in (2.8) for p < 2. The new, higher 
orderr polynomials satisfy the useful Z/2-orthogonality property. This basis also 
relievess the restriction to odd degree k for k > 3. 

Iff  we are interested in fast convergence of the solution procedure for the 
discretee system, the coefficients for the bubble functions are of less importance 
becausee they can be eliminated by static condensation or dealt with by de­
fectt correction. Therefore, in our analysis in the following sections we restrict 
ourselvess to the case p — 2, in which the above two alternatives coincide. Fur­
thermore,, we restrict ourselves to the one-dimensional equation because this 
iss the building block for the higher-dimensional case, where we essentially use 
tensor-productt polynomials. 
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Usingg the basis {0j}? =o, the approximate solution reads 

TVV 3 N 3 

UhUh = E E Ci,e&((X ~ Xe)/h) = E E C * ^ - e ( z ) , 
e =ll  i = 0 e =l i = 0 

andd we obtain the explicit form of the discrete system, LhUh — fh, 

NN 3 f 

EE E c^ / 4>\M*'iMte - ««(*)>  IhA*)]  lrD,»t (2-9) 
e = l x =00 V ^ 

++ cr [0i,e(x)]  (^-iC(x)) |rDint + \i [4>iA x)]  i<t>jA x)]  |rDiat 

JVV 3 

== E E / f<f>jA x)dx + °" M  (^efa)) lrD 
e=ii  i=o -

++  v[uQ]  [0i]e(ar)]|rD + ^ e ( x ) | r j v , 

forr 4N test functions <f>j <e. As usual, the resulting one-dimensional discrete op­
eratorr has a block-tridiagonal structure. We want to emphasize that for solving 
thiss discrete system by block-relaxation we can follow two distinct approaches. 
Thee usual approach is to order the basis functions cellwise. Then the choice of a 
particularr basis for the polynomial space is of less importance and the variables 
inn each block are associated with the coefficients of the polynomial approxima­
tionn in the corresponding cell. The other approach is by ordering the coefficients 
pointwisepointwise and to associate with each point the left- and right-sided values of the 
functionn and its derivative. (In fact, this motivates the particular choice of our 
basiss (2.8).) 

Orderingg the equations (the weighting functions <f> e,j)
 a nd coefficients cellwise 

ass [ceio, ce,2iCe,3, ceji ] yields the following discretization stencil: 

1 1 
2 2 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

hn hn h^j. h^j. 

0 0 
- 11 - £ r 22 + hpi hy.hy. - = 

0 0 

0 0 

0 0 
__ 1. 

0 0 

0 0 

0 0 

0 0 

(2-10) ) 

0 0 

0 0 

0 0 
__ 1 

Iff  we order the equations and coefficients pointwise, according to function values 
andd corrections on derivatives at the cell-interfaces, [ce_i,3,ce_u,ce,o,ce,2]> we 
getget the stencil 
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(2.11) ) 

0 0 

0 0 

0 0 

0 0 

0 0 

h° h° 
0 0 

0 0 

0 0 

2 2 
1 1 
2 2 

0 0 

1 1 
30 0 
0 0 

0 0 

0 0 

2 2 
IS S 
1 1 
2 2 

1 1 
2 2 

0 0 

-\° -\° 
^  ̂ +hfi 

^  ̂ - hV 

\° \° 

2 --

^r^r  ~ h^ 
ll-¥-¥ +h^ 

-\a -\a 

0 0 
i i 
2 2 

1 1 
2 2 

_2_ _ 

0 0 

0 0 

0 0 
_1_ _1_ 

0 0 
1 1 
2 2 

- 1 - C T T 

2 2 

0 0 

0 0 

0 0 

è" " 
0 0 

0 0 

0 0 

0 0 

0 0 

Forr the Poisson equation on the uniform grid, in both cases the discretization 
matr ixx appears to be a block-Toeplitz matr ix. This matr ix is described by the 
repeti t ionn of either stencil (2.10) or stencil (2.11). 

2.2.33 The MG algorithm 
Ourr main interest lies in the application of the DG method in the hp-self-
adapt ivee MG algori thm. Therefore we use an adaptive MG algorithm [19], 
wheree local refinements yield corrections for the coarser discretizations. In the 
linearr case, if the to tal grid is refined, the Zip-adaptive algorithm corresponds to 
thee classical MG [16], combined with nested iteration. Its convergence is best 
studiedd by means of the two-level algori thm (TLA) . The amplification operator 
off  the error is given by 

MjMj hAhA = (M*Bh)^M£GC{M™L)  ̂ , (2.12) 

v\v\ and V2 are the number of pre- (post-) relaxation sweeps, respectively, and 

MhMh - Ih - PhffLJj Ruh^h-

Too each of the amplification operators of the error, Mh, corresponds an amplifi­
cat ionn operator for the residue Mh — LhMhL^1. In our analysis we are mainly 
interestedd in the convergence of the two-level i teration. Therefore we compute 
thee spectral radius of the amplification operator p(Mh

TLA) — p(Mh ' ), which 
representss the final convergence factor per i terat ion step. We also compute the 

TLA A 

spectrall  norms j | (A/^ T j A )* | |2 and \\(Mh YW2, which describe the worst possible 
convergencee rate in t steps. 

2.2.44 Restrictions and prolongations 
Ass we are interested in MG methods for the solution of the discrete equations 
arisingg from DG discretization, we need proper restriction and prolongation op­
erators.. Wi t h piecewise polynomial approximations on the separate cells of the 
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partitioningg fi^ , a natural prolongation is immediately derived. For convenience 
wee describe the grid transition operators for the one-dimensional case. Exten­
sionn to higher dimensions follows immediately by means of the tensor-product 
principlee (see Chapter 4 and [25]). 

Wee consider a fine partitioning Ô  and a coarse partitioning fijy , with H — 
2h2h and with nodal points jh and jH, respectively, and we denote the spaces 
off  discontinuous piecewise polynomials by Sh and SH- It is immediately clear 
thatt SH C Sh- This defines the natural prolongation P^H  SH —> Sh so 
thatt {PHHUH)(X) — Uff(i ) for all x e M. \ Z^.2 Given a polynomial basis, this 
prolongationn is explicitly described by its stencil. For our basis {</>;,<=}  the stencil 
reads s 

PhH PhH 

'' 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

- 1 1 
8 8 
0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 00 0 

00 0 

Differentt from the prolongation, a natural restriction is not uniquely determined. 
However,, we recognize a natural restriction for the residue, associated with the 
weighted-residuall  character of the Galerkin discretization. This restriction is the 
adjointt of the natural prolongation; i.e., the Toeplitz operator for this restriction 
iss the transpose of the Toeplitz operator for the natural prolongation. We denote 
thiss restriction as RHH — {PhH)T  It follows from the Galerkin construction 
off  the discretization and from the nesting of the spaces Sh and SH that the 
Galerkinn relation exists between the discretization on the coarse grid and the 
finerfiner grid, 

LHLH — RHhLhPhH  (2.13) 

Forr the chosen basis {(f>i <e}, which is essentially based on the function val­
uess and corrections for the derivatives at the cell endpoints, we can construct 
anotherr pointwise restriction (the injective restriction). This restriction is con­
structedd such that 

(d/dx^RHhUh^jH)^^(d/dx^RHhUh^jH)^^ = (d/dx)uh{2jh)\cih2._1 , 

(RHhUh^jH)^.^(RHhUh^jH)^. ̂ = uh{2jh)\uh2j_1 , 

(RHhU(RHhUhh){jH)\u){jH)\u HJHJ = uh(2jh)\nh2j, 

{d/dx){R{d/dx){RHHhUh){jH)\uhUh){jH)\uHH.. = (d/dx)uh{2jh)\Uh2j . 
2Z/ ll is the infinite regular one-dimensional grid, defined by Zjj = {jh \ j £ Z, h > 0}  . 
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Thee stencil related to this restriction reads 

i-Hh i-Hh 

00 0 0 1 
00 0 0 0 
00 0 0 0 
00 0 0 0 

00 0 0 0 
00 0 0 0 
00 0 0 0 
00 0 0 0 

00 0 
00 0 

00 0 
00 0 

00 0 0 0 
00 0 0 0 
00 0 0 0 
00 0 0 0 

00 0 0 0 
00 0 0 0 
00 0 0 0 
1 00 0 0 

Wee see that the prolongation PhH and this restriction Rnh satisfy the relation 
RnhPhHRnhPhH — Iff, i-e-, the identity operator on SH- This implies that the operator 
PhH^HhPhH^Hh is a projection operator from Sh into itself. Its image, Range(F/l//) C 
Sh,Sh, comprises the fine grid functions representable on the coarse grid. The range 
off  the complementary projection Ih — PhH^Hh is the set of fine grid functions 
thatt are not representable on the coarse grid. 

2.33 Fourier analysis tools 

2.3.11 Fourier analysis for vector grid functions 

Inn order to apply Fourier analysis methods for the convergence study of our 
solutionn process, we introduce some elementary tools. We first introduce (vector 
valued)) grid functions defined on the regular, unbounded, one-dimensional grid 
ZZhh = {jh\jeZ,h>0}. 

Thee Hubert space of square summable scalar grid functions, defined on Z/j, 
withh inner product (uh,Vh) — J2j h uh(jh)vh{jh), is denoted by ^2(Z^). We 
wil ll  use the Fourier transform Uh of Uh G ̂ (Z^), which is the complex function 
definedd on T/> — [—n/h,+w/h], defined by 

uukk(w)(w) = 
h h 

/2TT T E E -ijhw -ijhw uuhh(jh) (jh) (2.14) ) 

Wee see that the function u~h(uj) is (27r//i)-periodic and that by Parseval's equality 
wee have 

11^11^(2,,)) = l!"h||L2fTh)  (2.15) 

Inn an obvious manner we can extend this definition of the Fourier transform 
££22CZh)CZh) —> L2(Th) to the Fourier transform of a four-dimensional vector function 
u „ €€ [f(Zh)]

4 ^u^e [L2(Th)}\ 
Thee transform (2.14), its inverse, as well as Parseval's equality (2.15), also 

holdd if we replace Uh by the vector valued grid function Uh € [^2(Z/j)j and 
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^ b yy vTh e [L2(Th)\ 
vectorr spaces 

providedd that we use the corresponding norms for the 

" f t t [<P{Zh)Y [<P{Zh)Y == E 
i= l l 

\Uh,i \Uh,i lf2(Zh) ) andd ||ufc|| 2̂(Th)]4 
4 4 

E E \Uh,i \Uh,i (2.16) ) 

Wee apply this to the vector grid functions of coefficients, either for the 
cell-centeredd {cellwise) coefficients Uh — {[c e,0)Ce,2,cej3,ceji ] } e GZ or for the 

Cellwise e 
fc,fc, by the 

cell-cornerr (pointwise) coefficients Uh — {[ce-i,3,ce-i t\, ceio,cei2] }eez-
vectorr grid functions are obtained from H2(fi^ ) functions, with S7 = ' 
restrictionn operator iï^JJ : H2{UH) -> [e2{1h)}

4 defined by 

u{{j u{{j 

(2.17) ) 

Win, , 
hh u'((j - l)h)\n, + «(0' " W i n , " «0 '^ lnj 
ftft  w'(j/i)|n, - u((j - l)/i)|n. + u( j / i ) |^ 

wheree u{jh)\o,i is the function value in grid point jh for the function u restricted 
too cell Qi. Pointwise vector grid functions are obtained by a restriction operator 

ll hh)-*[l)-*[l
22{Z{Zhh)})}

44 defined by Rh,oRh,o  a i 

{Rh,ou)(jh) {Rh,ou)(jh) 

-h-h u'{jh)\nj_1 

« W I J I M M 
u{jh)\uj u{jh)\uj 

hh u'^h^+uijh)^ 

(2.18) ) 

«(0 '-- i)fc)k-_i +«0^)1^-1 

u((ju((j + l)h)\Uj 

Inn both cases the restriction determines the function values and the correction 
forr the derivatives at the cell boundaries. Only the ordering in the vector func­
tionn is different: the discrete data are either cellwise or pointwise collected. 
Thesee two representations correspond to the representations (2.10) and (2.11) 
off  the block-Toeplitz matrix obtained for the DG discretization. 

2.3.22 Fourier analysis for a block-Toeplitz operator 

Forr a block-Toeplitz matrix of the type as encountered in Section 2.2.2 we 
cann compute the Fourier transform and the eigenvalues as follows. Let Ah — 
(aT T bee an infinite Toeplitz operator, i.e., an operator with a block 



222 TWO-LEVEL ANALYSIS FOR DG DISCRETIZATION WITH CUBIC ELEMENTS 

structuree SLmj £ R4* 4, m,j € Z, satisfying am>m+fc = a_fc for all m, k 6 Z, 
andd let e^^ be an elementary mode, i.e., a complex function defined on the grid 
ZZhh with ehjU{jh) = e^hu. Then 

5^aTO)jeftiW(,7'/i)) = i(w)e/,,w(m/i) 

&&  Ah(u) = 5^amjci < j "- m)hw - £ a _f c ei f c h w - £ )af c e- ' * h w (2.19) 
jezz fcez fcez 

forr all w € T h = [ - * * ] . 
Now,, let Vh € M 4 z x 4Z be an arbitrary diagonal block-Toeplitz matrix, with 

blockss Xjj = v € R4 x4 for all j G Z. Then 

(AhVhefc,w)) (m/i) = £ am i i v j i j e " h w = ^ ^ c ^ v = l / l ( a ; )ei m ^v , 

withh Ah{(jj) — ^2jez
aje~^huJ- If  w e choose v = v(w) to be the matrix of 

eigenvectorss of Ah(uS) such that 

4 ( w )vv = vA /l(a;)1 (2.20) 

thenn we have 

{AhV{AhVhheehh,u>),u>) {mh) = 4(w)ve/,iU (m/i) = eh,u{mh)vXh(u). (2.21) 

Hence,, the columns of v(w)e/iiW(m/i) are the eigenvectors of J4/J. Also A^fw) is 
aa family of 4 x 4 diagonal matrices with the eigenvalues of Ah at the diagonal 
entries. . 

COROLLARY.. The spectrum of the block-Toeplitz operator Ah is found as 
{\i{w)}i=i{\i{w)}i=i tt......tt4,4, OJ e T/j, where Xi(uj) is an eigenvalue of Ah(u>). 

2.3.33 Fourier analysis for prolongations and restrictions 
Keyy to the Fourier analysis of prolongations and restrictions are the flat pro­
longationn and restriction operators P£H : [£2(Z#)]4 -> [(.2(Zh)]

4 and R°Hh : 
££22(Z(Zhh)) -+ £2(ZH) that are defined by 

,*(*)) = ( w üfc) = {ö" w/2) If j TdT <2-22> 



FOURIERR ANALYSI S TOOLS 23 3 

and d 

(&HhO(&HhO UH) = ui»(2j/i). (2.23) ) 

General,, arbitrary constant coefficient prolongations (restrictions) can be con­
structedd as a combination of a Toeplitz operator and a flat operator. Any 
prolongationn P^H can be written as PhH — PhPhH an<^ a ny restriction Rnh can 
bee written as Ruh — R°Hh^h, with Ph (or Rh) a Toeplitz operator [€2(Z/j)] 4 —> 
[^(Zh)] 4. . 

AA simple computation [18] shows 

(noticee the periodicity of UH{UJ) with period 7r//i !) and 

^ i ( w )) - J ] u£ (w + ^ ) Vu; e TH = T: 

p=0,l l 

(2.24) ) 

(2.25) ) 

Heree we see that PHHUH is defined on T^ = [—ir/h, +7r//i], whereas UH is defined 
onn the smaller T# = [—n/2h,7t/2h]. This motivates us to introduce a different 
notationn for the same Fourier transform Vh(u;), with UJ € T^. We introduce the 
neww notation 

vvhh(u(u + ir/h) 
u£Tu£THH , 

withh exactly the same meaning a s v ^ w G T d. 
Havingg introduced this notation, we may write (2.24) as 

ta(w)ta(w) = (Ph^W ) (w) -5»M M 
M^^  + f) 

Ü£(o;),, w€ TH , (2.26) 

andd (2.23) as 

RRHhHhuuhh(u)(u) = R°HhRhuh(u;) 

Rh(uj),Rh(uj), RH(U; + 1 ) 

(2.27) ) 

Ufc(w) ) 

wit hh u; € Tff. 
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2.3.44 Filtering the true high frequency functions 
Onn the one hand, we can define low and high frequency grid functions in ^2(Z,J 
ass the functions that are linear combinations of modes el jft w with, respectively, 
<*>> € T2h and uo £ T/j \ T2/1. On the other hand, having introduced a prolon­
gationn PhH and a restriction Rfjh m the solution space Sh, we may define low 
frequencyy components in the error as those components that lie in the range of 
thee projection PhiiRHhi and high frequency components as the complementary 
functions,, i.e., those in the range of Ih — PhuRHh- In view of the MG algorithm, 
thee latter approach is more relevant. 

Sincee a low frequency grid function can be represented on the coarser grid, 
wee obtain this grid function by considering a "slowly varying" (4-valued) grid 
functionn u^, 

PhHRPhHRHhHhuuhh = PhP°hHR°HhRhvih. (2.28) 

Sincee PhHRffh is a projection, we have for a high frequency grid function u^: 

(I(I  - PhP£HR°HhRh)uh = uh . (2.29) 

Inn view of this we want our MG smoothers (the relaxation methods) to damp 
thee contributions (2.29). In other words, those eigenvalues of the amplification 
operatorr M^ E L that correspond to high frequency contributions (2.29) must be 
small.. So we are interested in whether the eigenvalues are small for 

FTT ((ƒ - PhP%HR%hRh) M R E L) (w), U f T f f l (2.30) 

wheree FT denotes the Fourier transform. 

2.3.55 Fourier transform of the two-level operator 

Now,, with these tools available, we write, for the amplification operator of the 
coarse-gridd correction operator 

MMhh ~ Ih — PhHLJi RuhLh, 

itss Fourier transform 

-- ( KS™,» ) ( r ^ , r l ( *<»> *<"  + ̂  ) ( ^ G,„°+ . /„  )
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Inn view of Parseval's equality (2.15) and (2.21) the eigenvalues of the 8 x 8-

matrixx MGGC(w) for u) 6 T# yield the eigenvalues of the coarse-grid correction 

operatorr M G GC and, similarly, J w f ^ w) = (M^(w) )^MCGC(u ; ) (M^L (a ; ) )^ 
yieldd the eigenvalues for the two-level operator M^ L A . 

2.44 Smoothing analysis 

Onee of the main ingredients of an MG solver is the smoother. It is used to 
dampp the high frequencies of the error on the finer grid, while the low frequency 
errorss are damped by the coarse-grid correction. For this, the smoother should 
havee an amplification operator with a proper eigenvalue spectrum. That is, an 
eigenvaluee spectrum in which most eigenvalues are in absolute value less than 
one,, where the larger eigenvalues correspond to low frequency eigenfunctions. 
Inn this section we apply Fourier analysis to study the amplification operator 
off  the damped block-Jacobi (JOR) and the damped block-Gauss-Seidel (DGS) 
relaxationn for both stencils (2.10) and (2.11). So, we distinguish between cellwise 
block-- and pointwise block-relaxations. 

Wee will observe that with cellwise relaxations the amplification operators 
havee a complex eigenvalue spectrum with many eigenvalues close to one. This 
indicatess that this relaxation shows a poor and oscillating convergence. How­
ever,, for pointwise block-relaxations the amplification operators show much bet­
terr spectra. 

Forr the discrete system A^x — b we consider the iterative process 

x(i+i )) = xü) _ Bh(Ahx
{i) - b), (2.31) 

withh Bh an approximate inverse of A^. Decomposing Ah as 

AAhh = L + D + U, (2.32) 

intoo a strict block-lower, block-diagonal; and strict block-upper matrix, the 
differentt relaxation methods are uniquely described either by B  ̂ or by the am­
plificationn matrix M^ EL = Ih — BhAh- These operators are shown in Table 
2.1.. Because Ah is a block-Toeplitz operator, the amplification matrix Mh also 
iss block-Toeplitz. Notice that the meaning of the block decomposition (2.32) 
iss different for stencils (2.10) and (2.11). The stencils corresponding to the 
decompositionn Ah = (&m,j) are given in Table 2.2. 

Thee difference between cellwise and pointwise block decomposition is that 
thee eigenvectors e/l>w(m/j.)v of the cellwise stencil correspond to 4-valued grid 
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T a b lee 2 . 1: The relaxation methods using a > 0 as the relaxation parameter. 

JOR JOR 

DGSDGSL L 

DGSDGSV V 

BBh h 

aD-aD-1 1 

aiDaiD + L)-1 

aiDaiD + U)-1 

MMREL REL 

D - X ( ( ll  - a)D - a{L + U)) 

(DD + L ) - 1 ( ( l - a ) ( L > + L ) - a f / ) 

{D{D  + U)-1 ((1 - a)(D + U)- aL) 

T a b lee 2.2: The stencils in the diagonal decomposition. 

Cellwise e 

22 U 2 

00 0 0 

00 0 0 

00 0 0 

rr i \ o 
11 2 1 
22 15 30 
00 J_ A uu 30 15 

- 1 - < TT  Q 1 

LL  2 u 2 

[[ èCT ° 
00 0 

\<T\<T 0 

LL  ^-^  -\ 

-f--f- - hfl ' 

2 --

0 0 

2 -- J 
- I - o -- "I 

2 2 

0 0 

- è --
-4r++ *v . 

00 0 

00 0 

00 0 

oo - 1 J 

L L 

D D 

U U 

2 2 
15 5 
1 1 
2 2 

1 1 
2 2 

0 0 

Pointwise e 

r °° ° ° è] 
00 \o  0 

00 0 - | 0 

00 0 0 0 

" 2 -- 2 -

^^ + /iM ^ - V 

^^  - V ^ + V 
è**  - è* 

00 0 0 0 " 

00 - I 0 0 

LL  ^ 0 0 0 J 

0 0 
1 1 
2 2 

1 1 
2 2 
2 2 
155 -

functionss associated with the cell interiors (in fact independent of the chosen 
basis),, whereas for the pointwise stencil, they correspond to the 4-valued grid 
functionn (2.18) associated with the nodal points between the cells. This makes 
thee cellwise stencil less suited for the MG analysis because it is less natural to 
definee flat prolongations and flat restrictions for the staggered information than 
fromm the pointwise information in coarse and fine cells. 

Usingg (2.19) we find the Fourier transforms of the basic Toeplitz operators: 

L(cu)L(cu) = Le -iu>h -iu>h D(w)) = Z>, U(u)=Ue iu>h iu>h (2.33) ) 

Thiss yields the Fourier transform for the amplification operators of JOR and 
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DGS: : 
==  D~l ((l-a)D-a (L + Ü)V MMREL REL 

lvIlvIJOR JOR 

^^ ^ \ - l 

M^M ûu=={p=={p  + Üy1{{l-a){p  + Ü)-aL). 

Becausee of (2.21), computing the eigenvalues of Mh
REL(uj) for u e Th we find 

thee eigenvalues of Mh
REL. The eigenvalues corresponding to the high frequencies 

(i.e.,, the frequencies |w| > ir/2h that cannot be represented on the coarser grid) 

aree found to be Mh
REL(u) for w 6 TV \ TH- For the various DG methods, viz., 

forr Baumann's method, a — 1, /i = 0; for the symmetric DG method, a = — 1, 
/ii  = 0; and for the IP DG method, a = - 1 , \i = C/h, Figures 2.2-2.10 show the 
eigenvaluee spectra of JOR, DGS, and SGS relaxation amplification operators, 
thee last amplification operator being defined by M§Eg — M^E^LM§Eg . 

Wee notice that the spectra of the amplification operators for pointwise or­
deringdering of the block-relaxations appear to be the same for the Baumann and 
symmetricc DG methods (a = 1 or a = —1). 

Althoughh in the figures we distinguish between the behavior of low and 
highh frequencies (LF: \u>\ < n/2h and HF: |o;| > 7r/2h), this does not precisely 
correspondd to the meaning of LF and HF in the context of MG. Typical LF 
componentss in an MG algorithm are those functions that are invariant under 
thee projection PhnRuh (they are in the range of the prolongation), whereas the 
HFF components are those in the kernel of the restriction. Therefore, we take 
intoo account the properties of the restriction and prolongation to determine 
optimall  relaxation parameters and also determine the spectra of the operator 
M™M™ LL(I(I hh-P-PhHhHRRHhHh). ). 

Becausee Figures 2.2-2.10 show clearly that the convergence behavior for 
pointwisee relaxation is much better than for cellwise relaxation, we further re­
strictt our study to the former. 

Figuress 2.11-2.13 show the spectra of the operator MREh(Ih - i^/f-R/f/i) , 
againn applied to the three different types of DG methods. From these results 
wee can determine optimal damping parameters for relaxation. This parameter, 
minimizingg the spectral radius p(Mh

REL(Ih — PhHRHh)) is given by 

 \^min T ^maxj 
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Cellwisee order Pointwise order 
°° : "low 6 [—T/2/I , TT/2/I]; + : ^h,gh e [ - i r /h , - i r /2h] U [n/2h,n/h] 

F i g u ree 2.2: Eigenvalue spectra of My£ïï(w) for Baumann's DG method (without damping: 
CTCT = 1, /i = 0, Q = 1) relative to the unit circle. 

Cellwisee order Pointwise order 
oo : wioro e [—ir/2/i, 7r/2/l]; + : wh l gh e [—7r//l, —ir/2h] U [7r/2h, n/h] 

F igu r ee 2.3: Eigenvalue spectra of M^  ̂ (W) for Baumann's DG method (without damping: 
aa = 1, fj, = 0, a = 1) relative to the unit circle. 
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Cellwisee order 

-088 -0.6 -04 -02 0 0.2 04 06 08 

Pointwisee order 
°° : "low 6 [—rr/2h,ir/2h]; + : u>high £ [-n/h,-n/2h] U [n/2h,ir/h] 

F igur ee 2.4: Eigenvalue spectra of M§Qg (w) for Baumann's DG method (without damping: 
aa = 1, /A = 0, a = 1) relative to the unit circle. 

-2.55 -2 -15 -1 -05 0 05 1 15 2 25 -1 -0 8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 

Cellwisee order  Pointwise order 
°° : '-'low e [-ir/2h,ir/2h];  + : uihigh e [—it/h,-ir/2h] U [n/2h,ir/h] 

Figur ee 2.5: Eigenvalue spectra of M^Q^(OJ) for symmetric DG method (without damping: 
<TT = — 1, fi = 0, a = 1) relative to the unit circle. 
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Cellwisee order Pointwise order 
oo : "low £ [—TT/2/I, TT/2/I]; + : uhigh e [-n/h,-n/2h] U [ir/2ft,7r/fe] 

F i g u ree 2.6: Eigenvalue spectra of M^Q^(U)) for the symmetric DG method (without damp­
ing:: a = —1, /J. = 0, a = 1) relative to the unit circle. 

3 1 2 3 4 5 6 7 6 99 -1 -0 8 -0 6 -0 4 -0 2 0 0 2 0 4 0.6 0.8 

Cellwisee order Pointwise order 
oo : '-'low £ [-ir/2h,ir/2h];  + : uihigh e [-ir/h,  -TT/2 / I] U [n/2h,n/h] 

F igu r ee 2.7: Eigenvalue spectra of M§Qg(u>) for the symmetric DG method (without 
damping:: a — —1, fi = 0, a = 1) relative to the unit circle. 
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Cellwisee order Pointwise order 
oo : ulow e [—ir/2h,ir/2h];  + : uhigh 6 [-n/h, -n/2h] U [ir/2h,ir/h] 

F i g u ree 2.8: Eigenvalue spectra of Mf§j((iu) for the IP method (without damping: a = - 1 , 
fifi  = 10/h, a = 1) relative to the unit circle. 

Cellwisee order Pointwise order 
°° : "low e [—ir/2h,ir/2h];  + : u)high e [-ir/h,-n/2h] U [ir/2h,ir/h]. 

F i g u ree 2.9: Eigenvalue spectra of M§^(ÜJ) for the IP method (without damping: a — —1, 
HH = 10/h, a = 1) relative to the unit circle. 
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Cellwisee order Pointwise order 
o:: w,ow e [—ir/2h,ir/2h];  + : ujhlgh e [—.*/h, -ir/2h] U [TT/2/I,n/h] 

F i g u ree 2.10: Eigenvalue spectra of Mg-^g(uj) for the IP method (without damping: 
CTCT = —1, n = 10/h, a = 1) relative to the unit circle. 

wheree Amin and Amax are, respectively, the minimum and maximum (real) eigen­
valuess of the spectrum without damping. The damping parameters are given 
inn Table 2.3. In Table 2.4 we show the spectral radii for the corresponding 
operatorss M^EL(Ih - PkHR-Hh)- For the spectral radius of symmetric damped 
Gauss-Seidell  (DGS) the damping parameter for DGS is used. In the next section 
wee use a similar approach to optimize the TLA. 

T a b lee 2 .3: Damping parameters for the relaxation. 

a a 
JOR R 
DGS S 

Baumann/symmetricc DG 
8/11 1 
15/16 6 

IPP DG {n = 10/h) 
0.773 3 
1.024 4 

2.55 Two-level analysis 

Inn this section we study the convergence behavior of a TLA for both the error 
andd the residue. In a fashion similar to how we determined relaxation parame­
terss for the smoothing operators, we determine optimal relaxation parameters 
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Baumann/symmetricc DG penalized symmetric DG 

F i g u ree 2 .11: Eigenvalue spectra of FT{Mfgj({Ih - PhHRHh)){u) without damping 

( «« = ! ) • 

Baumann/symmetricc DG penalized symmetric DG 

F i g u ree 2.12: Eigenvalue spectra of FT(Mg^(Ih - PhHP-Hh))(u) without damping 

( «« = ! ) • 

Tab lee 2.4: Spectral radii of MREL{I h - PhHR-Hh) for damping parameters as in Table 2.3. 

p{Mp{MRELREL{I{I hh-P-PhHhHRRHhHh)) )) 
JOR R 
DGS S 

Symm-DGS S 

Baumann/symmetricc DG 
0.455 5 
0.250 0 
0.203 3 

IPP DG (n = 10/h) 
0.591 1 
0.365 5 
0.200 0 
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Baumann/symmetricc DG penalizedd symmetric DG 

Figuree 2.13: Eigenvalue spectra of FT(M§§§ (Ih—PhHRHh)M§§g )(w) without damp­
ingg (Q = 1). 

forr the two-level operators in order to minimize the spectral radii. The ampli­
ficationfication of the error for the TLA is given by the operator 

M, M, TLA TLA == (Ml REL\"22 „^CGC Mi Mi REIA" i i (M* E L ) ) 

== ( M R E L ^ {I _ phHL-lR„ hLh) ( M * REL\" i i 
J J 

wheree v\ and V2 are the number of pre- (post-) relaxation sweeps, respectively, 
andd MGGC is the amplification operator of the coarse-grid correction. The 
amplificationn operator for the residue is 

My My -TLA -TLA ??REL. REL. 77CGC CGC 
(M(Mhh r Mh (Mh 

REL REL 

==  (LhMrLLhr
2LhM£GCLhi (LhM*^L-i) i \ " i i 

I nn Section 2.2.4 we already noticed the Galerkin relation (2.13) between the 
discretizationn on the finer and the coarser grids and that, because test and trial 
spacess are the same, the residual restriction Rnh is given by Rnh = PHH> L e- ' 
thee adjoint of the prolongation. The consequence is that MfiGCPhH = 0 for 

CGO O 

thee solution and that RnhMh = 0 for the residue. Wi t h the tools developed 
inn the previous sections we now study the eigenvalue spectra of the two-level 
operatorss and their spectral norms. 
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2.5.11 Spectrum of the two-level iteratio n operator 

Thee difference between the coarse-grid correction on the error and that on the 
residuee is that the former splits an HF-error mode into an HF-mode and an 
LF-modee on the finer grid. This is in contrast to the coarse-grid correction on 
thee residue, in which an LF-residual mode is split into an HF-mode and an 
LF-modee on the finer grid [20]. 

Thiss implies that if we are interested in the error reduction, we should apply 
thee smoothing operator M^EL before the coarse-grid correction. On the other 
hand,, if we are interested in residue reduction we should apply the smoothing 

£7GC C 

afterafter the coarse-grid correction operator Mh . Therefore, for the error, we 
aree particularly interested in the behavior of the spectrum and the two-norm of 

M C G CM R EL L (I-PHHL-JRHHL^MI (I-PHHL-JRHHL^MI REL L 

whereass for the residue we want to study 

MMRR
hh

ELELKKGCGC = (LhM^L-h') (I - L.P^L^RH,) . 

Itt is clear that the spectra of these operators are the same, but the norms may 
bee different. For different types of DG methods, viz. for Baumann's method 
(cr(cr = 1, fi — 0), the symmetric DG method (cr — —1, \x = 0), and for the 
IPP method (a = — 1, \i ~ C/h), the spectra of the two-level operators can be 
studiedd as in Section 2.4 for the smoothing operators. The spectral radii of the 
two-levell  operators are shown in Table 2.5. 

Wee see that the two-level amplification operators for the symmetric DG 
methodd have the smallest spectral radii, which indicates that the final conver­
gencee rate will be faster, compared with the Baumann and IP DG methods. 

-TtRELrr-pCGC. -TtRELrr-pCGC. T a b lee 2.5: Spectral radii p{M%GCM*EL) = p{M  ̂ Mh ) for optimal damping param­
eters. . 

pp((MMCGCCGCMMREL) REL) 

M^M^GCGCMf§k Mf§k 
^ G C M ^ ^ 

MeEMeELL
SuSuMZMZGCGCMEEMEELLssL L 

Baumm DG 

0.401 1 

0.220 0 

0.119 9 

Symmm DG 

0.314 4 

0.143 3 

0.073 3 

IPP DG (M = 10/h) 

0.422 2 

0.189 9 

0.139 9 
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T a b lee 2.6: The spectral norm (crmax) after one iteration for the residue with optimal 
damping. . 

Baumm DG 
Symmm DG 

IPP DG (/i = 10/fc) 

MJORMH MJORMH 

1.762 2 
1.282 2 
1.518 8 

MMDGSDGSMMh h 
1.364 4 
0.506 6 
0.699 9 

0.557 7 
0.104 4 
0.301 1 

2.5.22 Spectral norm of the iteration operator for the error 
andd residue 

Fromm Section 2.5.1 we know that all TLAs will converge rapidly after a sufficient 
numberr of iterations. However, since we want to minimize the total amount of 
iterationn sweeps, we need to be sure also that the spectral norms of the iteration 
operatorss are sufficiently small. In order to check this we apply the singular value 
decompositionn (SVD) to the Fourier transform of the amplification operators, 

FTT ((M T L A )* ) (W) = U(CÜ)Ï(U,)VT(U), (2.34) 

where,, in view of our function basis, U(UJ) and V(u>) are 8 x8 unitary matrices 
andd S(w) is a real 8 x 8 diagonal matrix with singular values. The number 
off  iterations is denoted by t. So, if we consider the error of the approxima­
tion,, then according to (2.34), this error is first expressed on the basis V(u;), 
damped/amplifiedd by S(w), and then transformed to the basis U(to). Since the 
spectrall  norm of the operator is the maximum singular value, this norm tells us 
howw well the error (resp., the residue) is damped after t sweeps. The column of 
V(ÜÜ)V(ÜÜ) determines the corresponding error/residual component. 

Thee spectral norms after one iteration of the optimized two-level operators 
onn the residue for the different types of DG methods are shown in Table 2.6. 
Wee see that not all two-level operators immediately converge. However, the 
situationn changes if we look at the spectral norm of the two-level operators after 
twoo iterations (see Table 2.7). Then all methods converge, even by a significant 
factor.. The spectral norms of the iteration operators on the error are the same 
ass for the residual, except for Baumann's DG method. For this method the 
error-amplificationn norm becomes even unbounded (for vanishing frequency w). 
Thiss is related to the lack of adjoint consistency as indicated in [3j. We show the 

TL A A 

singularr values of M^LA (o;) and Mh (ui) in Figures 2.14-2.16. We see that 
(ass expected) in all cases four singular values vanish and that all singular values 
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T a b lee 2.7: The spectral norm (<rmax) after two iterations for the residue with optimal 
damping. . 

Baumm DG 
Symmm DG 

IPP DG (it = 10/fc) 

-- j - rxfcj Li » , 0 Cr O 

0.684 4 
0.403 3 
0.640 0 

M D G S M h h 

0.447 7 
0.083 3 
0.284 4 

MMDGSrDGSr Mh MDGSl! 

0.064 4 
0.007 7 
0.038 8 

(exceptt for M^LA(tL>) for Baumann's method) are much smaller than one. 

2.66 Galerkin relation and consistency 

Byy the nature of the DG method, it is clear that the Galerkin relation, 

LHLH = RHhLhPhH i 

existss between the discrete operators on the fine grid and the coarse grid, pro­
videdd that Rnh — PHH an<^ that PhH satisfies the requirement that u/j and 
PHH^HPHH^H represent the same piecewise polynomial. For the prolongation intro­
ducedd in Section 2.2.4 this holds true by construction. 

Thee Galerkin relation, the order of consistency, and the order of convergence 
aree easily verified by Fourier analysis. In order to see this in detail and to com­
putee the corresponding order constants, we show some results of this analysis, 
whichh also yields some additional insight with respect to the lack of adjoint 
consistencyy of Baumann's method (see [3]). 

Forr the analysis we use the four functions in the basis (2.8) with p — 2 
andd consider the related pointwise stencil (2.11). First, we are interested in the 
truncationn error operator 

rr hh = LhRh~RhL, (2.35) 

andd the operator corresponding to the discrete convergence, Ch = L^lrh. In 
(2.35)) Rh ' ^(Qh) —> M.4Zh is the injective restriction similar to (2.18), whereas 
thee second restriction is the Galerkin restriction Rh : Cl(Qh) —> R4Zh, defined 
suchh that for all ƒ 6 C1^ / , ) , 

(Rkf)(Rkf) (jh) = 
Iu-iIu-i )h)hMx)f(x)dxMx)f(x)dxtt fee {1,2} , 

fHfH+1)h+1)h Mx)f{x)dx, A; G {3,4} , 
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OCOS*0' ' 

iix-!.;j.a/x;: : 

^ « « a a 

:ax3XiXoxixixoT)r:: : 

Baumann,, M?"L A (6LI ) T->> T T T L A / \ 

i iaumann,, Mh (u)) 

F i g u ree 2.14: Singular values E(w), CJ e [—7r/2,w/2], for a TLA iteration operator: 

M J L A HH = J S S G C( W ) J ^ ( Ü ; ) a n d Ml LA M=<|HSfC(u). 

xtrwXOxr.wxiTXWXJ^^tf)3X^3xaxaxrxixn;o3.xl l 
'TrrrmrnmTiTnTrr'' i ' l l BJHI  ' i *mi n aaoBeaaüBasssBs s 

Baumann,, ( M t
T L A ) 2 ( u ) Baumann,, [Mh ) (w) 

F i g u ree 2.15: Singular values £(u>), ÜJ £ [-ir/2 , TT/2], for two steps of the TLA-iteration 
operator. . 
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Symmetricc DG, M T L A (w ) 
TLA A 

Symmetricc DG, Mh (u) 

F i g u ree 2.16: Singular values S(w), u 6 [—ir/2,ir/2] , for one step of the symmetric DG 
TLAA iteration operator. 

wheree <j>k  are the basis functions in pointwise ordering. With Ph : K"""  -> 
Span(0j ie)) C C^fih) the interpolation with JihPh — Ih, it is clear that, by 
construction,, Ph — PHHPH and RH = RiJhRh^znd the discrete operator is 
characterizedd by Lh = RhLPh- Hence, LH = RHLPH = RHhRhLPhPhH = 
RHhLhPhH-RHhLhPhH- Furthermore, we write for the truncation error: 

rr hheeiuxiux = Theu(x) = (LhRhew - RhLeUJ){x). 

Usingg (2.18) and the definition of Rh, we find 

The*. The*. LLhhé^é^h h 

11 - e~iujh - iuh 
1 1 
1 1 
11 - eiwh + iuh 

-u-u22heheiuiuJJh h 

'' J( ! e * u ' ' ' ( ' - 1 ) i 2 ( l - i ) ^ ' 
ƒ !!  eiuh(t-l)tdt 

/Je*»*«(l-t)(« « 
££ e-h ' i ( l - tfdt 

wheree the basis functions are scaled to the master element Ü, — [0,1]. Hence, 

/ / 

ThSu ThSu LLhh(u) (u) 

1 - e" " 
1 1 
1 1 
11 -e*1 

iuh iuh ƒ!!  i w h ( t - l ) t 2 ( l _ t ) dt 
AA  ci a .h ( t - l )t d< 

ƒ( ( a:*. . '(11 - t )dt 
/oo eiwM t( l - 02<« 

\ \ 
„iujjh „iujjh (2.36) ) 

== (Lh(u)Rh(u) ~Rh(u)2(u)) ,iujh ,iujh 
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T a b lee 2.8: The expansion of (2.38) for wh —> 0, i.e., the order of convergence: pointwise 
valuess (v2 and v$) and pointwise derivatives (v\ and V4) at the nodal points. 

Baumann n 
< 7 == 1 

HH - 0 

^h*uj^h*uj44+0(h+0(h55vv55) ) 

Symmetric c 
err = - 1 
nn = o 

// ^h4uj4+0(h5u;5) \ 
afaihW+OihW) afaihW+OihW) 
^hW+0{hW) ^hW+0{hW) 

\\ i^hW + OihW) J 

IP P 
a=-\ a=-\ 
fifi  = l/h 

ff ^h4U4+0(h5UJ5) \ 

t£uhWt£uhW + o(h«u*) 
\\ ^h4u;4 + 0(h^) J 

wheree Lh(uü) is the Fourier transform of the block-Toeplitz matrix Lh. Now 
wee find the expansion of the truncation error for h —» 0 from (2.36). Both for 
Baumann'ss method (a — 1,/x = 0) and for the symmetric DG method without 
penaltyy (<r = - 1 , / / = 0) and with IP (a = -1,/x = l/h), (the absolute value 
of)) the truncation error is 

reL L 

33LÜLÜ44 + 0(h4üJ5) 720 0 
0 0 
0 0 

1 1 
LL 720 / rV 44 + 0(/i4w5) 

(2.37) ) 

Takingg into account the factor hd~2, typical for the FEM difference stencil 
(withh d = 1 the dimension of cell Qe), we recognize in (2.37) the fourth order 
consistencyy of the discretization. 

Similarly,, we study the discrete convergence (where no such factor exists) by 

CChh e  ̂ = Lk
lrhew = Lh (w) (Lh(co)Rh(uj) - Rh(uj)L(w)) e iujjh iujjh (2.38) ) 

Thee results for the different methods are given in Table 2.8. We see that the 
symmetricc DG methods, with and without IP, are more accurate with respect 
too the pointwise function values than Baumann's method. However, there is no 
differencee in the order of accuracy with respect to the pointwise derivatives. 

2.77 Numerical results 

Inn this section we show by numerical experiments the convergence behavior of 
thee two-level iteration operator for the error with the Baumann and symmet­
ricc DG methods for the smoothers JOR, DGS, and symmetric DGS with the 
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optimall  damping parameters. For this purpose we solve Poisson's equation 

_u* «« = e2( ei / e
£- l ) W i t h U ( 0) = °' U ( 1) = °' 

Thee choice of the right-hand side is unimportant, but starting with zero, in this 
examplee both low and high frequencies are present in the error. To obtain the 
discretee system we use the fourth order polynomial basis (2.1) and we set the 
meshwidthh h = 2~N. We start with an initial function u° = w ° P RE on the finer 
grid.. We apply v\ prerelaxation sweeps 

uft!pREE = U/»,PRE + Bh (fa - £/IUJ»,PRE) , 

wheree Bh is an approximate inverse of Lh as given in Table 2.1. We update 
thee solution by a coarse-grid correction step, solving the problem once on grid 

w£,POSTT = uh)pRE + PhHLH RHhifh ~ ^ « J P R E ), 

andd eventually we apply v2 postrelaxation sweeps, 

Uh,POSTT = uft,POST + Bh{fh - i/iW^poSTJi 

too compute uj,+1 = u° P RE = M ^POST- F or t n e i n i t i a l function uj we choose 
u°u°hh = RhU0 — Rhsm(2ir/h). To show the convergence of the different methods 
wee measure the residue in the vector norm (2.16). Hence we write 

// 64 4 

\\d\\dhhhh = \\fh-Lhuk\\2= E E i , i 
\ c = ll  J = l 

Sincee the spectral radii of the two-level operators for the Baumann and symmet­
ricc DG methods calculated by Fourier analysis are smaller than those of the IP 
DGG method, we only show results for the first two methods. The convergence 
off  the residue for the two-level operator with different smoothers is shown in 
Figuree 2.17. 

Wee observe that both DG methods methods show immediately convergence, 
startingg from the first iteration sweep. We see from Figure 2.17 and Table 2.9 
thatt the spectral radii obtained from the numerical experiments coincide very 
welll  with spectral radii obtained by Fourier analysis (Table 2.5). 

Wee further remark that the symmetric DG method converges somewhat 
fasterr than Baumann's DG method. In spite of the phenomenon related to the 
lackk of adjoint consistency of Baumann's method, the observed convergence of 
thee error shows in practice the same behavior as the convergence of the residual. 

ii i* i* 
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T a b lee 2.9: Numerically obtained convergence factors corresponding to p(MpGCMFEL) = 

p(Mp(MGGCGGCM^M^ELEL) ) 

M£M£GCGCMfSk MfSk 
M?M?GCGCM*M M*M 

Mê§iMê§i77MCGCMCGCMMRELRELSi Si 

Baumm DG 

0.38 8 

0.22 2 

0.11 1 

Symmm DG 

0.30 0 

0.14 4 

0.07 7 

Baumannn DG Symmetric DG 
++ : JOR; o: DGS; A : SGS. 

F i g u ree 2.17: log(||rfh112) as function of iterations for the two-level iteration operator on the 
error. . 

2.88 Conclusion 

Inn this chapter we analyze the convergence of the MG algorithm for various DG 
methods.. For convenience we restrict ourselves to the one-dimensional Poisson 
problem.. We consider the (asymmetric) Baumann-Oden discretization and the 
symmetricc DG discretization, with and without IP. 

Byy the choice of a suitable basis in the space of the discontinuous piece-
wisee polynomials that are used for the trial and test spaces, we are able to 
introducee a point-wise block-partitioning of the discrete operators. It appears 
thatt block-relaxation methods based on this pointwise partitioning show com­
pletelyy different convergence properties from those found with classical, cellwise 
partitionings.. Pointwise block-relaxations have much better convergence and 
smoothingg properties. This is most significant for the symmetric DG discretiza-
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tionn without IP. Here, cellwise block-Jacobi and block-Gauss-Seidel relaxations 
diverge,, whereas the pointwise block-relaxations converge. 

Forr the three discretization methods studied we compute optimal damp­
ingg parameters for Jacobi, Gauss-Seidel, and SGS relaxations. The resulting 
smoothingg factors lie between 0.6 (JOR for IP discretization) and 0.2 (sym­
metricc DG). A two-level analysis with optimal damping parameter shows even 
betterr convergence: with spectral radius from 0.4 (JOR for IP discretization) to 
0.0755 (for symmetric GS and symmetric DG). An analysis of the spectral norm 
off  the two-level amplification for the residue shows that a very small number 
off  iteration steps (usually not more than two) is indeed sufficient to reduce the 
errorr by an order of magnitude. 

Thee lack of adjoint consistency of Baumann's method and the resulting loss 
off  accuracy for the solution (and not for its derivative) could be analyzed by 
meanss of Fourier analysis, and was also reflected in the spectral norm of the 
two-levell  amplification operator for the error. 
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Chapterr 3 

Two-levell  analysis for DG 
discretizationn with linear 
elements s 

Summary y 

Inn this chapter we study the convergence of a multigrid method for the solution 
off  a linear second order elliptic equation, discretized by discontinuous Galerkin 
(DG)) methods, and we give a detailed analysis of the convergence for different 
block-relaxationn strategies. To complement the analysis in Chapter 2 (see also 
[24])) where higher-order methods were studied, here we restrict ourselves to 
methodss using piecewise linear approximations. It is well-known that these 
methodss are unstable if no additional interior penalty is applied. 

Ass for the higher-order methods, we find that point-wise block-relaxations 
givee much better results than the classical cell-wise relaxations. Both for the 
Baumann-Odenn and for the symmetric DG method, with a sufficient interior 
penalty,, the block-relaxation methods studied (Jacobi, Gauss-Seidel and sym­
metricc Gauss-Seidel) all make excellent smoothing procedures in a classical 
multigridd setting. Independent of the mesh size, simple MG cycles give con­
vergencee factors 0.2 - 0.4 per iteration sweep for the different discretizations 
studied. . 

45 5 
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3.11 Introduction 

Sincee thus far relatively littl e attention has been paid to optimally efficient 
solutionn methods for the algebraic systems arising from the discretization of the 
stationaryy problems, we study the possible use of a multigrid algorithm for this 
purpose.. We concentrate on the Baumann DG, the symmetric DG methods [3]. 
I tt is well-known [2, 43, 50] that these methods are not stable for the lowest order 
off  approximation (p — 1), if no additional stabilization is applied by means of 
ann interior penalty (IP) parameter. All these methods can be described by the 
samee formulas [3, 24], where the distinction between the various methods is 
madee by two parameters: <7, the sign (a — +1 for Baumann and a = — 1 for 
symmetricc DG), and p — u/h, the interior penalty parameter. 

Whereass in the previous chapter we studied the convergence of a multigrid 
methodd for the solution of the systems arising from higher-order methods (p > 
3),, in this chapter we focus on the convergence of the multigrid method for the 
casee p — 1, because this case may be used to accelerate the solution for p > 1 
inn the p-hierarchical structure of the Zip-adaptive approximation process. 

Forr the higher-order methods we showed that excellent convergence was 
obtainedd when blockwise relaxation (Jacobi or Gauss-Seidel) is applied as a 
smoother,, if the blocks are formed by the degrees of freedom (dofs) associated 
withh cell-vertices. This motivates us to study the smoothing abilities for the 
IP-DGG method with a well chosen penalty parameter \i. 

Thee outline of this chapter is as follows. In Section 3.2 we give a unified 
descriptionn of the DG discretizations so that the different symmetric forms, 
Baumann'ss variant and the Internal Penalty (IP) variants follow from the values 
off  specific parameters (a and p) in the formulation. For the linear trial functions 
thatt we restrict ourselves to, we give a description of the resulting discrete 
operatorr in the form of a stencil that defines the resulting block-Toeplitz matrix. 

Inn Section 3.3 we apply Fourier analysis to this discrete operator in order 
too study its stability properties. We observe that both the symmetric DG and 
Baumann'ss variant have a double zero eigenvalue, one of which has an eigenfunc-
tionn that is not constant (the spurious eigenvalue responsible for the instability 
off  the methods). If a large enough penalty parameter is chosen, then it is seen 
thatt the instability disappears. However, for a too large value of the penalty 
parameterr we see that the discrete system becomes ill-conditioned. 

Inn Section 3.4 we give a smoothing analysis of the point-wise and cell-wise 
block-relaxationss and a convergence analysis of the two-level algorithm. As in 
thee case of higher degree trial polynomials, dealt with in Chapter 2, we see also 
heree that the use of point-wise relaxation gives much faster convergence. By 
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determiningg the spectral norm of the error-amplification operator it is shown 
thatt the observed 'good convergence' is guaranteed from the second iteration 
stepp on; we find convergence with a rate of about 0.2 - 0.4 per iteration. 

Inn Section 3.5 we report on numerical results for the solution of a one-
dimensionall  Poisson problem on the unit interval, where the solution has a thin 
boundaryy layer, its thickness depending on a parameter e. The results confirm 
thee theoretical analysis. 

3.22 The linear discontinuous Galerkin discretiza­
tion n 

Forr the Poisson equation (2.1), defined on the unit cube S7, we consider the 
variationall  form (2.3), associated with the DG-methods [3, 24]: find u 6 H1 (fl/J 
suchh that: 

B(u,v)B(u,v) = L(v) VveH1^), (3.1) 

wheree the bilinear form B(u,v) is defined by (2.4). 
Inn this chapter we study the one-dimensional equation, which we consider as 

ann essential building block for the higher dimensional case where we use tensor 
productt polynomials. For test and trial space Sh C H1(Qh) we use the space of 
discontinuouss piecewise polynomials on the partitioning £1^. Then the discrete 
equationss read: find Uh € Sh such that 

B{uB{uhh,v,vhh)) = L(vh) Vvh£Sh. (3.2) 

Withh a basis {<fo,e}  for the space Sh this leads to the linear system 

NN i , 

EE E *.« / &M*'iMte  - ( # »> • to.e(*)] llW 
e=le=l t=0 V « « 

++ a [0ifC(x)] • (0j,e(ar)> |rDint + /x [&,«(»] • [<M*) ] | rD i n t) (3-3) 

NN 1 . 

== E E / f<f>jA x)dx + * M • {<P'j,e(x)) |rD 
e=ll  i=0 " e 

++ A* M • [<t>jA x)]  lrD + 9<PjAx)\rN , 

whichh we briefly denote by LhUh — fh- In this chapter we restrict ourselves 
too Sh consisting of piecewise linear polynomials on a uniform partitioning for 
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whichh we use the element basis functions 0j(£) — £J(1 — £ )1 - J, j — 0 ,1, so that 
wee have 2N basis functions <j)j{{x  — xe)/h) — <fij !e(t); j — 0 ,1; e = 1, • • • , TV. For 
th iss basis of piecewise linear polynomials the linear system (3.3) has a 2 x 2-
block-tr idiagonall  s t ructure, with the discretization stencil: 

0 0 
—— hjx ̂  ̂ + hfi 

- l - c r r 
2 2 

2 2 

^+hfj, ^+hfj, hfj, hfj, I I 
22 J 

(3.4) ) 

iff  the equations (the weighting functions 0e, j ) and coefficients are ordered cell-
wisewise as [ce,o> ce,i]e_2- As we emphasized in Chapter 2 we can also order the 
equationss and coefficients pointwise, according to function values at the cell-
interfaces,, [ce_i5i , ce;o]e_2? which leads to the stencil: 

0 0 

l+o--
12„ „ 

++ hti 
—— h[i 2 2 

—— hfi 
++ hfi - i - 2 . . (3.5) ) 

Thus,, wi th the possible exception for the equations at the boundaries, the dis­
cretizationn matr ix appears to be a block-Toeplitz matr ix and is described by the 
repet i t ionn of either stencil (3.4) or stencil (3.5). Both stencils describe one and 
thee same matr ix, but the distinction between cell-wise and point-wise blocks 
material izess as soon as we consider block-relaxation methods. 

3.33 Fourier analysis of the discrete operator L h h 

Havingg introduced in Section 2.3.2 the Fourier transform of a block-Toeplitz 
operator,, we describe the spectrum of the discrete operator L  ̂ on an infinit e 
domain,, and we discuss its stability properties. We notice the difference between 
thiss operator for piecewise cubic approximations, as described in Chapter 2, 
andd the corresponding operator for piecewise linears. We recognize that for the 
la t terr a sufficiently large interior penalty parameter has to be chosen in order 
too obtain a stable scheme. Then, for the stable schemes, we compute the order 
off  accuracy. 

3.3.11 Eigenvalues spectra of the discrete operator Lh 

Wee study the eigenvalue spectra of the discrete operator Lh of (i) Baumann's, (ii ) 
thee symmetric-, and (iii ) the internal penalty (IP) DG-method, all with linear 
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elements.. It is well known that in this case Baumann's and the symmetric DG-
methodd are unstable and that an additional penalty parameter /x = v/h (IP 
DG-method)) can be introduced in order to stabilize the discrete operator Lh. 

Too study the behavior of the three different DG-methods we look at the 
eigenvaluee spectra of Lh{w). Considering the point-wise stencil (3.5) we write 
forr Lh(uj), using (2.19), 

p ,, , _ J_ / l+a + 2v-ei"k +<je- i"h 1 - a - 2v - (1 + a)e~iuh \ 
{U){U)~2h\~2h\ 1 - o - 2v - (1 + a)elu>h 1 + a + 2v - e~^h + ae^h ) ' { > 

forr all ui G T/j = [—7r//i,7r//i]. If further Lh(uj) allows for an eigenvalue decom­
position n 

LLhh(u)v(u)v = vAh(uj), (3.7) 

then,, because of (2.21), the columns of v(w)e/l;UJ(m/i) are the eigenvectors of Lh 
andd A/i (UJ) is a family of 2 x 2 diagonal matrices with the eigenvalues of Lh at the 
diagonall  entries. The eigenvalues \h(u) of Lh{w) for respectively Baumann's, 
thee symmetric and the IP DG-method are shown in Table 3.1. Note that the 
samee eigenvalues are obtained if the cell-wise stencil (3.4) is used instead of the 
point-wisee stencil (3.5). Only the coefficients of the eigenvectors v(u?)e/liW(7n/i) 
aree collected either point-wise ([ce_i ;i , ce,o]) or cell-wise ([cejo,ce,i]) -

T a b lee 3 .1: Eigenvalues of Lh(OJ). 

Ah(w) ) 

Ai(w ) ) 

A2(w) ) 

Baum-DG G 
aa = 1, // = 0 

l + c o s ( w h) ) 
h h 

11 — cos(u»/i) 
h h 

symm-DG G 
aa = - 1 , n = 0 

1—— cos(uih) 
h h 

—— 1 — cos{wh) 
h h 

IP-DG G 
aa — —1, /J, — u/h 
vv — c os (u; h) +1 v — 11 

i>> — cos(oih) — |f — 1| 
h h 

Iff  we study the eigenvalues \h(u) of Lh(ui) for Baumann's DG-method, we 
seee in Table 3.1 that they are real and non-negative: Ai(u;), A2(o;) € [0,2//i]. 
Furthermoree we see that A2 = 0 for w = 0, which is the eigenvalue corresponding 
too the constant eigenfunction. This eigenfunction corresponds to the equivalent 
eigenfunctionn for the continuous operator and is controlled by the boundary 
conditions.. However, we see that there also is an additional zero eigenvalue 
Aii  — 0 for u) = , and the corresponding eigenvalue is oscillating piecewise 
constant.. This spurious zero eigenvalue causes the Baumann DG-method to be 
singularr for linear basis functions in the test and trial space. 
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Baumann-DGG symmetric-DG 
oo : "low 6 [—.ir/2h,n/2h], + : uihigh € [-ir/h,-ir/2h]  U [n/2h,ir/h] 

F i g u ree 3 .1: Eigenvalue spectra of discrete operator Lh(u}) for cubic stencil. 

Thee same oscillating piecewise constant function is an additional eigen-
function,, with A2 = 0, for the discrete operator Lh for the symmetric DG-
method.. Furthermore, for this DG-method we recognize the saddle-point be­
haviorr Ai(w) G [0,2/h], A2(w) e [-2/ft,0]. 

Iff  we study the eigenvalue spectrum Ah(w) for the IP DG-method, then we 
mayy still choose the penalty parameter v. If we choose v < 0, the method is 
stablee in the sense that the unique zero eigenvalue corresponds to the constant 
eigenfunction.. However, the method is indefinite. If we choose the parameter 
00 < v < 1 the method is indefinite and unstable (since then there is a spuri­
ouss zero eigenvalue with a corresponding oscillating piecewise constant eigen­
function).. For v > 1 the method is stable (the eigenvalues have non-negative 
sign).. On the other hand, for a large parameter v the discrete operator is 
ill-conditioned. . 

Whereas,, for linear polynomials in the test and trial space, Baumann's non-
symmetricc DG-method has positive real eigenvalues, this is not the case for 
higher-orderr piecewise polynomials (although they have positive real parts). 
Figuree 3.1 shows the eigenvalue spectra the Baumann and the symmetric DG-
methodss for piecewise cubics, as analyzed in Chapter 2 and [24]. The spectrum 
off  Baumann's method shows complex eigenvalues; in the case of the symmetric 
DG-methodd the spectrum is real but indefinite. 
Noticee the distinction between eigenvalues for low and high frequencies which 
iss useful in the context of multigrid. (Low frequency functions can also be 
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representedd on a twice coarser grid.) 

3.3.22 Consistency of the I P DG-method 

Inn the previous section we have seen that the IP DG-method for the piecewise 
linearr basis is stable if v > 1. In this section we study the accuracy and the 
discretee convergence of this method. For the analysis we use the point-wise 
stencill  (3.5) and proceed analogously to the treatment in Section 2.6. We study 
thee truncation operator 

ThTh = LhRh — RhL, (3.8) 

andd the operator corresponding with the discrete convergence, Ch = L^T^. In 
(3.8)) Rh : C^fïft) -> R2Zh is the injective restriction defined by 

«Win,--! ! 
u(jh)\u(jh)\QQ. . 

Uh{jh)Uh{jh) = {Rhu)(jh) = 

Thee second restriction, Rh : Cl{Q,h) 
by y 

hh,, is the Galerkin restriction defined 

(Rhf)(Rhf) (jh) 
*jh *jh 

forr all ƒ € L2(Q). Using Theu for the truncation error 

Th^uix)Th^uix) = The
MX = (LhRheu - RhLeu){x), 

andd with the definition of Rh, we find 

Th^u Th^u ==  Lhe
iuJjh uu22heheiujjh iujjh 

wheree the basis functions are scaled to the master element Cl — [0,1]. So, 

rr hheu=eu= Lh(u) 
fie^'il-t)dt fie^'il-t)dt 

uu22 eiujjh (3.9) ) 

wheree Lh{w) is the Fourier transform of the block Toeplitz matrix Lh for the 
point-wisee stencil. The order of the truncation error is found by expansion of 
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(3.9)) for h —> 0. Since ew = tXU)X is continuous, both for Baumann's method 
[a[a — 1, fi = 0), and for the symmetric DG-method without penalty (a — — 1, fj, — 
0)) and with interior penal ty (a = — 1,/J = v/h), the absolute value of the 
t runcat ionn error is 

However,, from the previous section we know that only the IP DG-method is 
stablee and definite, provided we choose v > 1. So, for that method we can 
derivee the discrete convergence from 

LLhh
llrr hh ew = rh~\cu) (th(u)lTh(uj) - llh(uj)L(u>j) eiujjh. (3.11) 

Thee results are summarized in Table 3.2, distinguishing between penalty pa­
rameterss // = l/h and fj, — u/h with v > 1. 

Tablee 3.2: The expansion of (3.11) for h —> 0, i.e., the order of convergence of pointwise 
valuess at the nodal points. 

IP,, /i = l/h 

\\ +lhuj + 0{h2uj2) ) 

IP,, // — vjh, v>\ 

{{  -j^hW + OihW) \ 

Wee see that we loose two orders of accuracy if \i — l/h. The IP DG-method is 
moree accurate for a larger constant u, but on the other hand, the method be­
comess less at t ract ive due to the worse condition number of the discrete operator 
LLhh. . 

3.44 Smoothing analysis and convergence of the 
two-levell  algorithm 

I nn this section we consider three block-relaxation methods: Jacobi-, Gauss-
Seidel-,, and symmetr ic Gauss-Seidel block relaxations. If wc want to apply 
thesee relaxations to the unstable operators (Baumann or symmetric DG with 
fifi  — 0) with cell-wise blocks, then we notice that (i) it is impossible to apply 
Jacobii  relaxation because of the singular diagonal blocks, and (ii ) that block GS 
doesn'tt converge because all eigenvalues of the i teration operator have absolute 
valuee equal to 1. Point-wise block relaxation can be used. However, as can be 
expected,, spurious modes remain and no smoothing is achieved. 
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Forr the stabilized methods, with \i > 1/h, all block relaxations are smoothers, 
butt for ^ > 1/h point-wise block methods perform much better than the cell-
wisee block equivalents. 

Becausee of this result, later in this section we drop the cell-wise relaxation 
andd analyze two-level convergence for each of the three point-wise block relax­
ations.. We determine the spectrum of the two-level iteration operator (for dif­
ferentt values of (i) and compute for each of the relaxations the optimal damping 
parameterr and the corresponding convergence rate. 

Finally,, in order to show that fast convergence is not only an asymptotic 
propertyy after many iterations, but can be expected already in the first steps, 
wee determine the spectral norms for the iteration operators at the end of Section 
3.4.2. . 

3.4.11 Smoothing analysis 

Havingg shown in Chapter 2 for piecewise cubics that the smoothing properties 
off  the damped block-Jacobi (JOR) and the damped block-Gauss Seidel (DGS) 
aree better for point-wise ordering than for cell-wise ordering, we see the same 
forr piecewise linear basis functions. In this section we analyze the different 
smootherss for the linear case, again distinguishing between the cell-wise (3.4) 
andd point-wise (3.5) approach. 

Analogouss to the treatment in Section 2.4 we consider the iterative process 
forr the discrete system A^x — b 

x(i+i )) =  xii)  - Bh{Ahx  ̂ - b), 

withh Bh an approximate inverse of A^. Decomposing Ah 

AAhh = L + D + U, (3.13) 

intoo a strictly block-lower, a block-diagonal and a strictly block-upper matrix, 
thee different relaxation methods are uniquely described either by Bh or by the 
amplificationn matrix M^ EL ~ Ih — BhAh- These operators are shown in Table 
2.11 in Section 2.4. Because Ah is a block Toeplitz operator, also the ampli­
ficationfication matrix M/, is block Toeplitz. Notice, that the meaning of the block 
decompositionn (3.13) is different for the stencils (3.4) and (3.5). The stencils 
correspondingg to the decomposition (3.13) are given in Table 3.3. 
Ass we emphasized in the previous chapter, the difference between cell-wise and 
point-wisee decomposition is that the eigenvectors eh,^{mh)y of the cell-wise 
stencill  correspond to 2-valued grid functions associated with the cell interiors 

(3.12) ) 
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T a b lee 3 .3: The stencils in the diagonal decomposition 

Cellwise e Pointwise e 

rr 1+0: 
2 2 

l - c rr 1 + cr 

1-CT T 

—— hfi 

22 + hfj, 

0 0 
__ 1 

22 J 

D D 

U U 

rr l 
2 ' ' 

4^+V V 

(inn fact independently of the basis chosen), whereas for the point-wise stencil 
theyy correspond to the 2-valued grid function associated with the nodal points 
betweenn the cells. This makes the point-wise stencil better suited for analyzing 
thee multi-grid algorithm. Using (2.19) we find the Fourier transform of the basic 
Toeplitzz operators: L(w) = Le-iu>h, D(u) = D, U(u>) = U eiu>h. This yields 
thee Fourier transform for the amplification operators for JOR, DGS and SGS: 

MMREL REL 

mmJOR JOR 

MË5L MË5L 
yrREL yrREL 
1V11V1DGS, DGS, 

yrREL yrREL 
mmSGS SGS 

D-D-ll({l-a)b-a({l-a)b-a (2 + £ ) ) , 

( ££ + £) ( ( l - a ) ( z3 + Z) - a £ / ), 

(p(p + Oy1 ((1 - a) (3 + L7) - a 2) , 

1V11V1DGSDGSLL
 1V1DGSV 

Ass shown in Section 2.3.2, we find, in view of (2.21), the eigenvalues of M/^EL 

byy computing the eigenvalues of M^EL(u;) for u> £ TV The eigenvalues corre­
spondingg with the high frequencies (|o;| > 7r/2/i), that determine the smoothing 

propertiess of the relaxation, are found as M^EL(to) for u; € T^ \ T2/j . The 
spectraa for the three different smoothers, applied on the DG method of Bau-
mannn (a — 1, //. = 0), the symmetric DG-method (a — — 1, /x = 0) and the IP 
DG-methodd (CJ = — 1, fi — v/h) are shown in the Figures 3.2-3.5 respectively. 

Thee IP DG-method is stable for penalty parameters /i = v/h, v > 1, which 
iss reflected in the fact that the only undamped mode is the constant (eigen) 
function.. In the Figures 3.2, 3.3 and 3.5 we see that the Baumann and the 



S M O O T H I NGG ANALYSI S AN D C O N V E R G E N CE OF T H E T W O - L E V EL A L G O R I T HM 55 

Baumannn or symmetric-DG 

point-wise e 

IP-DGG n = \/h 

point-wisee or cell-wise 

IP-DGG /j, = 5/h IP-DG fi = 5/h 

cell-wisee point-wise 
°° = "low e [-TT/2/I , TT/2/I], + : whlgh e [-ir//i , - i r /2h] U [TT/2/I, ir/h] 

F i g u ree 3.2: Eigenvalue spectra of M^§\{w). 
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Baumannn or symmetric-DG Baumann or symmetric-DG 

cell-wisee point-wise 
oo : u)low e [-n/2h,n/2h], + : ujhigh £ [—ïï/h,—n/2h] U [ir/2h,n/h] 

F i g u ree 3 .3: Eigenvalue spectra of M^^g(oj), without damping (a = 1) relative to unit 
circle,, for the Baumann and the symmetric-DG. 

symmetricc DG method (both with fj, = 0) show their instability by not damping 
thee highest frequencies \u\ ~ n/h. The high frequencies appear to be handled 
similarlyy as the low frequencies. We see that the IP-DG methods allow smooth­
ingg by the various relaxation methods, and that (the case \i — \/h excluded) the 
point-wisee relaxations are better than the cell-wise relaxations (high frequencies 
aree better damped). 

Inn Table 3.4 we summarize the damping of the high-frequencies and we 
showw the corresponding optimal damping factors, a, and smoothing factors for 
thee damped relaxation methods in point-wise setting. We conclude that the 
pointwisee block-relaxation methods are excellent smoothers. This brings us to 
focuss more on their behavior in a multigrid algorithm in the next section. 

3.4.22 The two-level analysis 

Noww we study the two-level operator for the IP DG-method with three choices 
off  n, viz. // = 1/h, fi = 2/h and fi — 5//i, and we will compute optimal 
dampingg parameters for the smoothers JOR, DGS and SGS in combination 
withh the coarse-grid correction, for the different choices of the parameter fi. 
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IP-DGG n = l/h IP-DG ft = l/h 

cell-wisee point-wise 

IP-DGG fi = 5/h IP-DG n = 5/h 

cell-wisee point-wise 
00 : "low £ [-n/2h,n/2h], + : uihigh 6 [—n/h, —TT/2/I] U [TT/2/I,ir/fc] 

F i g u ree 3.4: Eigenvalue spectra of M ^ Q ^ ( O J ), without damping (a = 1) relative to unit 
circle,, for the IP-DG. 
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-33 -2 

Baumannn or symmetric-DG 

point-wise e 
IP-DGG \L = 1/h 

point-- or cell-wise 

IP-DGG n = 5/h IP-DG fj. = 5/h 

cell-wisee point-wise 
oo : "low e [—TT/2/I, n/2h], + : u>high 6 [-ir/h,  -w/2h] U [TT/2/I, ir/h] 

F i g u ree 3.5: Eigenvalue spectra of Mf§ji(u). 
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T a b lee 3.4: Smoothing factors (sf = max^/2h<|u;|<7r//i IM'*')! ) f° r t n e undamped (top) and 
thee damped (bottom) relaxation methods. The damped relaxations are shown only for their 
point-wisee ordered versions, and the damping factor (a) is shown. 

maxu;; |A(w)| 
 < |w| < ir/h 

Baumann n 
symmetricc DG 

IPP pi = l/h 
IPP n = 5/h 

JOR R 
cell l 

--
--
1.0 0 
1.0 0 

point t 
1.0 0 
1.0 0 
1.0 0 
1.0 0 

DGS S 
cell l 
1.0 0 
1.0 0 
0.447 7 
0.659 9 

point t 
1.0 0 
1.0 0 
0.447 7 
0.447 7 

SDGS S 
cell l 
1.0 0 
1.0 0 
0.200 0 
0.647 7 

point t 
1.0 0 
1.0 0 
0.200 0 
0.200 0 

IPP point-wise 
HH = 2/h 
fj,fj,  — 5/h 

a a 
0.667 7 
0.667 7 

sf f 
0.333 3 
0.333 3 

a a 
1.0 0 
1.0 0 

sf f 
0.447 7 
0.447 7 

a a 
1.0 0 
1.0 0 

sf f 
0.200 0 
0.200 0 

Thee amplification operator of the two-level algorithm for the error is given by 

MlMl LALA = (M* ELY2 M£GC (M^Y1 

== (M* EL r  (J - PhHL-H'RHhLh) (M^ hr, 

wheree vx and v  ̂ are the number of pre- (post-) relaxation sweeps respectively. 
y[CGCy[CGC -s j - n e amp]ifi cation operator of the coarse grid correction. The amplifi­
cationn operator for the residue is 

MMTT
hh

LALA = (MR
k
ELY>MC

h
GC'(M«ELr 

Fromm the analysis in Section 2.3.5, we find that the Fourier transform of the 
coarsee grid correction M^GC is 

M™M™cc{u){u) =(Th- P^L^fiThi^j M = ( J i ) -

PPhh(uj(uj + ir/h) 00 Lh(u> + ir/h) 

Forr our piecewise linear basis 0j)C, the interpolation PhH '• SH —> Sh so that 
{PhHUH)(x){PhHUH)(x) — U>H{X) for all x e M \ Z,,, is given by the stencil (for pointwise 
ordering): : 

PhH~ PhH~ 
0 0 
00 | 

11 0 
1 1 

0 0 
00 1 | ~2 0 
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IP-DGG fi = 1/h IP-DG fi = 2/h IP-DG fi = 5/h 

F i g u ree 3.6: Eigenvalue spectra of ¥T{MGGC Mf§^){uj) = F T ( M J O £ M £G C ) ( U J ) , without 
dampingg (a = 1). 

IP-DGG n = l/h IP-DG fi = 2/h IP-DG fi = 5/h 

F i g u ree 3.7: Eigenvalue spectra of FT(MGGC Mg§^){uj) = F T ( M £ C S M C G C ) ( W ) , without 
dampingg (a = 1). 

Becausee the DG discretization is of Galerkin type with equal test and trial 
space,, the restriction of the residue, Rfjh, is the adjoint of the prolongation, 
RtihRtih = (PhH)T• For the different penalty parameters /i and different smoothers 
JOR,, DGS and SGS, the eigenvalue spectra of the two-level operator for the IP 
DG-methodd are computed from (2.21) and shown in the Figures 3.6 3.8. 

Wee see that none of the methods converge for /j, = l/h. However, for /j, — 2/h 
orr fj, = 5/h all pointwise relaxations are excellent smoothers and we see fast 
convergencee for the two-level algorithm. 

Havingg found the spectra and having computed the largest and smallest real 
eigenvaluee Amin and Amax we can determine the optimal damping parameter 
andd the corresponding convergence rate for the damped relaxation method. The 
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IP-DGG fi = \/h IP-DGG 11 = 2/h IP-DGG 11 = 5/h 

F i g u ree 3.8: Eigenvalue spectra of two-level iteration with symmetric block-GS relaxation: 
F T ( M « | ^ M C G C 7M R B L i ) ( w )) = F T ( M ^ L M f C M ^ ) ( u ) , without damping (a = 

Ij --

parameter,, minimizing the spectral radius p(M^GCM^EL) is given by: 

2 2 
*opt *opt 

^  ̂ V^min i ^max/ 

Seeingg that the case v = 1 will not show /i-independent convergence, we show 
inn the Tables 3.5 and 3.6 the damping parameters and the convergence rates for 
thee cases v = 2 and v — 5. 

Tab lee 3.5: Damping parameters for the two-level operators p(M^GCM^EL) = 
,, , rREL, . rCGC > 

p(Mp(Mhh Mh ). 

CXopt CXopt 

M^M^GCGCMf^ Mf^ 

M^M^GCGCM%%\ M%%\ 

IP-DGG n = 2/h 

0.692 2 

0.897 7 

IP-DGG n = 5/h 

0.669 9 

0.928 8 

Inn order not only to know the asymptotic convergence rate but also the 
guaranteedd converge behavior after one or two iteration sweeps, we also compute 

TLA TLA TLA\' TLA\' 
Thee results are shown thee spectral norms | |M^L A | |, Mh , iM 

inn the Tables 3.7 - 3.9. We see that the two-level algorithm (and hence the 
multi-levell  algorithm) converges with a rate of about 0.2 - 0.4 per iteration step 
andd that reduction of the error and the residual is guaranteed, starting from the 
2ndd iteration step. 
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T a b lee 3.6: Spectral radii p(M^GCM^EL) - p(Mh Mh ) for damping parameters in 
Tablee 3.5. 

pp̂ M̂MCGCCGCMMRELREL] ] 

M?M?GCGCM?£è M?£è 
MMCGCCGCMMREL REL 

M%EM%ELL
SUSU

MMZZGCMGCM™™LLSSL L 

IP-DGG /i = 2//i 

0.385 5 

0.217 7 

0.156 6 

IP-DGG n = 5/h 

0.339 9 

0.238 8 

0.180 0 

T a b lee 3.7: The spectral norm ((Tmax) after 1 iteration for the error with optimal damping. 

IP-DGG (fi = 2/h) 

IP-DGG (ft - 5/h) 

MMCOCCOCMMREL REL 

0.543 3 

0.478 8 

MMCOCCOCMMHEL HEL 

0.392 2 

0.417 7 

yiRELyiREL MCGC MREL MMDGSuDGSuMMhh JVIDGSL 

0.207 7 

0.250 0 

T a b lee 3.8: The spectral norm (crmax) after 1 iteration for the residue with optimal damping. 

IP-DGG (/i = 2/h) 

IP-DGG (/x = 5/h) 

MMhh MJOR 

1.071 1 

1.056 6 

MMhh MDGS 

1.019 9 

1.028 8 

MMDGSuDGSuMMhh MDGSL 

0.340 0 

0.343 3 

T a b lee 3.9: The spectral norm ((Tmax) after 2 iterations for the residue with optimal damping. 

IP-DGG (/x = 2/fc) 

IP-DGG (/x - 5/h) 

MMhh MJOR 

0.411 1 

0.357 7 

T T C G C T T A ÖL L 

0.200 0 

0.244 4 

-T-:REL-T-:REL -r-fCGC-r-fREL 
MMDGSDGSvv

MMhh MDGSL 

0.030 0 

0.035 5 



N U M E R I C A LL RESULTS 63 3 

3.55 Numerical results 
Inn this section we check by numerical experiments the spectral radii of the two-
levell  operators with damped Jacobi-, M%GCMf§j(, Gauss-Seidel-, M%GCM$Qg, 
andd symmetric Gauss-Seidel relaxation, AfggJ^MfG CMg§^L , for the IP-DG 
methodd with the penalty parameters /i = 2/h and fi — 5/h. For that purpose, 
wee consider the inhomogeneous Poisson equation 

-u-uxxxx = * /e _ , with u(0) - 0, u(l) = 0, e = 1/64, 

whichh has a sharp boundary layer type solution. We set the meshwidth to 
hh — 2 - 6 and we take for our initial approximation the grid-function u\ — 
uu%.%. PRE — sin(l/27rj). We apply a pre-relaxation sweep 

UUh,PREh,PRE = uft,PRE + -°/i [fh — ^/ i ufe,PREj ' 

withh Bh the approximate inverse of Lh as given in Table 2.1 in Section 2.4, and 
thee coarse grid correction 

wh,posTT = uh)pRK + Phi{LH RHhifh - Lh,uh
1
FRE)-

Inn case of symmetric damped Gauss-Seidel we apply an additional post relax­
ationn sweep 

u/ i ,POSTT = u/ i ,POST + &h (fh - LhUhPOST). 

Too be consistent with the Fourier analysis we measure the residue in the 2-norm 

\\dhh\\dhh = \\h - LhUh 

Thee convergence of the residue is shown in Figure 3.9. The convergence factors 
ass observed, are given in Table 3.10. 

Bothh for (i — 2/h and for \i — 5/h we see convergence, starting from the first 
iterationn sweep. Furthermore, for the IP-DG method with \i — b/h the observed 
convergencee factors correspond very well to the spectral radii shown in Table 
3.6.. Only for the IP-DG method with fj, = 2/h the spectral radii of the Fourier 
analysiss seem too optimistic compared with the convergence factors in Table 
3.10.. This is clearly caused by a boundary effect (as can be seen if we study 
thee slowest converging component, which is exponentially growing towards the 
boundary).. This is related to the fact that, as fi approaches 1/h, the two-level 
algorithmm becomes singular. This singularity effect disappears for larger values 
off  v = hfj.. 
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T a b lee 3.10: Numerically obtained convergence factors corresponding with 

p(M£p(M£GCGCM^M^ELEL)) — p(Mh Mh ) for damping parameters as in Table 3.5. 

p{Mp{MCGCCGCMMREREL) L) 

M^M^GCGCM^è M^è 
MMCOCCOCMMRBL RBL 

ME§lME§lrr,,
MM££GCMGCMBBBBLLs, s, 

IP-DGG fi = 2/h 

0.48 8 

0.24 4 

0.17 7 

IP-DGG fi = 5/h 

0.34 4 

0.23 3 

0.18 8 

IP-DGG fi = 2/h IP-DG n = 5//i 
++ : JOR; o: DGS; A: SGS. 

F i g u ree 3.9: logdld^lb) as function of iterations for the two-level iteration operator on the 
error. . 

3.66 Conclusion 

Inn the previous chapter we have shown that multigrid iteration can be quite 
efficientt for the solution of elliptic equations that are discretized by higher-
orderr discontinuous Galerkin discretization, provided that a block (Jacobi or 
Gauss-Seidel)) relaxation is used, based on a pointwise (instead of a cell-wise) 
ordering. . 

Inn this Chapter we have studied the solution of the discrete equations for the 
discontinuouss Galerkin method with piecewise linear test- and trial functions. 
I tt is well-known [2, 43] that in this case the DG method requires an interior 
penaltyy (IP) parameter /Li > 1 in order to guarantee that the discrete equations 
aree stable. 

Wee show that in this case, again, a multigrid method can be used to solve 
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thee corresponding discrete equations if block relaxation is used, based on the 
pointwisee ordering. If a suitable IP parameter (i > 1 is chosen, the block Jacobi 
orr (symmetric) block Gauss-Seidel relaxation have a good smoothing property. 

Usingg Fourier analysis, for feasible /z-values, we compute optimal damping 
parameterss for the relaxation methods and the corresponding two-level conver­
gencee rates. In view of the hierarchical structure of the DG multigrid-algorithm 
proposedd in the previous chapter, the present results can also be used to jus­
tifyy the use of a low order discretization in the hierarchical scale of methods, if 
needed. . 



66 6 



Chapterr 4 

Two-levell  analysis for higher 
dimensionall  DG discretization 

Summary y 
Inn this chapter we study the convergence of a multigrid method for the solu­
tionn of a two-dimensional linear second order elliptic equation, discretized by 
discontinuouss Galerkin (DG) methods. For the Baumann-Oden and for the 
symmetricc DG method, we give a detailed analysis of the convergence for cell-
andd point-wise block-relaxation strategies. 

Wee show that, for a suitably constructed two-dimensional polynomial basis, 
point-wisee block partitioning gives much better results than the classical cell-
wisee partitioning. 

Independentt of the mesh size, for Poisson's equation, simple MG cycles with 
block-Gauss-Seidell  or symmetric block-Gauss-Seidel smoothing, yield a conver­
gencee rate of 0.4 - 0.6 per iteration sweep for both DG-methods studied. 

4.11 Introduction 

InIn this chapter we describe and analyze a multigrid method for the solution of 
discretee systems arising from discontinuous Galerkin (DG) discretization. Since 

67 7 
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recentt work by Baumann-Oden [37], discontinuous Galerkin discretization has 
becomee more popular for discretization of elliptic problems, in part icular for 
applicationn in /ip-adaptive solvers. 

Originally,, DG methods, based on constrained optimization [13, 26, 36], 
sufferedd from stabil ity problems inherent in the saddle-point character of the 
Lagrangee multiplier formulation. In [2, 50] these problems were overcome by 
introducingg a penalization of the discontinuity that stabilizes the scheme. The 
methodd by Baumann-Oden modifies the saddle-point character of the problem 
andd results in a definite (but asymmetric) discretization for the Poisson prob­
lem.. Because the diffusion part is often combined with a convection term, the 
asymmetryy is generally not considered as a disadvantage in practice. For a 
comprehensivee survey of recent variants of DG methods and their properties we 
referr to [3]. 

I nn the present analysis we restrict ourselves to the Baumann-Oden and the 
symmetr icc DG method. Looking for an optimal efficient solution procedure 
thatt can also be applied conveniently in an hp-adaptive context, we are led 
too the solution of DG discretization by a multigrid (MG) technique. To our 
knowledge,, the first paper on multigrid in combination with DG was [15], who 
givee an abstract convergence theorem for the symmetric case along the lines of 

[7]--
I nn [4] the use of M G with DG for application in groundwater flow by means 

off  ILU-decomposit ion is mentioned. However, no analysis was given. 
I nn the present chapter we analyze not only the symmetric but also the 

Baumann-Odenn discretization for the two-dimensional Poisson equation and we 
derivee two-level convergence rates by local mode Fourier analysis. An anal­
ysiss for the one-dimensional case was given in [23, 24]. In this chapter we 
showw that multigrid can be a an O(N) solver indeed, provided that the right 
block-relaxationn methods are used. The block-relaxation should not be based 
onn grouping the degrees of freedom according to their cells, but -for a suitably 
selectedd polynomial base on a grouping of degrees of freedom that can be as­
sociatedd with cell vertices. Both for the Baumann-Oden and for the symmetric 
DGG method, this strategy leads to an efficient MG method. 

Forr the t reatment of solution methods for systems arising from DG dis­
cretizationn of arbi t rary high order, we consider the fourth-order approximation 
thee generic case, where the solution is approximated by cubics. Wi t h tensor-
productt piecewise cubics on each rectangular cell, the trace of a function and its 
normall  derivative can be approximated sufficiently well on each cell boundary 
segmentt to determine the fourth order discrete DG operator. Al l additional 
accuracyy can be considered as corrections on a hierarchical basis, which can 
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bee dealt with by a combination of static condensation and defect correction 
iteration.. This is the motivation why we study here only the cubic case, and 
whyy we introduce the basis (4.3), or a variant (see also Section 2.2.2) with the 
Jacobii  polynomials P\ ' (x), that satisfy an Z2-orthogonality condition on the 
celll  interior [1, p. 774]. 

Thee outline of this chapter is as follows. Starting with the variational 
DGG form (2.3), introduced in Chapter 2, we describe the discretization sten­
cilss that occur for the discretization of the two-dimensional Poisson equation. 
Ass a preparation for the MG-method we also describe the stencils for the grid-
transfer-operators.. In Section 4.3 we treat the Fourier analysis tools used for 
thee systems of grid functions that correspond with DG discretization with piece-
wisee cubics. In Section 4.4 we first treat the smoothing analysis. We show that 
block-relaxationn is stable on a reduced basis of cubic polynomials, whereas the 
straightforwardd tensor product representation is not. In Section 4.5 we treat 
thee two-level analysis and we compute optimal damping parameters for the 
smoothing,, and the spectral radii for the two-level methods, with block-Jacobi, 
block-Gauss-Seidell  or symmetric block-Gauss-Seidel relaxation. 

Inn the last section we show by a numerical example that the actual conver­
gencee rates correspond very well with those derived by Fourier analysis. Both 
forr the Baumann-Oden and for the symmetric DG method, this strategy leads 
too an /i-independent convergence rate of at least 0.4 - 0.6 per two-level cycle. 

4.22 The two-dimensional DG discretization 

4.2.11 The discrete formulation in tensor product form 
Inn order to describe the two-dimensional discretization methods studied in this 
chapter,, we return to the special weak formulation (2.3) for the Poisson equation 
(2.1)) denned on the unit cube fi: Find u € H1^^) such that 

B(u,, v) = L(v) Vv e H^tth),  (4.1) 

wheree the bilinear form B(u,v) is defined by (2.4). 
Thee next step is to define the finite dimensional test and trial function spaces, 

ShiVhShiVh C Hl(£lh) m order to derive a discrete version of the weak formulation 
(4.1).. To simplify the analysis we restrict ourselves to the two-dimensional 
Poisson'ss equation on a regular uniform partitioning, as given by (2.2). The 
treatmentt of the three-dimensional equation is analogous, but less convenient 
consideringg the notation. 
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Takingg the same space for the test and trial functions (Sh = V/J, we have: 
findfind Uh e Sh such that, 

B(uB(uhh,v,vhh)) = L(vh), Vvh(=Sh. (4.2) 

Wee take for the finite dimensional trial and test space Sh C H1^}^ the space of 
piecewisee polynomials of degree less than 2p in each of the coordinate directions 
onn the partitioning Q :̂ 

shh = {<i> i,eeP2p-1(ne), neenh}, 

and,, as motivated in Section 2.2.2, we further provide Sh with a tensor product 
basiss of polynomials, defined on the unit interval by 

02n+fc(i )) - tn+k(l - t)n+1-k, n = 0,1, • • • ,p - 1; k = 0,1. (4.3) 

Thus,, on the unit square, fi C M2, we use a basis of tensor-product polynomials 
basedd on (4.3). A basis for P2 p _ 1( i l e) is obtained by the usual affine mapping 
ÖÖ —>• £}e. Hence, on a regular rectangular grid £lh with cells fi e of size hx x hy 

thee approximate solution reads: 

uuhh(x,y)=(x,y)= Y  ̂ Yl c^jM h
 e^i—f^) (4-4) 

l<e<ATT 0<i,j<2p x y 

== 5Z Yl Ce,t,j^,r(O0e,j(^) . 
l<e<Nl<e<N  0<i,j<2p 

Afterr substitution of (4.4) into (4.2), and because of the tensor product structure 
off  our basis, we can express the discrete system LhUh — fh m explicit form as: 
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EE E CU { (£ [ « ;<*  - £ <**.,) • [*.,,] |rDint 
l < e <NN 0< i , j<2p *• v x JU x 

+0-—— [0e,t] • (V^ e i ï ) |rDint + /*  [^c.i] • [* e>ï] lrDint I hy J 4>e}j<l> e-d-n 

++  hx j <t> e,i<t> e-dZ l l ~ j f <t>' e,j4>'e3dr} -  {V<f> e>j) • [<t> e3]  |rDint 

++  a  ̂ [4> eJ]  • (Vcj>e~) |rDint + M < M • [<£e,J |rDin t J | 

EE E ƒ /(* .^(^W^)<« e 

/ii  / [u0 

l<e<Nl<e<N  0<i,j<2p' 

rf^Wj^Jrf^Wj^J *+[ « W ^ W , ^ ) * , 
vï j . . 

Wee see that the left-hand side of (4.5) is an extension of a one-dimensional 
stiffnesss and mass matrix. If we define 

MM = (Me,i,i) =  h* f <t>e,i<t>e,i dZi 
JO JO 

and d 

SS = (Se,,j) = ̂  ƒ < M ^ " £ <V0e,i> • [0ej ] |rDi 

+ ( T / TT ^ e ' ^ ' ' v < ^ e J' 'rD in t + ^ ̂ e' ^ | rD i r r 

wee may wri te: 

l < e < A T 0 < i , j < 2p p 

Orr briefly, in tensor product notation we have: 

LLhhuuhh==  Y Y c^AS®M + M®S)e,i,i,j3> V U - (4-6) 
l<e<Nl<e<N  0<i,j<2p 
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Inn our one-dimensional analysis [23, 24] we explained that if we associate 
thee first four polynomials of basis (4.3) with function values and corrections on 
derivativess at the cell corners, the discrete system can be part i t ioned in point-
wisewise blocks, each of which can be associated with a nodal point of a cell. We 
showedd by Fourier analysis, that the relaxation methods (damped block-Gauss-
Seidell  (DGS) and damped block Jacobi (JOR)), based on that part i t ioning, show 
bet terr smoothing propert ies than the classical cell-wise part i t ioning. We further 
emphasizedd that higher order polynomials can be introduced as genuine bubble 
functions.. They correspond to interior cell corrections. So, if we are interested in 
fastt convergence of the discrete system the coefficients of these bubble functions 
aree of less importance. They can be eliminated by stat ic condensation or dealt 
wi t hh by defect correction. So, in this two-dimensional analysis, we again restrict 
ourselvess to the case p — 2 and we distinguish between cell-wise and point-wise 
stencilss of the discrete system. 

4.2.22 Implement at ional details 
AA slightly bet ter al ternat ive basis than (4.3), but still satisfying our purposes, 
iss defined on [-1,+1] as follows. We take the first four basis functions as in (4.3), 
i.e.,, the functions (x - l)p(x + l ) g , with (p,g) = (1,0), (0,1), (2,1), (1,2), 
butt for the higher order contributions we take (x — l)2(x + l ) 2 i n ' (x), with 
nn = 0 ,1, • • •, and Pn ' the Jacobi polynomials (see [1, p.774]). The first four 
basiss functions are essential for our purpose, because they represent function 
valuess and first derivatives at the cell boundaries. The higher order polyno­
mials,, constructed by means of the Jacobi polynomials, satisfy the useful Li-
orthogonali tyy property. In addition to the orthogonality, this new basis relieves 
thee restriction to odd degree k for k > 4. 

Noticee that for higher order accuracy not all tensor product basis functions 
havee to be included. Higher order cross-products of total degree higher than 
2p2p — 1 can be neglected. This gives a significant reduction of computat ional 
work,, viz., in two dimensions asymptotically a factor 2, in three dimensions a 
factorr 6. 

4.2.33 The two-dimensional cell-wise and point-wise stencil 
Whereass for the one-dimensional discrete system the point-wise and the cell-
wisee stencils are both three-point block stencils, this is not the case for the two 
dimensionall  discrete system described above. To see this, consider (4.5) and 
(4.6).. If we order the equations and coefficients of the stiffness and mass matrices 
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cell-cell- wis e over the two coordinate directions ([0e)o(-)?0e,2(-)' 0e,3(-)> <Ae,i(-)])> w e 

havee the following stencil contributions (see also (2.10)): 
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, , 

wheree the superscript 'C' denotes 'cell-wise' and the subscript 'L ' /C' /R', re­
spectivelyy 'left', 'center' and 'right'. If we now, with the notation of (4.6), 
write: : 

L cc =(Sc®Mc + Mc®Sc).lj3, M , j j e { l , 2 , . . , 4 } , (4.7) 

thee result is a five-points block stencil, with for each block a 16 x 16 matrix. 
Wee denote the stencil by: 

(4.8) ) 

Re-orderingg the equations and coefficients of the mass and stiffness matrices in a 
point-wisepoint-wise manner (collecting [0e_i?3,0e_i ( i , <£e,0) <t>e,2\) o v er the two coordinate 
directions,, yields the following stencil contributions (see also (2.11)): 
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wheree the superscript ' P' stands for 'point-wise'. Then evaluation of (4.7) yields 
thee nine-points block stencil: 

TT p 

TT p 

TT p 

TT p 

TT p 

TT p 

^CR ^CR 

TT p 

^RC ^RC 

TT p 

^RR ^RR 

Everyy block is a 16 x 16 matr ix containing information about the 4 cells around 
thee point in the computat ional domain. The cell-wise and point-wise stencils 
representt the same discretization. The different ordering, only results in different 
relaxationn behavior of the block-relaxation procedures. 

4.2.44 Restrictions and Prolongations 

Ass we are interested in multigrid solution methods we have to define restrictions 
andd prolongations. In Section 2.2.4 we derived the natural prolongation, the in-
jectivee restrict ion and the Galerkin restriction operator for the one-dimensional 
polynomiall  basis. We further stated that extension to more dimensions is easily 
madee by means of the tensor product principle. However, for convenience we 
givee in this section an overview of the conclusions. 

Forr the two-dimensional analysis, we consider a uniform fine part i t ioning of 
cellss Qh with size hi x h2 and a uniform coarse cell part i t ioning Q,H of cells 
HHxx x H2 = 2hi x 2h2. Wi t h jh = {jihuj2h2) and jH = {j lHuj2H2), we 
denotee the nodal points of respectively the fine and coarse part i t ioning. We 
furtherr denote the spaces of discontinuous piecewise polynomials by Sh and SH • 
Since,, by nesting we have SH C Sh, the natural prolongation PhH : SH —> Sh is 
defined11 such that {PhHUn){x) - uH(x) for all x € ( M \ Z ^ ) 2 . For our piecewise 
cubicss (p — 2) the one-dimensional prolongation stencil 

[ P L L , P i , P c , P f t , P f t f t] ] 

readss (see Section 2.2.4): 

*Z*Z hh,, with 0 < h <E K, is the regular infinite grid, defined by Zh = {jh\j  E Z} . 
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Then,, we derive the two-dimensional prolongation stencil from (cf. (4.6)): 

^ « ( P . O P .L L ij,j,jij,j,j  e {1,2, . . ,4}, (4.10) ) 

wheree the dot-subscript (LL,L,C,R,RR) denotes 'outer-left, left, center' etc.. 
Thee result is a 25-points block-stencil, with each block a 16 x 16 matrix, asso­
ciatedd with a neighboring nodal point. 

Whereass the prolongation PhH is uniquely denned, the restriction operator 
iss not. However, we recognize two natural restriction operators. The first one 
iss the restriction for the residual, characterized as the Galerkin restriction. Due 
too the weighed residual character of the Galerkin discretization, this restriction 
operatorr is the adjoint of the prolongation: Rnh = {PhH)T• The Toeplitz 
operatorr of the Galerkin restriction is the transpose of the Toeplitz operator 
forr the prolongation. Because of the Galerkin construction of the discretization 
andd the nesting of the spaces SH and Shi the Galerkin relation holds for the 
discretizationn on the coarser and finer grid: 

LRLR — RHhLkPhH (4.n; ; 

Thee stencil representation of Ruh is the same as for PhH-
Thee second natural restriction is the injective restriction, applied in the 

solutionn space. This restriction is based on function values and corrections on 
derivativess at the cell corners (see Section 2.2.4). Because of our basis (4.3), the 
one-dimensionall  restriction operator is constructed such that: 

{d/dx){R{d/dx){RHHhUh)(jH)\nhUh)(jH)\nHH,,33__11 = (d/dx)uh(2jh)\nh2j_1, 

(RHhUhKjH)^^(RHhUhKjH)^ ̂ = uh(2jh)\nh2j_1, 

(R(RHhHhuuhh)(jH)\n)(jH)\nHjHj = uh(2jh)\nh2j, 

{d/dx)(R{d/dx)(RHhHhuuhh)(jH)\n)(jH)\nHjHj = (d/dx)uh(2jh)\nh2j, 

yieldingg the block-stencil [R/^RLRcoR-RR-Rfl:]1 
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Thiss operator RHK is the left-inverse of PHH, i-e. IH — R-HhPhH-

4.33 Two-dimensional Fourier analysis tools 

4.3.11 The Fourier transform of an n-valued two-dimensional 
gridd function 

I nn Section 2.3 we introduced some Fourier analysis tools in order to analyze 
thee eigenvalue spectra of the one-dimensional discrete system and its relaxation 
methods.. In this section we extend this analysis for a more-dimensional discrete 
system.. Therefore we define the regular two-dimensional grid l?h as: 

where e 

%l%l = {jh\jez2}, 

jhjh = {jihi,j 2h2)j 

(4.12) ) 

(4.13) ) 

andd we denote h2 — h\ • h2. Further we introduce the two-dimensional torus 

T ll  = {-IT/hi, TT/hi] x (-7r/ / i2,7r/ / i2] . 

Followingg [18], an n-valued two-dimensional grid function is denoted by u^ € 
[72(Zj;)] nn and is provided with the norm 

III  | |2 V ~ ^ il | |2 
Il u/i||[/2(z2)]""  = 2 - , H M / M I U 2 ( Z £V 

l < i < n n 

/2(Z£)) is the Hilbert space of square summable two-dimensional complex grid-
functionss defined on Z^, with innerproduct 

{u{uhh,v,vhh)) =h2^2 uh{jh)vh{jh). 
j € Z 2 2 
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Thee Fourier transform u^ G [L2(TI^)] n of u^ G [^ 2(^)] n is the complex n-vector 
valuedd function T | —>• Cn, denned by: 

ü£(w)) = ( - M ^ - ' ^ ( i h ) . (4.14) 

Itss inverse transform is given by: 

UU*W*W = f - 4 =) / e+iUh>uuï(u>)<L>.  (4.15) 

Furthermoree we have by Parseval's equality: 

lluh||[P(Z2)]nn = ||Üfc||[L2(T2)]« = / 2J I|WMHT=' (4-16) 
yy l<i<n 

wheree u£ = {«/»,»}, i € {1,2,.., n} . 

4.3.22 The Toeplitz operator on n-valued two-dimensional 
gridd functions 

Followingg the same approach as in Section 2.3.2, for an infinite block opera­
torr obtained from a two-dimensional discretization we write Ah : [l 2(^h)]n —> 
[l[l 22{l?{l? hh)])]

nn,, where Ah = (amJ)mtjeZ2 with am J € RnXn. For a block Toeplitz 
operatorr Ah we have by definition amj — am_j and its Fourier transform Ah(uj) 
iss determined by: 

AAhheehiUhiU = £ ^n,^i{jh) 'u = 3ici (m/ l ) -w , 

hence, , 

^ ( w )) = J2 am,jei{[j -m]h}-" = ^ a_fcc
i(fc/l>-w = £ afce-

i<*h>-w, (4.17) 

forr all a; = ( u ^ , ^) € 1^. Here eh,u — e*^" w is an elementary mode defined on 
thee regular infinite two-dimensional grid (4.12) and Ah(u>) is the n x n Fourier 
transformm matrix of Ah- In the eigenvalue decomposition of Ah-

TThh(uj)V(uj)Vhh(uj)(uj) = (VhAh)(Lü), (4.18) 
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Symm-DG,, a = —1, \x = 0 Baum-DG, a = 1, fi = 0 

F i g u ree 4 . 1: Spectral radius (ma.Xj(\\i(w)\), j e {1,2, ..,16}) of Lh(ui) for the symmetric and 
Baumann'ss DG-method. 

Vfi(w)Vfi(w) is the n x n matr ix of eigenvectors v(w) of J4/,(u>). And with 

{V{Vhh®e®ehMhM)(jh))(jh) = Vh(u)ei™"', 

wee have: 

AAhh(V(Vhh®e®ehh,,uu)) = Ah{w){yh®ehtU) = (yh®ehtU)hh{w), w E l J . (4.19) 

Hencee the columns v(w)e/l j W of VJ, <g> e,,)U, are n-valued eigen (grid) functions 
off  Ah, while A^(w) is the family of n x n diagonal matrices containing the 
eigenvaluess of A  ̂ on its diagonal. 

Ass an example we determine the eigenvalue spectra of the Toeplitz oper­
atorss associated with the stencil (4.8) or (4.9) for respectively the symmetric 
DG-methodd (a = — 1, /j, — 0) and Baumann's DG-method (a — 1, fj, = 0). 
Consideringg the cell-wise stencil (4.8), using (4.17) we write: 

rr hh(u)(u) = \fLC e - "1" 1 + LC
RC e"  ̂ + + L g c + L g L e^h*  + \fCR e^h\ (4.20) 

wheree Lh{uj) is now a 16x16 matrix. By (4.19), kh(w) is the family of 16x16 ma­
tricess containing the set {Xj(u>)},  j e {1,2, . ., 16}  eigenvalues of Lh for the mode 
e/i,ww Figure 4.1 shows the in absolute value largest eigenvalue (maxj(|Aj(w)|)) 
off  (4.20) as function of w € T£. 



TWO-DIMENSIONALL FOURIER ANALYSI S TOOLS 79 9 

4.3.33 Fourier  analysis for  prolongations and restrictions 
onn two-dimensional n vector  valued grid functions 

Havingg introduced the Fourier analysis for prolongations and restrictions on one 
dimensionall  (four)-vector valued grid functions (see Section 2.3.3), the same 
Fourierr analysis is easily applied on two-dimensional n-valued grid functions. 
Keyy to the Fourier analysis of prolongations and restrictions are the flat pro­
longationn and restriction operators. In the framework of this chapter, we may 
definee the fiat-prolongation: P%H : [t2{ffH)]n -> [^ 2(^) ] n simply by: 

Mjh)Mjh) = {P£H"H) (jh) = 
u«(H j /2) ) 
0 0 

iff  j \ and ji  even 
iff  ji  and J2 odd 

wheree j and h are multi-indices as in (4.13). 

Thee flat-restriction: R°Hh : [^(Zj)] n - • [^(^2
H)] n is given by: 

{R°{R°HhHhuuhh)(jH))(jH)  = uh(2jh). 

Then,, according to [18] we have the relation: 

P%P%HHUUHH(UJ)(UJ) = -u^ (w), WI,OJ2 G I ?, 

(4.21) ) 

(4.22) ) 

(4.23) ) 

whereass the Fourier transform of the flat-restriction on a two-dimensional ri­
vall  ued grid function is computed as: 

flSrhMw) flSrhMw) J2J2 Uh 

Pl,P22 = 0,l 

7TP!!  TVp2 
W\W\ + -r— ,U12 + -T— 

«11 fl2 
(4.24) ) 

forr all u/i,a>2 G T^ = T^. Any constant coefficient prolongation/restriction 
cann be constructed as a combination of a Toeplitz operator and a flat operator. 
Usingg (4.23) the Fourier transform of a prolongation on a two-dimensional n-
valuedd grid function is given by: 

Ï\^H(0J)Ï\^H(0J) = (PhP^lH) (W) 

PhPh (l^l,^2) 

PhPh (wi,w2 + j^J 
üfc(w),, (4.25) 

IÜI,UJIÜI,UJ22 eTH-
Forr the restriction operator, using (4.24) we have: 
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RfihUhiu)RfihUhiu) = R°HhRhuh(uj) 

RhRh {u)l,U>2), 

wit hh u>i,u;2 ee Hi 

RhRh f Wl > ^ 2 + ^ 

UUhh ( u i , ( i ) 2 ) 

(4.26) ) 

HH ' 

4.44 Two-dimensional smoothing analysis 

4.4.11 Smoothing analysis for the full polynomial basis 
Havingg introduced the Fourier analysis tools, we can study the convergence 
off  the block-relaxation methods: damped block Jacobi (JOR), damped block-
Gauss-Seidell  (DGS), and symmetric damped block-Gauss-Seidel, either with 
cell-wisee or point-wise blocks. For an efficient multigrid method it is essential 
thatt the block-relaxation methods show good smoothing ability. This implies 
thatt all high frequency components of the error (or residual) are damped before 
(orr after) the approximate solution (or residual) is restricted to the coarser grid. 
So,, for the system A^x = b, we are interested in the convergence behavior of 
thee iterative process: 

XXll i+i+»=xW-B»=xW-Bhh(A(AhXhXW-b), W-b), 

wheree Bh is an approximate inverse of A^. Decomposing Ah into a strictly 
block-lower,, a block-diagonal and a strictly block-upper matrix, 

AAhh = L + D + U, (4.27) ) 

wee find the relaxation methods as described in Section 2.4. Table 2.1 shows the 
meaningg of the approximate inverse Bh and the meaning of the amplification 
matrixx M^ E L = Ih — B^A^. Because Ah is a block-Toeplitz operator, also the 
amplificationn matrix Mh is block-Toeplitz. By (4.17) and (4.8), we determine 
thee Fourier transform of the different block-matrices in cell-wise ordering: 

L L 

D D 

Ü Ü 

= = 

= = 

= = 

LcLt-LcLt-

L'CCi L'CCi 

-iw2h-z-iw2h-z , T C -

L g c c ^ + L g a c^ ^ 

iw\ iw\ 

hh2 2 

h i i 
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whereass the Fourier Transform of the different block-matrices in point-wise or­
deringg yields (4.9): 

b b L p p 

LL LL 
P P 
cc-> cc-> 

Bothh cell-wise and point-wise, this yields the Fourier transform for the amplifi­
cationn operators for JOR, DGS and SGS: 

yrREL yrREL 

MSEMSELLssL L == (£+L) - 1( ( I -« ) (£+£) -aoy 

frfRELfrfREL AfREL 
mmDGSDGSLL

 mDGSu 

(4.28) ) 

(4.29) ) 

(4.30) ) 

(4.31) ) 

Byy (4.19) we find the eigenvalues of Mff by computing the eigenvalues of 

M^M^ELEL{bj){bj)  for <JO € T£. SO, both for cell-wise and point-wise relaxation methods, 

thee Fourier transform of the amplification matrix M^EL(UJ) yields a 16 x 16 

matrixx with for each w € T^ sixteen eigenvalues. The spectral radii of M^EL(ui) 
forr u) 6 T£ for the different relaxation methods (JOR, DGS, SGS) are shown in 
Tablee 4.1 for respectively the symmetric and Baumann's DG-method. 

T a b lee 4 . 1: The in absolute value largest eigenvalue of M^EL(OJ) for the different relaxation 
methodss for respectively the symmetric and Baumann's DG-method (a = 1). On the empty 

spotss (-) in the table, M^EL[<JJ) is singular. 

maxuu |A(w)| 

W € T 2 2 

Baumannn DG 
symmetricc DG 

JOR R 

cell-wise e 
1.10 0 

--

point-wise e 
1.22 2 
2.98 8 

DGS S 

cell-wise e 
1.20 0 

--

point-wise e 
1.00 0 

--

SDGS S 

cell-wise e 
4.91 1 

--

point-wise e 
1.00 0 

--

Wee see that, except for block-Gauss-Seidel applied on Baumann's DG-method, 
thee smoothers are unstable, or show singular behavior. Figure 4.2 shows the 
spectrall  radius: maxj(|A(cj)|), j G {1,2, ..,16}  of block-Gauss-Seidel for Bau­
mann'ss DG-method in point-wise ordering. 
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Baum-DG,, a = 1, p. — — 0 

F i g u ree 4.2: Spectral radius maxj(\\j(u)\), j G {1,2, ..,16}  of M§  ̂ (w) for Baumann's 
DG-methodd in point-wise ordering, without damping (a = 1). 

4.4.22 The reduced polynomial basis for the space 5^. 

Sincee we want convergence in a few iteration sweeps, we see that this block-
relaxationn method is not suitable for multi-grid. A smoothing factor of 0.67 

forr MQQS > i-e- the largest eigenvalue corresponding to the high frequencies 
\OJ\\OJ\ > n/2h, is not sufficiently small. 

Ann easy heuristic explanation for the divergence of the various smoothers, 
iss not at hand. However, an idea is that cell-wise relaxation methods mainly 
correctt the polynomial coefficients corresponding to the cell interior, while point-
wisee relaxation methods efficiently correct the coefficients corresponding to cell-
boundaries.. If we consider the two-dimensional tensor product basis (4.3) for 
pp — 2, we associate the 16 coefficients to function values, (corrections on) x and 
yy derivatives, and (corrections on) cross-derivatives at the cell-corners. So we 
expectt that this polynomial basis is suited for point-wise relaxation. However 
thee functions associated with (corrections on) cross-derivatives, 

{4>e,2({4>e,2(XX)4>e,2{y),)4>e,2{y), 0e,2 ( a # e , 3 ( y ), <t>e,z{X)4>e,2 (y), 0e,3 {^(peAv)} 

havee small cell-boundary contributions compared with the jump and flux opera­
torss in the discrete weak form (4.5). So they belong more to the class of genuine 
bubblee functions, like the higher-order corrections in the hierarchical base. If we 
removee these cross-derivative contributions, we restore the typical cell boundary 
contributionn concept of the low-order polynomial basis. We will see that the 
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introductionn of the reduced polynomial basis will lead to good smoothing prop­
ertiess for the point-wise relaxation methods similar as shown in the previous 
chapters,, for the one-dimensional case. 

4.4.33 The accuracy of the reduced polynomial basis 

Inn this section we show that the reduced polynomial basis has the same ac­
curacyy as the tensor-product polynomial basis. The 12 basis-functions in the 
reducedd basis correspond with function values and (corrections to) the x- and 
y-derivativess at the two-dimensional cell corners. In the three-dimensional case 
thee equivalent modification reduces 43 = 64 functions of the tensor-product basis 
too a 32-function basis representing function-values and x-, y- and z-derivatives 
att the 8 corners of the three-dimensional cell. We call this basis the reduced 
polynomiall  basis. As mentioned in Section 4.2.2, the use of the reduced polyno­
miall  basis essentially reduces the amount of work for the DG-method without 
reducingg the order of accuracy. 

Consideringg the two-dimensional tensor product basis (4.3), for p = 2, poly­
nomialss up to degree three in the two coordinate directions are interpolated 
exactlyy over the cells f)e. So, for cells with size hi x h2, the approximation 
introducess an error of 

eehh = 0{hi)+0{hi). 
Removingg the basis functions 

{(f>e,2{x)4>e,2{y)>{(f>e,2{x)4>e,2{y)> ^ ^ ( ^ ^ ( ï / ) ) 0 6 , 3 ( ^ ) ^ ,2 (j/) , 0e,3 {x)(pe,3{y)} 

fromm the two-dimensional tensor product approximation (4.4), we lose the typ­
icall  tensor product character of the approximation without affecting the order 
off  the approximation. The removal of the basis functions responsible for the 
cross-derivativess introduces an extra error of order 

CextraCextra = 0{h\) 0(h%) + 0{h\) 0{h\). 

Now,, considering the total error etotai — £h + textra on a cell Qe with size 
/iii  x /i2, we distinguish the following three cases: (i) if h\ — h2 = h then: 
etotaietotai = 0(h4) + 0{h3) 0{h2) + 0{h2) 0{h3) « eh- (ii) if hx > h2 we find: 
UotaiUotai = 0{h\) w eh; and (iii ) if hi < h2 we get: etotai = 0(h\) w eh. 

So,, we can remove the test- and trial functions, representing the cross-
derivativess at the cell corners of a cell f2e without reducing the order of (ap­
proximation)) accuracy. In the remaining of this paper we study the convergence 
behaviorr of the various smoothers for the reduced polynomial basis, which is sig­
nificantlyy better than that for the original tensor-product basis. 
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4.4.44 Smoothing analysis for the reduced polynomial basis 

Havingg reduced the polynomial basis for the test/trial space 5^, we are in­
terestedd in the spectral radii of the different amplification operators M^EL of 
dampedd block-Jacobi, damped block-Gauss-Seidel and symmetric block-Gauss-
Seidel,, both in point-wise and cell-wise ordering, applied to the symmetric and 
Baumann'ss DG-method. Because of the identity (4.19) the eigenvalues A(u;) of 

thee Fourier transform M^EL(ui) contain the eigenvalues of MJ^EL. We calcu­
latee the Fourier transform M^EL(u>) by either (4.28) or (4.29) or (4.31), now 
yieldingg a 12 x 12 matrix. So for every OJ 6 T^ we find 12 eigenvalues. For the dif­
ferentt relaxation methods (JOR, DGS, SGS), the spectral radii maxj(|Aj(cu)|), 

jj  — {1,2,.., 12}  of MfrEL(uj) as function of u) € T£, for respectively the sym­
metricc and Baumann's DG-method are shown in the Figures 4.3 to 4.7. 

Thee spectra of all shown relaxation methods, have an eigenvalue |A(u;)| — 1 
forr uj\ — u>2 = 0. This is the eigenvalue corresponding to the undamped mode, 
whichh is taken care of by the boundary conditions. The cell-wise relaxation 
methodss cannot be applied for the symmetric-DG method, because the operator 
BhBh is singular. However the corresponding point-wise relaxation methods are 
stable.. For Baumann's DG-method, we see the better smoothing behavior of 
thee point-wise relaxation methods. 

4.55 Two-level analysis 

4.5.11 The Fourier transform of the two-level amplification 
operator r 

Havingg determined the behavior of the amplification operators as a function 
off  to G T^ for the different relaxation methods, we are now interested in the 
convergencee behavior of the two-level operator. Therefore, the amplification 
operatorr of the two-level algorithm for the error is given by 

MMTT
hh

LALA = (M* E L )" ' Mk
CGC (M t

REL) '" (4.32) 

== (MREL)" '  (/ - PhHL-jRHhLh) (MS*-)"'  , 

wheree v\ and v-i are the number of pre- (post-) relaxation sweeps respectively. 
y[CGCy[CGC } s £ne amplif i cat ion operator of the coarse grid correction. The amplifi-
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cell-wisee point-wise 

F i g u ree 4 .3: Spectral radii (maXj(|Aj(u))|), j € {1,2, ..,12}) of the relaxation, Mf§^{ui), for 
Baumann'ss DG-method (a = 1) in point-wise and cell-wise ordering, without damping. 

cell-wisee point-wise 

F i g u ree 4.4: Spectral radii {maxj{\\j{w)\), j G {1,2,.., 12}) of the relaxation, M^^{w), for 
Baumann'ss DG-method (<r = 1) in point-wise and cell-wise ordering, without damping. 
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cell-wise e point-wise e 

F i g u ree 4 .5: Spectral radii (maXj(|Aj(a;)|), j e {1,2,.., 12}) of the relaxation, M^^(LJ), for 
Baumann'ss DG-method (a = 1) in point-wise and cell-wise ordering, without damping. 

point-wise e point-wise e 

F i g u ree 4.6: Spectral radii (maxj(|Aj(w)|), j 6 {1,2, ..,12}) of the relaxation, M^EL(tü), for 
thee symmetric DG-method (cr = —1) in point-wise ordering, without damping. 
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point-wise e 

F i g u ree 4.7: Spectral radii (maXj(|Aj(w)|), j e {1,2, ..,12}) of the relaxation, Mj}gg(u), for 
thee symmetric DG-method (a = —1) in point-wise ordering, without damping. 

cationn operator for the residue is: 

MlMl LALA = (MR
h
E>MC

h
GC {KELr (4.33) ) 

(L(LhhM^L-M^L-hhrr
22LLhhM£M£GCGCL-L-hhii  {LhM^L-hT • 

Becausee of the definition of the restriction (4.25) and prolongation (4.26), it 
followss that the Fourier transform of the coarse grid correction M£GC is: 

M. C G O( U ) ) 

II  0 0 0 \ 
00 1 0 0 
00 0 1 0 
00 0 0 I ) 

PhuLPhuLHH RrihLh M M (4.34) ) 

\ \ 
(L H (u i ,U2))) x 

(Bl(wi,W3)) ^ (WI ,W2 + ^ ) flkh + i ,a,2) Rh(<»l + -fc,<*>  + %)) 

II  Q{un,w3) 0_ 0 0 \ 
00 ih(wi,w2 + ^ ) 0^ 0 
00 0 L h ^ i - f ^ , ^ ) 0 

\0\0 0 0 £h("i + HT.^2 + ^ ) ) 

Inn view of the reduced polynomial basis, the Fourier transform of MfiGC(w) 
iss an 48 x 48 matrix for each w e 1?H. And because of the identity (4.19), 
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thee eigenvalues Xi(uj) of M£GC(UJ) contain the eigenvalues of M C G C , i.e., the 
block-Toeplitzz operator of the two-level operator. 

Becausee of the bad smoothing behavior of JOR, DGS and SDGS in cell-wise 
block-ordering,, we abandon these block relaxation methods in the remainder 
off  this chapter and in the next section we study the point-wise smoothers and 
derivee opt imal damping factors for the two-level algorithm. 

4.5.22 Optimal block-smoothing factors for the coarse grid 
correction n 

I nn local mode analysis, low and high frequency grid functions in [Z2(Z^)] n are 
usuallyy defined as the functions that are linear combinations of modes e^  ̂ — 

ee
ll iJiJhh)-u)-u f with respectively to € T ^ and w € T^ \ T | ^. However, to obtain optimal 

dampingg factors for the different relaxation methods in combination with the 
coarsee grid correction, MGGC, we have to redefine low and high frequency grid 
functionss as follows. We consider the amplification operator of the coarse grid 
correctionn MGGC = I—PhH^E^Hh^h- Because of the Galerkin relation (4.11), 
PHHLJJPHHLJJ11 RfjhLh is a projection operator and we define low frequency components 
inn the error as those components that lie in the range of P^HLJ  ̂ Rnh^h- Then 
thee high frequency components are those in the range of I — P^HLJJlRHh^h-
So,, for a "slowly varying" n-valued grid function ufcF we have: 

PhHL^RHhLhiihPhHL^RHhLhiih = u £F , (4.35) 

whilee for a "high frequency" grid function u£F: 

( II  - PhHL^RHhLh)uh = u£F. (4.36) 

Sincee MGGCuj^F = 0, we want the relaxation methods to optimally damp 
thee contr ibutions (4.36). Therefore, for the different relaxation methods, we 
seekk damping parameters aopt such that the spectral radius of M^GCM^EL 

iss minimal. Notice that according to (4.32), MfiGCM^EL is just the two-level 
operatorr on the error M^LA with V\ = 1, v2 — 0. 

Byy (4.34) and by either (4.28), (4.29) or (4.31), we compute the eigenvalue 
spectra,, of M^GCM^EL, first without damping (a = 1). We determine the 
opt imall  damping parameter for the relaxation by: 

2 2 
aa°°ptpt ~ 9 - (\  -4- \ V 
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wheree Amin and Amax are respectively the minimum and maximum real eigen­
valuess of the spectrum without damping. It is clear that the spectral radius 
forr the two-level operator on the residue is the same as that for the error: 
p{MSp{MSGCGCM^M^LL)) = p{MtELjfh

GC). 
Thee optimal damping parameters for the different two-level operators are 

givenn in Table 4.2, the minimized spectral radii in Table 4.3. The spectral radii 
off  M^GC(UJ)M£EL(U}) as function of io £ TT#-, with optimal damping are shown 
inn the Figures 4.8 and 4.9. 

T a b lee 4.2: Optimal damping parameters, aopt, for the two-level operators 

p(K p(K 'Ml 'Ml  MH). 

<*opt <*opt 

M%M%GCGCM?Ek M?Ek 
MMCOCCOCMMREL REL 

Baum-DG G 

0.95 5 

1.22 2 

symm-DG G 

1.03 3 

1.44 4 

T a b lee 4 .3: Spectral radii p{M^GCM^EL) = p(M*ELM%CC) for optimal damping param­
eterss as in Table 4.2. 

pp((MMCGCCGCMMREL} REL} 

Baum-DG G 

symm-DG G 

MCOCMCOCMMREL REL 

0.74 4 

0.89 9 

MCGCMCGCMMREL REL 

0.44 4 

0.62 2 

frfRELfrfREL MCGCMREL 
mmDGSj,DGSj,mmhh IV1DGSL 

0.36 6 

0.38 8 

T a b lee 4.4: The spectral norm 1 1 
REL^-fCGC\REL^-fCGC\k k 

M M ) ) 
residuee with optimal damping, k — 1,3,4. 

forr the amplification operator of the 

Baum-DG,, jfc = 1 

Baum-DG,, k = 3 

Baum-DG,, k - 4 

Symm-DG,, k = 1 

Symm-DG,, k = 3 

Symm-DG,, k = 4 

[M[M JORJORMMhh J 

3.15 5 

1.02 2 

0.68 8 

7.46 6 

2.65 5 

2.24 4 

/-rjREL/-rjREL -jrjCGC\k 

[M[M DGSLDGSLMMHH J 
3.48 8 

0.72 2 

0.32 2 

5.82 2 

1.74 4 

1.01 1 

(^r-fREL(^r-fREL -^CGC-j-fREL \ k 

\M\MDGSLDGSLMMHH MDGSu) 

2.37 7 
0.34 4 

0.13 3 

4.09 9 

0.76 6 

0.31 1 
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Baum-DGG Symm-DG 

p(MOOCp(MOOC{u)M{u)MRBLRBL{u;)) {u;)) 

Baum-DGG Symm-DG 
p(M£GCp(M£GC{uj)M{uj)M RELREL{u))) {u))) 

F i g u ree 4 .8: Spectral radii (maxjdXj (LÜ)\), j e {1,2, ..,12}) of as function of LO 6 T^ for the 
symmetricc (cr = — 1) and Baumann's DG-method (cr = 1) for damping parameters as in Table 
4.2. . 

Fromm Table 4.3, we see that all two-level algorithms converge. Baumann's 
DG-methodd converges faster than the symmetric DG-method. This is also re­
flectedd in the two-norm of the amplification operator of the two-level algorithm. 
Tablee 4.4 shows the two-norm of the amplification operator of the residue after 
respectivelyy 1, 3 and 4 iteration(s). We see that, except for block-Jacobi on the 
symmetr icc DG-method, reduction of the residue is guaranteed within a small 
numberr of i terat ion steps. For the symmetric DG-method, the spectral norms 
off  the i terat ion operator for the error are the same as for the residue. In case of 
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Baum-DGG Symm-DG 

p(MÉSlup(MÉSlu (u)MfPrc(üJ)Mg§lL (o,)) 

F i g u ree 4.9: Spectral radii (maxj(|A.,(a;)|), j e {1,2,.., 12}) of as function of UJ £ T£ for the 
symmetricc (<r = —1) and Baumann's DG-method (cr = 1) for damping parameters as in Table 
4.2. . 

Baumann'ss DG-method, the norm of the error amplification operator becomes 
unboundedd for vanishing frequency ui. This phenomenon was also observed in 
Sectionn 2.5.2 for the the error amplification norm in case of the one-dimensional 
Poisson'ss equation and is due to the adjoint inconsistency of the method [3]. 

4.66 Numerical results 

Havingg determined optimal damping parameters for the two-level algorithm, we 
wantt to check the results by a numerical experiment. For that purpose, we solve 
thee following two-dimensional Poisson's equation on the unit square: 

\ t * x xx i ^yy  J 

withh on the Dirichlet boundary dil 

=x/ e e ++ e vh vh 

êê (e1/*  - 1) 
inn f2, 

.. , 2 - (ex/e + eyl€) 
u(x,u(x, y) = :— '- + x + y. 

eell ''€€ — 1 

Too obtain the discrete system we use the reduced polynomial basis for Ŝ  as 
explainedd in Section 4.4.2. I.e. we use for each cell fle a local basis consisting of 
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(peAO^ejiv)(peAO^ejiv) as m (4-4), where (i,j) G { (m.n), (m + 2,n), (m,n -I- 2) \m,n = 
0,1}.. We use a regular mesh with size h x h = 4~N and we start with an initial 
functionn u^(x^y) = u{pRE on the finer grid. We apply v\ pre-relaxation sweeps 

uh,PREE = %,PRE + ^ h \fh — LhUhPnKj , 

wheree B  ̂ is the approximate inverse of Lh as given in Table 2.1 in Section 2.4. 
Then,, we update the solution by a coarse grid correction step, solving for e# 
onn the coarser grid with size H x H — 41 ~N, 

US1,POSTT = U£PRE + PHHL^RHh{fh - LhK]VRE). (4.37) 

and,, eventually, we apply v-i post-relaxations sweeps 

Ufc,POSTT = Ufi,POST + Bhifh — LhUl
h^OST), 

too compute w^+1 = w^2
POST. The correction on the coarser grid at its turn, is 

solvedd by multigrid until the residue of the correction (in the L2 norm) is less 
thann an order of 0(1O- 6) . To show convergence we measure the residue in the 
L 22 norm2 

\\dhh\\dhh22 = \\fh - Lhuh\\L2 = I J ] ƒ \^2ce>i(peAx,y)\2dx\ . (4.38) 

Thee observed convergence of the two-level solution method applied to Bau-
mann'ss and the symmetric DG-method are shown in Figure 4.10. We observe 
thatt both methods show convergence, Baumann's DG-method converging faster. 
Fromm the slope we determine the experimental convergence rates for the different 
two-levell  algorithms. Table 4.5 shows the results and we see that the observed 
ratess in the numerical experiments coincide well with the spectral radii obtained 
byy Fourier analysis as shown in Table 4.3. 

4.77 Conclusion 

Inn this chapter we analyze the convergence behavior of the two-level algorithm 
appliedd to the two-dimensional Poisson equation, discretized by two discon­
tinuouss Galerkin (DG) methods: the Baumann-Oden and the symmetric DG-
method,, each with a polynomial basis of piecewise cubics in each of the two 

2Accordingg to (4.16) we would follow the Fourier analysis more precisely if we would mea­
suree the residue in the vector two-norm, however both norms are equivalent. 
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00 5 10 15 20 25 30 0 5 10 15 20 25 30 

Baumann-DGG Symmetric-DG 
+:: JOR; o: DGS; A : SGS. 

F i g u ree 4.10: log(||dh||x,2) as function of iterations for the two-level iteration operator on 
thee error. 

Tab lee 4 .5: Numerically obtained convergence rates observed for the different two-level block-
relaxationn methods with optimal damping parameters as in Table 4.2. 

ppf^f M̂MCGCCGCMMRELREL) ) 

MZMZGCGCMf§L Mf§L 

M£M£GCGCMEEMEELLS S 
^Së^SëLL

SuSû ^GCGCMB§MB§LLssL L 

Baum-DG G 

0.7 7 

0.4 4 

0.3 3 

symm-DG G 

0.9 9 

0.6 6 

0.4 4 

coordinatee directions. We studied the convergence behavior of different block-
relaxationn methods: damped block-Jacobi (JOR), damped block-Gauss-Seidel 
(DGS)) and symmetric damped block-Gauss-Seidel (SDGS), where the blocks 
aree chosen, based either on cell-wise or on point-wise ordering. We show that 
point-wisepoint-wise block relaxation has better smoothing properties than the classical 
cell-wisecell-wise block relaxation methods. Moreover, point-wise block-relaxation for 
thee symmetric DG-method is stable, whereas the classical cell-wise relaxation 
methodss are not. 

Thee smoothing behavior is further improved by reduction of the polynomial 
basis,, i.e. removing tensor-basis functions that represent cross-derivatives at 
thee cell corners, but do not contribute to the order of accuracy. Reduction of 
thee basis not only improves the convergence behavior of the relaxation methods, 
itt also makes the DG-method much more efficient than when it is based on a 
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tensor-productt basis. 
Forr the two-level algorithm we computed optimal damping parameters for 

thee relaxation methods, and spectral radii of the corresponding iteration opera­
tors.. With a spectral radius between 0.6 and 0.4 for DGS and SDGS smoothers, 
thee two-level algorithms show good convergence. An analysis of the spectral 
normm on the residual shows that residual reduction is guaranteed within a few 
iterationn steps. 



Chapterr 5 

Two-levell  analysis for the 
convection-diffusionn equation 

Summary y 

Inn this chapter we study a multigrid method for the solution of a linear convection-
diffusionn equation that is discretized by a discontinuous Galerkin method. In 
particularr we emphasize the convection-dominated case when the perturbation 
parameter,, i.e., the inverse cell-Reynolds-number, is smaller than the finest mesh 
size. . 

Wee show that, if the diffusion term is discretized by the non-symmetric inte­
riorr penalty method (NIPG) with feasible penalty term, multi-grid is sufficient 
too solve the convection-diffusion or the convection-dominated equation. Then, 
independentt of the mesh-size, simple MG cycles with symmetric Gauss-Seidel 
smoothingg give an error reduction factor of 0.2-0.3 per iteration sweep. 

Withoutt penalty term, for the Baumann-Oden (BO) method we find that 
onlyy a robust (i.e., cell-Reynolds-number uniform) two-level error-reduction fac­
torr (0.4) is found if the point-wise block-Jacobi smoother is used. 

5.11 Intro duct ion 

Thee present analysis is motivated by our interest in the /ip-self-adaptive solution 
off  elliptic problems that are discretized by discontinuous Galerkin (DG) methods 

95 5 



966 TWO-LEVEL ANALYSI S FOR THE CONVECTION-DIFFUSION EQUATION 

onn dyadic grids. 
DG-methodss were traditionally introduced for the solution of hyperbolic 

equations,, as methods that have a natural cell-wise upwind character [9, 30]. 
However,, since renewed insights were obtained in their application to elliptic 
problems,, DG-methods gain in popularity [3, 5, 36, 40], specially because of 
theirr convenient properties when combined with the /ip-self-adaptive approach 
andd with multigrid (MG) solvers [29, 42, 44]. 

InIn this framework, having studied the Poisson equation in one and more 
dimensions,, [23, 24, 25] we now study the convergence of the MG method for 
thee one-dimensional convection-diffusion equation. In particular we study the 
convection-dominatedd case, when the perturbation parameter, i.e., the inverse 
cell-Reynolds-number,, is smaller than the finest mesh size. 

Too have a stable DG discretization, we consider for discretization of the 
diffusionn term, the asymmetric DG variants, the Baumann-Oden method and 
thee non-symmetric interior penalty method (NIPG) respectively. For both 
thesee methods the discrete operators are positive definite for polynomial dis­
cretizationss of order higher than two [3]. The resulting linear system is block-
tridiagonall  and, as discussed in Chapter 2, can be partitioned in two distinct 
ways:: cell-wise and point-wise. Each partitioning defines its own type of block-
relaxationn methods that can be used as smoothing procedure in the MG algo­
rithmm (e.g., block-Jacobi, block-Gauss-Seidel). 

Inn our analysis we find that, in case of convection-diffusion and the convection-
dominatedd situation and for the DG method where the diffusion term is dis-
cretizedd by the Baumann-Oden DG-method, only a good two-level error-reduction 
factorr (0.4) is predicted if the point-wise block Jacobi smoother is used. Al­
thoughh with imperfect coarse grid corrections and for vanishing diffusion this 
block-relaxationn method starts to diverge, the Baumann-Oden type DG-method 
stilll  can be used in MG techniques when robustness is increased by introducing 
additionall  stabilization in the coarse grid correction, [11, 12, 38, 48]. 

Further,, we show that in case of the DG method, where the diffusion term is 
discretizedd by the non-symmetric interior penalty (NIPG) method with feasible 
penaltyy term, simple multi-grid cycles with cell-wise symmetric Gauss-Seidel are 
sufficientt to solve the convection-diffusion and the convection-dominated equa­
tion.. Then an error reduction factor of 0.2-0.3 per iteration sweep is observed. 

Forr our analysis, we consider the following outline. In Section 5.2 we give the 
discontinuouss Galerkin formulation used for the discretization, and we specify 
thee corresponding discrete system. Then, in Section 5.3, we describe the Fourier 
analysiss for block-Toeplitz operators, where we distinguish between cell-wise and 
point-wisepoint-wise partitioned stencils. In case the block-Toeplitz operator is partitioned 
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cell-wise,, the blocks are associated with the cell-interiors, while in a point-wise 
partitionedd block-Toeplitz operator, the equations and coefficients are associated 
withh the cell-vertices. In the latter partitioning, the coefficients correspond 
too (vector-valued) grid functions on a regular grid, for which, in view of our 
two-levell  analysis, it is natural and easy to define prolongation and restriction 
operators.. This in contrast to cell-wise ordered coefficient, for which we would 
havee to take care of staggered information in coarse and fine cells. 

Importantt for the reliability of the Fourier analysis, is that the inverse of a 
block-Toeplitzz operator is bounded. The consequences of this fact are explained 
inn Section 5.3.2. 

Wee continue with the smoothing analysis. In Section 5.4.1, we study the 
error-amplificationn operators of the cell- and point-wise block-relaxation meth­
odss (block-Jacobi, block-Gauss-Seidel). To ensure that the equations and coef­
ficientss are associated with the cell-vertices, i.e., the coefficients correspond to 
vector-valuedd grid functions, both the cell- and point-wise error-amplification 
operatorss are casted in point-wise notation. 

Forr mixed convection-diffusion and pure convection, in 5.4.2, we study the 
eigenvaluee spectra of the error-amplification operators of the cell- and point-
wisee block-relaxation methods. In Section 5.4.3, we take the MG coarse-grid 
correctionn into account and we determine smoothing factors and spectral norms 
off  the block-relaxation methods. In the final section we show numerical experi­
mentss to illustrate the analysis. The present study shows that simple MG cycles 
withh symmetric Gauss-Seidel smoothing are sufficient to solve the convection-
diffusionn equation efficiently, provided that the diffusion term is discretized by 
thee non-symmetric interior penalty method. 

5.22 The discontinuous Galerkin discretization 

5.2.11 The weak formulatio n for  the convection-diffusion 
equation n 

Too describe the discontinuous Galerkin methods considered, we give the varia­
tionall  formulation used for the discretization of the convection-diffusion equa­
tion.. On the unit cube i l C Kd, we consider the following boundary value 
problemm with Dirichlet and Neumann boundary conditions: 

-eAu-eAu + b • Vu = ƒ on Q; u = u0 on To, n • Vu — g on TN, (5.1) 
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wheree r D U TN = <9ü, r D n TN = 0, e > 0 and b € M.d. We further assume that 
nn • b > 0 on TN, i.e., TN is an outflow boundary. Next we consider a uniform 
partitioningg of Q. Therefore, we take a set of regular rectangular cells, Q€, all 
off  the same size, 

sisihh = {o e | ueHe = n, ^ n fij = 0, i  ̂ j}. 

Onn this partitioning, we define the broken Sobolev space [5, 37] of piecewise 
HH11 -functions, u, 

HHll{Sl{Slhh)) = {u e L2(Q) | u\Qe e H1^), Vfi e G fih} . 

Thenn the DG formulation associated with (5.1) reads [3, 9]: find u 6 -f/1(fi/ l) 
suchh that: 

B{u,v)B{u,v) = L(v), V v e H1 ^ / , ) , (5.2) 

where e 

B(u,, v) = ^ (eVu, V^)ne - «eVu), M)r i n tUrD + (5-3) 

aa ({eVv) , [u]) rintUr,D + /i ([u], e[v])rinturD 

-- J2 ( v ^ b u ) n e + < n - b u~ ^ ) r - t u r D + (n ' b w^ } r+ t urN > 

and d 

L ( u)) = $Z (Av)n« + ^ « ^ v ) , [ u0 ] ) r D + / / ( [ u o ] , ^ M > r D +(9,ev)rK. 

Heree Tint is the union of all interior cell interfaces. With Tint we denote the 
sett of all inflow boundaries, i.e., n • b < 0, and with F^t the set of all outflow 
boundaries.. Notice that w~|rD = v>o, i-e. the value of u at the Dirichlet bound­
ary.. The parameters a and \x identify the different DG-methods; a — — 1 for 
symmetricc DG; a — 1 for the Baumann-Oden method; fi > 0 for respectively the 
symmetricc (a — —1) and non-symmetric (a — 1) interior penalty DG-method 
(i.e.,, IPG or NIPG respectively). 

Thee jump operator [ • ] and the average operator {•) are defined for the 
tracess of functions v(x) and vector functions r(x) on the common interface Tij 
betweenn two adjacent1 cells fij , Qj The operators are defined in Section 2.2.1 
byy (2.5) and (2.6) respectively. 

Att the Dirichlet boundary, the interface of a flat (virtual) adjacent cell is used. 
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Too discretize (5.2), we introduce the finite dimensional space of piecewise 
polynomialss of degree at most /c, 

Takingg test and trial space the same, we consider the discrete equations: find 
UhUh £ Sfi such that 

B(uB(uhh,Vh),Vh) = L(vh), Vvh e Sh. (5.4) 

5.2.22 The discrete system 
Too describe the linear system, L^Uh — f hi arising from the discrete form (5.4), 
wee have to specify a base for the space Sh- For this purpose, on the unit interval 
wee choose the polynomial basis (2.8), introduced in Section 2.2.2. On the unit 
cube,, ü C Md, we use a basis of tensor-product polynomials based on (2.8), and 
ass usual, a basis for P2 p _ 1( f i e) is obtained by the affine mapping Q, —> Qe. 

Ass we have discussed in Section 2.2.2, we consider the fourth-order discretiza­
tionn the relevant and generic one for studying iterative solution procedures. 
Further,, for the initial study presented in this chapter, we restrict ourselves to 
thee one-dimensional case. In view of the tensor product principle, this is an 
essentiall  building block for higher-dimensional problems. So, taking p = 2 in 
(2.8),, writing the approximate solution as 

NN 3 , __ x AT 3 

e =ll  i = 0 ^  ' e=l i=0 

thee coefficients being determined by the AN x AN linear system 

£ > £ > , ee [ (<e(x),^.e(*)) f i e - «*(*) > • to.e(*)]lrDint 
e=ll  i=0 

+<r(4>'+<r(4>' jiejie{x)){x)) • [&,e(*)]lr Dint +/ito.e(*)] • [&,e(*)]|rDlnt] (5.5) 

++ bb^2^2cci,ei,e [-(^,e(a:),^t,c(a:)) + T*0-e(x)0j>e(a:)]| +n^,e(a;) î ie(i)] | + F N ] 
i=0 0 

NN 3 

== YU2 if,<t>j,e( x))ne +ff[«o] -<e îe(x))|rD +£#j,e(i)|rN - n&uo0j,e(z)]|rD-

Here,, n is the one-dimensional outward normal vector, i.e., n — 1 and the 
signn of b determines the convection direction. The resulting matrix is block-
tridiagonall  and by the constant coefficients (neglecting the influence of the 
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boundaryy conditions) it can be formulated as a block-Toeplitz matr ix, i.e, as a 
repet i t ionn of a lower-diagonal, diagonal and an upper-diagonal 4 x 4 block. 

Thiss repet i t ion of lower-diagonal, diagonal and an upper-diagonal blocks, 
cann be formulated in two distinct ways. The classical approach is to order the 
equationss and coefficients cell-wise, i.e., {ce,o, ce,2iCe,3, ce j } , then we obtain for 
thee diffusion part of the stencil (see stencil (2.10) in Section 2.2.2) 

r ^^ - hfj. r-r-  + hn AA 1 
300 15 
00 i 

- 5 * * 

4 ss +hn hfj, hfj, 

(5.6) ) 

0 0 
0 0 
0 0 

whilee the stencil for the convection part reads (b > 0) 

00 0 0 - 1 
00 0 0 0 
00 0 0 0 
00 0 0 0 

122 12 00 0 0 0 
00 0 0 0 
00 0 0 0 
00 0 0 0 

(5.7) ) 

So,, the discrete block-Toeplitz operator Lh for positive convection direction b 
reads s 

LhLh — i-Lhn + Lf (5.8) ) 

However,, in view of the Fourier analysis for the multi-grid method, where 
prolongationn and restriction operators are based on values at the cell-vertices 
(seee Section 2.3.3), it is more convenient to represent the block-Toeplitz oper­
atorr (5.8) as a repeti t ion of point-wise part i t ioned stencils. Then, ordering the 
equationss and coefficients as {ce-i^, ce_i7i ,ce,o, Ce,2}, we find again that the 
matr ixx has a block-Toeplitz structure and we find for the diffusion part of the 
stencill  (see also stencil (2.11)) 

(5.9) ) 

0 0 
0 0 
0 0 
0 0 

0 0 

0 0 
0 0 

0 0 
- 1 - cr r 

2 2 
1 1 
2 2 

0 0 

1 1 
30 0 
0 0 
0 0 
0 0 

^+hn ^+hn 

1 1 
2 ' ' „(T „(T r r -*& -*& 

o o 
0 0 
0 0 

30 0 

whereass the stencil for the convection part now reads 

00 0 -j 
00 0 -\ 
00 0 o' 
00 0 0 

_J_ _ 

12 2 

0 0 
0 0 

J_ _ 

¥ ¥ 
2 2 

- 1 1 

0 0 
0 0 
J_ _ 

60 0 

00 0 0 
00 0 0 
ii  0 0 
kk o 0 

(5.10) ) 
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Thee fact that point-wise ordering leads again to a block-tridiagonal structure 
iss not automatic, but it is caused by the proper choice of basis functions as in 
(2.8).. The choice makes that the coefficients {c e_i i3, ce_i ; i , cej0, cej2}  correspond 
too function values and corrections on derivatives at the cell-vertices. Hence, we 
mayy interpret the coefficients as four-valued grid functions defined on a regular 
one-dimensionall  grid associated with the cell-vertices. These degrees of free­
domm are also used to define prolongation and restriction operators (see the Sec­
tionss 2.2.4 and 2.3.3). This, in contrast to the coefficients {ce!o,ce,2>ce,3> ce,i} , 
groupedd in the cell-wise partitioned stencils, where we would have to deal with 
staggeredd information in coarse and fine cells. 

Wee emphasize that, either the repetition of (5.6) and (5.7) or the repetition 
off  (5.9) and (5.10), represents the same block-Toeplitz matrix Lh-

5.33 Fourier analysis for block-Toeplitz operators 

5.3.11 Eigenvalues and eigenvectors of a block-Toeplitz op­
erator r 

Too study the smoothing behavior of the different block-relaxation algorithms, 
wee return to the Fourier analysis tools for block-Toeplitz operators, introduced 
inn Section 2.3.2. So, we consider an elementary mode eh,w{jh) — etj7iaj, for all 
uiui € Th = [— f, f ], defined on the regular infinite one-dimensional grid 

ZhZh = {jh\jeZ,h>0}. (5.11) 

Then,, for an infinite block-Toeplitz operator Ah = (am j ) e R4Zx4Z, m,j e Z, 
i.e.,, (aim,m+k) — (a_fc), for k = j - m e Z and Vm G Z, we find by (2.19) the 
Fourierr transform Ah(u). Hence, Ah(uj) is a 4 x 4 matrix, depending o n w e T / j. 
Iff  Ah{oj) allows for the eigenvalue decomposition (2.20), then the columns of 
v(w)e/l,UJ(m/i)) in (2.21) are four-valued grid functions defined on the grid (5.11) 
andd correspond to the eigenvectors of Ah, while A(w) is a family of 4 x 4 diagonal 
matricess with the eigenvalues of Ah at the diagonal entries. 

Ass an example, we compute the eigenvalue spectra of the discrete Toeplitz 
operatorr (5.8), where, for diffusion stencil (5.6) (or (5.9)), we take the Baumann-
Odenn discretization (cr — 1 and [i  — 0). So, recognizing in (5.8) the different 
blockk contributions (am j ) , either in cell-wise ((5.6) and (5.7)) or in point-wise 



1022 TWO-LEVEL ANALYSI S FOR THE CONVECTION-DIFFUSION EQUATION 

convectionn diffusion 

Figuree 5.1: Eigenvalue spectra of the operator Lh(oj), with a = 1 and /J, = 0. 

((5.9)) and (5.10)) notat ion, we find Lh{ui) by (2.19). And because of (2.21), the 
fourr eigenvalues Xi(u>) as function of u G T/, correspond to the eigenvalues of 
Lh-Lh- Figure 5.1 shows the eigenvalue spectra for the case of pure convection and 
puree diffusion. 

Wee see that in both cases the discrete operator is positive semi-definite and 
hencee is also positive semi-definite for mixed convection-diffusion. The zero 
eigenvaluee corresponds to the constant grid function vn = v(u>)eh,o('mh), given 
inn (2.21) as a column of v(w)e/,iW (m/i). The difference in the cell-wise and 
point-wisee part i t ioning of (5.8) is reflected in this grid function. Where for the 
cell-wisee part i t ioned stencils, the constant grid function reads 

v 00 = [ c 0 0 c ] ehfiimh), c e R, 

forr the point-wise part i t ioned stencils, the constant grid-function is represented 
by y 

v 00 = [ 0 c c 0 } T ehfi(mh), c G R. (5.12) 

Becausee the fourth-order discretization (5.5), both for the Baumann-Oden 
DGG method and for the NIPG method is coercive [3], in our block-relaxation 
analysiss we use these methods for the discretization of the diffusion term. 

5.3.22 Boundedness of an inverse block-Toeplitz operator 

A nn important feature in our block-relaxation analysis is that the inverse of a 
givenn n x n block-Toeplitz operator is bounded. We show this by the following 
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simplee example. 
Lett the stencil associated with a n x n block-Toeplitz operator be given by 

AAhh*[-K*[-K  I 0 ] , KeRnxn, (5.13) 

Now,, writing the inverse of Ah as 

A^A^11 *É [ • Kk Kk~l • K I 0 • 0 0 • } , (5.14) 

wee readily see that A^1 is bounded if and only if the n eigenvalues |Aj(üf)| < 1. 
Then,, in view of (2.19), we write 

—— 1 T

(&(<"))""  = T-L-U* = 5>*«"**~ = (^' ) H. (5-15> 
fc=0 fc=0 

where,, using (2.21), we find the eigenvalues of A^1. We readily see that, in case 
\\j(K)\\\j(K)\  > 1, the finite dimensional discrete operator, corresponding with (5.13) 
iss non normal. 

5.44 Smoothing analysis 

Thee aim of this study is to identify smoothing procedures which damp the 
frequenciess that cannot be damped by the coarse grid correction in the multigrid 
process.. So, to quantify the smoothing behavior of simple block-relaxation 
procedures,, we are interested in the spectral radii and spectral norms of the 
two-levell  operator for the error. This operator reads 

M ft
TLAA = (M,REL) I /2M h

CGC(M f t
REL)1'1 (5.16) 

== ( M R E L p (ƒ - PhHL^RHhLh) ( M * E L r -

Here,, M R EL is the error-amplification operator of the smoother, v\ and v<i 
aree the number of pre- (post-) relaxation sweeps respectively; M^GC is the 
amplificationn operator of the coarse grid correction (CGC), see e.g., [45, 49]. 
PhHPhH and P^Hh are the grid transfer operators between the fine /i-grid and the 
coarsee if-grid, where H — 2h. 

Becausee the prolongation should keep the piecewise cubics invariant, the 
operatorr PhH : SH -> Sh is constructed so that {PhHUH)(x) = uH{x) for all 
xx e R\Zh- I t s stencil in point-wise ordering is given by (see also Section 2.2.4): 
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PhHPhH ~ 

" 0 0 0 0 
00 0 0 
00 0 0 

. 0 0 0 0 

Sincee test and tr ial space are the same, the restriction of the residue, R.Hh-> 
iss the adjoint of the prolongation, RHH — {Phn)T• 

Forr different v\ and v-i in (5.16) the convergence can be studied. However, 
essentiall  for the coarse grid correction operator for the error, MGGC, is that 
i tt splits the high frequency modes into a low and high frequency modes on 
thee fine grid [20]. Therefore, we bet ter use the smoother before the coarse grid 
correctionn (this, in contrast to the correction operator for the residual, for which 
thee smoothing should be applied after the coarse grid correction). So, we restrict 
ourselff  to a representative and simple case, where, to quantify the smoothing 
behaviorr of the various block-relaxation methods, we study the spectral radii 
andd spectral norms of MGGCM^EL. 

I nn the next section we specify the block-Jacobi (JOR) and damped block-
Gauss-Seidell  (DGS) smoothers both for point-wise and for cell-wise relaxation. 
Wee further derive Fourier transforms of the error-amplification operators in 
orderr to study their eigenvalue spectra. Then we compute the Fourier transforms 
off  the two-level operator M ^ L A = MfiGCM^EL to obtain spectral radii and 
spectrall  norms, and we quantify the smoothing behavior of the various block-
relaxationn methods. 

5.4.11 Block-relaxation analysis 

AA good smoother damps all frequencies in the error that cannot be damped 
byy the coarse grid correction operator M^GC. Therefore, the spectrum of the 
amplificationn operator M ^ E L must be such, that at least the eigenvalues cor­
respondingg with these frequencies are in absolute value less than one. In this 
sectionn we use Fourier analysis to study the amplification operators of both 
thee cell-wise and point-wise block-Jacobi (JOR) and the damped block-Gauss-
Seidell  (DGS) relaxation methods. In view of the two-level amplification op­
eratorr M ^ L A , studied in Section 5.4.3, it is of importance that for both the 
cell-wisee and point-wise relaxation procedures the eigenvectors are represented 
ass point-wise grid-functions (i.e., are associated with the cell vertices). 

Sincee we have shown in the previous chapters, that, in the case of pure diffu-

- 1 1 
8 8 
0 0 
0 0 
0 0 

0 0 
n n 
0 0 
0 0 

0 0 
0 0 
0 0 
0 0 

0 0 
i i 

T T 
2 2 
0 0 

1 1 

Ï Ï 

8 8 
0 0 

§ 0 0 0 0 
00 1 0 0 
00 0 1 0 
oo o o I 

00 0 0 0 

II  \ ° ° 
88 2 
77 o 0 0 

00 0 

00 0 0 0 
00 0 0 0 
00 0 0 0 

=pp 0 0 0 
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sion,, the point-wise smoothers show much better smoothing behavior than the 
cell-wisee block-relaxation methods [23, 24, 25], and also because for dominant 
diffusionn (e/h > 1 in (5.8)), the point-wise smoothers appear to be better in the 
casee when the convection term acts as a small perturbation of the diffusion, we 
restrictt ourselves here mainly to the case of convection diffusion, e/h G (0,1] 
andd the case of pure convection, e/h — 0. 

Afterr the introduction of the Fourier transforms for the various amplification 
operatorss in this section, in Section 5.4.2 we study their eigenvalue spectra for 
twoo distinct cases: convection-diffusion (e/h — 1) and pure convection (e/h = 
0). . 

Forr the DG-method with diffusion term discretized by the Baumann-Oden 
methodd we will observe that, in case of convection-diffusion, the point-wise 
amplificationn operators have eigenvalue spectra with many eigenvalues in abso­
lutee value smaller than one, whereas the spectra of the cell-wise amplification 
operatorss show eigenvalues in absolute value larger than one. The cell-wise 
amplificationn operators can be stabilized if an interior penalty JJL > 0 is used, 
i.e.,, if we consider the NIPG discretization instead of BO discretization for the 
diffusionn term. For pure convection, the cell-wise amplification operators show 
betterr smoothing behavior. 

Forr the discrete system A^x — b we study block-relaxation methods of the 
type e 

x^^=xx^^=x{{^  ̂ -Bh(Ahx^-b), (5.17) 

wheree Bh is an approximate inverse of the matrix A^. Analogous to the treat­
mentt in Section 2.4, we decompose 

AAhh = L + D + U, (5.18) 

intoo a strictly block-lower, a block-diagonal and a strictly block-upper matrix 
andd we easily recognize the block-Jacobi (JOR) and block Gauss-Seidel (DGS) 
relaxationn methods. The different methods and their amplification operators 
aree shown in Table 2.1 in Section 2.4. 

Wee first consider the decomposition (5.18) for the point-wise stencils (5.9) 
andd (5.10). The stencils corresponding with this decomposition of Ah = (am j ) 
aree given in Table 5.1. 
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T a b lee 5 .1: The stencils of the point-wise decomposition (5.9)-(5.10). 

diffusion n convection n 

D, D, 

ĉ  ^ 

2 2 

\ \ 
2 2 

0 0 

^ ^ 

'' 0 
0 0 
0 0 

.. 0 

0 0 

\°\° --
0 0 
0 0 

rr  o 
0 0 
0 0 

x x 

-2° -2° 

0 0 
1 1 

2 2 
0 0 

0 0 
- 1 - ( T T 

_21 1 

0 0 

1 1 

2 2 

0 0 
0 0 

0 0 

11 -
30 0 
0 0 
0 0 
0 0 

a a 
—— hfi 
++  hfj. 

\° \° 
00 1 
0 0 
0 0 
0 0 

0 0 
1 1 

Ï 5 5 

DDcc = 

UUcc ^ 

00 0 - ^ 
00 0 - \ 
00 0 0 
00 0 0 

0 0 
J_ _ 
12 2 

0 0 
0 0 

0 0 
0 0 
J_ _ 

60 0 

'1 '1 
12 2 
0 0 

1 1 

2 2 
- 1 1 
0 0 

0 0 
0 0 
1 1 

Ï Ï 

00 0 " 
00 0 
11 1 
2,, 12 

00 0 1 
00 0 
00 0 
00 0 

Byy (2.19) the Fourier transforms of the block-diagonal operators read 

L ( w ) = ( ^ L DD + L c ) e - i w \ (5.19) 

D{u)=D{u)=  (^DD + DC), 

U(u)=U(u)= (^UD + Uc)e
l"h. 

Soo we find the Fourier transform for the amplification operators 

M^M  ̂ = D-1((l-a)D-a (£ + £ ) ) , (5.20) 

M^M^ vv = (D + Ü) _1 ((1 - a) [3 + £/) - a £) . 

Decomposingg M^"EL(u;) according to (2.21), we find the eigenvalues A^o;), i = 
1,..,, 4, w € Tft of M^ E L and the set of vector-valued eigenfunctions v(w)e/i](U(mfo), 
definedd on the regular infinite one-dimensional grid associated with the cell-
vertices. . 

Thee same procedure can be applied for the cell-wise stencils (5.6) and (5.7). 
However,, then the eigenvectors ve^^fm/i) are 4-valued grid functions associated 
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T a b lee 5.2: The stencils of the cell-wise diagonal decomposition (5.6) to (5.7) in point-wise 
orderingg (i.e., grouped as {c e- i ,3 ,Ce- i , i ,ce,o ,ce,2}) . The operator E denotes a grid-shift so 
thatt Ê = eiuh. 
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D, D, 

UUDD ~ 
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-E E 
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0 0 
0 0 
1 1 

12 2 
0 0 

00 0 0 0 
00 0 0 0 

ss i ° ° 
LL 60 12 

00 0 

withh the cell-interiors. This is most inconvenient if we want to transfer this infor­
mationn to the coarser grid. Therefore, to also have for the cell-wise amplification 
operatorss eigenvectors associated with the cell-vertices instead, we rewrite the 
cell-wisee decomposition in point-wise notation, by grouping the equations and 
coefficientss as {c c_i i3, ce_i,i , ce,o, ce,2} - The stencils corresponding with this de­
compositionn are shown in Table 5.2, where E denotes the grid-shift operator for 
whichh Ê = eiujh. 

Now,, with (5.19) and (5.20), we find the cell-wise M^EL(w), and the repre­
sentationn is associated with the cell-vertices as needed for the two-level analysis. 

5.4.22 Eigenvalue spectra of pure smoothers 
Havingg found the Fourier transforms of the cell- and point-wise block-relaxation 
operatorss M^ EL in (5.20), we can compute their eigenvalue spectra by (2.21). 
Inn order to have the block-relaxation methods independent of the convection 
direction,, we restrict ourselves to Jacobi and symmetric Gauss-Seidel relaxation 
procedures. . 

Forr the discretization of the diffusion term (5.8), we choose the asymmetric 
DG-methods;; the Baumann-Oden (a = 1, fx = 0) and the NIPG {a = 1, p > 0) 
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formulation,, because these methods, in contrast to the symmetric IPG-method, 
doo not suffer from saddle-point behavior, i.e., the discrete operators do not have 
eigenvaluess with negative real part. 

I nn the Figures 5.2 to 5.7, we show the eigenvalue spectra of Jacobi (JOR) 
andd symmetr ic Gauss-Seidel, M<^fs

L
uL = M ^ g ^ M ^ g ^ , relaxation amplifi­

cat ionn operators, for DG-methods with the diffusion term discretized by the 
Baumann-Odenn DG-method and the NIPG-method with \x — 10/h (this, to see 
thee influence of the penalty term on the relaxation). 

Wee first consider the DG-method with the diffusion term discretized by the 
Baumann-Odenn DG-method (Figures 5.2 and 5.3). We see that, similar to 
thee pure diffusion case (see Chapter 2), also for convection-diffusion the point-
wisee relaxation methods show much better eigenvalue spectra than the cell-wise 
relaxationn methods. Both the eigenvalues corresponding with low frequency 
modess (i.e., the frequencies \UJ\ < ^ ) and high frequency modes (\LO\ > ^ 
thatt cannot be represented on the coarse grid), lie within the unit circle in the 
complexx plane. For the point-wise relaxation, the only mode, which cannot be 
damped,, corresponds with the constant grid function (5.12). This in contrast 
too the cell-wise relaxation methods, which may show amplification, especially 
forr the low frequency modes. 

Nextt we consider the DG-method with the diffusion term discretized by the 
NIPG-method.. We choose ^ = 10/h to see the influence of the penalty term on 
thee relaxation (Figures 5.4 and 5.5). There is a minor influence of the penalty 
te rmm on the point-wise relaxation operators, but we clearly see a stabilizing 
effectt on the cell-wise relaxation operators. 

Forr the pure convection case (Figures 5.6 and 5.7), we see that the cell-wise 
block-relaxationn methods do better than the point-wise relaxation methods. 
Whereass no amplification occurs in case of the Jacobi relaxation, the problem is 
solvedd at once by the cell-wise symmetric block Gauss-Seidel relaxation. This is 
ann immediate consequence of the cell-wise upwind character of the DG-method. 
I nn this situation, the point-wise block-Jacobi diverges (Figure 5.6). Although 
alll  the eigenvalues of the point-wise symmetric block Gauss-Seidel relaxation 
(Figuree 5.7) lie within the in the unit circle (except for the constant mode), in 
pract ice,, no convergence is seen. This divergence for the non-periodic, finite 
dimensionall  case is caused by the operator B^1 — L + D = Gh in the down­
windd Gauss-Seidel algori thm losing its normality. I t can also be checked that 
thee inverse of the corresponding Toeplitz operator is unbounded so that the 

eigenvaluee spectrum of G^1 does not correspond to the spectrum of (Gh)'1, 
sincee (5.15) is not satisfied. 
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cell-wisee relaxation point-wise relaxation 
00 = ulow e [-n/2h,ir/2h], + : wMgh 6 [—ir/h,-ir/2h]  U [jr/2h,ir/h] . 

F i g u ree 5.2: Eigenvalue spectra of M j ^ ( w ) , without damping (a = 1), with a = 1, /u = 0 
andd e//i = 1. 

11 1 1 1 Q_ 

cell-wisee relaxation point-wise relaxation 
oo : uiow e [—K/2h,n/2h], + : wh t gh e [ -TT/ / I , -TT/2 / I ] U [TT/2/Ï, TT//I] . 

F i g u ree 5.3: Eigenvalue spectra of M^  ̂ (ui) = A fgg| (w)Afgg| (Ü;), without damping 
(aa = 1), with a — I, fj, = 0 and e//i = 1. 



110 0 TWO-LEVELL ANALYSI S FOR THE CONVECTION-DIFFUSION EQUATION 

cell-wisee relaxation point-wise relaxation 
00 : "lou, e [-w/2h,ir/2h], + : uhlgh 6 [-n/h, -ic/2h] U [ir/2h,7r//i]. 

F i g u ree 5.4: Eigenvalue spectra of Mfg^(uj), without damping (a = 1), with u = 1, /j, = 10/h 
andd e/h = 1. 

cell-wisee relaxation point-wise relaxation 
°° : ulow 6 [—ir/2h,n/2h], + : uhigh e [-n/h, -n/2h] U [n/2h,ir/h]. 

F i g u ree 5.5: Eigenvalue spectra of M f j ^ (w) = A f g g ^ f » A f g g | (w), without damping 
{a{a = 1), with a = 1, /a = 10//i and e//i = 1. 
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cell-wisee relaxation point-wise relaxation 
oo : LU1OW e [-ir/2h,Tv/2h], + : ujhigh e [-ir/h,—ir/2h]  U [n/2h,ir/h\. 

Figuree 5.6: Eigenvalue spectra of M J Q ^ ( W ), without damping (a = 1), with 
e/he/h = 0. 

cell-wisee relaxation point-wise relaxation 
°° = "low e [-ir/2h,n/2h], + : uJhigh € [-n/h,-n/2h] U [n/2h,n/h]. 

F i g u ree 5.7: Eigenvalue spectra of AfJJfg' (ui) — M ^ Q | (ÜJ)M^  ̂ (w), without damping 

(a(a = 1), with e/h = 0. 
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Inn the next section, we study the two-level behavior of the cell- and point-wise 
block-relaxationn methods. We will observe that, in case of the DG-method with 
diffusionn term discretized by the Baumann-Oden, only the point-wise Jacobi 
relaxationn method is a promising smoother, while, in case of the DG-method, 
withh diffusion term discretized by the NIPG method, the cell-wise symmetric 
Gauss-Seidell  relaxation methods show good smoothing behavior. 

5.4.33 Two-level analysis 

Havingg studied the eigenvalue spectra of the various block-relaxation algorithms, 
wee are now interested in the convergence of the two-level operator (5.16), i.e., the 
cell-- and point-wise JOR and SGS block-relaxation algorithms in combination 
withh the coarse-grid correction. From Section 2.3.5 it follows that the Fourier 
transformm of the coarse grid correction for the error MGGC reads 

-(sS/»,)»»-!̂ ^  ^ +^,)( r r  r^u,) -
forr u) 6 TH — T2h = \-^h, ^h\- Hence, M f  GC(u/) is a 8 x 8 matrix of which, in 
vieww of (2.21), the eigenvalues Aj(u>) correspond with the eigenvalues of MGGC. 

Interestedd in the asymptotic convergence of the two-level algorithm, we com­
putee spectral radii of M%GCM^EL for the cell- and point-wise M$§£> ^SGSI /I

 = 

MnGSuMnGSuMMVGSVGSLL
 a nd ^SGsly = MuEkL ^ D G SV block-relaxation methods as func­

tionn of the diffusion parameter ejh £ [0,1], Notice that here M^EL(a;) is an 8x8-
matrixx and weTf f, which is equivalent with M^EL(w) 6 R4 x4 and w 6 Th. We 

findd the spectral radii of M^GCM^EL by computing maxw p (M£GCM^EL(LÜ) J, 

withh M^EL in point-wise notation. The asymptotic convergence factors as func­
tionn of the diffusion parameter are shown in the Figures 5.8 and 5.9 for the 
Baumann-Odenn and NIPG-method respectively. 

Iff  we consider the convergence for the Baumann-Oden method (Figure 5.8), 
wee see that the two-level operator with the point-wise Jacobi smoother shows 
goodd convergence (p < 0.5) in the range of ejh > 0.1. Furthermore, this two-
levell  algorithm is stable on the whole interval ejh € [0, oo]. With the cell-wise 
Jacobii  smoother the two-level operator shows good convergence in case of pure 
convectionn and convection-dominated problems, ejh € [0,0.1], however, the 
convergencee is very poor in case of convection-diffusion [ejh > 0.1). 
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a a 

£xx * 
^^*fcto«.. 2 & 

cell-wisee relaxation point-wise relaxation 
+:: JOR; o: SGSUL; A: SGSL [ 7 . 

F i g u ree 5.8: Spectral radii p (MGGC M^-Eh (UJ) J as function of e/h G [0,1] for the case a = 1 

andd p = 0. No damping (a = 1). 

cell-wisee relaxation point-wise relaxation 
++ : JOR; o: SGSc/z,; A: SGSL C / . 

F i g u ree 5.9: Spectral radii p (M^GCM^EL(ÜJ) J as function of e/h e [0,1] for the case cr = 1 

andd p = 10//i. No damping (a = 1). 
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Iff  we consider the symmetric Gauss-Seidel smoothers (Figure 5.8), in case 
off  the cell-wise block-relaxation methods, we see that the spectral radius is 
generallyy larger than one and grows without bound in the neighborhood of 
e/he/h « 0.35. 

Wee find p < 1 only for e/h < 1/4. In view of this result, we might expect 
thatt these two-level algorithms show acceptable convergence for the range of 
e/he/h e (0,0.2]. (In case of pure convection, the problem is solved at once, due 
too the cell-wise upwind character of the DG-method.) However, in practice, the 
two-levell  algorithms will diverge, because of the lack of normality of the finite 
dimensionall  operator B^1 = L + D in the down-wind Gauss-Seidel relaxation 
method.. It can readily be checked that the inverse of the corresponding Toeplitz 
operatorr B^1 = L + D = Gh is unbounded, so that the eigenvalue spectrum 

off  Gh
l does not correspond with the spectrum of (Gh)'1, since (5.15) is not 

satisfied. . 
AA similar situation occurs if we consider the two-level algorithms with the 

point-wisee symmetric Gauss-Seidel smoothers (Figure 5.8). We may expect 
goodd convergence (p < 0.1) for the range e/h > 0.6. However, in the range 
e/he/h e [0,0.5], the finite dimensional two level-algorithms diverge, again due to 
thee lack of normality of the operator B^1 = L + D in the down-wind Gauss-
Seidell  relaxation method. 

Now,, considering the convergence for the NIPG method in Figure 5.9, we 
clearlyy see the stabilizing effect of the penalty term (p — 10/h) on the cell-wise 
symmetricc Gauss-Seidel smoothers. The transition point (e/h pa 0.35), after 
whichh the Toeplitz operator £?/> = (L + D)~x is unbounded, has vanished and 
normalityy of the finite dimensional operator is restored. So we may expect an 
overalll  good convergence (p < 0.3) for the whole range e/h G [0, oo]. However, 
thee influence of the penalty term on the point-wise block-relaxation algorithms 
iss small: the transition point e/h % 0.5 does not vanish; for smaller values of 
e/he/h the corresponding finite dimensional two-level algorithm diverges. 

Inn view of the above analysis, we conclude that for the Baumann-Oden 
method,, if no interior penalty term is used, the point-wise Jacobi algorithm is 
aa good smoother, provided that for e/h 6 [0, 0.5] the problem is solved with 
sufficientt accuracy on the coarser mesh (since the smoother alone diverges). 
Overalll  good asymptotic convergence of multi-grid cycles is found when cell-wise 
symmetricc Gauss-Seidel smoothers are used, and the discretization method is 
stabilizedd by the interior penalty term, i.e., if the NIPG discretization is used. 

Givenn the above results, we further restrict ourselves to the more promising 
methods.. The spectral radii, corresponding with the Figures 5.8 and 5.9, of the 
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T a b lee 5.3: The spectral radii p {MCGCMJQ£), for different cases of the diffusion parameter 
e/h,e/h, without damping (a = 1). The diffusion term is discretized by the Baumann Oden 
DG-method. . 

point-wisee relaxation 

e/he/h 0 1/4 1/2 3/4 1 
p ( M C G CM R E L)) Q 8 0 2 0 3 6 3 Q 4 1 9 Q 4 3 1 0 4 3 5 

T a b lee 5.4: The spectral radii p (MCGCM™?£V) and P(MCGCM^\, for different 

casess of the diffusion parameter e/h, without damping (a = 1). The diffusion term is dis­
cretizedd by the NIPG-method with p, = 10/h. 

e/h e/h 
^ M C G C M R E L ^ J J 

cell--
0 0 

0.000 0 

0.000 0 

wise e relaxation n 
1/4 4 

0.150 0 

0.274 4 

1/2 2 

0.205 5 

0.273 3 

3/4 4 

0.231 1 

0.279 9 

1 1 

0.243 3 

0.281 1 

point-wisee M^GCMf§  ̂ and cell-wise M£GCM^ ÛL and M f  G CM|g|p (with 
/xx = 10/h) for e/h = 0,1/4,1/2,3/4,1, are shown in'the Tables 5.3 and" 5.4. 

Wee see that the point-wise two-level algorithm shows acceptable convergence 
(p(p « 0.4) for the various cases of mixed convection-diffusion. However in case 
off  pure convection, the convergence is somewhat poor (p « 0.8). The cell-wise 
two-levell  algorithms show good convergence both for mixed convection-diffusion 
andd for pure convection (p < 0.3). 

Becausee the spectral radius only predicts the asymptotic rate of conver­
gence,, next we check if the methods achieve convergence within a few iteration 
steps.. For this purpose, we compute the 2-norm of the two-level operator. 
Sincee both the asymmetric Baumann-Oden and the NIPG formulation are ad­
jointt inconsistent [3, 24], which is reflected in Fourier analysis by unbounded 

||Mff  G CM£E L(w)| |2 for vanishing u) (see Section 2.5.2), we compute the 2-norm 
off  the two-level operator for the residue, 

M R E L - C GCC = L f i M R E L L - l L h M C G C i - l 

Thee spectral norms of the point-wise unpenalized MJORMh and the penal­

izedd (fj, = 10//i) cell-wise MSGSuLMh and MSGSuLMh are shown in the 
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T a b lee 5.5: The spectral norm <7max after respectively one, two and three iterations for the 
residue,, for different cases of the diffusion parameter e/h, without damping (a — 1). The 
diffusionn term is discretized by the Baumann Oden DG-method. 

point-wisee relaxation 

e/he/h 0 1/4 1/2 3/4 1 

I I ^ J O R ^G C | ll  1 7- 6 56 4- 7 48 2- 6 00 2 0 4 0 L 8 2 9 

III  K S f G C ) II 24.788 2.265 1.131 0.887 0.797 

||| ( M ^ O R M J G C ) 3 | | 18.671 0.569 0.443 0.374 0.343 

T a b lee 5.6: The spectral norm <7max after respectively one and two iterations for the residue, 
forr different cases of the diffusion parameter e/h, without damping (a — 1). The diffusion 
termm is discretized by the NIPG-method with fj, — \0/h. 

cellwisee relaxation 
e/h e/h 

\\\\MMSGSSGSULUL
MMhh II 

\\{\\{ MMSGSSGSVLVL
MMhh ) II 

\\M\\MSSGSGSLULU
MMhh II 

l l ( ^ S G Si t ; M hh ) II 

0 0 

0.000 0 

0.000 0 

0.000 0 

0.000 0 

1/4 4 

1.972 2 

0.360 0 

1.370 0 

0.408 8 

1/2 2 

1.798 8 

0.358 8 

1.459 9 

0.462 2 

3/4 4 

1.804 4 

0.367 7 

1.557 7 

0.460 0 

1 1 

1.793 3 

0.379 9 

1.601 1 

0.454 4 

Tabless 5.5 and 5.6 for the diffusion parameters e/h = 0,1/4,1/2, 3/4,1. 
Wee see that, in case of convection-diffusion, for the point-wise Jacobi two-

levell  algorithm the reduction of the residue is guaranteed, from the third it­
erationn step on (Table 5.5), except for the case of pure convection, where the 
spectrall  norm is still large. However, in the next section, we see that this large 
2-normm is a conservative upperbound. By the influence of the boundary con­
dition,, in the finite dimensional case the two-level algorithm already converges 
withinn a few iteration steps. 

Inn Table 5.6, we see for the penalized cell-wise symmetric Gauss-Seidel 
smootherss that the reduction in the residue is guaranteed after two iteration 
steps. . 
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5.55 Numerical results 
I nn this section we check the theoretical convergence behavior by numerical exper­
iments,, where we restrict ourselves to the more promising two-level algorithms 
wit hh the unpenalized point-wise Jacobi smoother and the cell-wise penalized 
symmetricc Gauss-Seidel smoothers (// = 10/h). For this purpose, we consider 
thee convection-diffusion equation on [0,1], 

—£u—£uxxxx + ux = 1, with u(0) = 0, u(l) = 0, e > 0, 

whichh for e « 1 has a sharp boundary layer-type solution, given by 

e^^ — 1 
uu = x j , x G [0, l j . 

e^^ — 1 
Forr the discrete system we use the polynomial basis (2.8) and we take h — 2~7. 
Ass initial approximation we choose the vector u  ̂ — [1000,..,.., 1000], i.e, a large 
constantt grid function, not satisfying the boundary conditions. For respectively 
thee point-wise Jacobi and the cell-wise symmetric Gauss-Seidel relaxation, we 
applyy a single and a double pre-relaxation sweep 

Wft,PREE = u/i,PRE + Bh [fh — ^ / I W / ! , P R E) > 

wheree Bh is the approximate inverse of Lh as given in Table 2.1 in Section 
2.4.. We solve the problem on the coarse grid H — 2 - 6 , during the coarse grid 
correction n 

UU\\ = W/ I !PRE + PhnLH RHh{fh ~ LhUl
h,PRE)-

Too be consistent with the Fourier analysis (see Section 2.3), we measure the 
residuee in the 2-norm 

\dhh\dhh = IIA - Lhuh\\2 

\ \ 

128 8 

e =ll  j = \ 
£E«« « 

Thee convergence plots for unpenalized point-wise M ^ G C M J Q ^ and the pe­
nalizedd cell-wise M^GCMf§  ̂ and M%GCMf^Lfj with diffusion parameters 
s/hs/h = 0,1 are shown in Figure 5.10. The convergence factors observed, for 
diffusionn parameters e/h — 0 , 1 / 4 , 1 / 2 , 3 / 4 ,1 are shown in the Tables 5.7 and 
5.8. . 

Wee see that, in case of pure convection, the two-level operator with the 
point-wisee Jacobi smoother converges from the first i teration step, regardless 
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e/he/h = 0 e/h = 1 
+:+:  JOR; A: SGSy t; o: SGSL ( 7 . 

F i g u ree 5.10: logfUd^lh) as function of iterations for the two-level operator on the error with 
thee unpenalized point-wise Jacobi smoother and penalized cell-wise symmetric Gauss-Seidel 
smootherss jj, = 10/h. 

T a b lee 5.7: Numerically obtained convergence factors, corresponding with p ( M C G CM R S " ), 
withoutt damping (ct = 1), for different cases of e/h. The diffusion term is discretized by the 
Baumann-Odenn DG-method. 

point-wisee relaxation 

e/h e/h 
MCGCM REL L 

0 0 
0.80 0 

1/4 4 

0.36 6 

1/2 2 

0.42 2 

3/4 4 

0.43 3 

1 1 

0.44 4 

thee large 2-norm shown in Table 5.5. The cell-wise symmetric Gauss-Seidel 
smootherss solve the problem at once, because of the cell-wise upwind character 
off  the DG-method. Also in case of convection-diffusion, convergence is observed 
fromm the first iteration step on. Furthermore, in all cases of convection-diffusion, 
thee observed convergence factors coincide very well with the spectral radii shown 
inn the Tables 5.3 and 5.4. 

5.66 Conclusion 

Havingg shown in the previous chapters that straightforward multi-grid (MG) 
iss quite effective for the solution of the Poisson equation discretized by higher 
orderr discontinuous Galerkin (DG) methods, we now study the convergence of 
MGG for the solution of the convection-diffusion equation. 
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T a b lee 5.8: Numerically obtained convergence factors, corresponding with 

p(Mp(MCGCCGCM^^M^  ̂ J and p(MCGCM^  ̂ J, for different cases of the diffusion parameter 

e/h,e/h, without damping (a = 1). The diffusion term is discretized by the NIPG-method with 

pp = 10//i. 
cell-wisee relaxation 

e/h e/h 
M C G CM R EL L 

j ^ C G C a / R EL L 

0 0 

0.000 0 

0.000 0 

1/4 4 

0.14 4 

0.27 7 

1/2 2 

0.20 0 

0.27 7 

3/4 4 

0.23 3 

0.27 7 

1 1 

0.25 5 

0.28 8 

Forr the generic fourth-order discretization we consider DG-methods with the 
diffusionn term discretized by the asymmetric Baumann-Oden (BO) or the non-
symmetricc interior penalty method (NIPG) because these methods yield positive 
definitee discrete operators. We study classical multigrid iteration with simple 
block-relaxationn (Jacobi or symmetric Gauss-Seidel) as smoothing procedure. 
Wee distinguish two essentially distinct types of block-relaxation algorithms: the 
classicall  block-relaxation methods based using a cell-wise partitioning of the 
discretizationn matrix, and the new block-relaxation methods based on point-
wisewise partitioning. 

Byy Fourier analysis we show that a robust method, applicable in the whole 
rangee of convection-diffusion, dominating convection and pure convection, with 
acceptablee MG convergence, can only be achieved for the Baumann-Oden method 
iff  point-wise block Jacobi smoothing is applied and the problem is solved with 
sufficientt accuracy on the coarser mesh. 

However,, MG with classical cell-wise symmetric Gauss-Seidel smoothing is 
quitee effective for the NIPG method. Here convergence factors p < 0.3 are 
foundd for the whole range of convection-diffusion to pure convection. Moreover, 
ann analysis of the two-level spectral norm shows that an reduction of the residue 
iss guaranteed within two iteration steps. 

Thus,, the present analysis justifies the use of an interior penalty term in 
higherr order DG-methods when MG is applied for the solution of the convection-
diffusionn equation. 
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Chapterr 6 

DGG discretization with 
embeddedd boundary 
conditions s 

Summary y 

Thee purpose of this chapter is to introduce discretization methods of discon­
tinuouss Galerkin type for solving second order elliptic PDEs on a structured, 
regularr grid, while the problem is defined on a curved boundary. The methods 
aimm at high-order accuracy and the difficulty arises since the regular grid cannot 
followw the curved boundary. 

Startingg with the Lagrange multiplier formulation for the boundary condi­
tions,, we derive variational forms for the discretization of 2-D elliptic problems 
withh embedded Dirichlet boundary conditions. Within the framework of struc­
tured,, regular rectangular grids, we treat curved boundaries according to the 
principless that underlie the discontinuous Galerkin method. Thus, the high-
orderr DG-discretization is adapted in the cells with embedded boundaries. We 
givee examples of approximation with tensor products of cubic polynomials. 

Ass an illustration, we solve a convection dominated boundary value prob­
lemm on a complex domain. Although, of course, it is impossible to accurately 
representt a boundary layer with a complex structure by means of a cubic poly­
nomial,, the boundary condition treatment appears quite effective in handling 

121 1 
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suchh complex situations. 

6.11 Introduction 

Thee purpose of this chapter is to introduce methods of discontinuous Galerkin 
typee for solving second order elliptic PDEs on a structured, regular grid while 
thee problem is denned on a curved boundary. The methods aim at high-order 
accuracyy and the difficulty arises because the regular grid cannot follow the 
curvedd boundary. 

Earlier,, several techniques have been proposed to handle boundary condi­
tionss on irregular, curvilinear boundaries. The most convenient certainly is 
thee FEM, where elements near the boundary are adapted to the shape of the 
boundaryy curve. Generally, this results in an unstructured grid. This relatively 
straightforwardd technique can be applied up to arbitrary high-order of accuracy 
andd delivers good results. 

Inn contrast, finite difference methods are usually applied on regular grids. 
Here,, curved boundaries are treated by locally adapted finite differences as, e.g., 
Shortley-Wellerr approximation [17, Sect.4.8]. Generally, such discretizations are 
nott used for higher orders of accuracy. 

AA more recent technique for treatment of complex boundaries on orthogonal 
grids,, in two or three dimensions, is the Embedded Curved Boundary (ECB) 
method.. Here -usually in the context of the discretization of conservation laws-
piecewisee linear segments are embedded in the grid to represent the boundary. 
Generalizationss are used, e.g., to solutions across interfaces [27, 28]. In many 
casess the ECB method shows clear advantages compared to the traditional stair­
stepp method [32] but no higher-order accuracy than order two can be expected. 

AA higher order may be obtained by Immersed Boundary Methods (IBM) 
[33,, 34, 35, 46], e.g., in pseudo-spectral codes [14], where the presence of a 
boundaryy within the computational domain is simulated by specifying a body 
forcee term, without altering the computational grid. This technique is very 
flexiblee as it allows for bodies and interfaces of almost arbitrary shape. The 
methodd is quite popular in situations with rather complex geometries [31] and 
e.g.,, elastic boundaries [39]. Usually the method is applied as to maintain 
secondd order accuracy (first order near the boundaries). However, fourth-order 
convergencee rates are reported in [10], where the same methodology is used with 
PDEss for thin flexible membranes in an incompressible fluid domain. 

Inn contrast with the above methods, we take the Lagrange multiplier for­
mulationn of the boundary conditions as a starting point, in the same manner 
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ass used in [36] or in the derivation of the discontinuous Galerkin discretization. 
Withinn the framework of structured, regular rectangular grids we introduce the 
treatmentt of curved boundaries in full agreement with the principles that lead 
too the discontinuous Galerkin method. 

Wee apply a high-order DG-discretization in the interior and adapt the method 
inn the cells with embedded boundaries. The order of approximation of the 
boundaryy condition corresponds with the accuracy of the DG-method. In the 
presentt chapter we give examples of approximation with tensor products of cubic 
polynomials. . 

Inn Chapter 2 we explained why the treatment of this cubic polynomial case 
iss the basis for higher-order approximation. In the DG discretization, informa­
tionn exchange over the interior cell boundaries by function values and normal 
fluxes.. On an interval, at the endpoints, function values and fluxes are deter­
minedd by four independent parameters, that correspond with the four degrees 
off  freedom in the cubic polynomial approximation on a cell. Higher-order ap­
proximationn can be achieved by additional bubble functions with vanishing val­
uess and derivatives at the cell boundary. In the multi-dimensional case, on a 
structuredd rectangular grid, the same principle holds with tensor-products for 
approximation. . 

Forr the treatment of the embedded boundary conditions, we give in Sec­
tionn 6.2 of this chapter an exposition of the weak forms used for the different 
discretizationn alternatives. In Section 6.3 we start with simple experiments in 
onee and two dimensions to see the differences between the various methods. In 
Sectionn 6.4 we identify the discrete function spaces in which the approximate so­
lutionn is found. In the last section we solve a convection-dominated equation on 
ann irregular domain, partitioned in two cells only. We show how well a complex 
problemm can be solved on this mesh with a piecewise cubic approximation. 

6.22 Weak forms for the Poisson equation 

6.2.11 The Lagrange multiplie r  form for  the embedded bound­
aryy problem 

Too apply DG-methods for structured rectangular grids on complicated domains, 
wee are interested in solving an elliptic second order problem Lu = ƒ on a 
fictitiouss open domain Q, which is larger than the open domain Q on which the 
ellipticc BVP is originally defined. The solution « on Q is determined by the 
Dirichlett boundary condition u — u0 on dO, the boundary of f2, and we want to 
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discretizee the problem on a fictitious domain Q D tt. For this purpose we assume 
thatt the solution a o nO allows a sufficiently smooth extension, u, defined on 
f2,, solving Lu = ƒ. Of course, this excludes certain types of singularities near 
thee boundary. ^ 

Forr sake of simplicity, in this initial treatment we assume fJ to be the unit 
cubee and we consider the Poisson equation with an embedded Dirichlet bound­
aryy condition as follows: let Q, be the open unit cube, with boundary dil, which 
consistss of two non-overlapping open sub-domains, fi  and Q, such that 

QQ = ÜUÖ, and ü n h = 0, (6.1) 

wheree f2 is the fictitious part of the domain fl. We now consider the boundary 
valuee problem consisting of the Poisson equation defined on the whole of Q and 
Dirichlett boundary conditions on <9fi, the boundary of Q: 

LuLu = —AM = ƒ on fi, and u — UQ on Tn = dil, (6-2) 

underr the assumption that the solution u on fi, has a sufficiently smooth con­
tinuationn to fl, satisfying the Poisson equation on the whole of Ü. 

an an 

F i g u ree 6 .1: The domain of interest, fi  and the fictitious part, H, make the domain H = QUf!. 

Too arrive at the corresponding weak formulation of the Poisson equation 
withh 'embedded' Dirichlet boundary condition, we multiply the left- and right-
handd side of (6.2) with a sufficiently smooth function v, and integrate over the 
domainn fi, to get: find u G Hl{Q) such that 

(Vu,Vv)(Vu,Vv)nn-(n-Vu,v)-(n-Vu,v)dndn = (f,v)n, WGtf1^), (6.3) 

underr the constraint that u - u0 on dfl. By the Lagrange multiplier the­
orem,, the following formulation is equivalent to (6.3): find u G if 1(fi ) and 
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p e f f_ 1 / 2( ö f i )) such that 

(V«,, V^ ) s - (n • Vu, v)  ̂ + <p, t ; )an = (ƒ, v)f i ) Vt; E #J( f i ) , (6.4) 

Wee call this the Lagrange multiplier form of the embedded boundary prob­
lem.. We see that, if u satisfies the Poisson equation (6.2) and the embedded 
Dirichlett boundary condition, the Lagrange multiplier p in (6.4) vanishes. 

6.2.22 The weak form for  boundaries along gridlines 

Inn the classical case that f2 = 0, we can combine the boundary terms in (6.4), 
inn order to obtain 

(Vu,, V t ; ) n - (p,t;)afi = {f,v)fo Vt; € H1^), 

withh p = n • Vw - p on dfl = c?fi. This leads to a hybrid form of (6.2) with 
Dirichlett BCs: find u € tf1^) and p e H~ll2{dü) such that 

(Vu,, Vv)n - (p, v ) ^ - (q, u)dn = (ƒ, v)f i - (q, u0)dQ , Vt; G # * (fi) , (6.5) 

Vgg £ i f " 1 / 2 ^ ) . 

Whenn tt satisfies (6.2) we have p — n • Vu, the normal flux at the boundary <9£}. 
Substitutingg this value for p, and replacing similarly the weighting function q 
byy q = — an • Vv, with a = 1 or a = — 1, this leads to the weak form used 
inn DG-methods (viz., Baumann's and the symmetric DG-method respectively). 
Otherr DG-methods (viz., IPG, NIPG) are obtained by taking q = —an-Vv — pv 
withh parameters a and p. Thus, our DG weak form reads: find u € Hl{Sl) such 
that t 

(Vu,, Vv)n - (n • Vtx, v)  ̂ +a (n - Vt;, u)m (6.6) 

== ( ƒ, v)n + a (n  Vt; , u0)dn , \/v <E H1^). 

6.2.33 The hybri d and the DG-for m for  the embedded bound­
aryy problem 

Nott only the Lagrange multiplier form (6.4) can be used for the embedded 
boundaryy problem, we can also apply (6.5) or (6.6). In the case Q ^ 0 the form 
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(6.5)) reads: find u e Hl(Ü) and p E H-^2{dQ) such that 

(Vu(VuiiVv)fVv)fii-{p,v)-{p,v)dtidti-{q,u)-{q,u)9Q9Q = (f1v)fi-{q,Uo)fm, Vv E Hl(Ü), (6.7) 

yyqqeH-^eH-^22{dQ), {dQ), 

whichh we call the hybrid form of the interior ^boundary problem. In the case 
ftft ZJL 0, equation (6.6) is written: find u 6 Hl(£l) such that 

(Vu,, Vv)  ̂ - (n • Vu, v)dü +a <n • Vi/ , u)dn (6.8) 

whichh we call the DG-form (the Baumann-Oden weak form if a = 1 or the 
symmetricc form if a — — 1) of the interior boundary problem. Notice that this 
symmetricc weak form is not symmetric anymore if Q / f£. 

6.33 Numerical experiments in one and two di­
mensions s 

6.3.11 Numerical experiments on one-dimensional problems 

Too see the difference in practice, we first study the three weak forms (6.4), 
(6.7)) and (6.8) for a simple one-dimensional problem. On the unit interval f2 = 
(0,1)) we consider the Poisson equation with homogeneous Dirichlet boundary 
conditions: : 

dd22u u 
- — = ƒ ,, on Q, with u(d)=0, u(l) = 0, (6.9) 

wheree d G [0,1) and f2 = (d, 1). To discretize this problem we take for test and 
triall  spaces the (p + 1)-dimensional space 5^(S7) — Pp(fl ) C H1^), i.e., the 
spacee of polynomials of degree < p. 

UhUh = ^ ci<l>i( x)i <^(x) E Sh{fy-
0<i<p 0<i<p 

Further,, we provide the boundary spaces Qh{dfl) C H~1^2(dO) and Qh{dQ) C 
H~H~11^^22(dO,),(dO,), with the trace of polynomials on the boundary, hence 

QQhh{dÜ){dÜ) = {ipo{x) = (1 - a:)U=(o,i)» ^(x) = ^U=(o,i))}  , 
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and d 

Qh(dQ)Qh(dQ) = |Vo(ar) - |—|u= ( d >i ) , ^ i (a :) = ^ 3 - ^ = ^ , 1 ) )}  , d € [0,1). 

Thenn we write for the approximation of the Lagrange multiplier: 

PhPh = 22 ai' lPi(X)\x=Q,d,l-
0<i<l 0<i<l 

Becausee of the 1-D character ofthis example, boundary values are parameterized 
byy only two values for both 8Ü and dfl. Given the approximating spaces, the 
threee forms (6.4), (6.7) and (6.8) become: 
(i)) In case of the Lagrange multiplier formulation: find Uh € 5^(0), ph E Qh(dfl) 
suchh that 

ff uWhdx ~ Wh(l)vh(l) - u'h(0)vh(0)} + [ p J l K ( l ) +Ph(d)vh(d)] (6.10) 
Jo Jo 

++ [qh{l)uh{l)  + qh(d)uh(d)} = f vhfdx, Vvh e Sh(Q), Vqh € Qh(dQ); 
Jo Jo 

(ii )) in case of the hybrid form: find uh e Sh(Q), ph € Qh(dQ) such that 

ff u'hv'hdx - \ph(l)vh(l) +ph(0)vh(0)] - [qk(l)uh(l) + qh(d)uh{d)} (6.11) 
Jo Jo 

==  f vhfdx, Vvh G Sh{Q), Vqh e Qh{dSl); 
Jo Jo 

(iii )) whereas the DG-formulation reduces to: find Uh € 5h(f2) such that 

ff u'hv'hdx - [u'h{l)vh{\) - u,
h(0K(0)] +a [v'h(l)uh(l) - v'h(d)uh(d)} (6.12) 

Jo Jo 

== / vhfdx, Vvh e Sh(ü). 
Jo Jo 

Ass a first experiment we check if the three discrete forms (6.10), (6.11) and 
(6.12)) can solve for the exact solution, when we choose f(x) = x in (6.9) and 
dd = 1/2, and if we take Sh(tt) = P3(ft) . The result is shown in Figure 6.2. It 
appearss that all three formulations compute the exact solution. 
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F i g u ree 6.2: The solution u(x) 
symmetricc and the Baumann method, a = . 

Thee computed Lagrange-multipliers for the hybrid and Lagrange formulation 
aree shown in Table 6.1. We see that, in case of the hybrid formulation, the 
Lagrangee multipliers correspond with the fluxes at the boundaries, i.e., Ph(0) = 
4^(0)) and Ph(l) = 5^(1), whereas for the Lagrange formulation, the Lagrange 
multiplierss vanish. 

T a b lee 6 .1: The values of the Lagrange multipliers of hybrid and Lagrange methods for the 
solutionn as in Figure 6.2. 

Lagrangee method 
hybridd method 

(6.10) ) 
(6.11) ) 

Ph(d)Ph(d) = 
Ph(0)) = 

0 0 
- 5 / 25 5 

Ph(l)) = 
PhWPhW = 

0 0 
- 7 / 24 4 

Nextt we check if we can solve (6.2) for an arbitrary location d S [0,1) of the 
interiorr Dirichlet boundary condition. Now we see that the dependencies on d 
andd a differ for the three methods. In case of the symmetric or Baumann-Oden 
method,, we have to solve a full (j>  + 1) x (p + 1) linear system La^d Uh — fh, 
wheree the matrix depends on both the method parameter a and the interior 
boundaryy location d. 

Inn contrast, if we consider the coefficients of the linear system arising from the 
hybridd and the Lagrange methods we observe the following block-partitioning: 

LcrALcrA Uh 
AA B 
CC 0 UhUh = fh, 

where,, for the Lagrange method, A = /0 u'hv'hdx - [u'h(l,0)vh{l,  0)] is the (p + 
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l ) x (p+ l )) leading submatrix, and B = \ph(d, l)vh(d, 1)] and C = [qh{d, l)uh{d, 1)] 
havee respectively dimensions (p + 1) x 2 and 2 x (p + 1). The dependence on d 
iss reflected in the elements of B and C. 

Onn the other hand, in case of the hybrid method, we have a (p + 1) x 
(p(p + 1) leading submatrix A = /0 u'hv'hdx. Now the (p + 1) x 2 submatrix 
BB = [pk(0, l)vh(0,1)] is independent of d. The dependence on d is only reflected 
inn the 2 x (p + 1) matrix C = [^(d, l)u/,(d, 1)]. 

Soo we check if there are locations d e [0,1) in which any of the three methods 
mayy become singular. The results are shown in Table 6.2. We see that both 
thee Lagrange and the symmetric Baumann methods have interior boundary 
locationss where the methods become singular. The number of points where a 
singularityy appears increases with the polynomial degree. The hybrid method, 
however,, shows no singular points. This motivates us to continue mainly with 
thee hybrid method for the two-dimensional numerical experiments. 

T a b lee 6.2: Values for d for which the discrete system becomes singular. The discretizations 
aree made for Sh{Q) = Pp(0,l), p = 2,3,4. 

p p 
2 2 
3 3 
4 4 

Thee Lagrange method 
1/3 3 

2 / 5 -- l / lOv/6 
0.08858795951 1 

--
2/55 + 1/lOVë 
0.4094668644 4 

--
--

0.7876594618 8 

Thee symmetric Baumann method 

--
2/5 5 

3 / 7 -- 1/7 \/2 

--
--

3/77 + 1/7V2 

6.3.22 Numerical experiments for the hybrid method on 
two-dimensionall  problems 

Havingg studied the one-dimensional discretization for the various weak formu­
lationss with an embedded Dirichlet boundary condition, we now consider the 
two-dimensionall  Poisson equation on the unit square Q as in (6.2) with an em­
beddedd Dirichlet boundary condition on a line parallel to a diagonal. For this 
linee we use the following parametrization (See Figure 6.3 ): 

x{s)x{s) = l-d/\f2 + s, (\s\<d i f O < d < l / V 2 , 
y(s)y(s) = l-d/y/2-s, W1 \ \s\<l-d/y/2 if l/>/2 < d < y/2. 
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F i g u ree 6.3: The domain CI and its parametrization 

Approximatio nn wit h piecewise quadratics. 

Too discretize the hybrid formulation, we first introduce the quadratic polynomial 
basiss on the unit interval 

P2([0,1])) = Span{l - t, t, t(l - t)}. 

Wee provide the test and trial function spaces with the 9 dimensional subspace 
SShh(ü)(ü) = P2 x 2( f t ) = P2{x) ®P2(y) C H1^), i.e., the tensor product set of 
polynomialss of degree < 2 in the two coordinate directions. Since we know 
thatt the Lagrange multiplier of the hybrid method corresponds with the flux 
pp — n • Vu on the boundary <9fi, we choose to discretize the^Lagrange multiplier 
ass ph — nx7px{x,y)\dQ + nyipy(x,y)\d^, with ip G P2 x 2( f i ) which defines the 
polynomiall  subspace Qh{dÜ) C H-^2(dü) and also Qh(dü) C H-1'2{dü) by 
Ph\d<nPh\d<n — nxipx(x,y)\dn + nytpy(x,y)\gn. Then the discrete formulation of the 
hybridd form is: find Uh G S/,(fi), Ph G Qh(dtt) such that 

(Vu(Vuhh,Vv,Vvhh))Sh{n)Sh{n) - (Ph,vh)Qh{dn) = (./>/,).y^fi) , Vvh G 5h(n), (6.13) 

{lh,u{lh,uhh}} Qh{m)Qh{m) = (q,u0)Qh[m) , Vq € Qh(dCl), 

wheree the approximations are given by (9 degrees of freedom describe the poly­
nomiall  in the interior) 

uuhh(x,y)(x,y) = ^2 Ci4>i(x,y), fc G Sh(ü), (x,y)eü, (6.14) 
0<i<8 8 
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andd (note that 8 degrees of freedom describe the quadratic polynomials at the 
44 boundaries) 

Ph(x,y)-Ph(x,y)- ^2 at [nxipX!i(x,y)\dn + nyipyti(x,y)\dfi]  , (6.15) 
0<i<7 7 

i>x,i\dn^y,i\dni>x,i\dn^y,i\dn e Qh{dü), (x,y) e dÜ. 

Thee result is a 17 x 17 linear system depending on the diagonal distance of the 
embeddedd Dirichlet boundary to the origin. It is obvious that all methods will 
becomee ill-conditioned for values of d close to \/2, when the region fi vanishes. 
Inn order to see how the singularity develops for the hybrid method (6.13), we 
plott the 17 singular values as function of the diagonal distance d. The result is 
shownn in Figure 6.4. We see that, as in the one-dimensional experiment, also 
forr this experiment, there are no values of d for which the discretization matrix 
becomess singular. Furthermore the method is not ill-conditioned for values of d 
evenn larger than one. 

F i g u ree 6.4: Singular values cr*, 1 < i < 17 as function of the diagonal distance 0 < d < V2 
forr the third order discretization of the hybrid method. 

Approximatio nn wit h piecewise cubics. 

Nextt we want to study the regularity of a higher order discretization of the 
hybridd method (6.7), for the same two-dimensional model problem. To this 
end,, we consider on the unit interval the cubic polynomial basis 

P3([0,1])) = {1 - t, t, t(l - t)\ t2(l - t) } , (6.16) 
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andd we choose for the test- and trial function spaces the 16-dimensional sub-
spacee S,,(fi) = P3 x 3( f i ) = P3{x) ® P3(y) C Fx ( n ), i.e., the tensor product 
polynomialss of degree less than four in the two coordinate directions. We 
choosee the polynomial subspaces Qh(dfl) — -yfn(Sh(ü)) C H~1/2(diï) and 
Qh(dü)Qh(dü) = jfQ(Sh(Ü)) C H^'2{dD). The choice of the basis functions in 
Qh(dQ)Qh(dQ) will  be explained in the next section, where we study the general case 
withh a curved boundary. 

Ass explained in Section 6.4, using (6.13) and (6.14) we obtain a 28 x 28 
systemm depending on the diagonal distance d of the interior Dirichlet boundary 
too the origin. For this hybrid discretization, the 28 singular values as function 
off  d are shown in Figure 6.5. Generally, we observe the same behavior as for 
thee quadratic polynomials. 

F i g u ree 6.5: Singular values Oi, 1 < i < 28 as function of the diagonal distance 0 < d < \f2 
forr the fourth order discretization of the hybrid method. 

6.44 Weak forms for embedded boundary condi­
tions s 

6.4.11 The boundary condition on a curved embedded bound­
ary y 

Inn this section we study the regularity and the accuracy of a fourth order hybrid 
discretizationn of the Poisson equation on the unit square, with a part of the 
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circularr boundary embedded. So, we solve the equation 

—Au—Au = ƒ on £), with u = uo on YD — öfl, (6.17) 

onn the unit square from which a circle sector has been removed: i.e., fi  is the 
unitt square and T^t C dü, with Ï7 C fi, is the circular curve 

ri„ tt = {(x,y ) \x2 + y2=R2< A/2, X > 0, y > o}  , (6.18) 

andd the fictitious part is 

QQ = {{x,y) | x > 0, j , > 0, x2 + y2 <R2}. (6.19) 

Thee corresponding discrete hybrid formulation reads: find Uh € Sh(fl) and 
Xftt € Qh(f2) such that 

(V«h,V«h)f ii - (7?(Xh),7?K))afi = (/,fh)«, v"h e 5i ( ^ ) ' (6-2°) 

(7P(9h),7oaK)) ann = (7?(?h),»o)ön , V9h € Qfc(fï), 

wheree S^fi) C ff^fi ) and Q^(^) C Hl(Q) are the proper finite dimensional 
polynomiall  subspaces, and 7", 7p and 7", 7" are the usual trace operators on 
dttdtt and d£l respectively. To provide these subspaces with a basis, we choose 
cubicc polynomials and consider the following polynomial basis on the unit in­
terval: : 

0ii  = l - t , 02 = (1-O2* > <p3 = (l-t)t2, 04 = *• (6.21) 

Wee recognize that <fri(t)  and 04 (£) are associated with function values at t — 0,1 
respectively,, while 02 (£) and 03 (t) can be associated with corrections for the 
derivativess at t = 0,1. These facts help us to understand the structure behind 
thee different polynomial subspaces that are constructed below. 

Firstt we choose for the test and trial function spaces a 16-dimensional sub-
space,, i.e., Sh{ü) = P3x3(f2) = P3{x) <g> P3{y) C Hl{0), the usual tensor 
productt of polynomials of degree less than four in the two coordinate directions. 
Hence,, on the unit square Ü we get the approximation Uh 6 Sh(0), 

UUhh==  ^2 Cij^MMv) - (6-22) 
l<i,j<4 l<i,j<4 

Nextt we consider the usual trace operators, 7" : H1^) -ï H1/2(dÜ) and 
7ff  : i/1(Q) -> H1/2(dü) applied to the boundary of Q and S7 respectively, and 
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similarly,, 7 f : H1^) -> H-^2{dQ) and 7 l
n : &(&)  ->• H-l'2{dn) the traces 

forr the normal derivatives. We see that the approximating space of tensor 
productt cubics, 5^(0) C üf1(fi) , is a 16-dimensional subspace. The trace of 
thiss space on dQ, the space 7^ (S/j (£))), however, is 12-dimensional, because the 
tracee consists of independent cubics on the four edges, related by four continuity 
conditionss at the vertices. Choosing the polynomial basis (6.21), in 5^(0) the 
basiss for 7^ (5^(0)) can readily be found as a subset of the tensor product 
off  the basis functions (6.21), by splitting Sh(£l) into two linearly independent 
subspaces: : 

ShMShM = Qh{to)®Kh{Q), 

with h 

KKhh(d)(d) = ker(7?) n 5h(n) - Span ( MtfMv) I M = 2,3 ) , 

and d 

QQhh{Ü){Ü)  = Span(0i(a;)^j(2/), <f> 4{x)4>j{y), Mx)<f>i(y)^  Mx)Mv) | «,J = 1,2,3,4). 

Forr the approximating space for 70^(i71(f2)) we take 

QQhh(dQ)(dQ) = iï(Sh(Q)) =  7?(Qh(fi)) C Hx/2{dh). 

Similarlyy we introduce the approximation space for the traces on dSl as 

Ql{dn)^^{QQl{dn)^^{Qhh{Q))cH{Q))cHxxll 22{dÜ). {dÜ). 

Onn the other hand, for the approximation of the trace of the normal derivatives 
wee split the space Sh(tt) as 

SShh(Q)=(Q)= Qh(h)®Kh(Q), 

with h 

/Cfc(fi )) = k e r ( 7 P ) n 5h ( n ) = S p a n( iPi{x)tPj(y) \ ij  = 1,4 ) , 

withh %j)k = <j>k-  4>2 - 4>z and 

QQhh(tt)(tt) = Span(<f>2(x)<f>j{y),  4>3{x)4>j{y), Mz)fa(y), MtfMv), i . j ' = 1,2,3,4) . 

Wee see that Qh{&) is 12-dimensional and Kh(£l) is 4-dimensional. The normal 
derivativess on the four edges of f£ are all approximated by cubic polynomials 
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relatedd by the condition that at the vertices ^;(^£M — ^ ( i ^ " ) - So we find the 

approximatingg space for the normal derivatives at the boundary of £), viz., and 
att the boundary of Q, as 

QQhh(dn)(dn) = 7?( Qh(n)) c H-^2(dn). 

Consideringg the Lagrange multiplier function p G H~1^2(dQ) in (6.7), we know 
that,, if u satisfies the Poisson equation (6.17) and also the Dirichlet boundary 
condition,, the Lagrange multiplier p on dQ represents the normal flux n • Vu at 
thee the boundary d£l, i.e., p — n • Vu. Thus, in the discrete hybrid formulation 
(6.20),, we write for the Lagrange multiplier ph — n- Vx/i on d£l, where n is the 
unitt outward normal vector and \h € Qh{®) is the master flux function given 
by y 

XhXh = ^2 Ui^M^jiy), w i t n au — °> *>j = i ,4. 
l< t , j f< 4 4 

Soo we recognize the discrete hybrid formulation (6.20) as a (16 + 12) x (16+ 12) 
linearr system. 

Too study the regularity of this hybrid formulation, we plot the singular values 
off  the discrete 28 x 28 system as function of the circle radius, 0 < R < \/2. The 
resultt is shown in Figure 6.6. In this figure we see 28 singular values as a function 
off  the circle radius, R. The discrete formulation is sufficiently well-conditioned 
upp to circle radii of R « 1.1. In that case more than 80% of the total domain fi 
consistss of the fictitious domain fi. The reason for the cusps in the figure near 
RR — 0.4 and R — 0.9 is unknown. 

Next,, we check how the cubic approximation will be solved for the exact 
solutionn by taking in (6.17) the right-hand side and the boundary conditions 
suchh that the solution is given by u = x3 + y3 + xy. The solution and the error 
forr two possible domains (R = 2/5 and R — 4/5) are shown in the Figures 
6.77 and 6.8. We see that the hybrid formulation finds the exact solution on 
thee domain Q, except for rounding errors corresponding to the condition of the 
linearr system. 

Too check the approximation behavior of the method we repeat the experi­
mentt for the solution u(x7y) = ex+y in (6.17). The solution and the error for 
bothh domains (R — 2/5 and R = 4/5) are shown in the Figures 6.9 and 6.10. 
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F i g u ree 6.6: The singular values as function of the embedded circle bow radius for the fourth 
orderr hybrid discretization. On the fictitious part of the domain the solution and the error 
aree set equal to zero. 

So lu l ionn on doma in of 

F i g u ree 6.7: The solution u = x3 + y3 + xy and the error on the domain Q of the fourth 
orderr hybrid discretization (R = 2/5). 



W E A KK F O R MS F OR E M B E D D ED BOUNDARY C O N D I T I O NS 137 

Solut ionn on Errorr on domain of inle 

F i g u ree 6.8: The solution u = x3 + y3 + xy and the error on the domain fi of the fourth 
orderr hybrid discretization {R = 4/5). 

nn domain of interes! 

F i g u ree 6.9: The solution u = ex+y and the error on the domain CI of the fourth order hybrid 
discretizationn (R = 2/5). 
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ii d o m a i n of ii 

Figuree 6.10: The solution u 
hybridd discretization (ft = 4/5). 

eex+yx+y and the error on the domain Q of the fourth order 

6.4.22 The combination of the hybrid and the discontinu­
ouss Galerkin formulation 

Inn the previous sections we have seen that the discretization of the hybrid form 
withh an embedded Dirichlet boundary condition leads to a regular linear system, 
whereass the linear system of a discontinuous Galerkin discretization is not always 
invertible.. On the other hand the discontinuous Galerkin method is cheaper, 
becausee the Lagrange multiplier has been eliminated and hence less degrees of 
freedomm are involved. So, to reduce the computational costs, if we consider a 
largee regular rectangular grid on which locally there exist cells with embedded 
Dirichlett boundary conditions, it is natural to treat these cells with the hybrid 
method,, while the 'normal' rectangular cells are treated with a DG-Galerkin 
discretization. . 

Too study such a method, we consider two adjacent rectangular cells Q,\ and 
02 ,, where only Cli has an embedded Dirichlet boundary condition. The cells 
havee a common interface I \ 2 . Because cell fii  has an embedded boundary con­
dition,, we treat this cell with a hybrid discretization. The cell fl 2 is discretized 
byy DG discretization. So, on cell f2j we have 

II  Vuh-Vuhdx- I (m,2 • Vxh)vhds - / (n-Vxh)vhds- (6.23) 
•'«ll  • 'r l i 2 " 'öni \ r i i 2 

// (ni,2 -Vqh)ukds - / (n • Vqh)uhds = / fvhdx- / n • Vqhu0ds, 
JTiJTii2i2 ^ani\r12 ./«i J9Qi\ri  2 



WEAKK FORMS FOR EMBEDDED BOUNDARY CONDITIONS 139 9 

wheree ni 2 is the unit normal on the interface Ti^ pointing from cell Qi towards 
celll  0,2- On the other hand, on cell £̂2 we consider (for simplicity) the symmetric 
DGG discretization. Hence 

// Vufc • Vuhdx - / ( n2 , i - V ü h K ( i s - / (n • Vuh)vh ds- (6.24) 
JuJu22 JT\,2 Jdn2\^i,2 

II  (n2,i • Vvh)uh ds - (n-Vvk)uhds - / fvdx- I (n - Vvh)u0ds. 

Noww we have to couple the two cells at the interface T\^- Therefore, we have 
too satisfy the locality, consistency and conservation conditions as discussed in 
[3].. To meet these conditions we define the average fluxes across the interface 
by y 

( v ^ )) = 2 (VXfclsfh + Vufclan2)
 a nd ( v ^ ) = 2 (v«hlöfi i  + Vvftlafi a) > 

andd the jumps by 
MM = Uhl^nip + uh\dÜ2n2jl. 

Thenn combining (6.23) and (6.24), together with the flux and jump relations, 
wee arrive at the form 

II  VuhVvhdx- I (V ĥ)-[vh]ds- (v7h) • [uh]  ds-

(n-Vxh)vhds-(n-Vxh)vhds- I (n- Wuh)vhds- I (n - Vqh)uhds~ 
•/0fii\ri ]22

 J9fi2\r li2 Jdcii\rlt2 

// (n • Vvh)uhds = ƒ fvhdx- / (n • S7qh)u0ds - (n - Vvh)uods. 
Jöf22\ri,22 -/fiiu^ ^ani\ri,2 °'o«2\ri,2 

Thiss weak form can immediately be used for discretizations as described 
above.. The solution and the error of such a combined discretization with cubic 
polynomialss is shown in Figure 6.11. 

6.4.33 An embedded boundary for  the convection equation 

Havingg studied the discretization of the Poisson equation, we now consider the 
convectionn equation with an interior Dirichlet boundary condition 

bb • Vu = ƒ in £2, u = UQ on c?fijn, 
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F i g u ree 6 .11: The approximate solution u = x + y of AM = 0, and the error on the domain 
filfil  Uf22 for a fourth order combined hybrid-symmetric DG discretization with embedded circle 
segmentt Dirichlet boundary condition {R = 3/4). 

wheree b is a constant vector denoting the 
iss the inflow boundary of il  such that this 
infloww and outflow boundaries are defined 
onn <9f2out, respectively. Considering the 
wee also split this boundary in an upwind 
dfldfl — df̂ in U 9f2out. Then, according to 
arrivee for the boundary value problem at 
uu G Hl(fl) and x £ #1/2(<9f2in) such that 

directionn of the convection and Ö0;n 

boundaryy is dfl — 9fii n U <90Out- The 
byy b • n < 0 on dfi i n and b • n > 0 

boundaryy of the whole domain dfl, 
andd downwind boundary such that 

thee Lagrange multiplier theorem we 
thee following weak formulation: find 

S7vS7v -hu dx + nb xv ds + n • b uv ds+ (6.25) 

// n • b qu ds — \ fv dx + / n • b qu0 ds, Vt; e H1^), 
JdnJdniuiu Jo. JdniT1 

inn which we assume that u on the fictitious domain fl satisfies the differential 
equationn and is the continuation of the solution u on the domain Q. Figure 
6.122 shows the solution and the error if (6.25) is used as the starting point for 
aa discretization with cubic polynomials, as discussed above. 
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Solutionn on domain o( interest Error on domain of interest 

F i g u ree 6.12: The approximate solution u = 1 of the convection equation b • V « = 0 and the 
errorr on the domain O for a fourth order hybrid discretization with embedded circle segment 
Dirichlett boundary condition (R = 8/10). 

6.4.44 Two adjacent cells with a common interior embed­
dedd boundary condition 

Inn this section we study a finite element discretization of the convection diffusion 
equation n 

-eAu-eAu + b-Vu = 0, (6.26) 

discretizedd on two adjacent cells ^ i and ^2, with vertices ( — 1,0), (0,0), (0,1), 
(-1,1)) and (0,0), (1,0), (1,1), (0,1) respectively. The embedded Dirichlet 
boundaryy condition is given on the half circle x2 + y2 = R2, 0 < y < 1, so that 
thee domain of interest is given by 

n=(Ün=(Ü11UÜUÜ22)\{(x,y))\{(x,y) \x2 + y2 <R2}. 

Wee first consider the diffusion part of the equation. Then the weak hybrid 
formulationn of the problem reads: find u G Hx{iï h) and p G H~1^2(dü U r i n t ) 
suchh that: 

(Vu,, Vv) f i h - (p, v)dh - (p, n • [v]) fint - (q, u)dn - (q, n • [u])rfai = (6.27) 

(f,v)ö(f,v)öhh-(q,u-(q,u00))dndn,, \/veH\nh), yqGH^/2(dnuTint), 

wheree iï1(f2/l) is the broken Sobolev space on fli  U ^2 (see Section 2.2.1) and 
thee common interface is given by Tint = fij  flfi2 , with n the normal vector. The 
interfacee r i n t , not including the fictitious part, is defined by r i n t = Oj n fi2-
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Recognizingg in pjp a normal flux on the common interface r^ t , we define the 

tracee operators, 7? : H1^) n C1 ^ ) -> H'^^dÜ U f in t) and 7? : &{&)  n 
C11 (fi) —> H~1//2(dQ U Tint). In order to approximate the normal derivatives on 
dfii  UTint we proceed as in Section 6.4.1 and introduce the polynomial subspace 
SShh(Q)(Q) C Hl(Q) n C 1 ^ ) . We split this space as: 

SShh{ü){ü) = Qh{Q)eKh{Q), 

with h 

ür fc(n)) = ker(7(i)n5fc(n). 
Thenn the discrete version of (6.27) reads: find Uh £ Sh(fth) a nd Xh € Qh(fi) 
suchh that 

(V«h,Vv*) aa -(7?(Xh),7o(fh)) - " (7?(Xfc) ,k ] )P (6-28) 
""  \ / ail \ / r ;nt 

-- (7"(?h),7o(«h)>an - (7?(9h). [^]>r int 

(Notee the polynomial spaces used!). For the polynomial space Sh(£lh) w e c an 

takee the usual space of piecewise cubic polynomials in each coordinate direction 
onn the partitioning f£i U £7,2- On the other hand, it is not trivial to find a cubic 
polynomiall  space for Qh(ty C H1(Q) n C1(f2). As we do not want to make our 
discretizationn unnecessary complicated and expensive, we eliminate the extra 
degreess of freedom for \h by identifying them with Vu/j. Similarly, identifying 
qhqh with aVvh on c?Qurjnt we arrive at a discontinuous Galerkin discretization: 
findfind Uh £ Sh(Qh) such that 

(Vu(VuhthtVvh)nVvh)nhh - ( V % , v / , ) ^- ((V«h>,[üh])f.nt + cr(Vvh,uh)dU + (6.29) 

o"" «Vv/,), [w]>r,„ t = (A  ufc)nh + CT (^vh,u0)dii, Vv € Sh(Qh), 

withh the usual choices for the normal flux functions. 
Nevertheless,, the use of DG discretization forces us to monitor for possible 

singularities.. However, in the next chapter we show for the cubic discontinuous 
Galerkinn discretization how possible singularities can be avoided by introducing 
ann extra weighting term for the embedded Dirichlet boundary (see also [47]). 

Too continue we consider the convection part of (6.26). So, on the domain Q, 
wee consider the equation 

bb • Vu — ƒ, u — UQ on dtti 
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Forr simplicity we set b = (1,0). Then the embedded boundary is an outflow 
boundaryy for Qi, whereas for f£2 it is an inflow boundary. Hence, we can neglect 
thiss embedded boundary in fij , whereas in cell D2 we must introduce a Lagrange 
multiplierr in order to satisfy the upwind boundary condition on the circle bow. 
Thereforee we arrive at the following weak form for the convection part: find 

-- I Vv • budx + (n • hu)vds + (n • bx)vds (6.30) 

++ / (n • bu)vds + I (n • hq)uds - (n • hq)u~ds 
•/9sV0utt JdnlT1 i r i n t 

== ƒ fvdx— / (n-bu0)vds + / (n • hq)uods Vv,q£Hl(tt), 

wheree u~ — U\QH1 =
 ulr in t- If we want to eliminate in (6.30) the extra degrees 

off  freedom, we set x — u an<i Q — v. 
Thee linear combination of (6.29) and (6.30) gives a discretization of the 

convectionn diffusion equation 

- A uu + b - Vu = / in Q, u = u0 on dfl. (6.31) 

Thee Figures 6.13 and 6.14 show the solution and the error of the discretization 
off  (6.31) by means of (6.29) and (6.30) with tensor-product cubics. 

6.55 A singularly perturbed PDE on only two cells 
withh a half circle excluded 

Inn this section we are interested to solve the following convection diffusion prob­
lemm (see Figure 6.15). More details about this problem can be found in [21]. 

-- eAu + ux = ƒ, on Q = {  (x, y) \ - 1 < x < 1, 0 < y < 1}  , (6.32) 

uu = 0 on dü = {  (x,y) \ x — - 1 , 0 < y < 1; - 1 < x < 1, y = 1}  , 

u = ll  on r D = {  (x,y) I x2 + y2 = R2,y > 0; R< l } , (6.33) 

n-eVun-eVu = Q on rN = {  (x,0) \ R < \x\ < 1}  U {  (1, y) | 0 < y < 1} . 
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F i g u ree 6.13: The approximate solution u = x3 + y3 + xy of - A « + ux = ƒ and the error 
onn the domain S7 = Qi U Q2 for a fourth order symmetric-DG discretization with embedded 
circlee Dirichlet boundary condition (R = 3/4). 

F i g u ree 6.14: The approximate solution u = ex + ! / of —AM + ux = ƒ and the error on the 
domainn Qi UQ2 for a fourth order symmetric-DG discretization with embedded circle Dirichlet 
boundaryy condition (R = 3/4). 
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D D 

r D D 

F i g u ree 6.15: The domain for problem (6.32-6.33). 

Lett f2i and fi2 be two unit cells with respectively vertices (—1, 0), (0, 0), (0,1), 

(-1,1)) and (0,0), (1,0), (1,1), (0,1) so that Q - ^ U ^ . For this problem we 
wantt to study the symmetric and the Baumann-Oden DG-method. 

Firstt we study the diffusion part of (6.32) and replace the homogeneous Neu­
mannn boundary condition on TN = {  (x, y) \ x = 1, 0 < y < 1}  with the homo­
geneouss Dirichlet boundary condition, in order to obtain a symmetric problem 
aroundd x — 0. Now the corresponding hybrid formulation (6.7) for (6.32) reads: 
findfind u e H1^) and p G H~1/2(dn U f in t) such that 

(V«,, Vv)fi - (p, v)dn - (q,u)dnuru - (p,n • [v]) fiat -(q,n- [u])r.nt = (6.34) 

(/.«)fi-<«.«o>anurD>> V ^ e f f 1^ ) , q e H~"2{dn u rlnt). 

Heree H1^^} is the broken Sobolev space on fii  U Q,2 and the jump operator is 
givenn by [v]  - n1i ; |a^ i + n2v|9^. Further, r i n t = öf i inöf i 2 is the interior wall 
onn which the true solution is continuous. However, continuity is not required 
outsidee O and hence not on all of Tint = r i n t n Ü. 

Too arrive at the DG-discretization of (6.34) we take for the test and trial 
space,, Sh(fi) C i/2(fi/j) , the tensor product of polynomials of degree p < 4 in 
eachh of the coordinate directions and we write for the approximation 

UhUh = EE E • 
0<e<22 0<i , j<4 

M,jj  <PeAx) <t>e,j(y)-

Inn practice we construct a basis from (6.21). 
Next,, for the DG discretization, we eliminate the extra equations and degrees 

off  freedom for the Lagrange multiplier using the fact that p represents the normal 



146 6 D GG DISCRETIZATION WITH EMBEDDED BOUNDARY CONDITIONS 

Solutionn on domain of interest Solution on domain ot interest 

symmetricc DG Baumann-Oden DG 

F i g u ree 6.16: The approximate solution u  ̂ of An = 0 on the domain Q with symmetric 
boundaryy conditions and fourth order discretizations with embedded circle Dirichlet boundary 
conditionn (R = 3/10). 

fluxx of u at 90 and at the internal wall r;n t. Thus, replacing p by n • VM/ , on 
900 and by (n • Vuh) on T;nt and replacing similarly q by — an • Vv, we get the 
DGG discretization of (6.34): find Uh € 5^(0) such that 

(Vu(Vuhh,, Vvh)fi - (n • S7uh,vh)dn + a (n • Vvh, uh)9nuro - (6.35) 

«Vu*,) ,, H)P i ot + a ((Vvh), [u])rint = {f,vh)n + a{n-Vvh,uo)muro, 

Figuree 6.16 shows the solution of the symmetric (a = —1) and the Baumann-
Odenn (a = 1) discretization. We see that both solutions are symmetric, indeed, 
becausee of the symmetric structure of the problem. On the other hand we 
recognizee the unstable behavior of the symmetric DG method, which is of poor 
qualityy compared to the solution of the Baumann-Oden method. 

Wee proceed by considering both methods for the diffusion part of the 
equationn and boundary conditions as in (6.33). Then the discrete formula­
tionn is also given by (6.35), except that the Dirichlet boundary condition at 
{(l,y){(l,y) \ 0 < y < 1} is replaced by the homogeneous Neumann boundary con­
ditionn n • Vu = 0. The corresponding solutions of the symmetric and the 
Baumann-Odenn method are shown in Figure 6.17. Now the solutions are not 
symmetric.. Again, the solution of the symmetric DG-method is poor compared 
too the solution of the Baumann-Oden DG method. 

Finally,, we take the convection part of (6.32). The Lagrange weak for-
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Solut ionn on domain of interest 

symmetric c Baumann-Odenn DG 

F i g u ree 6.17: The approximate solution uh of Au = 0 on the domain 0 with the boundary 
conditionss (6.33) for a fourth-order symmetric and Baumann-Oden discontinuous Galerkin 
discretization.. The embedded circle Dirichlet boundary condition is located at R = 3/10. 

mulationn of the convection term for the cell fl2 reads: find u e H1(n2) and 
pp e i / 1 / 2(öf i i n) such that 

(Vv-b,u)fi(Vv-b,u)fi + <j>  vn-bu ds+ 
JdVLo JdVLo 

(6.36) ) 

< p n - b> « )ö n t o= 0,, W e t f 1 ^ ) , 

(q(q n • b, u)9Qin = {qnb, w0)ani n . v9 6 i?1 / 2(öf i i n), 

withh b = (1, 0) and u0 = 1 on the embedded circle, TD n d£lm, while u0 = u~ 
onn the common interior boundary, r i n t n 9fi in, with u~ being the upwind value 
off  u obtained from f2j. 

Ass for the diffusion term, we can rewrite (6.36) in a hybrid formulation, where 
thee Lagrange multiplier is computed on dflln, the inflow edge of the domain fl2 • 
Thus,, we obtain: find u e H1{ü2) and p ë H1/2(dQin) such that 

( W b , u) ) 
/ --
JdflJdfl2 2 

vnbuvnbu ds+ 

(pn-b,v)(pn-b,v)aaa a dndnin in 

(6.37) ) 

o,, \/veH\n2), 
(qn-b,u)(qn-b,u)dndn..nn = {qn-b,u0)dniii, Vg € H1/2(dam), 

Next,, the second term in (6.37) is split in an integration part over the inflow 
andd a part over the outflow edge of dfl2 so that we can combine the integration 
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off  u and p over the inflow wall dftin. This yields: find u G i / 1(^ 2) and p G 
i / 1 / 2(öÖi n )) such that 

-- (Vv • b, u)^2 4- <(p + u) n • b, u)öf2in + {u n • b, v)af iout + (g n • b, u)ön.n 

== (g n • b, u0}^ ;n , Vv G tf1^), Vg e H^ 2(dam). 

Writingg p = p + u, this is simplified to: find u G H\Q2) and p G ü/"1/2(öÓin) 
suchh that 

-- (Vv - b, u)  ̂ + (p n • b, v)d  ̂ + (u n • b, v)aoout + <g n • b, u)dihn (6.38) 

== ( g n - b, u0) a n in , Vv G tf1^), V? G H^2{dQ[n). 

Too eliminate the Lagrange multiplier p, we recognize this function as the value 
off  u at the boundary <9f£jn. The corresponding equations are eliminated by 
takingg q = av on <9niri, yielding the DG-formulation of the convection term: 
findfind u G H1(Q.2) such that 

-(Vv-h,u)^-(Vv-h,u) ̂ + f i; n-bw ds + <r(v n • b, (u - « ~ ) )r (6.39) 

+crr (u n • b ,u )r D = a (v n • b ,u0) r D , Vt> G / ^ ( f ^ ) -

Inn cell f2i the embedded boundary is an outflow boundary and, therefore, for 
thee convection part there is no boundary condition. Hence, we may treat Qi as 
aa normal convection DG-cell. 

Thee discretization of problem (6.32) is obtained by combining (6.35) and 
(6.39)) and reads: find Uh G 5/j(f2) such that 

(£X7u(£X7uhh,Vv,Vvhh)fi)fi  - (n-£Vuh,i;A )9j 5 + o (n • £^vh,uh)dnijrn (6.40) 

-- ((eVufc), K])f in t + a {{eVvh) , [u,»])r.nt - (Vvh • b, uh)tl + <uhn • b, «,i)0aliOut 

++ A Vhn-bu,! da + <7(vhii-b, (uh - u^))r- + a (VhTl ' b ' U/l)rDndfi2 
J9«22 int 

== a (n • £Vt;/1,l) rD + er (uhn • b, l)TnndQ2 , Vû  G Sh{Q). 

Figuree 6.18 shows the solutions of the fourth order discretization of (6.40) 
forr R = 3/10, for the different values of e = 1, 1/10, 1/50, 1/100. We see 
thatt in all cases the solution is stable. For values of z = 0(1) we clearly 
seee the approximation of the boundary condition UQ — 1 on the circle bow, 
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whilee for small values of e, when the true solution shows a thin boundary layer, 
typicall  effects of the weak boundary requirement show up. Figure 6.19 shows 
thee solution for s = 1/50. Although it seems that the solution is not able to 
catchh the boundary layer in Ü. at the upwind side of the circle, we clearly see 
aa boundary layer arising in the fictitious part of the domain if we consider the 
totall  O. Clearly, the cubics are not able to represent the thin circular boundary 
layer.. Note, injjarticular, that at x = 0, y < R, there is a discontinuity in the 
fictitiouss part fl. For small values of e « 1 the boundary layer disappears. 

ainn erf interest -ll domain of ir 

ee = 1 1/10 0 

ll of interest 

££ = 1/100 

F i g u ree 6.18: The approximate solution u  ̂ of - E A I I + ux = 0, on the domain exterior of the 
circlee for a fourth order Baumann-Oden DG discretization with Dirichlet boundary condition 
«oo = 1 on the circle, (R = 3/10). 
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So lu t ionn on tota l d o m a i n Solut ion on doma in ot interest 

Totall  domain Domain of interest 

F i g u ree 6.19: The approximate solution Uh for the same problem as in Figure 6.18, with 
ee = 1/50. At the right, the approximate solution on Q, the domain of interest. Left, the ap­
proximatee solution on fi , the whole domain where the approximation is constructed, including 
thee fictitious part. 

6.66 Conclusion 

Inn this chapter we propose a technique for the treating second-order elliptic 
PDEss with complex Dirichlet boundary conditions in combination with a dis­
continuouss Galerkin discretization. The aim is to maintain a structured, regular 
rectangularr grid while solving problems with irregular curved boundary condi­
tions. . 

Thee complex domain on which the solution is sought, is covered by a fictitious 
domainn with the structured, regular rectangular grid. An embedded boundary 
iss the transition between the domain of interest and the fictitious part of the 
computationall  domain. 

Wee present and compare several weak forms for the diffusion part of the 
equation:: the Lagrange multiplier form, the hybrid form and the DG-form. 
Thee hybrid form shows regularity for an arbitrary location of the embedded 
boundary,, whereas for the other forms the discretization may become singular 
forr particular locations of the Dirichlet BC. The problem is studied, first for a 
singlee cell and then for a couple of adjacent cells, either sharing or not sharing 
thee embedded boundary. We also describe the treatment of a convection part 
inn the equation. 

Ass an example, we solve a singularly perturbed boundary value problem on a 
complexx domain by means of a fourth-order DG-discretization on only two cells. 



CONCLUSION N 151 1 

Althoughh -as expected- it appears to be impossible to accurately represent sharp 
boundaryy layers with a complex structure by means of a few cubic polynomials, 
thee boundary condition treatment is quite effective in handling such complex 
situations. . 
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Chapterr 7 

AA feasibility study for DG 
discretizationn with embedded 
Dirichlett boundary condition 

Summary y 

Inn this chapter we introduce a discretization of discontinuous Galerkin (DG) 
typee for solving 2-D second order elliptic PDEs on a regular rectangular grid, 
whilee the boundary value problem has a curved Dirichlet boundary. According 
too the same principles that underlie DG-methods, we adapt the discretization in 
thee cell in which the (embedded) Dirichlet boundary cannot follow the gridlines 
off  the orthogonal grid. 

Thee DG-discretization aims at a high order of accuracy. We discretize with 
tensorr products of cubic polynomials and we parameterize the embedded bound­
aryy by cubic polynomials. Then, by construction, such a DG discretization is 
fourthh order consistent, both in the interior and at the boundaries. The pro­
posedd discretization technique is motivated by the fact that it results in only a 
slightt modification of DG discretization at embedded boundaries and requires 
aa much simpler mesh generation than needed for boundary conforming meshes. 
Inn particular the method can show its use in cases where regular rectangular 
gridss are preferred. 

Too illustrate the possibilities of our DG-discretization, we solve a convection 
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dominatedd boundary value problem on a regular rectangular grid with a circular 
embeddedd boundary condition [21]. We show how accurately the boundary and 
shearr layer, emanating from the curved embedded boundary, can be captured 
byy means of the tensor product polynomials on the structured orthogonal mesh. 

7.11 Introduction 

Inn the previous chapter (see also [22]), we introduced weak-formulations of dis­
continuouss Galerkin (DG) type for the solution of second-order elliptic PDEs on 
aa structured, regular rectangular grid, while the problem is defined on a curved 
boundaryy and we studied fourth order discretizations on a single cell and on a 
pairr of cells. In this chapter, we introduce a DG-discretization technique for 
solvingg 2-D second order elliptic PDEs with curved Dirichlet boundary con­
ditionss on a complete regular rectangular grid. This discretization technique 
iss motivated by the fact that it results in a high order discretization and a 
significantlyy simplified mesh generation in comparison to discretizations using 
boundaryy conforming meshes. 

Sincee renewed insights into discontinuous Galerkin methods for elliptic PDEs 
weree obtained, [3, 5, 36, 40], these methods gain in popularity. Especially, 
becausee of their convenient properties when combined with the /ip-adaptive 
approachh and multi-grid solvers [29, 42, 44]. In view of such applications we 
wantt to solve elliptic PDEs by a DG-method on a regular rectangular grid, 
whilee the embedded boundary is typically not aligned with the grid, but rather 
intersectss the edges of the grid. ^ 

Forr this purpose, we introduce a domain Q slightly larger than the domain 
QQ on which the BVP is defined and we straightforwardly discretize the PDE 
onn the structured orthogonal mesh with tensor products of cubic polynomials. 
Thee part of the Dirichlet boundary, which is not aligned with the grid, i.e., the 
embeddedd boundary, is parameterized by cubic polynomials in each cell, while 
thee Dirichlet boundary value constraint is incorporated by the use of a Lagrange 
multiplier.. Then, according to the typical DG setting, DG-formulations for the 
embeddedd boundary are derived by elimination of this Lagrange multiplier. By 
construction,, such a DG discretization is fourth order consistent, both in the 
interiorr and at the boundaries. 

Certainly,, the most classical technique in treating complex boundaries is the 
FEM,, where elements near the boundary are adapted to the shape of the bound­
aryy curve. Although this method is convenient for high order discretizations, 
thee advantage of having a structured grid is lost, while 3D grid generation still 
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remainss an extremely challenging problem. 
Inn the field of finite difference methods, the finite differences can be locally 

adaptedd to the curved boundary while the total domain is a regular structured 
grid.. A recent example is the Embedded Curved Boundary (ECB) Method for 
higherr dimensions, in which the curved boundary is approximated by piecewise 
linearr segments [28, 32]. This method is fast and has all the advantages of 
havingg a regular structured grid, however no order of accuracy can be expected 
higherr than two. 

Anotherr method which treats complex geometries on orthogonal meshes, is 
thee immersed boundary (IB) method. This method was introduced by Peskin 
[39,, 46] as a method to study biofluid dynamics problems. Examples of appli­
cationss are the coupled motion of the blood fillin g the ventricles of the heart 
andd the interaction between flexible elastic membranes in combination with an 
incompressiblee fluid in two dimensions [10]. This approach results in a very 
flexibleflexible method and even a variant with fourth order convergence is reported 
[10].. Nevertheless, we believe that it can be valuable to have a simple method 
att hand that fits with the discontinuous Galerkin discretization. 

Wee present the technique in this chapter according to the following outline: 
inn Section 7.2 we derive the DG-formulation for the Poisson equation with an 
embeddedd boundary. We briefly discuss by a simple ID model problem that the 
discretee operator, associated with the DG-formulation, may become singular for 
certainn locations of the embedded boundary condition (see also Section 6.3), i.e., 
wee identify the Singular Embedded Boundary condition (SEB). We show for this 
IDD model problem that the discrete operator becomes regular if a regularization 
termm is introduced, by weighting the embedded boundary with the traces of two 
linearr polynomials. 

Sincee the Baumann-Oden DG formulation is positive and stable for polyno­
miall  discretizations of order larger than two [3] without the use of an interior 
penaltyy term, we continue to study this form for the 2D Poisson equation with 
ann embedded boundary condition. We show by 2D numerical experiments that 
thee cubic Baumann-Oden DG-discretization for the embedded boundary prob­
lemm can be regularized as in ID, by a similar regularization term, now weighting 
thee embedded boundary with the traces of four bilinear polynomials. Then, us­
ingg this regularization term, on halving the gridsize, an average error reduction 
off  about a factor 12 can be expected. This sub-optimal convergence can be 
improved,, without introducing more complexity in the discretization, if for van­
ishingg cut cells, i.e., vanishing local domains of interest fie, the surface of the 
fictitiousfictitious part of the cell is downsized, while keeping fie unchanged and the cell 
fi ee rectangular. 
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I tt is straightforward to extend the use of the above DG-technique for the 
embeddedd boundary condition to the convection equation. This is explained in 
Sectionn 7.4. 

Inn the last section we solve a singularly perturbed convection dominated 
boundaryy value problem with an embedded circular boundary. We show how 
accuratelyy the boundary layer and shear layer, emanating from the curved em­
beddedd boundary, can be captured by means of the tensor product polynomials 
onn the structured orthogonal mesh. 

Thee present discretization technique can be applied in combination with a 
fulll  multigrid algorithm. 

7.22 The discontinuous Galerkin forms 

7.2.11 The discontinuous Galerkin formulatio n for  the em­
beddedd boundary condition 

Inn order to solve a second order elliptic problem Lu — ƒ on a complex domain 
byy means of a DG-discretization type, we consider the equation on an open 
domainn Q, which is slightly larger than the open domain Q on which the elliptic 
BVPP is originally defined. On this fictitious domain Q D Q, we discretize the 
problemm Lu — ƒ. The solution u is determined by a Dirichlet boundary condi­
tionn u = UQ on <9f2, the boundary of Q which is smooth enough in order to be 
parameterized.. Further, we assume that the solution u allows for a sufficiently 
smoothh continuation on the whole of Q, i.e., u can be approximated by the trial 
functions.. For this treatment we consider a piece wise rectangular domain Q, 
withh boundary dfl as in Figure 7.1. 

Inn this domain we distinguish two non-overlapping open sub-domains, ft and 
f£,, such that 

nn = n u f t, and 17 D 0 = 0, (7.1) 

wheree ft is the domain of interest and ft is the fictitious part. On the whole 
domainn f2, we now apply the differential equation, while the Dirichlet boundary 
conditionss are (weakly) imposed on dQ, the boundary of ft. So, for the Poisson 
equationn our boundary value problem reads: 

LuLu = —Au = ƒ on SI, and U — UQ on TD = dft, (7.2) 

underr the assumption that the solution u o n O, has a sufficiently smooth con-
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8Ü 8Ü 

F i g u ree 7 .1: The partitioning H/,, the domain of interest CI and the fictitious part Q. The 

fictitiouss domain fi = tl U f!. 

tinuationn into £1, satisfying the Poisson equation on the whole of fi. * 
Too arrive at a mesh-dependent variational formulation of the Poisson equa­

tion,, we consider a partitioning, flh, of fl in regular rectangular cells, such that 

nhh = | üe uefi e = &, Qi n hj = 0, % / j } (7.3) ) 

Byy the partitioning (7.3), we introduce the set of common interfaces between 
adjacentt cells, r ^ = f l j f l ilj.  In this way, cells Cle which contain part of the 
embeddedd boundary -ye C dCl are split into two disjoint parts, Cle — ü,eDfl and 

Oee — Qe n ft, so that Tint — flt n Clj, i  ̂ j , and r i n t = r i n t \ r;nt is the interface 
nott including the fictitious part. (See also Figure 7.1.) On the partitioning 
(7.3),, we consider the broken Sobolev space [5, 6, 37] for non-negative integer 
k,k, defined by 

HHkk(h(hhh)) = {  u e L2(Q) | u\  ̂ e Hk(üe), vne eflft} . 

Noww the weak DG formulation for the Poisson equation with an embedded 
Dirichlett boundary condition reads (see also (6.29) in Section 6.4.4): find u S 

Iff  this is not the case, the weak formulation should be taken as starting point. 
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HH11(Qh),(Qh), such that 

££ (Vu, Vv) f i e - ((Vu), H) f i a t U 9 f i + a «Vt/>, [tt]>rint (7.4) 

++ ( r (n-Vw,u)an + /i(M,[u]) r. i i t + / / { v ,u ) ö n = 

5ZZ (f>vhe + ^ ( n ' V u , u o )9 f 2 + M ^ , w 0 } a n, Vv e ^ ( f l h ) . 

Here,, we define the jump operator [ • ] at the common interfaces Tint and r j n t 

betweenn two adjacent 2 cells Slj and Qj by 

Tintt : [w{x}\  = w(x)\d^ni + w(x)\d^nj, (7.5) 

r i n tt : [w(x)\ = iy(a;)|ön.ni + w(x)\diijnj, 

and,, for the average operator (•), we distinguish between 

r r int t == M*) > = 2 ( r ( x ) lani + ^ ( ^ l a nj  a nd (7-6) 
1 1 

Tintt : <r(x)) - - (r{x)\dQi + r(x)\dQj) . 

Notice,, that the terms a ((Vv), [u]) r. and ^ {[f] , [w]) r. are also computed at 
interfacess of cells f£e not containing part of the embedded boundary 7, since we 
thenn have 1 ^ = 0 and hence r;nt — r j n t . In this way, we only require continuity 
off  the solution u at the internal boundaries inside £), the domain of interest. 

7.2.22 The singular embedded boundary condition (SEB) 
forr the discontinuous Galerkin formulation 

Too explain a characteristic difficulty that can be encountered if (7.4) is used, 
wee first consider the following simple one-dimensional problem. On a single 
cell,, the unit interval Qh — Q, = (0,1), we consider the Poisson equation with 
homogeneouss boundary conditions, 

dd22u u 
- —— = ƒ, on Q, with u{d) = 0, u(l) = 0, (7.7) 

22 At the boundary dQ the interface with a virtual (flat, exterior) adjacent cell is used. 
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wheree d € (0,1) and O = (d, 1). To discretize (7.7), we take for test and 
triall  spaces the (p + 1 )-dimensional subspace Sh(fi) — Pp(fi ) C /f 1(Q), the 
polynomialss of degree < p. So, we seek the approximation 

uuhh = 5Z  c»^«(a:)'  ^( ar ) € ^ft(^) -
0<i<p p 

Forr (7.7), the general DG-formulation with the embedded boundary condition 
reducess to: find Uh € 6^(0) such that 

ff u'hv'hdx - K ( 1 K ( 1 ) - u'h(0)vh(0)] + a [ u h ( l K ( l ) - uh(d)v'h(d)} (7.8) 
Jo Jo 

++  n[uh(l)vh{l)  + uh{d)vh{d)] = / Uh/tte, VvheSh(&h)-
Jo Jo 

I tt is obvious that (7.8) is (p + l)-st order consistent. However, the matrix 
associatedd with the discrete system of (7.8) can be singular for some location 
dd G (0,1) of the embedded boundary condition. For the given polynomial basis 
inn Sh{Q) we have to solve a (p+1) x (p+1) linear system La^^Uh — f hi in which 
thee matrix depends on the method parameter a — , the penalty parameter 
fifi  > 0 and the location of the interior Dirichlet boundary condition d. The 
locationss for which the matrix associated with the Baumann-Oden-DG (a — 
1,/ii  = 0), the symmetric-DG (a = — 1,/x = 0) and the non-symmetric interior 
penalty-methodd (NIPG) (a — 1,/J > 0), is not invertible, are shown in Table 7.1. 
Wee call these locations, d, the singular embedded boundary conditions (SEBs). 

T a b lee 7 .1: Locations d of the embedded boundary condition (SEBs) for which the discrete 

systemm becomes singular. The discretizations are made for Sh(Q) — Pp(0 ,1 ), p = 2,3,4. 

p p 
2 2 
3 3 

P P 

Thee symmetric or Baumann method 

--
2/5 5 

3 / 7 -- l/7>/2 

--
--

3/77 + 1/7 V2 

NIPGG (ft = 5) 
11/21 1 

0.2820018914 4 
0.1786866021 1 

--
0.8313042416 6 
0.5490461868 8 

--
--

0.934889434 4 

Wee see that the number of locations of the interior Dirichlet boundary condi­
tionn for which the discrete system becomes singular (SEBs), increases with the 
polynomiall  degree p. The use of the penalty parameter /J, > 0 does not stabilize 
thee method. We discuss this below. 
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F i g u ree 7.2: The two spurious modes of a fourth order NIPG discretization, according to (7.8) 

wit hh (j — 1 and large penalty parameter pi = 106. We see that, since Uh{d) = uh{\) = 0(l/fi), 

thee functions satisfy (7.10) by approximation. 

Consideringg the NIPG formulation in (7.8), with a — 1 and \i >> 0, we see 
that,, there remain values of d, for which a spurious mode appears in (7.8): 

00 # uh e Sh(Üh) I f \u'h\
2dx+u'h(0)uh(0) - uh{d)u'h{d)+ (7-9) 

Jo Jo 

rturtu 22
hh(l)+u(l)+u22

hh(d)]=0. (d)]=0. 

Forr fi -> oo equation (7.9) simplifies to 

uuhh(d)=u(d)=uhh(l)=0znd(l)=0znd f \u'h\
2dx = -u'h(0)uh(0), (7.10) 

Jo Jo 

andd we can find a uh € 5^(0) with u'h(0)uh{0)  ̂ 0. By a continuity argument 
thee SEBs of the NIPG method in (7.8) with large penalty parameter \i satisfy 
(7.10)) by approximation. The two spurious modes, corresponding with the SEBs 
dd « 0.1551 and d w 0.6450, of a fourth order NIPG discretization according to 
(7.8),, with a = 1 and large penalty parameter /x — 106, are shown in Figure 
7.2.. We see that, since uh(d) = uh(l) = 0(l/fi), the functions satisfy (7.10) by 
approximation. . 

Inn the next section we show that (7.8) can be regularized. 



T H EE DISCONTINUOUS GALERKIN FORMS 161 1 

7.2.33 Regularization of the SEB for  the one-dimensional 
Baumann-Odenn DG-discretization 

Ourr main interest for higher-order discretizations lies in the Baumann-Oden 
(BO)) method, since this DG-method is positive definite for polynomial spaces 
off  degree k > 2 without the use of an interior penalty term [3]. Therefore, in 
spitee of its adjoint consistency which leads to non-optimal Inaccuracy, we use 
thiss DG variant for the embedded boundary problem, i.e., a — 1 and n — 0 in 
(7.4). . 

However,, in the previous Section 7.2.2 we have seen that, in view of a cu­
bicc discretization of the ID problem (7.7), there is a location of the embedded 
boundaryy (d = 2/5), for which the corresponding linear system is singular (see 
Tablee 7.1). And hence, also for the two-dimensional case, we may expect lo­
cationss of the embedded boundary for which the corresponding linear system 
iss singular (SEBs). Therefore, to regularize the discrete system, we slightly 
modifyy the BO-discretization, by introducing an extra weight at the embedded 
boundary. . 

Forr this purpose, we first consider a modified cubic BO-discretization of the 
one-dimensionall  problem defined in (7.7). For the finite dimensional test and 
triall  space 5A(J!) = Span{0j(a;)}  C Hl(Q), i = {0,1,.., 3} , we take on the unit 
intervall  the polynomials 

<hn+k=t<hn+k=t n+kn+k{l-t){l-t) n+1n+1--kk
tt n = 0, l, A: = 0,1. (7.11) 

And,, with Pl(Q) = Span{l — x, x}, we introduce the following trace operator 
att the embedded boundary at x = d: 

j dd : Sh(Ü)^P1(d)cH-1/2(d) : 7 d K) = 7rf(vo,fc + t;i,fc)=Vo,fc(d)) (7-12) 

withh v0jh E P1^) and vith € Sft(fi) VP^O). The present notation is used to see 
thee correspondence with the 2D-case below. Next, with the approximation Uh — 
J2o<i<4J2o<i<4 ci^i(x)^ w e introduce the following modified Baumann-Oden variant for 
(7.7),, i.e. a = 1 and /x = 0 in (7.8): find uh e Sh(Ü) such that 

ff u'hv'hdx - K ( 1 K ( 1 ) - u'h(0)vh(0)} + i i fc( lK(l ) - uh(d)v'h(d) (7.13) 
Jo Jo 

++ niihidffdivh) = / vhfdx, Vvh e Sh{Qh), fj, > 0. 
Jo Jo 

Itt is obvious that this discretization is fourth-order consistent for arbitrary d e 
(0,1)) and n > 0. Hence, (7.13) reduces to a 4 x 4 linear system LhUh = fh, 
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F i g u ree 7.3: The spectral condition number n = o-max/crmi n of the discrete operator (7.13) 

ass function of d £ (0,1), the location of the interior boundary condition for the cases o : fj. = 0, 

++ : fi = 5 and o : fi = 10. If the regularization term is used, the location of the embedded 

boundaryy for which the discrete operator is singular (d = 2/5) vanishes. 

inn which the discrete operator still depends on d, the location of the embedded 
boundary.. The spectral condition number K = <rmax/(7mjn as function of d, for 
thee regularization term in (7.13), with fx = 0, 5 and 10, is shown in Figure 7.3. 

Inn case /i — 0, i.e., the regularization term in (7.13) is not used, we find 
thee singular embedded boundary condition (SEB) at d = 2/5 of the cubic BO-
discretization,, corresponding with the SEB as shown in Table 7.1. However, 
thiss SEB vanishes for the cases \i — 5 and 10, i.e., if the regularization term is 
introduced.. So, the regularization term makes the fourth-order discrete operator 
invertiblee for arbitrary d € (0,1). Notice that, as a consequence of the vanishing 
domainn of interest, only in the limi t for d —> 1, the system becomes singular. 
This,, however, is intrinsic for the approach and is no restriction in practice. 

7.2.44 Motivation for the use of the regularization term 
Thee use of the regularization term in (7.13) is motivated by the following ob­
servation.. Let us consider the space V(Q) — H1^), fl = (0,1), which we split 
as s 

V(Q)V(Q) = P\Ü)®Hl(n), (7.14) 

wheree P1(fl ) = Span {1 — x, x}. According to (7.12), we now consider the trace 
operatorr at the embedded boundary at x = d: 

j dd : V(Q)-> P^d) C H~V2(d) : jd(v)=yd(v0 + vi) = v0(d), (7.15) 
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B B 

withh v0 E P1^) and v\ E HQ(Q). Next, we assume that the weak formulation 
(7.13),, for large regularization parameter /̂ , may be simplified by neglecting the 
influencee of the term Uh{d)v'h(d). So we consider the weak form: find u E V(Q) 
suchh that 

(u ,u )== / wVdx- [ t / ( l ) v ( l ) - ^ (0 ) i ; (0 ) ]+u ( l ) i ; ' ( l ) (7.16) 
Jo Jo 

+im{dyy+im{dyydd(v)(v) = I fvdx, Vv E V(Q), fi > 0. 
Jo Jo 

Itt is obvious that, for arbitrary d E (0,1) a solution u E V satisfying (7.7), also 
satisfiess (7.16). Next we show that the solution u E V(Q) of (7.16) is unique 
andd hence satisfies (7.7). 

Theoremm 1. Consider the bilinear form B(u, v) given in (7.16) on the functions 
spacespace V(Sl) as in (7.14). The linear system associated with (7.16) is regular in 
thethe sense that, for arbitrary d E (0,1), from B(u,v) = 0, Vt? E V(Q) it follows 
thatthat u = 0. 

Proof.Proof. Let 0  ̂ u E V(ü) be arbitrary and select first vx E D(Q) — {v E HQ(Q), 

V'{1)V'{1) = 0} . From 

/ / 

l l 

u'v[dxu'v[dx = 0, Vu! E D(ü) c H*(Q), (7.17) 

wee conclude that u is a linear polynomial on Q,. Next, for arbitrary v\ E HQ(Q), 

u'v'u'v'lldxdx + u{\)v[{l)  = Q, (7.18) I. I. 
soo that u — a0( l - x) E Pl{&)  C V(Q), a0 E R, satisfying the homogeneous 
Dirichlett boundary condition u(l) = 0. Now, we consider the function u = 
a0( ll  — x), which has to satisfy 

1 1 
l l 

u'vu'v,,
oodx-[u'{l)vo(l)dx-[u'{l)vo(l) + u'(0)vo(0)] + fiv0{d)u(d) = 0, Vu0 E Pl{&).  (7.19) 

Noticee that for u — a0( l — x) and v0 — 1 — x or VQ — x, the first three terms in 
(7.19)) vanish. Hence we are left with the condition that /j,u(d)vo(d) — 0, Vv0 E 
P 1 ^ ) ,, and hence u = 0. In other words B(u,v) — 0, \fv E V(Q) implies that 
uu = 0. • 
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7.33 The two-dimensional discretization 

Nextt we continue with the two-dimensional Baumann-Oden variant for the em­
beddedd boundary problem, i.e., a — 1 and [L = 0 in (7.4). 

Thee idea is to straightforwardly discretize (7.4) by means of cubic tensor 
product-polynomialss and to parameterize the embedded boundary segment in 
eachh cell by means of cubic polynomials. Then by computing the boundary 
integralss with four-point Lobatto quadrature on the parameterized boundary, a 
fourth-orderr consistent discretization is obtained both in the interior and at the 
boundaries. . 

However,, as seen in Section 7.2.2, also for the two-dimensional case we may 
expectt locations of the embedded boundary for which the corresponding lin­
earr system is singular (SEBs). To avoid this difficulty, as in Section 7.2.3 we 
introducee a similar regularization term as (7.12) for cells having an embedded 
boundaryy segment, to regularize the corresponding discrete system. 

7.3.11 Regular izat ion of the SEBs for the two-dimensional 
Baumann-Odenn DG-discret izat ion 

Wee take (7.4) with a = 1 and /x = 0 as a starting point. (I.e., the BO-formulation 
forr the Poisson equation with embedded boundary conditions.) The idea is to 
stabilizee cells with an interior boundary segment by means of an extra weight in 
orderr to arrive at a linear system which is non-singular for arbitrary locations 
off  the embedded boundary condition. ^ 

Forr this purpose, consider the following BVP. On a single unit square fi , we 
definee the Poisson equation with Dirichlet boundary condition on TD and on 
thee interior boundary part 7, 

—Auu = ƒ on fi, and u = u0 on dO, = TD U 7, (7.20) 

wheree the Dirichlet boundary conditions are defined with d 6 (0,1) on 

TDD = {{x,y) j 0<x<d, y = 0,1; x = 0, 0 < y < 1} , 

77 = {{x,y) \x=d, 0 < y < 1} . 

Too discretize (7.20), we take for the finite dimensional test and trial space 
Sh(Q)Sh(Q) C Hl(Q) the space of cubic tensor-product polynomials in each of the 
twoo coordinate directions, based on (7.11). Hence, with 

SShh(Ü(Ühh)) = {hMMx) € P3x3(Ö)}  , (7.21) 
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andd the approximation 

uuhh{x,y)={x,y)= J2 ci,j<f>i(x)<l>j{y),  (7.22) 
0<i,j<4 0<i,j<4 

wee consider, according to (7.4), the following discrete weak formulation for the 
BVPP (7.20): find uh G Sh(Q) such that 

(Vt*h,, Vvh)fi- <n • V«fc, vh)d(i + <n • Vvh, uh)an + p (uh, 7 D K ) ) 7 , (7.23) 

=(ƒ,, vh)fi + (n • Vvh, u0)dn + fi («o, 7 D K ) ) 7 , Vuh e Sh{Q), 

wheree /z = v/M» |-y| the interior boundary length and %{vh) is a trace operator 
similarr to (7.12) and here defined by 

7DD : Sh(Ü) C H'iÜ)  ̂ P^1^) CH-^2(j) : (7.24) 

7 D K )) = ^ O , /1 ( 7 ) G ^1 X 1 ( 7 ) , 

andd Pl x l ( 7) = {vh I vh = vh|7, vh £ P l x l }  i.e., Pl x l ( 7 ) contains functions 
thatt are restrictions of a bilinear function on Ü to the embedded boundary 7. 
Inn this way, applying the regularization term in (7.23), means that the interior 
boundaryy 7 is weighted with the traces of only the linear polynomials in -S/^fi). 

Withh the finite dimensional function space (7.21) and the approximation 
(7.22),, the bilinear form (7.23) reduces to a 16 x 16 linear system Lhuh = fh, in 
whichh the discrete operator Lh is still a function of d, the location of the interior 
Dirichlett boundary condition. For the regularization term in (7.23), with [i  = 0, 
55 and 10, Figure 7.4 shows the spectral condition number K = <rmax/crmin as 
functionn of d. 

Iff  we first consider the case p = 0, i.e., the regularization term in (7.23) 
iss not used, there are locations (SEBs) of the embedded boundary for which 
thee discrete system Lhuh = fh becomes singular. This is reflected in a sudden 
increasee of the spectral condition number near d « 0.4 and 0.8. The situation 
changes,, if the regularization term is introduced: for /i = 5 and 10, the SEBs 
havee vanished. 

So,, in view of this fourth-order discretization of (7.23), the regularization 
makess the discrete operator Lh invertible in a similar way as in the one-
dimensionall  case. However, for discretizations of (7.23) of order higher than 
four,, a more sophisticated weighting term should be introduced, to remove spu­
riouss modes in the solution. 
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F i g u ree 7.4: The spectral condition number K = crmax/<7min of the discrete operator (7.23) 

ass function of d, the location of the interior boundary condition for the cases o : n = 0, 

++ : \i = 5 and o : n — 10. It shows, that, if the regularization term is used, the locations 

off  the embedded boundary for which the discrete operator is singular vanish. The discrete 

operatorr with regularization term is well conditioned for d e (0.2,1]. For a vanishing domain 

off  interest H, it is natural that the discrete operator becomes ill-conditioned. 

Furthermore,, we see in Figure 7.4 that, for a vanishing domain of interest Ü 
withh respect to the fictitious part of the domain tt, d € (0, 0.2), the discrete op­
eratorr becomes ill-conditioned. The suboptimal behavior in the case of a large 
fictitiouss part with a very small domain of interest in the computational cell, is 
quitee natural because the smooth continuation of the solution in the fictitious 
partt of the domain becomes the dominating factor. Then we have a vanishing 
cutcut cell. However, without changing the complexity in the discretization (7.23), 
aa vanishing_cut cell can easily be avoided, by reducing the surface of the ficti­
tiouss part Q.e while keeping the domain of interest unchanged and keeping the 
computationall  cell fie rectangular. 

Inn the next section we study this discretization technique for more complex 
domainss partitioned according to (7.3), where the cells with interior boundary 
segmentss are discretized by the fourth-order discrete form (7.23) and other cells 
aree discretized by means of the corresponding Baumann-Oden's DG form. In 
thiss initial study, we do not take special measures for vanishing cut cells, in 
orderr not to obscure the convergence behavior of the approximate solution. 
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7.3.22 Applicatio n of the Poisson equation wit h a half circle 
excluded d 

Inn this section we study a fourth order discretization of the Baumann-Oden DG 
formulationn (7.4), with er = 1, ^ = 0, for the two-dimensional Poisson equation 
onn a rectangular domain with a half circle excluded, where we apply on the 
interiorr boundary the extra regularization term as in (7.23). 

Forr this purpose, we consider the (initial) computational domain Q with 
verticess (x, y) = (0,0), (2,0), (2,1) and (0,1). The circular embedded boundary 
iss described by 

7 == {  {x,y) | {x-l)2 + y2 = R2 < 1; x,y>0 } , (7.25) 

andd is in each cut cell parameterized by means of cubic polynomials. Then, the 
fictitiousfictitious part of the domain O is given by 

&={&={  (x,y) \x,y>0; {x - l ) 2 + y2 < R2 } . 

Next,, according to (7.3), we partition the domain S7 in a set of regular square 
dyadicc grids {g(i), i = 0,1,2,3}, with mesh size h = hx = hy = \ An 
examplee of such partitionings is shown in Figure 7.5. 
Inn this figure, we see the coarse and finer partitionings, where the radius of 
thee embedded boundary is R = \ /ÖÏ3. We take the radius in (7.25) such that 
thee parameterized curve segments -ye in cells Qe intersect two edges. (No two 
intersectionn points on one edge.) 

Onn meshes as in Figure 7.5, we consider the discrete Baumann-Oden DG 
formulationn for the embedded boundary (7.4) with regularization term at the 
curvedd boundary as in (7.23): find uh G Sh(Qh) such that 

YlYl (Vw/*' Vt7fc)ne - <n- Vufc,u/l)öfi + (n- Vvh,uh)dQ - {(Vuh), [vh])f lnt 

++ ((Vvh), [uh])Viat + M ( T D M , uh)1 = J2 (/» vh)ne + <n • Vvh, u0)dn 

++ A*{TD(V/»),U0) 7, Vvh e sh{nh), (7.26) 

wheree /J, = v/\je\, v > 0 and 7 = £ e -ye with 7e the parameterized boundary 
segmentt in cell Oe with length |7e|. 

Next,, we take for the finite dimensional test and trial space Sh(&h) C 
if^f ih )) the space of piecewise cubic tensor-product polynomials as in (7.21). 
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F i g u ree 7.5: The domain Q, partitioned in {g(i), i = 0,1,2,3}, with a half circle excluded. 

Thee embedded boundary is described by 7 = {(-,_•) I (- - I ) 2 + y2 = R2 < h x,y > 0}  (in 

thiss case R = VO.13) and is parameterized in each cut cell Qe by means of cubic polynomials. 

Too compute the boundary integrals, four-point Lobatto quadrature is used (black dots) along 

thee parameterized circle segments */e. 
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Onn the master square [0,1] c R2 , we use as a basis the tensor-product poly­
nomialss based on (7.11), which is partly hierarchical. A basis for P3x3(£2e) is 
obtainedd by the usual affine mapping [0,1] —•£)«,. Hence on the regular grid in 
Figuree 7.5 the approximate solution is: 

l<e<Nl<e<N  0<i,j<4 x nV 

== Yl Y2 Ce,iJ faAOfeA'O)-
l<e<N0<i,j<4 l<e<N0<i,j<4 

(7.27) ) 

Thee linear system Lhuh = fh arising from (7.26) is obtained from M 'full ' cells 
andd TV — M cells with an interior boundary segment -ye. Explicitly, the resulting 
discretee equations read: 

EE E *.W f ( f f « ï *  -  ̂ <V«e,i) • [*e>ï] lf intUan+ (7-28) 
l<e<Aff  0<i, j<4 L \ " z ^ 0 nx L J 

réGönenrintt o<fc<4 x v nx nv / / 

<Pe,t(( " )<Pe,j{ 7 ) + 
nnxx riy 

r^eanenan\77 o<fc<4 

n<fc<r44 V hx hv / \ «* 

^(ffc)) — ^e. , ,y[sfe]-ye 
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EE E g /(«. .W^W^J A 

EE E «°*|r«|n*-VUï( )*j ( — ) uo + 
re69n\7o<fc<44 x y 

vv E E tu* :7D (*e,ï( 
7e£T0<fc<4 4 

, x ( s f c ) - x ee ry(sfc) - j/e )) 1 un, 0 < i j < 4, 1 < e < AT. 

Forr some constant v > 0 on each interior boundary segment, [i  = ^/[Tel-
Noticee that in cells fie with an interior boundary segment, continuity of the 
approximationn UH is only (weakly) imposed on the edges Të D <9fie- To com­
putee the integrals over these (partial, rectangular) edges, four-point Lobatto 
quadraturee is used. Also for computing the integrals over the parameterized 
interiorr boundary segments ye of the curved embedded boundary 7, we apply 
four-pointt Lobatto quadrature as shown in Figure 7.5. The unit outward nor­
mall  nfe is evaluated at the quadrature point Sfe. The other terms in (7.28) are 
directt extensions of one-dimensional mass and stiffness matrices (as discussed 
inn Chapter 4) and can be straightforwardly computed. 

Byy construction (7.28) is fourth-order consistent, both in the interior of the 
domainn fi and on the wall dQ, independently of the choice of the constant v. A 
firstt experiment shown in Figure 7.6 confirms this observation. 

Approx.. of u = 4xy(x — 2)(y — 1) \\u\\u - Uhllz,°°(n) == 5.2 x 10" 

F i g u ree 7.6: The solution and the error on the domain Q of the problem An = 8(y(y - 1) + 

x(xx(x - 2)) discretized by the fourth order DG-discretization (7.28) for the embedded boundary 

conditionn with v = 0. The discretization is made on grid g{\) as shown in Figure 7.5. The 

radiuss of the circular embedded boundary is R = %/0.13. 
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Wee see the approximation computed by (7.28) for the BVP (7.2) with right-
handd side and boundary conditions such that the solution is given by u = 
4xy{x4xy{x - 2)(y - 1). The error ||u - uh\\L°°(n) of the approximation is computed, 
byy evaluating the difference between the exact and computed solution on a 
500 x 50 equidistant grid per cell Qe. We see that ||u - tt/,||t»(n) is of the order 
off  machine precision. 

Nextt we investigate the convergence of the discrete system (7.28), where we 
distinguishh two cases: v — 0 and 10, to see the influence of the regularization 
term.. For this purpose, we choose the right-hand side and boundary condi­
tionss in (7.2) such that the solution is u — sin(x) cos(i/). On the four grids 
{^(0),-,p(3)}}  as in Figure 7.5 and for radii R = VO.13 and \/0.50 we com­
putee the error ||u - u/i||z,°o(n) of the approximations. Furthermore, to check 
thee regularity of the matrix corresponding with the discretizations on the grids 
{^(O),",5(3)} ,, we compute the spectral condition number K = amax/amin and 
thee minimum real part of the spectrum min(JR(Ai)). The results are shown in 
thee Tables 7.2 and 7.3. 

T a b lee 7.2: The approximation error, the spectral condition number and the minimum real 

partt of the spectrum, of the fourth-order DG-discretization (7.28), with v = 10, on grids as 

shownn in Figure 7.5. The exact solution is it = sin(x) cos(y). For (*) see discussion in the 

text. . 

g(U) ) 
g( l) ) 
g(2) ) 
g(3) ) 

RR = y/0A3 m 0.361 

ll«-«hllt«>(n) ) 
2.9294e-003 3 
3.3368e-004 4 
1.4871e-005 5 
3.7363e-006 6 

K K 

2.7189e004 4 
2.2476e004 4 
8.0224e004 4 
2.8762e004 4 

min(»(Ai)) ) 
1.8183e-004 4 
1.5288e-004 4 
1.3117e-004 4 
4.5802e-005 5 

8(0) ) 
g( l) ) 
g(2) ) 
g(^) ) 

RR = VüTsÖ w 0.707 
\\u-~U\\u-~Uhh\\\\LLcoco(u) (u) 

4.2920e-003 3 
2.3569e-004 4 
4.3262e-005 5 
1.7262e-006 6 

K K 

1.8397e004 4 
2.9286e004 4 
4.8409e004 4 
5.7696e0055 (*) 

min(»(Ai)) ) 
1.6944e-004 4 
1.2918e-004 4 
9.5886e-005 5 
-6.1279e-0055 (*) 

Iff  we first compare in the Tables 7.2 and 7.3 the DG discretization with 
(v(v = 10) and without regularization term (u = 0) for the circle radius R = VO.13 
andd grids {g(0),..,g(3}}, we clearly see in this case that, if the regularization 
termm is used, the discrete operator is positive definite and that the spectral 
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T a b lee 7.3: The approximation error, the condition number and the minimum real part of the 

spectrum,, of the fourth order-order DG-discretization (7.28), with v - 0, on grids as shown 

inn Figure 7.5. The exact solution is u - sin(x) cos(y). For (*) see discussion in the text. 

R(0) ) 
K(D D 
R(2) ) 
g(3) ) 

R=R= v/ÖTÏ3« 0.361 

| |«« - Uh\\L°°(Cl) 
4.4432e-003 3 
3.7480e-004 4 
2.9433e-0044 (*) 
2.5061e-006 6 

K K 

6.5442e003 3 
1.4921e004 4 
5.0569e0055 (*) 
3.0911e004 4 

min(»(A0) ) 
-2.4981e-004 4 
-0.0195 5 
-0.0027 7 
-0.0570 0 

g(0) ) 
g( l ) ) 
g(2) ) 
g(3) ) 

RR = v/ÖTöO sa 0.707 
\\U\\U ~ Uh\\Loo{Cl) 

1.3258e-002 2 
1.0253e-003 3 
3.6020e-005 5 
4.9052e-006 6 

K K 

1.7460e004 4 
2.6406e004 4 
5.4214e004 4 
8.0311e0055 (*) 

min(K(Ai) ) ) 
-0.0162 2 
-9.1856e-004 4 
-0.0684 4 
-0.0770 0 

conditionn number in all cases is of the same order of magnitude (O(104)). This in 
contrastt to the unregularized DG method, which suffers from singular embedded 
boundaryy conditions (SEBs) on the grid g(2), as can be seen in a small error 
reductionn and a sudden increase of the spectral condition number. Moreover 
thee spectra of the discrete operators are indefinite. 

Althoughh the influence of vanishing cut cells is reflected in a suboptimal 
convergencee behavior of the DG discretization, we still observe in case of the 
regularizedd DG method an average error reduction of a factor 12 (Table 7.2). 
Notee that, as the grids are refined, the non regular reduction in the error is a 
consequencee of the change in positions of the (embedded) boundary points aiid 
hencee a change in surface of the fictitious parts in the computational cells fle. 
Seee for example the cut cells with relatively small domains of interest Qe in the 
g(3)g(3) grid shown in Figure 7.5. As discussed in Section 7.3.1, the convergence 
cann be improved if for vanishing cut̂  cells Oe the surface of fictitious parts Qe is 
downsized,, while keeping the cells Oe rectangular. 

Inn case of R = \/0.50, we see that, neither the regularized and nor the unreg­
ularizedd DG method, suffer from SEBs on the grids {p(0), ..,p(2)}: the spectral 
conditionn number is in all cases of the same order of magnitude (O(104)). How­
ever,, on the g(3) grid we have almost vanishing cut cells, which is reflected 
inn an increase of the spectral condition number and an indefinite spectrum for 
bothh discrete operators. Still the solution obtained does not deteriorate. The 
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Approx.. of u = sin(z) cos{y) g(Z) 

F i g u ree 7.7: The solution on the domain O of the problem - A n = 2sin(x) cos(y) discretized 

byy (7.28), where v = 10. The discretization is made on grid g(3) as shown. The radius of the 

circularr embedded boundary is R = \/0.50. Notice the almost vanishing cut cells. 

solutionn of the regularized DG method and the grid for this situation are shown 
inn Figure 7.7. 

Ass an example with a singularity in the neighborhood of the boundary, 
wee solve the BVP AM = 0, with Dirichlet boundary conditions such that the 
solutionn is u = a r c t a n ( ^ ), on the domain as in Figure 7.5. To avoid the 
singularityy at x = 1, we choose R = \/0.032 «0.179 for the circular embedded 
boundaryy condition. The solution of (7.28) with /j = 10 on the g(3) grid is 
shownn in Figure 7.8. Table 7.4, shows the error \\u - uh\\Loo{n), the spectral 
conditionn number K and the minimum real part of the spectrum min($rc(A;)), of 
thee DG-discretization on the grids {g(0), ..,g(3)}. 

Tab lee 7.4: The error of the approximation, the condition number and the minimum real 

partt of the spectrum, of the fourth-order DG-discretization (7.28), with v = 10, on grids as 

shownn in Figure 7.5. The exact solution is u = a r c t a n t ^ ^ ). 

g(0) ) 
g( l) ) 
g(2) ) 
g(3) ) 

RR = vTj.032 w 0.179 
II ""  - "h l l L~ ( f i ) 
3.6422e-001 1 
1.2682e-001 1 
5.8684e-002 2 
2.6119e-003 3 

K K 

2.6124e+004 4 
3.2322 le+004 
2.2346e+004 4 
8.3446e+004 4 

min(R(Ai)) ) 
2.7731e-004 4 
1.6839e-004 4 
1.5281e-004 4 
1.2924e-004 4 
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4 - - 4 - - 4 - - 4 - - 4 - - + - - - l - - - t - - 4 - - - t - - 4 - - - S - -- + - - l - - 4 -

-II 1— ^  i 1— -I 1 i- --É--- I— -I— -̂ — -:— -I— -i-

+ . _ 4 . _ 4 - _ j . _ 4 _ - + . - 4 - - j - _ 4 - - - f - -- + - 4 - - 4 - - - t - - 4 -

+ - - 4 - - I - 4 - - 4 -- . • ' I '  ' • 4 -- j - - .;-- 4. - 4-

Approx.. of u = arctan(^—) 3(3) ) 

F i g u ree 7.8: The solution on the domain CI of the problem A« = 0 discretized by the fourth-

orderr DG-discretization (7.28), with i/ = 10. The discretization is made on grid g(3). The 

radiuss of the circular embedded boundary is R = -/0.032. 

7.44 DG formulation for the convection term with 
embeddedd boundary condition 

Havingg studied the discretization of the Poisson equation with an embedded 
boundaryy condition, and with the aim to solve a convection dominated singular 
perturbationn problem in Section 7.5, we continue with the convection equation 
withh an embedded boundary condition. So we consider on a domain ft the BVP 

bb • Vu = f mil,, «oo on dflm, (7.29) ) 

wheree b is a constant vector denoting the direction of the convection. The 
boundaryy of the domain of interest ft is 9ft = <9ftin U <9ftout, with the inflow 
boundaryy defined by b • n < 0 on <9ftin and the outflow boundaryjiefined by 
bb • n > 0 on dftout- We also split the boundary dft — <9ftin U dftout of the 
wholee domain ft in an upwind and a downwind boundary and we consider the 
followingg DG formulation (see also Section 6.4.4): find u G if 1 (ft) such that 

// Vv • bu dx + f n • b uv ds + / n • b vu ds 
JnJn Jan Janin 

fvdx+fvdx+ n-hvu0ds, W € if 1 (ft), 
i nn Jdn:„ 

(7.30) ) 
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Too arrive at the DG-formulation for the convection equation (7.29) on parti-
tioningss (7.3), for the embedded boundary parts we have to distinguish inflow 
boundaryy parts and outflow boundary parts. For the convection equation, out­
flowflow boundary parts can be neglected whereas the inflow parts provide a bound­
aryy condition for the solution. Then the DG-formulation for the convection 
equationn on partitionings (7.3) is obtained by extending the upwind technique, 
ass explained in Section 6.5, for multiple cells. So, cells fie>+ € Qh, having either 
thee embedded boundary segment 7e as an outflow wall or do not have an em­
beddedd boundary at all, are denoted 'full ' DG-cells, while cells Qg)_ £ fth with 
thee inflow embedded boundary segment j e , are cut cells in which the embedded 
boundaryy condition^is taken into account. Hence we arrive at the variational 
form:: find u e i/1(r2/l) such that 

E E —— / Vv • bu dx + I (n • bu )v 
J&e,+J&e,+ Jdne j . i n 

ds ds (7.31) ) 

++ / (n • bu)v 
JofiJofiKK.+..+.mm,,t t 

ds ds ++ E bubu dx 

++  & n-b uvds + I nhvuds+j n • b v(u - u ~) ds 
JdnJdnetet-- Jle yrintnane,_,i n 

== ^2 fvdx+ n-b vu0ds, V v e i f 1 ^ ) , 
PiPi ^ o A i n 
neesih h 

wheree u~\dQe + .nndQ = u0. Here, r i n t n a^ ^ is the set of common interfaces on 
whichh the solution of (7.29) is continuouŝ However, continuity is not required 
outsidee the domain Q and, hence, not on f int = r i n t D Ï7. 

Thee discretization of (7.31) together with (7.26) gives a discrete formulation 
off  the convection-diffusion equation 

-Auu -I- b - Vu = ƒ in ft, u = u0 on dQ, (7.32) ) 

forr domains with embedded Dirichlet boundary condition. Hereby, we expect it 
too be unlikely, that the discretization of (7.31) in combination with the fourth-
orderr regularized DG-formulation for the diffusion part (7.28) suffers from SEBs. 
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-r -r f\ \ 
F i g u ree 7.9: The domain for problem (7.33-7.34). 

7.55 Application to a convection-diffusion prob­
lemm with dominating convection on a domain 
withh a curved embedded boundary 

Inn this section we solve the singularly perturbed convection-diffusion problem 
(seee Figure 7.9 and also Figure 7.5): 

-- eAu + ux = ƒ, on fl = {  (as, y) \ - 1< x < 1, 0 < y < 1}  , (7.33) 

uu = 0 on d£l = {  (x, y) \ x = - 1 , 0 < y < 1; - 1 < x < l ,y = 1} , 

uu = l on r D = {  (x ,»)| x2 + 2y2 = i ?2 , y > 0; i? < 1}  , (7.34) 

n - e Vuu = 0 on r N = {  (x,0) | R < \x\ < 1}  U {  ( l,y) | 0 < y < 1} . 

Thee solution of this boundary value problem has a rather complex structure 
[21].. At the upwind part of the circle a boundary layer of thickness 0(e) de­
velops,, since the solution has to satisfy the Dirichlet boundary condition on the 
circle.. Downwind of the circle, a shear layer of thickness 0(y/s) extends over 
thee domain Q. The transition from the boundary to the shear layer is difficult 
too analyze. It is interesting to see how well this complex structure is captured 
byy means of a tensor-product fourth order DG-discretization. 

Thee DG-discretization of (7.33) is constructed by a linear combination of 
(7.26)) and (7.31). We take for S(üh) C H1^^, the tensor product of polyno­
mialss of degree less than four in each of the coordinate directions. We construct 
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aa basis for S(O) from the cubics (7.11), defined on the unit interval and we 
parameterizee the circular embedded boundary by means of cubic polynomials. 
Then,, a discretization of problem (7.33) on meshes as shown in Figure 7.5 is 
obtained:: find UH £ Shfóh) such that 

^2^2 (EVu/i- v"/i)ne - (n-£Vuh,uh)pD + {n-£V^,uf t ) rD (7.35) 

- { ( e V u h ) , ^ ] ) ^^ +({eVvh) ,[uh]) r.nt + fj, <e7D(uh),«h>7 

++ E —— / Vf/ j • huh dx + I (n • bu, )vh ds 

++  1 (n- huh)vh ds + y  ̂ - I Wvh-hukdx 
JdtïJdtïee +  o u t - — \ - JQP 

++  é n • b u^v/j ds+ n • b u/,!/h ds + n b fh("h ~ U/T) d s 

== / i <e7DK), 1>7 + f nbvhl ds, Vvh e Sh (Qh), b = (1,0). 
n n 

Similarr as in (7.28) the integrals over the internal and the parameterized embed­
dedd boundaries, Tjnt and 7e are computed by a four-point Lobatto quadrature 
rule. . 

Figuree 7.10 shows the solution of the discretization (7.35) on the g(3) grid 
ass shown in Figure 7.5, for R — -y/0.13 and \i — 10/|7e|, for the different values 
off  e = 0.5, 0.25, 0.1 and 0.05. 

Inn all cases, we see clearly a boundary layer at the upwind side of the circle 
andd the shear layer at the downwind side in the domain Q. The approximations 
forr e to 0.1 perfectly satisfy the boundary conditions on d^l. For values of 
ee << 1, the boundary layer is too sharp, to be accurately represented by piece-
wisee cubics on the grid #(3). However, Figure 7.11 shows a side- and top-view 
off  the solution for e = 0.05 on the finer mesh g{A). The boundary layer is 
accuratelyy captured and we see clearly the parabolic structure of the boundary 
layerr and the shear layer [21]. 

7.66 Conclusion 

Inn this chapter we propose a discontinuous Galerkin discretization technique for 
solvingg 2-D second order elliptic PDEs on a regular rectangular grid, while the 
boundaryy value problem has a curved Dirichlet boundary. This discretization 
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££ = 0.5 0.25 5 

0.1 1 0.05 5 

F i g u ree 7.10: The approximate solution Uh of — e AM + ux = 0, on the domain exterior of 

thee circle, on mesh <?(3) as shown in Figure 7.5, for the fourth-order DG discretization with 

Dirichlett boundary condition UQ = 1 on the circle (R = \/0.13). 
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F i g u ree 7 .11: Side- and top-view of the approximate solution u  ̂ of —0.05A« + ux = 0, on the 

domainn exterior of the circle, on mesh g{A) as shown, for the fourth-order DG discretization 

withh Dirichlet boundary condition no = 1 on the circle (R = \/0.13). 

techniquee is motivated by our interest in an /ip-adaptive approach and multi-
gridd solvers, for which we strongly prefer a structured regular rectangular grid. 
Moreover,, in a DG context, the proposed discretization technique results in a 
significantlyy simplified numerical discretization and mesh generation in compar­
isonn to discretizations using boundary conforming meshes. 

Forr this purpose we extend the domain on which the BVP is defined such 
thatt it can partitioned by means of regular rectangular cells. Then we straight­
forwardlyy discretize the problem with tensor-product cubics and parameterize 
thee embedded boundary with cubic polynomials. By construction, the result­
ingg DG discretization is fourth-order consistent both in the interior and at the 
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boundaries. . 
Byy a simple ID-model problem we discuss that the resulting discrete sys­

temm is not always invertible for arbitrary locations of the embedded boundary. 
Wee show for this ID-model problem that the Singular Embedded Boundary 
conditionss (SEBs) vanish if a regularization term is used, only weighting the 
embeddedd boundary with the traces of linear polynomials. 

Onn coarse and finer regular rectangular grids we solve the 2-D Poisson equa­
tionn with a circular embedded boundary condition, approximated by cubic poly­
nomials.. For the Baumann-Oden DG discretization, we show by numerical ex­
perimentss that on halving the grid size an average error reduction of about a 
factorr 12 can be expected, if a similar regularization term is used, weighting 
thee embedded boundary with the trace of bilinear polynomials. Without intro­
ducingg more complexity in the discretization, the convergence can be improved 
iff  we downsize the fictitious parts of the cells that are only covered for a very 
smalll  part by the original domain. 

Ass an example we solve the Poisson equation with the singular solution, 
uu = arctan(x — l) /y , with a small embedded Dirichlet boundary condition 
aroundd the point (1,0), to give an illustration of the discretization technique 
usedd for the embedded boundary condition. 

Too further show the possibilities of the DG-discretization, we solve a con­
vectionn dominated boundary value problem with a circular embedded boundary 
condition.. The solution of this problem shows sharp boundary and shear layers 
withh a complex structure. The boundary layer and the shear layer, emanating 
fromm the curved boundary, are captured accurately by means of piece-wise cu­
bicc polynomials. This shows that the proposed DG discretization technique is 
effective. . 
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Summary y 

Inn this thesis we consider numerical aspects for the solution of elliptic boundary 
valuee problems that are discretized by discontinuous Galerkin (DG) methods. 
Recentlyy DG methods show an increasing popularity, because they enjoy a great 
flexibilityflexibility  in local mesh refinement (/i-refinement) and in polynomial order adap­
tationn (p-refinement). In view of these convenient properties and because of our 
interestt in a full /ip-self-adaptive approach for the solution of boundary value 
problems,, we study the application of DG methods in a multigrid (MG) algo­
rithm.. A MG algorithm may serve as an excellent basis for a full /ip-self-adaptive 
algorithm.. Therefore, we present a detailed MG convergence analysis for the 
discretee equations that arise from the linear second order elliptic partial differ­
entiall  equation discretized by the symmetric DG, the Baumann-Oden DG, the 
symmetricc and non-symmetric interior penalty (IPG and NIPG respectively) 
methods. . 

Essentiall  for a properly constructed MG algorithm is the choice of the 
smoother.. This ingredient in the MG algorithm is responsible for smoothing the 
iterationn error during the iterative MG process. In this analysis we study the 
MGG convergence for two different types of block-relaxation methods that may 
servee as a smoothing procedure in the MG algorithm. We consider the classi­
call  cellwise block-relaxation methods (block-Jacobi and block-Gauss-Seidel) and 
thee novel pointwise block-relaxation methods. In the cellwise iterative process, 
thee block-relaxation is based on a grouping of degrees of freedom according to 
thee cells of the discretization. In a pointwise block relaxation, we associate the 
groupingg of the degrees of freedom with the cell vertices. 

Usingg Fourier smoothing and two-level analysis we study the convergence 
off  MG iteration for the two different types of smoothing procedures. For pure 
ellipticc DG discretizations, we show that, in contrast to the classical cellwise 
smoothing,, MG iteration with pointwise relaxation procedures leads to an effi­
cientt MG algorithm. E.g., in our analysis we find that, for DG discretizations of 
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thee two-dimensional Poisson equation, independent of the mesh size, simple MG 
cycless give an error reduction factor of 0.2 — 0.4 per iteration sweep. We also 
demonstratee the MG convergence behavior by numerical experiments. Theory 
andd practice coincide very well. 

Afterr the pure diffusion case, we continue to analyze MG convergence for the 
convectionn equation and the convection dominated equation. Here, we restrict 
ourselvess to the equations discretized in one space dimension. Also in this 
analysiss we study MG convergence for the cellwise and pointwise smoothers. 
Wee find that, in case the diffusion term is discretized by the Baumann-Oden DG 
method,, only a good two-level error reduction factor (0.4) is found if pointwise 
Jacobii  smoothing is used. We further show, that in case the diffusion term is 
discretizedd by the non-symmetric DG method, simple MG cycles with cellwise 
symmetric-Gauss-Seidell  smoothing are sufficient to solve the convection and 
convection-diffusionn equation efficiently. Then an error reduction factor of 0.2 — 
0.33 is observed. We present numerical experiments to illustrate the analysis. 

Forr a proper definition of the grid-transition operators in the MG algorithm, 
itt is convenient to discretize the equation on a regular rectangular domain. Then 
aa difficulty arises if the equation is defined on a domain with curved boundaries. 
Thee boundary cannot follow the gridlines of the orthogonal mesh. In order to 
keepp the orthogonal basic mesh, we introduce a novel high-order DG discretiza­
tionn technique, in which we embed the curved boundary of the domain in the 
regularr rectangular cells. Starting with the Lagrange multiplier theory we in­
troducee three types of weak forms that can be used for the discretization of the 
embeddedd boundary value problem. We consider (i) the Lagrange multiplier 
formm for the embedded boundary, (ii ) the hybrid form for the embedded bound­
aryy and (iii ) the discontinuous Galerkin (DG) form for the embedded boundary. 

Firstt we analyze the properties of these forms, considering simple one- and 
two-dimensionall  problems on one or a pair of cells. We identify the finite dimen­
sionall  polynomial spaces, in which we discretize the embedded boundary value 
problemm and we study the consistency and invertibility of the corresponding 
discretee operators. In our analysis we find that both in case of the Lagrange 
multiplierr form and in case of the DG form for the embedded boundary value 
problem,, the discrete operators are not always invertible for a given location of 
thee embedded boundary. In case of the hybrid discretization of the embedded 
boundaryy problem, we do not find such singular locations. However, for a given 
polynomiall  space all the three forms are consistent both in the interior of the 
domainn and at the boundary. 

Althoughh the hybrid form for the embedded boundary has convenient prop­
ertiess for the regularity of the discrete operator, the use of this form leads to a 
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ratherr expensive and complicated discretization algorithm. Therefore, because 
off  the simplicity of the DG discretization, we continue to explore the DG form 
forr discretizations on complete two-dimensional orthogonal meshes. To increase 
thee regularity of the DG form for a fourth-order discretization, we introduce an 
extraa weight on the embedded boundary. The resulting discretization of the em­
beddedd boundary value problem is fourth-order consistent both in the interior 
off  the domain and at the boundaries and we find an average discrete conver­
gencee factor of about 12. We further discuss that this convergence rate can be 
improvedd by a relative simple modification in the DG discretization. By solving 
aa singularly perturbed convection-diffusion problem we give an illustration of 
thee possibilities of this DG discretization technique. 

Wee conclude that this technique leads to a much simpler mesh-generation 
thann in the classical finite element approach. The DG discretization technique 
forr the embedded boundary value problem shows its use for discretizations where 
orthogonall  meshes are preferred, as is the case of our MG algorithm. 
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Samenvatting g 

Inn deze dissertatie bestuderen we technieken voor het numeriek oplossen van 
elliptischee partiële differentiaalvergelijkingen. Het oplossen van deze vergelijkin­
gen,, is een belangrijk wiskundig hulpmiddel by het modelleren van allerhande 
technischee en fysische verschijnselen. Over het algemeen zijn deze vergelijkingen 
echterr te gecompliceerd om analytisch op te lossen. Maar numerieke methoden 
biedenn de mogelijkheid de oplossing te benaderen. De computer is daarbij een 
nuttigg hulpmiddel. Hoewel in de laatste tien jaar zowel de rekenkracht als het 
geheugenn van computers sterk is toegenomen, is het numeriek oplossen van par­
tiëlee differentiaalvergelijkingen over het algemeen erg tijdrovend. Daarom is het 
vann belang dat de numerieke methoden efficiënt omgaan met zowel de opslag 
vann de data als met de rekentijd. 

Inn deze dissertatie richten we ons op een nieuwe klasse van eindige-element en 
methodenn voor het discretiseren van lineaire tweede-graads elliptische vergelij­
kingen:: de discontinue Galerkin (DG) methoden. We beschouwen de symmetri­
schee DG, de Baumann-Oden DG, de symmetrische en de asymmetrische 'interior 
penalty'' DG methoden. Het bestuderen van deze methoden is van belang omdat 
eenn DG methode, in tegenstelling tot de klassieke eindige-elementen methode, 
zeerr goede eigenschappen heeft in het geval van lokale maaswijdte-verfijning 
enn lokale aanpassing van de graad van nauwkeurigheid van de benadering. De 
toepassingg van dergelijke adaptieve technieken kan tot een algoritme leiden dat 
zowell  met de opslag van data als met de rekentijd optimaal efficiënt omgaat. 

Hett discretiseren van de elliptische partiële differentiaalvergelijking leidt in 
hett algemeen tot een groot stelsel algebraïsche vergelijkingen. Om dit stelsel effi­
ciëntt op te lossen gebruiken we een 'multirooster' (MR) algoritme. De keuze van 
dezee methode is gerechtvaardigd, omdat een goed geconstrueerd MR-algoritme 
eenn minimale hoeveelheid rekentijd gebruikt. Het is een O(N) oplossingsmetho­
de. . 

Eenn essentieel onderdeel van een goed werkend MR-algoritme is de 
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'smoother',, of wel de 'gladmaker'. Dit onderdeel in het MR-proces is verant­
woordelijkk voor het gladmaken van de iteratiefout gedurend het iteratieve MR-
proces.. In deze dissertatie bestuderen we de convergentie van het MR-algoritme 
voorr twee verschillende typen block-relaxatie methoden: de klassieke celsgewij­
zeze (Jacobi en Gauss-Seidel) relaxatie en de nieuwe puntsgewijze relaxatie. Het 
eerstee type iteratieve methode relaxeert over de cellen van de DG discretisatie, 
terwijll  de puntsgewijze methode relaxeert over de hoekpunten van de cellen. 

Mett behulp van Fourieranalyse onderzoeken we het MR convergentiegedrag 
voorr deze twee typen smoothers. Voor puur elliptische DG discretisaties laten 
wee zien dat, in tegenstelling tot de celsgewijze smoother, het gebruik van de 
puntsgewijzee smoother tot een efficiënt MR-algoritme leidt. In onze analyse 
tonenn we o.a. aan, dat voor DG discretisaties van de twee-dimensionale Poisson 
vergelijking,, simpele MR-cycli, een convergentie factor van 0.2 — 0.4 per itera-
tiestapp hebben, onafhankelijk van de maaswijdte. Met numerieke experimenten 
illustrerenn we het convergentiegedrag van de verschillende MR-algoritmen. The­
oriee en praktijk komen goed overeen. 

Nadatt we zuivere diffusie geanalyseerd hebben, behandelen we de conver­
gentiee van MR-iteratie voor de convectie-diffusie en de convectie-gedomineerde 
vergelijking.. In deze analyse bestuderen we ook de robuustheid van het 
MR-algoritme.. We beperken ons hier tot de één-dimensionale vergelijkingen. 
Ookk hier bestuderen we MR-convergentie met de celsgewijze en puntsgewijze 
smoothers.. We vinden dat, in het geval van de DG-methode waarbij de diffusie-
termm gediscretiseerd is met de Baumann-Oden DG-methode, alleen een goede 
twee-niveauxx fout-reductie-factor (0.4) wordt voorspeld wanneer de puntsgewij­
zee Jacobi blok-relaxatie als smoother wordt gebruikt. We laten verder zien dat 
voorr de DG methode, waarin de diffusie-term gediscretiseerd is met asymmetri­
schee 'interior penalty' DG methode, eenvoudige MR-iteratie met een celsgewijze, 
symmetrischee Gauss-Seidel smoother voldoende is om de convectie-diffusie en 
dee convectie gedomineerde vergelijking op te lossen, ongeacht de verhouding 
convectie/diffusie.. Met de Fourieranalyse tonen we een reductie in de fout met 
eenn factor 0.2 — 0.3 per MR-cycle aan. Met numerieke experimenten illustreren 
wee deze analyse. 

Omm goed de informatieoverdracht tussen de verschillende roosters te be­
schrijven,, is het gewenst om de vergelijking te discretiseren op een rechthoekig 
rooster.. Een moeilijkheid treedt dan echter op wanneer het probleem gedeti­
neerdd is op een gebied met een gekromde rand. De randen van het domein 
kunnenn dan niet de roosterlijnen van het orthogonale rooster volgen. Om toch 
eenn rechthoekig rooster te behouden, introduceren we een nieuwe hogere-orde 
DGG discretisatie-techniek, waarbij de gekromde rand door de vierkante cellen 
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wordtt gelegd. Uitgaande van de Lagrange-multiplier-theorie introduceren we 
driee formuleringen die gebruikt kunnen worden voor het discretiseren van de 
inwendigee rand. We beschouwen: (i) de Lagrange-multiplier formulering voor 
eenn inwendige rand, (ii) de hybride formulering voor een inwendige rand en (iii ) 
dee discontinue Galerkin formulering voor de inwendige rand. 

Eerstt analyseren we de eigenschappen van deze formuleringen aan de hand 
vann eenvoudige één- en twee-dimensionale problemen op één of twee cellen. 
Wee identificeren de eindig-dimensionale polynoomruimten waarin een dergelijk 
inwendig-rand-probleemm gediscretiseerd wordt en we bestuderen de consisten­
tiee en invert eerbaarheid van de discrete operatoren. Uit onze analyse blijk t 
datt in het geval van de Lagrange multiplier- en de DG-formulering, de discrete 
operatorr niet altijd inverteerbaar is. Dit verschijnsel treedt op voor bepaalde 
lokatiess van de inwendige rand. Echter, voor een hybride discretisatie van het 
inwendige-rand-probleemm vinden we dergelijke singuliere lokaties niet. De drie 
typenn formuleringen zijn alle consistent voor een gegeven graad van de poly-
noomruimte,, zowel in het inwendige als op de rand van het domein. 

Hoewell  de hybride formulering qua regulariteit van de discrete operator goe­
dee eigenschappen heeft, leidt het gebruik van deze methode uiteindelijk tot een 
duree en ingewikkelde discretisatie-techniek. Gezien de eenvoud van de discre­
tisatiee waartoe de DG formulering leidt, besluiten we om deze vorm verder uit 
tee werken voor het inwendige-rand-probleem op een volledig rechthoekig roos­
ter.. Maar dan moeten we wel mogelijke singuliere lokaties van de inwendige 
randd lokaliseren of de discrete operator regulariseren. Voor een vierde-orde DG 
discretisatiee van het inwendige-rand-probleem laten we zien dat de discrete ope­
ratorr kan worden geregulariseerd door een extra gewicht op de inwendige rand 
tee introduceren. De DG-discretisatie van een dergelijk randprobleem is vierde­
ordee consistent, zowel in het inwendige van het domein als op de rand. De 
gemiddeldee convergentie-factor, wanneer de maaswijdte wordt gehalveerd in de 
tweee coördinaatrichtingen, blijkt ongeveer 12 te zijn, maar deze kan door een 
relatieff  eenvoudige ingreep in de discretisatietechniek nog verhoogd worden. Als 
voorbeeldd lossen we een singulier-gestoord inwendig-rand-probleem op, waarmee 
wee laten zien wat de mogelijkheden zijn van onze rand-discretisatie-techniek. 

Dezee techniek vermijdt het roostergeneratieprobleem dat ontstaat wanneer 
dee klassieke eindige-elementen aanpak (FEM) wordt gebruikt voor de behande­
lingg van kromme randen en de techniek blijkt nuttig te zijn voor het geval dat 
eenn DG-discretisatie op een orthogonaal rooster gewenst is, zoals bijvoorbeeld 
inn het MR-algoritme. 
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Stellingenn behorende bij het proefschrift 

Multigri dd Analysis and Embedded Boundary 
Conditionss for Discontinuous Galerkin 

Discretization n 

door r 

Marcc H. van Raal te 

I.. Multiroosteriteratie met een puntsgewijze blokrelaxatie-algoritme als smoother 
iss een zeer efficiënte manier om het stelsel van vergelijkingen afkomstig van 
puurr elliptische discontinue Galerkin (DG) discretisaties op te lossen. 
[Hoofdstuk[Hoofdstuk 2 tot en met 4 van dit proefschrift 

II .. De twee-niveaus analyse wordt aanzienlijk vereenvoudigd wanneer de blok-
Toeplitzz operatoren in puntsgewijze notatie worden weergegeven. 
[Hoofdstuk[Hoofdstuk 2 tot en met 5 van dit proefschrift] 

III .. Eenvoudige multiroosteriteratie, voor het oplossen van de convectie-diffusieverge-
lijking ,, gediscretiseerd met een DG-methode, is robuust mits de 'interior penalty' 
termm wordt gebruikt in de DG-discretisatie. 
[Hoofdstuk[Hoofdstuk 5 van dit proefschrift] 

IV .. Het is voor de betrouwbaarheid van de Fourier analyse van belang dat de inverse 
vann de blok-Toeplitz operator begrensd is. 
[Hoofdstuk[Hoofdstuk 5 van dit proefschrift] 

V .. De inwendige-rand-techniek voor problemen met een gekromde rand kan tot 
eenn eenvoudige en nauwkeurige DG-discretisatie leiden en is direct toepasbaar 
inn een multiroosteralgoritme. 
[Hoofdstuk[Hoofdstuk 6 & 7 van dit proefschrift] 

VI .. Om te bewerkstelligen dat bij een eindige elementen-discretisatie van een ellip­
tischee vergelijking de convectieterm aan het 'upwind' principe voldoet, is het 
vann belang om de oplossing in een discontinue functieruimte te benaderen. 

VII .. Het begrip 'zo vrij als een vogeltje' krijgt bij het huidige natuurbeheer een wat 
sinisteree betekenis. 

VIII .. Nu roken maatschappelijk onaanvaardbaar is geworden, biedt de mobiele tele­
foonn een nieuw verslavend houvast. 

IX .. Het handhaven van een numerus fixus bij de studie medicijnen staat haaks op 
hett streven van de overheid naar een vrije marktwerking in de zorgsector. 

X .. Het kan iemand beter halverwind gaan, daar bij deze koers de boot sneller en 
stabielerr is. 

XI .. Het opbouwen van een netwerk is niet altijd net werk. 

XII .. Net zoals bij het schaken leidt een goede stelling niet altijd tot succes. 






