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1 Levels and quality of
measurement:
Objective of the thesis

The subject of this thesis is measurement system analysis (as it is called in the literature of in-
dustrial statistics), or measurement theory (in the field of psychometrics). Measurement system
analysis is a branch of applied statistics that attempts to describe, categorize, and evaluate the
quality of measurements, improve the usefulness, accuracy, precision and meaningfulness of
measurements, and propose methods for developing new and better measurement instruments
(cf. Allen and Yen, 1979).

Measurement system analysis is indispensable to empirical research. To make a statement
that has empirical ground one must have gathered knowledge of phenomena (i.e., events, ob-
jects, places, and things) to which the statement relates. This knowledge is supplied by mea-
surements of these phenomena under study, which is (in line with Lord Kelvin, see Stein, 2002)
expressed in a quantitative manner:

“When you can measure what you are speaking about, and ex-
press it in numbers, you know something about it; but when you
cannot measure it, when you cannot express it in numbers, your
knowledge is of a meager and unsatisfactory kind: it may be the
beginning of knowledge, but you have scarcely, in your thoughts,
advanced to the stage of science.”

The quality of this quantification is not self-evident, as is explained by Shewhart (1931, p. 378):

“An element of chance enters into every measurement; hence ev-
ery set of measurements is inherently a sample of certain more
or less unknown conditions. Even in those few instances where
we believe that the objective reality being measured is constant,
the measurements of this constant are influenced by chance or
unknown causes.”

A measurement system analysis study assesses the quality of the quantification, and thus de-
termines (and improves) the suitability of the measurement for empirical research. This thesis
studies and develops methods that can be used in measurement system analysis studies.

1.1 Definition of measurement

A definition of measurement is:
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Measurement is the process of assigning numerals to specified
properties of experimental units (objects) in such a way as to char-
acterize and preserve empirical relationships among objects,

(cf. definitions in Lord and Novick, 1968, p. 17; Allen and Yen, 1979, p. 2; Wallsten, 1988).

A numeral is a symbol of the form: 1.2, 3, .. .. This is merely a label. It has no quantitative
meaning until it is given one in the form of mathematical relations such as order and distance.
One may use instead the word ‘symbol’, however as measurement values are often numerals
we adopt this terminology.

The assigned numerals are called measurement values. A measurement system is the col-
lection of instruments, operating procedures, personnel, et cetera, used to do a measurement.

An important point is that the definition of measurement does not specify anything about
the quality of the procedure of assignment.

Bolts example

We consider as objects a collection of bolts. Some bolts are longer than others, and this ordering
is an empirical relation among the bolts (regardless of the fact whether or not the bolts’ lengths
have ever been measured). Comparing each bolt to a ruler we assign to each bolt a value (its
length). An alternative measurement system is to sort the bolts from small to large and assign
to each bolt its rank number.

1.2 Levels of measurement

Measurements have been ordered into levels. These levels reflect to what extent the numbers
assigned to the measured objects are related to the property being measured (in the sense that re-
lations among objects existing in the empirical domain — their properties — should be carried
over by the measurement into the numerical domain). Two measurements are equally appropri-
ate for the representation of a property if they are related through a permissable transformation.
A permissable transformation maps the numerals of one measurement onto the numerals of
another one while preserving the information about the relations among the objects.
One distinguishes between four characteristics that determine the level of measurement:

o Distinctiveness: different numerals are assigned to objects that have different values of
the property being measured.

o Ordering in magnitude: assigned numerals indicate an ordering in magnitude, with larger
numerals representing more of the property being measured.

o Equal intervals: equal differences between measured values represent equal amounts of
difference in the measured property.

o Absolute zero: a measurement value of zero represents an absence of the property being
measured.

These characteristics are necessary to define the levels of measurement: nominal, ordinal, in-
terval and ratio measurement (see figure 1.1).

The most elementary form of measurement is that of nominal measurement, for it has only
the characteristic of distinctiveness. Nominal measurement merely classifies or categorizes
objects as possessing or not possessing some characteristic. This results in a partitioning of the
set of objects into subsets that are mutually exclusive and exhaustive. Here the numerals are
merely labels and arithmetical operations are meaningless. Any one-to-one transformation of
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the labels onto a new set of labels is permissable as it preserves the distinctiveness of labels.

Level of
| measurement

Ratio

Distinctiveness
Ordering in magnitude
Absolute zero

>< x x linterval

X X X X

Charécteristic

{

Figure 1.1: The levels of measurement (cf. Allen and Yen, 1979)

The next level of measurement is that of ordinal measurement, which possesses the charac-
teristics of distinctiveness and of ordering in magnitude. As with nominal data it divides the set
of objects into mutually exclusive and exhaustive subsets, but it also has an ordering relation
that may be formed between pairs from distinct subsets. Therefore, the property of transitivity
applies to ordinal measurement. This means that if a, b and c are measurement values, and
both @ < band b < c hold, then also a < c holds. As the characteristics of equal intervals and
absolute zero are lacking, any monotonic transformation does not affect the order, and therefore
yields a permissable procedure of assignment.

If a measurement possesses in addition to the characteristics of ordinal measurement the
characteristic of equal intervals, we speak of interval measurement. Only the zero point is arbi-
trary. This introduces the concept of distance into the measurement. Equal distances between
measurement values represent equal distances in the property being measured. This measure-
ment level admits linear transformations (affecting only the location, the zero) as they preserve
the equality of differences of measurements.

The ratio measurement is the highest level of measurement, and considered the most ideal,
as it has all four characteristics. For ratio measurements the zero point has empirical meaning:
absence of the property. In general, the numbers represent the actual amount or a multiple
thereof of the property being measured. All arithmetic operations are possible, including mul-
tiplication and division. Hence, the ratio of measurement values has meaning, as one can speak
of an object having twice as much of the property than another object. Any multiplicative
transformation (affecting only the scale) preserves equality of ratios, and is thus permissable.

Higher levels of measurement can be converted to lower levels of measurement, though not
vice versa. For instance, ratio measurements can be transformed into ordinal measurements by
dividing the range of the ratio measurement into categories ranging, e.g., from low, medium to
high.

Other designations of measurements are current. We relate these to the levels of measure-
ment just defined:

o Binary measurement only assumes two values, say, ‘good’ and ‘bad’. It may be viewed
as the degenerate case of the nominal measurement, as it possesses the distinctiveness
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property, but only recognizes two categories. It can also be considered to be the most
trivial form of ordinal measurement, as one may appreciate ‘good’ above ‘bad’.

o Discrete measurement is (depending on the presence of an absolute zero) either an in-
terval or ratio measurement, whose set of numerals that can be assigned to an object is
countable.

o Continuous measurement is (depending on the presence of an absolute zero) either an
interval or ratio measurement, whose set of numerals that can be assigned to an object 1s
uncountable. In practice no measurement is continuous, therefore this measurement level
is merely conceptual. Discrete measurements approximate continuous measurements if
their resolution increases, and as the statistical toolkit for continuous measurement is
more powerful, discrete measurements are often treated as continuous.

o Categorical measurement is either nominal or ordinal measurement. Categorical mea-
surement is also called qualitative measurement, or (in industry) attributive measure-
ment.

o Quantitative measurement is either interval or ratio measurement

Related to the level of measurement is the resolution of the measurement system. Resolution
is defined as the smallest change in the studied property that is preserved by the measurement.
It is often thought of as the number of digits registered by the measurement device. Resolution
is also referred to as the discrimination ability of the measurement system.

Bolts example (continued)

The empirical relation among the bolts (some bolts are longer than others) is reflected in math-
ematical relations among the measurement values, such as ordering and distance. The mea-
surement based on comparison to a ruler preserves both the ordering relation among the bolts
and the differences in length among the bolts. The measurement based on sorting merely pre-
serves the ordering relation; quantitative information about length differences is lost. Using a
ruler in inches instead of a ruler in centimetres preserves both ordering and differences; thus,
multiplication by 2.54 is a permissable transformation of the measurement values in centime-
tres. However, by adding 1 to the measurement values in centimetres we lose the natural zero
point of length, and consequently ratios of lengths lose their meaning. Addition of 1 is not a
permissable transformation.

1.3 Quality of measurement

Disregarded in the definition of measurement, but none the less of importance, is the quality of
measurement. If the quality of measurement is poor, the usefulness of the knowledge gained
from the measurements is meager. Related to the quality of measurement is the concept of
measurement error, defined as the discrepancy between the (hypothesized) reference value of
the property of the object and the measured value. The reference value is defined as the mean
value that would be assigned to the object’s property by a standard measurement system (i.e.,
taken by general consent as a basis for comparison set up and established by an authority). This
is a conceptual value.

The quality of the procedure of assignment is dissected in the aspects accuracy and preci-
sion. These are also referred to as location variation and width variation, respectively. In this
dissection AIAG (2002) has been guiding, for it is frequently referred to in the literature of
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industrial statistics. Psychometrics uses a different categorization (into validity and reliability),
which can be found in Kerlinger and Lee (2000).

o Accuracy: The degree to which the measurement system is subject to bias. Bias is the
difference between the overall average of repetitive measurements of the property of the
object and the reference value of the object’s property. Bias is also called systematic
measurement error.

Accuracy also addresses the following aspects: stability, which is the extent to which
the bias is constant over time; and linearity, defined as the extent to which the bias is
constant over the measured range.

Precision: The extent to which one obtains similar results if one measures (the properties
of) the same object multiple times with the same or comparable measuring instrument.

If the repeated measurements are conducted under identical circumstances (involving the
same object, the same measurement instrument, the same person, the same location, one
directly after the other) the observed variation represents the best attainable precision
with this measurement system. This variation is referred to as repeatability.

If a subset of the measurement is conducted under different circumstances, the observed
variation will increase. The additional variation due to varying circumstances is called
reproducibility. A valid statement of reproducibility requires specification of the condi-
tions changed, e.g., other raters handling the measurement system, alternative measuring
equipment used, changed environmental conditions.

Precision also involves the following issues: consistency, which is the extent to which re-
peatability changes over time; and uniformity, defined as the extent to which repeatability
is constant over the measured range.

All these issues need to be addressed to assess the quality of measurement. This is done
by means of experiments. In this thesis the focus is on precision. Therefore, we refer to a
measurement system analysis experiment as an experiment designed to assess the precision of
the measurement system. To investigate the precision an empirical study of the sources of vari-
ability is required. To this end one first makes an inventory of the possible factors (we use the
word ‘factor’ instead of ‘circumstance’ as the former is the common term used in the context
of design of experiments) that may contribute variation to the measurement process. Then,
one conducts an experiment (involving the factors of interest) to quantify their influence on the
measurement variability. The variation that can be attributed to factors related to the measure-
ment system is viewed as reproducibility, whereas the variation observed when all factors are
kept constant is referred as repeatability. These experiments use the fundamental principles
of experimental design (see Box, Hunter and Hunter, 1978) such as replication, blocking and
randomization to enhance the validity and efficiency of the study, and their design allows for
the determination of the effect of the different factors on the measurement variability.

Bolts example (continued)

Accuracy: Suppose the centimetres on the ruler are only 0.9 times the standard centimetre. The
measurement system is then subject to bias. This bias depends on the measured value: linearity.
Precision: We measure the same bolt 5 times and find the values: 3.1, 3.0, 3.0,3.0 and 3.2. The
measurement spread then is: 0.089.
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1.4 Objective and motivation of the thesis

This thesis deals with the question how to assess the quality of measurement when the measure-
ment is categorical, more specific: binary or ordinal. It aims at developing statistical models
and methods for the evaluation of the quality of these types of measurement. In this, only the
precision of the quality of measurement is addressed.

A motivation for the research in this thesis is the importance of the assessment of the quality of
measurement systems. Decisions and research are based on data, which are obtained by means
of measuring. The quality of the measurements is transmitted to the quality of the decisions
and inferences that are grounded in the data.

Another incentive is that the current literature of industrial statistics enlarges on the eval-
uation of measurement systems with a continuous response (cf. Montgomery and Runger,
1993a,b; Vardeman and VanValkenburg, 1999; and the last section of this chapter). Deviations
from this situation are underexposed, though frequently encountered in practice. Where at-
tention is given to the evaluation of categorical measurement systems, the methods are rather
ad-hoc, lacking a sound statistical foundation in the form of a model. This is illustrated in
subsequent chapters. This is reflected in that these methods are ultimately based on metrics of
quality of measurement that are sample statistics, without a relationship with parameters in a
model or population parameters.

1.5 Outline of the thesis

When the measurement is categorical, the method for the evaluation of continuous measure-
ment systems is not tenable, and one is forced to adopt alternative methods. In chapter 2 we
introduce a method for the analysis of the quality of binary measurement systems. This consists
of a design of an measurement system analysis experiment, a model for the outcome of this ex-
periment and the relation between the parameters of this model and the quality of measurement,
in particular requiring an operationalization of precision in the context of binary measurement
systems. This method is compared with alternative methods that could be used for the evalua-
tion of binary measurement systems. The model proposed in chapter 2 is subjected to further
study in chapter 3. Its identifiability is shown and two methods for the estimation of the param-
eters of the model are developed.

Chapter 4 discusses the drawbacks of current methods used in assessing the quality of
measurement systems that have an ordinal response, and proposes ways to deal with them. The
last chapter exemplifies all methods and concludes with a recommendation of what method to
use for the assessment of the quality of measurement for the different types of measurement.

1.6 An introductory example

We conclude this chapter with an example that illustrates the theory outlined in the previous
sections. Moreover, it functions as an illustration of the current practice in industry with respect
to the assessment of precision of continuous measurement, and it is referred to in sequential
chapters.

This example stems from an engine manufacturer. At some point in the assembly process of
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the engine, two cilinder heads are placed on the engine block. These are attached by means
of 34 bolts. Besides fixing the cilinder heads, the bolts serve to prevent leakage of oil. The
assembly is executed in several phases. First the cilinder heads are fixed with four bolts each.
Next, they are tightened together with the remaining bolts in a prescribed order multiple times
using different momenta. Finally, to assure that the prevention of oil leakage is successful, a
minimum tension in the bolt needs to be realized. This is achieved by an angle-turn of 120
degrees.

To verify that the aimed tension has been established the length increase of the bolts (caused
by the angle-turn) is measured. Before the assembly the length of the bolt is measured using an
ultrasonic measurement device. The device is put on top of the bolt and emits ultrasonic waves
that are reflected by the bottom. The amount of time it takes for the wave to return is used to
calculate the length of the bolt. A similar procedure is carried out once the assembly has taken
place. The length increase is obtained by taking the difference of the two measurements. The
length relating to an acceptable tension ranges from 2.7 mm as the Lower Specification Limit
(LSL) and 3.5 mm as the Upper Specification Limit (USL).

The after-sales department of the engine manufacturer has received too many complaints
related to oil leakages, and has decided that action is required on the issue. To make sure no
false conclusions are drawn during the investigation of this problem, the quality of the length
measurement is assessed by means of an experiment. To this end the following conclusions
have been reached at during a meeting with experts on the matter:

o The raters handling the ultrasonic device may cause extra variability in the measurements.
They will be taken along (as a factor) in the experiment.

o Muttiple bolts are involved in the experiment. They contribute to the observed variation,
which is object (read: bolt) variation not part of the measurement variation. The exper-
iment will therefore be designed such that it allows for separation of object variability
from measurement variability. Thus, object is taken along as a factor.

o A single ultrasonic device is used by all raters, which will also be the case during the
experiment. Hence, it is not a factor during the experiment.

o As both (before and after assembly) measurements require the same activities, it is as-
sumed that both exhibit the same amount of variability. Therefore, it has been decided
to execute an experiment involving only one of them: the length measurement of the
pre-assemnbled bolts. The estimate of the measurement variation following from this ex-
periment is assumed to apply to both measurcments.

Taking all this into account, it was decided to conduct an experiment involving three raters,
ten objects and each bolt is measured three times by each rater. The results are presented in
table 1.1. For the purpose of this experiment it has been attempted to select bolts from a wide
range of lengths representing the lengths encountered during regular production. These bolts
were measured in random order to eliminate disturbing effects that may occur over time, and
to assure that the raters do not recognize which bolt they measure.

1.6.1 Mathematical model

Traditionally, experiments for the evaluation of measurement systems involve two factors,
which correspond to the factors objects and raters in our example (Montgomery and Runger,
1993a,b). In such an experiment, n objects are measured by m raters, preferably repetitively






























































































































































































































































































