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Chapter 1

The gauge/gravity dualities

The various gravity/gauge theory dualities are among the most far-reaching recent

developments in theoretical high-energy physics. These dualities claim that certain

quantum theories of gravity in (d + 1)-dimensional backgrounds are equivalent,

or dual, to certain quantum field theories in d dimensions. (In many cases this

quantum field theory is a gauge theory which led to the name ‘gauge/gravity

duality’.) The dualities offer a completely new perspective on gravitational physics

and in particular realize the idea of holography put forward in [7, 8]. Since typically

the quantum field theory is strongly coupled when the dual gravity theory becomes

weakly coupled and classical, these dualities also open up a window onto the strong-

coupling dynamics of gauge theories. In recent times they have been applied

to a variety of physical systems that range from high-energy phenomenology to

condensed matter physics.

In this chapter we give a brief introduction to these dualities. A reasonable

overview of all past and current developments would require a textbook on its

own, so we shall have to omit a great number of topics and details. Our aim is

to present enough material to convey a general picture and focus on those details

that we need in the subsequent chapters of this thesis.

The outline of this chapter is as follows. We begin with a concrete example of a

gauge/gravity duality where the gravity theory is type IIB string theory on AdS5×
S5 and the dual gauge theory is the N = 4 supersymmetric Yang-Mills theory.

This example is intended to clarify the general ideas presented in later sections.

In section 1.2 we discuss the basic structure common to all the gauge/gravity

dualities. We then consider the Ward identities of the gauge theory in some detail

in section 1.3 and discuss the necessary steps towards their realization in the
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1. The gauge/gravity dualities

gravity theory in section 1.4. In section 1.5 we present an example computation of

a field theory correlation function using the gravity theory. In the final section 1.6

we consider the realization in the gravity theory of the scale and diffeomorphism

Ward identities.

1.1 The AdS5/CFT4 correspondence

In this section we discuss a concrete example of a gauge/gravity duality [9]. As

we mentioned above, this section is intended to support the general ideas that we

will subsequently present. We will necessarily be rather brief and refer the reader

to the extensive literature, in particular the reviews [10, 11], for more details on

this realization of the duality.

Our example concerns a duality between the N = 4 supersymmetric Yang-Mills

theory and type IIB string theory on AdS5 × S5. The former turns out to be a

conformal field theory (CFT) and our example is therefore called an AdS/CFT

correspondence. It is in fact but one example of a more general class of AdS/CFT

correspondences which all involve gravity theories in AdSd+1 spacetimes and d-

dimensional CFT’s.

1.1.1 Open versus closed strings

Consider a system of N coincident D3-branes in R1,9 in type IIB string theory.

Let us take the branes to be extended along the xi directions, with i ∈ {0, 1, 2, 3}
and with x0 playing the role of time. On the six transverse dimensions we will

pick spherical coordinates so they are spanned by an S5 plus a radial direction

denoted y. The tension of the branes is given by

T =
N

gs(2π)3α′2 , (1.1)

where gs is the string coupling constant. The IIB background geometry created

by the branes is uniquely fixed by the translational and rotational symmetries, the

energy density and five-form charge of the branes. It takes the following form:

ds2 = f(y)−1/2ηijdx
idxj+f(y)1/2(dy2 +y2dΩ2

5) f(y) = 1+
4πgsNα

′2

y4
, (1.2)

with a constant dilaton gs = eΦ and axion C0 and with a five-form flux:

F5 = (1 + ∗10)dx
0 . . . dx3df−1 . (1.3)

2



1.1. The AdS5/CFT4 correspondence

In the metric (1.2) the branes are at y = 0 but they are completely redshifted

away and have disappeared from view.

Let us now consider the low-energy limit of this system. A convenient way to

obtain this limit is by sending α′ → 0 while keeping the energies E of physical

processes fixed. This way the dimensionless energies

ǫ =
√
α′E (1.4)

indeed go to zero. In the metric (1.2) this limit implies that f(y) → 1 for all

nonzero y. Away from the branes we therefore recover the ten-dimensional flat

space metric on which we have to consider low-energy excitations, which are de-

scribed by IIB supergravity.

On the other hand we shall see that the behavior of the branes themselves can be

described in two different ways, namely either in terms of open strings or in terms

of closed strings. The fact that these are two descriptions of the same physical

system will then lead to the AdS/CFT correspondence.

Open string description

The first way to describe the branes is in terms of open strings. At low energies

the effective theory for the branes becomes a field theory, namely the N = 4 super

Yang-Mills (or SYM) theory with gauge group U(N). This is a four-dimensional

gauge theory with four chiral fermions and six real scalars, all transforming in the

adjoint representation of the gauge group. The N = 4 supersymmetry implies an

SU(4) ≃ Spin(6) group of global R-symmetries, for which the fermions transform

in the fundamental and the scalars in the fundamental of SO(6). The Lagrangian

schematically has the form:

L =
1

g2
Tr

(1

4
FµνF

µν − 1

2
DµΦDµΦ − iψ̄σ̄µDµψ

+ ψ[Φ, ψ] + ψ̄[Φ, ψ̄] − 1

4
([Φ,Φ])2

)
+

θ

2π
Tr

(
F ∧ F

)
,

(1.5)

where Dµ is the gauge covariant derivative and we suppressed spinor, gauge and

SU(4) indices. The only coupling constant g in the theory is given in terms of the

string coupling constant gs via g2 = gs. Furthermore, its θ angle is given in terms

of the axion background value, θ = 2πC0. It turns out that the beta function

for g vanishes to all orders in perturbation theory and it is generally believed

that it vanishes non-perturbatively as well [12]. This implies that g is a physical

parameter that is not transmuted into a scale. The resulting scale invariance of

the theory can in fact be extended to the full conformal group and this makes the

N = 4 SYM theory a conformal field theory or CFT.
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1. The gauge/gravity dualities

Since all fields transform in the adjoint respresentation of the U(N) = SU(N) ⋊

U(1) gauge group the overall U(1) becomes free. In the brane picture this U(1)

multiplet essentially describes the motion of the center of mass of the brane. We

may safely consider the brane system at rest and ignore it in what follows. One is

then left with an SU(N) theory.

Finally, there are in principle nonzero interactions between the ambient IIB su-

pergravity modes and the N = 4 theory, but these vanish as α′ → 0 since the

ten-dimensional Newton’s constant GN ∼ α′4.

Closed string description

The second way to describe the brane system is in terms of closed strings. If

we choose to use this description we have to take into account the gravitational

redshift of the excitations in the geometry (1.2). The energy E of an excitation at

a certain fixed y is redshifted at infinity to the value:

E∞ = Ef(y)−1/4 . (1.6)

To take a low-energy limit in the closed-string description we again send the di-

mensionless energies E∞
√
α′ to zero, which we may again implement by sending

α′ → 0. However from (1.6) we see that this does not necessarily imply that we

have to send E
√
α′ to zero since we may also send f(y) → ∞. This in turn can

be done by sending y → 0 at the same time as α′ → 0 while keeping the new

coordinate

z =
α′

y
(1.7)

fixed. In this limit we find:

f(y) → 4πgsNz
4

α′2 . (1.8)

After taking the limit, in terms of the coordinate z, we find the following metric:

ds2 = α′
( 1√

4πgsNz2
ηijdx

idxj +
√

4πgsN
dz2

z2
+

√
4πgsNdΩ

2
5

)
. (1.9)

This is precisely the AdS5×S5 product geometry where both factors have a radius

of curvature

R4 = 4πgsNα
′2 . (1.10)

(Notice that the Ricci scalar Ric ∼ 1/R2.) This curvature is supported by the

five-form flux, which in the above limit takes the form:

F5 → −(1 + ∗10)
α′2

πgsNz5
dx0 . . . dx3dz . (1.11)
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1.1. The AdS5/CFT4 correspondence

The factor α′ in front of the metric (1.9) makes the entire metric small. However

this factor cancels in the worldsheet sigma model, for example for the bosonic part

of the worldsheet action of a string in the above background we find:

S =
1

2πα′

∫
d2σ

√
−h(hαβGµν∂αXµ∂βX

ν + . . .)

=
1

2π

∫
d2σ

√
−h(hαβG̃µν∂αXµ∂βX

ν + . . .) ,

(1.12)

where G̃µν = Gµν/α
′. We therefore obtain a finite theory in the low-energy limit.

Indeed, we described above that all the excitations in the AdS5×S5 region have a

low energy from the viewpoint of asymptotic observers. We may therefore forget

about the smallness of α′ altogether and consider excitations with arbitrary finite

dimensionless energy E
√
α′ on this background. In this description the ‘sum over

histories’ becomes a sum over arbitrary backgrounds which are asymptotically of

the AdS5 × S5 form. This concept will be made more precise below.

Just as in the open string picture, the low-energy limit is again a decoupling limit in

which the interactions with the low-energy excitations of the ambient flat geometry

vanish. In the closed string description this follows from the fact that the redshift

diverges as y → 0 so only modes that have infinite energy in the AdS region can

escape to infinity. Furthermore the closed strings in the bulk cannot probe the

AdS region since it becomes of zero size, which for example can be concretely

seen from the fact that the absorption cross section of the branes vanishes in the

low-energy limit [9].

The AdS/CFT correspondence

We have given two different description of the low-energy dynamics of the brane

system in its rest frame. In one description we recovered the N = 4 SU(N)

SYM theory (with coupling constants g = gs and θ = 2πC0) and in the other we

found type IIB closed string theory on the AdS5 × S5 background (with radius of

curvature R4 = 4πgsNα
′2 and dilaton gs = eΦ and axion C0). One is therefore led

to conjecture that these two theories are equivalent. This is precisely the content

of the AdS/CFT correspondence we set out to derive.

The supergravity limit

In this work we will be exclusively working in the classical limit of the closed

string theory, which for the case at hand implies that it reduces to classical IIB

supergravity on AdS5 × S5. This can only be a reliable approximation when the

curvature radius of the geometry (1.10) is large in units of α′, which is when

gsN ≫ 1 . (1.13)

5



1. The gauge/gravity dualities

For example, the low-energy effective action for the gravitons schematically takes

the form:

S =
1

2κ2

∫
d10x(R + α′3R4 + . . .) (1.14)

and substituting the background values of the curvature we find that the correction

term α′3R4 is of order (gsN)−3/2. Furthermore, we should also suppress string

loops so we require gs ≪ 1 (and therefore N ≫ 1). Indeed, the ten-dimensional

Newton’s constant is given by

2κ2 = (2π)7g2
sα

′4 , (1.15)

and for small gs we find that κ2 is small in units of α′ as well. In what follows we

will often set R4 = 1, which means that α′2 = (4πgsN)−1. In that case

κ2 =
4π5

N2
. (1.16)

Notice that the S5 has now unit radius, so when we reduce over the sphere (as

we will do in the next section) we see that the effective five-dimensional Newton’s

constant is again of order N−2.

In the dual field theory the large N limit is actually the well-known ’t Hooft limit

[13] in which the so-called planar Feynman diagrams are dominant. In this limit

the effective loop counting parameter for an SU(N) gauge theory is λ = gsN . Since

according to (1.13) it is actually very big in the supergravity limit, we cannot at

the same time use any perturbative approaches to the quantum field theory. This

makes an explicit verification of the correspondence very hard, but on the other

hand it does offer a unique opportunity to obtain results in a strongly coupled

field theory from relatively straightforward computations in supergravity.

1.1.2 Bulk fields and boundary operators

The correspondence in particular implies that we can compute in two different

ways the response of the brane system to probes like external closed strings. In

the gauge theory these correspond to the insertion of certain local gauge-invariant

operators, whereas they correspond to nontrivial boundary conditions for the fields

in the AdS5 ×S5 geometry. One therefore expects a relation between the fields in

the closed string theory and certain gauge-invariant operators in the gauge theory.

Here we will present some details of this map in the aforementioned supergravity

limit.
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1.1. The AdS5/CFT4 correspondence

Symmetries and boundary operators

In this subsection we discuss the relevant class of gauge-invariant operators in the

N = 4 SYM theory. We begin with a discussion of the global symmetries in the

theory, since it is natural to organize the operators in representations of these

symmetries.

The symmetry algebra of N = 4 SYM is built up as follows. The fact that the

theory is conformal means that the usual Lorentz algebra so(3, 1) is extended to

the full conformal algebra so(4, 2). There are four independent supersymmetries

which rotate into each other under an su(4) ≃ so(6) algebra of R-symmetries.

We shall denote the corresponding charges as Qαa with α ∈ {1, 2} a chiral spinor

index and a ∈ {1, . . . , 4} a fundamental SU(4) index. The combination of the

so(4, 2) ≃ psu(2, 2) conformal symmetry and the N = 4 supersymmetry generates

a so-called superconformal algebra of symmetries. In this case we find that the

full superconformal algebra is psu(2, 2|4). Notice that we can act with the special

conformal transformations on the Qαa to get additional fermionic symmetries.

Their charges are again chiral spinors and we shall denote them by Sαa.

The field theory operators we consider are composite, which means that they are

built up out of the fundamental fields:

Dµ,Φ, ψ, Fµν . (1.17)

Notice that we use the gauge covariant derivative Dµ as an independent field

rather than the gauge field Aµ itself since the former transforms homogeneously

under gauge transformations. We obtain gauge-invariant combinations by taking

a product of these fields, all evaluated at the same spacetime point, and taking a

trace:

OI = Tr
(
. . .Dµ . . .Φ . . . ψ . . . Fρσ . . .

)
. (1.18)

A composite operator is constructed from either a single such trace or a product

of multiple traces. Such an operator still carries an arbitrary number of Lorentz

and SU(4) indices, which we summarized with a single index I.

The operators dual to the supergravity fields form a subclass of this set, namely

the so-called single-trace superconformal primary operators and their descendants.

The superconformal primary operators are the lowest dimension operators in a

multiplet which implies that they must be annihilated by all the Sαa. The single-

trace ones take the form

Tr
(
Φ{I1ΦI2ΦI3 . . .ΦIn}

)
, (1.19)

where the Ii are SO(6) indices and {I1 . . . In} denotes the symmetrized traceless

part. The fact that these operators take the above form follows essentially from

7



1. The gauge/gravity dualities

the fact that they cannot be the supersymmetry variation of other operators. The

descendants in these representations are found by acting with the supercharges

Qαa.

The superconformal primary operators are Lorentz scalars so all operators with

nonzero spin in these representations have to be descendants obtained by acting

with the supercharges Qαa and Q̄α̇a. However the operators (1.19) are in fact 1/2

BPS and therefore annihilated by half of these supercharges. So out of the 16

independent real supercharges we can act with at most 8 on the above operators,

or at most 4 with the same helicity. Therefore the helicities in this multiplet range

between 0 and 2.

The final quantum number that labels their psu(2, 2|4) representation is their

dilatation weight or scaling dimension which is denoted as ∆. the scaling dimension

of composite operators may in principle renormalize because of short-distance

singularities. However the dilatation weight for the above operators is tied to their

su(4) representation labels and therefore does not renormalize. It is then simply

the sum of the dimensions of the elementary fields out of which the operator is

composed.

Symmetries and bulk fields

In this section we shall briefly discuss the relation between the above operators

and supergravity fields on AdS5.

The bosonic field content of type IIB supergravity consists of the metric G, the

dilaton Φ, the axion C0, two real antisymmetric two-forms C2 and B2 and a real

antisymmetric four-form C4. In terms of the field strengths:

H3 = dB2

F1 = dC0

F̃3 = dC2 − C0 ∧ dB2

F̃5 = dC4 −
1

2
C2 ∧ dB2 +

1

2
B2 ∧ dC2 ,

(1.20)

the string frame action takes the form:

S =
1

2κ2

∫
d10x

√
−Ge−2Φ

(
R+ 4|dφ|2 − 1

2
|H3|2

)

− 1

4κ2

∫
d10x

(√
−G(|F1|2 + |F̃3|2 +

1

2
|F̃5|2) + C4 ∧H3 ∧ dC2

)
.

(1.21)

The five-form field strength is self-dual, F5 = ∗10F5, which is an additional con-

straint that should be imposed separately from the field equation obtained from

(1.21).
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1.1. The AdS5/CFT4 correspondence

Let us now consider the AdS5 × S5 solution whose metric was given in (1.9) and

which solves the equations of motion derived from (1.21). (We use conventions

where Φ = 0 for the above solutions.) Its isometries form the group SO(4, 2) ×
SO(6) and we also find 32 independent Killing spinors. Their combined algebra

is precisely the psu(2, 2|4) we already discussed for the dual gauge theory. (To

be precise the symmetries of the AdS5 × S5 geometry are dual to the symmetries

respected by the superconformal vacuum of the field theory.)

In the supergravity limit we may obtain a map between the fields introduced

above (plus their fermionic superpartners) and the aforementioned class of 1/2

BPS superconformal multiplets in the dual field theory. To find this relation we

have to put the fields in the appropriate representations, in particular we have to

make manifest their so(6) ≃ su(4) representation properties. This we can do by

decomposing the fields into spherical harmonics on the S5 part of the geometry.

For example, for the dilaton Φ we may write a general field configuration as:

Φ(x, y) =
∑

I

φI(x)Y
I(y) . (1.22)

Here x denotes the collective coordinates on the AdS5 part of the geometry, y the

coordinates on the S5 part and the Y I are a complete set of spherical harmonics on

the S5, �S5Y I = −k(I)Y I . From the decomposition (1.22) we obtain an infinite

number of effective fields φI(x) in the AdS5 geometry, one for each independent

solution of the Laplacian on the S5. The fields φI(x) are by construction organized

in SO(6) representations. Let us now impose the lowest-order equations of motion,

which would be the massless Klein-Gordon equation for Φ. We find:

0 = �10Φ = (�AdS5
+ �S5)Φ =

∑

I

[�AdS5
φI(x) − k(I)φI(x)]Y

I(y) . (1.23)

We see that each of the φI satisfies an independent Klein-Gordon equation with

increasing masses given by the eigenvalues k(I) of the S5 Laplacian.

The details of the S5 reduction of the IIB supergravity fields were presented in [14].

We will not repeat them here, but suffice it to say that we find precisely one AdS5

field for every one of the local single-trace 1/2 BPS gauge-invariant operators we

mentioned above. In particular the fields again transform in short representations

of psu(2, 2|4) with helicities at most equal to two. As we shall see in more detail

below, the scaling dimension ∆ of these operators is determined directly in terms

of the k(I), so in terms of their effective mass on the AdS5 part of the geometry.

It precisely matches the spectrum on the gauge theory side.

Notice that in principle there is an infinite number of fields originating from the

Kaluza-Klein decomposition of a single field. However we cannot trust the super-

gravity approximation if the fields fluctuate on the S5 on distances smaller than

9



1. The gauge/gravity dualities

the Planck scale. This puts an upper bound on the number of fields we can reliably

consider within supergravity. In the dual gauge theory there is a similar upper

bound on the number of single-trace superconformal primaries since the fields are

su(N) matrices and if their length n > N then one may show that the operators

are no longer linearly independent. Within the regime of supergravity, then, the

results are mutually consistent.

It is rather remarkable that the supergravity only ‘sees’ a fraction of the full set of

gauge-invariant operators. It means in particular that, if the AdS/CFT correspon-

dence is correct, the other operators should correspond to excitations with masses

of order the string scale and therefore they should gain large anomalous dimen-

sions at strong coupling. This is certainly possible: unlike the 1/2 BPS operators

their dimensions are in general unprotected against quantum corrections.

1.1.3 Summary and generalizations

By describing the low-energy excitations of a system of D-branes in two different

ways we have discovered a duality between a theory of gravity and a gauge theory.

We have discussed the relation between the parameters of the two theories, found a

matching of their global symmetry groups and discussed how the supergravity limit

was dual to the planar, strong-coupling limit in the field theory. We also argued

that a class of 1/2 BPS gauge-invariant operators is in one-to-one correspondence

with supergravity fields. Notice that we have not yet presented a method for

actually computing the field theory observables, i.e. the correlation functions of

these operators, from the gravity side. Doing so will be the subject of the next

section.

As we mentioned in the introduction to this chapter, this correspondence belongs

to a much larger class of AdS/CFT correspondences. One may for example study

the near-horizon limit of a variety of brane systems to obtain AdSd+1/CFTd dual-

ities for other dimensions d as well. For each of these there is a compact manifold,

equivalent to the S5 for d = 4, which makes the total closed string background ten-

or eleven-dimensional. One may also obtain generalizations by putting the branes

in different background geometries which then result in different compact mani-

folds when one takes the decoupling limit. These correspond to different dual field

theories with generally a different internal symmetry group. Another generaliza-

tion concerns deformations of the theory by switching on nonzero sources, which

would result in theories with nontrivial scale dependence. One may also consider

nonzero vacuum expectation values of certain operators which can partially break

the gauge symmetry. Finally, there are also non-conformal examples where the

dual field theory is no longer conformal even in the UV. Although these dualities

10



1.2. General prescription

are sometimes still called ‘AdS/CFT correspondences’, it is more appropriate to

refer to these more general instances as ‘gauge-gravity dualities’.

It turns out that all these dualities have a very similar structure. In particular

this is the case for the basic ‘dictionary’ that ‘translates’ observable quantities

between the gauge theory and the gravity side and which we will present in the

next section.

1.2 General prescription

In this section we shall be concerned with the main ingredient of the gauge/gravity

duality, namely the general prescription to compute observables in the two theories.

Since this prescription is to a large extent universal, i.e. independent of the specific

theory under consideration, we shall from now on consider a general gauge/gravity

duality between a d-dimensional field theory and a quantum theory of gravity for

which d+ 1 dimensions are noncompact.

More precisely our assumptions will be the following. First of all we will be working

in a low-energy limit in which we suppose that we may reliably use classical gravity

and which is dual to a strong-coupling (and planar) limit of some sorts in the

dual field theory. Second, we suppose that a Kaluza-Klein reduction has been

performed so we no longer have to explicitly consider the compact part of the

closed string background geometry. We then work with an effective supergravity

theory in d+ 1 dimensions which we will assume to be a consistent truncation of

the full supergravity theory. Third, we will suppose that there is an operator in

the dual field theory corresponding to every bulk field we consider in this (d+ 1)-

dimensional effective theory. Last, we will restrict ourselves to the cases where

the closed string theory is defined on manifolds which are roughly speaking of the

‘asymptotically AdS’ form discussed above. As we shall see below this implies that

the dual field theory is a CFT (and the dimensions of the operators we consider

are protected) at least at asymptotically high energies.

1.2.1 Quantum field theory partition function

The field theory observables we will consider are the correlation functions of the

local gauge-invariant operators OI . In the present context I is a general index

labelling the different operators and it may include Lorentz indices as well. The

correlation functions take the form:

〈OI1(x1)OI2 (x2) . . .OIn
(xn)〉X,g. (1.24)

11



1. The gauge/gravity dualities

The subscripts X, g mean that the theory lives on a manifold X with a general

metric gij which we take to be positive definite for now; in the next chapter we

discuss the Lorentzian theories. Notice that the symbol 〈. . .〉 defines a certain state

in the theory and the correlation functions depend implicitly on that state. For

example, this state may include nonzero vacuum expectation values or operator

insertions at infinity.

A convenient way to collect these correlation functions is to introduce sources

φI(0)(x) for every OI and write down the partition function:

ZCFT[φ(0), gij ] = 〈exp
(
−

∫

M
ddx

√
g φI(0)(x)OI(x)

)
〉X,g . (1.25)

Notice that when the sources are irrelevant the partition function makes sense only

as a formal power series in these sources.

Upon functional differentiation of Z with respect to the sources and setting the

sources to zero we obtain again the field theory correlation functions. To find the

connected correlation functions we introduce:

W = ln(Z) , (1.26)

from which we may obtain:

〈OI(x)OJ (y) . . .〉X,g =
−1√
g(x)

δ

δφI(0)(x)

−1√
g(y)

δ

δφJ(0)(y)
. . .W

∣∣∣
φ(0)=0

. (1.27)

Functional derivatives with respect to the inverse metric by definition generate

insertions of the energy-momentum tensor Tij of the theory,

〈Tij(x)〉X,g,φ =
−2√
g(x)

δW

δgij(x)
. (1.28)

Notice that this time we did not set the sources in W to zero which we indicated

with the subscript φ on the left-hand side. We shall continue to use this subscript

to indicate nonzero sources, but we will omit the subscripts X, g henceforth.

1.2.2 Relation to gravity

According to the gauge/gravity duality the operators OI should be in one-to-

one correspondence with string theory fields ΦI which are defined on a (d + 1)-

dimensional manifold (M,G). Since the corresponding sources φI(0) represent exter-

nal deformations of the system, it is natural that they correspond to the boundary

conditions for the fields ΦI . In particular the boundary conditions for the bulk
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1.2. General prescription

metric G should be defined in terms of the field theory metric g. Of course this

can only be sensible when ∂M = X which we therefore shall assume to be the

case.

Once the boundary conditions for the gravity fields are fixed we can in principle

perform a ‘stringy path integral’ on the closed string side. This would result in a

partition function which depends on these boundary conditions,

Zstring[φ(0), gij ] . (1.29)

The main statement of the gauge/gravity duality is that this partition function is

equal to the field theory partition function:

ZCFT[φ(0), gij ] = Zstring[φ(0), gij] . (1.30)

Upon functional differentiation with respect to the sources, this formula allows

one to in principle compute arbitrary field theory correlation functions from the

gravity theory.

Unfortunately, computing Zstring seems a formidable task as it presumably con-

tains some path integral over arbitrary bulk field configurations ΦI and bulk man-

ifolds (M,G) that satisfy the boundary conditions. However, in the supergravity

limit we can restrict ourselves to a saddle-point approximation on the gravity side.

The string theory partition function is then expressed in terms of the on-shell su-

pergravity action I[φI(0), gij ], evaluated on the solution that is determined by these

boundary data. We then find:

W [φI(0), gij ] = −I[φI(0), gij ] (1.31)

in the supergravity limit. (In the case where multiple such solutions exist the

dominant contribution comes from the solution with the smallest on-shell action.)

The formula (1.31) is the main formula of this thesis. It was first presented in

[15, 16]. Notice that upon functional differentiation of both sides with respect

to the sources we find that we can compute correlation functions in a strongly

coupled field theory using classical gravity!

In the remainder of this chapter we shall work out some of the details of equation

(1.31). We begin by discussing the constraints that W must satisfy as a conse-

quence of the symmetries of the field theory. We shall then consider the precise

boundary behavior of the bulk fields and the relation to the field theory sources.

We will see that the on-shell action I is actually always infinite, essentially be-

cause of the infinite volume of the AdSd+1 spacetime. These infinities should be

removed with an appropriate renormalization procedure, the so-called holographic

renormalization. We shall explain the details of this procedure in two examples.

13



1. The gauge/gravity dualities

Finally, we demonstrate how the resulting renormalized on-shell action satisfies

the same constraints as W and can be used to compute field theory correlation

functions.

Given the fact that all the field theory data is defined at the boundary of the

(d + 1)-dimensional spacetime, it is often said that the field theory ‘lives’ on the

boundary of the spacetime. It is then called the boundary theory and the gravity

theory is correspondingly called the bulk theory.

1.3 Field theory symmetries and Ward identities

If a field theory has a classical symmetry then we can check whether this symmetry

also leaves the quantum partition function W invariant, provided we transform the

sources appropriately. If so then this invariance leads to constraints on the form

of W in the form of functional differential equations. In this section we work out

some of these constraints.

1.3.1 Global internal symmetries

Let us first consider purely internal global symmetries of the theory that are not

related to spacetime invariances. For example, consider a symmetry generated

by a constant parameter ξI under which the infinitesimal transformation of the

fundamental fields is ΨI → ΨI + ξJδJΨI and the corresponding transformation of

the operators OI is given by ξKM J
KI OJ . When we make ξI position-dependent,

the action changes by:

δξS =

∫
ddx

√
g(∇iξ

I)jiI , (1.32)

where jiI is by definition the corresponding Noether current and ∇i is the covariant

derivative for the various spacetime indices on ξI . Since this transformation of the

fields is merely a change of integration variable, W should be invariant under

such a transformation (provided there are no anomalies). This translates into a

functional differential equation for W . Namely, when we single out the source for

jiI and call it AIi then we find that the transformation is equivalent to:

AIi → AIi + ∇iξ
I

φI(0) → φI(0) + φI(0)ξ
KM J

KI .
(1.33)

The invariance of W is then seen to lead to the following identity:

0 = δξW [Aai , φ
I
(0), gij ] =

∫
ddx

(
∇iξ

I δW

δAIi
+ φI(0)ξ

KM J
KI

δW

δφJ(0)

)
. (1.34)
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1.3. Field theory symmetries and Ward identities

Since this should hold for any local ξI we obtain a constraint for W , namely

∇i
δW

δAKi
− φI(0)M

J
KI

δW

δφJ(0)
= 0 . (1.35)

We may alternatively phrase it in terms of correlation functions:

∇i〈jiK〉φ − φI(0)M
J

KI 〈OJ〉φ = 0 . (1.36)

This is the Ward identity corresponding to the symmetry.

1.3.2 Diffeomorphism invariance

We will now discuss diffeomorphism invariance and the conservation of the energy-

momentum tensor. To this end we consider an arbitrary infinitesimal diffeomor-

phism along a vector field ζi. The fundamental fields and the composite operators

in the theory change according to their Lie derivative, and so do the sources and

the metric: δφI(0) = LζφI(0) and δgij = −∇iζj − ∇jζi. The change of W is then

given by:

δζW = −
∫
ddx 2(∇iζj)

δW

δgij
+

∫
ddx (LζφI(0))

δW

δφI(0)
(1.37)

In principle one expects physical quantities to be independent of the coordinate

system in which they are described and consequently one would always expect

δζW = 0. However we will see in chapter 7 that in some cases W is not invariant

under general coordinate transformations and we find:

δζW =

∫
ddx ζiAi . (1.38)

Here Ai is called the diffeomorphism anomaly of the theory.

In this chapter we will be concerned with theories for which the diffeomorphism

anomaly vanishes. For concreteness let us restrict ourselves to the case where the

nonzero φI(0) are all scalars so that

LζφI(0) = ζi∂iφ
I
(0) . (1.39)

Substitution in (1.37) and demanding that δζW = 0 then leads to the following

constraint:

2∇i δW

δgij
− (∂jφ

I
(0))

δW

δφI(0)
= 0 , (1.40)

which is equal to a conservation equation for Tij ,

∇i〈Tij〉φ − (∂jφ
I
(0))〈OI〉φ = 0 . (1.41)

It is not hard to extend the above result for sources that carry vector or spinor

indices.
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1. The gauge/gravity dualities

Example

In the specific case where ζi is a Killing vector field we obtain δgij = 0 and in the

absence of an anomaly (1.37) becomes:

0 =

∫
ddx

√
gφI(0)ζ

i∂i〈OI〉φ . (1.42)

Taking two further functional derivatives with respect to the source and setting

all sources to zero afterwards results in:

0 =
(
ζi(x)

∂

∂xi
+ ζj(y)

∂

∂yj

)
〈OI(x)OJ (y)〉 , (1.43)

reflecting the translational invariance of the two-point function along the Killing

vector field ζi.

1.3.3 Scale invariance

The final symmetry we discuss is scale invariance. In flat space classical scale in-

variance [17] is phrased as the invariance of the action under a combined coordinate

rescaling:

xi → xi + λxi , (1.44)

plus a transformation of the fundamental fields ΨI as given by the dilatation

operator :

δΨI = iλ[D,ΨI ] = −λ(xi∂iΨI + ∆ΨI) . (1.45)

The transformation of the composite operators OI takes the same form, with ∆

replaced by their corresponding scaling dimension.

We can alternatively describe the coordinate transformation (1.44) in terms of

its action on the metric and the fundamental fields in the theory. The resulting

change is again expressed in terms of a Lie derivative, this time along the specific

vector field ζi = xi. We then obtain:

δλgij = λ(∂ixj + ∂jxi) = 2λgij . (1.46)

and for the fundamental fields the combined transformation becomes:

δλΨI = iλ[D,ΨI ] + λLζΨI . (1.47)

When one writes out the Lie derivative for a generic tensor (or spinor) one finds

that the first factor in the transformation (1.45) vanishes against a corresponding

factor in the Lie derivative. Furthermore, the subsequent terms in the Lie deriva-

tive are of the form ±∇jx
i = ±δij for each vector index on ΨI , with the positive
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1.3. Field theory symmetries and Ward identities

sign for lower vector indices and the negative sign for upper vector indices. The

terms in the Lie derivative corresponding to the spinor indices on the fields vanish

identically for this particular transformation. We thus obtain:

δλΨI = −λ(∆ − s̃)ΨI , (1.48)

where s̃ is the number of lower minus the number of upper vector indices on the

field ΨI . The composite operators again OI transform again in a similar way and

the source-operator coupling therefore changes according to:

δλ

(∫
ddx

√
gφI(0)OI

)
= λ(−∆ + s̃+ d)

( ∫
ddx

√
gφI(0)OI

)
, (1.49)

where the extra d comes from the metric determinant. The action is by assumption

invariant under this transformation, so to completely offset it we only have to shift

δφI(0) = λ(∆ − s̃− d) . (1.50)

The combined variation of W is then given by:

δλW = −
∫
ddx 2λgij

δW

δgij
+

∫
ddxλ(∆ − s̃− d)φI(0)

δW

δφI(0)

=

∫
ddx

√
gλgij〈Tij〉φ −

∫
ddx

√
gλ(∆ − s̃− d)φI(0)〈OI〉φ

(1.51)

and the above reasoning shows that it vanishes if there are no anomalies.

Let us make a distinction between global and local scale invariance, at the classical

level for now. From (1.51) one observes that global scale invariance (in the absence

of sources) requires T ii = ∇iJ i for some J i. However it may also happen that

T ii = 0. In that case (1.51) shows that the invariance is extended to include local

rescalings where λ can be an arbitrary function of x. This is called Weyl invariance.

It turns out that the theories we shall consider are indeed Weyl invariant up to

anomalies. We shall therefore from now on assume that λ(x) is position-dependent.

Quantum scale dependence

The scale invariance found at the classical level generally does not extend to the

quantum theory. Indeed, the regularization of the short-distance singularities al-

ways involves the introduction of a nontrivial scale and only in exceptional cases

does this scale dependence completely disappear after the necessary counterterms

are added and the regulator is removed. Let us therefore assume that the quantum

partition function W also depends on an overall renormalization scale µ. Since µ

is the only dimensionful parameter in the theory, a global scale transformation of

the form presented above should be equivalent to a change in µ. This means that:

µ
∂

∂µ
W = −

∫
ddx 2gij

δW

δgij
+

∫
ddx (∆I − s̃− d)φI(0)

δW

δφI(0)
. (1.52)
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For a general CFT the anomalous transformation property of W can be expressed

as [18]:

δλW =

∫
ddxλβI [φ(0)]〈OI〉φ +

∫
ddxλAw [gij , φ(0)] , (1.53)

where Aw is a local function of gij and φ(0) and is called the conformal anomaly

or the Weyl anomaly of the theory. The βI are the beta functions of the theory,

which may be nonzero for a CFT because of the presence of sources.

Let us demonstrate the relation between (1.53) and the ordinary renormalization

group. To this end we consider the theory in flat space and set some of the relevant

or marginal sources to a constant nonzero background value which we denote gK .

Let us furthermore suppose that Aw vanishes for this configuration. Consider

now an n-point correlation function obtained by functional differentiation of W .

Combining (1.51), (1.52) and (1.53) we find its scale dependence:

(
µ
∂

∂µ
+ βI [gK ]

d

dgI

)
〈OI1 (x1)OI2(x2) . . .OIn

(xn)〉

+
n∑

i=1

ΓIi

J 〈OI1(x1) . . .OJ(xi) . . .OIn
(xn)〉 = 0 ,

(1.54)

with

Γ J
I =

∂βJ

∂φI(0)
[gK ] . (1.55)

Equation (1.54) is the usual Callan-Symanzik equation. The beta functions are

indeed given by the βI and Γ J
I is the matrix of anomalous dimensions.

Example

Consider a conformal Killing vector field ζi. After a diffeomorphism along ζi the

metric changes by δgij = 2
d∇κζkgij . We can combine this diffeomorphism with a

Weyl rescaling with λ = − 1
d∇kζk such that eventually δgij = 0. The variation of

the sources under the combined diffeomorphism plus local rescaling is then:

δφI(0) =
(
Lζ −

1

d
(∇kζk)(∆I − s̃− d)

)
φI(0) . (1.56)

Let us again consider the case where the OI are scalars, so LζφI(0) = ζk∂kφ
I
(0). In

the absence of anomalies W should be invariant under this combined variation,

which implies that:
∫
ddx

√
gφI(0)

(∆

d
(∇kζk) + ζk∂k

)
〈OI〉φ = 0 , (1.57)

where we integrated by parts. This equation leads to the usual constraints on

correlation functions along conformal Killing vector fields. For example in flat
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1.3. Field theory symmetries and Ward identities

space we may choose ζi = xi. By twice functionally differentiating (1.57) we find

that the two-point function must satisfy:

0 =
(
xi

∂

∂xi
+ yj

∂

∂yj
+ ∆I + ∆J

)
〈OI(x)OJ (y)〉 . (1.58)

This is the familiar scaling behavior of a correlation function of primary operators.

Conformal anomalies

It is well-known [17] that (1.58) together with translation, Lorentz and special

conformal invariance fixes the flat-space two-point function to be of the form:

〈OI(x)OJ (y)〉 =
GIJδ∆I ,∆J

|x− y|2∆ , (1.59)

where GIJ is a constant and ∆ = ∆I = ∆J . In Fourier space we find that:
∫
ddx e−ikx

1

|x|2∆ =
π(d+1)/2Γ(d− 2∆)

Γ(∆)Γ(−∆ + (d+ 1)/2)
|k|2∆−d . (1.60)

However this equation cannot be valid for the special values

∆ = l +
d

2
l ∈ {0, 1, 2, . . .} , (1.61)

since for these values the right-hand side of (1.60) has a pole. This implies that

for these values the function |x|−2∆ is an ill-defined distribution and not a valid

quantum field theory correlation function. The aforementioned Ward identities

cannot be exactly true and there must be some anomaly such that the physical

answer is not just the one we obtained above from symmetry arguments.

The anomaly can be found by subtracting the divergence in |x|−2∆. We shall use

dimensional regularization in which:

d = 2∆ − 2l− ǫ . (1.62)

By expanding (1.60) in ǫ we find
∫
ddx e−ikx

1

|x|2∆ = cl|k|2k
(2

ǫ
+ ln(|k|2µ−2) + . . .

)
, (1.63)

with

cl =
(−1)l+12−2lπd

Γ(l + 1)Γ(l + d/2)
(1.64)

and we absorbed several terms in the definition of the renormalization scale µ. Af-

ter subtracting the leading-order divergence we are left with a well-defined renor-

malized distribution of the form:

R 1

|x|2l+d ≡ cl

∫
ddk

(2π)d
eikx|k|2l ln(|k|2µ−2) (1.65)
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Since we only subtracted an (infinite) contact term, this renormalized distribution

agrees with the ordinary function away from x = 0. We note that such renormal-

ized distributions would also be the outcome of standard perturbative quantum

field theory computations.

Let us now return to the conformal anomaly. We can integrate back the two-point

function for operators with a scaling dimension of the form (1.61) to find that the

corresponding term in W must be of the form:

W =
1

2

∫
ddx

∫
ddy φI(0)(x)φ

J
(0)(y)GIJR

1

|x− y|2l+d +O[(φI(0))
3] . (1.66)

From (1.65) we find the nontrivial scale dependence:

µ
∂

∂µ
W = −

∫
ddxGIJclφ

I
(0)(x)(−�)lφJ(0)(x) +O[(φI(0))

3] , (1.67)

so we obtain the corresponding conformal anomaly density:

Aw(x) = −GIJclφI(0)(x)(−�)lφJ(0)(x) +O[(φI(0))
3] . (1.68)

Notice that this is a flat-space result. As we shall see explicitly in section 1.6,

nontrivial conformal anomalies also arise when we put the theory in curved space.

1.4 Asymptotic behavior

We shall now consider the gravity theory in more detail. As we discussed above,

the bulk spacetime (M,G) must have some sort of asymptotically AdS form where

the asymptotic (i.e. near-boundary) behavior of the bulk fields is given in terms

of the field theory sources. In this section we shall define the precise notion of an

‘Asymptotically locally AdS spacetime’ and consider the proper specification of

boundary data for the various bulk fields in such spacetimes.

One particular bulk field is the metric Gµν itself and its boundary data should be

given in terms of the field theory metric gij on X . We shall from now on denote

this boundary metric as g(0)ij to indicate that it corresponds to field theory data,

much like the φI(0).

1.4.1 Example

As a first example we will demonstrate how to define the boundary data for a

scalar field Φ propagating on a fixed AdSd+1 background. This spacetime has the

metric

Gµνdx
µdxν =

dz2

z2
+

1

z2
δijdx

idxj (1.69)
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where the xi span Rd and z > 0. Its boundary is the d-dimensional plane at

z → 0, plus a point at z → ∞ which compactifies this plane to a sphere. The

point at infinity induces some subtleties which we may however safely ignore in

this chapter. The boundary data for Φ is then defined solely on the plane at z → 0.

We will suppose that Φ satisfies the massive Klein-Gordon equation:

�GΦ −m2Φ = 0 , (1.70)

which in the metric (1.69) becomes:

z2∂2
zΦ + (1 − d)z∂zΦ + z2δij∂i∂jΦ −m2Φ = 0 . (1.71)

We will ignore the backreaction from the field on the spacetime.

Solving (1.71) for small z we find that the equation of motion has the asymptotic

solution:

Φ = φ(0)(x
k)zd−∆ + . . .+ φ(2∆−d)(x

k)z∆ + . . . (1.72)

with

∆ =
d

2
+

1

2

√
d2 + 4m2 (1.73)

and we ignored the special case ∆ = d/2. From (1.72) we see that for ∆ 6= d the

scalar field either diverges or vanishes near z → 0 so we cannot specify standard

Dirichlet boundary data. Rather the boundary data for Φ is determined by the

specification of the leading term in the radial expansion, which is φ(0)(x
k) for

the case at hand. Indeed it is not hard to find a unique solution to (1.71) for

general φ(0)(x
k) so the Dirichlet problem phrased in this way is well-posed. As

our notation already indicates we will interpret φ(0)(x
k) as the source of the dual

field theory operator. We shall furthermore see below that the scaling dimension

of this operator is precisely the ∆ defined in (1.73).

For the metric (1.69) we similarly see a divergence as z → 0 so we should specify its

boundary conditions also in terms of the leading term in a certain radial expansion.

However in a theory of gravity there is a priori no distinguished radial coordinate

in which we can expand and we therefore face an ambiguity in the specification

of the boundary data. In the remainder of this section we will parametrize this

ambiguity and demonstrate how it is in fact dual to the freedom to make Weyl

rescalings in the boundary theory.

Reviews of the mathematical aspects discussed here can be found in [19, 20].

1.4.2 Conformally compact manifolds

We begin with a proper definition of the boundary of the spacetimes under con-

sideration. To this end we suppose (M,G) is a conformally compact manifold-
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1. The gauge/gravity dualities

with-metric, which is defined as follows. Let M be the interior of a manifold M̄

with boundary ∂M = X . Suppose there exists a smooth, non-negative defining

function z on M̄ such that z(∂M) = 0, dz(∂M) 6= 0 and the metric

G̃ = z2G (1.74)

extends smoothly to a non-degenerate metric on M̄ . We then say that (M,G)

is conformally compact and the choice of a defining function determines a con-

formal compactification of (M,G). Notice that for example (1.69) defines such a

conformally compact manifold with a defining function equal to the coordinate z.

The metric G̃ induces a regular metric g(0) on X which however depends on the

defining function. For example if we picked z as a defining function in (1.69)

we would obtain δij as the boundary metric, whereas if we picked eσz for some

function σ(xi), the boundary metric would be e2σδij . It follows that the pair

(M,G) determines an equivalence class of boundary metrics on X , where two

metrics are equivalent if they differ by a Weyl rescaling. Such an equivalence class

is called a conformal structure on X . We shall denote the equivalence class of g(0)
as [g(0)] and (X, [g(0)]) is then called the conformal infinity or conformal boundary

of (M,G). This construction is same as the Penrose method of compactifying

spacetime by introducting conformal infinity.

If we compute the Riemann tensor of G, we find that near ∂M it has the form:

Rµνρσ = −G̃κλ∇κz∇λz(GµρGνσ −GνρGµσ) +O(z−3). (1.75)

Notice that the leading term is order z−4 as G is order z−2. Taking its trace we

obtain that:

R = −D(D − 1)G̃κλ∇κz∇λz +O(z). (1.76)

If we now additionally impose that the spacetime has constant negative curvature

R = −D(D − 1), (1.77)

then we find to leading order:

G̃κλ∇κz∇λz = 1. (1.78)

The Riemann curvature of such a metric thus approaches that of AdS space with

cosmological constant Λ = −(D− 1)(D− 2)/2, for which one may check explicitly

that Rµνρσ = −GµρGνσ+GνρGµσ holds exactly. A conformally compact manifold

whose metric also satisfies R = −D(D−1) is therefore also called an Asymptotically

locally AdS manifold. Notice that we added the word ‘local’ because we have not

put any requirements on global issues like the topology of X , which may very well

be different from the sphere at conformal infinity of global AdS.
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1.4. Asymptotic behavior

1.4.3 Fefferman-Graham metric and Weyl rescalings

A main result of Fefferman and Graham [21] is that in a finite neighborhood of

∂M the metric of an AlAdS spacetime can always be cast in the form:

ds2 =
dz2

z2
+

1

z2
gijdx

idxj , (1.79)

where the conformal boundary is at z = 0 and the metric g induces a regular

metric at ∂M , so:

gij(x
k, z) = g(0)ij(x

k) + . . . , (1.80)

where the dots represent terms that vanish as z → 0. Just as for the scalar field we

interpret the leading term g(0)ij in the expansion (1.80) as the field theory metric.

The Fefferman-Graham expansion for a given AlAdS manifold is however not

unique. Indeed, one may apply an infinitesimal coordinate transformation along

a vector field ζµ given by:

ζµ∂µ = −zλ∂z +
1

2
z2(∂iλ)g

ij
(0)∂j , (1.81)

where λ is an arbitrary function of the boundary coordinates xi. This coordinate

transformation retains the Fefferman-Graham form of the metric (1.79), but it

changes the boundary metric by a Weyl rescaling,

δg(0)ij = 2λg(0)ij . (1.82)

This Weyl rescaling freedom reflects the fact that a conformally compact manifold

induces a conformal structure rather than a metric on the boundary. The choice

for a specific representative g(0)ij within the class [g(0)ij ] is equivalent to picking

a specific Fefferman-Graham coordinate system.

Notice that the same diffeomorphism changes the leading-order term in the ex-

pansion (1.72) by:

δφ(0) = λ(∆ − d)φ(0) . (1.83)

The transformation of the field theory sources (1.82) and (1.83) is in fact precisely

the one we found when we discussed scale invariance in section 1.3.3, see the

equations (1.46) and (1.50). Weyl rescalings in the CFT are thus implemented

by diffeomorphisms in an AlAdS metric [22, 23] and the freedom to change the

Fefferman-Graham expansion is precisely dual to the freedom to perform local

Weyl rescalings in the field theory. We will see below how these diffeomorphisms

can induce conformal anomalies in the field theory as well.

We may also consider the case of constant λ for which the diffeomorphism along

(1.81) reduces to a rescaling of the z coordinate. In the field theory we interpret

23



1. The gauge/gravity dualities

this as a rescaling of the renormalization scale, cf. equation (1.52). The coordinate

z is therefore often said to be dual to the renormalization scale of the dual field

theory, with small z corresponding to large µ, so the UV of the theory, and vice

versa. We shall use this intuition below.

Notice finally that any field theory that is described by gravity in an AlAdS space-

time has this asymptotic Weyl invariance at least up to anomalies. This explains

the statement made in the second paragraph of section 1.2 where we claimed that

the field theory should behave like a CFT at least at high energies.

Summary

Let us summarize the results of this subsection. Within the class of gauge/gravity

dualities we consider here the corresponding bulk spacetimes must have an AlAdS

form. Near the boundary of such spacetimes the metric and other fields diverge.

It is however always possible to pick a so-called Fefferman-Graham coordinate

system with a distinguished radial coordinate z and to define the boundary data

as the leading-order coefficient in the expansion of the fields in this coordinate

z. We denoted these coefficients φ(0) and g(0) above and they are interpreted as

sources in the dual field theory. The Fefferman-Graham coordinate system is not

unique but picking a different coordinate z corresponds to a Weyl rescaling in the

dual field theory.

1.4.4 Holographic renormalization

With the boundary data specified we can try to find a bulk solution to the equa-

tions of motion and compute its on-shell action. Since the solution of the equations

of motion is a function of φ(0) and g(0), so is the corresponding on-shell action

I[φ(0), g(0)]. According to (1.31) we may interpret it as the generating functional

of connected correlation functions in the dual field theory.

However, the naive on-shell action is always infinite, essentially because of the

infinite volume of AlAdS spacetimes. In order to obtain finite answers we need

to regularize and then renormalize the computation of the on-shell action. This

holographic renormalization procedure [24, 25, 26, 27, 28, 29] depends crucially

on the asymptotic properties of an AlAdS metric and this is the place where the

above framework finds a practical application.

The procedure of holographic renormalization is implemented as follows. The

divergences in the on-shell action I[φ(0), g(0)] all arise from integrals that diverge

as we send the Fefferman-Graham coordinate z → 0. To regulate these divergences

one therefore introduces a cutoff by restricting the spacetime integrals to some
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1.4. Asymptotic behavior

small but finite z0. The regulated on-shell action then contains a number of terms

that would diverge as z0 → 0. These divergences are then cancelled by adding

counterterms to the action, which are boundary terms defined at the cutoff surface

z = z0. These counterterms are chosen in such a way that the combined action

is finite as one removes the cutoff. This results in a finite renormalized on-shell

action which one may use to compute field theory correlation functions.

The precise counterterm action is far from arbitrary. First of all the counterterm

action has to be a boundary action in order for the counterterms not to affect the

bulk equations of motion. To maintain covariance under transformations of the

boundary coordinates xi these counterterms should furthermore be functionals of

the induced fields on the slice given by z = z0. They should also be local functionals

of these fields in order not to change the nonlocal, dynamical, part of the on-shell

action. Finally, in order to respect the variational principle for all finite values of

z0 the counterterms have to be defined in terms of the fields themselves and not

involve their conjugate momenta, i.e. their radial derivatives. As a sidenote we

remark that once the cutoff is removed the counterterms in fact precisely modify

the variational principle such that it is appropriate for AlAdS spacetimes [30].

The precise counterterm action for AlAdS spacetimes depends on the bulk theory

under consideration. On the other hand it does not depend on the specific solution

to the equations of motion. Instead the counterterms are universal and make

a given action finite for any solution to the corresponding equations of motion.

This is dual to the statement that the renormalizability of the field theory can

be demonstrated solely by analyzing its UV properties, i.e. independently of the

specific form of the correlation functions.

Furthermore the procedure of holographic renormalization also leads to certain

constraints which the renormalized on-shell action I must satisfy. These con-

straints precisely correspond to the field theory Ward identities of section 1.3.

They are again independent of the specific form of the bulk solution which reflects

the fact that the Ward identities are also a property of the UV of the dual field

theory.

In the next sections we will present the holographic renormalization procedure in

two simple examples. We will show how to find the counterterms that make the

action finite and how the holographic Ward identities arise. We will also find an

explicit solution to the equation of motion which we use to compute a two-point

function in the boundary theory.

For a general introduction to holographic renormalization we refer to [31].
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1. The gauge/gravity dualities

1.5 Scalar field in AdSd+1

We will again consider the example of a free massive scalar field Φ in an AdSd+1

spacetime. Its action is given by:

S =
1

2

∫
dd+1x

√
G

(
∂µΦ∂

µΦ +m2Φ2
)
. (1.84)

We shall in this section use a new coordinate r = − log(z) in which the metric

(1.69) becomes:

Gµνdx
µdxν = dr2 + γijdx

idxj , γij = e2rδij . (1.85)

Notice that the conformal boundary of the spacetime is now at r → ∞. In this

coordinate the equation of motion (1.70) takes the form:

Φ̈ + dΦ̇ + �γΦ −m2Φ = 0 , (1.86)

where a dot denotes a radial derivative and �γ = e−2r
�0 with �0 = δij∂i∂j the

d-dimensional flat space Laplacian. We presented in equation (1.72) the leading-

order form of the solution near the boundary. In the coordinate r it reads:

Φ(r, xi) = e(∆−d)r
(
φ(0)(x

i) + . . .+ e−(2∆−d)rφ(2∆−d)(x
i) + . . .

)
, (1.87)

where we recall that ∆ = 1
2 (d +

√
d+ 4m2) as given in (1.73). We shall assume

that ∆ > d/2. Notice that there are asymptotically two independent solutions.

We interpret the leading-order term φ(0)(x) as the source in the dual field theory.

Asymptotic solution

Let us first expand the asymptotic solution to higher order. From the equation of

motion we find that the subleading terms have the form of a power series:

Φ = e(∆−d)r
(
φ(0)(x

i) + e−2rφ(2)(x
i) + . . .+ e−2krφ(2k)(x

i) + . . .
)
, (1.88)

whose coefficients are given by:

φ(2) =
�0φ(0)

2(2∆ − d− 2)

φ(2k) =
�0φ(2k−2)

2k(2∆ − d− 2k)
.

(1.89)

For generic values of ∆ this expansion continues indefinitely and a corresponding

expansion exists for the second branch of the solution in (1.87). However if:

∆ = l +
d

2
l ∈ {1, 2, 3, . . .} (1.90)
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1.5. Scalar field in AdSd+1

we find that equation (1.89) cannot be satisfied for k = l and we have to modify

the expansion:

Φ = e(∆−d)r
(
φ(0)(x

i) + e−2rφ(2)(x
i) + . . .+ e−2krφ(2k)(x

i) + . . .

+ e−2lrrφ̃(2l)(x
i) + e−2lrφ(2l)(x

i) + . . .
)
.

(1.91)

We then find in addition to (1.89) the new relation for k = l:

φ̃(2l) =
1

l
�0φ(2l−2) (1.92)

and we also find that φ(2l) is not determined by the asymptotic expansion. We

shall see how it is determined in terms of φ(0) once we find the full solution to the

equations of motion below.

Notice that (1.90) implies that m2 = l2 − d2/4. One often obtains precisely such

masses by a Kaluza-Klein decomposition of the fields on the compact part of the

geometry like we did in section 1.1.2. We will therefore focus on these cases from

now on.

On-shell action and divergences

We now substitute the asymptotic solution (1.91) into the action (1.84). After

an integration by parts we find that the bulk term vanishes by the equations of

motion and the on-shell action reduces to a boundary term:

I =
1

2

∫

r0

ddx
√
γΦΦ̇ . (1.93)

This term would in principle be defined the surface r → ∞ in the metric (1.85).

However plugging in the above solution and using
√
γ = edr we find:

I =

∫

r0

ddx e(2∆−d)r
(
(∆ − d)φ2

(0) + e−2r2(∆ − d− 1)φ(0)φ(2) + . . .

− dre−(2∆−d)rφ̃(2l)φ(0) + (φ̃(2l) − dφ(2l))φ(0) + . . .
) (1.94)

and we find a number of divergences as we let r → ∞. We therefore impose a cutoff

and put the spatial integral in (1.93) at some large but finite r0. This regulates

the divergences and ensures that the bare action is finite.

The divergent terms in (1.94) involve precisely all the terms that were determined

by the radial expansion above. Indeed the first term involving the undetermined

term φ(2l) is precisely a finite term and is therefore unimportant as far as the

construction of the counterterms in concerned. This explicitly demonstrates the
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aforementioned statement that one does not need the full solution to the equations

of motion to implement the holographic renormalization.

To cancel the divergences in (1.94) we have to define a counterterm action that we

add to the above action such that the combined action is finite. As we mentioned

above this has to be a local covariant functional of the induced values of the field

at the cutoff surface, so of Φ(x, r0).

We emphasize that adding such a counterterm action is not the same as simply

crossing out the divergent terms in (1.94). Indeed in the latter case we would be

defining the counterterms in terms of φ(0)(x) which is manifestly not the same

as Φ(x, r0). To explicitly see the difference, consider for example the leading

divergence. It is cancelled by the counterterm:

−
∫

r0

ddx
√
γ(∆ − d)Φ2 = −

∫

r0

ddx e(2∆−d)r
(
(∆ − d)φ2

(0) + . . .

+ e−(2∆−d)r2(∆ − d)φ(0)φ(2l) + . . .
)
,

(1.95)

which is indeed a proper local function of the induced values of the fields defined at

the cutoff surface. By construction its radial expansion begins precisely with the

divergence it is supposed to cancel, but there is also a finite piece which we shall

see survives into the renormalized result. We would not obtain such a finite piece

if we simply crossed out the divergences in (1.94). This latter method is therefore

not only theoretically problematic but it leads to physically incorrect results as

well.

The dilatation operator

There exist various systematic procedures to find the exact form of the counterterm

action. The method we describe below follows [29] and relies on the following

observation. Since the solution to the equations of motion is completely determined

by the boundary data, so is the on-shell action I. For the regulated action these

boundary data are the induced values of the bulk fields on the cutoff surface. For

example, the on-shell action for the scalar field depends on the induced metric

γij and the boundary values of the scalar field Φ at this cutoff surface. We may

therefore write:

I[γij ,Φ] (1.96)

This in particular implies that all the dependence on the cutoff is completely

implicit in the dependence of I on the induced fields. The radial derivative of I is

therefore given by a simple application of the chain rule:

İ =

∫
ddx γ̇ij

δI

δγij
+

∫
ddxΠ

δI

δΦ
= 2

∫
ddxγij

δI

δγij
+

∫
ddxΠ

δI

δΦ
. (1.97)
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Since the background metric is fixed we substituted its background value γ̇ij = 2γij
and we also introduced Π = Φ̇. Notice that the dot in (1.97) denotes a derivative

with respect to the cutoff. We shall henceforth denote the cutoff by r rather than

r0 since it is the only radial coordinate entering in this section.

From the expansion (1.91) we also know that

Π = (∆ − d)Φ + . . . (1.98)

where the dots represent subleading terms as r → ∞. We therefore find that:

İ = δDI + . . . (1.99)

with δD the dilatation operator :

δD = 2

∫
ddxγij

δ

δγij
+

∫
ddx (∆ − d)Φ

δ

δΦ
. (1.100)

Notice that it is appropriately named because when we send r → ∞ it becomes

precisely the field theory dilatation operator (1.51). It is now however a covariant

operator which acts on arbitrary functionals of the fields Φ and γij evaluated at

the cutoff surface.

We now recall that

Π =
1√
γ

δI

δΦ
. (1.101)

This result follows either from explicit variation of the action (1.84) or from gen-

eral Hamilton-Jacobi theory where one treats the radial coordinate as the ‘time’

coordinate. Since I was a functional of γij and Φ, then from (1.101) so is Π.

Therefore the radial derivative acting on Π can also be written in the form (1.97):

Π̇ = 2

∫
ddxγij

δΠ

δγij
+

∫
ddxΠ

δΠ

δΦ
(1.102)

and again the radial derivative is asymptotically equal to the dilatation operator.

Eigenfunction expansion

The next step in the Hamiltonian holographic renormalization is to expand Π in

eigenfunctions of the dilatation operator δD defined in (1.100). We write:

Π = Π(d−∆) + Π(d−∆+2) + Π(d−∆+4) + . . . (1.103)

where by definition

δDΠ(s) = −sΠ(s) . (1.104)
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Notice that since the radial derivative is asymptotically equal to the dilatation

operator we obtain that:

Π̇(s) = −sΠ(s) + . . . (1.105)

However the organization in eigenfunctions of the dilatation operator is not pre-

cisely a radial expansion. Indeed, this expansion organizes the various divergences

in Π in a covariant fashion, that is in terms of Φ rather than φ(0).

From (1.98) we immediately find that Π(d−∆) = (∆− d)Φ which is in fact how we

obtained the leading-order weight (d − ∆) in (1.103). To find an expression for

the subleading terms we use the equation of motion (1.86):

Π̇ + dΠ − �γΦ − ∆(∆ − d)Φ = 0 . (1.106)

We then replace Π̇ with (1.102), substitute (1.103) for all instances of Π and use

(1.104) to collect terms of equal dilatation weight. This results in the following

expressions for the subleading terms:

Π(d−∆+2) =
1

2∆ − d− 2
�γΦ

Π(d−∆+4) =
−1

(2∆ − d− 4)(2∆ − d− 2)2
�

2
γΦ

Π(d−∆+2k) =
c(k,∆, d)

(2∆ − d− 2k)
�
k
γΦ

(1.107)

where the coefficients c(k,∆, d) can be determined recursively. The above expan-

sion continues up to the terms with k = l, so the terms with weight −∆, where we

find that the equation of motion (1.106) cannot be satisfied when we substitute

the expansion (1.103). Just as for the radial expansion (1.91) we have to include

an inhomogeneous term:

Π = Π(d−∆) + Π(d−∆+2) + . . .+ Π(∆+2) + rΠ̃(∆) + Π(∆) + . . . (1.108)

whose properties under dilatations take the form:

δD(Π(∆) + rΠ̃(∆)) = −∆(Π(∆) + rΠ̃(∆)) + Π̃(∆) . (1.109)

Notice again the similarity between the dilatation operator and the radial deriva-

tive. By iterating the equations of motion we find that:

Π̃(∆) = (−1)l22l−2Γ(l)�
2l
γ Φ , (1.110)

whereas Π(∆) is not determined by this procedure.
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Renormalized action and one-point function

We recall that the bare action (1.93) is given by:

Ibare =
1

2

∫

r

ddx
√
γΦΠ . (1.111)

Substituting now the expansion (1.103) we directly find the divergences organized

in a covariant expansion in Φ rather than in a radial expansion as given in (1.94).

This means that we can directly cancel them with the counterterm action:

Ict = −1

2

∫

r

ddx
√
γΦ

( ∑

(d−∆)≤s<∆

Π(s) + rΠ̃(∆)

)
(1.112)

and the renormalized action is given by:

Iren = lim
r→∞

−1

2

∫

r

ddx
√
γΦΠ∆ , (1.113)

which is finite as r → ∞.

Notice the presence of the explicit r in the last counterterm which is necessary to

cancel the logarithmic divergence in (1.94). This explicit coordinate dependence

leads to anomalous transformation properties under translations in the r direction.

We mentioned in section 1.4.3 that these translations map to Weyl rescalings in

the boundary theory and one may therefore expect a corresponding Weyl anomaly.

This indeed turns out to be the case.

To find the anomaly we recall that the dilatation operator reduces to the global

rescaling defined in (1.51) for λ = 1. We can therefore act with δD on the renor-

malized action and compare with (1.53) to find the corresponding anomaly Aw.

Using (1.109), (1.110) and (1.113) we obtain:

δDIren = −1

2
lim
r→∞

∫

r

ddx
√
γΦΠ̃(∆) =

∫
ddx (−1)l+122l−1Γ(l)φ(0)�

l
0φ(0) ,

(1.114)

whose form precisely matches the conformal anomaly for operators of dimension

(1.90) which we discussed in section 1.3.3. Notice that we obtained this anomaly

without having to find a complete solution to the equations of motion: just as in

the boundary theory it follows purely from the UV structure of the theory.

Correlation functions

From the renormalized action (1.113) we may obtain the one-point function in the

presence of sources. Using (1.31) we find:

〈O(xi)〉φ =
1

√
g(0)

δIren
δφ(0)(xi)

= lim
r→∞

e∆r√
γ

δ

δΦ(xi, r)
(Ibare + Ict) , (1.115)
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where the extra factor e∆r converts Φ to φ(0) and γ to g(0) as r → ∞. We may

compute this explicitly by substituting the values for Π(s) and Π̃(∆) in (1.112) and

using (1.101). We find:

〈O(xi)〉φ = lim
r→∞

e∆rΠ(∆)(r, x
i) . (1.116)

Substituting now (1.91) we obtain [27]:

〈O(xi)〉φ = −2lφ(2l)(x
i) + C[φ(0)(x

i)] , (1.117)

where the C[φ(0)] are local contact terms which are scheme-dependent.

In order to proceed from here we have to determine the full solution to the equation

of motion (1.86) for given boundary data φ(0). Indeed the full solution allows one

to express φ(2l) as a function of φ(0) so we can differentiate (1.117) once more with

respect to φ(0) to obtain a nontrivial two-point function.

In Fourier space one easily obtains the two linearly independent solutions of (1.86).

These are given in terms of modified Bessel functions:

e−(d/2)rKl(|k|e−r) e−(d/2)rIl(|k|e−r) (1.118)

For r → −∞ the solutions behave as:

e−(d/2)rKl(|k|e−r) =

√
πe−(d−1)r

2|k| exp(−|k|e−r)(1 +O(er)) (1.119)

e−(d/2)rIl(|k|e−r) =

√
e−(d−1)r

2π|k|
[
exp

(
|k|e−r

)
+ exp

(
− |k|e−r − (l +

1

2
)πi

)]

× (1 +O(er))

We see that the solution involving Il blows up and therefore should be discarded.

For large r we obtain:

e−(d/2)rKl(|k|e−r) = Γ(l)
2l+1e−(d/2−l)r

|k|l (1 +O(e−r)) (1.120)

The full solution to the equations of motion therefore takes the form:

Φ(x, k) =

∫
ddk

(2π)d
eikxφ(0)(k)

|k|l
2l+1Γ(l)

e−(d/2)rKl(|k|e−r) (1.121)

where Kl is the modified Bessel function of the second kind and we Fourier trans-

formed the source φ(0). One may expand the Bessel function to recover precisely
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the expansion (1.91), including the inhomogeneous term. The full solution also

determines the final term in (1.91):

φ(2l) =

∫
ddk

(2π)d
eikxφ(0)(k)

(−1)l−1

22lΓ(l)Γ(l+ 1)
|k|2l

(
log(|k|2)− log(4)+

1

2
ψ(l+1)−γ

)

(1.122)

where ψ(x) = d ln Γ(x)/dx is the digamma function and γ the Euler-Mascheroni

constant. We can plug this into (1.117) and differentiate once more with respect

to φ(0) to obtain:

〈O(k)O(−k)〉 =
(−1)l+1

22l[Γ(l)]2
|k|2l log(|k|2/µ2) + C(k2) (1.123)

where the C denote contact terms that we can safely ignore and we also introduced

a scale µ on dimensional grounds. In position space we may use (1.65) to find:

〈O(x)O(y)〉 =
2lπ−dΓ(l + d/2)

πd/2Γ(l)
R 1

|x|2∆ (1.124)

We indeed reproduced the renormalized correlation function, which was to be

expected from the anomalous conformal Ward identity we found above.

1.6 Einstein gravity

In this section we will work out the holographic renormalization for (d + 1)-

dimensional Einstein gravity with a negative cosmological constant. The proper

action functional is given by the Einstein-Hilbert term plus the Gibbons-Hawking

boundary term:

S =
1

2κ2

∫
dd+1x

√
G(−R+ 2Λ) − 1

κ2

∫
ddx

√
γK . (1.125)

This form of the action results in a well-defined variational principle if one keeps

the metric fixed on a boundary that is at finite distance from the interior of the

space [32]. We work in (d + 1) dimensions and will specialize to d ≤ 4 below.

The bulk metric is denoted Gµν , the boundary metric γij and Kij is the extrinsic

curvature of the boundary. The equations of motion obtained from (1.125) are the

Einstein equations:

Rµν −
1

2
RGµν + ΛGµν = 0 (1.126)

and we use the following conventions for the curvatures:

R σ
µνρ = ∂νΓ

σ
µρ + ΓλµρΓ

σ
νλ − (µ↔ ν), Rµρ = R σ

µσρ . (1.127)

In terms of the AdS radius of curvature ℓ one has Λ = − 1
2d(d− 1)ℓ−2. We will set

ℓ = 1 in what follows. Notice that one then obtains R = −d(d+ 1) from the trace

of (1.126).
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AlAdS solution

We would like to renormalize the on-shell action for a solution to (1.126) which is

AlAdS. In section 1.4.3 we described that near the conformal boundary the metric

for such a solution can be put in the Fefferman-Graham form:

Gµνdx
µdxν = dr2 + γijdx

idxj γij(r, x
k) = e2rg(0)ij(x

k) + . . . (1.128)

In these coordinates the extrinsic curvature Kij for a hypersurface of constant r

takes the simple form:

Kij =
1

2
γ̇ij , (1.129)

where the dot denotes a radial derivative. The nonzero connection coefficients for

the metric (1.128) are

Γrij = −Kij , Γirj = Ki
j , Γijk[G] = Γijk[γ] , (1.130)

and the Einstein equations become:

0 = R−K2 +KijK
ij + d(d− 1)

0 = ∇iK
i
j −∇jK

0 = ∂r(K
i
j) +KKi

j −Rij − dδji .

(1.131)

Here and below we write Rij and ∇i for the curvature and the covariant derivative

associated with the metric γij . Similarly indices are always raised with γij unless

indicated otherwise.

We may use the equations (1.131) to obtain an asymptotic expansion of the metric.

For example for the first subleading term we find:

γij = e2r
(
g(0)ij + e−2rg(2)ij + . . .

)
(1.132)

with, for d > 2,

g(2)ij =
1

d− 2

(
R(0)ij −

1

2(d− 1)
R(0)g(0)ij

)
, (1.133)

where R(0)ij is the Ricci tensor for the metric g(0)ij . Notice that this term is a local

function of the boundary data g(0)ij . Iterating this procedure one finds that all the

subleading terms up until g(d)ij are locally determined by g(0)ij , but at order e−dr

the procedure breaks down and one finds that g(d)ij is not (completely) determined

by the asymptotic solution to the equations of motion. Furthermore, for d even

and greater than two one also has to insert a term of the form g̃(d)ijre
−dr in the

asymptotic expansion. The resulting asymptotic structure is then very similar to
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that of the scalar field presented in the equations (1.89) and (1.91) above. Further-

more, just as for the scalar field we will see below that the nonlocally determined

term g(d)ij will eventually enter in the one-point function (as in equation (1.117))

and that the inhomogeneous term g̃(d)ij is related to a conformal anomaly (as in

equation (1.114)).

Divergences and constraint equations

Let us now analyze the divergences in the on-shell action. Using the above expres-

sions for the bulk curvature and cosmological constant one finds that the on-shell

action reduces to:

I =
d

κ2

∫
dd+1x

√
G− 1

κ2

∫
ddx

√
γK . (1.134)

Upon substitution of the Fefferman-Graham expansion one finds a number of di-

vergences. For example, from (1.128) and (1.129) one finds at leading order:

Ibare =
1 − d

κ2

∫

r0

ddx
(√

g(0)e
dr + . . .

)
, (1.135)

where we introduced a cutoff at a large but finite r0 to regulate the divergences.

The divergences should be cancelled with a suitable counterterm action which can

be obtained as follows. Just as for the scalar field we begin by introducing the

conjugate momentum as the variation of the on-shell action:

πij =
2κ2

√
γ

δI

δγij
. (1.136)

From (1.125) one may easily compute it to be:

πij = Kij −Kγij , (1.137)

which can be inverted to Kij = πij + πkkγij/(d − 1). In terms of πij the first

equation in (1.131) then becomes:

R+ πijπ
j
i −

(πkk)
2

d− 1
+ d(d− 1) = 0 (1.138)

If one then substitutes (1.136) this equation becomes a functional differential equa-

tion for I which is precisely the Hamilton-Jacobi equation for the on-shell gravity

action. We will shortly see how this single equation is sufficient to completely

determine the divergent part of the on-shell action.
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Dilatation weight expansions

Let us again introduce the dilatation operator which we introduced in (1.100)

above. In this case the metric is the only dynamical field and the dilatation

operator therefore takes the form:

δD = 2

∫
ddxγij

δ

δγij
. (1.139)

Just as in the previous section we notice that the regulated on-shell action I as well

as the conjugate momentum πij are functionals of the boundary metric γij alone.

By a repetition of the discussion around equation (1.99) one may conclude that

the action of the dilatation operator on these quantities is therefore asymptotically

equal to taking a radial derivative. To isolate the divergent pieces it is then again

convenient to use an expansion in eigenfunctions of the dilatation operator.

Notice that we may always write the on-shell action as an integral over the cutoff

surface:

I =
1

2κ2

∫
ddx

√
γλ (1.140)

for some (a priori complicated) function λ[γij ]. We will now expand λ in eigenfunc-

tions of the dilatation operator. Using (1.135) and the fact that
√
γ = edr

√
g(0)+. . .

we see that the leading-order weight of λ has to be zero. We therefore write:

λ = λ(0) + λ(2) + . . . (1.141)

with by definition:

δDλ(s) = −sλ(s) (1.142)

and from (1.135) we immediately find λ(0) = 2(1 − d). We shall shortly see that

one needs to add inhomogeneous terms to the expansion (1.141) when d is even,

just as in equation (1.108) for the conjugate momentum of the scalar field.

Let us now consider the expansion of πij . Notice that since γij has weight two we

find that lowering or raising an index on a tensor increases or decreases its dilata-

tion weight by two, respectively. We will choose to expand πij in eigenfunctions of

the dilatation operator. To leading order one finds from (1.137) that

πij = (1 − d)δji + . . . , (1.143)

so the corresponding expansion for πij also begins with a term of weight zero. (This

is consistent with (1.136) and the fact that λ also begins with a term of weight

zero.) We therefore write:

πij = π(0)
i
j + π(2)

i
j + . . . , (1.144)
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with again:

δDπ(s)
i
j = −sπ(s)

i
j (1.145)

and with the leading-order term:

π(0)
i
j = (1 − d)δij . (1.146)

We will explain below that it again becomes necessary to add an inhomogeneous

term to the expansion for certain values of d.

Computation of the expansion coefficients

We can now explicitly construct all the divergent terms in the expansion (1.141)

using the constraint equation (1.138). Just as for the scalar field all these terms

will be algebraically determined and the resulting expressions will be local and

covariant functions of the boundary metric γij .

The first step is to realize that for any variation of γij we may use (1.136) and

(1.140) to find: √
γπijδγij = δ(

√
γλ) (1.147)

at least up to a total divergence. We may however use the total divergence ambi-

guity in λ to make sure that the above equation holds exactly, see [29] for details.

We may then set δ = δD and find that

2πkk = (d+ δD)λ (1.148)

and upon substitution of the above expansions for λ and πij we obtain:

λ(s) =
2

d− s
π(s)

k
k . (1.149)

We may furthermore obtain π(s)
i
j from substitution of the expansions in (1.136).

This results in:
√
γπ(s)

i
j = γjk

δ

δγik

∫
ddx

√
γλ(s) . (1.150)

Notice that we may substitute (1.149) into (1.150) to recover π(s)
i
j completely by

knowing only its trace, at least for s 6= d. This allows for a recursive solution of

(1.138) as we now illustrate by performing the first few steps.

First of all, at dilatation weight zero equation (1.138) reduces to an equation that

is trivially satisfied upon substitution of (1.146). At dilatation weight two we use

(1.146) to obtain:

2π(2)
k
k = −R (1.151)

and using (1.149):

λ(2) = − 1

d− 2
R , (1.152)
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at least for d 6= 2. Furthermore, from (1.150) we find:

π(2)ij =
1

d− 2
(Rij −

1

2
Rγij) , (1.153)

again for d 6= 2.

Next, at dilation weight 4 we obtain:

π(4)
k
k =

(π(2)
k
k)

2

2(d− 1)
− 1

2
π(2)

i
jπ(2)

j
i

= − 1

8(d− 2)2

( d

d− 1
R2 + 4RijR

j
i

)
,

(1.154)

and for d 6= 2, 4 we may again use (1.149) to find

λ(4) = − 1

4(d− 4)(d− 2)2

( d

d− 1
R2 + 4RijR

j
i

)
(1.155)

and so on.

In general the above procedure breaks down at dilatation weight s = d. For odd d

we find that π(d)
k
k = 0 and that λ(d) is undetermined by this procedure. For even

d the expansions for λ and πij given above need to be modified to:

πij = π(0)
i
j + . . .+ rπ̃(d)

i
j + π(d)

i
j + . . .

λ = λ(0) + . . .+ rλ̃(d) + λ(d) + . . .
(1.156)

with:

δD(rπ̃(d)
i
j + π(d)

i
j) = −drπ̃(d)

i
j − dπ(d)

i
j + π̃(d)

i
j (1.157)

and similarly for λ(d) and λ̃(d). Repeating then the above procedure we find first

of all that π(s)
i
j and λ(s) are unmodified for s < d. Furthermore, for s = d we find

from (1.138) the traces of the new terms, namely π̃(d)
k
k = 0 and π(d)

k
k is the same

as above. Using (1.148) one also obtains that

λ̃(d) = π(d)
k
k (1.158)

and λ(d) is again undetermined. Finally we use (1.150) to obtain:

π̃(d)
i
j =

1√
γ
γjk

δ

δγik

∫
ddx

√
γπ(d)

k
k , (1.159)

but since λ(d) is undetermined we cannot determine π(d)
i
j from (1.150).

Let us consider explicitly the dimensions d = 2 and d = 4. For d = 2 we find

λ̃(2) = π(2)
k
k = −1

2
R , (1.160)
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and then from (1.159) one obtains

π̃(2)
i
j = 0 , (1.161)

since the metric variation of the topological invariant
∫
d2x

√
γR vanishes com-

pletely. For d = 4 we obtain:

λ̃(4) = π(4)
k
k = −

( 1

24
R2 +

1

8
RijR

j
i

)
, (1.162)

which we may substitute in (1.150) to find an expression for π̃(4)
i
j that we shall

not write down here.

Counterterms and renormalization

The counterterm action is given by the terms with positive dilatation weight.

Remembering that the metric determinant has weight d, we find for odd dimensions

that

Ict = − 1

2κ2

∫
ddx

√
γ(λ(0) + λ(2) + . . .+ λ(d−1)) (1.163)

and for even dimensions that

Ict = − 1

2κ2

∫
ddx

√
γ(λ(0) + λ(2) + . . .+ rλ̃(d)) . (1.164)

For all dimensions the renormalized on-shell action is given by:

Iren = lim
r→∞

(Ibare + Ict) = lim
r→∞

1

2κ2

∫
ddx

√
γλ(d) , (1.165)

and we immediately obtain the renormalized one-point function of the energy-

momentum tensor as:

〈Tij(x)〉g(0) =
2√

g(0)(x)

δ

δgij(0)(x)
Iren

= lim
r→∞

−e(d−2)r

κ2
√
γ(x)

δ

δγij(x)

∫
ddx

√
γλ(d)

= − lim
r→∞

e(d−2)r 1

κ2
π(d)ij ,

(1.166)

where we added a subscript g(0)ij on the left-hand side to indicate the nontrivial

curved background metric. An explicit expression for π(d)ij can be found by using

the Fefferman-Graham expansion. For example for d = 2 we have:

γij = e2rg(0)ij + g(2)ij + . . . (1.167)
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and

π(2)ij = πij − π(0)ij + . . .

= Kij −Kγij + γij + . . .

= −g(2)ij + g(0)ijtr(g
−1
(0)g(2)) + . . .

(1.168)

where the dots represent terms that vanish as r → ∞. Furthermore we may use

the fact that π(2)
k
k = − 1

2R = − 1
2e

−2rR(0) + . . . to find that tr(g−1
(0)g(2)) = − 1

2R(0).

Our final result for d = 2 is then [27]:

〈Tij〉g(0) =
1

2κ2
(2g(2)ij +R(0)g(0)ij) . (1.169)

We will use this result in the upcoming chapters.

Ward identities and anomalies

In section 1.3 we formulated the conformal Ward identities in terms of the trace of

the one-point function of the energy-momentum tensor. In particular, from (1.51)

and (1.53) we find that in the absence of any other sources:

Aw [g(0)] = 〈T ii 〉g(0) . (1.170)

Explicit expressions can be found by taking the trace of (1.166) and substituting

the above results for π(d)
k
k. We obtain [24, 25]:

〈T ii 〉g(0) = − 1

κ2
lim
r→∞

edrπ(d)
k
k

=





0 d odd
1

2κ2R(0) d = 2
1
κ2 ( 1

24R
2
(0) + 1

8R(0)
i
jR(0)

j
i ) d = 4

(1.171)

The final expressions were first obtained in [24]. They satisfy the Wess-Zumino

consistency conditions and are therefore valid conformal anomalies. Notice that

the asymptotic analysis was sufficient to find these holographic Weyl anomalies

and we did not need to completely solve the equations of motion, in agreement

with the general discussion of section 1.4.4.

For d = 2 we may recover the standard Virasoro central charge which in our

conventions can be obtained from 〈T ii 〉g(0) = c
24πR. We find:

c =
12π

κ2
=

3ℓ

2GN
, (1.172)

where we reinstated the AdS radius of curvature ℓ and used κ2 = 8πGN . This

result agrees with [33]. Notice that the supergravity limit only applies when gravity
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is weak and the AdS radius is large, so only when c ≫ 1. This is the two-

dimensional analogue of the large N limit discussed in section 1.1.

Finally we may also obtain the diffeomorphism Ward identity. This identity follows

from the second equation of (1.131) which may be rewritten as:

∇iπ
i
j = 0 (1.173)

Substituting now the expansion in terms of the dilatation operator we find that

this directly leads to the conservation of the energy-momentum tensor:

∇(0)i〈T ij 〉g(0) = 0 , (1.174)

where ∇(0)i is the covariant derivative with respect to g(0)ij . This is precisely

(1.41) in the absence of sources. Notice again that the asymptotic analysis was

sufficient to obtain this Ward identity.
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Chapter 2

Real-time gauge/gravity

duality

Since the advent of the AdS/CFT correspondence [9, 15, 16] a considerable amount

of work has been devoted to developing holographic dualities leading to a very

precise understanding of the ‘holographic dictionary’ that translates between bulk

and boundary quantities. We sketched some aspects of this dictionary in the

previous chapter and refer to the reviews [10, 11, 31] for more details. So far this

dictionary was however always formulated in a purely ‘Euclidean’ regime, i.e. when

the boundary theory is Wick-rotated and the corresponding bulk solution involves

a positive-definite metric as well. While this suffices for many applications, there

are also many reasons for obtaining a general real-time dictionary which can be

used directly for Lorentzian signature backgrounds.

Indeed there is a wide range of applications for such a real-time prescription. To

mention a few: one would like to understand better holography for time dependent

backgrounds, to have a holographic description of non-equilibrium QFT and to be

able to compute correlators in non-trivial states. Such a development would also be

useful for applications of holography to modelling the dynamics of the quark-gluon

plasma or condensed-matter systems, see [34, 35, 36] for reviews.

From a more theoretical perspective, one would like to understand better the in-

terplay between causality and holography. Since bulk and boundary lightcones

are different, it is not a priori clear that a bulk computation will produce the

correct causal structure for boundary correlators, for example the correct iǫ in-

sertions. Conversely, one can ask how the bulk causal structure emerges from
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boundary correlators. A related question is to understand how black hole hori-

zons are encoded in boundary correlators. More generally one would like to study

holographically the process of gravitational collapse.

In this chapter we develop a precise real-time gauge/gravity dictionary. Our for-

malism is applicable at the same level of generality as the corresponding Euclidean

prescription and therefore constitutes an integral part of the definition of the holo-

graphic correspondence. More precisely, our setup is valid for all QFTs that have

a holographic dual and is applicable for the holographic computation of arbitrary

correlation functions of gauge-invariant operators in non-trivial states. Further-

more, the prescription is fully holographic, i.e. only boundary data and regularity

in the interior are needed for the computations, and within the supergravity ap-

proximation all information is encoded in classical bulk dynamics.

There have been several earlier works discussing holography in Lorentzian signa-

ture, including [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47]. One set of these papers

is based on semi-classical quantization of the bulk fields around a classical bulk

solution. For example, a case often discussed is that of the quantization of a free

scalar field in AdS and the computation of the associated boundary 2-point func-

tion. Such results are clearly difficult to extend to cases where bulk interactions

are essential because of the difficulty in quantizing the bulk gravitational theory.

For example, higher point functions, correlators of the stress energy tensor and

holographic RG flows are outside the remit of these works. Moreover, for the

computation of the correlators in the supergravity limit one should not have to

consider the quantization of the bulk theory at all – classical bulk dynamics should

suffice.

A Lorentzian prescription that has been used widely in the literature is that of Son

and Starinets [40]. This prescription leads to the computation of retarded 2-point

functions and is based on imposing specific ‘ingoing’ boundary conditions in the

interior of the spacetime. It leads to correct results (provided the infinities have

been subtracted correctly) but is somewhat unsatisfactory from the holographic

point of view, because it presumes the existence of a horizon in the bulk space-

time and ignores certain surface terms in the on-shell action. These issues can

however be overcome once one embeds the prescription of [40] in our more general

framework, as we explain in detail in chapter 4.

The remainder of this chapter is structured as follows. We begin with a review of

real-time quantum field theory in section 2.1. Afterwards we present in section 2.2

the real-time gauge/gravity prescription. The holographic renormalization and

computation of correlators in our prescription is discussed in detail for a scalar

field in section 2.3 and for gravity in section 2.4. An appendix to this chapter

contains further real-time quantum field theory results. In the next chapter we
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apply the prescription to several concrete examples.

2.1 QFT preliminaries

In this section we review some aspects of real-time quantum field theory. In

particular we discuss the specification of the initial and final states and the in-in

formalism for non-equilibrium processes. The results in this section will be the

springboard for the gauge/gravity prescription we present in the next section. For

more details on real-time quantum field theory we refer to [48, 49, 50, 51].

2.1.1 Vacuum amplitudes

An essential ingredient for the computation of real-time correlation functions is

the proper specification of the initial and final state. In this section we review how

this is implemented for vacuum-to-vacuum amplitudes.

Consider a d-dimensional quantum field theory (QFT) defined on a Lorentzian

spacetime with coordinates (t, ~x) and with a set of fundamental fields collectively

denoted as ϕ(t, ~x). It is a standard result that the path integral on a segment

−T < t < T with the fields constrained to equal ϕ−(~x) at t = −T and ϕ+(~x)

at t = T produces the transition amplitude 〈ϕ+, T |ϕ−,−T 〉. This amplitude can

be used as a building block for the vacuum amplitudes. Namely one multiplies

this expression with the vacuum wave functions 〈0|ϕ+, T 〉 and 〈ϕ−,−T |0〉 and

integrates over ϕ+(~x) and ϕ−(~x) to produce the amplitude 〈0,−T |0, T 〉. (As we

review below, one may switch on sources between −T and T in order to obtain

nontrivial amplitudes as well.) The vacuum wave functions can be computed using

a path integral corresponding to an infinite evolution in imaginary time. Indeed,

such an infinite evolution, starting for example at −T , corresponds to a transition

amplitude limβ→∞〈ϕ−,−T |e−βH|Ψ〉 for some state |Ψ〉. By inserting a complete

set of energy eigenstates one finds that taking the limit projects onto the vacuum

wave function 〈ϕ−,−T |0〉, times a factor 〈0|Ψ〉 which does not depend on ϕ−
and therefore only contributes to the overall normalization. We similarly obtain

〈0|ϕ+, T 〉 from an infinite evolution in imaginary time starting at t = T . The

insertion of these wave functions is therefore equivalent to extending the fields in

the path integral to live along a contour in the complex time plane as sketched in

figure 2.1a.

These wave function insertions ultimately lead to the standard iǫ factors in corre-

lation functions. Namely one can deform the contour to a straight line that runs

almost parallel to the real axis with only a slight downward slope in the complex
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T

−T

t
C0 C1

C2C3

(a) (b) (c)

Figure 2.1: (a) Vacuum-to-vacuum contour. (b) In-in contour. (c) Real-time thermal

contour. The circles reflect points that should be identified. The horizontal segments are

on top of each other in the complex time plane, although they are separated in the figure.

time plane. This deformation does not affect the aforementioned projection onto

the ground state. The downward slope in the contour is equivalent to replacing

t → t(1 − iǫ). In appendix 2.A we review that this is precisely the correct iǫ

factor for Feynman propagators and also present a simple example where one may

explicitly compute the vacuum wave functions.

2.1.2 In-in formalism

Let us now consider real-time correlation functions in nontrivial states, for example

〈Ψ|O(t)|Ψ〉 = 〈Ψ|eiĤtOe−iĤt|Ψ〉 (2.1)

for some state |Ψ〉 which is not an eigenstate of the Hamiltonian Ĥ . The expression

on the right-hand side demonstrates that we not only have to evolve the state |Ψ〉
forward in time before we insert the operator, but afterwards we also have to

evolve back in time before we insert the final wave function. This results in the

in-in or ‘closed time path’ formalism of [52, 53, 54, 55]. Extending the contour

to go beyond the point t, say to some point t′, and then back again amounts to

an insertion of the identity operator in the form exp[iĤ(t′ − t)] exp[−iH(t′ − t)].

Such an extension of the contour will not change the overall amplitude.

In the previous subsection we used the Euclidean path integral to create the vac-

uum state which is then fed into the Lorentzian path integral as the initial and

final state. More generally, one can use the Euclidean path integral to generate

other states that can serve as initial/final states for the Lorentzian path integral.

Indeed, in the context of a conformal field theory on Rd the relation between Eu-

clidean path integrals and states is the basis for the operator-state correspondence:

inserting a local operator O, say at the origin of Rd, and then performing the path

integral over the interior of the sphere Sd−1 that surrounds the origin results in
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the corresponding quantum state |ΨO〉 on Sd−1. In particular, the vacuum state

is generated by inserting the identity operator.

We are thus led to a prescription for computing real-time correlation functions in

a given initial state involving a closed time contour as sketched in figure 2.1b. In

the figure, the vertical pieces C0, C3 represent Euclidean path integrals, with the

crosses representing operator insertions. As described in the previous paragraph,

these segments create the chosen initial state |Ψ〉 at a certain time. To compute

real-time correlation functions one evolves this state forward and backward in

time following the horizontal segments C1 and C2 and inserts operators on these

segments.

The in-in formalism can also be applied to quantum field theory at a finite tem-

perature T . The expectation values of gauge-invariant operators then become

traces,

〈O(t)〉β = Tr(ρ̂O(t)) , (2.2)

with ρ̂ = exp(−βĤ) the thermal density matrix and β = 1/T . By a repeti-

tion of the above arguments leading to the in-in contour, one finds that for real-

time thermal correlators one can use the closed time path contour in figure 2.1c.

The vertical segment now represents the thermal density matrix and has length

β. The circles indicate points that should be identified and reflect the fact that

thermal correlators satisfy appropriate periodicity conditions in imaginary time

(bosonic/fermionic variables are periodic/antiperiodic). As in the discussion in

the previous paragraph, one can compute real-time correlation functions by in-

serting operators on the horizontal segments. Other density matrices, for example

a thermal density matrix with chemical potentials, may be obtained in a similar

manner.

Besides the examples in figure 2.1 one may also consider more general deformations

of the contour in the complex time plane. In fact, one may deform the contour into

any other direction in complex coordinate space. Such deformations are allowed

as long as the contour does not run upward in the complex time plane, since the

spectrum of the operator exp(−iĤ∆t) is bounded only for Im(∆t) ≤ 0. Similar

restrictions apply for deformations in other directions in complex coordinate space.

In general, the ‘metric’ along such a deformed contour would be complex.

2.1.3 Generating functional

For all of the contours defined above one can write a generating functional of

correlation functions of gauge-invariant operators in nontrivial states with the
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following path integral representation:

ZQFT[φI(0);C] =

∫

C

[Dϕ] exp

(
i

∫

C

dt

∫
dd−1x

√−g(0)
(
LQFT [ϕ] − φI(0)OI [ϕ]

))
.

(2.3)

Here ϕ denotes again collectively all QFT fields, φI(0) are sources that couple to

gauge invariant operatorsOI and g(0)ij is the spacetime metric (and also the source

for the stress energy tensor Tij). The path integral is defined for fields living on

the contour C in the complex time plane. Therefore, we think of t as an complex

time coordinate and
∫
C
dt is then a contour integral. The partition function also

depends on the shape of this contour.

For the piecewise horizontal and vertical contours like those in figure 2.1 one may

split up the integral along C into a sum of integrals corresponding to the different

segments of the contour. Let us exemplify this using the contour of figure 2.1b.

The vertical segments C0 and C3 in the contour are associated with Euclidean

path integrals, as discussed above. In these segments we can parametrize the

contour using t = −iτ with τ a real coordinate along C and this substitution

indeed results in the usual signs for a Euclidean path integral. (We demonstrate

this in an example in appendix 2.A.) The segments C1 and C2 in figure 2.1b form

a closed time path. It can be parametrized using a ‘contour time’ coordinate tc
that increases monotonically along the contour. In the segment C1 we can simply

set t = tc, where now tc ranges from 0 to T (where T may be ∞), and we can

integrate along C2 using t = 2T − tc, with T < tc < 2T . Notice that dt = −dtc on

C2, which gives rise to an extra sign for the action on this segment.

For more general contours one finds an equivalent result. Instead of using a single

complex t coordinate as in (2.3) one may always choose to parametrize the contour

using real coordinates like τ and tc. The action in (2.3) then reduces to the

Euclidean action along the vertical segments of the contour and to the Lorentzian

action along the horizontal segments, with an extra minus sign for backward-going

horizontal segments.

Contour time-ordering

Upon functional differentiation with respect to the sources one may obtain cor-

relation functions from the path integral (2.3). From the usual slicing arguments

that lead to the path-integral representation it follows that the operators in these

correlation functions are contour-time-ordered. That is, if we pick a real contour

time parameter tc that increases monotonically along the entire contour, then the

operators in the correlation functions obtained from a path integral along this

contour are ordered from small to large tc.
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To see the implications of contour time-ordering let us consider two-point functions

for the in-in contour in figure 2.1b. Suppose that the source φ(0) in (2.3) is nonzero

only along the Lorentzian segments C1 and C2. We parametrize this segment using

the contour time coordinate tc introduced above. The source-operator coupling

can then be split in two parts and the partition function is defined as:

Z[φ(0)[1], φ(0)[2]] = 〈exp
(
−i

∫ T

0

dtcd
d−1xφ(0)[1]O[1]+i

∫ 2T

T

dtcd
d−1xφ(0)[2]O[2]

)
〉 ,

(2.4)

where a subscript in square brackets denotes the segment on which the field lives.

(We will adopt such a notation throughout this work.) The expectation values of

course depend on the ensemble or state that is specified at t = 0, but we will not

write this explicitly.

Via functional differentiation one obtains four possible two-point functions,

〈TcO[i](t, x)O[j](t
′, x′)〉 = (−1)δij

δ2Z

δφ(0)[i](t, x)δφ(0)[j](t′, x′)

∣∣∣
φ(0)[1]=φ(0)[2]=0

, (2.5)

with Tc denoting contour-time-ordering. Along the first segment contour-time-

ordering coincides with normal time-ordering,

〈TcO[1](t, x)O[1](t
′, x′)〉 = 〈T O(t, x)O(t′, x′)〉 . (2.6)

Along the second, backward-running segment, contour-time-ordering coincides

with anti-time ordering, denoted by T̄ ,

〈TcO[2](t, x)O[2](t
′, x′)〉 = 〈T̄ O(t, x)O(t′, x′)〉 . (2.7)

If one puts one argument on the forward contour and the other on the backward

contour, the latter one will always be later in contour time than the former and

we get the Wightman functions:

〈TcO[1](t, x)O[2](t
′, x′)〉 = 〈O[2](t

′, x′)O[1](t, x)〉 = 〈O(t′, x′)O(t, x)〉 ,
〈TcO[2](t, x)O[1](t

′, x′)〉 = 〈O[2](t, x)O[1](t
′, x′)〉 = 〈O(t, x)O(t′, x′)〉 .

(2.8)

Notice that the in-in path is therefore suitable to obtain vacuum-to-vacuum Wight-

man functions from a path integral as well.

2.2 Prescription

We are now ready to present the real-time gauge/gravity prescription. In the

previous section we discussed that the computation of real-time correlation func-

tions requires a proper specification of the initial and final state, which is often
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2. Real-time gauge/gravity duality

implemented via a contour in the complex time plane. In particular, for vacuum

amplitudes the specification of the contour led to the proper iǫ insertions in the

correlation functions. Our starting point in the holographic description is that this

contour dependence should be reflected in the bulk string theory, and in the low

energy approximation it should be part of the supergravity description. Within

the saddle-point approximation, our prescription is to associate supergravity solu-

tions with QFT contours, or, more figuratively, to ‘fill in’ the entire QFT contour

with a bulk solution. We have sketched several examples of such a construction in

figure 3.1 on page 85.

One can think of the field theory contour C as a d-dimensional subspace of a

complexified boundary spacetime. In most cases, as we saw above, this would be a

line in the complexified time plane times a real space, R×Σd−1. The corresponding

bulk solution should have C as its conformal boundary and the bulk fields ΦI

should satisfy boundary conditions parametrized by fields φI(0)(t, ~x) living on C.

In particular this holds for the bulk metric Gµν whose boundary values should

be given in terms of the boundary metric g(0)ij on the various segments of the

contour. Since the signature of Gµν is the same as that of g(0)ij , we see that

horizontal segments of C will be filled in with Lorentzian solutions, while vertical

segments will be filled in with Euclidean solutions.1 We denote the total bulk

manifold consisting of all these segments as MC . The signature of the metric on

MC then jumps at certain ‘corner’ hypersurfaces where the solution corresponding

to a vertical segment meets with a horizontal one. These hypersurfaces end on

the corners of the contour. Below we show how appropriate matching conditions

control the behavior of the fields at these hypersurfaces.

Note that the bulk manifold is not necessarily of the form R × Xd with ∂Xd =

Σd−1. Instead, we can have more general bulk solutions that may ‘interpolate’

between various parts of the contour. An important example is the eternal BTZ

black hole we consider below.

Given such a solution MC that fills in the entire field theory contour C, the next

step in the prescription is to compute the corresponding on-shell supergravity

action. We may again write it as a single integral along a contour in complexified

coordinate space:

I[φ(0);C] =

∫

MC

dd+1x
√
−GLon−shell

bulk (2.9)

Just as in field theory one may pass from the complex coordinate t to a real

contour time variable τ or tc. The vertical segments of the contour then involve the

1We use the word ‘Euclidean’ for solutions that are obtained after some form of Wick rotation

in the equations of motion. Normally the metric on these solutions is positive definite and they

should be more properly called ‘Riemannian’. We will see in later sections, however, that the

‘Euclidean’ solutions can also involve a complex metric.
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Euclidean on-shell action and horizontal segments the Lorentzian on-shell action,

with factors of i and signs becoming standard in this description. Notice that this

discussion does not require that tc and τ extend globally on M , as the asymptotic

analysis suffices to fix all signs.

The partition function of the quantum field theory is then given by a formula

analogous to (1.31), namely:

ZQFT [φ(0);C] = exp(iI[φ(0);C]) . (2.10)

The sources φ(0) that are localized in the conformal boundary of the Euclidean

part of the solution are associated with the initial and final state, whereas sources

on the conformal boundary of the Lorentzian solution lead to n-point functions

upon differentiation.

Equation (2.10) is a bare relation, since both the bare QFT partition function and

the bare on-shell supergravity action are divergent. We described in chapter 1 the

procedure of holographic renormalization which is needed to render a Euclidean on-

shell supergravity action finite. In section 2.2.2 we will describe how this procedure

can be extended to on-shell actions integrated along a contour as in (2.10).

Notice that the Euclidean bulk solution which is associated with the initial state on

the QFT side can also be thought of as providing a Hartle-Hawking wave function

[56] for the bulk theory. Thus our prescription is not only QFT inspired but also

in line with standard considerations on wave functions in quantum gravity, see

also [39, 44] for related discussions. There has been considerable discussion in the

literature over the choice of contour in the Euclidean path integrals and the reality

conditions of the the semi-classical saddle point evaluation, see for example [57].

In our case, the bulk reality conditions are dictated by the boundary theory and,

in particular, for a generic complex boundary contour the bulk manifold would

have a complex metric (but in all cases the boundary correlators would satisfy

standard reality conditions).

2.2.1 Corners

Piecewise straight contours have corners, where either a horizontal and a vertical

segment meet or two horizontal segments join. These corners extend to hyper-

surfaces S in the bulk. The signature of the metric changes at the hypersurface

corresponding to a corner of a horizontal and a vertical segment, but otherwise it

remains unchanged. Modulo subtleties at the boundary of S, which we discuss in

the next section, we impose the following two matching conditions at S:
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1. We impose continuity of the fields across S. That is, we require the induced

metric, the values of the scalars, and induced values of the other fields to be

continuous;

2. If the contour passes from a segment M− to M+, then we impose appropriate

continuity of the conjugate momenta across S:

π− = ηπ+ , (2.11)

where π± denote collectively the conjugate momenta of all fields on the two sides

M± of S (defined using a real time coordinate like tc or τ), and η = −i when

we consider a Euclidean to a Lorentzian corner like for example from C0 to C1 in

figure 2.1b, whereas η = −1 if we have a (non-trivial) Lorentzian to Lorentzian

corner as from C1 to C2 in figure 2.1b. In all cases, the matching condition is

equivalent to

π̂+ = π̂− , (2.12)

where π̂ is defined using the complex time variable t. In other words, if we use

analytic continuation of the fields in the complex t coordinate to smooth out the

corner by bending the contour, then the matching conditions dictate that the

solution would be at least C1. In chapter 3 we illustrate with examples how these

matching conditions determine the bulk solution for a given contour.

The on-shell supergravity action can be regarded as the saddle point approximation

of the ‘bulk path integral’ which can also be used to justify the matching conditions

in the following way. Recall that a path integral for fields living on a certain

manifold can always be split in two by cutting the manifold in two halves and

imposing boundary conditions for the fields on the cut surface. Afterwards, one

can glue the pieces back together by imposing the same boundary condition on

either side and then integrate over these boundary conditions.

The saddle-point approximation can similarly be performed in steps. After cutting

the manifold, one first finds a saddle-point approximation on either side with

arbitrary initial data at the cut surface. This replaces the partial path integrals

on either side by an on-shell action which in particular depends on the initial

data. Then, one imposes continuity of the initial data, which is the first matching

condition, and performs a second saddle-point approximation with respect to the

initial data. Since the first variation of an on-shell action with respect to boundary

data yields the conjugate momentum, this second saddle-point precisely yields

(2.11). The matching conditions should then be viewed as an equation determining

the initial data. One may verify that the signs come out right, too.
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2.2.2 Holographic renormalization

The fundamental holographic relation (2.10) is a bare relation because both sides

are divergent: there are UV divergences on the QFT side and IR infinite volume

divergences on the gravitational side. So appropriate renormalization is needed to

make this relation well-defined. Below we will show that the procedure of holo-

graphic renormalization for the spaces under consideration is a priori more com-

plicated, but that none of these complications enter in the final result. Therefore

formulas like for example (1.117) on page 32 for the holographically computed

one-point functions remain valid in the context of our real-time prescription as

well. As the precise derivation of this result is not essential for the rest of the

paper, the reader may wish to skip the remainder of this chapter on a first reading

and proceed directly to the examples of chapter 3.

As we explained in the previous chapter, the holographic renormalization in the

Euclidean case is done by introducing a set of local covariant boundary countert-

erms which render the on-shell action finite. In the Lorentzian setup, in addition to

the infinities due to the non-compactness of the radial direction, there are also new

infinities because of the non-compactness of the time direction. Correspondingly,

in checking the variational problem one now has to deal both with boundary terms

at spatial infinity and also at timelike infinity. Thus, in generalizing the Euclidean

analysis to the Lorentzian case there are two issues to be discussed. First, one has

to check that the Euclidean analysis that leads to the radial counterterms goes

through when we move from Euclidean to Lorentzian signature. This is indeed

the case because all steps involved in the derivation of the radial counterterms are

algebraic and hold irrespectively of the signature of spacetime. The second issue

one needs to analyze are the infinities due to the non-compactness of the time di-

rections and the new boundary terms at timelike infinity. One possible approach

to this issue would be to analyze the asymptotic structure of the solutions near

timelike infinity, which as far as we know has not been performed. Our prescrip-

tion bypasses this problem by gluing in Euclidean AdS manifolds near timelike

infinity. This effectively pushes the asymptotic region to the (radial) boundary of

the Euclidean AdS manifold, whose asymptotic structure is well known.

What remains to analyze is whether there are any problems at the ‘corners’, i.e.

at the hypersurfaces where the Lorentzian and Euclidean solutions are joined. In

principle, there can be new corner divergences which would require new countert-

erms. In the next two sections we show that such corner divergences are absent in

two examples: a free massive scalar field in a fixed background and pure gravity.

We expect such corner divergences to be absent in general.
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2.3 Scalar field

This section serves to illustrate the holographic renormalization for the prescrip-

tion (2.10), and we will therefore adopt the simplest possible setting. As indicated

in figure 2.2, we consider here a single corner where the contour makes a right

angle, passing from a vertical segment to a horizontal segment. The ‘space’ part

of the boundary manifold is taken to be Rd−1. In the absence of sources, we ex-

plain below how this contour can be ‘filled’ with empty AdSd+1, with a metric

that jumps along a spacelike hypersurface from Euclidean to Lorentzian. On this

background, we consider a massive scalar field which propagates freely and with-

out backreaction and we compute the renormalized one-point function of the dual

operator.

2.3.1 Background manifold

For the bulk manifold under consideration, we take one copyM1 of empty Lorentzian

AdSd+1 in the Poincaré coordinate system (r, xi) with the metric

ds2 = dr2 + e2rηijdx
idxj , (2.13)

and one copy M0 of empty Euclidean AdS in similar coordinates and metric

ds2 = dr2 + e2rδijdx
idxj . (2.14)

We will take x0 to be the time coordinate, denoting it by t on M1 and τ on

M0. We use the notation xa for the other boundary coordinates, so for example

xi = (t, xa) on M1, and we also introduce xA = (r, xa). The conformal boundaries

of the spacetimes lie at r → ∞ and are denoted ∂rM1 and ∂rM0.

Next, we perform the gluing and the matching. To this end, we cut off the space-

times across the surface t = 0 and τ = 0 such that t > 0 and τ < 0, and glue them

together along the cut surface which we call ∂tM . This surface is the extension of

the corner in the boundary to the bulk. The induced metric on ∂tM is the same

on both sides,

hABdx
AdxB = dr2 + e2rδabdx

adxb , (2.15)

and the extrinsic curvature KAB vanishes on both sides. Therefore, both the

conjugate momentum πAB = K hAB −KAB as well as the induced metric hAB are

continuous across ∂tM and all the matching conditions of section 2.2.1 are satisfied

for this background. (We elaborate on the matching conditions for gravity in the

next subsection.) The unit normals to ∂tM on either side are given by

n[1]µdx
µ = −erdt , n[0]µdx

µ = erdτ , (2.16)
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∂rM0

∂rM1

τ

t

Figure 2.2: A single corner in the contour in the complex time plane. We use this part

of a field theory contour to illustrate the holographic renormalization.

where we used subscripts in square brackets to indicate whether we are on M1 or

on M0.

Notice that the contour of figure 2.2 is not complete, since there is no out state

specified at the right end of the contour. This should be remedied, for example by

gluing a Euclidean segment at t = T which would result in the vacuum-to-vacuum

contour of figure 2.1a. In the bulk, this incompleteness means that we should

also glue another solution to some ‘final’ hypersurface lying in M1. To obtain the

contour of figure 2.1a, for example, one should glue in half a Euclidean solution

M2. With Rd−1 as the spacelike manifold, this would result in a spacetime as

sketched in figure 3.4a on page 98.

In this section we will focus on a single corner. We will therefore omit any contribu-

tions from such an M2, as well as some terms defined on the final matching surface

for M1. Since the matching between M1 and M2 is a word-for-word repetition of

the matching between M0 and M1, these terms can be easily reinstated.

2.3.2 Scalar field setup

In the background we just described we consider a scalar field Φ of mass m, dual

to a scalar operator O of dimension ∆ such that m2 = ∆(∆−d). We will consider

the case where ∆ = d/2+k with k ∈ {1, 2, 3, . . .}, and sometimes we will specialize

to k = 2. The actions for Φ on M1 and M0 are respectively given by:

S1 =
1

2

∫

M1

√
−G(−∂µΦ∂µΦ −m2Φ2) ,

S0 =
1

2

∫

M0

√
G(∂µΦ∂

µΦ +m2Φ2) .

(2.17)

Suppose Φ is a solution on M0 and M1 of the equations of motion derived from

these actions, with asymptotic value corresponding to the radial boundary data
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and furthermore satisfies the aforementioned matching conditions (which we dis-

cuss in more detail below) on the gluing surface. Our aim is then to compute the

corresponding on-shell action,

iS1 − S0 , (2.18)

while using the method of holographic renormalization to make it finite. As we

mentioned above, equation (2.18) can alternatively be written as:

i

2

∫

C

dt

∫
dr dd−1x

√
−G(−∂µΦ∂µΦ −m2Φ2) , (2.19)

with a path C in the complex time plane as in figure 2.2, which goes down at

first (yielding −S0 after substituting t = −iτ) and then makes a corner and lies

along the real t axis. We will not use this notation in this example, but it will be

relevant when we consider gravity below.

Let us repeat the essential ingredients of the holographic renormalization for the

scalar field in Euclidean signature which we presented in section 1.5. The holo-

graphic renormalization relies on the fact that the solution Φ can (both on M0

and on M1) be written as a Fefferman-Graham expansion:

Φ = e(k−d/2)r(φ(0) + e−2rφ(2) + . . .+ e−2kr[φ(2k) + φ̃(2k) log e−2r] + . . .) . (2.20)

In this expansion, the radial boundary data is given by specification of φ(0)(x
i).

As one can verify using the equation of motion for Φ, the coefficients φ(2n) with

2n < 2k, as well as φ̃(2k), are locally determined by φ(0). For example, for k 6= 1,

we find

φ(2) =
�φ(0)

4(k − 1)
, (2.21)

with � the Laplacian of the boundary metric on ∂rM , which in the case at hand

is either ηij or δij . Similarly, all coefficients φ(2n) ∝ �
nφ(0) for n < k and φ̃(2k) ∝

�
kφ(0), all with some k-dependent coefficients. The coefficient φ(2k) is normally

nonlocally determined by φ(0), but in our case it also depends on the initial data

that one may specify at ∂tM . As we demonstrated in equation (1.117) in the

previous chapter, in Euclidean backgrounds without corners this coefficient (times

a factor −2k) is precisely the renormalized one-point function. Below, we show

this is still the case in Lorentzian signature and in the presence of corners.

2.3.3 Matching conditions

Let us first discuss the matching conditions of subsection 2.2.1 for the scalar field.

Consider two solutions Φ1 and Φ0 on M1 and M0 that satisfy the given radial
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boundary data, but have arbitrary initial data. The first matching condition is

continuity of Φ across ∂tM , that is:

Φ0(τ = 0, r, xa) = Φ1(t = 0, r, xa) (2.22)

for all r and xa.

To derive the second matching condition, we compute the on-shell action for Φ0

and Φ1 satisfying the equation of motion and the first condition (2.22). This action

is divergent and we regulate it by cutting off the radial integrals at some large but

finite r0. We then consider the variation of the regulated version of the total action

(2.18) as we vary the initial data Φ(t = 0, r, xa) and obtain

δ(iS1 − S0) =

∫

∂tM

√
he−r(−i∂tΦ1 − ∂τΦ0)δΦ1 , (2.23)

where we used that δΦ1 = δΦ0 by (2.22). As explained in section 2.2, we then

request that the total action is also at an extremum with respect to the initial

data. The second matching condition thus becomes:

i∂tΦ1 + ∂τΦ0 = 0 on ∂tM . (2.24)

As we mentioned before (and as one may check easily using t = −iτ), this second

matching condition can be read as C1-continuity in the complex time plane of

Φ across the corner. In the remainder of this section, whenever we write Cn-

continuity, we always mean continuity in the complex time plane.

Now let us substitute the Fefferman-Graham expansion (2.20) of Φ1 and Φ2 in the

matching conditions (2.22) and (2.24). The matching conditions imply the C1-

continuity of all coefficients φ(2l), which, in turn, implies higher-order continuity

of the source φ(0). For example, the first matching condition for φ(2) becomes, via

(2.21),

�[1]φ(0)[1] = �[0]φ(0)[0] on ∂tM , (2.25)

which shows that φ(0) has to be at least C2-continuous across the matching surface.

Notice that this is again continuity in the complex time plane, since �[1] is not

equal to �[0]. Next, the second matching condition applied to φ(2) actually implies

C3-continuity for φ(0):

i∂t�[1]φ(0)[1] + ∂τ�[0]φ(0)[0] = 0 . (2.26)

A similar story holds for the subsequent terms. Since the highest number of

derivatives is always in φ̃(2k) ∝ �
kφ(0), applying the second matching condition

to this term results eventually in a C2k+1-continuity condition for φ(0) in the

complex time plane. Below, we will see the relevance of these high-order continuity

conditions.
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A comment considering this smoothness condition for φ(0) is in order. Namely,

this continuity condition essentially follows from the requirement of the existence

of a Fefferman-Graham expansion at the matching surface. In that light, this

higher-order smoothness condition for φ(0) is not surprising, since without it the

Fefferman-Graham expansion would fail even in the case without a corner. Al-

though it would be interesting to study what happens for discontinuous boundary

data, such an investigation can be undertaken independently of the presence of

corners and shall not be pursued here.

2.3.4 Holographic renormalization

The on-shell action (2.18), evaluated on the solution that satisfies the matching

conditions, is of the form:

iS1 − S0 = − i

2

∫

∂rM1

√−γ Φ1∂rΦ1 −
1

2

∫

∂rM0

√
γ Φ0∂rΦ0

− 1

2

∫

∂tM

√
h[−iΦ1∂tΦ1 + Φ0∂τΦ0] .

(2.27)

The contributions from ∂tM , i.e. the second line in (2.27), vanish by virtue of

the matching conditions. Recall that we are omitting the contribution from any

‘final’ surface for M1, which will however by the same mechanism cancel against

a matching solution.

The remainder of the action is defined on the cutoff surface r = r0 and it would

diverge if r0 → ∞. Therefore, a counterterm action has to be added before

removing the cutoff. Since the radial terms in (2.27) have a familiar form, one can

use precisely the same procedure of holographic renormalization as in section 1.5

to find the counterterm action. In particular, we found the counterterm action

(1.112) for a scalar field with general k. Let us focus on the case k = 2, for which

Sct =
1

2

∫

∂rM

√
|γ|

(
(k − d

2
)Φ2 +

Φ�γΦ

2(1 − k)
+

1

4
Φ�

2
γΦ log e−r

)
(2.28)

is the explicit counterterm action. The first two terms are actually valid for any

k ≥ 2 and we used the notation �γ for the Laplacian of the induced metric γ at

r = r0. In our case, we simply have �γ = e−2r
�0, both on M1 and on M0. Taking

care of the signs, we find that

iS1 − S0 + iSct,1 + Sct,0 (2.29)

is finite as r0 → ∞. We see that the usual procedure of holographic renormalization

yields a finite on-shell action and possible initial or final terms (which might have

caused corner divergences) are absent exactly by the matching conditions.
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2.3. Scalar field

2.3.5 One-point functions

One-point functions are computed by taking variational derivatives of the on-

shell action with respect to the boundary data. Let us compute the one-point

function 〈O[1](x)〉, where the subscript indicates that x lies on ∂rM1. In QFT on

a background with a Lorentzian metric g(0)ij , the coupling between a source φ(0)

and an operator O in the partition function is as in (2.3). Therefore, the one-point

function is

〈O[1](x)〉 =
i√−g(0)

δ

δφ(0)[1](x)
Z[φ(0)] . (2.30)

In our case, the partition function Z[φ(0)] is given by the renormalized on-shell

supergravity action. The easiest way to take care of the divergences is by taking

the functional derivative before removing the regulator, resulting in:

〈O[1](x)〉 = lim
r0→∞

ie(k+d/2)r0√−γ
δ

δΦ1(x, r0)

[
iS1 − S0 + iSct,1 + Sct,0

]
, (2.31)

where the extra factor e(k+d/2)r0 converts Φ to φ(0) and γ to g(0) as r0 → ∞.

In performing this computation, we see that the presence of corners gives rise to

corner terms, which arise from the integration by parts that is necessary in varying

the counterterm action (2.28). For example, for the variation of the second term

in (2.28) we obtain:

δ
(1

2

∫

∂rM

√
|γ| Φ�γΦ

2(1 − k)

)
=

∫

∂rM

√
|γ| δΦ�γΦ

2(1 − k)
+

1

2

∫

C1

√
|σ|e

−2r(∂tΦδΦ − Φ∂tδΦ)

2(1 − k)
.

(2.32)

The second term on the right hand side is a corner contribution. However, a

similar corner term arises in Sct,0, and in the total action (2.29) these two corner

terms cancel each other precisely by the matching conditions.

The subsequent terms in the counterterm action are all of the form
√
γΦ�

n
γΦ

for n < k, plus a log term of the form
√
γΦ�

k
γΦ log e−r0 . After the integration

by parts, these all give corner terms as well, which involve a higher number of

derivatives of Φ. More precisely, the corner expressions that one obtains from

such terms are of the form
∫

C

√
γe−2rΦ∂t�

n−1
γ Φ , (2.33)

and equivalent terms with some of the derivatives shifted to the first Φ.

Let us now systematically show that all such terms cancel against a matching

solution, using the higher-order smoothness of φ(0) that we derived before. First of
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all, recall that the matching conditions imply that φ(0) should actually be C2k+1-

continuous. This in turn means that φ(2) is C2k−1 continuous, φ(4) is C2k−3-

continuous, etc., up to φ̃(2k) and φ(2k), which are just C1-continuous. Substituting

this in the Fefferman-Graham expansion (2.20), we see that Φ is not only C1-

continuous by the matching conditions, but also C3-continuous up to terms of

order e−(k+d/2)r, and C5 continuous up to terms of order e(−k−d/2+2)r, etc.

We now rewrite the leading piece of (2.33) as

∫

C

e(k+d/2−2n)r√g(0)φ(0)

(
∂t�

n−1
0 Φ

)
+ . . . (2.34)

A complete cancellation of this term between M1 and M0 takes place if Φ is

C2n−1-continuous up to and including terms of order e−(k+d/2−2n)r. However, the

previous argument shows that C2n−1-continuity for Φ holds up to terms of order

e−(k+d/2−2n+4)r, and the continuity condition is satisfied indeed, for all n < k.

Therefore, as r0 → ∞, the terms coming from M0 and M1 cancel indeed and no

corner contributions to the one-point functions arise. A similar argument shows

that there is no problem with the log term with n = k either.

Having shown the absence of corner contributions in (2.31), one finds that the

expression for the one-point function becomes of the standard form, given for

example for k = 2 by:

〈O[1](x)〉 = lim
r0→∞

ek+d/2r0
[
∂rΦ(x)−(k−d

2
)Φ(x)− �γΦ(x)

2(1 − k)
−1

2
�

2
γΦ(x) log e−2r

]
r=r0

.

(2.35)

Substitution of the expansion (2.20) yields:

〈O[1](x)〉 = −2kφ(2k)[1](x) , (2.36)

which is precisely the same result as (1.117) in section 1.5. Equation (2.36) is

actually valid for all nonzero k.

Finally, consider the one-point function on M2, where we should use the Euclidean

version of the source-operator coupling, −
∫ √

g(0)φ(0)[0]O[0]. Repeating the above

procedure, we find again exactly the same result as in (1.117):

〈O[0](x)〉 = −2kφ(2k)[0](x) . (2.37)

Since φ(2k)(x) is continuous across the matching surface by the first matching

condition, and since localized corner terms are absent, the one-point function is

continuous across the corner as well.
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2.4 Gravity

For gravity the procedure requires modification and becomes more involved. We

therefore begin with an outline of the steps taken below.

The first step is to establish the variational principle for the Einstein-Hilbert ac-

tion for a manifold whose boundary has corners. Recall that in the Euclidean

setup a well-defined variational problem requires the addition of the boundary

counterterms [30] and the variational derivatives w.r.t. boundary data lead to the

boundary correlators. In the Lorentzian setup the variational derivatives w.r.t.

initial and final data are also important and lead to matching conditions. The

analysis of the variational problem is done in subsection 2.4.2. We will find that

there is a need for a special corner term.

The next step is to understand how to glue the various pieces together. Given a

corner in the boundary contour there should exist a corresponding bulk hypersur-

face across which the various bulk pieces are matched. So we need to understand

the possible bulk extensions of the boundary contour. This is analyzed in subsec-

tion 2.4.3 where we show that the extensions are parametrized by a single function

f(r, xa) with a certain asymptotic expansion.

Using these results we then derive the matching conditions in subsection 2.4.4 and

find their implications for the radial expansion of the bulk fields near the corner

in 2.4.5. These are all the data we need to analyze whether there are any new

contributions to the on-shell action and the one-point function from the matching

surfaces. This is done for the on-shell action in subsection 2.4.6 and for the 1-point

functions in subsection 2.4.7. We find that there are possible contributions from

each segment but the matching conditions imply complete cancellation between

the contributions of the two pieces that one glues to each other.

The upshot of the discussion is therefore very similar to the scalar field: we will

show that no localized corner terms arise and that the one-point function of the

stress energy tensor is (appropriately) continuous across the corner.

2.4.1 Setup

As we mentioned earlier, we consider manifolds MC consisting of a number of

segments Mj where the metric is Lorentzian or Euclidean. To simplify the com-

putation of the on-shell action for these spacetimes, we use the notation involving

the complex coordinate t as discussed in section 2.2. In this notation the Einstein-
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2. Real-time gauge/gravity duality

Hilbert action Sj for each separate segment Mj is always written as

Sj =
1

2κ2

∫

Mj

dd+1x
√
−G(R− 2Λ) , (2.38)

where κ2 = 8πGd+1 and Λ = −d(d− 1)/(2ℓ2) with ℓ the AdS radius. Throughout

this chapter, we set ℓ = 1. In (2.38) the square root is defined with a branch

cut just above the real axis. For example, we obtain a Euclidean metric using

t = e−iπ/2τ , so
√
−G =

√
e−iπ|G| which with our choice of branch cut becomes

−i
√
|G|. This leads to iS = −SE with SE =

∫ √
|G|(−R + 2Λ) the correct

Euclidean action. Similarly, for a Lorentzian metric on a backward-going contour

we obtain an extra minus sign since we are on the other branch of the square

root. (To see this, notice that the time coordinate tc on this segment is given by

t = eiπtc. If G,Gc denote the metric determinant in the t, tc coordinate system,

respectively, then Gc = e2πiG, and we make a full turn indeed.) The advantage of

this formalism is that the total Einstein-Hilbert action SEH for MC becomes

iSEH = iS0 + iS1 + . . . (2.39)

for all vertical or horizontal segments M0,M1, . . . We see that all the signs are

absorbed in the volume element. This action for MC needs to be supplemented

with various surface terms which we define in due course.

Although we will not discuss this in detail, this prescription can be extended to

general complex metrics, allowing for the ‘filling’ of more general QFT contours

that are not just built up from horizontal and vertical segments in the complex

time plane. In such cases the bulk metric Gµν may be complex, but it should

always be non-degenerate for the scalar curvature to be well-defined. Allowing

for a complex metric implies that one has to allow for complex diffeomorphisms

as well, for example to bring the metric to a Fefferman-Graham form. Complex

diffeomorphisms are discussed in some detail in [57]. For such cases, our choice

for the branch cut in the volume element is then precisely consistent with the

requirement that a QFT contour cannot go upward in the complex time plane.

2.4.2 Finite boundaries

In equation (2.39), we split the on-shell action for MC as a sum over the various

segments Mi. Just as for the scalar field, we will find the matching conditions

via a saddle-point approximation which involves taking functional derivatives of

the on-shell action with respect to the initial and final data. This only works if

we have a well-defined variational principle for each segment separately, which is

what we investigate in this subsection.
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Consider a single Asymptotically locally AdS (AlAdS) manifoldM with a (possibly

complex) metric Gµν and two ‘initial’ and ‘final’ boundaries which we denote here

as ∂±M . The manifold M also has a radial conformal boundary, which we denote

as ∂rM , and the corners where ∂±M meets ∂rM are denoted as C±. We pick

coordinates (r, xi) on M , with xi = (t, xa), and we will also use xA = (r, xa).

The conformal boundary is again at r → ∞. We regulate the computation of the

on-shell action by imposing r < r0. In this subsection we consider the variational

principle in the case where one keeps r0 finite throughout.

A well-defined variational principle for Dirichlet boundary conditions in the pres-

ence of corners requires the Einstein-Hilbert action to be supplemented not only

with the usual Gibbons-Hawking boundary terms on ∂rM and ∂±M , but also with

special corner terms defined on C± [58, 59, 60]. To find these corner terms, we

choose coordinates such that ∂rM is given by r = r0 and ∂±M by t = t±. The

metric near the corners can be put in the following two ADM-forms:

Gµνdx
µdxν = (Ĥ2 + ĤiĤ

i)dr2 + 2Ĥidx
idr + γ̂ijdx

idxj ,

γ̂ijdx
idxj = (−M̂2 + M̂aM̂

a)dt2 + 2M̂adx
adt+ σabdx

adxb ,
(2.40)

as well as

Gµνdx
µdxν = (−M2 +MAM

A)dt2 + 2MAdx
Adt+ hABdx

AdxB ,

hABdx
AdxB = (H2 +HaH

a)dr2 + 2Hadx
adr + σabdx

adxb.
(2.41)

Relating the two metrics, we find

H2 =
Ĥ2M2

M2 + (M r)2Ĥ2
Ĥt = Mr (2.42)

M̂2 = M2 − (M r)2H2 −M
r

M2
=
Ĥt

Ĥ2
.

For a real Lorentzian metric M2 and M̂2 are positive, whereas they are negative

for a Euclidean metric. We will henceforth assume that σ, the determinant of σab,

is real and positive. This will simplify the discussion and is sufficient for all the

examples below.

The standard Gibbons-Hawking-York surface terms involve the extrinsic curvature
±KAB of ∂±M and K̂ij of ∂rM , which we will define using the (possibly complex)

unit normals,

∂rM : n̂µdx
µ =

√
−G√−γ̂ dr → K̂ij=

√
Ĥ2M̂2

2
√
M̂2Ĥ2

(D̂iĤj + D̂jĤi − ∂rγ̂ij) , (2.43)

∂±M : ±nµdx
µ = ±

√
−G√
h
dt → ±KAB= ±

√
H2M2

2
√
H2M2

(DAMB +DBMA − ∂thAB) .
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Adding the Gibbons-Hawking-York terms, we define the bare action as:

Sb =
1

2κ2

[ ∫
dd+1x

√
−G(R−2Λ)+2

∫

∂±M

ddx
√
h±K+2

∫

∂rM

ddx
√
−γ̂ K̂

]
, (2.44)

where here and below the summation over ∂±M is implicit and we use the con-

ventions given above for the square roots. For a real Lorentzian metric all the

above terms are real, but for a real Euclidean metric all terms in (2.44) are purely

imaginary (because
√
−G and

√−γ̂ are then imaginary, from which it follows that
±nµdxµ and therefore ±K are imaginary as well). As one may verify explicitly,

in the latter case our choice of branch cut for the square roots in the volume el-

ements implies that iSb = −SE with SE the Euclidean action with the correct

Gibbons-Hawking-York terms.

In the case of corners, (2.44) is not the correct action to use for Dirichlet boundary

conditions. This is because we cannot perform a diffeomorphism at the corner

mixing t and r without changing the definition of the two slices and therefore

Ĥt, Mr, M
2 and Ĥ2 are no longer pure gauge at the corner. With this in mind,

the variation of the bare action (2.44) is given by the equations of motion, the

conjugate momenta for all the various boundaries, plus a corner term

δSb =
1

2κ2

∫

C±

dd−1x
√
σδX± + . . . , (2.45)

with X given implicitly by

δX± = ±2

√
H2M2

M2
δM r . (2.46)

To find an explicit form of X±, we have to integrate δX for fixed M̂2 and H2,

using the relations (2.42). If the metric is completely real and H2 and M̂2 are

positive, then we find

δX± = ±2 δ arcsinh
(HM r

M̂

)
, (2.47)

whereas if M̂2 is negative and H2 and M r are positive we get

δX± = ∓2i δ arccos
( HM r

√
−M̂2

)
. (2.48)

We can rewrite these expressions in a covariant form using the unit normals defined

in (2.43). Their inner product is given by:

±nµn̂µ = ±
√
H2

√
M̂2

M r . (2.49)
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For realM2,
√
H2 and M̂2, we can therefore write without branch cut ambiguities:

X± =

{
2 arcsinh( ±nµn̂µ) M̂2 > 0

−2i arcsin( i±nµn̂µ) M̂2 < 0 .
(2.50)

In the more general case, the required corner term has the same structure but one

needs to be careful about the branch cuts. Notice that X is defined up to a local

piece, for example a constant.

Following [58, 59, 60], we aim for a variational principle that is well-defined for a

fixed induced metric on the boundaries, i.e. for fixed γ̂ij and hAB. In that case,

we should add a corner term to cancel the unwanted variation δX in (2.45). Such

a corner term is given by

SC±
= − 1

2κ2

∫

C±

dd−1x
√
σX± . (2.51)

Adding corner terms to the action (2.44) defines an improved (but still bare) action

SI ,

SI = Sb + SC±

=
1

2κ2

[ ∫
dd+1x

√
−G(R− 2Λ) + 2

∫

∂±M

ddx
√
h±K (2.52)

+ 2

∫

∂rM

ddx
√
−γ̂K̂ −

∫

C±

dd−1x
√
σX±

]
,

whose variation is of the form

δSI =
1

2κ2

[ ∫

∂rM

√
−γ̂(γ̂ijK̂ − K̂ij)δγ̂ij +

∫

∂±M

√
h(hAB ±K− ±KAB)δhAB

−
∫

C±

dd−1xδ(
√
σ)X±

]
, (2.53)

which is the correct variation for Dirichlet boundary conditions indeed. We will

henceforth use this improved action as the bare action and drop the subscript I.

2.4.3 Fefferman-Graham coordinates

The above discussion was valid for a general spacetime whose boundary has cor-

ners. Since we are interested in AlAdS spacetimes where the metric diverges near

the radial boundary, we will run into divergences as we let r0 → ∞. To investi-

gate these divergences, we pick a coordinate system in which the metric is of the

Fefferman-Graham form,

ds2 = dr2 + γijdx
idxj , (2.54)
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with the radial expansion

γij = e2r(g(0)ij + e−2rg(2)ij + . . .+ e−dr[g(d)ij + g̃(d)ij log e−2r] + . . .) . (2.55)

As we explained in section 1.6, from the Einstein equations we find that all coef-

ficients g(2n)ij with 2n < d, as well as g̃(d)ij , are locally determined by g(0)ij and

involve up to 2n or d derivatives of g(0)ij . The term g(d)ij is not locally deter-

mined (except for its trace and its divergence) and this term directly enters in the

one-point function of the stress energy tensor (see equation (1.169) for d = 2 and

[27] for the explicit expressions in other dimensions).

The disadvantage of the Fefferman-Graham form of the metric is that one can

generally no longer pick a coordinate t such that the surfaces ∂±M are given by

slices of constant t. On the other hand, one can use the leftover gauge freedom to

make sure that ∂±M are asymptotically given by:

∂±M : t = f±(r, xa) , (2.56)

with

lim
r→∞

f±(r, xa) = t± (2.57)

and t± constants. We will discuss the asymptotic behavior of f± more precisely

below.

Let us consider a single initial or final boundary. Dropping for now the subscript

±, we write an ADM-decomposition of γij near the corner:

γijdx
idxj = (−N2 +NaNa)dt

2 + 2Nadtdx
a + τabdx

adxb . (2.58)

We may pick boundary Gaussian normal coordinates centered at the corner, so that

Na ∼ O(1). Furthermore, N2 = e2rN2
(0)+N

2
(2)+. . . and τab = e2rτ(0)ab+τ(2)ab+. . .

We can relate this ADM-decomposition to the double ADM-decomposition (2.41)

of the previous subsection by introducing a new coordinate

t′ = t− f(r, xa) , (2.59)

after which the initial slice is given by t′ = 0. In the new coordinates, the metric

is of the form (2.41), with t replaced by t′, and with the components

−M2 +MAM
A = −N2 +NaN

a

Mr = (−N2 +NaN
a)∂rf

Ma = Na + (−N2 +NcN
c)∂af

H2 +HaH
a = 1 + (−N2 +NaN

a)(∂rf)2

Ha = (−N2 +NcN
c)∂af∂rf +Na∂rf

σab = τab + (−N2 +NcN
c)∂af∂bf +Na∂bf +Nb∂af ,

(2.60)
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where indices are raised with the appropriate metric. We use these equations

below to write down a radial expansion of the components on the left-hand side

in terms of the Fefferman-Graham expansion and a radial expansion of f .

For AlAdS spacetimes the Dirichlet boundary data are given by g(0)ij and hAB.

Asymptotically, g(0)ij determines a Fefferman-Graham radial coordinate as well

as the subleading coefficients up to g(d)ij in the Fefferman-Graham expansion of

the metric. Of course, the initial and final metric hAB should be such that ∂±M

can be embedded in the asymptotic metric dictated by g(0)ij and this condition

constrains the asymptotic form of hAB. To be precise, hAB should have a radial

expansion that is compatible with the last three equations in (2.60) for a certain

f . However, as long as f is unspecified, hAB is not to any order determined in

terms of g(0)ij .

We remark that the last three lines in (2.60) signify constraints on hAB only.

Therefore, they are different from the usual constraints on the initial data in

a Hamiltonian formalism of general relativity, which also involve the extrinsic

curvature. These usual constraints are satisfied if the extrinsic curvature of the

initial slice is computed using the embedding of the initial slice as a hypersurface in

the solution. Therefore, they are automatically satisfied if we compute the extrinsic

curvature using the first three lines of (2.60). Since this is how we compute the

extrinsic curvature below, we will not worry about these constraints.

2.4.4 Gluing and matching conditions

In the previous subsections, we found an improved action (2.52) and discussed

the Fefferman-Graham expansion for a single AlAdS spacetime with corners. We

now take two of such spacetimes and glue them together along the initial and final

hypersurfaces ∂±M .

We will denote the two segments byM0 andM1 and we glue ∂+M0 to ∂−M1, which

we from now on we denote as ∂tM . The corner, i.e. the intersection of ∂tM with

∂rM0 and ∂rM1, is denoted by C. As before, a subscript (sometimes in square

brackets) indicates the manifold under consideration. We make no assumptions

about the signature of the metric on M0,M1 and in fact the metric may even be

complex. We write the total action as

iS0 + iS1 , (2.61)

with the individual actions given by (2.52). We recall that we use the conventions

of subsection 2.4.1, so extra factors of i might be included in the volume elements

and extrinsic curvatures. As we did for the scalar field, we will henceforth ignore
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the contribution from other segments than M0 and M1 as well as the contribution

to the on-shell actions of M0 and M1 that may arise from other matching surfaces.

Let us now find the precise matching conditions that the metrics on M0 and M1

have to satisfy near ∂tM . The first matching condition is continuity of the initial

and final Dirichlet data. For gravity, this becomes continuity of the induced metric:

h[0]AB = h[1]AB . (2.62)

The second matching condition is obtained from the variation of the on-shell regu-

larized action with respect to the data on ∂tM . Let us first suppose the variation

vanishes at the corner C. In that case, we read off from (2.53) that the second

matching condition becomes:

K[0]AB + K[1]AB = 0 . (2.63)

We can also consider a variation that does not vanish at C, for which (2.53) shows

that

(X[1] +X[0])δ(
√
σ) = 0 , (2.64)

where we included the δ(
√
σ) because of the following reason. Notice that this is a

corner matching condition which is therefore not valid to all orders in r. However,

since
√
σ ∼ e(d−1)r, (2.64) is actually divergent as r0 → ∞. Therefore, it only

vanishes completely if the X ’s match to high order in their radial expansion. If

there are no log terms, then we find

X[1] +X[0] = O(e−dr) . (2.65)

Equation (2.65) is the corner analogue of the bulk matching condition (2.63).

Notice that such a corner condition was absent when we discussed the scalar field

discussed above. Its implications will be investigated in the next subsection.

We showed before that KAB and X are imaginary for a Euclidean metric. There-

fore, although it is not transparent in our notation, the matching conditions (2.63)

and (2.65) do contain factors of i when joining a Lorentzian to a Euclidean metric.

2.4.5 Imposing the matching conditions

For the scalar field, the matching conditions were crucial in demonstrating the

cancellation of corner divergences and the absence of localized corner contribu-

tions to the one-point function. A similar cancellation will occur for gravity, but

imposing the three matching conditions (2.62), (2.63) and (2.65) will not be as

straightforward as for the scalar field.
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In this subsection we shall impose the matching conditions order by order in a

radial expansion of hAB, KAB and X . We start with a detailed analysis of the

leading-order terms in the matching conditions. We then discuss continuity in

the complex time plane of the boundary metric. Just as for the scalar field, the

higher-order continuity is related to the continuity of the subleading terms in the

Fefferman-Graham expansion of the bulk metric. Afterwards, we show that our

leading-order results extend to the higher-order terms as well.

Leading order matching conditions

We will work in the Fefferman-Graham coordinates, with the matching surface

∂tM given by (2.56). Without loss of generality, we assume that the corner is

given by t = 0 on ∂rM1 and τ = 0 on ∂rM0, so limr→∞ f(r, xa) = 0 on either side.

We suppose that f behaves asymptotically as

f = e−rf(1)(x
a) + . . . (2.66)

This is generally the leading asymptotic behavior of f , since any slower falloff near

r → ∞ would yield a non-spacelike induced metric on ∂tM in a real Lorentzian

spacetime. Substituting the expansion (2.66) and the leading-order terms in the

ADM-decomposition (2.58) of γij in (2.60), we find the leading behavior ofH2, M2

and M r. The inner product between the unit normals, given in (2.49), becomes

to leading order:

±nµn̂µ = ∓

√
N2

(0)f(1)√
1 −N2

(0)f
2
(1)

. (2.67)

Since continuity of X± follows from continuity of ±nµn̂µ, the corner matching

condition (2.65) becomes to leading order:

√
N2

(0)[0]f(1)[0] =
√
N2

(0)[1]f(1)[1] , (2.68)

where we reinstated the subscripts to indicate the manifold under consideration.

Let us work out the consequences of this condition. Recall that we absorbed

factors of i in the square roots of the metric determinant, and therefore (2.68)

is not necessarily a relation between real quantities. For example, if we match a

Lorentzian to a Euclidean solution, then N2
(0) changes sign across the corner and

the square root on the Euclidean side of (2.68) becomes imaginary. On the other

hand, the square root on the Lorentzian side is real, and so is f(1) since we use

real coordinates. This means that in that case we must have:

f(1)[0] = f(1)[1] = 0 , (2.69)
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0

t0

t0

t1

t1
t0 = f[0]

t1 = f[1]

Figure 2.3: On the left, the dotted lines represent two bulk hypersurfaces given by t = f

in the vicinity of a corner in the boundary contour at t = 0. On the right, we see that

around a full turn in the boundary contour it is natural to expect that f[1] = −f[0].

which more generally holds in all cases for which the phase of N2
(0) is discontinuous

across the corner. Actually, this phase is only continuous when we match two

solutions with the same signature (recall that we chose boundary coordinates in

which Na(0) = 0). This happens either if we have no corner at all, or if the corner

makes a 180-degree turn. In the first case, we can pick boundary coordinate

systems in which N2
(0) is continuous across the corner and (2.68) becomes simply

f(1)[0] = f(1)[1] . (2.70)

Since we just artificially split a spacetime in two parts, it is natural that there is no

further constraint on f . The case in which the corner makes a full turn is slightly

more involved. First of all, the two boundary segments ending on the corner must

be straight horizontal lines in the complex time plane, since the boundary contour

cannot go up in this plane. We may again assume that N2
(0) is continuous across

the corner, but that does not mean that the square roots in (2.68) are. Namely, one

of the segments is backward-going in the complex time plane and in subsection

2.4.1 we already mentioned that the square root for a backward-going contour

results in a minus sign. The matching condition for a full turn therefore becomes

f(1)[0] = −f(1)[1] . (2.71)

This implies that, at least at this order, we can freely move the hypersurface ∂tM

up and down in the bulk, as long as we move it by the same amount on both

components and keep the location of the corner fixed. We have sketched this in

figure 2.3.

We have worked out the leading order term in the corner matching condition

in three cases, corresponding to three different corners. We emphasize that our
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formalism of subsection 2.4.1 allowed us to summarize all three cases in the single

equation (2.68). We will see below that the subleading behavior of f is constrained

in an analogous way.

As a sidenote, let us also compute the leading order term in the radial expansion

of the second matching condition (2.63). If we use (2.43) to expand the trace of

the extrinsic curvature ±KAB the leading order term becomes:

±K = ±d

√
N2

(0)f(1)√
1 −N2

(0)f
2
(1)

. (2.72)

The trace part of (2.63) therefore results to leading order again in (2.68). It is

plausible that for AlAdS spacetimes the corner matching condition (2.65) follows

from (2.63) and does not need to be imposed separately. This would be related to

the fact that the asymptotics of the bulk metric are completely determined by the

Fefferman-Graham data, but a more complete analysis is required to settle this

issue completely. This will not be attempted here and we will instead continue to

treat (2.65) as an additional condition.

Continuity in the complex time plane

Just as for the scalar field, the Fefferman-Graham expansion relates subleading

terms in the matching conditions to higher-order continuity in the complex time

plane of the sources. Before proceeding with the subleading terms in the matching

conditions, let us therefore first discuss the notion of smoothness in the complex

time plane for the boundary metric.

Consider a contour in the complex time plane with a corner. We will define

Ck-smoothness for the boundary metric as the condition that the k’th order t-

derivatives of the metric components exist and are continuous at the at the corner

of the contour. Although this is a natural definition, in our notation a complication

arises because we do not work directly with a complex time coordinate on for

example the vertical segments. Instead, we rather use a contour time like tc or τ

which is real on a particular segment of the contour and for such parametrizations

the continuity condition has a different form. We may find this new form by

regarding these local parameters as related to t via a complex diffeomorphism, for

example t = −iτ or t = 2T − tc. If we use these parameters to express continuity

of the metric, then we need to take care of the transformation properties under

the diffeomorphism as well. For example, C0 continuity of g(0)ij across the corner

of figure 2.2, where t = −iτ , becomes the condition that at the corner

g(0)[0]ττ = −g(0)[1]tt , g(0)[0]τa = −ig(0)[1]ta , g(0)[0]ab = g(0)[1]ab . (2.73)
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Similarly, C1 continuity in the complex time plane becomes

∂τ (g(0)[0]ab) = −i∂t(g(0)[1]ab) , ∂τ (g(0)[0]ττ ) = i∂t(g(0)[1]tt). (2.74)

The extension to higher orders and other components is analogous. As an example,

take ds2[0] = dτ2 + δabdx
adxb and ds2[1] = −dt2 + δabdx

adxb. Although there is an

apparent discontinuity in the metric components, with our definitions the metric

is C∞ at the corner.

We will from now on assume that the boundary metric at the corner is Cd contin-

uous in the complex time plane. The reason for this smoothness condition is the

same as that for the scalar field: it guarantees the existence of a Fefferman-Graham

expansion of the metric at the corner, and the locally determined coefficients in

this expansion are then automatically continuous across the corner as well. Since

we continue to use real coordinates like τ , we will always need to supplement the

continuity condition with the transformation under the complex diffeomorphism.

Higher order matching conditions

We showed above that the leading order matching conditions imply that f(1) usu-

ally vanishes, except in special cases when N2
(0) does not change across the corner.

In this subsection, we show that the matching conditions and the Cd continuity

of the boundary metric fix the higher-order terms in f to behave just as f(1), at

least up to terms that vanish faster than e−dr.

We first assume that the leading order term in f is:

f(r, xa) = e−nrf(n)(x
a) . (2.75)

One may easily check that in this case

±nµn̂µ = ∓
√
N2

(0)f(n)e
(1−n)r + . . . (2.76)

and a repetition of the previous analysis shows that, for n ≤ d, the leading order

term in (2.65) becomes equivalent to

√
N2

(0)[0]f(n)[0] =
√
N2

(0)[1]f(n)[1] . (2.77)

Therefore, if the phase of
√
N2

(0) is discontinuous across the corner, we find that

not only f(1) but all terms up to and including order e−dr in f(r, xa) vanish as

well.

If N2
(0) is continuous, then f(1) does not necessarily vanish, equation (2.75) no

longer holds, and the above derivation for the subleading terms is no longer valid.
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However, the Cd continuity of the boundary metric implies that the locally deter-

mined terms in the Fefferman-Graham expansion (2.55) are continuous across the

matching surface as well and the metric is thus the same to high order on either

side (up to the complex diffeomorphism discussed above). A discontinuity in (2.55)

may appear at the earliest for the nonlocally determined term g(d)ij, which is at

overall order e(2−d)r in the radial expansion of the bulk metric. By substituting

this radial expansion in the fourth equation in (2.60), and using the continuity to

all orders of H2 +HaH
a, we find that f has to be continuous across the corner up

to and including terms of order e−dr. (Notice that the fourth equation in (2.60) is

invariant under f ↔ −f , but we fixed the overall sign already at leading order.)

This finishes our discussion about imposing the matching conditions: the previous

two paragraphs show that f ‘matches’ up to and including terms of order e−dr

for all three cases. Up to this order, we find that f[0] = −f[1] for a full turn, that

f[0] and f[1] both vanish for any other corner, and that f[0] = f[1] if there is no

corner at all. In the next subsection, we will use these conditions to demonstrate

the absence of localized (divergent) corner contributions to the on-shell action,

in order to eventually show the continuity of the one-point function of the stress

energy tensor around the corner.

2.4.6 Computation of the on-shell action

The bare on-shell action (2.52) has the usual Gibbons-Hawking-York contribution

from ∂tM as well as an extra corner contribution. However, the matching con-

ditions directly imply that these terms cancel between the two spacetimes. The

total action (2.61) becomes:

iS0 + iS1 =
i

2κ2

∫

M0

dd+1x
√
−G(R− 2Λ) +

i

κ2

∫

∂rM0

ddx
√−γK

+
i

2κ2

∫

M1

dd+1x
√
−G(R− 2Λ) +

i

κ2

∫

∂rM1

ddx
√−γK . (2.78)

This action can be renormalized with the usual radial counterterms which we

found explicitly in section 1.6, except for a subtlety involving the bulk integrals

in this action. Namely, the t-integrals do not run between fixed endpoints, say

t = 0 and t = T , but now rather end on t = f±(r, xa). The usual radial countert-

erms, however, assume an r-independent limit on the bulk integral and the radial

counterterms may not exactly cancel all divergences.

We will now show that these extra divergences also cancel between the two match-

ing solutions. To first order, the cancellation can be shown very explicitly. Namely,
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if f is of the form (2.66), then we can radially expand the volume element as:

∫

M0

√
−Gdd+1x =

∫ r0

dr

∫
dxa

∫

f(r,xa)

dt
√
N2σ (2.79)

=

∫ r0

dr
[ ∫

dxa
∫

f(r0,xa)

dt
√
N2σ − e(d−1)r

∫
dxaf(1)

√
N2

(0)σ(0) + . . .
]
.

The first term has an r-independent lower limit on the t-integral and so all diver-

gences in this term are dealt with by integrating the usual radial counterterms also

until f(r0, x
a). The second term is not cancelled by counterterms and may lead

to new divergences. However, in (2.78) a similar term comes from the expansion

of the action S1 for M1 and by the corner matching condition (2.68) the terms

exactly cancel each other. Notice that an extra sign on M1 arises because we

expand the upper rather than the lower limit of the t-integral.

For higher orders, we recall that f is continuous or vanishing up to and including

terms of order e−dr. Using also the higher-order continuity of the bulk metric, a

continuation of the expansion (2.79) shows that the corrections cancel up to finite

terms. This means that no extra divergences arise from the discrepancy between

the limits of the t-integration.

Having eliminated all possible sources of corner divergences, we may conclude that

the usual radial counterterms are sufficient to make the total on-shell action finite.

For example, in d = 4 we can easily construct the explicit counterterm action from

the discussion of section 2.4. It takes the form:

Sct =
1

2κ2

∫
ddx

√−γ
(
3 +

1

4
R+

1

4
log e−r0

[1

4
RijRij −

1

6
R2

])
, (2.80)

where the curvatures are those of the boundary metric γij at r = r0. This coun-

terterm action is valid for all signatures if we define
√−γ in the same way as

√
−G

above, i.e. with the branch cut above the positive real axis.

2.4.7 Continuity of the one-point function

We have shown that the on-shell action can be holographically renormalized with

the usual counterterms in the presence of corners. It remains to show that the

one-point function is appropriately continuous around the corners as well.

The renormalized one-point function of the stress energy tensor is obtained by

varying the renormalized on-shell action with respect to radial boundary data.

As for the scalar field, the integration by parts in the variation of a counterterm

action like (2.80) may result in localized corner contributions to the one-point
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function. However, a similar analysis as for the scalar field shows that the higher-

order continuity of the boundary metric in the complex time plane ensures that

such contributions again cancel between two matching solutions.

Let us explicitly show the cancellation of the first corner term that arises from the

integration by parts of the radial counterterms, which originates from the second

term in (2.80). This is just an Einstein-Hilbert like term and it cancels against the

matching solution if the extrinsic curvature of the corner, which we denote K(0)ab,

is continuous across the corner:

K(0)[0]ab +K(0)[1]ab = 0 . (2.81)

Cancellation of the next term gives a higher-order continuity condition. Explicitly,

the variation of these terms gives

δ

∫

∂rM

ddx
√−γ

[ RijRij
(d− 2)2

− dR2

4(d− 1)(d− 2)

]
=

∫

∂rM

ddx
√−γ(. . .)δγij

+

∫

C

dd−1x
√
σ
[
niP

ij(∇lδγlj − γkl∇jδγkl) + (∇iP
ij)(njγ

klδγkl − nkδγkj)
]
,

(2.82)

where

P ij = − dRγij

4(d− 1)(d− 2)
+

Rij

(d− 2)2
(2.83)

and ni is an appropriately defined unit normal for the corner as a submanifold

of ∂rM . From (2.82) we explicitly see that the higher-order continuity condition

involves up to three derivatives of the metric in d = 4.

By the absence of initial or corner contributions, the holographic expression for

the one-point function of the stress-energy tensor is completely analogous to the

Euclidean case. We may therefore repeat the result (1.166) of section 1.6, namely

〈Tij〉g(0) = − lim
r→∞

e(d−2)r 1

κ2
π(d)ij , (2.84)

where π(d)ij is the term of dilatation weight d in the expansion of the radial canon-

ical momentum in eigenfunctions of the dilatation operator. Upon substitution of

the radial expansion one finds that the one-point function is expressed directly in

terms of g(d)ij and terms that are determined locally by g(0)ij . For example, in

d = 2 we obtained (1.169) and in d = 4 we find up to scheme-dependent terms

that

〈Tij〉 =
2

κ2

(
g(4)ij −

1

8
[(Tr g(2))

2 − Tr g2
(2)] −

1

2
(g2

(2))ij +
1

4
g(2)ijTr g(2)

)
, (2.85)

see [27] for the exact expressions in other dimensions.
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Since by assumption all locally determined terms in the Fefferman-Graham expan-

sion of the metric are continuous, continuity of the one-point function will follow

from continuity of g(d)ij across the corner. Fortunately, the continuity of g(d)ij
follows directly if we substitute the expansion (2.55) in the last equation of (2.60).

The left-hand side in this equation is continuous to all orders by the first matching

condition. On the other side, we know that f is continuous up to and including

terms of order e−dr, and we know that all g(2n)ij with 2n < d as well as g̃(d)ij are

continuous since they are locally determined by g(0)ij . Collecting terms of overall

order e(2−d)r then establishes that g(d)ij has to be continuous as well. (As shown

in [30], there is no diffeomorphism freedom at this order if we fix a boundary coor-

dinate system and a boundary metric, so continuity of g(d)ab implies continuity of

g(d)ij indeed.) We have thus established that the vev of the stress-energy tensor

is continuous across the corner (in the sense discussed in subsection 2.4.5).

We end this section with a remark about the function f(r, xa). Recall that we

could in some cases freely specify this function at the corner, provided it was the

same on both sides (possibly up to a sign). On the other hand, this function has

no place in the QFT, and therefore holographically computed QFT correlators

should be independent of f . Our prescription passes this test, since the one-point

function we obtain is indeed independent of f .

2.5 Conclusion

We have presented a general prescription to holographically compute real-time

correlation functions within the supergravity approximation. The main challenge

in developing such a real-time prescription, relative to Euclidean methods, was to

understand in detail how to deal with initial data. Our prescription is a direct

‘holographic lift’ of QFT real-time techniques to the gravitational setting, namely

there is a gravitational counterpart of all QFT steps involved in such computa-

tions. In more detail, in QFT one typically chooses a contour in the complex

time plane which usually consists of a sequence of horizontal (real) and vertical

(imaginary) segments, the latter being related to the choice of density matrix or

initial/final state. On the gravitational side, we construct solutions that directly

correspond to such QFT contours. Typically, horizontal segments are associated

with Lorentzian solutions and vertical segments with Euclidean solutions, with

appropriate matching conditions imposed on the joining surface. The Euclidean

parts encode the initial and final state in the field theory and this is reflected in the

bulk, where they can be thought of as Hartle-Hawking wave functions [56]. We will

see in the next chapter how these wave functions also provide the necessary initial

and final data for the perturbations around a given supergravity background.
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For the prescription to well defined, one must establish that one can remove all

infinities through a process of (holographic) renormalization. Relative to the Eu-

clidean discussion, new infinities can appear at timelike infinity. In our setup the

analysis boils down to analyzing possible new contributions from the joining sur-

faces. We show that no new counterterms are needed and the holographic 1-point

functions are continuous across the matching surface. The continuity of the 1-point

functions is an important consistency condition of the entire setup: as mentioned

above, the Euclidean parts of the solution are directly related to the initial/final

state but as is also well known the 1-point functions encode the same information,

too.

As a sidenote, the holographic nature of the prescription also nicely shows up in

the following issue that we encountered when demonstrating the renormalization.

Starting from a boundary state defined at a boundary Cauchy surface, say the

surface t = t0, one can extend this surface to the bulk, t = f(r, ~x) with f(r, ~x) → t0
as r → ∞, but clearly there is a certain amount of freedom of how this is done,

parametrized by the subleading behavior of f(r, ~x). These extensions are not part

of the boundary theory, so the renormalized theory should be independent of them.

We explicitly find that possible dependence on f(r, ~x) drops out indeed.

Having set up the prescription, we will in the next chapter move on to demonstrate

how to apply it in a variety of examples that each illustrate different points.

2.A Real-time quantum field theory

In this appendix we discuss some aspects of real-time quantum field theory relevant

for our discussion. The material presented here is not new and it is included to

make this work self-contained.

2.A.1 Vacuum wave function insertions

In this section we will analyze how the vacuum wave function insertions in the

path integral lead to iǫ insertions. In the main text, we mentioned how the wave

functions can be obtained as path integrals along vertical segments in the complex

time plane, leading ultimately to a contour as in figure 2.1a. Let us begin by an

explicit computation of these wave functions in a relatively simple case.
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Computation of the wave functions

We will consider a real free massive boson on flat Minkowski space R1,d−1. As

explained in the main text, the initial wave function 〈φ−,−T |0〉 is computed via

the projection:

lim
β→∞

〈φ−,−T |e−βĤ|Ψ〉 = 〈φ−,−T |0〉〈0|Ψ〉 . (2.86)

For simplicity, we shift the time coordinate such that −T → 0 and we will take

|Ψ〉 = |φβ , iβ〉 for some spatial field configuration φβ(x).

Since we take the field to be free, the path integral is Gaussian and can be com-

puted exactly. Let φ̂(t, x) be the solution to the Euclidean equation of motion

satisfying φ̂(iβ, x) = φβ(x) and φ̂(0, x) = φ−(x). We then obtain

〈φ−, 0|0〉 = lim
β→∞

N e−SE [φ̂] , (2.87)

with N a normalization that does not depend on φ− and SE the Euclidean on-shell

action for the boson. The Lorentzian action for the boson is:

SL[φ] =
1

2

∫
dtdd−1x

(
− ηµν∂µφ∂νφ−m2φ2

)
(2.88)

and we find after substitution of t = −iτ that iSL → −SE with the Euclidean

action given by:

SE [φ] =
1

2

∫ 0

−β
dτ

∫
dd−1x

(
δµν∂µφ∂

µφ+m2φ2
)
. (2.89)

where we also set the limits of the τ integrals to the appropriate values. On-shell

this action reduces to a surface integral,

〈φ−, 0|0〉 = lim
β→∞

N exp
(
− 1

2

∫
dd−1x [φ̂(τ, x)∂τ φ̂(τ, x)]0τ=−β

)
. (2.90)

Finding φ̂ is not hard and in the limit β → ∞ we find that all dependence on φβ
can be absorbed in a shift of N and we recover the usual Gaussian wave function

[49], written in Fourier space as

〈φ−, 0|0〉 = N ′ exp
(
− 1

2

∫
dd−1k

(2π)d−1
φ−(k)ωkφ−(−k)

)
, (2.91)

with ωk =
√
k2 +m2. The conjugate final wave function 〈0|φ+, T 〉 can be com-

puted using the same procedure, leading to exactly the same result.

If interactions are switched on, the wave functions receive corrections. However,

as long as these interactions can be switched off adiabatically for large times, the
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corrections can also be ignored in the limit ti, tf → ∞. The analogous case in

thermal field theory, which we discuss below, is briefly discussed in [51, section

2.4.1]. For massless field theories there are subtleties, but these considerations are

not directly relevant for us and they will not be discussed here. A computation

of the ground state wave function for electromagnetism and linearized gravity can

be found in [61].

Effect of the wave function insertions

Let us now show how the wave function insertions determine iǫ-insertions in the

propagator. To this end, we introduce a source J for φ and compute

Z[J ] = 〈0|e−i
R

Jφ|0〉 . (2.92)

We suppose that the source vanishes smoothly at the endpoints t = ±T of the

Lorentzian segment. Again via the usual slicing arguments, the path-integral

representation one obtains is

Z[J ] =

∫
[Dφ] exp

(
iS[φ] − i

∫
dtdd−1xJφ− 1

2

∫
dd−1k

(2π)d−1
φ−(k)ωkφ−(−k)

− 1

2

∫
dd−1k

(2π)d−1
φ+(k)ωkφ+(−k)

)
, (2.93)

where φ±(k) is the Fourier transform of φ(±T, x) with respect to the spatial co-

ordinates. Notice that the boundary values for the path integral
∫
[Dφ] are not

fixed.

To compute the path integral, we shift the integrand φ = χ+ ψ, where χ satisfies

�χ−m2χ = J and ψ is the new integration variable. Notice that χ is not uniquely

defined unless we specify some boundary conditions. To find these, notice that the

aim of this shift is to get all the factors involving J and χ to come out in front of

the path integral, resulting in

Z[J ] = N exp
(
− i

2

∫
ddxχJ

)
, (2.94)

from which we would directly obtain the propagator as is shown below. However,

an analysis of the boundary terms shows that such a factorization only occurs if

one imposes additionally the two extra constraints:

−i
∫
dd−1xψ−(x)∂tχ(−T, x) −

∫
dd−1k

(2π)d−1
ψ−(−k)ωkχ−(k) = 0 ,

+i

∫
dd−1xψ+(x)∂tχ(T, x) −

∫
dd−1k

(2π)d−1
ψ+(−k)ωkχ+(k) = 0 ,

(2.95)

79



2. Real-time gauge/gravity duality

which should hold for all values of ψ±. These conditions provide the boundary

conditions for χ. Since the source vanishes at the endpoints, χ is homogeneous for

t = ±T , and therefore has a Fourier expansion involving only modes of the form

e∓iωkt+ikx. The boundary conditions that one derives from these constraints are

then simply that χ(−T, x) should contain only negative frequencies (i.e. modes of

the form e−iωt+ikx with ω < 0) and χ(T, x) should contain only positive frequen-

cies. But this uniquely fixes χ to be of the form

χ =

∫
dt′dd−1x′∆F (t− t′, x− x′)J(x′) , (2.96)

with ∆F the Feynman propagator,

∆F (t, x) =

∫
dtdd−1x

(2π)d
e−iωt+ikx

−ω2 + k2 −m2 − iǫ
. (2.97)

As one may verify by contour deformation, one indeed obtains only positive/negative

frequencies to the future/past of the source.

We can now take the limit T → ∞. Assuming that the source and any perturba-

tively added interactions vanish slowly at late times, the propagator and the wave

functions are unmodified and all that is left are the iǫ-insertions which enter in

the perturbative expansion, which is precisely what we wanted to show.

Different (equivalent) arguments that translate wave functions to iǫ insertions can

be found in the textbooks [49] and [48]. In the main text we already discussed

the method of [48] where the contour of figure 2.1a is deformed to a straight line

that runs almost parallel to the real time axis, from −T (1 − iǫ) to T (1 − iǫ),

with T → ∞. The projection property is left unchanged and this way one still

obtains vacuum-to-vacuum amplitudes. The contour should always go downward

or horizontal in the complex time plane so that the operator exp(−iĤ∆t) remains

finite.

Finally, notice that the saddle-point χ is actually a complex solution, although we

started with a real scalar field and a real source J(x). This can be viewed as a

contour deformation in field space before taking the saddle-point approximation.

Such a deformation is very explicit when one discretizes the path integral. Nev-

ertheless, the usual hermiticity constraints of n-point functions are still satisfied.

The fact that a saddle-point approximation may involve complex fields holds for

gravity as well. In the context of holography, it is the hermiticity of the boundary

stress energy tensor and its correlators that restricts the allowed complex metrics.
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2.A. Real-time quantum field theory

2.A.2 Analyticity properties of two-point functions

In this section, we briefly review the analytic properties of two-point functions and

corresponding iǫ-insertions.

We start with the Wightman function

〈ψ(x)ψ(0)〉 , (2.98)

which is analytic in the lower half of the complex t plane [62]. The Wightman

function can be obtained by the replacement −iτ = t− iǫ in the Euclidean corre-

lator, because then the poles along the real t axis are shifted into the upper half

of the complex t plane. Its Fourier transform,

∫
dtdd−1x eiωt−ikx〈ψ(x)ψ(0)〉 , (2.99)

vanishes for negative frequencies, since we can close the contour for the t-integral

via the lower half plane. Positivity of the spectral density also implies that the

Fourier transform is a real and positive distribution for positive frequencies [62].

The Fourier transform thus maps a function (or distribution) that is analytic in a

upper or lower half plane to a function that vanishes on the right or the left real

axis.

Next, the time-ordered two-point function is defined as

〈T ψ(x)ψ(0)〉 = θ(t)〈ψ(x)ψ(0)〉 + θ(−t)〈ψ(0)ψ(x)〉 , (2.100)

which can be obtained from the Euclidean correlator by the replacement −iτ =

t− iǫt. Its poles are shifted into the upper half of the complex t plane for Re t > 0

and in the lower half plane for Re t < 0. To obtain the Fourier transform, we close

the contour in the appropriate half plane in the complex time plane. Picking up

the poles, we find a sum over positive frequencies for t > 0 and one over negative

frequencies for t < 0. This implies that we need the usual Feynman contour around

the poles to define the inverse Fourier transform. One may replace ω → ω + iǫω

in the Fourier-space expression to explicitly indicate such a contour. Obviously

−(ω + iǫω)2 = −ω2 − iǫ (2.101)

and for example the propagator (2.97) indeed has the required analyticity proper-

ties.

Finally, the retarded two-point function is defined as:

∆R(x′, x) = −iθ(x′ − x)〈[O(x′),O(x)]〉 . (2.102)
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2. Real-time gauge/gravity duality

Causality of the field theory determines that it vanishes completely outside the

future lightcone. We may write it as an inverse Fourier transform:

∆R(x, 0) =
1

(2π)d

∫
dωdd−1k e−iωt+ikx∆R(ω, k) . (2.103)

Notice that ∆R(x, 0) vanishes for t < 0. Since we can then close the ω integral

in (2.103) in the upper half plane, we find that ∆R(ω, k) must be analytic in

the upper half of the complex frequency plane. Finally, the advanced two-point

function is the reversed retarded two-point function:

∆A(x, x′) = ∆R(x′, x) . (2.104)

It therefore vanishes outside of the past lightcone and is analytic in the lower half

of the complex frequency plane.
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Chapter 3

Real-time correlation

functions

In this chapter we consider a number of concrete applications of the real-time

gauge/gravity prescription. The examples below are meant to illustrate the ap-

plicability of the prescription for computing time-ordered, retarded or Wightman

correlation functions in a variety of backgrounds directly from the bulk theory.

Notice that such correlation functions sometimes differ only by the form of their iǫ

insertions (or other analyticity properties). Although such factors of iǫ are often

inserted by hand, in QFT they can be obtained from a formal derivation which

was briefly discussed in appendix 2.A. Any first-principles real-time gauge/gravity

prescription should therefore also be able to correctly determine these iǫ insertions

via bulk computations. The examples below show that our prescription indeed pro-

duces iǫ insertions that are always in agreement with field theory expectations (as

described in appendix 2.A), which provides a nontrivial check of the prescription.

3.1 Examples involving global AdS3

For the first set of examples we will consider a two-dimensional CFT with a holo-

graphic dual defined on a cylinder with metric

ds2 = −dt2 + dφ2 (3.1)

and a contour for the CFT which consists of the φ circle times a path C in the

complex time plane, with C being piecewise horizontal or vertical. The discussion

83



3. Real-time correlation functions

can be extended straightforwardly to a CFT in d dimensions, but we restrict

ourselves to d = 2 for now. Various possibilities for C are indicated on the left of

figure 3.1. We will compute the two-point function for operators inserted on all

three of the contours drawn in figure 3.1.

As we mentioned in section 2.2 in the previous chapter, the general idea is to ‘fill

in’ the entire field theory contour with bulk spaces. In the case when all sources

vanish along C, one can fill each horizontal segment of C with a segment of empty

Lorentzian AdS3 and each vertical segment with a segment of Euclidean AdS3.

The metric on the Lorentzian segments is of the form:

ds2 = −(r2 + 1)dt2 +
dr2

r2 + 1
+ r2dφ2 (3.2)

and the Euclidean metric can be obtained by the replacement t = −iτ . In this

metric, surfaces of constant t or τ have vanishing extrinsic curvature and the

induced metric is independent of the signature of the spacetime metric. Therefore,

the matching conditions for gravity are satisfied if we glue the Euclidean and

Lorentzian segments together along such surfaces. The complete bulk solution

MC consisting of Lorentzian and Euclidean segments glued together along these

constant t or τ surfaces therefore satisfies all the matching conditions and can be

taken as a filling for the given contour. We have drawn such fillings schematically

on the right of figure 3.1. Note that these ‘piecewise AdS’ spacetimes may not be

the only bulk solutions for the given class of contours, a point which we will come

back to when we discuss black holes.

By switching on boundary sources, we can perturb such backgrounds, with the

provision that the matching conditions are satisfied for the perturbations as well.

In the two examples below, we will add a massive scalar field in the bulk and

compute a contour time-ordered two-point function of the dual operator. We will

work in the approximation in which the scalar field is free and propagates without

backreaction.

3.1.1 Generalities

Before considering specific contours, we first discuss some generalities regarding

the solutions to the Klein-Gordon equation that are valid for each Lorentzian and

Euclidean segment separately.

We start from the action

S =
1

2

∫
dd+1x

√
−G(−∂µΦ∂µΦ −m2Φ2) , (3.3)
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E E
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(c)

Figure 3.1: On the left, various contours in the complex time plane. The vertical

segments in the first two contours should be thought of as extending to infinity, yielding

a vacuum state on the corner. The circles in the third contour should be identified; it

is then a thermal contour. The crosses represent an example of the operator insertions

we consider. On the right, we sketch the spacetimes consisting of piecewise Euclidean

(E) and Lorentzian (L) AdS3 that fill the given contours. One should impose matching

conditions on the hypersurfaces between the segments.

with d = 2 and the metric Gµν given by (3.2). As usual, we have m2 = ∆(∆ − 2)

with ∆−1 = l ∈ {1, 2, . . .}. The mode solutions to the Klein-Gordon equation are

of the form

e−iωt+ikφf(ω,±k, r) , (3.4)

with

f(ω, k, r) = Cωkl(1+r2)ω/2rkF ((ω+k+1+l)/2, (ω+k+1−l)/2; k+1;−r2) , (3.5)

where F is a hypergeometric function and Cωkl is a normalization factor chosen

such that the coefficient of the leading term as r → ∞ equals 1. For large r the

solution behaves as

f(ω, k, r) = rl−1 + . . .+ r−l−1α(ω, k, l)[ln(r2) + β(ω, k, l)] + . . . (3.6)

with

α(ω, k, l) =
((ω + k + 1 − l)/2)l((ω − k + 1 − l)/2)l

l!(l − 1)!
,

β(ω, k, l) = −ψ((ω + k + 1 + l)/2) − ψ((−ω + k + 1 − l)/2) , (3.7)
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ω

Figure 3.2: The dots represent poles in complex frequency space and a contour should

be specified to avoid those poles.

where (a)n = Γ(a+ n)/Γ(a) is the Pochhammer symbol and ψ(x) = d ln Γ(x)/dx

is the digamma function. In the expansion (3.6) we omitted terms of lower powers

of r and some terms polynomial in ω and k (which would lead to contact terms in

the 2-point functions given below).

For r → 0, which is in the interior of the spacetime, the hypergeometric function

in (3.5) is approximately one and only the solutions with k > 0 remain regular.

The admissible mode solutions therefore take the form:

e−iωt+ikφf(ω, |k|, r) , (3.8)

and we will only use these modes in what follows.

Let us now construct a bulk-boundary propagator out of these modes, which is a

solution to the bulk equations of motion which tends to a delta-function source on

the boundary. Since the leading coefficient in (3.6) equals one in Fourier space,

such a bulk-boundary propagator can be obtained by a simple integral over ω and

a sum over k of these modes. However if the frequency equals

ω = ω±
nk ≡ ±(2n+ |k| + 1 + l) , n ∈ {0, 1, 2, . . .} , (3.9)

then the digamma functions become singular and the term α(ω, |k|, l)β(ω, |k|, l)
in the radial expansion of the modes has a pole. To obtain a well-defined bulk-

boundary propagator, one needs to specify a contour in ω-space around these

poles, for example the contour sketched in figure 3.2. Notice that at this point the

choice for a specific contour is completely arbitrary. The difference between two

contours would be a sum over residues:

g(ωnk, k, r) =

∮

ωnk

dωf(ωnk, k, r)

= r−l−1α(ωnk, k, l)
(∮

ωnk

dωβ(ω, k, l)
)

+ . . .

= r−l−14πi α(ωnk, |k|, l) + . . . ,

(3.10)

where the contour integral is defined as counterclockwise for ω−
nk and clockwise

for ω+
nk, so that g(ω+

nk, |k|, r) = g(ω−
nk, |k|, r) and α(ω+

nk, |k|, l) = α(ω−
nk, |k|, l). We
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see that the poles only occur at normalizable order in the radial expansion of the

modes (indeed, the first terms in this expansion are always local so they cannot

contain poles in frequency space). The modes g(ωnk, |k|, r) are therefore called the

normalizable modes.

These normalizable modes can in fact be added at will (so not just as residues)

to any solution without changing the leading term in the radial expansion of the

solution. The most general solution (without specifying any initial or final data)

therefore involves an arbitrary sum over these modes. For general boundary data

φ(0)(t, φ) it is thus of the form

Φ(t, φ, r) =
1

4π2

∑

k∈Z

∫

C

dω

∫
dt̂

∫
dφ̂e−iω(t−t̂)+ik(φ−φ̂)φ(0)(t̂, φ̂)f(ω, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) ,

(3.11)

with so far arbitrary coefficients c±nk (provided the sum converges). For conve-

nience, let us fix the contour C to be of the Feynman form sketched in figure 3.2,

since any different contour can also be implemented by changing the normalizable

modes. As we show in detail below, the initial and final data, so the other segments

and matching conditions, will eventually completely fix the c±nk.

Below, we will often make use of the following observation. To the past of all

the sources we have t − t̂ < 0 in (3.11) and the contour of the ω-integral can be

closed in the upper half of the complex frequency plane. The choice for a Feynman

contour implies that we pick up the poles at the negative frequencies only, which

we repeat are just the normalizable modes. The solution can then be fully written

as a sum over normalizable modes,

Φ =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
−

nk
t+ikφφ(0)(ω

−
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) ,

(3.12)

which is to be expected by completeness of the normalizable modes. Similarly, to

the future of all the sources, we can deform the contour in the lower half plane

and pick up the residues at the positive frequencies.

Next, consider the solution on the Euclidean segments. The metric on these seg-

ments takes the form:

ds2 = (r2 + 1)dτ2 +
dr2

r2 + 1
+ r2dφ2 . (3.13)
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One can obtain the Euclidean mode solutions by a replacement of the form t =

−iτ in the Lorentzian mode solutions. We will set all sources to zero along the

Euclidean segments, so the solutions there will always consist of normalizable

modes only:

ΦE(τ, φ, r) =
∑

±

∑

k∈Z

∞∑

n=0

d±nke
−ω±

nk
τ+ikφg(ωnk, |k|, r) , (3.14)

with to be determined coefficients d±nk. Note that, if a contour extends all the

way to τ → ∞, then we also require finiteness of the solution in this limit. This

corresponds to the absence of any sources at this point. Such a condition directly

implies that all the d−nk are zero, whereas the d+
nk are still unconstrained. The

converse statement holds for a contour extending to τ → −∞. Notice that if

the bulk had been the entire Euclidean AdS space then τ would extend to both

plus and minus infinity and therefore all the d±nk would be zero, corresponding to

the fact that with zero sources the unique regular solution on Euclidean AdS is

identically equal to zero. In our case the sources are zero but we only consider

a segment (or half) of the space, so solutions that would be excluded are now

allowed because they are only singular at the other part of the space.

This finishes the introduction of the solutions on the various segments; we will now

consider specific contours and demonstrate how the matching conditions determine

the coefficients of the normalizable modes.

3.1.2 Time-ordered two-point function

Let us consider the contour in figure 3.1a. According to standard QFT results the

path integral with operators inserted on the crosses in the figure should result in

a time-ordered two-point function. We shall now see how this can be reproduced

using the gauge/gravity dictionary.

As indicated on the right of figure 3.1a, the contour is ‘filled’ with a Lorentzian

solution (with the metric (3.2)) which is sandwiched between two Euclidean ‘caps’

(whose metric is given in (3.13)). We pick a time coordinate t on the Lorentzian

segment which runs from 0 to T . The Euclidean time coordinates are denoted τ

and we have −∞ < τ < 0 on the ‘initial cap’ and 0 < τ <∞ on the ‘final cap’.

In the previous subsection we discussed how the most general solution on the

Lorentzian segment takes the form (3.11) where we fixed the contour C to be

of the form sketched in figure 3.2. Similarly the most general solution on the

Euclidean segments takes the form (3.14) with all d+
nk = 0 for the initial cap and

all d−nk = 0 for the final cap. The undetermined coefficients c±nk and d±nk are not
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determined by the radial boundary data alone and parametrize the freedom to add

an arbitrary normalizable solution.

Let us now impose the matching conditions discussed in section 2.2.1. Without

loss of generality we may suppose that near the matching surface at t = 0 and

t = T the sources vanish smoothly. The Lorentzian solution near these surfaces

can then be written as a sum over normalizable modes as in (3.12). For the case

at hand we find:

ΦL(t ∼ 0, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
−

nk
t+ikφφ(0)(ω

−
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) , (3.15)

ΦL(t ∼ T, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
+
nk
t+ikφφ(0)(ω

+
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±nke
−iω±

nk
t+ikφg(ωnk, |k|, r) .

We begin with the matching near the initial surface τ = t = 0. The first matching

is the continuity equation:

ΦL(t = 0, φ, r) = ΦE(τ = 0, φ, r) . (3.16)

Substituting (3.15) and (3.14) with all d+
nk = 0 we find an equality between two

sums over normalizable modes. However since the different modes g(ωnk, |k|, r)
are orthogonal (up to the symmetry g(ω+

nk, k, r) = g(ω−
nk, k, r)) one can in fact

equate the coefficients of the various modes. The first matching condition then

results in:
1

4π2
φ(0)(ω

−
nk, k) + c−nk + c+nk = d−nk . (3.17)

The second matching condition involves matching the conjugate momenta in such

a way that we obtain C1 continuity in the complex time plane. Using t = −iτ we

directly obtain that for the initial surface one should demand:

−i∂tΦL(t = 0, φ, r) = ∂τΦE(τ = 0, φ, r) . (3.18)

Substituting the solutions we find

− 1

4π2
ω−
nkφ(0)(ω

−
nk, k) − ω−

nkc
−
nk − ω+

nkc
+
nk = −ω−

nkd
−
nk , (3.19)

which we may combine with (3.17) to find that c+nk = 0. Similarly one may check
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that the matching conditions at t = T lead to:

1

4π2
φ(0)(ω

+
nk, k)e

−iω+
nk
T + c−nke

−iω−

nk
T = d+

nk

ω+
nk

1

4π2
φ(0)(ω

+
nk, k)e

−iω+
nk
T + ω−

nkc
−
nke

−iω−

nk
T = ω+

nkd
+
nk ,

(3.20)

which in turn determine c−nk = 0 and then also all the d±nk follow directly from the

above equations. Therefore the bulk solution on all the segments is completely

fixed by the matching conditions. We remark that, had we chosen any other

contour C in (3.11), we would have found nonzero values of some of the c±nk,

effectively throwing us back to the Feynman contour of figure 3.2.

According to the prescription (2.10) the one-point function in the presence of

sources is just as in Euclidean signature given by a functional differentiation of

the on-shell action with respect to the source:

〈O(x)〉φ =
−1√−g(0)

δ

δφ(0)
Iren[φ(0);C] (3.21)

with Iren[φ(0);C] the renormalized on-shell action integrated along the contour of

figure 3.1a. As we demonstrated in section 2.3, the gluing of different solutions

does not affect the usual prescription that this renormalized one-point function is

given by the renormalized radial conjugate momentum. In particular, analogous to

(1.117) in Euclidean signature, we obtained (2.36) for a one-point function inserted

along a Lorentzian segment. For the case at hand this results (up to contact terms)

in:

〈O(x)〉φ = −2lφ(2l) =
l

4π2i

∑

k

∫

C

dωφ(0)(ω, k)e
−iωt+ikφα(ω, |k|, l)β(ω, |k|, l) ,

(3.22)

where φ(2l) is the term of order r−1−l in the radial expansion of the solution and

the right-hand side is obtained by substituting the expansion (3.6) into (3.11)

with all the c±nk = 0. After a second functional differentiation we find that the

time-ordered two-point function is given by:

〈0|TO(t, φ)O(0, 0)|0〉 =
l

4π2

∑

k

∫

C

dωe−iωt+ikφα(ω, |k|, l)β(ω, |k|, l) . (3.23)

The dependence of the bulk solution on the contour C directly enters in the bound-

ary two-point function and this is how we indeed recover the standard Feym-

nan prescription leading to time-ordered QFT correlators. We emphasize again

that the contour C was completely fixed by the matching to the caps. The fre-

quency integral along C is equivalent to integrating over the real axis while shifting
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τ0 t1

t2τ3

Figure 3.3: The in-in contour we use to compute a Wightman function. We choose a

time coordinates that increases in the direction of the arrows.

ω → ω(1+iǫ). The Fourier transform in (3.23) can then be performed by deforming

the contour and picking up the residues. We obtain:

〈0|TO(t, φ)O(0, 0)|0〉 =
l2/(2l+1π)

[cos(t− iǫt) − cos(φ)]l+1
. (3.24)

This is the expected form for a time-ordered two-point function on a cylinder. As

we will see below, the normalization coefficient agrees with the standard AdS/CFT

normalization of 2-point functions as well.

3.1.3 Wightman functions

Our next example is the computation of a vacuum-to-vacuum two-point function

using an in-in formalism. As explained in section 2.1, the in-in formalism in

particular allows for the computation of Wightman functions directly from a path

integral. In our case, we can do the same holographically.

Let us therefore consider the contour sketched in figure 3.1b, given again in figure

3.3. It runs from i∞ to 0, then to T (with T real and positive), then back to

the origin and then to −i∞. As we outlined above and sketched on the right of

figure 3.1b, for such a contour we consider a filling that consists of two Lorentzian

AdS3 spacetimes between two Euclidean AdS3 caps. These four space(time)s will

be denoted as Mi, with i running from 0 to 3. We will use a subscript i also on

other quantities to distinguish on which of the Mi they are defined. Sometimes, in

order to avoid confusion with other subscripts, we will put this subscript in square

brackets, writing for example c[i].

This time we will use real contour-time coordinates. We then split the contour-

integrated action in (2.9) into the following combination:

−
∫ 0

−∞
dτ0LE(Φ0)+i

∫ T

0

dt1LL(Φ1)−i
∫ 2T

T

dt2LL(Φ2)−
∫ ∞

0

dτ3LE(Φ3) , (3.25)
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with the Lagrangians

LL(Φ) =
1

2

∫
d2x

√
|G|(−∂µΦ∂µΦ −m2Φ2) ,

LE(Φ) =
1

2

∫
d2x

√
|G|(∂µΦ∂µΦ +m2Φ2) .

(3.26)

We use a contour time coordinate on every segmentMi whose direction is indicated

in figure 3.3. We glue the surface given by τ3 = 0 to that given by t2 = 2T , and

similarly the surfaces t1 = T to t2 = T and t1 = 0 to τ0 = 0.

A full list of matching conditions is now given by continuity of the fields, plus

continuity of their derivatives with appropriate signs. These signs are easily found

by equating the conjugate momenta obtained from functional differentiation of the

on-shell actions as we showed in section 2.3. One obtains:

−∂τ0Φ0(τ0 = 0) − i∂t1Φ1(t1 = 0) = 0

+i∂t1Φ0(t2 = T ) + i∂t2Φ2(t2 = T ) = 0

−i∂t2Φ2(τ2 = 2T ) + ∂τ3Φ3(τ3 = 0) = 0 .

(3.27)

We will consider the case of a nonzero source φ(0)[1] only on the conformal boundary

of M1. In that case Φ1 is given by (cf. (3.11)):

Φ1(t1, φ, r) =
1

4π2

∑

k∈Z

∫

C

dω

∫

M1

dt̂

∫
dφ̂e−iω(t1−t̂)+ik(φ−φ̂)φ(0)[1](t̂, φ̂)f(ω, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±[1]nke
−iω±

nk
t1+ikφg(ωnk, |k|, r) , (3.28)

with C again a Feynman contour and to be determined coefficients c±[1]nk. We

again take the source to vanish near t1 = 0 and t1 = T so near these hypersurfaces

we may (just as in the previous example) perform the ω-integral and write the

solution as a sum over normalizable modes:

Φ1(t1 ∼ 0, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
−

nk
t1+ikφφ(0)[1](ω

−
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±[1]nke
−iω±

nk
t1+ikφg(ωnk, |k|, r) , (3.29)

Φ1(t1 ∼ T, φ, r) =
1

4π2

∞∑

n=0

∑

k∈Z

e−iω
+
nk
t1+ikφφ(0)[1](ω

+
nk, k)g(ωnk, |k|, r)

+
∑

±

∑

k∈Z

∞∑

n=0

c±[1]nke
−iω±

nk
t1+ikφg(ωnk, |k|, r) .
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Since there is no source on the other segments, the solutions Φ0, Φ2 and Φ3 are

all just sums over normalizable modes. For Φ2 we obtain:

Φ2(t2, φ, r) =
∑

±

∑

k∈Z

∞∑

n=0

c±[2]nke
−iω±

nk
t2+ikφg(ωnk, |k|, r) . (3.30)

For M0 we can again only allow for modes of the form e+|ω|τ0, since τ0 extends to

−∞. Similarly, since τ3 → ∞ on M3, the modes there are of the form e−|ω|τ3. We

thus find that

Φ0(τ0, φ, r) =
∑

k∈Z

∞∑

n=0

c[0]nke
ω+

nk
τ0+ikφg(ωnk, |k|, r) ,

Φ3(τ3, φ, r) =
∑

k∈Z

∞∑

n=0

c[3]nke
−ω+

nk
τ3+ikφg(ωnk, |k|, r) .

(3.31)

We will now impose the matching conditions and use again the orthogonality of

the normalizable modes g(ωnk, |k|, r) to impose this condition ‘mode-wise’. The

first matching between M1 and M0, which is Φ1(t1 = 0, φ, r) = Φ0(τ0 = 0, φ, r),

then yields

c[0]nk =
1

4π2
φ(0)[1](ω

−
nk, k) + c+[1]nk + c−[1]nk , (3.32)

and the second matching condition, which is the first equation in (3.27), becomes

−ω+
nkc[0]nk −

1

4π2
ω−
nkφ(0)[1](ω

−
nk, k) − ω+

nkc
+
[1]nk − ω−

nkc[1]nk = 0 . (3.33)

Recalling that ω+
nk = −ω−

nk and combining the two matching conditions, we find

that

c+[1]nk = 0 , (3.34)

which is the statement that there are no positive frequencies to the past of the

sources.

Similarly, from the matching conditions between M2 and M3, one deduces

c+[2]nk = 0 , (3.35)

so on M2 we can only allow for negative frequencies with respect to t2. Then, from

the matching condition between M1 and M2, we see that frequencies should be

inverted on M2: positive frequencies on M1 become negative frequencies on M2

(with respect to t2) and vice versa. Therefore, on M1 there can only be positive

frequencies close to t1 = T . Indeed, working out the details results in

c−[1]nk = 0 , (3.36)
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which, combined with (3.34), completely fixes the c±[1]nk on M1 to be zero. We

obtain again the Feynman prescription for the bulk-boundary propagator on M1,

which is reassuring: using the in-in instead of the in-out formalism should not have

changed our result of the previous subsection and indeed we found that it did not.

The solution is now completely fixed and one may compute all of the c±[2]nk and

the c[0]nk and c[3]nk using the matching conditions. For the Wightman function,

we will only be interested in the solution on M2 for a source on M1, so we will only

need the c±[2]nk. Equation (3.35) already fixed half of them, and the first matching

condition between M1 and M2 yields

c−[2]nk =
1

4π2
φ(0)[1](ω

+
nk, k)e

−2iω+
nk
T . (3.37)

With the solutions determined, consider the one-point functions. Just as in the

previous example we use the result of section 2.3 which states that the renormalized

one-point function in the presence of sources is given by the renormalized radial

conjugate momentum, leading specifically to the equations (2.36) and (2.37). For

the case under consideration, we thus obtain

〈O[i](x)〉 =
i√−g(0)

δ

δφ(0)[i]
(−S0 + iS1 − iS2 − S3 + Sct) = −2lφ(2l)[i](x) , (3.38)

with φ(2l)[i] the term of order r−l−1 in the radial expansion of Φi.

We are in particular interested in the Wightman function. Using the QFT result

of section 2.1 we find that we may obtain it as:

〈O(x)O(x′)〉 = 〈TCO[2](x)O[1](x
′)〉

=
i√−g(0)

δ

δφ(0)[1](x′)
〈O[2](x)〉

= −2li
δφ(2l)[2](x)

δφ(0)[1](x′)
.

(3.39)

With the solution Φ2 we found above, we obtain

φ(2l)[2](x) =
i

π

∑

k∈Z

∞∑

n=0

α(ωnk, |k|, l)e−iω
+
nk

(2T−t2)+ikφ
∫

M1

dt̂dφ̂eiω
+
nk
t̂−ikφ̂φ(0)[1](t̂, φ̂) .

(3.40)

Using t = 2T − t2 and taking the functional derivative, we get:

〈O(x)O(x′)〉 =
2l

π

∑

n≥0

∑

k∈Z

e−iω
+
nk

(t−t′)+ik(φ−φ′)α(ω+
nk, |k|, l) . (3.41)
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This expression satisfies some standard checks that are expected for a Wightman

function, namely it vanishes for ω < 0 and the coefficients are real and positive

definite, see appendix 2.A. Evaluating the summations, we find

〈O(x)O(x′)〉 =
l2/(2lπ)

[cos(t− iǫ) − cos(φ)]l+1
, (3.42)

which has poles when t− iǫ is real, so it is analytic in the lower half plane, also as

expected.

3.1.4 Thermal AdS

Let us now consider the thermal contour indicated in figure 3.1c. We again take

t1 to run from 0 to T on M1, t2 to run from T to 2T on M2, and τ to run from 0

to β on M3. The novelty here is that we glue the part with τ = β to the surface

with t1 = 0 in order to obtain a thermal state. The action splits into:

i

∫ T

0

dt1LL[Φ1] − i

∫ 2T

T

dt2LL[Φ2] −
∫ β

0

dτLE [Φ3] . (3.43)

Again, we consider a source living only onM1 and solve the Klein-Gordon equation.

The general expressions for Φ1 and Φ2 (without specification of initial and final

data) are exactly the same as before and are given by the equations (3.28) and

(3.30). We can also use the expressions (3.29) for Φ1 when t ∼ 0 or t ∼ T . Since

the τ coordinate on the Euclidean segment has a finite range we may allow for

both positive and negative frequencies on this segment. The most general purely

normalizable Euclidean solution is then:

Φ3(τ, φ, r) =
∑

±

∑

k∈Z

∞∑

n=0

c±[3]nke
ω±

nk
τ+ikφg(ωnk, |k|, r) . (3.44)

The full list of matching conditions is now

Φ1(t1 = T ) = Φ2(t2 = T ) ∂tΦ1(t1 = T ) = −∂tΦ2(t2 = T )

Φ2(t2 = 2T ) = Φ3(τ = 0) i∂tΦ2(t2 = 2T ) = ∂τΦ3(τ = 0)

Φ1(t1 = 0) = Φ3(τ = β) −i∂tΦ1(t1 = 0) = ∂τΦ3(τ = β) ,

which, after some algebraic manipulations, results in

c±[1]nk =
1

4π2
φ(0)[1](ω

±
nk, k)

1

eβω
+
nk − 1

. (3.45)
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The nonzero c±[1]nk directly enter into the two-point function and we get

〈TO[1](x
′)O[1](x)〉β =

l

2π2i

∑

k∈Z

∫

C

dωe−iω(t−t′)+ik(φ−φ′)α(ω, |k|, l)β(ω, |k|, l)

+
2l

π

∑

±

∑

k∈Z

∞∑

n=0

α(ωnk, |k|, l)
eβ|ω

±

nk
| − 1

e−iω
±

nk
(t−t′)+ik(φ−φ′) , (3.46)

with the subscript β indicating the temperature. As in the ‘free-field’ approx-

imation, we find the sum of the zero-temperature Feynman propagator and a

heat-bath contribution. Also, notice the symmetry x ↔ x′. After rewriting the

thermal contributions as geometric series, one readily finds that this expression

becomes

〈TO(x)O(x′)〉β =
∑

n∈Z

l2/(2lπ)

[cos(t− iǫt+ inβ) − cos(φ)]l+1
, (3.47)

which satisfies the KMS condition, so it corresponds to a thermal two-point func-

tion indeed. It is a sum over images of the zero temperature result, reflecting the

fact that Euclidean thermal AdS is obtained by identifications in the time direction

of Euclidean global AdS.

One can actually arrive more directly at (3.47) by using the relation between ther-

mal AdS and global AdS to first obtain the Euclidean correlator by a sum over

images and then analytically continue to real-time. This was the way (3.47) was

obtained earlier in [63]. Of course, the iǫ insertions then have to be fixed by hand.

The emphasis in this and the previous examples is on the fact that we can un-

ambiguously arrive at equations like (3.47), including the correct iǫ insertions, by

employing a Lorentzian signature gauge/gravity dictionary and without assuming

any special properties of the background under consideration.

3.2 Poincaré coordinates

For our next example we consider a CFT in d-dimensional Minkowski (Minkd)

spacetime. As is well known, Minkowski spacetime is conformally isometric to an

open region of the Einstein static universe, R×Sd−1. Thus the correlators for the

CFT in Minkowski spacetime can be obtained from those of the Einstein universe

(as we demonstrate for d = 2 in subsection 3.2.5). We explained in section 1.4.3

that boundary Weyl transformations are a specific class of bulk diffeomorphisms

and therefore a similar procedure can be done holographically.

Nevertheless, it is still interesting to directly compute the correlators in Minkowski

spacetime, not least because this is the typical background for most QFT compu-

tations. Furthermore, for a CFT on Minkd to be exactly equivalent to the theory
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on R × Sd−1 the boundary conditions of all QFT fields at infinity of Minkd must

be the ones dictated by the theory on R × Sd−1. One may however wish to study

the QFT on Minkd with fields satisfying different boundary conditions at infinity.

For example, the ground state of a conformally coupled scalar φ on R × Sd−1 has

necessarily 〈φ〉 = 0 because of the curvature coupling of the scalar. The same

theory on Minkd however allows for ground states with non-vanishing 〈φ〉, since

in this case the curvature coupling vanishes. In such cases the nonzero scalar vev

spontaneously breaks conformal invariance. This is described in the bulk by do-

main wall spacetimes containing additional bulk fields capturing the vevs of gauge

invariant operators. One can extend the methods described here to apply to the

computation of real-time correlators along holographic RG flows, extending the

Euclidean computations in [64, 65], but we shall not discuss this in detail here.

Instead we will compute vacuum-to-vacuum amplitudes for the CFT without vevs.

To this end, we consider the field theory path of figure 2.1a, but with Rd−1 as the

spacelike part of the boundary manifold. We can compactify the entire contour

by adding a single point, resulting in the boundary geometry shown in figure 3.4a.

The Lorentzian segment is cut off at finite initial and final times t = ±T . Below

we holographically compute a time-ordered two-point function for a CFT in this

background.

3.2.1 Bulk spacetime

As before, the first step is to find a suitable bulk manifold that fills in the contour.

We begin with the Lorentzian segment of the contour. In the absence of any sources

and vevs, it is filled in with a segment of empty AdSd+1 in Poincaré coordinates:

ds2 =
dz2 − dt2 + d~x2

z2
. (3.48)

The Poincaré coordinate system covers only a part of all of AdSd+1, as indicated

in figure 3.4b. We will however cut off the bulk manifold along the hypersurfaces

t = ±T and therefore we will not need the rest of the AdSd+1 spacetime anyway.

The Lorentzian segment with the above metric and −T < t < T will be referred

to as M1 below.

The two Euclidean segments can be filled with Euclidean AdSd+1, whose metric

can be obtained from (3.48) by the replacement t = −iτ . We again need only

a part of these spaces and cut off the Euclidean solutions along hypersurfaces of

constant τ . More precisely, we call M0 the Euclidean manifold with the metric

ds2 =
dz2 + dτ2

0 + d~x2

z2
(3.49)
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3. Real-time correlation functions

and τ0 < 0. Similarly, we take M2 the Euclidean manifold with the τ2 > 0 and

the same metric (3.49) with the replacement τ0 → τ2.

Next, we glue the three components together by gluing the surface given by τ0 = 0

on M0 to the surface t = −T on M1, and the surface τ2 = 0 to the surface t = T on

M1. One may easily verify that the matching conditions for gravity are satisfied,

since the induced metric on surfaces of constant t or τ is the same and these surfaces

are totally geodesic. We conclude that the combination of M0, M1 andM2 satisfies

all the holographic boundary data as well as all the matching conditions, and so

it can serve as the background around which we study perturbations below.

(a) (b)

t

t
t=−∞

t=∞

t=−T

t=T

Figure 3.4: (a) The geometry used for the computation of the two-point function in

Minkd. The Lorentzian manifold is cut off at slices given by t = ±T , to which the darker

shaded Euclidean caps are glued. (b) The Poincaré coordinate system covers only a part

of AdSd+1. Both the global AdS time and the Poincaré time run upward. The planes

t = ±∞ bound the coordinate system.

3.2.2 Solutions

We will again obtain a time-ordered two-point function of a scalar operator of

conformal weight ∆ = d
2 + l, with l ∈ {1, 2, . . .}, which is dual to a bulk scalar field

of mass m2 = ∆(∆ − d). As we did in the previous examples, we take the scalar

field to propagate freely and without backreaction.
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On M1 the action for the scalar field is again (3.3), this time with the metric

(3.48). Solutions to the equations of motion satisfy the Klein-Gordon equation:

zd+1∂z(z
−d+1∂zΦ) + z2

�0Φ −m2Φ = 0 . (3.50)

We already discussed the solutions to this equation in Euclidean signature in sec-

tion 1.5. Let us now revisit this analysis for a Lorentzian signature metric. After

separation of variables we find modes labeled by (ω,~k):

e−iωt+i
~k·~xzd/2Kl(qz) , e−iωt+i

~k·~xzd/2Il(qz) . (3.51)

For spacelike momenta q2 = −ω2+~k2 > 0, these modes are unambiguously defined.

For timelike momenta q2 < 0, we have to consider possible branch cuts. First of

all, we put the square root in defining q =
√
q2 just above the negative real axis.

We indicate this by using

qǫ =

√
−ω2 + ~k2 − iǫ . (3.52)

Second, Kl has a branch cut along the negative real axis, which is however unim-

portant since | arg(qǫz)| ≤ π/2. Finally, Il has no branch cut since l is an integer.

To select the right solution on M1, we should look at the asymptotics. They take

the form:

zd/2Kl(qz → 0) = Γ(l)
zd/2−l

2l+1ql
+ . . .

zd/2Il(qz → 0) =
1

Γ(l + 1)

zd/2+l

2lq−l
+ . . .

zd/2Kl(qz → ∞) =

√
πzd−1

2q
e−qz + . . .

zd/2Il(qz → ∞) =

√
zd−1

2πq
[eqz + e−qz−(l+ 1

2 )πi] + . . .

(3.53)

For spacelike momenta q2 > 0 we find that finiteness as z → ∞ selects zd/2Kl(qz)

as the only correct solution, just as in section 1.5. On the other hand, for timelike

momenta no linear combination of the solutions remains finite as z → ∞, which

means that any solution that does remain finite as z → ∞ should be obtained as

an infinite sum over the modes. Furthermore, from the asymptotics as z → 0, we

find that the modes zd/2Kl(qǫz) ∼ zd/2−l correspond to sources on the conformal

boundary, whereas the zd/2Il(qǫz) ∼ zd/2+l are the normalizable modes.

For timelike momenta qǫz = −i|q|z and we will henceforth rewrite the modified

Bessel function of the first kind using Il(−i|q|z) = e−iπl/2Jl(|q|z). Although we
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could also have rewritten Kl(−i|q|z) = (iπeilπ/2/2)H
(1)
n (|q|z), we do not do so

below, since zd/2Kl(qǫz) is needed for both spacelike and timelike momenta. We

emphasize that Kl(qǫz) is unambiguously defined for all real q2.

Next, consider the manifolds M0 and M2, both with the Euclidean metric (3.49)

and 0 < τ < ∞ and −∞ < τ < 0, respectively. Although we will mainly work

in position space below, we will for completeness present the mode solutions here

as well. First of all, the mode solutions on M0 and M2 are obtained by the usual

substitution t → −iτ in the Lorentzian modes (3.51). Since we will not switch

on any sources on these segments, the solutions on M0 and M2 need to be purely

normalizable. As we just showed, this implies that only the modes zd/2Jl(|q|z)
with q2 < 0 are allowed. Furthermore, since no operators are inserted at the

points τ → ±∞, we will also request finiteness of the solution in this limit. This

implies a restriction to negative frequencies on M0 and to positive frequencies on

M2. More explicitly, the solutions on these segments are built up from the modes

e|ω|τ0+i
~k·~xzd/2Jl(|q|z) on M0 ,

e−|ω|τ2+i~k·~xzd/2Jl(|q|z) on M2 ,
(3.54)

with −ω2+~k2 < 0. Since the individual modes diverge as z → ∞, we should again

sum an infinite number of these modes in order to get a solution that vanishes also

at this point.

3.2.3 Bulk-boundary propagator

The next step is to compute a bulk-boundary propagator, which we denote by

X(t, ~x, z). We will consider the propagator for a source on the conformal boundary

of M1 only. Let us first investigate the solution on M1. Inspired by the Euclidean

bulk-boundary propagator, we may try:

X1(t, ~x, z) =
1

(2π)d

∫

C

dω

∫
d~k e−iωt+i

~k·~x 2l+1qlǫ
Γ(l)

zd/2Kl(qǫz) . (3.55)

The iǫ-prescription is equivalent to a Feynman contour C in the ω-plane around

the branch cuts which we show in figure 3.5. The expression (3.55) is not obviously

convergent as z → ∞. However, we can perform the Fourier transform by closing

and deforming the contour. The iǫ-prescription tells us which branch cuts we pick

up and the corresponding position-space expression is equal to

X1(t, ~x, z) = iΓ(l)Γ(l +
d

2
)π− d

2
zl+

d
2

(−t2 + ~x2 + z2 + iǫ)l+d/2
, (3.56)

which clearly converges for large z.
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ω

−k

k

Figure 3.5: The contour around the branch cuts (wavy lines) in the complex frequency

plane used to define a bulk-boundary propagator.

As in the previous section, this bulk-boundary propagator is not unique without

imposing initial and final conditions. Indeed, one may always add a normalizable

solution, which we will denote as Y (t, ~x, z). Notice that we know that normalizable

solutions on M1 exist from our discussion of the previous section, where we used

global coordinates. In the previous subsection we found that Y (t, ~x, z) must be a

linear combination of the modes zd/2Il(qǫz) with q2 < 0, which we write as

Y1(t, ~x, z) =
1

(2π)d

∫
dω

∫
dk e−iωt+i

~k·~xθ(−q2)c[1](ω,~k)zd/2Jl(|q|z) , (3.57)

with further constrains on c[1](ω,~k) by requesting finiteness for z → ∞ that we

will not work out here. To reiterate, without initial or final conditions such nor-

malizable solutions can be added at will to our suggested bulk-boundary propa-

gator (3.55), so the normalizable solutions parametrize the ambiguity in the bulk-

boundary propagator. In particular, any different iǫ-prescription than the one we

fixed above can be implemented by changing these c[1](ω,~k).

3.2.4 Matching

With the solutions on M1 specified, let us now discuss the matching. We will show

that the matching conditions imply that X1(t, ~x, z) is the right bulk-boundary

propagator and that no normalizable solution can be added since Y1(t, ~x, z) can

never be matched to a regular and normalizable solution on M0 and M2.

We begin with the matching conditions between M0, M1 and M2:

Φ1(t1 = T, ~x, z) = Φ2(τ = 0, ~x, z) i∂t1Φ1(t1 = T, ~x, z) + ∂τΦ2(τ = 0, ~x, z) = 0

Φ1(t1 = −T, ~x, z) = Φ2(τ = 0, ~x, z) −i∂t1Φ1(t1 = T, ~x, z) − ∂τΦ2(τ = 0, ~x, z) = 0 .

(3.58)

Let us now show that we can find solutions X0 and X2 on M0 and M2 that can

be matched to X1. This is straightforward in position space, where we can verify
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that the expressions

X0(τ0, ~x, z) = iΓ(l)Γ(l +
d

2
)π− d

2
z

d
2 +l

(−(−T − iτ0)2 + ~x2 + z2 + iǫ)l+d/2
,

X2(τ2, ~x, z) = iΓ(l)Γ(l+
d

2
)π− d

2
z

d
2 +l

(−(T − iτ2)2 + ~x2 + z2 + iǫ)l+d/2
,

(3.59)

satisfy the equations of motion on all of M0,M2 and are normalizable. Further-

more, they actually satisfy the matching conditions as well. To see this, notice that

the (+iǫ)-insertions in the denominators of (3.59) are not necessary for nonzero

τ , but they are necessary to ensure that (3.59) are well-defined (distributions) on

the initial and final hypersurfaces given by τ0 = 0 and τ2 = 0. With the given

iǫ-insertions, we can compare (3.59) to (3.56) and one readily verifies that the

matching conditions are satisfied.

Let us now show that one could not have picked any other iǫ-insertions (−iǫ, +iǫt,

etc.) on the Lorentzian side. If we would have done so, the matching conditions

would directly dictate a corresponding change in (3.59). However, such a change

in the Euclidean solutions is not allowed, because any other iǫ-insertion in (3.59)

would give a singularity in either X0 or in X2. For example, if we would replace

the +iǫ with −iǫ on M2, then X2 would be singular at τ2 = ǫ/2T , around the

point given by ~x2 + z2 = T 2 and thus this solution should be discarded. We

conclude that the iǫ-insertion in (3.56) is the only one that moves the singularity

everywhere away from the contour.

It remains to show that (3.56) is the indeed the unique bulk-boundary propagator

by demonstrating that there are no matching Euclidean solutions for the normal-

izable solution (3.57). Using the normalizable modes we found above, the solution

on M0 should necessarily be of the form

Y0(τ0, ~x, z) =

∫
dω

∫
d~k e|ω|τ0+i

~k·~xθ(−q2)c[0](|ω|, ~k)zd/2Jl(|q|z) , (3.60)

for some coefficients c[0](|ω|, ~k). A similar expression holds for the solution on M2:

Y2(τ2, ~x, z) =

∫
dω

∫
d~k e−|ω|τ2+i~k·~xθ(−q2)c[2](|ω|, ~k)zd/2Jl(|q|z) . (3.61)

Consider now the matching conditions, for example the continuity condition be-

tween M1 and M2:

Y1(T, ~x, z) = Y2(τ0 = 0) . (3.62)

Although this is an equality between two integrals, the modes zd/2Jl(|q|z) are

orthogonal, ∫ ∞

0

dz z−1Jl(|q|z)Jl(|q′|z) = cδ(|q| − |q′|) , (3.63)
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3.2. Poincaré coordinates

with c a constant. We can therefore equate the integrands (up to ω ↔ −ω), which

results in

c[1](ω,~k) + c[1](−ω,~k) = c[0](|ω|, ~k) . (3.64)

The other matching conditions can be imposed in a similar way and they ultimately

determine c[1](ω,~k) = c[0](ω,~k) = c[2](ω,~k) = 0. There is thus no normalizable

solution and the bulk-boundary propagator X(t, ~x, z) is unique.

3.2.5 Two-point function

As for the computation of the time-ordered two-point function, the only difference

with the Euclidean case are the iǫ-insertions in the bulk-boundary propagator,

which in Fourier space corresponds to the replacement q → qǫ. Just as for AdSd+1

in global coordinates, these enter directly in the two-point function which, up to

contact terms, is then given by:

〈TO(q)O(−q)〉 =
i(−1)l

22l−1Γ(l)2
q2lǫ log(qǫ/µ) . (3.65)

As expected, its analytic continuation to Euclidean signature coincides precisely

with the renormalized Euclidean two-point function (1.123). The iǫ insertion we

obtained holographically corresponds again to the Feynman contour of figure 3.5

around the branch cuts, signifying time-ordering indeed. In position space, we find

〈TO(x)O(0)〉 =
1

(2π)d
i(−1)l

22l−1Γ(l)2

∫
e−iωt+i

~k·~xq2lǫ log(qǫ/µ)

=
2lΓ(l+ d/2)

πd/2Γ(l)
R 1

(−t2 + ~x2 + iǫ)l+
d
2

, (3.66)

and the iǫ-insertion agrees with [66].

Normalization

Let us compare the normalization of the time-ordered two-point function on the

cylinder with that on two-dimensional Minkowski space. We start from the time-

ordered two-point function on the cylinder given in (3.24):

〈TO(x)O(0)〉 =
l2/(2lπ)

[cos(t− iǫt) − cos(φ)]l+1
, ds2 = −dt2 + dφ2 ,

and apply the coordinate transformation t = u− v, φ = u+ v, after which we find

〈TO(x)O(0)〉 =
l2/(22l+1π)

[sin(u− iη) sin(v + iη)]l+1
, ds2 = 4dudv ,
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3. Real-time correlation functions

where now η = ǫ(u − v). We then Weyl transform and use covariance of the

two-point function:

〈TO(x)O(0)〉 =
2l2/π

[tan(u− iη) tan(v + iη)]l+1
, ds2 =

dudv

cos2(u) cos2(v)
,

where we should remember that the two-point function is multiplied by two Weyl

factors; one evaluated at x and one at 0. For −π/2 < u, v < π/2, we can rewrite

the denominator using

tan(u−iη) tan(v+iη) = tan(u) tan(v)+iǫ(u−v)[tan(u)−tan(v)] = tan(u) tan(v)+iǫ′

with ǫ′ positive and constant. Finally, using x + y = tan(u) and x − y = tan(v),

we obtain

〈TO(x)O(0)〉 =
2l2/π

[−y2 + x2 + iǫ′]l+1
, ds2 = −dy2 + dx2 ,

and the normalization is indeed the same as in (3.66) evaluated at d = 2.

3.3 Higher-point correlation functions

In this subsection, we briefly discuss how real-time higher-point correlation func-

tions can be computed with our prescription. We take an interacting scalar field

with potential

V (Φ) =
1

2
m2Φ2 +

λ

3
Φ3 + . . . (3.67)

so that the equation of motion becomes:

�Φ −m2Φ − λΦ2 = 0 . (3.68)

This equation can be solved perturbatively. We first compute the sequence:

�Φ{0} −m2Φ{0} = 0 ,

�Φ{1} −m2Φ{1} = λΦ2
{0} ,

�Φ{2} −m2Φ{2} = λΦ2
{1} ,

. . .

(3.69)

where Φ{0} satisfies the radial boundary data and Φ{i} with i ≥ 1 vanish asymp-

totically. The full solution is then obtained as:

Φ = Φ{0} + Φ{1} + Φ{2} + . . . (3.70)
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3.3. Higher-point correlation functions

To compute the series Φ{i}, we need to compute the bulk-bulk propagator Z. This

propagator satisfies

(�G −m2)Z(x, x′) =
−1√
−G

δd+1(x − x′) (3.71)

and vanishes asymptotically. In terms of Z(x, x′), we find:

Φ{i+1}(x) = λ

∫

M

dd+1x′
√
−GZ(x, x′)Φ2

{i}(x
′) . (3.72)

In our case, the bulk manifoldM splits into multiple parts and we need to integrate

the bulk-bulk propagator against Φ{i} on the various segments. The bulk-bulk

propagator therefore also splits in multiple components depending the segment

that x and x′ lie on. We will indicate this by a subscript. For example, Z[12](x, x
′)

denotes the bulk-bulk propagator with x on M1 and x′ on M2. Equation (3.72)

then becomes:

Φ[j]{i+1}(x) = λ
∑

k

∫

Mk

dd+1x′
√
−GZ[jk](x, x

′)Φ2
[k]{i}(x

′) , (3.73)

with the sum over all of the components Mk. Of course, Z[jk] is homogeneous on

Mj if j 6= k. Also, we will explicitly see below that Z[jk](x, x
′) = Z[kj](x

′, x).

Let us now find this matrix of bulk-bulk propagators. These bulk-bulk propa-

gators need to satisfy the matching conditions, since then so will all the Φ{i}
and consequently also Φ. (Our derivation of the matching conditions for a scalar

field in section 3.1 was independent of the potential V [Φ], so the matching con-

ditions are unchanged by the interaction terms.) For concreteness, consider the

bulk spacetime of the previous subsection, with a Lorentzian segment M1 sand-

wiched between two Euclidean segments M0 and M2. The matching conditions

become important when we move x from, say M1 to M0 while keeping x′ fixed.

For example, we get

Z[11](t1 = −T, ~x, z; t′1, ~x′, z′) = Z[01](τ0 = 0, ~x, z; t′1, ~x
′, z′) ,

−i∂tZ[11](t1 = −T, ~x, z; t′1, ~x′, z′) − ∂τZ[01](τ0 = 0, ~x, z; t′1, ~x
′, z′) = 0 ,

(3.74)

just as in (3.58), and all the other matching conditions are similar.

The uniqueness of the bulk-bulk propagator is clear from the previous subsec-

tion, where we showed that there is no normalizable homogeneous solution that

satisfies the matching conditions. As for existence, the bulk-bulk propagator for

Lorentzian AdS in Poincaré coordinates is already known, see for example [11] and

the references therein, where one may find that

Z[11](x, x
′) = Z[ξ11] , (3.75)
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3. Real-time correlation functions

with ξ11 an AdS-invariant function,

ξ11 =
(z − z′)2 − (t− t′)2 + (~x− ~x′)2 + iǫ

z2 + z′2 − (t− t′)2 + (~x− ~x′)2
(3.76)

and Z given by

Z[ξ11] =
2−∆Γ(∆)

πd/2Γ(∆ − d
2 )Γ(2∆ − d)

(
1 − ξ11

)∆

F (
∆

2
,
∆ + 1

2
; ∆ − d

2
+ 1; [1 − ξ11]

2) ,

(3.77)

with F (a, b; c; z) the hypergeometric function and m2 = ∆(∆ − d). This solution

is regular except when ξ11 → 0. Analytically continuing t, t′ to M0 or M2 by the

replacement t = −T − iτ0 or t = T − iτ2 yields other ξij , and the iǫ-insertions

again ensure that these ξij satisfy the matching conditions when either x or x′

moves from one segment to the other. So if we define

Z[ij](x, x
′) = Z[ξij ] , (3.78)

then the various Z[ij] satisfy (3.71), the matching conditions, and vanish asymptot-

ically. Therefore, the full matrix of bulk-bulk propagators can be obtained by this

analytic continuation. Just as for the bulk-boundary propagator, the matching

conditions uniquely fix the iǫ-insertions to be those in equation (3.76).

Again, these iǫ-insertions enter directly into the higher-point correlation functions.

These are obtained as usual by further functional differentiation of the renor-

malized one-point function. For example, for a time-ordered vacuum-to-vacuum

three-point function with all three arguments on M1 we obtain

〈TO(x1)O(x2)O(x3)〉 = (2∆ − d)
δ2φ(2∆−d)(x1)

δφ(0)(x2)δφ(0)(x3)

∣∣∣
φ(0)=0

, (3.79)

with φ(2∆−d) the coefficient of the normalizable mode (of order z∆) in the z-

expansion of Φ, and the source φ(0) should be set to zero after the functional

differentiation. Given the bulk solution, the procedure to obtain these correlation

functions is therefore just as for Euclidean metrics, except for the replacement

t→ t− iǫt (so −t2 → −t2 + iǫ).

3.4 Stationary black holes

The thermal contour drawn in figure 3.1c admits another possible bulk solution,

which corresponds to an eternal black hole. In this section, we will use this filling

to compute the time-ordered two-point function for an operator dual to a free

scalar field moving in the black hole background. We will again work in d = 2, so
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PSfrag tL1

tL2

tR1

tR2

τ0

τ3

Figure 3.6: The contour we use for the black hole. The circles should be identified.

the bulk spacetime is the static three-dimensional BTZ black hole. The rotating

black hole will be discussed in the next subsection.

Below, we will actually use the deformed contour of figure 3.6 rather than the

contour of figure 3.1c. As we will see shortly, this has the advantage of ‘opening

up’ the second boundary of the black hole spacetime as well. In the next subsection,

we describe a bulk manifold that fills in this deformed contour. Afterwards, we

proceed by switching on a scalar field and holographically compute correlation

functions.

3.4.1 Bulk spacetime

Consider the eternal Lorentzian massive non-rotating BTZ black hole, whose Pen-

rose diagram is given in figure 3.7a. The black hole splits into four parts, which

we denote by L, R, F and P. On either part the metric is

ds2 = −(r2 − r2+)dt2 +
dr2

(r2 − r2+)
+ r2dφ2 . (3.80)

If necessary, we will use a subscript like L or R to indicate the corresponding part

of the spacetime. Notice that time runs backward on R. The mass and temperature

of the black hole are given by

M =
r2+
8G3

, T =
r+
2π

. (3.81)

(Recall that we set the AdS radius to one, ℓ2 = 1.) To simplify the notation, we

make the coordinate transformation

t =
t′

r+
, r = r′r+ , φ =

φ′

r+
, (3.82)

after which the metric reads

ds2 = −(r2 − 1)dt2 +
dr2

(r2 − 1)
+ r2dφ2 , (3.83)
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L

R

F

P

(a) (b)

tL tR

Figure 3.7: (a) The Penrose diagram for the eternal BTZ black hole. The arrows

indicate the direction of time. In the diagram, every point represents a circle. The

horizons, which are the solid diagonal lines, separate the spacetime in four regions labelled

by L, R, F and P. (b) We cut off the spacetime along the dotted lines and keep the part

in between them.

where we have dropped the primes. Note that the periodicity of φ has now changed

to

φ ∼ φ+ 2πr+ . (3.84)

At the very end of the computation we will return to standard conventions.

To use this spacetime as a filling for (a part of) the contour of figure 3.6, we first

have to cut it off along an initial slice, which we take to be the tL = tR = 0 slice, as

well as a final slice, which we choose to be the rF = r̂ slice, with r̂ < 1 a constant.

These segments are the (blue) dotted and the (red) dashed lines of figure 3.7a,

respectively. As is shown in figure 3.7b, we keep the segment in between these

surfaces. Notice that tL > 0 but tR < 0 on this segment. We will need two copies

of the segment, which we denote by M1 and M2.

Next, consider the Euclidean solution with the metric

ds2 = (r2 − 1)dτ2 +
dr2

(r2 − 1)
+ r2dφ2 (3.85)

and with periodicities

τ ∼ τ + 2π , φ ∼ φ+ 2πr+ . (3.86)

Topologically, this solution is D2 × S1, with D2 a two-dimensional disk and the

S1 is parametrized by φ. As shown in figure 3.8, we will cut it in half along the

hypersurface given by τ = 0 and τ = π, and keep the part given by 0 < τ < π.
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(a) (b)

τ

τ = 0 τ = π

Figure 3.8: (a) The Euclidean BTZ black hole, where again every point represents a

circle. Euclidean time τ runs as indicated. (b) We cut off the spacetime along the dotted

line given by τ = 0 and τ = π and keep the lower part.

We will again need two copies of this part, which we denote as M0 and M3. In

figure 3.8b, we have drawn these spacetimes as half a disk.

We now glue the four manifolds together as shown in figure 3.9. Notice that M0

is glued to M1 such that the part with τ = 0 is glued to the part with tL = 0,

and the part with τ = π is glued to the part with tR = 0. The same holds for the

gluing between M2 and M3.

Let us verify that the matching conditions for gravity are satisfied. First of all,

the fact that M1 and M2 are identical means that the matching conditions for

gravity are trivially satisfied along their gluing surface, which is the (red) dashed

line in figure 3.9. In fact, we could have glued M1 and M2 along any spacelike bulk

hypersurface extending all the way to the two radial boundaries (and disjoint from

the surfaces tL = tR = 0), and the matching conditions would still be satisfied.

For the matching between the Euclidean and the Lorentzian segments, one may

directly see from the metrics (3.83) and (3.85) that any surface of constant t

or τ has the same induced metric. One may also use reflection and translation

symmetry to find that the extrinsic curvature of such slices must vanish. Therefore,

the matching conditions for gravity are satisfied for this gluing, too. Finally, by

passing to a coordinate system that is regular everywhere at the gluing surface,

one may verify that there are no problems at the coordinate singularity at r = 1,

either.

The manifold sketched in figure 3.9 is similar to a construction presented in [39],

where the initial state for an eternal Lorentzian black hole was given by half a

Euclidean black hole. However the real-time prescription where dual states are

represented by Euclidean manifolds can only be made precise if one includes a sec-
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M0

M1 M2

M3

tL1 tL2tR1 tR2

τ0 τ3

Figure 3.9: The four components M0, M1, M2 and M3 are glued together to create a

manifold that fills the contour of figure 3.6. The direction of the various time coordinates

is the same as in figure 3.6.

ond copy of the manifold of [39] and glues it to the first copy along some late-time

hypersurface, leading precisely to the construction in figure 3.9. In field theory,

this second copy corresponds to the backward-going segments of the contour and

the specification of the final rather than the initial state. The two copies are in

this case identical, precisely because the initial and final field theory states are

identical as well.

Let us now turn to the matching conditions for a scalar field. The overall action

(3.3) can be split into a separate piece for each segment:

iS1 − iS2 − S0 − S3 . (3.87)

Continuity and the saddle-point approximation for the combination of actions

(3.87) determines the matching conditions to be:

Φ1(r = r̂) = Φ2(r = r̂) i∂rΦ1(r = r̂) − i∂rΦ2(r = r̂) = 0

Φ1(tL = 0) = Φ0(τ = 0) −i∂tΦ1(tL = 0) + ∂τΦ0(τ = 0) = 0

Φ1(tR = 0) = Φ0(τ = π) i∂tΦ1(tR = 0) − ∂τΦ0(τ = π) = 0 (3.88)

Φ2(tL = 0) = Φ3(τ = 0) i∂tΦ2(tL = 0) + ∂τΦ3(τ = 0) = 0

Φ2(tR = 0) = Φ3(τ = π) −i∂tΦ2(tR = 0) − ∂τΦ3(τ = π) = 0 .

Incidentally, one may have wondered why the second set of horizontal line segments

in figure 3.6 points to the left rather than to the right. This can be seen from the

matching conditions (3.88): as one may verify they correspond to C1 continuity

110



3.4. Stationary black holes

in the complex time plane only if the contour has the shape of figure 3.6. One

may also verify that a replacement tR2 → −tR2 has no effect on the shape of the

contour.

3.4.2 Mode solutions

We can now turn to the computation of two-point functions. We start by finding

mode solutions to the Klein-Gordon equation,

�GΦ −m2Φ = 0 , (3.89)

on the various components. As usual, m2 = ∆(∆ − 2) and we assume ∆ = 1 + l

with l ∈ {1, 2, . . .}. In Lorentzian signature, we find two possible solutions, which

we denote by ψ±,

ψ± = e−iωt+ikφf(±ω, k, r) , (3.90)

with a radial part given by

f(ω, k, r) = Cωkl

(
1 − 1

r2

)iω/2
r−l−1

× F (
i

2
(ω − k) +

1

2
(1 + l),

i

2
(ω + k) +

1

2
(1 + l); iω + 1; 1 − 1

r2
) , (3.91)

with F (a, b; c; z) a hypergeometric function and

Cωkl =
Γ( i2 (ω + k) + 1

2 (1 + l))Γ( i2 (ω − k) + 1
2 (1 + l))

Γ(iω + 1)Γ(l)
(3.92)

chosen such that the coefficient of the leading behavior of f(±ω, k, r) as r → ∞
equals one. The asymptotic expansion of the modes is given by

ψ± = e−iωt+ikφ
(
rl−1 + . . .+α(±ω, k, l)r−l−1[ln(r2) + β(±ω, k, l)] + . . .

)
, (3.93)

with

α(ω, k, l) = (−1)l
( i2 (ω + k) + 1

2 (1 − l))l(
i
2 (ω − k) + 1

2 (1 − l))l

l!(l− 1)!
,

β(ω, k, l) = −ψ(
i

2
(ω + k) +

1

2
(1 + l)) − ψ(

i

2
(ω − k) +

1

2
(1 + l)) + local ,

(3.94)

where the local terms we omitted from β(ω, k, l) originate from the expansion

of the prefactor (1 − 1/r2)iω/2 up to the relevant order. Such local terms lead

to contact terms in the two-point function and will be omitted. The similarity

between the modes (3.91) and (3.5) is not accidental: one may verify that the

backgrounds with the metrics (3.83) and (3.2) are related by analytic continuation
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in complex (t, r, φ)-space, and so are the corresponding mode solutions in these

backgrounds. Since the behavior of the modes in the interior of the spacetime is

different, we will not use this fact here.

Near the horizon both modes oscillate infinitely rapidly. To see this, we transform

to Poincaré coordinates, given by

tanh(t) = − y
x
, r2 =

x2 − y2 + z2

z2
, e2φ = x2 − y2 + z2 , (3.95)

which brings the metric to the form

ds2 =
1

z2
(dx2 − dy2 + dz2) . (3.96)

With this definition the future and past horizons on the L quadrant are mapped

to x = −y and x = y, respectively. Taking the near-horizon limit x ± y → 0, we

find

ψ± = Cωkl exp
(
∓ iω

2
ln(x± y)2 + i(k ∓ ω)φ

)
(1 + . . .) . (3.97)

We can create modes that are well-defined almost everywhere on the Lorentzian

segments via analytic continuation across the horizons, in the way specified by

Unruh [67, 68], see also [41]. Depending on whether we analytically continue from

L to R via the lower or the upper half of the complex y plane, an extra factor of

eπω or e−πω should be added to the L mode to produce an R mode. Since this is

the case for both ψ+ and ψ−, we find four different combinations:

φ++ =

{
e−iωt+ikφf(ω, k, r) on L

e−iωt+ikφ+πωf(ω, k, r) on R

φ+− =

{
e−iωt+ikφf(ω, k, r) on L

e−iωt+ikφ−πωf(ω, k, r) on R

φ−+ =

{
e−iωt+ikφf(−ω, k, r) on L

e−iωt+ikφ+πωf(−ω, k, r) on R

φ−− =

{
e−iωt+ikφf(−ω, k, r) on L

e−iωt+ikφ−πωf(−ω, k, r) on R .

(3.98)

These modes form a complete set both on L and on R, and can thus be used to

decompose any solution. In particular, solutions that are regular at the horizons

can be obtained as an infinite sum over these modes.

Finally, on the Euclidean solutions M0 and M3, the mode solutions are as usual

obtained by the replacement t → −iτ in the ψ±. In this case, there is no need
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for an analytic continuation, and we find two rather than four solutions, which we

denote by φ±:

φ± = eωτ+ikφf(±ω, k, r) . (3.99)

Going through the same arguments as before, one finds that these modes also

oscillate infinitely fast near the horizon.

3.4.3 No normalizable solution

Let us now show the absence of a normalizable solution satisfying the matching

conditions. This would imply uniqueness of any solution satisfying given radial

boundary data.

We begin on M1 where we write

Y1 =
∑

k

∫
dω(c[1]++φ++ + c[1]+−φ+− + c[1]−+φ−+ + c[1]−−φ−−) , (3.100)

with the c[1]±± some functions of ω and k. Notice that the sum is over r+k ∈ Z

to comply with the periodicity (3.84). The solution looks different in the various

regions. Using (3.98) we obtain

Y1,L =
∑

k

∫
dωe−iωt+ikφ[(c[1]++ + c[1]+−)f(ω) + (c[1]−+ + c[1]−−)f(−ω)] ,

Y1,R =
∑

k

∫
dωe−iωt+ikφ[(c[1]++e

πω + c[1]+−e
−πω)f(ω)

+(c[1]−+e
πω + c[1]−−e

−πω)f(−ω)] , (3.101)

where here and below we suppress the k, r arguments from f(ω, k, r) for notational

simplicity. By substituting the asymptotic behavior (3.93) of the modes, we find

that Y1 is normalizable on both L and R if

c[1]++ + c[1]−− + c[1]+− + c[1]−+ = 0 ,

(c[1]++ + c[1]−+)eπω + (c[1]+− + c[1]−−)e−πω = 0 .
(3.102)

Similarly, on M2 we consider

Y2 =
∑

k

∫
dω(c[2]++φ++ + c[2]+−φ+− + c[2]−+φ−+ + c[2]−−φ−−) (3.103)

and the same argument as above leads to the the same conditions (3.102) but with

c[1]±± replaced by c[2]±±. Besides satisfying the same radial boundary data, the

matching conditions between M1 and M2 imply that Y1 and Y2 also have the same

113



3. Real-time correlation functions

initial data on the matching surface. Since the solution on either M1 or M2 is

uniquely specified by boundary and initial data, we find that c[2]±± = c[1]±±.

On the Euclidean parts M0 and M3 the solution should be a linear combination

of the Euclidean modes (3.99). We write it as

Y0 =
∑

k

∫
dωeωτ0−ikφ[c[0]+f(ω) + c[0]−f(−ω)] ,

Y3 =
∑

k

∫
dωeωτ3−ikφ[c[3]+f(ω) + c[3]−f(−ω)] .

(3.104)

As for Y1 and Y2, the demand for normalizability implies

c[0]+ + c[0]− = 0, c[3]+ + c[3]− = 0 . (3.105)

We now impose the matching conditions (3.88) between the Euclidean and the

Lorentzian solution. Using the orthogonality of the normalizable modes, this leads

to algebraic relations between the individual coefficients c[i]± and c[j]±±. In par-

ticular, the matching conditions between M0 and M1 determine

c[1]+− = 0 , (3.106)

while those between M2 and M3 fix

c[1]−+ = 0 . (3.107)

Using (3.102) we conclude that all the c[1]±± = 0 and thus no normalizable solution

exists.

3.4.4 Bulk-boundary propagator

We will now find the bulk-boundary propagator for a delta-function source at (t̂, φ̂)

on the L part of M1. Since we have just shown the absence of any normalizable

solution, any bulk-boundary propagator that satisfies the matching conditions is

guaranteed to be unique. Let us therefore make an educated guess and consider a

solution X1 on M1 that contains only the modes φ++ and φ−−:

X1 =
1

4π2r+

∑

k

∫
dωeiωt̂−ikφ̂(a[1]++φ++ + a[1]−−φ−−) , (3.108)

with new coefficients a[1]±± which are to-be determined functions of ω and k.

Again, to comply with the periodicity of φ given in (3.84), we need r+k ∈ Z

as well as the extra prefactor of 1/r+ to normalize the boundary delta function.
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3.4. Stationary black holes

Notice that we already split off a factor eiωt̂−ikφ̂ from a[1]++ and a[1]−−. On the

two regions R and L, our ansatz takes the following form:

X1,L =
1

4π2r+

∑

k

∫
dωe−iω(t−t̂)+ik(φ−φ̂)[a[1]++f(ω) + a[1]−−f(−ω)] , (3.109)

X1,R =
1

4π2r+

∑

k

∫
dωe−iω(t−t̂)+ik(φ−φ̂)[a[1]++e

πωf(ω) − a[1]−−e
−πωf(−ω)] .

As we mentioned above, we put a delta-function source on (t̂, φ̂) on the conformal

boundary of L and no sources on the conformal boundary of R. Substituting the

asymptotics (3.93), such boundary conditions for X1 lead to

a[1]++ + a[1]−− = 1 ,

a[1]++e
πω + a[1]−−e

−πω = 0 .
(3.110)

Notice that these conditions already fix the solution on M1 to be:

a[1]++ =
−1

e2πω − 1
, a[1]−− =

e2πω

e2πω − 1
. (3.111)

In passing, we mention that it is not manifest that X1 is finite at the horizons. To

check this, one substitutes the near-horizon expansion (3.97) of the modes and then

computes the ω-integral by contour deformation. One finds that an iǫ-insertion is

necessary to ensure convergence and to regulate the lightcone singularity. (A subtle

point is that the a[1]++ and a[1]−− both have a pole at ω = 0, but the residues

cancel each other so the contour can be freely deformed around this singularity.)

The sum over k can be computed using similar methods as we employ for the two-

point function below and the computation then shows that after the iǫ insertion

X1 is regular at all the horizons indeed. Notice that the light-cone singularity is

expected; we found a similar singularity when we wrote down the position-space

expression (3.56) in Poincaré coordinates. It can be removed by integrating the

delta function on the boundary against a smooth source.

Let us now verify that we can find normalizable solutions on M0, M2 and M3 such

that the matching conditions are satisfied, so that X1 is indeed the bulk-boundary

propagator on M1. We start with the matching solution X0 on M0. It should be

a linear combination of the modes φ±,

X0 =
1

4π2r+

∑

k

∫
dωeωτ+ikφeiωt̂−ikφ̂(a[0]+f(ω) + a[0]−f(−ω)) . (3.112)

Let us consider the following coefficients:

a[0]+ = a[1]++ , a[0]− = −a[1]++ = a[1]−− − 1 , (3.113)
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with a[1]±± as given above. As one may directly verify by substituting the asymp-

totic behavior (3.93) (now with t = −iτ), the solution X0 is normalizable since

a[0]+ + a[0]− = 0. Notice furthermore that 0 < τ < π on M0. Therefore, despite

the factor eωτ , the ω-integral is still convergent along the real axis on M0, because

a[0]± ∼ e−2πω for large positive ω.

To verify that the matching conditions are satisfied between M0 and M1, notice

that the difference between the Euclidean and the Lorentzian solution on L,

X1,L(t = 0) −X0(τ = 0) =
1

4π2r+

∑

k

∫
dωeiωt̂−ikφ̂φ−− = 0 (3.114)

since t̂ > 0, so one can deform the contour in the upper half of the complex ω-

plane where φ−− has no poles even at normalizable order. (Actually, near the

horizon, it is the oscillating behavior of radial part of the modes that determines

where to deform the contour to. Since this is still the upper half plane, the

difference vanishes there as well.) A similar argument shows that the second

matching condition on L as well as the both matching conditions on R are also

satisfied.

Next we consider the solution on M2,

X2 =
1

4π2r+

∑

k

∫
dω e−iωt2+ikφeiωt̂−ikφ̂(a[2]++φ++ + a[2]+−φ+−

+ a[2]−+φ−+ + a[2]−−φ−−) .

(3.115)

Since the radial boundary data on M1 and M2 are now different, we cannot use

the argument used earlier for the normalizable solution Y to argue that a[2]±± is

the same as a[1]±± and we have to compute a[2]±±.

To begin with, notice that the matching between M1 and M2 takes places on the

F component of the black hole as indicated in figure 3.7. Starting from the L

quadrant one must cross the future horizon but not the past horizon to arrive at

the F quadrant. Therefore, the modes φ++ and φ+−, which become singular at

the future horizon, acquire an additional factor of e±πω as we move from L to F.

However, the modes φ−± become singular only at the past horizon and do not get

such a factor. These factors should be included both on M1 and M2 and show up

in the matching conditions:

a[2]+−e
−πω + a[2]++e

πω = a[1]+−e
−πω + a[1]++e

πω =
−eπω

e2πω − 1
,

a[2]−+ + a[2]−− = a[1]−+ + a[1]−− =
e2πω

e2πω − 1
.

(3.116)
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These two equations, together with those arising from normalizability on both

sides of M2, completely fix the a[2]±± to be:

a[2]++ = 0 , a[2]+− =
−e2πω
e2πω − 1

,

a[2]−+ = 0 , a[2]−− =
e2πω

e2πω − 1
, (3.117)

and we have found a normalizable solution X2 on M2 that matches to the solution

X1 on M1.

Finally, we need to verify that we can obtain a normalizable solution X3 on M3

that matches to X2. Since X2, in contrast with X1, is already fully normalizable,

X3 can be easily obtained by a simple analytic continuation of the solution on

X2. Just as for M0, one may again verify that the ω-integral in X3 is convergent

along the real axis, that X3 is normalizable and that the matching conditions are

satisfied.

Thus, the bulk-boundary propagatorX1 can be matched to normalizable solutions

on all segments. Since there are no solutions that are everywhere normalizable,

we have obtained the bulk-boundary propagator for the black hole filling of the

contour of figure 3.6. The same bulk-boundary propagator was actually writ-

ten down in [41], where it was obtained by imposing boundary conditions at the

horizon which are natural from considerations of quantum field theory in curved

space [68]. We have now derived that this is indeed the correct bulk-boundary

propagator for the real-time gauge/gravity dictionary.

3.4.5 Two-point functions

In this subsection we will compute the time-ordered and Wightman function for

real times. By looking at figure 3.6, we find that we need operator insertions on

the L component of either M1 or M2, because these segments lie along the real

time axis. To simplify the notation we omit the subscript L, which should be

understood in all formulas in this subsection.

As we explained in section 2.3, the one-point function in the presence of sources

is again just the normalizable component φ(2l) of the bulk-boundary propagator,

times a factor −2l which is fixed by holographic renormalization. Completely

analogous to the analysis in section 3.1, this normalizable component φ(2l) can

be read off by substituting (3.93) in the solution X1,L or X2,L. The two-point
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function computation is again completely analogous, and we find

〈TO(x)O(x′)〉 = 〈TCO[1](x)O[1](x
′)〉 =

li

2π2r+

∑

k

∫
dωe−iω(t−t′)+ik(φ−φ′)×

[a[1]++α(ω, k, l)β(ω, k, l) + a[1]−−α(−ω, k, l)β(−ω, k, l)] . (3.118)

We recognize the structure of a time ordered propagator at finite temperature [51].

Such a propagator is of the form

∆(ω, k) = −n(ω)∆A(ω, k) + (1 + n(ω))∆R(ω, k) , (3.119)

with n(ω) the Bose-Einstein distribution,

n(ω) =
1

eβω − 1
, (3.120)

and ∆R and ∆A are the retarded and advanced thermal propagators, which should

be analytic functions in the respectively upper and the lower half of the complex ω

plane, see appendix 2.A. Since β = 2π in our coordinates, we find a[1]++ = −n(ω).

The structure of (3.118) thus agrees with expectations.

To obtain a position-space expression, choose t′ = 0 and t > 0. This allows us

to perform the ω-integral by deforming the contour to the lower half plane and

picking up the poles. These poles come from β(−ω, k, l) and from the a++ and

the a−−. The former have poles at the quasinormal frequencies,

ω = ω±
nk ≡ −i(2n+ l + 1) ± k , (3.121)

and the latter have poles at ω = −im with m ∈ {1, 2, . . .} (the apparent pole at

ω = 0 in α++ and α−− has zero residue).

Afterwards, we compute the sum over k as follows. We first use Poisson resum-

mation to replace the sum by an integral and a sum over images φ ∼ φ + 2πr+p

with p ∈ Z. The integral can again be done via contour deformation, replacing

it by an infinite sum over residues as well. One then finds that the sum over the

poles at ω = −im vanishes and we are left with the sum involving the quasinormal

frequencies only,

(−1)l+12l

πΓ(l)Γ(l + 1)r+

∑

±

∞∑

n=0

∞∑

m=1

(±1)e−i(2n+l+1±m)(t−iǫt)+imφ×

Γ(1 + n+ l ±m)Γ(1 + n+ l)

Γ(1 + n±m)Γ(1 + n)
, (3.122)

where the iǫ factor is uniquely fixed by requesting convergence away from contact

points and we suppressed the aforementioned sum over images. This expression

118
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can be evaluated without too much difficulty and adding the sum over images

(remembering that the Poisson resummation yields an extra factor of r+), we

finally get

〈TO(x)O(0)〉 =
∑

m∈Z

l2/(2lπ)

[− cosh(t− iǫt) + cosh(φ+ 2mπr+)]l+1
. (3.123)

This computation was done using the metric in (3.83) where the mass of the

BTZ entered through the periodicity of the angular coordinate (3.84). To restore

standard conventions, we now perform the diffeomorphism t → r+t and φ→ r+φ

followed by a Weyl transformation so that the boundary background metric is

ds2 = −dt2 + dφ2 with φ ∼ φ + 2π. Implementing these transformations in the

two-point function we obtain

〈TO(x)O(0)〉 =
∑

m∈Z

(2πT )4l+4l2/(2lπ)

[− cosh(2πT t− iǫt) + cosh(2πT (φ+ 2mπ))]l+1
, (3.124)

where we reinstated the temperature T given in (3.81). This correlator satisfies the

KMS condition and is a sum over images in the φ direction. It was obtained earlier

via an analytic continuation of the Euclidean correlator in [69]. As discussed in

more detail in [63], it is related to the thermal AdS two-point function by a double

analytic continuation. This can directly seen from (3.123), where the substitution

t → iφ̂ and φ → it̂ yields precisely (3.47) (up to iǫ insertions which then have to

be inserted by hand). This is the real-time manifestion of the fact that Euclidean

thermal AdS3 and Euclidean BTZ, which are both filled tori, are related by an S

transformation of the boundary torus.

Let us also write down the Wightman function, which can be obtained following

the same steps as in section 3.1.3:

〈O(x)O(x′)〉 = 〈TCO[2](x)O[1](x
′)〉 =

−li
2π2r+

∑

k

∫
dωe−iω(t−t′)+ik(φ−φ′)×

[a[2]+−α(ω, k, l)β(ω, k, l) + a[2]−−α(−ω, k, l)β(−ω, k, l)] . (3.125)

We can again obtain a position-space expression by closing the contour and picking

up the poles, which results in

〈O(x)O(0)〉 =
∑

m∈Z

(2πT )4l+4l2/(2lπ)

[− cosh(2πT t− iǫ) + cosh(2πT (φ+ 2mπ))]l+1
. (3.126)

Finally, the retarded two-point function is of the form

i∆R(x, 0) ≡ θ(x)〈[O(x),O(0)]〉 = 〈TO(x)O(0)〉 − 〈O(0)O(x)〉 . (3.127)
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From the above expressions, we find that it is analytic in the upper half of the

complex ω-plane and vanishes for t < 0. Actually, it has support only on the

forward lightcone, which agrees with QFT expectations. Notice also that there

is no need to insert iǫ’s in the frequency-space expressions, since the poles in the

complex frequency plane all have non-zero imaginary part. Such behavior however

cannot arise in a CFT with a discrete energy spectrum, at least at finite N , where

one expects that retarded correlators have poles on the real axis. Reconciling this

behavior with expectations from the AdS/CFT correspondence is still an open

issue; we refer to [39, 63] for discussions of this point.

Let us finally remark that the retarded two-point function (3.127) can also be

shown to be related to purely ingoing boundary conditions at the horizon [41],

leading eventually to a recipe as presented in [40]. The derivation of this recipe

from the current perspective is presented in more detail in the next chapter.

3.5 Rotating black holes

In the previous examples, we started with a CFT contour and obtained a corre-

sponding bulk solution by the condition that it ‘filled’ this contour. In this section

we will do the converse. We will start from a Lorentzian solution and look for

Euclidean solutions that can be matched to it. This then leads to a specific CFT

contour corresponding to the combined solution.

Let us discuss the practical use of this procedure. As discussed in section 2.1, the

parts of the solution associated with vertical segments of the contour are directly

related to the initial and final state or density matrix of the field theory. The

same information is in principle also encoded in the asymptotics of the solution,

since from those one can compute the holographic 1-point functions and from them

in principle one can reconstruct the dual state. Typically, it is not very easy to

extract the dual state starting from the vevs. The real-time methods discussed

here present a new tool, namely given a Lorentzian solution one looks for Euclidean

solutions that can be matched to it. One then uses this information to infer the

holographic interpretation of the solution.

In this subsection we illustrate how this is done using the rotating BTZ black hole

[70, 71]. This discussion readily generalizes to higher dimensional rotating AdS-

Kerr black holes [72, 73, 74]. As one may expect, the contour turns out to be a

thermal contour with a chemical potential for angular momentum. Furthermore,

this example illustrates a number of additional issues as it provides a concrete

example of the use of a complex metric.
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3.5.1 Lorentzian solution

The metric for the three-dimensional rotating BTZ black hole [70, 71] is given by

ds2 = −(r2 − r2+ − r2−)dt2 + r2dφ2 + 2r+r−dtdφ +
r2dr2

(r2 − r2+)(r2 − r2−)
, (3.128)

with φ periodic,

φ ∼ φ+ 2π . (3.129)

The mass, angular momentum and temperature of the black hole are related to

r+ and r− via

M =
r2+ + r2−

8G3
, J =

r+r−
4G3

, T =
r2+ − r2−
2πr+

. (3.130)

It is convenient to use (t̂, φ̂, r̂) coordinates:

t̂ = r+t+ r−φ ,

φ̂ = r−t+ r+φ ,

r̂2 =
r2 − r2−
r2+ − r2−

.

(3.131)

Then the metric becomes

ds2 = −(r̂2 − 1)dt̂2 +
dr̂2

r̂2 − 1
+ r̂2dφ̂2 , (3.132)

with the periodicity condition

(t̂, φ̂) ∼ (t̂+ 2πr−, φ̂+ 2πr+) , (3.133)

with r− and r+ real, and we consider 0 ≤ |r−| < r+ but not the extremal case

where |r−| = r+.

We consider an eternal rotating BTZ black hole with two radial boundaries. The

rotating BTZ black hole has a Penrose diagram that can be extended indefinitely

to the future and the past, across the various horizons [71]. We will however cut off

the spacetime along a spacelike hypersurface extending from one radial boundary

to another, just as for the static BTZ example of the previous subsection. We thus

explicitly avoid these extra regions and the singularities.

3.5.2 Euclidean solution

To find a boundary contour corresponding to this spacetime, we will first look for

a Euclidean solution that is to be matched to the Lorentzian solution across some

121



3. Real-time correlation functions

initial hypersurface. Usually, in passing to the Euclidean version of a rotating black

hole we not only make the replacement t = −iτ , but also analytically continue the

angular momentum parameter (which is J or r− in our case) to imaginary values.

This way, the Euclidean metric one obtains is real. We will however show that

the matching conditions are only satisfied for a complex Euclidean metric, given

in coordinates (τ, r, ϕ) by

ds2 = (r2 − r2+ − r2−)dτ2 + r2dϕ2 − 2ir+r−dτdϕ +
r2dr2

(r2 − r2+)(r2 − r2−)
, (3.134)

with coordinate ranges we make precise below. We now discuss this metric in

more detail. First of all, the Einstein equations are still satisfied for the complex

metric, since they are satisfied for any real or complex r−. Second, a coordinate

singularity arises at the horizons. Insisting on a nondegenerate metric, a (complex)

coordinate transformation near the horizon shows that the necessary periodicity

in Euclidean time that avoids such a singularity is

(τ, ϕ) ∼ (τ +
2πr+
r2+ − r2−

, ϕ+
2πir−
r2+ − r2−

) , (3.135)

which notably involves a translation in the imaginary ϕ direction. To comply

with this periodicity, we will take the Euclidean manifold M0 to be defined as

follows. We first introduce MC by extending the coordinates (τ, r, ϕ) to complex

values, with the periodicities as above. The metric (3.134) should then be seen as

a nondegenerate holomorphic (2, 0)-tensor on MC. Within MC, we take M0 to be

the submanifold given by real τ and r, but Im(ϕ) = τ(r−/r+). Notice that M0

has three real dimensions. The metric restricts to M0 as a complex tensor and the

volume element is a three-form which we can integrate along M0. If we introduce

ϕ̂ = φ− ir−
r+

τ , (3.136)

then τ , r and ϕ̂ are real on M0 and therefore constitute an ordinary real coordinate

system on M0. In these coordinates the periodicity becomes

(τ, ϕ̂) ∼ (τ +
2πr+
r2+ − r2−

, ϕ̂) (3.137)

and ϕ̂ ∼ ϕ̂+ 2π as well. However, the boundary metric in (τ, ϕ̂) coordinates is no

longer diagonal. Since this will complicate the analysis below, we continue to use

the complex ϕ coordinate instead.

3.5.3 Matching

Let us now glue the ‘Euclidean’ and the Lorentzian manifolds together. We will

first match the manifolds along a slice of constant t or τ away from the horizon.
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Afterwards, we will deal with the subtleties introduced by the horizon.

We begin with the first matching condition. On the Lorentzian side, we find that

the induced metric on a slice of constant t is given by:

hABdx
AdxB = r2dφ2 +

r2dr2

(r2 − r2+)(r2 − r2−)
. (3.138)

On the Euclidean side, we find exactly the same metric on a slice of constant τ ,

with the replacement φ→ ϕ, and therefore the first matching condition is satisfied.

Let us now discuss the matching of the canonical momenta. On the Lorentzian

side the extrinsic curvature (defined as usual with a real outward pointing unit

normal) is

LKABdxAdxB =
2r+r−√

(r2 − r2+)(r2 − r2−)
drdφ (3.139)

and on the Euclidean side we obtain

EKABdxAdxB =
2ir+r−√

(r2 − r2+)(r2 − r2−)
drdφ . (3.140)

A short computation then shows that the second matching condition is satisfied

as well, including the factor of i. Finally, the ‘corner’ matching condition which

we discussed in section 2.4 is also satisfied.

Notice that a complex metric is already needed in the first matching condition,

i.e. the continuity equation for the induced metric hAB. Had we continued r−
to imaginary value on the Euclidean side so that the bulk metric is real, the

induced metrics on the matching surface would not be the same (because the

factor 1/(r2 − r2−) in (3.138) would become 1/(r2 + r2−)). The fact that the metric

is complex is therefore not directly related to the factor of i appearing in the

matching conditions for the conjugate momenta.

The matching conditions should also be satisfied at the horizons. Based on the

example of the static BTZ black hole, one may consider using half a period of the

Euclidean solution and matching the surface given by τ = 0 to tL = 0 and the

surface given by τ = πr+/(r
2
+ − r2−) to tR = 0. However, moving from τ = 0 to

τ = πr+/(r
2
+ − r2−) on M0 also involves an extra shift in the complex ϕ direction.

Therefore, a correct matching can be obtained by setting φL = ϕ on the matching

surface at L, and φR = ϕ + πir−/(r2+ − r2−) at R. One may then verify that the

matching condition are satisfied at the horizon by transforming to a coordinate

system that is nonsingular at the horizon. Since ∂ϕ is a Killing vector, the gravity

matching conditions for the background were insensitive to the extra twist in ϕ.
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Im(t)

Im(φ)

Re(t)

Figure 3.10: The contour for the boundary CFT that corresponds to a rotating black

hole does not only lie in the complex t plane, but also extends into the complex φ plane.

The circles should be identified.

However, for a scalar field the first matching condition becomes

Φ0(τ = 0, ϕ = 0, r) = Φ1,L(tL = 0, φ = 0, r) ,

Φ0(τ =
πr+

r2+ − r2−
, ϕ =

πir−
r2+ − r2−

, r) = Φ1,R(tR = 0, φ = 0, r) .
(3.141)

which is clearly sensitive to the twist in ϕ.

We have shown that (half of) M0 with the metric (3.134) can be matched to the

Lorentzian rotating BTZ black hole. We can therefore also glue two Euclidean

and two Lorentzian spacetimes in the same manner as shown in figure 3.9 for the

BTZ black hole. Analyzing then the boundary of this combination of spacetimes,

we can finally read off the boundary contour corresponding to the rotating BTZ

black hole: it is the contour of figure 3.10. This is the same contour as in figure

3.6, except that the vertical segments involve a shift in the imaginary φ (or ϕ)

direction of total magnitude 2πr−/(r2+ − r2−). Let us now interpret this result in

field theory.

First of all, notice that the boundary metric on the vertical segments is already

complex, as can be verified by using real coordinates for the boundary ofM0 via the

coordinate transformation (3.136). This is in fact consistent with the anticipated

result that this contour corresponds to a CFT at finite temperature and with non-

zero chemical potential for angular momentum. Namely, for such an ensemble the

density matrix is

ρ = exp(−β(H + µPφ)) , (3.142)

where H is the Hamiltonian and Pφ is a translation in φ. At the level of the

path integral, such an ensemble corresponds to a contour that not only evolves in

the imaginary time but also in the imaginary φ direction. From the periodicity

(3.135), we immediately read off:

β =
2πr+
r2+ − r2−

µ =
r−
r+

. (3.143)
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Of course, if one works purely in Euclidean time, one may also analytically continue

µ, r− and J and then both the boundary and the bulk metric would be real. Our

aim here was to develop a real-time formalism and this led to complex metrics

both in the boundary theory and in the bulk spacetime.

Let us finish this section with a brief comment on the use of complex (but non-

degenerate) metrics in quantum gravity. First, it has been argued in the past (see

for example [57]) that use of complex metrics after Wick rotation might be essen-

tial for a path integral over metrics. Second, saddle-point approximations often

involve a deformation of the integration contour to a point in the complex plane,

even if the integral originally is along the real axis. One particularly elementary

example where this happens is a discretized vacuum-to-vacuum path integral for

the harmonic oscillator, where the initial and final vacuum wave functions require

such a contour deformation. Finally, complete reality of the bulk metric can no

longer be maintained when one studies perturbations, as the iǫ insertions that

follow from our prescription necessarily yield a complex graviton propagator.

3.6 Conclusion

In this chapter we holographically computed a number of real-time correlation

functions using the prescription that we presented in chapter 2. The first two

examples involved the holographic computation of a vacuum time-ordered and

Wightman function. Although their functional form was already known, we were

able to compute both of them completely holographically, without analytic contin-

uation or insertion of iǫ factors by hand; instead, our computation provided for all

the right signs and iǫ insertions. We then computed a two-point function in real-

time thermal AdS. In this computation, we used the same Lorentzian background

but different initial data, which highlights the importance of properly defining the

initial and final boundary conditions.

The prescription can be used to compute higher-point functions as well and we

explicitly demonstrated how to do such computations in an AdS background. This

discussion straightforwardly extends to any other Asymptotically (locally) AdS

bulk spacetime. It is worth mentioning that our prescription resulted in a bulk-

bulk propagator which is already of quantum-mechanical nature (i.e. Feynman

rather than retarded). This shows that the bulk fields are path-integral quantized

and the Euclidean caps provide the proper initial and final states. The prescription

thus naturally incorporates QFT in curved space and it is not necessary to quantize

perturbations by hand again.

A real-time thermal contour can also be ‘filled’ with an eternal black hole space-
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3. Real-time correlation functions

time. Despite the presence of singularities and horizons, we demonstrated how

the initial and final conditions could again be unambiguously specified via Eu-

clidean caps. This procedure extends to rotating black holes, where the analytic

continuation is more subtle. In our case, the reality conditions of the bulk fields

and factors of i that arise in passing from real to imaginary time agree with QFT

arguments, where the situation is well-understood. In particular, this procedure

led to a complex bulk (and boundary) metric in the case of a rotating black hole.

The correlators we computed in the various examples were largely known from ear-

lier work, where they were obtained using special properties of the backgrounds

and analytic continuation. The emphasis here was on the coherent derivation of

these results using the new real-time prescription: statistical factors and appropri-

ate iǫ insertions in 2-point functions all follow uniquely from solving the matching

conditions.
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Chapter 4

Ingoing boundary conditions

In the introduction to chapter 2 we briefly discussed a prescription presented

in [40] for holographically computing retarded two-point functions. In this brief

chapter we explain how this specific prescription can be embedded into the general

real-time gauge/gravity prescription of the previous chapters.

4.1 Introduction

In the previous chapters we presented a prescription involving the real-time ana-

logue of the standard Euclidean gauge/gravity dictionary. We have seen that this

real-time dictionary is necessarily more involved than the continuation of the fun-

damental formula (1.31), as it becomes necessary to specify initial and final field

theory states and initial and final supergravity data on the right-hand side. As

we showed in detail in chapter 2, the map between field theory states and super-

gravity data directly yielded a prescription for the computation of any real-time

correlation function from a holographic background, just as concrete and generally

valid as (1.31) in Euclidean signature.

Although the problem of initial data in the gauge/gravity duality was never fully

addressed before, specific prescriptions did exist in special cases. In particular, the

authors of [40] used a black hole argument to specify the initial and final bulk data

in the case of retarded real-time thermal correlation functions: their prescription

is to use ‘purely ingoing’ boundary conditions for the supergravity fields at a bulk

horizon. It was later shown in [41] that these conditions are related to ‘natural’

boundary conditions discussed earlier in the black hole literature [75, 67] and
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Im t

Re t

1

2

J1

J2

Figure 4.1: A real-time thermal contour in the complex time plane. The circles should

be identified. The two Lorentzian segments are labelled 1 and 2 on which we have sources

J1 and J2, respectively. Although these segments are separated in the figure they lie on

top of each other in the complex time plane.

that (with such boundary conditions understood) the prescription follows from

taking functional derivatives of the on-shell action, although the authors did not

take into account contributions to the on-shell action from timelike infinity, which

are generically non-zero. Nevertheless the recipe of [40, 41] turned out to yield

consistent results (provided the infinities have been subtracted correctly, see below)

and is by now widely used.

However, adhering only to this specific recipe would leave several questions unan-

swered. For example, in general one expects the field theory state (or rather en-

semble) to determine all the initial conditions, including any boundary conditions

for bulk fluctuations. The prescription in [40, 41], on the other hand, presumes

the existence of a horizon and uses specific behavior of the bulk fields there. How

is this related to field theory data? More specifically, can we change the state

somewhat and obtain different (‘non-natural’) boundary conditions as well? Fur-

thermore, as mentioned above there are additional contributions in the on-shell

action from initial and final surfaces within the setup of [40, 41]. If the prescription

is therefore to be obtained by taking functional derivatives of an on-shell action

as suggested in [41], why can these surface contributions be ignored?

In this chapter we apply the general real-time prescription of chapter 2 to the

holographic computation of retarded thermal correlation functions and show that

it reduces almost precisely to the recipe of [40]. In the process, all the questions

raised in the previous paragraph can be answered as well. In the last sections

we discuss the generalization to higher-point functions and some general lessons

about the prescription.

4.2 The real-time thermal dictionary

Consider a field theory at finite temperature T = 1/β. The dynamics of the cor-

responding gas or plasma is described by real-time thermal correlation functions.
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4.2. The real-time thermal dictionary

These correlators can be obtained [51] from a path integral along a contour in

the complex time plane as sketched in figure 4.1, with sources J1 and J2 (for an

operator O) on the two horizontal segments of the contour. We will in this chap-

ter focus on the retarded two-point function of the operator O. The relevance of

the retarded correlator is that it describes the linear response of the system to an

external perturbation. To see this, notice that a perturbation can be described as

a deformation of the theory such that the Hamiltonian Ĥ changes to Ĥ +
∫
JO.

In the in-in formalism this deformation should be present on both contours, so we

need to set J1 = J2 = J . Expanding then in J , we obtain the first-order response

to the one-point function on C1:

δJ〈O(x′)〉 =

∫

C

dxJ(x)
δ

δJ(x)
〈O[1](x

′)〉J

= −i
∫ T

0

dt1 J(x)〈TcO[1](x)O[1](x
′)〉 + i

∫ T

0

dt2 J(x)〈TcO[2](x)O[1](x
′)〉

= −i
∫ T

0

dt J(x)〈T O(x)O(x′)〉 + i

∫ 0

T

dt 〈O(x)O(x′)〉

=

∫ T

0

dt J(x)∆R(x′, x) , (4.1)

where we used the notation of section 2.1 and we suppressed the spatial integra-

tions. The object ∆R(x, x′) is the retarded two-point function,

∆R(x′, x) = −iθ(x′ − x)〈[O(x′),O(x)]〉 , (4.2)

which vanishes outside the future lightcone. The response is thus causal, as ex-

pected.

Now let us apply the real-time gauge/gravity prescription for this specific field

theory configuration. The prescription instructs us to fill in the entire field theory

contour with bulk spacetimes. Consider therefore first the vertical segment in

figure 4.1 and suppose that it can be filled in with a Euclidean black hole solution

(see the previous chapter for the case of thermal AdS). Topologically, this fills the

imaginary time circle with a disk (plus some transverse space which is unimportant

here). To add in the Lorentzian segments, we slice open the Euclidean black hole

solution by making a cut in the disk, say at Euclidean time τ = 0 up to the center

of the disk. To the two cut surfaces we glue two copies of a segment of an eternal

Lorentzian black hole solution which we will call M1 and M2. We finally glue

M1 and M2 together along some late-time surface. The total space is sketched in

figure 4.2. (In the final section we further comment on this space and its relation

with the construction of section 3.4.)

As usual, the sources J1, J2 on the boundary contour correspond to boundary

data for the supergravity fields and switching them on causes perturbations on
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4. Ingoing boundary conditions

the background of figure 4.2. According to the real-time gauge/gravity prescrip-

tion these perturbations propagate from one segment to the other via certain

matching conditions that essentially guarantee C1 continuity of the fields across

the gluing. (We recall that the precise conditions can be derived from a saddle-

point approximation.) Notice that the matching conditions can often be met by

analytic continuation of the bulk solution, in which case they provide for the cor-

rect iǫ insertions. The procedure for black holes is however more involved and we

refer to the computations in section 3.4 for details about the computations that

follow.

4.3 Ingoing boundary conditions

As we are interested in computing retarded correlation functions from (4.1), we

will have to consider a bulk perturbation on the background of figure 4.2 with J1 =

J2. We will now show that precisely in these cases, the real-time gauge/gravity

prescription yields ingoing boundary conditions for the bulk fields. As an example,

consider a free bulk scalar field Φ with mass m satisfying the bulk Klein-Gordon

equation. For brevity, only the solution on M1 will be written down below.

We assume that we can use separation of variables in t, the angular (or other

transverse) coordinates ~ϕ and the radial coordinate r. One then finds four mode

solutions,

e−iωtYl(~ϕ)φ±±(ω, l,m2, r) ,

with Yl some basis of harmonic functions on the transverse space. These modes

are either purely ingoing (φ−+ and φ−−) or purely outgoing (φ++ and φ+−); the

second ± indicates the different possible analytic continuations across the horizons

1

2

M1

Figure 4.2: The Euclidean segment of the contour is filled in with a disk; the two

Lorentzian segments with two copies of a part of an eternal black hole.
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4.3. Ingoing boundary conditions

which we do not need here. Any solution Φ can be expanded in these modes with

certain coefficients a±±(ω, l):

Φ(t, ~ϕ, r) =
∑

l

∫
dω e−iωtYl(~ϕ)×

(a++φ++ + a+−φ−− + a−+φ−+ + a−−φ−−) . (4.3)

Now consider the solution corresponding to a delta-function source at (t, ~ϕ) = 0

on ∂rM1 and denote the corresponding solution on M1 as ∆[11]. If the modes are

appropriately normalized, then according to equation (3.111) on page 115 we find

that ∆[11] has the form (4.3) with the coefficients:

a[11]++ = (1 − eβω)−1 a[11]+− = 0

a[11]−+ = 0 a[11]−− = (1 − e−βω)−1 .

These a[11]±± are uniquely determined by demanding normalizability along the

radial boundary of the entire manifold of figure 4.2 (except of course at the origin

of ∂rM1), combined with the matching conditions between the segments. This

solution precisely satisfies the ‘natural’ boundary conditions of [41].

Let us now move the delta-function source to the origin of ∂rM2. The perturbation

propagates to M1 via the matching conditions, where we denote the corresponding

solution as ∆[21]. :

a[21]++ = (eβω − 1)−1 a[21]+− = 0

a[21]−+ = (1 − eβω)−1 a[21]−− = 0 ,

which are obtained in the same way as the a[11].

With obvious modifications, ∆[11] and ∆[21] can be made into bulk-boundary prop-

agators. We can then integrate them against a source J1 on ∂rM1 and another

source J2 on ∂rM2. Adding the two solutions gives the unique solution for given

J1 and J2 that satisfies the matching conditions. In particular, if J1 = J2 then

the bulk solution Φ1 on M1 becomes:

Φ1 =

∫

∂rM1

J1 ∆[11] +

∫

∂rM2

J2 ∆[12]

=

∫

∂rM

J (∆[11] + ∆[12]) .

(4.4)

The last line is important, as it shows that the coefficients of Φ1 are alterna-

tively given by a new bulk-boundary propagator which is found by adding the two

propagators given above. It has the coefficients

a[1]±± = a[11]±± + a[12]±± (4.5)
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and we find that all the outgoing modes a[1]+± vanish. Therefore, the free-field

bulk solution for J1 = J2 satisfies purely ingoing boundary conditions.

This solves two of the above puzzles: the choice between natural or ingoing condi-

tions is determined by field theory, namely by switching on the source J2 as well.

We can also change the ensemble by adding sources on the Euclidean segment; the

gluing and matching ensure that this indeed leads to ‘non-natural’ conditions at

the horizon.

On-shell action and correlation functions

Let us now compute a retarded correlator. The real-time gauge/gravity instructs

us to use (2.10) where the right-hand side splits into a sum of the on-shell su-

pergravity actions for all the segments in figure 4.2. The action for each segment

contains initial and final surface terms that arise from the integration by parts in

both the radial and the time coordinates. However, it is precisely by virtue of the

matching conditions that all these terms cancel between adjacent segments, which

nicely resolves the final question of the introduction as well.

Using a Fefferman-Graham radial coordinate r, we find that Φ1 has an expansion

near ∂rM1 of the form:

Φ1 = J(x)r∆−d + . . .+ φ(2∆−d)(x)r
−∆ + . . . (4.6)

with x = (t, ~ϕ) and m2 = ∆(∆ − d). After renormalization (see sections 1.5 and

2.3) and differentiation, the dual one-point function of an operator on ∂rM1 in the

presence of sources is given by the normalizable term,

〈O(x)〉 = −(2∆ − d)φ(2∆−d)(x) , (4.7)

plus possible contact terms. We can then use (4.1) to obtain the retarded two-point

function

∆R(x, x′) = −(2∆ − d)
δφ(2∆−d)(x)

δJ(x′)
,

with φ(2∆−d) the normalizable term in the purely ingoing solution Φ1. Up to the

normalization which arises from the holographic renormalization, this is precisely

the prescription of [40, 41].

4.4 Higher-point correlation functions

The previous discussion applied to two-point functions only. In this section, we

will show that ingoing boundary conditions can be used to compute specific three-

and higher-point correlation functions as well.
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4.4. Higher-point correlation functions

Higher-point correlators cannot be computed holographically from a free-field anal-

ysis and the full, nonlinear bulk field equations have to be considered instead.

These can be solved perturbatively, for example by using a bulk-bulk propagator.

For a background as in figure 4.2, which consists of multiple segments, such a

bulk-bulk propagator has to be defined for the entire manifold as we showed in

section 3.3. Its form is again uniquely determined by demanding normalizability

along the entire radial boundary, combined with the matching conditions between

the segments.

As an example, consider the corrections arising from a nonlinear term ∼ λΦ2 in

the Klein-Gordon equation. Let us again focus on the bulk solution Φ1 on M1 and

consider only the case J1 = J2.

Following the arguments in section 3.3, the first-order correction to Φ1 is obtained

by integrating the bulk-bulk propagator against the square of the free-field solution

on all the segments. For J1 = J2, the free-field solution is causal (like the boundary

response) and in particular vanishes on the Euclidean segment, so we may restrict

the integration to M1 and M2 only. An argument along the same lines as above

then shows that this integral over M1 and M2 can be rewritten as a single integral

over M1 with a new bulk-bulk propagator, namely precisely one that satisfies

purely ingoing boundary conditions.

Therefore, as far as Φ1 is concerned, we may forget about the backward-going

segment M2 altogether and use purely ingoing boundary conditions for the bulk-

bulk propagator instead. This result extends to all orders in λ and also holds if

one uses for example a derivative expansion, as long as the bulk perturbation is

causal.

On the other hand, M2 is important for the boundary theory, since we need the

full boundary contour to understand precisely which correlators we are computing.

In particular, the solution near ∂rM2 shows that purely ingoing bulk solutions

actually correspond to J1 = J2 on the boundary.

As an example, consider a holographically computed three-point function:

∆(x, x′, x′′) = (2∆ − d)
δ2φ(2∆−d)(x)

δJ(x′′)δJ(x′)
, (4.8)

with φ(2∆−d)(x) again the normalizable component of Φ1, which is now a purely

ingoing (approximate) solution to the nonlinear field equations. To find the precise

field theory expression for ∆(x, x′, x′′), we need to expand the right-hand side of

(4.1) to quadratic order in J = J1 = J2. Following [51], the quadratic term is:

δJ〈O(x)〉 = . . .−
∫
ddx′

∫
ddx′′∆RR(x, x′, x′′)J(x′)J(x′′) + . . . (4.9)
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with ∆RR the retarded three-point function,

∆RR = θ(t− t′)θ(t− t′′)
〈[

[O(x),O(x′)],O(x′′)
]〉
.

Therefore, the three-point function (4.8) computed using purely ingoing boundary

conditions is:

∆(x, x′, x′′) = ∆RR(x, x′, x′′) + ∆RR(x, x′′, x′) .

This argument readily generalizes to higher-point functions.

4.5 Conclusion and discussion

We have shown that the real-time gauge/gravity prescription reduces to the ingoing

prescription of [40, 41] when J1 = J2, i.e. when one computes retarded correlation

functions. We also discussed which higher-point Lorentzian correlation functions

are computed with ingoing boundary conditions. Along the way, the questions

raised in the introduction were answered as well.

The above example illustrates that a bulk solution for the entire field theory

contour is both necessary and sufficient to make the real-time dictionary just as

precise as its imaginary-time counterpart.

Let us finally discuss some details of the construction sketched in figure 4.2. This

construction is similar but not equal to the manifold sketched in figure 3.9 on

page 110 in the previous chapter. In fact the two constructions are related by

a deformation of the late-time hypersurface where the two Lorentzian segments

are matched together. Indeed, by deforming this surface in figure 3.9 downward

(towards the Euclidean segments) we can make the region beyond the horizon

disappear entirely and end up with precisely the construction of figure 4.2. We

showed in section 2.4 that this deformation freedom is a general feature of the real-

time gauge/gravity prescription and does not affect the holographically computed

correlation functions.

The freedom to deform the late-time hypersurface is reminiscent of field theory,

where it is not necessary to path integrate further than the latest operator inser-

tion either. It shows that one does not need to compute the complete real-time

development of a spacetime to compute real-time correlators. For instance, there

is no need to include the singularity or new asymptotic regions beyond a possible

inner horizon. No significance is attached to any horizon either, as the final surface

may be deformed freely through such horizons. In particular, any construction in-

voking membranes at the horizon would be at most an effective (but interesting)

description.
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One may think that the deformation freedom contradicts the fact that the entire

spacetime is encoded in boundary correlators. This contradiction disappears if one

realizes that the boundary correlators in principle have the power to resolve the

field theory states. In the bulk, these states completely determine the Euclidean

segments which in turn provide sufficient initial data to reconstruct the Lorentzian

spacetime as well. The spacetime is therefore encoded completely in the boundary

correlators, although sometimes only in an indirect way.
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Chapter 5

Wormholes in 2+1

dimensions

In the previous chapters we have outlined a prescription for the computation of

real-time correlation functions using the gauge/gravity duality. This prescrip-

tion extends the fundamental AdS/CFT dictionary (1.31) to backgrounds with

Lorentzian signature. In this chapter we apply the real-time gauge/gravity pre-

scription to a class of three-dimensional Lorentzian ‘wormhole’ spacetimes that

were found and studied in [76, 77]. Our main motivation is to illustrate vari-

ous global issues that arise in real-time holography, in particular the holographic

encoding of the bulk spacetime.

5.1 Introduction and summary of results

The wormholes of [76, 77] are global solutions of 2+1 dimensional gravity with

a negative cosmological constant. Three dimensional gravity is an ideal setup

to study global issues in holography because of the absence of local degrees of

freedom. In the holographic context one finds that the general solution of the bulk

Einstein equations with a cosmological constant in the Fefferman-Graham gauge

can be explicitly obtained for general Dirichlet boundary conditions specified by an

arbitrary boundary metric [78]. In contrast to the higher dimensional case, where

in general the Fefferman-Graham expansion contains an infinite number of terms,

in three dimensions the series terminates (see (5.28) below) and all coefficients

can be expressed explicitly in terms of the boundary metric and boundary stress
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5. Wormholes in 2+1 dimensions

energy tensor. What is left to be done is to impose regularity in the interior and

this step requires global analysis1.

One way to think about the wormholes of [76, 77] is as generalized eternal BTZ

black holes. Whereas the spatial slices of an eternal BTZ black hole have a cylin-

drical topology, in the wormholes the spatial slices are general two-dimensional

Riemann surfaces with boundary. We sketch an example of a wormhole in figure

5.1.

Figure 5.1: A wormhole spacetime with

two outer regions corresponding to a Rie-

mann surface of genus 2 with 2 boundary

components.

These spacetimes have a number of dif-

ferent asymptotic regions, which we will

call outer regions in this chapter, one

for each boundary component of the

Riemann surface. The outer regions

are separated by horizons and there is

a non-trivial topology behind the hori-

zons. The wormholes are locally just

AdS3 and should therefore have a holo-

graphic interpretation. Each outer re-

gion, however, is isometric to the static

BTZ black hole and it would seem as

though holographic data, which are ob-

tained from the behavior of the solu-

tion near the conformal boundary, do

not contain enough information to com-

pletely describe the wormhole spacetime.

This follows from a simple counting ar-

gument. The spacetimes are uniquely

determined given a Riemann surface of

genus g with m boundaries. Such a Riemann surface is determined by 6g−6+3m

parameters. Each of the outer regions however depends on only one parameter,

the mass of the BTZ black hole, so the holographic data from the m outer re-

gions would seem to provide only m parameters. We will shortly describe how the

real-time dictionary resolves this puzzle.

There are corresponding Euclidean solutions which have been discussed in [79].

These spaces are handlebodies, i.e. closed surfaces of genus g filled in with hy-

perbolic three-space. These are also generalizations of BTZ whose Euclidean

counterpart is a solid torus, i.e. a handlebody of genus 1. For these spacetimes

a fairly straightforward application of the Euclidean gauge/gravity prescription

1Note also that the Fefferman-Graham coordinates are in general well-defined only in a neigh-

borhood of the boundary and they may not cover the entire spacetime.
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shows there is no corresponding puzzle: the holographic one-point function cap-

tures the non-trivial topology and in particular does contain enough parameters

to completely describe these spaces. This indicates that it is the real-time issues

that are crucial in understanding holography for the Lorentzian wormholes.

We will indeed find that once we properly apply the real-time gauge/gravity pre-

scription of chapter 2 there is a direct and unambiguous holographic interpretation

of the entire Lorentzian wormhole spacetimes. The real-time prescription relies on

gluing to a given Lorentzian spacetime Euclidean spaces that provide the initial

and final states. A class of such Euclidean spaces are the handlebodies described

above, but we emphasize that there are also other choices one can make. Once

the complete spacetime has been specified (with the Euclidean parts representing

initial/final states included), the holographic one-point functions do carry enough

information about the spacetime and in particular the geometry behind the hori-

zons. This information is encoded in the initial and final states.

The way this happens is instructive and reflects a number of subtle points about the

holographic dictionary. Recall that because of the holographic conformal anomaly

described in section 1.6 the theory depends on the specific boundary metric, not

just its conformal class. In particular, the expectation value of the stress energy

tensor changes anomalously under bulk diffeomorphisms that induce a boundary

Weyl transformation [27, 23]. Now as mentioned earlier, one can choose coordi-

nates such that the metric in any of the outer regions of the wormhole is exactly

that of the BTZ black hole. In these coordinates the boundary metric is flat.

According to the real-time gauge/gravity prescription, however, the Lorentzian

solution should be matched in a smooth fashion to a corresponding Euclidean so-

lution. Euclidean solutions that satisfy all matching conditions are provided by

the handlebodies but these can never have a boundary metric that is globally flat

(because the Euler number of the boundary Riemann surface is negative). One can

arrange for an everywhere smooth matching by performing a bulk diffeomorphism

on the Lorentzian side that induces an appropriate boundary Weyl transformation

such that the Lorentzian boundary metric now matches with that of the handle-

body. This has the effect that the expectation value of the stress energy tensor

changes from its BTZ value to a new value, which is smooth as we cross from the

Euclidean side to the Lorentzian side (as it should be). In other words, the initial

state via the matching conditions dictates a specific bulk diffeomorphism on the

outer regions of the Lorentzian solution and as a result the holographic data ex-

tracted using the solution in this coordinate system encode the information hidden

behind the horizon.

Our results indicate that the dual state for a wormhole with n outer regions is an

entangled state in a Hilbert space that is the direct product of n Hilbert spaces,
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5. Wormholes in 2+1 dimensions

one for each component. A reasonable guess for this state is that it is the state

obtained by the Euclidean path integral over the conformal boundary of half of the

Euclidean space glued at the t = 0 surface of the Lorentzian wormhole. This is a

Riemann surface with n boundaries and in the case of the handlebodies discussed

above, it is precisely the Riemann surface that serves as the t = 0 slice of the

wormhole. If one traces out all components but one, then the reduced description

is given in terms of a mixed state in the remaining copy.

This chapter is organized as follows. In the next section we describe the wormhole

spacetimes in detail and in section 5.3 and we discuss the handlebodies. In sec-

tions 5.4 and 5.5 we discuss holography for the handlebodies and the Lorentzian

wormholes, respectively. After some general remarks in section 5.6 we conclude in

section 5.7 with an outlook.

5.2 Lorentzian wormholes

In this section we describe the Lorentzian wormholes. We show how they can be

obtained as quotients of a part of AdS3 and discuss their physical properties. The

material in this section summarizes discussions in [76, 77, 80, 81, 82]. We will

occasionally use results from Teichmüller theory; more information on this topic

can be found in [83, 84, 85, 82].

5.2.1 Wormholes as quotient spacetimes

The wormholes are obtained as follows. One starts with a Riemann surface S which

is a quotient of the upper half plane H with respect to some discrete subgroup Γ

of SL(2,R). The upper half plane is then embedded into AdS3 and the action of Γ

is extended to AdS3 entirely. After removing certain regions in AdS3 that would

lead to pathologies, one may take the quotient of the remainder with respect to

Γ, which will give us the wormhole spacetime we are after. The topology of such

a spacetime is S×R, with S the Riemann surface we started with and R the time

direction. The aim of this subsection is to discuss this procedure in more detail.

Riemann surfaces

Consider a Riemann surface S with m > 0 circular boundaries but no punctures2.

As follows from the uniformization theorem, such a Riemann surface can be de-

2Recall that a Riemann surface is a topological two-dimensional surface equipped with a

complex structure. One can distinguish between punctures and circular boundaries precisely

because of the complex structure.
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scribed as a quotient of the upper half plane H by some discrete subgroup Γ of

PSL(2,R):

S = H/Γ , (5.1)

where the action of

(
a b

c d

)
∈ PSL(2,R) ≡ SL(2,R)/{±1} (5.2)

on H is given by

z 7→ az + b

cz + d
. (5.3)

Since these transformations act as isometries for the standard negatively curved

metric on H ,

ds2 =
dzdz̄

Im(z)2
, (5.4)

this metric descends to a metric on S. Up to a constant rescaling, this is the

unique hermitian metric of constant negative curvature on S (given the complex

structure of S) and Γ is unique up to conjugation. We shall require absence of

conical singularities on S, which means that the nontrivial elements of Γ cannot

have fixed points in H . A simple analysis of the fixed points of (5.3) tells us that

we should require that for all elements γ ∈ Γ we have

|a+ d| ≥ 2 . (5.5)

Furthermore, absence of any punctures on S translates into |a + d| > 2 for all

nontrivial γ. We then say that Γ consists of only hyperbolic elements (and the

identity), and we call it a Fuchsian group of the second kind.

A particularly convenient way to visualize S as a quotient of H is to define a

fundamental domain in H , basically a domain in H whose boundary in H consists

of various segments that are pairwise identified by generators of Γ. For convenience

we may take these segments to be geodesic segments, which are circular arcs in

H . Two examples of a fundamental domain are sketched in figure 5.2.

From the theory of Fuchsian groups we obtain that the fixed points of such a group

Γ form a nowhere dense subset of the conformal boundary ∂H of H , which is the

real line plus a point a infinity. We will call this set the limit set and denote it as

Λ(Γ). Notice that Λ(Γ) is invariant under the action of Γ.
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5. Wormholes in 2+1 dimensions

Figure 5.2: On the left we sketched two fundamental domains in H. The boundaries are

pairwise glued together as indicated by the arrows. After the gluing we find the Riemann

surfaces shown on the right.

AdS3

To find the wormhole spacetime associated to S, we first fix some coordinate

systems and conventions for AdS3. We define AdS3 as the surface

−U2 − V 2 +X2 + Y 2 = −1 , (5.6)

in R
2,2, where the metric has the form

ds2 = −dU2 − dV 2 + dX2 + dY 2 , (5.7)

and we have set the AdS radius ℓ2 = 1. By combining (U, V,X, Y ) into a matrix,

(
V +X Y + U

Y − U V −X

)
, (5.8)

we may identify the hyperboloid with the space of real unit determinant matrices,

i.e. the group SL(2,R). The connected component of the identity of the isometry

group of AdS3,

Isom0(AdS3) = (SL(2,R) × SL(2,R))/Z2 , (5.9)

acts by left and right multiplication: if (γ1, γ2) ∈ SL(2,R) × SL(2,R) then their

action on AdS3 is defined by

(
V +X Y + U

Y − U V −X

)
7→ γ1

(
V +X Y + U

Y − U V −X

)
γT2 . (5.10)

Taking the transpose of γ2 is a convention which will turn out to be convenient

below.
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5.2. Lorentzian wormholes

We may describe a patch in the hyperboloid with Poincaré coordinates (t, x, y)

defined by

t =
U

V −X
, x =

Y

V −X
, y =

1

V −X
. (5.11)

In these coordinates, the metric takes the form

ds2 =
−dt2 + dx2 + dy2

y2
. (5.12)

Although the Poincaré coordinate system may not cover the entire region of inter-

est, the coordinate horizon at y → ∞ will not be important in what follows.

Constructing wormholes

We can now construct a three-dimensional wormhole spacetime from the Riemann

surface S = H/Γ. We begin by extending the action of the isometries of H to

isometries on AdS3 via the homomorphism:

PSL(2,R) →֒ (SL(2,R) × SL(2,R))/Z2 , (5.13)

which is given explicitly by PSL(2,R) ∋ γ 7→ (γ, γ) ∈ SL(2,R) × SL(2,R). One

may check that elements of the form (γ, γ) leave the slice U = 0 invariant when

they act on AdS3 according to (5.10). Furthermore, their action on the slice U = 0

is exactly of the form (5.3) when we define z = x + iy with (x, y) the Poincaré

coordinates on this slice.

The image of Γ under this homomorphism is a discrete subgroup of Isom0(AdS3)

which is isomorphic to Γ and which we denote as Γ̂. One may now try to take a

quotient like AdS3/Γ̂, which clearly contains S = H/Γ as the slice given by U = 0.

However, away from the slice U = 0 this quotient turns out to have closed null or

timelike curves. To get a spacetime free of pathologies we proceed as follows.

The embedding of H in AdS3 as the slice U = 0 can be directly extended to an

embedding of ∂H in the conformal boundary of AdS3. This extension maps the

limit set Λ(Γ) to a subset of the conformal boundary of AdS3, which we denote

as Λ(Γ̂). We then pass to the universal covering space of the hyperboloid and

remove from it all points with a timelike or lightlike separation to Λ(Γ̂) (after a

standard conformal rescaling of the metric that brings the radial boundary to finite

distance). Informally speaking, we are removing the filled forward and backward

semi-lightcones emanating from every point in Λ(Γ̂). We call the remainder ÂdS3

which notably includes the original slice U = 0 entirely. The elements of Γ̂ leave

Λ(Γ̂) invariant and, being isometries, they map lightcones to lightcones so they

also leave ÂdS3 invariant. Furthermore, the quotient

M = ÂdS3/Γ̂ (5.14)
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5. Wormholes in 2+1 dimensions

is a spacetime that is free of closed timelike curves and conical singularities [80, 81]

and contains S = H/Γ as a hypersurface. These spacetimes are what we call the

2 + 1-dimensional wormholes.

5.2.2 Physical properties

We briefly discuss some physical properties of the wormholes. First of all, they

are of course locally AdS3 but, as was mentioned above, their global topology

is of the form S × R with S a surface with m > 0 circular boundaries and R

representing time. We sketched an example in figure 5.1, where S has genus 2

and has 2 boundary components. The wormholes can have an arbitrary number

m > 0 cylindrical boundaries, and S can have arbitrary genus g ≥ 0. There are

two special cases: when m = 2 and g = 0 we obtain the eternal static BTZ black

hole and the case m = 1, g = 0 is just AdS.

Except for the eternal BTZ black hole described already in [86], none of the worm-

holes have globally defined Killing vector fields since no such isometry of AdS3

commutes with all the elements in Γ. On the other hand, all wormholes admit a

discrete Z2 isometry, which acts as time reflection U ↔ −U and therefore leaves

the U = 0 slice invariant. The wormholes are not geodesically complete and begin

with and end on locally Milne-type singularities. Furthermore, these singularities

have associated black and white hole horizons (not drawn in figure 5.1).

Perhaps surprisingly, the m segments of the spacetime between the horizons and

the conformal boundaries are exactly the same as for the BTZ black hole [76].

More precisely, we find that these segments can be covered by a (t, r, φ) coordinate

system with the coordinate ranges r > M , t ∈ R and φ ∼ φ + 2π, in which the

metric is of the form

ds2 = −(r2 −M)dt2 +
dr2

r2 −M
+ r2dφ2 . (5.15)

The mass M can be different for the m different boundaries, but it should always

be strictly positive so we do not ‘pinch off’ the rest of the wormhole. We will call

these m segments the outer regions of the wormhole, and what remains when we

excise these segments we call the inner region. Notice that what we call the outer

region is precisely the domain of outer communication [76]. What was called the

‘exterior region’ in [76] is obtained by keeping only the region outside of the future

horizon, but we will never consider this region here. The fact that the nontrivial

topology is hidden behind the horizons is in agreement with the general discussion

of [87].

Depending on the genus of S, the geometry in the inner region is specified by a

discrete number of parameters, namely the moduli of S. One may for example
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5.3. Euclidean wormholes

think of these parameters as the elements (ai, bi, ci, di) of a set {γi} of generators

of Γ. It will be important for what follows to notice that these parameters do not

show up in the metric on the outer regions if we put the metric in the form (5.15).

On the other hand, in chapter 6 we present a set of different coordinate systems

that can be used to describe the wormholes as well. In these coordinate systems

the coordinate ranges are natural and the metric features several parameters that

are geometric (rather than abstract matrix elements). For example, some of the

parameters are directly related to the lengths of certain cycles on the surface. As

we explain in more detail in the next chapter, the combination of all parameters

from the different charts that make up the surface can be used to completely

describe the spacetime.3

It is straightforward to embed the wormholes into string theory, since the worm-

holes are locally just AdS3. For example, a wormhole times S3×T 4 with a constant

dilaton and three-form flux is an asymptotically locally AdS3 solution of type IIB

supergravity. However, these solutions are not supersymmetric.

5.3 Euclidean wormholes

In this section we describe ‘Euclidean wormholes’. These Euclidean spaces are

handlebodies and one may think of them as closed Riemann surfaces filled in

with three-dimensional hyperbolic space. They are a natural generalization of

the Euclidean BTZ black hole, which is a solid torus [88]. These spaces were

considered first in a holographic context in [79], where it was argued that they are

natural Euclidean analogues of the Lorentzian wormholes, even though they are

not obtained by analytic continuation of a globally defined time coordinate. We

will see later that they are indeed suitable Euclidean counterparts of the Lorentzian

wormholes, in the sense of the real-time gauge/gravity prescription of chapter 2,

but we will also show that they are not the only possible Euclidean counterparts.

5.3.1 Construction

We will again describe the handlebodies via a quotient construction. Recall that

Euclidean (unit radius) AdS3, denoted by H3, is defined as the hyperboloid

U2 − V 2 +X2 + Y 2 = −1 , (5.16)

3The parameters (ai, bi, ci, di) are similar to the Fricke coordinates on the moduli space of

S, whereas the metric we find in chapter 6 features parameters that are similar to Fenchel-

Nielsen coordinates on the moduli space of S. These coordinate systems on the moduli or rather

Teichmüller space of S are described in more detail in for example [83].

145



5. Wormholes in 2+1 dimensions

with V > 0 in R1,3 with the metric:

ds2 = dU2 − dV 2 + dX2 + dY 2 . (5.17)

We may again combine (U, V,X, Y ) into a matrix:

(
V +X Y + iU

Y − iU V −X

)
(5.18)

which mapsH3 into the space of hermitian unit determinant matrices. An element

γ of the connected component of the identity of the isometry group of H3,

Isom0(H
3) = PSL(2,C) , (5.19)

acts on H3 as
(
V +X Y + iU

Y − iU V −X

)
7→ γ

(
V +X Y + iU

Y − iU V −X

)
γ† . (5.20)

Notice that PSL(2,C) maps the upper hyperboloid to itself.

We may again define Poincaré coordinates (τ, x, y) via

τ =
U

V −X
, x =

Y

V −X
, y =

1

V −X
. (5.21)

In these coordinates, the metric takes the form

ds2 =
dτ2 + dx2 + dy2

y2
. (5.22)

This time there are no coordinate singularities and this metric covers all of H3.

To find the Euclidean analogue of the wormholes, we again start with the Riemann

surface S = H/Γ. The action of Γ on H can again be extended to an action on

H3 entirely, this time via the trivial homomorphism

PSL(2,R) →֒ PSL(2,C) , (5.23)

(i.e. any element of PSL(2,R) is also an element of PSL(2,C)). One may again

check that real elements in PSL(2,C) leave the slice U = 0 invariant when they

act on H3 according to (5.20). Furthermore, their action on the slice U = 0 is

again of the form (5.3) if we define z = x+ iy with (x, y) the Poincaré coordinates

on this slice.

After using this homomorphism to map Γ to Γ̂ in Isom0(H
3), we can define the

quotient

Me = H3/Γ̂ , (5.24)
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τ

τ

x

x

Figure 5.3: The Schottky double of the Riemann surfaces of figure 5.2 is constructed by

gluing two copies of the fundamental domain to each other and identifying the boundaries.

The line τ = 0 is invariant and the Schottky double surface is symmetric under reflection

in this line. The limit set Λ(Γ̂) is a subset of the line τ = 0 but is not shown here. It has

to be removed from the (τ, x) plane before taking a quotient.

which now never leads to pathologies; Me is a smooth and geodesically complete

manifold. This quotient again contains S = H/Γ as the U = 0 slice, and Me also

admits a Z2 isometry that leaves this surface invariant.

Let us now show why we call Me a handlebody. We can extend the action of Γ̂ to

the conformal boundary of H3 which is an S2. Consider an element γ of Γ̂, i.e. a

real element of PSL(2,C), acting as (5.3) on the U = 0 slice. Its extension to H3

entirely is found most easily by noticing that, according to (5.20), real elements

of Isom0(H
3) leave slices of constant U = τ/y invariant and act on these slices

exactly as on the slice U = 0. In the limit where y → 0, we recover the action of

γ on the conformal boundary, which is just the same as on the slice U = 0 ,

γ : w 7→ aw + b

cw + d
, (5.25)

but this time with w = x+ iτ .

From (5.25) we find that the great circle τ = 0 is invariant because a, b, c, d in

(5.25) are all real. Just as in the Lorentzian case, this circle contains the limit

set Λ(Γ̂). After removing the limit set, the quotient of the remainder S2\Λ(Γ̂)

with respect to Γ̂ is a smooth manifold. As can be seen from figure 5.3, it consists
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5. Wormholes in 2+1 dimensions

of two copies of S, one from the upper and one from the lower half plane, glued

together along their m boundaries. This surface is called the Schottky double Sd
of S. If S has genus g and m holes, then Sd has genus 2g +m − 1 and no holes.

Since Sd is just the conformal boundary of Me, we may think of Me as a filled Sd.

This shows that Me is indeed a handlebody.

A fundamental domain for Me in H3 is sketched in figure 5.4 and can be found by

extending the circles on the boundary S2 to hemispheres in H3. The fundamen-

tal domain for the original surface S is then embedded in this three-dimensional

fundamental domain as the surface given by τ = 0.

τ
x

y

Figure 5.4: The extension of the fundamental domain for Γ̂ from the S2 to H3 is

bounded by a set of hemispheres that should be pairwise identified. We recover S as the

surface given by τ = 0.

5.4 Holographic interpretation of Euclidean

wormholes

We discuss in this section the holographic interpretation of the Euclidean worm-

holes. Our discussion, which builds on [79, 89, 90, 82], is a fairly straightforward

application of Euclidean holography. In the next section we will turn to Lorentzian

wormholes, where things are more subtle.

Recall that the boundary Sd of the handlebody is a closed Riemann surface with

g > 1 and therefore naturally has a metric of constant negative curvature. Below,

following [89, 82], we holographically compute the one-point function of the stress

energy tensor for this background metric.

The negative curvature metric on Sd is obtained by describing Sd as a quotient

of H , that is Sd = H/Γd. Above we described Sd as a quotient of the conformal

boundary S2 of H3, with the limit set Λ(Γ̂) removed, with respect to the group

Γ̂, that is Sd = (S2\Λ(Γ̂))/Γ̂. As sketched in figure 5.5, this is just a different
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5.4. Holographic interpretation of Euclidean wormholes

Γ̂

Γd

J

Sd

Figure 5.5: The Riemann surface Sd was originally obtained as (S2\Λ(Γ̂))/Γ̂. However,

like any closed Riemann surface with g > 1 it can also be described as H/Γd for some

Γd for which we have drawn a fundamental domain in the bottom figure. J is a locally

biholomorphic map interpolating between the two descriptions. The dashed circle is a

homotopically nontrivial closed curve on Sd that can be contracted in the bulk.

description of the same Riemann surface. Therefore, there should be a locally

biholomorphic map J : H → S2 between the two descriptions. Such a map should

be compatible with the actions of Γd and Γ, in the sense that for every γd ∈ Γd
there should exist a γ ∈ Γ̂ such that J ◦ γd = γ ◦ J . Now consider the case where

γ is trivial for a nontrivial γd. Since γd corresponds to a nontrivial one-cycle

on Sd, the image of this one-cycle under J must be a nontrivial closed curve on

S2\Λ(Γ̂). The only way to do this is to let this curve encircle a nonempty subset

of Λ(Γ̂) on the S2, but such a one-cycle is contractible in the bulk manifold. For

example, the dashed circle drawn within the fundamental domain of figure 5.5 can

be continuously shrunk to a point by moving it inside the bulk, as can be seen

from figure 5.4. Therefore, precisely those γd for which J ◦ γd = J correspond

to contractible cycles in the bulk. The map J thus determines the filling of Sd:

different maps J (up to composition with an element of PSL(2,R) or PSL(2,C))

precisely correspond to the different fillings of Sd. It therefore suffices to know J

in order to know which cycles of Sd are filled to give a handlebody and therefore

to determine the Euclidean bulk geometry.

Since J is by construction locally biholomorphic, we can use the locally defined

J−1 to pull back the metric (5.4) from H to S2\Λ(Γ). In Poincaré coordinates for

H3 defined in (5.21), the induced metric on the boundary S2 was the flat metric
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5. Wormholes in 2+1 dimensions

ds2(0) = dwdw̄ with w = x+ iτ . On the other hand, when we pull back the metric

from H using J−1, we find a metric on this S2 which is of the form:

ds2(0) =
∣∣∣dJ

−1

dw

∣∣∣
2 dwdw̄

Im(J−1(w))2
≡ e2σdwdw̄ . (5.26)

This metric is just a Weyl rescaling of the original metric:

dwdw̄ 7→ e2σdwdw̄ , (5.27)

where we note that σ becomes singular whenever Im(J−1(w)) vanishes, which is

precisely at the fixed point set Λ(Γ̂) on S2.

We may now investigate what happens to the one-point function of the stress

energy tensor. As we discussed in section 1.4.3 in the first chapter, the metric

near the conformal boundary can always be put in the Fefferman-Graham form.

For d = 2 the Fefferman-Graham expansion takes the specific form [78],

ds2 =
dρ2

ρ2
+

1

ρ2
(g(0)ij + ρ2g(2)ij + ρ4g(4)ij)dx

idxj , g(4)ij =
1

4
(g(2)g

−1
(0)g(2))ij .

(5.28)

In this coordinate system the one-point function of the stress energy tensor in the

dual state is given by (1.169), which we repeat here as:

〈Tij〉 = 2g(2)ij +R(0)g(0)ij , (5.29)

with R(0) the scalar curvature of g(0)ij and we set 16πGN = 1.

For the case at hand, starting with the bulk metric (5.22), we find that ds2(0) =

dwdw̄ and 〈Tij〉g(0) = 0. In section 1.4.3 we discussed how infinitesimal Weyl

rescalings of the boundary metric follow from infinitesimal bulk diffeomorphisms.

For the finite Weyl transformation in (5.27) the corresponding finite diffeomor-

phism has the effect of transforming g(2) such that [23]

〈Tww〉e2σg = 〈Tww〉g + 2∂2
wσ − 2(∂wσ)2 , (5.30)

in agreement with CFT expectations. Since in our case

σ =
1

2
ln(∂wJ

−1) +
1

2
ln(∂wJ−1) − ln

( 1

2i
(J−1 − J̄−1)

)
, (5.31)

we obtain directly that

〈Tww〉e2σg =
∂3
wJ

−1

∂wJ−1
− 3

2

(∂2
wJ

−1

∂wJ−1

)
= S[J−1](w) , (5.32)

with S[f ](w) the Schwarzian derivative of f(w),

S[f ] =
f ′′′

f ′ − 3

2

(f ′′

f ′

)2

. (5.33)
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We therefore find that in the metric (5.26), the one-point function of the energy-

momentum tensor is given by (5.32). This is already an encouraging result: we

mentioned above that the bulk geometry is captured by J and here we find that the

same J arises in the boundary energy-momentum tensor, which therefore provides

the holographic encoding of the bulk geometry. However, the boundary metric

(5.26) also depends on J which is not completely intuitive. This can be avoided

by using J once more to pull back everything to H . If we use a complex coordinate

z on H , so w = J(z), then we find that:

〈Tzz〉 = −S[J ] ds2(0) =
dzdz̄

Im(z)2
, (5.34)

where we used that (S[J−1] ◦ J)(dJ/dz)2 = −S[J ], which follows from [85]

S[f ◦ g] = (S[f ] ◦ g)(dg/dz)2 + S[g]. (5.35)

This equation may be directly verified by using the chain rule for differentiation,

which in our notation is written as (f ◦ g)′ = (f ′ ◦ g)g′.

Equation (5.34) is the result we are after: if we describe the boundary Sd of

the handlebody as the quotient H/Γd (corresponding to the bottom picture in

figure 5.5), then the one-point function of the stress energy tensor in the constant

negative curvature metric is given by minus the Schwarzian derivative of the map

J to S2. If we now recall that J dictates which cycles in Γd are contractible in

the bulk, namely precisely those for which J ◦ γd = J , then this implies that 〈Tzz〉
indeed encodes the precise filling and therefore the bulk geometry.

Notice also that S[J ] has the right transformation properties under composition

of J with SL(2,R) from the right, under which it transforms covariantly, and with

SL(2,C) from the left, under which it is invariant. These transformation properties

follow from (5.35) and the fact that S[f ] = 0 if f is a Möbius transformation [85].

Finally, let us mention that the renormalized on-shell bulk gravity action has been

computed in [79] and shown to be equal to the on-shell Liouville action on Sd,

computed earlier in the mathematics literature [91]. Note also that the map J

implicitly defines a solution to the Liouville equation.

5.4.1 Bulk interpretation and Teichmüller theory

We can make the holographic encoding of the spacetime a little more explicit. As

mentioned above, we used the result from section 1.4.3 which states that from the

bulk perspective the boundary Weyl rescaling is induced by a bulk diffeomorphism

that preserves the Fefferman-Graham form of the metric but introduces a new
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5. Wormholes in 2+1 dimensions

Fefferman-Graham radial coordinate ρ′. For the case at hand, the precise bulk

diffeomorphism is given in [89, 82] and leads to the bulk metric

ds2 =
dρ2

ρ2
+

(1 + 1
4ρ

2)2

ρ2

|dz + µρdz̄|2
Im(z)2

, (5.36)

with z again a coordinate on H and

µρ(z, z̄) = −1

2

ρ2

1 + 1
4ρ

2

(
S[J ](z)

)
Im(z)2 , (5.37)

where the bar indicates complex conjugation and we dropped the primes on the

new coordinates. Indeed, by expanding this metric in ρ2 and using (5.29) we obtain

again the result (5.34). It is noteworthy to mention that in the new coordinates

the action of Γ leaves slices of constant ρ invariant, so its elements γ just act as

(ρ, z) → (ρ, γ(z)) with γ(z) given by (5.3).

We expect these new coordinates to become ill-defined somewhere inside the han-

dlebody since the contractible cycles shrink to zero length at a certain point. By

inspection of (5.36), this only happens when |S[J ](z)| Im(z)2 > 1
2 . This bound on

the Schwarzian derivative is familiar from Teichmüller theory as it figures promi-

nently in the Ahlfors-Weil theorem concerning a local inverse of Bers’ embedding

of Teichmüller spaces [85] in the space of holomorphic quadratic differentials. The

physical relevance of the bound is the following. When this bound is nowhere

satisfied the coordinate system is nonsingular all the way to ρ → ∞ where we

recover another asymptotically AdS region. We then do not describe a wormhole

but rather a spacetime with two disconnected boundaries which are simultaneously

uniformized in the boundary S2, as expected from Teichmüller theory. These do

not correspond to wormholes and we refer to [92] for more information as well as

open questions regarding these spaces. For a handlebody there are no other asymp-

totic regions and we may therefore assume on physical grounds that the bound is

everywhere satisfied. In that case, the coordinate system becomes degenerate at

a surface given by

ρ2 = ρ2
c ≡

1

|S[J ]| Im(z)2 − 1
2

(5.38)

At the surface ρ = ρc, the metric is everywhere degenerate since |µρc
| = 1. We

then describe a point in the boundary of Teichmüller’s compactification of the

Teichmüller space [85]. It would be interesting to verify explicitly that the con-

tractible cycles are indeed the degenerate cycles on this surface.

5.4.2 Non-handlebodies

The discussion so far was about Euclidean handlebodies, but these are not the only

3-manifolds that have a genus g Riemann surface as their conformal boundary. We
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briefly discuss an example of such non-handlebody spacetimes in this subsection.

A simple example can be constructed from the spacetimes described in [92]. These

are obtained by starting from H3 written in hyperbolic slicing and quotienting the

boundary by a discrete subgroup Γ of H to obtain a compact, finite volume, genus

g > 1 surface, Σg. This yields the metric with two boundaries,

ds2 = dr2 + cosh2(r)ds2Σg
(5.39)

where r ∈ (−∞,∞) and

ds2Σg
=

dzdz̄

Im(z)2
(5.40)

is the constant negative curvature metric on Σg which has scalar curvatureR = −2.

To produce a manifold with a single boundary, one may try to quotient by r → −r.
This procedure however introduces a singularity at r = 0. The singularity can be

avoided if the surface Σg has a fixed point free involution I, since then we can

combine r → −r together with the action of I to obtain a smooth hyperbolic

3-manifold with conformal boundary the Riemann surface Σg. Such involutions

are discussed, for example, in [93]. In this case the singularity at r = 0 is replaced

by the smooth Riemann surface Σg/I. The resulting 3-manifold is a quotient of

H3 which has no contractible cycles so it is not a handlebody.

This 3-manifold has the same conformal boundary as the handlebody build from Σd
but it has a different expectation value of the energy momentum tensor. Changing

variable, ρ = 2e−r, the metric becomes of the form (5.28) with:

g(0)ij = 2g(2)ij = ds2Σg
. (5.41)

We may then use (5.29) to obtain that:

〈Tij〉 = −g(0)ij. (5.42)

We see that the one-point function of the energy-momentum tensor is notably

different from that of a handlebody. However, we also observe that any involution

that ‘ends’ the spacetime at r = 0 (with or without fixed points, orientation-

reversing or orientation-preserving) results in the same one-point function, so the

holographic one-point function of Tij does not seem able to distinguish these ge-

ometries.

This is an interesting subtlety of the Euclidean dictionary due to global issues.

Let us recall why we expect that locally, in the Euclidean setup, g(0)ij and 〈Tij〉
uniquely fix a bulk solution (in any dimension). Intuitively, this is because the

bulk equations of motion are second order differential equations and g(0)ij and 〈Tij〉
provide the correct initial data. One can indeed show rigorously that given this

data there exists a unique bulk solution in a thickening of the conformal boundary,
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5. Wormholes in 2+1 dimensions

see [20] and references therein. Furthermore, one can show that (g(0)ij , Tij) are

coordinates in the covariant phase space of the theory [30] and thus each such

pair specifies a solution. In the case at hand this data indeed produces a unique

metric for r > 0 but the way the spacetime is capped off at r = 0 depends on

the fixed point free involution used. One can presumably distinguish the different

spacetimes by using higher point functions and non-local observables, such as the

expectation values of Wilson loops, i.e. minimal surfaces that end at a loop in

the conformal boundary of the 3-manifold. It would be interesting to verify this

explicitly.

5.5 Holographic interpretation of Lorentzian

wormholes

We now move to discuss the holographic interpretation of the Lorentzian worm-

holes. We start by demonstrating in the next subsection that a direct adaptation of

the analysis of the previous section leads to results where, in contrast with the Eu-

clidean results, the spacetime geometry does not seem to be captured by the dual

field theory on the Lorentzian side. We then demonstrate how the Lorentzian the-

ory may capture the bulk geometry after all by using the real-time gauge/gravity

prescription of chapter 2.

5.5.1 Naive computation

As we mentioned earlier, the metric in the outer regions can always be cast in the

BTZ form (5.15). When using a new coordinate ρ defined via

r =
M
4 ρ

2 + 1

ρ
, (5.43)

the metric takes the form in (5.28) with

g(0)ij = ηij , g(2)ij =
M

2
δij , g(4)ij =

M2

16
ηij . (5.44)

The one-point function of the stress energy tensor in the dual state can be com-

puted from (5.29) yielding,

〈Tij〉 = Mδij . (5.45)

On the other (m− 1) conformal boundaries, we obtain similar one-point functions

(with different values of M) and all the other one-point functions vanish. Notice

that we obtain no information whatsoever about the inner part of the geometry
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C1

C2

Figure 5.6: A contour in the complex time plane; the cross signifies the operator inser-

tion.

and the Lorentzian one-point functions therefore seem to be insufficient to re-

construct the wormhole spacetime. One may however change this by a judicious

choice of coordinates which is a natural consequence of the real-time gauge/gravity

prescription.

5.5.2 Lorentzian gauge/gravity prescription

In this subsection, we prepare for the discussion below by highlighting some aspects

about Lorentzian quantum field theory and the real-time gauge/gravity prescrip-

tion of the previous chapters. We then apply the prescription to the wormholes in

subsection 5.5.3.

States in field theory

The real-time gauge/gravity prescription of chapter 2 is based on the fact that any

Lorentzian field theory path integral requires a specification of the initial and final

states as well. Such a state |Ψ〉 may be specified via path integrals on a Euclidean

space Y with a boundary and possible operator insertions away from this boundary.

If we want to compute, say, 〈Ψ|O(t)|Ψ〉 = 〈Ψ|eiHtOe−iHt|Ψ〉, we continue to path

integrate along a Lorentzian segment with length t that is glued to the boundary

of the Euclidean space, then insert the operator, and finally go back in time for

a period t before we attach a second copy of the Euclidean space. For Euclidean

spaces which are topologically R × X with X a real space and R representing

Euclidean time, the overall field theory background manifold corresponds to a

contour in the complex boundary time plane of the form sketched in figure 5.6

times a real space. Notice that extending the contour beyond the point t, say

to a point T > t, amounts to an extra insertion of eiH(T−t)e−iH(T−t) = 1 which

does not affect the correlation function. A similar story holds for higher-point

correlation functions, but in those cases an operator ordering has to be specified.

Although the contour may often be deformed to a simpler version, we emphasize

that a procedure like the above is always necessary for Lorentzian quantum field

theory.
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Translation to gravity

In the Lorentzian gauge/gravity prescription of chapter 2, one incorporates the

Euclidean segments for the path integral into the holographic description and

‘fills’ them with a bulk solution as well. For example, to the contour of figure 5.6

may correspond a bulk manifold consisting of two Lorentzian and two Euclidean

segments. These segments are then glued to each other along spacelike hyper-

surfaces that should end on the corners of the boundary contour. The behavior

of the fields at these hypersurfaces is then determined using matching conditions

which guarantee the C1 continuity of the fields. As we discussed in section 2.4,

for the metric one imposes continuity of the induced metric hAB and the extrinsic

curvature KAB with a factor of i:

LhAB = EhAB,
LKAB = −i EKAB, (5.46)

with the superscript indicating the Lorentzian or the Euclidean side and the ex-

trinsic curvature on either side is defined using the outward pointing unit normal.

There is also a corner matching condition4, which is defined at the intersection

between S and the conformal (radial) boundary. It dictates that the inner product

between the unit normal to S, denoted as nµ, and the unit normal to the radial

boundary, written as n̂µ, is continuous across the boundary (up to appropriate fac-

tors of i). For a Lorentzian-Euclidean gluing, using outward pointing unit normals,

it becomes:

L(n̂µnµ) = i E(n̂µnµ). (5.47)

As discussed in section 2.2.1, all the matching conditions arise naturally from a

saddle-point approximation. Although they are equivalent to analytic continuation

in many simple cases, they do not rely on a globally defined time coordinate and

are therefore more generally applicable.

This construction is an essential ingredient in the Lorentzian gauge/gravity dic-

tionary. For example, it allows us to understand precisely how changing the initial

and final states modifies the Lorentzian spacetime, gives the correct initial and

final conditions for the bulk-boundary and bulk-bulk propagators, and also can-

cels surface terms from timelike infinity in the on-shell action, which would spoil a

consistent dictionary and may also lead to additional infinities. Furthermore, the

boundary correlators directly come in the in-in form as in quantum field theory.

4It is likely that this condition follows from the matching for the induced metric and the

extrinsic curvature in (5.46), but in the absence of a general proof we treat it as an additional

matching condition.
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Figure 5.7: We take half of a genus two surface and attach Lorentzian cylinders to the

boundary. This boundary manifold can be filled in with half a Euclidean handlebody plus

a Lorentzian wormhole with spatial topology of a pair of pants. On the right, we shaded

the matching surface between the Euclidean and the Lorentzian segment. It indeed has

three boundaries and no handles.

5.5.3 Gauge/gravity duality for Lorentzian wormholes

Let us now apply the construction outlined in the previous subsection to the

wormholes. To this end, we have to cut off the wormhole along some spatial bulk

hypersurface and find a Euclidean space that we may glue to this hypersurface

such that the matching conditions are satisfied.

Of course the field theory contour also has a backward-going segment and a final

state. To fill this in, we have to cut off the wormhole along some final time slice

as well and glue a second Lorentzian and Euclidean segment to this final surface.

These second copies can be taken to be identical to the first ones, which correspond

to taking the final and the initial state to be just the same. In section 3.4, we

performed this procedure for the eternal BTZ black hole. As long as we do not

switch on any perturbations, we may take the second Lorentzian and Euclidean

segment to be completely identical to the first one. This also means that the

matching conditions are trivially satisfied along the final gluing surface, so these

do not have to be investigated separately. Therefore, it will be sufficient to focus

on a single Euclidean-Lorentzian gluing below.

A candidate for the Euclidean space is half of the Euclidean handlebody Me that

we obtained in section 5.3. (It is not however the only candidate, as we will

explicitly demonstrate in subsection 5.5.4.) Indeed, we may cut this handlebody

and the wormhole spacetime in two halves along the surface S and glue them

together along S. In the case S is a pair of pants (a surface of genus zero with

three circular boundaries, so g = 0 and m = 3), the procedure is sketched in figure

5.7 and the filling of the full field theory contour, including the backward-going
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5. Wormholes in 2+1 dimensions

Figure 5.8: Analogous to figure 5.6, the full field theory contour has a forward- and a

backward-going segment and two Euclidean segments to specify the initial and final state.

Similarly, the full bulk spacetime consists of four segments as well. They should be glued

along the matching surfaces which we shaded in this picture.

segment, is sketched in figure 5.8. Let us now verify that the matching conditions

are satisfied at the shaded matching surface in figure 5.7. On both sides, the

induced metric is locally just the unique negative curvature metric on S described

as H/Γ, so it is the same metric indeed. Also, the extrinsic curvature vanishes

completely on both sides because of the Z2 time-reversal symmetry. Therefore,

the first and second matching conditions are satisfied indeed. Finally, the extra

corner matching discussed in section 2.4 is also satisfied: in our case S intersects

the conformal boundary orthogonally (again because of the Z2 symmetry) and the

inner product nµn̂µ thus vanishes both for M and for Me. However, there is still

a subtlety with the boundary metric which we now discuss.

If we use the BTZ coordinate system on the Lorentzian side, then the boundary

metric on this side is flat. The boundary metric on the Euclidean side, however, can

never be globally flat because Sd has negative Euler number. On the other hand,

to match M andMe, we should also take the boundary metric to be smooth (in the

sense specified in section 2.4). This can be done by Weyl rescaling the Lorentzian

boundary metric to a metric of constant negative curvature, as we discuss below.

This makes the boundary metric analytic in the entire complexified coordinate

space. In particular, the boundary metric is then smooth across the corner and

the discrepancy between the boundary metrics on either side is removed.

Another possibility would be to Weyl rescale the metric on the Euclidean side

such that it is flat in the vicinity of the gluing circles. Although the gluing is then

smooth, the Euclidean boundary metric can then no longer be analytic since the

curvature has to be nonzero at certain places. We shall not investigate this option

here.
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τ

x

l

Figure 5.9: Part of a fundamental domain of Sd on S2. We will eventually replace the

part with τ > 0 with a Lorentzian wormhole. The single identification is given by w ∼ λw

and the line l is the entire positive x-axis.

Matching Euclidean and Lorentzian wormholes and 〈Tij〉

We now discuss the consequences of the continuity of the boundary metric across

the matching surface. As described above we match the initial U = 0 surface of

the Lorentzian wormhole to half of the Euclidean handlebody. On the boundary of

the spacetime, the Lorentzian cylinders are glued to the boundary of the Euclidean

handlebody along the m circles that form the boundary of the U = 0 Riemann

surface. These m circles lift to segments of the great circle given by τ = 0 in the

Poincaré coordinates (5.21) on the boundary S2 of H3. Let us now focus on one of

the m circles. After conjugation, we can always ensure that it lifts to the half-line

l given by:

l : x > 0, τ = 0 (5.48)

on the S2. Its projection down to Sd is then given via the identification

w ∼ λw (5.49)

with w = x + iτ and for some positive real λ 6= 1. The relevant part of the

fundamental domain is then sketched in figure 5.9.

To find the boundary metric of constant curvature on this surface we again have to

pass from the description of Sd as quotient of (S2\Λ(Γ̂)) to that of a quotient ofH ,

for which we defined the map J in section 5.4. Using J−1, we now map the half-

line (5.48) to H , where we use the coordinate z. Although J−1 is multi-valued, we

will need only one of the images of l in H . We can again use conjugation freedom

to make sure that the image under consideration is the half-line:

l′ : Re(z) = 0 . (5.50)

In H , the identification (5.49) becomes an isometry of SL(2,R) that leaves l′

invariant. Such an isometry is necessarily of the form:

z ∼ µz , (5.51)
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z l′

Figure 5.10: Under the locally defined map J−1 the domain in figure 5.9 maps to

the sketched domain in H, where we use a coordinate z. The identification is given by

z ∼ µz. The line l′ is the positive imaginary axis. We will replace the part Re(z) < 0

with a Lorentzian wormhole.

for some real µ 6= 1 given implicitly by

J(µz) = λJ(z). (5.52)

The construction in H is sketched in figure 5.10. Notice that J(z) is an analytic

map from the imaginary axis to the (positive) real axis, that is

J(iy) = J(iy), y > 0. (5.53)

Notice also that the Z2 symmetry w ↔ w̄ maps under J−1 to reflection in the

imaginary axis, that is z ↔ −z̄. (Again, as J−1 is multi-valued, it maps the

original Z2 to many other reflections in H as well, but we do not need them here.)

We now ready to attach a Lorentzian cylinder to the boundary. The procedure

is sketched in figure 5.11. On H , this means that we cut away the half given

by Re(z) < 0 and attach the universal covering of a Lorentzian cylinder to the

gluing line Re(z) = 0. In the bulk, we can use the metric (5.36) with the matching

surface given by Re(z) = 0, at least up to the point ρ = ρc. We now need to find a

Lorentzian bulk metric that satisfies the matching conditions of section 2.2.1 when

glued to this surface.

Both in the bulk and on the boundary, it is straightforward to obtain the explicit

matching Lorentzian metric by analytic continuation. We first introduce a coor-

dinate z′ = −iz. In the z′ plane the figure 5.10 is rotated clockwise by 90 degrees

which slightly simplifies the matching below. In the coordinate z′ the metric (5.36)

becomes:

ds2 =
dρ2

ρ2
+

(1 + 1
4ρ

2)2

ρ2

|dz′ + µρdz̄
′|2

Re(z′)2
, (5.54)
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z′

u

v

Figure 5.11: On the left, the Euclidean boundary geometry in the coordinate z′. In

the center figure we sketched the Lorentzian boundary geometry and on the right the

glued-together geometry.

where now

µρ(z
′, z̄′) =

1

2

ρ2

1 + 1
4ρ

2

(
S[J̃](z′)

)
Re(z′)2 , J̃(z′) = J(iz′) (5.55)

where we used that S[J ](iz′) = −S[J̃](z′), which follows from (5.35). The gluing

takes place along the half-line Im(z′) = 0, Re(z′) > 0. We then replace z′ → u

and z̄′ → v to find the Lorentzian bulk metric:

ds2 =
dρ2

ρ2
+

(1 + 1
4ρ

2)2

ρ2

(du + µρ(v)dv)(dv + µρ(u)du)
1
4 (u + v)2

, (5.56)

with

µρ(u) =
1

8

ρ2

1 + 1
4ρ

2

(
S[J̃ ](u)

)
(u + v)2 , (5.57)

and a similar expression with u → v. Note that J̃(x) is real-analytic for x > 0

and monotonic, so S[J̃ ](x) is real-analytic too. This Lorentzian metric is thus real

and covers the bulk spacetime up to ρ = ρc. Since z′ ∼ µz′, the periodicity on

the Lorentzian side is (u, v) ∼ µ(u, v). The point (u, v) = (0, 0) on the boundary

is a fixed point of this identification and therefore we need to exclude the forward

lightcone emanating from this point from the spacetime (the backward lightcone is

already replaced by the Euclidean geometry). Since we also demanded Re(z′) > 0,

so u + v > 0, we need only the part of the Lorentzian boundary with u > 0 and

v > 0.

On the boundary we find the metric:

ds2(0) =
dudv

1
4 (u + v)2

(5.58)

which has scalar curvature R(0) = −2. Using once more (5.29) we obtain for the
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one-point functions:

〈Tuu〉 = −S[J̃ ](u) 〈Tvv〉 = −S[J̃ ](v) 〈Tuv〉 =
−1

8(u+ v)2
(5.59)

Notice that one expects that T ii = c
24πR(0) and we obtained here T ii = −2. Re-

instating the factors of 16πGN , we find c = 24π/(16πGN) = 3/(2GN) which is

precisely the value of the central charge we found in (1.172).

Equation (5.59) is the main result of this section and demonstrates that the

Lorentzian one-point function of the stress energy tensor as obtained from the

metric (5.56) does contain information about the dual geometry that is hidden

behind the horizons.

5.5.4 More fillings

In the previous section we glued a particular handlebody to the Lorentzian worm-

hole. There exist however a variety of handlebodies {Me} that all have a hyper-

surface S where the matching conditions are satisfied as we discuss now.

Figure 5.12: Adding a handle as

indicated does not change the prop-

erties of the gluing surface or the

Lorentzian spacetime.

In particular, one may attach an extra filled

handle to Me somewhere away from the match-

ing surface to obtain a manifold M ′
e with con-

formal boundary Σ with Σ 6= Sd. An example

of this is sketched in figure 5.12. This proce-

dure does not change any properties like the in-

duced metric or the extrinsic curvature of the

matching surface. Geometrically, this can be

seen by going to the universal covering: one

may add generators to Γ̂ to obtain a group Γ̂′

and as long as M ′
e = H3/Γ̂′ has S as a surface

of Z2 symmetry we may slice open M ′
e along

this surface and glue the Lorentzian wormhole

Ml = ÂdS3/Γ̂ to it. For the boundary surface

this procedure is sketched in figure 5.13. In the

figure we represented the addition of two generators to Γ̂ by cutting out four circles

out of the fundamental domain that are pairwise identified, all done in such a way

that the original Z2 symmetry remains intact. Although we have not sketched it

here, this procedure directly extends to the entire three-dimensional space: the

Z2 symmetry is also present for the new handlebody and S is again the invariant

surface given by τ = 0.
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τ = 0

Figure 5.13: One may add generators to the Schottky group Γ̂ without breaking the Z2

symmetry. We added here two generators to the surface described in figure 5.3. The

resulting surface has two extra handles: one for the half corresponding to the initial state

and another one for the final state.

We conclude that we can glue to the Lorentzian wormholes also half of M ′
e. A

similar analysis as in the previous section establishes that be can pick a coordinate

system where the 1-point functions on the Lorentzian side capture the fact that

the initial state is different than the one corresponding to Me.

5.5.5 Two-point functions

To gain a better understanding of the dual state we discuss in this subsection

the computation of the 2-point function for a scalar operator O of dimension ∆.

In the bulk it suffices to consider a free massive scalar field, as interaction terms

contribute only to higher point functions. We glue a Euclidean handlebody at t = 0

and take the initial and final states to be the same. From the analysis in chapter

3 it follows that the different real-time correlators (time-ordered, Wightman, etc.)

can be obtained by suitable analytic continuations of the Euclidean correlator in

the handlebody geometry.

The two-point function of a scalar operator on the Euclidean plane is uniquely

fixed by conformal invariance and takes the form:

〈O(τ, x)O(τ̂ , x̂)〉 =
1

[(τ − τ̂)2 + (x − x̂)2]∆
, (5.60)

where we normalized the operators so that the coefficient in the numerator equals

one. For the handlebody, we have to sum over the elements of the Schottky group

Γ̂, whose elements γ act as Möbius transformations on the boundary,

γ : ω = x+ iτ → a(x+ iτ) + b

c(x + iτ) + d
, (5.61)
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with real a, b, c, d and ad− bc = 1. This can also be written as

γ :
(
τ, x

)
→

(
γτ , γx

)
≡ 1

(cx+ d)2 + c2τ2

(
τ, (ax+ b)(cx+ d) + acτ2

)
. (5.62)

Using the complex coordinate w on the boundary S2 of H3, we obtain

〈O(w, w̄)O(w1, w̄1)〉 =
∑

γ∈Γ̂

1

|cw + d|2∆|γw − w1|2∆
. (5.63)

where the boundary metric is locally dwdw̄. We then Weyl transform to the metric

(5.26) which is globally well-defined to find

〈O(w, w̄)O(w1, w̄1)〉 =
∑

γ∈Γ̂

e−∆σ(w,w̄)e−∆σ(w1,w̄1)

|cw + d|2∆|γw − w1|2∆
, ds2 = e2σ(w,w̄)dwdw̄ ,

(5.64)

with

e2σ(w,w̄) =
∣∣∣dJ

−1

dw

∣∣∣
2 1

Im(J−1(w))2
. (5.65)

We can now pull back to H , using z = J−1(w), to obtain

〈O(z, z̄)O(z1, z̄1)〉 =
∑

γ∈Γ̂

|J ′(z)J ′(z1)|∆(Im(z)Im(z1))
∆

|cJ(z) + d|2∆|γ(J(z)) − J(z1)|2∆
, (5.66)

and the metric is then just the standard metric on H given in (5.4). As before,

we may assume the covering groups are such that J(λz) = µJ(z). We then again

introduce the coordinate z′ = −iz and the map J̃(z′) = J(iz′) = J(z), replace

z′ → u and z̄′ → v to obtain the Lorentzian metric. We recall that in this case

J̃(x) is real-analytic for real positive x. More precisely, following similar steps as

in chapter 3, one finds that the time-ordered correlator is obtained by replacing

z → u−iǫu and z̄ → v+iǫv, where the iǫ insertions push the singularity everywhere

away from the real-time contour. To avoid clutter we will however not write the

iǫ insertions explicitly below. The final answer is then

〈TO(u, v)O(u1, v1)〉 = (5.67)

∑

γ∈Γ̂

2−2∆(u + v)∆(u1 + v1)
∆[J̃ ′(u)J̃ ′(v)J̃ ′(u1)J̃

′(v1)]∆/2

(cJ̃(u) + d)∆(cJ̃(v) + d)∆(γ(J̃(u)) − J̃(u1))∆(γ(J̃(v)) − J̃(v1))∆

in the metric

ds2 =
4dudv

(u + v)2
. (5.68)

We will interpret (5.67) further in the next subsection.
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Notice that at late times the correlator is dominated by the BTZ elements in Γ̂.

More precisely, if one defines coordinates5 u = exp(x + t), v = exp(x − t), then

in the limit t, t1 → ∞ with (t − t1) fixed, all terms in (5.67) go to zero, except

the ones with either b = 0 or c = 0. These are precisely the elements associated

with the BTZ black hole. This may hint at some process of thermalization which

corresponds to the presence of a horizon in the bulk.

5.5.6 State dual to wormholes

Let us now discuss what our results imply about the QFT state dual to the worm-

holes. Since there are m boundaries, the Hilbert space consists of a tensor product

of m Hilbert spaces, one for each boundary component. From the fact that the

wormholes are manifolds that interpolate between the m segments, we expect to

find nonzero correlations between the m boundaries and the initial state to be an

entangled state. Indeed, this is precisely what we find. To see this, suppose the

initial state is separable, namely of a product form |α1〉 ⊗ · · · ⊗ |αm〉. Then the

1-point functions would necessarily take a factorizable form. More precisely, sup-

pose the state was separable and consider the insertion of a stress energy tensor

in, say, the first boundary component,

〈Tij(x1)〉 = 〈α1| ⊗ · · · ⊗ 〈αm|Tij(x1)|α1〉 ⊗ · · · ⊗ |αm〉

= 〈α1|Tij(x1)|α1〉
2∏

k=2

|||αk〉||2 (5.69)

Now the naive 1-point function in (5.45) would support the view that the state

is separable. Namely, in that case we could naively say that the state |α1〉 in the

first copy depends only on the corresponding mass parameter M1 and not on the

other variables that determine the spacetime. One would then expect one- and

higher-point functions of the energy momentum tensor in the first copy which up

to an overall factor only depend on M1. The one-point functions (5.59) however

are not of that form, as the Schwarzian S[J̃ ] does not have such a factorizable form

and does contain all the variables that determine the spacetime. These one-point

functions therefore make the entangled nature of the state explicit.

Another check on the non-separability of the state is provided by the computation

of the two-point function. An argument analogous to the one above implies that if

the state is separable then the two-point function would have a factorizable form.

The two-point function (5.67) however does not have this form, supporting the

view that the dual state is an entangled state.

5In these coordinates the Lorentzian cylinder is (t, x) ∼ (t, x + log λ).
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A natural guess for the dual state is that it is the state obtained by a Euclidean

path integral over a Riemann surface Σ with m circular boundaries. According to

the reasoning of [39, 94], this surface Σ can be taken to be precisely the conformal

boundary of one half of the Euclidean manifold Me. This can be Σ = S, with S

the surface of time reversal symmetry of the wormhole spacetime, for the case of

the handlebodies of section 5.3, or Σ 6= S if the initial state is obtained according

to the discussion of the previous subsection.

If we now trace over all components but one, all wormholes with m > 1 can be

thought of as been associated with a mixed state in the remaining copy. This

mixed state would have a nonzero entropy and would then explain the presence

of horizons. However from this viewpoint the m = 1 case would be special in that

we only have a single copy of the CFT so there are no copies to trace out. These

spacetimes were also analyzed in [95] which suggested that the dual state is in

some respects similar to a thermal state. We leave a better understanding of this

case for future work.

5.6 Remarks

In this section we discuss some general remarks concerning the wormhole space-

times.

5.6.1 Other bulk spacetimes

The question we addressed in this chapter is what is the holographic interpreta-

tion of any given wormhole spacetime. One can also ask: given a geometry at

infinity, how many different bulk spacetimes can one have? In general, all such

saddle points contribute and should be taken into account, although typically one

of the saddle points dominates at large N at any given regime. A well-known

example is that associated with the Hawking-Page transition [96, 16]. In the case

the boundary is S1 × Sd−1 and there are two possible (Euclidean) bulk manifolds

corresponding to making contractible in the interior either S1 or Sd−1, namely the

Euclidean Schwarzschild AdS solution and thermal AdS. This question is usually

addressed in Euclidean signature, but it is clearly also relevant in Lorentzian sig-

nature. In this context the question is now: given the conformal boundary of the

complete Euclidean and Lorentzian pieces how many different bulk manifolds can

one have?

Naively, one might think that for every Euclidean solution there would be a cor-

responding Lorentzian plus Euclidean solution, but this turns out not to be the
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Figure 5.14: The analogue of thermal AdS for the pair of pants wormhole. In this case

three copies of Lorentzian AdS3 are attached to the three boundaries of the pair of pants.

case. This can be demonstrated with the case where the conformal boundary is

a torus, S1 × S1. As in the higher dimensional case, there are two solutions that

correspond to either the first or the second circle being contractible in the interior

(which correspond to thermal AdS and Euclidean BTZ), but there are now new

possibilities obtained by considering a contractible cycle that is a linear combina-

tion of the above cycles [97]. These solutions are called the ‘SL(2,Z) family’ of

black holes as they related to the Euclidean BTZ black hole by a modular trans-

formation. In appendix 5.A we however show that none of these solutions can be

used in the real-time gauge/gravity prescription as the Euclidean part associated

with a vertical segment of the QFT contour. The reason is that the matching

conditions force the bulk Lorentzian bulk metric to be complex. This results in a

energy momentum tensor that does not satisfy the correct reality conditions.

For a higher genus Riemann surface there also exists a similar family of solutions

[98] as well as the aforementioned non-handlebody solutions. As for the other

fillings of handlebody-type, we expect that only the analogues of the BTZ and the

thermal AdS would be relevant for holography of the Lorentzian wormholes. The

analogue of thermal AdS is obtained by attaching m copies of empty Lorentzian

AdS to the m boundary components of the handlebody. The case of a pair of pants

wormhole is sketched in figure 5.14. For the non-handlebodies the corresponding

Lorentzian solution remains to be investigated.

5.6.2 Rotating wormholes

In the previous sections we considered non-rotating wormholes. Rotating worm-

holes do exist [99, 100] and are obtained by taking a quotient with respect to

a group generated by elements of the form (γ1, γ2) ∈ SL(2,R) × SL(2,R) with

γ1 6= γ2. A similar region like ÂdS3 exists such that the quotient ÂdS3/Γ is a

good spacetime [80, 81] and the metric in the outer regions is isometric to the ro-

tating BTZ metric [81]. The corresponding ‘Euclidean spaces’ for these wormholes,

however, are not so straightforward. A prescription for obtaining them has been

proposed in [101] and critically analyzed in [82]. From the holographic perspective,
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5. Wormholes in 2+1 dimensions

the reality condition of the bulk fields, especially on the Euclidean caps, should

be dictated by the standard reality condition of the dual QFT. In the case of the

rotating BTZ we have demonstrated in section 3.5 that the matching conditions

result in a complex metric on the Euclidean caps. It is likely that the same would

be true here, namely the Euclidean solution that should be glued to the rotating

Lorentzian wormhole would be complex.

5.7 Outlook

We have discussed the holographic interpretation of a class of 2+1-dimensional

wormhole spacetimes. They are interesting toy models for the analysis of global

issues in the real-time gauge/gravity correspondence. We have shown that the

asymptotics of the complete solution that includes both the Lorentzian solution

and the Euclidean caps completely characterize the geometry including the re-

gions behind the horizons. This came about by a subtle interplay between global

issues and the real-time gauge/gravity dictionary. In particular, the real-time

gauge/gravity prescription requires gluing smoothly Euclidean solution to the

Lorentzian solution at early and late times. This in turn can be used to fix the

freedom for independent Weyl rescaling at different outer components and results

in holographic data that contain information about the complete geometry.

In this way the Lorentzian CFT correlators can be made to encode in a very

precise sense the parts of the geometry that lie behind the horizons. This presents

a unique opportunity to study and settle classic questions and puzzles in black

hole physics. The way the information is given to us, however, (i.e. in terms of

CFT correlators) is very different from the way the black holes puzzles are usually

formulated (e.g. using bulk local observers) and this presents the main obstacle

in directly addressing these issues.

In this respect, one of the most interesting cases to further understand is that of

spacetimes with m = 1 and g > 0. As discussed earlier, these spacetimes have only

one outer region. A reasonable guess for the dual state would be the pure state

obtained by performing the Euclidean path integral over the Riemann surface Σ

that is the conformal boundary of the Euclidean 3-manifold that we glue to the

Lorentzian spacetime at t = 0. However the fact that this is a pure state appears

at odds with the presence of a bulk horizon. It would be interesting to clarify

this and also check the identification of the state by computing in the CFT the

expectation value of the stress energy tensor in this state and see if the results

agree with our bulk computation.

We can suggest some possibilities for the resolution of this apparent paradox. Note
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that all wormholes can be viewed as quotients of an open domain of BTZ, since

the group Γ associated with them always contains a subgroup isomorphic to that

of BTZ (namely Z) and so one can take the quotient first with respect to this

group, resulting in BTZ, and then with respect to the rest of the group elements

(modulo issues related to the regions one needs to remove to avoid closed timelike

curves that need to be investigated). Thus we find a state in the tensor product

of two Hilbert spaces (associated with the two boundaries of BTZ) with certain

correlations between the two components because of the final quotient. It would

be interesting to make this more precise and understand whether it contains a

certain entanglement which would result in an effective entropy when restricting

to a subsystem.

One of the main reasons that black hole entropy has been so puzzling is that clas-

sically black holes appear to be unique (they have “no hair”) so their phase space

is zero dimensional. In a typical quantum system the correspondence principle

relates the quantum states to the classical phase space and the entropy of the

system to the volume of phase space in Planck units. Thus since the phase space

for black holes appears to be zero dimensional, they should not carry any entropy.

As was discussed earlier, however, the outer region of the wormholes is isometric

to the BTZ black hole. Thus one can view the ‘wormhole’ spacetimes with a single

outer region as ‘BTZ hair’, where the ‘hair’ is essentially the non-trivial topology

hidden behind the horizon. It is thus natural to ask whether this classical phase

space can account for the entropy of the BTZ black hole upon quantization. In

other words, these spacetimes would then be the semi-classical approximation of

the underlying black hole microstates. This is similar in spirit to the fuzzball pro-

posal (whose relation to holography was discussed extensively in the review [102])

although here the geometries counted contain horizons and singularities.

Let us outline how one would do such a computation, see also [103]. We have

seen that these spacetimes are uniquely specified by a Riemann surface with one

boundary and the mass of the BTZ black hole is determined by one of the moduli

of the Riemann surface. Thus the classical phase space is the moduli space of

Riemann surfaces of arbitrary genus with a single fixed modulus, corresponding

to the length of the horizon (in other words the BTZ mass parameter), which

is the only parameter accessible to an observer outside of the horizon. More

precisely, if one uses the Fenchel-Nielsen coordinates on the Teichmüller space

(described in detail in section 6.2) it becomes explicit that the restriction to a fixed

BTZ mass amounts to considering a codimension one hypersurface in Teichmüller

space. This hypersurface is invariant under the mapping class group and therefore

directly descends to the moduli space. The complete phase space is then the union

of these hypersurfaces for different genera. Classically, the volume of this phase

space is infinite and one should proceed by geometric quantization. One can readily
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5. Wormholes in 2+1 dimensions

compute the symplectic form on the covariant space following [104, 105, 106] and

proceed to quantize. It would be interesting to carry out this computation. The

explicit form of the metric derived in the next chapter may facilitate this.

5.A Eternal black holes and filled tori

In this appendix we discuss the genus 1 handlebodies. We show that the ‘SL(2,Z)

family’ of black holes cannot be used in the real-time gauge/gravity prescription

as the bulk filling of a vertical segment of the QFT contour because the matching

conditions lead to a complex Lorentzian metric (and therefore 〈Tij〉 does not satisfy

the correct reality conditions, either).

Consider a Euclidean field theory on a torus with modular parameter τ = τ1 + iτ2.

Without loss of generality we can pick the circle given by z ∼ z + 1 as the spatial

circle along which we will cut open the Euclidean path integral and glue the

Lorentzian solutions. More precisely, we will glue two Lorentzian cylinders to the

lines y = 0 and y = τ2/2, where z = x+iy. As we discussed in section 3.5, τ1 is then

i times the angular momentum chemical potential, but since we are not interested

in rotating black holes here we will set τ1 to zero throughout this appendix (it is

straightforward to generalize to τ1 6= 0), so τ = iτ2 is purely imaginary.

The torus so defined admits multiple bulk fillings, which are given by the specifica-

tion of a contractible cycle z ∼ z+ aτ + b with (a, b) two relatively prime integers.

For each of these fillings, one may obtain a complete Euclidean metric which is lo-

cally H3. After cutting the torus in half, we will glue a Lorentzian bulk solution to

the bulk hypersurface ending on the lines y = 0 and y = τ2/2. This hypersurface

has the shape of an annulus, except when (a, b) = (0, 1), when it consists of two

disks. In this case the matching Lorentzian solution is two segments of thermal

AdS. Notice also that for (a, b) = (1, 0) we obtain the rotating BTZ black hole. To

find the matching Lorentzian solutions in the general case, we will first explicitly

write down the Euclidean bulk metric. We then investigate how the Lorentzian

metric is determined by the matching conditions.

Euclidean geometries

Let us give a brief review of the possible fillings of the torus. We will again use

the Poincaré coordinates (τ, x, y) defined in (5.21) on H3, as well as the complex

coordinate w = x + iτ on the boundary of H3. (Notice that the τ here is a

coordinate and not the modular parameter of the torus. We henceforth exclusively

use the coordinate w so no confusion should arise.) Any torus handlebody can

be obtained as a quotient of H3 by a cyclic group of identifications generated in
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5.A. Eternal black holes and filled tori

Poincaré coordinates by:

(w, y) ∼ (e2πiβw, |e2πiβ |y) , (5.70)

with β = β1 + iβ2 a complex number.

Let us now compute the bulk metric when we use the complex boundary coordinate

z which has the natural periodicity z ∼ z+1 ∼ z+ τ . We can do so using the map

J of section 5.4. In this case, J is a locally biholomorphic map from C rather than

H , since the universal covering of the torus is C and not H . If the contractible

cycle is given by (a, b), the corresponding map J : C → S2 is given by:

J : z 7→ w = eαz , (5.71)

with α = 2πi(aτ + b)−1. The identifications z ∼ z + 1 ∼ z + τ become

w ∼ weα ∼ weατ (5.72)

which implies

w ∼ eα(cτ+d)w . (5.73)

Now, since one trivially has that w ∼ eα(aτ+b)w, it follows that the single identi-

fication (5.73) is equivalent to both identifications in (5.72) provided ad− bc = 1.

Comparing (5.73) with (5.70), we then read off that

β =
cτ + d

aτ + b
. (5.74)

Following the same steps as in section 5.4, we find that the bulk metric in the z

coordinate becomes

ds2 =
dρ2

ρ2
+

1

ρ2
|dz +

ᾱ2ρ2

4
dz̄|2 . (5.75)

This metric is of the Fefferman-Graham form (5.28). It is valid for ρ4 < α2ᾱ2/16.

From (5.29) we can read off that the one-point function of the stress energy tensor

is given by:

〈Tzz〉 =
α2

2
, (5.76)

which is again −S[J ], just as we found for the higher genus handlebodies in section

5.4.

Lorentzian geometry

Let us now consider the continuation to the Lorentzian geometry. On the boundary

we cut open the Euclidean geometry along the circles given by y = 0 and y =

τ2/2. In every case except thermal AdS these circles are the boundary of a single
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5. Wormholes in 2+1 dimensions

annular region in the bulk manifold. Locally the unique solution is simply given

by analytic continuation. Using the boundary lightcone coordinates (u, v), we find

the Lorentzian metric,

ds2 =
dρ2

ρ2
+

1

ρ2
(du+

ᾱ2

4
ρ2dv)(dv +

α2

4
ρ2du). (5.77)

The periodicity for the boundary coordinates is (u, v) ∼ (u+ 1, v + 1), and (u, v)

are real whereas ρ has the same range as above. This metric is however complex

unless α2 is real, which only happens if either a = 0 or b = 0. This is problematic

both from the bulk and the holographic perspective. In particular, the expectation

value of the dual stress energy tensor can again be computed using (5.29),

〈Tuu〉 =
1

2
α2, 〈Tvv〉 =

1

2
ᾱ2, (5.78)

and is complex, which cannot be the case for a hermitian operator.
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Chapter 6

Coordinate systems for

wormholes

In all of the previous literature as well as in the previous chapter the wormhole

spacetimes of [76, 77] are described abstractly as quotients of a part of AdS3.

While this presents no loss of information, this description is abstract and requires

mastering prerequisite mathematical background in order to understand the prop-

erties of these spacetimes. One should contrast this with the case of the BTZ black

hole [107, 86] where one has an explicit metric containing the physical parameters

(the mass and angular momentum). The BTZ black hole also has an abstract

representation as a quotient of AdS3 but this has not been used as much as the

explicit metric description. With the hope that a more concrete description of the

wormholes would make them more readily accessible we derive in this chapter such

an explicit description where all parameters that determine the spacetime appear

explicitly in the metric.

6.1 Introduction and summary of results

We will see below how the wormholes can be described using a set of intuitive

coordinate charts which taken together completely cover the spacetime. Each

chart has the topology of a spacelike cylinder times a ‘time’ coordinate. The

coordinate systems are chosen in such a way that coordinate ranges are natural

and the structure of the spacetime appears explicitly in the metric. More precisely,

we mentioned that a wormhole spacetime based on a Riemann surface of genus g
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Figure 6.1: A fatgraph representing the wormhole spacetime sketched in figure 5.1.

with m circular boundaries is completely specified by 6g− 6+3m parameters and

we will see below that all these parameters explicitly appear in the metric on the

various charts.

The complete description of the spacetime can be summarized in an oriented triva-

lent fatgraph like the one in figure 6.1. This graph should have m outer edges

(ends) and 3g − 3 +m inner edges. With every outer edge we associate one pa-

rameter Mk and with every inner edge two parameters Mi, χi, where k=1, . . . ,m

and i=m+ 1, . . . , 3g−3+2m. This yields a total of 6g− 6 + 3m parameters, which

is indeed the correct number of moduli1. We now associate a coordinate chart to

every edge of the fatgraph and every such chart has a canonical metric on it. The

precise definition of the coordinate charts as well as the meaning of the orienta-

tion is given below. To complete the description we need to specify the transition

functions in the overlap regions and these are also given below.

Thus, the spacetime is described by the graph and two different metrics, one for

the outer charts and one for the inner charts. The metric in the kth outer chart

takes the form:

ds2k =
ρ2 +Mk

cosh2(
√
Mkτ̃ )

(−dτ̃2 + dϕ2) +
dρ2

ρ2 +Mk
. (6.1)

The corresponding (τ̃ , ρ, ϕ) coordinate system has coordinate ranges,

τ̃ ∈ R , ϕ ∼ ϕ+ 2π ,
cosh(

√
Mk τ̃)ρ√

ρ2 +Mk

> Zk , (6.2)

where Zk is defined explicitly in equation (6.88) below. These coordinates extend

beyond the future and past horizons, which lie at

ρ =
√
Mk| sinh(

√
Mk τ̃)| . (6.3)

1As we review in section 6.2, the parameters {MI , χi} (I = k, i) are directly related to the

Fenchel-Nielsen coordinates of the moduli space of the Riemann surface.
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As discussed in section 5.2, if we restrict ourselves to the region outside of the

horizons we may also put the metric in the static BTZ form,

ds2k = −(r2 −Mk)dt
2 +

dr2

r2 −Mk
+ r2dφ2 , (6.4)

with coordinate ranges, r > Mk, t ∈ R and φ ∼ φ + 2π. In these metrics Mk is

the parameter of the corresponding outer edge. The metric in the ith inner chart

is given by

ds2i =
1

cosh2(t)

(
− dt2 +

µ2
i dr

2

(µir + νi)2 + cos2(χi)
+Mi

(
1 + (µir + νi)

2
)
dψ2

− 2µi
√
M i sin(χi)√

(µir + νi)2 + cos2(χi)
dψdr

)
,

(6.5)

with coordinate ranges, r ∈ [−1, 1], τ ∈ R and ψ ∼ ψ + 2π. This is a time-

dependent metric of constant negative curvature which (as far as we know) has

not appeared before in the literature. The parameters Mi and χi are the param-

eters associated with the ith inner edge. The parameters µi, νi on the other hand

are functions of the M parameters, see the discussion in section 6.6.2. Note that

both metrics (6.1) and (6.5) have an explicit U(1) isometry, the transition func-

tions however do not respect this symmetry and the entire spacetimes is not U(1)

symmetric.

The remainder of this chapter is structured as follows. In section 6.2 we review

the Fenchel-Nielsen coordinates on the Teichmüller space of Riemann surfaces.

We then define in section 6.3 the upper half plane H as a surface in three-

dimensional Minkowski space and express some hyperbolic geometry results in

this parametrization. Afterwards we consider the explicit construction of a build-

ing block of a Riemann surface, a so-called ‘pair of pants’, in section 6.4. In section

6.5 we define the domains on which the charts are defined and we prove that they

cover the spacetime entirely. Finally in section 6.6 we introduce the definition of

the coordinate systems and the related fatgraph description. We will also compute

the coordinate ranges, the metric and the transition functions.

6.2 Fenchel-Nielsen coordinates

In this section we review the definition of the Fenchel-Nielsen coordinates on the

Teichmüller space of Riemann surfaces of genus g with m > 0 circular boundaries

(and no punctures). As we discussed in section 5.2, all such Riemann surfaces are

quotients of the upper half plane, from which they all inherit a canonical metric

of constant negative curvature.
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Figure 6.2: Defining Fenchel-Nielsen coordinates on a Riemann surface. We cut the

Riemann surface into pairs of pants along simple closed geodesics and assign lengths li
to all the edges of every pants plus a twisting parameter tj for every gluing involving two

pairs of pants.

It can be shown that in this metric there is precisely one smooth periodic geodesic

corresponding to every nontrivial primitive loop on the surface. After a little

counting one finds that one can pick a maximum of 3g − 3 + 2m of such periodic

geodesics that do not intersect each other, see figure 6.2 for an example. We then

cut the Riemann surface along these geodesics, i.e. we remove these geodesics from

the surface. This leaves us with 2g− 2 +m disconnected so-called ‘pairs of pants’,

that is Riemann surfaces of genus 0 with three circular boundary components, as

well as m annuli. The annuli correspond to the regions on the Riemann surface

between a periodic geodesic that is retractable into a boundary component and

the boundary component itself.

The Fenchel-Nielsen coordinates are now based on the idea that we can reconstruct

the complete Riemann surface from this collection of pairs of pants and annuli,

provided we also specify how to glue these ‘building blocks’ together. Therefore,

we can define coordinates on the Teichmüller space of Riemann surfaces of the

given type by specifying enough data to first of all construct the pairs of pants

and annuli that make up the original surface, plus some rules on how to glue them

together.

Let us begin with the description of the individual pairs of pants and annuli.

Using hyperbolic geometry we explain in section 6.4 how the pairs of pants are

completely described by only three real moduli which one may take to be the

strictly positive lengths of the periodic geodesics along which we made the cuts.
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p p

p′
q
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Figure 6.3: The twist parameter t is defined by the angle between two points p and q

that lie at the intersection of the dashed geodesics with a boundary circle.

A similar statement is true for the annuli: these are completely specified by giving

the length of the periodic geodesic as well. Since we cut along 3g−3+2m periodic

geodesics, we find that we can reconstruct the individual pairs of pants and annuli

by the specification of precisely 3g − 3 + 2m strictly positive lengths.

Next, we have to specify the way in which the various components are glued to-

gether. More specifically, we have to specify the angle that the various components

have to be twisted with before we perform the gluing. Notice that these angles

are actually only relevant when we glue two pairs of pants together, since twisting

an annulus is an isometry. The angles are defined as follows, see figure 6.3. On

every pair of pants we may define three distinguished geodesics, namely the short-

est non-intersecting geodesics that run from one boundary circle to another. A

given boundary circle of the pants intersects with two of these geodesics, say at the

points p and p′. (Figure 6.3 is drawn slightly distorted since these points actually

lie diametrically opposite of each other. This follows from a reflection isometry

of the pair of pants whose fixed points are precisely the three geodesics we just

defined.) Following the same reasoning on the other pair of pants we find two more

points, say q and q′, on this boundary circle. The twist parameter describing the

gluing is now precisely the angle between, say, p and q on the boundary circle.2

Since we cut along 3g − 3 + 2m geodesics, we have as many gluings to perform.

For precisely m of these we glue annuli to pairs of pants, which leaves us with

3g − 3 +m gluings between pairs of pants for which we need to specify an angle.

Adding these to the 3g − 3 + 2m lengths precisely gives the required number of

6g − 6 + 3m parameters. Indeed, it can be shown that these lengths and angles

provide good coordinates that cover the Teichmüller space of Riemann surfaces of

2A shift of 2π in the angles corresponds to an element of the mapping class group and therefore

to two different points in Teichmüller space. Strictly speaking, therefore, these angles take values

in R in order to properly parametrize the Teichmüller space. We will be rather loose in this

distinction.
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the given type, which is therefore isomorphic to (R+)3g−3+2m ×R3g−3+m. This is

then the Fenchel-Nielsen description of the Teichmüller space.

6.3 The hyperbolic plane

This section gives a brief introduction to the geometry of the hyperbolic plane

H . We present a number of results in hyperbolic geometry that will be used

extensively in the next sections. We refer to [108] for the derivation of the results

that are stated without proof below.

We will describe the hyperbolic planeH as the U = 0 slice of the AdS3 hyperboloid

given in equation (5.6). We therefore consider three-dimensional Minkowski space

M3 with coordinates (X,Y, V ) and with an inner product between vectors a =

(aX , aY , aV ) and b = (bX , bY , bV ) given as:

〈a|b〉 ≡ aXbX + aY bY − aV bV . (6.6)

We define hyperbolic two-space H as the upper sheet of a hyperboloid:

H = {w ∈M3 : 〈w|w〉 = −1 ∧ wz > 0}. (6.7)

As we described in section 5.2, the restriction of the Poincaré coordinates (5.11)

on AdS3 to this slice precisely maps it to the upper half plane with the metric

(5.4).

We may also project H bijectively onto the unit disk ∆, defined as

∆ = {z ∈ C : |z| < 1} , (6.8)

with the metric

ds2 =
dzdz̄

4(1 − |z|2)2 . (6.9)

The map between H and ∆ is stereographic projection through (−1, 0, 0) onto the

(X,Y ) plane:

(X,Y, V ) 7→ X + iY

V + 1
= z. (6.10)

Most of the computations below will be performed using the embedding (6.7) of

H into Minkowski space. The figures on the other hand will be based on the unit

disk or upper half plane description.
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Distances

The distance d(w1, w2) obtained from the metric onH between two points w1, w2 ∈
H is given by:

cosh
(
d(w1, w2)

)
= −〈w1|w2〉 , (6.11)

where indeed −〈w1|w2〉 ≥ 1 on H .

Rays

Given a point p with with 〈p|p〉 > 0, we define the associated spacelike ray [p] as

the line from the origin through p:

[p] = {λp : λ ∈ R} . (6.12)

With this definition, the homogenized inner product between two spacelike rays is

given by:

〈[p1]|[p2]〉 ≡
|〈p1|p2〉|√

〈p1|p1〉〈p2|p2〉
, (6.13)

where the right hand side can be calculated for any nonzero p1 ∈ [p1] and p2 ∈ [p2].

Below we often use a similar notation where a property of rays is given in terms

of a formula involving its elements. In such cases the corresponding formulas are

invariant under p1 7→ µp1.

We define p̂ ∈ [p] to be a unit vector associated to [p], so

〈p̂|p̂〉 = 1. (6.14)

Given [p] this defines p̂ only up to a sign which we leave undefined for now.

Geodesics

Geodesics in H are given by the intersection of the hyperboloid with a plane

through the origin. Such a plane is necessarily timelike and thus orthogonal to a

spacelike ray: given any ray [p], the geodesic in H associated to it is defined as:

C[p] = {w ∈ H : 〈w|p〉 = 0}. (6.15)

Both in the unit disk and in the upper half plane geodesics are circular arcs or

straight lines whose endpoints are at a right angle with respect to the boundary

of the plane. Examples of such geodesics are sketched in figure 6.4. We will need

two lemma’s concerning geodesics in H .

Lemma 6.3.1. C[p1] and C[p2] are disjoint geodesics in H with disjoint endpoints

if and only if 〈[p1]|[p2]〉 > 1.
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Proof. Consider the line of intersection of the planes associated to C[p1] and C[p2].

This line, which we call [p12], is spacelike if and only if the two geodesics are disjoint

in H : if not so, then a p12 ∈ [p12] would lie in H or on its boundary and then the

geodesics C[p1] and C[p2] would meet exactly at that point. So we need to verify

that [p12], defined as:

〈p12|p1〉 = 〈p12|p2〉 = 0 (6.16)

is spacelike. Equation (6.16) solves to:

p12 ∈
[(
p1yp2z − p1zp2y, p1xp2z − p1zp2x,−p1xp2y + p1yp2x

)]
(6.17)

and one can use the invariance of the inner product under conjugation so that we

can pick for example p1 = (1, 0, 0) and check directly that:

0 < 〈p12|p12〉 ⇔ 〈[p1]|[p2]〉 > 1 (6.18)

provided p2 is spacelike but this was part of the assumption.

Now, given any two completely disjoint geodesics C[p1] and C[p2], there exists a

unique geodesic orthogonal to both of them, which from (6.16) is exactly C[p12].

A straightforward calculation then shows that:

cosh
(
D(C[p1], C[p2])

)
= 〈[p1]|[p2]〉 (6.19)

where D is the minimal distance in H between the two geodesics, so the distance

measured along C[p12]. Note finally that p̂1 and p̂2 both lie in and in fact form a

basis for the plane associated to C[p12] (i.e. the plane orthogonal to [p12]).

Consider now three geodesics in H . By definition, a separating geodesic divides

H so that the other two geodesics lie on the opposite halves.

Lemma 6.3.2. Suppose C[p1], C[p2] and C[p3] represent three non-separating

geodesics in H that are disjoint and have disjoint endpoints. Then

〈p1|p2〉〈p1|p3〉〈p2|p3〉 < 0 . (6.20)

Proof. Another way of seeing non-separability is that for example the geodesic

C[p12], joining C[p1] and C[p2], does not intersect C[p3]. Translated into the same

condition as in lemma 6.3.1, namely that the corresponding planes in M3 intersect

along a spacelike ray, this becomes:

〈p1|p3〉2 + 〈p2|p3〉2 − 2〈p1|p2〉〈p1|p3〉〈p2|p3〉 > 0 (6.21)

180



6.3. The hyperbolic plane

and similar for cyclic permutations of the indices. Recalling the invariance under

pi 7→ µipi, we choose pi = p̂i and introduce new variables:

h12 ≡ 〈p̂1|p̂3〉〈p̂2|p̂3〉
〈p̂1|p̂2〉

, (6.22)

and similarly h13 and h23. Now suppose that 〈p1|p2〉〈p1|p3〉〈p2|p3〉 > 0. Since

the sign of all hij is the same as that of 〈p1|p2〉〈p1|p3〉〈p2|p3〉, this means that all

hij > 0 as well, and we can rewrite (6.21) as:

h13 + h23 − 2h13h23 > 0 , (6.23)

but lemma 6.3.1 tells us that 〈p̂i|p̂j〉2 > 1, translating into for example:

h13h23 > 1 (6.24)

and therefore either h13 > 1 or h23 > 1. Let us suppose, relabeling if necessary,

that h13 > 1. Rewriting (6.23), however, as:

(1 − h23)h13 + (1 − h13)h23 > 0 , (6.25)

one deduces that then h23 < 1 and similarly (by permuting the indices) one ob-

tains that h12 < 1. This falsifies h12h23 > 1, which follows from a permutation

of the indices of (6.24), so our assumption is false: we have hij < 0 and so

〈p1|p2〉〈p1|p3〉〈p2|p3〉 < 0 necessarily.

Hypercycles

Finally we need the notion of hypercycles. These are defined as:

L(p) = {w ∈ H : 〈w|p〉 = −1} , (6.26)

for a point p with 〈p|p〉 > 0. There is a natural map from hypercycles to geodesics:

L(p) 7→ C[p]. On the disk, this maps a hypercycle to the geodesic that has the

same endpoints as the hypercycle. Some hypercycles and their associated geodesic

are drawn in figure 6.4. Notice that hypercycles are also straight lines or circular

arcs in the upper half plane or the unit disk, but they do not intersect the boundary

at a right angle.

The distance D(L(p), C[p]) between any point on L(p) and C[p] is constant and

given by

sinh2
(
D(L(p), C[p])

)
=

1

〈p|p〉 (6.27)

as can be easily seen after conjugation so that for example p = (λ, 0, 0).
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Figure 6.4: On the left, two geodesics in the unit disk. They are straight lines or

circle segments whose ends are orthogonal to the boundary of the disk. On the right, four

hypercycles (dotted) with their associated geodesic. In the hyperbolic metric, the distance

between points on a hypercycle and the associated geodesic is constant.

Isometries

The connected component of the identity of the isometry group of H is the same

as that of the subgroup of the isometries of M3 that fixes the origin, which is

SO(2, 1) ≃ PSL(2,R). We explained in section 5.2 how it acts via Möbius trans-

formations in the upper half plane description, see equation (5.3). In this chapter

we need its action in the hyperboloid description (6.7). To this end we use the

result [108] that every such an isometry is generated by two reflections in timelike

planes through the origin in M3, so via reflections in geodesics in H . Given a

geodesic C[p], a reflection is defined as:

η[p] : w 7→ w − 2p̂〈w|p̂〉 (6.28)

Both the embedding of H and the inner product (6.6) are invariant under this

orientation-reversing map, so the composition of two reflections is an orientation-

preserving isometry of H and:

η[p] ◦ η[p′] : H → H (6.29)

is an element of Isom0(H). Note the invariance p̂ ↔ −p̂ in the definition of η[p]
and also that η[p] leaves C[p] pointwise fixed.

We will only use the hyperbolic elements of Isom0(H), which are by definition those

isometries that have exactly two fixed points on the boundary of H . Consider such

an isometry and call it γ. The unique geodesic in H connecting its fixed points

is called the ‘axis’ of γ and is left invariant by this particular isometry. So if we

denote the axis by C[p]γ , then

γ(C[p]γ) = C[p]γ . (6.30)

Since γ is an isometry and hence preserves distances, it follows that γ also leaves
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p
p′

γ(p)

γ(p′)

Figure 6.5: An isometry γ maps points along the flow lines from one fixed point towards

the other. In this figure, the fixed points are the open circles. Two points p, p′and their

image under γ are also drawn.

the corresponding hypercycles invariant and therefore

γ(L(p)) = L(p) , (6.31)

for all p ∈ [p]γ , so for every hypercycle with the same endpoints as C[p]. This

allows us to visualize the action of γ in H : repeated application of γ moves points

along the hypercycles, more and more away from one fixed point and towards the

other. That is why the fixed points are also called the ‘limit points’ of γ and the

hypercycles its ‘flow lines’. Notice that γ is not uniquely specified by its invariant

geodesic, since the distance with which γ moves points along the flow lines can

vary. Also, note that γn, n ∈ Z, so in particular γ−1, have the same axis and flow

lines as γ.

6.4 Construction of a pair of pants

In section 6.2 we reviewed how the Riemann surfaces relevant for the wormhole

spacetimes can be constructed by gluing together ‘pairs of pants’, which are by

definition Riemann surfaces with g = 0 and m = 3. In this section we review how

such a pair of pants can be constructed as a quotient of H . We refer to [83] for

more details.

Before we describe the explicit construction the following comment is in order.

The pairs of pants used in the Fenchel-Nielsen decomposition of section 6.2 were

bounded by a periodic geodesic and we glued semi-infinite annuli to the m ends

that extended to a boundary of the complete Riemann surface. In this section

we will actually describe ‘extended’ pairs of pants where such annuli are glued to

all three boundary components. We will however also explicitly find the location
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of the three periodic geodesics that are retractable into these three ends. It is

therefore straightforward to remove these annuli and obtain an ‘amputated’ pair

of pants which is used as a building block in the Fenchel-Nielsen decomposition of

a more general Riemann surface.

6.4.1 Construction procedure

We mentioned in section 6.2 that a pair of pants is completely specified by the

lengths of the three periodic geodesics homotopic to the three boundary compo-

nents. For later convenience let us label these lengths as l12, l13 and l23. Given

those lengths we construct a pair of pants using the following procedure, see figure

6.6.

We first specify an arbitrary geodesic C[p1], for example with p̂1 = (1, 0, 0). Next,

we specify a second geodesic C[p2] which is disjoint from C[p1] and chosen such

that the hyperbolic distance between C[p2] and C[p1] equals l12/2. Using equation

(6.19) we find that this translates into the following condition for [p2]:

〈[p1]|[p2]〉 = cosh(l12/2) . (6.32)

This equation determines [p2] only partially and its remainder can be fixed ar-

bitrarily. In the example where p1 = (1, 0, 0) we can for example take p2 =(
cosh(l12/2), 0, sinh(l12/2)

)
.

We then construct a third geodesic C[p3] which is at a distance l13/2 from C[p1]

and at a distance l23/2 from C[p2]. It should furthermore be defined so that none

of the geodesics is separating and the three geodesics are ordered cyclically on the

disk. These demands completely fix C[p3]. In the example [p3] would be:

[p3] =
[(
c13 sinh(l12/2),

√
c212 + c213 + c223 + 2c12c13c23 − 1, c23 + c12c13

)]
(6.33)

where we defined cij = cosh(lij/2).

The covering group ΓP for the pair of pants is now generated by η[1] ◦ η[2] and

η[3] ◦ η[1] with η[i] denoting reflection in C[pi]. The pair of pants P is therefore

defined as:

P = H/ΓP . (6.34)

Notice that P is indeed completely specified by the three lengths lij .

To visualize this quotient we may construct a fundamental domain for P in H .

This is done by reflecting C[p3] and C[p2] in C[p1] using η[1], which using (6.28)

is defined as:

η[1] : w 7→ w − 2p̂1〈w|p̂1〉. (6.35)
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p1
p1

p2
p2

p3
p3

p12

p12

p13

p13 p23
p23

η[1](p2)

η[1](p3)

Figure 6.6: The fundamental domain for the complete pair of pants is shaded; each

geodesic is indicated by a corresponding vector. Opposite edges of the domain are to be

identified as prescribed by the arrows, yielding the pair of pants shown on the right. The

dotted line is a hypercycle associated to the geodesic C[p12] and a flow line of η[1] ◦ η[2].

It descends to a smooth closed curved on the pair of pants.

The domain bounded by C[p2], C[p3] and their reflected counterparts is then a

fundamental domain for P since one may obtain P by gluing the appropriate edges

together, see figure 6.6. In this figure the top arrows correspond to the generator

η[1] ◦ η[2] and the bottom arrows correspond to η[3] ◦ η[1].
Let us denote the geodesic orthogonal to both C[p1] and C[p2] as C[p12]. We

similarly define C[p13] and C[p23]. From direct computation it follows that η[i]◦η[j]
maps [pij ] to itself and therefore C[pij ] is the axis of η[i] ◦ η[j]. We sketched in

figure 6.6 how the C[pij ] then descend to P as the periodic geodesics retractable

into the boundary components of the pants. Their lengths on P are precisely the

lengths lij from which P is constructed. To obtain an amputated pair of pants

we have to cut off the surface along these geodesics. Notice furthermore that the

geodesics C[pi] are precisely the shortest non-intersecting geodesics between the

C[pij ] which we used in section 6.2 to define the Fenchel-Nielsen twist parameter.

Finally, η[1] is the discrete isometry of P discussed in section 6.2 which leaves the

C[pi] pointwise fixed.

Below we will need two more properties of the above construction. First of all,

using the disjointness of the C[pi] and a hyperbolic triangle inequality one may

directly find that C[p12] and C[p3] are disjoint and therefore, according to lemma

6.3.1,

〈[p12]|[p3]〉 > 1 . (6.36)

Similarly one obtains 〈[p13]|[p3]〉 > 1 and 〈[p23]|[p1]〉 > 1. Our second observation

is based on the fact that for example p1 and p2 are both spacelike but not collinear
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p1

p2

p3

p12

p13

p23
A

B

C

α

β

γ

Figure 6.7: Each of the letters α, β, γ, A,B,C indicates a length of one side of the

shaded hyperbolic hexagon.

and therefore span a two-dimensional plane in M3. Since p12 is orthogonal to this

plane and therefore does not lie in the plane (because it is not lightlike), the set

{p̂1, p̂2, p̂12} forms a basis for M3. A similar argument again holds for {p̂1, p̂3, p̂13}
and {p̂2, p̂3, p̂23}.

Hyperbolic identities

In the construction of a pair of pants we found six geodesics associated to the

spacelike rays [p1], [p2], [p3] and [p12], [p13], [p23]. Recall that for each ray [p] we

defined in equation (6.14) a unit norm vector p̂ which was defined up to an overall

sign. Let us now define:

cosh(A) = −〈p̂12|p̂13〉
cosh(B) = −〈p̂12|p̂23〉
cosh(C) = −〈p̂13|p̂23〉
cosh(α) = −〈p̂2|p̂3〉
cosh(β) = −〈p̂1|p̂3〉
cosh(γ) = −〈p̂1|p̂2〉 ,

(6.37)

and fix the signs of the p̂i and p̂ij such that all the above inner products are

negative. (The overall freedom to invert all the p̂i or all p̂ij together will be fixed

below.) The variables A,B,C, α, β, γ are then all real and we define them to be

positive. As shown in figure 6.7 these variables all correspond to specific geodesic

lengths associated to the above construction of the pair of pants. For example, we

find that γ = l12/2.

By definition the geodesics C[pi] and C[pij ] intersect each other orthogonally and
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therefore they bound a hyperbolic hexagon with all right angles, see figure 6.7.

The usual [108] identity for such a hyperbolic hexagon is:

sinh(A)

sinh(α)
=

sinh(B)

sinh(β)
=

sinh(C)

sinh(γ)
. (6.38)

Furthermore we find:

−〈p̂1|p̂23〉 = sinh(β) sinh(C) = sinh(B) sinh(γ)

−〈p̂2|p̂13〉 = sinh(γ) sinh(A) = sinh(C) sinh(α)

−〈p̂3|p̂12〉 = sinh(α) sinh(B) = sinh(A) sinh(β) .

(6.39)

This follows from the identity for a hyperbolic all-right pentagon [108], at least

up to an overall sign which we fix by using the freedom to invert all the p̂i we

mentioned above. From the above equations one may directly obtain that:

sinh2(A)

sinh2(α)
=

sinh2(B)

sinh2(β)
=

sinh2(C)

sinh2(γ)
=

cosh2(α) + cosh2(β) + cosh2(γ) + 2 cosh(α) cosh(β) cosh(γ) − 1

sinh2(α) sinh2(β) sinh2(γ)

and therefore:

cosh(A) =
cosh(β) cosh(γ) + cosh(α)

sinh(β) sinh(γ)

cosh(B) =
cosh(α) cosh(γ) + cosh(β)

sinh(α) sinh(γ)

cosh(C) =
cosh(α) cosh(β) + cosh(γ)

sinh(α) sinh(β)
.

(6.40)

These formulas will be used below.

6.5 Domains for the charts

In this section we will define the domains on which we will later define the coordi-

nate charts for the wormholes. To this end we will perform the following steps. We

first restrict ourselves to the U = 0 Riemann surface S = H/Γ and give an intuitive

description of the domains in subsection 6.5.1. The location of the domains in H

is discussed afterwards in subsection 6.5.2. We then make the definition mathe-

matically precise in subsection 6.5.3 and also compute the precise location of the

domains as a function of the Fenchel-Nielsen parameters. In subsection 6.5.4 we

prove that the domains indeed cover S entirely. Finally, we consider the extension

of the domains to the entire spacetime in subsection 6.5.5.
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6.5.1 Definition of the domains

The procedure to obtain the charts for the wormholes is sketched schematically in

figure 6.8 and it is described in words as follows. Just as in the Fenchel-Nielsen

description of S described in section 6.2, we begin by picking a maximal set of 3g−
3 + 2m primitive periodic geodesics. We now consider one geodesic and ‘thicken’

it, i.e. we define a small cylindrical neighborhood around the geodesic. More

precisely, this neighborhood is defined such that its boundary circles are the flow

lines or hypercycles discussed in section 6.3; we showed the image of one of these

flowlines on a pants P in figure 6.6. When we now try to extend this thickening

ever further we might eventually wrap another cycle and the cylinder will then

start to overlap with itself. We then stop the thickening when the boundary flow

lines just touch themselves, as indicated in figure 6.8. In the cases where the

periodic geodesic we consider is retractable into a boundary component we extend

the thickening on that end all the way to this boundary. Except for the BTZ black

hole, the other end of the cylinder is then never extendable to another boundary

component and pinches as usual.

φ

r

(a)

(b) (c)

Figure 6.8: (a) Charts are defined around a closed periodic geodesic on the Riemann

surface. (b) We begin by thickening this geodesic to obtain a cylinder. (c) We extend the

cylinder as far as possible, until the bounding circles just touch, in this case on the black

dots. We will eventually define coordinates (r, φ) as indicated, as well as a third time

coordinate which is not shown.

Application of this procedure to all the 3g−3+2m periodic geodesics on S results

in a set consisting of just as many domains. These domains come in two different

types, namely those where both boundary circles are pinched on S, which we
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call ‘inner domains’, and those where precisely one end extends to a boundary

component, which we call ‘outer domains’. An inner domain covers part of two

pairs of pants, whereas an outer domain covers an annulus and part of a pair of

pants. There are m outer domains and 3g − 3 +m inner domains.

We remark that the inner and outer domains we define here are not precisely the

inner and outer regions we defined in the previous chapter. Namely, the inner

and outer regions defined there were separated by the horizons, whereas the outer

domains we define here do extend beyond the horizons. The inner domains that

we define here never cross the horizons and therefore lie entirely in what we called

the inner region in chapter 5.

Consider now a single pair of pants within S. It intersects with precisely three

(inner or outer) domains which are defined around each of its boundary circles. Of

course, the domains overlap with each other on the pants but more importantly

we will show below that the entire pair of pants is covered by these three domains.

Since the domains also cover the m annuli completely, it follows that the entire

surface at U = 0 is covered by these domains. Below, we will use these domains as

the U = 0 slice of analogously defined three-dimensional coordinate patches, which

taken together cover the entire spacetime. We will then find a suitable coordinate

system on these patches to complete our description of the wormholes.

6.5.2 Lift to the hyperbolic plane

In figure 6.9 we sketched the lift of the domains of figure 6.8 to the universal

covering H . Let us label the periodic geodesic around which we define the chart

as C[p12]. Just as in figure 6.8 we suppose that on the complete surface S there

is a pair of pants on either side of C[p12] and we therefore define an inner domain

around it.

In figure 6.9a we give a fundamental domain for the two pairs of pants sketched

in figure 6.8. The lower half of the disk is the same as in figure 6.6, but the pants

is now amputated along C[p12] and the upper half of the disk contains the second

pair of pants. Notice that we also sketched the two distinguished geodesics which

end on C[p12] which we considered in figure 6.3. We label them as C[p1] on the

lower pair of pants and C[p′1] on the upper pair of pants. The distance between

their endpoints on C[p12] parametrizes a Fenchel-Nielsen angle as discussed in

section 6.2.

In figure 6.9b we begin the ‘thickening’ of the geodesic C[p12]. We define hyper-

cycles L(p12) and L(p′12) associated to points p12, p
′
12 ∈ [p12]. The shaded domain

in between these hypercycles will be covered by an inner chart. It descends to a
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cylindrical region on S because of the gluing as indicated by the arrows.

Finally, in figure 6.9c we stop the thickening on both sides once the cylinder starts

overlapping with itself. The resulting domain is then bounded by what we call

the critical hypercycles; these are the hypercycles which just touch themselves on

the quotient surface. We will denote them with L(p̃12) and L(p̃′12), as indicated

in figure 6.9. Notice that the point where L(p̃12) touches itself lies precisely on

C[p3] (which was defined in figure 6.6) and similarly L(p̃′12) lies on a corresponding

C[p′3]. This follows from the reflection symmetry in C[p1] but we will also give a

computational proof below.

L(p12)

L(p′12)

p12

p1

p′1

(a)

(b) (c)
L(p̃12)

L(p̃′12)

Figure 6.9: The lift to H of the construction of figure 6.8. (a) The shaded domain is

a fundamental domain for the two pairs of pants in H and the edges should be identified

as indicated by the arrows. (b) We define the cylindrical neighborhood as indicated. (c)

The critical hypercycles just touch themselves once we glue the edges as indicated by the

arrows.
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6.5.3 Computation of the critical hypercycle

To define the coordinate systems below we need to know the location of the crit-

ical hypercycles as a function of the Fenchel-Nielsen parameters of S. From the

above construction it should be clear that the location of for example the criti-

cal hypercycle L(p̃12) depends only on the shape of the pair of pants on which it

is defined and is independent of the shape of the adjacent pairs of pants or the

twisting angles with which they are glued together. We therefore restrict ourselves

to a single pair of pants P below, defined according to the procedure of section

6.4. The aim of this subsection is then to find a convenient expression for L(p̃12)

in terms of the Fenchel-Nielsen parameters l12, l13 and l23 of P . Corresponding

formulas for L(p̃13) and L(p̃23) can then be obtained using cyclic permutation of

the indices.

Definition as an intersection

Consider a pants P as a quotient ofH/ΓP as described in section 6.4. We discussed

in that section how the geodesics C[pij ] descend onto the pants as closed periodic

geodesics which are retractable into the three boundary components. Let us focus

on the geodesic C[p12]. The cyclic subgroup of Γ corresponding to this nontrivial

loop on the pants is generated by η[1] ◦ η[2] and we shall denoted it as 〈η[1] ◦ η[2]〉.
As we mentioned in 6.4, the nontrivial elements of this subgroup all have C[p12] as

their axis since η[1] ◦ η[2]
(
[p12]

)
= [p12]. The corresponding flow lines are denoted

L(p12) for p12 ∈ [p12] and also descend to smooth circles on the pants, freely

homotopic to C[p12] and lying at a constant distance from it.

We define a closed curve on P to be simple if it is not self-intersecting. Notice that

C[p12] is simple and this implies that the image of C[p12] under any element of

Γ\〈η[1] ◦ η[2]〉 is completely disjoint from itself. However its associated hypercycles

L(p12) are not necessarily simple. Indeed we sketched in figure 6.8 how at a certain

point the flow lines start intersecting with themselves. As mentioned above, we

define the critical hypercycle L(p̃12) to be the first flow line that is no longer

simple. In H this implies that there must be another element γc ∈ Γ\〈η[1] ◦ η[2]〉
for which the set:

γc(L(p̃12)) ∩ L(p̃12) (6.41)

consists of exactly one point. However, from the topology of the pants we see that

γc has to be η[3] ◦ η[1] and since η[1] leaves L(p̃12) invariant we find that the precise

condition becomes that

η[3](L(p̃12)) ∩ L(p̃12) (6.42)

consists of a single point. We indicated this point and its reflection in C[p1] with

black dots in figure 6.9.
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Computation

According to the previous paragraph p̃12 is defined such that there exists precisely

one ŵ ∈ H which solves

〈ŵ|p̃12〉 = 〈ŵ|p̃12 − 2p̂3〈p̃12|p̂3〉〉 = −1 (6.43)

Let us now compute both p̃12 and ŵ.

Lemma 6.5.1. The critical flow line L(p̃12) touches C[p3], so their intersection

on H consists of exactly one point.

Proof. Inner products are invariant under reflection and a reflection squares to the

identity, so we find

0 = 1 + 〈ŵ|η[3](p̃12)〉
= 1 + 〈η[3](ŵ)|η[3] ◦ η[3](p̃12)〉
= 1 + 〈η[3](ŵ)|p̃12〉
= 1 + 〈ŵ|p̃12〉 − 2〈p̂3|p̃12〉〈ŵ|p̂3〉
= −2〈p̂3|p̃12〉〈ŵ|p̂3〉 .

(6.44)

Now since C[p12] and C[p3] are disjoint we have 〈[p12]|[p3]〉 > 1 and so in particular

〈p̃12|p̂3〉 6= 0. Hence

〈ŵ|p̂3〉 = 0 , (6.45)

so indeed ŵ to (6.43) lies on C[p3]. The converse also holds: if 〈ŵ|p̂3〉 = 0 and

〈ŵ|p̃12〉 = −1, then ŵ lies on the reflection under η3 of L(p̃12). This implies that

L(p̃12) touches C[p3] since if it would intersect C[p3] at two points, it would also

intersect L(η[3](p̃12)) twice and hence not be critical.

As we mentioned above the lemma can also be proved using the reflection sym-

metry in C[p1].

Notice that p̃12 = λp̂12 for some nonzero λ so in order to find p̃12 it is sufficient to

know its norm. This can be found by recalling that in section 6.4 we demonstrated

that {p̂1, p̂2, p̂12} form a basis of M3 and we may therefore write ŵ = ap̂1 + bp̂2 +

cp̂12. The condition (6.43) together with the above lemma then imply:

c〈p̂12|p̃12〉 = −1 , (6.46)

as well as

a〈p̂1|p̂3〉 + b〈p̂2|p̂3〉 + c〈p̂12|p̂3〉 = 0 , (6.47)
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and since ŵ lies on H in M3 we also have:

a2 + b2 + c2 + 2ab〈p̂1|p̂2〉 = −1 . (6.48)

We find that there exists only one solution (a, b, c) whenever:

〈p̃12|p̃12〉 =
1

〈p̂12|p̂3〉2 − 1
. (6.49)

This equals:

〈p̃12|p̃12〉 =
sinh2(γ)

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)
, (6.50)

where we used the identities in section 6.4.1. Equation (6.50) is the formula we set

out to find: it expresses the norm of p̃12 in terms of α, β and γ which according to

the discussion below equation (6.37) are directly related to the lengths lij defining

P . The solution for ŵ is given by:

a = −c sinh(α) sinh(B)[cosh(α) cosh(γ) + cosh(β)]

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

b = −c sinh(α) sinh(B)[cosh(β) cosh(γ) + cosh(α)]

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

c =
−1

〈p̂12|p̃12〉
.

(6.51)

Equation (6.49) actually defines p̃12 up to inversion but picking the solution with

ŵz > 0 removes this freedom. The simple form of (6.49) also follows from the

observation that the length between C[p12] and L(p̃12) equals that between C[p12]

and C[p3], which is just how the critical flow line is defined.

6.5.4 Covering of a pair of pants

In this subsection we demonstrate that the domains defined above cover the entire

surface. To do so it suffices to prove that three domains can be used to cover a

single pair of pants entirely, since one may then glue the pairs of pants together

to obtain a covering of a more complicated Riemann surface.

The three domains on a single pair of pants P are bounded by critical hypercycles

L(p̃12), L(p̃13) and L(p̃23), with the latter two defined in a similar fashion as L(p̃12)

above. The domains lift to corresponding domains Eij in H which are obtained

as:

Eij = {w ∈ H : 〈w|p̃ij〉 < −1}. (6.52)
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In section 6.4.1 we fixed the signs of the p̂i and the p̂ij so that all inner products

in (6.37) are negative. The relative sign ambiguity between the p̂i and the p̂ij can

then be fixed by setting 〈p̂ij |p̃ij〉 > 0; this means that all p̂ij as well as p̂2 and p̂3

point away from the (amputated) fundamental domain of P defined in figure 6.6.

We can then define one half of the fundamental domain as:

D = {w ∈ H : 〈w|p̂i〉 < 0}. (6.53)

Notice that, depending on the overall sign of all the p̂i, D is the part of the shaded

domain to the left or to the right of C[p1] in figure 6.6. We will now prove the

following theorem.

Theorem 6.5.2. For the domains D and the Eij , the following holds:

(
E12 ∪E13 ∪E23

)
∩D = D (6.54)

so D is covered by the three Eij.

By the reflection symmetry in C[p1], it would follow from the theorem that the

whole fundamental domain is covered. Since a fundamental domain with edges

identified is equivalent to the original surface it follows that the pair of pants P is

then indeed covered completely by the three charts.

Proof. Let us first consider the boundary of D. We will only prove the lemma

below for the boundary component C[p3], but by cyclic permutation the lemma

applies to C[p1] and C[p2] as well.

Lemma 6.5.3. The line C[p3] is completely covered by the charts. Namely, the

intersection point of L(p̃12) with C[p3] is covered by both the chart bounded by

L(p̃13) and the chart bounded by L(p̃13).

Proof. Above, we found the unique point w onH where L(p̃12) and C[p3] intersect;

let us see whether it is covered by the chart bounded by L(p̃13), so whether:

〈w|p̃13〉 > −1. (6.55)

After a little calculation, we have:

−〈w|p̃13〉 =
cosh(β) cosh(γ) + cosh(α)

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

〈p̂2|p̃13〉
〈p̂3|p̃12〉

(6.56)

so −〈w|p̃13〉 < 1 is certainly true if:

( cosh(β) cosh(γ) + cosh(α)

cosh2(α) + cosh2(β) + 2 cosh(α) cosh(β) cosh(γ)

〈p̂2|p̃13〉
〈p̂3|p̃12〉

)2

< 1 (6.57)
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but

〈p̂3|p̃12〉 = 〈p̂3|p̂12〉〈p̂12|p̃12〉 = − sinh(A) sinh(β)〈p̂12|p̃12〉 (6.58)

and substituting the expressions for the right hand side we found above, this

simplifies to:

(
cosh2(α)2 + 2 cosh(α) cosh(β) cosh(γ)

)

×
(
cosh2(α) + cosh2(β) + cosh2(γ) + 2 cosh(α) cosh(β) cosh(γ)

)
> 0 (6.59)

which is obviously true and therefore w is trivially covered by E13. Similarly, by

permuting α, β, γ we find that w is also covered by E23. But then the charts must

cover C[p3] completely, since they overlap on (a neighborhood around) w and since

both L(p̃13) and L(p̃23) intersect C[p3] only once.

Suppose now that the theorem is false so there would exist a small domain F ⊂ D

that is not covered by the Eij . Consider the boundary of F . Since by the previous

lemma the C[pi] are completely covered by the charts, no segment of any of the

C[pi] can be part of the boundary of F . Also, clearly F cannot extend to ∂H and

therefore F should be bounded by the critical flow lines only. Since the flow lines

are circle segments, it follows that F is bounded by a segment of all three flow

lines, i.e. F is a hyperbolic triangle. Consider now the segment of the boundary of

F that is part of L(p̃12): by the definition of F it is not covered by the two other

charts. We conclude that if F exists then there is a part of L(p̃12)∩D that is not

covered by E13 and E23.

Let us however take a closer look at the line segment L(p̃12) ∩ D. At the end

lying at C[p1], we know we are in E13 (because of the above lemma) but outside of

E23 (because L(p̃23) only touches C[p1]). If we now move towards ŵ on C[p3], we

apparently cross L(p̃23) and odd number of times, since we end up being also in

E23 at ŵ. Similarly, we must have crossed L(p̃13) exactly zero or an even number

of times. After ŵ, moving further towards C[p2], the same happens: we cross

L(p̃13) an odd number of times and L(p̃23) an even number of times. However,

since the flow lines are circles, they intersect at most twice in H and by symmetry

they can intersect at most once in D. (For example, the two intersection points of

L(p̃12) and L(p̃13) lie on both sides of C[p1] because of the reflection symmetry in

C[p1].) It follows that the aforementioned odd and even number of crossings are

necessarily one and zero. So if we repeat our route along L(p̃12)∩D, we first meet

L(p̃23) exactly once, then w, and then L(p̃13) exactly once.

However this order implies that we are already in E23 before we exit from E13 and

we remain there all the way up to C[p2]. Therefore L(p̃12) is completely covered

and our triangle F cannot exist; the theorem follows.
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6.5.5 Extension to the spacetime

So far we have restricted ourselves to the Riemann surface at U = 0 of the space-

time. Let us now consider the extension of the domains to nonzero U . Recall that

in the previous chapter we used the definition of AdS3 as (the universal covering

of) the quadric in R2,2 defined as:

〈w|w〉 − U2 = −1. (6.60)

In this notation w is again a vector in M3 and 〈.|.〉 is the inner product on M3 as

defined in equation (6.6).

Geodesics extend straightforwardly to geodesic planes on AdS3, namely as the

hyperplanes for which 〈w|p〉 = 0 for some spacelike p ∈M3 and for all U . We will

denote the associated hyperplanes also as C[p]. For hypercycles the extension to

nonzero U can be done as follows. We define the extension of a hypercycle L(p)

as the domain in AdS3 where

〈w|p〉 = −
√

1 − U2 (6.61)

for all |U | < 1, and we denote the plane so defined also as L(p). This extension is

chosen such that critical hypercycles remain critical also for nonzero U . Indeed,

by conjugating to a simple coordinate system one may explicitly check that (the

extension of) L(p̃12) touches C[p3] on any slice of constant U with |U | < 1. Notice

that these extended hypercycles do not extend beyond the plane at |U | = 1. The

same holds then for the inner charts as they are bounded by such planes.

6.6 Coordinate systems and fatgraph description

In the previous section we found three cylindrical domains that completely cover

the pair of pants. On an extended pair of pants they would form three outer charts

that cover the entire U = 0 space of the corresponding wormhole spacetime. We

may however also amputate the pair of pants and glue the ends to other pairs of

pants to construct a bigger Riemann surface. In that case we construct an inner

chart by gluing together two such (amputated) domains, as indicated in figure 6.8.

In this section we will define and analyze appropriate coordinate systems on these

domains. First of all, in subsection 6.6.1 we give the precise definition of the

coordinates, fix the coordinate ranges to certain ‘natural’ values and compute

the expressions for the metric. We will demonstrate in subsection 6.6.2 that the

parameters appearing in the metric contain all the necessary information about

the geometry of the spacetime. In subsection 6.6.3 we then use these parameters
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to describe the spacetime in terms of a fatgraph as we already sketched in figure

6.1. Finally we give the transition functions between the charts in subsection 6.6.4.

6.6.1 Definition of the coordinate systems

In this subsection we will define the coordinate systems on the inner and outer

domains.

Inner charts

Let us consider an inner chart defined around a periodic geodesic C[p12] as sketched

in figure 6.9c. It is bounded by two critical hypercycles which we label as L(p̃12)

and L(p̃′12). We use the above conventions for the signs of the inner products

between the p̂i and p̂ij and in addition we require that 〈p̂12|p̃12〉 > 0.

Recall that {p̂1, p̂2, p̂12} form a basis of M3. We may therefore parametrize a point

(w,U) on AdS3 using 〈w|p̂1〉, 〈w|p̂2〉, 〈w|p̂12〉 and U . The new coordinates (τ, r, φ)

on an inner chart are then defined as follows:

tanh(τ) = U

µr + ν =
−〈w|p̂12〉√

1 − U2

e2
√
M(φ−d) =

〈w|p̂1〉 + eγ〈w|p̂2〉
eγ〈w|p̂1〉 + 〈w|p̂2〉

.

(6.62)

We will shortly determine suitable values for the parameters µ, ν,
√
M,d. Notice

that τ is a natural timelike coordinate and that the surfaces of constant τ and r

are the extension to the entire spacetime of the flow lines of η[1] ◦ η[2]. Indeed one

may directly compute that η[1] ◦ η[2] in these coordinates takes the form

η1 ◦ η2(τ, r,
√
M(φ− d)) = (τ, r,

√
M(φ − d) + 2γ) . (6.63)

If we define: √
M =

2γ

2π
=
l12
2π

, (6.64)

then we recover the natural periodicity φ ∼ φ + 2π. Let us also require r to

run from −1 to 1 so the critical hypercycles are at |r| = 1. If we pick r = 1 to

correspond to the end defined by L(p̃12) then we obtain:

µ+ ν =
1

〈p̂12|p̃12〉
. (6.65)

On the other side of the chart we similarly find:

−µ+ ν =
1

〈p̂12|p̃′12〉
. (6.66)
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Equation (6.65) and (6.66) together fix µ and ν. Notice that 〈p̂12|p̃′12〉 < 0 since

we fixed p̂12 so that 〈p̂12|p̃12〉 > 0 and L(p̃′12) lies on the other side of C[p12]. This

implies µ > 0. Finally, we fix d so that the line φ = 0 corresponds to C[p1] (which

we recall is the geodesic orthogonal to both C[p12] and C[p13], see figure 6.9a).

This implies that:

d = −π/2 . (6.67)

If we choose C[p2] instead of C[p1] to be φ = 0, then we find d = +π/2, also

implying that for d = −π/2, C[p2] lies at φ = −π. The point ŵ on L(p̃12) where

this critical hypercycle pinches can then be shown to be given by:

±φ =
π

2γ
ln

[eγ cosh(α) + cosh(β)

cosh(α) + eγ cosh(β)

]
− π

2
(6.68)

plus or minus any multiple of 2π.

Using (6.37) and (6.60) we may find the identity:

〈w|p̂12〉2 + 1 − U2 =
1

sinh2(γ)
(〈w|p̂2〉 + eγ〈w|p̂1〉)(〈w|p̂2〉 + e−γ〈w|p̂1〉) , (6.69)

which can be used to find that the inverse transformation is given by:

U = tanh(τ)

〈w|p̂12〉 = − µr + ν

cosh(τ)

〈w|p̂1〉 = sinh(
√
M(φ− d) − γ/2)

√
(µr + ν)2 + 1

cosh(τ)

〈w|p̂2〉 = − sinh(
√
M(φ− d) + γ/2)

√
(µr + ν)2 + 1

cosh(τ)
.

(6.70)

We will use this inverse transformation to define the transition functions below.

To find the metric in the new coordinates let us conjugate with an element of

SO(2, 1) to set p̂12 = (0, 1, 0). Furthermore, the vectors p̂1 + eγ p̂2 and p̂1 + e−γ p̂2

are both null, orthogonal to p̂12 and have an inner product equal to −2 sinh2(γ).

We can therefore pick them to be (1, 0,−1) and sinh2(γ)(1, 0, 1), respectively. We

then find that (6.62) simplifies and in the Poincaré coordinates introduced in (5.11)

it becomes:

tanh(τ) =
t

y
, µr + ν =

x√
y2 − t2

, e2
√
M(φ−d′) = −t2 + x2 + y2 , (6.71)

for some d′ whose value we will not need here. Using the Poincaré metric (5.12)

we find that the metric takes the form:

ds2 =
1

cosh2(t)

(
− dt2 +

µ2dr2

(µr + ν)2 + 1
+M(1 + (µr + ν)2)dφ2

)
. (6.72)
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C[p1]

C[p′1]

φ=0

φ0

L(p̃12)

L(p̃′12)

ψ=0

Figure 6.10: Definition of the twisted coordinate ψ. The line φ = 0 coincides with C[p1]

on one side but C[p′1] on the other side lies at φ = φ0. We therefore define ψ such that

at the two ends of the charts ψ = 0 coincides with C[p1] and C[p′1]. As indicated these

boundaries of the charts are defined by the critical hypercycles L(p̃12) and L(p̃′12).

In this coordinate system we therefore not only have natural coordinate ranges

but the metric also features several parameters M,µ, ν which inform us about

the geometry at least in this local patch. We can however introduce one more

parameter which is related to the Fenchel-Nielsen twist described above.

Twisted inner charts

Our choice for d, using either C[p1] or C[p2], singles out one particular half of

the domain since we might just as well have set φ = 0 at C[p′1] or at C[p′2] (see

for example figure 6.9a where only C[p′1] is sketched.) Furthermore, from the

metric (6.72) we cannot read off the twisting parameter defined in section 6.2 that

determines how the pants are glued together. These issues can be avoided by

defining a ‘twisted’ coordinate ψ as we will now proceed to show. The procedure

is sketched in figure 6.10.

First, suppose that we have an inner chart with µ, ν,
√
M,d defined as before. In

particular, suppose that at the end where r = 1 we have the geodesic C[p1] at

φ = 0 and the geodesic C[p2] at φ = π. On the other side, there is also a pants

with a certain C[p′1] at, say, φ = φ0. Then the geodesic C[p′2] lies at φ = φ0 + π.

We now introduce the twisted coordinate ψ as:

e
√
Mψ−dt = e

√
Mφ sin(χ)(µr + ν) +

√
(µr + ν)2 + cos2(χ)√

(µr + ν)2 + 1
(6.73)
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with µ, ν,
√
M (and d) as before, but with the new parameters dt and χ defined

via:

e−dt =
sin(χ)(µ+ ν) +

√
(µ+ ν)2 + cos2(χ)√

(µ+ ν)2 + 1

= ecφ0
− sin(χ)(µ− ν) +

√
(µ− ν)2 + cos2(χ)√

(µ− ν)2 + 1
,

(6.74)

from which it follows that the lines ψ = 0 and ψ = π intersect the boundaries at

r = 1 and r = −1 exactly at the four geodesics C[p1], C[p2], C[p′1], C[p′2]. (We do

not need to explicitly solve for χ as a function of φ0, instead we simply take χ as

the input parameter.)

Notice that ψ has again periodicity 2π. We already presented the metric in the

twisted coordinate system in (6.5) and recall here that it takes the form:

ds2 =
1

cosh2(t)

(
− dt2 +

µ2dr2

(µr + ν)2 + cos2(χ)
+M

(
1 + (µr + ν)2

)
dψ2

− 2µ
√
M sin(χ)√

(µr + ν)2 + cos2(χ)
dψdr

)
.

(6.75)

We see that it features explicitly the twist parameter χ as well.

Notice that the parameters in the metric (6.75) contain all the information about

the geometry that is covered by the chart. For example, one may easily find that

the periodic geodesic around which we defined the chart lies at the point r = −ν/µ
and has length 2π

√
M . The angle χ reflects the Fenchel-Nielsen twist between the

pairs of pants and the parameters µ and ν are related to the shapes of these pairs

of pants: for example, the distance between the periodic geodesic and the pinched

hypercycle at r = 1 is

| ln
(µ+ ν +

√
(µ+ ν)2 + 1

ν +
√
ν2 + 1

)
| , (6.76)

and the distance to the hypercycle at r = −1 has the same form with the replace-

ment µ→ −µ.
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Outer charts

Let us now consider the outer domains. We define appropriate coordinates (τ̃ , ρ, ϕ)

as:

tanh(
√
Mτ̃ ) =

U√
〈w|p̂12〉2 + 1

ρ =
√
M〈w|p̂12〉

exp
(
2
√
M(ϕ− f)

)
=
eγ〈w|p̂1〉 + 〈w|p̂2〉
〈w|p̂1〉 + eγ〈w|p̂2〉

(6.77)

with parameters f,
√
M . We see that we are now not restricted to |U | < 1. The

inverse transformation is:

〈w|p̂1〉 = − sinh(
√
M(ϕ− f) + γ/2)

√
M−1ρ2 + 1

cosh(
√
Mτ̃ )

〈w|p̂2〉 = + sinh(
√
M(ϕ− f) − γ/2)

√
M−1ρ2 + 1

cosh(
√
Mτ̃ )

〈w|p̂12〉 =
ρ√
M

U = tanh(
√
Mτ̃)

√
M−1ρ2 + 1

(6.78)

Lines of constant τ̃ and r are again flow lines of the isometry η[1]◦η[2]. Furthermore,

the periodicity φ ∼ φ+ 2π can again be attained by choosing:

√
M =

2γ

2π
=
l12
2π

. (6.79)

We also choose

f = π/2 (6.80)

just like d for an inner chart: it implies that ϕ = 0 lies at C[p1]. Note that this

chart is defined on a single (extended) pair of pants and there is therefore no need

to introduce a twisted parameter.

This chart also is bounded by some critical hypercycle L(p̃12), so 〈w|p̃12〉 >

−
√

1 − U2, implying now the coordinate range:

cosh(
√
Mτ̃ )ρ√

ρ2 +M
>

−1√
1 + 〈p̃12|p̃12〉

(6.81)

After a suitable conjugation we find the new coordinates as a function of the

Poincaré coordinates as:

tanh(
√
Mτ̃ ) =

t√
y2 + x2

, ρ =
√
M

x

y
, e2

√
M(ϕ−h) = −t2 + x2 + y2 , (6.82)
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from which we obtain that the metric in these coordinates becomes (6.1), which

was:

ds2 =
ρ2 +M

cosh2(
√
Mτ̃ )

(−dτ̃2 + dϕ2) +
dρ2

ρ2 +M
. (6.83)

Notice that these coordinate systems extend beyond the future and past horizons,

which lie at the surfaces x = |t| or

ρ =
√
M | sinh(

√
Mτ̃ )| . (6.84)

The metric in the region outside of these horizons can be put back in BTZ form

(5.15) by the coordinate transformation:

r2 =
ρ2 +M

cosh2(
√
Mτ̃ )

, tanh(
√
Mt) =

√
1 +M/ρ2 tanh(

√
Mτ̃) , φ = ϕ.

(6.85)

Notice that the parameter M in (6.83) agrees with the BTZ mass M .

6.6.2 Parameters

The above charts can be combined to cover the wormhole spacetime completely.

More specifically, for a wormhole of genus g and with m boundaries, we can cover

the entire spacetime with 3g − 3 +m inner charts plus m outer charts. For every

inner chart we have four parameters, M,µ, ν, χ, and for every outer chart we have

a single parameter M . As we showed above, the angles χ and the parameters M

are directly related to the Fenchel-Nielsen twists and length parameters associated

to the periodic geodesics and should therefore completely determine the surface.

Indeed we saw in (6.65) and in (6.66) how the remaining parameters µ and ν

parameters can be expressed in terms of the Fenchel-Nielsen parameters of S.

In the new parametrization using the M and χ coordinates the precise relation

takes the following form. Consider a single amputated pair of pants in the Fenchel-

Nielsen decomposition of S. It is covered completely by using three different charts.

Suppose now that chart number 3 is an inner chart (with parameters µ3, ν3,M3, χ3)

and that it is the half with r > 0 that lies on the pair of pants under consideration.

Denote the M parameters in the other two charts as Mi with i ∈ {1, 2}. One then

finds from (6.65) and (6.50) the relation:

µ3 + ν3 =

√
C2

1 + C2
2 + 2C1C2C3

sinh(π
√
M3)

, (6.86)

with Ci = cosh(π
√
M i). A similar relation can be found at the other side of chart

number 3, which has r < 0 and lies on another pair of pants. Namely, using the
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parameters M ′
1 and M ′

2 of the two other charts on that pair of pants we find:

−µ3 + ν3 =

√
C′2

1 + C′2
2 + 2C′

1C
′
2C3

sinh(π
√
M3)

, (6.87)

with C′
i = cosh(π

√
M ′
i). Using these formulas, we can determine all the µ, ν

parameters in the inner charts if we are only given the M parameters in every

chart. This reduces the number of independent parameters to two per inner chart

and still one per outer chart, just as for the Fenchel-Nielsen description of the

surface.

Finally, we notice that the coordinate range (6.81) may in a similar notation be

written as follows:

cosh(
√
M3τ̃)ρ√

ρ2 +M3

> −
√

C2
1 + C2

2 + 2C1C2C3

C2
1 + C2

2 + C2
3 + 2C1C2C3 − 1

, (6.88)

where again the subscript indicates the chart under consideration and the coordi-

nate range is then valid for chart number 3.

6.6.3 Fatgraph description

To completely specify the spacetime we need to specify both the parameters and

the way the charts are glued together. This combinatorial data can be nicely

summarized in an oriented trivalent fatgraph as shown in figure 6.1. (In the usual

Fenchel-Nielsen description of the surface this combinatorial data is implicitly

specified, for example by using a reference surface. The description given below,

on the other hand, explicitly fixes the required combinatorial data and it is then

no longer necessary to use a reference surface.)

The data in the fatgraph is translated to the coordinate systems as follows. Every

edge represents a periodic geodesic and therefore a chart. Every vertex represents

a pair of pants. The orientation of the edges indicates the direction of increasing

r (and by convention always points outward for outer charts), and the ‘fattening’

is necessary to indicate how three charts come together on a pair of pants. If

we add to this fatgraph two parameters M,χ for every interior edge of the graph

and a single parameter M for every outer edge, then the wormhole spacetime is

completely specified.

At this point we should note that there are two discrete ambiguities in the above

definitions of the coordinates ψ and ϕ on the inner and outer charts that we have

not yet dealt with. Although these ambiguities do not affect the metric or the

coordinate ranges given above, they will affect the transition functions below and

therefore they should be fixed.
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0

00

0

0

0

π

π

π

π

π

π

ψ

r

r = +1

r = −1

Figure 6.11: Fixing the ambiguities in

the definition of ψ and ϕ.

The first ambiguity involves the direc-

tion of increasing ψ and ϕ. With the fat-

graph description this can be easily fixed

by fixing the handedness of the (r, ψ) or

(r, ϕ) coordinate system to be the same

in every chart.

The second ambiguity is the fact that

we have defined ψ or ϕ only up to an

overall shift by π. To see this, recall

that we decided that the point ψ = 0 or

ϕ = 0 would correspond to the point on

the boundary circle L(p̃12) where it in-

tersects C[p1] (as sketched in figure 6.10)

and by the reflection isometry the point

where it intersects C[p2] would then be

at ψ = π or ϕ = π. However the distinction between C[p1] and C[p2] is arbitrary

at this point and this leads to an ambiguity as to which point should correspond

to ψ = 0 and which one to ψ = π. This ambiguity can be fixed from the fatgraph.

We first demand that at an overlap between two charts the point where ψ = 0

on one chart corresponds to ψ = π on the other chart (and similarly for ϕ), as

indicated in figure 6.11. Furthermore, for an inner chart we should alternately

associate ψ = 0 and ψ = π to the four corners of the corresponding edge in the

fatgraph, which is indicated in figure 6.11 as well. This fixes the ambiguity up to

an overall shift of ψ or ϕ with π in all charts at the same time, which is however

irrelevant for the description of the manifold.

6.6.4 Transition functions

With all the ambiguities fixed, we may proceed to define transition functions on

the overlap between two different charts. We will see below how these follow from

a composition of the coordinate transformations (6.62) and (6.70).

An important subtlety is that we find different transition functions depending on

the gluings and the orientations of the charts. For example, if we consider the

vertex in figure 6.1 where we may go from chart 2 to chart 3 or chart 4, we find

different transition functions because we turn ‘right’ at the vertex if we go to chart

3, whereas we turn ‘left’ if we go to chart 4. As another example, the transition

functions between chart 2 and chart 3 (on both vertices) are different from those

between chart 5 and chart 6 because (again on both vertices) the orientation of

chart 3 and chart 6 are not the same. When we define the transition functions
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below we will have to take into account these different possibilities.

In the transition functions we will not use the ‘twisted’ coordinate ψ defined in

(6.73). Instead, we will use the coordinate φ which agrees with ψ at the bounding

circle of the chart where we define the transition function. Of course, it is not

hard to compose the transition functions with (6.73) and its inverse, or a similar

function when the transition takes place at r = −1.

Transitions between two inner charts

The complete set of possibilities for the transitions between two inner charts is

depicted in figure 6.12. As one may expect, the transition functions are almost

the same for either one of these possibilities and it is convenient to give them in a

general form with certain parameters ǫ, ǫ′, d and d′ whose value depends on these

possibilities and is given in the table in figure 6.12. Using these parameters, one

finds the transition functions as follows.

Inner - inner

Let us consider the overlap of two inner charts on a single pair of pants. We will

take them to be defined around the periodic geodesics C[p12] and C[p13], with

primed coordinates corresponding to the latter geodesic. One may then compose

the analogue of (6.62):

tanh(t′) = U

µ′r′ + ν′ = −ǫ′ 〈w|p̂13〉√
1 − U2

e2ǫ
′
√
M ′(φ′−d′)−β =

eβ〈w|p̂1〉 + 〈w|p̂3〉
〈w|p̂1〉 + eβ〈w|p̂3〉

(6.89)

with the inverse transformation (6.70):

U = tanh(t)

〈w|p̂12〉 = −ǫ µr + ν

cosh(t)

〈w|p̂1〉 = sinh(ǫ
√
M(φ− d))

√
(µr + ν)2 + 1

cosh(t)

〈w|p̂2〉 = − sinh(ǫ
√
M(φ− d) + γ)

√
(µr + ν)2 + 1

cosh(t)

(6.90)
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via the identities:

〈w|p3〉 = − cosh(β)〈w|p1〉 + sinh(β)
(
− sinh(A)〈w|p12〉

+
cosh(A)

sinh(γ)
[cosh(γ)〈w|p1〉 + 〈w|p2〉]

)

〈w|p13〉 =
sinh(A)

sinh(γ)
[cosh(γ)〈w|p1〉 + 〈w|p2〉] − 〈w|p12〉 cosh(A)

(6.91)

to eventually find the transition functions:

t′ = t (6.92)

−ǫ′(µ′r′ + ν′) = cosh(A)ǫ(µr + ν) − sinh(A)
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ − d))

e2ǫ
′
√
M ′(φ′−d′) =

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) − g)

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) + g)

,

where we defined:

cosh(A) =
cosh(π

√
M) cosh(π

√
M ′) + cosh(π

√
M ′′)

sinh(π
√
M) sinh(π

√
M ′)

(6.93)

and

sinh(A) sinh(g) = 1. (6.94)

Here M and M ′ denote mass parameters in the metric on the unprimed and the

primed chart between which we define the transition functions, and M ′′ denotes

the mass parameter from the metric of the third chart that joins this vertex. We

therefore have to inspect the metric of all three charts at the vertex in order to

obtain the transition functions between only two of these charts. The identities

(6.91) can be found by expanding w in the basis {p̂1, p̂2, p̂12} as well as in the basis

{p̂1, p̂3, p̂13} and using the hyperbolic identities presented in section 6.4.1.

Notice that the transition functions are not automatically periodic in φ or φ′;

they are in fact only valid for φ, φ′ ∈ [0, 2π). Of course, this is by no means a

restriction as this is sufficient to cover the entire chart. The other boundaries of

the domain of validity of the transition functions are obtained from the coordinate

ranges −1 < r < 1 and −1 < r′ < 1. For example, substituting r′ = 1 in the

second equation of (6.92) one finds an equality involving r and φ which defines

the boundary of the domain of definition of the transition functions.

Transitions involving outer charts

If the transitions involve outer charts we need the (τ̃ , ρ, ϕ) coordinate system.

Since we always pick the ρ coordinate to increase towards the boundary there

is no ambiguity on the orientation of this coordinate. We are however still left
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1

2

3 4 5 ǫ ǫ′ d d′

1 → 2 −1 +1 0 π

1 → 3 −1 +1 π 0

2 → 1 +1 −1 π 0

2 → 3 +1 +1 0 π

3 → 1 +1 −1 0 π

3 → 2 +1 +1 π 0

4 → 5 −1 −1 π 0

5 → 4 −1 −1 0 π

Figure 6.12: Possible transitions between inner charts. The transition functions are

by definition always taken from unprimed to primed coordinate systems: for example, in

the first line the unprimed coordinates in (6.92) are the coordinates in chart 1 and the

primed coordinates are those of chart 2.

with the left/right ambiguity and correspondingly need the discrete parameter f

associated to every outer chart. For the transition functions between two outer

charts we then find in a similar fashion as before,

ρ′ = −
√
M ′

M

(
cosh(A)ρ+ sinh(A) cosh(

√
M(ϕ− f))

√
ρ2 +M

cosh(
√
Mτ̃)

)

√
M tanh(

√
M ′τ̃ ′)

√
ρ′2 +M ′ =

√
M ′ tanh(

√
Mτ̃ )

√
ρ2 +M

e2
√
M ′(ϕ′−f ′) =

ρ cosh(
√
Mτ̃ ) +

√
ρ2 +M cosh(

√
M(ϕ− f) − g)

ρ cosh(
√
Mτ̃ ) +

√
ρ2 +M cosh(

√
M(ϕ− f) + g)

,

(6.95)

with the possible values of f and f ′ given in figure 6.13 and the same values of A

and g as before. The transition function on the second line is slightly implicit but

it is straightforward to plug in the solution for ρ′ of the first line and then solve

for τ̃ ′.

Similarly, between an inner and an outer chart we find,

ρ′ =

√
M ′

cosh(t)

(
cosh(A)ǫ(µr + ν) − sinh(A)

√
(µr + ν)2 + 1 cosh(ǫ

√
M(φ − d))

)

tanh(
√
M ′τ̃ ′)

√
ρ′2 +M ′ =

√
M ′ tanh(t)

e2
√
M ′(ϕ′−f ′) =

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) + g)

ǫ(µr + ν) −
√

(µr + ν)2 + 1 cosh(ǫ
√
M(φ− d) − g)

(6.96)
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1

2

3 4 5

6

f f ′

1 → 2 0 π

2 → 1 π 0

ǫ d f ′

3 → 1 +1 0 π

3 → 2 +1 π 0

5 → 4 −1 0 π

5 → 6 −1 π 0

ǫ′ f d′

1 → 3 +1 π 0

2 → 3 +1 0 π

4 → 5 −1 π 0

6 → 5 −1 0 π

Figure 6.13: Possible transitions involving outer charts. In this picture the charts 1,2,4

and 6 are outer charts and the charts 3 and 5 are inner charts. Conventions are as in

figure 6.12.

and conversely,

√
M tanh(t′) = tanh(

√
Mτ̃)

√
ρ2 +M (6.97)

ǫ′(µ′r′ + ν′)

cosh(t′)
=

√
1

M

(
cosh(A)ρ+ sinh(A) cosh(

√
M(ϕ− f))

√
ρ2 +M

cosh(
√
Mτ̃ )

)

e2ǫ
′
√
M ′(φ′−d′) =

ρ cosh(
√
Mτ̃) +

√
ρ2 +M cosh(

√
M(ϕ− f) + g)

ρ cosh(
√
Mτ̃) +

√
ρ2 +M cosh(

√
M(ϕ− f) − g)

Again, these transition functions are not obviously periodic in φ and ϕ are are only

valid in the interval [0, 2π) and the other boundaries are again found by inserting

the coordinate ranges −1 < r < 1 and (6.81) in the transition functions. One may

again compose the transition functions with (6.73) and its inverse to obtain the

transition functions for the twisted coordinate ψ on the inner charts.
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Chapter 7

Topologically massive

gravity

In this chapter we set up the holographic dictionary for a modified three-dimensional

theory of gravity which is called topologically massive gravity. We will investigate

the asymptotic structure of the solutions to the equation of motion and show

the presence of leading and subleading logarithmic terms in the radial expansion.

Just as in the examples presented in chapter 1 these inhomogeneous terms repre-

sent important structural properties of the boundary theory. We compute various

two-point functions and demonstrate that these agree with expectations from a

so-called logarithmic CFT.

7.1 Introduction

Although three-dimensional Einstein gravity is locally trivial, this is generally no

longer the case once higher-derivative terms are added to the action. The addition

of such terms provides the theory with propagating degrees of freedom, i.e. three-

dimensional gravitons. The quantization of such theories therefore appears to give

a richer structure than the Einstein theory, yielding potentially interesting toy

models for higher-dimensional theories of quantum gravity.

Unfortunately, the addition of generic higher-derivative terms to the Einstein-

Hilbert action often gives ghost-like excitations which render the theory unstable.

Recently a renewed interest has been taken in the so-called topologically massive

(cosmological) gravity [109, 110], or TMG for short. This theory consists of the

209



7. Topologically massive gravity

Einstein-Hilbert action with a negative cosmological constant plus a gravitational

Chern-Simons term

Scs =
1

32πGNµ

∫
d3x

√
−Gǫλµν

(
Γρλσ∂µΓ

σ
ρν +

2

3
ΓρλσΓ

σ
µτΓ

τ
νρ

)
. (7.1)

Although adding a Chern-Simons term likely leads to instabilities for general values

of the dimensionless parameter µ, it was argued in [111] that the theory becomes

stable and chiral when µ = 1. At that point, which we will call the “chiral point”,

all the left-moving excitations of the theory would become pure gauge and one

would effectively have a right-moving theory.

Other authors however found non-chiral modes at the chiral point, [112, 113,

114, 115, 116, 117, 118, 119] (see however also [120]). In particular in [113] a

left-moving excitation of the linearized equations of motion was explicitly written

down1. From the transformation properties of the new mode of [113] under the

(L0, L̄0) operators one found a structure typical of a logarithmic conformal field

theory (LCFT) and consequently it was claimed that the theory with µ = 1 was

dual to such a theory. Since LCFTs are not chiral (and not unitary either), this

provided a further argument against the conjecture.

However, near the conformal boundary the new mode does not obey the same

falloff conditions as the other modes. This has led to claims that one can ignore

the new mode by imposing strict ‘Brown-Henneaux’ [33] boundary conditions: the

new mode does not satisfy these so it then has to be discarded and the resulting

theory could again be chiral [123]. In [118] a non-chiral mode of the linearized

equations of motion, related to that of Grumiller and Johansson but satisfying the

Brown-Henneaux boundary conditions, was found. However, [124] argued that this

mode is not a linearization of a non-linear solution. This linearization instability

was further discussed in [125]. On the other hand, in [126, 127] it was claimed

that the Brown-Henneaux boundary conditions could be relaxed to incorporate

the non-chiral mode without destroying the consistency of the theory. At first

sight one seems to be free to choose either set of boundary conditions, supposedly

leading to a different theory for each possibility [124].

The topologically massive theory admits solutions that are asymptotically AdS

so one can use the AdS/CFT correspondence to analyze the theory. This is the

viewpoint pursued in this chapter. One of the cornerstones of the AdS/CFT

correspondence is that the boundary fields parameterizing the boundary conditions

of the bulk fields are identified with the sources for the dual operators. It follows

that the leading boundary behavior must be specified by unconstrained fields,

whereas the subleading radial behavior of the fields is determined dynamically by

1Solutions of the non-linear equations of motion exhibiting similar asymptotic form were

presented earlier in [121, 122].
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the equations of motion and should not be fixed by hand. Putting it differently,

the subleading radial behavior is obtained by finding the most general asymptotic

solution to the field equations given boundary data. For theories that admit

asymptotically locally AdS solutions the most general asymptotic solution, which

is sometimes called the ‘Fefferman-Graham expansion’, can always be found by

solving algebraic equations. We saw this explicitly in the two examples discussed

in section 1.5 and section 1.6 and refer to [31] for a general review. We would like to

emphasize that the Fefferman-Graham expansion does not have a predetermined

form, as is sometimes stated in the literature, but rather the form of the expansion

is dynamically determined.

For theories that admit asymptotically (locally) AdS solutions conserved charges

can always be defined as what would be the corresponding charges in a dual field

theory. Such charges are guaranteed to be finite via the formalism of holographic

renormalization which we reviewed in chapter 1. In particular, Ref. [30] provides

a first principles proof that these holographic charges are the correct gravitational

conserved charges for Asymptotically locally AdS spacetimes. One should contrast

the logic here with what is usually done in other papers. The discussion there

starts by selecting fall off conditions for all fields, for example the so-called Brown-

Henneaux boundary conditions of [33], such that interesting known solutions (such

as black holes etc.) are within the allowed class and then it is checked whether

these boundary conditions lead to finite conserved charges. On the other hand,

here we start by deriving the most general Asymptotically locally AdS boundary

conditions. Finite conserved charges (which satisfy all expected properties) are

then guaranteed by the general results of [30]. Note that the finite conserved

charges are related to the 1-point function of the dual energy momentum tensor

via the AdS/CFT dictionary. The next simplest quantities to compute are the

2-point functions of the dual operators. These are obtained from solutions of the

linearized equations of motion with Dirichlet boundary conditions.

In this chapter we develop the AdS/CFT dictionary for topologically massive

gravity. We obtain the most general asymptotic solutions that are Asymptotically

locally AdS and compute the holographic one- and two-point functions of the

theory at and away from the chiral point. One new feature in this case is that the

field equations are third order in derivatives. Ordinarily higher derivative terms

are treated as perturbative corrections to two derivative actions and as such they

do not change the usual AdS/CFT set-up. In the case of TMG, however, we

need to treat the Einstein and Chern-Simons terms on equal footing. The fact

that the field equation is third order implies that there is an additional piece of

boundary data to be specified. This means that we can fix both a boundary metric

(or more precisely, a conformal class) and (part of) the extrinsic curvature. The

boundary metric acts as a source for the boundary stress energy tensor, while the
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field parametrizing the boundary condition for the extrinsic curvature is a source

for a new operator. It turns out that this operator is irrelevant when µ > 1 and it

becomes the logarithmic partner of the stress energy tensor as µ→ 1.

The asymptotic expansion at µ = 1 contains the subleading log piece found earlier

in [113]. The coefficient of this term corresponds to the 1-point function of the

logarithmic partner of the energy momentum tensor. As this operator is obtained

as a limit of an irrelevant operator, its source (as usual) should be treated per-

turbatively. This source, which is the above mentioned boundary condition for

the extrinsic curvature, appears as the coefficient of a leading order log term in

the solution to the linearized equations of motion (not to be confused with the

subleading log of [113] which relates to the 1-point function of this operator). The

results for the two-point functions at µ = 1 completely agree with LCFT expec-

tations and the results away from µ = 1 smoothly limit to the µ = 1 results. Bulk

instabilities when µ 6= 1 due to negative energy modes also neatly map to prop-

erties of the boundary theory, namely negative norm states and correspondingly

negativity of the expectation value of the energy momentum tensor in these states.

The remainder of this chapter is structured as follows. After discussing some

conventions and presenting the equations of motion, we point out in section 7.3

several aspects of the standard AdS/CFT dictionary which will be crucial in its

application to TMG. In section 7.4 we analyze the asymptotic structure of the bulk

solutions for µ = 1. We compute the on-shell action, discuss its divergences and

the holographic renormalization which enables us to concretely formulate the holo-

graphic dictionary. The holographic one point functions satisfy anomalous Ward

identities whose interpretation is discussed in section 7.5. Section 7.6 concerns

linearized analysis which is used to compute holographically one- and two-point

functions for µ = 1. We then repeat this analysis for general µ in section 7.7.

We end with a short summary and an outlook. Various appendices contain com-

putational details as well as a discussion of some relevant aspects of logarithmic

CFTs.

7.2 Setup and equations of motion

The bulk part of the action has the form:

S =
1

16πGN

∫
d3x

√
−G(R− 2Λ)

+
1

32πGNµ

∫
d3x

√
−Gǫλµν

(
Γρλσ∂µΓ

σ
ρν +

2

3
ΓρλσΓ

σ
µτΓ

τ
νρ

)
,

(7.2)
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where we use the covariant ǫ-symbol such that
√
−Gǫ012 = 1 with x2 the radial

direction denoted ρ below. We set Λ = −1 below. We use the following conventions

for the curvatures:

R σ
µνρ = ∂νΓ

σ
µρ + ΓλµρΓ

σ
νλ − (µ ↔ ν), Rµρ = R σ

µσρ . (7.3)

All Greek indices run over three dimensions, all Latin indices over two dimensions.

In three dimensions the Weyl tensor vanishes identically, which means that:

Rµνρσ = GµρRσν −GνρRσµ − 1

2
RGµρGσν − (ρ↔ σ). (7.4)

The equation of motion derived from (7.2) becomes:

Rµν −
1

2
GµνR−Gµν +

1

µ
Cµν = 0, (7.5)

with Cµν the Cotton tensor:

Cµν = ǫ αβ
µ ∇α(Rβν −

1

4
RGβν). (7.6)

Using (7.4) we find that the Bianchi identity becomes:

Cµν − Cνµ = 0 . (7.7)

The last term in the r.h.s. of (7.6) is totally antisymmetric in µ and ν and therefore

merely subtracts the antisymmetric piece from the first term in the r.h.s. of (7.6).

We alternatively have:

Cµν =
1

2

(
ǫ ρσ
µ ∇ρRσν + ǫ ρσ

ν ∇ρRσµ

)
. (7.8)

It is not hard to verify that

Cµµ = 0, ∇µC
µν = 0 . (7.9)

Taking the trace of (7.5) we therefore find that:

R = −6, (7.10)

independent of µ. Substituting this back, we find:

Rµν + 2Gµν +
1

µ
ǫ ρσ
µ ∇ρRσν = 0, (7.11)

from which we also obtain that any solution to the Einstein equations has Rµν =

−2Gµν and is a solution to these equations as well.
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7.3 Aspects of the AdS/CFT dictionary

In this section we review several aspects of the AdS/CFT dictionary that will be

used below. In subsection 7.3.1 we discuss the asymptotic expansion of the bulk

fields. We then consider the possibility of switching on sources for irrelevant oper-

ators in subsection 7.3.2 and finally discuss in subsection 7.3.3 how the dictionary

should be modified in the presence of higher-derivative terms.

7.3.1 Asymptotic expansion of the bulk fields

In section 1.4 we discussed in detail the notion of AlAdS spacetimes and the corre-

sponding structure in the asymptotic expansion of the solutions to the equations

of motion. In particular, for a generic field the coefficients in a radial expansion

are determined locally to very high order, as we explicitly demonstrated in the

two examples of section 1.5 and section 1.6. The specific form of the subleading

terms, including the radial power where the first subleading terms appears, de-

pends however on the bulk theory under question and is not fixed a priori. For

example, for Einstein gravity in (d+1) dimensions we described in section 1.6 that

in the Fefferman-Graham coordinate system:

ds2 =
dz2

z2
+

1

z2
gijdx

idxj (7.12)

the corresponding expansion reads

gij = g(0)ij + z2g(2)ij + · · · + zd(g(d)ij + h(d)ij log(z)) + · · · (7.13)

The fact that the subleading term starts at order z2 is however specific to pure

Einstein gravity. For example, 3d Einstein gravity coupled to matter can have

the first subleading term appearing at order z, see [128] for an example. The

logarithmic term h(d) appears in Einstein gravity when d is an even integer greater

than 2. As we reviewed in section 1.6, this coefficient is given by the metric

variation of the conformal anomaly. This fact immediately explains why there is

no such coefficient in Einstein gravity when d = 2: in this case the conformal

anomaly is given by a topological invariant and therefore its variation w.r.t. the

metric vanishes. As soon as the bulk action contains additional fields the expansion

will be modified accordingly [27, 64, 128, 65]. For example, the asymptotic solution

for three dimensional Einstein gravity coupled to a free massless scalar field is of

the form (7.13) with a non-zero h(2) coefficient, see equation (5.25) of [27]2. Note

2Ref. [129], appendix E, contains an example of 3d gravity coupled to scalars with log2 terms

in the asymptotic expansion.

214



7.3. Aspects of the AdS/CFT dictionary

that the log term found in [113] is precisely of this form. From this perspective

the appearance of such a term in the asymptotic expansion of TMG is certainly

not surprising.

What is however universal in this discussion is the structure of these expansions.

The subleading coefficients are determined locally in terms of g(0) by solving

asymptotically the field equations. This procedure leads to algebraic equations

that can be readily solved. On the other hand, g(d) is not locally determined

by g(0) but rather by global constraints like regularity of the bulk metric in the

interior of M . This term is related to the 1-point function of Tij .

To repeat, according to the standard AdS/CFT dictionary the allowed subleading

terms in expansions like (7.13) (and similarly (1.72) in chapter 1) are determined

by the equations of motion rather than fixed by hand. As long as the metric has

the form (7.13) with a regular metric g(0), the AlAdS properties of (M,G) are

unchanged.

7.3.2 Sources for irrelevant operators

As we explained in section 1.4, the fact that an asymptotically AdS metric becomes

that of AdS near conformal infinity is dual to the statement that the boundary

theory becomes conformal at high energies. Asymptotically AdS metrics describe

relevant deformations of the CFT and/or vevs in the boundary theory.

On the other hand, one may also attempt to switch on sources for irrelevant

operators. Such deformations are for example necessary to compute correlation

functions of irrelevant operators, as these are obtained by functionally differenti-

ating the on-shell action with respect to these sources. Switching on these sources

spoils the conformal UV behavior of the field theory. Correspondingly, the bulk

solutions will no longer be AlAdS and the usual AdS/CFT dictionary would break

down. In particular, the usual counterterms no longer suffice to make the on-shell

action finite, completely analogous to the nonrenormalizability of the field theory

with such sources.

A consistent perturbative approach may however be set up by treating the sources

for irrelevant operators as infinitesimal [27]. In the bulk, this means that one

starts from an AlAdS solution and computes the bulk solution and the on-shell

action to any given order n in the sources. This approximation allows for the

computation of n-point functions of the irrelevant operator in any given state dual

to the background AlAdS solution. We will see a concrete example worked out

below.
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7.3.3 Higher-derivative terms

Higher-derivative terms in the bulk action are usually treated perturbatively and

in that case do not directly lead to a change in the setup described above. However,

for TMG we cannot afford to treat these terms as perturbations as we want to

study the complete theory around µ = 1. The solution to the bulk equations

of motion is then generally no longer fixed by the specification of Dirichlet data

alone and some extra boundary data is needed; for example the z-derivatives of the

metric gij at the boundary. Correspondingly, the on-shell action depends on these

boundary data as well. We shall see below that this is precisely what happens for

TMG.

Extending the usual AdS/CFT logic, we interpret the new boundary data as a

new source for another operator in the field theory. Functionally differentiating

the on-shell action with respect to this new boundary data then yields correlation

functions of this new operator. To make contact with earlier results, notice that

for TMG this operator creates the massive graviton states in the bulk and for

µ = 1 it creates the logarithmic solution found in [113]. One may say that these

spaces have only a single operator insertion in the infinite past.

It turns out that this new operator is irrelevant for µ > 1, as for µ ≥ 1 we find

that switching on the corresponding source spoils the AlAdS properties of the

spacetime. Following the discussion of the previous subsection, we therefore will

have to treat the source as infinitesimal and approach the problem perturbatively

to a given order in the source. This is precisely what we will do in section 7.6.2.

7.4 Asymptotic analysis for µ = 1

In this section we return to TMG and carry out an asymptotic analysis of the

equations of motion (7.5) in the Fefferman-Graham coordinate system. Note that

because of (7.10) all conformally compact solutions of this theory are asymptoti-

cally locally AdS. However, not all solution of TMG are conformally compact. For

example, the ‘warped’ solutions of [130] have a degenerate boundary metric, as is

demonstrated in appendix 7.E, and thus they are not conformally compact. In this

section we restrict to the AlAdS case. We compute the on-shell action, discuss the

variational principle in detail and demonstrate how one holographically computes

one-point functions in the CFT. As indicated in the previous section, we will find

irrelevant operators and therefore the complete holographic renormalization of the

on-shell action has to be done perturbatively. This is postponed until the next

section, where we will renormalize the action to second order in the perturbations.
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Although this and the next section focus on the case µ = 1, µ is sometimes

reinstated for later convenience.

7.4.1 Fefferman-Graham equations of motion

Following the discussion in section 1.4.3, we take the metric to be of the Fefferman-

Graham form:

ds2 =
dρ2

4ρ2
+

1

ρ
gij(x, ρ)dx

idxj (7.14)

where we defined ρ = z2. As should be clear from section 1.4.3, this form of the

metric is not an ansatz but it is a direct consequence of the AlAdS property of the

spacetime. In other words, the metric of any AlAdS spacetime can be brought to

this form near the conformal boundary. In this coordinate system the equations

of motion (7.5) take the following form. For the component equations we find:

− 1

2
tr(g−1g′′) +

1

4
tr(g−1g′g−1g′) +

1

4µ
ǫij

(
∇i∇kg′kj + 2ρ(g′′g−1g′)ji

)
= 0,

(1

2
tr(g−1g′′) − 1

4
[tr(g−1g′)]2

)
gij − g′′ij +

1

2
g′ijtr(g

−1g′)

+
1

µ
ǫ ki

{1

4
∇k∇mg′mj +

1

4
∇j∇mg′mk −

1

2
∇k∇j [tr(g

−1g′)] + 2ρg′′′jk+

g′′kj [3 − 3

2
ρtr(g−1g′)] + g′kj

(
− 3

2
tr(g−1g′) +

3

4
ρ[tr(g−1g′)]2

− 7

2
ρtr(g−1g′′) +

7

4
ρtr(g−1g′g−1g′)

)}
+ i↔ j = 0,

(gkj − µǫkj)∇kg
′
ij −∇i

(
tr(g−1g′) +

1

2
ρtr(g−1g′g−1g′) − ρ[tr(g−1g′)]2

)

+ 2ρ∇n
(
g′′in − tr(g−1g′)g′in

)
+ ρ(g−1g′)ki∇lg′kl = 0 , (7.15)

whereas the trace equation R = −6 becomes:

−4ρtr(g−1g′′) + 3ρtr(g−1g′g−1g′)− ρ[tr(g−1g′)]2 +R(g) + 2tr(g−1g′) = 0. (7.16)

A prime denotes a derivative with respect to ρ. The derivation of these equations

is given in appendix 7.A.

7.4.2 Asymptotic solution

Rather than the usual asymptotic behavior limρ→0 gij(ρ, x
k) = g(0)ij(x

k), the

equations of motion for µ = 1 also allow leading log asymptotics for gij . We

therefore substitute the expansion

gij = b(0)ij log(ρ) + g(0)ij + b(2)ijρ log(ρ) + g(2)ij + . . . (7.17)
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into the equations of motion. The subleading logarithmic term b(2)ij in this ex-

pansion is the mode considered in [113]. The leading logarithmic term b(0)ij , on

the other hand, changes the asymptotic structure of the spacetime and it is no

longer AlAdS. Following the discussion in section 7.3.2, we will treat b(0)ij to be

infinitesimal and work perturbatively in b(0)ij . As we will be interested in two-

point functions around a background with b(0)ij = 0, it suffices to retain only

terms linear in b(0)ij in the equations that follow.

Under these conditions we find:

g′ij =
b(0)ij

ρ
+ b(2)ij log(ρ) + b(2)ij + g(2)ij + . . . ,

g′′ij = −b(0)ij
ρ2

+
b(2)ij

ρ
+ . . . ,

g′′′ij =
2b(0)ij

ρ3
− b(2)ij

ρ2
+ . . . ,

gij = gij(0) − bij(0) log(ρ) − bij(2)ρ log(ρ) − ρgij(2) + O(b(0)) + . . . ,

(7.18)

where in the last line indices are raised with g(0) and the O(b(0)) terms are of the

form bi(2)kb
kj
(0)ρ log2(ρ)+gi(2)kb

kj
(0)ρ log(ρ), but will never be needed in what follows.

Substituting this expansion in the equations of motion (7.15) and (7.16), we find

the following. To leading order we find both from the (ρρ) equation as well as

from the R equation that:

tr(b(0)) = 0. (7.19)

Notice that traces are now implicitly taken using g(0), that is tr(b(0)) ≡ gij(0)b(0)ij .

Also, in this subsection the ǫ-symbol and covariant derivatives are defined using

g(0). From the (ij) equation we find that:

P ki b(0)kj = 0, (7.20)

where we define the projection operators:

P ki ≡ 1

2
(δki + ǫ ki ), P̄ ki ≡ 1

2
(δki − ǫ ki ), (7.21)

and we obtain no new constraint from the (ρi) equation at leading order.

At subleading order we encounter various log terms. From the R equation we find

at order log2(ρ) that

tr(b(2)g
−1
(0)b(0)) = 0 (7.22)

and at order log(ρ) we then find:

−2tr(b(0)g
−1
(0)g(2)) + 2tr(b(2)) + R̃[b(0)] = 0, (7.23)
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with R̃[b(0)] the linearized curvature:

R[g] = R[g(0)] + log(ρ)R̃[b(0)] + . . . , (7.24)

which can be more explicitly written as:

R̃[b(0)] = ∇i∇jb(0)ij , (7.25)

where we used the properties of b(0)ij found at leading order. At subleading order

in the (ρρ) equation we again obtain (7.22) and (7.23). At order one in the R

equation we obtain:

−2tr(b(2)) + 2tr(g(2)) +R[g(0)] = 0. (7.26)

For the (ij) equation the subleading terms at order log(ρ)/ρ give

(b(0)g
−1
(0)b(2))ij + (b(2)g

−1
(0)b(0))ij = 0, (7.27)

and at order 1/ρ we obtain:

P̄ ki b(2)kj =
1

2
(b(2)ij − ǫ ki b(2)kj) = O(b(0)ij), (7.28)

where the right-hand side is an expression linear in b(0)ij that we will not need

below.

For the (ρi) equation, we find at subleading order that:

P̄ ki
(
∇jg(2)jk +

1

2
∇kR[g(0)]

)
= ∇lb(2)li + O(b(0)). (7.29)

We may apply (7.28) to rewrite schematically b(2)ij → P ki b(2)kj + O(b(0)). Since

P ki and P̄ ki are projection operators onto orthogonal subspaces we can split this

equation into:

P̄ ki
(
∇jg(2)jk +

1

2
∇kR[g(0)]

)
= O(b(0)), ∇lb(2)li = O(b(0)). (7.30)

If b(0)ij = 0 then the first of these equations agrees with [131].

7.4.3 On-shell action

In this section we will write the on-shell action in Fefferman-Graham coordinates

and analyze the divergences obtained by substituting the expansion (7.17).

We begin by computing the on-shell value of the Chern-Simons part of the action,

Ics =
1

32πGNµ

∫
d3x

√
−Gǫλµν

(
Γρλσ∂µΓ

σ
ρν +

2

3
ΓρλσΓ

σ
µτΓ

τ
νρ

)
, (7.31)
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in Fefferman-Graham coordinates. Observing that the ǫ-symbol implies that only

one of the indices λ, µ or ν can be the radial direction, we can directly write out

the various terms. Using then (7.151) and (7.153) from appendix 7.A we find that

many terms cancel due to the antisymmetry of ǫij and we are left with:

1

32πGNµ

∫
d3x

√−gǫij
(
2ρ(g′g−1g′′)ij − Γaib∂ρΓ

b
aj

)
, (7.32)

where the connection coefficients and ǫ tensor are now those associated with gij .

Substituting (7.17), it is not hard to verify that this action is finite for ρ0 → 0 if

b(0)ij = 0, but there are log divergences if b(0)ij is nonzero.

For the Einstein-Hilbert action, the variational principle can be made well-defined

for Dirichlet boundary conditions at a finite radial distance by the addition of the

Gibbons-Hawking term [32]. In our conventions, this means that the Einstein part

of the action is given by:

Igr =
1

16πGN

∫
d3x

√
−G(R− 2Λ) +

1

8πGN

∫
d2x

√−γK , (7.33)

where γij = gij/ρ is the induced metric on the cutoff surface ρ = ρ0, which is

kept fixed in the variational problem. Furthermore, K is the trace of the extrinsic

curvature of this surface, which is defined using the outward pointing unit normal

nµdx
µ = −dρ/(2ρ).

This variational problem becomes ill-posed as ρ0 → 0, since the induced metric γ

diverges in this limit. What one should instead keep fixed is the conformal class of

γ (or g(0) after taking into account the issues related to the conformal anomaly)

[30]. This requires introducing additional boundary terms. These boundary terms

not only make the variational problem well-posed but also make the on-shell action

finite as ρ0 → 0. In particular, for the pure Einstein theory the counterterm action

is

Ict =
1

8πGN

∫
d2x

√−γ
(
− 1 +

1

4
R[γ] log(ρ0)

)
. (7.34)

which directly follows from (1.164) with d = 2. Substituting the Fefferman-

Graham form of the metric we find:

Igr = − 1

16πGN

∫
d3x

2

ρ2

√−g +
1

16πGN

∫
d2x

1

ρ

√−g(4 − 2ρtr(g−1g′)),

Ict =
1

8πGN

∫
d2x

√−g
(
− 1

ρ0
+

1

4
R[g] log(ρ0)

)
.

(7.35)

We may now substitute the radial expansion (7.17) for gij and find the same

behavior as for the Chern-Simons part: the action Igr +Ict is finite when b(0)ij = 0

but diverges otherwise.
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We now define the following combined action:

Ic = Igr + Ics + Ict, (7.36)

which we emphasize is finite only as long as b(0)ij vanishes and needs to be sup-

plemented with additional boundary counterterms otherwise. As we explained in

section 7.3, this will be done perturbatively up to the required order in b(0)ij . We

will do an explicit analysis to second order in section 7.6, but first we discuss the

variational principle and the computation of the one-point functions in general

terms.

Variational principle

In this subsection we compute the variation of the combined action Ic defined in

(7.36), which will be needed below in the holographic computation of boundary

correlation functions.

First of all, according to (1.137) the variation of the Einstein-Hilbert action plus

Gibbons-Hawking term has the form:

δIgr =

∫
d3x(eom) +

1

16πGN

∫
d2x

√−γ[γijK −Kij ]δγij , (7.37)

and in Fefferman-Graham coordinates we find that:

δIgr =

∫
d3x(eom) +

1

16πGN

∫
d2x

√−g
(1

ρ
gij + g′ij − gijtr(g−1g′)

)
δgij ,

δIct = − 1

16πGN

1

ρ

∫
d2x

√−ggijδgij . (7.38)

As for the Chern-Simons part, we find that

δIcs =
1

32πGNµ

∫
d3x

√
−GǫλµνCρλσR σ

νµρ +
1

32πGNµ

∫
d2x

√−γǫλµνnµΓρλσCσνρ,
(7.39)

with

Cλµν = δΓλµν =
1

2
Gλσ(∇µδGνσ + ∇νδGµσ −∇σδGµν) (7.40)

and nµ the outward pointing unit normal to the boundary and γij the induced

metric on the boundary. Integrating the bulk part once more by parts, we find:

δIcs = − 1

32πGNµ

∫
d3x

√
−Gǫλµν(∇σR

ρσ
νµ )δGλρ (7.41)

+
1

32πGNµ

∫
d2x

√−γǫλµν(nµΓρλσCσνρ + nσR
ρσ

νµ δGλρ)

The first term eventually becomes the Cotton tensor in the equation of motion,

using (7.4) and the Bianchi identity.
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Substituting now once more the Fefferman-Graham metric (7.14), we find nµdx
µ =

−dρ/(2ρ) and the surface terms can be rewritten to yield:

δIcs =

∫
d3x (eom) +

1

16πGNµ

∫
d2x

√−gǫij
(1

2
ΓlikδΓ

k
jl + (g′g−1δg)ij

− ρ(g′g−1δg′)ij + 2ρ(g′′g−1δg)ij − ρ(g′g−1g′g−1δg)ij

)
, (7.42)

with all covariant terms defined using gij . Notice that if b(0)ij = 0 then all terms

are finite in the limit where the radial cutoff ρ0 → 0, in agreement with the above

analysis for the on-shell action.

Combining then (7.38) and (7.42), the variation of the combined action Ic defined

in (7.36) is:

δIc =
1

16πGN

∫
d2x

√−g
{
g′ij − gijtr(g

−1g′)
}

(g−1(δg)g−1)ij (7.43)

+
1

16πGNµ

∫
d2x

√−g
{1

2
Aij − 2ρǫ ki [g′′kj −

1

2
(g′g−1g′)kj ] − ǫ ki g

′
kj

}
(g−1(δg)g−1)ij

+
1

16πGNµ

∫
d2x

√−gρǫ ki g′kj(g−1(δg′)g−1)ij .

where the term Aij is a local term and is defined via:

∫
d2x

√−gǫijΓlikδΓkjl =

∫
d2x

√−gAijδgij . (7.44)

Explicitly, we find:

Aij =
1

4

[
ǫklgmi gjn + ǫ li g

m
j g

k
n − ǫ lj g

mkgin + (i↔ j)
]
∇kΓ

n
lm

=
[
− 1

8
ǫ ki ǫ

l
j ǫ

mn∇l∂mgnk + (i↔ j)
]

+
1

4
ǫkl∇k∂lgij .

(7.45)

Notice that the last term in (7.43) involves δg′ij and therefore changes the varia-

tional principle for this action. Although one may explicitly check that it vanishes

if b(0)ij = 0 and for ρ0 → 0 [132], this is no longer the case for nonzero b(0)ij .

As expected for a three-derivative bulk action, the on-shell action is a functional

of both gij and g′ij at the boundary and we can take functional derivatives with

respect to both of them.

7.4.4 One-point functions

From the previous section it follows that there are two independent sources that

should be specified at the conformal boundary, which are asymptotically related to
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gij and g′ij . According to the asymptotic solution (7.17) obtained in section 7.4.2

we can indeed independently specify both b(0)ij and g(0)ij and one can take these

as the two boundary sources. These fields then source two operators which will

be denoted tij and Tij , respectively, with Tij the usual energy-momentum tensor

of the boundary theory. The standard AdS/CFT dictionary now dictates:

〈Tij〉 =
−4π√−g(0)

δI

δgij(0)
, 〈tij〉 =

( −4π√−g(0)
δI

δbij(0)

)
L
, (7.46)

where the subscript ‘L’ means a projection onto the chiral traceless component,

(tij)L ≡ P ki (tkj −
1

2
gkjtr(t)), (7.47)

whose origin is explained in the next paragraph. The signs and factors in (7.46)

are explained in appendix 7.B. Notice that the on-shell action I on the right-hand

sides of (7.46) coincides with Ic defined in (7.36) only to zeroth order in b(0)ij , and

as explained above additional boundary counterterms will be needed to render it

finite to higher orders in b(0)ij .

The projection onto the ‘L’ component originates as follows. Since P ki b(0)kj =

tr(b(0)) = 0, b(0)ij has only a single nonvanishing component. We can therefore

only take functional derivatives with respect to this component and we find that tij
only has one component as well. For example, when we use lightcone coordinates

and the boundary metric is flat, g(0)ijdx
idxj = dudv, then in our conventions

(see appendix 7.B) only b(0)uu is nonzero. Correspondingly, the only non-zero

component of tij is tvv and taking the ‘L’ piece projects onto this component.

To make contact with the regulated on-shell action which explicitly depends on

gij and g′ij , we observe that:

gij(0) = lim
ρ→0

(gij + ρ log(ρ)g′ij), b(0)ij = lim
ρ→0

ρg′ij , (7.48)

and therefore the one-point functions can be obtained concretely by computing:

〈tij〉 = lim
ρ→0

( −4π

ρ
√−g

δI

δg′ij
+ log(ρ)

4π√−g
δI

δgij

)
L
,

〈Tij〉 = lim
ρ→0

−4π√−g
δI

δgij
,

(7.49)

which are the main expressions that will be used in the following sections.

Explicit expressions for vanishing b(0)ij

If we set b(0)ij = 0 then the combined action Ic is finite on-shell. Although we

then cannot take functional derivatives with respect to b(0)ij , we can still compute
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correlation functions involving the energy-momentum tensor by using the first

equation in (7.46) with I = Ic. Explicitly, this means that we use (7.43) and

substitute the expansion (7.17) with b(0)ij = 0. This leads to the following one-

point functions:

〈Tij〉 ≡ lim
ρ→0

−4π√−g
δIc
δgij

(7.50)

=
1

4GN

(
g′ij − gijtr(g

−1g′) − 1

µ

(1

2
ǫ ki g

′
kj + ρǫ ki g

′′
kj + (i↔ j)

)
+

1

2µ
Aij [gij ]

)

=
1

4GN

(
g(2)ij +

1

2
R[g(0)]g(0)ij −

1

2µ

(
ǫ ki g(2)kj + (i↔ j)

)
− 2

µ
b(2)ij +

1

2µ
Aij [g(0)ij ]

)

where we defined ǫ ki using g(0) and also used the various properties of b(2)ij found

above, in particular the condition ǫ ki b(2)kj = b(2)ij which ensured the absence of

a logarithmic divergence. Notice that an extra sign arises because we functionally

differentiate with respect to the inverse metric, whereas (7.43) uses a variation in

the metric itself. The expression for the energy momentum tensor with b(0)ij =

b(2)ij = 0 was also derived previously in [132]. The authors of [113] computed Tij
for non-zero b(2)ij and flat g(0). The result in equation (48) of [113] however is

missing the b(2) term.

Using g(0) to raise indices and define covariant derivatives and using the above

properties of b(2)ij and g(2)ij , we find the following Ward identities:

〈T ii 〉 =
1

4GN

(1

2
R[g(0)] +

1

2µ
Aii[g(0)]

)
,

∇j〈Tij〉 =
1

4µGN

(1

4
ǫij∇jR[g(0)] +

1

2
∇jAij [g(0)]

)
.

(7.51)

These results agree with analogous computations in [131] and for µ → ∞ we

also recover the results for Einstein gravity of section 1.6. We will discuss their

interpretation in the next section.

Example: conserved charges for the BTZ black hole

The holographic energy momentum can be used to compute the conserved charges,

namely the mass and the angular momentum, for the rotating BTZ black hole.

The metric can be written in Fefferman-Graham coordinates as:

ds2 =
dρ2

4ρ2
−

[1

ρ
− 1

2
(r2+ + r2−) +

1

4
(r2+ − r2−)2ρ

]
dt2

+
[1

ρ
+

1

2
(r2+ + r2−) +

1

4
(r2+ − r2−)2ρ

]
dφ2 + 2r+r−dtdφ,

(7.52)
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from which we find the following one-point function (using ǫtφ = −1):

〈Ttt〉 = 〈Tφφ〉 =
1

8GN
(r2+ + r2− +

2

µ
r+r−),

〈Ttφ〉 =
1

8GN
(2r+r− +

1

µ
r2+ + r2−).

(7.53)

Notice that our normalization of the energy-momentum tensor differs by a factor

of 2π from that used in much of the AdS/CFT literature. We obtain the conserved

charges:

M = −
∫
dφT tt =

π

4GN
[r2+ + r2− +

2

µ
r+r−],

J = −
∫
dφT tφ =

π

4GN
[2r+r− +

1

µ
(r2+ + r2−)].

(7.54)

Up to the change in the overall normalization, these expressions agree with [133,

132] and in the Einstein case µ → ∞ they reduce to the usual expressions. In

lightcone coordinates u = t+ φ, v = −t+ φ we find that

〈Tuu〉 =
1

GN

(
(1 +

1

µ
)(r2+ + r2−) + 2(

1

µ
+ 1)r+r−

)
,

〈Tvv〉 =
1

GN

(
(1 − 1

µ
)(r2+ + r2−) + 2(

1

µ
− 1)r+r−

)
.

(7.55)

so when µ = 1 only Tuu is nonzero.

7.5 Anomalies

In this section we will discuss and interpret the anomalous Ward identities (7.51).

We will first consider the diffeomorphism anomaly and show that it agrees exactly

with the expression expected from Wess-Zumino consistency conditions. We then

discuss the Weyl anomaly and again find agreement with field theory expectations.

7.5.1 Diffeomorphism anomaly

The diffeomorphism Ward identity from (7.51) for µ = 1 reads

∇j〈Tij〉 =
1

4GN

(1

4
ǫ ki ∇kR[g(0)] +

1

2
∇jAij [g(0)]

)
. (7.56)

The right-hand side is the diffeomorphism anomaly of the theory. A more explicit

expression can be obtained following [134]. Consider a vector field ζi. Then,

225



7. Topologically massive gravity

under a diffeomorphism along ζi the metric change δgij = ∇iζj + ∇jζi results in

the following change in the connection coefficients:

δΓkij = ζm∂mΓkij + (∂iζ
m)Γkmj + (∂jζ

m)Γkim − Γmij∂mζ
k + ∂i∂jζ

k. (7.57)

We may substitute this in (7.44) and find that:

− 2

∫
d2x

√−gζj∇iA
ij

=

∫
d2x

√−gǫijΓlik
(
ζm∂mΓkjl + (∂jζ

m)Γkml + (∂lζ
m)Γkjm − Γmjl∂mζ

k + ∂j∂lζ
k
)

=

∫
d2x

√−g
(
− ζmΓimjRǫ

j
i − (∂jζ

i)Rǫ ji − (∂jζ
i)ǫkl∂kΓ

j
li

)

=

∫
d2x

√−gζi
(
ǫ ji ∇jR+ ǫkl∂j∂kΓ

j
li

)
(7.58)

where the first term on the third line comes from the grouping the first two terms

on the second line; to find it we used that ǫklΓjkiΓ
n
ljΓ

i
mn = 0 in two dimensions.

Substituting the explicit expression for ∇iAij obtained from (7.58) in (7.56) we

obtain:

∇j〈Tij〉 =
−1

16GN
ǫkl∂j∂kΓ

j
li. (7.59)

As explained in [134, 135], this is precisely the two-dimensional diffeomorphism

anomaly that satisfies the Wess-Zumino consistency conditions. In particular, in

this case the consistency condition requires that the anomaly under a diffeomor-

phism along ζ:

Hζ =

∫
d2x

√−gζi∇j〈Tij〉, (7.60)

satisfies

Eζ1Hζ2 − Eζ2Hζ1 = H[ζ2,ζ1], (7.61)

where Eζ denotes the action of a diffeomorphism with parameter ζ.

The consistent anomaly (7.59) is not covariant [134, 135] and therefore Tij itself is

not a covariant tensor either. One may try to remedy this by finding a symmetric

local ‘improvement term’ Yij such that the new object T̂ij defined as:

T̂ij = Tij + Yij (7.62)

does transform as a tensor. This implies that ∇iT̂ij is also covariant, resulting in a

covariant diffeomorphism anomaly [134]. The covariant anomaly does not however

satisfy the consistency conditions [135] and therefore T̂ij is not the variation of an

effective action.
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To better understand the form (7.56) of the diffeomorphism anomaly, we will now

review the results summarized in [134].3 As we will see shortly, one may obtain the

covariant and the consistent anomaly as well as the improvement term starting

from a single polynomial P (Ω) of degree d/2 + 1 whose arguments are matrix-

valued forms Ω. (In this section such forms are always written using bold face.)

Although P generally depends on the theory at hand, in d = 2 we find that P

should be quadratic, leaving us with the unique possibility:

P (Ω) = aTr(Ω ∧ Ω), (7.63)

with a so far arbitrary normalization factor a. We will also write P (Ω1,Ω2) =

aTr(Ω1 ∧Ω2). Following the usual conventions [134, 135], we view the connection

coefficients Γkij as matrix-valued one-forms,

Γ ≡ Γkj = Γkijdx
i, (7.64)

and the Riemann tensor as a matrix-valued two-form,

R ≡ Rlk =
1

2
R l
ijk dx

i ∧ dxj . (7.65)

The consistent anomaly can be found by solving a set of descent equations which

follow from the consistency condition, see [134]. Using a matrix-valued zero-form

v = vji = ∂iζ
j , the end result can be written as:

Hζ ≡
∫
d2x

√−gζi∇jT
ij =

∫
P (dv,Γ). (7.66)

With the above form of P this can be written more explicitly as:

∫
d2x

√−gζi∇jT
ij = −a

∫
Tr(dv ∧ Γ)

= −a
∫

(∂k∂iζ
j)Γiljdx

k ∧ dxl = −a
∫
d2x

√−gǫkl(∂k∂iζj)Γilj . (7.67)

Similarly, the covariant anomaly is obtained in [134] as:

∫
d2xζi∇j T̂

ij = 2

∫
P (M,R) = −a

∫
(∇iζ

j)R i
klj dx

k ∧ dxl

= −a
∫ √−g(∇iz

j)ǫklR i
klj = −a

∫ √−g(∇iz
j)Rǫ ij (7.68)

3Our conventions differ as follows. Our Tij has an extra 1/
√−g as opposed to the analogous

object in [134]; indeed, in our case T̂ij is a tensor whereas in [134] it is a tensor density. The

overall sign of the energy-momentum tensors is the same. The connection Γk
ij in [134] is defined

with an extra minus sign, but the Riemann curvature has the same sign. Finally, we always use

a covariant ǫ-symbol whereas this is not the case in [134].
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where M = −∇iζ
j is again a matrix-valued 0-form and R is the usual Ricci scalar.

Finally, the improvement term Yij is given as:

∫
d2x

√−gY ijδgij = 2

∫
Tr(δΓ ∧ X) (7.69)

in terms of the variation of the connection and a matrix-valued one-form X given

again in terms of P . We refer to [134] for the exact expression for X, which for

d = 2 however reduces immediately to X = aΓ. We therefore find:
∫
d2x

√−gY ijδgij = 2a

∫ √−gǫij(δΓlik)Γkjl. (7.70)

Let us now compare these results with our holographically computed expressions.

Comparing (7.59) with (7.67) we find precise agreement provided that:

a =
1

16GN
. (7.71)

Furthermore, we are now able to understand our original expression (7.56). Namely,

it is exactly of the form:

∇iTij = ∇iT̂ij −∇iYij . (7.72)

To see this, observe that the first term on the right-hand side of (7.56) agrees

precisely with (7.68) and the second term is precisely 1/(8GN)∇iAij as can be

seen by comparing (7.70) with (7.44). (This was recently noted in [136] as well.)

Notice that the energy-momentum tensor postulated in [131] does not include the

term 1
2Aij that we obtained in (7.50) from the variation of the on-shell supergravity

action. The energy-momentum tensor of [131] is therefore precisely the tensor T̂ij
defined above. In agreement with the above discussion, this T̂ij is not obtained

from an on-shell action and the anomaly found there is precisely the covariant

anomaly (7.68).

7.5.2 Weyl anomaly

For the Weyl anomaly we find from (7.51):

〈T ii 〉 =
1

8GN

(
R[g(0)] +Aii[g(0)]

)
. (7.73)

We have already discussed that the extra term Aii[g(0)] can be removed by hand.

We then obtain the trace of the covariant energy-momentum tensor:

〈T̂ ii 〉 =
1

8GN
R[g(0)]. (7.74)
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On the other hand, in the conventions of this chapter we should have:

〈T̂ ii 〉 =
cL + cR

24
R[g(0)] (7.75)

and therefore:

cL + cR =
3

GN
(7.76)

which agrees with the analysis in section 7.6.4 below.

7.6 Linearized analysis

In order to compute correlation functions involving the operator tij as well, we

will proceed perturbatively. In this section we therefore consider small perturba-

tions δGµν = Hµν around the AdS3 background. We will first linearize the bulk

equations of motion and solve these asymptotically in order to isolate the divergent

pieces in the combined action Ic defined in (7.36). We then renormalize this action

to second order in the fluctuations. Taking functional derivatives as in (7.49), we

obtain finite expressions for the one-point functions of Tij and tij in terms of the

subleading coefficients in the radial expansion of the perturbations. Afterwards,

we find the full linearized bulk solutions for Hij so we can express these sublead-

ing pieces as nonlocal functionals of the sources g(0)ij and b(0)ij . Finally, a second

functional derivative then gives all boundary two-point functions involving Tij and

tij . At the end of this section we compare our results with those expected from a

logarithmic CFT (LCFT) and find complete agreement.

7.6.1 Linearized equations of motion

We will now linearize the equations of section 7.4.1 around an empty AdS back-

ground solution. We work in Poincaré coordinates where the background metric

Gµν has the form

Gµνdx
µdxν =

dρ2

4ρ2
+

1

ρ
ηijdx

idxj . (7.77)

An earlier investigation of the linearized equations around this background can be

found in [112, 116]. As we work in Fefferman-Graham coordinates, it is natural to

pick a radial-axial gauge for the fluctuations as well. Thus we set Hρρ = Hρi = 0

and define hij ≡ δgij = Hij/ρ. We therefore substitute

gij = ηij + hij (7.78)
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into the equations of motion (7.15). To leading order in hij we find:

− tr(h′′) +
1

2µ
ǫij∂i∂

mh′mj = 0,

2ρ∂kh′′ik + ∂kh′ik + µǫjk∂kh
′
ij − ∂itr(h

′) = 0, (7.79)

− h′′ij + ηij
1

2
tr(h′′)

+
1

µ
ǫ ki

[1

4
∂k∂

lh′lj +
1

4
∂j∂

lh′lk −
1

2
∂k∂jtr(h

′) + 2ρh′′′jk + 3h′′jk

]
+ (i↔ j) = 0,

and for the trace equation R = −6 we obtain:

−4ρtr(h′′) + R̃(h) + 2tr(h′) = 0, (7.80)

with R̃[h] the linearized curvature of ηij + hij , which can be explicitly written as

R̃[h] = ∇i∇jhij −∇i∇itr(h) . (7.81)

Notice that all covariant symbols and traces in the above equations are defined

using the background metric ηij .

We also obtained the linearized equations of motion in global coordinates, which

can be found in appendix 7.C. The analysis in global coordinates would be useful

should one want to compute directly4 the correlators of the CFT on R×S1 rather

than R2.

7.6.2 Holographic renormalization

In this subsection we consider the holographic renormalization of the on-shell

action. Since we work at the linearized level, we compute the on-shell action to

second order in the perturbations around the Poincaré background. We isolate

the divergences to that order and compute the necessary covariant counterterms

to cancel these divergences.

Asymptotic analysis

We begin by substituting the asymptotic expansion for hij :

hij = b(0)ij log(ρ) + h(0)ij + b(2)ijρ log(ρ) + h(2)ijρ+ . . . (7.82)

4Alternatively, one can obtain the correlators on R×S1 from the ones on R2 by using the fact

that R×S1 is conformally related to R2. We mentioned in section 1.4 how Weyl transformations

in the boundary theory can be implemented by specific bulk diffeomorphisms.
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7.6. Linearized analysis

into the linearized equations of motion (7.79) and (7.80). We find from the lin-

earization of the asymptotic analysis above that:

tr(b(0)) = 0,

bij + ǫ ki bkj = 0,

tr(b(2)) = −1

2
R̃[b(0)] = −1

2
∂i∂jb(0)ij ,

tr(h(2)) = −1

2
R̃[h(0)] + tr(b(2)),

b(2)ij − ǫ ki b(2)kj =
1

2
ηijtr(b(2)) +

1

4
ǫ ki (∂k∂

lb(0)lj + ∂j∂
lb(0)lk),

∂j
(
b(2)ij − 3ǫ ki b(2)kj + 2P̄ ki h(2)kj − 2P̄ ki ηkj(tr(h(2)) + tr(b(2)))

)
= 0,

(7.83)

where all covariant symbols and traces are defined using ηij and R̃[h] again denotes

the linearized curvature of the metric ηij + hij .

On-shell action and counterterms

The next step is to substitute the asymptotic expansion (7.82), together with the

constraints (7.83), into the on-shell action (7.36). We then isolate the divergences

and find the necessary counterterm action that makes the action finite to second

order hij .

Expanding the on-shell action (7.36) in hij , we find that the first-order term van-

ishes, since it gives a term proportional to the bulk equations of motion plus the

surface terms of (7.43), which vanish identically for the Poincaré background. At

the second order we find:

I2 =
1

32πGN

∫
d2x

(
h′ij − ηijtr(h

′) − 2ρǫ ki h
′′
kj − ǫ ki h

′
kj

)
hij . (7.84)

Notice that there are no contributions from the Aij-term for the Poincaré back-

ground, as can be seen easily from its definition (7.44). If we now substitute the

expansion (7.82) and use the linearized equations of motion (7.83) then we find a

logarithmic divergence of the form:

I2 =
1

32πGN

∫
d2x

(1

2
tr(h(0))R̃[b(0)] − 2b(2)ijb

ij
(0) −

1

2
hk(0)i∂

i∂jb(0)jk

)
log(ρ) + . . .

(7.85)

The next step in the holographic renormalization is to invert the series and rewrite

the divergent terms in terms of hij plus finite corrections. This gives:

log(ρ)b(0)ij = hij + . . . ,

h(0)ij = hij − ρ log(ρ)h′ij + . . . ,

log(ρ)b(2)ijb
ij
(0) =

1

2
ρh′ijh

′ij + . . . ,

(7.86)
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and we also have:

tr(h(0))R̃[b(0)] = 2hk(0)i∂
i∂jb(0)jk − hij∂k∂kb(0)ij , (7.87)

from which we find that this divergence is cancelled by adding the following coun-

terterm action:

I2,ct =
1

32πGN

∫
d2x

(1

4
hij∂k∂khij + ρh′ijh

′ij − 1

4
hji∂

i∂khkj

)
. (7.88)

This action can be written in a covariant form as follows. The background in-

duced metric is written γij = ηij/ρ and its deviation hij/ρ = σij . The extrinsic

curvature Kj
i = −δji + ρg′ji and its deviation is K̃j

i [h] = ρh′ji . In this notation, the

counterterm action becomes:

I2,ct =
1

32πGN

∫
d2x

√−γ
(1

4
σij∇k∇kσij+K̃ij [h]K̃

ij[h]− 1

4
σji∇i∇kσkj

)
, (7.89)

where indices are now raised and covariant derivatives and traces are defined using

γij .

Notice that the counterterm action involves the extrinsic curvature Kij as well.

Such a term would not be allowed in pure Einstein theory as it would lead to

an incorrect variational principle. On the other hand, for TMG we already found

that the variational principle is different. In particular, the higher-derivative terms

allow for the specification of both γij and Kij at the boundary and therefore we

are also allowed to use Kij in the boundary counterterm action.

One-point functions

For the total action at this order I2,tot = I2 + I2,ct we find the variations:

δI2,tot
δhij

=
1

16πGN

(
h′ij − ηijtr(h

′) − 2ρǫ ki h
′′
kj − ǫ ki h

′
kj +

1

2
Ãij [h]

+
1

4
∂k∂khij −

1

4
∂i∂

khkj

)
, (7.90)

δI2,tot
δh′ij

=
1

16πGN
ρ(δki + ǫ ki )h′kj ,

with Ãij [h] the linearization of Aij as defined in (7.44):

Ãij [h] =
1

4
ǫ ki (∂j∂

lhkl − ∂l∂lhkj) + (i↔ j). (7.91)
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We now substitute the expansion (7.82) and find:

δI2,tot
δhij

=
1

16πGN

{
b(2)ij − 3ǫ ki b(2)kj + 2P̄ ki h(2)kj + ηij

(1

2
R̃[h(0)] + R̃[b(0)]

)

+
1

2
P̄ ki

(
∂l∂lh(0)kj − ∂j∂

lh(0)lk

)}
,

δI2,tot
δh′ij

=
ρ

8πGN
P ki

(
b(2)kj log(ρ) + b(2)kj + h(2)kj

)
,

(7.92)

where we dropped terms that vanish as ρ → 0 and do not contribute below. In

the above formulas symmetrization in i and j is implicit. When b(0)ij = 0 we can

compare the first of these expressions with (7.50) and we find that the additional

counterterms only change the local terms.

Using (7.49) and taking into account an extra sign from the fact that gij = ηij−hij,
we obtain the following explicit expression for the one-point functions:

〈Tij〉 = lim
ρ→0

4π√−η
δI2,tot
δhij

=
1

4GN

{
b(2)ij − 3ǫ ki b(2)kj + 2P̄ ki h(2)kj + ηij

(1

2
R̃[h(0)] + R̃[b(0)]

)

+
1

2
P̄ ki

(
∂l∂lh(0)kj − ∂j∂

lh(0)lk

)}
,

〈tij〉 = lim
ρ→0

( −4π

ρ
√−g

δI

δh′ij
− log(ρ)

4π√−η
δI

δhij

)
L

=
1

2GN

(
b(2)ij + h(2)ij

)
L
,

(7.93)

where we note that the projection to the L-component in 〈tij〉 also removes (di-

vergent) terms of the form ηij(. . .) or P̄ ki (. . .)kj . .

7.6.3 Exact solutions

In this subsection we solve the linearized equations of motion given in section 7.6.2.

From the explicit solutions we find below, we can obtain the subleading terms b(2)ij
and h(2)ij that enter in (7.93) as nonlocal functionals of g(0)ij and b(0)ij . This will

allow us to carry out the second functional differentiation required to obtain the

two-point functions.

In explicitly solving the fluctuation equations it is convenient to Wick rotate and

work in Euclidean signature; the procedure for analytic continuation is explained

in detail in appendix 7.B. Concretely, one starts from the metric (7.77), introduces

lightcone coordinates u = t+ x, v = −t+ x, and replaces v → z, u→ z̄ with (z, z̄)

complex boundary coordinates. The background metric then has the form:

ds2 =
dρ2

4ρ2
+

1

ρ
dzdz̄. (7.94)
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We will employ the notation ∂ ≡ ∂z and ∂̄ ≡ ∂z̄ below.

In these coordinates, the linearized equations of motion (7.79) and (7.80) become:

−∂̄(1 + µ)h′zz̄ + ∂(1 + µ)h′z̄z̄ + 2ρ
(
∂h′′z̄z̄ + ∂̄h′′zz̄

)
= 0

∂(1 − µ)h′zz̄ − ∂̄(1 − µ)h′zz − 2ρ
(
∂h′′zz̄ + ∂̄h′′zz

)
= 0

−∂̄2h′zz̄ + ∂̄∂h′z̄z̄ + (3 + µ)h′′z̄z̄ + 2ρh
(3)
z̄z̄ = 0

−∂2h′zz̄ + ∂̄∂h′zz + (3 − µ)h′′zz + 2ρh(3)
zz = 0

∂2h′z̄z̄ − ∂̄2h′zz + 2µh′′zz̄ = 0

∂2hz̄z̄ − 2∂̄∂hzz̄ + ∂̄2hzz + 2h′zz̄ − 4ρh′′zz̄ = 0,

(7.95)

where again we have temporarily reinstated µ for later use. From these equations

it is straightforward to verify that h′′zz̄ satisfies a Bessel-like equation:

4ρ2h
(4)
zz̄ + 8ρh

(3)
zz̄ + (4ρ∂̄∂ − µ2 + 1)h′′zz̄ = 0, (7.96)

which has the general solution:

h′′zz̄ = ρ−1/2Kµ(q
√
ρ)α+ ρ−1/2Iµ(q

√
ρ)β, (7.97)

with α and β arbitrary functions of u and v and we defined q =
√
−4∂̄∂. Passing

to momentum space, we have q ≥ 0 and only Kµ is regular as ρ → ∞ and we

therefore set β = 0.

As a sidenote, in real time it is possible that q < 0 and then both solutions have

a power-law divergence as ρ → ∞. A solution that is regular at ρ → ∞ can

nevertheless be constructed from them using an infinite number of these modes

[112, 116]; see also section 3.2 for an explicit example. Alternatively, one can solve

the fluctuation equation using global coordinates. In any case, since we work in

Euclidean signature such singular behavior for the individual modes is absent and

there is no need to worry about these issues.

We can integrate (7.97) twice to find an explicit solution for hzz̄ which for general

µ involves an integral of the hypergeometric functions 1F2. Notice also that as

µ → ∞ the linearized Einstein equations become h′′zz̄ = 0, so the radial dependence

of the perturbation is linear in ρ. This correctly reproduces the linearization of

the exact solution of the non-linear vacuum Einstein equation in three dimension

in Fefferman-Graham coordinates given in [78], which has a Fefferman-Graham

expansion that terminates at ρ2.

For the other components, the last two equations in (7.95) may be exploited to

find that:

2∂2h′z̄z̄ = 4ρh
(3)
zz̄ + 2(1 − µ)h′′zz̄ + 2∂̄∂h′zz̄,

2∂̄2h′zz = 4ρh
(3)
zz̄ + 2(1 + µ)h′′zz̄ + 2∂̄∂h′zz̄,

(7.98)
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which allows us to completely solve the system.

Solutions for µ = 1

In contrast to the case for general µ, for µ = 1 one may use the modified Bessel

equation:

∂2
x

(√
xK1(

√
x)

)
=

1

4
√
x
K1(

√
x) (7.99)

to integrate (7.97) twice giving:

hzz̄ = Bzz̄∂
2c0 + c1ρ+ c2, (7.100)

where ci are integration constants which are arbitrary functions of z̄ and z and we

defined

Bzz̄ ≡ −2
√
ρ

q
K1(q

√
ρ). (7.101)

Notice that it is convenient to express h′′zz̄ as:

h′′zz̄ = −1

ρ
Bzz̄∂̄∂

3c0. (7.102)

Integrating (7.98) then results in:

hz̄z̄ = −Bzz̄∂∂̄c0 − 2B′
zz̄c0 +

∂̄

∂
c1ρ+ c3,

hzz = −Bzz̄
∂3

∂̄
c0 +

∂

∂̄
c1ρ+ c4,

(7.103)

and the last equation in (7.95) gives the constraint:

2c1 + ∂̄2c4 + ∂2c3 − 2∂̄∂c2 = 0, (7.104)

i.e. c1 is not an independent integration constant, but is determined in terms of

the other integration constants.

Near the boundary ρ→ 0 we have the following expansion:

Bzz̄ = − 2

q2
− ρ

2
(2γ − 1) − ρ log(

q
√
ρ

2
) − q2ρ2

8
log(

q
√
ρ

2
) + . . . , (7.105)

with γ the Euler-Mascheroni constant. Substitution in (7.103) then yields the

expansions for the components:

hzz̄ = h(0)zz̄ −
1

2
ρ log(ρ)∂2b(0)z̄z̄ + ρh(2)zz̄ + . . . , (7.106)

hz̄z̄ = b(0)z̄z̄ log(ρ) + h(0)z̄z̄ −
1

2
ρ log(ρ)∂̄∂b(0)z̄z̄ + ρ

[ ∂̄
∂
h(2)zz̄ +

4γ − 3

2
∂̄∂b(0)z̄z̄

]
+ . . . ,

hzz = h(0)zz +
1

2
ρ log(ρ)

∂3

∂̄
b(0)z̄z̄ + ρ

[(
2γ − 1 + 2 log(

q

2
)
)∂3

∂̄
b(0)z̄z̄ +

∂

∂̄
h(2)zz̄

]
+ . . . ,
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where the boundary sources h(0)ij and b(0)z̄z̄ are given by the following combina-

tions of the integration constants ci:

h(0)zz̄ = c2 −
2

q2
∂2c0 h(0)zz = c4 −

1

2

∂2

∂̄2
c0

h(0)z̄z̄ = c3 −
1

2
c0 + 2γc0 + 2 log(

q

2
)c0 b(0)z̄z̄ = c0. (7.107)

The normalizable mode is the combination:

h(2)zz̄ = c1 −
2γ − 1

2
∂2c0 − log(

q

2
)∂2c0, (7.108)

which using (7.104) is determined by the boundary sources via:

h(2)zz̄ = −1

2
∂2h(0)z̄z̄ −

1

2
∂̄2h(0)zz + ∂̄∂h(0)zz̄ −

1

2
∂2b(0)z̄z̄. (7.109)

This is indeed the linearized form of (7.26) and (7.23) combined. Notice also that

the radial expansion (7.106) indeed shows the same asymptotic behavior as (7.17)

in section 7.4.2.

7.6.4 Two-point functions

Substituting the solutions that we found above into the holographic one point

functions (7.93), we find that:

〈tzz〉 =
−1

4GN

(
(4γ − 1)

∂3

∂̄
b(0)z̄z̄ + 4 log(

q

2
)
∂3

∂̄
b(0)z̄z̄ + 2

∂

∂̄
h(2)zz̄

)
,

〈Tzz̄〉 = local,

〈Tzz〉 = − 1

4GN

(∂3

∂̄
b(0)zz + local

)
,

〈Tz̄z̄〉 =
1

2GN

( ∂̄
∂
h(2)zz̄ + local

)
,

(7.110)

where the local pieces correspond to finite contact terms.

We now turn to the position space expressions for the two-point functions. These

are obtained via the following functional differentiations:

〈Tij . . .〉 = i
4π√−g(0)

δ

δgij(0)
〈. . .〉, 〈tij . . .〉 = i

4π√−g(0)
δ

δbij(0)
〈. . .〉, (7.111)

where the prefactors are explained in appendix 7.B. Notice that in complex co-

ordinates ds2 = dzdz̄ so
√−g(0) = 1/2 whilst in our case gij = ηij − hij and

therefore
δ

δgij
= − δ

δhij
= −ηikηjl

δ

δhkl
(7.112)
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which in complex coordinates becomes:

δ

δgzz(0)
= −1

4

δ

δhz̄z̄
,

δ

δgz̄z̄(0)
= −1

4

δ

δhzz
. (7.113)

Functionally differentiating the one point functions thus results in:

〈tzz(z, z̄)tzz(0)〉 = − 2πi

GN

[
(γ − 1

4
) + log(

q

2
)
]∂3

∂̄
δ2(z, z̄)

〈tzz(z, z̄)Tzz(0)〉 = − iπ

2GN

∂3

∂̄
δ2(z, z̄)

〈Tz̄z̄(z, z̄)Tz̄z̄(0)〉 =
iπ

2GN

∂̄3

∂
δ2(z, z̄)

(7.114)

whilst 〈tzzTz̄z̄〉 = 〈Tz̄z̄Tzz〉 = 〈TzzTzz〉 = 0 up to contact terms.

These expressions can be evaluated using the following set of identities. First

notice that:

−2iδ2(z, z̄) = δ(x)δ(τ), 4∂∂̄ = ∂2
τ + ∂2

x. (7.115)

The former of these is obtained by requesting
∫
d2zδ2(z, z̄) = 1 and 1

2

∫
d2z(. . .) =

−i
∫
d2x(. . .). We also need the following integral which is the two-dimensional

analogue of (1.60) in section 1.3.3:

1

4π2

∫
dωdkeiωτ+ikx

1

(ω2 + k2)α/2
=

1

π
2−α

Γ(1 − α/2)

Γ(α/2)
(τ2 + x2)−1+(α/2). (7.116)

Taking the limit α = 2 on both sides gives the identity:

1

∂∂̄
δ2(z, z̄) =

2i

∂2
τ + ∂2

x

δ2(x, y) =
i

2π
log(m2(τ2 + x2)) =

i

2π
log(m2|z|2) (7.117)

where we subtracted a contact term as in section 1.3.3 and m is a scale introduced

in the process. By differentiating both sides in (7.116) with respect to α we also

find:

log(q)
1

∂∂̄
δ2(z, z̄) = log(q)

2i

∂2
τ + ∂2

x

δ2(x, y)

= − i

8π
log2(m2(τ2 + x2)) = − i

8π
log2(m2|z|2). (7.118)

Using these expressions the two-point functions become:

〈tzz(z, z̄)tzz(0)〉 =
1

4GN
∂4[Bm log(m2|z|2) − log2(m2|z|2)]

=
1

2GN

−3Bm − 11 + 6 log(m2|z|2)
z4

,

〈tzz(z, z̄)Tzz(0)〉 =
1

4GN
∂4 log(m2|z|2) =

−3/(2GN)

z4
,

〈Tz̄z̄(z, z̄)Tz̄z̄(0)〉 =
3/(2GN)

z̄4
,

(7.119)
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where Bm is a scale-dependent constant that can be changed by rescaling m in

the first line. In fact, the entire non-logarithmic piece in the second line can also

be removed from the correlation function by redefining t→ t− (3Bm + 11)Tzz/6.

This transformation is familiar from logarithmic CFT as we review in appendix

7.D.

Comparison to logarithmic CFT

The expressions above agree with general expectations from a logarithmic CFT,

see appendix 7.D for an introduction. The central charges can be computed as

follows. From the two-point functions of Tz̄z̄ and Tzz, which should be of the form:

〈TzzTzz〉 =
cL
2z4

, 〈Tz̄z̄Tz̄z̄〉 =
cR
2z̄4

, (7.120)

we find that

cL = 0, cR =
3

GN
, (7.121)

which agrees with [111]. As discussed in appendix 7.D two point functions of a

logarithmic pair of operators (T, t) in a LCFT have the structure:

〈T (z)T (0)〉 = 0; 〈T (z)t(0, 0)〉 =
b

2z4
; (7.122)

〈t(z, z̄)t(0, 0)〉 =
−b log(m2|z|2)

z4
.

Note that by rescaling the operator t the coefficients of the non-zero two point

functions can be changed; there is however a distinguished normalization of the

operator in which the two point functions take this form, and the coefficient b is

sometimes referred to as the new anomaly, see [137]. Comparing these expressions

with (7.119) we see that our holographic two point functions indeed have the

structure expected from a LCFT and the coefficient b is:

b = − 3

GN
. (7.123)

This value will be confirmed below in the analysis for general µ.

7.7 Linearized analysis for general µ

In this section we repeat the linearized analysis of section 7.6 for general µ around

the Poincaré background. We define:

λ =
1

2
(µ− 1), µ = 2λ+ 1, (7.124)

and we work around λ = 0.
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7.7.1 Asymptotic analysis

The linearized equations of motion give the most general asymptotic form of the

solution:

hij = h(−2λ)ijρ
−λ+h(0)ij +h(2)ijρ+h(2−2λ)ijρ

1−λ+h(2+2λ)ijρ
λ+1 + . . . , (7.125)

with the conditions:

tr(h(−2λ)) = 0 P ki h(−2λ)kj = 0 tr(h(2)) = −1

2
R̃[h(0)]

tr(h(2−2λ)) =
−R̃[h(−2λ)]

2(1 − λ)(2λ + 1)
tr(h(2λ+2)) = 0 P̄ ki h(2λ+2)kj = 0 (7.126)

as well as:

h(2−2λ)ij +
2λ− 1

2λ+ 1
ǫ ki h(2−2λ)kj

=
1

2
ηijtr(h(2−2λ)) +

ǫ ki (∂k∂
lh(−2λ)lj + ∂j∂

lh(−2λ)lk)

4(1 − λ)(2λ + 1)
. (7.127)

Notice that for integer values of µ we see from the explicit solutions below that a

logarithmic mode appears. In what follows we will consider only the case 0 < |µ| <
2 so |λ| < 1

2 , with |µ| = 1 the special point discussed above, so such logarithmic

modes are not required. It would be straightforward to generalize the linearized

analysis to other values of λ, whilst for λ < 0 the corresponding dual operator is

relevant and thus there is no obstruction to carrying out a full non-linear analysis

of the system.

Substituting the expansions into the on-shell action, the second term in the ex-

pansion of the on-shell action I2 was defined for µ = 1 in (7.84) and now becomes:

I2,λ =
1

32πGN

∫
d2x

(
h′ij − ηijtr(h

′) − 2ρ
1

2λ+ 1
ǫ ki h

′′
kj −

1

(2λ+ 1)
ǫ ki h

′
kj

)
hij .

(7.128)

Substituting (7.125), we find that this action is again divergent if h(−2λ) is nonzero

and if λ > 0, with a leading piece of the form:

I2,λ =
1

32πGNµ

∫
d2x

(1

2
tr(h(0))R̃[h(−2λ)] − 2λh(2)ijh

ij
(−2λ)

− 1

2
hk(0)i∂

i∂jh(−2λ)jk

)
ρ−λ + . . . (7.129)

This term is cancelled precisely by adding I2,ct/(2λ+ 1), where I2,ct is the coun-

terterm action for µ = 1 defined in (7.88). For λ < 0 there is no divergence but

the counterterm action is then finite as well and we will continue to include it.
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The variation of the total action I2,λ,tot = I2,λ+ I2,ct/(2λ+ 1) is similar to (7.90):

δI2,λ,tot
δhij

=
1

16πGN

(
h′ij − ηijtr(h

′) +
1

2λ+ 1

[
− 2ρǫ ki h

′′
kj − ǫ ki h

′
kj +

1

2
Ãij [h]

+
1

4
∂k∂khij −

1

4
∂i∂

khkj

])
, (7.130)

δI2,λ,tot
δh′ij

=
1

16πGN(2λ+ 1)
ρ(δki + ǫ ki )h′kj .

To obtain the one-point functions we follow the same reasoning as in section 7.4.4.

We have two independent variables, h(0)ij and h(−2λ)ij , for which we define the

corresponding CFT operators Tij and Xij , with Tij again the energy-momentum

tensor of the theory. To find their one-point functions, we first observe that:

hij(0) = lim
ρ→0

(hij +
1

λ
h′ijρ) hij(−2λ) = lim

ρ→0

(
− 1

λ
h′ijρλ+1

)
(7.131)

where we note that indices are raised with ηij . From these expressions we find:

〈Xij〉 ≡
−4π√−g(0)

δI2,λ,tot

δhij(−2λ)

= lim
ρ→0

(
λρ−1−λ 4π√−g

δI2,λ,tot
δh′ij

− ρ−λ
4π√−g

δI2,λ,tot
δhij

)
L

〈Tij〉 ≡
4π√−g(0)

δI2,λ,tot

δhij(0)
= lim

ρ→0

4π√−g
δI2,λ,tot
δhij

, (7.132)

where the signs originate from the reasoning in appendix 7.B, plus an extra sign

arising from the fact that gij = ηij−hij . We inserted a factor of 4π in the definition

of Xij for later convenience. After substitution of (7.125) these expressions lead

to the following finite one-point functions:

〈Tij〉 =
1

4GN

{
(δki −

1

2λ+ 1
ǫ ki )h(2)kj − ηijtr(h(2))

+
1

2(2λ+ 1)
P̄ ki

(
∂l∂lh(0)kj − ∂j∂

lh(0)kl

)}
,

〈Xij〉 =
λ(1 + λ)

2GN(2λ+ 1)
(h(2+2λ)ij)L. (7.133)

Symmetrization in i and j is again understood in these expressions.

7.7.2 Two-point functions

Just as in section 7.6.3, we can use the equations (7.97) and (7.98) (with the Kµ

choice for the Bessel function) to find exact solutions to the linearized equations

240



7.7. Linearized analysis for general µ

of motion. Asymptotically, they behave as follows:

hzz̄ = h(0)zz̄ + ρh(2)zz̄ +
1

2(λ− 1)(2λ+ 1)
∂2h(−2λ)z̄z̄ρ

1−λ + . . . , (7.134)

hz̄z̄ = h(−2λ)z̄z̄ρ
−λ + h(0)z̄z̄ +

1

2(λ− 1)
∂̄∂h(−2λ)z̄z̄ρ

1−λ +
∂̄

∂
h(2)zz̄ρ+ . . . ,

hzz = h(0)zz +
∂

∂̄
h(2)zz̄ρ+

2−4λ+2λ

(λ+ 1)

Γ(−2λ− 1)

Γ(2λ+ 1)
q4λ−2∂4h(−2λ)z̄z̄ρ

λ+1 + . . . ,

with same trace condition as was given for µ = 1 in (7.109),

h(2)zz̄ = −1

2
∂2h(0)z̄z̄ −

1

2
∂̄2h(0)zz + ∂̄∂h(0)zz̄, (7.135)

and integration constants h(0)z̄z̄, h(0)zz, h(0)zz̄ and h(−2λ)z̄z̄; these are as antici-

pated the sources for the dual operators.

We can substitute this solution in (7.133) to find the one-point functions:

〈Xzz〉 =
2−4λ+1λ2

GN

Γ(−2λ− 1)

Γ(2λ+ 2)
q4λ−2∂4h(−2λ)z̄z̄

〈Tz̄z̄〉 =
2λ+ 2

4GN (2λ+ 1)

∂̄

∂
h(2)zz̄ + local

〈Tzz̄〉 = local

〈Tzz〉 =
2λ

4GN (2λ+ 1)

∂

∂̄
h(2)zz̄.

(7.136)

From these expressions we obtain the following nonvanishing two-point functions:

〈Tz̄z̄(z, z̄)Tz̄z̄(0)〉 =
iπ

2GN

λ+ 1

2λ+ 1

∂̄3

∂
δ2(z, z̄) =

3

2GN

λ+ 1

2λ+ 1

1

z̄4
,

〈Tzz(z, z̄)Tzz(0)〉 =
iπ

2GN

λ

2λ+ 1

∂3

∂̄
δ2(z, z̄) =

3

2GN

λ

2λ+ 1

1

z4
,

〈Xzz(z, z̄)Xzz(0)〉 = i
4π√−g(0)

δ

δhzz(−2λ)(z, z̄)
〈X(0)〉 = 2πi

δ

δh(−2λ)z̄z̄(z, z̄)
〈Xzz(0)〉

=
iπ2−4λ+2λ2

GN

Γ(−2λ− 1)

Γ(2λ+ 2)
q4λ−2∂4δ2(z, z̄)

=
−1

2GN

λ(λ + 1)(2λ+ 3)

2λ+ 1

1

z2λ+4z̄2λ
, (7.137)

where the computation of the two-point function of the energy-momentum tensor

is completely analogous to the previous section and we used the identity (7.116).

Comparing now with (7.120) we read off that:

(cL, cR) =
3

GN

( λ

2λ+ 1
,
λ+ 1

2λ+ 1

)
=

3

2GN

(
1 − 1

µ
, 1 +

1

µ

)
(7.138)
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and from the last line in (7.137) we also find that X has weights (hL, hR) =

(2 + λ, λ) = 1
2 (µ+ 3, µ− 1). Both expressions agree with [111].

The limit λ→ 0 and logarithmic CFT

As λ → 0, we find that the 〈TT 〉-correlators return to the values given in section

7.6.4. On the other hand, the 〈XX〉-correlator vanishes, but we also find that the

definitions for Xzz and Tzz as given in (7.132) coincide in this limit (up to a sign).

To remedy this we can introduce a new field,

tzz = − 1

λ
Xzz −

1

λ
Tzz, (7.139)

after which we can take λ→ 0 in (7.132) and obtain (7.49) (up to a sign from the

fact that gij = ηij − hij). We obtain for the nonzero two-point functions:

〈tzz(z, z̄)Tzz(0)〉 = − 3

2GN

1

2λ+ 1

1

z4
=

−3/(2GN)

z4
+ . . .

〈tzz(z, z̄)tzz(0)〉 =
Bm + 3/(GN ) log(m2|z|2)

z4
+ . . .

(7.140)

where the dots represent terms that vanish as λ→ 0. These are exactly the same

correlators as in section 7.6.4. The term Bm can again be removed by a redefinition

of tzz and from (7.140) we again see that b = −3/GN .

In appendix 7.D we discuss the degeneration of a CFT to a logarithmic CFT as

cL → 0 following Kogan and Nichols [138]. Their cL → 0 limit is precisely the

same limit as taken here, i.e. the logarithmic partner of the stress energy ten-

sor originates from another primary operator whose dimension approaches (2, 0)

in the cL → 0 limit. Given such a limiting procedure, the anomaly b is ob-

tained by inverting the relation between λ (which is the right-moving weight

of X) and cL given above and using (7.204) in appendix 7.D. This results in

b = − limcR→0 cL/λ(cL) = −3/GN and thus agrees with (7.140). Note that there

are other distinct approaches to taking a c→ 0 limit, see [139] for a review, but it

is the Kogan-Nichols approach which is realized holographically here.

Energy computations

In Lorentzian signature and in global coordinates, the insertions of the operators

Xzz , Tzz or Tz̄z̄ in the infinite past creates the massive, left-moving or right-moving

graviton states discussed in [111]. In [111] the energy of these states was computed

in the bulk and we are now able to give a CFT interpretation of their results.
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For the states created by the operators Xzz , Tzz, Tz̄z̄, the equations (70)-(72) in

[111] give energies of the form:

Xzz : EM =
−1

8GN
(µ− 1

µ
)(hL + hR)

[
. . .

]
,

Tzz : EL =
−1

4GN
(−1 +

1

µ
)
[
. . .

]
,

Tz̄z̄ : ER =
−1

4GN
(−1 − 1

µ
)
[
. . .

]
.

(7.141)

The expressions in square brackets are positive, but their exact value depends on

the normalization of the solutions to the linearized equations of motion in [111] and

is therefore arbitrary. We can thus only compare the overall sign of the energies

(7.141) with our results. Notice that we put in an extra factor of the left- plus

right-moving weight from each operator, which for Tzz and Tz̄z̄ are just factors of

2; in [111] such factors comes from a time derivative of the bulk modes and we

will see similar factors appearing below.

Following the usual CFT logic, we may obtain the energies of a state by computing

three-point functions. For example, for the massive mode we need to compute

〈Xzz|Tzz(z)|Xzz〉, (7.142)

with

|Xzz〉 = Xzz(0, 0)|0〉, 〈Xzz | = lim
z,z̄→∞

〈0|Xzz(z, z̄)z
2λ+4z̄2λ. (7.143)

The usual Ward identity:

〈Xzz(z1)Tzz(z)Xzz(z2)〉 =
∑

i∈{1,2}

( hL
(z − zi)2

+
1

z − zi

∂

∂zi

)
〈Xzz(z1)Xzz(z2)〉

(7.144)

results in:

〈Xzz|Tzz(z)|Xzz〉 =
CXhL
z2

, (7.145)

where CX is the normalization of the 〈XX〉-correlator,

〈Xzz(z, z̄)Xzz(0)〉 =
CX

z4+2λz̄2λ
, (7.146)

CX =
−1

2GN

λ(λ+ 1)(2λ+ 3)

2λ+ 1
=

−1

8GN
(µ− 1

µ
)(µ+ 2).

Note that the magnitude (but not the sign) of CX can change by changing the

normalization of the operator X . This is the counterpart of the arbitrariness of
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the quantities in the square brackets of (7.141) due to the normalization ambiguity

of the solutions to the linearized equations.

By using the Virasoro algebra one may also obtain that:

〈Tzz|Tzz(z)|Tzz〉 = 〈0|L2

∑

m∈Z

Lmz
−m−2L−2|0〉 =

cL
z2
, (7.147)

with cL the left-moving central charge defined in (7.138). The computation in-

volving Tz̄z̄ is completely analogous, and of course the mixed three-point functions

involving Tzz and Tz̄z̄ vanish. To transfer these results to the cylinder we use the

conformal transformation:

z = exp(iw), (7.148)

whose Schwarzian derivative is 1/2. We then find the following three-point func-

tions on the cylinder:

〈Xww|Tww(w) + Tw̄w̄(w̄) − cL + cR
24

|Xww〉 = CX(hL + hR)

=
−1

8GN
(µ− 1

µ
)(hL + hR)(µ+ 2),

〈Tww|Tww(w) + Tw̄w̄(w̄) − cL + cR
24

|Tww〉 = cL =
3

2GN
(1 − 1

µ
),

〈Tw̄w̄|Tww(w) + Tw̄w̄(w̄) − cL + cR
24

|Tw̄w̄〉 = cR =
3

2GN
(1 +

1

µ
). (7.149)

Let us now compare these results with [111]. Notice first of all that the zero-point

of energy in that paper is that of global AdS, which is why we explicitly subtracted

the Casimir energy in the above expressions. Comparing now (7.149) with (7.141)

we indeed find the same structure and precisely the same signs. The computations

are therefore in agreement.

Finally, notice that in a CFT one usually divides the expressions in (7.149) by the

norm of the state (e.g. 〈Xzz |Xzz〉) to obtain energies that are precisely equal to

the conformal weights of the operators creating the state. On the other hand, the

energies computed using bulk methods as in [111] are the unnormalized energies

of (7.149) and therefore extra signs may arise if a state has a negative norm. This

explains the sign difference between the conformal weights and the energies found

in [111].

7.8 Conclusions

By implementing the AdS/CFT dictionary for topologically massive gravity, we

were able to provide further evidence for its duality at µ = 1 to a logarithmic con-
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formal field theory. The expressions for the two-point functions indicate problems

with unitarity and positivity as we find zero-norm states at µ = 1, negative-norm

states at µ 6= 1 and negative conformal weights at µ < 1. It therefore seems

problematic to consider the full TMG as a fundamental theory, but this duality

could nonetheless have interesting applications to condensed matter systems. For

example, c = 0 LCFTs arise in the description of critical systems with quenched

disorder and in several other contexts.

One may try to restrict to the right-moving sector of the theory [124], which could

yield a consistent chiral theory. In order for this sector to decouple a necessary

requirement is that the 〈tT̄ T̄ 〉 three-point function should vanish. This was shown

to be the case in the discussion of [138], see their equation (42), and their analysis

can be adapted to the case of interest, namely when only cL → 0, leading to

the same result. This suggests that one can indeed truncate to the right-moving

sector, but it would be interesting to extend our analysis and verify the vanishing

of this 3-point function by a bulk computation.

One may also perform a holographic analysis for the ‘warped’ solutions found in

[130]. The asymptotics in these cases are discussed in appendix 7.E and indicate

qualitatively different UV behavior for the dual field theory; it would be interesting

to extend the holographic setup to this class of solutions. A similar procedure could

also be followed to analyze the ‘new massive gravity’ of [140] around AdS solutions.

This would allow us to find out more about the possible dual CFTs.

7.A Derivation of the equations of motion

In this appendix we derive the equations of motion in Fefferman-Graham coordi-

nates, where the metric has the form

ds2 =
dρ2

4ρ2
+

1

ρ
gij(x, ρ)dx

idxj . (7.150)

In this section we raise indices using gij and the covariant derivative ∇i and the

two-dimensional antisymmetric tensor ǫij are also defined using gij . In the metric

(7.150) the nonzero connection coefficients are:

Γρρρ = −1

ρ
Γiρj = − 1

2ρ
gij +

1

2
(g−1g′)ij (7.151)

Γρij = 2gij − 2ρg′ij Γijk = Γijk(g) , (7.152)
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7. Topologically massive gravity

where the index ρ now denotes the coordinate ρ and a prime denotes radial deriva-

tive. The curvature tensor becomes:

Rρij
k(G) =

1

2
gkl

(
∇lg

′
ij −∇jg

′
il

)
,

Riρj
ρ(G) = −2ρ

(
g′′ij −

1

2
(g′g−1g′)ij

)
− 1

ρ
gij , (7.153)

Rijk
l(G) = Rijk

l(g) +

(
1

ρ
gligjk + gljg

′
ik + gmlgikg

′
mj + ρglmg′img

′
jk − (i↔ j)

)
,

The Einstein part of the equation of motion, Rµν + 2Gµν , is given by:

Rρρ(G) + 2Gρρ = −1

2
tr(g−1g′′) +

1

4
tr(g−1g′g−1g′),

Riρ(G) + 2Giρ =
1

2
∇jg′ji −

1

2
∇itr(g

−1g′),

Rij(G) + 2Gij =
1

2
R(g)gij + gijtr(g

−1g′)

+ ρ
[
− 2g′′ij − g′ijtr(g

−1g′) + 2(g′g−1g′)ij
]
,

(7.154)

where we used that in two dimensions

Rijkl =
1

2
R[gikglj − (l ↔ k)], Rik =

1

2
Rgik . (7.155)

The trace equation R = −6 now becomes:

−4ρtr(g−1g′′)+3ρtr(g−1g′g−1g′)−ρ[tr(g−1g′)]2 +R(g)+2tr(g−1g′) = 0. (7.156)
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7.A. Derivation of the equations of motion

We use ǫρij = 2ρ2ǫij to relate the three- and two-dimensional ǫ-tensors. For the

Cotton tensor Cµν defined in (7.6) we then find:

Cρρ =
1

4
ǫij

(
∇i∇kg′kj + 2ρ(g′′g−1g′)ji

)
,

Cρi =
1

2
ǫjk

(1

2
gik∇jR− 2ρ∇jg

′′
ik − ρtr(g−1g′)∇jg

′
ik + 2ρ∇j(g

′g−1g′)ik

− (gij − ρg′ij)∇lg′lk

)
,

Ciρ = ǫ ki

(
− ρ∇lg′′lk −

1

4
ρ∇ktr(g

−1g′g−1g′) +
1

2
ρ(g−1g′)jk∇lg′lj + ρ(g−1g′)jl∇lg′jk

+
1

2
∇ktr(g

−1g′) − 1

2
∇jg′jk

)
,

Cij = 2ρǫ ki

(
gjk[−

1

2
R′ − 1

4ρ
R− 1

2ρ
tr(g−1g′) +

1

2
tr(g−1g′g−1g′)] − 1

4
Rg′jk

+
1

2
∇k∇mg′mj −

1

2
∇k∇j [tr(g

−1g′)] + 2ρg′′′jk + g′′kj [3 + ρtr(g−1g′)]

+ g′kj [tr(g
−1g′) + ρ(tr(g−1g′))′ − ρtr(g−1g′′) +

1

2
ρtr(g−1g′g−1g′)]

+ (g′g−1g′)kj [−3 − 1

2
ρtr(g−1g′)] − 3ρ(g′′g−1g′)kj − 2ρ(g′g−1g′′)kj

+ 3ρ(g′g−1g′g−1g′)kj
)
. (7.157)

With these expressions we indeed find that Cµµ = 0, Cρi = Ciρ and Cij = Cji. To

verify this we used the Cayley-Hamilton identity,

1

2
gjl

(
[tr(g−1g′)]2 − tr(g−1g′g−1g′)

)
+ (g′g−1g′)jl − g′jltr(g

−1g′) = 0 , (7.158)

the radial derivative of the two-dimensional Ricci tensor,

R′
ik =

1

2

(
∇l∇ig

′
kl + ∇l∇kg

′
il −∇a∇ag

′
ik −∇i∇ktr(g

−1g′)
)
, (7.159)

as well as the identity for the two-dimensional ǫ-symbol,

ǫijǫkl = −gikgjl + gilgjk . (7.160)

As Cij is symmetric, we can also rewrite it as 1
2 (Cij +Cji) which allows us to drop

the term proportional to ǫ ki gkj . This, the expression for R given in (7.156), and

further application of the Cayley-Hamilton theorem eventually give:

Cij = ρǫ ki

(1

2
∇k∇mg′mj −

1

2
∇k∇j [tr(g

−1g′)] + 2ρg′′′jk + g′′kj

[
3 + ρtr(g−1g′)

]

+ g′kj

[
− 3

2
tr(g−1g′) +

3

4
ρ[tr(g−1g′)]2 − ρtr(g−1g′′) +

7

4
ρtr(g−1g′g−1g′)

]

− 3ρ(g′′g−1g′)kj − 2ρ(g′g−1g′′)kj
)

+ i↔ j .

(7.161)
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7. Topologically massive gravity

Combining the above expressions (7.154) and (7.157) leads to the full equations

of motion which are given by:

− 1

2
tr(g−1g′′) +

1

4
tr(g−1g′g−1g′) +

1

4µ
ǫij

(
∇i∇kg′kj + 2ρ(g′′g−1g′)ji

)
= 0,

1

2
∇jg′ji −

1

2
∇itr(g

−1g′) +
1

2µ
ǫjk

(1

2
gik∇jR+ gik∇lg′lj (7.162)

+ ρ
[
− 2∇jg

′′
ik − tr(g−1g′)∇jg

′
ik + 2∇j(g

′g−1g′)ik + g′aij∇lg′lk

])
= 0,

(
tr(g−1g′′) − 3

4
tr(g−1g′g−1g′) +

1

4
[tr(g−1g′)]2

)
gij

− g′′ij −
1

2
g′ijtr(g

−1g′) + (g′g−1g′)ij

+
1

µ
ǫ ki

(1

2
∇k∇mg′mj −

1

2
∇k∇j [tr(g

−1g′)]

+ 2ρg′′′jk + g′′kj

[
3 + ρtr(g−1g′)

]
− 3ρ(g′′g−1g′)kj − 2ρ(g′g−1g′′)kj

+ g′kj

[
− 3

2
tr(g−1g′) +

3

4
ρ[tr(g−1g′)]2 − ρtr(g−1g′′) +

7

4
ρtr(g−1g′g−1g′)

])

+ i↔ j = 0,

where we emphasize that the symmetrization in the last equation concerns all the

terms. We can use the (ρρ) equation of motion to simplify the (ij) equation of

motion to:

(1

2
tr(g−1g′′) − 1

2
tr(g−1g′g−1g′) +

1

4
[tr(g−1g′)]2

)
gij

− g′′ij −
1

2
g′ijtr(g

−1g′) + (g′g−1g′)ij

+
1

µ
ǫ ki

(1

4
∇k∇mg′mj +

1

4
∇j∇mg′mk −

1

2
∇k∇j [tr(g

−1g′)] (7.163)

+ 2ρg′′′jk + g′′kj

[
3 + ρtr(g−1g′)

]
− 5

2
ρ(g′′g−1g′)kj −

5

2
ρ(g′g−1g′′)kj

+ g′kj

[
− 3

2
tr(g−1g′) +

3

4
ρ[tr(g−1g′)]2 − ρtr(g−1g′′) +

7

4
ρtr(g−1g′g−1g′)

])

+ i↔ j = 0.
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7.B. Wick rotation

If we use the first radial derivative of (7.158) we can simplify this further to:

(1

2
tr(g−1g′′) − 1

4
[tr(g−1g′)]2

)
gij − g′′ij +

1

2
g′ijtr(g

−1g′)

+
1

µ
ǫ ki

(1

4
∇k∇mg′mj +

1

4
∇j∇mg′mk −

1

2
∇k∇j [tr(g

−1g′)]

+ 2ρg′′′jk + g′′kj [3 − 3

2
ρtr(g−1g′)] (7.164)

+ g′kj [−
3

2
tr(g−1g′) +

3

4
ρ[tr(g−1g′)]2 − 7

2
ρtr(g−1g′′) +

7

4
ρtr(g−1g′g−1g′)]

)

+ i↔ j = 0.

We can use the equation of motion to rewrite the Riemann tensor as:

Rαβγδ[G] = GαδGβγ −GαγGβδ −
([ 1

µ
GαγCβδ − (α↔ β)

]
− (γ ↔ δ)

)
, (7.165)

Using then (7.153) for the Riemann tensor in Fefferman-Graham coordinates we

obtain:

− 2g′′ij + (g′g−1g′)ij +
4

µ
gijCρρ +

1

µρ
Cij = 0,

1

2

(
∇kg

′
ij −∇jg

′
ik

)
=

1

µ
(gijCρk − gikCρj),

1

2

(
gikgjl − gilgjk

)(
− 2tr(g−1g′) + ρ[tr(g−1g′)]2 − ρtr(g−1g′g−1g′)

)

+
(
gjlg

′
ik + gikg

′
jl + ρg′ilg

′
jk − (i↔ j)

)
= 0.

(7.166)

Taking the trace gikRijkl of the last equation results again in the Cayley-Hamilton

identity (7.158). This is also the equation that one obtains from the first equation

by eliminating Cij and Cρρ using the equations of motion. On the other hand, the

second of these equations can alternatively be written as:

(gkj − µǫkj)∇kg
′
ij −∇i

(
tr(g−1g′) +

1

2
ρtr(g−1g′g−1g′) − ρ[tr(g−1g′)]2

)

+ 2ρ∇n
(
g′′in − tr(g−1g′)g′in

)
+ ρ(g−1g′)ki∇lg′kl = 0 .

(7.167)

7.B Wick rotation

Given a Lorentzian theory, the most straightforward way to find the corresponding

action in Euclidean signature is to use a complex diffeomorphism:

t = −iτ. (7.168)
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7. Topologically massive gravity

After this diffeomorphism (or a similar one using a different coordinate system)

the metric generally becomes positive definite and one has to be careful about

the definition of the square root in the metric determinant. As we explained

in section 2.4, the signs work out correctly if we define
√
−1 = −i. As in any

coordinate system, the antisymmetric tensor is still defined such that
√
−Gǫ012 = 1

with x0 now the τ -direction. Because of the volume element the ǫ-tensor is now

complex and to comply with standard notation we make this explicit by writing

−iǫλµν = ǫ̂λµν , where ǫ̂λµν is the standard antisymmetric tensor in Euclidean

coordinates which is defined such that
√
Gǫ̂012 = 1.

As for the action of the theory, we find that the diffeomorphism results in iSL →
−SE with SE the standard Euclidean action. In our case, (7.2) becomes:

iSL = − 1

16πGN

∫
d3x

√
G(−R+ 2Λ)

+
i

32πGNµ

∫
d3x

√
Gǫ̂λµν

(
Γρλσ∂µΓ

σ
ρν +

2

3
ΓρλσΓ

σ
µτΓ

τ
νρ

)
.

(7.169)

Notice that the implicit metric determinant present in the ǫ-symbol cancels the

one in the volume element and there is no sign change for the Chern-Simons

term. From this action, we see that a convenient way to determine the Euclidean

equations of motion is to replace everywhere

ǫλµν → iǫ̂λµν , ǫij → iǫ̂ij. (7.170)

With these replacements the equations of motion become complex, and so do the

linearized solutions we find in the main text, but this is not a problem as we

discussed more extensively in section 3.5.

When using component equations, the conversion between Euclidean and Lorentzian

signature is most easily done by introducing lightcone coordinates on the Lorentzian

side:

u = x+ t, v = x− t. (7.171)

In these coordinates the metric becomes:

ds2 = dudv (7.172)

and we fix the sign of the ǫ-tensor such that ǫuv = − 1
2 . The passage to Euclidean

signature is then implemented by defining complex coordinates:

z = x+ iτ, z̄ = x− iτ, (7.173)

after which the metric ds2 = dτ2 + dx2 becomes:

ds2 = dzdz̄. (7.174)
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7.B. Wick rotation

The metric determinant in complex coordinates becomes negative again and there-

fore ǫ̂ij is complex and ǫij is real. We deduce that the component equations in

Euclidean signature can be obtained by the simple replacement

v → z, u→ z̄, (7.175)

in the Lorentzian equations of motion, without any modification of the ǫ-tensor.

Incidentally, notice that the operators:

P ki =
1

2
(δki + ǫ ki ), P̄ ki =

1

2
(δki − ǫ ki ), (7.176)

take the following form in lightcone coordinates:

(
Puu P vu
Puv P vv

)
=

(
0 0

0 1

) (
P̄uu P̄ vu
P̄uv P̄ vv

)
=

(
1 0

0 0

)
(7.177)

so that, if for example P ki b(0)kj = 0 and bi(0)i = 0 then only the b(0)uu component

can be nonzero. From the above reasoning it follows that these operators take the

same form in complex coordinates and therefore only b(0)z̄z̄ can be nonzero.

Signs in correlation functions

Our conventions are such that on a Euclidean background metric gij the energy-

momentum tensor is defined as:

TE,ij =
4π√
g

δSE
δgij

. (7.178)

Notice that we functionally differentiate with respect to the inverse metric. By

comparing with (1.28) we find that the normalization in this chapter differs by

a factor 2π with respect to chapter 1. When we analytically continue back to

Lorentzian signature, the definition on the right-hand side changes. Namely, from

the above discussion it follows that SE = −iSL and
√
g = i

√−g, so in Lorentzian

signature

TL,ij = − 4π√−g
δSL
δgij

. (7.179)

In terms of the generating functional of connected correlation functions, W =

log(Z), we find that:

TE,ij = − 4π√
g

δWE

δgij
, TL,ij = i

4π√−g
δWL

δgij
. (7.180)

These expressions lead to the following identity that we use in the main text:

〈Tij . . .〉g = i
4π√−g

δ

δgij
〈. . .〉g (7.181)
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7. Topologically massive gravity

where 〈. . .〉g is an arbitrary correlator in the background metric gij . Notice that

this expression holds irrespective of the signature of the metric, provided we define

the square root as above.

Now for general correlation functions of an operator O, we customarily define the

source-operator coupling in Euclidean signature as:

−
∫
d2x

√−g φE · OE , (7.182)

with φE the Euclidean source and the dot denoting various possible index contrac-

tions. Using once more the above conventions, we find that in Lorentzian signature

the coupling becomes:

−i
∫
d2x

√−g φL · OL, (7.183)

and therefore

〈OE〉 = − 1√
g

δWE

δφE
, 〈OL〉 = i

1√−g
δWL

δφL
. (7.184)

This results in the general expression in terms of correlation functions:

〈O . . .〉φ = i
1√−g

δ

δφ
〈. . .〉φ. (7.185)

In the context of AdS/CFT, WE ∼ −SE and WL ∼ iSL with SE and SL the

Euclidean and the Lorentzian on-shell bulk action, respectively. This leads to:

〈OE〉 =
1√
g

δSE
δφE

, 〈OL〉 = − 1√−g
δSL
δφL

. (7.186)

On the other hand, for the energy-momentum tensor one may directly use the

formulas (7.178) and (7.179), where now SL and SE are the on-shell bulk action. It

was shown in chapter 2 that these expressions, with in particular the above choice

of signs, lead to continuous holographic expressions for the one-point functions.

For example, in the case of three-dimensional Einstein gravity one finds from

equation (1.169) that in the conventions of this chapter:

〈Tij〉 =
1

4GN
(g(2)ij +

1

2
g(0)ijR[g(0)]), (7.187)

which we demonstrated in 2.4 to be independent of the metric signature. In this

expression g(0)ij and g(2)ij the leading and subleading terms in the Fefferman-

Graham expansion (7.17). Similarly, for a scalar operator O dual to a bulk scalar

field Φ one finds the expressions (1.117) which according to the discussion in 2.3

holds again both in Lorentzian and in Euclidean signature.
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7.C. Linearized equations of motion in global coordinates

7.C Linearized equations of motion in global

coordinates

In this appendix we will present the linearized equations in global coordinates.

The usual metric

ds2 = − cosh2(r)dt2 + sinh2(r)dφ2 + dr2 (7.188)

can be put in the Fefferman-Graham form (7.14) by defining

ρ = 4e−2r, (7.189)

after which we obtain:

ds2 = −1

ρ

(
1 +

1

2
ρ+

1

16
ρ2

)
dt2 +

1

ρ

(
1 − 1

2
ρ+

1

16
ρ2

)
dφ2 +

dρ2

4ρ2
. (7.190)

These coordinates cover all of AdS and are thus global coordinates. Notice that

∂kgij = 0 and therefore Γkij [g] = 0 (which of course does not imply that δΓkij
vanishes in the linearized equations). We also find that:

(g′g−1g′)ij = 2g′′ij ; g′′ij −
1

2
tr(g−1g′)g′ij = f(ρ)gij ; tr(g−1g′) = −2ρf(ρ),

(7.191)

with

f(ρ) =
2

16 − ρ2
, (7.192)

which we use to simplify the formulas below. In the expressions below traces are

implicitly taken with the aid of g−1, that is we write tr(g′) where before we wrote

tr(g−1g′).

The linearized (ij) equation of motion (7.164) becomes:

− h′′ij − ρf(ρ)h′ij + f(ρ)hij +
1

2
g′ij

[
tr(h′) − tr(g′g−1h)

]

+ gij

[1

2
tr(h′′) − 1

2
tr(hg−1g′′) + ρf(ρ)(tr(h′) − tr(g′g−1h))

]

+
1

µ
ǫ ki

[1

4
∂k∂

lh′lj −
1

4
(g−1g′)cj [∂k∂

lhlc −
1

2
∂k∂ctr(h)] + (j ↔ k)

]

+
1

µ
ǫ ki

[1

4
∂k∂jtr(g

′g−1h) − 1

2
∂k∂jtr(h

′) + 2ρh′′′jk

+ 3(1 + ρ2f(ρ))[h′′jk + ρf(ρ)h′jk − f(ρ)hkj ]
]

+
1

µ
ǫ ki g

′
jk

[
− 3

2
(1 + ρ2f(ρ))[tr(h′) − tr(hg−1g′)]

− 7

2
ρ[tr(h′′) + tr(hg−1g′′) − tr(h′g−1g′)]

]
+ (i↔ j) = 0, (7.193)
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The linearized version of the (ρi) equation given in (7.167) becomes:

2ρ∂kh′′ik + (1 + 4ρ2f(ρ))∂kh′ik + µǫjk∂kh
′
ij −

1

2
µǫjk(g−1g′)lj(∂khil + ∂ihkl − ∂lhik)

− ∂i

[
ρtr(h′g−1g′) + [1 + 4ρ2f(ρ)]tr(h′) − [

1

2
+ 2ρ2f(ρ)]tr(g′g−1h) − ρtr(g′′g−1h)

]

+ (g−1g′)ki

[
ρ∂lh′kl − 2ρ∂ktr(h

′) − 3

2
ρ∂ktr(hg

−1g′)

− [1 + 4ρ2f(ρ)][∂lhkl −
1

2
∂ktr(h)]

]

− 2ρ(g−1g′′)ki [2∂
lhkl − ∂ktr(h)] = 0 (7.194)

and the (ρρ) equation results in:

− tr(h′′) + tr(h′g−1g′) − tr(hg−1g′′) +
1

2µ
ǫij

[
∂i∂

mh′mj

− (g−1g′)cj(∂i∂
mhmc −

1

2
∂i∂ctr(h)) + 2ρ(h′g−1g′′)ij

− 2ρ(g′g−1hg−1g′′)ij + 2ρ(g′g−1h′′)ij
]

= 0. (7.195)

7.D Some results from LCFT

A logarithmic conformal field theory (LCFT) is a conformal field theory in which

logarithmic structure arises in the operator product expansion. Such logarithmic

structure arises when there are fields with degenerate scaling dimensions having

a Jordan block structure; in any logarithmic conformal field theory one of these

degenerate fields becomes a zero norm state coupled to a logarithmic partner. In

what follows we will be interested in the simplest situation, in which two operators

become degenerate and form a logarithmic pair, denoted by (C,D). If the operator

C becomes a zero norm state, the two point functions for this logarithmic pair have

the structure:

〈C(z, z̄)C(0)〉 = 0; 〈C(z, z̄)D(0, 0)〉 =
bD

2z2hL z̄2hR
; (7.196)

〈D(z, z̄)D(0, 0)〉 =
1

z2hL z̄2hR

[
−bD logm2|z|2 +BD

]
,

where the conformal weights of both operators are (hL, hR). The constant BD may

be removed by the redefinition D → D−BDC/bD but bD has an invariant meaning

and is a characteristic of the LCFT. One can easily generalize these formulas to

the case when there are n degenerate fields and the Jordan cell is given by an n×n
matrix, in which case the maximal power of the logarithm will be logn |z|.

254



7.D. Some results from LCFT

In the current context we are interested in the case where the conformal field theory

becomes logarithmic as cL → 0 and one of the logarithmic pair is the holomorphic

stress energy tensor. There are several distinct approaches to taking such limits,

see [139] for a review, but the limit relevant for us was discussed in Kogan and

Nichols [138]. The following is a slightly modified version of the discussion in that

paper, in which we take the limit cL → 0 only in the holomorphic sector.

Consider a conformal field theory with central charges (cL, cR) and holomorphic

and anti-holomorphic stress energy tensors (T (z), T̄ (z̄)) respectively, such that

〈T (z)T (0)〉 =
cL
2z4

; 〈T̄ (z̄)T̄ (0)〉 =
cR
2z̄4

. (7.197)

Let V (z, z̄) be a primary field of dimensions (hL, hR), normalized as

〈V (z, z̄)V (0, 0)〉 =
A

z2hL z̄2hR
. (7.198)

If T is the only hL = 2 field present (and T̄ is the only hR = 2 field), then the

OPE for V (z, z̄) is of the form

V (z, z̄)V (0, 0) ∼ A

z2hL z̄2hR

[
1 +

2hL
cL

z2T (0) +
2hR
cR

z̄2T̄ (0) + · · ·
]

(7.199)

where the ellipses denote operators of higher dimension.

Consider now the limit cL → 0 with cR finite: if A remains finite in this limit

then the OPE is not well-defined. Suppose that as cL approaches zero then there

is another field X with dimension (2 + λ, λ) which approaches (2, 0); suppose also

that its normalization is such that this field contributes to the OPE as

V (z, z̄)V (0, 0) ∼ A

z2hL z̄2hR

[
1 +

2hL
cL

z2T (0) +
2hR
cR

z2+λz̄λX(0, 0) + · · ·
]
. (7.200)

Let the two-point function of X be given by:

〈X(z, z̄)X(0, 0)〉 =
B(λ)

z4+2λz̄2λ
, (7.201)

whilst 〈T (z1)X(z2, z̄2)〉 vanishes as they have different dimensions. Now let us

define a new field t(z, z̄) via

t = − 1

λ
T − 1

λ
X. (7.202)

In this way the OPE (7.200) is rendered well-defined as cL → 0:

V (z, z̄)V (0, 0) ∼ A

z2hL z̄2hR

[
1 +

2hL
b
z2

[
t(0, 0) + T (0) log(m2|z|2)

]
+ · · ·

]
, (7.203)
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provided the parameter b, defined as

b ≡ − lim
cL→0

cL
λ(cL)

= − 1

λ′(0)
, (7.204)

is finite. As cL → 0 the two point functions of the pair (T, t) become:

〈T (z)T (0)〉 = 0; 〈T (z)t(0, 0)〉 =
b

2z4
; (7.205)

〈t(z, z̄)t(0, 0)〉 =
1

z4
lim
cL→0

[
− b

2λ
+
B

λ2
− 2λB log(m2|z2|) + · · ·

]
.

For this to be well-defined as cL → 0,

B(cL) =
bλ

2
+Bmλ

2 + O(λ3), (7.206)

and therefore

〈t(z, z̄)t(0, 0)〉 =
Bm − b log(m2|z|2)

z4
. (7.207)

The logarithmic pair (T, t) thus indeed has the anticipated two-point function

structure given in (7.196). We are interested in the case where cR 6= 0, and thus

there is no such degeneration in the anti-holomorphic sector. Note that

〈T̄ (z̄)t(0, 0)〉 = 0. (7.208)

Recall that the constant Bm can be changed by a redefinition of t; choosing t →
t−BmT/b removes the non-logarithmic term in the two point function (7.207).

7.E Warped AdS

The metric of global AdS3 can be written in ‘warped’ form as:

ds2 = − cosh2(σ)dτ2 +
1

4
dσ2 + (du+ sinh(σ)dτ)2 (7.209)

We can define:

z = 2e−σ/2 σ = 2 log(z/2) (7.210)

after which the metric becomes:

ds2 =
dz2

z2
− dτ2 + du2 + (

4

z2
− z2

4
)dudτ. (7.211)

In this coordinate system it is manifest that this metric is conformally compact.

Namely, z can be used as the defining function: in agreement with the discussion

in section 7.3, z has a single zero at z = 0 and the metric:

z2ds2 = dz2 + 4dudτ + . . . (7.212)
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is a non-degenerate three-dimensional metric that extends smoothly to z = 0.

On the other hand, the metric of spacelike warped AdS can be written as:

ds2 =
(
−cosh2(σ)(ν2+3)+4ν2 sinh2(σ)

)
dτ2+

dσ2

ν2 + 3
+4ν2du2+8ν2 sinh(σ)dudτ,

(7.213)

with ν = µ/3. After the coordinate transformation:

σ = −
√
ν2 + 3 log(z) (7.214)

it becomes asymptotically of the form:

ds2 =
dz2

z2
+ 3(ν2 − 1)z−2

√
ν2+3dτ2 + 8ν2z−

√
ν2+3dudτ + . . . (7.215)

As z → 0, we find that the terms have a different pole structure and therefore this

metric cannot be made regular by multiplication with the usual defining function

z, unless ν2 = 1 (which is AdS). Furthermore, the leading term in the induced

metric at slices of constant z is proportional to dτ2 and so it is degenerate. Thus

the spacetime with metric (7.213) is not conformally compact. Notice that the

same conclusion holds for any spacetime whose metric asymptotes to (7.213).

For timelike warped AdS the metric has the form:

ds2 =
(

cosh2(σ)(ν2 +3)−4ν2 sinh2(σ)
)
du2 +

dσ2

ν2 + 3
−4ν2dτ2 −8ν2 sinh(σ)dudτ.

(7.216)

This is just spacelike warped AdS with the replacement τ → iu and u → iτ and

we can immediately draw the same conclusions as for spacelike warped AdS.

For null warped AdS the metric is given by:

ds2 =
dz2

z2
+
dudv

z2
± du2

z4
, (7.217)

which is a solution of TMG with µ = 3 or ν = 1. We again find a different pole

structure for the different terms, as well as a singular leading-order term in the

induced metric on slices of constant z. Again, no good defining function exists that

makes the three-dimensional metric regular on the slice z = 0 and this manifold

is not conformally compact.
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Summary

In this chapter we sketch an overview of the line of research to which this thesis be-

longs. We begin with a brief overview of our current knowledge of the elementary

particles which can be summarized in a quantum field theory called the standard

model. Afterwards we discuss the incompleteness of the standard model, in parti-

cular we discuss the absence of a proper description of gravity. In the third section

below we eventually explain how string theory may possibly complete the standard

model into a theory that would correctly describe gravity. Afterwards we discuss

the so-called ‘gauge/gravity dualities’, the research direction within string theory

to which this thesis belongs. Finally we summarize the results of this thesis.

The standard model

In 1900 Max Planck presented a formula for the temperature-dependence of elec-

tromagnetic radiation. The most remarkable property of Planck’s formula was

that it contained a new constant, h, whose value is currently determined to be

around 6, 63 · 10−34Js. It was soon realized that h was a new fundamental con-

stant of nature around which a radically new theory, called quantum mechanics,

had to be developed in order to correctly describe the behavior of particles at short

distances. Using quantum mechanics one may for example describe the electron’s

orbits in an atom and compute the associated absorption spectrum.

The development of quantum mechanics was however not the only revolution ta-

king place at the beginning of the twentieth century. In 1905 another fundamental

constant of nature, namely the speed of light c, featured prominently in a paper

by Einstein. According to his special theory of relativity there is no absolute way

to measure time or distance, rather their definitions depend on the observer’s own

velocity. The speed of light makes it possible to unify distances and times in a

single concept, called the spacetime.

Measurable effects of special relativity only occur when particles move close to the

speed of light. These effects are however not incorporated by quantum mecha-
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nics, which therefore gives incorrect results for example when trying to describe

electrons moving close to the speed of light. Improving quantum mechanics to

incorporate relativistic effects however turned out to be remarkably difficult. The

resulting framework is called quantum field theory and its development required

the efforts of several generations of physicists. Furthermore, quantum field theory

is still not fully understood, although we nowadays have sufficient understanding to

properly use quantum field theory to predict with very high accuracy the outcome

of certain particle accelerator experiments.

A quantum field theory describes the quantum-mechanical behavior of an arbitrary

set of particles moving at high velocities. In nature we however observe a very

concrete set of elementary particles which form the fundamental constituents of

all other matter. The specific quantum field theory describing these elementary

particles is called the standard model. The particles in the standard model are six

types of quarks, six types of leptons and the Higgs boson. The quarks are called up,

down, charm, strange, top and bottom. The leptons are called the electron, the

muon and the tau-particle plus three different neutrino particles. The Higgs boson

has not been observed yet but is necessary for consistency of the standard model.

According to the standard model all known matter can be obtained by combining

these constituents, for example a proton would roughly speaking consist of two up

quarks and a single down quark.

In the standard model there are also three different forces that act on these ele-

mentary particles: the strong nuclear force, the weak nuclear force and the more

well-known electromagnetic force. These forces are modelled by so-called force-

carrying particles. For example, the electromagnetic force between two electrons

is modelled by the exchange of photons. The force-carrying particles replace the

usual description in terms of for example electromagnetic fields, which is no lon-

ger tenable because of the quantum-mechanical behavior of the particles at short

distances. The particles used to model the strong nuclear force are called gluons,

whereas those modelling the weak nuclear force are the so-called W- and Z-bosons.

There are eight gluons in nature, two W-bosons and a single Z-boson.

Incompleteness

Besides Planck (in 1918) more than 60 nobel prizes have been awarded for con-

tributions to the development of first quantum mechanics and then quantum field

theory and the standard model. The standard model represents our most funda-

mental knowledge of the workings of nature which certainly makes it a model to

be proud of. Present-day theoretical physicists are however also relieved that the

standard model is necessarily incomplete and more fundamental physics remains

to be discovered. Important experimental evidence in this direction are the scale
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of electroweak symmetry breaking as well as dark matter which essentially point

towards new particles that are yet to be discovered. In the future we may find such

particles using for example particle accelerator experiments and we may then add

these to the standard model. In this way it is plausible that this procedure results

in a more complete quantum field theory which incorporates these new particles.

Another incompleteness of the standard model is the fact that there exists yet

another force, namely gravity, which is not yet described by the standard model.

Let us now explain how this is conceptually a much larger problem.

First of all there exists of course an accurate description of gravity at large distan-

ces, namely Einstein’s classical theory of general relativity. According to general

relativity the spacetime which already featured in special relativity is actually

curved. General relativity successfully describes a vast array of astrophysical and

cosmological phenomena. At very small distances we however do not know how to

properly describe gravity; although the special theory of relativity was eventually

united with quantum mechanics into quantum field theory, there appears to be

no easy way to do the same for the general theory of relativity. This is because

quantum field theory dictates that one should replace the gravitational field with

a force-carrying particle (just like the electromagnetic field was replaced with a

photon) which in this case is called the graviton. However when we perform com-

putations with a quantum field theory that has gravitons then we obtain certain

mathematical problems which point towards the fact that this cannot be a fun-

damental description of nature. Because of these issues quantum field theory and

gravity cannot be united on a fundamental level: in a world where quantum field

theory would be exactly valid there is no place for gravity and vice versa. Nevert-

heless to describe events happening in our world one needs to use both theories

and therefore neither theory can be exactly true! The challenge is then to find a

correct and mathematically consistent quantum theory of gravity, which because of

the aforementioned problems has to surpass the concept of a quantum field theory.

Unfortunately there are very few experimental results available to assist us in

addressing this challenge. The experimental success of the standard model (so

of a quantum field theory without gravity) for example demonstrates that the

effects of gravity on the results of particle-accelerator experiments is completely

negligible. This is consistent with a simple order-of-magnitude estimate: if we

assume that general relativity remains valid at very short distances then we can

for example estimate that the gravitational attraction between two electrons is

1042 times smaller than the repulsive electric force. This is hopelessly beyond

our current experimental abilities: the electric force is for example known with a

relative precision of about 1010. (This order-of-magnitude analysis uses however

the classical theory of general relativity which we know cannot be consistent at
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small distances. This makes the analysis inherently unreliable and in reality there

is so far no consistent theoretical approximation of the effects of gravity at small

distances.)

String theory

The fundamental idea of string theory is to replace the elementary particles with

small one-dimensional strings. This indeed surpasses the usual quantum field theo-

ry which considers all particles to be point particles. Furthermore this assumption

makes it possible to overcome the aforementioned mathematical problems and to

consistently describe the interactions with gravitons. String theory thus seems

to fullfill all the basic requirements for a quantum theory of gravity. Our cur-

rent comprehension of string theory is however still incomplete and understanding

string theory better is the main motivation behind much present-day research.

Although string theory seems to be a consistent theory of quantum gravity it has

so far been quite difficult to also obtain a realistic version of such a theory. Alt-

hough depending largely on the precise type of string theory used, one generically

seems to obtain far more and rather different elementary particles than the afo-

rementioned particles of the standard model. It is however not impossible that

we eventually find a specific type of string theory which does result in a realistic

particle spectrum. The search for such a string theory is another point of focus in

much present-day research.

Nevertheless string theory remains a useful concept which gives us unique insights

in the inner workings of a quantum theory of gravity. An example of such an insight

is the description of black holes in string theory. Black holes cannot be accurately

described by general relativity since according to this theory the gravitational force

would pull matter together to zero size. At small distances however quantum

effects become important and therefore a quantum theory of gravity like string

theory should be used to accurately describe black holes. String theory has already

given us important insights into this ‘microscopic’ structure of black holes but this

also remains an active area of ongoing research.

The gauge/gravity dualities

The research presented in this thesis concerns the so-called ‘gauge/gravity duali-

ties’. These dualities propose a radically new picture of quantum gravity: they

postulate that quantum theories of gravity may alternatively be described in terms

of an ‘ordinary’ quantum field theory without gravity, but this quantum field theo-

ry is defined in one spacetime dimension less than the original gravitational theory.

This is called the ‘holographic principle’ as it is just like a hologram which con-

tains all the necessary information to reconstruct a three-dimensional image from
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the data on a two-dimensional surface. The fact that a quantum field theory in d

dimensions (for arbitrary d) can be used to completely describe quantum gravity

in d + 1 dimensions is very counterintuitive and the implications of this idea are

still not completely understood.

To obtain a concrete realization of such a gauge/gravity duality one needs to make

the relation between the quantum field theory and the quantum theory of gravity

more precise. This amounts to the development of a dictionary which translates

quantities between the two theories. Using this dictionary we for example know

how to describe objects like black holes in terms of the lower-dimensional quantum

field theory. The dictionary can actually also be used the other way and this

turns out to be quite practical as well, since it allows one to use relatively simple

computations in general relativity to obtain so far notoriously difficult results in

the quantum field theory.

So far the dictionary had been developed in great detail for equilibrium cases like

for example the so-called eternal black holes, which are present in the spacetime for

all times. For non-equilibrium situations, for example the holographic description

of gravitational collapse of a star to a black hole, the dictionary was however

not yet complete. In chapter 2 we give a detailed dictionary for these dynamical

situations, which not only allows us to apply the duality to several new cases but

also allows us to gain insights in the structure of the quantum theory of gravity.

To test this new dictionary we worked out a number of relatively simple examples

in chapter 3. According to our dictionary several quantities in the quantum field

theory should be obtained by performing some very specific computations in the

quantum gravity theory. We perform these computations in a number of concrete

cases for which the quantum field theory answer is known and indeed find complete

agreement with expectations. In chapter 4 we briefly describe the relation between

our dictionary and another prescription from the literature which applies to certain

special cases.

For certain spacetimes it is difficult to precisely understand the workings of the

holographic principle since naively some information is hidden ‘too deeply’ in the

spacetime. This is for example the case for so-called wormholes which are space-

times that are roughly speaking comparable to black holes. If the gauge/gravity

duality holds exactly then all the information about the spacetime should be sto-

red in the quantum field theory, so in particular also the information which is

deeply hidden. Using our new dictionary we can describe the details of the duality

in detail for these wormhole spacetimes and verify its validity. This is the subject

of chapter 5, where we demonstrate that at least for the wormhole spacetimes no

information can possibly be hidden too deeply in the spacetime. In chapter 6 we

give an alternative representation of the wormhole spacetimes which may be useful
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for future research.

The success of holography in string theory has led to several attempts at a ge-

neralization of this approach. In particular one often tries to apply holography

to theories of gravity in only two spatial dimensions (rather than the usual three

dimensions). These theories are ‘toy models’ for the real world where computati-

ons simplify and therefore new insights might be gained more easily. One may for

example apply the usual dictionary to such lower-dimensional theories to investi-

gate whether this would result in a consistent quantum theory without reference

to string theory. We apply this idea to a specific two-dimensional theory of gravity

called topologically massive gravity, which is a slight variation of the usual general

theory of relativity. The results we obtain for a possible dual quantum field theory

are however inconsistent with the basic requirements for a ‘good’ quantum field

theory. It therefore seems that topologically massive gravity is not a suitable toy

model for quantum gravity and we would need a more complete theory like string

theory to obtain consistent results.
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Samenvatting

In dit hoofdstuk geven we een overzicht van de lijn van onderzoek waar dit proef-

schrift deel van uitmaakt. We beginnen met een kort overzicht van onze huidige

kennis van de elementaire deeltjes, samengevat in een zogeheten kwantumvelden-

theorie die het standaardmodel genoemd wordt. Daarna bespreken we de onvolle-

digheid van het standaardmodel, in het bijzonder het ontbreken van een goede be-

schrijving van de zwaartekracht. Vervolgens leggen we uit hoe de snaartheorie een

mogelijke completering van het standaardmodel kan geven die de zwaartekracht

wel correct kan beschrijven. Daarna bespreken we de zogenaamde ‘gauge/gravity

dualiteiten’, een onderwerp in de snaartheorie waarnaar momenteel veel onder-

zoek plaatsvindt. Aan het einde van dit hoofdstuk vatten we de resultaten van

dit proefschrift samen en leggen we uit hoe die onze kennis over deze dualiteiten

vergroten.

Het standaardmodel

In 1900 presenteerde Max Planck een formule voor de temperatuurafhankelijkheid

van elektromagnetische straling. Het meest opmerkelijke aan de formule van Plan-

ck was het feit dat deze formule een geheel nieuwe constante bevatte, h, waarvan

de waarde tegenwoordig bepaald is op 6, 63 · 10−34Js. Het bleek al snel dat h

een nieuwe fundamentele natuurconstante was waaromheen een volledig nieuwe

theorie ontwikkeld diende te worden om correct het gedrag van deeltjes op kleine

afstanden te beschrijven, de zogeheten kwantummechanica. Met de kwantumme-

chanica worden bijvoorbeeld de elektronenbanen in een atoom beschreven en kan

het bijbehorende lijnenspectrum van een atoom worden uitgerekend.

De kwantummechanica was echter niet de enige revolutie aan het begin van de

twinstigste eeuw. In 1905 stond een andere fundamentele natuurconstante, de

lichtsnelheid c, centraal in een paper van Einstein. Volgens zijn speciale relativi-

teitstheorie bestaat er geen absolute manier om tijd of afstand te definiëren, maar

hangen deze definities af van de snelheid waarmee men beweegt. De lichtsnel-
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heid maakt het mogelijk om afstanden en tijden te combineren in één concept, de

ruimtetijd.

De effecten van de speciale relativiteitstheorie worden pas merkbaar als deeltjes

zich met snelheden dichtbij de lichtsnelheid bewegen. Deze effecten worden echter

helemaal niet meegenomen in de kwantummechanica van Planck en zijn tijdgeno-

ten, zodat die verkeerde voorspellingen geeft voor bijvoorbeeld elektronen die met

ongeveer de lichtsnelheid bewegen. Het verbeteren van de kwantummechanica

tot een ‘relativistische kwantummechanica’ bleek echter lastig. Het resulteren-

de framework wordt de kwantumveldentheorie genoemd; de ontwikkelingen ervan

vergde de inspanningen van meerdere generaties fysici en de theorie is nog altijd

niet volledig doorgrond. De kwantumveldentheorie is echter voldoende begrepen

om zeer precies de uitkomsten van bijvoorbeeld deeltjesversnellerexperimenten te

beschrijven.

Een kwantumveldentheorie is een abstracte theorie die het kwantummechanische

gedrag beschrijft van willekeurige deeltjes die met hoge snelheden bewegen. In

de natuur zien we echter een heel concreet aantal elementaire deeltjes waar alle

andere materie uit is opgebouwd. De specifieke kwantumveldentheorie voor deze

elementaire deeltjes heet het standaardmodel. De deeltjes in het standaardmodel

zijn zes typen quarks, zes typen leptonen en het Higgs boson. De quarks hebben

elk een eigen naam: ze heten up, down, charm, strange, top en bottom. De

leptonen zijn het elektron, het muon en het tau-deeltje alsmede drie verschillende

neutrino-deeltjes. Het Higgs boson is nog niet geobserveerd maar is nodig voor de

consistentie van het standaardmodel. Volgens het standaardmodel vormen deze

deeltjes samen de bouwstenen van alle materie om ons heen: zo bestaat een proton

bijvoorbeeld grofweg uit een samenstelling twee up quarks en één down quark.

In het standaardmodel zijn er bovendien drie verschillende krachten werkzaam op

de elementaire deeltjes: de sterke kernkracht, de zwakke kernkracht en de meer

bekende elektromagnetische kracht. Deze krachten worden gemodelleerd door zo-

genaamde krachtendragende deeltjes. Zo wordt de elektromagnetische kracht tus-

sen bijvoorbeeld twee elektronen beschreven door de uitwisseling van fotonen. Het

model in termen van krachtendragende deeltjes vervangt de bekende beschrijving

door middel van bijvoorbeeld een elektromagnetisch veld en zo’n vervanging is

noodzakelijk vanwege het kwantummechanische gedrag van de deeltjes op hele

kleine afstanden. De deeltjes waarmee de sterke kernkracht gemodelleerd wordt

heten gluonen en de zwakke kernkracht wordt gemodelleerd door de zogeheten W-

en Z-bosonen. Er zijn acht gluonen, twee W-bosonen en één Z-boson.
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Onvolledigheden

Na Planck (in 1918) zijn er meer dan 60 nobelprijzen uitgereikt voor bijdragen aan

de ontwikkeling van eerst de kwantummechanica en later kwantumveldentheorie

en het standaardmodel. Het is dan ook een model dat onze meest fundamentele

kennis van de natuur representeert en daar mag men best trots op zijn. Tot grote

opluchting van de huidige generatie theoretisch natuurkundigen is het standaard-

model echter ook incompleet en ligt er nog veel meer onontdekte fundamentele

natuurkunde in het verschiet. Belangrijke experimentele aanwijzingen daarvoor

zijn de schaal van elektrozwakke symmetriebreking en ook donkere materie, die in

essentie wijzen op het bestaan van nieuwe, nog onontdekte elementaire deeltjes.

Deze deeltjes kunnen wellicht in de toekomst gevonden worden, bijvoorbeeld in ex-

perimenten met deeltjesversnellers, en zullen dan moeten worden toegevoegd aan

het standaardmodel. Het is dan plausibel dat we op die manier een meer complete

kwantumveldentheorie verkrijgen die deze deeltjes incorporeert.

Een andere incompleetheid van het standaardmodel is het feit dat er nog een

kracht bestaat, namelijk de zwaartekracht, die ook niet door het standaardmodel

wordt beschreven. Zoals we nu zullen uitleggen is dit conceptueel een veel groter

probleem.

Om te beginnen hebben we op zich al een accurate beschrijving van hoe de zwaar-

tekracht werkt op grote afstanden, namelijk in termen van Einstein’s klassieke

algemene relativiteitstheorie. Deze theorie stelt dat de ruimtetijd uit de speciale

relativiteitstheorie in werkelijkheid gekromd is en geeft daarmee een succesvolle

beschrijving van allerlei astrofysische en kosmische fenomenen. Op hele kleine

afstanden weten we echter niet hoe de zwaartekracht beschreven moet worden.

Hoewel de speciale relativiteitstheorie en de kwantummechanica verenigd konden

worden in de kwantumveldentheorie blijkt dat er niet zomaar een eenvoudige ma-

nier te bestaan om hetzelfde te doen voor de algemene relativiteitstheorie. Volgens

de kwantumveldentheorie moet men namelijk het gravitationele veld vervangen

door een krachtendragend deeltje (net als het elektromagnetische veld vervangen

werd door het foton) dat in dit geval een graviton wordt genoemd. Als we ech-

ter gaan rekenen met een kwantumveldentheorie met een graviton dan vinden we

allerlei mathematische problemen die laten zien dat dit geen fundamentele be-

schrijving van de natuur kan zijn. Door die problemen zijn kwantumveldentheorie

en zwaartekracht fundamenteel onverenigbaar: in een wereld waarin kwantumvel-

dentheorie exact geldig is kan er geen zwaartekracht zijn en vice versa. Toch leven

wij in een wereld waarin wij zowel kwantumveldentheorie als algemene relativi-

teitstheorie succesvol gebruiken om experimenten te beschrijven en daarom is het

noodzakelijk dat geen van beiden exact geldig zijn! De uitdaging is daarom om

een correcte en mathematisch consistente kwantumtheorie van de zwaartekracht te
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vinden. Vanwege de bovengenoemde problemen zal die voorbij moeten gaan aan

de huidige kwantumveldentheorie.

Er zijn helaas bijzonder weinig experimentele resultaten beschikbaar die behulp-

zaam zouden kunnen zijn in het vinden van een dergelijke theorie. Het experimen-

tele succes van het standaardmodel (dus van een kwantumveldentheorie zonder

zwaartekracht) bijvoorbeeld toont aan dat het effect van de zwaartekracht op de

resultaten van experimenten met deeltjesversnellers totaal verwaarloosbaar is. Dit

is consistent met een simpele theoretische orde-van-grootte analyse: als we aanne-

men dat de algemene relativiteitstheorie geldig blijft tot op hele kleine afstanden

kunnen we schatten dat de aantrekkende zwaartekracht tussen bijvoorbeeld twee

elektronen een factor 1042 kleiner dan de afstotende elektrische kracht. Dat is

inderdaad vele malen kleiner dan tot nu toe meetbaar: de elektrische kracht is

bijvoorbeeld bekend met een relatieve precisie van ongeveer 1010. (Deze orde-van-

grootte analyse gebruikt echter de klassieke algemene relativiteitstheorie waarvan

wij weten dat zij niet consistent is op kleine afstanden. De analyse is daarmee

inherent onbetrouwbaar en in werkelijkheid is er momenteel geen consistente the-

oretische afschatting van de effecten van de zwaartekracht op kleine afstanden.)

Snaartheorie

Het idee van de snaartheorie is dat de elementaire deeltjes eigenlijk hele kleine uit-

gestrekte snaartjes zijn. Het gaat daarmee voorbij aan de kwantumveldentheorie,

waarin de deeltjes altijd als puntdeeltjes beschreven worden. Bovendien maakt

deze aanname het mogelijk om een consistente wisselwerking met gravitonen te

beschrijven en daarmee lijkt de snaartheorie alle benodigde ingrediënten te bevat-

ten voor een kwantumtheorie van de zwaartekracht. De snaartheorie is momenteel

echter nog geen volledige theorie en het precies begrijpen wat de snaartheorie nu

precies inhoudt is iets waar momenteel veel onderzoek naar gedaan wordt.

Hoewel de snaartheorie een consistente theorie van de kwantumzwaartekracht lijkt

te zijn is het moeilijk gebleken om ook een realistische versie van een dergelijke

theorie te verkrijgen. Afhankelijk van de precieze versie van de snaartheorie die

men hanteert blijkt de snaartheorie namelijk vaak veel meer en ook heel andere

deeltjes te voorspellen dan de hierboven genoemde deeltjes van het standaardmo-

del. Het is echter niet uitgesloten dat er een versie van de snaartheorie bestaat

met een realistisch deeltjesspectrum en hier wordt momenteel dan ook hard naar

gezocht.

Niettemin is de snaartheorie wel een theorie die ons diverse inzichten kan geven

in hoe een kwantumtheorie van de zwaartekracht eruit ziet. Een mooi voorbeeld

hiervan is de beschrijving van zwarte gaten in de snaartheorie. In de algemene

relativiteitstheorie kunnen zwarte gaten niet goed beschreven worden omdat de
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materie door de gravitationele aantrekkingskracht zo sterk wordt samengeperst

dat de energiedichtheden oneindig zouden worden. Op zulke kleine schalen wor-

den kwantumeffecten echter belangrijk en daarom zal een kwantumtheorie van

de zwaartekracht zoals de snaartheorie gebruikt moeten worden. De snaartheorie

heeft ons al diverse belangrijke inzichten gegeven in de ‘microscopische’ structuur

van zwarte gaten, maar ook dit blijft nog een bron van veel onderzoek.

De gauge/gravity dualiteiten

In dit proefschrift worden de zogeheten ‘gauge/gravity dualteiten’ binnen de snaar-

theorie bestudeerd. Deze dualiteiten stellen een volledig nieuw beeld van de kwan-

tumzwaartekracht voor: zij postuleren dat er een alternatieve beschrijving bestaat

van de kwantumtheorie van de zwaartekracht in termen van een ‘gewone’ kwantum-

veldentheorie zonder zwaartekracht, maar deze kwantumveldentheorie leeft dan

wel in één ruimtetijd dimensie minder dan de oorspronkelijke zwaartekracht. Dit

is het ‘holografisch principe’: net zoals een hologram alle informatie bevat om

een drie-dimensionaal beeld te reconstrueren aan de hand van gegevens op een

twee-dimensionaal vlak, zo kan een kwantumveldentheorie in d dimensies (voor

willekeurige d) gebruikt worden om kwantumzwaartekracht te beschrijven in d+1

dimensies. Dit is zeer tegenintüıtief en het is dan ook nog lang niet uitgekristal-

liseerd wat de implicaties van het holografisch principe voor de kwantumtheorie

van de zwaartekracht precies zijn.

Om de dualiteiten concreet te maken moet nog wel de relatie tussen de kwan-

tumveldentheorie en de kwantumtheorie van de zwaartekracht precies gemaakt

worden. Zo’n dualiteit komt daarom met een zogeheten ‘dictionary’ dat groothe-

den tussen de twee theorieën vertaalt. Gebruik makend van dit dictionary weten

we bijvoorbeeld in principe hoe we objecten als zwarte gaten moeten beschrijven

in termen van de kwantumveldentheorie. Het dictionary kan echter ook de ande-

re kant op gebruikt worden en dit is een interessante spinoff van de dualiteiten:

door middel van relatief eenvoudige berekeningen in de algemene relativiteitstheo-

rie (zoals we weten is dat op grote afstanden een voldoende goede benadering van

de kwantumtheorie) blijken we vrij simpel resultaten te kunnen verkrijgen over de

kwantumveldentheorie die tot dan toe allerlei onmogelijk ingewikkelde berekenin-

gen vereisten.

Het dictionary was tot op heden in groot detail ontwikkeld voor de gevallen waarin

sprake is van een evenwichtssituatie. Een voorbeeld van zo’n situatie is bijvoor-

beeld een zogeheten eeuwig zwart gat dat zich voor altijd in de ruimtetijd bevindt.

Voor niet-evenwichtssituaties, bijvoorbeeld de holografische beschrijving van de

ineenstorting van een ster die leidt tot de vorming van een zwart gat, was het

dictionary echter nog niet volledig ontwikkeld. In hoofdstuk 2 geven we een gede-
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tailleerd dictionary voor dit soort dynamische situaties. Dit stelt ons in staat om

de dualiteit toe te passen in nieuwe situaties maar levert ons ook interessante in-

zichten op in de structuur van de theorie van de kwantumzwaartekracht. Om ons

nieuwe dictionary te testen hebben we een aantal relatief eenvoudige voorbeelden

uitgewerkt in hoofdstuk 3. Volgens ons dictionary moeten bepaalde grootheden in

de kwantumveldentheorie gegeven worden door de uitkomst van heel specifieke be-

rekeningen in de kwantumtheorie van de zwaartekracht. We doen deze berekenin-

gen voor een aantal gevallen waarvan we de uitkomst in de kwantumveldentheorie

al weten en vinden inderdaad dat ons dictionary de verwachte antwoorden geeft.

In hoofdstuk 4 beschrijven we kort hoe een andere prescriptie uit de literatuur,

geldig voor een subklasse van deze gevallen, ook volgt uit de toepassing van ons

algemene dictionary.

Voor sommige ruimtetijden is het lastig om te zien hoe het holografisch principe

precies werkt omdat informatie ‘te diep’ in de ruimtetijd verstopt lijkt te zitten.

Dit lijkt bijvoorbeeld het geval te zijn bij wormgaten, ruimtetijden die vergelijk-

baar zijn met zwarte gaten. Als de dualiteit exact geldig zou zijn dan zou echter

alle informatie over de ruimtetijd in de kwantumveldentheorie opgeslagen moeten

worden, ook de erg diep verstopte informatie. Met ons nieuwe dictionary kun-

nen we ook de werking van de dualiteit voor wormgaten in detail beschrijven en

controleren of die nog steeds geldig is. Dit doen we in hoofdstuk 5 en het blijkt

inderdaad dat in ieder geval voor deze klasse van ruimtetijden informatie nooit te

diep verstopt kan zitten. Hoofdstuk 6 geeft een alternatieve beschrijving van de

wormgaten die nuttig kan zijn voor verder onderzoek.

Door het succes van de holografische benadering van de snaartheorie heeft men

geprobeerd dit concept te veralgemeniseren. In het bijzonder wordt de holografi-

sche benadering vaak toegepast op theorieën van de zwaartekracht in slechts twee

ruimtelijke dimensies (in plaats van de gebruikelijke drie). Dit is een ‘toy model’

waarin we de kwantumeffecten van de zwaartekracht makkelijker kunnen bestude-

ren omdat veel berekeningen vereenvoudigen. Hierdoor het makkelijker wordt om

nieuwe inzichten te verkrijgen. Men kan bijvoorbeeld het gebruikelijke ‘dictionary’

toepassen op zulke lager-dimensionale theorieën om te zien of men wellicht op die

manier een consistente kwantumtheorie kan formuleren zonder gebruik te maken

van de snaartheorie. In hoofdstuk 7 passen we dit idee toe in een bepaalde twee-

dimensionale theorie van de zwaartekracht, topologically massive gravity, die een

variatie is op de gebruikelijke algemene relativiteitstheorie. De resultaten die we

zo verkrijgen voor de duale kwantumveldentheorie (in één ruimtelijke dimensie)

voldoen echter niet aan de basisvereisten voor een goede kwantumveldentheorie en

daarmee bewijzen we dat dit model eigenlijk ongeschikt is als toy model. Het lijkt

erop dat een meer complete theorie zoals de snaartheorie nodig is om consistente

resultaten op te leveren.
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