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11 Levels and qualit y of 
measurement : : 
Objectiv ee of the thesi s 

Thee subject of this thesis is measurement system analysis (as it is called in the literature of in­
dustriall  statistics), or measurement theory (in the field of psychometrics). Measurement system 
analysiss is a branch of applied statistics that attempts to describe, categorize, and evaluate the 
qualityy of measurements, improve the usefulness, accuracy, precision and meaningfulness of 
measurements,, and propose methods for developing new and better measurement instruments 
(cf.. Allen and Yen, 1979). 

Measurementt system analysis is indispensable to empirical research. To make a statement 
thatt has empirical ground one must have gathered knowledge of phenomena (i.e., events, ob­
jects,, places, and things) to which the statement relates. This knowledge is supplied by mea­
surementss of these phenomena under study, which is (in line with Lord Kelvin, see Stein, 2002) 
expressedd in a quantitative manner: 

"When"When you can measure what you are speaking about, and ex­
presspress it in numbers, you know something about it; but when you 
cannotcannot measure it, when you cannot express it in numbers, your 
knowledgeknowledge is of a meager and unsatisfactory kind: it may be the 
beginningbeginning of knowledge, but you have scarcely, in your thoughts, 
advancedadvanced to the stage of science." 

Thee quality of this quantification is not self-evident, as is explained by Shewhart (1931, p. 378): 

"Ann element of chance enters into every measurement; hence ev­
eryery set of measurements is inherently a sample of certain more 
oror less unknown conditions. Even in those few instances where 
wewe believe that the objective reality being measured is constant, 
thethe measurements of this constant are influenced by chance or 
unknownunknown causes." 

AA measurement system analysis study assesses the quality of the quantification, and thus de­
terminess (and improves) the suitability of the measurement for empirical research. This thesis 
studiess and develops methods that can be used in measurement system analysis studies. 

1.11 Definitio n of measuremen t 

AA definition of measurement is: 
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Measurementt  is the process of assigning numerals to specified 
propertiess of experimental units (objects) in such a way as to char­
acterizee and preserve empirical relationships among objects, 

(cf.. definitions in Lord and Novick, 1968, p. 17; Allen and Yen, 1979, p. 2; Wallsten, 1988). 
AA numeral is a symbol of the form: 1.2,3,.... This is merely a label. It has no quantitative 

meaningg until it is given one in the form of mathematical relations such as order and distance. 
Onee may use instead the word 'symbol', however as measurement values are often numerals 
wee adopt this terminology. 

Thee assigned numerals are called measurement values. A measurement system is the col­
lectionn of instruments, operating procedures, personnel, et cetera, used to do a measurement. 

Ann important point is that the definition of measurement does not specify anything about 
thee quality of the procedure of assignment. 

Boltss example 
Wee consider as objects a collection of bolts. Some bolts are longer than others, and this ordering 
iss an empirical relation among the bolts (regardless of the fact whether or not the bolts' lengths 
havee ever been measured). Comparing each bolt to a ruler we assign to each bolt a value (its 
length).. An alternative measurement system is to sort the bolts from small to large and assign 
too each bolt its rank number. 

1.22 Level s of measuremen t 

Measurementss have been ordered into levels. These levels reflect to what extent the numbers 
assignedd to the measured objects are related to the property being measured (in the sense that re­
lationss among objects existing in the empirical domain —- their properties — should be carried 
overr by the measurement into the numerical domain). Two measurements are equally appropri­
atee for the representationn of a property if they are related through a permissable transformation. 
AA permissable transformation maps the numerals of one measurement onto the numerals of 
anotherr one while preserving the information about the relations among the objects. 

Onee distinguishes between four characteristics that determine the level of measurement: 

oo Distinctiveness: different numerals are assigned to objects that have different values of 
thee property being measured. 

oo Ordering in magnitude: assigned numerals indicate an ordering in magnitude,, with larger 
numeralss representing more of the property being measured. 

oo Equal intervals: equal differences between measured values represent equal amounts of 
differencee in the measured property. 

oo Absolute zero: a measurement value of zero represents an absence of the property being 
measured. . 

Thesee characteristics are necessary to define the levels of measurement: nominal, ordinal, in­
tervall  and ratio measurement (see figure 1.1). 

Thee most elementary form of measurement is that of nominal measurement, for it has only 
thee characteristic of distinctiveness. Nominal measurement merely classifies or categorizes 
objectss as possessing or not possessing some characteristic. This results in a partitioning of the 
sett of objects into subsets that are mutually exclusive and exhaustive. Here the numerals are 
merelyy labels and arithmetical operations are meaningless. Any one-to-one transformation of 
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thee labels onto a new set of labels is permissable as it preserves the distinctiveness of labels. 
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Figur ee 1.1: The levels of measurement (cf. Allen and Yen, 1979) 

Thee next level of measurement is that of ordinal measurement, which possesses the charac­
teristicss of distinctiveness and of ordering in magnitude. As with nominal data it divides the set 
off  objects into mutually exclusive and exhaustive subsets, but it also has an ordering relation 
thatt may be formed between pairs from distinct subsets. Therefore, the property of transitivity 
appliess to ordinal measurement. This means that if a, b and c are measurement values, and 
bothh a < b and b < c hold, then also a < c holds. As the characteristics of equal intervals and 
absolutee zero are lacking, any monotonie transformation does not affect the order, and therefore 
yieldss a permissable procedure of assignment. 

Iff  a measurement possesses in addition to the characteristics of ordinal measurement the 
characteristicc of equal intervals, we speak of interval measurement. Only the zero point is arbi­
trary.. This introduces the concept of distance into the measurement. Equal distances between 
measurementt values represent equal distances in the property being measured. This measure­
mentt level admits linear transformations (affecting only the location, the zero) as they preserve 
thee equality of differences of measurements. 

Thee ratio measurement is the highest level of measurement, and considered the most ideal, 
ass it has all four characteristics. For ratio measurements the zero point has empirical meaning: 
absencee of the property. In general, the numbers represent the actual amount or a multiple 
thereoff  of the property being measured. All arithmetic operations are possible, including mul­
tiplicationn and division. Hence, the ratio of measurement values has meaning, as one can speak 
off  an object having twice as much of the property than another object. Any multiplicative 
transformationn (affecting only the scale) preserves equality of ratios, and is thus permissable. 

Higherr levels of measurement can be converted to lower levels of measurement, though not 
vicee versa. For instance, ratio measurements can be transformed into ordinal measurements by 
dividingg the range of the ratio measurement into categories ranging, e.g., from low, medium to 
high. . 

Otherr designations of measurements are current. We relate these to the levels of measure­
mentt just defined: 

oo Binary measurement only assumes two values, say, 'good' and 'bad'. It may be viewed 
ass the degenerate case of the nominal measurement, as it possesses the distinctiveness 
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property,, but only recognizes two categories. It can also be considered to be the most 
triviall  form of ordinal measurement, as one may appreciate 'good' above 'bad'. 

oo Discrete measurement is (depending on the presence of an absolute zero) either an in­
tervall  or ratio measurement, whose set of numerals that can be assigned to an object is 
countable. . 

oo Continuous measurement is (depending on the presence of an absolute zero) either an 
intervall  or ratio measurement, whose set of numerals that can be assigned to an object is 
uncountable.. In practice no measurement is continuous, therefore this measurement level 
iss merely conceptual. Discrete measurements approximate continuous measurements if 
theirr resolution increases, and as the statistical toolkit for continuous measurement is 
moree powerful, discrete measurements are often treated as continuous. 

oo Categorical measurement is either nominal or ordinal measurement. Categorical mea­
surementt is also called qualitative measurement, or (in industry) attributive measure­
ment. . 

oo Quantitative measurement is either interval or ratio measurement 

Relatedd to the level of measurement is the resolution of the measurement system. Resolution 
iss defined as the smallest change in the studied property that is preserved by the measurement. 
Itt is often thought of as the number of digits registered by the measurement device. Resolution 
iss also referred to as the discrimination ability of the measurement system. 

Boltss example (continued) 
Thee empirical relation among the bolts (some bolts are longer than others) is reflected in math­
ematicall  relations among the measurement values, such as ordering and distance. The mea­
surementt based on comparison to a ruler preserves both the ordering relation among the bolts 
andd the differences in length among the bolts. The measurement based on sorting merely pre­
servess the ordering relation; quantitative information about length differences is lost. Using a 
rulerr in inches instead of a ruler in centimetres preserves both ordering and differences; thus, 
multiplicationn by 2.54 is a permissable transformation of the measurement values in centime­
tres.. However, by adding 1 to the measurement values in centimetres we lose the natural zero 
pointt of length, and consequently ratios of lengths lose their meaning. Addition of 1 is not a 
permissablee transformation. 

1.33 Qualit y of measuremen t 

Disregardedd in the definition of measurement, but none the less of importance, is the quality of 
measurement.. If the quality of measurement is poor, the usefulness of the knowledge gained 
fromm the measurements is meager. Related to the quality of measurement is the concept of 
measurementmeasurement error, defined as the discrepancy between the (hypothesized) reference value of 
thee property of the object and the measured value. The reference value is defined as the mean 
valuee that would be assigned to the object's property by a standard measurement system (i.e., 
takenn by general consent as a basis for comparison set up and established by an authority). This 
iss a conceptual value. 

Thee quality of the procedure of assignment is dissected in the aspects accuracy and preci­
sion.. These are also referred to as location variation and width variation, respectively. In this 
dissectionn AIAG (2002) has been guiding, for it is frequently referred to in the literature of 
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industriall  statistics. Psychometrics uses a different categorization (into validity and reliability), 
whichh can be found in Kerlinger and Lee (2000). 

oo Accuracy: The degree to which the measurement system is subject to bias. Bias is the 
differencee between the overall average of repetitive measurements of the property of the 
objectt and the reference value of the object's property. Bias is also called systematic 
measurementt error. 
Accuracyy also addresses the following aspects: stability, which is the extent to which 
thee bias is constant over time; and linearity, defined as the extent to which the bias is 
constantt over the measured range. 

oo Precision: The extent to which one obtains similar results if one measures (the properties 
of)) me same object multiple times with the same or comparable measuring instrument. 
Iff  the repeated measurements are conducted under identical circumstances (involving the 
samee object, the same measurement instrument, the same person, the same location, one 
directlyy after the other) the observed variation represents the best attainable precision 
withh this measurement system. This variation is referred to as repeatability. 
Iff  a subset of the measurement is conducted under different circumstances, the observed 
variationn will increase. The additional variation due to varying circumstances is called 
reproducibility.reproducibility. A valid statement of reproducibility requires specification of the condi­
tionss changed, e.g., other raters handling the measurement system, alternative measuring 
equipmentt used, changed environmental conditions. 

Precisionn also involves the following issues: consistency, which is the extent to which re­
peatabilityy changes over time; and uniformity, defined as thee extent to which repeatability 
iss constant over the measured range. 

Alll  these issues need to be addressed to assess the quality of measurement. This is done 
byy means of experiments. In this thesis the focus is on precision. Therefore, we refer to a 
measurementmeasurement system analysis experiment as an experiment designed to assess the precision of 
thee measurement system. To investigate the precision an empirical study of the sources of vari­
abilityy is required. To this end one first makes an inventory of the possible factors (we use the 
wordd 'factor' instead of 'circumstance' as the former is the common term used in the context 
off  design of experiments) that may contribute variation to the measurement process. Then, 
onee conducts an experiment (involving the factors of interest) to quantify their influence on the 
measurementt variability. The variation that can be attributed to factors related to the measure­
mentt system is viewed as reproducibility, whereas the variation observed when all factors are 
keptt constant is referred as repeatability. These experiments use the fundamental principles 
off  experimental design (see Box, Hunter and Hunter, 1978) such as replication, blocking and 
randomizationn to enhance the validity and efficiency of the study, and their design allows for 
thee determination of the effect of the different factors on the measurement variability. 

Boltss example (continued) 
Accuracy:: Suppose the centimetres on the ruler are only 0.9 times the standard centimetre. The 
measurementt system is then subject to bias. This bias depends on the measured value: linearity. 
Precision:: We measure the same bolt 5 times and find the values: 3.1, 3.0, 3.0, 3.0 and 3.2. The 
measurementt spread then is: 0.089. 
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1.44 Objectiv e and motivatio n of the thesi s 

Thiss thesis deals with the question how to assess the quality of measurement when the measure­
mentt is categorical, more specific: binary or ordinal. It aims at developing statistical models 
andd methods for the evaluation of the quality of these types of measurement. In this, only the 
precisionn of the quality of measurement is addressed. 

AA motivation for the research in this thesis is the importance of the assessment of the quality of 
measurementt systems. Decisions and research are based on data, which are obtained by means 
off  measuring. The quality of the measurements is transmitted to the quality of the decisions 
andd inferences that are grounded in the data. 

Anotherr incentive is that the current literature of industrial statistics enlarges on the eval­
uationn of measurement systems with a continuous response (cf. Montgomery and Runger, 
1993a,b;; Vardeman and Van Valkenburg, 1999; and the last section of this chapter). Deviations 
fromm this situation are underexposed, though frequently encountered in practice. Where at­
tentionn is given to the evaluation of categorical measurement systems, the methods are rather 
ad-hoc,, lacking a sound statistical foundation in the form of a model. This is illustrated in 
subsequentt chapters. This is reflected in that these methods are ultimately based on metrics of 
qualityy of measurement that are sample statistics, without a relationship with parameters in a 
modell  or population parameters. 

1.55 Outlin e of the thesi s 

Whenn the measurement is categorical, the method for the evaluation of continuous measure­
mentt systems is not tenable, and one is forced to adopt alternative methods. In chapter 2 we 
introducee a method for the analysis of the quality of binary measurement systems. This consists 
off  a design of an measurement system analysis experiment, a model for the outcome of this ex­
perimentt and the relation between the parameters of this model and the quality of measurement, 
inn particular requiring an ope rationalization of precision in the context of binary measurement 
systems.. This method is compared with alternative methods that could be used for the evalua­
tionn of binary measurement systems. The model proposed in chapter 2 is subjected to further 
studyy in chapter 3. Its identifiability is shown and two methods for the estimation of the param­
eterss of the model are developed. 

Chapterr 4 discusses the drawbacks of current methods used in assessing the quality of 
measurementt systems that have an ordinal response, and proposes ways to deal with them. The 
lastt chapter exemplifies all methods and concludes with a recommendation of what method to 
usee for the assessment of the quality of measurement for the different types of measurement. 

1.66 An introductor y exampl e 

Wee conclude this chapter with an example that illustrates the theory outlined in the previous 
sections.. Moreover, it functions as an illustration of the current practice in industry with respect 
too the assessment of precision of continuous measurement, and it is referred to in sequential 
chapters. . 

Thiss example stems from an engine manufacturer. At some point in the assembly process of 
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thee engine, two cilinder heads are placed on the engine block. These are attached by means 
off  34 bolts. Besides fixing the cilinder heads, the bolts serve to prevent leakage of oil. The 
assemblyy is executed in several phases. First the cilinder heads are fixed with four bolts each. 
Next,, they are tightened together with the remaining bolts in a prescribed order multiple times 
usingg different momenta. Finally, to assure that the prevention of oil leakage is successful, a 
minimumm tension in the bolt needs to be realized. This is achieved by an angle-turn of 120 
degrees. . 

Too verify that the aimed tension has been established the length increase of the bolts (caused 
byy the angle-turn) is measured. Before the assembly the length of the bolt is measured using an 
ultrasonicc measurement device. The device is put on top of the bolt and emits ultrasonic waves 
thatt are reflected by the bottom. The amount of time it takes for the wave to return is used to 
calculatee the length of the bolt. A similar procedure is carried out once the assembly has taken 
place.. The length increase is obtained by taking the difference of the two measurements. The 
lengthh relating to an acceptable tension ranges from 2.7 mm as the Lower Specification Limit 
(LSL)) and 3.5 mm as the Upper Specification Limit (USL). 

Thee after-sales department of the engine manufacturer has received too many complaints 
relatedd to oil leakages, and has decided that action is required on the issue. To make sure no 
falsee conclusions are drawn during the investigation of this problem, the quality of the length 
measurementt is assessed by means of an experiment. To this end the following conclusions 
havee been reached at during a meeting with experts on the matter: 

oo The raters handling the ultrasonic device may cause extra variability in the measurements. 
Theyy will be taken along (as a factor) in the experiment. 

oo Multiple bolts are involved in the experiment. They contribute to the observed variation, 
whichh is object (read: bolt) variation not part of the measurement variation. The exper­
imentt will therefore be designed such that it allows for separation of object variability 
fromm measurement variability. Thus, object is taken along as a factor. 

oo A single ultrasonic device is used by all raters, which will also be the case during the 
experiment.. Hence, it is not a factor during the experiment. 

oo As both (before and after assembly) measurements require the same activities, it is as­
sumedd that both exhibit the same amount of variability. Therefore, it has been decided 
too execute an experiment involving only one of them: the length measurement of the 
pre-assembledd bolts. The estimate of the measurement variation following from this ex­
perimentt is assumed to apply to bothh measurements. 

Takingg all this into account, it was decided to conduct an experiment involving three raters, 
tenn objects and each bolt is measured three times by each rater. The results are presented in 
tablee 1.1. For the purpose of this experiment it has been attempted to select bolts from a wide 
rangee of lengths representing the lengths encountered during regular production. These bolts 
weree measured in random order to eliminate disturbing effects that may occur over time, and 
too assure that the raters do not recognize which bolt they measure. 

1.6.11 Mathematica l mode l 

Traditionally,, experiments for the evaluation of measurement systems involve two factors, 
whichh correspond to the factors objects and raters in our example (Montgomery and Runger, 
1993a,b).. In such an experiment, n objects are measured by m raters, preferably repetitively 
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Experimenta ll  data 

Obj. Obj. 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 

Aver. Aver. 

1 1 

87.23 3 
87.17 7 
87.26 6 
87.21 1 
87.20 0 
87.23 3 
87.29 9 
87.19 9 
87.27 7 
87.24 4 

RaterRater 1 
2 2 

87.26 6 
87.21 1 
87.27 7 
87.23 3 
87.17 7 
87.26 6 
87.33 3 
87.19 9 
87.30 0 
87.23 3 

87.23 3 

3 3 

87.23 3 
87.19 9 
87.23 3 
87.21 1 
87.19 9 
87.24 4 
87.31 1 
87.19 9 
87.24 4 
87.24 4 

1 1 

87.24 4 
87.17 7 
87.24 4 
87.19 9 
87.19 9 
87.29 9 
87.29 9 
87.14 4 
87.17 7 
87.21 1 

RaterRater 2 
2 2 

87.26 6 
87.19 9 
87.24 4 
87.23 3 
87.23 3 
87.30 0 
87.31 1 
87.20 0 
87.24 4 
87.26 6 

87.23 3 

1 1 

87.24 4 
87.20 0 
87.21 1 
87.20 0 
87.19 9 
87.26 6 
87.30 0 
87.21 1 
87.26 6 
87.27 7 

1 1 

87.24 4 
87.29 9 
87.27 7 
87.21 1 
87.21 1 
87.33 3 
87.34 4 
87.21 1 
87.36 6 
87.30 0 

RaterRater 3 
2 2 

87.24 4 
87.20 0 
87.30 0 
87.21 1 
87.24 4 
87.27 7 
87.30 0 
87.20 0 
87.29 9 
87.24 4 

87.26 6 

3 3 

87.27 7 
87.20 0 
87.19 9 
87.23 3 
87.23 3 
87.27 7 
87.30 0 
87.24 4 
87.27 7 
87.21 1 

Aver. Aver. 

87.25 5 
87.20 0 
87.25 5 
87.21 1 
87.21 1 
87.27 7 
87.31 1 
87.20 0 
87.27 7 
87.25 5 

Tablee 1.1: Data from the measurement system analysis experiment 

(say,, f times). When dealing with continuous measurements it is assumed that the outcome of 
thee experiment can be modelled by an (additive) two-way random-effects model. Let Xljk be 
thee A-th judgement of rater j on part i, then the random effects model is given by: 

XXijkijk = fi+a t + 3j +  ltj + sljk, ( 1 .1) 

wheree fi is the overall mean, a, ~ N(0,a%), 3j ~ A'(0, cr|), 7^ ~ JV(0,cr )̂ and Ei}k ~ 
jV(0,of)) are random variables representing the effects of objects, raters, object-rater interac­
tionn and error variance, respectively, for % — 1 , . . ., n, j = 1 , . . ., m and k — !,...,(. It is 
assumedd that all these effects are independent of each other. The mean of the terms associated 
withh raters, objects, object-rater interaction and error are zero. The measurement error due to 
object-raterr interaction should be regarded as resulting from raters approaching objects differ­
ently,, e.g., having difficulty with part fixturing, problems with sample preparation in chemical 
measurements,, et cetera. 

Thiss model is appropriate if objects and raters are drawn from large populations, and the 
underlyingg distributions are approximately normal. It may happen that the raters involved are 
thee only available. The raters effects should then be treated as fixed (Van den Heuvel, 2000; 
Vann den Heuvel and Trip, 2003). 

Inn this model the variance component (r'l  is the repeatability, as it represents the variation 
observedd among the replicated measurements with unchanged conditions. Reproducibility is 
definedd as a2

0 + a^. The variance component related to the factor object has no relationship 
withh the measurement process. The total measurement spread am is defined as: 

o"mm = yjal + a* +a>. 

Forr the purpose of estimation define: 

nn m i *-^ 
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xx++  ~ ^ zJXifc ' ^ ~ Jll xvk> 
i,ki,k k 

andd the sums of squares: 

nn m i 

SSrotaiSSrotai = 2s Zs Zs \XtJk - X...) , 
ii  3 k 

n n 

ssssaa = me^2(Xi..-x..)2, 
i i 

m m 

SSpSSp = ni^2(X.j.-X...)2, 
j j 

nn m 
ssssyy = (Y,Yf{Xij.-Xi..-X.j. + X...)2 

ii  j 

nn m f 

SSSS££ = 2_  ̂Z^ Z-, (Xijk ~ Xij^
ii  j k 

Thesee are needed for the computation of the mean sums of squares, i.e, the sums of squares 
dividedd by their corresponding degrees of freedom. The expectations of the mean sums of 
squaress are given below: 

E{MSE{MS££)) = El ' 
mn{t-\) mn{t-\) 

E(MSp)E(MSp) = E(J^\ = a2 + ia2 + ina% 

E(MSE(MSaa)) = E ( ^ - \ = a2 + ea2 + £ma2
a. 

Off  primary interest is the difference of the length of the bolt before and after assembly, not 
thee individual measurement. Assume that equation (1.1) applies to both measurements: 

X£ fc=^^ + aJ + # + 7i ;+4* ' 

wheree the superscripts b and a refer to before and after assembly, respectively. In addition it 
iss assumed that the effects before and after are identically distributed, with the exception that 
HHaa ̂  /A This yields the following model for the length difference: 

Thee measurement variation of the length difference is given by: 

2a2a22
pp + 2a2 + 2a2, 

thee sum of reproducibility and repeatability. 
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1.6.22 Statistica l analysi s 

Thee observed values (from table l.l ) result in the ANOVA-table (see table 1.2). We estimate 

Analysi ss  of varianc e 

Source Source 
Object t 
Rater r 
Interaction n 
Error r 
Total l 

d.f. d.f. SS SS MS MS F-valueF-value P-value 
9 9 
2 2 

18 8 
60 0 
89 9 

0.1046 4 4 
0.0106 9 9 
0.0134 0 0 
0.0460 7 7 
0.1748 0 0 

0.0116 3 3 
0.0053 4 4 
0.0007 4 4 
0.0007 7 7 

15.616 0 0 
7.176 4 4 
0.969 8 8 

0.0000 0 0 
0.0051 1 1 
0.5045 5 5 

Tablee 1.2: ANOVA results 

thee various variance components by taking linear combinations of the mean sums of squares, 
followingg Vardeman and Van Valkenburg (1999): 

-- 0.00077, 

0, , 

-- 0.00015, 

== 0.0012. 

maxx <0, - {MSy 

,,/3/3 = max <| 0, — (MSp 

MS.) MS.) 

MS^ MS^ 

==  max < 0, — (MSQ - MSy) cm cm 

Thee reproducibility, the repeatability and the measurement spread of the pre-assembled bolts 
aree estimated by: 

0.028. . OmOm = yjo\ + &*  + o\ 0.030. . 

Multiplyingg the above results by \/2 yields the reproducibility, the repeatability and the mea­
surementt spread of the length differences. 

Thee measurement spread enables the construction of a confidence interval for a measure­
mentt X by means of a multiple of the measurement spread: 

mm, , (1.2) ) 

wheree c(ö) is a suitable constant, such that the specified interval can be regarded as a 100(1 — 
S)%S)% confidence interval for the reference value of a part's quality. 

Inn industry the constant c(S) in equation (1.2) is taken to be 2.575, corresponding to a 
99%% confidence interval. This results in X , the 99% confidence interval for the length 
differencee measurement. 

Too conclude the analysis the assumptions of the model should be verified. A normal prob­
abilityy plot shows no indication that the data stem from a distribution other than a normal. 
Furthermore,, plotting the mean values of the objects against the residuals shows no sign of 
heteroscedasticity. . 
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1.6.33 Criteri a fo r measuremen t erro r 

Forr the measurement to be of use for its purpose, bounds should be imposed on the magnitude 
off  the measurement error. To this end criteria are needed reflecting the amount of disparity 
betweenn measurements of the same object that is acceptable. In industry the 99% confidence 
intervall  of equation (1.2) is compared to the tolerance interval width. If the 99% confidence 
intervall  is large, compared to the width of the tolerance interval, the measurement system is 
consideredd unfit for its purpose. To verify whether this is the case industry uses the P/T-Ratio, 
thee Precision-to-Tolerance-Ratio: 

OTOT--RatioRatio=Z7tOT=Z7tOT xl00%xl00%-- (L3) 

Thee P/T-Ratio reflects the percentage of the tolerance interval that is 'consumed' by the mea­
surementt spread. The larger the measurement error, the larger the P/T-Ratio, the less capable 
thee measurement system is to determine whether the reference value falls inside the tolerance 
interval. . 

Too guarantee the quality of measurement the AIAG (2002) has proposed the following 
criteriaa (see table 1.3). The criteria of the AIAG relating the P/T-Ratio and the quality of 

Criterio n n 

P/T-ratioP/T-ratio > 30% 30%-10% 10%-0% 
Qualityy of measurements Inadequate Moderate Adequate 

Tablee 1.3: P/T-Ratio vs. Quality (after AIAG, 2002) 

measurementt are debatable (confer Engel and De Vries, 1997). 
Inn the present situation of the length difference measurement we have: 

„„  „ . 5 .15-^-0.030 ,rtrtfW nnM P/T-Ratioo = x 100% - 28% 
o.oo.o Z. i 

Thiss is almost inadequate, though still moderate according to AIAG standards. 
Iff  the objective of measurement is to distinguish among objects, given a certain variation 

amongg these objects, one uses the Gauge R&R statistic, where R&R stands for Reproducibility 
andd Repeatability: 

Gaugee R&R = — x 100%. (1.4) 
dp dp 

Thee Gauge R&R is the ratio of the measurement spread and the process spread (including 
measurementt spread) ap, and can be interpreted as a signal-to-noise ratio. An estimate of <r p 

shouldd be obtained from measurements independent of the experiment. The larger this index, 
thee harder it is to distinguish among objects. The criteria for this index (AIAG, 2002) are the 
samee as for the P/T-Ratio: table 1.3 applies. 

Thee Gauge R&R for the length difference is: 

Gaugee R&R - Q ^ ° X 100% = 47%, 

wheree the estimate of the process variation is based on historical data of the tightening of bolts. 
Thiss is insufficient according to the AIAG criteria. 
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binar yy measuremen t system s 

Inn this chapter we study how to assess precision of a binary measurement system. Evidently, 
modell  (1.1) of the continuous case is not applicable in the situation of binary measurement. We 
proposee to model the outcome of a binary measurement system analysis experiment by a latent 
classs model. Next, we relate the model parameters to the concept of measurement precision. 
Wee use the latent class model to evaluate alternative approaches to evaluate the measurement 
system,, namely the kappa statistic, the intraclass correlation coefficient and log-linear models. 
Thiss comparison sheds light upon what is the best method to analyze a measurement system 
analysiss study for binary measurements. We conclude with an example illustrating all tech­
niquess discussed. This chapter is based on Van Wieringen and Van den Heuvel (2003). 

2.11 Laten t clas s mode l 

Considerr a rater measuring an object with a binary measurement system. This measurement X 
wil ll  be either zero or one, and is taken to be a random variable that is Bernoulli distributed with 
parameterr p — P(X = 1). We assume that the reference value of the measured object is also 
eitherr zero or one. The reference value of an object, henceforth called Y, is also taken to be 
Bernoullii  distributed with parameter 0 = P(Y — 1), the probability that an object is of good 
quality. . 

Thee measurement X is dependent on Y, the reference value of the measured object. We 
definee n(y) — P{X — l\Y = y), the conditional probability of an object being measured as 
onee given the reference value Y. The unconditional probability that a randomly selected object 
iss measured a s iÉ {0,1}  is: 

P{XP{X = x) 
==  P(X = x\Y = Q)P(Y = 0) + P(X = x\Y = 1)P(Y = 1) 
-- ( l -0 )7 r (On i -7 r (O) )( 1- x ) + 0n(l)x(l-7r(l)f-T). (2.1) 

Forr the situation involving multiple raters we have visualized this measurement process in 
figurefigure 2.1. 
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Sample e 

// X 
Goodd object Bad object 

Objectt Object 
measuredd as measured as 

goodd bad 

Figur ee 2.1 : The measurement process 

Thee outcome of the measurement system analysis experiment is modelled by a latent class 
modell  which specifies the joint probability distribution of the set of rater responses. Latent 
classs analysis distinguishes between a manifest variable (the measurement of a rater) and an 
unobserved,, latent variable (the reference value of the object). The latter is used to explain the 
correlationn structure in the (observed) former. Crucial to this approach is that it assumes condi­
tionall  independence. That is, given the latent variable, the manifest variables are independent 
off  each another. Conditional independence can be formulated as: 

m m 

P(XP(XUUXX22,...,,..., Xm\Y) = J]P[Xi\Y), (2.2) 
3=1 1 

i.e.,, given the reference value of the object, the raters j = 1, . . ., m measure independently. 

Sincee both the observed and latent variable are Bernoulli, the unconditional probability 
thatt rater j measures an object i = 1 , n as good can be written as in (2.1). Using this 
andd (2.2) we specify the model underlying the latent class analysis. Let X denote the n x m 
matrixx containing the data from the measurement system analysis experiment, with Xy the 
measurementt of rater j of object i, given by: 

( ^ nn  X\m \ 
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Thee likelihood function of the joint response of the raters of the sample, X, is: 
nn / iTi 

mm \ 

++ 0Y[Ml))Xi>(l-* j(l))
1-x*  , (2.3) 

j = ii  / 

wheree we substituted P(Yj — 1) = 9 and P{Xij — l|Yj = y) — iTj{y) for all i and j , 
andd ^ — (ö,7Ti{l),... ,7rm(l),7Ti(0),... ,7rm(0)). To ensure identifiability of the model ad­
ditionall  restrictions need to be imposed. In the particular case where each rater makes only 
onee measurement, at least 3 raters need to be involved and it is required that 6 e (0,1) and 
11 > 7Tj(l) > 7Tj(0) > 0 for all j . Restrictions for the general case and the proof that they 
guaranteee identifiability are given in the next chapter. 

Equationn (2.3) plus the additional restrictions enable one to use a maximum likelihood 
proceduree to estimate the parameters (Bartholomew and Knott, 1999; Boyles, 2001). To find a 
maximumm likelihood estimate for * , instead of applying the Newton-Raphson algorithm, the 
E-MM algorithm is used. It has been shown that the sequence of estimates produced by the E-
MM algorithm converges to a maximum of the likelihood function (McLachlan and Krishnan, 
1997).. This is also described in the next chapter. 

2.1.11 Laten t clas s metho d 

Thee precision of a measurement system is assessed on the basis of an experiment. The design 
off  the experiment should allow for the estimation of all parameters in the model. A balanced 
design,, where all objects of the sample are measured under all circumstances of the factors 
underr study, repetitively, meets this requirement. We restrict ourselves to one factor, which 
wee take to be the raters executing the measurement. For this purpose n objects are selected 
randomly,, and are measured by all m raters. The outcome of this experiment can be described 
byy the latent class model and all its parameters can be estimated. 

Besidess describing the outcome of the experiment, the latent class method enables a natural 
operationalizationn of the precision of the measurement. The only measurement error in the 
casee of binary measurements is that of misclassification. Therefore, for binary measurement 
ann operational definition of precision should be related to the probability of misclassification. 
However,, the probability of misclassification itself depends on the quality of the measured 
objects,, whereas the evaluation of the measurement system is preferably independent of the 
qualityy of the measured objects. Therefore, we adopt from Uebersax (1988) the terms sensitivity 
andd specificity. Sensitivity is defined as 7rm{l ) = P(X — \\Y = 1), the probability that a good 
objectt is measured as such. Specificity is defined as 1 — 7rm(0) = P{X — 0\Y — 0), the 
probabilityy that a bad object is measured as bad. Sensitivity 7rm{l ) and specificity 1 - 7rm{0) 
aree related to the type I error and type II error as 1 — 7rm(l) and 7rm(0), respectively. 

Thiss operationalization allows - given the process parameter 6 and estimates 7Ti(0),..., 
7T„,(0)) and 7Ti (1), . . ., 7rm(l) for the parameters - calculation of the probability of misclassifi­
cation.. Assume for simplicity that all raters measure an equal share of the objects. Then, for 
anyy quality 9 of the sample, the estimated probability of misclassification is: 

11 m 

P(misclassification)) = — ^ (0(1 - ^(1)) + (1 - 0)^(0)). (2.4) 
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Iff  raters measure unequal shares, small modifications are required. In addition, for a particular 
objectt one can indicate which category the object is most likely to originate from: category y 
thatt maximizes: P(Y — y\Xi,X2, ....,Xm). 

2.22 Alternativ e method s 

2.2.11 Measur e of agreemen t based on kapp a 

Manyy measures representing the quality of binary measurement systems have been proposed 
andd can be found in Goodman and Kruskal (1954) and the review papers of Landis and Koch 
(1975a,b).. Cohen (1960) introduces a measure of agreement called the kappa. This statistic 
hass been proposed as a statistic for the evaluation of categorical measurement systems, confer 
Dunnn (1989), Futrell (1995) and AIAG (2002). 

AA concept related to precision in the context of binary measurement is agreement. Two 
measurementss of one object agree if they are identical. Agreement is measured by the K statis­
tic,, which represents the degree of agreement between two raters, based on how they classify 
aa sample of objects into a number of categories. However, some agreement may be due to 
chance.. The K statistic, corrected for agreement by chance and normalized, is of the form: 

Heree P0 is the observed proportion of agreement and Pe the expected proportion of agreement 
duee to chance. The K statistic attains the value 1 when there is perfect agreement, 0 if ob­
servedd agreement is merely due to chance and negative values when the amount of agreement 
iss less than is to be expected on the basis of chance. Frequently the observed proportion is 
usedd to evaluate the measurement process. However, P0 confounds systematic agreement with 
agreementt by chance, whereas n focusses on systematic agreement only. 

Ass a comparison consider a multiple choice exam. Marks are calculated in accordance with 
(2.5).. That is, the proportion of questions the examinee answered correctly, P0, is lessened 
byy the expected proportion of questions he would have answered correctly had he chosen his 
answerss randomly, Pe. This difference is scaled to translate it into a mark. 

Cohenn (1960) specifies, for any pair of raters ji , j 2 , the terms in (2.5) as 

ll  l 

PP00 = ^2 PnJ2 (x, x) a nd pe = Yl PJI (x) PM (*) • 
1=00 x=0 

Heree P0 is the proportion of objects with matching measurements of raters jx and j2 and 
PjPjuujj 22(x,x)(x,x) denotes the proportion of objects that have been measured as x by raters j l and 
j 2 .. The expected proportion of agreement Pe is based on the individual marginal distributions 
off  each rater. The marginal proportion for rater j and category x is denoted by Pj(x). Thus, in 
linee with the traditional contingency table setting Cohen (1960) observes that in the situation 
wheree measurements are made completely random the responses of the raters are independent. 

Duee to the way Pe is calculated, K may give values that are counter-intuitive. For instance, 
supposee that all raters measure almost all objects in the same category (small object variation). 
Then,, K is small, as Pe is large. Thus, K confounds to some extent precision of the measurement 
systemm with object variation. Similarly, let one rater measure almost all objects in one category, 
andd the other rater almost all of them in a different category (systematic rater difference). Then, 
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PPee approaches its minimum and causes a relatively high K. Thus, whereas « is designed to 
measuree systematic rater differences, it ignores them to some extent. These are called the 
paradoxess of the kappa (Cicchetti and Feinstein, 1990; Feinstein and Cicchetti, 1990). In this 
contextt it has been argued (see Brennan and Prediger, 1981) to define agreement by chance as 
completelyy random, i.e., the raters assign the objects to any category with equal probability. 

Landiss and Koch (1977) proposes the following table which expresses the relationship be­
tweenn the value of K and the corresponding evaluation of the measurement system. The authors 

Criterio n n 

KappaKappa value 
Qualityy of measurements 

KappaKappa value 
Qualityy of measurements 

<< 0.00 
Poor r 

0.41-0.60 0.41-0.60 
Moderate e 

0.00-0.20 0.00-0.20 
Slight t 

0.61-0.80 0.61-0.80 
Substantial l 

0.21-0.40 0.21-0.40 
Fair r 

0.81-1.00 0.81-1.00 
Almostt perfect 

Tablee 2.1: Correspondence between K and the quality of measurements 

suggestt that this classification is arbitrary. 
Anotherr approach is to test H0 : n — 0 against HA : K ^ 0 , thus testing whether agreement 

iss substantial, or merely due to chance. However, this approach changes the question from 
"Howw good is the measurement process?", to "Do we have a measurement process at all?". For 
moree on test procedures and moments of the K see Everitt (1968) and Hubert (1977). 

2.2.22 Kappa for multipl e rater s 

Wee point out briefly how kappa extends to the situation of more than two raters. Since at least 
twoo raters are required for agreement, Fleiss (1971) suggests that the degree of agreement may 
bee expressed in terms of the proportion of agreeing pairs. If there are m raters, the maximum 
numberr of agreeing pairs possible per object equals \m(m - 1). To estimate the proportion of 
agreeingg pairs per object, Fleiss proposes the sum of the number of agreeing pairs per category: 

p°° = ^ rT ) (èÈ^ ) ( ^ ) - i ) ) . 
vv > \i=\ x=0 / 

withh Zi(x) = YlT=i ftfóij = x) the number of times object i has been classified as x. The 
expectedd proportion of agreement is given by: 

r,, rn 1 

VV ' J 1 . J2 = 1 X = 0 
j \\ < 32 

Eachh pair of raters enters the sum only once. Pe estimates, under the assumption of inde­
pendence,, the probability that two randomly selected raters classify an object into the same 
category,, based on the individual marginal proportions of the raters. We have adopted Conger 
(1980)) here instead of Fleiss (1971), with the main difference that Conger allows the raters 
too have different marginal distributions, and calculate Pe without rater replacement. This has 
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thee advantage that it is conceptually in line with Cohen (1960). This is illustrated by the fact 
thatt K for multiple raters equals the average of all pairwise K'S, if either there is independence 
amongg all raters or their marginal probabilities are equal. One may generalize this approach by 
consideringg the other tuples of agreeing raters. 

2.2.33 Kappa statistic from the perspective of the latent class model 

Usingg the latent class model, we rewrite K in terms of the parameters of the latent class model. 
Wee limit ourselves to two raters,̂ to avoid cumbersome notational issues. The observed agree­
mentt is the probability that both raters make the same measurement: 

l l 

PP00 = P(X1 = X2) = £ |1 - y - 6\ (x - 7ri(y)) (x - ir2(y)). 
x.y—x.y—0 0 

Thee expected proportion of agreement, i.e., the probability that by chance the raters measure 
identically,, is given by 

ll  l 

PPee = J2P(X1=X)P(X2 =X) = 5>I0E)P2(Z) , 
I=0I=0 x=0 

withh Pj(x) = P(Xj = x) defined analogous to (2.1). Reformulating (2.5) in terms of the latent 
classs parameters yields a K that depends on the nj(y) and 6. This is displayed graphically, for 
ann arbitrary choice of the TTj(y), by plotting K against 0 (see figure 2.2). Thus, for a single mea-

Figuree 2.2: K against 6 

surementt system K can differ substantially from one measurement system analysis experiment 
too another depending on the quality of the measured objects . 

Givenn that kappa depends on the process parameter 6, one may argue that the criteria on the 
kappa,, as proposed in Landis and Koch (1977) should be adjusted accordingly, confer Elffers 
(2001).. As the criteria themselves are arbitrary so will be their adjustments. 

*Thiss violates the identification restrictions, but can be coped with by requiring, in addition to 7TJ(1) > TTJ(0), 
thatt 7^(1) = 1 - 7Tj(0) for all j . 
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Thee latent class model is a model for the outcome of a measurement system analysis exper­
iment,, whereas K is trying to summarize all aspects of a measurement system into one number. 
Whenn K indicates that the measurement system is not up to standard, it provides no clues how 
thiss has arisen. The estimated latent class model, on the other hand, yields information about 
thee individual rater performances, thus giving insight in how discrepancies between measure­
mentss have come about. 

2.2.44 Intraclas s correlatio n coefficien t 

Thee social sciences interpret precision as reliability, which is the consistency with which a mea­
surementt system measures a certain property, or, equivalently, the correlation between multiple 
measurementss of the same object. Reliability is often expressed in the form of an intraclass 
correlationn coefficient (Lord and Novick, 1968; Shrout and Fleisch, 1979). 

Lett Xij be the measurement of an arbitrary object i by rater j . Again, it is assumed that X^ 
iss Bernoulli distributed with parameters pj = P(Xjj = 1) for all i. For binary measurements 
thee intraclass correlation coefficient is called the 0 coefficient and (for two raters) defined as 

CovfXq,, Xi2) _ P{Xtl = 1, Xi2 = 1)-Pl p2 

v/Var(Xtl)-Var(Xi2)) y/Pl (1 - Pl)p2 (1 - p2) 

Ass other product moment correlation coefficients 0 only assumes values in the interval [-1,1]. 
Thee 0 coefficient is estimated by replacing all the terms in the righthand side of (2.6) by 

theirr corresponding estimates: px = \ YTi=\ ^ t i . P2 = ~ £"= i «̂2» and P(Xn = l,Xi2 = 1) 

Forr the situation involving m > 2 raters Fleiss (1965) and Bartko and Carpenter (1976) 
proposee to evaluate the reliability by means of the average of the 0 coefficients of all possible 
raterr pairs, where they assume that pj = p for j — 1, . . ., ra. The 0 coefficient for multiple 
raterss is then estimated by 0 = (P — p2)/(p — p2) where 

.. n m ~ n m—\ m 

p=p=——YYYYxxnn and p=—;—TTyy r xihxij2 
n m ^ ^^ J n m m - 1 ^ ^ ^ Jl n 

Whenn using the intraclass correlation coefficient as the statistic representing the quality of 
measurements,, from Wheeler and Lyday (1989) one can deduce the criteria in table 2.2. The 

Criterio n n 

00 < 0.60 0.60-0.90 0.90-1.00 
Qualityy of measurements Inadequate Moderate Adequate 

Tablee 2.2: Correspondence between <j> and the quality of measurements 

criteriaa in table 2.2 apply to intraclass correlation coefficients for continuous measurements. 
Wee assume they can be used for <p coefficient. 
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2.2.55 The intraclas s correlatio n coefficien t fro m the perspectiv e of the laten t 
clas ss mode l 

Ass with the kappa statistic we use the latent class model to study the intraclass correlation 
coefficient,, and restrict the comparison to the two raters case. The numerator of <f>  becomes: 

Cav(Xa,XCav(Xa,Xaa) ) 
l l 

== ]P (xi-p1){x2-p2)P(Xii = x1,Xa = x2) 
xi,a:2—0 0 

1 1 

J2J2 ((* , -071,(1) - ( 1 -0 ) ^ (0 )) 
£ l , £ 2 =0 0 

XX (z2-07r2(l)-(l-0)7r2(O)) 

++  {1-6) 71,(0)" (1 - n1(0)Y1-x  ̂ MOY2 (1 - 7i2(Q)){1-^) ) 

== ö(l-Ö)(7r1(l)-7t1(0))(7r2(l)-7r2(0)), 

andd for its denominator y/Var(Xi i ) • Var(JsCj2) we have: 

i i 

Var(^)) = ^ > ; - Vj?P(Xj = x) = Pj - v) J = 1,2. 

Ass the formula for <p is not a transparent expression, we resort to visual means to illustrate 
thee relation between <p and the parameters of the latent class model. The surface in figure 2.3.a 
representss 4> against 7Ti(l) and 7r2(l) (toobtain a 3-dimensional graph we have fixed 6 and taken 
7Tj(0)) = 1 — 7Tj(l) for all j). This corresponds with the intuitive idea of 0: <f>  = 1 if the raters 
measuree similarly (i.e. 7^(1) equals 1 for all m) and 0 = 0 if the raters both rate randomly (i.e. 
7Ti(l)) = \ = 7T2(1)). 

Figuree 2.3.a: <f> vs. 7^(1) and 7T2(1) Figure 2.3.b: <f>vs.6 

Figuree 2.3.b shows that <f>  (like K) also depends on 6. The <p statistic thus evaluates the 
measurementt system in relation to the process (with parameter 6). As 6 may vary from process 
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too process the evaluation does not apply to other processes. Moreover, 0 is not capable of 
evaluatingg a measurement system independent of the process. For a comparison consider the 
Gaugee R&R statistic mentioned in chapter 1. The Gauge R&R statistic is not independent of 
thee process as it involves the process spread. To evaluate the measurement system independent 
off  the process one would only use the measurement spread. 

Likee K, <f>  is a summary statistic, providing only aggregated information, which is of limited 
usee when the measurement system needs improvement. 

2.2.66 Log-linea r mode l 

Likee the kappa method, Tanner and Young (1985) interprets precision as agreement. Instead of 
definingg a measure for agreement, they model agreement. They use the rater measurements to 
constructt a contingency table. The cells of this table are modelled by a log-linear model with 
twoo components: one representing the effect of chance, and the other representing the effect of 
raterr agreement. 

Lett Xi = {Xn, Xi2,.. •, Xim) be the measurements of the m raters on object i. For each 
m-tuplee x = (xt, x2,..., xm) with Xj G {0,1} , define n(x) = £"= 1 #{Xl = x). n(x) is the 
numberr of times m-tuple x appears in the measurement system analysis experiment. Tanner 
andd Young assume that n(x) is strictly positive. This is a remarkable assumption. When dealing 
withh a precise measurement system, one expects to find (mainly) the patterns x = (0,0, . . ., 0) ) 
andd x — (1 ,1 , . . ., 1). Therefore, one would expect patterns for which n(x) equals 0. 

Tannerr and Young consider the n(x) as the cells of a contingency table. Table 2.3 visualizes 
thiss for two raters. The main diagonal cells of the contingency table represent the agreement 

Contingenc yy tabl e 

RaterRater B 
00 1 

RaterRater A  n ( (0 ,0 ) ) n ( ( 1 ) } 

11 n((1,0» n((1,1)) 

Tablee 2.3: Results of the raters 

betweenn the raters. Tanner and Young study agreement by comparing the frequencies in these 
diagonall  cells to the expected cell count under an independence model (i.e., all raters mea­
suree independently and their marginal distributions yield the expected number of times x will 
occur). . 

Conventionally,, contingency tables are modelled by log-linear models. Therefore, the inde­
pendencee model is given by : 

m m 

\n{En(x))=u\n{En(x))=u + ^2uj(xj). (2.7) 

Tannerr and Young call u the overall effect and UJ(XJ) the effect of category Xj of the j-th rater. 
Modell  (2.7) is an alternative way of stating that the cell counts are explained by the marginal 
proportionss of the raters. From this perspective u3 {x3) can be viewed as the difference between 
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thee proportion of rater j measuring an object as Xj and the overall proportion. Added to model 
(2.7)) should be the restriction 

l l 

^2UJ{XJ)^2UJ{XJ) = Q for all ƒ (2.8) 

Thiss makes model (2.7) identifiable and assures that the marginal proportions sum to 1 for each 
rater. . 

AA second term is added to model (2.7), which accounts for the discrepancies between the 
observedd and expected cell counts of the diagonal cells: 

m m 

Inn (En(x)) =  u + ^2 U3{XJ) + 6(x), (2.9) 
J=I I 

with h 
r,r, , _ ƒ c if x is a diagonal cell 

\\ 0 otherwise, 

wheree c is a constant that reduces the discrepancy between the observed and the expected cell 
countt of the diagonal cells. Tanner and Young interpret c as the effect due to agreement among 
thee raters. 

Estimatess of the parameters are obtained by a maximum likelihood procedure, where it is 
assumedd that the contingency table can be described by a multinomial distribution. A signif­
icantt discrepancy between the observed diagonal cells and their expected cell count under the 
independencee model corresponds to the significance of the agreement. The significance of the 
discrepancyy (and thus of the agreement) is assessed by testing whether model (2.9) fits the data 
significantlyy better than model (2.7). 

Evaluatingg the measurement system by testing the significance of agreement is in fact an­
sweringg the question "Do we have a measurement system at all?". Moreover, it is not clear how 
significancee of agreement relates to the consequences, e.g., the number of incorrectly measured 
objects,, of the use of a measurement system. 

2.2.77 The log-linea r mode l fro m the perspectiv e of the laten t clas s mode l 

Forr the comparison between the log-linear model approach and the latent class model we limit 
ourselvess - as before - to the two raters case. The log-linear model is: 

ln(En(a:))) = « + (- l ) X l «i + (-l)X2u2 + 6{x), (2.10) 

where e 
c,c,  ( c if x is a diagonal cell 
olx)olx) = < . 

^^ 0 otherwise. 

Too see what the model actually describes, we have rewritten the agreement contribution c 
inn terms of the latent class parameters: 

11 /E (n (0 ,0 ) ) .EWl , l ) )\ 
4"\E(n(0,\))-E(n(l,0))J'4"\E(n(0,\))-E(n(l,0))J' U ' H ) 
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with h 

E(»(x))) = n hflfa - 7^(1)1 + (1 - 0) n \*i  - Ti(0)l) • 
VV j=i J=I / 

Modell  (2.10) is saturated, therefore we can write c as an explicit expression by solving the 
modell  in terms of the expected cell counts. 

Plottingg c against 9 (see figure 2.4) reveals they are related (where the irm{i)  are fixed as for 
thee kappa in figure 2.2). This implies that the evaluation of a measurement system by means of 

Figur ee 2.4: Agreement contribution c against 6 

thee log-linear model method is not independent of the process parameter 9. 

2.33 Exampl e 

Att an engine manufacturer components are examined on dirt, for too much dirt may cause an 
enginee to break down. For the purpose of examination a tape is affixed to the component. The 
tapee is detached and placed under a microscope, magnified thirty times and photographed. The 
photographh is compared with a number of references, covering all the variaties of contamina­
tion.. These references are divided into two categories, one representing the acceptable (clean) 
surfacess and the other the unacceptable (contaminated) surfaces. A rater decides which refer­
encee the photograph resembles best, indirectly judging whether the component is suitable for 
productionn or needs to be cleaned first. 

Too assess the quality of the measurement system we have set up an experiment where three 
raterss measured 20 objects, according to the procedure described above, in random order. Per 
componentt only one tape is gathered, which is measured by all raters. The data have been 
reproducedd in table 2.4. We illustrate the methods described in this chapter by applying them 
too the described measurement system for dirt on engine components. 

Usingg the E-M algorithm as in McLachlan and Krishnan (1997), which maximizes the 
likelihoodd function (2.3), we find 6 = 0.13, the sensitivity of each rater nA(l) = 0.99,7rB(l) = 
0.99,, TTC(1) = 0.89, and the specificity for each rater 1 - 7rA(0) = 0.58, 1 - TTB(0) = 0.80 and 
11 _ jrc(Q) = 0.50. These estimates show the individual rater performances. All raters are good 
att judging a good object as such. Raters A and C have a tendency to mistake bad objects for 
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Experimenta ll  data 

Object Object 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 
11 1 
12 2 
13 3 
14 4 
15 5 
16 6 
17 7 
18 8 
19 9 
20 0 

Total Total 
Good Good 

Rater Rater 
A A 

1 1 
0 0 
1 1 
1 1 
0 0 
0 0 
1 1 
0 0 
0 0 
1 1 
1 1 
0 0 
0 0 
1 1 
1 1 
0 0 
0 0 
1 1 
1 1 
0 0 

10 0 

Rater Rater 
B B 

1 1 
0 0 
0 0 
1 1 
1 1 
1 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 1 
1 1 
0 0 

6 6 

Rater Rater 
C C 

0 0 
1 1 
0 0 
1 1 
1 1 
0 0 
0 0 
1 1 
0 0 
1 1 
1 1 
0 0 
1 1 
1 1 
0 0 
0 0 
0 0 
1 1 
1 1 
1 1 

11 1 

Total Total 
Good Good 

2 2 
1 1 
1 1 
3 3 
2 2 
1 1 
1 1 
1 1 
0 0 
2 2 
2 2 
0 0 
1 1 
2 2 
1 1 
0 0 
0 0 
3 3 
3 3 
1 1 

27 7 

Total Total 
Bad Bad 

1 1 
2 2 
2 2 
0 0 
1 1 
2 2 
2 2 
2 2 
3 3 
1 1 
1 1 
3 3 
2 2 
1 1 
2 2 
3 3 
3 3 
0 0 
0 0 
2 2 

33 3 

Tablee 2.4: Data, with 1 = good and 0 = bad 

goodd objects, giving too optimistic an impression of the sample. This means, if raters A, B and 
CC measure the engine components, we substitute the found estimates into 

11 m 

P(misclassification)) = - ^ (d(l - ^(1)) + (1 - 0)^(0)) , 
i = i i 

wee have a probability of 0.33 on a wrongly measured object (cf. formula (2.4)). In table 2.5 
thee expected frequencies according to the latent class model (LCM) for each response pattern 
aree given. They hardly deviate from the observed frequencies. 

Tablee 2.5 displays the expected frequencies according to the log-linear agreement model, 
includingg c, estimated as c — 0.63. When we incorporate this term in the model the Pearson \2 

goodness-of-fitt statistic changes from 0.58 to 0.79. Neither one exceeds the a-level of 0.05. 
Thee intraclass correlation coefficient and kappa for the three raters combined and each 

possiblee pair are given in table 2.6. All these indices have a large deviation from their ideal 
value.. This provides no information on the individual rater level to see who needs attention 
inn the improvement process. This is partially due to the fact that the raters have not measured 
objectss repetitively. If the raters measure the objects repetitively K and <\>  can be calculated for 
thee raters individually. This enables the evaluation of the consistency of each rater. 
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Frequencie s s 

Response Response 
pattern pattern 

n((0,0,0)) ) 
n((1,0,0)) ) 
n((0,1,0)) ) 
n((0,0,1)) ) 
n((1,1,0)) ) 
n((1,0,1)) ) 
n((0,1,1)) ) 
n((1,1,1)) ) 

Observed d 
frequency y 

4 4 
3 3 
1 1 
4 4 
1 1 
3 3 
1 1 
3 3 

LCM M 
prediction prediction 

4.00 0 
3.00 0 
1.00 0 
3.99 9 
1.00 0 
3.00 0 
1.00 0 
3.00 0 

Log-linear Log-linear 
prediction prediction 

4.46 6 
2.60 0 
0.95 5 
3.31 1 
1.04 4 
3.62 2 
1.32 2 
2.72 2 

Tablee 2.5: Results for LCM and Log-linear model 

KK and 4> 

ABAB AC BC Overall 
<f><f> 0.22 0.10 0.15 0.12 
KK  0.20 0.10 0.13 0.14 

Tablee 2.6: Results of K and <f> 

Alll  the above methods confirm what the 'eyeball test' already suggests, namely, a rather 
poorr measurement system for the engine components data. It is only the latent class method 
thatt demonstrates clearly the consequences of applying this measurement system in practice, 
andd provides clues for improvement. 

2.44 Conclusio n 

Inn the literature, no truly satisfactory approach for measurement system analysis was found 
forr binary measurement, despite the fact that binary measurements are often encountered in 
practice.. For measurement system analysis experiments with binary measurements we adopt 
thee design used in the continuous setting: each rater involved in the experiment measures all 
selectedd objects, preferably repetitively. We introduced the latent class model to model the 
outcomee of such an experiment. This model involves several parameters that all have a clear 
interpretation.. Furthermore, in the paradigm of this model we gave an operational definition 
forr the measurement precision sensible to binary measurements, and directly related to the 
parameterss of the model. Once all parameters are estimated, we have a clear insight into the 
consequencess of applying a measurement system. This serves as the basis for the evaluation of 
thee measurement system. 

AA comparison of the latent class method to alternative approaches leads to the conclusion 
thatt the former has some considerable advantages: 

oo A one dimensional index (kappa, K, phi, <f>,  and delta, 6, in the log-linear model approach) 
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givess far less insight in the merits of a measurement system then the latent class model 
withh its 2 m estimated parameters TTI(1), . . ., 7rm(l), TTI(O), . . ., 7rm(0). 

oo K, 0 and Ö evaluate a measurement system in relation to the quality of the process in 
whichh it is to be applied. This is reflected in the dependency of all three statistics on 8, 
whichh represents the quality of the process. In itself it is useful to evaluate a measurement 
systemm in relation to its application, but more insight is gained from splitting this issue 
intoo two sub-issues: 

1.. How good is the measurement system itself (independent of its application)? 
2.. Is this good enough for the intended application? 
Thee latent class model answers the first issue in the form of the sensitivity and specificity. 
Considerationn of the consequences of a misclassification, combined with their estimated 
frequency,, provide the information to decide in the second issue. 

Inn standard measurement system analysis experiments objects are measured more than 
once.. It is hard to see how the methods deal with repeated measurements of the objects. Only 
thee latent class model has a natural extension to experiments with repeated measurements. 
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Thee previous chapter proposes the latent class model for the outcome of a measurement system 
analysiss experiment for measurement systems with a binary response. In this chapter, we prove 
firstfirst the identifiability of this model. Next, estimators for the parameters of the model are 
constructed,, and their variance is determined. Finally, we show how confidence intervals of the 
estimatess are constructed and how the goodness-of-fit of the latent class model is assessed. 

3.11 The laten t clas s mode l 

Wee adopt the notation introduced in chapter 2. Let YJ be the reference values of objects i = 
1, . . .,, n, which one cannot observe directly. Take Yt to be Bernoulli distributed with unknown 
parameterr 6 — P(Yi = 1) for each i, the probability of the object being good. The objects are 
measuredd £j > 1 times by raters j = 1, . . ., m. Note that compared with chapter 2 this is a 
generalizationn of the latent class model. The random variable Xij G {0,1,...., £j} represents 
thee number of times rater j measures object % as good. The distribution of X  ̂ depends on Y{. 
Wee let 7Tj(l) be the probability that rater j rates a good object as good, and TTJ(Q) that he rates 
aa bad object as good. Finally, let X be the matrix containing the data from the experiment, 
definedd as: 

// X\\  X\m \ 

X=\X=\ \ \. (3.1) 
\\ Xni  • • Xnjn J 

Thee rows of X are denoted by X\,..., Xn. 
Wee write the likelihood function as (compare equation (2.3)): 

n n 

L(X;V)L(X;V) = Y[P{Xi=Xi) 

== n {c1 - °) ü (x)(i - ̂ ^'^  wQ»Xti 

+ ön(^J ( l " 7 r j { 1 ) ) ' j " X l j ( 7 r j ( 1 ) ) X , j j 
n n 

== Y[({l-9)G{* 1{0),...,nm{0)iXi) 

++ öG(ir1( l ) , . . . , i rm( l ) ;X i )) , (3-2) 

wheree * - (0,7n(l),..., 7rm(l), 7n(0),..., 7rm(0))T, and 

G(xi{yi),...,irG(xi{yi),...,irmm(yi);Xi)(yi);Xi)  = P(Xn = xn,... ,Xim = xim\Yi = y{) (3.3) 
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iss the likelihood of Xt, given the reference value Y,. 
Thiss model treats the differences among raters as fixed effects, because the parameters 

7Tj(l)) and 7Tj(0) reflect sensitivity and specificity of the raters individually, not of a population 
off  raters. Consequently, inferences based on the model apply solely to the particular raters who 
takee part in the experiment. Would one want to regard the raters in the experiment as a sample 
fromm the population of raters, one should consider a random effects model. 

3.22 Identifiabilit y 

Modell  (3.2) is parametric. This means that the model specifies the essential form of the prob­
abilityy distribution, but leaves some degrees of freedom in the form of parameters to be esti­
mated.. A parameterization is a map from the Euclidian space, domain of the parameters, to 
thee corresponding space of distributions. A restriction on a parameterization is that it must be 
identifiable.. We quote the definition of identifiability from Bickel and Doksum (2001): 

Definitionn 1 A parameterization is called identifiable if it is one-to-one. That is, let £i and 
£22 be two parameter values with their corresponding distributions P  ̂ and P 2̂, then £i  ̂ £2 

impliesimplies P  ̂ / P 2̂. 

Onee distinguishes between two kinds of identifiability, local and global. Local identifiability 
meanss that within a small enough neighbourhood no two values for the parameters result in 
thee same distribution. Global identifiability holds within the whole parameter domain, and 
guaranteess uniqueness. 

Thee latent class model (3.2) is in its general form not identifiable. To demonstrate this, 
wee quote a theorem of Yakowitz and Spragins (see Titterington, Smith and Makov, 1985) that 
specifiess when a class of finite mixture distributions is identifiable. A parameterization plus 
thee domain of the parameters define a class of distributions. The parameterization of model 
(3.2)) induces a class of finite mixture distributions, for the latent class model is a mixture of the 
distributionss given in equation (3.3). Let J7 be the class of distribution functions from which 
mixturess are formed, and define Q as the class of finite mixtures of T. Then: 

Theoremm 1 A necessary and sufficient condition for Q to be identifiable is that T is a linearly 
independentindependent set over the field of real numbers, R. 

Lett B be the class of products of binomial distributions: 

B=lf[B(7rB=lf[B(7r jj(-);t(-);t jj)) | *,•(.) G [0,1]; m > 1; €j <E N | , 

andd define the class of mixtures of two products of binomial distributions: 

MM = {M = dBl+{l  -0)B2 | 0 e [0,1];B1,B2 G B} . 

Thee latent class model (3.2) is an element of the class M. For this model it can be shown that 
thee condition of theorem 1 is violated. To this end choose any vector of parameters * ' = (0', 
< ( ! ) , . . .. ,<( l ) ,7r i (0) , . .. , < (0 ) )T , and define 

* •• = ( 1 - ^ ^ , ( 0 ) , . . ., 7^(0), T rK l ) , . . . , ^ ! ) ) 7 1. (3.4) 
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Then,, for any realization of x: 

P{XP{X = # ; # ') = P{X = «;**) . 

Thiss violates the linear independency condition in theorem 1 as well as definition 1 and shows 
thatt the latent class model (3.2) is not identifiable. 

Wee now study whether B contains a subclass that is identifiable, and hence under which 
conditionss the latent class model is identifiable. 

3.2.11 Main resul t 

Thee main result is: 

Theoremm 2 For global identifiability of model (3.2) it is sufficient to require the following: 

0 ^ 0,, 0 ^ 1 and TTJ(1) > 7Tj(0) for j = 1,. .. ,m, (3.5) 

and and 
m, m, 

JJ(̂ ^ + l ) - l > 2 m + l. (3.6) 

Remarkk 1: The restricted parameter space is a connected subspace of the original 2m + 1 
dimensionall  unit cube, a desired property for many maximum likelihood procedures. 

Remarkk 2: One can require either TTJ(1) > ITJ(0) or TTJ(1) < 7Tj(0) for each rater j € A. 
Choosingg the former and using 

max{ci,c2}}  > 0cx + (1 - 6)c2 for all 6 G [0,1], 

itt implies, when £, = 1, 

7^(1)) > #7^(1) + (1 - 0)^(0) = P{X%3 - 1). (3.7) 

Thiss states that the probability of a rater measuring an object as good is less than the probability 
thatt he rates it as good given that it is good. When we still assume t3 — 1, Bayes' theorem 
gives: : 

P{XijP{Xij  = m = l)P(Yi = 1) = P{Yi = l\X{j = 1 ) P (^ = 1). 

Combiningg this and equation (3.7) implies P{Yi — 1) < P(Yi — 1|X̂  = 1). Thus, the 
measurementt of any rater is useful in assessing the reference value of the object. Therefore we 
havee chosen to formulate the restriction in theorem 2 such that it is in line with the philosophy 
off  the problem of measurement system analysis. 

Remarkk 3: The strict inequality 7Tj(0) ^ ^(1) for all j arises naturally from the model, since 
7Tj(0)) — 7Tj (1) implies : 

P(XijP(Xij = Xi\Yi = y) = P{Xij = Xi) for all xl and y. 

Thiss means that rater j measures independently of the object. This violates the fundamental 
conditionall  independence assumption of the model. 

Remarkk 4: It turns out that 7Tj(l) > 7TJ(0) is not required for all operators. However, it is 
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convenientt (from an interpretational point of view) to state the condition in this way. 

Remarkk 5: To explain intuitively condition (3.6), consider a balanced design: lj  = I for all j . 
Ass the number of raters equals m, the model involves 2 m + 1 parameters. For this number of 
raterss there are (( + l ) m different potential responses, which are subject to the restriction that 
thee sum of the probabilities of these outcomes should equal one. Therefore the model can only 
bee identifiable if (̂  + l ) m - 1 > 2 m + 1. If this is not satisfied, the map from the parameter 
spacee to the outcome space is one from a 2 m + 1 dimension space to a lower dimensional 
one.. The implicit function theorem (Stromberg, 1981) implies that local identifiability is not 
possible.. This has also been pointed out by McHugh (1954) and Goodman (1974). 

3.2.22 Mixed factoria l moment s 

Forr the proof of theorem 2 we need the concept of mixed factorial moments. This concept is 
introducedd here. If Xn,..., Xirn are random variables, their mixed factorial moments are, for 
aauu ..., am e N (we take zero to be included in N): 

£; [ jJ^(^J- - l ) . . . (Xy-aii + l) 
0 =i i 

(3.8) ) 

Wee define the mixed factorial moments for binomial random variables slightly differently from 
(3.8),, namely as: 

H H 

Thiss can be rewritten to: 

fli,...,afli,...,amm)) — & \A-i\ '  A i m J 

-- E n Xij{XijXij{Xij  — 1) • - - {Xij  — a,j + 1) 
\\ £j(i j-l)---(£J-aj + l) 

(3.9) ) 

^^  am) H S *;(4-l)-"(4- ^  + 1) 
Xij(XjjXij(Xjj  — ! ) • • • (Xjj - dj + 1) 

jj  + l) 

Xjj(XjjXjj(Xjj  — ! ) • • • (X  ̂ -dj + 1) 

andd due to the conditional independence this becomes: 

+ + 
EE n 

^(ai, . .„o m) ) 
__ r>(v _ n\ TT r ( Xv(XJ3 ~ *) ' ' ' (Xij  ~ aj + l) 

mm / 

++  P(Yi^l)l[E( 
X^X  ̂ (Xij — 1) • • • (Xj j  — ÜJ + 1) 

4 ( 4 - 1 ) . . . ( 4 - f ljj  + l) 

YiYi = 0 

Y,Y, = l 

(3.10) ) 

Itt is possible to give an explicit expression for (3.10). Cramer (1974) showed that if X is 
binomiallyy distributed with parameters p and n, the factorial moments are given by 

EE (X(X - 1) • - • (X - a + 1)) = n(n - 1) • • • (n - a + l)pa. (3.11) ) 



3.22 Identifiabilit y 31 1 

A i(ai,.-.,am) ) 

Thiss enables us to rewrite (3.10). Because Xij is, conditionally on the event Y{ — yu distributed 
ass B(TTj(yi);£j), we apply (3.11), which shows that (3.10) under the latent class model is equal 

rr  (i-0)nr-i*?(o ) 
++ *l£ir?(l> ^ ° - f l j - ^ f0ra11^'' 0.12) 

00 if 3 j such that £j < a,j. 

Factoriall  moments will be denoted in the next section with the use of unit vectors ej = 
(0 , . . .,, 0,1,0,. . ., 0) (all entries zero, except for the j-th , which is 1). For example: 

-- „  - F(YMYWYW Y&A 
/^2ei+e22 — ^(2,1,0,-0) — & \^i\  A i 2 A i 3 "  ' *im J 

Xii(XnXii(Xn — l)Xi2 
==  E 

il(il-l)t2 il(il-l)t2 

3.2.33 Proo f of theore m 2 

Firstt we study some particular cases (lemma 1 through lemma 3), prerequisites to prove the 
generall  case (lemma 4). In the proof of lemma 1 through lemma 3 we start with local identifia­
bility.. Successively, we show globall  identifiability. We realize that the latter implies the former, 
howeverr results from local identifiability will be used later in section 3.3.1. 

Lemmaa 1 For m — 1,£ — 3 (one rater, three replications) model (3.2) is identifiable (under 
thethe restrictions mentioned in theorem 2). 

Proof::  Given a distribution we can construct its moments. This is done for the latent class 
modell  in section 3.2.2 (the mixed factorial moments are a linear combination of the moments). 
Thee distribution under study is identifiable if the parameters can be expressed uniquely in terms 
off  the moments. Therefore, to show identifiability we must establish a link between the mixed 
factoriall  moments and the model parameters. For local identifiability this link must be one-to-
onee in a small enough neighbourhood of any point of the parameter space. This is guaranteed 
byy the inverse function theorem (Stromberg, 1981) if the matrix of all partial derivatives (the 
Jacobi-matrix)) of this link has a nonzero determinant (the Jacobian). 

Restrictionn (3.6) is satisfied. Define the map W from the parameter space to the 3-dimensional 
unitt cube: 

W(*)W(*) = W T l ( l ) ) 

Tl(0 ) ) 

(3.13) ) 

fl(l-(9)(fl(l-(9)( fflffl (l)-(l)-WlWl(0))(0))4 4 

Calculationn of the Jacobian of this map yields: 

7ri(i)-7ri(o)) e i-e 
TT^l)22 - TnfO)2 207^(1) 2(1-0)7^(0) 
^ ( l ^ -Tn fO) 33 SÖTT^I)2 3(l-0)7r,(O)2 

Thee zeros of the right hand part are 9 — 0, 0 = 1 and TTI(1) = 7Ti (0). These are excluded from 
thee parameter space by the conditions (3.5). We have thus shown that the determinant of W 
iss nonzero everywhere in the parameter domain, excluding these zeros. The inverse function 
theoremm now gives local identifiability. 
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Forr global identifiability it must be shown that the map W from parameters to the mixed 
factoriall  moments is one-to-one in the whole domain. This is done by expressing the parameters 
inn terms of the mixed factorial moments. The solution for this particular problem is given in 
Blischkee (1962) and is briefly outlined here. After manipulation of the factorial moments, we 
writee (see also relations 1 and 2 in appendix A of this chapter): 

TTxCl)) +7^(0) 

7^ (1 )^ (0) ) 

9 9 

Fromm this we solve 9, 7TI(1) and ^(0): 

TI (1 )) = 

*i(0 )) = 

M3ett ~ M2eiMei 

M2e!!  — MeiMei 

M3eiMeii  ~ M2eiM2ei 

M2eii  — Me! Me! 

Me,, ~ 7Ti(0) 

TT^l)) - 7 n ( 0 )" 

== K 

==  62, 

(3.14.a) ) 

(3.14.b) ) 

(3.14.C) ) 

bi-4bbi-4b22Y Y 

\\ (bi =F y/til-*^ , 

2Me,, - &i  y/bi2 - Ab2 

(3.15.a) ) 

(3.15.b) ) 

(3.15.c) ) 
2 - 4 6 2 2 

Takingg 7Ti(l) > 7Ti(0) from (3.5) only one solution for each parameter remains, consequently 
thiss fixes the solution for 9. Thus, there is a 1-1 relationship between model parameters and 
mixedd factorial moments, and therefore with the distribution. We have global identifiability 
underr restriction (3.5). 

Lemmaa 2 For m — 2, £\ — 2, £2 = 1 (two raters, one with two replicates, the other with one) 
modelmodel (3.2) is identifiable (under the restrictions mentioned in theorem 2). 

Proof::  Again restriction (3.6) is satisfied. Redefine W as: 

WW (*) = w 
(( ° \ 

TT 2(1) ) 

Tl (0) ) 
VV 7T2(0) J 

Thee Jacobian of W is (DW is the Jacobi-matrix) 

det(DW)det(DW) = 92{l  -ef{^(i) ef{^(i) 

// Mei \ 

Me2 2 

Mei-l-e2 2 

M2ei+e2 2 

\\ M2et / 

- 7 T l ( C C ) ) 4 ( ^ 2 ( 1)) -*2(0)) . . 

Restrictionn (3.5) excludes the zeros of the righthand side from the parameter space and, thus, 
ensuress local identifiability. 

Too prove global identifiability we give, as in lemma 1, explicit expressions for the parame­
terss in terms of the mixed factorial moments. To this end we have (see also relations 1 and 2 in 
appendixx A of this chapter): 

7^(1)) + 7 ^ ( 0) 

7r2(l )) + 7r2(0) 

M2ei+e22 ~ M2eiMe2 

Mei+e22 ~~ MeiMe2 

M2ei+e22 + M2eiMe2 •^Meii  +e2Mei 

M2eii  — MeiMei 

Cu Cu 

C2, , 

(3.16.a) ) 

(3.16.b) ) 



3.22 Identifiabilit y 33 3 

i ( j n ( i ) - 7 n ( 0 ) ) M i ) - M O ) )) -

/^e1+e22 - y/^ei ~ Y^ e2 + ^ = C3' (3.1Ö.C) 

4 0 ( 1 - 0)) = — (/ABl+e2 ~ A W O = c4, (3.16.d) 
C3 3 

ï(7n(l)-7rx(0))22 - - ( ^ e x - ^ A t e .) = <%, (3.16.e) 

Wee solve these equations for 0, TTI(1), TT2(1), TTI(O) and 7r2(0). Combining (3.16.a) and 
(3.16.e)) produces solutions for 7Ti(l) and 7Ti(0). These can be substituted in /ie, (see relation 3 
inn appendix A of this chapter), which results in a solution for 9. Next, taking the square root 
off  (3.16.e) and substituting the result into (3.16.c) gives, when using (3.16.b), the solutions for 
7r2(l)) and 7r2(0). The following solutions are arrived at: 

TTl(l)) = . <3-17'a> 

TI(0)) = y = F V ^ (3-17-b) 

T 2 ( l ) ) 

7T2(0) ) 

C 2 V ^ 33 (3.17.C) 
2Vcii  ' 

^ v ^ 2 ^^ (3.17.d) 

6»» = 2 / i e i ~ ^ . (3.17.e) 

Iff  we observe restriction (3.5) in the assignment of the solutions to the parameters, we are left 
withh one solution for each parameter. This proves global identifiability. 

Lemmaa 3 For m = 3, î = 1,4 = 1 ̂ d 4 = 1 model (3.2) is identifiable (under the 
restrictionsrestrictions mentioned in theorem 2). 

Proof::  Restriction (3.6) is satisfied. Modifying the map W - see equation (3.13) - in a natural 
mannerr to the present situation, and calculating the determinant of its Jacobian yield: 

det(LW)) = 03(1 - Ö)3M1) - 7ri(0))2(7T2(l) - 7r2(0))2(7r3(l) - 7r3(0))2. 

Thee zeros of the righthand side are excluded from the parameter space by restriction (3.5), thus 
guaranteeingg local identifiability. 

Wee show the global identifiability of model (3.2) by relating its parameters one-to-one to 
itss mixed factorial moments. To this end, we manipulate the mixed factorial moments in the 
followingg way (see also relation 4 in appendix A of this chapter): 

/^e2+e33 A*ei ~ /^ei+ea /^e2 "I" A tei+e2+e3 ~ A tet+e2 f^e3 

mWmW + mifi) = 71 _.. 
/^e2+e33 / i e2 f*63 

(3.18) ) 

Similarr relations for the other n3 (1) and TTJ (0) are obtained by permutation of the indices. Then, 
define: : 

AnAn = ^ - ^ - | P «, + ^ = ( | " -.(0)) ( | - -.(0)) • (3.19) 
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Wee define Ai3 and A2i analogously by permuting the indices. This gives the solutions of 7TJ(1) 
andd 7Tj(0) for all j , e.g., 

2 2 
Wl(l)) = £ W ^ , (3.20.a) 

.l(0)) = ^ , / S ( 3.2 0.b) 
2 2 

Permutationn of the indices yields the solutions for the other 7^(1) and 7ij(0). To find the solution 
forr 6 one selects a mixed factorial moment and substitutes the solutions for the necessary -Kj (y) 
(seee relation 3 in appendix A of this chapter). This yields, for instance when selecting fiei: 

" -- ^ - V l { 0 ) (3.21) 
T l ( l ) - T l ( 0 ) ' ' 

Restrictionn (3.5) assures that each parameter can be expressed in a unique way in terms of the 
mixedd factorial moments. Thus, global identifiability is proved. 

Lemmaa 4 For m > 3, model (3.2) is identifiable (under the restrictions mentioned in theorem 
2). 2). 

Proof::  Adding more repetitions has no consequences for the issue of identifiability. Adding 
moree raters has, because that introduces two additional parameters. Suppose that we have 
globall  identifiability for m = m0. Now consider m = m0 + 1 and adjust the map W(ty) for 
thee case of mQ + 1 raters. Suppose that model (3.2) is not globally identifiable for m = m0 + 1, 
thenn there would be * ' and * *  such that W(V) = W(&*) with * ' ^ ** . Consider only the 
entriess ofWfö) that are associated with the first m0 raters: 

W : ( M i ( l ) , - . . , W l W 0 ) , . . . , W 0 ) ) ) 
- ^ { ^ ^ ^ l oo <«,-<€,-} (3.22) 

Forr this restricted map (3.22) - by assumption - global identifiability holds. Thus, 6' = 6>*, 
7Tj(l)) = 7r*(l) and 7rJ(0) = 7r*(0) for J = 1,. .. ,m0. If we substitute this in the equation 
W[^f')W[^f') = W(&*) for m0 + 1 raters, this yields: 

m m 

«0+i(o)-<o+1(o))-(i-^n< j (o} } 
j = i i 

=(c . ( !)) -^+i(i) ) -^n^t1) - (3-23> 

Thiss (over-determined) system of linear equations in two unknowns can have zero, one or an 
infinitee number of solutions. Since 6 = 0 and 0 = 1 are excluded and for at least one rater 
7Tj(0)) 7̂  7Tj(l),, there is only one solution, namely: 

< O + I ( O ) - T 4 O + 1 ( 0 )) = 0 = ^ + 1 ( 1 ) - < I 0 + 1 ( 1 ) . 

Therefore,, * ' = VI>\ Thus, if for m = m0 there is a one-to-one relation between the model 
parameterss and the distribution, there is as well for m = m0 + 1. Since global identifiability is 
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provedd for m = 3 (lemma 3), the proof of lemma 4 follows. 

Remarkk 1: Nowhere in the proof of lemma 4 we have used that 7rmo+i{l ) > 7rmo+1 (0). There­
fore,, condition (3.5) in theorem 2 is sufficient for identifiability but not necessary. 

Remarkk 2: For global identifiability of model (3.2) criterion (3.5) needs not be imposed on the 
parameterss relating to rater m0 + 1. To obtain solutions for parameters 7rmo+1(l) and 71^+1(0) 
inn terms of the mixed factorial moments manipulate /iemo+1 and /^emo+emo+i (tne choice of m0 

iss arbitrary): 

/ ,, \ ^e-Q+^G + ' ~ ^OV0) /Vnp + l n ~A , 

0(7Tmo(l)) -7rm0(0)J 
(f\\(f\\ 7rr»0(l)Memo + L - ^ em p+ em o + i 

(11 - 0) (7Tmo(l) - TT îUJJ 

Thee righthand side of the equations above are linear in the mixed factorial moments. Thus, 
(3.24.a)) and (3.24.b) give a one-on-one relation between 7rmo+i(l ) and 7rmo+i (0) and the mixed 
factoriall  moments. Therefore, global identifiability still holds without (3.5) applying to the rater 
numberr m0 4-1. 

Combiningg lemmas 1 through 4 and remark 5 in section 3.2.1 gives the proof of theorem 2. 

3.33 Estimatio n of the mode l parameter s 

Inn Üiis section we develop two procedures for the estimation of the parameters of the latent 
classs model: the method of moments and the maximum likelihood method. We also study the 
variancee of the estimators of each procedure. 

3.3.11 Metho d of moment s 

Heree we apply the method of moments to obtain estimators for the parameters of the latent class 
model.. This consists of finding expressions for all parameters in terms of the moments of the 
distribution.. Then, estimators for the moments are substituted in these expressions, resulting in 
estimatorss for the parameters. Moreover, we give the asymptotic distribution of the parameter 
estimators. . 

Equationn (3.12) gives the relations between the parameters and the mixed factorial moments 
off  the latent class model. While proving the identifiability of the latent class model, we showed 
inn the proof of lemma 3 that the following expressions from the relations (for m > 3) can be 
derived: : 

7Ti(l)) - 7 ^ ( 0) 

"<ijj - J+\IW< (3-25-b) 
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mm 72 , M l 2 ^23 
7T22 1 = -r- + 22 V A L13 3 

/nvv 72 / -4 i2^23 
^(0)) = — -22 V Ax 13 3 

^3(1)) = — + 

7T3(0)) = 

7^(1)) = 

22 V V 
733 M13 ^23 

22 V ^12 

forr all j > 3, 

forr all j > 3, 

(3.25.d) ) 

(3.25.e) ) 

(3.25.f) ) 

(3.25.g) ) 

(3.25.h) ) 

(3.25.i) ) 

0 ( ^ ( 1 ) - 7 ^ ( 0 ) ) ) 
(ft)(ft) = 7rj-l{ l)Me , - M e . - . + e, 

^^ ^ ( l - Ö ) ( 7 T J _ 1 ( l ) - 7 r ^ 1 ( 0 ) ) 

seee equations (3.21), (3.20.a), (3.20.b), (3.19), (3.18), (3.24.a) and (3.24.b). For the solutions 
off  the parameters when m = 2 we refer to equations (3.16.a), (3.16.b), (3.16.c), (3.16.d), 
(3.16.e),, (3.17.a), (3.17.b), (3.17.c), (3.17.d) and (3.17.e), and when m = 1 to equations 
(3.14.a),, (3.14.b), (3.14.c), (3.15.a), (3.15.b) and (3.15.c). Alternative relations may be con­
structedd by involving different moments. The relations in appendix A may be of assistance 
whenn trying to achieve this. 

Too arrive at estimators for the parameters we replace the mixed factorial moments by their 
estimatorss in the expressions (3.25.a) through (3.25.i). Hereto, let X, as defined in (3.1), be the 
outcomee of the measurement system analysis experiment. We estimate p,(aiam) (see equation 
3.9)) by its mixed factorial sample moment, defined by: 

11 V*f t Xlj(Xtj ~x) • • • (xv - ai + i) 
Z.111 W i _1 ) . . . ( £ . _a. + 1) 

Substitutingg these in the equations above yields estimates for *& = (9.7Ti(l),.... 7rm(l), 
7Ti(0),.... ,7rm(0))r, that we denote * ( / i ) . 

Wee now derive the asymptotic distribution of the moment estimators. 
AA sequence {Xn} converges in distribution to X if FXn{x) —• Fx(x) for every point x 

wheree Fx is continuous. A sequence {Xn} is asymptotically nonnal with mean /*„  and variance 
afaftt (denoted as Xn is AN(p,n, ofj) if for every x we have 

PP (Xn~  ̂ <  x) — $(:r) if „ —» oo. 

Thesee notions are naturally extended to the situation where {Xn} is a sequence of vectors. 
Define e 

1 1 

n n 
1=1 1=1 

havingg mean pk. We quote two results from Serfling (1980). 

Theoremm 3 If pik < oo then the random vector nl^2(Rx — pu ..., Rk — pk) converges - as 
nn —• oo - in distribution to a k-variate normal with mean vector (0, . . ., 0) and covariance 
matrixmatrix [aij] kxk, where a  ̂ = pl+}  - ptpj. 
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Theoremm 4 Suppose that X n = (Xnl,..., Xnk) is AN(p, n * £), with £ a covariance matrix. 
LetLet g(X.) be a real-valued function having a nonzero differential at x — //. Then 

VV  U i= l j  = i ^ x=A i ^ J 

Theoremss 3 and 4 specify, under the assumption that regularity conditions hold, to which dis­
tributionn a function of random variables converges when the sample size increases. We point 
outt the relevance of these results for finding out the distribution of the moment estimators con­
structedd above. Finally, we show that the moment estimators satisfy the regularity conditions 
andd arrive at me limiting distribution of these estimators. 

Wee apply theorem 3 to the mixed factorial sample moments and their means, the mixed 
factoriall  moments. Under the assumption that the relevant mixed factorial moments are finite, 
theoremm 3 states that the vector of mixed factorial sample moments is asymptotically normal. 
Thiss is a prerequisite for theorem 4. The moment estimators 4? (fi) constructed above are func­
tionss of the mixed factorial sample moments. We apply theorem 4 to them. If we assume that 
**  (fi) has a nonzero Jacobian (the equivalent of the nonzero differential in the multi parameter 
case)) at fi = ft, it follows that the moment estimators given by the substitution of (3.26) in 
equationss (3.25.a) through (3.25.i) are asymptotically normal. 

Wee show that the conditions of theorem 3 and meorem 4 are satisfied by the mixed factorial 
momentss and the estimators of the parameters. For the condition of theorem 3 observe mat the 
mixedd factorial sample moments are defined such that: 

00 < As -i  aJe; — *  Wl  ̂ flj £ N for j = 1, . . ., m. 

Thiss implies that 

m=i°nm=i°n = E ( A E - ^ ) < £7(1) = K oo. 

Thus,, the mixed factorial moments are all finite and satisfy the condition of theorem 3. 
Remainss to show that the conditions of theorem 4 are met. The asymptotic normality of 

thee mixed factorial moments is given by theorem 3. The estimator function * (jx) is more-
dimensional,, therefore the second condition of theorem 4 changes to a nonzero determinant of 
thee Jacobi-matrix of 4? (fi). To this end we have given, in appendix B, the partial derivatives of 
thee estimators (only for the situation where m = 1, 2,3 and 4). All these partial derivatives are 
welll  defined because the identifiability condition (3.5) prevents the denominators from being 
zero.. Moreover, identifiability ensures that the map IV, from the model parameters to the 
mixedd factorial moments (as defined in the proof of theorem 2), is invertible. In fact * (ti) is 
thee inverse of W. Furthermore, invertible functions have nonzero Jacobians, and the Jacobian 
off  their inverse is the reciprocal of the Jacobian (Stromberg, 1981). Thus, as restriction (3.5) 
guaranteess identifiability it ensures that the Jacobian of * (fi) is nonzero (confer me Jacobians 
calculatedd in lemma's 1, 2 and 3), the second condition of theorem 4. 

Wee have shown that theorem 3 and theorem 4 apply, and thus know the distribution of the 
momentt estimators. To obtain an expression for the variance of this distribution we specify the 
termss in equation (3.27). The partial derivatives of the estimators with respect to the parameters 
aree given in appendix B. This leaves us to derive the covariances of the mixed factorial sample 

(3.27) ) 
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moments.. Let aj,bj G N for all j , then 

Cov(/ iE r = i a,e j, / i5 : r = i 6.e.)) = 

~~ E (^T^A) E {^%i^j) 

P(YP(Y = l)E (AE7=. wA^-l.fcje, 

~{PiY~{PiY = l)E(fl îajej- ^ 

x(p(Yx(p(Y = l)E( ?̂=ibjttJ 

++  P(Y = 0)E( ?̂=lbjBi 

Y Y 

== 0 

-0 0 

' - 0 0 
r-o)) ) 

00 C o V ^ J i ^ e ^ E - ^ e, 

++ (i - e) cov (A E J LI a .e., ^E;Li fc.ew 

" - 0 0 
yy = o) 

++ <9(1 - 6 >) 

(**  ( A E ^ ^  y = 0 - E (^a3e3 | y = o)) 

Inn this we have 

(E(E (AE™ : 

Y Y 

Y Y == l ) - E ( A E ™ l f c i e , | K = 0 ) ) . 

mm m 

EE (AE?=1 ̂  \y = y) = UE ( ^ I r = y) = I I <' (») 

and d 

Cov v (^T^J^^T^^JI(^T^J^^T^^JI 77 "= y) = 
mm m mm m 

i = l l / ii —ft - ' - i l - —n J = 1 | 6 J =0 0 

m m nn cov(/iajej,/iVj | 
j = l | a j=0 0 

YY = y) 

mm m m 

nn 7r?(^)x n 7r?(^)x n c° v (^e^^e j 

(3.28) ) 

(3.29) ) 

yy = y)-

6 ^ 0 0 

(3.30) ) 



3.33 Estimation of the model parameters 39 

Too obtain an approximation of (3.30) the following result (Blischke, 1964) can be used: 

(e(eii-a-ajj){e){ejj-a-ajj-l)...{e-l)...{ejj-a-ajj-b-bss + 2) 
n ^ ( ^ - - l ) - - - ( ^ - 6 jj  + l) 

x((ex((e33-a-ajj-b-bjj  + l)(7vj{y)r+h 

++  a A K - d , ) )0 ^ - 1 ) 

- ^ ( y ) T ? ( y )) + o ( | ) -

Thus,, (3.28), (3.29) and (3.30) and appendix B specify all the terms used in (3.27). This gives 
thee distribution of the moment estimators. 

Wee have - by means of the method of moments - obtained estimators for the parameters of 
thee latent class model, see equations (3.25.a) through (3.25.1). Moreover, their asymptotic 
distributionn is given in (3.27). 

3.3.22 Metho d of maximu m likelihoo d 

Inn this section we line out how to find estimators by means of the maximum likelihood method. 
Heretoo we briefly introduce the idea of maximum likelihood. The maximum likelihood method 
employy the E-M algorithm to arrive at estimators for the model parameters. Therefore, the E-M 
algorithmm and its properties are described. Finally, the distribution of the estimators produced 
byy the E-M algorithm is given. 

Wee describe the method of maximum likelihood. Suppose we have a sequence of indepen­
dentt random variables Xi, X 2, . . ., Xn. The density of the distribution of each Xi is given 
byy f(X; £), with £ an unknown parameter. Given realizations x 1 ; . . . ,xn of Xl}..., Xn, the 
likelihoodd is defined by: 

n n 

L(xL(xuu...,x...,xnn;0;0 = l[f{x t;0- (3-3D 

Thiss is a function from K to E. 
Inn the situation where Xi,..., Xn are discrete random variables, the likelihood L{x\,..., xn 

is: : 
n n 

L{xL{x uu...,x...,xnn',£)',£) = JJP^X * =x{). 
t= i i 

L(xi,L(xi,...,..., x„ ; £) can be regarded as a measure of how 'likely' £ has produced the realizations 
x\,..x\,...,., xn. The method of maximum likelihood consists of finding that value of £ that produces 
thee highest likelihood for a given sample Xu ..., Xn. This is denoted by: 

££ = argmaxL(xi,... ,xn;£). 

CovCov (jjLajej,jxbi9.\Y = y) 

Onee finds £ by solving 
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withh the restriction that 

too exclude minima and other stationary points except maxima. The thus found f maximizes the 
likelihoodd function and is called the maximum likelihood estimate. 

Thee theory above can be extended to the multiple parameter situation. In this case to find 
thee maxima one equates the gradient to zero, and imposes a similar requirement as above on the 
secondd order partial derivatives. For the latent class model the maximum likelihood estimate is 
definedd by: 

**  = argmaxL(A";\t). 

withh L (X; <b) defined by: 

nn , m , . 

+ön(^)( i -^( i ) ) f j " ' v^Mi)) j f y ) ) 
n n 

== H{(l-6)G(nl(Q),...,nm(0):Xi) 

++ ÖG(7r1(l),...,f f ra(l);X i )). 

ass in equation (3.2). 
Too find the maximum likelihood estimates of * , instead of applying the traditional Newton-

Raphsonn algorithm, one uses the so-called E-M algorithm (McLachlan and Krishnan, 1997). 
Thee E-M algorithm approaches the problem of maximizing the likelihood function (3.2) indi­
rectlyy by exploiting the more convenient form of a related likelihood function. This reduces 
thee complexity of the maximum likelihood estimation. Moreover, the E-M algorithm has the 
appealingg property that the likelihood function of interest is not decreased with each iteration. 
Thee E-M algorithm is frequently used in the context of censored data, truncated distributions 
andd mixture distributions, among others. 

Thee E-M algorithm makes use of the concept of 'incomplete information'. We introduce this 
andd show how it applies to the latent class model. 

Modell  (3.2) involves a latent variable, which is unobserved. This lack of information can 
bee viewed as a case of 'incomplete information', as only the observations of the raters are at 
one'ss disposal, while the reference values of the objects are not given. 

Too deal with incomplete information, we introduce new variables: 

•Zi,oo — 

and d 

11 if the reference value of object i is 0 
00 if the reference value of object i is 1, 

ZZiAiA = 11 if the reference value of object i is 1 
00 if the reference value of object i is 0. 

Thee n x 2-matrix Z indicates the reference values for the objects. Thus, where X does not 
givee the complete information, (X, Z) contains the 'complete' information. 
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Forr the latent class model the incomplete likelihood function is given by (3.2). The likeli­
hoodd function corresponding to complete information situation is: 

n n 

L C( (X,Z);* )) = Y[{(l-e)G(ir1(0),...,7rm(0y,Xl)}
Z>° 

xx {0G(7r1( l) ) . . .17rm( l);X i )}*- 1- (3-32> 

Notee that only one of Zh0 and Ziti can be equal to one. Taking the logarithm, one gets: 
n n 

ln(L c((X,Z);*) )) oc ] T (Z i t0 ln(l - 0) + Zhl ln(0) 
i=l i=l 

rn rn 

++,, zh0 J2 (x« ln(^(°) ) + &  - xa) ln(1 - *i(°)) ) 
m m 

++  ZM ^ (XtJ ln(7Tj(l)) + (^ - Xtj) ln(l - TTJ(I)))). 

33 = 1 

(3.33) ) 

Thiss complete information log-likelihood function has a rather convenient form: to maximize 
LLcc one needs to find the zeros of the partial derivatives (with respect to the individual parame­
ters),, which comes down to solving equations involving only one parameter. 

Thee E-M algorithm - applied to the estimation of * in model (3.2) - can be described as fol­
lowss (McLachlan and Krishnan, 1997): 
Stepl l 
Choosee initial values for the estimate * , and specify a stopping criterion. Stopping crite­
riaa usually specify a maximum number of iterations to be performed by the algorithm or a 
minimumm distance, say e, between two successive iterations that is to be achieved : 

* ( , + I , - * ( " l l < e. . 

Stepp 2 (Referred to as the E-step) 
Wee have no knowledge of Z. However, using the current estimate of * we replace Z by its 
conditionall  expectation given X: 

Zi$Zi$ = E-w(Zi$\X), 

ZiZittii  = E-(t)(Zi^\X). 

Inn the present situation these are probabilities that are complementary, i.e., ZlA = 1 - Zify. In 
factt real values from the interval [0,1] are substituted for Z, while their proper value is either 0 
orr 1. Furthermore, using Bayes' theorem: 

==  Ptft>{Yi = l\X) 

== v«
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Wee calculate this expectation and find: 

(t)_(t)_ êWG{*[t)(l),...,itl£(l);X i) 

ö(«>G(7rit}(l),, • • •, rf?(l);*i) + (1 - Ö(0)G(^)(0), . . ., *£>(0); X,) 

Stepp 3 (Referred to as the M-step) 
Thee M-step consists of maximizing the log-likelihood function, which is a linear combination 
off  functions of single parameters. Taking the first order partial derivatives and equating them 
too zero, one arrives at the following set of equations to solve: 

00 \ 
-- 0, (3.36.a) 

== 0, (3.36.b) 

== 0. (3.36-c) 

Lett Xj be the j-th column of the matrix X and 1 = ( 1 , . . ., 1)T of length n. This yields the 
estimates: : 

i=\ i=\ 

EEnn Y' 7(0 
_.. . . . . = i=l  A ' J Z U 

)) \ X > f ™ 7(0 

v^ nn -y. A(t ) 

22 <> (i.zj" ) 

Thus,, the next estimate ^ of the parameters * is obtained. 
Stepp 4 
Goo back to step 2 until the stopping criterion of the algorithm has been satisfied. 

Applyingg the E-M algorithm yields the maximum likelihood estimator of * for the complete 
informationn situation. 

Wee now show that the maximum likelihood estimator produced by the E-M algorithm not only 
maximizess Lc but also the original incomplete information likelihood function L. This is done 
byy showing that L does not decrease after each iteration of the E-M algorithm, and that the 
sequencee of iterated estimates converges to a stationary point. Thus, the estimate from the E-M 
algorithmm maximizes L and converges to a maximum likelihood estimate. 

Byy definition after each iteration of the E-M algorithm the value of Lc is increased. We 
showw that the incomplete information likelihood function is also increased after each iteration, 
inn formula: 

^ J C ; * ( ' + 1 ) ) > L e ( X ; * ( , , )) = » i ( j C ; * ( , + , ) ) > L ( x ; 4 ( " ) . 
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Ass L c((x,z);#) = Pq,((X,Z) = (x,z)) and L(x ;* ) = P^{X = x), one can view 
L c((x,, Z); * ) /L(x ; \£) as the conditional density of (X, Z) given X = x. Then rewrite: 

ln(L(X ;; ¥)) = ln(Lc((X, Z); * ) ) - ln(Lc((X, Z); * ) /L (X ; * ) ) . (3.37) 

Takingg expectations on both sides with respect to the conditional distribution of (X, Z) given 
-- (t) 

XX = x, and substituting the latest iteration of * for * , one arrives at: 

ln(L(x;*) )) = £# w ( l n ( L c ( ( X , Z ) ; * ) ) | X = x) 

-- E t̂) (ln(Lc((X, Z): * ) /L (X ; * ) ) | X = x ) , 

because e 

^ ( t ) ( l n ( L ( X ; * ) ) | XX = x) 

== J2 ln(L(x; * ) )P^W ( (X , Z) = (x, z) |X = x) 
z z 

==  ln(L(x; * ) ) J ] P. (t,((X, Z) = (x,z)(X = x) 
z z 

==  ln(L(x;*)) . 

Usingg this in the difference of successive iterations substituted in the incomplete information 
loglikelihoodd function we get: 

l n ( L ( x ; # ( t + 1 ) ) ) - l n ( L ( x ; * W ) ) ) 

-- ^ ( t ) ( l n ( L c ( ( X , Z ) ; * ( t + 1 ) ) ) | x = x) 

- ^ ( t ) ( l n ( L c ( ( X , Z ) ; * ( °° ))\x=x) 

L c ( ( X , Z ) ; * ( t + 1 ,) ) 

VV  ln 

+v v ln n 

LL (X ; * ( ( + 1 )) 

L c( {X ,Z ) ; * ( f ) ) ) 

L ( X ; ^ ) ) 

XX = x 

XX = x 

Thee difference between the first two terms on the right hand side of the equation above is (due 
too the M step) always non-negative. So we are only concerned about the remaining terms on 
thee right hand side. These can be rewritten to: 

* ( ( ln n 

-v>> ln 

== V ln 

X((X,Z);# (W) )\ \ 

.. Li**™)  ) 
L C ( ( X , Z ) ; * ( ° ) ) 

VV L(X;* ( t)) 

L e ( ( X , Z ) ; ^
+ 1 ) )) ^ ( X ; * W ) 

L ( X ; * ( t + 1 ) )) L c ( ( X , Z ) ; * ( t ) ) 

XX — x 

X —— T 
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Becausee of the concavity of the logarithm function, we can apply Jensen's inequality: 

<< In I £ , „ 

£(x;*" +" )) LC{(X.Z):^) 

I C ( ( X . Z ) ; * " + " )) L ( X ; * " » ) 

XX = x 

ME E 

L ( X : * ( ( + 1 ) )) L c ( ( X , Z ) ; * ( n ) 

L c ( ( x , z ) ; * l ' + 1 ) )) P ^( o (X = x) 

( x : * ( ' + 1 ) ) ) P^ ( „ ( (A\Z )) = (*-*) ) 

== In 

xx P^t)((X,Z)=(x,z)\X = x) 

T,zT,z F j.«M(X,Z) =(*.*)) * * 
PP¥>+i)¥>+i) (X(X = x) 

ln(l ) ) 

0. . 

Thus,, it has been shown that L(X; * ) does not decrease after an E-M iteration. 

Too see that the sequence {>!> }  converges to a stationary value of the likelihood function, 
wee quote a theorem by Wu (McLachlan and Krishnan, 1997). 

Theoremm 5 Suppose that E î (In (LC{(X, Z)\ * 2 ) ) | X = x) is continuous in both * ] and 

^ 2 -- Then all the limit points of any sequence <4? > generated by the E-M algorithm are 

stationarystationary points ofL(*&),  and < L(4f ) > converges monotonically to some value L* — L{^!*) 

forfor some stationary point \&* . 

Thee regularity condition of theorem 5 is satisfied because Lf ( * ) is a polynomial. This allows 
uss to apply theorem 5, and we conclude that employing the E-M algorithm yields a stationary 
pointt for the parameters of the latent class model. Moreover, due to the identifiability of the 
model,, this is the maximum likelihood estimator. 

Nextt we obtain the asymptotic distribution of the maximum likelihood estimator. To this end 
wee invoke a theorem from Lehmann (1983). This theorem states that the maximum likelihood 
estimatorr is - if the likelihood function satisfies regularity conditions - asymptotically normal. 

Wee first give the assumptions, A l through A4, under which the theorem on the asymptotic 
distributionn of the maximum likelihood estimators holds. Hereto, define the parameter space of 
thee latent class model as 

UU = {  * | 0 G (0,1) and 1 > 7Tj(l) > 7Tj(0) > 0 for all j}  .. 

andd denote 

**  = (0,7^(1) ^(lJ.TTxCO)) 7Tm(0)) = ( * ! , . . . , * 2m+l, , 
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Then,, the assumptions are: 
Al :: There exists an open subset u> of O containing the true parameter point * 0 such that for 
allmostt all X the density function L(X; * ) admits all third order partial derivatives 

d3L(X;* ) ) 

dVdVppdVdVqqdVdVr r 

and d 

forr all * E LO. 

A2:: The first order logarithmic derivatives of L(X; *&)  satisfy the equations: 

EE**  (^f- l n (L (x; *)) ) = ° for  a11 p> ( 3- 3 8> 

[7(X;»)UU = ^ ( - g ^ - I n ( L W » ) ) ) 

existss and is finite for p, q = 1, . . ., 2 m + 1 and for all ty € w. 
A3:: The matrix I(X; * ) is positive definite for all * € w. 
A4:: There exists functions AfOT7.(X) independent of ^ such that for all p, q, r = l , . . . , 2 m +l 
wee have 

d3ln{L(X;*) ) ) 
d^d p̂p dfq d T̂ 

<<  M^X) for all * £ w , 

where e 
Eq,Eq,QQ (Mpqr(X)) < oo. 

Thee theorem then becomes: 

Theoremm 6 Let the likelihood function satisfy assumptions Al, A2, A3 and A4, then there 
existsexists a sequence of solutions *& n to the likelihood equations such that ^fn —• * and 

* „„  ~ AN{V, n-1 / ( * ) _ 1) , (3.39) 

wherewhere / ( * ) x is the (Fisher) information matrix. 

Ourr situation is analogue to Boyles (2001). He simply uses the result of theorem 6 without 
verifyingg the conditions, whose verification is indeed a highly technical mailer. 

Inn the appendix C the elements of the information matrix are specified. 

Wee have shown how to arrive at maximum likelihood estimators for the latent class model 
parameterss by means of the E-M algorithm. Moreover, the asymptotical distribution of these 
estimatorss is given. 

3.44 Confidenc e interval s 

Inn previous sections we have constructed estimators for the parameters of the latent class model. 
Furthermore,, we have given the variance of these estimators. These results enable us to ana­
lyzee a measurement system analysis experiment. The analysis of such an experiment yields 
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estimatess of all parameters of the latent class model. However, it is unlikely that estimates will 
bee exactly equal to the true value of the population parameters. Moreover, different samples 
(experiments)) will produce different estimates. To cope with the degree of uncertainty associ­
atedd with point estimates they are expressed in combination with confidence intervals. These 
confidencee intervals are also used to compare estimation procedures. 

Wee give a definition of confidence intervals, and show how they can be constructed using 
thee estimators and their variance obtained in the previous section 3.3: 

Definitionn 2 The random interval [L(X),U(X)], where L(X) and U(X) are statistics ob­
tainedtained from the sampling distribution, is a 100(1 — a)% confidence interval for the parameter 
vif vif 

P(L(X)<P(L(X)< u<U(X)) >l-a. 

Dealingg with a multi-dimensional parameter vector, one can obtain confidence intervals for 
eachh parameter individually. However, this will only specify the ranges for the individual pa­
rameterss irrespective of the value of the other parameters. A method that does take into account 
thee correlation between the different estimates seems more appropriate here. We illustrate such 
aa method. 

Lett the 2 m +1 parameter vector \I> be estimated by the vector 4?n = (^„ . i , . . . , ^ n 2 m+i J. 

Itt is assumed that 4?n is AN(&, n-1£^>), with S^ its covariance-matrix that is assumed to 
bee non-singular. Then, (Serfling, 1980, p. 140) an ellipsoidal 100(1 - a)% confidence region 
forr VI> is given by: 

P ^ ( * € C / „ ) > 1 - Q , , 

where e 

CICInn = { *  : n(4>n - * ) S ^ ( * n " * f < xL+i,i-a}  • 

Thiss confidence ellipsoid characterizes the region in the parameter space that contains the true 
valuee of the parameter with probability I — a. 

Ann alternative method to obtain confidence intervals is based on the profile likelihood 
(Boyles,, 2001). However, this only applies to the maximum likelihood estimator and can­
nott be used for method-of-moment estimators. Therefore, we disregard this here. It should 
bee noted that the normal approximation can be rather crude as small sample behaviour can be 
ratherr different from the asymptotical behaviour. 

Inn the present situation we have two estimation procedures at hand, the method of moments 
andd the maximum likelihood procedure. Both yield estimates and for both we can construct 
confidencee ellipsoids around these estimates. One may wish to compare these two estimation 
methods.. Two estimation procedures are compared on the bases of the volumes of their confi­
dencee ellipsoids (it can be shown that such a comparison is independent of the choice of a). A 

sequencee < \I>n > corresponds to asymptotically smaller confidence ellipsoids than a sequence 

iff  and only if {*-" } } 
. ( i ) ) < < 

Thus,, we have that < 4?n > is better - in the sense of having smaller confidence ellipsoids 

thann {*f} . 



3.55 Goodness-of-fit 47 7 

Wee have introduced confidence intervals as a way to deal with the uncertainty of the esti­
matorss of the latent class method. Moreover, they enable us to compare the estimators from 
thee method of moments with the estimators from the maximum likelihood procedure. Further 
researchh should reveal which of the two estimation methods is the better, i.e., has the smaller 
confidencee ellipsoids, and thus produces the more precise estimates. 

3.55 Goodness-of-fi t 

Inn chapter 2 we have proposed the latent class model to describe the outcome of measurement 
systemm experiments with a binary measurement. We can actually test whether the model is a 
goodd description of the data from the experiment (prerequisites are a conducted experiment 
andd from its data estimated parameters of the latent class model). We show how to assess the 
appropriatenesss of the latent class model by means of a goodness-of-fit test. To this end we 
introducee the goodness-of-fit statistic that is most appropriate for experiments with a binary 
responsee and give its reference distribution needed to test the hypothesis of a good fit. 

Thee goodness-of-fit of a latent class model is evaluated by comparing the response frequen­
ciess predicted by the model to the observed response pattern frequencies. In fact the following 
nulll  hypothesis is tested: 

HH00:^:^ = 4f (3.40) 

Howw likely this hypothesis is, is evaluated by a goodness-of-fit statistic. 
Thee goodness-of-fit statistic has been generalized by Read and Cressie (1988) to the so-

calledd power-divergence statistic, which is defined as: 

A ( A + 1 ) ^ ^ 
2_]2_] observeda; 

/observedaAA _ 
\\ expected̂ 

Thiss measures how far the empirical probability distribution diverges from the hypothesized 
distribution.. It can be shown (using a Taylor-expansion) that the power-divergence statistic is 
asymptoticallyy approximately x2 distributed with (£ + l)m ~ I — (2 m +1) degrees of freedom: 
thee total number of different response patterns minus one (for their frequencies should sum to 
one)) and one subtracted for each parameter estimated. 

Theree are two well-known cases of the power-divergence statistic that are most used in 
evaluatingg the H0 - as formulated in (3.40) - when dealing with categorical data. One is the 
Pearsonn x2 statistic, and relates to the substitution A = 1, resulting in: 

£ £ (observed̂^ — expected)̂ 
expectedx x 

Thee other is the loglikelihood statistic G2, that is arrived at by taking the limit A —• 0. This 
yields: : 

w?? ~ v^ , , , /observedaA 
GG22 = 2 > observeda; In -  ̂ . 

*-£*-£ VexPectecW 
Readd and Cressie point out that the Pearson x2 statistic and the loglikelihood statistic G2 are not 
alwayss appropriate to evaluate the null hypothesis in (3.40). They show that for finite sample 
sizess the x2 approximation is not applicable for all A, in particular when there are cells with 
loww expected frequencies. Read and Cressie show that the x2 approximation of the Pearson 



48 8 Onn the latent class model 

XX22 statistic and the loglikelihood G2 statistic is sensitive to cells with low frequencies. To deal 
withh this Read and Cressie have shown that the choice of A = | yields a power-divergence 
statisticc that is most robust against this flaw. Thus, Read and Cressie propose 

99 v-^ 
-- > observed̂ 55 ^-^ x x 

forr the evaluation of H0 in (3.40). 
Wee adopt the statistic (3.41) for the situation where the latent class model is used to describe 

thee outcome of a measurement system analysis experiment. Because we expect cells with 
loww frequencies when dealing with a precise measurement system, as precise measurement 
systemss mainly produce response patterns x = ( 1 , . . ., 1) and x — (0, . . ., 0), leaving the other 
responsee patterns - where raters disagree - with low (expected) cell frequencies. 

Wee have shown how to test whether the latent class model gives a good description of the 
outcomee of the measurement system analysis experiment. It turns out that the test statistic in 
(3.41)) is best for this purpose. Note that the goodness-of-fit statistic also enables us to compare 
thee two estimation procedures - method of moments and maximum likelihood - with respect 
too the best fit. 

observed̂^ \ 3 

expected̂ ^ 
(3.41) ) 
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Appendi xx A: 
Relatio nn betwee n moment s and parameter s 

Inn this appendix we give relations between the mixed factorial moments of the latent class 
modell  and its parameters. These are used in the construction of moment estimators. 

Definee the unit vectors e, = (0, . . ., 0,1,0, . . ., 0) with the j-th entry equalling one and the 
otherr entries zero. Then, rewrite 

^(aj,...,am)) — A*aiei + ..,+amem ~ fiT,T=lajej ~ & \^i\ ' ' ' ^im J i 

wheree the Xi3 (i — 1, . . ., n and j: = 1, . . ., m) are distributed as defined by equation (3.2). 

Relationn 1: 
Takee ai,..., am, b\,..., bm G N. Then, after tedious algebraic computations one arrives at the 
followingg relation: 

( mm m \ / m m \ 

n^w-n^ ww n ^ - i K ^ ) (3-42) 
33 = 1 j=l  J \j=l  3 = 1 / 

Inn particular one can show that for a G N with a > 1: 
ft(o+l)eift(o+l)ei - ^ e i - ^ e i 7Tg(l) ~ 7T?(0) V ^ » - t - l / l W l t / m 

XXo„,, - WP, • Un, 7Ti (1) - 7ri[0) f—' 
jt=0 0 

Thee last equation is a relation between the mixed factorial moments and the parameters that no 
longerr involves 8. 

Relationn 2: 
Takee Q C {1 , . . . , m} , and define a3,b3,c3, d3 G N such that a3 + b3 — c3 + d, for all j G Q. 
Straightforwardd algebraic manipulations yield the following relationship: 

( mm m 

n<j(i)̂ (o)) + n^^x^ 0) 
j= ii  j=i 
mm m 

Iff  aj, b3 e {0,1}  for all j £ Q and 4 = { j G Q | a,- = 6j} , the previous equation reduces to: 



50 0 Onn the latent class model 

o(i-e)(Unfa)o(i-e)(Unfa) a - n ^ 1 - ^ ) ) 
\j£A\j£A jeA / 

xx n *JM - n i-a>)) 

Also,, let A = {j  e { 1 , . . . , m} \ a, = bj} and take c, such that Cj = (a, + bj)/2 for all j ' € ^4, 
then: : 

ö(i-ö)n<j(i)T?(o)) x (n<j (i)^(o ) 

+n^ j(o)^(i )) - 2n<j-(iK'(o) ) 
I nn particular ,  thi s yields : 

== 7Tj (1) 7T, (0) 

Thee last equation is a relation between the mixed factorial moments and the parameters that no 
longerr involves 6. 

Relationn 3: 
Usingg any moment one can express 6 in terms of the other parameters: 

mm m 

/*£-=.. « ^ - = ^n 7r ?(i )+( i -^n 7r ?(°) =* 

n7=i<J(i)-nr=iT?(o ) ) (3.43) ) 

Relationn 4: 
Lett Q C { 1 , . . . , m} and take a.,, 6j 6 {0,1}  for all j E Q. Define A = { j \ a,j = 1 = 6j} , and 

„„  _ M if J 6,4, 
JJ \ 0 if J'' e Q\A 

Then,, after cumbersome manipulations, the following relationship is arrived at: 
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VV \jeA j€A J 

( nn *?w*)~bi(Q) - n TJ" 6>(I)T?'(O) ) + 
\j£Q\A\j£Q\A jeQ\A J 

( IK^W'NI )) - n*r>)*?(°)) x 

( nn »?d)«î (i) - n -r j(o)^(o))) 
Inn particular , if one chooses bj — 1 for  all j £ A and if there are j u j 2 G Q\A such that 
6jjj  ^ 6J2, this simplifies to: 

e(i-o)e(i-o) x (n^ 1) - ] ! 7^ 0) ) x 

\j€A\j€A jeA / 

( nn -rk'(D- n -r"«» ) - ( n ^ > + n ) 
\jeQ\i44 i£Q\A ] \j£Q\A j£Q\A J 

(3.44) ) 
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Appendi xx B: 
Partia ll  derivative s of the momen t estimator s 

Thiss appendix contains the partial derivatives of the moment estimators given in equations 
(3.25.a)) through (3.25.i). In these equations the mixed factorial moments are substituted for 
theirr estimates, the mixed factorial sample moments. The partial derivatives are evaluated at 
fifi  = H, and are given for the situations with 1, 2, 3 and 4 raters involved. 

Remark::  Al l partial derivatives below are well defined. This is due to the identifiability re­
strictionn (3.5), that prevents their denominators to become zero. 

Onee rater 

Define e 

ftft  = ( / t ei  M2e, , /*3e, ) and /X = { i / e, . / i 2e, , A*3e, )-

Thee partial derivatives for the situation involving one rater are given by: 

7r1(0)(7r1(0)) + 27ri(l)) 

e{^(l)-iiM)e{^(l)-iiM) 22 ' 

- ( 2 7 r 1 ( 0 )) + 7T1( l ) ) 

00 (71,(1)-irM)2' 

1 1 

00 (77,(1)-n^y 

7 r 1 ( l ) ( 2 7 r 1 ( ü)) + 7 r1 ( l ) ) 

( i - 0 )) M i ) - 7 ^ ( 0 ) ) * ' 

- ( 7 T 1 ( 0)) + 2 7 r 1 ( l ) ) 

( 1 - 0)) M l ) - 7 r , ( 0 ) )^ 

1 1 

( 1 - 0 ) ^ ( 1)) -7 r , (0 ) )2 ' 

- 6 ^ ( 1 ) ^ ( 0) ) 

MD-MD-- ^ ( O ) ) » ' ' 

3(^(1)+3(^(1)+ 71,(0)) 

MD D - 7 T , ( 0 ) ) 3 3 

-2 2 

(nM-^oyy (nM-^oyy 

and d 

frn(i) frn(i) 

ÖJTl(l ) ) 

ÖTTl(l ) ) 

ÖA.3ei i 

^ ( 0 ) ) 

/XX / / 

/ZZ / i 

/*=/* * 

/xx  /z dftdftei ei 

and d 

ag g 

ag g 
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Twoo raters 

Define e 

and d 

A** — {f^ei i A^2ei i A ^ ; f^ei+e2i ^2e i+e2 j i 

MM — (/^ei j ̂ 2 en /^e2 ) ^ 1 + 6 2 ) /i 2 e i + « 2 )-

Thee partial derivatives for the situation involving two raters are given by: 

and d 

£Mi) ) (Tr j f lJ+TnfO))^^) ) 

dftdftei ei 

0^(1) ) 
d(X2ed(X2ex x 

Ö7n(i) ) 

dftdfte2 e2 

9fiei+e9fiei+e2 2 

0*11 (1) 

Ö/i2eii  +e2 

A=M M 

A M M 

0 ( ^ ( 1 )--

0 ( ^ ( 1 )--

0 ( ^ ( 1 )--

<?0n(l)--

Ö(JT1(1)--

-TnCOJJMi )--

-7T2(0) ) 

- i r i ( 0 ) ) ( » T 2 ( l ) --

7^(1)^(0) ) 

- 7 T1 ( 0 ) ) ( 7 r2 ( l ) --

-(7^(1)) + 7n(0)) 
- 7 T 1 ( 0 ) ) ( 7 r 2 ( l ) --

1 1 

-7T1{0) ) (7T 2(1)--

7T2{0)) ' ' 

^2 (0 ) )' ' 

T2(0) )' ' 

•T2(0 ) )' ' 

' ' 

Ö7Ti(0) ) 

0£e, , 

0*11 (0) 

Ö/i2ei i 

öïTl(O) ) 

0£e2 2 

07^(0) ) 

0/*e i+e2 2 

0*1(0) ) 

Ö/X2e! ! +e2 2 

A=M M 

A=M M 

A=M M 

( 1 --

( 1 --

{1 --

( 1 --

( 1 --

(^ (1)) + 7 ^ ( 1 ) ^ ( 1) 

- 0 ) M I ) - T I ( O ) ) ( T T 2 ( I ) --

-* 2(1) ) 
-- 0 ) ^ ( 1 ) - 7 ^ 0 )) (TT2(1)-

^ ( 1 ) ^ ( 0) ) 

-- ö) (7n(i) - 7n (0 )) (TT 2 ( I ) -

- ( T l ( l )) + Tl(0)) 
-Ö)(7r1( l ) - 7r1(0)) (7T2( l ) --

1 1 

- Ö ) ( 7 T1 ( l ) - 7 T 1 ( 0 ) ) ( 7 r2 ( l ) --

- ^ 2 ( 0 ) )' ' 

-MO)) ' ' 

-MO)) ' ' 

- T 2 ( 0 ) )' ' 

- ^ 2 ( 0 ) )' ' 

and d 

0*2(1; ; 

M=M M dfidfiei ei 

0*2(1)| | 

2^(0)^(1) ) 
ö ( f f l ( l ) - ^ i ( 0 ) ) 2 ' ' 

-* 2(1) ) 
0(*i(l )) - ^ ( o ) )2 ' 
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and d 

d7Td7T22(l) (l) 

Ö7T2(1) ) 

dfi-dfi-2eii  -\-e-2 

V=V V=V 

fl^fJ, fl^fJ, 

dndn22(0) (0) 

dirdir 22(0) (0) 

6>7T2(0) ) 

dfidfie2 e2 

Ö7T2{Ü) ) 

Ö7T2(0) ) 

^ 2 e i + e2 2 

A*=A* * 

A=A* * 

0 ( ^ , ( 1)) -TT^O))2" 

- 2 7 n ( 0 ) ) 

Ö ( 7 r , ( l )) - T T i f O ) ) 2 ' 

1 1 

0 ( ^ ( 1)) -7T , (0 ) )2" 

2^(1)^(0 ) ) 
( 1 - 0 ) ^ ( 1 )) -7T,(Ü))2 ' 

(i-e)(7r(i-e)(7rll(i)-jr(i)-jr 22(o)y (o)y 

*?(*) ) ) 
( I - 0 ) ( * I U ) - T I ( O ) ) 2 , , 

- 2 ^ ( 1) ) 

(11 - ^ ) ( 7 T1 ( 1) - 7 ^ ( 0 ) )^ 

1 1 

( i - 0 ) ( * i ( i ) - * i ( o ) ) 2 ' ' 

and d 

dB dB 

dfidfiei ei 

36 36 

-22 ( ^ (1 )^ (0 )+ ^(0)^(1)) 

86 86 

dfidfiee..2 2 

do do 

#/ f 2ei+e2 2 

/11 = /X 

A*=A * * 

A>> A* 

A M M 

( T . ( 1 ) ) 

(T l ( l J J 

(*|{1 ) ) 

( T l ( l ) ) 

-^)))-^))) 22(M.i)-^m (M.i)-^m 
7T2(1)+7T2(0) ) 

-TntOJ^MlJ-TrafO)) ) 

2^,(1)^1(0) ) 

- 7 T i ( 0 ) )a( 7 r2 ( l ) - 7 r 2 ( 0 )) ) 

2(7T1(1)+7T1(0)) ) 

- T n t O ) )22 (7T2(1)-7T2(0)) 

- 2 2 

(7T , (1 )-- ^ ( 0 ) ^ ( ^ ( 1 ) -7T2(0)} 

Threee rater s 

Define e 

and d 

A** — (./^ei ^ / ' e 2 - ^e : i- Mei+e2- A^ei+e^ / 'e j+e : j - /<ej +e2+e3 j -

A**  lA'ei ' /'<e2- / ' ea- / ' e i + e2 ' /^ei+e:̂  Me-2+e  ̂ /^e i+e2+e3, 
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Thee partial derivatives for the situation involving three raters are given by: 

and d 

Öffxfl ) ) 7T2(0)7r3(0) ) 

frri(l) frri(l) 

9fte9fte2 2 

Ö7Tl(l) ) 

d£e3 3 

Ö7r,(l) ) 

C'Atei+e2 2 

ö7n(i) ) 

C^ei+e3 3 

0 ^ ( 1) ) 

Ö7Tl(l) ) 

O^Mei+e2+e3 3 

Ö(7T2(1)--

Ö(7T2(1)--

0Mi) --

Ö(JT2(1)--

Ö(7T2(1)--

Ö(7T2(1)--

Ö(7T2(1)--

-- 7T2(0)) (7T3(1) -

7Ti(l)7r3(0) ) 

-- * 2(0)) (^3(1) " 

^ ( 1 ) ^ ( 0) ) 

- 7 r2 ( 0 ) ) ( 7 r3 ( l ) --

-7T3(0) ) 

-- 7T2(0)) (7T3(1) -

-7T2(0) ) 

-7T2(0 ) ) (7 r3( l ) --

- T l ( l ) ) 
-7 r2(0 ) ) (7T3( l ) --

1 1 

""  MO)) M l ) -

-^{o)) ' ' 

- T 3 ( 0 ) ) ' ' 

- T 3 ( 0 ) )' ' 

- T 3 ( 0 ) )' ' 

-MO))' ' 

- T 3 ( 0 ) )' ' 

-7T3(0) )' ' 

9?ri(0) ) 

0*11 (0) 
dfldfle2 e2 

Ö7n(0) ) 
A=/A A 

dfi, dfi, 

dMO)dMO) | 
<Jfiei+e2<Jfiei+e2 \jj,=fj, 

Ö7Tl(0) ) 
C'Meii  +e3 

cMo) ) 

0*11 (0) 
0/W W A=M M 

( 1 --

( 1 --

( 1 --

( 1--

( 1--

( 1--

7r2(l)TT 3(l ) ) 

-- ö) (7T2(1) - 7T2(0)) (7T3(1) " 

7Ti(0)7r3(l ) ) 

- ö ) ( 7 T2 ( l ) - 7 T 2 ( 0 ) ) ( 7 r3 ( l ) --

7n(0)7r2( l ) ) 

-- ö) (7T2(1) - 7T2(0)) (7T3(1) " 

-7T3(1) ) 

-- ö) (7T2(1) - 7T2(0)) (3T3(1) " 

-7T2(1) ) 

- Ö ) ( 7 r2 ( l ) - j r 2 ( 0 ) ) ( 7 r3 ( l ) --

- T l ( 0 ) ) 

-- ö) (3T2(1) - 7T2(0)) (7T3(1) -

1 1 

- * 3 ( 0 ) ) ) 

""  7T3(0)) 

-- ^ {0) ) 

-- MO)) 

-T3 (0 )) ) 

- T 3 ( 0 ) ) ) 

[11 - ö) (7T2{1) - 7T2(0)) (7T3(1) - 7T3(0)) 

Permutationn of the indices in the partial derivatives above yields the partial derivatives of the 
otherr rrm(i). 
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Thee partial derivatives of 9 are given by: 
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d/ ie i i 

dB dB 
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- (7 r2( l ) 7 r3 (0 )+7 r2(0 )7 r3( l ) ) ) 
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Includin gg a fourt h rate r 
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and d 

A** — (,/^ei ? Me 2 i A*e3 j / ^e j i /^ei + e 2 < \L<$\ +e : j i f^e^+ej , / i e 3 + e 4 i * ei+e22 + e: i , 

Thee estimates for the parameters 9, 7Ti(l), 7r2(l) , 7r3(l) , 7TI(0), 7r2(0) and 7r3(0) are un­
changedd when including a fourth rater. As a consequence their partial derivatives remain the 
samee as for the three rater case. Moreover, the estimates for the parameters 6, 7r1(l) , 7r2(l) , 
7r3(l) ,, 7Ti(0), 7r2(0) and 7r3{0) do not involve the moments fie4 and /ïe3+e4. Therefore their 
partiall  derivatives with respect to these two moments are zero. 

Thee partial derivatives of the estimates of TT4{1) and 7r4(0) are given by: 
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Appendi xx C: 
Element ss of the informatio n matri x 

Inn this appendix we specify the elements of the information matrix. Hereto, define the infor­
mationn matrix for the incomplete information log-likelihood function as: 

I(X:V)I(X:V) = 
dd2 2 

dVdVdVdV1 1 ln ( I (X;* ) ) ) & & 
d^d p̂pd^d q̂ q 

ln(X(X:*) ) ) 
Kp<2m+1 1 

Similarly,, define IC{(X, Z); Vf) the information matrix of the complete information log-likelihood 
function. . 

Differentiatingg (3.37) twice with respect to M/ and multiplying by -1 yield: 

I{X:*)I{X:*)  = Ic{{X,Zy*) + -
dd2 2 

d^dVd^dV1 1 In n 
LLCC{(X,Z);¥) {(X,Z);¥) 

L(X:9) L(X:9) 

Takingg the expectation of both sides over the conditional distribution of Z given X = x, we 
arrivee at: 

ƒ(* ;* )) = Ey{Ic{{X,Z);*)\X = x) 

++  E # # 
dd2 2 

In n 
L C((X,Z);¥) ) 

Itt can be shown (McLachlan and Krishnan, 1997) that: 

XX = x 

-E, -E, * * 
dd2 2 

In n 
LLCC((X,Z);V) ((X,Z);V) 

XX = x 

==  Cov^ (V^ ln (L c( (X ,Z ) ;# ) ) |X = a:) 

== Ey ( V ^ ln(L c((X Z); * ) ) V ^ ln(Lc((X, Z); * ) ) | X = x) 

- V ^^ hi(L(x; *))V' ^ ln(L(£c; * ) ) . 

Wee now obtain the observed information matrix I(X;^) by combining the last two equations 
andd evaluating these at the maximum likelihood estimator * . After observing that 
[Vq,[Vq, ln(L(X ; * ) ) ] ^ ^ = 0, this means: 

== [Ey{Ic({X,Z);*)\X = x)]iSf=% 

-- [Ey ( V *  ln(Lc((X, Z); * ) ) V ^ m(Lc((X, Z); * ) ) | X = x)] ^ ^ 

==  A-B 

(3.45) ) 

(3.46) ) 

Obviously,, A and £? are both (2 m + 1) x (2 m + 1) matrices. 
Wee give the entries of the information matrix by specifying the entries of the matrices A 



Appendixx C 59 9 

andd B. Here A is a diagonal matrix, whose diagonal elements are given by: 

[A] nn = ^ ( W ( X , Z ) ; ¥ ) | X = s) 

== Enf(~MU(x,z);*)) d9d92 2 

== ^ ( E ' ^ i + Zl'° 22 (1-Ö)2 

XX — x 

XX = x I 

""  / EyjZidX = x) EyjZidX = x) 
~~ 1^\ ff2 + (1-9)2 

ffff2 2 

i = ii  -

Inn a similar way one shows that for 2 < j < m + 1: 

""  / Ey(Zitl\X = x) Ey&AX = x) 
\.\.AA\ü-L,\f^\ü-L,\f  ̂ ^ +VJ *V) (l-TTj(l)) 2 

andd f or m + 2 < j < 2 m + 1 

(3.47) ) 

(3.48) ) 

(3.49) ) 

Forr the calculation of the matrix A we use the maximum likelihood estimates of * and replace 
E\&(Zi,i\XE\&(Zi,i\X = x) by the estimate as given in (3.35). 

Wee now have the entries of A, leaves us to obtain those of B. To calculate the elements of 
BB we use the relationship: 

BB = Cov*  ( V *  ln(Lc((X, Z); * ) ) | X = x) . 

Ass the gradient is given by the left hand side of the equations (3.36.a), (3.36.c) and (3.36.b), 
wee have: 

[B]n[B]n  = Var* £ 
ZiAZiA Z{Q 

1 1 

Zi\ Zi\ 
Var**  rTö+EöTÏT 

XX = x 

XX = x 

XX = x 
11 ( n 

11 n 

== ^ 7 T 3 W ^ V a r * ( Z u | x = x ) 

^^  t = l 

== ^n^EE*( Z'.'l^-^)(l-£*(Zu|X=a;)). 
(ii  - er tr 

Analogouss reasoning leads to 

[BU[BU = {B]qp = £&( (?, 9 ) ; t ) £* (^\X =  x) (1 - E*  ( z u l *  = *) ) * 
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wheree b((p, q)\i) is defined as below. 
Forr 2 < q < rrt + 1: 

b((l.q):i)b((l.q):i) = ^ - ' " V I ( 1 K H 

Formm + 2 < <y < 2m + 1: 

6(fll  f/V z") = ~\<X-i.q-m-l ~ Kq-m-\(v)ïq-m-\) 

Forr 2 <p <m+l and 2 < g < m . + 1: 

6(fpp oV z) = ^ ' ' , p" ' ~ ̂ p- i l^V O (^<?-i ~ 7rq-i(lK ?-i) 
U P ' ^ '' 7rp_1( l)( l-7r p_1( l))7r^1( l)( l-7r,_1( l) ) " 

Forr 2 < p < 2m . + 1 and m + 2 < q < 2 m + 1: 

Tp- iCl ïa-Tp-^ lJ jTr^^ i fO)) ( l- jr 9_m_,(0)) " 

Forr m + 2 < p < 2 m. + 1 and m + 2 < q < 2 m: + 1: 

»» // \. \ _ (^M,p-m-l ~ TTp-m-ljOjtp-m-l) (^z.q-m-l ~ Kg-m- 1 (OKg-m- 1 ) 

7rp-m- l (0)) (1 - 7Tp_m_1(0))7r9_m_1(0) (1 - 7Tg_m_i(0)) 

Forr the calculation of the matrix B we use the maximum likelihood estimates of * and replace 
Ety(ZEty(ZiAiA\X\X = x) by the estimate as given in (3.35). 

Wee have thus obtained all entries of matrices A and B, and thus of the information matrix. 
Thiss concludes the specification of the parameters of the limiting normal distribution of the 
maximumm likelihood. 



44 The assessmen t of precisio n of 
ordina ll  measuremen t system s 

4.11 Introductio n 

Inn this chapter we study the evaluation of precision (or: consistency) of ordinal measurement 
systems.. By precision is understood the extent to which we find the same or similar results 
iff  we measure (the properties of) the same object multiple times with the same or comparable 
measuringg instruments. Or, the amount of scatter exhibited by the results obtained through 
repeatedd application of the measurement system to the object. 

Howw precision is addressed depends on the field where the measurement system is used. For 
instance,, industrial statistics concentrates on measurement spread (Montgomery and Runger, 
1993a,b),, whereas in psychometrics the focus is on reliability (Kerlinger and Lee, 2000). In 
bothh fields the precision of the measurement is assessed by means of an experiment using the 
fundamentall  principles of experimental design (Box, Hunter and Hunter, 1978). In this chapter 
wee consider a simple design where m repeated measurements are obtained from n objects 
withh the same measurement system in randomized order. The observations are denoted X^, 
ii  = l , . . . , n ;i = l , . . . ,m. 

AA scale is the target range of a measurement system. An ordinal scale is a countable set 
withh a defined order but without a distance metric. In a bounded ordinal scale the number 
off  categories is finite. A discrete scale is an ordinal scale with a distance metric imposed. 
Thee concept of distance distinguishes an ordinal scale from a discrete scale. For both scales a 
statementt of the form 'a < 6' makes sense (as opposed to nominal scale), but, unlike discrete 
scales,, 'a - 6' has no meaning on an ordinal scale. Examples of bounded ordinal measurements 
aree quality judgments of the form 'good', 'mediocre', or 'bad', and ratings in classes I, II , III 
andd IV (where an object of class II is of better quality than an object stemming from class I, et 
cetera). . 

Thiss chapter concentrates on the evaluation of the precision of ordinal measurement sys­
tems.. First, an overview is given of existing methods used in the assessment of precision for or­
dinall  measurement scales. Based on these methods, two approaches are developed for bounded 
ordinall  measurements. These approaches — a latent variable approach and a nonparametric 
approachh — are illustrated from an artificial data set and an industrial example. This chapter is 
basedd on De Mast and Van Wielingen (2003). 
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4.22 Inventor y of curren t method s 

4.2.11 Intraclas s Correlatio n Coefficien t 

Thee social sciences interpret precision as reliability, which is the degree of object variation rel­
ativee to the total observed variation, or, equivalently, the correlation between multiple measure­
mentss of the same object. Reliability is often expressed in the form of an intraclass correlation 
coefficientt (Lord and Novick, 1968; Shrout and Fleisch, 1979; and also chapter two). 

Thee observations Xl3 are generally assumed to follow,the model 

XXijij  = Zi+eij, (4.1) 

withh Zi ~ M{\ip, a2) the reference value of object i and erj ~ A/*(0, a'2) the stochastic mea­
surementt error. The model states that the distribution of the measurement error is symmetrical 
aroundd and independent of the object's reference value. 

Thee intraclass correlation coefficient is given by 

ICCICC =  Cov(XviXrk) =
 Gl  ( 4 2 ) 

y/Var{XiJy/Var{XiJ  Var(Xik) <J2
P + °l' 

withh Xij and Xik two measurements of an arbitrary object i. ICC expresses measurement 
reliabilityy as can be seen from the righthand side of equation (4.2): a ratio of the variance of 
interestt over the total variance (the variance of interest plus the error variance). ICC can be 
interpretedd as a signal-to-noise ratio and as a correlation coefficient. Due to the assumed model 
ICCICC can only assume values in the interval [0,1]. 

One-wayy analysis of variance gives the estimates for the variance components in equation 
(4.2).. To this end define 

... n m 

X.. X.. ^ £ £ * «« and A-^ i^X, . 
1=11=1 J = l 3 = 1 

Thee mean squares are given by 

11 n m 

MSMSWW = y;v(xy-x<.)2, 
mmmm — 1) *-~"-^> 

MSMSbb = ^ -_V(X, . -X . ) 2 . 
n—n— \ *-^ 

Accordingg to Shrout and Fleisch (1979) a biased but consistent estimator of ICC is: 

MSMSbb - MSW 
ICC ICC 

MSMSbb + (m - l)MSw 

Notee that this estimate is acceptable only if the objects i = 1 , . . ., n are sampled randomly 
fromm the population. If this is not the case, a"2, or a2 + a2 should be estimated from a historical 
sample. . 
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4.2.22 Gauge R&R 

Industriall  statistics interprets precision as measurement spread (Montgomery and Runger, 
1993a,b;; Vardeman and Van Valkenburg, 1999; and also chapter one). The model underlying 
thee Gauge R&R equals model (4.1) of the ICC method. The measurement spread is the standard 
deviationn ae of repeated measurements of a single object. In standard Gauge R&R studies this 
standardd deviation is split into a component due to the measurement system itself (repeatability) 
andd a component due to additional sources of variation such as raters (reproducibility). The 
measurementt spread is compared to the process spread (including measurement spread), as is 
donee by the Gauge R&R statistic: 

Gaugee R&R = - ^ - , (4.3) 
<?total <?total 

withh atotal = yja\ + a2
e. 

Thee intraclass correlation coefficient and the Gauge R&R are essentially the same: 

ICCICC = 1 - (Gauge R&R)2. 

Thee main difference is that ICC expresses the ratio of measurement spread and total spread in 
termss of variances and the Gauge R&R in terms of standard deviations. Proportions suggest 
thatt the numerator plus its complement add up to the denominator. This holds for variances, but 
nott for standard deviations, which makes ICC the more natural choice (Wheeler, 1992, makes 
aa similar observation). 

Ann alternative evaluation of the measurement system is to consider 5.15cre. This value 
representss the width of a 99% confidence interval on an object's reference value, given a single 
measurement.. A third alternative is to determine the discriminatory power of the measurement 
system.. Suppose we have two objects and corresponding measurements X\ and X2. It can be 
decidedd that the two objects are not identical (with 99% confidence) if \XX -X2 | > 2.575 y/2 oe. 
Objectss whose reference values are more than 2.575 \f2cre apart will be distinguished in this 
sensee with at least 50% probability. Taking 5.15crtoiai to represent the range of the measured 
objects,, the measurement system can distinguish between \/2ototai/^e categories. 

4.2.33 Kappa 

Anotherr concept that is related to precision is agreement. Two measurements of an object 
agreee if they are identical. Cohen (1960) (see also chapter two) introduces a measure of agree­
mentt called the kappa, which is nowadays frequently used to evaluate measurement systems on 
nominall  scales. The kappa, denoted K, is a measure of agreement corrected for agreement by 
chance,, which has the form: 

Heree P0 is the observed proportion of agreement and Pe the expected proportion of agreement. 
Kappaa attains the value 1 when there is perfect agreement, 0 if all observed agreement is due to 
chancee and negative values when the degree of agreement is less than is to be expected on the 
basiss of chance. 

Forr the simple case where m = 2 (two measurements per object) Cohen (1960) computes 
thee terms in (4.4) as 

PoPo = ^Pi,2{k,k) and Pe = ^p i ( fc) Mk)^ 
kk k 
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wheree k ranges over all categories of the scale. Here P0 is the observed proportion of objects 
withh agreeing measurements 1 and 2 and pi.2(k, k) denotes the proportion of objects that have 
beenn categorized as k by measurements 1 and 2. Pe is the expected proportion of agreement 
basedd on independence of measurements 1 and 2. The pi{k) and p2(k) denote the marginal 
proportionss of both measurements and categories k. 

4.2.44 Nonparametri c method s 

Iff  one does not want to make distributional assumptions as in model (4.1), one may resort 
too nonparametric methods (Dunn, 1989) such as Kendall's Tau (Kendall and Gibbons, 1990). 
Precisionn is interpreted as consistency between different rankings of a series of objects. Let r a 

andd 7,2 be the rank numbers of object i in two rankings 1 and 2. Let P and Q be the numbers 
off  agreeing and opposite rankings, that is, 

PP = #{/i, i : (rhl < rn, rh2 < ri2) or (rhl > rlU rh2 > ri2)}, 

QQ = #{/ ' , *  : (rhi < riU rh2 > ri2) or {rhl > riUrh2 <r l2)}. (4.5) 

Thenn T is the difference between P and Q divided by the absolute value of their maximum 
differencee (the total number of pairs one can form). In formula: 

n(n~n(n~ l ) /2' 

rr measures rank correlation between two rankings. As a nonparametric analogue to the usual 
productt moment correlation coefficient it represents the extent to which there exists a monoto­
nousnous relationship between two variables (Kendall and Gibbons, 1990). One speaks of a per­
fectt positive monotonous relationship when for every pair of objects i and j we have (rn — 
rr ji)(ji)( rrï2ï2 - rj2) > 0. Negative monotony is defined analogously. Positive monotonous is also 
calledd concordant, and negative monotonous discordant, r can assume only values in the in­
tervall  [—1.1], where 1 corresponds with a perfect positive monotonous relationship, - 1 with a 
negativee one and 0 with no relationship at all (i.e., a random ranking process). 

Anotherr nonparametric measure of rank correlation is Spearman's ps (Kendall and Gibbons, 
1990).. At the core is the sum of squares of the differences in rank number of two rankings for 
eachh individual object. This is scaled such that ps equals 1 in the case of identical rankings and 
—— 1 if the rankings are each other's reverse. 

ii  6Ei( r* i -r«2)2 

PsPs = l ^ S[ —• nnóó — n 

ppss treats the ranks as if they were the true units of measurement, assuming a discrete scale 
insteadd of an ordinal one. It can be shown that also ps is a particular case of the product 
momentt correlation, measuring the degree of linear relationship between the ranks. 

rr and ps are concerned with correlation between two rankings. Kendall also studied the case 
involvingg m > 2 rankings (Kendall and Gibbons, 1990). Kendall defined his coefficient of 
concordancee as: 

ww = E!Li(ft--X "  + i))2 

j^mj^m22(n(n33 — n) 
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withh Ri — Yl™=\ rij  a nd rij  i s t ne ranki ng of object i by ranking j . The rationale underlying 
thiss definition is the analogy to the analysis of variance. This is also its criticism for rankings 
aree not independent of each other, but are assigned in conjunction with each other. Therefore, 
itt has been proposed to use instead the average r of all possible pairs of rankings (Kendall and 
Gibbons,, 1990). 

4.2.55 Other alternative s 

Alternativee and related methods, which we do not discuss in this chapter, can be found in 
Kruskall  (1958), Feldstein and Davis (1984), Agresti (1988), Dunn (1989), Uebersax and Grove 
(1993),, Van den Heuvel (2000) and Vanleeuwen and Mandabach (2002). 

4.33 MSA for bounde d ordina l data 

Modifyingg the methods discussed in the preceding section for application with bounded ordinal 
data,, we develop two main approaches. The choice between them relates to the distinction be­
tweenn die situation where one deals with a scale that is bounded and intrinsically ordinal, and 
thee situation where one is in fact dealing with a continuous variable which is mapped by the 
measurementt system onto a bounded ordinal scale. In the first situation one cannot use methods 
basedd on standard deviations and correlations, because these methods assume a distance metric 
onn the measurement scale. One has to resort to nonparametric methods (Kendall's Tau, Spear­
man'ss Rho). In the second situation, the ordinal scale can be equipped with a distance metric, 
whichh it inherits via the map (formed by the measurement system) from the underlying con­
tinuouss scale. This enables the use of methods based on standard deviations and correlations 
(ICCC and Gauge R&R). The underlying continuous scale need not be known and the object's 
referencee value is treated as a latent variable. The kappa method will be shown to reduce to a 
variantt of the ICC method. 

4.3.11 Modificatio n of the ICC metho d 

Ass shown in section 4.2.2 the ICC method is essentially the same as the Gauge R&R method 
andd for this reason we do not discuss the Gauge R&R method separately. 

Tryingg to apply the ICC method to bounded ordinal data, we come across two problems, 
whichh relate to: 

1.. A distance metric for the measurement scale, 
2.. Distributional properties of the measurement error. 

Add 1. Ordinal scales have only an order defined, not a distance metric. The ICC method, 
however,, makes use of standard deviations and correlations, which are only defined for mea­
surementt scales for which there is a well defined distance metric. Not until the ordinal scale is 
extendedd with a metric can we apply ICC type methods. In effect, this extension transforms an 
ordinall  scale into a discrete scale. 

Add 2. The standard ICC method (as well as the Gauge R&R method) assumes that (a) the 
measurementt error is symmetrically distributed around an object's reference value and (b) that 
thiss distribution is the same, whatever the reference value is (as reflected in model (4.1)). Both 
assumptionss (a) and (b) are natural in the study of measurement error and we wish to intro­
ducee similar assumptions for the bounded ordinal case. Neither assumption can, however, be 
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retainedd for bounded scales in a straightforward form: the measurement error of objects close 
too a bound will be skewed away from the bound. 

Inn order to adapt the ICC method for use with bounded ordinal data, it is unavoidable to make 
boldd assumptions on both issues. It appears possible to derive both a distance metric and a 
distributionn for the measurement error if one is prepared to assume that underlying the mea­
surements,, there is a continuous variable (the 'reference' value of the object). Below, we study 
howw to adapt in this situation the ICC method for use first with ordinal but unbounded data, 
nextt for use with bounded ordinal data. If one is not willing to assume a continuous reference 
valuee that underlies the measurements, one cannot but resort to nonparametric methods. 

ICCC for  unbounded ordinal data 

Lett Z denote the reference value of the measured property of an object. We assume that Z e l . 
Moreover,, we assume that Z has a normal distribution: 

Z-tfiup,^).Z-tfiup,^). (4.6) 

ZZ is not observed; instead we measure an ordinal variable A', which assumes a value in ED. 
EDD is an infinite countable set, whose categories are labelled . . .. 1, 2.3 By reporting A" 
insteadd of Z, the measurement system maps M onto D and adds a stochastic component due to 
measurementt error. The map RD : M. —> ÏÏD, RD(Z) — \Z] represents a measurement system 
whichh is not subject to measurement error ((".] is the ceiling function). We define its reverse by 
DR(k)DR(k) = k — 1/2. The measurement error in X can be modelled by specifying the distribution 
off  X conditional on Z, which is of the form P(X = k\Z) = Pk(Z), k e D, with pk dependent 
onn the reference value Z of the measured object. 

Inn order to apply a method analogous to the ICC method, we have to define a distance metric 
onn ED. We propose to interpret the categories of D as equidistant by taking the distance between 
anyy two successive categories as 1. This way, ED inherits the distance metric of the domain of 
Z,Z, in that \k - f |D = \DR(k) - DR{(% for any k, ! e ED. 

Furthermore,, we have to make assumptions about the distribution of A\ We assume that 

Pk(Z)=Pk(Z)= f^z,oM)di. (4.7) 
JDR(k-\j2) JDR(k-\j2) 

withh j ^ . a t the density of the normal distribution with mean p and standard deviation ae. Thus, 
thee distribution of X given Z is a discretized form of a normal distribution. Combining (4.6) 
andd (4.7) we find 

p(x=k)p(x=k) = r pk(t)fllr ..ap<it 
JJ  -o c 

I I 
DR(k+l/2) DR(k+l/2) 

ff rnr^M)du- (4-8) 
DR(k-\/2) DR(k-\/2) 

Inn order to understand intuitively the assumption (4.7), one could think of a measurement error 
ee € M, which has a jV(0, o'l) distribution, E is added to the reference value Z and then dis­
cretized:: A' — RD(Z + £•), which results in the distribution given in (4.8). Thus, (4.8) is the 
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discretee analogue of (4.1), and we have retained symmetry of measurement error and indepen­
dencee of the distribution of the measurement error of the reference value Z. Analogous to the 
standardd ICC method, we define measurement reliability as 

ol ol 
ICCICC = - ^ S - (4.9) 

Inn order to estimate ICC we have repeated measurements Xn, Xi2, -  ,Xim of objects 
ii  = 1,2,..., n. Following standard ICC methodology, one would estimate ICC from a ratio 
off  mean squares. For discretized data, mean squares have, however, a bias. Correcting for this 
biass (see the derivation in the appendix), the estimate becomes 

MSMSbb ~MSW + ^ 
MSMSbb + (m-l)MSu rn^-m+l 

ICCICC = b w 12m
2  ̂ . (4.10) 

ICCC for  bounded ordinal data 

Next,, we study how to modify the ICC in the case of bounded data. We assume that D is a 
finitee set, whose categories are labelled 1, 2 , . . ., a. We could assume a bounded domain for the 
referencee value Z as well. This would, however, make it impossible to retain the assumption 
off  the distribution of the measurement spread being independent of and symmetrical around 
thee reference value: for values close to the bounds, the measurement spread would be skewed 
awayy from the bound, thus violating both assumptions. Instead, we retain R as the domain of 
thee reference value Z and define the map LRD : R —> D, 

LRD(Z) LRD(Z) 

Itss reverse is defined by: 

aexp(Z) ) 
11 + exp(Z) 

(4.11) ) 

LDRLDRMM = *{ê^)-  (4-12) 
LDRLDR is similar to the logistic transformation that is used in logistic regression. Note that 
LDR(1)LDR(1) = - ln(2a - 1), LDR(a) = ln(2a - 1), and LDR{{a + l)/2) = 0. For Z we retain 
modell  (4.6). For the measurement error we have: 

rLDR{k+l/2) rLDR{k+l/2) 
Pk(Z)=Pk(Z)= / f^Z;ae(t)dt (4.13) 

JLDR{k-\/2) JLDR{k-\/2) 

Ann equation similar to (4.8) could be derived. In the domain of Z, the distribution of the 
measurementt spread is independent of and symmetrical around an object's reference value. 
Inn the center of the domain, the map LRD approximates RD. Towards the bounds, more and 
moree of the R domain is condensed in classes of D and the extreme classes of D cover all values 
off  Z smaller or larger than a certain value. In our opinion, this behaviour reflects how bounded 
ordinall  measurement scales in reality are often implicitly defined: they are distinctive in a 
relevantt subdomain of reference values, whereas values more to the extremes are combined in 
thee two extreme categories, which cover all values beyond a certain lower and upper point. The 
distributionn of the measurement error is illustrated in figure 4.1. The graph has D = { 1 , . . . , 6} 
onn its x-axis and R on its ?/-axis. The curve shows how values in R and B> are related. The 
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histogramm shows the distribution pk(Z), k = 1, . . ., a, of a measurement X for a single object. 
Thiss distribution can be derived by imagining a reference value Z on the y-axis to which a 
normallyy distributed and zero-mean error is added (this hypothetical distribution is indicated 
byy the Gaussian curve on the y-axis). The right graph shows the distribution of X given an 
objectt that has a large reference value Z. Notice that this model implies that the measurement 
systemm is more consistent in the extreme classes, meaning that the really good and really bad 
objectss can be judged with high precision. 

Figuree 4.1: Relation between R and 

Thee measurement system's reliability is defined as in (4.9). Due to the nonlinearity of LDR, 
meann squares give heavily biased estimators for the variances in (4.9). To derive suitable es­
timators,, we consider the statistics Nlk = (#Xy, j — 1,... ,m : Xzj — k), for i = 1 , . . . ,n 
andd k £ D. Regarding the reference values Zt as fixed for the moment, and given that for 
aa single object i the tuple (Na,..., Nia) has a multinomial distribution, we can compute the 
log-likelihoodd L. 

n n 

LL = Y2 In P(Na =niU...,Nia = nla) 
i=l i=l 
n n 

== x> nnaal l 

LDR(kLDR(k - 1/2) - Z% 

(4.14) ) 
t = ii  fc=i 

withh $ the cumulative standard normal distribution function 

,, . , LDR(k + 1/2) -Zi _, „ 
Ai(+)Ai(+)  = i '—  ̂ and At 

,, Zn and a2 from Wee find estimates for Z\, 
nn a 

ZZ11,...,Z,...,Znn,, a\ml = arg max ^ ^ nik In U(Al(+)) - $ ( A H 
i=\i=\  k=l 

Inn order to obtain an unbiased estimate for al
e (in general maximum likelihood estimators are 

subjectt to bias), we work with 
aa""  = ^Z\alrnl-  (4.15) 
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Next,, we estimate a2 by 

«2 2 ^ E ^ - ^^  - -  <4-16> 

Thee sample ICC is given by 

ICC ICC *J J 
a£a£ + &i 

Thee method above, besides estimating the ICC, allows for an alternative representation 
off  the results by reporting for objects with reference values Zk = LDR(k), k — 1,. . ., a, 
thee distribution of the measurements pe{Zk), which is computed by substituting ae for ae in 
(4.13).. These pe{Zk) give the probability that an object that should be rated k is in fact rated 
€€ = 1,2,..., a. 

4.3.22 Modificatio n of the Kapp a metho d 

Thee main problem of the kappa method when dealing with ordinal data is that it uses only 
thee value-information. Values are interpreted as mere labels, ignoring the order-information. 
Inn effect, ordinal data are downgraded to nominal data, and therefore the kappa method does 
nott take along in its evaluation of an ordinal measurement system one of the system's most 
importantt aspects. 

Itt has been suggested (Cohen, 1968) that instead one should use the weighted K (of which 
KK is a special case) when dealing with ordinal data. This statistic takes into account that some 
typess of disagreement may be considered more important than other, and that this should be 
reflectedd by assigning weights. For the weighted Kappa the expected and observed proportion 
off  agreement are defined as: 

aa a 

PPo=o=Y^w{k,£)Y^w{k,£)PiaPia(kJ)(kJ) and Pe= £w(M)pi(fc)p2(0, . 

withh 0 < w{k, t) < 1, and w(k, k) = 1. Krippendorff (1970) proposes to choose quadratic 
weights: : 

w(kj)w(kj) = l - ) 7^ forfcandfinD. 
( a - I ) 2 2 

Inn effect these weights define a distance metric on D. Based on quadratic weights, and assuming 
modell  (4.1) for the (ordinal) data, Krippendorff showed that the weighted K is a biased estimate 
off  ICC, as defined in (4.2). Thus, the method reduces to a variant of the ICC method. 

4.3.33 Modificatio n of non parametri c method s 

Byy studying Kendall's r in the situation of an ordinal scale, we apply the theory of rankings to 
ratings.ratings. The main difference is that for rankings it is not possible for two objects to fall in the 
samee category (so called 'ties'). Ratings can be regarded as rankings, with the complication 
off  ties (which are usually unavoidable for ratings). When dealing with ratings, they should be 
convertedd to rank numbers. To obtain rank numbers from the ratings Xij, order for each j the 
Xij,Xij, i = 1 . . ., n from small to large, where X  ̂ that are equal are left in an arbitrary order. 
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Next,, let rijt i = 1, . . ., n be the rank numbers of the ordered Xijt where rank numbers for ties 
aree averaged. In formula: 

Xa-l Xa-l 

rrH=H=  E MJk + (l + Mj,xtJ)/2, 
k=l k=l 

withh Mjk = (#Aij, i - 1 , . . ., n : X%j = k), for j = 1, . . ., m and k £ P. When ties are 
present,, r should be modified as follows (Kendall and Gibbons, 1990): 

P-Q P-Q 
(4-17) ) 

where e 

y/n(ny/n(n - l) /2 - Ti ^ ( n - l)/2 - T2 

11 a 

2 2 
fc=i fc=i 

PP and Q are defined as in (4.5), which implies that ties are not counted. 
Likewise,, W modified for the presence of ties equals (Kendall and Gibbons, 1990): 

ww = S. . (* . -H"  + i))'  (Am 
xxmm22(n3(n3 _ n) _ § E™ i E « = l ( M ^ - M, t ) ' ( 4 '1 S) 

with,, as before, Ri — YlT=i rij-
Wee do not give the modification for Spearman's Rho, because W is linearly related to the 

averagee Spearman's Rho of all possible pairs of rankings (Kendall and Gibbons, 1990), and is 
thereforee essentially the same as W. 

4.44 Example s 

4.4.11 Artificia l data set 

Wee created data Xtj, i = 1 , . . ., 30; j = 1, . . ., 6 on an ordinal scale D = { 1 , . . . , 5}. The data 
aree realisations of thee model X{j = LRD(Zi+elj), with Z> ~ Af(0; 0.49) and £•„  ~ A/"(0; 0.09) 
(seee table 4.1). The true ICC equals 0.49/(0.49 + 0.09) = 0.845. 

Usingg (4.15) and (4.16) we find o\ - 0.082 and a2
p = 0.43. Consequently, ICC is esti­

matedd as 0.839. Another way to present the results is by reporting a table such as table 4.2. 
Thiss table displays the distribution of the measurements X given the reference value Z for 
ZZ = LDR(k), k = 1 , . . ., 5. For example, an object that should be rated in class 2 has a 3% 
probabilityy to be rated 1, 91% to be rated 2 and 6% to be rated 3. 

Too demonstrate the effect of the proposed map (4.12), we analyse the data using another 
map,, namely 

PDR(k)=$-PDR(k)=$-11(!^m).(!^m). (4.19) 

Wee find a\ = 0.030, u2
v = 0.16 and ÏCC = 0.842 (note that the estimated variances cannot 

bee compared to the 0.49 and 0.09 in the model, since choosing a different map in the analysis 
impliess a different scale for the underlying domain of Z). The distribution of the measurements 
XX is estimated as specified in table 4.3. 
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Artificia ll  data 

1 1 
2 2 
3 3 
4 4 
5 5 

6 6 
7 7 
8 8 
9 9 
10 0 

11 1 
12 2 
13 3 
14 4 
15 5 

1 1 

3 3 
3 3 
4 4 
2 2 
3 3 

4 4 
3 3 
2 2 
3 3 
2 2 

2 2 
3 3 
4 4 
3 3 
4 4 

2 2 

2 2 
3 3 
3 3 
2 2 
3 3 

4 4 
3 3 
2 2 
2 2 
2 2 

2 2 
3 3 
4 4 
3 3 
4 4 

3 3 

3 3 
4 4 
3 3 
3 3 
2 2 

4 4 
3 3 
2 2 
2 2 
2 2 

2 2 
3 3 
4 4 
3 3 
3 3 

4 4 

2 2 
4 4 
4 4 
3 3 
3 3 

4 4 
4 4 
2 2 
3 3 
2 2 

3 3 
4 4 
5 5 
3 3 
3 3 

5 5 

2 2 
4 4 
3 3 
2 2 
2 2 

4 4 
3 3 
3 3 
2 2 
2 2 

2 2 
3 3 
4 4 
3 3 
4 4 

6 6 

3 3 
4 4 
3 3 
3 3 
2 2 

4 4 
4 4 
2 2 
2 2 
2 2 

2 2 
3 3 
5 5 
3 3 
3 3 

16 6 
17 7 
18 8 
19 9 
20 0 

21 1 
22 2 
23 3 
24 4 
25 5 

26 6 
27 7 
28 8 
29 9 
30 0 

f f 

4 4 
3 3 
4 4 
2 2 
3 3 

2 2 
2 2 
3 3 
4 4 
2 2 

4 4 
2 2 
3 3 
2 2 
4 4 

2 2 

3 3 
3 3 
4 4 
3 3 
3 3 

3 3 
1 1 
3 3 
4 4 
2 2 

4 4 
2 2 
3 3 
2 2 
4 4 

3 3 

3 3 
3 3 
4 4 
2 2 
4 4 

2 2 
2 2 
2 2 
3 3 
2 2 

3 3 
2 2 
2 2 
2 2 
4 4 

4 4 

4 4 
3 3 
4 4 
2 2 
3 3 

2 2 
2 2 
3 3 
4 4 
3 3 

4 4 
2 2 
2 2 
2 2 
5 5 

5 5 

4 4 
3 3 
4 4 
3 3 
3 3 

2 2 
2 2 
3 3 
4 4 
2 2 

4 4 
2 2 
3 3 
1 1 
4 4 

6 6 

3 3 
3 3 
4 4 
3 3 
4 4 

3 3 
2 2 
2 2 
4 4 
1 1 

3 3 
2 2 
2 2 
2 2 
3 3 

Tablee 4.1: Artificial data set. 

Kendall'ss r can only be computed for pairs of columns. Computing r for all pairs of 
columnss we find (1,2) 0.79; (1,3) 0.66; (1,4) 0.72; (1,5) 0.77; (1,6) 0.54; (2,3) 0.60; (2,4) 0.63; 
(2,5)) 0.81; (2,6) 0.63; (3,4) 0.70; (3,5) 0.66; (3,6) 0.83; (4,5) 0.65; (4,6) 0.56; (5,6) 0.62. The 
averagee of these values is 0.68. W, computed from (4.18), is 0.78. The T'S exhibit that there is 
aa reasonable consistency between the columns. 

4.4.22 Printe r assembl y data 

Thee second example is a real data set from a printer assembly line. After a printer has been 
assembled,, its quality is tested by printing a grey area. This sample is visually inspected on 
uniformityy by the raters. The samples are judged as good, acceptable, questionable or rejected. 
Wee code these categories as 1, 2, 3 and 4 respectively. In order to evaluate this inspection 
procedure,, 26 samples (grey areas) were collected, which were judged six times. The data are 
givenn in table 4.4. 

Wee can imagine that underlying the rater judgments there is some continuous property 
uniformity,uniformity, for which there is no known measurement method. We assume that this unobserved 
propertyy has an unbounded domain, or at least that the bounds are removed far enough from the 
rangee of interest to make them irrelevant. Analysing the data, we find a\ = 4.06, d* — 0.867 

andd ICC = 0.18 (using (4.19) instead of (4.12) we find the same value). Both from these 
resultss and from their implication as presented in table 4.5, we conclude that the inspection 
methodd is completely inadequate. 

Iff  one does not want to assume a continuous underlying variable, one could calculate W. 
Formulaa (4.18) yields 0.34. For each pair of columns one could compute r, which yields (1,2) 
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Conditiona ll  probabilit y 

ReferenceReference value 
Z Z 

-2.20 0 
-0.85 5 
0.00 0 
0.85 5 
2.20 0 

Class Class 

1 1 
2 2 
3 3 
4 4 
5 5 

1 1 

1.00 0 
0.03 3 
0.00 0 
0.00 0 
0.00 0 

MeasurementMeasurement X 
2 2 

0.00 0 
0.91 1 
0.08 8 
0.00 0 
0.00 0 

3 3 

0.00 0 
0.06 6 
0.84 4 
0.06 6 
0.00 0 

4 4 

0.00 0 
0.00 0 
0.08 8 
0.91 1 
0.00 0 

5 5 

0.00 0 
0.00 0 
0.00 0 
0.03 3 
1.00 0 

Tablee 4.2: Distribution of X given Z, based on analysis using LDR. 

Conditiona ll  probabilit y 

ReferenceReference value Measurement X 
ZZ Class 1 2 3 4 5 

-1.288 1 0.99 0.01 0.00 0.00 0.00 
-0.522 2 0.03 0.91 0.06 0.00 0.00 
0.000 3 0.00 0.07 0.86 0.07 0.00 
0.522 4 0.00 0.00 0.06 0.91 0.03 
1.288 5 0.00 0.00 0.00 0.01 0.99 

Tablee 4.3: Distribution of X given Z, based on analysis using PDR. 

0.45;; (1,3) 0.37; (1,4) 0.59; (1,5) -0.07; (1,6) -0.04; (2,3)0.44; (2,4) 0.36; (2,5) 0.02; (2,6) 0.12; 
(3,4)) 0.72; (3,5) -0.17; (3,6) 0.08; (4,5) -0.26; (4,6)) 0.17; (5,6) -0.22. The average value is 0.17. 

4.55 Discussio n and conclusio n 

4.5.11 Discussio n 

Ass is illustrated in the examples, r and W are hard to interpret because it is difficult to assess 
thee real-life implications of specific values. In part this is due to the fact that the statistics r 
andd W are not defined as estimators: they are given as sample statistics without a specified 
linkk to a parameter of the population distribution. These interpretation problems seem inherent 
too nonparametric methods. The modified ICC method, on the other hand, provides an easily 
interpretablee evaluation. Especially tables such as 4.2, 4.3 and 4.5 demonstrate clearly how a 
measurementt system behaves in practice. 

Inn the analysis of the printer assembly data (see table 4.4) it can be noted that the ratings in 
columnss 1, 2, 3 and 4 have a moderate consistency, and that the ratings in column 5 and 6 are 
inconsistentt mutually and with all other ratings (as can be concluded from the r values which 
havee been computed for all pairs of columns). For someone who is willing to improvee the mea­
surementt system, this is an important indication. The ratings in columns 1 and 2 were made by 
aa single rater, as were the ratings in columns 3 and 4, and 5 and 6. The ICC method facilitates 
onlyy an overall evaluation. The possibility of a separate inter- and intra-rater evaluation would 
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Printe rr  data 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 
11 1 
12 2 
13 3 

11 1 
22 2 
11 1 
11 2 

11 1 
44 4 
22 4 
11 1 

14 4 
15 5 
16 6 
17 7 
18 8 
19 9 
20 0 
21 1 
22 2 
23 3 
24 4 
25 5 
26 6 

7 7 
2 2 
4 4 
1 1 
1 1 
1 1 
1 1 
4 4 
3 3 
2 2 
2 2 
4 4 
1 1 
1 1 

2 2 
1 1 
4 4 
4 4 
1 1 
2 2 
1 1 
3 3 
4 4 
1 1 
2 2 
2 2 
4 4 
1 1 

3 3 
1 1 
3 3 
3 3 
1 1 
1 1 
1 1 
3 3 
2 2 
1 1 
1 1 
2 2 
1 1 
2 2 

4 4 
2 2 
4 4 
3 3 
2 2 
1 1 
1 1 
4 4 
3 3 
3 3 
3 3 
3 3 
1 1 
2 2 

5 5 
1 1 
4 4 
4 4 
3 3 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
3 3 
4 4 

6 6 
1 1 
1 1 
4 4 
4 4 
2 2 
4 4 
4 4 
4 4 
4 4 
4 4 
2 2 
4 4 
4 4 

Tablee 4.4: Printer assembly data. 

Conditiona ll  probabilit y 

ReferenceReference value MeasurementMeasurement X 

Z Z 
-1.95 5 
-0.51 1 
0.51 1 
1.95 5 

Class Class 
1 1 
2 2 
3 3 
4 4 

7 7 
0.66 6 
0.39 9 
0.21 1 
0.07 7 

2 2 
0.17 7 
0.21 1 
0.19 9 
0.10 0 

3 3 
0.10 0 
0.19 9 
0.21 1 
0.17 7 

4 4 
0.07 7 
0.21 1 
0.39 9 
0.66 6 

Tablee 4.5: Printer assembly data: distribution of X given Z 

bee a valuable extension of the method. 

Thee bounded ordinal scale should consist of at least three categories to ensure identifiability, 
becausee three categories leave two degrees of freedom, enough to estimate the two parameters 
ooee and <j p. However, if one encounters a binary measurement system and can assume an under­
lyingg continuous variable, the ICC method can still be used. It should then be possible - for the 
sakee of the experiment - to measure the property under study on an ordinal scale with three or 
moree categories. From the estimated ae and ap one could derive how many categories the mea­
surementt could distinguish. If this number is smaller than 2, the binary measurement system 
iss not capable. If this number is 3 or larger, one could take into consideration to upgrade the 
measurementt system to an ordinal measurement with three or more classes. This alters the re­
searchh question from "How consistent is the measurement system?" to "How many categories 
cann be distinguished?" An appropriate method to handle this requires further research. 
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4.5.22 Conclusio n 

Thee existing methods for measurement system analysis cannot cope with measurement systems 
thatt measure on a bounded ordinal scale. We propose two approaches for this situation. The 
firstt approach requires bold assumptions. It defines a distance metric for the ordinal scale and 
aa class of distribution functions in which the distribution of the measurement error is assumed. 
Bothh assumptions are derived from a latent variable model. Estimating the parameters of the 
distributionn of the measurement error, precision can be evaluated as an intraclass correlation 
coefficientt or from the estimated distribution of the measurement error. Given that the assump­
tionss are approximately justified, the method is easily interpretable. If the assumptions cannot 
bee justified, one has to resort to nonparametric methods, although the results of these are hard 
too translate into tangible implications. 
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Appendix : : 
Biass of mean squar e estimator s wit h discret e data 

Wee study a sequence of random variables Z%, i = 1,2,... ,n which have a normal distri­
butionn with mean fi and variance a2. The measurement system maps Zj onto a discrete 
scalee with class width 1. Values of Zj in the interval [k — 1/2, k + 1/2) are mapped onto 
k,k, k = ...,—1,0,1,2, The discretised version X{ of Zi has a discrete distribution given 
by y 

P(P(XiXi = k)= / UAt)dt, £ = . . . , - 1 , 0 , 1 , 2 , . . .. 
Jk-l/2 Jk-l/2 

Estimatingg fx by X = £ £]"=1 Jf;, we study the bias of 

ass an estimator of a2. It can be shown that this bias is given by: 

ES22 - a2 = f ; (*  - tf ( *  f * * * " " ) - $ f * " ^ ) ) - ^2- (4-20) 

Thee bias as given by formula (4.20) above depends on a and trunc(/i). For various values 
thee bias is given in table 4.6. From the perspective of an experimenter, trunc( )̂ is uniformly 
distributedd in [0,1). For small a2 (coarse resolution) the expected bias is 0.083. For larger 
aa22 (fine resolution) the bias approximates 0.083 regardless of trunc(^). The value 0.083 is the 
1/122 of Sheppard's correction (Kendall and Stuart, 1977, pp. 77-82). We see that, irrespective 
off  (7, 

ESES22*a*a 22 +

Itt follows that MSW — 1/12 is an unbiased estimator of a2. 
Sincee mXi. is normally distributed with mean m /i and variance m2a2 + ma2 and since 

rnXj.rnXj. has the same resolution as the Xtj, we find: 

EE (mMSb) = m2al + mal + h-

Takingg suitable linear combinations of MSb and MSW we obtain the estimator in (4.10). 
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Bias s 

M M 
0.0 0 
0.1 1 
0.2 2 
0.3 3 
0.4 4 
0.5 5 

0.3 3 
0.006 6 
0.021 1 
0.062 2 
0.110 0 
0.148 8 
0.162 2 

0.4 4 
0.052 2 
0.058 8 
0.074 4 
0.093 3 
0.109 9 
0.115 5 

0.5 5 
0.075 5 
0.077 7 
0.081 1 
0.086 6 
0.090 0 
0.091 1 

0.6 6 
0.7 7 
0.8 8 
0.9 9 
1.0 0 

0.148 8 
0.110 0 
0.062 2 
0.021 1 
0.006 6 

0.109 9 
0.093 3 
0.074 4 
0.058 8 
0.052 2 

0.090 0 
0.086 6 
0.081 1 
0.077 7 
0.075 5 

a a 

0.6 6 
0.082 2 
0.082 2 
0.083 3 
0.084 4 
0.084 4 
0.085 5 

0.7 7 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

0.8 8 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

0.9 9 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

1 1 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

0.084 4 
0.084 4 
0.083 3 
0.082 2 
0.082 2 

0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

0.083 3 
0.083 3 
0.083 3 
0.083 3 
0.083 3 

Tablee 4.6: Bias of S2 for various values of a and trunc(/i). 



55 The evaluatio n of categorica l 
measuremen tt  system s in practic e 

Inn this chapter we outline the steps a practitioner should follow to assess the precision of a 
categoricall  measurement system. The first steps provide a clear statement of the research ques­
tion.. The next steps guide the practitioner to the correct statistical analysis technique, help in 
thee set-up of an experiment, and show how the data from the experiment can be analyzed and 
interpreted.. Finally, we give suggestions to improve the precision if it is not acceptable for the 
objectedd purpose. We conclude this chapter with an example. 

5.11 Outlin e of the investigatio n 

Wee give the outline of the investigation of the precision of categorical measurement systems 
(cf.. Cox and Snell, 1981; Chatfield, 1995; Mackay and Oldford, 2000). 

Definitio nn of the measuremen t unde r stud y 

Onee needs to provide a clear definition of the measurement under study. Three issues are 
involved: : 

oo The practitioner specifies the experimental unit, the 'thing' (object, phenomenon, et 
cetera)) that is to be measured. 

oo The practitioner specifies the property of the experimental units he is interested in. 
oo The practitioner specifies the measurement system that is used to measure the property 

off  the specified experimental unit. This requires an unambiguous specification of the 
collectionn of instruments, operating procedures, personnel, et cetera, needed to do a mea­
surement.. Moreover, the practitioner states the level of measurement (nominal, binary, 
ordinal)) with which the measurement system measures the property. 

Specificationn of these three issues enables a clear statement of the research question: 

Whatt is the precision of the measurement system that measures 
thee specified property of the experimental units? 

Selectio nn of the analysi s techniqu e 

Beforee conducting an experiment it should be clear how the data from the experiment are to 
bee analyzed. This often includes the specification of a model that describes the outcome of the 
experiment.. Such a model serves to translate the problem under study into statistical terms. 
Thee model prescribes how to design the experiment such that all unknown model parameters 
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cann be estimated. Of course the model is tentative and its adequacy should be assessed as well 
ass its assumptions examined. 

Inn the previous chapters we developed several techniques and associated models that can 
bee used in the analysis of measurement system analysis experiments. We give flow charts that 
guidee in the selection of the appropriate technique. The following preliminary questions must 
bee answered in order to select the statistical analysis technique from the flow charts: 

1.. What is the level of measurement: nominal, binary or ordinal? 
2.. If the level of measurement is binary can an underlying continuous variable be assumed? 

Orr is the measurement intrinsically binary? If the measurement is intrinsically binary, is 
thee rater effect random or fixed? One speaks of a random raterr effect if the raters involved 
inn the experiment are a sample from a larger population all capable of performing the 
measurement,, and conclusions drawn with respect to the rater effect apply to the whole 
populationn of capable raters. Alternatively, one speaks of a fixed rater effect if the raters 
involvedd in the experiment are the only ones capable of measuring, and the conclusions 
off  the measurement system analysis apply only to these raters. 

3.. If the level of measurement is ordinal, is its scale bounded or unbounded? And, can an 
underlyingg continuous variable be assumed? Or, is the property intrinsically ordinal? 

Wee specify - per type of categorical measurement - the appropriate statistical technique for 
thee analysis of the measurement system analysis experiment. 

oo Nominal measurement: The kappa statistic is the only technique available for the eval­
uationn of the precision of nominal measurement. As pointed out in chapter 2 it is subject 
too drawbacks. Therefore, one should be careful to draw - on the basis of the kappa - in­
ferencess about the precision. Further research may yield more appropriate techniques for 
thee analysis of measurement system analysis experiments with nominal measurement. 

oo Binary measurement: Figure 5.1 specifies which technique should be used. The 'Latent 

Binary y 
measurement t 

// \ 
Ann underlying 

Intrinsicallyy binary continuous variable 
cann be assumed 

I II  II 
Fixed d 
rater r 
effect t 

Random m 
rater r 
effect t 

Fixed d 
rater r 
effect t 

Random m 
rater r 
effect t 

II  I  I  I 
Latent t 
class s 

method d 

Further r 
research h 
needed d 

Further r 
research h 
needed d 

ICC C 

Figur ee 5.1: Flowchart binary measurement 

classs method' has been explained in chapter 2, and an explanation for the appearance of 
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'ICC'' in this flowchart has been given in chapter 4. 'Further research needed' means that 
too our knowledge no satisfactory statistical technique for the analysis of the experiment 
exists. . 
Ordinall  measurement: The flowchart in figure 5.2 gives the appropriate statistical tech­
niquee for the analysis of the experiment with an ordinal measurement system. All tech­
niquess have been explained in chapter 4. 

jrdmat t 
measurement t 

// \ 

Intrinsicallyy ordinal 

Nonparametric c 

Ann underlying 
continuouss variable 
cann be assumed 

Bounded d 
ordinall scale 

Unbounded d 
ordinall scale 

ICCC for 
boundedd ordinal 
measurement t 

ICCC for un­
boundedd ordinal 
measurement t 

Figur ee 5.2: Flowchart ordinal measurement 

Thee experimenta l desig n 

Thee analysis technique having been selected, the experimental design is specified. The tech­
niquee for intrinsically binary measurement allows two factors to be included in the measure­
mentt system analysis experiment, which we take to be objects and raters. The former is a noise 
factorr for we are not interested in its effect on precision. It is included in the measurement 
systemm analysis experiment to facilitate a precise estimate of precision. The raters are consid­
eredd an inherent part of the measurement system. Therefore, if multiple raters are measuring 
withh the measurement system under study, raters should be included as a factor. This allows to 
assesss the effect of raters on precision. 

Otherr techniques allow for the incorporation of only one factor in the experiment, that we 
takee to be objects. 

Givenn the number of objects n, raters m and repetitions £, we propose a balanced design: all 
objectss i (i = 1, . . ., n) are measured £ times by all raters j (j = 1, . . ., m). Table 5.1 visualizes 
thee general outline of a balanced design and can be used as a template to enter the data during 
thee experiment. In table 5.1 Xyfc is the fc-th measurement of object i conducted by rater j . 

Thee methods for assessing the precision of ordinal and nominal measurement systems do not 
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Template e 

Obj. Obj. 

1 1 

n n 

Meas. Meas. 

^ m m 

XXnnll ll 

RaterRater 1 
11 ... Meas.Meas. i . . . . 

XXUUe e 

XXnnu u 

Meas.Meas. 1 

Xirni Xirni 

 - ^ n m l 

Rater Rater m m 
Meas.Meas. £ 

Xlmt Xlmt 

X-nmi X-nmi 

Tablee 5.1: Template for the experimental data 

facilitatee the incorporation of both multiple raters and multiple measurements on object by the 
raters.. There are two ways to deal with this: 

1.. include only one rater (m = 1) in the measurement system analysis experiment, who 
measuress all objects repetitively {£ > 1 times). This implies that we only assess the 
repeatabilityy of the measurement system. 

2.. include m > 1 raters in the measurement system analysis experiment, all measuring 
objectss once (I — 1). This implies we assess the total measurement spread (including 
bothh reproducibility and repeatability). 

Inn the experimental design (as given in table 5.1) the practitioner must specify the following: 

oo The number of objects n: The measures of precision K and ICC contain a parameter that 
indicatess the quality of the population. By choosing a larger n one obtains a more precise 
estimatee of this parameter, and therefore of precision. A study into the relation between 
nn and the variance of the estimate of precision is neither included in this thesis nor have 
wee found one in literature. Therefore, we refrain from prescribing the size of n. 

oo The number of raters m: The latent class method takes the rater effect to be fixed, there­
foree all available raters should be included in the experiment. If the rater effect is con­
sideredd to be random, m should be taken such that it allows for a precise estimation of 
thee rater effect. For techniques that do not allow for raters to be taken along as a factor in 
thee experiment, this is an irrelevant question. However, not including raters as an effect 
iss equivalent to putting m = 1. 

oo The number of repetitions £: I should be chosen in relation to the required variance of the 
estimatee of precision. Information about this relation fails us, therefore we recommend -
ass a bare minimum - £ = 2. 

Oncee the practitioner has specified the experimental design, he must deal with several man­
agementt and administrative issues: 
—— The sampling mechanism, which should ensure the representativeness of the sample of ob­
jectss involved in the experiment. 
—— The order in which the measurements are executed, which should be randomized. This en­
suress that the raters lack memory of their previous measurement of the same object. 
—— A flowchart of the execution of the experiment. This describes the operational steps involved 
inn executing an individual measurement. 
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—— A list of problems that may surface during the execution of the experiment, and how one 
planss to deall  with them. 
—— A list of sources of variation that may (potentially) perturb the measurement. 
Moree advice can be found in Box, Hunter and Hunter (1978) and Bisgaard (1999). 

Executio nn of the experimen t 

Duringg the execution of the experiment the practitioner should carefully monitor the data col­
lectionn to ensure the quality of the data. This involves verifying that all runs of the experiment 
aree done in the prescribed order, coping with unexpected problems, et cetera. 

Analysi ss  of the experimen t 

Heree we show - per level of measurement - how the data from the measurement experiment 
aree analyzed. It is assumed that the data have been collected as prescribed in template 5.1. 

oo Nominal measurement: For the execution of the measurement system analysis experi­
mentt with a nominal measurement system the template in table 5.1 reduces to table 5.2. 

Templat e e 

Obj. Obj. 

1 1 

n n 

Measurement Measurement 
1 1 

Xm Xm 

-X"n l l l 

e e 

Xiu Xiu 

XXnnU U 

Tablee 5.2: Template 

Labell  the categories of the nominal scale c = 1,2,..., d. Now create from table 5.2 the 
tabless 5.3.a and 5.3.b: 

Templat e e 

Classes Classes 

1 1 

d d 

Measurement Measurement 
l l 

Pi(l))

Pi(rf))

e e 

 M i ) 

 Pe(d) 

Templat e e 

Obj. Obj. 

1 1 

n n 

1 1 

« n n 

nnnn\ \ 

Classes Classes 
d d 

...... nu 

nnnnd d 

Tablee 5.3.a: Table 5.2 transformed I Tablee 5.3. b: Table 5.2 transformed II 

Inn tables 5.3.a and 5.3.b we have nlc - £ *= !# ( *« *  = c) for i = l , . . . ,n and 
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cc = 1,. .. ,d, and pfc(c) = = 1 #(*»i*  = c) for k = 1,. .. ,£ and c = 1,. .. ,d. 
Fromm these tables calculate: 

and d 

J J 

Substitutee P0 and Pe in: 

>00 = n£(̂  - 1) ( S 5 Z " i c ( n « ~ *) J ' <5J) 

W-l )) 5Z S^'^^(c) - (5.2) 
^^  ' * i , * 2 = l C = l 

*11  *2 

(5.3) ) 
1 -Pe e 

Thiss yields the kappa value, on which one evaluates the precision of a nominal measure­
mentt system. 

oo Binary measurement: We only show how to analyze the data in the case of intrinsically 
binaryy measurement with fixed rater effect. If the data from the experiment are registered 
ass in table 5.1, the corresponding likelihood function is given by: 

""  / rn , .

nn ( i - o n ( v ' x- )(i-*j<o)) ,-Ei-'*«'to(o))tf-'*<' ' 
++ 9 n tjxJ (1 - ," s:!-'* w M I ) ) E L '  XM ) 

Thiss function is used to estimate the parameters. One can choose between the method of 
momentss and the maximum likelihood method to find the estimates [O, Hi (1), . . ., 7rm(l), 
#1(0),...,, 7rm(0)). Note that the latent class method evaluates the measurement system 
independentt of 6 (see chapter 2). Therefore, the probability of an incorrectly measured 
objectt - for any given 9 - is estimated by: 

11 m 

P(Incorrectlyy measured object) = — ] P (9(1 - Hj(l)) + (1 - 0)Hj(O)). 
mm J=I 

Thiss statistic is used for the evaluation of the precision of the measurement system. Using 
thee asymptotic distributions of these estimates one can obtain confidence intervals for the 
estimates.. When these are taken into account, they allow a more reliable evaluation of 
thee measurement system. 

oo Ordinal measurement: We label the categories of the ordinal scale c = 1,2,..., d. We 
showw how the different techniques are applied to the experimental data. 
NonparametricNonparametric methods: Again table 5.1 reduces to table 5.2. In order to calculate 
Kendall'ss r we convert the data Xnk into rank numbers. To this end order the sequences 
{̂ iijfc}"=i >> f° r & = 1, • • • , ,̂ from small to large. This results in an ordered sequence, 
denotedd by, X (llfc ) < . .. < X(nlk) for each kt and changes table 5.2 into tables 5.4.a and 
5.4.b: : 
Byy ordering the sequences {Xnk}?=l , for k = 1, . . ., I, information of the original object 



5.11 Outline of the investigation 83 3 

Templat e e 

Measurement Measurement 
1 1 

XX{ni) {ni) 

X{nll) X{nll) 

e e 

X(ue) X(ue) 

X(nU) X(nU) 

Tablee 5.4.a: Table 5.2 ordered 
measurement t 

per r 

Templat e e 

Measurement Measurement 
1 1 

p i n n 

Pn l l l 

n n 

Pne Pne 

Pnll Pnll 

Tablee 5.4.b: Original position 

numberr is lost. To regain this information produce, in addition to table 5.4.a, the related 
tablee 5.4.b. The elements of this table, piVc, represent the original position of (ordered) 
ratingg X(ilk) in table 5.2. Thus, the number information is preserved. 
Noww define Mkc = #(X(i i fc) = c; i = 1, . . ., n) for k = 1, . . ., I Then, the X(ilk) are 
transformedd into rank numbers r(i(fc), for i — 1, . . ., n and k = 1, . . ., t, through: 

l(ilfc) " " 

r(t,fc)== J2 Mkc + (l + Mkjc(ilk))/2. 
c = l l 

Withh the help of tables 5.4.a and 5.4.b transform the original table 5.2 into the corre­
spondingg table of ranknumbers rif e (the rank number belonging to rating Xnk): 

Templat e e 

Obj. Obj. 

1 1 

Measurement Measurement 

11 ... £ 

n , ii  -  i*i, f 

r n,l l rr nn,e ,e 

Tablee 5.5: Table 5.2 in rank numbers 

Fromm table 5.5 calculate Kendall's r for a pair of measurements kx and k2 (call this rklM) 
byy substituting these rank numbers in: 

__ Pki,k2 - Qkuk2 
TklMTklM ~ y/n(n - l)/2 - Tkl y/n{n - l)/2 - Tfc2 

with h 

PkPkuukk22 = # { Ï I , Ï 2 : (ril>fcl < rt2<kl,rhM < ri2M) or 

{r{r lukllukl > ri2tkl,riuk2 > n2,fc2)}  > 

Qfci,fc22 = #{*l»* 2 : (rn,fci < r«a.fcnrti,*2 > ri2,fc2)
 or 

Kj t ii  > ^M^nte < ri2,fc2)}  i 
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and d 
11 d 

TkTk = 2 ^ Mk^Afkc - 1) for k = 1 , . .. J. 
c=l l 

Forr the W statistic substitute the rank numbers in: 

w w 
22YL,YLMll-Mi YL,YLMll-Mi kc) kc) 

with,, as before, R{ = Ylk=i r'.fc- ^ *s o n t n e basis or" statistics r and W* that the practi­
tionerr evaluates the precision of the measurement system. 
ICCICC for bounded ordinal data: Suppose the data have been collected as in table 5.2. 
Calculatee nic = Y2k=i # ( - ^ 1* = c). Then estimate the parameters Z\, Zn and a'*ml 

byy solving: 

.22 _ „ _ v - v - , / j L D f l ( H l / 2 ) - Z i ZZll,...,Z,...,Znn,al,almlml = a r g m a x ^ ] P ni f c m ( $ f 

Substitutee the thus found estimates in: 

0~e,rnl 0~e,rnl 

fLDR{k-lj2)-ZfLDR{k-lj2)-Zl l 

with h 

e.mli e.mli cc 1 

mm — 1 
and d 

Basedd on the 7CC as estimated in equation (5.4) one evaluates the precision of the mea­
surementt system. Moreover, it is possible to produce a table containing the distribution of 
thee measurements given the reference values. To this end calculate, for C\ = 1 , . . ., d and 
c-2c-2 — 1, - - ., d, the probability that object i has been measured as c\, given its reference 
valuee Zl — c2: 

P(XP(Xllkllk =  Cl\Zi = c2) = / T - e - ^ T d t . 

Suchh a table is a valuable aid in the evaluation of the precision of the measurement 
system. . 
ICCICC for unbounded ordinal data: Suppose the data have been collected as in table 5.2. 
Applyy a one-way analysis of variance to these data, using objects as a factor. This results 
inn estimates for the mean sums of squares. These should be substituted in: 

jec_jec_ MSb-MSw + fö 
((22-e+i -e+i MSMSbb + {i-l)MSw- 12£ 

Onn this estimate of the ICC the practitioner bases his decision whether the precision of 
thee measurement system suffices. 
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Conclusion ss of th e experimen t 

Ultimately,, the evaluation of the precision of a measurement system is often a means to an end: 
itt is part of a larger investigation. The function of such an evaluation is to ensure that the quality 
off  the information obtained by the measurement is sound enough to safely continue the inves­
tigation.. This means that the practitioner has to make a 'yes/no'-decision on the acceptability 
off  the precision of the measurement system for the further investigation, whereas the analysis 
off  the measurement system analysis experiment yields a statistic reflecting the degree of pre­
cisionn - a more subtle evaluation. Although the 'yes/no'-decision is often best made based on 
contextuall  knowledge, we give - as a comparison - criteria for the precision statistics (e.g., K, 
ICC)ICC) that can be used to guide this decision. These criteria should be viewed as heuristics, and 
itt remains up to the common sense of the practitioner to make a sensible decision. 

Forr the evaluation of a nominal measurement system we have the K statistic to base the 'yes/no'-
decisionn on. In practice this statistic is evaluated according to the criteria proposed by Landis 
andd Koch (1977). 

Criterio n n 

KappaKappa value 
Qualityy of measurements 

KappaKappa value 
Qualityy of measurements 

Tablee 5.6: Criteria for K 

Forr a binary measurement system the latent class method proposes to use the probability of an 
incorrectt measured object for evaluation of its precision. However, the latent class method is 
new,, therefore unprecedented. This implies that no documented criteria are available. We feel 
thatt the criteria for the probability of an incorrect measured object should be stringent, as the 
informationn yielded by a binary measurement is low. This leads us to suggest the criteria in 
tablee 5.7. 

Criterio n n 

P(IncorrectlyP(Incorrectly measured object) > 0.10 0.10-0.05 0.05 > 
Evaluationn Inadequate Moderate Adequate 

Tablee 5.7: Criteria for the P(incorrect measured object) 

Thiss suggestion should be viewed as tentative. A study into the effect of the precision of a 
binaryy measurement system on, e.g., the sample sizes may lead to more well-founded criteria 
forr the probability of an incorrect measured object. 

Forr an ordinal measurement system the intraclass correlation coefficient is used to evaluate its 
precision.. Wheeler and Lyday (1989) suggested the criteria in table 5.8 for the ICC. Wheeler 

<< 0.00 0.00-0.20 0.21-0.40 
Poorr Slight Fair 

0.41-0.600.41-0.60 0.61-0.80 0.81-1.00 
Moderatee Substantial Almost perfect 
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(2003)) discusses the criteria in relation to control charts, which results in a modification of 
thee criteria given in table 5.8. We propose to adopt these criteria for the r, as it has the same 
functionalityy as the ICC, 

Criterio n n 

<< 0.60 0.60-0.90 0.90-1.00 
Inadequatee Moderate Adequate 

Tablee 5.8: Criteria for the ICC 

Improvin gg the precisio n of measuremen t system s 

Itt may happen that the conclusion of the analysis is that the measurement system is: unsatisfac­
toryy for its intended purpose. This section provides ideas that may help to solve this problem. 
Oftenn a modification of the measurement system is implied. Therefore, afterwards a new ex­
perimentt should be carried out to verify that the changes have yielded the aimed improvement 
off  the precision. 

oo Make sure that the definitions of the categories of the level of measurement are defined 
unambiguously.. This may be done by presenting reference material for each category. 
Thee raters then only have to match the object with the reference material. 

oo Take the list of potential sources of variation that perturb the measurement. Assess which 
off  them are most likely responsible for the bad precision and eliminate them. This may 
implyy a redesign of the measurement system. 

oo Let the raters observe each other's practice of conducting the measurements. A study into 
thee differences between their measurements should yield clues for improvement. Elimi­
nationn of the differences between the way of working should improve the measurement 
system.. Additional training in the use of the measurement system, interpretation of the 
resultss of the measurement system. 

Basically,, this comes down to making sure that the measurements are conducted under ho­
mogeneouss circumstances. All perturbing influences should be eliminated. Factors that vary 
shouldd be fixed, et cetera. 

5.22 An exampl e 

Afterr paint has been produced, its quality is tested by covering a surface with the paint. A rater 
iss presented with the sample of applied paint and reference material. He is to rate the degree 
off  resemblance between the two on a scale ranging from 1 to 5. This is a (bounded) ordinal 
measurement. . 

Researc hh questio n 

Howw good is the precision of this ordinal measurement system? 

ICC ICC 
Evaluation n 
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Analysi ss  techniqu e 

Theree is a continuous (laboratory) measurement available, that supposedly measures the same 
property.. Therefore, an underlying continuous variable can be assumed, and the experimen­
tall  data will be analyzed by means of the ICC for bounded ordinal data with an underlying 
continuouss variable. If one is not willing to assume that the laboratory measurement measures 
thee same property, and also refuses to assume the existence of another underlying continuous 
variable,, the analysis should be done using the r and W statistics. 

Gathere dd data 

Thee experiment carried out to facilitate the answer to the research question involved 30 objects, 
eachh being measured eight times. The data are presented in table 5.9. 

Artificia ll  data 

MeasurementsMeasurements Measurements 

Obj. Obj. 

1 1 
2 2 
3 3 
4 4 
5 5 

6 6 
7 7 
8 8 
9 9 

10 0 

11 1 
12 2 
13 3 
14 4 
15 5 

1 1 

4 4 
4 4 
3 3 
2 2 
4 4 

1 1 
4 4 
1 1 
4 4 
4 4 

1 1 
3 3 
1 1 
5 5 
5 5 

2 2 

4 4 
4 4 
3 3 
3 3 
4 4 

3 3 
4 4 
2 2 
4 4 
4 4 

2 2 
4 4 
1 1 
4 4 
4 4 

3 3 

4 4 
2 2 
4 4 
2 2 
4 4 

1 1 
5 5 
1 1 
4 4 
3 3 

1 1 
4 4 
1 1 
5 5 
5 5 

4 4 

4 4 
3 3 
3 3 
2 2 
4 4 

1 1 
5 5 
2 2 
3 3 
3 3 

1 1 
4 4 
1 1 
5 5 
5 5 

5 5 

4 4 
3 3 
3 3 
3 3 
3 3 

3 3 
5 5 
4 4 
4 4 
4 4 

1 1 
4 4 
1 1 
5 5 
5 5 

6 6 

3 3 
3 3 
3 3 
2 2 
4 4 

2 2 
5 5 
4 4 
3 3 
5 5 

1 1 
5 5 
1 1 
4 4 
4 4 

7 7 

3 3 
2 2 
3 3 
3 3 
4 4 

2 2 
4 4 
3 3 
4 4 
4 4 

2 2 
4 4 
2 2 
4 4 
5 5 

8 8 
2 2 
2 2 
3 3 
2 2 
3 3 

2 2 
4 4 
3 3 
4 4 
3 3 

2 2 
3 3 
2 2 
4 4 
4 4 

Obj. Obj. 

16 6 
17 7 
18 8 
19 9 
20 0 

21 1 
22 2 
23 3 
24 4 
25 5 

26 6 
27 7 
28 8 
29 9 
30 0 

1 1 

4 4 
5 5 
4 4 
5 5 
4 4 

5 5 
2 2 
4 4 
5 5 
5 5 

4 4 
5 5 
3 3 
5 5 
2 2 

2 2 

4 4 
4 4 
4 4 
4 4 
4 4 

4 4 
3 3 
4 4 
4 4 
4 4 

3 3 
4 4 
2 2 
4 4 
4 4 

3 3 

5 5 
5 5 
4 4 
5 5 
4 4 

5 5 
3 3 
4 4 
4 4 
5 5 

2 2 
4 4 
3 3 
4 4 
3 3 

4 4 

5 5 
4 4 
3 3 
4 4 
4 4 

5 5 
3 3 
4 4 
4 4 
4 4 

2 2 
4 4 
2 2 
4 4 
4 4 

5 5 

5 5 
4 4 
3 3 
4 4 
4 4 

5 5 
4 4 
5 5 
4 4 
5 5 

4 4 
5 5 
4 4 
4 4 
3 3 

6 6 

5 5 
4 4 
2 2 
4 4 
4 4 

5 5 
3 3 
5 5 
4 4 
5 5 

4 4 
4 4 
3 3 
4 4 
2 2 

7 7 

4 4 
4 4 
3 3 
4 4 
3 3 

4 4 
2 2 
4 4 
4 4 
4 4 

3 3 
4 4 
2 2 
4 4 
4 4 

8 8 
4 4 
3 3 
3 3 
3 3 
3 3 

4 4 
2 2 
3 3 
4 4 
4 4 

3 3 
3 3 
2 2 
4 4 
4 4 

Tablee 5.9: Data from the measurement system analysis experiment 

Analysi s s 

Thee analysis of these data results in the estimates b\ — 0.29, o  ̂= 0.79 and ICC — 0.73. The 
distributionn of the measurements given the reference value is estimated as given in table 5.10. 

Iff  one cannot assume an underlying continuous variable, one calculates r for each pair of 
columns:: (1,2) 0.67; (1,3) 0.72; (1,4) 0.64; (1,5) 0.57; (1,6) 0.49; (1,7) 0.63; (1,8) 0.55; (2,3) 
0.65;; (2,4) 0.72; (2,5) 0.45; (2,6) 0.50; (2,7) 0.71; (2,8) 0.57; (3,4) 0.83; (3,5) 0.63; (3,6) 0.55; 
(3,7)) 0.67; (3,8) 0.61; (4,5) 0.66; (4,6) 0.59; (4,7) 0.72; (4,8) 0.66; (5,6) 0.74; (5,7) 0.58; (5,8) 
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Conditiona ll  probabilit y 

1 1 

0.93 3 
0.16 6 
0.01 1 
0.00 0 
0.00 0 

MeasurementMeasurement X 
2 2 

0.07 7 
0.63 3 
0.22 2 
0.01 1 
0.00 0 

3 3 

0.00 0 
0.20 0 
0.54 4 
0.20 0 
0.00 0 

4 4 

0.00 0 
0.01 1 
0.22 2 
0.63 3 
0.07 7 

5 5 

0.00 0 
0.00 0 
0.01 1 
0.16 6 
0.93 3 

Tablee 5.10: Distribution of the measurement, given the reference value 

0.54;; (6,7) 0.60; (6,8) 0.51; (7,8) 0.78. The average r is 0.62. Alternatively, one calculates W 
andd finds that W = 0.73. 

Conclusio n n 

Thee ICC shows that the measurement is moderate. The r values show that this holds for 
alll  pairs of measurements. However, table 5.10 shows that categories 2, 3 and 4 are hard to 
distinguishh from another. 

Alternativ ee analysi s 

Inn fact the data in table 5.9 were measured by four raters. Columns 1 and 2 correspond to 
onee rater, so do columns 3 and 4, columns 5 and 6, and columns 7 and 8. The ICC method 
onlyy provides an overall evaluation of the measurement system and neglects the fact that the 
measurementss have been conducted by several raters. One could study the r 's to reach an inter-
andd intra-rater evaluation. 

Alternatively,, we can apply the latent class method. This implies we assume the rater effect 
too be fixed. To this end we transform the ordinal data to binary data by rewriting categories 1, 2 
andd 3 (that are not acceptable to the customer) as 0, and categories 4 and 5 (that are acceptable 
too the customer) as 1. The result is presented in table 5.11. 

Applicationn of the latent class method yields the estimates: 9 = 0.64, 7ri (1) — 0.95, 
7r2(l )) = 0.89, 7T3(1) = 0.86, TT4(1) = 0.71, 7^(0) = 0.22, 7r2(0) = 0.09, TT3(0) = 0.28 
andd 7r4(0) = 0.00. The method of moments produces the estimates: 6 = 0.59, n} (1) = 0.99, 
TT2(1)) = 0.94, TT3(1) = 0.89, TT4(1) = 0.73, TT^O) = 0.25, TT2{0) = 0.11, TT3(0) = 0.30 

andd TT4(0) = 0.04. The sensitivity (the probability that a good object is measured as good) 
off  the first three raters is high, whereas the sensitivity of fourth rater could use improvement. 
Ass does the specificity (the probability that a bad object is measured as bad) of the first rater, 
11 - 7^(0) = 0.75, and of the third rater, 1 - TT3(0) = 0.70. 

Thee estimates of the two estimation methods do not deviate excessively from another. The 
expectedd proportion of incorrect measured objects - given the quality 6 - is according to the 
estimates: : 

11 m 

P(Incorrectlyy measured object) = —  ̂ (®(l ~ ^j(1)) + il ~ ^j(^))
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Artificia ll  data 

Obj. Obj. 
1 1 
2 2 
3 3 
4 4 
5 5 

6 6 
7 7 
8 8 
9 9 

10 0 

11 1 
12 2 
13 3 
14 4 
15 5 

R1 R1 

1 1 
1 1 
1 1 
0 0 
0 0 
1 1 

0 0 
1 1 
0 0 
1 1 
1 1 

2 2 
1 1 
1 1 
0 0 
0 0 
1 1 

0 0 
1 1 
0 0 
1 1 
1 1 

00 0 
0 0 
0 0 
1 1 
1 1 

1 1 
0 0 
1 1 
1 1 

R2 R2 

1 1 
1 1 
0 0 
1 1 
0 0 
1 1 

0 0 
1 1 
0 0 
1 1 
0 0 

0 0 
1 1 
0 0 
1 1 
1 1 

2 2 
1 1 
0 0 
0 0 
0 0 
1 1 

0 0 
1 1 
0 0 
0 0 
0 0 

0 0 
1 1 
0 0 
1 1 
1 1 

R3 R3 

1 1 
1 1 
0 0 
0 0 
0 0 
0 0 

0 0 
1 1 
1 1 
1 1 
1 1 

0 0 
1 1 

2 2 
0 0 
0 0 
0 0 
0 0 
1 1 

0 0 
1 1 
1 1 
0 0 
1 1 

0 0 
1 1 

00 0 
1 1 
1 1 

1 1 
1 1 

R4 R4 

1 1 
0 0 
0 0 
0 0 
0 0 
1 1 

0 0 
1 1 
0 0 
1 1 
1 1 

0 0 
1 1 
0 0 
1 1 
1 1 

2 2 
0 0 
0 0 
0 0 
0 0 
0 0 

0 0 
1 1 
0 0 
1 1 
0 0 

0 0 
0 0 
0 0 
1 1 
1 1 

Obj. Obj. 
16 6 
17 7 
18 8 
19 9 
20 0 

21 1 
22 2 
23 3 
24 4 
25 5 

26 6 
27 7 
28 8 
29 9 
30 0 

R1 R1 

1 1 
1 1 
1 1 
1 1 
1 1 
1 1 

1 1 
0 0 
1 1 
1 1 
1 1 

1 1 
1 1 
0 0 
1 1 
0 0 

2 2 
1 1 
1 1 
1 1 
1 1 
1 1 

1 1 
0 0 
1 1 
1 1 
1 1 

0 0 
1 1 
0 0 
1 1 
1 1 

R2 R2 

1 1 
1 1 
1 1 
1 1 
1 1 
1 1 

1 1 
0 0 
1 1 
1 1 
1 1 

2 2 
1 1 
1 1 
0 0 
1 1 
1 1 

1 1 
0 0 
1 1 
1 1 
1 1 

00 0 
1 1 
0 0 
1 1 
0 0 

1 1 
0 0 
1 1 
1 1 

R3 R3 

11 2 

00 0 

11 0 

11 0 
11 1 
00 0 

R4 R4 

11 2 
11 1 
11 0 
00 0 
11 0 
00 0 

11 1 
00 0 
11 0 
11 1 
11 1 

00 0 
11 0 
00 0 
11 1 
11 1 

Tablee 5.11: Transformed data from table 5.9, where R1 = rater 1, et cetera. 

Thee probability of an incorrect object has been plotted against 9, using the estimates from the 
maximumm likelihood method (ML) and from the method of moments (MOM), see figure 5.3. 

Thiss figure shows that, according to the maximum likelihood method, the probability of an 
incorrectlyy measured object is 0.148 regardless of the value of 0. Whereas the probability of 
ann incorrectly measured object, according to the method moments, varies (linearly) with 9, 
rangingg from 0.175 for B = 0 to 0.113 for 9 = 1. 
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0.18r r 

theta a 

Figur ee 5.3: Probability of an incorrectly measured object 
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Woorde nn van samenvattend e aard 

Hett proefschrift vangt aan met het definiëren van een begrippenkader ten einde de onder­
zoeksvraagg van het proefschrift te formuleren. Dit geschiedt ook in deze samenvatting, waarna 
wordtt aangegeven wat er in het proefschrift gedaan is om de onderzoeksvraag te beantwoorden. 

Eenn meetsysteem is de verzameling van instrumenten en activiteiten die tot het toekennen van 
waardenn aan eigenschappen van objecten leiden ten einde de empirische relaties tussen objecten 
tee karakteriseren. Men onderscheidt verschillende typen meetsystemen afhankelijk van het type 
verzamelingg waaruit de toegekende waarden afkomstig zijn. Als deze verzameling uit slechts 
tweee waarden bestaat, zeg, 0 en 1, spreekt men van een binair meetsysteem. Het resultaat van 
hett meten van twee objecten met een binair meetsysteem is dat we enkel kunnen vaststellen 
datt de objecten - met betrekking tot de gemeten eigenschap - gelijk zijn danwei verschillen. 
Eenn ordinaal meetsysteem kent waarden toe uit een verzameling bestaande uit meer dan twee 
waarden.. Deze verzameling dient van een ordening voorzien te zijn. Ter illustratie: beschouw 
eenn ordinaal meetsysteem dat de kwaliteit van koffie meet. Dit meetsysteem kan de waarden 
'goed',, 'matig' en 'slecht' toekennen. Deze drie waarden representeren de kwaliteit van koffie, 
waarbijj  de waarde 'goed' kwalitief beter is dan de andere waarden, en de waarde 'matig' kwal-
itieff  beter dan de waarde 'slecht'. Zo'n meetsysteem stelt ons in staat verschillende kwaliteiten 
koffiee te onderscheiden. Een continu meetsysteem kent waarden toe uit een verzameling met 
overaftelbaarr veel waarden. Deze verzameling kent een ordening en een afstandsmaat. Tussen 
elkee twee waarden van deze verzameling ligt een waarde die eveneens in de verzameling zit. 
Eenn voorbeeld van een continue meting is het meten van het gewicht van een pak koffie in 
grammen. . 

Mett precisie wordt bedoeld de mate waarin een meetsysteem bij herhaald meten van de eigen­
schapp van een object vergelijkbare resultaten levert. Precisie van een meetsysteem wordt on­
derzochtt met een meetnauwkeurigheidsexperiment. Het proefschrift heeft ten doel methoden 
enn statistische modellen te ontwikkelen die de precisie van binaire en ordinale meetsystemen 
vaststellen. . 

Hoofdstukk 1 van het proefschrift legt zich erop toe het bovenstaande voor de lezer uiteen te 
zetten.. Het hoofdstuk sluit af met een voorbeeld dat illustreert hoe heden ten dage de precisie 
vann een continu meetsysteem in de industrie aangepakt wordt. 

Hoofdstukk 2 begint met de constatering dat de methode om de precisie van een continu meet­
systeemm te bepalen niet gepast is om de precisie van een binair meetsysteem te bepalen. Der­
halvee legt hoofdstuk 2 zich erop toe te komen tot een alternatieve methode om de precisie 
vastt te stellen van een binair meetsysteem. Enerzijds is het probleem hierbij dat een ander 
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modell  geponeerd moet worden om de uitkomsten van het meetnauwkeurigheidsexperiment te 
beschrijven.. Anderzijds moet een nieuwe operationalisatie van precisie in termen van dit model 
gevondenn worden. De methode die wordt voorgesteld is de latente-klassenmethode. Deze 
methodee biedt een heldere beschrijving van een meetnauwkeurigheidsexperiment door middel 
vann het latente-klassenmodel. In termen van dit model is het mogelijk de precisie van een binair 
meetsysteemm te operationaliseren. Verder wordt de latente-klassenmethode vergeleken met in 
omloopp zijnde methoden. Het blijkt dat aan de concurrerende methoden nadelen kleven. Dien­
tengevolgee komt de latente-klassenmethode als favoriet uit de bus. 

Vervolgenss wordt in hoofdstuk 3 het latente-klassenmodel nader onder de loep genomen. Aller­
eerstt wordt aangetoond dat het latente-klassenmodel niet identificeerbaar is. Dit is wel een 
vereistee om de parameters van het model éénduidig te kunnen schatten. Het blijkt dat indien 
dee parameterruimte beperkt wordt, het latente-klassenmodel wel identificeerbaar is. Dit maakt 
dee weg vrij om schatters voor de parameters van het latente-klassenmodel te vinden. Met be­
hulpp van de momentenmethode worden schatters ontwikkeld. De asymptotische distributie van 
dezee schatters wordt bepaald. Ook worden meest aannemelijke schatters ontwikkeld, alsmede 
hunn asymptotische verdeling. Tot slot wordt aangegeven dat deze twee schattingsmethoden 
vergelekenn kunnen worden op basis van de grootte van hun betrouwbaarheidsintervallen alswel 
opp basis van goodness-of-fit statistieken. 

Hoofdstukk 4 werpt zich op de vraag hoe de precisie van ordinale meetsystemen bepaald kan 
worden.. Het begint met een inventarisatie van de gangbare methoden. Twee knelpunten wor­
denn geconstateerd: a) het ontbreken aan een afstandsmaat op de ordinale schaal, en b) dat 
dee natuurlijke aanname van een symmetrische meetfout niet gehandhaafd kan blijven op een 
(begrensde)) ordinale schaal. Om deze knelpunten te omzeilen worden aannamen gemaakt. 
Allereerstt dat de grootheid die door het meetsysteem gemeten wordt in werkelijkheid con­
tinuu is. Bijvoorbeeld: indien wij de kwaliteit van koffie met behulp van het voornoemde 
ordinalee meetsysteem meten, zit hier eigenlijk een meer geleidelijke schaal onder (die con­
tinuu verondersteld wordt) en geïnterpreteerd kan worden als 'kwaliteit van koffie'. Het meet­
systeemm beeldt deze continue schaal af op een ordinale. Indien dit een valide aanname is, 
wordtt voorgesteld dat de ordinale schaal van een metriek voorzien kan worden die afkomstig 
iss van de onderliggende continue schaal. Gebaseerd op deze aanname worden methoden ont­
wikkeldd die ons in staat stellen de operationalisatie van precisie voor ordinale meetsystemen, 
dee intraklassen-correlatiecoëfficiënt, te schatten. Indien bovenstaande aanname van een on­
derliggendee continue grootheid niet houdbaar is, worden verdelingsvrije methoden voorgesteld. 
Dezee hebben echter het manco dat hun resultaten lastig te interpreteren zijn. 

Hett proefschrift wordt afgesloten met een handleiding voor de gebruiker van de gepresen­
teerdee methoden. Dit geschiedt door de gebruiker te dwingen de probleemstelling helder te 
definiëren.. Vervolgens wordt voorschreven welke methode de gebruiker dient toe te passen. 
Eenn proefopzet voor het meetnauwkeurigheidsexperiment wordt dan voorgesteld. Praktische 
tipss aangaande de uitvoering van dit experiment worden aangereikt. Zijn de data vergaard, dan 
wordtt geïllustreerd hoe de data te analyseren. Tot slot worden criteria gegeven die uitsluitsel 
gevenn of de precisie van het meetsysteem toereikend is. 



Woorde nn van dank 

Voorinn dit proefschrift sta ik als schrijver dezes vermeld. Hieraan wens ik geen afbreuk te doen. 
Edoch,, eerlijkheid gebiedt mij te vermelden dat zonder derden het proefschrift niet geworden 
zouu zijn tot hetgeen u nu in handen heeft. Hier wil ik hun, die bijgedragen hebben aan de 
totstandkomingg van het proefschrift, mijn erkentelijkheid betuigen. 

Alss eerste wens ik mijn promotor Ronald Does te bedanken. Zijn begeleiding heeft mijn 
onderzoekk gedurende de afgelopen jaren op het rechte pad gehouden, waardoor het proefschrift 
zijnn voortgang behield en tijdig tot afronding kwam. Tevens ben ik erg blij dat hij mij, middels 
IBISS UvA, de weerbarstige, doch inspirerende, praktijk van mijn onderzoeksonderwerp heeft 
latenn aanschouwen. 

Edwinn van den Heuvel, die tot aan zijn vertrek naar Organon als mijn begeleider heeft ge­
fungeerd,, was de instigator van het onderzoek dat tot dit proefschrift heeft geleid. Als begelei­
derr was hij een onuitputtelijke bron van ideeën en liep hij altijd over van enthousiasme met 
betrekkingg tot het onderzoek. Dit heb ik zeer gewaardeerd. 

Opmerkelijkk is de rol van Jeroen de Mast in het kader van het proefschrift. Hij heeft de pet 
vann studiegenoot, collega en (na de fakkel van Edwin te hebben overgenomen) co-promotor op. 
Inn de laatste hoedanigheid was hij onmisbaar voor het welslagen van dit proefschrift. Ik heb 
veell  gehad aan zijn heldere en gestructureerde wijze waarmee hij kladversies van hoofdstukken 
redigeerdee en becommentarieerde. Ook met betrekking tot de advieswerkzaamheden voor IBIS 
UvAA heb ik veel van hem geleerd. 

Ookk mijn vader, Fons van Wielingen, heeft een bijdrage geleverd door kladversies van de 
eerstee hoofdstukken van dit proefschrift van commentaar te voorzien. 

Verderr wens ik al mijn collega's bij IBIS UvA te bedanken voor hun steun en gezelligheid 
gedurendee de afgelopen jaren. 

Buitencategoriee in deze waslijst zijn Klaas Slooten en Darren Fidler. Parallel aan mij in de 
wiskundee promoverend zorgden zij de afgelopen jaren, door middel van menig uur intervisie 
opp lokatie, voor relativering en de vrolijke noot. 



Woorde nn aangaand e mijn leven 

Wessell  Nicolaas van Wielingen is geboren op 20 juli 1974, te Naarden. Op tweejarige leeftijd 
verhuisdee Wessel naar Scheveningen. Aldaar doorliep hij aan het Aloysius College het VWO. 
Inn 1992 begon hij met de studie wiskunde aan de Rijksuniversiteit Leiden. Wessel rondde deze 
studiee in 1998 af. Na een jaar toegepaste wiskunde in Edinburgh gestudeerd te hebben, trad 
Wessell  in dienst van het Instituut voor Bedrijfs- en Industriële Statistiek van de Universiteit van 
Amsterdam.. Sindsdien houdt hij zich bezig met het doen van onderzoek alswel met advisering 
inn de industriële statistiek. Dit laatste behelst ondersteuning bij de implementatie en uitvoe­
ringring van Statistische Procesbeheersing (SPC) en het verbeterprogramma Six Sigma. In dit 
kaderr heeft Wessel projecten uitgevoerd bij onder andere DAF Trucks te Eindhoven, Achmea 
Pensioenenn te Apeldoorn en LG.Philips Displays te Eindhoven. 








