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Preface e 

Inn this thesis we derive asymptotic properties of nonparametric estimators of a 
probabilityy density function and its distribution function based on a sample of ob­
servationss that are contaminated by additive random noise. 

Wee first give some basic information on the deconvolution kernel estimator in Chap­
terr 1: e.g., what is a deconvolution problem, and how is the deconvolution estimator 
constructed.. Additionally we summarize the historical background of the estima­
torr and discuss some techniques for proving asymptotics that wil l be used in later 
chapters. . 

Chapterr 2 has been written in 1998 and appeared in print as: A.J. van Es and H.-W. 
Uh,, Multi bandwidth kernel estimators for nonparametric deconvolution problems: 
asymptoticsasymptotics and finite sample performance, J. Nonparametr. Statist., Vol.13 (2001), 
pagess 107 128. It is based on a simple and nice inversion formula of Van Es and 
Kokk (1998) and contains a mix of asymptotic theory and exact risk calculation. 

Althoughh the research presented in Chapter 5 had originally been started as a second 
paper,, meant to be a simple application of deconvolution techniques, we ran into 
problemss because we could not find an exact expression of the asymptotic variance 
off  the kernel deconvolution estimator in the literature, a result needed to construct 
aa confidence interval for the test limit problem. This incited the research presented 
inn chapters 3 and 4. 

Thee main body of this thesis covers Chapter 3 and Chapter 4 which consist of 
asymptoticc normality results in super smooth deconvolution problems. It turns out 
thatt the limi t behavior of the estimators is different in cases where the characteristic 
functionn of the known (error) distribution decays faster than that of the Cauchy 
distribution,, and cases where it decays slower. 

Severall  changes of a typographical nature have been made to the published article 
andd preprints in order to allow for a uniform appearance of this thesis. 

l l 
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Chapterr 1 

Introduction n 

Considerr situations where data are measured with non-negligible error (or noise). 
Lett Y and Z be independent random variables with probability density function ƒ 
andd k. Then the random variable X — Y + Z has the density g = ƒ * k where 
**  denotes convolution. Under the assumption that Z is a random noise variable 
withh known distribution, the probability density function of Y can be estimated 
fromm observations Xi,... ,Xn. In this thesis we consider one particular class of 
estimatorss of ƒ based on kernel smoothing. 

Thee problem of measurements being contaminated with noise exists in many fields. 
Ann application is for instance the deconvolution with B-splines of histograms for 
DNA-contentt data obtained by microfluorometry (Mendelsohn and Rice. 1982). Or, 
considerr X to be the time from some starting point to the time that symptoms of a 
certainn disease appear, Y the time of infection of the disease, and Z the incubation 
period.. The known distribution of Z in these two examples will be quite different. A 
randomm noise variable is usually modeled by a symmetric distribution on the whole 
reall  line while the distribution of a time period will be a skewed distribution on the 
halff  line of positive reals. 

Stefanskyy and Carroll (1990) observed that the signal-plus-noise deconvolution prob­
lemlem has been extensively studied; however, the exact formulation of such problems 
differss from the ordinary probability density estimation problem. Stefansky and 
Carrolll  (1990) proposed a class of estimators which are similar to ordinary kernel 
densityy estimators in many respects. 

Firstt we review some aspects of the kernel density estimator. Then we show that 
thee principles of kernel smoothing can be adapted to deal with more complicated 
problemss such as deconvolution. Also we include other basic knowledge required for 
furtherr reading of this thesis. 

1 1 
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1.11 Kernel estimators 

Lett us consider the standard density estimation problem. Given a sequence of inde­
pendent,, identically distributed observations X\ Xn with common probability 
densityy function ƒ. how can one estimate ƒ or its distribution function F? The usual 
nonparametricc estimator of F is the empirical distribution function 

11 " 

n n 

Becausee Fn is not differentiable we cannot estimate ƒ by its derivative. However, 
wee can smooth the empirical distribution function first and then take the derivative. 
Thatt is, we convolve F„  with a known smooth distribution function \V. 

ff 1 " 
F;{x)F;{x)  = J W(x - u)dFn(u) =-Y, W(x ~ Xj). 

'"-'"-  j = i 

Lett iv denote the derivative of W. Then the estimator of ƒ is given by 

jj). ). 
n n 

j z z 

Lett {hn} denote a sequence of positive bandwidths. In the sequel the subscript in 
hhnn is omitted. To control the curvature of ƒ*  we use u'/,(x) — w(x/h)/h instead 
off  w. for a kernel w which determines the shape of the bumps and a bandwidth 
h.h. The kernel function w is a probability density and the bandwidth h a positive 
number.. Thus, the kernel density estimator fvh is the sum of 'bumps" placed at the 
observations.. We get 

Thee additive form of (1.1.1) implies that ƒ,,/, inherits the continuity and differentia­
bilit yy properties of w. When h is small enough we get a very noisy representation 
off  the data, and by increasing h the estimator will be smoother until we get a very 
flatt estimate of roughly the shape of the chosen kernel. 

Nowrr we address some consistency results of the estimator. 
Consistencyy of the estimator ƒ at a single point x was studied by Parzen (1962). 
Lett the kernel w be a bounded Borel function, satisfying the conditions 

/

occ poc 

\w{x)\dx\w{x)\dx < oo, / w{x)dx — 1 and (1.1.2) 
-occ J — oc 

\xw(x)\\xw(x)\ —> 0 as \x\ — oc. 
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Thee bandwidths h were assumed to satisfy 

hh —> 0 and nh — oc asu — oc. (1.1.3) 

Underr these conditions it was shown that, provided ƒ is continuous at x. 

fnh{x)fnh{x) —» /(x) in probability asn —> oc. 

Fromm point-wise consistency, we move on to uniform consistency of the estimator. 
Supposee the kernel w is bounded, has bounded variation and satisfies (1.1.2), and 
thatt the set of discontinuities of w has Lebesgue measure zero. Furthermore ƒ is 
uniformlyy continuous on ( — 00,00), and 

hh — 0 and nh(\ogn)~] — 00 a s n ^ o c. 

Bertrand-Ritalii  (1978) showed 

sup\fsup\fnhnh{x){x) - f(x)\ ->0 a s n - > oc 

withh probability one. 

Thee full Taylor series expansion for E fnh{x) has the form 

w{u)w{u) du - hf'{x) ƒ uw(u) du + y y u2w(u) du 

++ --- + ( - l ) p , / upu;(u)<fu + --- . 

Lett IL> be a symmetric function satisfying 

/

OOO /"OO 

w ( u ) d u = l,, / uru;(u)d« = 0, for r = 1, . . . , / >- 1 (1-1-4) 
-ooo J— oc 

uuppw(u)duw(u)du ^ 0(< oc). / . . 

Notee that p must be even, and for p > 2 the function u> must take on negative 
values.. Such a kernel w is called a kernel of order p. 

Wee get a so-called second-order kernel, for example as in Silverman (1986), when 
pp = 2 with a nonnegative kernel. Further, assuming that the unknown density ƒ is 
twicee continuously differentiate, we have in this case 

EE fnh(x) = f{x) + ^ ^ JX u2w(u) du + o(h2) (1.1.5) 



4 4 CHAPTERCHAPTER 1. INTRODUCTION 

and d 

Var(fnh(x))Var(fnh(x)) = A / ( * ) I"  w2{u)du + o{\). (1.1.6) 

Thee order in (1.1.4) can be taken to the limit , p —» oc. "infinite" order, resulting 
inn the faster rate of the decrease of the bias (assuming sufficient smoothness of ƒ). 
Onee example of such an estimator is the Fourier integral estimator, which is based 
onn the so-called sine kernel. w(x) = sin.r/(7rx). 

Obtainingg asymptotic normality is much in our interest, so we will review' the meth­
odss by which Parzen (1962) established asymptotic normality of the kernel density 
estimator.. By asymptotic normality we mean that for any real number c. 

U m P ( / " * W - E / - * W < e ) = » ( r ) .. ( 1 . L 7 ) 

wheree cr2(fnh(x)) = Var(/7J/,(j-)). Since the estimate f„j,(x)  in (1.1.1) may be written 
ass an average of independent random variables, it is easy to state conditions under 
whichh the sequence ƒ„/, is asymptotically normal. Write 

11 ." ^ 1 / x — X  \ 
fnh(x)fnh(x) = -^2znj. where ZUJ = -w[ JJ. (1.1.8) 

AA necessary and sufficient condition for (1.1.7) to hold is that for every e > 0, 

nP nP 
ZZnn\\ — E Zn\ 

o~{Zo~{Zn] n] 
>€Tl>€Tlï/2ï/2\\ - > 0, (1.1.9) 

ass 7i —-> oo. A sufficient condition, the Lyapounov condition (see Loève, 1977), for 
(1.1.9)) to hold is that, for some S > 0, 

EE Zn i — E Zn 11 
nW+«(ZnW+«(Znlnl)) ^ ° - *  n^ 3°- ( L L 1 Ü ) 

Notee that 

E\Zni\E\Zni\2+s2+s ~ jj+sf(*)f~  Wy)\2+%< 

while e 

2 2 11 f' 
az(Z„, )) ~ r / ( x ) / w'(y)dy. 
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Sincee E\Znl - E Znl\
2+Ö < 22+s(E\Zni\

2+S + |EZ„i|2+<5), and the fact that the 
quantityy in (1.1.10) can be written as 

hhl+sl+sE\ZE\Znlnl-EZ-EZnlnl\\
2+s 2+s 

{nh){nh)66//22hhll++ 66//22aa22++ 66(Z(Znïnï)' )' 

itt follows that (1.1.10) is satisfied. 

Sincee the introduction by Rosenblatt (1956) and Parzen, there is an abundant lit ­
eraturee on the properties of the kernel density estimators. We refer to Silverman 
(1968),, Prakasa Rao (1983), Devroye and Györfi (1985), and Wand and Jones (1995) 
forr bibliographies. 

Usingg (1.1-1) we also get a kernel type estimator of the distribution function F. 
Write e 

FFnhnh{x)={x)=  fx fnh(u)du = W(^=r ) t1-1-11) 
J-ooJ-oo n

 = 1 \ n / 

withh W-̂ a;) = Jx w(u) du. Several properties of Fn  ̂ are well-known for a number of 
years.. For example, the uniform convergence of Fnh to F with probability one was 
provedd among others by Nadaraja (1964). Watson and Leadbetter (1964) proved 
thatt Fnh is asymptotically normally distributed. Moreover Winter (1979) showed 
thatt FJJ/J has the Chung-Smirnov property, i.e., 

limsupp (2n/ log log n)1'2 sup \Fnh(t) — F(t)\ < 1, almost surely. 
nn t 

1.22 Deconvolution kernel estimators 

Fourierr analysis has been effectively applied to the study of probability. Especially in 
thee deconvolution setting there are useful results in the theory of Fourier transforms. 
Recalll  that in deconvolution problems the distribution of the observations Xi is equal 
too G = K * dF, where F is the distribution of interest. 
Lett 4> denote a Fourier transform or a characteristic function and let a subscript 
denotee the corresponding density. If the characteristic function <p/{t) — EettY of 
aa random variable Y is absolutely integrable, the Fourier inversion theorem states 
thatt Y has a bounded, continuous density function f(x) given by 

f(x)f(x) = - / e-ltx<Pf(t)dt. 

Fromm X = Y + Z and the independence of Y and Z we have 

44gg(t)(t) =EeÜX ^Ee! ' < y + Z ) = <i> }{t)4> k{t). 
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Hence.. Of(t) = 0,}{t)/o^t) when ók(t) 7̂  0 for all t. In this identity we can estimate 
thee true characteristic function o(J(t) by o!hih(t) with gnh as in (1.1.1). The kernel 
estimatee g,,/, of g itself is also a convolution of the empirical distribution function of 
thee observations and the rescaled kernel function W),. We have 

°u,,(M)°u,,(M) = oir(ht)öt,nip(t). 

wheree 0fmp denotes the empirical characteristic function. Applying the Fourier 
inversionn theorem we define the density estimator ƒ„/, of ƒ as 

W,)4f.-"'^M ii  (1.2.1) 

whichh we call the deconvolutwn kernel density estimator. This estimator has been 
introducedd by Liu and Taylor (1989) and Stefansky and Carroll (1990). 
Wee can rewrite (1.2.1) as 

where e 

v(u)v(u) =  (" e-ifu-^^dt. (1.2.3) 

Thiss shows that the deconvolution kernel density estimator has the same basic form 
ass the ordinary kernel density estimator with a kernel function that depends on the 
bandwidth. . 

Byy the strong law of large numbers and the convergence of ow(ht) to 1. 0!hih(t) 
convergess to <pq(t) almost surely for each t when 11 —> oc. However, absolute inte-
grabilityy which is needed in the Fourier inversion theorem, may not hold for 0gtih(t). 
Onee way to overcome this problem to avoid integrating from — oc to oc. is to assume 
thatt <?„. has compact support. Examples are (Wand. 1998) 

1/22 < |*| < 1. 

Thee corresponding kernels are 

48(.r22 - 15) cosx - 144(2x2 - 5) sin* 
u-'U-rjj  = 

33 fsin(x/4)\4 
TT.r' ' 
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respectively. . 

Thee expectation of the estimator (1.2.1) has a familiar form. If , Yn are inde­
pendent,, then 

E(t ,(£_i)|yi.....y; ,) ) 

27rJ_27rJ_xxMt/hyMt/hy } 

XX <f)w(t)e-1tid'-Y^/hdt 
oc c 

Itt follows that 

E(/„, l(*)|y1,...,r„)) = ^ i . - ( ^ ) . 

Indeed,, conditionally on the unobservable Y's the estimator fnh{x) is equal to an 
ordinaryy kernel density estimator based on Yi , . . . ,Yn. Its expectation is then also 
equall  to the expectation of an ordinary kernel density estimator of ƒ. The equality of 
thee expectation remains valid even if the Y's are not independent, which is obvious 
byy repeating the above computation, conditioning on Yj only. This shows that the 
asymptoticss of the bias are the same as in ordinary kernel density estimation. 

Relatedd works on nonparametric deconvolution include Carroll and Hall (1988), 
Devroyee (1989), Liu and Taylor (1989). Stefansky (1990). Fan (1991a. 1991b). Fan 
andd Liu (1997), Cator (2001) and Delaigle (2002, 2003). 

1.33 Asymptotic properties 

Asymptoticc normality of the density estimator fTlh.(x) has been derived by Zhang 
(1990),, Fan (1991b), and Fan and Liu (1997). Zhang approached the deconvolution 
problemm in a semiparametric setting, and considered asymptotic normality of the 
estimatorr of the distribution function as well. Asymptotic normality of the density 
estimatorr based on a stationary sequence of observations has been established by 
Masryy (1993). 

InIn the deconvolution setting most of the papers addressed the problem of how to 
estimatee the unknown density and determined the optimal rates of convergence for 
specificc error distributions, for example by means of mean squared error properties. 

== - / 
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Thee rate of decay to zero, at minus infinity and plus infinity, of the modulus of the 
characteristicc function èk is crucial to the asymptotics. 

Fann (1991a) pointed out that few results discussed the issue of how difficult de-
convolutionn really is, and where the difficulty comes from. Since the asymptotic 
normalityy results by Fan are most relevant to our work, we will survey his papers in 
moree detail. 

Hee distinguished two cases: ordinary smooth and super smooth deconvolution prob­
lems.. If the tail of the characteristic function decreases algebraically, then we are in 
thee ordinary smooth case. The tail of 0A-(0 then behaves like 

I<MOII  ~cii*r A . as I * I - ^ (1.3.1) 
forr some positive constants C\ and A. In the super smooth case the tail decreases 
exponentially.. The tail of (pk(t) then behaves like 

|<M*)l~C 2|«|A oeH f | A / ' i ,, as \t\ — oc (1.3.2) 

forr some positive constants A,^,C2 and some real constant AQ. 

Evenn in earlier days, for the ordinary kernel estimator two classes have been distin­
guished:: problems with characteristic functions 0/ that decrease algebraically and 
thosee with characteristic functions (pj that decrease exponentially, see Davis (1977). 
Notee that (1.3.2) of Fan stipulates a somewhat larger class of characteristic functions 
thann that of Davis, wTho assumed that for some positive p. 

\ó\óff{t)\{t)\  ~ e ^ | f | \ 0 < A < 2 . 

Wee point out that the above condition is in fact a necessary condition for the sym­
metricc stable density, see Chung (1974). 

Likee many others Fan basically treated the deconvolution estimator as an ordinary 
kernell  estimator. That is, (1.2.1) can be rewritten as (1-2.2) with (1.2.3). Conse­
quently,, we can follow the reasoning of Section 1.1. Thus, by checking the Lyapounov 
conditionn (1.1.10). it can be shown that 

VVar(/„fc(a:)) ) 

inn both cases, for suitable rates of h and under suitable conditions on k and w. 

Inn the smooth case the asymptotics are essentially the same as those of higher order 
derivativess of an ordinary kernel estimator of g{x) as we will see in Section 1.4. An 
expressionn for the variance in (1.3.3) in the ordinary smooth cases is given by 

Var(ƒ„„(*) )) = -h-2X-1-  ̂ F t2X\4>w(t)\2dt(l + o(l)): (1.3.4) 
n n 2irC?? ./_ 
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withh some constant C\ and A as in (1.3.1). Here the limi t variance depends on the 
(unknown)) value of g{x). To be able to use this variance g has to be replaced by a 
consistentt estimator. Another alternative is given by the fact that the variance can 
bee estimated by the sample variance based on 

11 (x — Xj\ 

withh v as in (1.2.3). This yields asymptotic normality for the studentized estimator. 
Soo we have under suitable conditions on h, see Fan (1991b), 

^UW-EUJx)^UW-EUJx) vm i ) ( 1 . 3 .5 ) 

withh either ^ = I £ ?= 1
 Zlj  o r sl = ÏÏ E J = i (^ - i E"=i Znj)

2

Inn the super smooth case the asymptotics are much more complicated. Asymptotic 
normalityy has been established for studentized estimators, i.e. the difference between 
thee estimators and their expectation is divided by an estimate of the standard de­
viation,, see (1.3.5). This random standardization is also motivated by the need of 
confidencee intervals. 

Evenn though Fan gave the exact expression of the asymptotic variance in the ordinary 
smoothh case, he mentioned that in the super smooth case it is hard (maybe impossi­
ble)) to find a simple expression. As a consequence, the asymptotic rate and constant 
off  Var( fnh) are not available. So no classical central limi t type theorem form can 
bee established. Instead he derived a lower bound for E Z ^ , to check Lyapounov's 
conditionn (1.1.10). Moreover he observed that the sample mean - X]n=i Znj may 
nott converge to E Zn\ for the given bandwidth, and consequently he did not use the 
samplee variance ŝ  in the super smooth case. 

Thee optimal rates of convergence are extremely slow for super smooth error dis­
tributions.. In Fan (1992) deconvolution for more practical use is considered. The 
questionn how high the noise level can be for deconvolution to be feasible is the 
mainn issue of this paper. The conclusion is that if the noise level is not too high, 
nonparametricc Gaussian deconvolution can still be practical. 

Veryy few works are written on deconvolution estimators of the distribution func­
tion.. Fan discussed the optimal rates of convergence of the distribution function 
estimators,, see Fan (1991a). Zhang (1990) also addressed the optimal rates of con­
vergencee under Z/2-norm and moreover gave some asymptotic normality results on 
thee estimator of the probability functional T(f) = ƒ f(x) dx. 

1.44 Inversion 

Lett us consider deconvolution problems where the known distribution is exponential, 
Laplace,, or equal to their repeated convolution. In these cases we can use inversion 
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formulass of Van Es and Kok (1998). expressing F in terms of the distribution of the 
observationn and its derivatives. 

Lett E\ Em be m independent standard exponentially distributed random vari­
abless and let G^1 denote j - t h derivative of G. Van Es and Kok showed that if the 
Z;; have the same distribution as \\E\ +  + \mE,n. then we have the inversion 
estimator r 

m m 

FF = Y,siJ,)(Xi Xm)G{jK (1.4.1) 

wheree .s„, (A] Arn) denotes the j-th order elementary symmetrie polynomial of 
thee rn variables Ai A,„. given by s,n ~ 1 and 

si/?(Aii  A„,) = Y, A / |---A / j . forj = l m. (1.4.2) 
l < nn <---<ij<in 

Inn these cases estimators are obtained by substituting kernel estimators of the density 
off  the observations and its derivatives. 

Thee simplest example of (1.4.1) is standard exponential deconvolution. where the 
estimatorss are given by 

FFnhnh(x)(x) = Gnh(x)+gnb(x). (1.4.3) 

fnhi-r)fnhi-r) = 9nh(:r)+g'nh(.r). (1.4.4) 

Ann obvious question is whether we should use equal bandwidths in Gnb and g„/t, or 
not.. This problem is addressed in Chapter 2. 
Assumingg that F is continuously differentiable and that the kernel w satisfies (1.1.4). 
thee asymptotic normality Fnb in (1.4.3) can be established as follows. 

^nh~(F^nh~(Fnhnh(x)(x) - EF(.r)) = y/nh{gnfl{x) - Egnh{x)) + \fnh~(G,ih(x) - EGnh(x)) 

==  y/^h{9nh(x) -Eg„h(x)) + oP(l) Z (g(x)jw2(u)du)l'2V. 

wheree V - A r(0.1). 
Inn the Fourier setting, where k in (1.2.1) is the standard exponential density, the 
characteristicc function of k is <?/,.(f) = 1/(1 - it). By the identity Otr>(t) — itow(t). 
(1.2.3)) equals 

2*J-~2*J-~ ók(t/h) 

== J- r e-itx<pw(t)(l-it/h)dt 
^^ J-oc 

== — / e-ifx0w{t)dt-— it0w{t)e-itJCdt 

==  w(x) + jw'(x). (1.4.5) 
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Soo the inversion estimator (1.4.1) and the Fourier type estimator (1.2.2) are equal. 

Likewise,, if L\.  . Lm denote m independent standard Laplace distributed random 
variables,, and if Z has the same distribution as fiiL\  - + fimLm. then in the points 
wheree F is different iable. we have 

TTl l 

j=0 j=0 

andd its density estimator 

171 171 

// = £ ( - 1 ) ^ ? ( M I - - - - - / 4 ) < ?( 2 J ) . (1-4.6) 

Thiss deconvolution problem is more suited to model symmetric measurement error. 
Forr increasing m the error distribution becomes smoother, and we have to estimate 
higherr derivatives of g. This confirms the fact that the estimation problem is harder 
forr smoother k. In the limi t we get Gaussian deconvolution after rescaling. In 
thiss important deconvolution model an inversion formula of Pollard (1953) has been 
implementedd by Gaffey (1959) and Masry and Rice (1992) to obtain estimators of ƒ. 
Thee inversion contains infinitely many derivatives of g which makes it much more 
complicatedd than the inversion in the problems above. 

1.55 Outline of the thesis 

Forr the simple inversion estimator (1.4.4) we investigate the gain to be achieved 
whenn we use different bandwidths instead of equal bandwidths in Chapter 2. 

Inn Chapter 3 we derive asymptotic normality of Fourier estimators of the density, 
thee distribution function at a fixed point, and of the probability of an interval. We 
considerr super smooth deconvolution problems where the exponential decay of the 
taill  of the characteristic function is faster than that of the Cauchy distribution. 

Whetherr the restrictions of Chapter 3 are essential or not will be discussed in the 
nextt chapter, Chapter 4. We will show where the difficulty comes from and establish 
asymptoticc normality for specific distributions in the exclusive class. 

Inn Chapter 5 we investigate the problem of setting test limits by means of three 
differentt types of deconvolution estimators: isotonic, simple inversion, and Fourier 
typee estimators. 
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Chapterr 2 

Mult ii  bandwidth estimators 

Inn some special cases relatively simple inversion formulas exist expressing the 
densityy ƒ of the Yi in the density g of the observations X{ and its derivatives, see 
Sectionn 1.4. In these cases estimators are obtained by substituting kernel estimators 
off  the density of the observations and its derivatives. 

Wee point out that although the inversion formulas show the possibility of a multi 
bandwidthh approach, the finite sample results in this chapter render the multi band­
widthh approach as not of much advantage in practical use, unless for very large 
samples.. This is the reason why we restrict ourselves mainly to standard Laplace 
deconvolution,deconvolution, i.e. we assume that the error density k(x) equals ^e- l Jl 

Thee inversion formula (1.4.6) gives ƒ = g - g"', expressing ƒ in terms of the distri­
butionn of the observations. By replacing g and g" by kernel estimators we obtain a 
multii  bandwidth kernel estimator of ƒ 

fnhohiix)fnhohiix) = 9nh0(x) ~ 9nhl (*) , ( 2 - 0 - 1 ) 

where e 

^M)^M)  = r(^-)-  for i = 0,1. (2.0.2) 

iss an ordinary kernel estimator of g. If we set ho equal to h\ the estimator is a special 
casee of the kernel estimators based on Fourier inversion, see for instance Section 1.4. 
InIn this chapter we investigate the gain achieved by using different bandwidths. 
Wee quantify the performance of the density estimator by the value of its mean 
integratedd squared error (MISE) 

MISE„(/ i 0,Ji i) :=EE / (fnhuhl(x)-f(x))2dx. (2.0.3) 
JJ — oo 

13 3 
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Inn Section 2.1 we derive an asymptotic expansion of this mean integrated squared 
error.. This expansion yields asymptotical]}' optimal bandwidths. Surprisingly, the 
optimall  choice for HQ for the multi bandwidth estimator is not equal to the optimal 
choicee for ho for a density estimator of g. The optimal choice for h\ is the same for 
thee direct estimator of g" as for the multi bandwidth estimator. Furthermore, we 
derivee a formula for the ratio of the smallest asymptotic error in the multi bandwidth 
andd the equal bandwidth case. 

Inn Section 2.2 we derive exact formulae for the mean integrated squared error that 
cann be computed numerically for given target densities ƒ. A Fourier domain version 
iss derived in order to facilitate the numerical computations. In Section 2.3 we 
considerr several target densities and investigate the finite sample performance and 
thee asymptotics of the multi bandwidth estimator and compare it to the performance 
off  the single bandwidth estimator. In less detail we also discuss analogous results 
forr exponential deconvolution. Some tables and figures are included at the end of 
thee chapter. 

2.11 Asymptotics 

Inn the early years of kernel estimation Parzen and Rosenblatt have derived the well 
knownn asymptotically optimal bandwidth of order r?- 1/5 for estimation of smooth 
densitiess in the case of ordinary density estimation. The same approach can be 
appliedd to multi bandwidth kernel estimators. It leads to an expansion of the mean 
integratedd squared error, optimal bandwidths, and an expression for the asymptotic 
gainn in using two bandwidths instead of one. 

Condit io nn 2.1. The kernel function w is a symmetrie, bounded, second order 
probabilityprobability density function. Moreover w is twice continuously differentiatie with 
JJ u2\u'"(u)\dit < oc. and w" bounded. 

Writingg g' and g" for the first two derivatives of g and g^'\ k= 3 .4 . . .. for higher 
orderr derivatives we introduce the following constants: 

aa = ~ f gW(x)2dx( fu2w{u)du\ 

.%.% = i ! g"{x)2dx( fv2uiv)duY 

,?!!  = - fg{4){.rj 2dx( fu2w(u)du 
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7oo = / w(u) du, 

7ii  = / w"(u) du. 

Wee can now formulate the theorem, the proof of which is given in Section 2.4. 

Theoremm 2.1. Suppose that w satisfies Condition 2.1. Let g have derivatives up to 
thethe fourth order that are bounded, continuous, and square integrable, and that vanish 
atat plus and minus infinity. Let ho —> 0,/ii — 0, nho — oc and nh\ — oc. Then we 
have have 

MISEn(h0,, hi) = Poh4
Q + <xhlh\ + Pihi + lQ— +li-rr  (2.1.1) 

nhonho nh\ 
+ ft  + ft ' + i  + if ) nhonho nh\ 

Definee the leading part of the expansion (2.1.1) as the asymptotic mean integrated 
squaredd error (AMISE), so 

AMISE„(fto ,, hi) := /3oh£ + ahlhl + fah\ + 7 0 4" + 7 1 ^ 5  C2-1'2) 

Theoremm 2.2. Under the conditions of Theorem 2.1 the bandwidths ho and hi, that 
minimizeminimize AMISE n, satisfy 

jj  %lzm?121 -T/27 f 2 1 3 ) 

// \ 1/3 / , , „ \ 2/27 
{jwjufdu){jwjufdu) (Sg^jxfdx) _7 / 27 

~~ , \ 1/3 / \ 14/27 / x 2/27 n ' 
52/277 ̂  ƒ 5(3) (x)2 ^ j ^ ƒ u2^(w ) du j ^ ƒ ^//(u)2 rfu j 

1/9 9 
5jw"(u)5jw"(u)22dudu \ r i _1 /g 

J5( 4) (a ; )2^( /u2u; (u) ( iMy y 

Proof.. Note that AMISE is a convex function in (ho, hi). This follows from the fact 
thatt the constant a originates from ƒ g^g^A\ as described in Section 2.4.1, which 
leadss to a2 < 4/3o/?i by the Cauchy-Schwarz inequality, and the fact that the 2 x2 
matrixx of the second partial derivatives is positive definite. 

n n 
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Hencee the minimizing pair (ho,h\) is unique. At this point the partial derivatives 
vanish.. These partial derivatives are given by 

—-AMISE„(fco,/ii )) = 4/?0/io + 2a/iofc? - 7o —TO, (2.1.5) 
orioorio nh,Q 

QQ i 
AMISEn(/i 0,, hi) = 2ahlhi + 4^/ if - 57! 

Forr the expressions (2.1.3) and (2.1.4) the partial derivatives vanish asymptotically. 
D D 

Remarkk 2.1. If we inspect the asymptotic bandwidths more closely we see that the 
bandwidthh (2.1.4) is equal to the asymptotically optimal bandwidth for estimating 
g"(x).g"(x). However, the bandwidth (2.1.3) is not equal to the asymptotically optimal 
bandwidthh for estimating g(x), which is of order n~1//5. It is of smaller order. This 
iss caused by the fact that the second term in (2.1.5) is of larger order than the first 
term.. Intuitively this can be understood from the fact that one of the two terms, 
thee second derivative, is more difficult to estimate than the other. In minimizing 
thee error, getting the bandwidth for the second derivative right gets priority and 
thuss this bandwidth is chosen optimally. Subsequently this choice influences the 
optimall  bandwidth for estimating the density itself via the cross term in the squared 
bias.. See also the exponential deconvolution case in Remark 2.2 below where these 
bandwidthss are the same. 

Noww let us quantify the gain to be achieved by using separate bandwidths compared 
too equal bandwidths. We introduce the asymptotic relative gain p as follows 

,.. 'mfhoM AMISEn(ho,fei) 
P ^ ^  ̂ i n f . A M I S E ^ M )  ^ 

Thee next theorem gives an expression for p that surprisingly does not depend on 
thee kernel w. 

Corollar yy 2.3. Assume the conditions of Theorem 2.1, and that h — 0, and nh5 

oo.. Then the asymptotic relative gain p is given by 

pp :— li m ( — —— | 

__ ( JgM(x)2dx VV9 

ƒƒ g"{xY dx + 2 ƒ g&)(x)2 dx + J g^{xf dx 
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Proof.. If ho — h\ = h the asymptotic mean squared error satisfies (cf. (2.1.2)) 

AMISEn(/i ,, h)~{0o + a + 3i)hA + 7 1 J -̂ (2.1-7) 

Thee minimizer of this expression is given by 

h=lh=l .,, 571 „YV'/» . 
_4(j3_4(j300 + a + f3l 

Withh this bandwidth we have 

AMISE n(fc,, h) ~ ? ( | )4 / V / 9 ( A ) + a + Pi)5/9n-W. (2.1.8) 

Onn the other hand, with the bandwidths (2.1.3) and (2.1.4) we have, since JIQ <C hi 
andd nh\ <§C nho, 

AMISEnCfto, )̂) ~ I ( ^ / 974 / 9 ^ / 9n_ 4 /9 ( 2^ 9 ) 

Thee theorem is proved by computing the ratio of (2.1.9) and (2.1.8).

Remarkk 2.2 (Exponential deconvolution). If Z has a standard exponential 
distributionn then the inversion formula (1.4.1) is equal to ƒ = g + g'. Here an 
obviouss multi bandwidth estimator of ƒ is 

fnhfnhüühhxx((
xx)) = 9nht)(

X) + 9nh1(
x)- (2.1.10) 

Definee the following constants 

0o0o = j f g"(x)2dx( fu2w{u)dtt\2, 

0i0i = - f g(3){x)2dx( I u2w{u)duY, 

TOO = ƒ»(«) ' *», 

7ii  = / w'(u) du. 

Inn the same way as above we get the following expansion for the mean integrated 
squaredd error 

MISE„(/i 0,hi)) = /%/iJ + 0ih\ + 7o -^- +  7 l - L 
nhonho nh'l 

++  o(h4
Q)+o(ht)+o(^-) + o(^). 

nhonho nh'l 
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Ann important difference with Theorem 2.1 for Laplace deconvolntion is the absence 
off  the cross term ah^hf in this expansion. Since ƒ</'</'*' = 0 the coefficient a van­
ishes.. We then see that, contrary to Laplace deconvolution. the optimal choices for 
thee band widths in the mnlti bandwidth estimator are equal to the optimal band-
widthss for estimating g and g' separately. 
Ass asymptotic relative gain we get 

== ( Ji V V 7
 = ( J<J™(*)2dx V/r 

99 \.h + 'h) \jg"(x)hlx + Jg^(x^dx) ' 

Remarkk 2.3. Note that the optimal bandwidths for the multi bandwidth estimator 
inn Theorem 2.2 and the optimal bandwidth for the single bandwidth estimator yield 
thee same rate for the mean (integrated) squared error. This rate is optimal in 
thee sense of Fan (1991a). The gain therefore is achieved solely in the constant. 
Comparingg Laplace and exponential deconvolution it follows from the bounds in 
Fann and the 3 parameter therein, that the optimal rate for Laplace deconvolution 
(3(3 — 2) is worse than for exponential deconvolution (3 — 1). 

Remarkk 2.4 (Linear  combination of density derivatives). Suppose that we 
wantt to estimate a linear combination of density derivatives T(X). given by 

T{X)T{X) = a0g(x) + aig'(x) -\ + apg
{p)(x). 

forr known constants CIQ ap. p > 1. A straightforward multi bandwidth kernel 
estimatorr of r(x) is 

TnhTnh00...h,X^)...h,X^) = ao9nh{){jr)  + aig'nh](T) +  + opg
{
rlf)f{x). (2.1.11) 

Exampless are multi bandwidth estimators based on (1.4.1) and (1.4.6) for gamma 
deconvolutionn and multiple Laplace deconvolution. Since here too the cross terms 
vanish,, it can be shown that for gamma deconvolution the optimal bandwidths 
forr estimation of the density derivatives themselves are of the same order as the 
optimall  bandwidths for the multi bandwidth estimator. The constants are different 
becausee of the constants a/. For multiple Laplace deconvolution the situation is 
similarr to single Laplace deconvolution. The bandwidths are in increasing order, 
i.e.. ho <C h\ <§C  <C hp. with hp of the same order as the optimal bandwidth 
forr estimating g^p\x). The bandwidths ho,hi,... ,hp-\ are of smaller order than 
thee optimal bandwidths for estimating the density derivatives separately. In general 
anotherr complication may occur. Apart from vanishing or being positive, as in the 
gammaa and multiple Laplace case, the cross terms can turn out to be negative. 
Considerr for instance estimation of r{x) = g{x) + g"{x). Copying the proof of 
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Theoremm 2.2 we find that the cross term in (2.1.5) is negative. In that case hi is 
againn of order n- 1 / 9 . The terms with HQ and h^h\ now have to be in balance and 
thee variance term with (n/io)-1 turns out to be negligible. The consequence is that 
bothh ^o and h\ are of order n- 1 / 9 . 

2.22 Exact mean integrated squared error 

Ann alternative to the asymptotics is provided by finite sample computation of the 
meann integrated squared error for a collection of target densities. In the direct 
densityy estimation setting this was first done by Deheuvels (1977) and Fryer (1976) 
forr cases where both the underlying density and the kernel function were Gaussian. 
Marronn and Wand (1992) showed that explicit MISE formulas can be derived for 
normall  mixture densities and for higher order extensions of the Gaussian kernel. 
Moree recently, for single bandwidth estimators, Wand (1998) investigated the finite 
samplee performance of kernel estimators in deconvolution problems with Gaussian 
andd Laplacian error. 

Inn order to get explicit expressions for the mean integrated squared error (2.0.3) we 
needd some notation. Let Wh(-) denote h~lw{h~l), a rescaled version of w. Define 
thee functions whohl and ghohl by 

11 x 
wwhohlhohl{x){x) = who{x)-j^w"( — ) , (2.2.1) 

dhohAx)dhohAx) = {whQ *g){x) - (whl *g"){x). 

Lett 4>w{t) — ƒ eltxw(x)dx be the Fourier transform of w, and (f>j  the characteristic 
functionn of Y. 

Thee next theorem gives two explicit expressions for the mean integrated squared 
error.. The proof is given in Section 2.4. 

Theoremm 2.4. If ƒ is square integrable then the mean integrated squared error of 
fnhohifnhohi can be written as 

11 T00 1 [°° 
MISEn(/i0,, h\) = - / whohl {xf dx + (l ) ƒ ghohx (x)2 dx 

/

ooo />oo 

9h9h00hh11(x)f{x)dx+(x)f{x)dx+ / f(x)2dx. 
-OOO J — DC 
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TheThe Fourier domain version of the mean integrated squared error is given by 

MiSEn(/i0,/ii)) = ~ b ƒ (<MM) + *2<MM))2<# 

ll  fx rn U/<MM ) + * 2<MMh2 

__ 2 ^ ( M + ^ ( f t i * ) + i } | 0 / W !2 dt. (2.2.2) 

Inn the single bandwidth case where ho — h\ = h we have 

9h9h00hxhx 0) = (wh * g)(x) - (wh * g")(x) = (wh * {g - g"))(x) = wh * ƒ. 

andd hence the Fourier transform of gh0hi equals éw(ht)<j)f(t). In this case the mean 
integratedd squared error is of a simpler form (cf. Wand (1998) formula (2.3)) 

MISEn(/i,h)) = / <f> w{htf{l  + t2)2dt 
2nn2nn 1^ 

11 f°° r 1 i 
++ — / Ui--)Mht)2-2<f> w{ht) + i\\<j> f{t)\

2dt. 
^  ̂ J—oc  ̂ ri  J 

Too compare the single bandwidth and multi bandwidth estimator we now define pn, 
aa finite sample version of p, as follows 

__ inf^^MISEnC/io,/ )̂ 
PnPn  — mfmfhhMlSEMlSEnn(h,h) (h,h) 

Remarkk 2.5 (Exponential deconvolution). For exponential deconvolution a 
theoremm similar to Theorem 2.4 can be derived. First define the functions Whnhx and 
QhofnQhofn by 

11 x 
wwhohohh11{x){x) = who(x) + —wf( — ), (2.2.3) 

QhohiQhohi (x) = (who * g)(x) + (whl * g'){x). 

Thee proof of the next theorem is given in Section 2.4. 

Theoremm 2.5. If ƒ is square integrable then the mean integrated squared error of 
fnhohifnhohi can be written as 

MISEMISEnn(hQ,hi)(hQ,hi) = - whohl(x)2dx + (1 ) / ghohi (x)2 dx 
HH J—oc ^ J — oo 

/

ooo roc 

ghgh00hAhAxx)f()f(xx))dxdx++  / f{xfdx. 
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TheThe Fourier domain version of the mean integrated squared error is given by 

MISEn(fc0.. /n) = J - /" ( < M M ) 2 + t20w(hit)2) dt 

i , /<MM) 22 + *2<MM2 , 

C C 
- 2 2 

1 + * 2 2 

<f>w(hot)+t<f>w(hot)+t 22<p<pww(h(hxxt)t) \ 2 ++ l } | 0 / ( * ) | 2^ . (2.2.4) 
1 + i 2 2 

2.33 Single bandwidth versus multi bandwidth 

Noww we have defined the finite sample and asymptotic gain in using a multi band­
widthh estimator, we wil l compute their values for several different deconvolution 
problems.. Let 0 denote the standard normal density and put (pa{x) = o~l4>(x/a). 
Wee consider the four target densities ƒ, also used in Wand (1998), 

(i)) standard normal <Pi(x), 
(ii )) two-component normal mixture §<£i(x) +
(iii )) gamma(4) , T{4)-lx2e~x, x > 0, 
(iv)) two-component gamma mixture | r (5 )_ 1x 4e_ a: + | r (13)_ 1: r 1 2e_ x, x > 0. 

Thesee four target densities are chosen, since they represent some important density 
shapes;; density (ii) is symmetric but with a kurtosis coefficient about 2.23 times 
thatt of the normal density, (iii ) is skewed and (iv) is bimodal. 

Wee will also vary the amount of error, quantified by the ratio of the variance of the 
errorr term Z and the variance of the observation 

Var(Z) ) 
P P Var(r)) + Var(Z)' 

Soo p indicates how much of the variance of the observed data is due to measurement 
error.. Observe that as p — 0 deconvolution becomes as difficult as ordinary kernel 
densityy estimation. Fan (1992) investigated how large a noise level is acceptable for 
thee normal deconvolution for the equal bandwidth. 

Too get models for which the ratio p has given values we need more flexibility.  Hence 
wee consider Laplace (/J.) deconvolution, where Z — \xh with L standard Laplace dis­
tributedd and fi given. In this deconvolution problem the multi bandwidth estimator 
equalss (cf. formula (1.4.6)) 

InhohAInhohAxx)) = 9nh0{x) ~ »29nhM)i 

and d 

2^2 2 

PP ~ 2/i2 + Var(y)' 
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Tablee 2.1 gives values of p that yield specific values of p. 
Too facilitate comparison we use the same kernel in the kernel estimator as Wand. 
i.e. . 

.. , 48 cos x / 15 \ 144sin.r/ 5 \ 
« ' **  = — ( 1 - — ) — 2 - - -

7T.r44 V x~ / ~X° \ xz / 
Thiss kernel has a simple Fourier transform 

OOirir (t)(t) = (1 - t2f. for \t\ < 1. and o„.(f) = 0. elsewhere. 

Lett us hrst compute the asymptotic relative gain. For Laplace (p) deconvolution p 
equals s 

// ylfgW(x)2dx 
/ ;; \fg"(x)2dx + 2//2 J g^{x)2dx + p4 j g^{x)2dx 

// fi\ft«\óf(t){
2\vz(fd){2dt yV» 

whichh can be derived analogously to Corollary 2.3. The second equality follows from 
Parseval'ss identity. Table 2.2 gives the values of p for the1 four target densities and 
differentt values of p. resp. //. 
Tablee 2.2 shows that using multiple bandwidth estimators the precision of the esti­
matorss can be substantially improved in large samples, although with increasing p 
thee effect of using different bandwidths becomes less. This is illustrated by Figure 
2.1. . 

Lett us next investigate how the asymptotic results are reflected in finite samples. 
ToTo this end we have computed the exact error (2.2.2) for sample1 sizes 100 and 1000. 
Thee target densities are the same as above. The numerical computations have been 
performedd by the computer algebra package MAPLE. Figure 2.2 gives two plots of 
thee MISEn function. It is clear that the minimum is attained off the diagonal. 
Tablee 2.4 and Table 2.5 give minimum values, the corresponding bandwidths and the 
gain.. For small samples there seems to be littl e gain in using different bandwidths. 
Figuree 2.3 plots values of the finite sample gain pn versus n on a log1() scale for 
nn ranging from 102 to 108. The target density is the Gamma(4) density and the 
amountt of error is p — 30%. Apparently the asymptotic values p are reached only 
forr very large samples. 

Remarkk 2.6 (Exponential deconvolution). Let us consider exponential (A) de-
convolution,, where Z — \E with E standard exponentially distributed and A given. 
Forr given values of p the corresponding values of A can then be computed just as 

>/;* * 
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above.. Table 2.3 gives the values of p for the four target densities and different 
valuess of p, resp. A. It corresponds to Table 2.2 for Laplace deconvolution. 

Itt is clear that for exponential deconvolution the reduction of the error is much 
lesss than for Laplace deconvolution. This can be explained intuitively by the fact 
thatt the optimal bandwidths for estimation of a density itself and its first derivative 
differr less than the optimal bandwidths for estimation of a density and its second 
derivative.. Since we expect a similar behavior as in the Laplace case we have not 
computedd finite sample errors. 

2.44 Proofs 

2.4.11 Proof of Theo rem 2.1 

Firstt write the mean integrated squared error as the sum of the integrated squared 
biass and the integrated variance 

MISEn(fc0,/ii )) = E f(fnhohl(x) - f(x))2dx 

== / (E fnhahiix) - f(x))2dx + ƒ Var(/n/lo/ll(;r))Gte. 

Recalll  that fnh0hi(x) equals gnhQ(x) — g' ĥ (x). The bias and variance expansions 
off  kernel estimators of derivatives of a density are standard and can be found for 
instancee in Van Es and Kok. For the standard expansion of the MISE for ordinary 
kernell  density estimators see for instance Prakasa Rao (1983) Theorem 2.1.7. 

Thee first three terms in the expansion (2.1.1) originate from the integrated bias of 
9nh9nh00((

xx)) a nd °f Pn/i (x)- The coefficient a comes from 

I'g"{x)gI'g"{x)g {A){A){x)dx{x)dx = g"{x)gi3\x)r - f g{3){x)2dx = - f g{'A\xfdx. 

Thee integrated variance is equal to the sum of the integrated variances of gnh[} (x) 
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l l 
andd g' ĥ (x). minus twice their integrated covariance. For the covariance we have 

Cov(gCov(gnh()nh()(x).g'^(x).g' ĥlhl(x))dx(x))dx = 

== — Ö / / w(v)w"( —v)g(x — hov) dvdx + O(-) 
nh'{nh'{ J J \hi / n 

Inn the last step we have used the fact that the function c H^ ƒ w(v)w"(cv) dv is 
bounded.. It follows that the integrated covariance is negligible compared to the 
integratedd variance of g' ĥ (x) for all vanishing sequences of bandwidths ho. Com­
biningg the separate expansions we get the expansion from the theorem. D 

2.4.22 Proof of T h e o r em 2.4 

Notee that the estimator (2.0.1) can be written in the form 

11 n 

fnhohifnhohi (x) = - ^2 wh0hl (x - Xi). 
zz = l 

Byy standard arguments, with w^h^ a nd 9hQhi defined by (2.2.1), we get 

MISEn(/i 0,, hi) = E ƒ ( i X > W », (*  ~ Xi) - f{x))2dx 

i=\ i=\ 

11 f°° 1 f°° 
== - / whoh](x)2dx + (l ) / (whohl *g)(x)2dx 

TlTl J — oc Tl J —OO 

/

occ roo 

(w(whohlhohl**  g)(x)f{x)dx+ f(x)2dx. 
-ooo J —oo 

Noww note that by hj w"(h^ ) * g ~ w  ̂ * g" we get 
wwhohihohi * 9 =  wh0 * 9 ~ w/i i * 9" = ghoht 

Thiss proves the first statement of the theorem. 
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Too derive the Fourier domain version of the mean integrated squared error we rewrite 
ghohghohxlxl the Fourier transform of ghQhi, as 

gj^gj  ̂ (t) = (who * g)(t) - {whl * g")(t) 

== (whoht+gW) 

==  XMhtf) + t2Mhit))<t>f(t)$z{t) 

sincee ipz(t) = (I Jrt2)~1 is the Fourier transform of the Laplace density. Thus, by 
Parseval'ss identity, 

11 f°° / \ 2 
27rMISEn(/i0/ii )) = - / ( < M M ) + i 2 < ^ ( M J <& 

11 f00 1 / \ 2 
+ ( 1 - - ) yy /1+f2)2(^(M)+^ m(fcit) j  i<M*)i 2d* 

Y^[Mhot)+tY^[Mhot)+t22(l>(l> ww{h{h11t)J\^t)J\ f̂f(t)\(t)\
22dt+dt+ I \<f> f(t)\

2dt. 

D D 

2.4.33 Proof of Theorem 2.5 

Againn by standard arguments, with WhQhi and p/, ,̂  defined by (2.2.3), we get 

MISEn(ftohi)) = E ƒ" ( i^WAofc^a: - * i ) - f{x))2 dx 

11 /'OO 1 /"C O 

== - / uiho/l l(^)2da: + (l ) / (tüftoftj *#)(a:)2cfc 

/

OOO /"O O 

{w{whohlhohl*g)(x)f{x)dx+*g)(x)f{x)dx+ f{x)2dx. 
ooo J—oo 

Noww note that by /^«/( / i j - 1- ) * # = u ^ * </ we get 
^hohii  * g = wh0 * g g + wfn * g' g' = 9h0h!

Thiss proves the first statement of the theorem. 

Too derive the Fourier domain version of the mean integrated squared error we rewrite 
gt^h[,gt^h[, the Fourier transform of gh0hx, as 

9Khx{t)9Khx{t) = {wha * g){t) + {whl * g')(t) 

==  {Whohr *g)(t) 

==  <Pw{(hot) - it<j> w(hit))(f>f(t)ipz{t) 

{4>w(hot){4>w(hot) - it<f> w(hit)}<f>f{t), 
11 -it 
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sincee ipz{t) — (1— it) l is the Fourier transform of the standard exponential density. 
Thus,, bv ParsevaFs identity. 

27rMISEn(/io,/ii )) = - / \èw{htf) - it<t) w{hit)\2 dt 

{I-it) {I-it) 
\4>\4>ww{hQt)-it0{hQt)-it0ww{bit)\{bit)\ 22\èf{t)\\èf{t)\22dt dt 

-22 ƒ ^—^(<MM)-^(M))|0/(£) |2^+ / \®f{t)\2dt 

-- / Uu\hvtf +t20w(hxt)
2')dt 

++ (1 _~) ƒ 7Y^2)(^(M)2+^^(/il02)l^/(<)|2^ 

-22 ƒ YT72(1 + **)(<MM ) - #<MM))|<Mt)l2<ft + ƒ |0/(t)|2d«. 

Sincee the imaginary part vanishes this proves (2.2.4). D D 
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100 p p 

10 0 
20 0 
30 0 
40 0 
50 0 

(i ) ) 
0.055 6 6 
0.125 0 0 
0.214 3 3 
0.333 3 3 
0.5 5 

(ü ) ) 
0.037 7 7 
0.085 0 0 
0.145 7 7 
0.226 7 7 
0.340 0 0 

VV2 2 

(iii ) ) 

0.222 2 2 
0.5 5 
0.857 1 1 
1.333 3 3 
2 2 

(iv ) ) 

1.397 8 8 
3.145 0 0 
5.391 4 4 
8.386 7 7 

12.580 0 0 

Tablee 2.1: Values of p yielding specific values of p for the densities (i). . .. .(iv). 

lOOp p 

10 0 
20 0 
30 0 
40 0 
50 0 

(i ) ) 
0.106 4 4 
0.210 5 5 
0.308 3 3 
0.401 8 8 
0.492 7 7 

(ü ) ) 
0.629 5 5 
0.777 2 2 
0.849 6 6 
0.893 8 8 
0.924 2 2 

Q Q 

(iii ) ) 

0.362 1 1 
0.506 1 1 
0.604 4 4 
0.681 0 0 
0.745 0 0 

(iv ) ) 

0.202 0 0 
0.344 1 1 
0.456 0 0 
0.550 5 5 
0.634 1 1 

Tablee 2.2: Asymptotic relative gain p for different values of p. 

lOOp lOOp 

10 0 
20 0 
30 0 
40 0 
50 0 

(i ) ) 
0.506 1 1 
0.639 6 6 
0.723 9 9 
0.785 8 8 
0.834 8 8 

(n ) ) 
0.893 1 1 
0.943 7 7 
0.964 5 5 
0.976 0 0 
0.983 4 4 

P P 
(iii ) ) 

0.721 7 7 
0.817 6 6 
0.868 9 9 
0.902 8 8 
0.927 8 8 

(iv ) ) 

0.616 8 8 
0.739 4 4 
0.809 1 1 
0.856 8 8 
0.892 9 9 

Tablee 2.3: Asymptotic relative gain p for different values of p. 
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densityy 1 OOjw 

((/0 0 

10 0 
20 0 

(i)) 30 
40 0 
50 0 

10 0 
20 0 

(ii )) 30 
40 0 
50 0 

10 0 
20 0 

(iii )) 30 
40 0 
50 0 

10 0 
20 0 

(iv)) 30 
40 0 
50 0 

singlee (b) 

0.6532e-2 2 
0.8065e-2 2 
0.9848e-2 2 
0.1198e-l l 
0.1470e-l l 

0.3G71C-1 1 
0.4953c-1 1 
0.6088e-l l 
0.7182e-l l 
0.8306e-l l 

0.4914o-2 2 
0.6283e-2 2 
0.7790e-2 2 
0.9544 le-2 
0.1168e-l l 

0.1809e-2 2 
0.2339e-2 2 
0.2935c-2 2 
0.3640o-2 2 
0.4515c-2 2 

0.20) ) 
0.22) ) 
0.23) ) 
0.25) ) 
0.27) ) 

0.09) ) 
0.11) ) 
0.13) ) 
0.15) ) 
0.17) ) 

0.33) ) 
0.37) ) 
0.41) ) 
0.45) ) 
0.49) ) 

'0.84) ) 
'0.94) ) 
1.03) ) 
1.12) ) 

,1.22) ) 

MISE E 
multipk k 

0.621Ge-2 2 
0.7494e-2 2 
0.9067e-2 2 
0.1104e-l l 
0.1363e-l l 

0.3648e-l l 
0.4917e-l l 
0.6031e-l l 
0.7093e-l l 
0.8176e-l l 

0.4734e-2 2 
0.5978e-2 2 
0.7395e-2 2 
0.9075e-2 2 
0.1116C-1 1 

0.1719e-2 2 
0.2188e-2 2 
0.2742e-2 2 
0.3412e-2 2 
0.4266e-2 2 

(VM M 

0.18.0.29) ) 
0.18,0.30) ) 
0.19.0.30) ) 
0.19.0.31) ) 
0.20.0.33) ) 

0.08.0.10) ) 
0.09.0.13) ) 
0.09.0.16) ) 
0.09.0.18) ) 
0.10.0.21) ) 

0.29.0.45) ) 
0.30,0.48) ) 
0.31,0.51) ) 
0.33.0.54) ) 
0.35,0.57) ) 

0.73,1.18) ) 
0.76,1.22) ) 
0.77.1.26) ) 
0.82.1.35) ) 
0.87,1.42) ) 

(>n (>n 

m m 
95.2 2 
92.9 9 
92.1 1 
92.2 2 
92.7 7 

99.4 4 
99.3 3 
99.1 1 
98.8 8 
98.4 4 

96.3 3 
95.2 2 
94.9 9 
95.1 1 
95.6 6 

95.0 0 
93.5 5 
93.4 4 
93.8 8 
94.5 5 

Tablee 2.4: Exact minimal MISE and the relative gain pu for n = 100 
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densityy 100p 

(%) ) 

10 0 
20 0 

(i)) 30 
40 0 
50 0 

10 0 
20 0 

(ii )) 30 
40 0 
50 0 

10 0 
20 0 

(iii )) 30 
40 0 
50 0 

10 0 
20 0 

(iv)) 30 
40 0 
50 0 

single e 

0.1538e-2 2 
0.2120e-2 2 
0.2802e-2 2 
0.3627e-2 2 
0.4696e-2 2 

0.1190e-l l 
0.1928e-l l 
0.2628e-l l 
0.3441e-l l 
0.4191e-l l 

0.1265e-2 2 
0.1840e-2 2 
0.2483e-2 2 
0.3243e-2 2 
0.4192e-2 2 

0.4511e-3 3 
0.6602e-3 3 
0.8974e-3 3 
0.1183e-2 2 
0.1545e-2 2 

(b) (b) 

(0.13 3 
(0.15 5 
(0.17 7 
(0.18 8 
(0.20 0 

(0.06 6 
(0.07 7 
(0.09 9 
(0.09 9 
(0.11 1 

(0.22 2 
(0.26, , 
(0.29, , 
(0.32 2 
(0.35 5 

(0.45 5 
(0.66, , 
(0.74, , 
(0.81 1 
(0.88 8 

MISE E 
multiple e 

)) 0.1302e-2 
0.1716e-2 2 
0.2246e-2 2 
0.2945e-2 2 
0.3898e-2 2 

0.1121e-l l 
0.1824e-l l 
0.2536e-l l 
0.3298e-l l 
0.4131e-l l 

0.1116e-2 2 
0.1603e-2 2 
0.2177e-2 2 
0.2881e-2 2 
0.3788e-2 2 

().3831e-3 3 
0.5477e-3 3 
().7515e-3 3 
().1010e-2 2 
0.1352e-2 2 

(6oA) ) 

;o.. n,o.2i) 
,0.11,0.21) ) 
0.11.0.22) ) 
'0.11.0.23) ) 
,0.11,0.24) ) 

0.04.0.07) ) 
0.05.0.08) ) 
0.06,0.09) ) 
0.07,0.10) ) 
0.06,0.12) ) 

0.17.0.31) ) 
0.17,0.33) ) 
0.18.0.35) ) 
0.19.0.37) ) 
0.19.0.40) ) 

0.43,0.82) ) 
0.45,0.87) ) 
0.45,0.91) ) 
0.47,0.96) ) 
0.49,1.01) ) 

Pn Pn 

(%) ) 

84.6 6 
80.9 9 
80.2 2 
81.2 2 
83.0 0 

94.2 2 
94.6 6 
96.5 5 
95.8 8 
98.6 6 

88.2 2 
87.1 1 
87.7 7 
88.9 9 
90.4 4 

84.9 9 
83.0 0 
83.7 7 
85.4 4 
87.5 5 

Tablee 2.5: Exact minimal MISE and the relative gain pn for n 
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Figuree 2.1: Top: A plot of the asymptotic gain p versus c = log10 /i
2. The solid curve 

iss for the standard normal density, and the other curves from the left: densities (ii) , 
(iii )) and (iv). Bottom: A plot of the asymptotic gain p versus p. The solid line is 
forr the standard normal density, and the others from the top: densities (ii) . (iii ) and 
(iv) . . 



2A.2A. PROOFS 31 1 

Figuree 2.2: Exact MISEn(&o,bi) a nd MISEn(6, b) (solid line) versus a = log10 bo and 
bb = log10 6i for the Gamma(4) density with lOOp = 10 % measurement error and 
nn = 1000, from two viewpoints 
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0 . 9 5--

0.. 9 

0 . 75 5 

0 . 65 5 

22 t 6  10 

Figuree 2.3: The relative gain pn against x = log10 n: the dashed line is the value of 
pp (asymptotic relative gain) for the Gamma(4) density 



Chapterr 3 

Asymptoticc normality 

Inn this chapter we only consider super smooth deconvolution problems. We assume 
thatt the tail of the characteristic function of the density k decreases exponentially 
withh degree A and coefficient /J, i.e. we assume that the density k satisfies the 
followingg condition. 

Conditionn 3.1. The characteristic function <ƒ>£ satisfies 

<j)<j) kk{t)^C\t\{t)^C\t\XoXoe-^e-^XX^,^, as | t | ->oo 

forfor some A > 1,/z > 0,Ao, and some real constant C. Furthermore assume that 
4>k{t)4>k{t) ^ 0 for all t. 

Byy supposing A > 1, this condition excludes the Cauchy distribution and all distri­
butionss for which the tail of the characteristic function decreases more slowly than 

Lett w denote a kernel function and h — hn > 0 a bandwidth. As in (1.2.1) the 
estimatorr fnh(x) of the density ƒ at the point x is defined as 

U(x)U(x) =  r «-«,*.ww') dL (3.o.D 
Heree 0e mp denotes the empirical characteristic function of the sample, i.e. 

11 " 

andd 4>w and (fik denote the characteristic functions of w and k respectively. 

AA straightforward estimator of P(a < Xj < b) = F(b) — F (a) is given by 

F»F»hh{a,b)={a,b)= fnh(x), for - oc < a < b < oc. (3.0.2) 
JJ a 

33 3 
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Ass in Section 1.2 computing the expectation of /n/,(x) we get 

ii  /" ~ e-itjOJM)Qg(t)_df 

2TTT ,/ ^ <?*(£ 

== _L f e-'txou.(ht)Of(t)dt 

whichh shows that this expectation is equal to the expectation of an ordinary kernel 
estimatorr based on observations from ƒ. 

Wee mentioned already that Fan (1991b) and Zhang (1991) addressed the asymptotic 
normalityy of the deconvolution density estimator, see Section 1.3. The asymptotic 
behaviorr of the variance however is not clear. Our results below indicate that the 
asymptoticc variance in the cases considered in this chapter is independent of ƒ and 
X:X: so random standardization to ohtain confidence intervals is not necessary. It 
turnss out that, while the asymptotic behavior of the density estimator (3.0.1) and 
aa suitable estimator of F(6), established in Theorem 3.1 and Theorem 3.4 below, 
aree relatively straightforward, the asymptotic behavior of the estimator (3.0.2) of 
F(b)F(b) — F(a), in Theorem 3.2, is rather unusual and complicated as it depends heavily 
onn the sequence of bandwidths. 
Throughoutt this chapter we impose the following condition on the kernel function 
w. w. 

Condit io nn 3.2. Let 0W be real valued, symmetric and have support [—1.1]. Let 
<2V(0)) = 1. and let 

ooww(l(l  -t)= Ata + o(fQ). as t | 0. (3.0.3) 

forfor some constants A and a > 0. 

Thee remainder of this chapter is organized as follows. In Section 3.1 we give the 
resultss for normal deconvolution, and in Section 3.2 for general super smooth decon­
volution.. In Section 3.3 we give the main steps of the proofs of the three theorems 
whilee in Section 3.4 we prove the lemmas containing the details. 

3.11 Normal deconvolution 

Too simplify the presentation we consider normal deconvolution first, i.e. we assume 
thatt k is the standard normal density, so 0k{t) — e~5f . 
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Ourr first theorem establishes asymptotic normality of the density estimator (3.0.1) 
forr a sequence of bandwidths hn. The dependence of the bandwidth hn on n is 
suppressedd in most of the sequel. 

Theoremm 3.1. Assume Condition 3.2 and EX2 < oo. Then, as n -^ oo and h —» 0, 

^^ l Unh{x) -Efnh{x)) Z JV(0, ~ I > 4- l ) 2) , 
/ i l + 2 a e ^^ 2TTZ 

wherewhere T{t) = f^° v1-1 e~vdv. 

Too establish asymptotic normality of the estimator (3.0.2) we need an extra, rather 
complicated,, condition on the sequence of bandwidths h. Consider u — l/(2/i) 
insteadd of h. Note that as h —> 0 we have u —> oo. Let <S denote the set of positive 
pointss u where sin((6 — a)u) vanishes, i.e. 

S={-^-S={-^- : fe = 0 , l , 2 , . . . }. 
oo — a 

Denotee by u~ the largest element of S not above u, and by u+ the smallest element 
nott below u. If u belongs to S then u, u~ and u+ coincide. 

Thee following condition specifies how close u is to S. Surprisingly we get different 
asymptoticc behavior of Fn(a, b) in these cases. 

Conditionn 3.3. As n —> oo we have for u = un 

a:: min(u(u — u~), u(u+ — it)) —> oo, i.e. u(u - u~) — oo ancf 
u(u++ — u) —> oo, 

b:: min(u(u — u~), u(u+ — u)) —> 0, 

c:: for some constant 7 > 0, mm(u(u — u~), u(u+ — u)) —> 7. 

Theoremm 3.2. Assume Condition 3.2 andEX2 < 00. 77ien; as n —> 00 and h —> 0, 
fajj  under Condition 3.3a, 

2A2A2 2 

hh2+2a2+2ae2h-e2h-s m ( ^ ?: : 
(F „ f c (a ,6 ) -EFn f t (a ,&) )£ jv (o,, ^ ( a + l ) 2 ) , 

f6jj  under Condition 3.3b, 

II—— A 2 
V nn , (Fnh(a, b) - EFnh(a, b)) Z Jv(o, — ^ ( a + 2)2(6 - a )2) , 
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(c)(c) under Condition 3.3c. 

h*h*+2a+2ae^a e^a 

where where 

A A 

——xx (Fnh(a. b) -EFnh(a. b)) Z N(0.1). 

47 r ( aa + 1) + snT(a + 2) (b - a). 
""  ~ V27T 

withwith s„ = 1 if un — u~ < u+ — un and s„ = — 1 otherwise. 

Thee following corollary gives an order hound for the three different cases of this 
theorem. . 

Corol laryy 3.3. Under the conditions of Theorem 3.2 we have 

FFnhnh(a.b)(a.b) -EFnh(a,b) = OP  / i 2 + 2 " e ^ ) . 

Finallyy we consider the asymptotics of an estimator of F(b). The next theorem 
establishess asymptotic normality of F„,/,.(a,fe) with a tending to minus infinity at a 
suitablee rate. 

Theo remm 3.4. Assume Condition 3.2 and EX2 < oc. Let n —> cc. h —> 0 and 
aa —> — oc such that ah —  — oc and a = o(e^1//2/,'^1_<5^) for some 0 < 6 < 1. Then, 
forfor b fixed, we have 

^  ̂ , (Fnh(a,b) -EFnh{a.b)) Z Jv((). ^ r ( a + l ) 2) 

3.22 Super smooth deconvolution 

Inn this section we generalize the results for normal deconvolution to the super smooth 
case,, i.e. we consider densities k that satisfy Condition 3.1, so 4>k{t) ~ C|t|A°e"''' /'', 
ass \t\ —> oc for some A > 1, fi > 0. Ao. and some real constant C. 

Theo remm 3.5. Assume Condition 3.2, Condition 3.1, and EX2 < oc. Then, as 
nn —> oc and h —  0, 

^  ̂ -n A2 

/jA(l+a)+Ao-l e^P P 
(/nh(x)) - E fnh(x)) - JV(0, ( ^ / A ) ^ ^ ( r ( a + 1))' 

Z7TZ Z 
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Wee need a slightly different condition on the sequence of the bandwidths h to gen­
eralizee Theorem 3.2. 

Conditionn 3.4. As n —> cc we have for u — un 

a::  min(wA~1(w — u~), ux~1(u+ — u)) —> cc, i.e. ux~l(u — u~) —* cc and 

uuxx~~11(u(u++  — u) -^ oo, 

b:: min(uA_1(u — w~), uA _ 1(u+ - u)) —> 0, 

c:: /or some constant 7 > 0. min(wA^1(w — u~), wA_1(u+ - u)) —> 7. 

Theoremm 3.6. ylsswme Condition 3.2 and E X 2 < cc. Then, as n —> cc and /i — 0, 
fajj  under Condition 3.4a, 

/ j ( l + a ) A + A o e^ ^ i>—a a sin(^f) ) 
(Fn / l(a,6)-EFn f t(a,6))) £ tf(o, - ^ " ( / i /A ) 2 + 2 ar ( a+ l )2) . 

^6jj  under Condition 3.4b, 

- ^ ( F n h ( a , 6 ) - E Fn / l ( a , b ) ) £ i v ( o,, ^ W A ) 4 + 2" r ( a + 2 )2(6 -a )2) , 
/ 1(2+a)A+A0- l e^ ^ 

fc,)) under Condition 3.4c, 

^^ . (Fnh(a,b)-EFnh(a,b))ZN(0,l), 

where where 

2A
7r (aa + 1) + sn{i_i/\)T{a + 2) (i_t/\)l+a{b - a), 

nn y/2ic 

withwith sn = 1 if un — u~ < u  ̂ — un and sn — —I otherwise. 

Thee next corollary gives an order bound for the three different cases of this theorem. 

Corollar yy 3.7. Under the conditions of Theorem 3.6 we have 

FFnhnh{a,b)-EF{a,b)-EFnhnh{a,h){a,h) = 0P{^=h {l+^ x^e^). 

Theoremm 3.4 is generalized as follows. 

Theoremm 3.8. Assume Condition 3.2 and Condition 3.1. Suppose EX2 < cc. Let 
nn —* 00, h —> 0, and a —> —cc such that ahx l —  —cc and a — o{e^l^h )(1_<5)) for 
somesome 0 < S < 1. TTien, /or b fixed, we have 

^^ i-(Fnh(a,b)-EFnh(a,b))ZN(o, ^i/\)2+2aT(a + l)2). 
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3.33 Proofs of the theorems 

3.3.11 Proofs of Section 3.1 

Prooff  of Theorem 3.1 

Thee theorem is immediate from Lemma 3.18 in Section 3.4, and the following lemma 
thatt represents f„h(x) asymptotically as a normalized mean. 

Lemmaa 3.9. 

^^ — (fnk(-r) - Efnh(x)) = -(T(a + 1) + o(l))Unh(x) + 0P(h). 
ffttl+2nl+2neevpvp 7Ï 

where where 

11 ^ / / X ; - I \ „  fX-i-X 

D D 

£W*)) = J=£(-(^)-EcoS(^)) . 

Prooff  of Theorem 3.2 

Wee can represent Fn(a, b) asymptotically as a constant rn times a normalized mean. 

Lemmaa 3.10. For any 0 < e < 1 we have 

'11 '11 

hh22++ 2n2n e.2h*< 
{F{F nhnh(a.b)(a.b) - EF„i,(a.b)) 

== T n Sn / l ( o ! 6 ) + 0 , , ( ^ ^ e i ( e 2- 1 , ) + O p ( / J | s i n ( ^ ) | ) + O p ( / I ' 2 ) 

where where 

r„„  = i(2(r(a + l ) + „ ( ! ) ) „i n ( ^ ) 

bb — a 
++ (b- a)(T(a + 2) + o(l)) cos (-^)h) (3.3.1 

2h 2h 

and and 

Snh(a.b)Snh(a.b) (3.3.2; 

JJ = i 
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Byy Lemma 3.18 with x equal to (a + b)/2 we have asymptotic normality of Snk{a, b), 
i.e. . 

Sn f t (a ,6 )^JV(0 , i ). . 

Thee proof of the theorem is finished once we establish the asymptotic behavior of rn 

underr conditions 3.3a. 3.3b. and 3.3c. Under 3.3a we have three possible situations: 
(i)) u remains at a fixed distance of S, (ii) u — u~ —> 0 and (iii ) u+ — u —> 0. 
Inn case (i) we have 

sin n (—) (—) 
VV 2/i / 

1 1 
s in( (6-- a)u)\ > - = 2h. 

u u 

Thiss also holds in situation (ii) , since 

sinn I ) = | sin((6 — a)u) — sin((6 — a)w )| 
\\ 2/i / 

sin((66 — a)u) — sin((6 — a)u ) 

(b(b — a)(u ~ u ) 

11  (b - a){u - u~) > - = 2h. 

(b(b — a)(u — u ) 

AA similar argument holds in situation (iii) . So Condition 3.3a implies 

'b 'b sinn hr) >> h. 

Similarlyy Condition 3.3b implies 

sin(^r) ll  = o(/,)-
Too deal with Condition 3.3c we distinguish two sequences of {uTl}. the subsequence 
{u{untnt}}  for which the kUt corresponding to the closest points in S are even, and the 
subsequencee {un.} for which the k's are odd. Along the first subsequence we have 
cos((bcos((b — a)/2h) ~ 1, while along the second subsequence cos((6 — a)/2h) ~ —1. 
Moreoverr we have, along the first subsequence 

sinn r~—-J ~ 2(6 - a)^hsn. 

andd along the second subsequence 

^)~-2(b-a^)~-2(b-ahhhshstltl. . 
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Al ll  this implies 

2.4 4 r(aa + i; 
 + 2){b-a)h 

^U~^U~llssululr(ar(a + l) + s,y2T(a + 2) (b(b - a)h 

underr 3.3a. 

underr 3.3b. 

underr 3.3c 

wheree sT,\ and sn2 is —1 or 1 depending on whether u+ — u or u — u' is small, and 
onn whether the subsequence {urli } for which the k,h corresponding to the closest 
pointss in S are even or odd. So we have four subcases under Condition 3.3c. 

Conditionn 3.3c 

A'n,, even kkRiRi odd kkUiUi even kknini odd 

«nll  = Sn'2 = 1 Snl = Sn2 = ~ 1 Sn\ = -Sn2 = 1 S„i = ~Sn2 = - 1 

Byy computing the asymptotic variances the proof is then completed. 

Prooff  of Theorem 3.4 

Choosee 0 < e < \/o. From the proof of Lemma 3.10 we have 

11 A f1 1 , .-.to 
FFnhnh(a,b)(a,b) = —- V / -(els^r- - e

i8LJK-)éu<(s)eü?* ds. 
InnInn <-^ / i is 

j=ij=i  J l 

Wee can decompose Fnh(a.b) as follows 

FFnhnh{a,b){a,b) = Wnh(b) + Rnh{a) 

with h 

and d 

-|| 7Ï p£ -. V _l 

++  7 ^ Y\ / -(e1*^1 -e'sL^)4>w(s)e^s2ds. 
2nn2nn *—* ]_. is 

^ W * )) = — £ / 7 S i l 1 ( « ( i ^ ) ) 0 u , ( s ) c ^ f l 2 d s 

^w=2kt(/r +/,)se"' ' ' **  &u.(s)e^1 ds. 

D D 

(3.3.3) ) 

(3.3.4) ) 

(3.3.5) ) 

Thee next lemma establishes asymptotic normality of Wnh(b). Its proof is omitted 
becausee of its similarity to the proofs of Theorem 3.1 and Theorem 3.2. 
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Lemmaa 3.11. 

^^  / T T T , , X T ^ „ r  / 7 X X V AA2 2 

-- ( ^ ( 6 ) - E W„A(6)) - iV(0. —,T(a + l)2) 11 V ' ' I til  \ " / '—  fill  \" J / \ n o 

Forr the term Rnh{a) we have the following order bound. 

Lemmaa 3.12. 

RRnhnh(a)(a) - ERnh(a) = oP(-?= / i 2 + 2 ae ^ ). (3.3.6) 

11 2 

Sincee the absolute value of the term (3.3.3) is smaller than (l/e7rh)(b — a)e^lf' a 
combinationn of the two lemmas proves the theorem.

3.3.22 Proofs of Sect ion 3.2 

Prooff  of Theorem 3.5 

Sincee the proof is somewhat similar to the proof for normal deconvolution in the 
previouss section we will only state the corresponding lemma. 

Lemmaa 3.13. 

\/n \/n 
—— ifnh(x) -Efnh(x)) 

-(^-(^l+al+a (T(a(T(a + l)+o(l))U nh(x) 
7TT A 

where where 

++ Op(//-1) + Op(€1^»ft-A " +Q>eix(<A" 1)), 

^ww = it(-(V)- Ecos(^)) -
77 = 1 

Prooff  of Theorem 3.6 

Firstt we write Fnh{a,b) asymptotically as rn times a normalized mean. 

Lemmaa 3.14. For any 0 < e < 1 we have 

^^ i - (Fn f c(a ,6) -EFn / l (a ,&)) 
^ ( l + a J A + A o g^ ^ 

== 7-„S„A(a. b) + 0/.(fc-<1+'»*-16-* ' e ^( < X - " ) 

++ 0 p ( / l - | 5 i n ( ^ ) | ) + 0 p ( ^ ) , 

D D 
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where where 

- ; ( ' ( ! )) <n*  + i>+<.„-n(^ ) 
bb — a 

2h 2h 

++  (b-a) ( ^ )2 +° ( r (Q + 2) + o(l))cos (b-^)hX^ 

andand Snf, is defined as (3.3.2). 

Apartt from the slightly different condition 3.4 on the sequence of band widths h, the 
prooff  is similar to the proof for normal deconvolution. Whether sn\ and ,s„2 is —1 
orr 1 wil l be decided in the same way as in the proof of Theorem 3.2. Along the 
subsequencess we have 

» i ( ^ - r - )) = s in( (6-a)u) ~ {b - a)(u - u~) - (6 - a)-,2A~1/i sin n 
- A - l . A - 1 1 

Thiss implies the following expression for the absolute value of T„ 

''  l(s)1+°r( o + i) |sin(^ ) 

^  ̂ (§ )1 + a| 2^ . . sn l r (Q + 1) + (i)s„ 2r(a + 2)|(6 - a)h 

whichh yields the asymptotic variances of the theorem. 

Prooff  of Theorem 3.8 

Choosee 0 < f < ö~*. Let Wr,i,(b) and RT1/t(a) be defined by 

111 1 

A - l l 

underr 3.4a. 

underr 3.4b. 

underr 3.4c . 

D D 

w'-w^E // lMi xi^))^dm d» 
and d 

Rnh(a)Rnh(a) = /h /h 
-ds. -ds. 

Thenn Fni,(a.b) can be written as 

FFnhnh{a<b){a<b) = Wnh{b) + Rnh{a) 
n(n( 1 L E E 

rrrirrri  i — ^ 
2/rr? ? 

j = i i ?s s 

A**  - !> 

e''ss h )0w,(s) 
Cifr(s//ï) ) 

f/,5. . (3.3.7) ) 

Thee next lemma establishes asymptotic normality of Wr,h(b). 
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Lemmaa 3.15. 

^^ i - (Wnh(b) -EWnh(b)) Z JV(0, ^(v/\)2+2ar(a + l ) 2 ) . 

Forr the term Rnh(a) we have the following order bound. 

Lemmaa 3.16. 

RRnhnh(a)(a) -ERnh(a) = o p ( 4^ / i< 1 + a>A + A o e^). (3.3.8) 

Sincee for n large enough the absolute value of the term (3.3.7) is smaller than 

-{eJh)-{eJh)ll--XQXQ{b-a)e^{b-a)e^]]\ \ 
n n 

aa combination of the two lemmas proves the theorem. D 

3.44 Proofs of the lemmas 

Wee shall need the following analytic lemma in the remaining proofs. 

Lemmaa 3.17. Assume Condition 3.2. For h —> 0 we have 

ff (f)w(s)e^s2ds~ Ah2+2ae^Y(a + l) (3.4.1) 
Jo Jo 

andand for / i -+0 and 0 < e < 1 and (3 > 0 fixed we have 

i: i: SS--
XX°{1°{1 - sf<pw{s)e^sXds ~ ^ ( ^ A ) 1 + Q + ; i e ^x r ( Q + 3+ 1) (3.4.2) 

A A 

Proof f 
Wee only prove (3.4.2). The expansion (3.4.1) can be shown in the same way. 

Noticee that 

e"A«« ( s l i p t e! *z$fü)v"+3e-iv if A > 1 

e-^ fsuptKK!!  0u[ l
cr

t))vCi+3e'^v if 0 < A < 1. 
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Byy substituting s = 1 — hxv and by applying dominated convergence we get 

,s^A"(ll  - s )j pu . ( , 5 )e^s ds 

== /,A(1+J) f^(l - /3
Ar)-AoO,,(l - /A ' ) r ^ e ^ 1 " ^ ' ^ 

Jo Jo 

*3~ *3~ 

h h 

X,-X,-

X X 

x^ x^ 

-- ( ^ / i A ) l + a + Je" ' 'Mr (a+ . ,H l) 

D D 

Thee next lemma establishes the asymptotic normality. 

Lemmaa 3.18. Let. for a fixed x. Unh{x) and V„h(x) be. defined by 

UnlMUnlM  = J=£(cos(^)_Ecos( 

™*>™*>  = ^(-"OVH*"^)) -
vv j = i 

i/ien.. as /? —> oo arzd , 
L/n/l(x)) £ JV(0. i ) and V;ft(.x) ^ iV(0. . 

P roof f 
Notee that since the density g is the convolution of ƒ and the density k it is continuous. 
Write e 

XX  — x 
YjYj =  J, mod 2TT. 

h h 

Forr 0 < y < 2w we have 
C C 

^(V,-- < ï/) = 5Z P ( 2 ^ ^ + z<Xj< 2nrh + yh + x) 
ii  = — oc 

300 p2inh+yh+i °° 

==  ^2 g{u)du~ Yl Vh9{^h) 
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wheree £;./j is a point in the interval [2inh+x. 2inh+yh-\-x] c [2z7i7i+:r. 2{i + \)ith-\-x}. 
Sincee h —> 0. the last equivalence follows from a Riemann sum approximation of the 
integral. . 

Soo we have Yj —> U, where U is uniformly distributed on the interval [0, 2TT}. Since 
thee cosine function is bounded and continuous it then follows that E|cosVj|p —> 
EE | cos t/|p, for all p > 0. Consequently 

EE cos (XjrX) — E c o sU = 0 

and d 

E c o s2 f ^ - ^ ) ^ E c o s2 [ // = i . 
\\ h J 2 

Too prove asymptotic normality of Unh{x) note that it is the normalized sum of an 
i.i.d.. sequence. Note that the Lyapounov condition for the central limi t theorem in 
Loèvee (1977) holds, since for 5 > 0, 

E|cosYii  - E c o s Y i l2 ^ E\cosU\2+s 

^^(VaricosYi))^^(VaricosYi))11^/^/22 n6/2{Var(cosU))l+5/2 

holdss as n —  oo. Hence the asymptotic normality of Unh(x) follows. The proof of 
asymptoticc normality of Vnh{x) is similar. D 

Prooff  of Lemma 3.9 

Write e 

11 f°° 1 
fnh(x)fnh(x) = — / e-ltr(j)w{ht)^— (j> emp{t)dt 

2TTT J_O0 (pk(t) 

==  Y f \ e~ltx(t>w(ht)eït2(j>emp{t)dt 

11 f^  1 2 S 
==  2Ïrh / e~lS^^(S)e^S <Pemp{^)di 
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Noww use some trigonometry to get 

(( V))=- (V)+(~ ( V)) - - (V)) 
== cos h h 

== c o s ( ^ - ^ ) + i 2T I J - ( s j . (3.4.3; 

wheree Rn.j{s) is a remainder term satisfying 

| i ?n J|<< (k| + | A 0 | ) ( ^ ) . (3.4.4; 

Thiss bound follows from the inequality |sinx| < \x\. 

Byy Lemma 3.17 it follows that ƒ„/, (.r) equals 

11 /" ]
 j , x ^.s2 , 1 ^ __jXj -xr 

irh irh J 00 j = i j = i 

== V ( o + l ) + 0 ( l ) ) / . , + J " e ^ i f : c o s ( ^ ) + i è ^ 

where e 

11 fl 1 s2 
JJ = ~T / ^ n . j ( * ) ^ ( s ) e ^' ds. 

*h*h Jo 

Forr the remainder we have, by (3.4.4) and Lemma 3.17. 

\R\RnJnJ\\ < i(k | + \XJ\)J  ̂J ( ^ ) <pAs)e^s2ds 

==  ~(\x\ + \Xj\)(F(a + 2) + o ( l ) ) / ?2 + 2 fW . 

Hence e 

VarRnjVarRnj <ERlj = 0 ( V+ 4 t te ^) 

and d 

""  / i 2 + 2 f V 

rfc-Efl„,-)=o/ > > 
n n 

11 " - /h2+2a 1 \ 

-Y^(Ë-Y^(Ënnj-ERj-ERnnj)=Op[-^-e^). j)=Op[-^-e^). 

Finallyy we get 

^^ (fnh(x) - E ƒ„,,(*) ) = - ( r ( Q + 1) + o{l))Unh{x) + Op(h) 

whichh finishes the proof of Lemma 3.9.
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Prooff  of Lemma 3.10 

Observee that 

-b -b 

F, F, 

 In 

33 = 1 J

2 2 
irn irn 

nnhh(a,b)(a,b) = f (^f\ e-itx4>w(ht)e^24>emv{t)dt) dx 

11 f~ 1 
==  7T H ^M~lta - e-m)Mht)eït2<t> enip{t)dt 

2lT2lT J_l it 
h h 

==  ~~ f -{e"ls  ̂ - e-ls^)(j)w{s)e^s2<pemp{Uds 
zirzir J i is n 

11 Jl- Z*1 1 X , - ü Xj-b i 2 

== -— T / - { é 9  ̂ - els^)4>w(*)e^a ds 
ZirnZirn A—' l-t ts 

j=ij=i  J i 

33 = 1 ° 

(3.4.6) ) 

3=13=1 Je 

(3.4.7) ) 

wheree 0 < e < 1. 

Firstt note that, since | sinx-|/|a:| < 1, the absolute value of the terms in the sum 
(3.4.6)) are of order 0((l/h)e.2h7e ). So the contribution of (3.4.6) minus its expec­
tationn is of order 

Nextt we consider the term (3.4.7). Write s as 1 + (s — 1). Then 

XjXj - (a + b)/2\\ . ( (b-a 
coss s 

{cos(^- (;+6)/2)cos(( S-i)(^-- (;+fc)/2 )) ) 
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__ sin ( ^ - ' ; + 6'/2) sin (,, - D ^ - f r + Wa-

x{. ln(^)c™((.-.,(^£))+™,(^)^( (.-l,(^)) } } 
(3.4.9) ) 

.. / 6 - a\ / J ^ - ( a + 6 ) / 2x 
== sin cos — — -

VV 2h ) \ h ) 

wheree the remainder Rjn satisfies 

I«J.»(»)II  < (c, + r 2 | j r J | ) { ( - ^ - ) s m ( - s - ) + L _ A + L _ _ L } . (3.4.10) 

forr some positive constants c\ and c<2. The bound follows from the inequalities 
|| sin.x — x\ < |x|2, |1 — cosx| < \x\ and |1 — cosx| < |x|2. 

Byy Lemma 3.17 it follows that the term (3.4.7) equals 

22 . fb-a\ fl 1 , , i a2 , l A / X , - - ( a + &)/2\ 

2 / 6 - a\\ / f r - a x / - 1 ! . ,. . . . i s*  1 ^ / ^ - ( a + b ) ^ 
++ ^(-27r) COS (-2^) I  -^-VoM^  d%Y,™{^-h ) 

22 A 
++ —Y,Rn'J 

- ( r ( »» + l ) + o(l))Sm( — ) t ^ e g - ^ n » ( J \ ) 

7T77, , 

+ + 

| ( f cc - a) ( r ( „  + 2) + 0( l ))cas ( ^ ï ) ^ * . ^ ! £ > ( ^ " ' r ^ 2 ) 

/he e wnere e 

Ln,, j — ƒ — ttn. ? I 
ii  - 1 s2 

/2n,ii  = / - - #n . j ( s )<Ms ) ê  rfs. 
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Forr the remainder we have, by (3.4.10) and Lemma 3.17 

\Rnj\\Rnj\ <(ci+C2\Xj\) 

O^sfO^sf (l-s) 
h? h? ftft3 3 

bb — a 

)(Pw( )(Pw( s)e^s)e^ss ds 

(cii  + c2\X3\)A((T{a + 2) + o(l))h3+2ae  ̂ | sin ( - ^ ) 

++ ( r (a + 3) + o{l))hi+2ae  ̂ + {T(a + 4) + o ( l ) ) / i 5 + 2 ae ^ ), 

Hence e 

V a r ^ jj  < E ^ - - o ( / i 6 + 4 Qe * | s in ( ^ ) | ') + 0(h8+4ae^) 

and d 

7rn n 
2_^(Rnj2_^(Rnj ~ E iün J) 
J=I I 

^3+2aa / 6 - a \ \ ^ / / * 4 + 2 a i \ 

Finallyy we get 

hh22++ 2a2aeü? eü? 
—— {Fnh{a,b) -EFnh{a,b)) 

bb — a' 
== ^ (2{r(a + 1) + o(l)) sin ( ^ ) - (6 - a)(r(a + 2) + o(l)) cos ( ^ ) f t ) 

33 = 1 

11 _L_^2_ 

hh J \ h 

whichh finishes the proof of Lemma 3.10. 

Prooff  of Lemma 3.12 

Notee that, by substituting s — — 1 + h2v, we have 

D D 

—— / — és h (f)w(s)e^s ds 
Z7TZ7T J_i IS 

==  -ih2+2a" ee 2k' e 
2TTT 7_00 
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where e 

ee
hhWW=I=I [0.fr)W_[0.fr)W_11 + h2v {h2v)a 

11 0,r(-l +h2l') n _ l . ( 1 _ l , 1 al 
vv e 

whichh for i' > 0 the function 9^{v) converges to 0+(v) — —Avae r/[o.oc )(<')  a s 

hh - > 0. 
Hence e 

11 f~ f 1 ilt^zl 
S~~ / — e h 0w InIn J^I is 

11 2 

s)eïhs)eïh77'' ds 

< < 
1 1 

'2n '2n 
1 1 

,2+2a a ee 2/-
11 f^ 

'LIS'LIS J - oc 

ih(Xj—ih(Xj— <i)v dv dv 

'2n '2n 
hhz+/az+/ae^\Vl(h(a-e^\Vl(h(a- Xj))\. {3A.ll) {3A.ll) 

wi t hh ty  ̂ equal to the Fourier transform of 6^ 

Similarlyy we have 

—— / —ev s >< 0.u,(s)e.ïh7 ds 
2n2n L is 

,2+2«, , 
\J\J In 

;3.4.12) ) 

wheree  ̂ denotes the Fourier transform of the function 0h given by 

É ' h ( 0 _ / [ - ^ - ° ] ( , ) ll  + ̂  ( ^ ) Q Z e 2 ' 

whichh converges to 0~(v) — A r Q e1 7 ^ x 0 i ( i ' ) . as h —  0. 

Underr the assumption a/i —  — oc we have h(a, — Xj) —> — oc and M-^j — a) —  —ex:. 
a lmostt surely, so we can use elements of the proof of the Riemann-Lebesgue lemma, 
i.e.. Theorem 21.39 in Hewitt and Stromberg (1965). We have 

11  IT 

<< —!= r l«+(f)-e+(t'--)|rfi'+4= r l»ft"(f)-«+(«)|rff- P.4.13) 
IVIV In J-oc V VIn J-oo 

A ss \y\ —  oo the first term in (3.4.13) vanishes by the C\ continuity theorem for 
t ranslat ionss and the second term by dominated convergence with a majorant similar 
too the one in the proof of Lemma 3.17. The Fourier transform of the function tp^ 
cann be t reated similarly. 

Combiningg the bounds (3.4.11) and (3.4.12) we see that the variance of (3.3.5) is 
boundedd by 

-- hMae^(E \*+(h{a - X i ) ) | 2 + E \%(h(Xl - a) ) |2) . 
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Sincee ^ and Wh are bounded functions, 

EE |*+(/i(a - * i ) ) | 2 + E \^-h(h(Xl - a))|2 

vanishess by dominated convergence. This proves the order bound of the lemma by 
thee Markov inequality.

Prooff  of Lemma 3.13 

Write e 
11 f°° 1 

fnhix)fnhix) =2^ e-ltx4)w{ht)—7-(f>emp(t)dt 

== 2^ \ e~itX4>w(ht)~-r-4)emp(t)dt 
h h 

== SS£§y_1
e *  Ms)M^)ds 

tthhtjy-^^dmtjy-^^dmdsds (3A14) 

27m/i i 
33 = 1 

Notee that the integral in (3.4.14) is real valued and that for h small enough its 
variancee is bounded by 

Varf—i-VV f e"^0w (5)_-L_ds) 

47T2? ? 

i_(r_i_4 4 
22nhnh22\J_\J_ee(f>(f> kk{s/h){s/h) J 

-4^nhi-4^nhi{2€){2€)\J\Jee<f<<f< ee\Ms/h)\J \Ms/h)\J 

<<  ~C-2{e/h)2~2X°e>/h)\ 
ITIT ZZ n 

Soo the contribution of (3.4.14) minus its expectation is of order 

Opf^Whr-X-eW*). Opf^Whr-X-eW*). 
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Thee term (3.4.15) can be written as follows. 

27mh*-27mh*-JJ\J_\J_ll Jf J Ok(s/h)ds 

== d i c n / / ! ' ) ^ ^ ) » ! ^ ' ^ ^ (3.4.16, 

Notee that both (3.4.16) and (3.4.17) are real. For (3.4.17) we have 

^g(/; +/ ] )e^^( S) (M )-ei( ^ ^ 

\c\chXhX°~°~ll^t^t f™*{i J{^))Ms)\s\-Xoe^lslXdS (3.4.18) 

27rnhC 27rnhC 

Byy Lemma 3.17 and (3.4.3) this equals 

-h-hxx^  ̂ f\w(s)s-^e^sX ds-Y cos (^^)+-YRT 

== -A{T{ot + 1) + o f l ) ) ^ ) 1 ^ ^ ^ ^ - ^ ^ - ^ ^ fXj ~X " ) 

11 n 

r>> ^ — ^  J 

J''  = l 

n n 

where,, with Rnj(s) as in (3.4.3), 

finjfinj  = - ^ A u _ 1 / i ï n, i (s)0l l ,(s)s-A oe^A 8 ds. 

Forr this remainder by (3.4.4) and Lemma 3.17 we have 

\Rr,\Rr,33\\ < ^{\x\ + IXjDh**- 1 f { ^ - ^ M s - ^ e ^ ds 

1A1A i 
== — ( | x| + \Xj\)(r{a +2) + o( l ) ) / i A ( 2 +^+ A ° - 2e^A . 

7T T 
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Hence e 

VarÉn.jj  < ER2
nJ =o(h2{M 2+a)+A0-2), , ,~^hX\ ,~^hX\ 

and d 

/ ^A(2+a)+A„ -2 2 

.77 = 1 V 

Thee variance of (3.4.17) can be bounded by 

MjhitSnMjhitSn ++J!)^J!)^ MM<^m-h^-^^) <^m-h^-^^) 
< < 

< < 

^ E((/; +/>^K^-èö-^>> ) ) 
l l 

47r47r22nhnh22CC2 2 

xx E 

Sincee the function 

C\y\C\y\xx°eï°eï]y ]y 

> / > * * n n 

4>k{s/h)4>k{s/h) C 

C{\s\/h)C{\s\/h)XüXüe'^e'^] ] 
i<\*\\\ i<\*\\\ 

:(s/h) :(s/h) 
- 1 1 ds ds 

y y 4>k{y) 4>k{y) 

iss bounded on R it follows that 

{ \ s \ / h )x ° ee >< [  h ] _ 
<Pk{s/h) <Pk{s/h) 

iss bounded and it tends to zero for all fixed s with \s\ > e as h —» 0. So the variance 
off  (3.4.17) is of smaller order compared to the variance of (3.4.16). This can be 
shownn by an argument similar to the one in the proof of lemma 3.17. 

Finallyy we get 

ffll\{l+a)+\\{l+a)+\ 00-l-l ee~^i? ~^i? 
—— {fnh(x) -Efnh{x)) 

==  -(^y+a(T(<y + 1) + o{l))Unh(x) + Op{hx~l) 
7T7T A 

++ 0P ( e1 - A ^ ^ 1 + « ) e ^ x ( £ A " 1 ) ) , 

whichh completes the proof. 
D D 
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Prooff  of Lemma 3.14 

Define e 

Then,, as in the proof of Lemma 3.10. Fni,(a.b) can be written as follows 

FF llhllh (a.b)=(a.b)= / f— / e-iixó1c{ht)——è(,mp{t)dt]dx 
JJaa \2TT J_I. Ok(t) J 

2nn2nn ^rf 7-i Ï-S 0k\s{h) 

11 " Z'1 1 1 
==  ^ J ]  -A(Xj,s)0w(8) . ...ds 2 7 m ~ ? 7 -ii  s 0k{s/h) 

==  — Ë r - A ( X j ; S ) 0 , f ( 8 ) - i - d s (3.4.19) 

++  — Ë ( / + / " ) - A ( X ^ 5 ) 0 t t . ( s ) — 1 — d s. (3.4.20) 

Notee that, since | sinx| < |x|, the absolute value of the terms in the sum (3.4.19) are 
11 \ — i f lit  ) ^ off  order 0((f//i ) " c ). So the contribution of (3.4.19) minus its expectation 

iss of order 

O r f ^ f / h ) 1 ^ ^ 1 ^ ) .. (3.4.21) 

Writee (3.4.20) as 

7r""  ^ i ^ - ! -̂  s <Pk{s/n) 

== ~ ^ E ( / ^ / ) ~A (X J. , ) 0u . ( 5 ) ( | « | / /i ) - A " c ^ ^ ) \ / , (3.4.22) 

+^è(/; '+/ ,)^i^')M. ) ) 

**  ( ^ ) - e( |s| /' , rAoe" (1J1,> (3-4-23) 
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Consideringg the variance of (3.4.23) we get 

var (^è(£e+r)ï A(^^ w w 

x x 

xx C 
{\s\/h){\s\/h)XoXoee »[  h } 

4>k{s/h) 4>k{s/h) 
\\ds \\ds 

Thee expression 

C C 
(|s|//i)Aoe~"i"("S"); ; 

<pk{s/h) <pk{s/h) 

iss bounded and tends to zero for all s with |s| > e as /i —> 0. As in the proof of 

Lemmaa 3.13 the variance of the term (3.4.23) is of order OP(A^{I/h)l^X(ie^{t/h)X\ 

Nextt write s as 1 + (s — 1). Then, as in (3.4.9), 

A(Xj,s)A(Xj,s) = cos Is 
XjXj - (a + b)/2 

) ) - » ( ' ( ^ ) ) ) 
.. fb-a\ /Xj-(a + b)/2\ 

== sin ——— cos — — 
VV 2hJ V /i / 
,, _t./b — a\ (b-a\ /Xj - (a + b)/2\ 

++ ( - 1) ( -as -) - ( ^ - ) cos ( ^ ) 

++ «ƒ„(»)

wheree the remainder Rjn satisfies 

bb — a 
\RjM\\RjM\ < ( c i + C 2 | ^ | ) { ( ^ ) | s i n ( - ^) + + 

: i - * ) 2 ,, a -* 
/ ? 2 2 + + } .. (3.4.24) 

forr some positive constants c\ and ci-
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Byy Lemma 3.17 it follows that (3.4.22) equals 

// + / ) s °u 
11 fb — a 
-- sin —-— 
TTTT \ 2h 

(s)(\s\/h)-(s)(\s\/h)-XoXoe^e^)X)Xds ds 

XX — > cos 
nn  1 

++ ï(^)«-(^)(/>/ ,);(-1)*.w^-^ (,?,i-
11 . " 

x-Ec o s( ( 
^ - ( oo + 6)/2\ 1 

(^V (QQ + 1)+0(1))Sin(^>< . 
. 7 =1 1 

ii  n 

x - £ c o s( ( 
j = l l 

++ — V kn. 
TinTin L—' 

66 — a1 
+a}A+Aoo ,j h 

e'j j 

XjXj - (a + 6)/2 
h h 

++ ^ ( ^ 2 + a( 6 - a ) ( r (a + 2 ) + o ( l ) ) c o s ( ^ ) ^2 + ^ ^ - i e i 

11 n i E E 
nn ^ 

J=I I 
11 n 

++  —TRn,j 

jj  = l 

JJ = l 

where e 

# n . . (/>/')i i i?n,J(sX,(s)( |s | / / i ) -A oe^(^ ) A ds. . 

Forr this remainder we have, by (3.4.24) and Lemma 3.17, 

ifl„ J i<(c 1+C2|x J i)(£ e
+j(

I)i((i^ ) ) 

,, (1-s)2 , (l-sf 

sm m 
aa — b 

2h 2h + + 

cj)cj)ww{s){\s\/h)-{s){\s\/h)-AoAoe»e»(( * ' ds -V ) - , , ,, ( h ) 

hh22 / l 3 

(Cii  + C 2 | X , | ) A ( ( I > + 2) + 0( l ) ) (^ )2+a^(2+a)A+Ao- le^X | g i n (^--) | + 

++ ( r (a + 3) + o ( l ) ) ( ^ ) 3 + a^ 3 + a ) A + A° - 2 e ^) + 

+ ( r (aa + 4) + o ( l ) ) ( ^ )4 + Q/ i ( 4 + a ) A + A° - 3e^x ) . 
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Hence e 

Varr tf^ < E Rl3 =  0{h
2{^^x+x--^e  ̂ | sin ( ^ ) | ') 

4-- 0( / i2 ( ( 3 + Q ) A + A o _ 2 )e^T ) 

and d 

22 ^ ~ 

TTTll  £ -J  J J 

irn irn 
J"=I I 

O P( ( 
^ ( 2 + Q ) A + A O - 11 i 

y/n y/n 
e^e^h h 

'a'a — b" (^)DW W 
^(3+a)A+A0-22 _^ 

y/n y/n 
eSeSih' ih' VV (3.4.25) 

Finallyy we get 

[F[F nhnh(a,b)(a,b) -EFnhia.b)) 
^( l+a)A+Aoe^ i i 

AA / / / / \ l + a 

+ C ' - a ) ( f )2 + V ( aa + 2) + o ( l ) ) c o s ( ^ ) f ti - 1 ) 

11 " 

-j=-j=  y  ̂ (cos f 
XjXj - ( a + 6)/2 

11 / , A . 

)) - E cos ( 
XjXj - (a + fc)/2 

) ) ) 

+ + 00PP(ei-Ao/r^-ie^(ei-Ao/r^-ie^66 2)) + O P ( ^ | sin ( ^ ) |) 

+0P(V AA 2) , 

whichh finishes the proof of Lemma 3.14. 

Prooff  of Lemma 

Firstt write 

-r r 
2 W -1 1 
== ^ / 

27T./ / 

11 / 

1 1 
— — 
is s 

r r 
- i i 
ff  —e 

E*S S 

1 1 
ZS S 

1 1 

3.16 6 

.. X - a 

X , - a a 

,{s)^(\s\/h)-*>eW,{s)^(\s\/h)-*>eWrrds ds 

++ inb's^^M^-h^ h)^ l'4)>-
(3.4.26) ) 

(3.4.27) ) 
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Too bound (3.4.26) note that, by substituting s = — 1 + hxv. we have 

ITTCITTC J_I IS 

== - iT^o + d + ^ A g ^ A g - i . ^ X 

2TTC 2TTC 
KMe^-^-^dv. KMe^-^-^dv. 

vhere e 

ï ww = V^,(«)(-i  + ftV^'^^«' e>
(,1-* ! A - l ) ) 

Notee that, for v > 0 the function 0jj"{u) converges to 0+(v) = —>k,ae "^/[o.ocjO')-
ass fr —> 0. 

Hence e 

2TT T 

< < 

^^ / e i e " ^ 0u , ( a ) | s / / « | -A »e i | a / / l | AA 

2TTT y_ '2TTC '2TTC 
1 1 

^A „„  + ( l+Q)A e ; l, ,A ++ ( l I ) e ' f t A " 1 ^ J - f l ) " r f i ; 

^A„„  + ( l + a ) A e ^ X | ^ + ( / l A - l ( a _ ^ ^ |_ (3.4.28) ) 

withh Vl>̂" the Fourier transform of 6^. A similar bound holds for the integral over 
[e.. 1]. As in the proof of Lemma 3.12 it now follows that the term (3.4.26) is of the 
orderr (3.3.8). 

Too deal with (3.4.27) note that the integral can be rewritten as 

11
 hx0+^+^e-^ei^p_L 

2mC 2mC '2TT T 
Vh Vh ++ ( i V ' A ~ , ( ^ - f l ) r d i ' 

11 ;?A() + ( l + a ) A e^ X e i ^ r — , f , + ^ A - l 

27TÏC 27TÏC 
n^-'iXj-a)). n^-'iXj-a)). (3.4.29) ) 

mere e 

++ t;S 

V-T**V-T**  (hxv)a 

and d 

u{y)u{y) = 
C\y\C\y\X{)X{)ee f 

My) My) 
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Thee Fourier transform \&^ of r]£ can be bounded by 

i^(z/)i<4== r \ri(v)\dv. 
VV Z7V J-OC 

Sincee u(-) is bounded and vanishes at plus and minus infinity, T}^{V) vanishes as 
hh -*  0. It follows that the term (3.4.27) is also of the order (3.3.8). The integral 
overr [e, 1] can be treated similarly. 
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Chapterr 4 

Crossingg the Cauchy boundary 

Thee asymptotic normality results in the previous chapter require that A must 
bee greater than 1. This is clear for instance from Lemma 3.13, where one of the 
remainderr terms is of order Op(hx~l). In the proof this remainder term is not 
asymptoticallyy negligible if A < 1. 

Ourr aim in this chapter is to get more insight in whether this restriction is essential, 
i.e.. to investigate the dependence on A. For our purpose we simplify the problem 
byy choosing a special family of densities k, the symmetric stable densities, and by 
restrictingg ourselves to density estimators. First we give relatively simple examples 
off  Cauchy deconvolution, where we get explicit expressions for the estimators. Al­
thoughh this works for this special case, it does not explain much for the A < 1 case. 
Wee wil l approach the deconvolution problem from a different point of view in the 
secondd part of this chapter. 

4.11 Examples of Cauchy deconvolution 

Forr simplicity we first consider the deconvolution density estimator for Cauchy de-
convolution,, where 4>k{t) = e-'*' , with a special choice of 4>w. Take 4>w(t) = 7[_u](£), 
whichh is the characteristic function of the sine kernel, w(x) — sina:/(7rx), so 

/ : : 
AtxAtx S m X 

TTXTTX L J 

Notee that a = 0 and A — 1 in Condition 3.2. We have 

fnk(x)fnk(x) = ̂  É / COS^XJ - X^Sdt 

== ̂ t rR3^{-i +^(«-(^ ) + W-)-»(^))} . 
77 = 1 J 

s*-is*-i  — X \ , „  . . / v \ i 

61 1 
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Asymptoticc normality of fn  ̂ is given by the following theorem. 

Theoremm 4.1. Assume ou\i) — I[-i.\]{t)  and ) = e"'fL As n -  ̂ oc and h — 0 
wee /mt>e 

22 1 1 1 / ^ 1 , , , 
°° = ~ ^ E -— -r = — 7̂ ƒ ; -rqiujdu. 

2TT22 1 + (X-X)2 2TT2 J ^ l + ( u - jr) 2yv ; 

Proof f 

Notee that e'l^hfnh{x) is equal to an average of independent bounded random vari­
abless that are functions of pairs (Xj.Yjh) with Yjh — (Xj — x)/h mod 2n. Let 
YhYh = (X — x)/h mod 2/T. By the first part of Lemma 4.10 in Section 4.3 we have. 
ass n —> oc and h —-> 0. 

(x.r,)^(x.L/) . . 
wheree [/ is uniformly distributed on the interval [0. 27r]. Moreover X and U are 
independent. . 

Too derive asymptotic normality note that e~l/hfnh is an average of an i.i.d. sequence. 
I tt suffices to check the Lyapounov condition (1.1.10), cf. Loève (1977). Since the 
termm originating from the —1 is asymptotically negligible, it suffices to check 

EE \Zni - E Zn\\ 

nV2(Var(Zn l))1 + ó /22 ^ 

forr some S > 0, as n —> ex:, where 

Ji.Ji. i — x zz->-> = \ i + (̂  - ̂  (cos ( ^ F ) + (*J"  *)sin (~ / i i 

Sincee E cose/ = 0 and E cos2 (7 = |, we have for the expectation of Zn\, being the 
expectationn of a bounded continuous function of (X\, Yih), 

EZEZnnii  = - E ( -^(cosYi,, + (A"i -xJsinYi / , )) 
7TT \ 1 + ( A i — X) z / 

->0, , 

ass ft —> 0. This implies 

E\ZE\Znn\—EZ\—EZnn\\\\ —> — E 
7T T ll  + ( X - . r ) : 

2+A A 

(cost /++ ( X - . r ) sin[/ 
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Wee also have 

Var(Znl)) -> - ^E ( — y r ! ^(cosU + (X - x)smU))2 

==  ~^E T, 7TT-—^9 (cos2 U + (X -x)2 sin2 £/ + 2(X - x) cos £/ sin U) 
7rzz (1 + (A — xyy 

2TT22 1 + ( X - : T ) 2 ' 

Thiss shows that the Lyapounov condition is satisfied. It also provides the limi t 
variance.. D 

Itt follows that the rate of convergence is equal to the one in Theorem 3.5 for a = 
0,, A — 1, and Ao = 0. However, the estimator is not asymptotically distribution 
freee as it is for A > 1, since the limi t variance now depends on x, and on ƒ through 
gg = ƒ * k. This shows that the condition A > 1 in the previous chapter is essential. 

Noww let us consider Cauchy deconvolution with a different kernel w. Choose w such 
thatt for a > 0 

<P<Pww(t)(t) = (l-\t\)aI{-i,i](t).  (4.1.1) 

Notee that for a = 0 we get the sine kernel. 

Theoremm 4.2. Let éw be given by (4.1.1). As n —> 00 and h —> 0, we have 

\\ (fnh(x) -Efnh(x)) £ N(0,a2). 
hhaaeh eh 

with with 

22 1 T , 2, — 1 ^ ( aa + l)E 
2TT22 v ; {l  + iX-x)2)^1 

==  2 ^ r 2 ( Q + 1 ) / 3 C ( l + (.-^)^f f{u)£/u -

Proof f 

Recalll  that 

nn »i 

/»*<*>> = d ^ EI cos(S(\^))Ms)eids. (4.1.2) 
j = i J » » 

Lett \1/Q denote the characteristic function of the Garama(a -f- 1) distribution. Since 
<p<pww(t)(t) = (1 — \t\)aI\_i^(t), we can rewrite the integral in (4.1.2) as follows. 
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// cosfs f—~—))0w{s)ehds 
JJ  U 

== f ™K^)) (1-* )Qc* d* 
== h f "cos ((1 - hv){^^)){hv)ae^l-h^dv 

==  hi+ae1/h f ' cos ((1 - hv){Xj~ Xy^vae-Vdv 

==  h^Tia + 1){  j\:os ((1 - h v ) ^ ) ) ^ ) d 0 + Rj} 

==  / i 1 + V " T ( a + 1){  j T (cos ( ^ l £ ) c o s ^ X, - ^ j ^ ï ) 

++ sin ( ^ £ ) s i n W - * ) ) f g ~ > < + * ; } 

== / i 1 + r te1 / f tr(a + l) 

xx {  cos ( JrX)Re*n(xj ~x)+ sin ( J ~ J ' ) l m ^ a( X J - z) + i?j} . 

where e 

^?? — " F T -Ti)/ /X
(1-A" )(^))" ,e-"*' --L// i i 

Forr h small enough the remainder term can be bounded by 

11 J'  - r(o + i) y1/h - r(a +1) y1M - i > +1) 

Notee that 

11 {l+it) n+1 

* a ( * )) = (11 - 2*)"+! (l+t 2)° +  l 

Inn passing note that for the special case that a is a positive integer, the above 
expressionn can be written as 

* ^ ^ § c r > --
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Thus,, for Q e N we have 

CO!J(( i
h~

X)Re®Q(Xj ~X  ̂+ s i n ( J ~ X ) l m ^ Q ( X J -x) 

.. . . . . _\2fc 

__ c os (V)) £<-<£>-*>' 
fc=0fc=0 v 7 

wheree \_x\ denotes the largest integer < x. 

Itt follows that in this more general case the estimator is again an average of iid 
termss depending on (Xj,Yjh)- Asymptotic normality can now be derived similarly 
ass in the proof of Theorem 4.1. The asymptotic variance follows from the fact that 

EE ( ( R e *a( X - a:))2 + (ImttQ(X - x))2) 

== E|»^-x)l'  = E(1 + ( j r ^ ) a ) a +1 

f°°f°° 1 

D D 

4.22 Deconvolution for symmetric stable densities 

Too get a general picture of the asymptotics we consider deconvolution for the sym­
metriemetrie X-stable densities k which have characteristic function 

(f>(f> kk(t)=e-M(t)=e-MX/liX/li,, / i > 0 a n d 0< A < 2. (4.2.1) 

Thee condition 0 < A < 2 is necessary to ensure that k is a density, cf. Chung (1974). 
Hencee the normal distribution is, in some sense, extreme. Note that for A equal to 
onee A; is a Cauchy density. The only symmetric stable distribution with finite second 
momentt is the normal distribution for which A equals two. This implies that, unless 
AA equals two, the second moment of the observations will be infinite. Hence the 
normall  distribution is the only symmetric stable distribution for which Theorem 3.5 
applies.. We are particularly interested in what happens in the other cases where A 
iss larger than one, or if we take A past, i.e. smaller than, one. In other words, if we 
crosscross the Cauchy boundary. 

Firstt we give a heuristic derivation of the results which will be rigorously proved in 
Sectionn 4.3. By a standard calculation the estimator fnft can be rewritten as 

ƒ»*(*)) = ̂ È / ^ (s(?^))Ms)e{°/h)X/tids. (4.2.2) 
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Lett S denote a random variable, independent of the Xj. having probability density 
fsfs given by 

fs(s)fs(s) = -7^( S / /°A / M 
c(h) c(h) 

onn the interval [0. 1]. where the normalization constant c(h) is given by 

c(h)c(h) = f eW^^ds. 
Jo Jo 

Thenn (4.2.2) can be written as 

fnhix)fnhix) = ^ i2E(cos{(S/h)(Xj -x))óAS)\Xj] 

Forr simplicity we fjirst consider the sine kernel, as before given by 

w(x)w(x) = smx'/{7rx) (<pu,{t) = ƒ[_!,!](*)) . (4.2.3) 

Then n 

fnh(x)fnh(x) = ^ ^ ( c o s ^ S / / ^ -x))\Xj). (4.2.4) 
j=\ j=\ 

Itt turns out that the asymptotics are greatly determined by the asymptotics of the 
distributionn of the random variable S. Let us first consider its expectation and 
variance.. The following lemma gives expansions of the normalization constant, the 
expectationn of 5, and the variance of S. Its proof is given in Section 4.3. 

Lemmaa 4.3. For 0 < A < 2 and h —> 0, we have 

c(h)=^hc(h)=^hxx + 0{h2X))e^h^, (4.2.5) 

ES=l-~hES=l-~hxx + o(hx). (4.2.6) 
A A 

..2 2 
Varr 5 = ^h2X + o{h2X). (4.2.7) 

Thesee expansions suggest to normalize S as follows. Write 

AA ( 5 - 1) / 

£„„  = - 4 ^ . (4.2.8) 
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Thee density function, JEn
 s a vi °f En is given by 

== e ^ ^ e l / ^ ) « l + w w ^ - . , l l _ ( v / 1 ) f c . 1 _ o i ( 0 ) _ 

Byy Taylor expansion and Lemma 4.3 it converges uniformly on bounded intervals to 
eVeVI(-oo.o](I(-oo.o](vv)-)- This implies that En converges in distribution to — E where E denotes 
aa standard exponential random variable. 

Considerr the terms in (4.2.4). We have 

E(cos((S/fc)(X,-- -x))\Xj) =Escos((S/h)(Xj - x)) 

== Es cos(((l + S - l)/h)(Xj - x)) 

^Escosiil/fyiXj-x^cosiiiS-^/tyiXj-x)) ^Escosiil/fyiXj-x^cosiiiS-^/tyiXj-x)) 

-E-Esssm{(l/h)(Xjsm{(l/h)(Xj - x)) sin(((5 - l)/h){Xj - x)) 

== cos ( * L ^ ) E Ê n cos ( £ h^EniXj - x)) (4.2.9) 

-- sin ( ^ ^ ) E £ ; „  sin ( £ hx-lEn{Xó - x)), (4.2.10) 

I tt now becomes apparent that we may expect different asymptotics in the cases 
00 < A < 1, A = 1 and 1 < A < 2. In these cases the factor hx~l in (4.2.9) and 
(4.2.10)) diverges to infinity, equals one, and vanishes. 

Thee next three theorems establish asymptotic normality for 1 < A < 2, i.e. for the 
symmetricc stable densities whose characteristic function decreases more rapidly than 
thee characteristic function of the Cauchy distribution, for Cauchy deconvolution, and 
forr 1/3 < A < 1, i.e. for the symmetric stable densities whose characteristic function 
decreasess more slowly than the characteristic function of the Cauchy distribution. 

Theoremm 4.4. Let w be the sine kernel (4-2.3). If 1 < A < 2 then, as n —* oc and 
hh — 0, we have 

^  ̂ V , r / r t 1 , , M 2 ^ VV , (ƒ„*(* ) -Efnh(x)) - N(Q, i ^ ^ / m - (4.2.11) 

Heuristicallyy this is obvious. Since hx~l vanishes the cosine term in (4.2.9) converges 
too one and the sine term in (4.2.10) vanishes. Hence the estimator asymptotically 
equals s 

/-ww = St»(V)-irnh irnh 
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whichh by Lemma 4.3 and Lemma 3.18 is asymptotically normal with asymptotic 
variance e 

11 /x2
 2A_2 a 1 

2TT2A 22 n 

thee same asymptotic variance as in (4.2.11). 

Theoremm 4.5. Let w be the sine kernel (4-2.3). If A equals one, i.e. Cauchy 
deconvolution,deconvolution, then, as n —> cc and h —> 0, we have 

V^e-^(fV^e-^(fnhnh(x)-Ef(x)-Efnhnh(x))^N(0,a(x))^N(0,a22), ), 

with with 

.22 1 / - M2 

°° = 2 ^ y i+Mu - x?9{u)dtt-

Theoremm 4.6. Let w be the sine kernel (4.2.3). If 1/3 < A < 1 then, as n —> oc 
andd /i —> 0, we have 

ftft O-.)/ffiO-.)/ffi WW/>./>. (/"" (a:) "  E ^ ( : r » ^  Ar ( °' <T; ! ) ' 
with with 

22 l V ( \ 
Z7TT A 

Thee global picture we see from these three theorems is that for 1/3 < A < 1, apart 
fromm the exponential rate of convergence, the asymptotic variance resembles the 
asymptoticc variance of a kernel density estimator in the sense that it depends on g 
att the point x as in (1.1.6). As it is clear from (1.3.4) this is also true for ordinary 
smoothh deconvolution problems where the rate of decay of <pk is algebraic instead of 
exponentiall  as in the super smooth case considered here, cf. Fan (1991b) and Van 
Ess and Kok (1998). For Cauchy deconvolution we see that the asymptotic variance 
dependss globally on g. For 1 < A < 2 the estimator is asymptotically distribution 
free.. It shares the asymptotics of Theorem 3.5 even though the second moment of 
thee observations is infinite for 1 < A < 2. Concluding we see that the restriction 
AA > 1 in Theorem 3.5 is essential and that the finite second moment condition might 
nott be. 

Noww let us consider more general kernel functions w. We consider functions satisfying 
thee following condition. 
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Conditionn 4.1. Let <pw be real valued, symmetric and have support [—1,1]. Let 
<£u.'(0)) = 1, and let 

d,d,ww(l-t)=At(l-t)=At aa + 0{ta+1), as i | 0 

forfor some constants A and a > 0. 

Thesee conditions are slightly stronger than Condition 3.2. The sine kernel satisfies 
thesee conditions for A = 1 and a — 0. 

Thee next three theorems establish asymptotic normality for these more general ker­
nels.. The first one is an adaptation of Theorem 3.5 of Chapter 3. 

Theoremm 4.7. If 1 < A < 2, and Condition 4-1 is satisfied, then, as n —> oo and 
hh  0, we have 

^^ , (/nfc(x) - E/n/ l(a;)) £ iV(0,a2). 
^A(l+a)-le^X X 

^^  = £(M/A)2" +2(r(a+l)) 2. 

Theoremm 4.8. If X equals one and Condition 4-1 is satisfied, then, as n —> oo and 
/ii  —> 0, we have 

%{f%{fnhnh{x){x) -Efnh(x)) Z N(0.a2). 
hhaae»e»h h 

with with 

°°22 = h ^ (r( a + ^2a+2 ƒ ( i +„»( U-xm- ^du-

Theoremm 4.9. 7/1/3 < A < 1 and Condition 4-1 is satisfied, then, as n —> oo and 
hh —+ 0, we have 

M(2a+l)A-lV2 e(l/ ft)V^^ {fnh{x) ~Efnh(x)) - N(0, a2), 

with with 

°°22=W=W A^a + D ) 2 ^ ! J {1 + t2)a+i
dt9M-

Thee global picture of the asymptotics is confirmed for these more general functions 
w.w. It is clear that the condition A > 1 in Chapter 3 is indeed essential. Asymptotic 
normalityy remains if A < 1 but the rate of convergence and the limit variance change. 
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4.33 Proofs 

4.3 .11 Basic l e m ma 

Lemmaa 4.10. Let Yh = (X - x)/h mod 2n. As n —> DC and h —* 0. 

(X.Y(X.Yhh)Z(X.U).)Z(X.U). (4.3.1) 

wherewhere U is uniformly distributed on the interval [0. 2TT], Moreover X and U are 
independent. independent. 
AssumeAssume 0 < A < 1. Let z be a bounded periodic function with period 2n and let w 
bebe a continuous and integrable function such that w is monotone in the tails. Then, 
asas n —> oc and h —> 0. we have 

hhxx--llE(E(KKz[z[JJ^ 1̂1̂ )w(h^)w(hxx--ll(X(X33-x)))-x))) - i - J\(u)dujw(u)dug(x). (4.3.2) 

Proof f 
Notee that the density g = k * ƒ of X is continuous and bounded. For — oo < u < oc, 
00 < y < 2TT. and M < u, we have by a Riemann sum approximation of the integral 
off  g over the interval [M, u], 

r(2irir(2iri  + y)h+.r 

P{MP{M <X <u.Yh< y) J2 ƒ ) ^ + °('0 
i:M<{2nii:M<{2ni  + y)h+x<u ^2lrih+x 

Y.Y. yhg(ti.h) + 0(h) = £ Y, 2irhg(Si.h) + 0(h) 
i:Mi:M  <(2ni+y)h+x<u i:A[  <(2ni+y)h+x<u 

27TT J M 27T 

wheree £,-,/, is a point on the interval [2iirh+x,  2inh + yh+x] C [2iirh+x,  2(i + l)nh+x]. 
Forr arbitrary e > 0 choose M(e) such that G{M(e)) = P(X < M(e)) < ~ e and n0(e) 
suchh that for n > n0(e) we have \P{M{e) < X < u.Yh < y)-£ (G(u)-G(A/(e)))| < 
ijj  e. Then, for n > no(e), 

| P ( X <U , n < y ) - ^ - G (U ) | | 

<< |P(X < u, rh < y) - P(A/(f) < X < u. Yh < y)\ 

++ \P(M(e) <X< u.Yh <y)-%- (G(u) - G(M(e)))\ 

++  \JL(G(U)-G(M(t)))-l-G(u)\ 

<<  P(X < M(e). Yh<y)+\e+-f  G(M(e)) < e. 
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Hencee \imP(X < u,Yh < y) = ^ G{u), which proves (4.3.1). 
Too prove (4.3.2) write 

h ^ E z f ' ^ ' '̂ ' )w{h)w{hxx--ll(Xj~x)) (Xj~x)) 

== hx~l tz(^-^w{hx~l{u-x))g{u)di 

==  hx z(v)w(hxv)g(x + hv)dv 

~2n ~2n 

==  hxS2 z(t + 2iti)w{hx{t + 2ni))g(x + h(t + 2m))dt 
llezezJo Jo 

11 /"2vr 
==  toj z(t)p(t)dt, 

where e 

p(t)p(t) = 2irhx Y w{hx{t + 2ni))g(x + h{t + 2iri)). (4.3.3) 
iez iez 

Withh &(* ) = hx{t + 2TTZ) for i e Z, we have 

PP(t)(t) = 27rhx Y w{ti(t))g{x + iï-^dt)) 
iez iez 

==  g(x)27rhxJ2ü(Zi(t)) 
iez iez 

++  2TT/IA Y m(t))(g(x + fc1_A6(t)) - flr(x)). (4.3.4) 
iez iez 

Lett M > 0 be such that |xZ> | is increasing on (—oo, —M] and decreasing on [M, oo). 
Then,, for 0 < t < 2ir, we have 

2TT/*AA Y \w(^(t))\<^hx
 Y \^m^))\ + o(hx) 

i'Mt)<-Mi'Mt)<-M  i:&(27r)<-M 

/

- M M 

|tt)(u)|duu + o(l) (4.3.5) 
o o 

and d 

2TT/IAA J ] |ü)(|i(t))| <2nhx Y \w(£i(0))\+O(hx) 
i:£i(t)>Mi:£i(t)>M  i:$i(0)>M 

PCX) PCX) 

<<  / \w{u)\du + o(l). (4.3.6) 
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Thee convergence of the sum to the integral follows from the approximation from 
beloww of w by a step function and the dominated convergence theorem. The o(l) 
termss in (4.3.5) and (4.3.6) can be chosen such that they do not depend on t. 
Moreover,, note that 

/

M M 

\w{u)\du.\w{u)\du. (4.3.7) 
r.-M<t,,(t)<Mr.-M<t,,(t)<M  M 

uniformlyy for t in [0, 27r]. by the continuity of w and Riemann sum approximation. 
Byy the bounds (4.3.5) and (4.3.6), and the uniform convergence in (4.3.7), one can 
show w 

27i7iA5lH&(t)) || -> f \w{u)\du. (4.3.8) 

uniformlyy for t in [0, 27r]. Similarly one can show 

/

oc c 

w(u)du.w(u)du. (4.3.9) 

uniformlyy for t in [0, 27r], which implies that the first term in (4.3.4) converges to 
9(9(xx)) X^° w(u)du, uniformly for t in [0, 2n], Since g is continuous we have g(x + 
hh11~~xx££ii(t))(t)) - g{x) -> 0. uniformly in i and t with -M < &(£) < M. Using (4.3.5), 
(4.3.6),, and (4.3.8) one can show that the second term in (4.3.4) vanishes, uniformly 
forr t in [0, 2n]. Hence p(t) —> g{x) J™ w(u)du, uniformly in t. 
Finallyy we get 

2?r r 

hhxx~~11Ez(Ez(XjXj
11

 X)w{hx-1{Xj-x)) = -l- f * z{t)p(t)dt 
\\ h / 27T J0 

~2TT T 

—»» —- / z(u)du I w(u)dug(x), (4.3.10) 
2TTT JO J-OO 

whichh completes the proof of the Lemma.

4.3.22 Proofs of Theo rems 4.4, 4.5, and 4.6 

Wee can derive a bound on the approximation by substituting — E for En in the terms 
(4.2.9)) and (4.2.10). The proof is given in Section 4.4. 

Lemmaa 4.11. If  0 < A < 2 we have almost surely 

E E EEnn cos (^ hx~lEn{X3 - xj) - E£c os ( - ^ hx~lE{X3 - x)) | = 0(h 
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and and 

EE En sin ( ^ hx-lEn(Xj - x)) - E £ sin ( - ^ ^ " ^ ( X , - *) ) | = 0{/i A). 

wherewhere E is a standard exponential random variable. 

Itt follows that we can approximate fnh{x) — E fnh{x) as follows. We have 

fnh(x)fnh(x) -Efnh(x) 

c(h)c(h) " 
== ^ E ( ES ( C O S ( ( S / / 0 ( *; - * ) ) ) -EEs( cos ( (5 / / i ) (Xi - x)))) 

3=1 3=1 

-- sin ( ^^ )EEn sin ( £ ^ - ^ „ ( X j - x ) )) 

-- E (cos ( * ^ ) E En cos (^ ^ - ^ „ ( ^ - x))) 

-- -^  E (cos ( ^ ) E * c o s (- -x
 hX~lE^ -*)) nnh nnh 

—— sin 
VV / 

'Xi'Xi — x -- E (cos ( ^ - ^ ) E * c o s ( - X hX~lE(xJ ~ x))) 

++  E(sin(^)EEsin(-^E(XJ-x)))) 

++  0P(^=h2X-1e^X^) (4.3.11) 

Thee order of the remainder term follows from the fact that it is equal to an average 
off  independent terms, each of which is equal to the sum of 

-- cos ( i l^)E £cos ( - ^ h*-lEn(Xj - x))) 

and d 

-- sin ( ^ ^ ) E £ s i n ( - ^ A - ' £ „ ( ^ - * ) ) ) , 
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minuss their expectations. The variances of these terms are of order c(h)20(h2X)/\-K2h2) 
byy Lemma 4.11, which is of order 0(h4X~2e2(1'h"1 ̂ ) by (4.2.5). Hence the variance 
off  the average is of order 0(^hiX^2e2^1'h' '^), which yields the order of the remain­
derr term (4.3.11) by the Markov inequality. 
AA straightforward computation yields 

j rcosf-- ^hx-lE(Xj -x)\ 

\2 2 
wi(hwi(hxx--ll{Xj-x)) {Xj-x)) 

\ 22 + V2h2X-2(Xj -x -- ^ i v , t V . v j 

and d 

E £ s i n (-- jhx~lE{Xj -x) 

^w^w22(h(hxx--ii{X{XJĴ x)), ^x)), 

A A 
fiXhfiXhxx^(X^(X33-x)-x) /ltX_h 

XX22 + fi2h2X-2{Xj-x)2 

where e 

A 22 (i\u 
wi{u)wi{u) = —» »—z and W2{u) = A22 + \i2u2 A2 + fi2u2 

Notee that W\ and w<2 are continuous bounded functions with wi(u)2 -f W2(u)2 = 
w\(u).w\(u). Note also that W2 is not integrable, so we can not apply Lemma 4.10 directly 
forr w = W2- However, since w  ̂ is integrable for a > 1, it turns out that we can 
circumventt this problem. 

Definee the random variables Vnj as 

VVnjnj = cos {^^-)w,(hx-\XJ - x)) - sin (^l^)w2(h
x-l(XJ - x)) 

==  cosiY^w^h^iXj -x)) - sm(Yh)w2{h
x~1{Xj - x)). (4.3.12) 

Then n 

c{h)c{h) 1 
fnh(x)-Effnh(x)-Efnhnh{x){x) = ^ - è ( ^ - E ^ ) + O p ( l / i 2 A - 1 c ^ i (4.3.13) 

Too prove our three theorems we will check the Lyapounov condition for ^ X^=i (^i.j 
EVEVnnj)j)  to be asymptotically normal, i.e. for some 5 > 0 we have to check 

E\VE\Vnn̂ -EV^-EVnJnJ\\
2+S 2+S 

nVnV22{Vai(V{Vai(VnJnJ))))
11++ ss//2 2 

0.. (4.3.14) 

Wee will check this condition for S equal to two. Note that by the inequality |a + 6jp < 

2P-2P-ll(\a\P+\b\P),p(\a\P+\b\P),p > 1, we have E(VnJ - EVnJ)
4 < 8(E V^- + (EV^j)4). 
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Forr 1 < A < 2 the factor hx 1 converges to zero. Hence, by Lemma 4.10. we have 
(h(hxx~~11X,YfX,Yfll)) —> (0, U). Since we are dealing with bounded continuous functions of 
(h(hxx~~11X,X, Yh) we also have 

EVEVnjnj = E {cosiY^wiih^iXj - x)) - sm{Yh)w2{h
x-1{Xj - x))) 

->->  E (cos{U)wi(0) - sm(U)w2(0)) = 0 

and d 

EV*jEV*j  = EicosiY^wiih^iXj -x)) -sm(Yh)w2(h
x-1(XJ - x)))4 

-  E (cos{C/)wi(0) - sm(U)w2{0))4 = E cos(U)4 = - . 
8 8 

Thee asymptotic variance is given by 

Vai(VVai(Vnnj)j)  = EVZJ-(EVn,j)
2 

->> E(oos(f7)«;i(0) - sm(U)w2(0))2 = E cos{L02 = -. 

Lett us check (4.3.14) with 6 equal to two. Indeed we have 

E | V n j - E V n j ff  0(1) 
n(Var(VnJ))22 2 U" ^ " ^ 

Thiss shows that ^ H ^ j - E K j ) and ^ g  E?=i (K.j - EKn j ) are asymptot­
icallyy normally distributed. The asymptotic variance of ^ ^ E " = i ( ^ " J ~~ E ^ j ) 
iss given by 

Var r 

11 i ..2 
I J _ ^ ! / , 2 A -22 2(l/h)V/i 
nn 2TT2 A2 

byy Lemma 4.3. 

Noww consider Cauchy deconvolution where A equals one. By Lemma 4.10, since we 
aree dealing with bounded continuous functions of (X, Y/,,), we have 

EVEVnjnj =E(cos(Yh)Wl(X -x)- am{Yh)w2{X - x)) 

->> E {cos(U)wi {X - x) - sm(U)w2(X - x)) = 0 

and d 

EVEV44
33 =E(cos{Yh)Wl{X -x)- sm(Yh)w2(X - x))4 

——  F. (m*(mim (Y - v\ - ^(TT\inr.( Y _ ^\\4 
E(cos{U)w!(XE(cos{U)w!(X - x) - sm(U)w2(X - x))A 
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Thee asymptotic variance of VUJ is given by 

Yar(VYar(Vnn,,JJ)) = EVllJ-(EVrtJ)
2 

-»» E(coa(U)wi(X -x) -sm(U)w2(X - x))2 

==  E cos(E/)2E wi{X - x)2 + E sin(£/)2E w2{X - .r)2 

11 1 f 1 
== Ö E U ' 1 ^ ~XÏ  = ö / i i '21 Y2 9(u)du. 

22 2 J 1 -t- /i^(w — x)z 

AsAs above this shows that (4.3.14) is satisfied for 5 equal to two. Hence ^ Yl l=i  (Vn.j — 

EE V'„j ) and ^ p ^ 5Z^-i(^'»J — E V .̂j) are asymptotically normally distributed. The 

asymptoticc variance of ^ ^ ^ X^=i(^w ' ~~ EKi.j ) is given by 

VV  7177 7> ^ ^ 
JJ = l 

""  ^ Var(K.i) ~ - e2 / ^ ( ) - ^ / 7 — ^ f V? S(«)< .̂ (4-3.16) 
n.. ^ / V n 2ir*  J 1 + //z(w — x)z 

bvv Lemma 4.3 

Notee that, if 0 < A < 1, the factor h diverges to infinity. In this case we have 

f=0f=0  v v 

xx wi{hx-\Xj - x))fw2(h
x-1(Xj - x))4~e. 

Since,, for £ = 0 . 1 . . . .. 4, the functions w\w2~ are integrable and monotone in the 
tails,, by Lemma 4.10 we get 

EVlEVl33=0{h=0{h ll--xx).). (4.3.17) 

Byy a similar argument we have E V2: — 0(hl~x). and hence (E Vnj)
4 < (E V2 )2 = 

0{h0{h22--2X2X)) = 0(h1-x). 
Nextt let us consider Var{Vn_j) = EV^2  — (EVnj)

2. Using the inequality above for 

pp — 3/2, the fact, that w2 is integrable, and Lemma 4.10, we get E IV^jl'*/ 2 = 
0{h0{h}}--xx).). By the Jensen inequality we have \EVnJ^2 < (E\Vn.j\)^

2 < E|Vn. j |3/2, 
andd so {EVn.j)2 < ((E \VnĴ

2)2^)2 = 0(h{4/''^1'x)). Moreover, by (4.3.2) we get 

EE (cos (Xj V ~ ^w^h^iXj - x))2 = ^hl~x Iwi{u)2dug{x)+o(hl-x). 

Similarlyy we have 

EE (sin w2(h
x-l(X3 - x))2 =  l- h^x J w2(u)2dug(x) + oih1^) 
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and d 

hhxx~~llEE cos (^T-^) sin (^1^-)wl{h
x-l(Xj - x))w2(h

x-1(XJ - x)) 

== - / sin(u) cos(u)du I w\(u)w2(u)dug(x) + o(h ) — o(h ~~ ). 

Hence e 

EE Vl3 = E (cos i^i-^Wl{h
x-\Xj - x)) - sin ( ^ — f ) ^ ^ - ! ^ _ ^ 

-- - hl~x l{w{{u)  + w\{u))dug{x) + o(/i1_A) 

== i / i 1 _A f wi(u)dug(x) + o(/i1_A) 

== i - 7r / ï 1- A
5( 2 : )+o( / i1- A ) 

22 /u 

and d 

Var(VnJ)) = ~irh1-xg{x) + o{hl-x) + 0{h{4/3){l-x)) (4.3.18) 

== i-7r/i 1-A^ ) + 0( / i 1- A ) . 

Finallyy we check (4.3.14) with Ö equal to two. Indeed we have 

E\VE\Vn<in<i -EV-EVnn̂  ̂ = 0 ( / ^ ) = O ( - ï - 0 (43 19) 
nVar(Kr i J))

22 „ (* £ nh*-* g{x) + of / i 1^))2 Vn/J ' V " ' ; 

Thiss shows that £ £?=i (Ki j - E Ki,j ) and  ̂ £ H"=i(Ki j - E Vnj) are asymptot­
icallyy normally distributed. The asymptotic variance of ^ ^ ̂  X^=i(^nj  — E Vn j) 
iss given by 

^(f^^-BM^^^,, , , 

7ii l\1hl 2 fj, 2ir X n 

byy Lemma 4.3 and (4.3.18). 

Itt is easy to check that in all three cases the approximation error (4.3.11) is of smaller 
orderr than the asymptotic standard deviation in the theorems, provided A > 1/3. 
Hencee this error is indeed negligible.
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4.3.33 Proof of T h e o r e ms 4.7, 4.8, and 4.9 

Recalll  that the estimator ƒ„/, can be written as 

fnh(x)fnh(x) = ^YiEs(axttS/h)(Xj-x))<l> w(S)). 

Byy (4.2.8) we have 

X X 
55 = 1 + ^ hxETl 

andd hence 

c(/i)) v -

7rrmm ^ ^ 

''  - x ' 
{{  cos ( - ^ ) E B n cos ( ^ ^ - ^ „ ( X j - x)^0w{l  + ^ fcAE„) (4.3.20) 

-- sin ( ^ L ^ ) E £ n sin (^ h^E^X, - x))<f>w ( l + ^ /zA£n) } . (4.3.21) 

Wee can derive a bound on the approximation by substituting ~E for En in the terms 
(4.3.20)) and (4.3.21). The proof is given in Section 4.4. 

Lemmaa 4.12. If Condition J^.l is satisfied and 0 < A < 1. we have almost surely 

EE  ̂ cos (^ hx-lEn(X3 - x)^j<pw ( l + ^ hxEn^ 

-- ( ^ ) V A E E cos ( - ^ hx~lE{Xj - x)) ( - £ )Q | = 0(/i(a+1>A ) 

and d 

EE En sin ( j hx~lEn{Xj - x^K ( l + ^ /zA£n) 

-- ( ^ V ^ ^ s i n ^ ^ ^ - ^ ^ - a ; ) ^ - ^ ! = 0(h{a+1^x), 

wherewhere E is a standard exponential random variable. 

Replacingg En by — E we get 

EEEnEn COS (^ h^EniXj - 2- ) )^ , (l + ^ / l A ^n) 

«« ^ /^A E £ cos (^ hx" lE(Xj - x)) ( - £ )Q 

== A r ( a + l ) ^ / i a A f cos ^hx-l(Xj - x)vy-v)aevdv 

==  AT(a + 1 ) ^ h^Re^^h^iXj - x ) ), 
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wheree \I/Q denotes the characteristic function of the Gamma(a + 1) distribution, so 

Va(t)Va(t) =  l 

'l-it)'l-it) 11++ aa' ' 

Similarly y 

EEEnEn sin ( ^ hx-lEn{Xj - x)yw(l + ^ hxEn) 

~~ _ ^ r (a + 1 ) ^ haX1m*a(^hx-\Xj - xj). 

Thesee approximations can be made precise just as in Section 4.3.2. 

Thee proofs of theorems 4.7 and 4.8 run similar to those in Section 4.3.2. We only 
sketchh the deviation of the asymptotic variance in Theorem 4.9. We have 

J(ReVJ(ReVaa(t)(t)
22 + Imya(t)

2)dt = J\*a{t)\
2dt = ƒ "  {1 + l2)a+ldt << oo. 

Iff  1/3 < A < 1 then, as in the proof of Theorem 4.9, the Lyapounov condition can 
bee checked. The asymptotic variance follows from 

11 c{h)' 
^ ^ A 2 ( n aa + l))2^h^E(cos(U)Re^hx-\X-X)) 

++  sm(U)ImVa(^hx-\X - x))Y 

11 c{h)2A\T{« + I))2 J h**E  |*0(£ hx-\X - x)) 
2TT22 nh2 

11 c{hf 
2TT22 nh2 

2a 2a 
2PP I ^ O A L I - A L A - I A\Y{aA\Y{a + l)Y^h^h E E ** QQ(£h(£hxx-\X-x)) -\X-x)) 

11 ^ A ^ d / ^ V M ,0„2a+2 

2TT 2 2 

2TT 2 2 

nh? nh? 

AA22{T{a{T{a + l)) 

AA22^h^h22««xxh'-h'-XX J\va^u)\2dug(x) 

, ,2a+l l 
2 ^^ P2(l/h)^/fi 

XX2a+l 2a+l 

h{2a+l)Xh{2a+l)X~~ll\J\y«{v)\\J\y«{v)\22dvg{x). dvg{x). 

D D 

4.44 Proofs of the lemmas 

4.4.11 Proof of Lemma 4.3 

Notee that, for m = 0,1, , and any 0 < e < 1, 

ƒ ƒ 
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Thee exponent 3A is fairly arbitrary but it suffices for our purposes. By Lemma 3.17 
wee have 

Applyingg integration by parts twice we get, for 0 < e < 1, 

V V 

^  ̂ hX ( [s--A+l e(VMVM J ! - ( m - A + 1) ( ^ A ( [sm-2A+lc(fl //0 VM" 
11 1 

[m [m 2AA + 1) ƒ sm-2Xe^h^^ds 

==  / I V ^ ) A / M - ^ ( m - A + l)h2Xe(1^X^ 
AA X2 

++ ^ ! ( m - A + l)(m - 2A + I ^ V ^ / M + 0(h?xe^h^^), 

Hence e 

f'f' sme(s/h) d̂s = /Ve(lM)V M _ ^ ! ( m _ A + 1 ) ^ ( 1 / / ^ / . 
JoJo A Â  

++ ^3 (m - A + l)(m - 2A + l ^ V 1 / ^ " + o{h3Xe^h^^). (4.4.1) 

Thiss expansion is used repeatedly in the remainder of the proof. 
Forr m = 0 we get 

c(fc)) = f' eW^ds = xtWXl» + ^ ( A - l)h2Xe^X'» 
Joo A Xz 

++ ^3 (1 - A)(l - 2A)/l
3V 1^)A /V + o ^ V 1 / ' ^ / ^ (4.4.2] ] 

whichh proves (4.2.5). 
Furthermore,, using (1 + x ) _ 1 = 1 - x + x2 + o(x2) for i {  0, we have 

~~ = xe-WVxHl + £(A - l)hx + ^ ( 1 - A)(l - 2X)h2X + o(h2X)Yl 

c{n)c{n) \i V A Az / 

== ^ - V W ï W i - £(A - l)hx - ^ ( 1 - A)(l - 2X)h2X 

\x\x V A Â  

++ (£(A - 1)/*A + ^ ( 1 - A)(l - 2A)^2A)2 + o(h2X)) 

== xe-WxHl - £(A - 1 )^ + ^ ( A - X2)h2X + o(h2X)). (4.4.3) 
uu \ X Xz / 
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Hence,, by (4.4.1) for m = 1 and (4.4.3), 

E 55 = se^^^ds se^^^ds 
c{h)c{h) JO 

( ll  - £(A - l)hx + ̂ ( A - X2)h2X + o(h2X)) 
2 2 

xx ( l - ^(2 - X)hx + ^ ( 2 - A)(2 - 2X)h2X + o(/iA)) 

== l ' ^ h x + ^{2-2X)h2X + o(h2X) 
AA Az 

whichh proves (4.2.6). 
Similarly,, by (4.4.1) for m = 2 and (4.4.3), 

(4.4.4) ) 

ESES22 = -J- f' s2eWVX'»ds 
c(h)c(h) J0 

==  (l-^(X-l)hx + ^(X-X2)h2X + o(h2X)) 
2 2 

xx ( l - ^ (3 - X)hx + ^ ( 3 - A)(3 - 2X)h2X + o(/i2A)) 

== l-2^hx + ^(6-AX)h2X + o(h2X). 
AA A 

Finally,, by (4.4.4) and (4.4.5) we get 

VarSS = E S '2 - ( E S )2 

,2 2 

(4.4.5) ) 

11 - 2^hx + ^ ( 6 - 4A)/i2A + o(h2X) -(l-^hx + ^(2- 2X)h2X + o(h2X)\ 
XX Xz \ A A / 

== l - ^ 2 A + o(^2A), 

whichh proves (4.2.7). 

4.4.22 Proof of L e m ma 4.11 

D D 

Lett en = — hx/2/\ogh denote a sequence of positive (for h < 1) numbers converging 
too zero. Note that for \t\ small enough we have 

i ( ( ll  + t ) A - l ) - A | < A ( l - A ) | t | . 

Withh t = nhxv/X, for —enXh xj'\i  < v < 0 we have -en < t < 0 and for n large 
enough h 

^( (^^ -M^-^H --
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and d 

J £ ( ( > + ^ ^ r- o o < f l - A ) ^ V V 

A A AA 2 <(l-\)-h~<(l-\)-h~AAei=o(l). ei=o(l). 

Thiss implies that for these values of v and n large enough 

\f\fnn(v)e-(v)e-11---- 1 

<< A*  ^ A .1 

AA c{h) 

+l ii  _ ^ _?L_Pi / ( ^ 
11 A c(fc) " 

,A A 

<< 2 ^ MM  ^ _^1/(^ A ) ip fhW'-" --AA c(h) 

<< ll^hX\l-\)V-hxv2 + 0{hx 

AA  C\li) A 

<<  2»^hxv2+0{hx): 
A A 

wheree the remainder terms do not depend on v. 
Noww note that 

++  0{h' 

f f \f\fEnEn (v) - er\dv < ƒ fE„  (v)dv + e - f " ( ^ ' r 
- £ „ ( A / , i ) / l l 

and,, by Lemma 4.3. using (1 + s)A - 1 < (A A l)s for - 1 < s < 0, 

-(\/n)h-* -(\/n)h-* 
ffEnEn{v)dv {v)dv 

AA c(/i) y_(A//*)/i- * 

-- - /z-A ( l + o(l)) P V / O ^ X d + ^ - i ) ^ 

< - ^ A ( ii  + o(i)) f~€n
 em^)(XM)sd8 

<< ^ y (1 + o(l))e-f"(A^ / l"A = 0(/iA). 

/A)^v) A -D d u u 
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Becausee the absolute value of the cosine is bounded by one we get 

EE En cos ( ^ hx^lEn{X3 - *) ) - E E cos ( - ^ hx-lE(Xj - x)) 

<< ƒ \fEM-eVI(-oc,0}(v)\dv 

< < 

\fE\fEnn{v)e~{v)e~VV - Mevdv + / | / E » - ev\dv +  e-
{X/»)h 

00 ' 3 

--

// (Arhxv2 + Ö ( / i A ) ) e^ + <9(/iA) = 0{hx), 

D D 
whichh proves the first statement of the lemma. 
Thee second statement can be proved similarly. 

4.4.33 Proof of L e m ma 4.12 

Writee z(t) = \t~a{(j) w{l  - t) - Ata)\, for t > 0. Note that by Condition 4.1 the 
functionn z is bounded and z{t) — 0(t), as t j 0. 
Followingg the same steps as in the proof of Lemma 4.11 we can prove that for all 
P>0 P>0 

J{-vf\fJ{-vf\fEEM-eM-eVVh-oodh-oodvv)\)\dvdv = °(hX)-

Hence e 

VVEnEn cos (^ hx~lEn{Xj - x))<j> w(l + j hxEn) 

-- A^YhaXEEcos ( - ^ hx-lE{Xj - x)) {-E) 

-- ƒ KO + XkXv)fn{v) ~ A(jThaX(-v^eVl(-oc.o](v) 

<<  I | 0 w ( l + frv) - ahaX(-v)Q\ fn(v)dv 

++  A^)%aXJ(-vr\fn(v)~evI{_x,0](v)\dv 

==  A^)ahaX J z{-^hxv){-v)afn(v)dv 

++  A[^)ahaXJ{-v)a\fn{v)-evI{_oo,0]{v)\dv 

==  0{h{a+l)x). 
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Thiss proves the first statement. 
AA similar proof holds if we replace the cosine function by the sine function. D 



Chapterr 5 

Nonparametricc test limit s 

5.11 Introduction 

Inn production processes produced items usually have to conform to a certain spec­
ificationn limi t on various characteristics. Inspection of an item by means of a mea­
surementt of the characteristic is performed then to check if the given specification 
iss satisfied. However, due to possible measurement error, the measurement process 
usedd during inspection will not be infallible. Therefore, instead of using the specifi­
cationn limit , a slightly more stringent test limi t should be applied to decide whether 
too accept a product. By accepting only those products that satisfy this test limit , 
thee producer hopes that the consumer loss, which is the probability of obtaining 
productss that are both bad and accepted, will stay belowr a prescribed bound. 

Supposee that the measurement of a quality characteristic of a product can be mod­
eledd as X — Y + Z, where the unobservable Y is the true value of the characteristic 
andd Z is a measurement error with a known distribution. In other words due to a 
measurementt error Z we observe X rather than Y. 

Thee specification limit , denoted by s, is such that products should be rejected if the 
characteristicc has a value larger than s. Testing on the basis of this specification 
limi tt may lead to occasions where products that are nonconforming will be accepted. 
Clearly,, to maximize the yield, the test limi t should be chosen as large as possible. 
Onn the other hand, the consumer loss (CL) for a test limi t t, defined as 

CL{t)CL{t) = P(Y>s,X <t), (5.1.1) 

shouldd not exceed a prescribed bound 7. 

Usuallyy s is chosen such that TT — P(Y > s) is in the range of 0.001 to 0.15. Our 
aimm is to give a lower confidence limi t Tn for the value £7, for which CL(t^) equals 
7.. Since CL is increasing we have asymptotic confidence level 1 — a, as n —> 00, 

85 5 
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once e 

p(cL(Tip(cL(Tia)a))) < ->) = p((OL(Tia)) < CL(t , )) = P(T  ̂ < tj - 1 -a. (5.1.2) 

Soo if we use Tn as test limi t the true consumer loss is smaller than 7 with high 
probabilityy 1 — a. asymptotically. 

Att this point we want to mention that the consumer loss as defined above is not the 
onlyy criterion for setting a test limit . If we define the probability that an item which 
conformss the specification limit is rejected as producer loss (PL), we get another 
criterionn for test limits. When we consider occasions when measurements of the 
characteristicss contain very small measurement errors, then still a test limit which 
iss more strict than the given specification limi t will be required. Albers. Kallenberg, 
andd Arts (1999) give various criteria to determine this type of test limits. For further 
referencess on test limits we refer to Albers, Kallenberg, and Otten (1994, 1998) and 
Ottenn (1996). 

Inn this chapter we present several new test limits. The results show that the limit 
behaviourr of the estimators of the test limi t depends on the rate of convergence of the 
deconvolutionn estimator used. Hence it also depends very much on the smoothness 
off  the modeled measurement error distribution. Whether these are useful in practice 
cann only become clear after a proper simulation study, since our results are based 
onn asymptotics with low convergence rates. 

5.22 Test limit s in quality control 

Wee assume for the moment that Z, the measurement error, has zero expectation. 
Lett oz denote the standard deviation of Z. Perhaps one of the most common and 
simplestt test limits is the so-called 3a-limit, t — s — 3a z- By simplifying to the 
eventt that Y = s rather than Y > s we get 

-)/*-)/*  = P{X = Y + Z < t^\Y > s) 

__ P{Z <t^-Y,Y > s) P(Z <tn,~ s, Y > s) 

P(YP(Y > s) ~ P(Y > s) 
==  P{Z < t-f 

Lett $ denote the standard normal distribution function and $ ] its inverse. As­
sumingg that Z is normally distributed with zero mean and variance a\. we have 

\\ a? I V cr7 / ozoz ' v oz 
Then,, a conservative approximation to t-, can be obtained by 

ttcc = s - $~] (1 - 7/7O OZ < tv. (5.2.L 
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Ottenn (1996) studied several different cases: the case where Y and Z are normally 
distributed,, where only Y or Z is normally distributed and the other distribution is 
unknown,, and the case where the distributions of both Y and Z are unknown. We 
wil ll  briefly review his methods. 

Inn a parametric model, for example when Y and Z are standard normally distributed, 
i 77 can be estimated more accurately. Let U — —Z and a — s — t, then CL(i) can 
bee written as follows. 

CL{t)CL{t) = P{Y >s,Y-U <t) = P(U >a,s<Y <s + {U -a)) 

== / {$(s + {u-a)) -<I>(s)}4>{u)du, (5.2.2) 
JJ a 

wheree 0 is the standard normal density. Let 

gk{a)gk{a) — ƒ (u — a) <p{u)du 

JJ a 
forr k > 0, then CL(t) can be approximated by 

CL(t)CL(t) = <t>{s)gx{a) + -<j>'{s)g 2{a) +  . 

Nextt we assume that Y ~ N{jiy, cry) and Z ~ iV(0, cr^), where u^ is small compared 
too ay. Let a = (s — t)/oz-, then i = s — ao" ,̂ and write <r — azjoy. If er is small 
thenn we have 

CL(t)CL(t) = a4>{s)gi(a) + a2^é'(s)g2(a) +  , 

wheree 5 is the standardized expression of 5, i.e. s = (s — [iy)/oy. Let ai = 
9\9\ {l/i^^is)), then a first approximation of t7 can be written as 

*11 = s-sr l (^ij) f f z = s" aitTz- (5-2-3) 

Thee next step is to study the behavior of the normal test limi t under non-normal 
distributions.. Assume that Y has an unknown distribution function F and density 
ƒ.. So only the measurement error will be assumed to be normally distributed, i.e. 
ZZ ~ iV(0,cr2). From now on we wil l omit the subscript Z of oz- Let t2 denote the 
solutionn of P(Y > s, X < ̂ 2) = 7 if ƒ is the standard normal density. Assume that 
77 is of order a<j){s) as a —  0. Theorem 4.1.1 of Otten (1996) states that 

<t>{s) <t>{s) 
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Obviouslyy the value of f(s)/o(s) determines the performance of the normal test 
limi tt in situations where Y is not normally distributed. 

Ann obvious next step is to treat the problem of estimating F from observations of 
XX = Y + Z. with Y and Z independent, as a non-parametric deconvolution problem. 
Ottcnn referred to the fact that nonparametric deconvolution with a normal error is 
extremelyy difficult . He avoided using deconvolution estimators by assuming that a 
iss very small, and consequently by using the fact that the density g of Y + Z is close 
too the density ƒ of Y. This follows from 

9(*)-f(x)=9(*)-f(x)=  f (f(x-ay)- f(x))o(y)dy = 0(<J2). as a - 0. 

Soo instead of generalizing the results deriving from (5.2.2) he preferred to construct 
aa test limi t in terms of the density of X. and its first derivative. He derived a 
testt limit . t3, for which the resulting consumer loss in expectation is equal to the 
prescribedd bound 7, i.e. ECL(t%) = 7, up to sufficient precision. In Lemma 4.2.2 
off  Otten (1996), under suitable conditions the consumer loss for this test limi t is 
expandedd as follows. 

CL{tCL{t33)) = {vg{s)g1
,{s)g2(a)}(l+0((T2)). as a - 0. 

wheree a — (s — t3)/a. If wTe want to write £3 in the form of (5.2.3). we get 

h=s-(g^(^—)+d)a, h=s-(g^(^—)+d)a, 
\ag{s)J \ag{s)J 

withh some correction term d — d{a,g,g'). To estimate g and g' he used kernel 
estimators.. If a is unknown, repeated measurements on the same product are needed 
too estimate a as wrell. 

Inn the sequel we wil l start from an expression like (5.2.2) for the consumer loss and 
developp nonparametric test limits based on nonparametric deconvolution estimators. 

5.33 Test limit s based on deconvolution techniques 

Inn addition to the already introduced distribution function F of Y, let K denote the 
distributionn function of Z and G the distribution function of X. These distribution 
functionss are assumed to have densities ƒ, k, and g, respectively. In terms of the 
densityy function the data X\,..., Xn are observed from the density g = ƒ *k. If we 
wantt to follow the same strategy as in the previous section we have to estimate F. 
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rt-srt-s , rt-z 

Wee have 

CL(t)CL(t) = ƒ ' ( ƒ "dF(y))k(z)dz 

== ƒ ( F ( t - z ) - F ( s ) W z ) dz 
J—COJ—CO ' 

== P' (F(y)-F(s))k(t-y)dy 

F(y)k(t-y)dy-F(s)K(t-s). F(y)k(t-y)dy-F(s)K(t-s). 

(5.3.4) ) 

Thee consumer loss CL(t) is in fact equal to the ffAdfi where A = {(y.z) : z < 
tt — s, s < y <t — z], and /u is the product measure /xy x \xz with //y and / i ^ the 
probabilityy measures induced by F and K. The area A is given in Figure 5.1. 

Figuree 5.1: The integration area A 

Noticee that (5.3.4) is a generalization of (5.2.2) since under the assumption that 
bothh Y and Z have standard normal distribution and a = s — t, we get 

ff (F(t-u)- F(s))k(u)du 

==  f ($(t-u) -<£>{s))<j){u)du 
JJ — oo 

== ƒ ($(t + |/)-*(«))^(y)di , 

== / ($(s + (y-a))-$(s))0(y)rfy. 
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Assumingg that ƒ is positive on a neighborhood of s we see that CL(t) is strictly 
increasingg if k is positive on ]R. If k is positive on [0. oc) and vanishes on ( —oc.0) 
thenn CL(t) vanishes for t < s and is strictly increasing for t > s. 

Alsoo note that CL(t) is continuous since, 

limm \CL(t + h) -CL(t)\ 

== lim (F(T/)) - F(s))(k(t + h -y)~ k(t - y))dy 

<<  l i m / \k(t + h-y)-k{t-y)\dy->0, 

byy the C\ continuity theorem for translations, cf. Hewitt and Stromberg (1965). 
Theoremm 13.24. For r — — oc. CL(t) converges to zero and for t —*  oc to n = 
P(XP(X > s). Hence r7 is properly denned. 

Thesee properties remain true if we replace F in (5.3.4) by an estimator Fv whose 
realizationss are distribution functions, resulting in what we will denote as CLn(t). 
Wee would like to define Tn as the solution of CLn(t) — 7. but since not all estimators 
FFnn of F considered in the sequel yield monotonous continuous functions CLn wre need 
aa more general definition. Thus, we define Tn to be the largest value of t for which 

CLCLnn{t){t)  = I" Fn(y)k(t - y)dy - Fn(s)K(t - s) < 7. (5.3.5) 

Thiss general scheme wil l be made more specific for several distributions of Z with 
correspondingg estimators Fn of F. 

Inn practice the standard choice for the measurement error distribution often is the 
normall  distribution. In nonparametric deconvolution this means a choice for the 
worstt case scenario. Carroll and Hall (1988) and Fan (1991a) showed that the rate 
off  convergence for Gaussian deconvolution is at best logarithmic. However, for less 
smoothh error distributions like the Laplace, gamma, and exponential distributions 
thee best possible rate is algebraic, and thus much faster than in the Gaussian case. 

Twoo possible choices for an estimator of F come to mind. The first is the non-
parametricc maximum likelihood estimator (NPMLE) of F. In general an itera­
tivee procedure is required to compute this estimate. However if Z is either uni­
formlyy or exponentially distributed the NPMLE's are known explicitly and the cube 
roott asymptotic distributions have been derived by Van Es and Van Zuijlen (1996), 
Groeneboomm and Wellner (1992), and Jongbloed (1995). In Section 5.4 we discuss 
thee possibilities of using the isotonic inverse estimators of Van Es, Jongbloed, and 
Vann Zuijlen (1998). 

Becausee of their convolution structure kernel density estimators are convenient to 
workk with when the distribution of the observations is a convolution too. Liu and 
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Taylorr (1989) and Stefanski and Carroll (1990) introduced kernel estimators for the 
deconvolutionn problem. For the special cases of exponential, gamma, and Laplace 
deconvolutionn these estimators are the same as the estimators derived by Van Es 
&&  Kok (1998) via inversion formulas. In Section 5.5 we restrict ourselves to the 
exponentiall  error case. The asymptotic distribution of the kernel type deconvolution 
estimatorss is treated in our Chapters 3 and 4. In Section 5.6 we apply the Fourier 
typee kernel estimator for normal deconvolution in the test limi t problem. 

5.44 Isotonic inverse estimators 

Whilee the normal distribution seems suitable to model a measurement error that 
iss symmetrically distributed around zero, other distributions are more appropriate 
too model measurement error due to the reaction time of a detection device. Let 
uss assume that the measurement error Z has a distribution on the positive reals 
withh a density k that is discontinuous at zero. Then CL(t) vanishes for t < s. 
Thee exponential distribution with (known) parameter A, so k(u) = Ae_^u/[o,oc)(w), 
servess as a typical example. For this type of distributions, under some mild extra 
conditionss on k, Van Es et al. (1998) construct in their Lemma 1 an estimator F^! 

off  F that yields distribution functions as estimators. 

Forr M e (0, oo], at a fixed point x G [0, M), the isotonic inverse estimator Fff of F 
iss defined as the right continuous derivative of the convex minorant on the interval 
[0,, M) of the function Hn given by 

11 n 

HHnn(x)(x) = -Yp(x-Xl), (5.4.1) 
nn jL-^ 

wheree p is the solution of the Volterra integral equation (p * k) — XI\QIOQ)(X). 

Notee that this integral equation has no solution if k is continuous at zero. In 
thee exponential case this solution can be derived explicitly. Then we have p(x) = 
(A -11 +X)I[Q J00)(X). For most other cases a numerical solution of the integral equation 
hass to be computed. 

Underr appropriate assumptions Theorem 2 of Van Es et al. (1998) states that the 
estimatorr F^1 at fixed points has a cube root rate of convergence to F. They show 
thatt under some condition on k and F, for 0 < M < oc, and a fixed xo € (0, M) , 

wheree U is the last time that the process t H^ W(t) — t2 reaches its maximum. 
Heree W is a standard two-sided Wiener process originating from zero. This rate of 
convergencee is inherited by the estimator T\n obtained as in the previous section. A 
prooff  is given in Section 5.8. 
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Theoremm 5.1. Let Z have a density k on [0. oc) that is discontinuous at zero, 
satisfyingsatisfying f\k'(t)\dt < oc. Assume that the function p is Holder continuous of 
orderorder a > 1/2 on (O.oc) and 0 < p(0) < oc. and that F has a continuous strictly 
positivepositive derivative f in a neighborhood of s. Then. T\n is strongly consistent, i.e. 
T]T] nn —> £-,. almost surely, and 

n ^ ^ - ^ Z uu (5.4.3) 

with with 

°i°i  = A'(t, ~ s) (4 /^ 2
( g )) ( £ f(y)Ht, - y)dy)~\ (5.4.4) 

HereHere U is the last time when the process W(t) — t2 reaches its maximum, and W is 
aa standard two sided Wiener process originating from zero. 

Iff  we want to construct an upper 1 -a confidence limit T\n for t-, we have to estimate 
o"i.. and hence the densities ƒ and g of Y and X. For now we assume that a consistent 
estimatorr of a\ can be constructed. Since for all methods discussed in this paper o~\ 
cann be estimated similarly we refer to Section 5.7 for details. Assuming that <J1TI/( 
iss a consistent estimator of o\ we can derive a lower 1 — a confidence limit for £7 

whichh can serve as test limit . We get 

T},T},Q)Q) = Tln - n-^3alnhun. (5.4.5) 

wrheree un is the I — a quantile of the distribution of U. i.e. P(U < ua) = 1 — a. 
Thee quantiles of U may be found in Keiding (1996), and Groeneboom and Wellner 
(2001). . 

Remarkk 5.1. In Jongbloed (1995) it is shown that the asymptotic distributions of 
thee estimator used above and the NPMLE coincide in the exponential case. As a 
consequencee Theorem 5.1 also holds if the NPMLE is used. Results in Groeneboom 
andd Wellner (1992) suggest that the equivalence of the asymptotic distributions 
holdss for a large class of decreasing densities k. 

5.55 Simple kernel type estimators 

Recalll  that the usual kernel estimators of a density g and its distribution function 
G,G, based on i.i.d. observations X\ Xn are given by 

9„„MM = ̂ I > ( ^ ) - (5.5.1) 
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and d 

GGnhnh(x)(x) = f'  9nh(y)dy=~^2w(^^), (5.5.2) 

withh W(t) — ƒ w{u)du, see Section 1.1. Here w is a symmetric density function, 
thee kernel, and h a positive parameter controlling the smoothness of the estimate, 
thee bandwidth. 

Forr some deconvolution problems, i.e. for some specific distributions of Z, simple 
inversionn formulas exist expressing F (or ƒ) in terms of G, the distribution of the 
observations.. This enables us to construct estimators in a relatively simple straight­
forwardd manner. For instance, if Z is standard exponentially distributed then we 
have e 

FF = G + g, (5.5.3) 

andd if Z has a standard Laplace distribution we have F — G — g'. For inversion 
formulass in related problems, such as when Z has a gamma distribution, see Section 
1.44 for details. Here we only discuss exponential deconvolution in detail. 
Replacingg G and g in (5.5.3) by kernel estimators we obtain the estimator 

FFnhnh(x)(x) = Gnh{x) + gnh{x). (5.5.4) 

wheree gnh and Gnh are defined by (5.5.1) and (5.5.2). The corresponding density 
estimatorr is given by 

fnh(x)fnh(x) = gnh(x) + g'nh{x). (5.5.5) 

Notee that this estimator Fnh of F does not have to be monotone so we have no guar­
anteee that CLn is increasing. This adds an extra technical complication compared 
too the previous section. Define T-m as the estimator obtained as in Section 5.2. 

Wee wil l assume the following condition. 

Conditionn 5.1. The kernel function w is a symmetric, bounded, twice differen-
tiable,tiable, second order probability density function with derivatives w' and w" satisfying 
ƒƒ u2w{u)du < oo, ƒ u2\w'(u)\du < oc, ƒ \w'(u)\du < oc, and ƒ \w"{u)\du < oo. 

Noww under Condition 5.1, we have a result similar to Theorem 5.1. Note that we 
havee a vnh convergence rate, and that the limit distribution is normal. 
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Theoremm 5.2. Let Z have a density k(x) = e r/[ tKoc)(.r). and let Condition 5.1 be 
satisfied.satisfied. Suppose h  0. nh4/ \og\ogn —* oc. and h <C n_1 / /°, as n—'OC. Let ƒ be 
positivepositive on [s. oc). Also assume that ƒ is bounded and that ƒ has bounded continuous 
derivativesderivatives f' and f". Then. T2„ is strongly consistent, i.e. T2,, —> t-:. almost surely, 
and and 

T'2nT'2n - U \ D 

0-2 0-2 

with with 

^ ( ^ ^ )) ^ V (5.5.6) 

oo22 = K(U-s)(g(s)Ju?(u)du)U\j ' f{y)k(t.,-V)dV)'\ (5.5.7) 

HereHere V is a JV(0.1) distributed random variable. 

Thus,, as in the previous section, assuming that &2nh is a consistent estimator of a2 
wee define 

Tj,Tj,a)a) = T2n - {nh)-V2& 2nhQ-l(l - a). (5.5.8) 

5.66 Estimators based on the Fourier transform 

Thee most commonly used distribution to model measurement error with expectation 
zeroo is the normal distribution. In this section we assume Z to be standard normally 
distributed,, so 0k(t) — e~2f . In this super smooth deconvolution problem, we use 
aa Fourier type deconvolution estimator 

fnfnhh{x){x) =  T er^óAht)^ ̂ dt. (5.6.9) 
^  ̂ J-oc Ok\t) 

seee Section 1.3. 

Byy integrating ƒ„/, we get a distribution function estimator for fixed x. Define 

Fnh(x)Fnh(x) — Fnh(a.x) = / fnh(u)du. for - oc < a < x < oc. (5.6.10) 
JJ a 

wheree a depends on n such that a — —oc and a = o(e^l^2h M1-* 5)). as n — oc. for 
somee 0 < S < 1. In the sequel we write Fnh(x) for Fnh(a.x). 

Firstt we impose the following condition on the kernel function w. 



5.6.5.6. ESTIMATORS BASED ON THE FOURIER TRANSFORM 95 

Conditionn 5.2. Let <pw be real valued and symmetric, and let it have support 
[-1,1].. Let(pw{0) = 1, and let 

cj>cj> ww{l-t){l-t)  = Ata + o(ta), 

forfor some constants A and a > 0. 

as as no, , 

Forr technical reasons, i.e. to be able to deal with the lack of monotonicity of Fnh(x) 
inn the proof, we consider a slightly different criterion function CL instead of CL. 
Definee for fixed M > 0, 

CL(t)CL(t) = P(X <t,Y > s, Z > -M). 

Then n 

CL(t)CL(t) > CL(t) > CUt) - P{Z < -M) > CL(t) - e, 

iff  M > —K~l(e). This shows that we can approximate CL uniformly by CL ar­
bitrarilyy precisely. Also we consider only values of t in a fixed large interval [s,T], 
Noww construct the test limi t Tsn as in Section 5.3, with t G [s, T] and CLn replaced 
byy CLn, given by 

CL CL 
rt+M rt+M 

(Fnh{u)(Fnh{u) ~ Fnh(s))k(t - u) du. 

Thiss gives a test limi t for the value t7 for which CL{t~t) = 7. CL(t) is equal to the 
JJJJAA d/j, where A = {(y, z) : —M < z < t — s, s < y < t — z}. The area A is given 
inn Figure 5.2. 

Figuree 5.2: The integration area A 
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Byy Theorem 3.4 we have asymptotic normality of Fnf}(x). Under the conditions of 
Theoremm 3.4, for x fixed, we have 

AA2 2 

[F[F nhnh(x)(x) -EFnh(x)) Z -V(0. ^ r ( « + l ) 2 ) 

Againn this rate of convergence is inherited by the est imator Tin. 

T h e o r emm 5.3. Let Z have a standard normal distribution. Let Condition 5.2 be 
satisfiedsatisfied and assume that EfX2 < oc. Let ƒ be positive on [s.oc). Also assume 
thatthat ƒ is bounded and that ƒ has bounded continuous derivatives f' and f", and that 
hh ->- 0. h » ( l o g n ) -1 / 2 . Then 

xfnxfn /T3n - ^ \ r> 

with with 

AA i r*^+ M \ - i 
^33 = ^ r ( a + l ) A ' ( t 7 - . s ) (y f(y)k(t1-y)dy) . (5.6.11) 

HereHere V is a 7V(0,1) distributed random variable. 

Again,, assuming that « r ^ is a consistent est imator of 0-3. we define 

TiTia)a) = T3n - n-]/2h2+2ae^ainh<S>-[(l - a). (5.6.12) 

5.77 Consistent estimation of a 

Lett gnh denote the kernel est imator of the density g of the observations and fnh the 
deconvolutionn kernel est imator of the density ƒ in the specific deconvolution problem 
off  the corresponding section. Substituting these est imators in (5.4.4), (5.5.7), and 
(5.6.11)) we get the est imators &\nh-. <72n/n and &3nh, given by 

K(TK(Tlnln-s){4f-s){4fnhnh(s)g(s)gnhnh(s))W (s))W 

k{0)k{0)2/32/3f?f?nnfnh{y)k(Tfnh{y)k(Tlnln-y)dy -y)dy 

K(TK(T2n2n-s)(g-s)(gnhnh(s)J(s)JWW
22(u)du)(u)du)11//2 2 

i f 2""  fnh(y)k(T2n - y) dy 

AT(a+l)K(TAT(a+l)K(T:in:in-s) -s) 

\/2irJ^\/2irJ^nnfnh(y)k(T;fnh(y)k(T;inin-y)dy -y)dy 

""In/""  = . , n̂ln rTi~ . T T ' (5.7.1) 

aa2nh2nh = ~ rT2n _ ,_ ~  (5.7.2) 
s s 

°"3n/ii  = ——rT —, ,, ,_ 7~T- (5.7.3) 

T h e o r emm 5.4. Let Ci, i — 1.2.3. denote the standard deviations (5.4-4)> (5.5.7), 
andand (5.6.11). Under the assumptions of Theorems 5.1, 5.2, and 5.3 we have 

&inh&inh —*  0"ï< ö.5. for i—1,2.3. (5.7.4) 

Forr the proof of this theorem see Section 5.8.4. 
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sup p 
t t 

5.88 Proofs 

Thee next lemma gives a bound on the uniform distance of CLn to CL, in terms of 
thee uniform distance of Fn to F. 

Lemmaa 5.5. 

supp \CLn(t) - CL{t)\ < 2 sup \Fn{x) - F(x)\. 
tt X 

Proof f 
Write e 

sup\CLsup\CLnn(t)-CL{t)\ (t)-CL{t)\ 
t t 

((F((Fnn(y)(y) - F{y)) - (Fn(s) - F(s)))k(t - y) dy 

roo roo 

<2suv\F<2suv\Fnn(x)(x) - F(x)\suv I k(t-y)dy 
XX t Js 

<2sup\F<2sup\Fnn(x)-(x)- F(x)\ 
X X 

D D 

Thiss bound shows that uniform convergence of CLn to CL is implied by uniform 
convergencee of Fn to F. 

5.8.11 Proof of Theo rem 5.1 

Firstt we prove the weak convergence as stated in (5.4.3). For simplicity we write Fn 

forr Fn
M 

Lett H{x) ~ f* F(y) dy. Recall that Fn is the right continuous derivative of the 
convexx minorant, denoted by Hn, on the interval (0, M] of Hn defined by (5.4.1). 
Hencee Hn(x) = f* F(y) dy. To estimate the maximal deviation of Hn and H we 
havee the following lemma. 

Lemmaa 5.6. Suppose that for x > 0 we have 

p(x)p(x) - p(0) + / l(u)du. 
Jo Jo 

andand that I is a function that is bounded on bounded intervals. Then, for any constant 
A>0, A>0, 

logn\\ l/2s 

\n\nnn\x)\x) - n\x)\ =u\ [ 
0<x<A 0<x<A 

almostalmost surely. 

supp \Hn(x)-H(x)\=0(^)1/2) 
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Proof f 
Lett Gn be an empirical distribution function. Write 

HHnn(x)=(x)= f"p(x - t)dGn(t) 
Jo Jo 

JJ (p(0)+ ƒ l(u)dv)dGn(t) 

p(0)Gp(0)Gnn(x)(x) + f (f l{u)du)dGn{t) 

p(0)Gp(0)Gnn{x)+{x)+  / l{u)U dGn(t)yu 

p(0)Gp(0)Gnn(x)(x) + / l(u)Gn{x-u)du 

Similarly. . 

H{x)=p(Q)G(x)H{x)=p(Q)G(x) + f l(u)G{x - u)du. 
Jo Jo '0 '0 

Thee Dvoretzky, Kiefer, Wolfowitz inequality implies almost surely 

sup\Gsup\Gnn(x)(x) - G(x)\ = o ( (^p)1 / 2) . (5.8.1) 

Soo almost surely we have, for a fixed constant A. 

supp \Hn{x) — H{x)\ — 
[)<x<A [)<x<A 

==  sup p(0){Gn{x) - G{x)) + f l{u){Gn{x-u) - G{x - u))du\ 
0<x<A0<x<A Jo I 

<< p(0) sup \Gn(x) - G(x)\ + sup 1 / l{u)(Gn(x - u) - G{x - u))du 
()<x<A()<x<A  0<x<A ' Jo 

<<  p(0) sup \Gn(x)-G(x)\+ sup / \l(u)\\Gn(x - u) - G{x ~ u) 
0<x<A0<x<A 0<-r<A Jo 

<<  p{0) sup \Gn{x)-G(x)\+ f \l(u)\ sup \Gn{x) - G{x)\du 
0<x<A0<x<A Jo 0<x<A 

-- o((^)-) . 
D D 
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Byy the monotonicity of CLn(t) we have, as n —+ oc, 

P(nP(n1/31/3(T(Tlnln - t-,) < x) = P(rln < t-y + n_ 1/ 3x) 

== p ( c Ln ( ^ + n ~1 / 3a ;) > 7) 

== p(n1/3{CLn{t1+n-1/3x)-CL{t1 + n-1/:ix)} (5.8.2) 

> n1 / 3 { 7 - C L ( t 7 + n -1 / 3a : ) } ) ) 

== p(n1/3{CLn{t^ + n~1 /3x) - CL(US + n~1/3x)} 

>-x>-x ƒ 7 f{y)k{t1-y)dy + o{\)). 

Heree we have used 

77 - CL(£7 + rT1/3:r) = CL(^) - CL(i 7 + n'll3x) 

==  -n-l/3xCL'(t^) + o(n"1 / 3) , 

and d 

CL'(t)CL'(t) = I ƒ (F(y) - ^WW* - y) dy 

== (F(t) - F(s))k(0) + f (F(y) - F(s))k'(t - y) dy 
JJ s 

==  J k(t-y)f(y)dy. 

Recalll  that H{x) = J ôoF(y)dy and Hn{x) = J ôcFn(y)dy, and that Hn is the 
convexx minorant of the function Hn(x) introduced in (5.4.1). An immediate conse­
quencee of Lemma B in Marshall (1970) is that for any M > 0 

supp \Hn(x) - H(x)\ < sup \Hn(x)-H{x)\=0P((l-^)1/2). (5.8.3) 
0<x<A0<x<A 0<x<A n 

Rewritingg CL(t) and CLn(t) by partial integration we get 

CL(t)CL(t) = f F(y)k(t - y)dy - F(s)K(t - s) 
JJ s 

==  H{t)k{0) - H{s)k{t -s)+ f H{y)k'{t - y)dy 

-F(s)K(t-s) -F(s)K(t-s) 
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CLCLnn{t){t)  = Hn(t)k(0) - Hn(s)k(t - s) + J Hn(y)k'(t - y)dy 

-F-Fnn{s)K{t-s) {s)K{t-s) 

==  H(t)k(0) - H(s)k(t - s) + J H{y)k'(t - y)dy 

nn ' 

uniformlyy for bounded t. 

Summarizingg and using Theorem 2 in Van Es et al. (1998). see (5.4.2). we get 

nnx/:>x/:> '{CL'{CLnn{t{t 11 +xn-1/:i) - CL(*7 + xn~1/3)} 

==  -K(t, + xn~1/*  - .,) nl'3{F„{8)  - F(.s)}  + 0P(rr 1^,/ï^a) 

Togetherr with (5.8.2) this proves (5.4.3). 

Inn order to prove strong consistency note that, for arbitrary positive e, the events 

TinTin <t- f + ( and T\n > t  ̂ - e (5.8.4) 

aree equivalent to 

CLrXt^CLrXt  ̂ + e) > 7 and CLn{U - e) < 7, (5.8.5) 

respectively. . 

Byy Theorem 1 in Van Es et al. (1998) Fn converges uniformly to F with probability 
one.. This implies the almost sure convergence of CLn(t) to CL(t) for fixed t by 
Lemmaa 5.5. Since CL is strictly increasing the events (5.8.5), and thus (5.8.4) too, 
occurr for large n almost surely. Since e is arbitrary this proves the strong consistency 
off  the estimator of t-,. D 

5.8.22 Proof of T h e o r em 5.2 

Iff  we use a kernel estimator, monotonicity of Fnf, is not guaranteed. Nevertheless, 
wee will show that the probability that Fnh is monotone converges to one, provided 
thatt ƒ is uniformly continuous, and that Fnh converges to F almost surely. 

Lemmaa 5.7. Under the condition of Theorem 5.2 we have 

supp | /n h( 0 - ƒ ( * ) ! - > 0 
t t 
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and and 

sup\Fsup\Fnhnh(t)-F(t)\^0, (t)-F(t)\^0, 
t t 

withwith probability one. 

Proof f 
Lett Gn be the empirical distribution function of the distribution function G. If G is 
continuouss then 

l imsup(2n/loglogn)1/2A„„  = 1, 

withh probability one where 

A B = s u p | G „ ( t ) - G ( t ) |. . 
t t 

Seee Smirnov (1944) and Chung (1949). 
Recalll  that the kernel w is assumed to be a second-order kernel. From the condition 
thatt F and ƒ are bounded it follows that G{x)1g(x) and g'(x) are bounded. 
Accordingg to Condition 5.1 we have 

snp\gsnp\gnhnh(t)(t) -Egnh(t)\ 
t t 

sup p 
t t 

sup p 
t t 

<-^-)<-^-) dGdG^-\j_A-ir)^-\j_A-ir) dG(v) dG(v) 

-f-f {Gn(t-hu)-G{t-hu))w'{u)du 

<<  sup\Gn{t)-G(t)\]-  f \w'(u)\du 

(I(I  / log logn\ 
== o 

Similarly y 

suP|Gnfc(t)) - EGnh(t)\ = o ( v / ^ ^ ) , (5.8.6) ) 

almostt surely, and 

sup p 
t t 

almostt surely. 

; p | ^ « - E 9 ; f c W || = o ( ^ V
/ 1 ^ ) , 
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Sincee F = G + g. we now get 

sup\Fsup\Fnhnh(t)(t) - F(t)\ 
t t 

<<  sup \G„ h(t) -EGnh(t)\ + sup\gnh{t) -Egnh{t)\ + sup \EFnh(t) - F(t)\ 
tt t t 

^ 0 0 

almostt surely, when / Ï _ 1 (log log nfn)1/2 —> 0. Note that EF„ h(t) - F(t) is equal to 
thee bias of an ordinary kernel distribution function estimator. Since the density ƒ 
iss bounded, F is uniformly continuous. Hence the bias vanishes uniformly in t. as it 
alsoo does for ordinary kernel density estimators. 
Fromm ƒ = g + g' we have similarly 

snp\fsnp\fnhnh(t)-f{t)\(t)-f{t)\  - 0 (5.8.7) 
t t 

almost,, surely, when /i~2(loglogn/n)ly/ '2 —> 0. 
Bothh conditions on h are satisfied if n/i4/ loglogn —> oc. D 

Choosee to such that 70 = CL(t-o) > "

Lemmaa 5.8. Assume the conditions of Theorem 5.2. Let the events Au. B7I and 
CCnn be defined by 

AAuu — {Fnh is strictly increasing on [SJQ]}. 

BBnn = {CLn(t) > 7, for all t>t0}. 

andand Cn = An D Bn. Then P{Cn) -  i. 

P roof f 
Firstt note that a — inf s<.r<f() f(x) > 0. By Lemma 5.7 we have 

11 > P(An) > P(fnh(x) > |rk, for alls < x < ta) 

>>  P{\fnh{x) - f(x)\ < i a, for alls < x < t0) 

>P(sup\f>P(sup\fnhnh(x)-f(x)\<^a)^h (x)-f(x)\<^a)^h 
xx £ 

soP(AsoP(A7l7l)^l. )^l. 
Alsoo by Lemmas 5.5 and 5.7, and the fact that CL(t) is strictly increasing for t > s, 
wee have 

11 > P(Bn) > P(CLn(t) > 7 + i(7o - l ) , for all*  > tQ) 

>>  P(\CLn(t) - CL(t)\ < i(7o - 7). for all*  > *0) 

>> P(sup \CLn(t) - CL(t)\ < 7o - 7)) -> 1. 
tt ^ 
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Soo P(Bn) -  1 and P(Cn) = P{An n £„ ) -» 1. D 

Lett JF{X) = Jx F(y)dy. Then 

JF( * )) = / ^ ( y ) ^ = / (G(y)+5(l/))rfy= / G(y)dy + G(x) - G(s). 
JsJs Js Js 

Forr any M > s, by (5.8.6) in the proof of Lemma 5.7, we have 

supp \JFnh{x) - JF{X)\ 
s<x<M s<x<M 

f*X f*X 

<<  sup I / (Gnh(y) - G{y))dy\ + 2 sup \Gnh{x) - G(x)\ 
s<x<Ms<x<M Js s<x<M 

<< oP(]/^)+o^). 

Rewritee CL(t) and CLn(t) as follows. 

CL(i )) = f F(y)k(t - y)dy - F(s)K(t - s) 
Js Js 

==  JF(t)k(0) + f JF(y)k'(t - y)dy - F(s)K(t - s) 
JJ s 

and d 

CLCLnn(t)(t) = JF{t)k(0) + ƒ Mv)k\t - y)dy - F„ h(s)K(t - s) 

uniformlyy for bounded t. Hence 

Vnh{CLVnh{CLnn(tj(tj  + —j=x) - CLii^ + —=x)} 
\fnh\fnh vnh 

==  -K  ̂ + —^x - s) Vnh{Fn(s) - F(s)} + 0P{\/h\og\ogn) + O {Vnh?) 
Vnh Vnh 

== -K{t^ + ~7=* ~ s) Vn~h{Fn(s) - F(s)} + op(l). 
vnh vnh 

Noww we establish the asymptotic distribution of T n̂- Note that the fact that Fnh is 
strictlyy increasing on [s,tg] implies that CLn(t) is also strictly increasing on [s.^o]-
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Ass n —» oc, by Lemma 5.8, as in the previous section, we have 

p{y^h{Tp{y^h{T2n2n - u) < x) = p({ \ /^(r 2n - U) < x) n Cn) + o(l) 

-- pf{v /^(CLn(i 7 + ~^=x) - CL{U + -jLx) ) 

>> -x f ' f{y)k{t, - y)dy + o(l)}  n C„) + o(l) 

== p(v/ n/ ï (CLn( i 7 + —=x) -01(1-, + —f=x)) 
^^ Vnh \Jnh 

>>  -x J " ƒ (l/)/c(t, - y)rfy + o(l)) + o(l) 

==  P(- K(U + ~==x - s)\fnh(Fnh{s) - F(s)) + oP(l) vv Vnh 

>-x>-x J" f{y)k{t,-y)dy + o{l)) 

vdvd ( \ f 2, \ J u / 2V ^ J  ̂ f(y)k(t-r-y)dy\ ->-> p{(g{s) / ^ (w)c?u) / y < x ^ — _ j , 

wheree V ~ N(Q, 1). Here we have used the asymptotic normality of Fnh, see Section 
1.4.. This completes the proof of (5.5.6). 
Strongg consistency can be shown by an adaptation of the proof of Theorem 5.1.

5.8.33 Proof of T h e o r em 5.3 

Thee next lemma gives the analogous result of Lemma 5.7 for the Fourier type esti­
mator. . 

Lemmaa 5.9. Under the conditions of Theorem 5.3, we have 

sup\fsup\fnhnh(x)-(x)- f(x)\ - »0 (5.8.8) 
X X 

and,and, for all A > s 

supp \Fnh(x) - F{x)\ — 0, (5.8.9) 

s<x<A s<x<A 

almostalmost surely. 

Proof f 
Firstt we prove (5.8.8). Recall that the expectation of fnh is equal to the expectation 
off  an ordinary kernel estimator. Thus, 

EMx)EMx)  = iJ.LKV) /(u)rf "' 
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Sincee we have assumed that the second derivative f" is continuous and bounded, we 
have e 

sup\Efsup\Efnhnh(x)-f(x)\(x)-f(x)\ = 0(h2). 
x x 

Notee that by Lemma 3.17 we have 

sup\fsup\fnhnh{x){x) -Efnh(x)\ 

'-l/h '-l/h 

11 flfh _  1 2 
< — s u p// |e 'te0u,(/tt)e2t (4)emp{t) -<pg(t))\dt 

^  ̂ x J-l/h 
11 f1 i v2 

<—<— SUp \4>emp{t) - 4>g(t)\ \<f> w(v)\eÜ?V dv 
nnnn -\/h<t<i/h Jo 

~~ll-^-V(a-^-V(a + l)h1+2ae^Dn. 

almostt surely, where 

DDnn = SUp \<j>emp{t) ~ <f>g{t)\-
-l/h<t<l/h -l/h<t<l/h 

Examplee (1) of Csörgö (1985) implies that 

nn \ i / 2 
limsupp (- Dn < oo, (5.8.10) 

\\ log n / 

almostt surely. 

Consequently,, for all n large enough 

sup|/n/i(a;)) - f{x)\ 
X X 

<<  sup\fnh(x) -Efnh(x)\ + sup\Efnh(x) - f{x)\ 

*>l *>l 
almostt surely. 

sup| /n / l l 
X X 

almostt surelv. 

DDnnJ-^hJ-^h1+2a1+2ae^ e^ 
logg n V n 

Itt follows that for h » (1 

(*) --- / ( * ) | - > 0 , , 

++  0{h2), 

ogn)- 1 / 2 . . 
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Wee proceed with proving (5.8.9). Since F. ƒ. ƒ'. and ƒ" are assumed to be continuous 
andd bounded, by Taylor series expansion the bias can be bounded as follows. 

sup|EF (̂ (x)) - F(x)\ = s up / (F(x - hy) - F(a - hy))w(y)dy - F(x) 

(F(x(F(x - hy) - F(x))w{y) dy 
oc c 

rr  F(a-hy)w(y)dy = 0(h2) + o(l] 
JJ — DC 

;5.8.ii) ) 

. . 

Nextt we consider the supremum of the error. Recall that Fnh can be decomposed 
ass in the proof of Theorem 3.4. so we have 

Fnh(y)Fnh(y) = Fnh{a,y) 

mimiPP\j)C)\j)C)ww{v)e^{v)e^11 dv 

+ + 
ii  r l 

2TT2TT J_t ii tt e llv -e ltv)4>c7np(y)<Pw(v)e^v2dv, 

Wee have assumed that a — —oc such that ah —> — oc and a = o(e^^2h ))(1-<*)) for 
somee 0 < 6 < 1. Choose 0 < € < \/S. Then by (5.8.10) we have, for some constants 
C\C\ and C-2 and for n large enough 

supp \Fnh(x) -EFnh(x)\ 
S<JC<A S<JC<A 

<<  (cxh
2+2ae^Dn +C2 | a | / »2 + 2" e^D„ ) 

== h2+2ae*$Dn(Ci +C2e'-^) — 0, 

almostt surely if ft —> 0 and /? ĝ> (log??,)'"1'2.

Lemmaa 5.10. Under the conditions of Theorem, 5.3 we have, as n — oc and xn 

x. x. 

\\ J'" (Fnh(y) ~ F(y))dy 

almostalmost surely. 

/h/h2+2a2+2a ^ 

== H + ( A > -
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Proof f 
Ass we have seen in the proof of Theorem 3.4, Fn^(x) can be decomposed into three 
parts,, see (3.3.3), (3.3.4.) and (3.3.5). Hence. 

/

i nn rxTl rxn 

FFnhnh(y)dy(y)dy = Wnh(y)dy + Rnh{a)dy 
++ r (— y r - ( e " ^ - eiv^)<l> w(v)e^v2dv)dy. (5.8.12) 

/„„  Kirn j£—' /_, iv / 

Apartt from the factor \xn — s\, which is bounded, the order of the term with Rnh(a) 
minuss its expectation remains the same as that of (3.3.5), i.e. 

ooPP(~h(~h2+2a2+2ae^).e^). (5.8.13) 
\y/n\y/n / 

Similarly,, (5.8.12) minus its expectation is of the same order as (3.3.3), 

// 1 l~S+,2 \ 

Opp - = 7 e ^ ^  (5.8.14) 
VV y/nh / 

Byy changing the order of integration as follows we have for the remaining term with 
WWnhnh(y), (y), 

((XnXnWWnhnh{y)dy{y)dy (5.8.15) 
- ' S S 

ffXnXn / 1 n Z"1 1 / X  — v\ i 2 \ 
== ƒ, U E | - sin (v^-)pw(v)e^r dvjdy 

== i t f ( ƒ " > {v^)Mv)e^"dy) dv 

==  ^ h t [  ^ ( « - ( » ^ ) - - ( 0 t o ) ) * „ ( „ ) e ^ * , (5.8.16) 
33 = 1 Je 

++ £ " " f UC°StV^T^) -«"(«^ÏÏMv^dv (5.8.17) 

forr some C By a standard calculation the term (5.8.16) minus its expectation is of 
order r 

°"{—j^-y°"{—j^-y ( 5- 8- i 8 ) 
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almostt surely. 
Eachh term of (5.8.17) can be bounded by 

-n-n J( vz V V n 

<<  — h / -^ sin ( 
71717171 Jf VZ V 

coss v 
X,X, - .r 

) ) o . . v)e2i^'v)e2i^' dv 

xx — x. 

X X sinn i 
2Xj2Xj — xn — i 

2h 2h 

11 '2 

\0\0uu.(v)\e.(v)\e::2h2h77 dv 

22 , x — x 
== —h —r-

7rn7rn n 

11 , , 1 v2 
- |o ,r ( r ) |e^^^ dv 
v v 

<<  —\x„ -x\h2+2aeïï-
7771 7771 

Hencee the variance of (5.8.17) is of order 

nO(^—nO(^—22\x\xnn-x\-x\22hh{+Aa{+Aae^)e^) = o(-\xn-x\2hA+A«e^) 

whichh shows that (5.8.17) minus its expectation is of order opI-^h2+2ne  ̂ J. To­
getherr with (5.8.13). (5.8.14). and (5.8.18) it follows that ƒƒ" Fnh{y)dy minus its 
expectationn is of order 

Notee that the bias ƒƒ" (E Frih(y) - F{y))dy is equal to the bias of an ordinary kernel 
distributionn function estimator apart from the factor \xn — s\, which is bounded. 
Hencee it is of order 0(h2).

Choosee £o such that 70 = CL(to) > 7. We then have a lemma similar to Lemma 5.8. 

L e m maa 5.11. Assume the conditions of Theorem 5.3. Let the events An. Bn. and 
CCnn be defined by 

AAnn — {Fnh is strictly increasing on[s.to + M}}-

BBnn = {CLn{t) > 7. for all t0<t<T}. 

andand Cn = An fl Bn. Then P(Cn) -* 1. 

Proof f 
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Firstt note that 

supp \CLn(t) - CL{t)\ 
s<t<T s<t<T 

-t+M -t+M 
<<  sup 

s<t<T s<t<T 

((F((Fnhnh(u)(u) - F(u)) - (Fnh(s) - F(s)))k(t - u)du\ 

< 22 sup \Fnh{y) - F{u)\. 
s<u<T+M s<u<T+M 

Soo if Fnh — F almost surely and uniformly on bounded intervals, as is claimed in 
Lemmaa 5.9. then CLn(t) — CL(t) almost surely and uniformly on [s,X]. 
Writee a = 'mïs<x< tü+M f(x) > 0. As in Lemma 5.9 we have P{An) — I. Also 
byy Lemma 5.9, and the fact that CL(t) is strictly increasing for t > s, we have 
P(BP(Bnn)) - l and P(Cn) = P(An n Bn) - 1.

Wee proceed with the proof of the theorem. We have, as in the previous proofs, 

^  ̂ — (CLn(t) - CL(t)) 
hh2+2a2+2aeê 2 ^2 

==  -K(t - s) V , (Fnh(s) - F(s)) + oP(l). 

Wee can now establish the asymptotic distribution of T%n. On Cn the function CLn(t) 
iss strictly increasing on [s, to + A/] , and, as n — oo, 

P(P(—^-H^n—^-H^n -17) <x)= p({—^-r-(r3„  -17) < x} n cn) + O(l) 

== P( _ S ^ __ (CZ„«7 + ̂ A ) - CL{h + ¥^x)) 
rt-y+M rt-y+M 

>>  -x J f(y)k(tn - y)dy + OP(1)J + o{l) 

// IAI ÏU'+M f{y)k(t^-y)dy\ 
^  ̂ p ( J ^ Lr ( a +1) v < x  ̂ , v \ ^ ff) 

byy Theorem 3.2, where V ~ N(0,1). Strong consistency can be shown as in the 
previouss proofs. This completes the proof of Theorem 5.3.

5.8.44 Proof of Theorem 5.4 

Wee only prove the theorem for the estimator <7i„/j. The consistency of the other two 
estimatorss can be proved similarly. 
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Notee that, since K is continuous. 

K(TK(Tlnln - s) - K(U - s). a.s. (5.8.19) 

Byy the point wise almost sure consistency of kernel estimators we have 

fnh(s)gnh(s)fnh(s)gnh(s) — f(s)g(s). a.s. (5.8.20) 

Furthermoree we have 

JJ ' fnh(y)k(Tln _ y)dy - J ' }{y)k{t., ~ y)dy 

<<  J \fnh(y) - f{y)\k(Tln - y)dy (5.8.21) 

++ J f(y)\k(TU7 -y)- k{U - y)\dy. (5.8.22) 

Thee first term (5.8.21) can be bounded by a constant times the L\ distance between 
ffnnhh and ƒ. which converges to zero almost surely. The second term (5.8.22) converges 
too zero almost surely by the dominated convergence theorem. 
Summarizingg we have 

JJ fnh(y)k{Tln - y)dy - J f{y)k{t  ̂ - y)dy, a.s. (5.8.23) 

Alsoo note that 

rT,„ „ 

t-, t-, 
fnh(y)k(Tfnh(y)k(Tlnln -y)dy\ (5.8.24) 

<<  \Ti„  - t11 sup f„h(y) sup k{y) —> 0. a.s. (5.8.25) 

Byy (5.8.23) and (5.8.24) we now have 

rTrTlr>lr> ft 

II  fnh(y)k(Tln - y)dy -> ƒ ' /(y)fr(^ - y)dy, a.s. (5.8.26) 

Togetherr (5.8.19). (5.8.20). and (5.8.26) prove the theorem. D 
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Nederlandsee samenvatting 

Laatt Y en Z onderling onafhankelijke stochasten zijn met kansdiehtheicl ƒ en k. 
Dann heeft de stochast X — Y + Z kansdichtheid g = f * k waar * convolutie 
aangeeft.. Onder de voorwaarde dat Z. een random noise variable, een bekende 
verdelingsfunctiee heeft, kan de kansdichheid van de stochast Y worden geschat op 
grondd van de observaties X\ Xn. 

Zijj  Q een Fourier getransformeerde of een karakteristieke functie en diens subscript 
dee bijhorende kansdichtheid. Laat öemp de empirische karakteristieke functie zijn. 
Stefanskyy en Carroll (1990) construeerden een klasse van schatters die met (gewone) 
kernn dichtheidschatters vergelijkbaar zijn. de zogenoemde deconvolutie kernschatters 

Inh(x)Inh(x)  = j_r e-,to-MM)w o 

waarbijj  01(, en <6fc de karakteristieke functies zijn van de kern w en de dichtheid k 
vann Z. 

Deconvolutiee problemen worden gewoonlijk in twee groepen ingedeeld: ordinary 
smoothsmooth en super smooth deconvolutie problemen. Als de staart van de karakteristieke 
functiee ék algebraïsch klein wordt in oneindig, dan hebben we het ordinary smooth 
geval.. In het super smooth geval wwdt de staart exponentieel klein. 

Inn sommige simpele situaties, wanneer de bekende stochast Z exponentieel of Lap­
lacee verdeeld is, kunnen we inversieformules (Van Es en Kok. 1998) gebruiken. De 
deconvolutieschatterr kan dan in de dichtheid van de waarnemingen en diens afgeleide 
wordenn uitgedrukt. Een voorbeeld is wanneer Z een standaard exponentiële verde­
lingg heeft. De deconvolutie dichtheidschatter kan dan als volgt worden geschreven 

fnh{x)fnh{x) = 9nh(x) + g'nh{x). 

Eenn voor de hand liggende vraag is of voor de g„} t en g'nh een gelijke bandgrootte 
moett worden gebruikt. In Hoofdstuk 2 onderzoeken we de te boeken winst wanneer 
wee verschillende bandgrootten voor de schatter zouden gebruiken. Dit hoofdstuk 
bevatt zowel asymptotische theorie als ook exacte risico berekening. 

Dee belangrijkste resultaten van dit proefschrift worden in Hoofdstukken 3 en 4 ge­
presenteerd;; asymptotische normaliteit in super smooth deconvolutie probleem. Be­
schouw'' het deconvolutie probleem voor de symmetrische stabiele dichtheiden k met 
dee karakteristieke functie 

<pfc(t)) = e- | ' | A / ' \ p > 0 en 0 < A < 2. 

Dee volgende drie stellingen geven asymptotische normaliteit voor verschillende waar­
denn van A: voor 1 < A < 2. i.e. voor de symmetrische dichtheden wiens karakte­
ristiekee functie sneller daalt dan de karakteristieke functie van de Cauchy verdeling. 



voorr de Cauchy verdeling (A = 1), en voor 1/3 < A < 1, i.e. voor de symmetri­
schee dichtheden wiens karakteristieke functie langzamer daalt dan de karakteristieke 
functiee van de Cauchy verdeling. Laat w de sine kernel zijn, gegeven door 

w{x)w{x) = smx/(irx) (<f)w(t) = 7[_i,i](*)) . 

Theoremm Als 1 < A < 2, dan geldt, als n —• oc en h —• 0, 

^ ii  (fnh(x) - Efnh(x)) £ N(0, ^ 2 WA) 2)-
hhxx le^hX 

Theoremm Als A gelijk is aan 1, i.e. Cauchy deconvolutie, dan geldt, als n —> oc en 
h->0, h->0, 

Vn~e^{fVn~e^{fnhnh{x){x) -Efnh(x)) Z N(0,a2), 

waarbij waarbij 

2 2 

oo = —Ö / ^r, 7̂" Q\u)du 
2TT22 J 1 + fi2{u - x)2 yy ; 

Theoremm Als 1/3 < A < 1, dan geldt, als n —>• oo en h —+ 0, 

h(A-.)/£Uv»» <'"*(* > "  E ƒ-*(*» ° ^ ^ 

Dee essentie van de drie stellingen kan als volgt worden samengevat. 

•• voor 1/3 < A < 1, afgezien van de exponentiële convergentiesnelhied, is de 
asymptotischee variantie vergelijkbaar met de asymptotische variantie van een 
(gewone)) kern dichtheidschatter; de asymptotische variantie hangt van g in het 
puntt x af. Dit is ook waar voor het ordinary smooth deconvolutie probleem. 

•• voor Cauchy deconvolutie is de asymptotische variantie globaal van g afhan­
kelijk,, via een integraal. 

•• voor 1 < A < 2 is de schatter asymptotisch verdelingsvrij. 

Inn Hoofdstuk 5 formuleren we het test limits probleem als een deconvolutie probleem. 
Wee introduceren verschillende nieuwe test limits, en leiden asymptotische resultaten 
voorr die test limits af. 
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