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Preface

In this thesis we derive asymptotic properties of nonparametric estimators of a
probability density function and its distribution function based on a sample of ob-
servations that are contaminated by additive random noise.

We first give some basic information on the deconvolution kernel estimator in Chap-
ter 1: e.g., what is a deconvolution problem, and how is the deconvolution estimator
constructed. Additionally we summarize the historical background of the estima-
tor and discuss some techniques for proving asymptotics that will be used in later
chapters.

Chapter 2 has been written in 1998 and appeared in print as: A.J. van Es and H.-W.
Uh, Multi bandwidth kernel estimators for nonparametric deconvolution problems:
asymptotics and finite sample performance, J. Nonparametr. Statist., Vol.13 (2001),
pages 107-128. It is based on a simple and nice inversion formula of Van Es and
Kok (1998) and contains a mix of asymptotic theory and exact risk calculation.

Although the research presented in Chapter 5 had originally been started as a second
paper, meant to be a simple application of deconvolution techniques, we ran into
problems because we could not find an exact expression of the asymptotic variance
of the kernel deconvolution estimator in the literature, a result needed to construct
a confidence interval for the test limit problem. This incited the research presented
in chapters 3 and 4.

The main body of this thesis covers Chapter 3 and Chapter 4 which consist of
asymptotic normality results in super smooth deconvolution problems. It turns out
that the limit behavior of the estimators is different in cases where the characteristic
function of the known (error) distribution decays faster than that of the Cauchy
distribution, and cases where it decays slower.

Several changes of a typographical nature have been made to the published article
and preprints in order to allow for a uniform appearance of this thesis.
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Chapter 1

Introduction

Consider situations where data are measured with non-negligible error (or noise).
Let Y and Z be independent random variables with probability density function f
and k. Then the random variable X = Y + Z has the density ¢ = f * k where
* denotes convolution. Under the assumption that Z is a random noise variable
with known distribution, the probability density function of Y can be estimated
from observations X1,...,X,. In this thesis we consider one particular class of
estimators of f based on kernel smoothing.

The problem of measurements being contaminated with noise exists in many fields.
An application is for instance the deconvolution with B-splines of histograms for
DNA-content data obtained by microfluorometry (Mendelsohn and Rice, 1982). Or,
consider X to be the time from some starting point to the time that symptoms of a
certain disease appear, Y the time of infection of the disease, and Z the incubation
period. The known distribution of Z in these two examples will be quite different. A
random noise variable is usually modeled by a symmetric distribution on the whole
real line while the distribution of a time period will be a skewed distribution on the
half line of positive reals.

Stefansky and Carroll (1990) observed that the signal-plus-noise deconvolution prob-
lem has been extensively studied; however, the exact formulation of such problems
differs from the ordinary probability density estimation problem. Stefansky and
Carroll (1990) proposed a class of estimators which are similar to ordinary kernel
density estimators in many respects.

First we review some aspects of the kernel density estimator. Then we show that
the principles of kernel smoothing can be adapted to deal with more complicated
problems such as deconvolution. Also we include other basic knowledge required for
further reading of this thesis.
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1.1 Kernel estimators

Let us consider the standard density estimation problem. Given a sequence of inde-
pendent. identically distributed observations X..... X, with common probability
density function f. how can one estimate f or its distribution function £? The usual
nonparametric estimator of F is the empirical distribution function

1 < .
== > (X))
J=1

Because F), is not differentiable we cannot estimate f by its derivative. However,
we can smooth the empirical distribution function first and then take the derivative.
That is. we convolve F,, with a known smooth distribution function 17"

Fi(r) = /u (x — w)dF,(u Zu r—X

Let w denote the derivative of W. Then the estimator of f is given by

n

L@ =< 2_; w(r - X)).
Let {h,} denote a sequence of positive bandwidths. In the sequel the subscript in
h, is omitted. To control the curvature of f; we use wp(z) = w(x/h)/h instead
of w. for a kernel w which determines the shape of the bumps and a bandwidth
h. The kernel function w is a probability density and the bandwidth A a positive
number. Thus, the kernel density estimator f,;, is the sum of "‘bumps’ placed at the

observations. We get

Jan(x —nhz ( ) (1.1.1)

The additive form of (1.1.1) implies that f,, inherits the continuity and differentia-
bility properties of w. When h is small enough we get a very noisy representation
of the data. and by increasing h the estimator will be smoother until we get a very
flat estimate of roughly the shape of the chosen kernel.

Now we address some consistency results of the estimator.
Consistency of the estimator f at a single point r was studied by Parzen (1962).
Let the kernel w be a bounded Borel function. satisfying the conditions

/_3; |w(x)ldr < oo, /i w(z)dr =1 and (1.1.2)

|rw(x)] — 0 as|z| — .
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The bandwidths h were assumed to satisfy

h—0 and nh—oc asn— oc. (1.1.3)
Under these conditions it was shown that. provided f is continuous at z,

fan(x) — f(x) in probability asn — oc.

From pointwise consistency, we move on to uniform consistency of the estimator.
Suppose the kernel w is bounded, has bounded variation and satisfies (1.1.2), and
that the set of discontinuities of w has Lebesgue measure zero. Furthermore f is
uniformly continuous on (—oc,oc), and

h—0 and nh(logn)™' —oc asn — oc.
Bertrand-Ritali (1978) showed
sup |fun(z) — f(z)] = 0 asn —oc
I

with probability one.

The full Taylor series expansion for E f,;(x) has the form

2 ri1 T oo
E fun(z) = f(x)/w(u) du — hf'(r)/uw(u) du + L f2( )/ ww(u) du

+--~+(—l)pﬁ;)—(ﬁ/j;upw(u)du—k---.

Let w be a symmetric function satisfying

/ w(u)du =1, / vw(u)du=0, forr=1,...,p—-1 (1.1.4)

—00 —0C

o>
/ uPw(u) du # 0(< ).
—oC

Note that p must be even, and for p > 2 the function w must take on negative
values. Such a kernel w is called a kernel of order p.

We get a so-called second-order kernel, for example as in Silverman (1986), when
p = 2 with a nonnegative kernel. Further, assuming that the unknown density f is
twice continuously differentiable, we have in this case

E fun(z) = f(z) + M /DC w?w(u) du + o(h?) (1.1.5)

-

2
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and

Var(fnn(z)) = n—lhf(r) /i w?(u) du + of 1h). (1.1.6)

n

The order in (1.1.4) can be taken to the limit, p — . “infinite” order. resulting
in the faster rate of the decrease of the hias (assuming sufficient smoothness of f).
One example of such an estimator is the Fourier integral estimator, which is based
on the so-called sinc kernel. w(x) =sinx/(mx).

Obtaining asymptotic normality is much in our interest. so we will review the meth-
ods by which Parzen (1962) established asymptotic normality of the kernel density
estimator. By asymptotic normality we mean that for any real number c.

: fun(x) = E fon(x) _ .
”lglgc P( o (fon(@)) < c) = ¢(c). (1.1.7)

where o2( fn(x)) = Var(f,u(x)). Since the estimate f,;,(z) in (1.1.1) may be written
as an average of independent random variables, it is easy to state conditions under
which the sequence f,; is asymptotically normal. Write

1 ¢ 1 sz —X;
fon(z) = - ZZ"J" where Z,; = Ew(Tj) (1.1.8)
j=1

A necessary and sufficient condition for (1.1.7) to hold is that for every ¢ > 0,

Zm —EZ,
nP ‘ n
" ( o(Zn1)

26711/2) — 0. (1.1.9)

as n — oo. A sufficient condition, the Lyapounov condition (see Loéve, 1977), for
(1.1.9) to hold is that, for some 4 > 0,

E |Zn1 -E an |2+(5
n/5/20-2+5(Zn])

— 0. as n — 0. (1.1.10)
Note that
1 ¢
B1Zu* ~ s @) [ty
—0C
while

oZm) ~ 1) [ wy)dy
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Since E|Z, — EZy|**? < 2279(E|Zu|>™ + |E Z,1/?*%). and the fact that the
quantity in (1.1.10) can be written as

h1+6E lan _ EZn1|2+6
(nh)6/2h1+6/202+6(2n1)’

it follows that (1.1.10) is satisfied.

Since the introduction by Rosenblatt (1956) and Parzen, there is an abundant lit-
erature on the properties of the kernel density estimators. We refer to Silverman
(1968), Prakasa Rao (1983), Devroye and Gyorfi (1985), and Wand and Jones (1995)

for bibliographies.

Using (1.1.1) we also get a kernel type estimator of the distribution function F.
Write

Fon(z) = /z Fun(u) du = %i W(‘T —hXi>
oo =

(1.1.11)

with W(z) = ffoo w(u) du. Several properties of Fy,; are well-known for a number of
years. For example, the uniform convergence of F,; to F with probability one was
proved among others by Nadaraja (1964). Watson and Leadbetter (1964) proved
that Fy; is asymptotically normally distributed. Moreover Winter (1979) showed
that F},; has the Chung-Smirnov property, i.e.,

lim sup (2n/ log log )2 sup |[Fon(t) — F(t) < 1, almost surely.
n t

1.2 Deconvolution kernel estimators

Fourier analysis has been effectively applied to the study of probability. Especially in
the deconvolution setting there are useful results in the theory of Fourier transforms.
Recall that in deconvolution problems the distribution of the observations X; is equal
to G = K xdF, where F is the distribution of interest.

Let ¢ denote a Fourier transform or a characteristic function and let a subscript
denote the corresponding density. If the characteristic function ¢(t) = Ee'tY of
a random variable Y is absolutely integrable, the Fourier inversion theorem states
that Y has a bounded, continuous density function f(x) given by

fl@) L /00 e_itngf(t) dt.

From X =Y + Z and the independence of Y and Z we have

¢g(t) = Ee™ = Ee ) = ¢(t) gy (t).
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Hence. of(t) = o,4(t)/ox(t) when or(t) # 0 for all ¢. In this identity we can estimate
the true characteristic function oy(f) by o, (t) with g, as in (1.1.1). The kernel
estimate g, of g itself is also a convolution of the empirical distribution function of
the observations and the rescaled kernel function ur,. We have

O!lnh (t) = Oli‘(ht)ormp(t)-

where &,,,, denotes the empirical characteristic function. Applyving the Fourier
inversion theorem we define the density estimator f,; of f as

1 /x it O (ht)Oemnp (L)

= 1t. 1.2.1
27 J_ o o(t) ‘ ( )

fnh(f)

which we call the deconvolution kernel density estumator. This estimator has heen
introduced by Liu and Taylor (1989) and Stefansky and Carroll (1990).
We can rewrite (1.2.1) as

n

Funle) = > o(252) (12.2)

=
where
L[> e ouwlt)
' = — 2~ dt. 1.2.3
vlu) 27 .[xe or(t/h) ( )

This shows that the deconvolution kernel density estimmator has the same basic form
as the ordinary kernel density estimator with a kernel function that depends on the
bandwidth.

By the strong law of large numbers and the convergence of o, (ht) to 1. o, , (1)
converges to og4(t) almost surely for each t when n — >c. However. absolute inte-
grability which is needed in the Fourier inversion theorem. may not hold for o4, (¢).
One way to overcome this problem to avoid integrating from —> to . is to assume
that ¢, has compact support. Examples are (Wand. 1998)

Ou, (1) = (1 —t2)3, It] < 1.

(0 1—6t2 + 6)t[>. < 1/2.
Qe = .
‘ 2(1 — [t])3. 1/2 < |t < 1.

The corresponding kernels are

48(x% — 15) cos  — 144(22? - 5) sinx
wilr) = -~ ~
3 /sin(x/4)\4
wale) = o ()
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respectively.

The expectation of the estimator (1.2.1) has a familiar form. If Y7,...,Y), are inde-
pendent. then

_ E<i/x Cbu,(t) e—it(xAYJfZJ)/hdtD,})

2m -G (Z)k(t/h)
L™ oul(?) Z, /hy ~it(r—Y,)/}
— _ E 1 j > r ldt
o /_x anle/my BT

1 > ;
— 2_/ (bw(t)e—qt(w—YJ)/hdt
T™J-x
r -,

- “( h )

It follows that

E(fun(@)V1,....Y,) = L u(I_—YJ)

Indeed, conditionally on the unobservable Y's the estimator f,;(x) is equal to an
ordinary kernel density estimator based on Y7,....Y,,. Its expectation is then also
equal to the expectation of an ordinary kernel density estimator of f. The equality of
the expectation remains valid even if the Y’s are not independent, which is obvious
by repeating the above computation, conditioning on Y; only. This shows that the
asymptotics of the bias are the same as in ordinary kernel density estimation.

Related works on nonparametric deconvolution include Carroll and Hall (1988),
Devroye (1989). Liu and Taylor (1989). Stefansky (1990). Fan (1991a. 1991b), Fan
and Liu (1997), Cator (2001) and Delaigle (2002, 2003).

1.3 Asymptotic properties

Asymptotic normality of the density estimator f,,(z) has been derived by Zhang
(1990). Fan (1991b). and Fan and Liu (1997). Zhang approached the deconvolution
problem in a semiparametric setting, and considered asymptotic normality of the
estimator of the distribution function as well. Asymptotic normality of the density
estimator based on a stationary sequence of observations has been established by
Masry (1993).

In the deconvolution setting most of the papers addressed the problem of how to
estimate the unknown density and determined the optimal rates of convergence for
specific error distributions, for example by means of mean squared error properties.
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The rate of decay to zero. at minus infinity and plus infinity, of the modulus of the
characteristic function ¢y is crucial to the asymptotics.

Fan (1991a) pointed out that few results discussed the issue of how difficult de-
convolution really is, and where the difficulty comes from. Since the asymptotic
normality results by Fan are most relevant to our work. we will survey his papers in
more detail.

He distinguished two cases: ordinary smooth and super smooth deconvolution prob-
lems. If the tail of the characteristic function decreases algebraically, then we are in
the ordinary smooth case. The tail of ¢ (t) then behaves like

lok(B)] ~ Crlt]>. as |t = x (1.3.1)

for some positive constants C; and A. In the super smooth case the tail decreases
exponentially. The tail of ¢x(t) then behaves like

ok ()] ~ Calte /e as [t — o (1.3.2)

for some positive constants A, u, Co and some real constant Ag.

Even in earlier days, for the ordinary kernel estimator two classes have been distin-
guished: problems with characteristic functions ¢, that decrease algebraically and
those with characteristic functions ¢ that decrease exponentially, see Davis (1977).
Note that (1.3.2) of Fan stipulates a somewhat larger class of characteristic functions
than that of Davis, who assumed that for some positive p,

65(t)] ~e P o< A<,

We point out that the above condition is in fact a necessary condition for the sym-
metric stable density, see Chung (1974).

Like many others Fan basically treated the deconvolution estimator as an ordinary
kernel estimator. That is, (1.2.1) can be rewritten as (1.2.2) with (1.2.3). Conse-
quently, we can follow the reasoning of Section 1.1. Thus, by checking the Lyapounov
condition (1.1.10). it can be shown that

frn(x) = E fap(z) D
n = N(0,1 1.3.3
\/_ Var(frzil(x)) ( ) ( )

in both cases, for suitable rates of A and under suitable conditions on & and w.

In the smooth case the asymptotics are essentially the same as those of higher order
derivatives of an ordinary kernel estimator of g(x) as we will see in Section 1.4. An
expression for the variance in (1.3.3) in the ordinary smooth cases is given by

Var(fnn(2)) = %h‘”‘l-g(i) /w 2| g (1)) 2dt(1 + 0(1)), (1.3.4)

-

271'012
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with some constant C; and A as in (1.3.1). Here the limit variance depends on the
(unknown) value of g(x). To be able to use this variance g has to be replaced by a
consistent estimator. Another alternative is given by the fact that the variance can
be estimated by the sample variance based on

1 /rx—X; )
ZTLJ:EU( h ]>7 ]:17“.7”&

with v as in (1.2.3). This yields asymptotic normality for the studentized estimator.
So we have under suitable conditions on h, see Fan {1991b),

N frn(z) ;Efnh(x) D N(0,1) (1.3.5)

with either s = L 370 Z2 or 83 = L3°7 (Zn; — L300 Z,5)%

In the super smooth case the asymptotics are much more complicated. Asymptotic
normality has been established for studentized estimators, i.e. the difference between
the estimators and their expectation is divided by an estimate of the standard de-
viation, see (1.3.5). This random standardization is also motivated by the need of
confidence intervals.

Even though Fan gave the exact expression of the asymptotic variance in the ordinary
smooth case, he mentioned that in the super smooth case it is hard {maybe impossi-
ble) to find a simple expression. As a consequence, the asymptotic rate and constant
of Var(f,p) are not available. So no classical central limit type theorem form can
be established. Instead he derived a lower bound for E Z2,, to check Lyapounov’s
condition (1.1.10). Moreover he observed that the sample mean %Z}l:l Znj may
not converge to E Z,; for the given bandwidth, and consequently he did not use the

sample variance s2 in the super smooth case.

The optimal rates of convergence are extremely slow for super smooth error dis-
tributions. In Fan (1992) deconvolution for more practical use is considered. The
question how high the noise level can be for deconvolution to be feasible is the
main issue of this paper. The conclusion is that if the noise level is not too high,
nonparametric Gaussian deconvolution can still be practical.

Very few works are written on deconvolution estimators of the distribution func-
tion. Fan discussed the optimal rates of convergence of the distribution function
estimators, see Fan (1991a). Zhang (1990) also addressed the optimal rates of con-
vergence under Ly-norm and moreover gave some asymptotic normality results on
the estimator of the probability functional T'(f) = fab f(z)dx.

1.4 Inversion

Let us consider deconvolution problems where the known distribution is exponential,
Laplace, or equal to their repeated convolution. In these cases we can use inversion
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formulas of Van Es and Kok (1998). expressing F in terms of the distribution of the
observation and its derivatives.

Let Ey..... E,,, be m independent standard exponentially distributed random vari-
ables and let G/) denote j-th derivative of G. Van Es and Kok showed that if the
Z; have the same distribution as \\E; + - + A, E,,. then we have the inversion

estimator
m

F=> s9(..... Am )G9, (1.4.1)
Jj=0
where s,n (/\] ..... A ) denotes the j-th order elementary svinmetrie polynomial of
the rn variables Ay..... Ay, . given by ssff) =1 and
sUAL L M) = SN A, for =10 m. (1.4.2)

1< << <im

In these cases estimators are obtained by substituting kernel estimators of the density
of the observations and its derivatives.
The simplest example of (1.4.1) is standard exponential deconvolution. where the
estimators are given by

Fon(x) = Gup(x) + gon(r). (1.4.3)

fnh(-r) = gnh(-l') + givh(-l.)' (14‘1)
An obvious question is whether we should use equal bandwidths in G,;;, and g,,;, or
not. This problem is addressed in Chapter 2.

Assuming that Fis continuously differentiable and that the kernel w satisfies (1.1.4).
the asviptotic normality F,,, in (1.4.3) can be established as follows.

\/E( nh( ) EF(F)) — \/E(gnh(-1> E(]nh + \/T nh EG:;:‘:(-I‘))
= Vih(gan(x) — Egun(e) + op(1) 2 (g(x) / w?(u) du)]/?V.

where V' ~ N(0.1).

In the Fourier setting, where k in (1.2.1) is the standard exponential density, the
characteristic function of & is @i (t) = 1/(1 — it). By the identity ¢, (t) = ito,.(t).
(1.2.3) equals

1 - —itr Ou'(f)

vir) = o | o onlt/h)
= 1 e " ou(t)(1 —it/h)dt
27 J_
_ 1 > —sz 1 > ,—itr
= % e ( )df"Q—;?l‘ ?f(D“( ) dt
1
= w(x)+ ~u'(x) (1.4.5)
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So the inversion estimator (1.4.1) and the Fourier type estimator (1.2.2) are equal.

Likewise, if L1.--- . L,, denote m independent standard Laplace distributed random
variables, and if Z has the same distribution as ;L +- - -+ Ly, . then in the points
where F is differentiable. we have

m

(1.4.6)

This deconvolution problem is more suited to model symmetric measurement error.
For increasing m the error distribution becomes smoother, and we have to estimate
higher derivatives of g. This confirms the fact that the estimation problem is harder
for smoother k. In the limit we get Gaussian deconvolution after rescaling. In
this important deconvolution model an inversion formula of Pollard (1953) has been
implemented by Gaffey (1959) and Masry and Rice (1992) to obtain estimators of f.

The inversion contains infinitely many derivatives of g which makes it much more
complicated than the inversion in the problems above.

1.5 OQOutline of the thesis

For the simple inversion estimator (1.4.4) we investigate the gain to be achieved
when we use different bandwidths instead of equal bandwidths in Chapter 2.

In Chapter 3 we derive asymptotic normality of Fourier estimators of the density,
the distribution function at a fixed point, and of the probability of an interval. We
consider super smooth deconvolution problems where the exponential decay of the
tail of the characteristic function is faster than that of the Cauchy distribution.

Whether the restrictions of Chapter 3 are essential or not will be discussed in the
next chapter, Chapter 4. We will show where the difficulty comes from and establish
asymptotic normality for specific distributions in the exclusive class.

In Chapter 5 we investigate the problem of setting test limits by means of three
different types of deconvolution estimators: isotonic, simple inversion. and Fourier
type estimators.
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Chapter 2

Multi bandwidth estimators

In some special cases relatively simple inversion formulas exist expressing the
density f of the Y; in the density g of the observations X; and its derivatives, see
Section 1.4. In these cases estimators are obtained by substituting kernel estimators
of the density of the observations and its derivatives.

We point out that although the inversion formulas show the possibility of a multi
bandwidth approach, the finite sample results in this chapter render the multi band-
width approach as not of much advantage in practical use, unless for very large
samples. This is the reason why we restrict ourselves mainly to standard Laplace
deconvolution, i.e. we assume that the error density k(x) equals %e‘m.

The inversion formula (1.4.6) gives f = g — ¢”, expressing f in terms of the distri-
bution of the observations. By replacing g and g” by kernel estimators we obtain a
multi bandwidth kernel estimator of f

Frhohy () = Gnho () — ghp, (2), (2.0.1)

where

gnhj(z)z -w _4 AN for =01, (2.0.2)

is an ordinary kernel estimator of g. If we set kg equal to h; the estimator is a special
case of the kernel estimators based on Fourier inversion, see for instance Section 1.4.
In this chapter we investigate the gain achieved by using different bandwidths.

We quantify the performance of the density estimator by the value of its mean
integrated squared error (MISE)

oo}

MISE,,(hU.hl)::E/ (Frkoh, () — flx))?dz. (2.0.3)

—o0

13
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In Section 2.1 we derive an asvinptotic expansion of this mean integrated squared
error. This expansion vields asymptotically optimal bandwidths. Surprisingly. the
optimal choice for hg for the multi bandwidth estimator is not equal to the optimal
choice for h for a density estimator of g. The optimal choice for h; is the same for
the direct estimator of ¢” as for the multi bandwidth estimator. Furthermore. we
derive a formula for the ratio of the smallest asyvmptotic error in the multi bandwidth
and the equal bandwidth case.

In Section 2.2 we derive exact formulae for the mean integrated squared error that
cai be computed numerically for given target densities f. A Fourier domain version
is derived in order to facilitate the numerical computations. In Section 2.3 we
consider several target densities and investigate the finite sample performance and
the asymptotics of the multi bandwidth estimator and compare it to the performance
of the single bandwidth estimator. In less detail we also discuss analogous results
for exponential deconvolution. Some tables and figures are included at the end of
the chapter.

2.1 Asymptotics

In the early vears of kernel estimation Parzen and Rosenblatt have derived the well
known asvmptotically optimal bandwidth of order n~!/> for estimation of smooth
densities in the case of ordinary density estimation. The same approach can be
applied to multi bandwidth kernel estimators. It leads to an expansion of the mean
integrated squared error, optimal bandwidths, and an expression for the asymptotic
gain in using two bandwidths instead of one.

Condition 2.1. The kernel function w is a symmetric. bounded. second order
probability density function. Moreover w is twice continuously differentiable with
[Pl (u)ldu < ~x. and w” bounded.

Writing ¢’ and ¢” for the first two derivatives of g and ¢g/*). k= 3 .4 ..., for higher
order derivatives we introduce the following constants:

a = %/_(1(3)(.7')2 d;1'<./ u21u(u.)du>2.
30 i/g//(I)Qd.T(/H:ZU’(U) du)Q.
= %/gm(.r)2 d.T(/uQIU(U)dU)Q.

W
o
|



2.1. ASYMPTOTICS 15

e [otutan
" = /w"(u)2 du.

We can now formulate the theorem, the proof of which is given in Section 2.4.

Theorem 2.1. Suppose that w satisfies Condition 2.1. Let g have derivatives up to
the fourth order that are bounded, continuous, and square integrable, and that vanish
at plus and minus infinity. Let hg — 0,h; — 0,nhg — oo and nhf — oc. Then we
have

1 1
MISEq (hg, h1) = Bohg + ahdh? + Bih] +v0—— + ™1

— 2.1.1
nho nh? ( )

1 1
R+ pt oy —)
+0<0+ 1+nh0+nh?

Define the leading part of the expansion (2.1.1) as the asymptotic mean integrated
squared error (AMISE), so

1 1
AMISE,,(ho, h1) := Bohg + ahdhi + BihT + o—— + "

—_—. 2.1.2
nhg nh‘? ( )

Theorem 2.2. Under the conditions of Theorem 2.1 the bandwidths ho and hy, that
minimize AMISE,, satisfy

T 7(1)/3(451)2/27 —7/27

hq ~ 2.1.
0 (2(1)1/3(5’71)2/27 ( 3)
1/3 2/27
2 (4) 2
) (fw(u) du) (fg (2) dfﬂ) T2
13 14/27 2/27 ’
52/27(fg(3)(x)2 dx) (fu%u(u)du) (fw”(u)2 du) /
> SN\ i
By ~ (4—51) n (2.1.4)
1/9
" 2
d
_ 5 [ w”(u)? du —

fg(4)(x)2d:c(fu2w(u) du)2

Proof. Note that AMISE is a convex function in (hg, h;). This follows from the fact
that the constant o originates from fg(Q)g(4), as described in Section 2.4.1, which
leads to a? < 4881 by the Cauchy—Schwarz inequality, and the fact that the 2 x 2
matrix of the second partial derivatives is positive definite.




16 CHAPTER 2. MULTI BANDWIDTH ESTIMATORS

Hence the minimizing pair (ho, h;) is unique. At this point the partial derivatives
vanish. These partial derivatives are given by

9 AMISE, (ho, h)

4GRS 49 2
Bho Bohg + ahohi — Y0

—, 2.1.5
nhg' ( )

b . .
55 AMISEq(ho.h) = 2ahihy + 481k} - 57,
1

1
nh§.
For the expressions (2.1.3) and (2.1.4) the partial derivatives vanish asymptotically.
O

Remark 2.1. If we inspect the asymptotic bandwidths more closely we see that the
bandwidth (2.1.4) is equal to the asymptotically optimal bandwidth for estimating
¢"(z). However, the bandwidth (2.1.3) is not equal to the asymptotically optimal
bandwidth for estimating g(x), which is of order n=1/3. It is of smaller order. This
is caused by the fact that the second term in (2.1.5) is of larger order than the first
term. Intuitively this can be understood from the fact that one of the two terms,
the second derivative, is more difficult to estimate than the other. In minimizing
the error, getting the bandwidth for the second derivative right gets priority and
thus this bandwidth is chosen optimally. Subsequently this choice influences the
optimal bandwidth for estimating the density itself via the cross term in the squared
bias. See also the exponential deconvolution case in Remark 2.2 below where these
bandwidths are the same.

Now let us quantify the gain to be achieved by using separate bandwidths compared
to equal bandwidths. We introduce the asymptotic relative gain p as follows

— lim infho,hl Al\'ﬂSEn(ho,hl)
P nB5% T inf, AMISE, (, h)

(2.1.6)

The next theorem gives an expression for p that surprisingly does not depend on
the kernel w.

Corollary 2.3. Assume the conditions of Theorem 2.1, and that h — 0, and nh® —
0o. Then the asymptotic relative gain p is given by

B 5/9
= K N -
oo tim (G )

[ g (x)?dx i
- (f PP dr 12 ¢® (@)l dz + | g<4><x>2dx) |
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Proof. If hg = h; = h the asymptotic mean squared error satisfies (cf. (2.1.2))

AMISE, (h,h) ~ (8o + a + 31)h* + % (2.1.7)

nh®’

The minimizer of this expression is given by

7= ( 971 )1/9 n-1/9
T \4(Bo+a+5) '

With this bandwidth we have
S 9 5 _
AMISE, (h.B) ~ = (3)4/97;‘/9(50 o+ B)Y o (2.1.8)

On the other hand, with the bandwidths (2.1.3) and (2.1.4) we have, since ho < hy
and nh? < nho,

- 9 5 _
AMISEq (ho, h) ~ & (1)4/97;‘/95;”/% 4/9, (2.1.9)
The theorem is proved by computing the ratio of (2.1.9) and (2.1.8). O

Remark 2.2 (Exponential deconvolution). If Z has a standard exponential
distribution then the inversion formula (1.4.1) is equal to f = g + ¢’. Here an
obvious multi bandwidth estimator of f is

Sahoh: (2) = Gnhy (2) + gop, (). (2.1.10)

Define the following constants

By = i / g"(x)zd:x( / u’w(u) du)g,
5 = i/gw)(x)z dx(/u2w(u) du)Q,
0= [ ww? du,

— / w'(u)? du.

In the same way as above we get the following expansion for the mean integrated
squared error

1

MISEy (ho. k1) = Bohi + Biht + 0 3
1

L +

nho "
1 1

+ o(hg) + o(hi) + o(n—ho) + O(n_h?)'
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An important difference with Theorem 2.1 for Laplace deconvolution is the absence
of the cross term ahZh? in this expansion. Since [ ¢”g"* =0 the coefficient a van-
ishes. We then see that. contrary to Laplace deconvolution. the optimal choices for
the bandwidths in the multi bandwidth estimator are equal to the optimal band-
widths for estimating g and ¢ separately.

As asvmptotic relative gain we get

3\ [ 4 (2)? da 37
)= [ ——— = = .
/ i) [ g"(x)de + [ g3 ()2 dr

Remark 2.3. Note that the optimal bandwidths for the multi bandwidth estimator
in Theorem 2.2 and the optimal bandwidth for the single bandwidth estimator vield
the same rate for the mean (integrated) squared error. This rate is optimal in
the sense of Fan (1991a). The gain therefore is achieved solely in the constant.
Comparing Laplace and exponential deconvolution it follows from the bounds in
Fan and the .3 parameter therein. that the optimal rate for Laplace deconvolution
(3 = 2) is worse than for exponential deconvolution (3 = 1).

Remark 2.4 (Linear combination of density derivatives). Suppose that we
want to estimate a linear combination of density derivatives 7(r). given by

(1) = apg(x) + arg'(x) + - + apg'(x).

for known constants agp... .. ap. p > 1. A straightforward multi bandwidth kernel
estimator of 7(x) is

Tnh(-,mh,,(l') = (LOgnh”(-T) + (llg;m, (-7) +o 4+ ”1}9552})(‘1‘)' (2111)

Examples are multi bandwidth estimators based on (1.4.1) and (1.4.6) for gamma
deconvolution and multiple Laplace deconvolution. Since here too the cross terms
vanish. it can be shown that for gamma deconvolution the optimal bandwidths
for estimation of the density derivatives themselves are of the same order as the
optimal bandwidths for the multi bandwidth estimator. The counstants are different
because of the constants a;. For multiple Laplace deconvolution the situation is
similar to single Laplace deconvolution. The bandwidths are in increasing order.
fe. hp <« hh € -+ <« }_11,. with Bp of the same order as the optimal bandwidth
for estimating ¢'?)(z). The bandwidths hg.h;..... hy 1 are of smaller order than
the optimal bandwidths for estimating the density derivatives separatelv. In general
another complication may occur. Apart from vanishing or being positive, as in the
gamma and multiple Laplace case. the cross terms can turn out to be negative.
Consider for instance estimation of 7(x) = g(x) + ¢”(z). Copying the proof of
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Theorem 2.2 we find that the cross term in (2.1.5) is negative. In that case h; is
again of order n=1/9. The terms with h3 and hoh? now have to be in balance and
the variance term with (nhg)~! turns out to be negligible. The consequence is that
both kg and hy are of order n~1/9,

2.2 Exact mean integrated squared error

An alternative to the asymptotics is provided by finite sample computation of the
mean integrated squared error for a collection of target densities. In the direct
density estimation setting this was first done by Deheuvels (1977) and Fryer (1976)
for cases where both the underlying density and the kernel function were Gaussian.
Marron and Wand (1992) showed that explicit MISE formulas can be derived for
normal mixture densities and for higher order extensions of the Gaussian kernel.
More recently, for single bandwidth estimators, Wand (1998) investigated the finite
sample performance of kernel estimators in deconvolution problems with Gaussian
and Laplacian error.

In order to get explicit expressions for the mean integrated squared error (2.0.3) we
need some notation. Let wp(-) denote h~lw(h™!.), a rescaled version of w. Define
the functions wpp, and gu,n, by

1 , =z
h%w (hl), (2.2.1)

ghOhl(I) = (who *g)(:r) - (wh1 * g”)(l‘).

Whoh, (X) = Who (7)

Let ¢, (t) = [ e w(z)dz be the Fourier transform of w, and ¢ the characteristic
function of Y.

The next theorem gives two explicit expressions for the mean integrated squared
error. The proof is given in Section 2.4.

Theorem 2.4. If f is square integrable then the mean integrated squared error of
frhoh, can be written as

o

MISE; (ho, hy) = %/

—0C

1 20
Whom (2)? dz + (1 - ©) / Ghom, (2)? dz

nJ
2 [ g @@+ [ Z F) dr.

—OC



The Fourier domain version of the mean integrated squared error is given by

MISE, (ho, h1) = ﬂ/ (qu(hot)+t ow(hlt)) dt

b x{(l 1)<(Duv(hot)+t2¢w(h1t))2

21 J_ n 142
(bu*(hot) + tQQw(hlt) . 2
2 o + 1}|@f(t)1 dt. (2.2.2)

In the single bandwidth case where hg = hy = h we have

hoh () = (wn * g)(x) — (wr = g") (@) = (wp * (g — §")) () = wy * f.

and hence the Fourier transform of gn,n, equals ¢, (ht)o(t). In this case the mean
integrated squared error is of a simpler form (cf. Wand (1998) formula (2.3))

MISE, (h, h) = 2—% / b (ht)* (1 + 132 dt
™ — 0o
1 o 0]

{(0= 260 (h1)? = 26u(ht) + 1 g (1) dt

21 J oo
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To compare the single bandwidth and multi bandwidth estimator we now define p,,
a finite sample version of p, as follows
infpg 5, MISE, (ho, k1)

infy, MISE,, (h, h)

Pn =

Remark 2.5 (Exponential deconvolution). For exponential deconvolution a
theorem similar to Theorem 2.4 can be derived. First define the functions wy,s, and
Ghohy DY
1,z
Whohy (T) = wpe(z) + —w' (—), (2.2.3)
hl h’l
Ghoh (2) = (wn, * g)(x) + (wh, * ') (7).

The proof of the next theorem is given in Section 2.4.

Theorem 2.5. If f is squarc integrable then the mean integrated squared error of
Sfrhohy can be written as

1 [ 1 o
MISE, (hg, h1) = E/ Whoh, (2)% dz + (1 — —)/ Ghoh, ()% da

— o0 nJ_x

2 [ gun@f@dn s [ e

—0G
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The Fourier domain version of the mean integrated squared error is given by

MISE, (ho. h1) = —/ Ou(hot)? + 20w (hit)? )dt
+——/ (Z)w(hot) +t2¢uv(h1t)2)
1+ t2

¢>w(h0t) +t ¢w(h1t)
1442

+ 1}|¢f(t)|2dt. (2.2.4)

2.3 Single bandwidth versus multi bandwidth

Now we have defined the finite sample and asymptotic gain in using a multi band-
width estimator, we will compute their values for several different deconvolution
problems. Let ¢ denote the standard normal density and put ¢,(x) = o~ 1¢(z/0).
We consider the four target densities f, also used in Wand (1998),

(i) standard normal o1(x),
(ii) two-component normal mixture %¢1(I) + %d)l/f)(l'),
(iii) gamma(4) , F)~trde™®, z>0,

(iv) two-component gamma mixture %F(5)_11‘46_1 + %I’(l?))'lxl?e‘“”, x> 0.

These four target densities are chosen, since they represent some important density
shapes; density (i) is symmetric but with a kurtosis coefficient about 2.23 times
that of the normal density, (iii) is skewed and (iv) is bimodal.

We will also vary the amount of error, quantified by the ratio of the variance of the
error term Z and the variance of the observation

B Var(Z)

~ Var(Y) + Var(2)’

So p indicates how much of the variance of the observed data is due to measurement
error. Observe that as p — 0 deconvolution becomes as difficult as ordinary kernel
density estimation. Fan (1992) investigated how large a noise level is acceptable for
the normal deconvolution for the equal bandwidth.

To get models for which the ratio p has given values we need more flexibility. Hence
we consider Laplace (i) deconvolution, where Z = pL with L standard Laplace dis-
tributed and p given. In this deconvolution problem the multi bandwidth estimator
equals (cf. formula (1.4.6))

fnh()hl(m) = gnh,()( ) NQQZ}”( )
and

2u?

P= 2u2 + Var(Y)’
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Table 2.1 gives values of u that vield specific values of p.
To facilitate comparison we use the same kernel in the kernel estimator as Wand.
ie.

wir) = ;
( 1 .1“2

B 48(7051(1 B E) B 14sinxe (2 B D )

wr T r?

This kernel has a simple Fourier transform

Oplt) = (1 — 1‘2)3. for ft| < 1. and o,(t) =0. elsewhere.

Let us first compute the asvmptotic relative gain. For Laplace (p) deconvolution p
equals

. . 39
p o= pt [ g (o) de
[ 9" (x)2de + 242 [ g™ (0)2de + i [ g™ (0)%de

( 7% f1‘8|c‘)f(t)\2|L'Z(;1t)|2(1f )5/9
S+ 20285 + (4148 o (6) 2 vz (ut) 2dt

which can be derived analogously to Corollary 2.3. The second equality follows from
Parseval's identity. Table 2.2 gives the values of p for the four target densities and
different values of p. resp. .

Table 2.2 shows that using multiple bandwidth estimators the precision of the esti-
mators can be substantiallv improved in large samples. although with increasing p
the effect of using different bandwidths becomes less. This is illustrated by Figure
2.1.

Let us next investigate how the asymptotic results are reflected in finite samples.
To this end we have computed the exact error (2.2.2) for sample sizes 100 and 1000.
The target densities are the same as above. The numerical computations have been
performed by the computer algebra package MAPLE. Figure 2.2 gives two plots of
the MISE, function. It is clear that the minimum is attained off the diagonal.

“able 2.4 and Table 2.5 give minimum values, the corresponding bandwidths and the
gain. For small samples there seems to be little gain in using different bandwidths.
Figure 2.3 plots values of the finite sample gain p, versus n on a log;, scale for
n ranging from 10% to 10%. The target density is the Gamma(4) density and the
amount of error is p = 30%. Apparently the asymptotic values p are reached only
for very large samples.

Remark 2.6 (Exponential deconvolution). Let us consider exponential (A) de-
convolution. where Z = AE with F standard exponentially distributed and A given.
For given values of p the corresponding values of A can then be computed just as
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above. Table 2.3 gives the values of p for the four target densities and different
values of p, resp. A. It corresponds to Table 2.2 for Laplace deconvolution.

It is clear that for exponential deconvolution the reduction of the error is much
less than for Laplace deconvolution. This can be explained intuitively by the fact
that the optimal bandwidths for estimation of a density itself and its first derivative
differ less than the optimal bandwidths for estimation of a density and its second
derivative. Since we expect a similar behavior as in the Laplace case we have not
computed finite sample errors.

2.4 Proofs

2.4.1 Proof of Theorem 2.1

First write the mean integrated squared error as the sum of the integrated squared
bias and the integrated variance

MISE,(ho. ) = E [ (Futgn (2) = £ () dz
= /(E fnhom(x) - f(l‘))Qde’ -+ /var(fnhohl(x))dx-
Recall that frpon, () equals gnp,(z) — gy, (2). The bias and variance expansions
of kernel estimators of derivatives of a density are standard and can be found for

instance in Van Es and Kok. For the standard expansion of the MISE for ordinary
kernel density estimators see for instance Prakasa Rao (1983) Theorem 2.1.7.

The first three terms in the expansion (2.1.1) originate from the integrated bias of

Inhe() and of g/, (x). The coefficient o comes from

[ @ = g @@~ [aa@pde = - [0

The integrated variance is equal to the sum of the integrated variances of gy, ()
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and g/ h1( z), minus twice their integrated covariance. For the covariance we have
[ Covtguny(). g, () i =
= /COV —Ow I_OXI) hi?u"(x zlxl))d:r
- X
- e 5
_ // ‘”h_O“ h13 (a’hlu) (u)dud:f+0(%)
= // )t = hov) dvdz + O(> )

O(n—h:{)).

)dr+0(%)

In the last step we have used the fact that the function ¢ — [w(v)w”(cv)dv is
bounded. It follows that the integrated covariance is negligible compared to the
integrated variance of g, (z) for all vanishing sequences of bandwidths hg. Com-
bining the separate expansions we get the expansion from the theorem. o

2.4.2 Proof of Theorem 2.4

Note that the estimator (2.0.1) can be written in the form

fnh()hl Z 'U)hohl

By standard arguments, with wp,p, and gp,p, defined by (2.2.1), we get

MISEy (ho, h1) = E / ( Zuhohl f(r))

= [ wm@Pdr - / " (wion, *9)(e) dr

—0oC -0

_2/oc (Whoh, * g)(x)f(z) dz + /_OO f(.r)2 dzx.

— 00
Now note that by h?w”(h]'-) x g = wp, * ¢’ we get
Whohy * § = Who * § = Why * 9" = Ghohy -

This proves the first statement of the theorem.
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To derive the Fourier domain version of the mean integrated squared error we rewrite
Ghohy » the Fourier transform of gpgp, , as

Gram () = (why % 9)(1) — (wn, * 9")(t)
(wh0h1 * g) (t)

. (¢w(h0t) + t2¢w(hlt))¢f(t)w2(t)
= {ulhot) + P ou(t)} o),

since ¥z(t) = (1 +t2)~! is the Fourier transform of the Laplace density. Thus, by
Parseval’s identity,

27MISE, (hohi) = % / ” (¢w(h0t) +t2¢w(h1t))2dt

hade e}

2 [ s (duthan) + Rou(mn) s+ [ o0

o 1t -

2.4.3 Proof of Theorem 2.5
Again by standard arguments, with wp,p, and gp,n, defined by (2.2.3), we get

MISE (hoh1) = / ( thohl (x))
_ 1 /Oo Whon, ()2 dz + (1 — %) /00 (Whoh, * 9)(x)? dz

N J—co

—2/ (whohl *g de‘ +/ f

Now note that by h'w/(h]'-) * g = wp, * ¢’ we get
Whohy *g = Why *g + Why * gl = ghohl-
This proves the first statement of the theorem.

To derive the Fourier domain version of the mean integrated squared error we rewrite
——— .
Jhoh, » the Fourier transform of gp,p,, as

Grom (£) = (no * 9)(8) + (wny % ) (1)
(Whoh, * )(2)

dw((hot) — itdy(hit))ps(t)vz(t)
s {bu(hot) — it6u (1)} 65(0)
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since vz(t) = (1—it)~! is the Fourier transform of the standard exponential density.
Thus, by Parseval’s identity,

1 >
QWI\IISEn(hQ, h]) = ;/ |01L'(h0t) — it®u~(h1t)|2 dt

—oC

+(1 - %> /Z ‘ﬁflow(hot) — it (bit)*|os (1) dt

_2/06 — (ou(hot)—ztou hlt))|of )|2dt+/ os(t)]dt

= l/ (ou,(hot)2+t2a>u,(hlt)2) dt
n

—C

+(1—1)/_Zﬁ(ow(hot) + 120y (It) )\@f t)[* dt

_2/ 1+t2(1+zt)(@u,(hot)—ztc5u( 1t))|@f |dt+/ los(t)|? dt.

Since the imaginary part vanishes this proves (2.2.4). O
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100p w?

(i) (ii) (iii) (iv)
10 | 0.0556 0.0377 0.2222 1.3978
20 | 0.1250 0.0850 0.5 3.1450
30 | 0.2143 0.1457 0.8571 5.3914
40 | 0.3333 0.2267 1.3333  8.3867
50 105 0.3400 2 12.5800

Table 2.1: Values of u yielding specific values of p for the densities (i). ....(iv).

100p p

(i) (i) (iii) (iv)
10 | 0.1064 0.6295 0.3621 0.2020
20 | 0.2105 0.7772 0.5061 0.3441
30 | 0.3083 0.8496 0.6044 0.4560
40 | 0.4018 0.8938 0.6810 0.5505
50 | 0.4927 0.9242 0.7450 0.6341

Table 2.2: Asymptotic relative gain p for different values of p.

100p P

(1) (ii) (iii) (iv)
10 | 0.5061 0.8931 0.7217 0.6168
20 | 0.6396 0.9437 0.8176 0.7394
30 | 0.7239 0.9645 0.8689 0.8091
40 | 0.7858 0.9760 0.9028 0.8568
50 | 0.8348 0.9834 0.9278 0.8929

Table 2.3: Asymptotic relative gain p for different values of p.



density  100p
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single (b)

MISE
multiple (by.5;)

Pn
(%)

10
20)
30
10
50

10
20
30
40
50
10
20
30
40
50

10
20
(iv) 30
10
50

Table 2.4: Exact minimal MISE and the relative gain p,, for n = 100
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