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1 Introduction

None of these facts, however strange or
inexplicable, is as strange or inexplicable as the
rules of the game of Brockian Ultra Cricket, as
played in the higher dimensions. A full set of
rules is so massively complicated that the only
time they were all bound together in a single
volume, they underwent gravitational collapse
and became a Black Hole.

Douglas Adams,
The Hitch Hiker’s Guide to the Galazy.

The subject of this thesis is the numbers of rational points on algebraic curves. The main
question for us is: What is the mazimum possible number of rational points on a complete,
non-singular, absolutely irreducible algebraic curve of genus g defined over the finite field
F, with q elements? This maximum is usually denoted by N,(g).

QOur subject lies in the border area between algebraic geometry and algebraic number
theory, which is reflected both in its historical origins and in contemporary perspectives
on it. Counting the numbers of points on curves can be considered as a generalization of
counting the numbers of solutions of polynomial equations, a number theoriticians’ realm;
at the same time, the very notion of an algebraic curve belongs to algebraic geometry.

The interest in curves with many rational points comes from two directions. On one
hand, this is an interesting mathematical problem, simply formulated but highly nontriv-
ial. On the other hand, such curves are used in practical applications in coding theory,
cryptography and pseudo-random sequences.

Finding the value of N,(g) for all ¢ and g is a difficult problem; at present, for most
values (g, g) only an upper bound on N,(g) is known, and we do not know how close these
upper bounds are to true values of Ny(g). To come closer to the answer, one needs, on
one hand, to improve upper bounds, and on the other hand to build curves with many
rational points. This thesis focuses on specific constructions of curves with many points.

1.1 History

Here we briefly recall the main steps in the development of our subject. One can roughly
divide its history into three periods.

In the first period, attention was devoted to polynomial congruences modulo prime
number. In section 358 of his Disquisitiones Mathematicae (1801), C. F. Gauss finds the
number of solutions of the congruence ax® — by® = 1(modp). This result was obtained
by elementary methods, and was used as a step in the problem of calculating certain
exponential sums. Gauss later applied his methods to congruences az* — by* = 1(mod p)
and y? = az*—b(mod p), but for more general cases they led to unmanageable calculations.




Jacobi, in a letter to Gauss in 1827, proposed to invert the problem, and use available
information on exponential sums (such as orthogonality relations which he deduced) as a
starting point in the problem of finding the number of solutions. There was little activity
in the field for a long time afterwards, at least until the end of the 19th century.

In the second period the central object was the zeta function; the connection between
the theory of zeta functions and, on one hand, congruences in finite field, and, on the
other hand, algebraic curves, was gradually established.

The first zeta function was introduced by Riemann in 1859; it is defined for s €
C such that Re(s) > 1 by the Dirichlet series {(s) := Y -° n~% and extended to a
meromorphic function on the complex plane. The important properties of ((s) are the
functional equation £(1 — s) = &(s), where £(s) = 1s(s — 1)7~*/*T'(s/2)((s) and I'(*) is
the usual gamma function, and the Riemann hypothesis (still unproven), claiming that
all the complex zeros of ((s) in the strip 0 < Re(s) < 1 lie on the line Re(s) = 1/2.
Riemann’s theory was later extended by Dedekind, to include zeta functions of arbitrary
number fields: if K is such a field, Dedekind defines his function by the series

Ck(s)=)_ N(a)~,

(where a are the nonzero ideals in the ring of integers of K, and N(a) is the norm of a).

The first step from zeta functions of number fields to zeta functions of algebraic curves
was taken by E. Artin. In his thesis (published in 1924) he noticed that a theory analogous
to Dedekind’s can be built if one takes for K a hyperelliptic function field with a finite
field of constants of odd characteristic (that is, a field F,(x,y) in which y* = F(z), and
F(z) is a squarefree polynomial with coefficients in F,). Moreover, he pointed out that
in general his theory is easier than Dedekind’s, since if one writes (x(s) = Zx(g~°), then
Zk(t) is a rational function of t with coefficients in Q. Artin also proved a version of the
functional equation for his zeta functions, and proposed a hypothesis analogous to the
Riemann hypothesis (and experimental evidence for it). In terms of Zk(¢), this hypothesis
asserts that the complex zeros of Zk(t) lie on the circle [¢t| = ¢~1/2,

Artin’s work was performed in a field-theoretic setting, and did not directly exploit the
notion of an algebraic curve or its genus. The theory of algebraic curves was already quite
advanced at the time, but the curves were mostly considered over the field of complex
numbers, and most methods involved some analytic notions. The key ingredient for the
next step from zeta functions to curves, however, was already present in the 1882 work of
Dedekind and Weber. In this work the foundations of the theory of curves are presented
from the algebraic point of view; the main object is the field of rational functions on the
curve, and the authors single out the properties of the curves which do not depend on
a specific choice of an (affine) model. The authors point that since no analytic methods
were used, the field of complex numbers can in principle be replaced with another field.
This work already made clear the parallelism between the theory of curves and the theory
of algebraic number fields; for example, points on curves correspond to prime ideals in
fields. Poincaré suggested to apply the theory of curves to congruences in two variables
already in 1908, in his speech at the Mathematical Congress.
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This geometric language was brought into the study of zeta functions in 1931 by F. K.
Schmidt. Using the analogy between points on the curve and ideals in its function field,
he suggested to define a zeta function of the curve C defined over F; as

Zo(t) =] (1 — 8@,

Q

where @ runs over all places of C. This is an absolutely converging product for || < 1/g
which defines a rational function in the complex plane. If one takes for C an affine
hyperelliptic curve C, then Zc(t) is exactly the zeta function introduced by Artin.

Drawing further on the ideas of Dedekind and Weber, Schmidt proposed looking at
the zeta function of the complete (or projective) nonsingular absolutely irreducible curve.
Such a curve is unique in its birational isomorphism class, which means that the field of
functions defines it up to isomorphism. It turned out that there are particularly simple
expressions for the zeta functions of such curves: if g is the genus of the complete curve
C, then one has

L(t)
Q=11 —qt)’
where L(t) is a polynomial of degree 2g. The analogue of the Riemann hypothesis asserts
that the complex roots of L(t) lie on the circle |z| = ¢~%/2.

The close study of the numbers of rational points on curves in connection with their
zeta functions was initiated by H. Hasse, who thus linked the subject to previous work
of Gauss and Jacobi on congruences. If 1/a; (for 1 < 7 < 2g) are the complex roots of
the polynomial L(t) above (for C' a smooth complete absolutely irreducible curve defined
over ), then one has

Zc(t) =

29
#C(Fpu) =g +1- > of.
i=1

The Riemann Hypothesis states that |a;| = /g for 1 < 4 < 2g, which clearly implies
the bound |g + 1 — #C(F,;)| < 2g,/g. Hasse noticed that, conversely, if for the curve
C defined over F; the bound |¢" + 1 — #C(Fy-)| < 2¢1/¢" holds for all » > 1, then the
Riemann Hypothesis holds for C, so this bound and the Riemann Hypothesis are actually
equivalent. Hasse also produced, in 1933, a proof of this bound for elliptic curves. The
proof relied on the theory of correspondences (divisors on C x C) on elliptic curves.
This theory, originally due to Hurwitz, was adapted to curves of any genus in positive
characteristic by A. Weil, who in 1940 finally proved the above bound (which since became
known as the Hasse-Weil bound) for any genus, thus proving the analogue of the Riemann
Hypothesis in function field case.

Weil’s proof marks the end of the second period, and for a long time numbers of
points on curves were not closely studied. Weil's work, however, contributed to the
intensive developments in algebraic geometry, centered around the Weil conjectures (see
[Dieud, Hou], and the introduction to [Weil] for a review of their history).




The third, modern, period may count as its beginning the 1980 work of V.D.Goppa
establishing the link between the theory of error-correcting codes (or coding theory) and
curves over finite fields.

Coding theory has its origins in the late 1940s, in the early computer era: the physical
communication channels inside computers are faulty, and a large calculation can fail be-
cause of one flipped bit. To overcome this, early programmers implemented error-detecting
mechanisms, such as parity checks; this prevented some errors, but now calculation came
to a halt every time an error was detected. The answer to these problems (pioneered by
Hamming, Golay and Shannon around 1948) was to set up mechanisms which not only
detected the presence of an error, but could also tell where this error has most likely oc-
curred, so that a computer could correct it (since messages were binary) without stopping
the calculation.

As computers and digital communications proliferated, coding theory actively devel-
oped in both practical and theoretical directions. A number of interesting structures
related to various areas of mathematics were established: in addition to combinatorics
and probability, which featured in the theoretical part from the beginning, more and more
algebraic methods were used, exploiting properties of finite fields and rings of polynomials
over them. The aforementioned work of Goppa contained a construction of codes which
was, in a sense, a generalization of a previously known construction of Reed-Solomon
codes: where Reed and Solomon use polynomials of a bounded degree, Goppa used func-
tions lying in £(D) on an algebraic curve {the space of functions with pole divisors not
bigger than the divisor D). The number of rational points and genus of the curve play a
significant role in estimation of the parameters of the code, namely, the higher the ratio
of number of points to genus is, the better the resulting code.

Goppa’s construction initiated a resurgence of interest to number of points on curves,
and defined some characteristics of the modern period of the subject. For example,
more attention is paid to curves with many points, as opposed to investigations of the
distribution of the number of points or finding curves with few points; coding theory is
used in investigations of curves and vice versa; and there is some preference for explicit
results, such as curves defined by equations (so that these results can be practically used
in algorithms).

1.2 Recent work on N,(g)

Questions about numbers of points on curves can be divided into asymptotic and “fi-
nite”; both received renewed attention after Goppa's work. Asymptotic questions lie
outside the scope of this thesis, but we mention one important area. Define A(q) :=
limsup,_,,, No(g)/g; then by Hasse-Weil bound, A(g) < 2,/g. Thara, in 1981, has shown
(see below) that for a fixed ¢, the Hasse-Weil bound can be improved for large g. The
idea for improvement is as follows: if a curve has large genus and large number of points
over F,, then all its eigenvalues of F,-Frobenius (denoted «; in the previous section) lie
close to —,/q in the complex plane, and hence all a? lie close to ¢; for large genera this
would imply that the curve has a negative number of points over Fj, which is clearly




impossible. This means that the estimate on A(g) can be improved as well: Drinfeld and
Vladutz, using an extension of Ihara’s method (considering not just Fg but also higher
extensions of F,) have concluded that A(q) < ,/g—1 for any ¢. On the other hand, using
Shimura modular curves, Ihara showed that for ¢ a square, A(g) > /g — 1, hence the
equality holds. For nonsquare ¢ the exact value of A(g) is still unknown, though a number
of estimates have been obtained recently. The significance of A(g) for coding theory was
shown by Tsfasman and Goppa (also in 1981, see [Manin2]): roughly speaking, every
lower bound on A(q) shows existence of many codes with good parameters.

“Finite” questions concern with finding N,(g) for any ¢ and g; the problem in this
formulation was first dealt with by J-P. Serre in the early 1980s (see [Serrel, Serre2,
Serre3, SerreHL]). It is immediately clear that the problem is generally difficult, hence
one has to contend with upper and lower bounds for Ny(g). Thus the problem is two-fold:
prove better upper bounds, and construct curves with many points.

With respect to upper bounds, Serre improved the Hasse-Weil bound for nonsquare
¢ (the improved bound is known as the Hasse-Weil-Serre bound, see Section 3 below),
and proposed to use formules ezplicites as a way to obtain upper bounds using the ideas
of Thara, Drinfeld and Vladutz. In the resulting game, one has to find good parameters
to produce good majorations, which is a linear programming problem; the algorithm
producing the best parameters was produced by J. Oesterlé in 1983. The upper bounds
on N,(g) resulting from this algorithm are usually referred to as Oesterlé bounds. We
explain this mechanism briefly in Section 3.2; for exposition of Oesterlé’s algorithm see
[Sch, SerreHL, Thomas]. Serre also proposed other methods of improving upper bounds,
which we reproduce in the Section 3 below. Some of Serre’s methods were later improved
on, and used to derive a number of upper bounds for specific ¢ and g, by K. Lauter (see
[Laul, Lau2]).

On the “construction” side, Serre has found many good curves (i.e. with the number
of rational points close to the upper bound) using class field theory. Class field theory
describes the properties of abelian extensions of a field using that field’s intrinsic structure;
in our case, the field is the field of functions on the curve, so we obtain an abelian covering
of our curve, possibly with a constant field extension. Thus, using mechanisms of class field
theory one may deduce that there exists an extension with given ramification and splitting
behaviour, which allows us to compute the genus and number of points. After Serre,
various techniques in class field theory were exploited by Xing and Niederreiter, Schoof,
Stichtenoth, Lauter, and Auer. The methods proved efficient in finding new curves; their
drawback is that it’s generally difficult to produce an equation for the resulting curve, or
say much about its properties.

Another result of Serre in this area was the determination of N,(1) and Ny(2) for all
g. Finding the value of N, (1) is straightforward, given the 1941 work of M. Deuring on
elliptic curves. Finding N,(2) required significantly more work in special cases. Let us
mention one method: in some cases Serre starts with a zeta function, shows (using Honda-
Tate theory) that there exist abelian surfaces with such zeta function, and proves that
at least one of them possesses a principal polarization; this principally polarized abelian
surface is then the jacobian of a curve. Finally, he proves that this curve is irreducible.




This is a beautiful method, but so far the attempts to utilize this method for genus 3
(by Ibukiyama and, independently, by Lauter) brought only partial results {for genus 4
and higher it is not applicable since not all principally polarized abelian varieties are
jacobians).

The line of investigation which is perhaps the most geometric in spirit in the field
originated with the work of Stohr and Voloch in 1986 on the Weierstrass gaps of linear
systems on curves over finite fields. One consequence of their results was that if a curve
has many rational points, certain restrictions are imposed on the sequences of Weierstrass
gaps of linear systems. The methods of Stéhr and Voloch were employed by Fuhrmann,
Garcia and Torres in their series of works on maximal curves, that is, curves of positive
genus whose number of points achieves the Hasse-Weil upper bound g + 1 + 2¢,/g (then
q is clearly a square). It turns out that maximal curves possess special linear systems,
and analysis of Weierstrass gaps of this linear system strongly restricts the number of
possibilities. For example, if a maximal curve over Fp has genus g, then either g =
g(g —1)/2 or g < (¢ — 1)%/4 (for odd g one has either g = g(g — 1)/2 or g = (¢ — 1)2/4
or g < (g—1)(¢g—2)/4). These results have as their consequence that for certain genera
there do not exist maximal curves, so in a number of instances an upper bound on N,{(g)
is improved by 1.

While the best known upper bounds are currently obtained using one of the methods
outlined above or their combination, a wider array of methods has been used to obtain
curves with many points (and their towers, if one is interested in asymptotic questions).
Many good curves were obtained by van der Geer and van der Vlugt as Artin-Schreier cov-
erings of the projective line (it is interesting that another connection with coding theory
arises in the study of such coverings, namely the connection between generalized Ham-
ming weights of certain trace codes and numbers of points on Artin-Schreier coverings).
A number of good curves were found as Kummer coverings of the projective line: van der
Geer and van der Vlugt used linearized polynomials in their construction, while Ozbudak
used finite geometry. Other methods, besides those coming from class field theory, in-
cluded extensive computer search in certain families of equations (Wirtz), special families
of polynomials (Garcia and Stichtenoth), and toric geometry (Kresch). In addition, some
classical curves (such as the Fermat and Klein curves), and some modular curves, were
found to have large numbers of points compared to their genera.

It is natural to represent the current state of the art in finding the true value of Ny(g)
by the tables with calculation results. The first of these tables were compiled by Serre;
a somewhat larger table was published by Wirtz in 1991 ([Wir]), and since 1993, further
expanded tables were maintained by van der Geer and van der Vlugt ([GV5]). The tables
contain, for 1 < g < 50 and q € {2,4,8,16,32,64,128;3,9,27,81}, the largest known
number of points on the curve of genus g over I, and, for comparison, the best presently
known upper bound. Historically, a choice has been made to include only those numbers
of points which are sufficiently close to the upper bound, namely if the number of points
is at least (upper bound)/+/2. This was done because in many cases the upper bound was
the Thara bound, which gives the estimate for A(g) which is about v/2 times worse than the
Drinfeld-Vladutz bound (Ihara’s bound gives A(q) < 1/2g, while Drinfeld-Vladutz implies
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A(g) < /q); since one expects the Drinfeld-Vladutz bound to be close to the true value
of A(q), one also expects curves whose numbers of points lie below (Ihara’s bound)/v2 to
be very easy to find. This choice of a constraint is somewhat arbitrary, but it proved very
useful: the tables in their present form have many entries, but also many empty spots,
which indicates that finding a curve satisfying this constraint is neither impossible nor
too easy.

Let us make one more remark. Since there are only finitely many isomorphism classes
of curves of given genus defined over a given finite field, it is natural to consider the
possibility of solving our problems by full search using a computer. However, as often
happens, the amount of time required for such calculations is so large that it makes the
possibility of full search purely theoretical. Consider a simple example: suppose we want
to list all curves over Fg of genus 4. The moduli space of curves of genus 4 is rational and
9-dimensional, so there are roughly 8° isomorphism classes of such curves. Supposing we
have an algorithm to efficiently list all these curves with a speed of one per second, listing
them all would take more than 4 years.

1.3 Overview of this thesis

In this thesis we review some known results about numbers of rational points on curves,
extend one old method and introduce one new method of constructing curves with many
points, and use these methods to obtain new good curves. The contents of the sections
are as follows.

In Section 2, we recall the most basic facts about the curves over finite fields, numbers
of their rational points and their zeta functions. In Section 3 we present the standard
mechanisms for producing upper bounds for N,(g): the Hasse-Weil-Serre and Oesterlé
bounds, the “theta irreducibility” condition, the Beauville-Serre theorem and the method
of Galois descent.

Sections 4 and 5 contain the calculation of N,(1) and N,(2), respectively for any g.
These calculations are due to Serre, and they appeared in the handwritten notes of his
Harvard lecture course of 1985 ([SerreHL]). The result for genus 1 follows in a straight-
forward way from the work of Deuring. The case of genus 2 is somewhat more involved.
The proof we present for genus 2 is essentially Serre’s proof with a few modifications and
clarifications which hopefully will make it more accessible. For example, we used the
recent, result of Howe to avoid using Shimura’s theorem on principally polarized abelian
varieties; we also used a construction of Kuhn to make the optimal curves in case g = 3%
explicit.

In Section 6 we present the basics of the Coding Theory, and explain how coding-
theoretic questions stimulated the search for curves with many points. In Section 7 we
deal with Artin-Schreier coverings; the key part here is the introduction of the space
M(D) of Artin-Schreier coverings with ramification bounded by the divisor D, and the
calculation of its dimension modulo Artin-Schreier equivalence (the answer is formulated
in terms of the dimension of the space £(D) and a certain cohomological component).
This allows us to efficiently use the method of “linear equations”, introduced by van der
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Geer and van der Vlugt: the algorithm works best when M (D) is taken as a starting point,
and in this way we obtain a number of new curves with many rational points. In Section
8 we generalize most results obtained in Section 7 to Artin-Schreier-Witt coverings. This
involves defining analogues of £(D) and M(D) in the ring of Witt vectors over the field of
rational functions on the base curve, as well as a number of technical lemmas for handling
Witt vectors and solving the “linear” equations over the ring of Witt vectors over a finite
field.

The methods derived in Sections 7 and 8 allowed us to produce a substantial number
of improvements to the tables. Below are the numbers of new entries we have found for
each field; we consider that a curve of genus g over F, is a new entry if ¢ < 50 and either
there already existed an entry in the table for (¢, g) and #C(F,) is larger than the present
entry, or if there was no entry and #C(F,) is not smaller than (best bound for (¢, g)//2.
The calculations were performed using the computer algebra software MAPLE V and the
package PAFFFF (Package for Algebraic Function Fields over Finite Fields) for AXIOM.
written by Gaetan Haché. We summarize the results of our calculations in the tables in
Section 9. The number of new entries we have produced is: 8 over Fy, 26 over Fg, 16 over
Fi6. 17 over F3,, 1 over Fgq,22 over Fy and 6 over Foy.

1.4 Related Themes

Let us mention some interesting open questions which are related to our main question:

o Growth of Ny(g): Consider N,(g)as a function of g for fixed q. One may ask various
questions about the growth of this function, for example: is it nondecreasing? How
quickly does it grow? One may also ask asymptotic questions, such as: is it true that
lim infyo Ny(g)/g > 07 (It is known that liminf, . N,(g)/g/® > 0, see [KWZ]).

e Distribution of numbers of points: Which numbers are the possible numbers of
points on curves of given genus? For each number, what is its multiplicity? What
is the average? The full answers to all those questions are only known for elliptic
curves (see [Sch, Wat] and Theorem 19 below). In addition, this question is related
to recent work of Vladutz on statistics for traces of Frobenius on abelian varieties.

o Schottky problem over finite fields: An abelian variety over a finite field F, is deter-
mined up to F,-isogeny by the characteristic polynomial of the Frobenius endomor-
phism acting on it. This is a monic polynomial of even degree in Z[t] which has all
its complex roots on the circle |2| = ,/g. Conversely, any such polynomial with a
certain additional property (which is easy to check) determines an isogeny class of
abelian varieties. Question: when does an isogeny class contain a Jacobian, that is,
which polynomials occur as characteristic polynomials of Frobenius on Jacobians?
(Recall that the classical Schottky problem is to determine the Jacobians among all
complex abelian varieties, up to isomorphism).

If C is a curve of genus g defined over F,, and t% — 7¢2%9=1 4 .. is the characteristic
polynomial of F,-Frobenius on Jac(C'), then #C(F;) = ¢+ 1 — 7. Therefore any
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restriction on the number of points can be interpreted as nonexistence of Jacobians
with certain characteristic polynomials. One meaningful example of such a restric-
tion is that the number of points is nonnegative. The Oesterlé and Lauter bounds
may serve as other examples (the Hasse-Weil-Serre bound, if viewed as a bound on
7, in fact holds for characteristic polynomials of all abelian varieties).

For elliptic curves the characteristic polynomial is determined by the number of
rational points, and the Jacobian of a curve is the curve itself, so the Schottky
problem is equivalent to the problem above (which numbers of points occur?), and
the answer is known. The work of Howe ([Howe]) can be considered as a contribution
to the Schottky problem: it is devoted to finding isogeny classes of abelian varieties
which do not contain any principally polarized abelian varieties. Since every jacobian
is supplied with a natural principal polarization, such isogeny classes also contain
no jacobians.

Note that the first of these questions is weaker than our main question, while the other
two are stronger (i.e., solving these problems will automatically determine N,(g) for any
g and g).

1.5 Notation and conventions

In this thesis, a curve always means an absolutely irreducible complete nonsingular alge-
braic curve defined over a finite field (unless otherwise stated). When a curve is given
by a plane affine equation, we mean the normalization of the corresponding projective
model.

The functor which associates to every curve the field of rational functions on it defines
an equivalence between the category of curves and the category of algebraic function fields
in one variable with finite field as constant field. Thus there is a dichotomy of approaches
to our subject: one studies curves from a geometric approach, and one studies fields from a
field-theoretic approach. This dichotomy is also reflected in terminology. In this thesis we
mostly use geometric language, but borrow some field-theoretic notions for convenience.

The notation we use without explanation is:

P The characteristic (prime number)
q The cardinality of the base field

F, The finite field with ¢ elements

F,(C) The field of rational functions on the curve C
C(F;)  The set of points of C defined over F,
#C(F,) The cardinality of this set.

We often say “number of points” instead of “number of rational points”. We also use a
convention that if v is a discrete valuation of some field, then v(0) = +co.
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2 General facts

Here we review the most basic facts about curves over finite fields, and introduce objects
and notation which will be used throughout the rest of this thesis.

Let C be a curve defined over a finite field F,, where ¢ = p° for a prime number p
and some e > 1. By a curve we mean an absolutely irreducible nonsingular projective
algebraic variety of dimension one. A point of C' will always mean geometric point.

For every point @ of C, a field of definition of @ is a finite field extension of F; it is
the smallest of extensions of F, containing the coordinates of (2 when C is represented by
a smooth model. If F« contains the field of definition of @, we say that Q is defined over
Fg. In particular, we call the point rational if it is defined over F.

The Galois group Gal(F,/F,) operates on the set of points of C. If the field of definition
of the point Q is F,¢, then there are d points in the Gal(F,/F,) - orbit of Q. Such orbits
are called places of degree d of C.

Naturally, if a curve is defined over F,, it is defined over any finite extension of F,.
Note that by considering a curve over a proper finite extension, we generally change the
notion of a place {one place may split into several), while the notion of a point remains
intact.

An algebraic morphism playing a central role in the study of varieties over finite fields
is the relative Frobenius morphism (we further omit the adjective relative). This is a
morphism from a variety X, defined over F,, to a variety X () (the Frobenius twist of X),
raising coordinates of all points to the p-th power. If X = C is a curve and K =F,(C),
then the Frobenius morphism corresponds to the embedding K? <+ K (where K7, the field
of functions of C), is simply the field of p-th powers of elements of K). The morphism
Fe (raising all coordinates to the g-th power) is also called the Frobenius morphism and
denoted by the same letter F (sometimes we refer to it as Fy-Frobenius morphism). A
curve C is defined over F, if and only if it is F,-isomorphic to C*9); in this case F,-Frobenius
goes from C to C. A point @ is rational if and only if it is fixed by the IF,-Frobenius
morphism.

Let C be a curve over F,. Consider the function

Zc(t) = exp (Z #C(]qu)g) .
d=1

This function is called the zeta function of C. Zeta functions play the central role in the
investigation of arithmetic and geometric properties of algebraic varieties over finite fields;
in the case of curves, quite a lot is known about the structure of zeta functions, including
its zeros:

Theorem 1 (Riemann hypothesis for curves over finite fields) The zeta function
of the curve C of genus g defined over B, can be written as
L(t)

S (eI T)
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where L(t) is a polynomial of degree 2g in Z[t], which in turn can be written as

29

L(t)= [T~ aut),

i=1
where a; are complex numbers of absolute value \/q.

Expositions of several different proofs of this fact can be found in various sources, such
at [Bom], [Sti], [Har| or [Mi-JV].

Writing out #C(Fu.) in terms of o; we have

29
#C(Fu)=q"+1-) of.
i=1

Thus we see that knowing all «; gives us the number of points of C over any extension of
F,. As an immediate consequence we get

Corollary 2 (Hasse-Weil bound for curves) For a curve C of genus ¢ defined over
T,

g

q+1-29/qg <#C(Fy) <qg+1+29./4.

The numbers o, ... ,as, are related to the action of F,-Frobenius on the Jacobian of
C. To explain the relation, take a prime / different from the characteristic, and define,
for any abelian variety A defined over F,, its Tate module

Vi(A) == (liin AllM) ©z, Q,

where A[I"] is the group of [™-torsion points, and the projective limit is taken with respect
to multiplication by I.

Proposition 3 The Fy-Frobenius morphism F acts semisimply on V,(Jac(C)) and has
etgenvalues o1, ... , gy (from the expression for the zeta function).

This fact is due to Weil and Tate (Tate proved semisimplicity); for a proof see, for
example, [Mi-JV]. We see that the o;’s, and hence numbers of points of C over extensions
of Fy, are fully determined by the way Frobenius acts on Vj(Jac(C)).

Let Pc(t) be the characteristic polynomial of F,-Frobenius acting on V;(Jac(C)); it is
the reciprocal polynomial to L(t). The properties of Pc(t) are actually a special case
of properties of characteristic polynomials of Frobenius acting on V;(A) for any abelian
variety A over F,. So, if P4(t) is such a polynomial, then it lies in Z[t], has degree
2dim A, and its roots «; lie on the circle |z = ,/g. This follows from the proof of
Riemann hypothesis for abelian varieties. It is also known that P4(¢) contains quite a bit
of information about A:
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