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1 Introduction

1.1 Foreword

The main theme of this thesis is the study of some phenomena which occur in the world
of curves over algebraically closed fields of positive characteristic, and which do not have
counterparts in the case of characteristic zero. Let us mention two examples of such
phenomena. The first example is given by non-singular projective curves in positive char-
acteristic having a non-zero exact regular differential form. This is the property of having
a singular Hasse- Witt matriz. We know this phenomenon cannot occur over a charac-
teristic zero field, since any non-constant rational function over a projective non-singular
curve will always have poles and its differential will have poles as well.

The other example is existence of curves, over an algebraically closed field k of character-
istic p, whose jacobian variety J has a trivial group of p-torsion points, Jp-t;ors(k) = {0s}.
This is the property of having “p-rank equal to zero”. One should compare this with the
fact that in characteristic zero, or more generally when p fn, the cardinality of the group
of n-torsion points Jy_tors is n%, with g = dim J.

Another common feature of the kind of geometrical properties which we consider in
this thesis is that they are satisfied only by special (families of) curves. More precisely,
they are satisfied only on proper closed subsets of the moduli space M, @ k, the algebraic
variety parametrizing the isomorphism classes of all curves of genus g over k. For instance,
on a generic curve X of genus g, corresponding to a general point of M,®k, every non-zero
regular differential form is non-exact, and the cardinality of J tor5(k) is p? > 1.

The interest in geometrical properties of this doubly special kind, i.e. typical of the
positive characteristic world and, even there, verified in special cases, arises from two
main motivations. First of all, one hopes that the families of curves mentioned above
may eventually help to understand the geometry of M, itself better. The reason to be
so optimistic lies in the fact that the definition of a geometrical property usually gives
rise not only to a set of distinguished subvarieties of Mg, but also in many cases to a
stratification of it. This is indeed the case for those properties analyzed in this thesis.
The second motivation, which we find, to our taste, not less attractive than the previous
one, is that very often it happens that the study of very special objects in a mathematical
theory helps to clarify the scope and the character of the theory itself. Moreover these
special, or extremal, objects often have extra interesting features, like a lot of symmetries
or beautiful arithmetical properties, or are used for the study of any other object of a




given category for their universal properties. Consider for example the role of the circle
in euclidean geometry or that of projective spaces in algebraic geometry.

A guiding example in the context of this thesis may be provided by the hermitian curve
XP+l 4 yP+l = ZP+1 | defined over F,, and isomorphic to the Fermat curve of degree p+1
over Fy2. It is a well known curve much studied by many authors, and together with
its generalizations, it finds applications in coding theory. The curve above is extremal
according to both the properties mentioned before: every regular differential form on it
is exact and it has p—rank zero. In the plane model given above, every point over F,
is an inflection point. This might be thought of as a “pathological” phenomenon, when
compared with the intuition coming from real or complex algebraic geometry. But the
given curve also has the nice properties of achieving the maximum number of points over
F,2 and the maximum order of automorphism group, relatively to the set of all curves of
the same genus.

Our feeling is that objects like the hermitian curve, far from being “pathological”, indeed
reveal much of the subtleties and beauty of the characteristic p geometry of curves.
Finally let us draw the reader’s attention to the following analogy between the hermitian
curve and an old friend from high school: let us use the notation T = z? for z € Fp.
Note that Z is indeed a conjugation in Fp.. Then an affine model for the hermitian curve is
Zz+§y = 1, and its “real points”, i.e. the points over F,, satisfy the equation: z%+y* = 1.

1.2 Historical overview of the basic concepts

The concept of an abstract algebraic curve over an arbitrary field has its origins in the
end of nineteenth century, mainly in the work of Dedekind and Weber, who were among
the first to observe that most of the theory of function fields in one variable could be
developed in purely algebraic terms. However, we owe to F.K. Schmidt in the late 20’s
and the 30’s of the twentieth century a systematic treatment of the theory of algebraic
curves in arbitrary characteristic including a proof for the Riemann-Roch theorem for
curves in positive characteristic. Among the concepts introduced by F.K. Schmidt, we
will mention the general definition of the zeta function associated to a complete absolutely
irreducible smooth curve X, defined over a finite field F,, obtained by extending previous
work of E. Artin in the hyperelliptic case: let V,, the number of points of X rational over
Fym, then
o0 t"'
Z(t) =exp()_ Nm—). 1)
m=1 m



Moreover he proved the rational expression for Z(t):

P Zy(t)
(I-2)(1-qt)
with Py,(t) a polynomial of degree 2g in Q[t], g being the genus of X, and the functional
equation for Z(t) :

Z(t) =

Z(1/qt) = ¢- 939 Z(t).

In the language developed by F.K. Schmidt it was possible to state the famous Riemann
hypothesis for curves over finite fields. It states that

la| = "%, for any root @ of Py(t).

In his unpublished Ph.D. thesis, E. Artin had already produced a lot of evidence for this
conjecture in the hyperelliptic case. F.K. Schmidt did not prove the Riemann hypothesis,
but we like to recall that he defined and studied the Weierstrass points for curves in
positive characteristic, and his ideas on this subject have been revived in the mid 80’s
by K-O Stéhr and F. Voloch in [36], leading to an elementary proof and strengthening
of the Riemann hypothesis for curves over finite fields. Weierstrass points in positive
characteristic are still an important tool for the study of curves with maximal number of
points over a finite field.

The first important result on the Riemann hypothesis is due to H. Hasse who in 1932
proved the Riemann hypothesis for curves of genus 1. An important tool in Hasse’s work
is the notion of the Hasse- Witt matriz, which he associated, together with E. Witt, to a
curve in positive characteristic. In a modern language, it describes the p-linear operator
F*: H{(Ox) - H'(Ox), with F the absolute Frobenius morphism of a curve X.

We owe to Hasse the definition and the study of the class of supersingular elliptic curves
and the first results on the endomorphism rings of elliptic curves in arbitrary characteristic.
An elliptic curve E over an algebraically closed field k with char(k) = p is said to be
supersingular if the kernel of the multiplication by p has cardinality #E[p](k) = 1. A
study of the p-linear operator F* defined above allowed H. Hasse to find an explicit
polynomial whose roots are the j—invariants of the supersingular elliptic curves. In 1941
Max Deuring was able to count the isomorphism classes of supersingular elliptic curves,
via a characterization of their endomorphism algebras. Let us state part of Hasse’s and
Deuring’s results as follows.



Theorem 1.1. Let E be an elliptic curve over k = k. The following facts are equivalent:
1) E is supersingular;
2) F*=0;
3) End(E) is non-commutative.
Then End(E) ® Q = Dy p, with Dy, p the unique quaternion division algebra ramified at
oo and p, and the following formula holds (Deuring’s mass formula):

1 _p-1
Z #Aut(E) ~ 24’ @

[E]

where the sum is over the isomorphism classes [E| of supersingular elliptic curves over k.

The proof of the general Riemann hypothesis for curves was found by A. Weil in 1940,
using the theory of correspondences for curves. An equivalent formulation of the Riemann
hypothesis is the following upper bound for the number N of rational points of X over
F,:

IN —¢—1] <2g¢"?,

known as the Hasse-Weil bound. To Weil we owe the conjectural generalization of the
properties of zeta functions stated above to arbitrary smooth projective varieties in pos-
itive characteristic, and the suggestion that the rationality and the functional equation
should follow from the existence of a cohomological theory for such varieties with coeffi-
cients in characteristic 0 and properties analogous to the singular cohomology of complex
varieties { Weil cohomologies). He gave evidence for his conjectures by the analysis of
special cases, like the Fermat varieties X{* + --- + X* = 0 and, especially, the case of
abelian varieties. A. Weil was indeed the builder of the theory of abelian varieties over
fields in arbitrary characteristic, cf. his memoir [40]. To an abelian variety A over k, he
associated the inverse system of the [ torsion subgroups A, denoted by 7T;(A), where
l # p = char(k). Tiy(A) is a Z; module, now known as the Tate module of A. There is a
canonical injection 7; : Homy(A, B) — Homg, (T}(A), T;(B)).

If A is defined over a finite field £ and F is the Frobenius over k, then the characteris-
tic polynomial P,4(t) of the endomorphism T;(F') has integer coefficients and if A is the
jacobian variety of a curve X, then this characteristic polynomial is equal to t29 Py, (1/t),
with P, the polynomial introduced above.

Two decades later than the memoir of Weil, in his paper {38], J. Tate showed that for A
and B abelian varieties defined over a finite field k, the image of the map 7; introduced




above is the part of Homg, (T;(A), T;(B)) invariant under the natural action of the abso-
lute Galois group Gal(k, k). As a consequence of this, Tate also showed that Py(t) is a
complete k—isogeny invariant of the abelian variety, that is, two abelian varieties A and
B are k—isogenous if and only if Ps(t) = Pg(t).

In the late 50’s and early 60’s many results were proved about the structure of p-
subgroups of abelian varieties in characteristic p, thanks to the work of many people,
among which we will mention P. Cartier, J. Dieudonné, A. Grothendieck, Yu. Manin, T.
Oda, F. Qort, J.-P. Serre, J. Tate. Since the multiplication by p is inseparable, the concept
of group schemes, rather than group varieties, was crucial. The following analogue of the
Tate group T;(A) was much studied: the group A[p™], defined as the union, for all n’s, of
the group scheme kernels A~ of the multiplications by p"™. It has a much richer structure
and it contains more delicate information about the abelian variety A than T;(A). For
example, A[p™] has the structure of a p-divisible formal group scheme (see [5] for an
introduction).

The main tool for studying finite commutative or p-divisible formal group schemes is

the theory of Dieudonné modules. For example, one instance of this theory establishes an
anti-equivalence of categories between the category of finite commutative group schemes
over a perfect field k of positive characteristic, and the category of modules of finite length
over the non-commutative ring W (k)[F, V], with W (k) the ring of infinite Witt vectors
over k, subject to the relations FV = VF =p, Fa =a°F, Va° = Va, witha € W(k)
and o the Frobenius operator over W (k).
A theorem of Oda in 1969 (see [22]) states that, for an abelian variety A over a perfect
field k, the first De Rham cohomology group H)g(A, k) is canonically isomorphic with
the Dieudonné module of the group scheme A,. Moreover, let V : A® — A be the
Verschiebung operator, i.e. the dual of F' : A* — (A?)®), the relative Frobenius operator
for the dual abelian variety Af. Then one can derive from Oda’s results that the subgroup
scheme ker(F) N ker(V) C A has Dieudonné module equal to coker F* : HY(O,4) —
HYO,).

In general, from finite subgroup schemes of A[p™], or from their associated Dieudonné
modules, it is possible to extract isomorphism invariants for A (cf. [23]). The most basic
one is obtained in the following way. Let o, be the kernel of Frobenius in G,, the additive
group scheme over k.

Definition 1.1. The number

a(A) = dimy, Homy g sch. (0, A),




is called the a-number of the abelian variety A.

We remark that the notion of the a-number has been recently extended to a very broad
class of algebraic varieties by G. van der Geer and T. Katsura, see [10]. A much more
manageable formula for a(A) is the following:

a(A) = dim(ker F* : H}(O4) — H'(Oy)).

It was proved by F. Oort in [25] that the a-numbers of abelian varieties of dimension g
may assume any value 0 <a < g.
On the other hand, in the case of jacobian varieties, there are restrictions on the possible
a-numbers, and one of the problems studied in this thesis is indeed to find such restrictions.
In his article [18], Yu. Manin classified the isogeny classes of p-divisible formal group
schemes G defined over an algebraically closed field, and he applied his results to the
groups A[p™®]. The outcome was a very simple finite set of isogeny invariants of abelian
varieties in positive characteristic. More precisely, he found that any G is isogenous
to a direct product of known iso-simple objects G, ., characterized by the couples of
integers (m,n) such that m,n > 0, ged(m,n) = 1, and with dim(Gpnn) = m and
rank(Gpm.) = m + n. We will not describe further these iso-simple objects, but we will
just mention that Gf,,, = Gpm, where the notation G* denotes the Serre-dual of a p-
divisible G, and that G1 9 = G, [p™], with Gy, the multiplicative group over k. In the case
G = Al[p™), if Gy, appears in the isogeny decomposition of G, then also G, appears,
and with the same multiplicity. This condition comes from the existence of polarizations
for A, hence of isogenies between A and its dual abelian variety A. Manin conjectured
that this condition is necessary and sufficient for G to be equal to a A[p*®). This was proved
later by means of Honda-Tate theory, but see also [27] for a different proof. The set of
couples (m,n) appearing in the decomposition of G, is usually encoded in the Newton
polygon NP(G) of G. It is a lower convex polygon in R%, starting at (0,0), and having
slopes ); equal to the ratios m/(m + n), each repeated m + n times, and arranged in
non-decreasing order. For G = A[p™], the corresponding Newton polygon NP(A) is an
isogeny invariant of A and it is symmetric, that is, if A is a slope, then also 1— A is a slope.
Hence, in particular, its endpoint is (2g, g), with g = dim(A). The highest possible such
Newton polygon has all slopes equal to 1/2, (supersingular case), and the lowest possible
is the graph of the function f(z) = 0 for z € [0,9], and f(z) = = — g for z € [9,29]
(ordinary case).
If A is defined over a finite field F,, there is a tight relation between NP(A) and the



characteristic polynomial of Frobenius

Pa(t) =t +c1t¥ ™ + -+ cag_1t + g,

namely:
Ai = vp(ci)/vp(q)s

with v, the p-adic valuation.

In just one case the Newton polygon characterizes a unique isogeny class, and this is
the supersingular case. The following result is due to Oort, see [24].

Theorem 1.2. Let A be an abelian variety over an algebraically closed field k of positive
characteristic. The following facts are equivalent:

1) the Newton polygon has all slopes equal to 1/2;

2) A is isogenous to a product of supersingular elliptic curves.

When one of the conditions above is satisfied, A is said supersingular.
Supersingular abelian varieties are known to exist for any dimension (cf. above), but it is
not clear if the same fact holds for jacobian varieties. A curve is said to be supersingular
if its jacobian variety is. In their article [11], G. van der Geer and M. van der Vlugt,
showed the existence of supersingular curves of any genus in characteristic 2. To study
the existence problem for supersingular curves in char> 3 is another objective of this
thesis.

Since the late 80’s, considerable work has been done on the moduli spaces Ay @ F,
of principally polarized abelian varieties in characteristic p, using isogeny or isomorphism
invariants of the kind described above. This research field has been developed mainly
by the Dutch school of algebraic geometry, of which we will mention A. J. de Jong, G.
van der Geer, B. Moonen, F. Oort, with contribution from the Swedish mathematician
T. Ekedahl. Two different stratifications of the moduli space of principally polarized
abelian varieties have been defined. The first one is based on Newton polygons. By work
of Grothendieck and Katz, Newton polygons define a stratification, cf. [15]. The strata
are given by the isomorphism classes of abelian varieties with a given Newton polygon,
hence each stratum is invariant under isogeny. A survey on the topic of Newton polygon
stratifications can be found in [28]. The supersingular stratum, i.e. the one associated
to the supersingular Newton polygon, is the smallest of such strata and it has dimension
[¢%/4], cf. [17]. For g > 9 a non-empty intersection between the supersingular stratum
and Torelli locus, i.e. the locus of jacobian varieties in Ay, cannot follow from dimension




consideration, since the sum of the codimensions of those two sets exceeds dim.A4,. A
natural, but likely a difficult, open problem is to understand the intersection between the
Newton polygon strata and the Torelli locus. The first important results in this direction
have very recently been obtained by C. Faber and G. van der Geer, who proved that the
locus of stable curves over an algebraically closed field k of char= p having p-rank at most
f is pure of codimension g — f in M, ® k, cf. their preprint [7].

The second stratification of A, ® F, is called the Ekedahl-Oort stratification. Its
strata are characterized by the isomorphism types of the finite group schemes A[p], for A a
principally polarized abelian variety of dimension g over k (cf [29]). The basic observation
for this construction is that only a finite number of isomorphism types of such A[p] are
possible. The smallest of the Ekedahl-Oort strata is the one consisting of the isomorphism
classes of abelian varieties with a-number= g. This stratum is zero dimensional, and the
formula for its class in the Chow ring of .4, ® F,, can be considered as a generalization of
Deuring’s mass formula 2. A formula of this class is a particular case of general formulas
for the classes of Ekedahl-Oort strata, obtained by G. van der Geer and T. Ekedahl in [9].
In the same paper the Ekedahl-Oort strata are defined using the fact, mentioned above,
that the de Rham cohomology groups HL(A, k), together with their p-linear operators
F,V give the Dieudonné modules of the group schemes A[p]. Also here an interesting open
problem is to understand the intersections of the various strata of this stratification with
the Torelli locus.

1.3 New results

As already mentioned above, this thesis focuses on two different numerical invariants for
a curve over an algebraically closed field of positive characteristic. The first invariant
is the a-number of the jacobian of the given curve, see definition 1.1 above. It is not
an isogeny invariant. The second one is the Newton polygon associated to the jacobian,
which is an isogeny invariant. In this last case we focus our attention in particular on the
supersingular case, i.e. the case when the Newton polygon is the highest possible.

In chapter 2 we report our study of the restrictions on the possible a-numbers of
jacobians. The starting point is the article [6] of T. Ekedahl, which deals with the notion
of superspecial curves and abelian varieties. An abelian variety A over an algebraically
closed field k of positive characteristic is said to be superspecial if it is isomorphic to a
product of supersingular elliptic curves E; X --- x E,, as unpolarized abelian variety. A
curve is said to be superspecial if its jacobian variety is. A result in [6] is that a curve




X can be superspecial only if its genus g(X) satisfies the inequality g(X) < p(p — 1)/2.
Now, it is well known that an abelian variety is superspecial if and only if a{A) = dim A,
i.e. its a-number is the maximum possible, cf. for example {26], or [20], theorem 4.1.
Equivalently, the rank of the Hasse-Witt matrix of a superspecial abelian variety is 0.
This fact makes one suspect that for curves a bound on the genus depending on the rank
of their Hasse-Witt matrix should exist. Another evidence in favour of this conjecture
was a remark of Gerard van der Geer, who showed to us how to find such a bound in
the case of char= 2, as a consequence of Clifford’s theorem. In our approach, we use the
Cartier operator acting on the space of regular differential on a curve X, which is dual
to the Hasse-Witt operator by the Serre duality, see the introduction of chapter 2 for
definitions. Then we observe that if the rank of the Cartier operator, equivalently the
rank of the Hasse-Witt operator, is < m, then the curve X has the following very special
property: for general points P,--- , Pu4) on X there exists a rational function f on X
having poles only on Py, -, Puy1, and with multiplicity equal to p over these points. If
g(X) is greater than (m + 1)p, this phenomenon can never happen in characteristic 0.
Indeed a curve with such a property is non-classical, in the sense of Stohr-Voloch, see [36].
Now, when a curve possesses a very special line bundle, i.e. a line bundle with unexpected
number of sections relatively to its degree, it is sometimes possible to obtain a bound on
the genus depending on the degree of such a line bundle. One encounters such a situation
in classical algebraic geometry in Castelnuovo’s proof for a bound of the genus of a non-
degenerate irreducible curve of degree d in P". By suitable refinements of Castelnuovo
techniques, and by applying them in our char= p context, we get the following results.

Theorem 1.3. Let X be an hyperelliptic curve over an algebraically closed field in char-
acteristic p > 0, and suppose that the Hasse-Witt operator F* : H (Ox) — H'(Ox) has
rank m. Then

9(X)<(p+1)/2+mp

In the general case we prove the following result.

Theorem 1.4. Let X be non-hyperelliptic, and suppose that vk F* = m. Then

g(X)S(mH)@Hmn

We also consider the case when F* is nilpotent, with nilpotency order equal to r. This

case is meaningful, because it is well known that F™* is nilpotent if and only if the jacobian
variety J of the curve X has p-rank= (0. We obtain the following result.

10




Theorem 1.5. In the notations above, if (F*)" =0 for some r > 1, then

g(X)<p'(@" - 1)/2

This bound is reached by the hermitian curves:
Y —y=a""

The last two theorems give back Ekedahl’s bound g(X) < p(p — 1)/2, for a curve X
with F* = 0, as a particular case. A proof Ekedahl’s bound by methods analogous to
ours was given independently also by M. Baker in his paper [1]. Our approach to such
bounds provides a clear geometrical interpretation of the effect of the degeneration of the
operator F* on the geometry of curves in positive characteristic.

In chapter 3 we start to study the problem of the existence of supersingular curves
in arbitrary positive characteristic. The material contained in this chapter is not com-
pletely original, since it is our elaboration of ideas of N. O. Nygaard and T. Ekedahl,
leading to some criteria of supersingularity for curves and abelian varieties. In the first
section of chapter 3 we reformulate Nygaard’s necessary and sufficient conditions for the
supersingularity of curves or abelian varieties. We obtain conditions expressed in terms of
the cohomology with Witt vectors coefficients defined by Serre, cf. [33]. Our motivation
for such a formulation is that Witt vectors cohomology is computable in the Zariski site,
hence we believe it easier to compute in concrete cases, for example for curves given by
explicit equations in projective spaces. In the second section of chapter 3, we apply and
extend ideas of T. Ekedahl, to get a sufficient condition for the supersingularity of curves
admitting a group action of special kind. The precise result is the following.

Theorem 1.6. Let X be a curve defined over a number field K, with an action of a finite
group G of exponent n, such that all irreducible representations of G occur at most once
in H},R(XG, Q). If p” = —1 mod n for some r, and X has good reduction in char = p,
then X mod p is supersingular.

This criterion can be applied to give a new proof of the supersingularity of the Fermat
curves 9t 447t1 4 291 = 0, with q a power of the characteristic, which was already known
since the article [14], where it was obtained with a different method. Indeed, we prove
that any abelian covering X of P! ramified over three points satisfies the assumptions
on the group action on H}x(X) required by the theorem above, see theorem 3.5. But,
potentially, the criterion stated above may provide also other examples of supersingular
curves, as it is shown by an example at the end of chapter 3.

11



In chapter 4 we construct supersingular curves in many genera, producing some tables
of genera of supersingular curves in characteristic equal to some small prime numbers
p > 3. More precisely, we compute quotients of the Fermat curves with respect to many
classes of subgroups of their (very big) automorphism group, which is isomorphic to
PGU(3, ¢%). In the course of the computations we extend some results of [8], where similar
computations were performed for quotients of the Hermitian curves Y9! = X97 + X 29,
isomorphic to the Fermat curve as above over Fz. We implemented in a computer program
the general formulas for the genera of the supersingular curves so constructed and we
obtained some interesting numerical results. For instance we get any g < 100 except
maybe g = 59 as the genus of a supersingular curve in char=3, any g < 100 with no
exceptions if char= 5 and similarly good results for other small primes. At the end of the
chapter we observe that analogous and indeed much simpler constructions are capable to
produce explicit examples of p-rank 0 curves of any genus in char= 3 and char= 5.
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2 The a-number of jacobian varieties

This chapter is a revised and slightly expanded version of our article [31]*.

2.1 Introduction

Let X be a smooth complete irreducible curve defined over an algebraically closed field k£
of characteristic p > 0. The purpose of this chapter is to find limitations on the possible
a-numbers of jacobian varieties of dimension g, see definition 1.1. We also know that the
a-number of the jacobian variety J of a curve X may be defined as the dimension of the

kernel of
F‘ N Hl(o_]) e d HI(OJ),

Using the identification H(O;) & H(Ox), via a Abel-Jacobi map, one may also compute
a(J) as the dimension dim ker F* : H}(Ox) — H!(Ox). This number is easier to compute
via the action of the Cartier operator on regular differential forms, defined in [4]. It is a
o~ l-linear operator acting on the sheaf Q% of differential forms on X, with ¢ denoting
the Frobenius automophism of k. It has the following properties:

1. C(wy +wa) = C(wy) + C(ws)
2. C(df) =0

. C(ffw) = fC(w)

4. C(fPYdf) =df

5. C(df/f)=df/f

where w;,w, (respectively f) are local sections of €2} (respectively of Ox).

This operator induces a p-linear map C : H°(2) — H°(Q2%) acting on the space of the
regular differential forms. For f € H'(Ox), w € H%(¥%) and (,-) the Serre-duality
pairing, it holds

w

(f,Cw)? = (F* f,w).

This relation can be thought as a duality relation between the Cartier operator and the
Hasse-Witt operator F**. This justifies the use of the Cartier operator for calculating the
a-number, as stated above.

LThis article is partly reproduced here under permission of Academic Press.
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We wish also to draw the reader’s attention to the fact that, by the properties above,
the kernel of the Cartier operator on a curve is the space of locally exact regular differential
forms on the curve i.e. the regular differential forms w such that, locally, w = df. In
characteristic p the numbers g and a(C) = dim ker C need not to be equal, see chapter 1.
We refer to [30] for more information on (sheaves of) locally exact differential forms on
curves.

The purpose of this paper is showing that the conditions that the Cartier operator C
has low rank, equivalently a(J) big, or that C is nilpotent, imply strong properties on the
geometry of the curve X. Indeed we will prove that the curve X cannot have arbitrary
genus. If we impose the condition that the rank of the Cartier operator is small when
compared to the genus, or if we impose that the Cartier operator is nilpotent, then the
genus of the curve X is smaller than a certain bound depending on the rank of the Cartier
operator (see theorem 2.1), or its order of nilpotency (see theorem 2.2). Bounds on the
rank of the Cartier operator and of its powers, depending on the ramification behaviour
of the canonical linear system at a point x € X, were previously given by K.O. Stéhr and
P. Viana in the article [35]. We are able to give unconditional bounds by showing that the
hypothesis that the Cartier operator has a certain rank m < g(X) implies the existence
of certain base point free linear systems on the curve. This is done in Section 2.2. One
is able to estimate the dimensions of these linear systems, and draw some bounds on the
genus g(X) from this information. This procedure applies for both the main results of
this paper, theorems 2.1 and 2.2. The result in theorem 2.2 is sharp as is shown by some
classical examples of curves: see example 7. The result in theorem 2.1 is probably not
sharp, but it is a first step towards better and possibly sharp bounds.

2.2 Effect on linear systems

We will prove some simple propositions which link degeneration properties of the Cartier
operator of a certain curve to the existence of particular linear systems on that curve.
These propositions use only the properties of the Cartier operator stated in the introduc-
tion and are basic to all the results of this paper.

Notations.

e X asmooth projective curve over an algebraically closed field k£ with char(k) =p >
0.

e For D any divisor in X, we denote by H°(D) (resp. H!(D)) the vector space
H%(X,0x(D)) (resp. H'(X, Ox(D))).
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e Kx a canonical divisor on X.

o  the sheaf of differential forms on X.
e C the Cartier operator C : H°(Q) — H().

Proposition 2.1. Suppose that there is a point x € X and there are integers 0 < n; <
ng < ... < Ny, such that for every i one has

h((n + 1)pz) = h°((nip + p ~ 1)2)
(i.e. (n;+ 1)p is a gap at ). Then rk(C) > m.
Proof. Under the hypotheses above the Riemann-Roch theorem tells us that
h(Kx — (nip+p — 1)z) = 1+ h(Kx — (n; + 1)pz)

for every ¢ = 1,...,m. In other words, there are global differential forms w; on X
such that w; has multiplicity n;p + p — 1 at z for every i = 1,...,m. Because of the
universality of the construction of the Cartier operator (see {4]), one may compute C(w;)
on a expansion w; = (PP~ 4 (higher order terms))dt with respect to a local parameter
t at z, and then apply the properties of the Cartier operator stated in the introduction
to get C(w;) = t™(1 + a)dt, where a belongs to the ideal (¢) of the local ring Ox . Then
one finds immediately that C(w,),...,C{wy,) are linearly independent, which concludes
the proof. O

We note that as a consequence of the proposition above, we have:
Corollary 2.1. If tk(C) = m, then h°((m + 1)pz) > 2 for every z € X.
We will need also a strengthened version of the preceding corollary.

Proposition 2.2. Suppose that tk(C) = m. Then for a general effective divisor D on X
with deg D = m + 1, which we also write D =z, + ... + Zjpt1, one has:

h°(pD) = 1+ h°(pD — Zpms1).

Remark. By a general divisor of degree n we will always mean that, if we denote by
X, the n-th symmetric product of the curve X, there is an open subset U C X,,, such
that all the effective divisors D € U have the stated property.
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Proof. Let us consider the linear system induced by the image of the Cartier operator
Im(C) C H°(Kx). This is a linear system of dimension m — 1 (empty if m = 0), hence
m general points Ti,...,Zn will not simultaneously be in the support of any divisor in
this linear system. This implies that for any zm4+1 € X there is no differential form w
which has zeros of order at least p at z;,...,Zy, and a zero of order p — 1 at x4, since
otherwise C(w) would be non-zero and it would give a divisor in P(Im(C)) which contains
Z1,...,Tm. The non-existence of such an w can be rephrased by saying:

RO(Q=pzi — ... = PTm — (P — V)Tms1) = h2(Q—pz1 — ... = PTm — PTm41))
which by Riemann-Roch is equivalent to:
RO(pzy + ...+ PTms1) = 1+ R%(pzy + ... + PTm + (p — 1)Zms1).
a
The next proposition, similar in spirit to the preceding ones, is needed in Section 2.4.

Proposition 2.3. If the r-th power C" of the Cartier operator is zero, then h®(p'z) > 2
for every z € X.

Proof. Suppose that h%(p"z) = 1. Then, because
YK — (p" — 1)z) = 1 + h*%(K — p'x)

(cf. Prop. 2.2), one can find a global differential form w which has multiplicity p" —1 at z.
But then one can easily show by induction on 0 < i < r that C*(w) has multiplicity p"* —1
at z, by using an expansion of w with respect to a local parameter at z. In particular
one gets that the multiplicity of C"(w) at z is zero, which implies that C"(w) # 0, a
contradiction. O

So far we have shown that some degeneration hypotheses on the Cartier operator
imply the existence of certain (infinite) families of linear systems on the curve, which are
not expected to exist on arbitrary curves. This will be used in the next sections to get
bounds on the genus of the curve. To do this we will need the following proposition on
the multiplication of sections of line bundles over a curve.



Proposition 2.4. Let L, M, N line bundles on X such that:
1. HO9(N) induces a base point free linear system on X;

2. L = 0¢(D) and M = O¢(E), where D and E are effective divisors with disjoint
supports, D non zero.

3. there is a point y € Supp(D) and a divisor F € P(H°(N)) such that p,(F) = 1,
and Supp(D) N Supp(F) = {y}.

4. for this point y one has h°(M(y)) = h°(M);
5. y is not a base point for LO M QN

Then one has:
RLOIMION) = H(MRN)>h(LO®M)—h'(M)+1 (3)

Proof. The divisors F' and D given in the hypotheses are associated to certain global
sections of N and L respectively, which we will denote again by F' and D. These global
sections can be used to construct a commutative diagram, with exact rows:

0 - H'M) B HY(CeM) — HYOp)

\F \F VFlp

0 - HM®N) B3 H(LOMBN) — HOp).
The map H°(Op) — H°(Op) induced by the multiplication by F has cokernel equal
to H°(O,) = k(y), because F is the equation of the reduced subscheme {y} of D by
hypothesis. On another hand the composition

HYL®MQN)— H(Op) — k(y)
is surjective, by the property (5). The proof will be complete if we show that the map
HY(L ® M)/D - H(M) 5 H(L @ MoN)/D - HH (M N)

induced by F is injective, because the image V of this map cannot generate Op at the
point y, whereas H(L @ M @ N)/D - H*(M ® N) does. The injectivity of that map is
proven if one shows that

F-H(LOM)ND -HMQ®N)=F-D-H'M).

The left hand side of the formula above is easily seen to be equal to D-(F —y)}- H*(M(y)),
hence the assertion follows by the property that HO(M(y)) = y - H%(M). O
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2.3 Curves with degenerate Cartier operator.

The hyperelliptic case.
We deal the case of hyperelliptic curves separately, because the bound on the genus we
will get in this case will actually be stronger than for a general non-hyperelliptic curve.

Proposition 2.5. Let X be an hyperelliptic curve over an algebraically closed field in
characteristic p > 0, and suppose that the Cartier operator C has rank m. Then

gdX)<(p+1)/2+mp

Proof. For g = 1 the bound clearly holds. Let us assume g > 2. Let us consider the case
p > 3 first, and let us suppose that ¢ > (p + 1)/2 + mp. Let = be a ramification point
of the g3 on X so that L = Ox(2z) is the line bundle giving the gl. Since p > 2 we will
have:

Qx(—(2kp+ (p = 1))2) = Lo~ @ L~ D/2k0 = 1

wheren =g—1—-(p—1)/2—kp > 0, for any k < m. Then Qx(—{(2kp + (p — 1))z) has
no base points, which implies that

h,OQX(—-(2kp+ (p—-1)z) > hOQx(—(zk + 1)pz).

Hence there is a differential form w vanishing in z with order 2kp+p—1, forany 0 < k < m.
From proposition 2.1, one finds that rkC > m+1, a contradiction. If p = 2 we will consider

instead x1,. .., ZTmy1 general points of X. Since Qx = L97! we see that if g— 1> 2m +1
then for any 1 < i < m+1 there is a section of Qx with double zero at x;,...,z;_; and a
simple zero at x;. But then, as in the proof of proposition 2.2 one sees that tkC > m + 1.
Hence ¢ <2m + 1. O

The non-hyperelliptic case.

We will now assume that X is a non-hyperelliptic curve such that rk(C) = m. Then by
proposition 2.2 we know that A%(pD,,,,) > 2 for a general effective divisor Dy, of degree
m+ 1 on X, and moreover the linear system |pDy,.1| will not have base points. From
this fact we will draw the following bound on the genus of X:

Theorem 2.1. If X is non-hyperelliptic and vk C = m < g, then the following bound on
the genus of X holds:
plp—1)

9(X) < (m+1)=—— +pm.
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The proof will be split in some lemmas which will enable us to estimate g = h%(2x) by
estimating differences of the form h%(Qx(—pD;)) — h°(Qx{(—pD;;1)) for general divisors
D;, D;,,. By Riemann-Roch this is equivalent to estimating the differences of the form:
h%(pD + px) — h®(pD). We do this in the following lemmas.

Lemma 2.1. If x and y are general points and D a divisor on C, then
R°(pD + pz + py) — h°(pD + pz) > h®(pD + pz) — h*(pD)
Proof. There is an exact sequence:
0 — Ox — Ox(pr) ® Ox(py) — Ox(pz + py) — 0,

where, if we denote by o (resp. 7) a section of Ox(pz) (resp. Ox(py)) whose associated
divisor is pz (resp. py), then the first nonzero map is f — (fo, f7) and the second one
is the map (a,b) — a7 — bo. After tensoring by Ox(pD) and taking the global sections
one immediately gets:

h®(pD + pz + py) — h°(pD + pz) > h°(pD + py) — h°(pD).

The proof is then complete when one observes that h°(pD + py) = h°(pD + pz) because
of the generality of = and y. O

Remark 3.1. If for a sufficiently general divisor D of degree n the linear system |pD|
is base-point-free, then the same holds for [pD + pz|, where = a general point. This
is because the role of z and any of the points in Supp(D) may be exchanged, by the
genericity assumptions. In particular, if rk(C) = m then |pD| is base-point-free for every
generic D such that deg(D) > m + 1.

Now we will see that in certain cases the result of lemma 2.1 can be strengthened.

Lemma 2.2. Let m = rk(C) < g as above, and let E be a divisor on X. Then either E
is non-special and one has:
hY(E +py) — h°(E) =p

for any n > 0, or E is special and there exists an integer 1 < k < m + 1 such that for
general points y,z), ...,z in C, one has:

R(E+py+pzn+...+pzn)—h°(E +pz; + ... +pz) >
R(E+pzi+...+pz) —~hE+ps +...+pze—) + L.
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Proof. The assertion in the case when E is non-special is clear by Riemann-Roch. Let us

now assume that E is special and

k k k k-1
h(E + py + sz,-) - h(E+ sz,-) =K (E + szi) - hYE + sz,—)
i1

i=1 i=1 i=1

for every k=1,...,m+ 1. But then

m+1 m+1
RE+py+ Y pz) - h(E+ Y pz) = h(E +py) — h°(E) (4)
i=1 =1

by using recursion on k and by the generality of y and the z’s.

We set £ = Ox(py), M = Ox(E) and N' = Ox (37" pz;) and proceed to verify
the hypotheses (1)-(5) of proposition 2.4 in this case. The assumptions (1}, (2) are easy
consequences of the generality assumption on y, z; and remark 3.1 above. (3) clearly holds
if the map induced by the base-point free line bundle A is separable, since the statement
in (3) is equivalent to saying that this map is smooth at y. If this map were inseparable,
then we would find that dim|z; + ... + zp41| > 1, which is impossible for g > 0 and
21,. .., Zm+1 general points, since a general effective divisor of degree less or equal than g
cannot move. (4) follows if y is taken as a non-base-point of |Kx — E|, which is certainly
possible since this linear system is non-empty. (5) follows because £ ® A is base-point
free by remark 3.1 and y may also avoid any base point of M. Now proposition 2.4 gives
us the inequality:

m+1 m+1
RY(E +py + Z pz) — h°(E + szi) =h(E+py) - R(E)+1
i=1 i=1
which contradicts (4). o
We state a numerical consequence of lemma 2.2.

Corollary 2.2. Under the same hypotheses as above, let us denote by Dy a general divisor
of degree k. Then for any n > 1, one has:

1L P Z ho(pDn(m+1)) - ho(pDn('nH-l)—l) > mln(n’p)
2. pD(p—1)(m+1)+m is non-special, i.e. h®(Kx — pDp_1)im41)4m) =0
3. For1<n<ponehas:

hO(PDn(m+l)—1) - hO(PD(n—l)(m+l)) >(n-1)m
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4. For1 <n <p one has:
R (pDn(m+1y) — R (PD(n_1yim+1)) = (n— )m +n
5. h(Kx — pDn_1)m+1)) = h(Kx = pPDpgm+1))< (p —n)(m + 1) + m,
foranyl<n<p
6. h(Kx — pDip-1m+1)) < m.

Proof. (1). First note that the inequality

p = R (pDugms1y) — h(PDnms1y-1)

is obvious. We will prove the other inequality by induction on n. For n = 1, from
the fact that |Dpy41| has no base points, it is clear that h®(pDpy1) > 1 + A%(pDpy).
Suppose the assertion holds for n — 1 and let us prove it for n. We apply lemma 2.2 with
E = pD(n_1)(m+1)-1- If this divisor is nonspecial then A°(pDp(m+1)) — A2 (PDp(m1)-1) = P-
If not, then lemma 2.2 implies

R (pDn(m+1)) — h*(PDnim+1)-1) = 1+ h*(pD(n_1ytm+1)) — A(PD(n-1)(m+1)-1)»

but by the inductive hypothesis the right hand side is greater or equal than n, whence
the conclusion follows.
(2). By (1) one has

ho(pr(m+l)) - ho(pr(rn+l)—l) 2P,

which implies that
hO(Kx = pDp-1)(m+1)+m) = h*(Kc = pDpima1y)

by Riemann-Roch. This means that py is in the base locus of
H°(Kx — pD(p-1)(m+1)+m) for any general y € X. This can only happen when

HY(Kx — pD(p—1)tm+1)4m) = 0.
(3) The step n = 1 is clear. If we suppose the assertion true for n — 1, the inductive step
follows from the inequalities:

R (pDn(m+1y-1) — Ko(PD(n-1)(m+1))
> m(ho(pD(n—l)(m+l)) - ho(pD(n—l)ﬂ(M+1)—l))

due to lemma 2.1, and

R (PD(-1)m+1)) — R (PDn-1ym+1)-1) = min(n — 1,p) =n — 1
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due to (1).
(4) is clear by (1) and (3).
(5) follows from (4) by Riemann-Roch.
(6) One has
h®(PDpim+1)-1) = h*(PDip-1)(m+1)) = m(p — 1),
in view of (2). By Riemann-Roch and the fact that

h(Qx (=pDip-1)(m+1)+m)) = 0
we can calculate:
h*(Kx — pDp-1)(m+1))
= h(PDp-1ym+ny) —p(p—1)(m+1)+ g -1
< hPDyminy—1) —mp—1) —plp~)(m+ 1)+ g -1
= h*(pDp_1)m+1)4m) — PP —1)(m+1) —mp+g—1+m
= hO(KX - pD(p—l)(m+l)+m) +m

=m.
0
Proof of theorem 2.1. By Corollary 2.2 above, properties (5) and (6), one may compute:
9 = h’(Kx)
= h%(Kx = pD(p_1)im+1) +
p-1
+ Z(ho(Kx — PD(n—1)im+1)) = B (Kx — PDnims1y))
n=1
p—1
< m+ S ((p—n)(m+1)+m)
n=1
= pm+(m+ p(p—1)/2.
a

We wish to remark that the result in theorem 2.1 is certainly sharp only in the case
m = 0 which is also a particular case of theorem 2.2 in the next section, and for which
one has Example 7. In the other cases the result is almost certainly not a sharp one.
One may get slight improvements pushing a bit further the techniques used here, but we
expect to have in general a bound of the form:
9(X)<mp+ f(p)  where m = rk(C),

for which our techniques seem to be insufficient.
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2.4 The case of a nilpotent Cartier operator.

In this section we apply the same techniques introduced in the preceding sections to get
the following result:

Theorem 2.2. Let X be a curve defined over an algebraically closed field of characteristic
p with Cartier operator C such that:

C"=0 for somer > 1.

Then one has:
9(X)<qlg—1)/2  whereq=p".

This result is sharp, as shown by Example 2.1 below, and we think it may be of
some interest to the arithmetic theory of function fields. We begin by recalling that, by
proposition 2.3, we have for a general point x € X:

R (gz) > 2,

and, moreover the linear system |gz| is without base points. For a proof of theorem 2.2 it
will be sufficient to assume that ¢ = p” is the minimum power of p such that dim |gz| > 1
(and is without base points), for a general z € X. A simple consequence of proposition
2.4 will be the following:

Lemma 2.3. If D is a generic divisor of degree n > 0 in X, and if ¢ and y are generic
points, then either q¢D is non-special, or:

h%(gD + gz + qy) — h°(gD + qz) > h®(gD + qz) — h°(¢D) + 1

Proof. Since h%(qD + gz) = h%(gD + qy) because of the generality of z and y, we may
rewrite our assertion as:

h%(gD + gz + qy) — h°(gD + qzx) > R°(¢D + qy) — h°(¢D) + 1.

This certainly holds if ¢D is non-special, as a consequence of the Riemann-Roch theorem.
Let us then assume that gD is special. We set £ = Ox(qy), M = Ox(qgD) and N =
Ox(gz) and verify the hypotheses of proposition 2.4 in this case. The property (1) has
already been observed before. The property (2) is clear. To prove (3) we need to know that
the linear system |qz| does not give an inseparable map from X to some projective space,
since, in this case, we may take y to be a point over which this map is smooth, and find
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the divisor F such that pu,(F) = 1 as required in proposition 2.4. If the map associated
to |gz| were inseparable, then we would have dim |p"'z| > 1. But this contradicts the
minimality of ¢ with respect to the property dim |gz| > 1. This proves (3). The property
(4) follows from the speciality of ¢D since it is equivalent to the fact that y is not a base
point of |[Kx — ¢D|. Finally (5) holds because |¢D + gz + qy| is without base points,
containing the sum of linear systems without base points. O

Proof of theorem 2.2. By a repeated application of lemma 2.3 we find that:
R%(qzy + ...+ qxit1) — h%(gzy + ...+ gqz;) > min(i + 1,q) for every i > 0,
for generic z;,...,z;y1. Using Riemann-Roch, this is seen to be equivalent to:

R(Kx —qxy — ... —qr;) —h%(Kx —qz1 —... — qTip1)

In particular it follows that A°(Kx — gz1 — ... — qZ4—1) = 0, since otherwise for every
generic z, € X we would have gz, in the base locus of [Kx —gz1 —... — qZq—1|, which is
impossible. We now estimate the genus g{X) by the flag of vector spaces

HY(Kx) D HYKx —qx1) D ... D H'(Kx —qz1 — ... — q%q1) = 0.
by (5) we will have:

g X)<(g-1)+(@g—-2)+...+1=q(g—1)/2.

Example 2.1. The curve X with affine equation:
Y+y=a"  g=p
has genus g(X) = q(q — 1)/2 and Cartier operator such that C" = 0.

This class of curves is indeed well known, see for example [32] for a characterization
of them by their arithmetical properties. The genus formula follows because they are
completed to smooth projective plane curves. On the other hand, one knows that the
eigenvalues of the Frobenius acting on the Tate module T; of the jacobian variety of X
acts as the multiplication by —gq, see [32] p. 186. Then one may apply prop. 1.2 p.
166 in [6] to conclude that the Frobenius F' acting on H'(J,0;) = H'(X, Ox) satisfies
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F™ = 0. Finally, since the Cartier operator acting on H°(Kx) and the Frobenius acting
on H'(X,Ox) are dual to each other by the Serre duality (see the introduction), one gets
also C" = 0.

Remark. In the article [28], or see also [29], a stratification of the moduli space A, @ F,
of principally polarized abelian varieties of dim = g, called the Ekedahl-Oort stratification
was introduced. Let F and V be the Frobenius and Verschiebung operators acting on
H}p(A, k), see [22], section 5. The strata of the Ekedahl-Oort stratification can then be
defined in terms of the mutual positions of ker F* and ker V7, as done in [9]. In particular,
since the a-number of an abelian variety A is the dimension of ker F' N ker V, from the
cited theory it follows that the subset Ay of Ay ® F, where a > k is a union of strata of
the Ekedahl-Oort stratification. Let now 7, ® F, be the “open” Torelli locus, i.e. the set
of isomorphism classes of the jacobian varieties of smooth curves of genus g in char= p.
Our result in theorem 2.1 implies that

(T,®F,)NAc =0

ifk>mand g >pm+ (m+ 1)p(p —1)/2.

Similarly, let us denote by N, the subset of A; ® F, where ker F C ker V", by noting
that ker FF C H}p(X, k) is equal to H°(Q ), cf [22], section 5. From theorem 2.2 one can

see:
(T, @ F;) NN, =0

ifg>p(p—1)/2.




3 Criteria for supersingularity

The present chapter is preparation for the study of the following problem:

Do there exist supersingular curves of any genus in a given characteristic?

We recall that an affirmative answer to this question is given in [11] for the case of charac-
teristic 2. The aim of the present chapter is to provide necessary and sufficient conditions
for supersingularity, some of which will be used later for constructing supersingular curves
in many genera.

3.1 Supersingularity and cohomology with coefficients in Witt
vectors

In this section we will restate a criterion for the supersingularity of abelian varieties due to
N.O. Nygaard. In its original formulation, see [21], this criterion was stated in terms of the
action of the Frobenius operator on the first crystalline cohomology group H,,,(A/W) of
an abelian variety A defined over an algebraically closed field k, with W = W (k) the ring
of infinite Witt vectors over k. We will not discuss crystalline cohomology here, the reader
may look to the book [3] for an introduction to this theory. We will just say that the
cohomology group H_.,,(A/W), together with its Frobenius operator F, is an F-crystal
in the sense of [15], and also it can be identified with the Dieudonné module associated to
the p-divisible group A[p™], which we described briefly in the introduction to this thesis.
We will indicate with NP(F) and HP(F) its Newton and Hodge polygons, respectively
(cf. [15] for the definitions.) Let us start with stating the result of N.O. Nygaard.

Theorem 3.1 (cf. [21]). An abelian variety A of dimension dim(A) = g, defined over an
algebraically closed field k of char= p, is supersingular if and only if p* divides F"~1+9,
as operators on HY ,(A/W), for all 1 <n < f(g), with f(g) defined by

ﬂﬂ_(g—l) if g is odd
p—t 2 ’
f(9) { 22;.1 _ %(g —1) ifg is even.

We will reformulate this criterion in terms of the Serre Witt vectors cohomology groups
H(A,W,0,), see [33]. Since these are computable on the Zariski site, we expect our
reformulation to be easier to handle in concrete situations.



Theorem 3.2. With the same notations as above, A is supersingular iff F9*"~! =0 on
HY(A,W,0,) forall1 < n < f(g).

For the proof of this theorem we will need the following result of Nygaard, extracted
from [20].

Proposition 3.1. Let hi(r) be the abstract Hodge numbers of the F™-crystal (HL,,,(A/W), F")
and ¥ (r) = dimg H. (A, W;04)/Im F"~3. Then

Ko(r) = K1) - v(r)
Ri(r) = 22/(r) —v*ti(r) - v (), O0<i<n-1
R Hr) = 207Y(r) - R (r).

Proof. See [20], theorem 3.6, p. 384. O

Proof of theorem 3.2. If A is supersingular, then by theorem 3.1, p*|F+2"~1 on H], ,(A/W),
forall1 < n < f(g) (indeed for all n > 1). Since VF = FV = p, it follows that V*|F9+n-1
on HL,(A/W). Hence V"|F9*"~1 as operators on H'(A,WO,) = lim H'(A, W,04),
since this space is a quotient of H}.,(A/W), see [3]. Therefore F9*"~! = 0on H'(A, W, 0,),
for all 1 < n < f(g).

Now let us suppose F9+*~! = 0 on H(A,W,0,) for all 1 < n < f(g). Setting
r=g+2n—1,one has F*# = 0 on H'(A,W;0,) for all 1 < j < n, since r — j >
g+n—12>g+j— 1. Therefore 1¥(r) = dimy H'(A, W;O,). But for every j there is an
exact sequence

0 —— HY(A,04) L2 HY(AW0,) —2 HY(AWi.104) — 0

because of the vanishing of all the Bockstein operators on abelian varieties, see [33]. Hence
it is easy to conclude by induction that 17(r) = jr for all 1 < j < n. Moreover h°(1), the
first Hodge number of F' on Hcl,w(A/ W), is equal to g, as is well known. By applying
proposition 3.1, we find

Ro(r) =---=h"}(r) = 0.

This means that the first non-zero Hodge number for F9+?*~! = FT is > n. By the
definition of the abstract Hodge numbers, this means that p?|F9+2"~1 forall 1 < n <
f(g)- Hence theorem 3.1 is applied and so A is supersingular. |

With a very similar technique one can prove the following sufficient condition for
supersingularity.
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