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Introductio n n 

Inn this thesis we study diffusion processes and martingales. Diffusions are 
usedd in many branches of applied stochastics. The basic example is the 
Browniann motion process, which models the irregular movements of pollen 
suspendedd in water. Other classical examples are the Ornstein-Uhlenbeck 
processs and the Wright-Fisher model that are used in physics and genetics, 
respectively.. Since Black and Scholes (1973) and Merton (1973) did their 
importantt work on the pricing and hedging of options, diffusion processes and 
stochasticc differential equations also play an important role in mathematical 
finance.finance. They are used to model all kinds of financial phenomena, such as 
stockk prices, exchange rates and interest rates. 

Theree exists already a vast amount of literature on statistical inference 
forr diffusion processes. It is a field of research that still expands rapidly, for 
aa large part motivated by applications in mathematical finance. A partial 
overvieww of recently developed methods can be found in the paper Dzha-
paridzee et al. (2000). Compared to other branches of statistical theory, statis­
ticss for diffusion processes is still a relatively young area. As a result, there 
aree a lot of questions that still have to be answered. In this thesis we focus 
inn particular on problems related to the asymptotic behaviour of statistical 
proceduress for diffusions. We will develop new limit theory for diffusion pro­
cessess and apply this in the asymptotic analysis of various parametric and 
nonparametricc estimators. 

Martingaless play an important role in the theory of diffusions and 
stochasticc differential equations. To prove asymptotic statistical results for 
diffusionn processes one has to rely heavily on martingale limit theory. Al­
thoughh this area of probability theory is already very well developed, im­
provementss and extensions are sometimes necessary. A substantial part of 
thiss dissertation is therefore devoted to the study of martingales. This work 
iss motivated by the statistical questions sketched above, but the area of ap­
plicationss of martingale theory is of course much wider. 
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Thee thesis is divided into two parts. Part I deals with continuous mar­
tingaless and diffusions, the second part is concerned with cadlag martingales 
(martingaless with sample paths that are right continuous and that have lim­
itss from the left). The parts can be read independently. The remainder of 
thiss introduction gives a brief overview of the presented results. 

Overvieww of Part I 

Thee first chapter deals with continuous local martingales. The material in 
thiss chapter is applied throughout part I of the thesis. We start by recalling 
aa fundamental result in the theory of continuous martingales: the Dambis-
Dubins-Schwarzz theorem. This theorem states that each continuous local 
martingalee is in fact a time-changed Brownian motion. The result can be 
usedd to reduce all kinds of questions regarding continuous local martingales 
too questions concerning Brownian motion. We use the time-change theorem 
too improve a number of well-known results. We first provide an extension 
off  the classical Bernstein inequality for continuous martingales. Later in the 
chapter,, this inequality will be used as the starting point in our treatment of 
entropyy methods for continuous martingales. The Dambis-Dubins-Schwarz 
theoremm is also used to relax the conditions of the central limit theorem for 
multivariate,, normalized martingales given by Küchler and S0rensen (1999). 

Ann important step in the proof of this central limit theorem is a result 
onn so-called nested Brownian motions that is of independent interest. If W 
iss a standard Brownian motion and an is a sequence of positive numbers that 
increasee to infinity, then the scaling property of Brownian motion implies that 
thee processes Wn defined by W" = Want/y/a  ̂ are again Brownian motions. 
Thee sequence Wn is a typical example of the nested sequences that we will 
consider.. It turns out that such nested Brownian motions are asymptotically 
independentt of any other random element on the same probability space. 
Thiss result will allow us to prove the central limit theorem for normalized 
continuouss martingales, by embedding them in nested Brownian motions. 

Chapterr 1 is closed with a treatment of entropy methods for continuous 
martingales.. In particular, we give a bound on the modulus of continuity 
off  an indexed family of continuous martingales in terms of the entropy of 
thee index set. In chapter 2 we use this result to prove the uniform weak 
convergencee of certain families of martingales. Entropy methods for con-
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tinuouss martingales have recently been studied systematically by Nishiyama 
(1997,, 1999, 2000). We give new proofs of his results, relying on general re­
sultss on sub-Gaussian random maps taken from Van der Vaart and Wellner 
(1996).. This approach is simpler and therefore more transparent than the 
directt arguments of Nishiyama. 

Chapterr 2 is devoted to limit theory for one-dimensional, regular diffu­
sionn processes. We consider a regular diffusion X whose speed measure m 
hass finite total mass on the state space of the diffusion. It is well-known that 
forr such processes, the empirical measures fit, defined by 

11 /" 
IH(B)IH(B) = - / lB(Xu)du, 

tt Jo 

aree absolutely continuous with respect to the normalized speed measure /i. 
Thee random density pt = dpbt/dp, is the main object of investigation. To 
studyy the asymptotic properties of this density we rely again on time-change 
arguments.. Indeed, a central result in diffusion theory states that a regular 
diffusionn X in natural scale is a time-changed Brownian motion. It holds 
thatt Xt = WTt, where W is a Brownian motion and the time-change rt 

iss determined by the speed measure. This result is closely related to the 
Dambis-Dubins-Schwarzz theorem for continuous martingales. 

Thee first new theorem states that rt/t
2 converges in distribution as 

tt — oo. Once this has been established, various 'laws of large numbers' for 
thee random density pt can be proved. In particular, we prove a weak law 
off  large numbers, assuming nothing more than the finiteness of the speed 
measure.. An interesting consequence of this result is the fact that a regular 
diffusionn with finite speed measure is necessarily recurrent. It seems that 
thiss basic fact has not been explicitly noted before in the literature, at least 
nott for general regular diffusions. 

Iff  v is a signed measure with finite total variation on the state space, 
wee prove that 

J(pJ(ptt-l)dv-+0 -l)dv-+0 

inn probability. The attention is then turned to the corresponding uniform 
centrall  limit problem. We consider a (possibly infinite) collection A of signed 
measuress on the state space and give conditions that imply weak convergence 
off  the random maps 

vv >— Vc I (pt — 1) dv 
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inn the space ^°°(A) of bounded functions on A. The most important require­
mentt is a metric entropy condition. This is a mathematical formulation of 
thee intuitively obvious fact that the collection A should not be 'too large' if 
wee want to have uniform convergence on A. Nishiyama's entropy methods 
forr continuous martingales play a key role in the proof of our central limit 
theorem. . 

Chapterr 2 is closed with a section that gives some interesting conse­
quencess and special cases of the general results mentioned above. It turns 
outt for instance that a uniform law of large numbers is valid under a very 
mildd condition. If T is a class of functions on the state space and T has a 
^i-integrablee envelope, then it holds that 

sup p --ttjj  f(Xu)du- ƒ /dJ-O 

inn (outer) probability. Note that the stated requirement on the class T is 
muchh weaker than the conditions that are needed for the i.i.d. counterpart of 
thiss result (see for instance Van der Vaart and Wellner (1996)). For certain 
speciall  classes of diffusions, a number of uniform limit theorems was recently 
givenn by Kutoyants (1998) and Negri (1998). We extend these results to the 
moree general setting of regular diffusions. 

Inn chapter 3 we use the limit theory of the first two chapters to study 
nonparametricc estimators for regular diffusions. We consider a stationary, 
regularr diffusion X with finite speed measure. The normalized speed measure 
/zz is then the marginal distribution of the process. It is assumed that fi has a 
densityy ƒ and the objective is to estimate ƒ and its derivatives ƒ ̂  (if they 
exist),, based on the observation of a sample path (Xu)u< t. The standard 
kernell  estimator for ƒ is defined by 

wheree K is some appropriate kernel function and the parameter ft > 0 is the 
bandwidth.. Obvious estimators for the derivatives ƒ(m) of ƒ are obtained by 
differentiatingg this expression. If the kernel K has an ra-th derivative K ,̂ 
wee put 

Thesee kernel estimators have been studied by several authors. The cases 
mm — 0 and m = 1 were first considered by Banon (1978). In Banon's 
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paper,, conditions are given for pointwise mean-square consistency. For m = 
0,, uniform consistency was proved by Nguyen (1979). Kutoyants (1998) 
recentlyy studied the kernel estimator for the density ƒ for a special class of 
diffusionss generated by stochastic differential equations. He proved pointwise 
consistency,, asymptotic normality with rate yft and asymptotic efficiency. 
Notee that the rate is independent of the bandwidth, so the situation is quite 
differentt from the i.i.d. setting. 

Wee further investigate the asymptotic properties of the kernel estimators 
andd obtain a number of new results. Firstly, the asymptotic normality for 
mm = 0 turns out to hold uniformly in x. More precisely, for every compact 
subintervall  J of the state space we have weak convergence 

inn the space C{J) of continuous functions on J, where H is a Gaussian 
randomm map in C{ J). The estimator of the m-th derivative / ( m) of ƒ is also 
uniformlyy consistent, but its asymptotic distributional properties are quite 
different.. Under some conditions on the bandwidths, we show that 

supp | f l?W - / W W | - « p ( j ^ ) 

forr every compact subinterval J of the state space. Clearly, this does not yet 
givee the exact rate of the estimator, it only implies that it must be faster 
thann h^y/i. The exact rate turns out to be \Jth\m~l, but the convergence is 
nott uniform at this rate. Instead we prove that for different x, the normalized 
differences s 

\/thr-\fif\/thr-\fif tt(x)(x) - ƒ<-">(*)) 
convergee weakly to independent Gaussian random variables. 

Solutionss of stochastic differential equation are probably the most im­
portantt examples of diffusions. In the chapter 4 we study the problem of 
driftt estimation for such processes. We first consider the parametric model 

dXdXtt = be{Xt)dt + a{Xt)dWt, 

wheree 9 ranges over a subset 6 of Euclidean space. The classical estimator 
forr the true parameter in this model is the maximum likelihood estimator. 
Thee maximum likelihood method for nonlinear diffusion models has been 
studiedd by many authors, see for instance Kutoyants (1977), Lanska (1979), 
Prakasaa Rao and Rubin (1981), Basu (1983), Kutoyants (1984), Yoshida 
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(1990)) and Prakasa Rao (1999). It turned out to be quite difficult to derive 
thee asymptotic properties of the maximum likelihood estimator under rea­
sonablee regularity conditions. In particular, most authors needed conditions 
thatt depend on the dimension of the parameter space 0. In the first part of 
thiss chapter we show that this is not necessary. Using uniform limit theo­
remss from chapters 1 and 2, the continuity of the likelihood and consistency 
off  the estimator are proved under a Holder condition that is independent of 
thee dimension of the parameter space. In other branches of statistics the 
applicationn of entropy methods lead to a better understanding of asymptotic 
behaviour,, see for instance Van de Geer (1995) and Nishiyama (1999). Our 
resultss in the first part of chapter 4 show that this approach is also very 
usefull  in asymptotic statistics for diffusions. 

Inn the second part of the chapter 4 we study a nonparametric drift esti­
matorr that was proposed by Banon (1978). Under some technical conditions, 
thee drift function b and the diffusion function a are related to the density ƒ 
off  the speed measure and its derivative ƒ' by the equation 

b{x)b{x) = \a\x)f-^\ + a{x)a\x). 

Thee drift estimator btih that Banon proposed is obtained by simply plugging 
inn the kernel estimators for ƒ and ƒ' that are studied in chapter 3. Banon only 
provedd that this estimator is pointwise consistent. Using the delta-method it 
iss relatively easy to derive additional asymptotic properties from the results 
off  chapter 3. We prove that the estimator is uniformly consistent, that the 
exactt rate of convergence is \ftht and that for different x, the normalized 
differences s 

\ftht{h,h\ftht{h,htt{x){x) -b{x)) 

convergee weakly to independent Gaussian random variables. 

Overvieww of Part I I 

Inn the chapter 5 we study Bernstein-type inequalities for martingales with 
jumps.. Such inequalities have many applications in probability and statistics. 
Seee for instance Shorack and Wellner (1986) and Van de Geer (1995) for 
applicationss in empirical process theory for i.i.d. and dependent data. Other 
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applicationss include the study of the rate of convergence in the functional 
centrall  limit theorem for martingales (see Coquet et al. (1994) and Courbot 
(1998))) and the theory of decoupling (see De la Pena and Giné (1999) and 
Dee la Pena (1999)). 

Thee work presented in chapter 5 unifies a number of different known 
inequalities.. The Bernstein inequality for martingales with bounded jumps 
statess that if the jumps of the local martingale M are bounded in absolute 
valuee by a constant a > 0, then for every finite stopping time r it holds that 

PP (sup\Mt\ > z, (M)T < L J < 2e"2^fc73 

forr every z, L > 0. On the other hand, Barlow et al. (1986) proved that if M 
iss locally square integrable (not necessarily with bounded jumps) then 

PP (sup\Mt\ > z, (M)T + X1(AM *) 2 ^ L) ^ 2e~*^ 

forr every z, L > 0. Both inequalities may be applied if M is a local martingale 
withh bounded jumps, but the results are clearly different. 

Itt turns out however that the two inequalities can be viewed as extreme 
casess of a more general result. If M is locally square integrable martingale 
andd a > 0, we can consider the process 

/ / t
a^^ (AM a) 2 l { |A M s | >a}}  + (M) t . 

3<t 3<t 

Wee prove in chapter 5 that for every finite stopping time r it holds that 

PP (sup \Mt| > 2 , Ua
T < L J < 2e~2lT^73 

forr every a,z,L > 0. The inequality for martingales with bounded jumps 
iss then obtained if we choose a such that |AM| < a. If we take a = 0 
thee result reduces to the inequality of Barlow et al. (1986). The method we 
usee in the proof of our general inequality can be used to prove several other 
usefull  exponential inequalities for general martingales. To illustrate this, we 
extendd results of Van de Geer (1995) and Nishiyama (2000) for martingales 
thatt satisfy an 'exponential moment condition' and a result of De la Pena 
(1999)) for conditionally symmetric martingales. 
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Inn the final chapter 6, a central limit theorem for martingales with jumps 
iss presented. In chapter 1 the central limit theorem for continuous martin­
galess is proved by using the Dambis-Dubins-Schwarz time-change theorem. 
Iff  the martingales in question have jumps this method cannot be used. In 
chapterr 6, we show that it is possible to use another time-change device in 
thiss case. Instead of the Dambis-Dubins-Schwarz theorem, we use a general 
versionn of Skorohod's embedding theorem to prove a central limit theorem for 
normalizedd martingales with jumps. The usual approach relies on character­
isticc function-type methods or rather the 'method of stochastic exponentials' 
(seee Hall and Heyde (1980), Liptser and Shiryayev (1989), Feigin (1985), 
Jacodd and Shiryaev (1987)). In the literature on central limit theory, the 
Skorohodd embedding theorem has primarily been used to investigate the rate 
off  convergence of the (functional) central limit theorem for martingales (see 
HallHall and Heyde (1980), Kubilius (1985), Coquet et al. (1994) and Courbot 
(1998)).. The embedding technique does not seem suitable to prove central 
limi tt theorems of the same generality as can be done with the characteristic 
functionn methods. However, in the particular setup of chapter 6 it yields a 
shortt and elegant proof of the central limit theorem. 



Partt I 

Continuouss Martingales and 
Diffusions s 





1 1 

Continuouss martingales 

Inn this chapter we study continuous local martingales. There are several ex­
cellentt textbooks treating the general theory of continuous semimartingales. 
Lett us mention in particular the books by Kallenberg (1997), Karatzas and 
Shrevee (1991), Revuz and Yor (1991) and Rogers and Williams (1987). We 
assumee that the reader is familiar with the classical theory of continuous 
semimartingaless that is treated in those textbooks. 

Thee present chapter deals with aspects of martingale theory that are 
somewhatt less classical. We focus in particular on recently developed re­
sultss that have important applications in diffusion theory and in asymptotic 
statistics.. Examples of applications of the material can be found throughout 
partt I of this thesis. In part II we will consider the extension of some of the 
resultss to the realm of martingales with jumps. 

1.11 Continuous local martingales 

Thee most important example of a continuous martingale is of course Brown-
iann motion. If W is a Brownian motion and (rt)t>0 is an increasing family of 
finitefinite stopping times (a so-called time-change) such that the function 1  rt is 
almostt surely continuous, then the optional sampling theorem shows that the 
time-changedd Brownian motion Mt = WTt is a continuous local martingale 
withh quadratic variation process (M)t = rt. The well-known Dambis-Dubins-
Schwarzz theorem states that the converse is also true: every continuous local 
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martingalee is in fact a time-changed Brownian motion. The only requirement 
iss that the underlying probability space is rich enough. 

Iff  the latter requirement is not met, the underlying probability space 
hass to be enlarged. As in Revuz and Yor (1991), we call the filtered prob­
abilityy space (Q, (ƒ"(),ƒ*, P) an enlargement of the filtered probability space 
(fi ,, (Ft), T, P) if there exists a map ir from Q onto Q such that 7r_1(jFt) C Tt 

forr every t and P = P o n~l. A process X defined on Q may then be viewed 
ass defined on Q by putting X(UJ) = X(uS) if 7r(ü) = u>. With this notion of 
enlargementt at our disposal we can state the Dambis-Dubins-Schwarz time-
changee theorem. 

Theoremm 1.1.1 (Dambis-Dubins-Schwarz). Let M be a continuous local 
martingalemartingale on a filtered probability space (Q, T, i^t), P)- For every t > 0, 
definedefine rt = inf{ s > 0 : (M)a > i]  and Qt = TTt. If (M)^ = oo aimost 
surely,surely, then there exists a (Qt)-Brownian motion W such that Mt — W(M)t 

forfor all t > 0. If (M)  ̂ < oo with positive probability, then there exists an 
enlargementenlargement of (Q,^F, (Qt),P), supporting a Brownian motion W, such that 
MMtt = W(M)t for allt>0. 

Proof.. See for instance Karatzas and Shreve (1991), section 3.4.B or Revuz 
andd Yor (1991), section V.l .

Thee time-change theorem plays an important role in this chapter. It 
allowss us to reduce a problem concerning general continuous local martingales 
too the corresponding problem for Brownian motion. 

1.22 An exponential inequality 

Inn this section we present the first application of the Dambis-Dubins-Schwarz 
theorem.. We prove a Bernstein-type inequality for continuous local martin­
gales.. This result will be the starting point of our treatment of entropy 
methodss for martingales in section 1.5. In chapter 5 we treat Bernstein-type 
inequalitiess for martingales with jumps. 

Thee random time r in the statement of theorem 1.2.1 below is arbi­
trary,, it is not necessarily a stopping time. This improvement of the classical 
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exponentiall  inequality for continuous local martingales is a consequence of 
thee time-change method. Our line of reasoning is similar to that of Bar­
loww et al. (1986), who proved Burkholder-Davis-Gundy-type inequalities for 
continuouss local martingales at arbitrary random times. 

Theoremm 1.2.1. Let M be a continuous local martingale and let r be a 
nonnegativenonnegative random variable defined on the same probability space as M. 
ThenThen we have 

p(sup\Mp(sup\Mtt\\ > 2 , (M)T <L\ <2e~2*L 

forfor all z,L>0. 

Proof.. By theorem 1.1.1, the underlying probability space can be enlarged 
too ensure that there exists a Brownian motion W such that Mt = W(M)t f° r 

alll  t > 0. It then holds that 

s u p Mt == sup Wt. 
t<rt<r  t<(M)T 

Clearly,, this implies that 

PP (supMt >z, {M)T <L) <P (supWt > z\ . 

Thee distribution of the running maximum of Brownian motion is well-known, 
seee for instance Karatzas and Shreve (1991), section 2.8.A. The random 
variablee supf<L Wt has density 

22 _ ! «! 
-.e-.e 2 L 

^/2TTL ^/2TTL 

withh respect to the Lebesgue measure on R+ . Using the Gaussian tail bound 

11 f°° i 2 i 2 

- == ƒ e~2u du < x , x > 0 

wee thus find that 

// \ 2 f°° lad 
PP sup Wt > z) = / e 2 L dx 

\t<L\t<L  J v2irL Jz 
_11 2 

ee 2y dy 
22 fc 

<<  e 2 L . 
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Consequently,, we have the bound 

P[supMP[supMtt > 2, (M) < L ) < e~2l 
t<T t<T 

lzlz2 2 

forr all 2, L > 0. Since the quadratic variation processes of M and — M are 
equal,, the same bound holds with — M in the place of M. Combination of 
thee inequality for M and the inequality for —M yields the assertion of the 
theorem..

1.33 Nested Brownian motions 

Thee Dambis-Dubins-Schwarz theorem is also useful tool in the study of the 
centrall  limit problem for continuous local martingales. In the next section we 
wil ll  prove a central limit theorem for d-dimensional continuous local martin­
gales.. If M is such a martingale, we will assume that there exist deterministic 
normalizingg matrices Kt such that Kt —> 0 as t — oo and 

K,{M)K,{M) ttKT^nnKT^nnrr, , 

wheree r\ is some random matrix. It will turn out that under this condition, 
thee normalized martingale KtMt converges weakly to a mixture of normals. 
Thee degree of difficulty of this problem depends mainly on whether or not 
thee matrix 77 is random. To be able to handle the case of a random 77 we 
treatt so-called nested sequences of Brownian motions in this section. 

Beforee we explain this in more detail, let us introduce some notation. 
Byy C[0,00) we denote the space of all continuous functions ƒ : [0,00) —+ E, 
endowedd with the local uniform metric 

0 00 /

d(ld(l99)) = Y,2~n (™l/(* ) " 9(t)\ A 1 

Recalll  that under this metric, C[0, 00) is a Polish space. We can view one-
dimensional,, continuous random processes as random elements of C[0,oo), 
i.e.. as measurable maps on the underlying probability space, with values in 
C[0,00).. Weak convergence and convergence in probability in Polish spaces 
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aree denoted by the symbols => and —», respectively. We refer to Billingsley 
(1968)) for the basic theory of weak convergence in Polish spaces. 

Noww let M be a one-dimensional continuous local martingale and sup­
posee that there exist deterministic normalizing constants (kt)t>o s u cn that as 
tt —> oo, we have ht —> oo and 

< ^ %%  (LD 

wheree rj is a nonnegative, real number. Let W be the Brownian motion cor­
respondingg to M via theorem 1.1.1. For each t > 0 define the process W* by 
puttingg Wg — WktS/y/kf, for all s > 0. Then the well-known scaling prop­
ertyy of Brownian motion implies that each process Wl is again a Brownian 
motion.. We have Mt = W(M)ti hence for all t > 0 it holds that 

MtMt -W* 
Vkt Vkt 

Eachh W* is a Brownian motion, so we trivially have the weak convergence 
WWll =>  B in C[0, oo), where B is a Brownian motion. Since 77 is deterministic, 
Slutsky'ss lemma gives the implication 

{„*=>* ,, < J i , ) i ^ [ ( r , M ) , M ) . (i.2) 
Byy the continuous mapping theorem it thus follows that for any continuous 
mapp <j)  on C[0, 00) x M+, we have 

4 > ( w " , ^ i ) ^ ( B , . , ) .. (1.3) 

Inn the special case of the map 0 : C[0,00) xR+ — R defined by 4>(f, x) — f(x) 
thee left-hand side is equal to Mt/yfkt and the right-hand side equals Bv, so 
(1.3)) yields 

Soo if r}  in (1.1) is deterministic, the time-change device already gives 
uss a desired result, a central limit theorem for the normalized martingale 
Mt/y/kt.Mt/y/kt. But when 77 is random, the matter is more complicated. Then we 
cann not apply Slutsky's lemma to justify the implication (1.2). Below we 
wil ll  prove that thanks to the special nesting relation between the Brownian 
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motionss Wl, they axe asymptotically independent of {M)t/kt. This means 
thatt in the case of a random 7] the implication (1.2) also holds, with B a 
Browniann motion that is independent of 77. As a result, Mt/\/% will then 
convergee weakly to a mixture of normals. 

Thee following theorem states that nested Brownian motions are asymp­
toticallyy independent of any other random element. The nesting condition is 
formulatedd in terms of the corresponding nitrations. 

Theoremm 1.3.1. Let Wn = {W?,F? : t > 0) be a sequence of Brownian 
motionsmotions on a common probability space (fi , T, P). Suppose that for every 
n,n, there exists an (J1?)-stopping time rn such that 

0)0) rn £ 0, 

(ii)(ii)  ?n
Tn C J»+\ for every n 

ThenThen for every random element X on (ft, T, P), with values in a Polish 
spacespace (X, B{X)), we have (Wn, X) =*  (W, X) in C[0,00) x X, where W is a 
BrownianBrownian motion that is independent of X. 

Proof.. For every n, define the process Vn by 

v"v"  = w?„+t - WJ. 

Thenn we can write 

WWnn-V-Vnn = 4>{Wn,rn) - il>(Wn
trn), (1.4) 

wheree <f>  and ip are the continuous maps given by 

<f><f> :: C[0,00) x [0,00) -+ R, <f>{  ƒ, t) = f(t), 

iPiP : C[0,00) x [0,00) -> C[0,00), ^ ( / , t) = f(t + ) " /( ')

Off  course, the processes Wn converge weakly to a Brownian motion W. 
Togetherr with assumption (i) this implies that (Wn,rn) =>  (W,0). Hence, 
usingg (1.4) and the continuous mapping theorem we see that Wn - Vn =*  0. 
Itt thus suffices to show that (Vn,X) =>  (W,X), where W is a Brownian 
motionn that is independent of X. 



1.33 Nested Brownian motions 17 7 

Wee will show that for all VT-continuity sets A G B(C[0, oo)) and X-
continuityy sets B e B(X),we have 

P(VP(Vnn eA,X eB)  ̂ P{W e A)P{X e B) 

(thiss is sufficient, see theorem 3.1 of Billingsley (1968)). The fact that Wn — 
VVnn =$. 0 implies in particular that Vn converges weakly to a Brownian motion. 
Hence,, by the portmanteau theorem, we have 

P{VP{Vnn eA)  ̂ P(W € A) 

forr all ^-continuity sets A G B(C[0, oo)). In view of the inequality 

\P{V\P{Vnn € A,X eB)- P(W G A)P(X G B)\ < 

\P{V\P{Vnn eA,X eB)- P(Vn G A)P(X G B)\ + 

\P(V\P(Vnn G A)P(X eB)- P{W e A)P(X e B)\ 

itt thus remains to show that \P(Vn eA,XeB)~ P(Vn G A)P(X e B)\-> 
0. . 

Forr notational convenience, put Q = VS=i^oo- ^om assumptions (ii) 
andd (iii ) it follows, by the martingale convergence theorem, that for all B G 
B(X) B(X) 

P(XP(X eB\J?n)-^+ P{X eB\Q). 

Consequently,, we have for all A G B(C[0, oo)) and B eB(X) 

E[lE[l {V{VnneA}eA}P(XP(X €B\T?J- E[l {vneA}P(X eB\Q)\ 0. . 

Byy the strong Markov property of Brownian motion, Vn is independent of 
T^T n̂n.. This implies that the first expectation in the preceding display is equal 
too "p(Vn e A)P(X e B). The £-measurability of Vn implies that the second 
expectationn is equal to P(Vn e A,X e B). D 

Inn chapter 6 we will need the following corollary of theorem 1.3.1. 

Corollar yy 1.3.2. Let W be a Brownian motion and suppose that we have 
positivepositive numbers (kt)t>o that increase to infinity as t —> oo. For every t > 0, 
definedefine the Brownian motion Wl by Wl

s = WktS/y/kt- Then for every random 
elementelement X on the same probability space, with values in a PoUsh space 
{X,{X, B{X)), we have (Wf, X) =  (B, X) in C[0, oo) xX, where B is a Brownian 
motionmotion that is independent of X. 
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Proof.. Let an be an arbitrary sequence that increases to infinity. If W is a 
Browniann motion with respect to the filtration (Tt), the process Wan defined 
inn the statement of the corollary is a Brownian motion with respect to (ƒ"") = 
[J~k[J~kanant)-t)- For every n, define the deterministic stopping time rn = {kan)~

1^2. 
Clearly,, the nitrations {T?) and the stopping times rn satisfy the conditions 
off  the preceding theorem. We may thus conclude that (Wan,X) =>  (B,X), 
wheree B is independent of X. Since the sequence an is arbitrary, the proof 
iss completed. D 

1.44 Central limi t theorems 

Usingg the time-change theorem and the results of the preceding sections we 
cann prove a number of useful central limit theorems for continuous local 
martingales.. We begin with a simple one that will be used in chapter 3. 
Itt is just a special case of the general limit theorems for semimartingales 
thatt can be found for instance in Jacod and Shiryaev (1987) or Liptser and 
Shiryayevv (1989). As usual, we denote the d-dimensional normal distribution 
withh mean 0 and covariance matrix £ by iVd(0, £). 

Theoremm 1.4.1. For every t > 0 and i — l,...,dlet Mt,% be a continuous 
locallocal martingale. Suppose that for i,j = 1,. .. ,d there exist deterministic 
numbersnumbers E ĵ such that 

ass t -+ oo. Then (Mj ' \ . . ., M[4) =>  Nd(0, £), where £ is the d x d matrix 
withwith elements E^j. 

Proof.. By the Cramer-Wold device, it suffices to consider the case d = 1. 
Byy theorem 1.1.1 we can enlarge the underlying probability space to ensure 
thatt there exist Brownian motions Wl such that M*' = WfMt,i\ . By the 
assumptionn on the quadratic variation processes and Slutsky's lemma we 
havee (Wl, (M1,1)  ̂ =$> (W,T,i,i), where W is a Brownian motion. So by the 
continuouss mapping theorem M{'1 => W E ^. This completes the proof, since 
VKElll has a iV^Ei^-distribution. D 
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Thee remainder of this section is devoted to the proof of a central limit 
theoremm for normalized, multivariate continuous local martingales. The first 
stepp is a lemma concerning nested, one-dimensional martingales. Again, it 
wil ll  be convenient to formulate the nesting condition in terms of filtrations. 
Followingg Feigin (1985), we call a sequence of filtrations (ƒ"") on a probability 
spacee (ft, T, P) nested if there exists a sequence tn | 0 such that 

forr all n G N, and 
ooo oo 

n = ll  n = l 

Anyy sequence tn j 0 for which these conditions are satisfied is called an 
N-sequence.. A sequence of adapted processes Xn = (X?,?? : t > 0) on 
(ft,, T, P) is called nested if the corresponding filtrations (ƒ*") are nested. 

Lemmaa 1.4.2. Let ( M " , ^ : t > 0) be a nested sequence of continuous 
locallocal martingales such that (Mn)00 = oo almost surely and assume that 
therethere exists an N-sequence tn such that (Mn)tn — 0. Suppose that for a 
fixedfixed t > 0 there exists a nonnegative random variable C such that 

{M{M nn))tt  ̂ C (1.5) 

ass n —> oo. Then for each random element X defined on the same probability 
space,space, with values in some Polish space X, we have (M™, X) => (Wc, X) as 
nn — oo, where W is a Brownian motion that is independent of (C, X). 

Proof.. Let (W™,£" : t > 0) be the Brownian motion corresponding to 
(Mf

n,, T? : t > 0) via theorem 1.1.1. Then the random variable rn = (Mn)tn 

iss a (£7")-stopping time. By construction, all conditions of theorem 1.3.1 are 
satisfied.. Using also (1.5) the theorem implies that 

(W(Wnn,(M?),X)=>(W,C,X), ,(M?),X)=>(W,C,X), 

wheree W is a Brownian motion that is independent of the pair (C, X). Now 
writee (M?,X) = £(Wn, (Mt

n) ,X), with £ : C[0,oo) x R + x ^ ^ R x * 
definedd by £(f,t,x) = (f(t),x). Then by the continuous mapping theorem 
wee have {M?,X) = £(Wn, (Mt

n) ,X) =*  f(W,C,X) = {WC,X). D 
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Wee will need a simple result from linear algebra. Euclidean norms of 
vectorss are denoted by |  |. If A is an n x m matrix we write \\A\\ = sup{|Ar| : 
xx G Rm, \x\ = 1}  for the operator norm of A. 

Lemmaa 1.4.3. Let An be a sequence of symmetric, nonnegative definite 
dxddxd matrices and suppose that An — A, where A is symmetric and (strictly) 
positivepositive definite. Then ifxn is a sequence of vectors in M.d such that \xn\ — oo, 
itit  holds that x^Anxn —+ oo. 

Proof.. Observe that x^Anxn > \n\xn\
2, where An is the smallest eigenvalue 

off  An. It thus suffices to show that \n —  A, where A > 0 is the smallest 
eigenvaluee of A. Since the determinant is a continuous function and the 
matrixx A is invertible, the matrices An are also invertible for n large enough. 
Thee matrix map B t-* B~l is continuous on the domain of all invertible dxd 
matrices.. It follows that A~l — A~* and therefore also WA^W — WA'1  ̂ It 
iss easily seen that the operator norm of a symmetric, positive definite matrix 
iss equal to its largest eigenvalue. So we find that the largest eigenvalue of 
A" 11 converges to the largest eigenvalue of A'1. Since the eigenvalues of the 
inversee B~x of a matrix B are the reciprocals of the eigenvalues of B} this 
impliess that the smallest eigenvalue of An of An converges to the smallest 
eigenvaluee A of A. D 

Wee can now prove our multivariate central limit theorem for continuous 
locall  martingales, which was first presented in the paper Van Zanten (2000a). 
Recently,, Kiichler and S0rensen (1999) reported a result that is similar to 
ours.. In their setup M is a multi-dimensional square integrable martingale 
(nott necessarily continuous) with covariance matrices E( = E{MtM'[).  In 
additionn to our condition (1.6) and a Lindeberg-type condition (if M has 
jumps),, they needed the assumption that there exists a (strictly) positive 
definitee limit of KtT,tKj as t — oo. The latter condition can be very tedious 
too verify in applications. This is the case for instance in the asymptotic 
analysiss of the maximum likelihood estimator for multi-dimensional, linear 
stochasticc differential equations (see Kiichler and S0rensen (1999), p. 489). 

Theoremm 1.4.4. Let (Mt,Tt : t > 0) be a d-dimensional continuous local 
martingale.martingale. Suppose that there exist invertible, deterministic dxd matrices 
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(Kt)t>o(Kt)t>o such that \\Kt\\ —> 0 as t — oo and 

KKtt(M)(M)ttk[^rk[^r mm
TT

ii (1-6) 

wherewhere n is an invertibie, random d x d matrix. Then for each M.k-valued 
randomrandom vector X defined on the same probability space as M we have 
(K(KttMMtt,X),X) =>  (nZ}X) ast — oo, where Z has a Nd(0,1)-distribution and Z 
isis independent of (77, X). 

Proof.. First observe that for all x G Rd and y € Rfc, we have 

I?I? ixTrjZ+iy TX _ Z7g— \xTj]r) Tx-\-iyTX 

Soo in terms of characteristic functions we have to prove that for all x € Rd 

andd yeRk 

1?1? ixTKtMt+iyTX ^ 771 - TrrnTx+iyTX 

Thatt is, we need to prove that 

(x(xTTKKttMMtt,Y)=>(x,Y)=>(xTTrr 11Z,Y)Z,Y) (1.7) 

forr all x €.Rd and all real-valued random variables Y, where Z has a iVd(0,1)-
distributionn and Z is independent of {r],Y). 

Lett an be an arbitrary sequence such that an —  oo. We introduce the 
one-dimensionall  continuous processes M n by putting 

M?M? = xTKanMant. 

Observee that for every n e N the process Mn is a continuous local martingale 
withh respect to the filtration {Tant) and that its quadratic variation is given 
by y 

(M(Mnn))tt = xTKan(M)antKlx. (1.8) 

Inn this notation (1.7) reduces to 

W , y ) ^ ( ^ z , y ) .. (i.9) 

Inn order to prove (1.9) we will show that every subsequence ain of an has a 
furtherr subsequence ajtn, such that 

(M(Mkk",Y)",Y)  ̂ (xTrjZ,Y). 
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Wee can choose a subsequence dkn of a\n and numbers 0 < tn j 0, so that 

a *ATooo and WK^K^J - 0. (1.10) 

Indeed,, since Hi^JI —* 0 and 1 = ||/|| < HA^JIH^"11|, we have H/f"1!! —
oo.. So we can choose the subsequence akn in such a way that the following 
inequalitiess are satisfied: 

\\K\\Kaknakn\\\\ < - „  and akn > naln. (1.11) 
n||^«,ill l 

Noww put tn = ain/akn. By the second of the inequalities we have tn < 1/n, 
soo £n | 0. Moreover, akntn = o^, which tends to oo so that the first condition 
inn (1.10) is satisfied. The second condition in (1.10) is satisfied as well since 
byy the inequality in (1.11) 

!*.**£Jll < lltf-JII^JI < J. 
whichh means that the sequences akn and tn possess the desired properties. 

Wee are going to apply lemma 1.4.2 to the local martingales Mhn. We 
saww already that Mhn is a continuous local martingale with respect to the 
filtrationn {Taknt), so it is clear that the Mkn are nested. By the first relation 
inn (1.10), tn is an TV-sequence. Moreover, by (1.8) we have 

||| <M*") (n || = \\*K^ (M)  ̂ Klnx\\ 

== \\xT(KaknKk[JKak„ tn (M)a^ Klntn(KatnK^ tJx\\ 

<< ll^„^I,JI 2ll^« „  Wain!„<„dlM 2. 

Soo it follows by the second relation in (1.10) and by the assumption on (M) 
thatt {Mkn)t  0. Also observe that for fixed n e N 

with h 

Wee have \yt\ > \\K k̂ x\\/\\KakTit\\. So if x  ̂ 0, which we may assume without 
losss of generality, then \yt\ — oo as t —  oo. Lemma 1.4.3 thus implies that 
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ass t — oo. It follows that (M fcn) = oo almost surely. 
Thee preceding paragraph shows that lemma 1.4.2 can be indeed by 

appliedd to the local martingales Mkn. By the assumption on the quadratic 
variationn of M we have 

{M{M kk")") ll = xTKahn {M)atn K^x -^ * W * . 

Itt thus follows from lemma 1.4.2 that 

wheree W is a Brownian motion that is independent of {xTrfjj rx, Y). Finally, 
usee the independence of W and (xTr]r} rx,Y) to see that {W^^T^Y) has 
thee same distribution as (xTr]Z, F), where Z has a Nd(0,7)-distribution and 
ZZ is independent of (r],Y). D 

1.55 Entrop y methods 

Supposee that on some filtered probability space, we have a family 
(M(M99 : 0 € 8) of continuous local martingales, indexed by a countable set 
B.. Moreover, suppose that we are given positive constants (kt)t>o- In this 
sectionn we study certain properties of the random maps Zt on 8 defined by 

ZZtt($)($) = j^Mf. (1.12) 

Nishiyamaa (2000) introduced an important quantity related to the map Zt, 
thee so-called quadratic modulus. For a given semimetric d on 6, this is the 
processs ||if|jd defined by 

, / ff  (M6 - M*) t 

d(9,i>)>od(9,i>)>o a{V, W) 

Recalll  that the quadratic variation process of a continuous local martingale 
iss unique up to indistinguishability. Hence, since B is countable, the same 
holdss for the process \\Z\\d. 
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Recalll  that a random map Z on 0 is called sub-Gaussian with respect 
too a semimetric p on 0 if 

11 x2 

P(\Z(0)P(\Z(0) - Z(iP)\ >x)< 2e "^2( ^ ) 

forr all 6, xj) e 6 and x > 0. Using a maximal inequality for sub-Gaussian 
randomm maps (taken from Van der Vaart and Wellner (1996)) we can easily 
obtainn a maximal inequality involving the expected modulus of d-continuity 
off  the map (1.12). This bound is given in terms of so-called entropy integrals 
off  the form 

6 6 

\/logg N(e, 9, d) de, 

wheree the numbers N(e,G,d) are the covering numbers of the semimetric 
spacee {Q,d). So N(e,Q,d) is the minimal number of balls of d-radius e 
neededd to cover 0. 

Entropyy methods for martingales were studied systematically by 
Nishiyamaa (1997, 1999, 2000). However, Nishiyama did not use the max­
imall  inequality for sub-Gaussian random maps to prove his basic maximal 
inequalityy for continuous local martingales. The approach that we take here 
hass the advantage that it works already if d is only a semimetric on the pa­
rameterr space 0. Nishiyama's argument requires that d is a proper metric. 

Theoremm 1.5.1. Let d be a semimetric on 0. There exists a universal 
constantconstant c > 0 such that for all t > 0 and 5, L > 0 

ff s s 

EE sup \Zt(0)-Zt(j>)\l {mdt<L}<cL y/\ogN{e,e,d)de. 
d{6,i>)<8d{6,i>)<8  ' Jo 

Proof.. Let L > 0 and t > 0 be fixed and consider the random map R on Q 
definedd by 

R(9)R(9) - Zt{6)\{\\z\\dt<L}-

Thenn for all 0, ijj  G 0 and z > 0 we have 

P{\R(0)-RW\>z) P{\R(0)-RW\>z) 
== p(\zt(e)-ztw\>z1\\z\\dtt<L) 
<<  P(\M! - M?\ > zy/kt, (M9 - M+) t < d2{0,iP)L2kt) 

_ 11 z2 

<< 2e 2 L2*(W) , 

i i 
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byy theorem 1.2.1. In other words, the random map R is sub-Gaussian with 
respectt to the semimetric Ld. By corollary 2.2.8 of Van der Vaart and Wellner 
(1996)) this implies that there exists a universal constant c> 0 such that for 
everyy S > 0 

r&r&  t 

EE sup \R(6) - R{1>)\ < c I y/\ogN(e,9,Ld)de. 
Ld(0,ip)<6Ld(0,ip)<6 JO 

Itt follows that 

EE sup \Zt(0) - Zt(ip)\lmUt<L} 
d(G,i>)<6 d(G,i>)<6 

==  E sup \R(9) - R&)\ 
d(0,ip)<6 d(0,ip)<6 

*L5 5 
<< c / ^/log N(e, 8, Ld) de 

Jo Jo 

==  cL f yJ\ogN{Le,&,Ld)de 
Jo Jo 

rrs s 
==  cL y/\ogN(£,e,d)de. 

Jo Jo 

Thiss completes the proof of the theorem. Ü 

Thee following result is the first application of theorem 1.5.1. It gives 
sufficientt conditions for the uniform rf-continuity of the random map (1.12). 
Wee follow the proof of theorem 2.4.3 of Nishiyama (2000). 

Theoremm 1.5.2. Let d be a semimetric on 0. If \\Z\\d,t < oo almost surely 
and and 

ff y/\ogN{e,e,d)dE<oo, (1.13) 

thenthen the random map Zt is almost surely uniformly d-continuous on 8. 

Proof.. By theorem 1.5.1 there exists for every n a positive number 6n such 
thatt for every L > 0 

EE sup \Zt(0)-Zt(i>)\l mUt<L}<cL4-n, 
d(0,rl>)<6d(0,rl>)<6 n n 
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wheree c is the universal constant of theorem 1.5.1. For every n, define the 
event t 

AAnn=\=\  sup \Zt(0) - Zt(iP)\ > 2~n\ . 
[d(9,il>)<ö[d(9,il>)<ö nn J 

Thenn for every L > 0 

] ££ P(An n {||Z||d,f < L} ) <cLY, 2"n < oo. 
nn n 

Soo by the Borel-Cantelli lemma 

p(^ ni.o.n{||z||d,t<L})^ o o 

forr every L > 0. Since P(||Z||dif < oo) = 1 by assumption, it follows that 

P{AP{Ann i.o.) = P(An i.o. n {||Z||d)t < oo}) 
oo o 

<^p(^ n i .o.n{||z||d) (<L} )) = o. 

Soo we almost surely have 

supp \Zt(0)-Zt(4>)\<2-n 

forr all n large enough. This proves that with probability 1, the map Zt is 
uniformlyy cf-continuous on 0. D 

Noww suppose that with probability 1, the random maps Zt are elements 
off  the space £°°(Q) of bounded functions on Ö and thatt we want to prove 
thatt they have a weak limit in this space. The first basic result in the gen­
erall  theory of weak convergence in ^°°-spaces is that weak convergence in 
£°°(Q)£°°(Q) is equivalent to finite-dimensional convergence and asymptotic tight­
nesss (see Van der Vaart and Wellner (1996), theorem 1.5.4). To show finite-
dimensionall  convergence we can use the results of the preceding section. 
Theoremm 1.5.3 below gives sufficient conditions for asymptotic tightness. It 
iss well-known that asymptotic tightness in £°°(0) is equivalent to tightness of 
thee marginals and asymptotic equicontinuity (see Van der Vaart and Wellner 
(1996),, theorem 1.5.7). Recall that if d is a semimetric on 0, then a sequence 
RnRn of random maps on 0 is called asymptotically uniformly d-equicontinuous 
inin probability if for every 6, r\ > 0 there exists a S > 0 such that 

l imsuppff  sup \Rn(6) - Rn(il>)\ >e) < n. 
n-KX>> \d(0,ip)<6 J 
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Wee have the following result. 

Theoremm 1.5.3. Let d be a semimetric on 0. If \\Z\\d,t = Op(l) for t — oo 
and and 

// \/log N(e, 6, d) de < oo, 
Jo Jo 

thenthen the random maps Zt are asymptotically uniformly d-equicontinuous in 
probability. probability. 

Proof.. Observe that for every e, Ö, L > 0 we have 

P\P\ sup \Zt(9)-Zt($)\>e\ 
\d{e,i>)<5\d{e,i>)<5 J 

<P\<P\ sup \Zt(9) - Zt(ni{\\z\Ut<L } > e) + P(\\Z\\d,t > L). 

Soo by Markov's inequality and theorem 1.5.1 there exists a universal constant 
cc > 0 such that 

P\P\ sup \Zt(9) - Zt(iP)\ > e) 
\d(9,ip)<ö\d(9,ip)<ö J 

<—<— [ ^/\og N{v,e,d) dv + P(\\Z\\d,t > L) 
££ Jo 

forr all e, 6, L > 0. To complete the proof, suppose that £, rj  > 0 are given. 
Thenn by the assumption on the quadratic modulus ||Z||d we can choose L so 
largee that 

l imsupP(||Z||d, t>L)<T?/2. . 
t—*oo t—*oo 

Byy the entropy assumption we can now choose 6 > 0 so small that 
»6 »6 

—— / y/\ogN(v,e,d)dv < v/2. 
^^  Jo 

Withh this choice for 6 we then have 

l imsupPjj  sup \Zt{0) - Zt(if>)\  >e ) < 77, 
*—000 \d(0,tl>)<6 J 

whichh is what we had to show. D 
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One-dimensionall  diffusions 

Inn this chapter we present new contributions to the theory of one-dimensional 
diffusionn processes. For recent treatments of the general theory we refer to 
Kallenbergg (1997), Revuz and Yor (1991) or Rogers and Williams (1987). 
Thee most important definitions and basic results will be recalled in the next 
section.. We consider a regular diffusion process X on an interval / C M . The 
statee space I may be closed, open or half-open, bounded or unbounded. We 
denotee the speed measure of the diffusion by m. The basic assumption is that 
mm has finite total mass on I and we write /i = m/m(I) for the normalized 
speedd measure. 

Ann important property of one-dimensional diffusions with finite speed 
measuree is that the empirical measures /xf, defined by 

IH(B)IH(B) = \ f lB(Xu)du, (2.1) 
11 Jo 

aree absolutely continuous with respect to the normalized speed measure fi 
(seee theorem 2.1.3 below). Hence for every t > 0 we can consider the random 
densityy pt = d[i tjd\i. We will prove limit theorems for integrals of the form 
f(ptf(pt — 1) dv, where v is a signed measure on the state space I. 
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2.11 Regular diffusions with finite speed measure 

Wee consider a diffusion on some interval I C R. By Q = C(R+, I) we denote 
thee space of continuous functions on R+ that take values in I. The canonical 
processs on Q is denoted by X, so Xt(u>) = u(t) for all u G Q. On f2 we have 
thee canonical filtration ,4t = <J(XU : u < t) and the cr-algebra A — <r(Xu : 
uu > 0). The family (Pz : z £ I) of probability measures on ($1, A) is supposed 
too constitute a (canonical) diffusion on I. This means that the following three 
propertiess are supposed to be satisfied: (i) under Pz, the process X starts 
inn z, i.e. PZ(X0 = z) = 1 for every z e I, (ii) for every S 6 5(7), the 
functionn z i—  PZ(B) is measurable, (iii ) the strong Markov property holds, 
i.e.. for every stopping time r, for every bounded, measurable function ƒ 
onn Ü and for every z e I it holds that Ez(f(XT+.) \Ar) = ExTf{X.). As 
generall  references for diffusion theory we mention Kallenberg (1997), Revuz 
andd Yor (1991) and Rogers and Williams (1987). In this section we recall 
somee elements of the theory that we need in the remainder of this chapter. 

Wee assume that the diffusion is regular, i.e. for every z in the interior of 
II  and x £ I it holds that PZ(TX < oo) > 0, where Tx denotes the first hitting 
timee of x. Under this condition, there exists a continuous, strictly increasing 
functionn s on I such that for all z, a, 6 e I with a < z < b it holds that 

^^ (2.2) 
s(b)s(b) — s(a) 

(seee Kallenberg (1997), theorem 20.7). The function s is called the scale 
functionn of the diffusion. It is unique up to an affine transformation. If the 
functionn s(x) = x is a scale function, the diffusion is said to be in natural 
scale.. Using (2.2) it is easily seen that the diffusion Y — s(X) on s(I) is in 
naturall  scale. 

Att this point it is useful to recall some notions from the theory of semi-
martingalee local times. If Z is a continuous semimartingale, then there exists 
aa random field Lz = (Lf(x) :t>0,x£R) that is continuous and increasing 
inn t, cadlag in x and satisfies 

\Z\Ztt - x\ = \Z0 - x\ + / sgn(Zs - x) dZs + Lf(x) 
Jo Jo 

(seee Revuz and Yor (1991), theorem VI.1.2). The random field Lz is called 
thee local time of Z. This name is explained by the almost sure representation 

11 /** 
Lf(x)Lf(x) = lim - / 1[X,X+£)(ZS)d(Z)s 
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(seee Revuz and Yor (1991), corollary VI . 1.9). The last display indicates that 
locall  times may be used to write certain integrals in the time domain as 
integralss in the space domain. Indeed, the occupation times formula states 
thatt for every bounded, measurable function ƒ on R we have 

ff  f(Zs) d (Z)s = f f(x) Lf(x) dx (2.3) 
JOJO JR 

(seee Revuz and Yor (1991), corollary VI. 1.6). We will use this property 
repeatedly.. Recall that if Z is a local martingale, then there exists a jointly 
continuouss modification of its local time random field (see Revuz and Yor 
(1991),, theorem VI.1.7). 

Noww let us return to diffusion theory. With a regular diffusion in natural 
scalee we can associate a unique measure m on /, called the speed measure. 
Itt can be introduced via the following theorem, which plays a key role in 
thiss chapter. The theorem states that a regular diffusion in natural scale 
iss a time-changed Brownian motion. The speed measure m determines the 
changee of time. The Dambis-Dubins-Schwarz theorem (theorem 1.1.1) is an 
importantt ingredient in the proof of this time-change result for diffusions. 

Theoremm 2.1.1. Suppose that X is in natural scale. There exists a unique 
measuremeasure m on I such that for every z E I, there exists an enlargement of the 
probabihtyprobabihty space (Q, A, Pz), supporting a Brownian motion W that starts in 
z,z, such that Xt = WTt, where r is the right-continuous inverse of the process 
AA defined by 

AAtt==  fL™{x)m(dx). 

Proof.. See for instance Rogers and Williams (1987), theorem V.47.1. D 

Thee diffusion X may not be in natural scale, but we just noted that Y = 
s(X)s(X) always is. If mY denotes the speed measure of Y on s(I), determined 
byy the preceding theorem, we define the speed measure m of X by 

mm = mY o 5. (2.4) 

Notee that the speed measure of X thus depends on the choice of the scale 
function.. Definition (2.4) allows us to generalize theorem 2.1.1 as follows. 
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Corollar yy 2.1.2. For every z E I, there exists an enlargement of the prob­
abilityability space (Q,A,P2), supporting a Brownian motion W that starts in z, 
suchsuch that s(Xt) = WTt, where r is the right-continuous inverse of the process 
AA defined by 

AAtt==  ILf{s{x))m{dx). 

Proof.. Since Y = s(X) is in natural scale, theorem 2.1.1 implies that 
s(Xs(Xtt)) = Yt = WTt, where r is the right-continuous inverse of the process 
AA defined by 

AAtt = f Lf{x)mY{dx). 
JJ 8(1) 

Applyy (2.4) and a change of variables x = s{y) to see that this process A is 
equall  to the process mentioned in the statement of the theorem. D 

Throughoutt this chapter we assume that the speed measure m of the 
diffusionn has finite total mass on I. The process A of corollary 2.1.2 is then 
easilyy seen to be continuous in t. Since A  ̂ = oo (see Revuz and Yor (1991), 
theoremm X.2.14), it therefore holds that 

AATtTt = t (2.5) 

forr alH > 0, since r is the right-continuous inverse of A. 
Thee finiteness of m allows us to define the probability measure \i = 

m/m(I).m/m(I). Note that it follows from (2.4) that the speed measure of X is 
finitefinite if and only if the speed measure of Y = s(X) is finite. If the diffusion 
iss recurrent, then finiteness of the speed measure implies that it is also /z-
ergodicc (see Kallenberg (1997), lemma 20.19). This means that for every 
zeze I 

ass t — oo (=>  denotes weak convergence under Pz). The measure \i is then 
thee unique invariant probability measure of the process. We will see later 
thatt finiteness of the speed measure in fact implies recurrence, see theorem 
2.3.22 below. 

Thee empirical measures of the diffusion are denoted by fit. So for every 
tt > 0 and B 6 B{I) we define fit(B) as in (2.1). The following theorem 
statess that for every t > 0, the empirical measure \it is absolutely continuous 
withh respect to the invariant probability measure \x. Moreover, the random 
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densityy pt — dp,t/dp, is expressed in terms of the local time LY of Y = s(X) 
andd the local time Lw of the Brownian motion W appearing in corollary 2.1.2. 
(Notee that since Y is a time-changed Brownian motion, it is a continuous 
semimartingale,, so its semimartingale local time is well defined.) 

Theoremm 2.1.3. Let z e I be fixed and let W and rt be as in corollary 
2.1.2.2.1.2. Under Pz, we almost surely have p,t < p for all t > 0. Moreover, it 
holdsholds that pt{dx) = pt(x)p(dx), where the random density pt is defined by 

pptt(x)(x) = m(J)jLÏ(a(x)) (2.6) 

==  m(I)\l%(*(x)) (2.7) 

forfor every x £ I and t > 0. 

Proof.. In view of (2.5), we can use exactly the same arguments as in the 
prooff  of theorem V.49.1 of Rogers and Williams (1987).

Remarkk 2.1.4. Since Brownian local time and the scale function s are con­
tinuous,, expression (2.7) implies that under every Pz, the random densities 
pptt are almost surely continuous functions on I. From the continuity of the 
Browniann sample paths it follows that the random functions x (—> L^(x) 
almostt surely have compact support. Since s is continuous, the functions pt 

havee the same property. So under each Pgl the functions pt are continuous, 
compactlyy supported functions on I. In particular, each pt is a bounded 
function. . 

2.22 Laws of large numbers 

Inn this section we prove 'laws of large numbers' for the random densities 
pptt = dpt/dp. We will repeatedly use expression (2.7) for the densities in 
conjunctionn with the following scaling property of Brownian local time. See 
exercisee (2.11) in chapter VI of Revuz and Yor (1991) for related results. 
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Lemmaa 2.2.1. Let W be a Brownian motion starting in z. For every c > 0 
wewe have 

(^( t̂t(x)(x) : . e l , t > 0 )^ (L? ( ^ ) : x € R,t > o), 

wherewhere B is a standard Brownian motion, i.e. B0 = 0. 

Proof.. Put B = W - z and define the process B' by B't = BcHjc. Since 
WW starts in z, the process B is a standard Brownian motion. By the scaling 
propertyy of Brownian motion, the same holds for B'. Now fix t > 0 and take 
ann arbitrary measurable function ƒ on R that is bounded and nonnegative. 
Usingg two times the occupation times formula (2.3) and a change of variables 
wee see that 

ff f{x)\L%t{x) dx = \ f f(Bu) du = cf f(Bciv) dv 
JRJR JO JO 

==  c f f(cB'v) dv = c [ f(cx)Lf(x) dx = [ f(y)L? (^) dy. 
JoJo JR JR \C/ 

Sincee ƒ is arbitrary and Brownian local time is continuous, it follows that 

JL&MM = if (I) 

forr alH > 0 and x e R. Prom the definition of B we have that Lf{x) = 
Lf{xLf{x - z) for alH > 0 and i e l . Consequently, we have 

JiXWW = Lf Lf ( ^ i ) 

forr all t > 0 and x € R. This completes the proof of the lemma, since B' has 
thee same distribution as B. G 

Thee first application of lemma 2.2.1 is a weak convergence theorem for 
thee time-change rt of corollary 2.1.2. As usual, the symbol \2 denotes the 
distributionn of the square of a standard normal random variable. 

Theoremm 2.2.2. For every z € / we have 

tt22 m2(I)X
2 

asas t —  oo. 
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Proof.. Consider the Brownian motion W and the process A of corollary 
2.1.2.. We first prove that At/y/t converges in distribution, arguing as in the 
prooff  of proposition XIII.2.2 of Revuz and Yor (1991). Using lemma 2.2.1 
wee see that under Pz 

$A,$A, = ƒ $tI?Mx))midx) & ƒ I f P ^ p ) m(dx), 

wheree B is a standard Brownian motion. By the finiteness of m, the integral 
onn the right hand side converges almost surely to m(I)Lf (0). It follows that 

$$ttAtAt ^ m(I)L?(0). (2.8) 

Thee process r is the right-continuous inverse of A, so for every t, T > 0 it 
holdss that rt < T if and only if AT > t. By (2.8), it follows that for every 
xeR xeR 

PPzz(r(r tt/t/t
22 <x) = Pz(At*x >t) = Pt (jfeA#x > ^ ) 

^ F , ( m ( / ) L f ( 0 ) > ^ ) ) = P , (m 2 ( J ) (
1

L f ( 0 ) ) 5 5 << x 

Usee the well-known fact that (Lf (0))2 has a x2-distribution (see Karatzas and 
Shrevee (1991), theorem 3.6.17 and problem 2.8.2) to complete the proof.

Thee random densities pt are bounded functions on I (see remark 2.1.4). 
Wee will now prove that the sup-norms 

\\pt\\oo\\pt\\oo = m>\pt(x)\ 
xel xel 

aree asymptotically tight under each Pz, i.e. for every e > 0 there exists an 
aa > 0 such that 

limsupPz(||pt||ooo > a) < e. 
t—KX> t—KX> 

Ass before, we abbreviate this by writing \\pt\\oo = Opz{\). Besides its ap­
plicationss in the remainder of the present section, this result plays a central 
rolee in the proof of our main uniform central limit theorem in section 2.4. 

Theoremm 2.2.3. For every z e I we have \\pt\\oo = Opz{l)  as t —  oo. 
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Proof.. Let W and r be as in corollary 2.1.2. By relation (2.7) of theorem 
2.1.33 we have for all a, b > 0 

^(HAIIO OO >a)<Pz[  snp\L%T,(x) > a/m(I) 

PJPJ sup \l$u(x)>a/m(I))+pJ%>b) < < 

Byy lemma 2.2.1 we have a standard Brownian motion B such that under Pz 

supp } !& ( * ) = sup W ^ ) = s u p t f ( * ) . 
xER xER 

Wee thus find that 

P*(\\fh\\ooP*(\\fh\\oo >a)<Pz (supLf(x) > a/m(I)\ + Pz Q > ft) (2.9) 

Noww fix e > 0. By theorem 2.2.2 the ratio r t / i
2 has a weak limit . In 

particular,, it is asymptotically tight. As a consequence, we can choose b so 
largee that 

l imsupP,, Q > b) < \e. (2.10) 

Byy continuity of the Brownian sample paths the random function x > Lj*(x) 
hass compact support. Since Brownian local time is continuous, it follows that 
xx i—  L^{x) is bounded, almost surely. Therefore, we can choose a so large 
that t 

PPzz (supLf (x) > a/m(I)) < \e. (2.11) 
\x€KK / 

Combinee relations (2.9), (2.10) and (2.11) to find that 

limsupPz(||pi||0OO > a) <e. 
t—iOO t—iOO 

Thiss concludes the proof of the theorem.

Nextt we prove a result regarding the uniform convergence of the densi­
tiess pt. The theorem extends results for stochastic differential equations that 
weree recently given by Kutoyants (1998) and Van Zanten (2000b). In the 
SDEE case, the invariant measure \i has a density ƒ with respect to Lebesgue 
measuree (see chapter 4). It is easily seen that the empirical measure \xt then 
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hass density ft = fpt with respect to Lebesgue measure. It follows from theo­
remm 2.2.4 that if ƒ is bounded on compact subsets of the state space I, then 
fftt —> ƒ in probability, uniformly on compact intervals. If, in addition, ƒ 
vanishess at the boundaries of I, then the convergence ft — ƒ is uniform on 
thee entire state space. Special cases of these results were given (under much 
moree restrictive conditions) by Kutoyants (1998) and Van Zanten (2000b). 

Theoremm 2.2.4. For every z e I and compact J Q I we have 

supp \pt(x) - 1| 
xeJ xeJ 

Pz Pz 0 0 

astast —» oo. 

Proof.. Let W, A and r be as in corollary 2.1.2 and recall that we have (2.5). 
Soo by relation (2.7) of theorem 2.1.3 we have for every x € J and t > 0 

ftft(x)=m(/)^^(x)=m(/)^  ̂ = Z«(r1/t
2,z), 

wheree the random map Zt : R+ x J —  R is defined by 

1%1% {six)) 

Lemmaa 2.2.1 implies that under Pz it holds that Zt = Z'v where Z[ is defined 

by y 

Z'Z'tt(u,x)(u,x) = 
£(^) ) 

andd B is a standard Brownian motion. For every a > 0 we have 

sup p 
u<a,x£j u<a,x£j 

supp |L*(*)-L?(0)P0, 
u<a,x€€ J (s( J)—z) 

byy the joint continuity of Brownian local time. Using the dominated conver­
gencee theorem we see in particular that 

<a\Jjj  \ t / 
sup p 0. . 
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Combinee the last three displays to conclude that for every a > 0 we have 

supp \Z't(u,x)-l\^0. (2.12) 
u<a,x£u<a,x£ J 

Noww fix e, n > 0. Note that for every a > 0 we have 

PPzz I sup \pt(x) - 1| > £ 
\xej \xej 

==  Pz(sup\Zt(r t/t
2,x)~l\>£] 

\X(EJ\X(EJ J 

<P<PZZ(( sup \Zt{u, x)-l\>e)+Pz (rt/t
2 > a) 

==  PZ( sup \Z't(u, x) - 1| > e) + Pz (rt/t
2 > a) . 

Byy theorem 2.2.2 the ratio rt/t
2 has a weak limit , in particular it is asymp­

toticallyy tight. We can thus choose a so large that 

limsupP̂ ^ Q > a) < \n. 

Byy (2.12) it holds that 

PPzz(( sup \Z't{u,x)-\\>e)<\n 
x£j,u<a x£j,u<a 

forr all t large enough. Consequently, we have 

\imsup\imsup Pz(\pt(x) -1\> e) <r). 
t—t—*oo *oo 

Too complete the proof, let n [ 0. D 

Remarkk 2.2.5. If I is not compact, the support of the function pt is a proper 
subsett of I (see remark 2.1.4). In that case, we almost surely have 

sup\psup\ptt{x){x) - 1| > 1. 
x£l x£l 

Soo the convergence of pt to 1 can only be uniform on the entire state space 
ƒƒ if ƒ is compact. 
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Byy theorem 2.2.4 and remark 2.2.5 we have \\pt - l||oo —^ 0 if and 
onlyy if the state space I is compact. The following theorem shows that for 
convergencee of LP-norms with p < oo, compactness of I is not necessary. 

Theoremm 2.2.6. Let v be a unite measure on I. Then for all z e I and 
00 <p < oo 

lif tt - l||x-p(/,̂ ) - ^ 0 

ass t —* oo. 

I/PN N 

Proof.. For every interval J C I we have 

[\p[\p tt(x)-l\(x)-l\ppu(dx)u(dx) = f\pt(x)-l\pv(dx) + f \pt(x)-l\pu(dx) 
JlJl  Jj JJC 

<<  !/(ƒ) fSUp \Pt(x) - 1|V + V{JC) lif t - l | | t. 

Hence,, for every e > 0, 

P.P. (HA - illW,> > 0 * * (™5 |p'w -x| > (afe) 

++ ft(lh-HU>(2^y) 1/P). 

Noww let £,77 > 0 be arbitrary. Since v has finite total mass, the number 
(s/2i/(Jc))1/pp can be made arbitrarily large by choosing a sufficiently large 
compactt interval J C I. By theorem 2.2.3, we thus choose a compact interval 
JJ C ƒ such that 

limsupF^||pi-l|U>(^)) j<.,. 

Forr this particular compact interval J, theorem 2.2.4 implies that 

l i m P 2 ( s u p | pt ( x ) - l | > ( ^ ) 1 / P ) = 0 . . 

Byy combining the last three displays we find that 

limsupP**  (||ft - l\\lpM >e)<V-

Too complete the proof, let 771 0. Q 
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Thee following result is a simple consequence of theorem 2.2.6. It will 
bee applied in the next two sections. Note that it is just a weak version of 
thee ergodic theorem for additive functional (see e.g. Revuz and Yor (1991)). 
Thee ergodic theorem states that if we know that the diffusion is recurrent, 
thee convergence in probability in the corollary below can be strengthened to 
almostt sure convergence. In this chapter we have not assumed recurrence 
explicitly.. However, we will see in the next section that the finiteness of the 
speedd measure actually implies recurrence. 

Corollar yy 2.2.7. Let v be a measure on I and suppose that ƒ € Ll(I,u). 
ThenThen for all z E I 

JJ fPtdu^ j'fdu 
asas t —* oo. 

Proof.. Since ƒ is */-integrable, the measure v' given by dv' — | ƒ | dv is finite. 
Obviously, , 

\ffptdv-\ffptdv- ffdv\< j\pt-l\\f\dv = \\pt-l\\L,{iyy 

Noww apply theorem 2.2.6.

2.33 Finiteness of the speed measure implies 
recurrence e 

Iff  we take v = p in corollary 2.2.7, we get the following weak law of large 
numbers. . 

Corollar yy 2.3.1. For all z 6 I and ƒ e Ll{p) we have 

--ttjj  f(Xu)du^ffdp 

asas t —> oo. 
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Wee only had to assume finiteness of the speed measure to get this result. 
Ass a consequence, we can use the corollary to give a proof of the fact that 
aa regular diffusion with finite speed measure is necessarily recurrent. For 
diffusionss on an open interval that solve a stochastic differential equation, 
thiss is well known (see for instance Karatzas and Shreve (1991), pp. 352-
3533 or Pollak and Siegmund (1985)). For general diffusions it is also known, 
butt a an explicit statement of the result appears to be hard to find in the 
literature.. An argument is implicitly given in Freedman (1971), for instance. 

Theoremm 2.3.2. A regular diffusion with unite speed measure m is recurrent 
andand therefore ergodic. The measure \x = m/m(I) is the unique invariant 
probabilityprobability measure. 

Proof.. Since X is recurrent on I if and only if Y = s(X) is recurrent on s( ƒ), 
wee can restrict ourselves to diffusions that are in natural scale. By theorem 
20.155 of Kallenberg (1997), two things can happen if the speed measure is 
finite.finite. Either the diffusion is recurrent and ergodic, or it converges almost 
surelysurely to a boundary point of the state space I. We prove that the second 
situationn can not occur. Suppose on the contrary that it does and take a 
compactt subset J in the interior of I. Then almost surely, the diffusion X is 
outsidee J from a certain finite time on, so 

tt Jo 

Butt on the other hand, corollary 2.3.1 implies that 

--ttjj  lj(Xu)du^^(J). 

Sincee the speed measure gives positive mass to compact intervals in the 
interiorr of I (see for instance Kallenberg (1997), theorem 20.9), this leads to 
aa contradiction.
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2.44 Central limi t theorems 

Iff  v is a signed measure on I with finite total variation |z/|, then theorem 
2.2.66 implies that 

J(pJ(ptt-l)dv^Q-l)dv^Q

forr every z € /. In this section we consider the corresponding uniform central 
limi tt problem. Suppose that we have a collection A of signed measures on I 
andd consider the following random maps on A: 

vv i-+ vt ƒ (pt — l)dv 

Wee assume that 
supp \v\ < oo, (2.14) 

soo that each random map (2.13) is bounded on A and may thus be viewed as a 
(nott necessarily measurable) random element of the space £°° (A) of bounded 
functionss on A. We will give sufficient conditions for the weak convergence 
off  the random maps in this space. 

Sincee pt = dpt/dp, two signed measures that are equal up to a constant 
timess the invariant measure p are mapped to the same point by the random 
mapp (2.13). This leads us to define an equivalence relation ~ on A by putting 
vv ~ v' if and only if v — v' = ap for some a € R. We can then view (2.13) as 
aa random map on the quotient set of A modulo this equivalence relation. To 
formalizee this, we denote the equivalence class of v by V — \y' € A : v ~ u'} 
andd we write A = { i7: i /eA}fo r the quotient set. For every t > 0, we define 
thee random map Zt on A by 

ZZtt{V){V) = y/t f{fk-l)dv. (2.15) 

Underr condition (2.14), each Zt is then a random element of ^°°(A). Clearly, 
thee map w : £°°(A) —> ^°°(A) given by ft(f)(v) = f (17) is continuous. There­
fore,, by the continuous mapping theorem, a weak convergence theorem for 
thee random maps Zt in (2.15) immediately yields the corresponding result 
forr the random maps (2.13), since (2.13) is equal to 7r(Zt). 

Throughoutt this section we assume that the state space / is an open 
intervall  (bounded or unbounded), say I = (l,r). The fact that I is open 
impliess that the process Y — s(X) is an ergodic diffusion in natural scale on 

(2.13) ) 
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thee open interval s(I). Therefore, by theorem 20.15 of Kallenberg (1997), 
wee must have s(I) = R. The process Y is then a local martingale (see for 
instancee Kallenberg (1997), theorem 20.7). This will allow us to apply some 
off  the results of the preceding chapter. The following lemma gives a useful 
expressionn for the random functions pt — 1 in the case that I is open. We 
denotee the distribution function of the invariant measure /i by F. 

Lemmaa 2.4.1. Suppose that I is an open interval. For every x € I, define 
thethe functions 7rx and Ux on R by 

irir xx{y){y) = 2m{I) (l{v>s(x)} ~ F(s~1(y)) 

and and 
7T7Txx(u)du, (u)du, 

wherewhere yo is an arbitrary point in I. Then for all z E I we have 

pt(x)pt(x) - 1 - \(Ux(Yt) - Ux(s(z))) - i ƒ TTX(YU) dYu (2.16) 

underunder Pz, where Y = $(X). 

Proof.. The function nx is the difference of two increasing functions, so nx 

iss the difference of two convex functions. Consider the signed measure v = 
2m(I)(52m(I)(5ss((xx)) — n o s-1) on R, where <5a(x) denotes the Dirac measure at s(x). 
Clearly,, we have the relation 7rx(6) — 7rx(a) = i/(a,b] for all a < b. So by 
thee generalized Ito formula (see for instance Revuz and Yor (1991), theorem 
VI .. 1.5) 

UUxx(Y(Ytt)) - nx(F0) = / TTX(YS) dY. + l [ Lj(y) v{dy). 
JoJo JR 

Byy the definition of v and relation (2.6) of theorem 2.1.3 we have 

\\ f Lï(y) v{dy) - m(I)LY(s(x)) - m(I) f L]{y) dF{S-\y)) 
JRJR Js{i) 

iI)lY{s{x))-m{I)jLY{s{iI)lY{s{x))-m{I)jLY{s{yy))n{dy) ))n{dy) 

!(ƒ) ) 

== m( 

== t(pt(x) - 1). 

Thiss completes the proof of the lemma. a a 
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Inn view of this lemma, we define for every v € A a local martingale Mv 

byy putting 
MM**  = f ih'^ v^)  dYu-

Notee that Mv is well defined, since ƒ itx(y) (i{dx) = 0 for every y E I. By 
lemmaa 2.4.1 and the stochastic Fubini theorem (see Protter (1990), theorem 
IV.45)) we have for every v 6 A the relation 

ZZtt{v){v) = Rz,t(V) - - W f (2.17) 

underr P2, where 

R*MR*M  = \ J(n*(Yt) - iUs(z))) u(dx). 

P: P: Thee following lemma takes care of the /^(z^-term in (2.17). The symbol 
denotess convergence in Pz-outer probability (see Van der Vaart and Wellner 
(1996),, definition 1.9.1). 

Lemmaa 2.4.2. Suppose that (2.14) holds. Then for every z € I we have 

sap\Rsap\RZitZit(v)\2+0 (v)\2+0 
u£A u£A 

asas t —> oo. 

Proof.. The functions nx are bounded in absolute value by 2m(I). So if we 
takee the same y$ in the definition of all the functions nx , we have |IIX| < |II| 
forr every x, where II is a function that does not depend on x. We then get 

sup^^  \ux(Yt) - nx(s(*))\ < 7?(n«) + n(8(z)) ^ o, 

sincee Y is ergodic (see corollary 2.3.2). Hence, the observation that 

sup\Rsup\RZytZyt(v)\(v)\ <sup11/1 sup4= in*(y t) -nx(s(z))| 

completess the proof. D 
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Weakk convergence in £°°(A) is equivalent to finite dimensional weak 
convergencee and asymptotic uniform equicontinuity (see Van der Vaart and 
Wellnerr (1996), section 1.5). The following lemma deals with the convergence 
off  the finite dimensional distributions of the random maps (2.15). Note that 
thee result includes the classical central limit theorem for Lebesgue integrals 
off  the form J*0*  ƒ (Xs) ds as a special case. Indeed, simply consider the signed 
measuree v defined by dv = ƒ dfi. The classical theorem can be found for 
instancee in Mandl (1968). For diffusions generated by a stochastic differential 
equation,, Florens-Zmirou (1984) proved the central limit theorem by using 
thee martingale central limit theorem in a similar fashion as we do here. 

Lemmaa 2.4.3. Suppose that I is an open interval, say I = (l,r). Let 
Vi,Vi,...,..., vn be signed measures on I with unite total variation, such that 

f{vi{l,x]f{vi{l,x]  - F(x)iSi(I))2 ds{x) < oo 

forr every i. Then for every z £ I we have 

(Z t (PT) , . . - ,^ (^ ) )=^ iVn(0 ,E) ) 

ass t — oo, where 

E*,,-- = 4m(J) ƒ (vS,x\ - F(x)Vi{I))  {v^x] - F(x)vj(l)) ds{x). 

Proof.. By relation (2.17) and lemma 2.4.2 we have (Zt(Vi)1..., Zt{y^)) ==> 
NNnn(0,(0, E) if and only if 

^^ (Mf , . . ., AC) ^ JVn(0, E). (2.18) 

Usingg the occupation times formula (2.3) and relation (2.6) of theorem 2.1.3 
wee find that 

\\ (M*, Mv*) t = 

== \ f (ƒ 7rx(y„) «(dxf) (ƒ Tx(K) ",-w ) d (Y)u 

==  J (J^Mviidx)  ̂ (J^Mvjld*)) ÏLÏ(v)dy 

==  ^Tjy ƒ (I nx(y)vi(dx)j (I vx(y)vj(dx)J pt{s-l{y))dy 

==  4m(I) jW</] - F(v)"i(I))  ("My] ~ F(y)^(I))Pt(y)ds(y). 
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Corollaryy 2.2.7 thus implies that 

Thereforee (2.18) follows from the central limit theorem for continuous mar­
tingales,, see theorem 1.4.4.

Lett us denote by L2(7, s) the Hilbert space of all measurable functions 
ff on I with jT f

2(x) ds(x) < oo. The inner product on this space is given by 

(fi9)mi,s)(fi9)mi,s) = I f(x)g(x)ds{x). 

Forr every v G A, we define the function hv on I = (l,r) by putting 

hhvv(x)(x) = v(U x] - F{x)v{I). (2.19) 

Inn these terms, the preceding lemma states that if hv G L2(I, s) for every v G 
A,, then the finite dimensional distributions of the random maps Zt converge 
weaklyy to those of a zero-mean Gaussian random map G with covariance 
function n 

EG(üi)G{irEG(üi)G{ir22)) = 4m(/) (h^h^wj . (2.20) 

Notee that this is well defined, since v ~ v' if and only if hv = hv>. 
Wee will show that under an entropy condition, the weak convergence 

ZZtt^G^G takes place in £°°(A). To prepare for this result we first prove that 
thee random maps Zt are continuous with respect to the metric d on A defined 
by y 

d(y{,Vi)d(y{,Vi) = \\hVl - K2\\L2(IjS). (2.21) 

Wee have the following lemma. 

Lemmaa 2.4.4. Suppose that (2.14) holds. Moreover, suppose that for every 
vv € A, the function hv defined by (2.19) is an element of L2(I, s) and define 
thethe metric d on A by (2.21). Then for every t > 0, the random function Zt 

defineddefined by (2.15) is Pz-almost surely d-continuous for every z G I. 

Proof.. First we assume that the diffusion is in natural scale, i.e. s(x) = x. 
Lett <fi  be an arbitrary bounded, continuous function on I such that ƒ (pd/j, = 
0.. Then the map 

V^V  ̂ I 4>dv (2.22) 
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onn A is well defined. Let us prove that it is d-continuous. Take v, vu i/2,... G 
AA and assume that 

lift* .. - ML*< / , . ) - > 0. (2.23) 

Wee will show that every subsequence n' — oo has a further subsequence 
n'"n'" —* oo such that 

II  <j)dvn>» -* f <j)du. (2.24) 

Definee an — vn{I)  — v{l). By assumption (2.14) the sequence an> is bounded. 
Therefore,, it has a convergent subsequence, say an» — a. By (2.23) and the 
factt that s(x) = x, the sequence n" has a further subsequence n'" such that 
h„h„  ,„{%)  — hu{x) for (Lebesgue-)almost every x E I. So we have a dense set 
DD C I such that for all x € I? 

iV«« (i, z] = ^n,„(^ ) + otn'"F{x) + F{x)u{I) 

-»» ^(rc) -I- aF(x) + F(ar)i/(/) = i/(/, x] + a f ( i ) . 

Sincee <̂  is bounded, continuous and ƒ (f>dfi = 0, this implies (2.24). So if the 
diffusionn is in natural scale, all random maps of the form (2.22) are indeed 
rf-continuous,rf-continuous, provided 4> is bounded, continuous and ƒ </>d/i = 0. This shows 
inn particular that the random maps Zt are d-continuous, since they are of 
thiss form, with <p = y/i(pt — 1) (see remark 2.1.4). 

Noww we consider the case of a general diffusion X. The process Y = 
s(X)s(X) is then a diffusion in natural scale. Both for X and Y we can consider 
thee random densities of the empirical measures with respect to the speed 
measure,, we call them pi? and pf, respectively. By theorem 2.1.3, these 
densitiess are related by 

xx v 
PtPt =Pt o s-

Usingg a change of variables, this shows that the random map Zt = Z* 
satisfies s 

wheree Zj is the random map (2.15) corresponding to Y. By the first part of 
thee proof and a change of variables, it follows that the random map Zt = Zf 
iss continuous with respect to the metric d. D 

Noww we can prove our main uniform central limit theorem. 
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Theoremm 2.4.5. Suppose that I is an open interval, say I = (l,r). Let A 
bebe a collection of signed measures on I such that (2.14) holds and define the 
functionsfunctions hv on I by (2.19). Suppose moreover that hv G L2(I,s) for every 
vv G A and define the class Ti by 

HH = {hv:v<E A} . (2.25) 

If If 

JJ 0ogiV(£,W,| | - | |L 3 ( / i , ) )de<oo, (2.26) 

pp — 

thenthen for all z G I we have Zt ==>- G in £°°(A) as t —  oo, where Zt is defined by 
(2.15)(2.15) and G is a zero-mean Gaussian random map with covariance function 
(2.20). (2.20). 

Proof.. By lemma 2.4.3 we have the desired finite-dimensional convergence. 
Itt thus suffices to show that the random maps Zt are asymptotically uniformly 
d-equicontinuouss in probability and that (A, d) is bounded (see Van der Vaart 
andd Wellner (1996), theorem 1.5.7). By construction, the metric space (A, d) 
iss isometric to (H, \\  \\L2(I,S))- I n particular, since the entropy integral (2.26) 
iss convergent at infinity, (A,d) is bounded. It also follows that (A,d) is 
separable,, so we can fix a countable, d-dense subset A*  C A. By the d-
continuityy of Zt (see lemma 2.4.4) and relation (2.17) it follows that 

PtPt sup \Zt(Vi) - Zt(Vi)\ > e )= P;\ sup \Zt(yl) - Zt(V~2)\ > e 

<P;\<P;\  sup \\Mr-M?\>s/2\+2P;(svv\Rt{V)\>e/A\ 

forr all £, 6 > 0. So in view of lemma 2.4.2 it suffices to show that the random 
maps s 

A^^ 3 V H-+  M\ (2.27) 

aree asymptotically uniformly d-equicontinuous in probability. For that pur­
posee we use theorem 1.5.3, which implies that it suffices to show that 

// yjlog N(e, A*, d) de < oo (2.28) 
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and d 
J\J\ {M^  - M^) t 

supp V = 0Pz(l). (2.29) 
i7ivi^__ a{i/i,i/2) 

Ass we observed above, (A, d) is by construction isometric to (?i, ||  ||L2(/,S))-

Thee entropy condition (2.28) is therefore satisfied in view of assumption 
(2.26).. As for (2.29), use the occupation times formula (2.3) and (2.6) to see 
thatt for vi,v2 € A 

ii  (M* - M^)t = i jT (J«,(YU) (u, - v2){dx)  ̂d (Y)u 

== ƒ (J*M  fa "  ^)(dx)j \L*(y) dy 

==  ^7j7 ( nx{s{y)) (z/! - i^)(di) J pt(y)ds(y) 

==  4m{I) j {KM ~ hU2(y))2pt(y)ds(y) 

^ImWWptW^d^ImWWptW^d22^-^). ^-^). 

Soo by theorem 2.2.3 we indeed have (2.29) and the proof is finished. D 

2.55 Applications 

Inn this section we consider a number of interesting consequences of the main 
limi tt theorems proved in the preceding sections. We first prove a Glivenko-
Cantelli-typee result that follows easily from theorem 2.2.6. If T is a class of 
functions,, we look for conditions on T under which we have 

supp I \ f f(Xu) du- f ƒ rf J ^ 0 (2.30) 

p* p* 

forr every z E I (the symbol —^ again denotes convergence in outer prob­
ability).. It turns out that it is already enough that T has a ^t-integrable 
envelope,, i.e. that there exists a function ƒ G Ll{p) such that | /| < ƒ for 
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everyy f E J7. We will use this result in chapter 4 when we study consistency 
off  certain estimators. 

Inn the paper Van Zanten (2000b) it was noted that the arguments that 
Dudleyy (1984) used to prove Glivenko-Cantelli theorems for i.i.d. random 
variables,, can also be used to prove uniform laws of large numbers for ergodic 
diffusions.. This resulted in a uniform law of large numbers under a so-called 
bracketingg condition, see lemma 4 of Van Zanten (2000b). The envelope 
conditionn of theorem 2.5.1 below is clearly much weaker. 

Theoremm 2.5.1. Let T C Ll{p) be a ciass of functions with a p,-integrable 
envelope.envelope. Then for all z e I, we have (2.30) as t -*  oo. 

Proof.. Denote the /z-integrable envelope by ƒ. Observe that for every ƒ 6 T 

|i j ff  f(Xu)du- ƒ ƒ rf^l = | ƒ (̂  - l)/d/*  <| |A-I | |LI( / ,„) , 

wheree dp = f dp. Taking the supremum we get 

111 /"*  f \ 
supp - / f{Xu)du- I fdp\ < \\pt - 1||LI(/,„). 
fer\tfer\t JQ J | 

Sincee ƒ € L 1^ ) , the measure v is finite. The assertion thus follows from 
theoremm 2.2.6. D 

Wee close this section with some interesting special cases of theorem 
2.4.5,, obtained by choosing specific signed measures v in (2.15). If B is a 
compactt set in Euclidean space, we denote by C(B) the space of continuous 
functionss on B, endowed with the supremum norm. By remark 2.1.4 the 
(restrictionss of the) densities pt are random elements of the space C(J) for 
everyy compact interval J C I. We will prove that the random functions 
y/t(pty/t(pt — 1) converge weakly in this space, provided that the invariant measure 
jiji  satisfies the tail condition 

I I FF22(l~F)(l~F)22ds<oo.ds<oo. (2.31) 

Thiss result will be applied in the study of certain nonparametric estimators 
inn chapter 5. The functions y/t(pt — 1) can also be viewed as random elements 
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off  the space C\,{I) of bounded, continuous functions on the whole interval 
ƒ.. But by remark 2.2.5 they can not have a weak limit in this space, since 
thatt would imply that ||/9t — lHoo —* 0 in probability. The theorem extends 
resultss that Kutoyants (1998) and Van Zanten (2000c) obtained for ergodic 
solutionss of stochastic differential equations. 

Theoremm 2.5.2. Suppose that I is an open interval, say I = (/, r), and that 
(2.31)(2.31) holds. Then for every z G I and compact J C I we have the weak 
convergence convergence 

Vt(Vt(PtPt - 1) =^  G 

inin C(J) as t —* oo, where G is a zero-mean Gaussian random map with 
covariancecovariance function 

EG{x)G(y)EG{x)G(y) = 4m(/) ƒ (l [x>r) - F)(l[y,r) - F)ds. 

Proof.. We apply theorem 2.4.5 with A = {6X : x 6 J } . The class H defined 
byy (2.25) is in this case given by 

HH = {hx : x e J } , with hx = l[x>r) — F. 

Notee that H C L2(I, s) if and only if (2.31) holds. Clearly, we have 

\\hx\\hx ~ hy\\L2{ItS) = y/\s{x) - s(y)\ 

forr all x,y e J. So with d(x,y) = \s(x) - s(y)|1/2, the space (H, ||  ||L2(/,S)) 

iss isometric to (J, d). Clearly, the restriction of the scale function s to J is 
ann isometry between the metric spaces (J, d) and {s(J), \  I1/2). This implies 
thatt (2.26) holds, since s(J) is compact. We can thus apply theorem 2.4.5 
andd conclude that we have y/t(pt — 1) =  G in (°°(J). Since the densities 
pptt are continuous (see remark 2.1.4), we then also have weak convergence in 
C{J)C{J) (see Van der Vaart and Wellner (1996), theorem 1.3.10). D 

Lett T be a class of p-integrable functions and define the set of signed 
measuress A = {i/ f : ƒ € ƒ*} , where dvj = ƒ dp,. If we apply theorem 2.4.5 
withh this A, we obtain a uniform version of the classical central limit theorem 
forr one-dimensional diffusions. More precisely, we find conditions on the class 
TT under which the random map 

/ M ^I ' ( / ( x" ) - / / d") d u u 
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convergess weakly in i°°(T). In the language of empirical process theory, such 
aa class T is called a Donsker class. When T is finite, one obtains the finite 
dimensionall  central limit theorem of Mandl (1968) again. 

Wee close this section with a particular example of a Donsker theorem, 
namelyy a functional weak convergence theorem for the empirical distribution 
functionss Ft defined by Ft{x) = /i t(/, x\. The result requires the tail condition 
(2.31)) again. Note that (2.31) holds if and only if 

f(F(uf(F(u Ax)- F(u)F{x))2 ds{u) < oo 

forr all x E I. Negri (1998) studied the weak convergence of the empiri­
call  distribution function for a certain class of stochastic differential equa­
tions.. She showed that under appropriate conditions on the drift and diffu­
sionn coefficients, SDE's generate diffusions for which the weak convergence of 
y/t(Fy/t(Ftt — F) is uniform on the entire state space. For general regular diffusions 
wee can only prove weak convergence on compact intervals. 

Theoremm 2.5.3. Suppose that I is an open interval, say I = (I, r) and that 
(2.31)(2.31) holds. Then for all z € I and compact J Q I we have the weak 
convergence convergence 

Vt{FVt{Ftt -F)=^G 

inin d°°(J) as t — oo, where G is a zero-mean Gaussian random map with 
covariancecovariance function 

EG{x)G{y)EG{x)G{y) = 4m(I) f(F(u Ax)- F(u)F(x))(F(u Ay)- F(u)F(y))ds{u). 

Proof.. For every i e J , define the measure vx by dvx = l(/x] du.. We apply 
theoremm 2.4.5 with A = {ux : x E J}. The class 7i is in this case given by 

HH = {hx : x E J}, with hx(u) = F{u A x) - F(u)F(x). 

Ass was noted in the paragraph preceding the corollary, we have H Q L2(I, s) 
iff  and only if (2.31) holds. For x < y we have 

hhyy(u)(u) - hx(u) - (F(y) - F(x))(<f> x,y(u) - F(u)), 
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wheree 0x_y is defined by 

<t>x,y{u)<t>x,y{u)  = < 

0,, u < x, 

F{y)-F{x)F{y)-F{x)'' X < U — V> 

1,, « > y. 

Wee find that (H, J|  ||L2 (/)JS)) is isometric to (J,d), where d is given by 

d(x,y)d(x,y) = (F(y) - F(x))\\<j> x,y - F\\L2{I,s) 

forr a: < y. Since J is compact and therefore bounded, the tail condition 
(2.31)) implies that 

supp \\<f> XtV - F\\L2{IiS) < oo. 

Soo we have a constant C > 0 such that d(:r,i/) < C|F(x) - F(y)\ for all 
x,yx,y £ J. Since F maps the state space I into the compact interval [0,1], this 
impliess that the entropy condition (2.26) is satisfied. D 
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Curv ee estimation for  diffusions 

Inn this chapter we study nonparametric estimation problems for regular dif­
fusionn processes. We fix a (possibly unbounded) open interval I = (/,r). 
Ass in the preceding chapter, X is the canonical process on C(R+, ƒ) and 
(P(Pzz : z € /) is a family of probability measures on C(R+, I) that constitute a 
regularr diffusion. We assume that the speed measure m of the diffusion has 
finitefinite total mass on I and write \i = mfm{I) for the invariant probability 
measure. . 

Iff  v is an arbitrary probability measure on I, we can define the law Pv 

onC(K+,7)) by putting 

P„{B)P„{B)  = J Pz{B)v{dz) 

forr B € JB(C(R+ , ƒ)). Note that under Pv, the initial law of the canonical 
processs X satisfies C{XQ) = V. If v = 6Z is the Dirac measure concentrated 
att z, then we simply have Pv = Pz. In this chapter we will mostly work 
underr the law PM. The fact that p, is invariant implies that the process X is 
stationaryy under P^. The law P  ̂ is therefore called the stationary law of the 
diffusion. . 

Wee suppose that the invariant measure fi has a density ƒ with respect 
too the Lebesgue measure on I. Our aim is to estimate the invariant density ƒ 
andd its derivatives (if they exist), based on the observation of a sample path 
{X{Xss))ss<< tt of the diffusion X under the stationary law PM. We will consider 
kernel-typee estimators for this purpose. Both pointwise and uniform asymp­
toticc properties of these estimators will be studied. Earlier versions of the 
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resultss of this chapter were reported in the papers Van Zanten (2001b) and 
Vann Zanten (2000c), which deal exclusively with diffusions that are generated 
byy stochastic differential equations. 

3.11 Nonparametric estimators 

Ourr assumption that the invariant measure p has a density ƒ implies that 
thee empirical measures pt also have a density. Indeed, by theorem 2.1.3 the 
empiricall  measure pt has density pt with respect to p, where pt is defined 
byy (2.6). This implies that the random function /( = fpt is a density for 
thee empirical measure pt with respect to Lebesgue measure. We call the 
randomm function ft the empirical density. If ƒ is continuous, then ft is also 
continuouss (see remark 2.1.4) and ft can be obtained as the derivative of the 
empiricall  distribution function 

11 * 
FFtt(x)(x) = - / \{l^{Xu)du. 

tt Jo 
Hence,, we can view ft as an estimator for ƒ. 

Thee following simple consequence of theorem 2.5.2 is the main ingredient 
inn the proof of the asymptotic results for kernel-type estimators that we 
obtainn in the next section. It states that for every compact interval J, the 
normalizedd difference %/t(ft — ƒ) converges weakly in C(J). For a special 
classs of stochastic differential equations, Kutoyants (1998) proved that the 
weakk convergence of Vt(ft — ƒ) is in fact uniform on the entire (unbounded) 
statee space. 

Recalll  the tail condition 

II  F2(l-F)2ds <oo, (3.1) 

wheree F is the distribution function of the invariant measure p and s is the 
scalee function of the diffusion. 

Lemmaa 3.1.1. Suppose that the tail condition (3.1) holds and that the 
invariantinvariant density ƒ is continuous. Then for every compact J C ƒ we have 

Vt(ft-f)^>H Vt(ft-f)^>H 
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inin C(J) as t —> oo, where H is a zero-mean Gaussian random map with 
covariancecovariance function 

EH(x)H(y)EH(x)H(y) = 4m(I)f(x)f(y) ƒ (l [x ,r) - F)( V ) - F)ds. (3.2) 

Proof.. By the continuity of ƒ, the map <f> : C(J) — C{J) given by (f>(g) = fg 
iss well defined. Clearly, \\<f>(gi)  - <f>(g2)\\c(j) < ||/||c(J)||#i - ^lic(j) , so the 
mapp <j>  is continuous. By theorem 2.5.2 and the continuous mapping theorem 
wee thus have 

ftUtftUt -f) = <KSt(ftlf -1)) ^ 0(G) - #, 
forr every z G /. But then the weak convergence also takes place under P^, 
byy dominated convergence. D 

Inn the remainder of this chapter we study kernel-type estimators for ƒ 
andd its derivatives. Based on the observation of a trajectory {Xs)s< t of the 
diffusionn we estimate ƒ by the kernel estimator ftth defined by 

^-hfsirir)**'^-hfsirir)**'  (3-3) 
wheree K is some appropriate kernel function and h > 0 is a bandwidth. Note 
that t 

soo the kernel estimator is simply a smoothed version of the empirical density. 
Obviouss estimators for the derivatives ƒ ̂  of ƒ are obtained by differentiat­
ingg the expression (3.3) for the estimator of ƒ. If the kernel K has an m-th 
derivativee K^m\ we define 

Estimatorss for ƒ and ƒ', i.e. the cases m = 0 and m = 1, were first con­
sideredd by Banon (1978). In Banon's paper, conditions are given for pointwise 
consistencyy of these estimators. For m = 0, uniform consistency was proved 
byy Nguyen (1979). For a certain class of diffusions generated by stochas­
ticc differential equations, Kutoyants (1998) recently studied the pointwise 
asymptoticc properties of the kernel estimator for the invariant density ƒ. He 
provedd consistency, asymptotic normality with rate y/i and efficiency. In the 
nextt two sections we will study additional asymptotic properties, including 
uniformm convergence, rates of convergence and asymptotic distributions. 
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3.22 Uniform convergence 

Figuree 3.1 below shows a simulated sample path of an ergodic diffusion. It 
iss a realization of the mean reverting process X that solves the stochastic 
differentiall  equation dXt = —2(Xt — 1) dt + dWt, where W is a standard 
Browniann motion. The invariant measure is N(0,1/4) in this case. In figure 
3.22 nonparametric estimates for the invariant density ƒ and its derivative ƒ' 
aree depicted, based on the observation of the sample path of figure 3.1. The 
estimatorss that were used are the kernel-type estimators (3.4). 

Figur ee 3.1. Simulated sample path of the solution of the 
stochasticc differential equation dXt = —2(Xt — \)dt + dWt. 

Thee simulations indicate that such estimators can give very decent es­
timatess of the curves of interest. In particular, the figures suggest that the 
estimatorss are not only pointwise close to the real curves but also uniform 
onn intervals, yielding a nice global picture of the real curves. The purpose of 
thiss section is to give a theoretical foundation of this empirical fact. 

Thee following lemma deals with the asymptotic bias of the kernel es­
timators.. All kernels that we consider are assumed to satisfy the following 
condition: : 

KK is a symmetric probability density function and the 

supportt of K is contained in a compact interval A. 
(3.5) ) 
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Figur ee 3.2. Nonparametric estimates for the invariant den­
sityy ƒ and its derivative ƒ'. The dotted lines are the true 
curves. . 

Lemmaa 3.2.1. Let m > 0 be given. Suppose that (3.5) holds, ƒ is m + 2 
timestimes continuously differentiable and K is m times continuously differen­
tiate.tiate. Then for every compact interval J C I we have 

sup p 
xeJ xeJ 

Km) Km) E,f^(x)-f^(x)E,f^(x)-f^(x)  =0(h 

forfor h-+0. 

Proof.. By stationarity of the process X under P  ̂ and Fubini's theorem we 
have e 

Sincee both K and ƒ are m times continuously differentiable, repeated partial 
integration,, a change of variables and the symmetry of K yield 

Ej%\x)=Ej%\x)= I K(z)f™(x + hz)dz 
JJ A 

forr every i G l and h > 0 small enough. The invariant density ƒ is assumed 
too be m + 2 times continuously differentiable. So by Taylor's formula we have 

f(m)/ / f(m+l ) ) ff{m){m){x{x + hz) = Pm>{x) + hzfm+L,(x) + hlz' / (1 - t)fm+z,(x + thz) dt. 
Jo Jo 

e(m+2). e(m+2). 
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Iff  we plug this in the preceding display and use again the fact that K is 
symmetricc and that it integrates to 1 we get 

EjltEjlt>> {x)-f{x)-f{m{m\x)\x) = h2 f [ z2K{z){\-t)f^2\x + thz)dtdz. 
JJ A JO 

Sincee we are looking for an expansion for h — 0 we can assume that the 
quantityy x + thz appearing as the argument of ƒ (m+2) in the preceding dis­
playy is contained in a compact subinterval of I. Therefore, the quantity 
|| j(m+2) x̂ _|_ thz  ̂ is bounded and we can find a constant C > 0 such that 

supp \Ej§\x) - f(m\x)\ <Ch2\f z2K{z) dz 
xeJxeJ \JR 

forr all h small enough. This completes the proof of the lemma. D 

Wee now prove two theorems concerning the uniform convergence of the 
kernell  estimators. The first result deals with the estimator (3.3). The the­
oremm states in particular that this estimator has rate of convergence \/t, 
independentt of the bandwidth ht. 

Theoremm 3.2.2. Suppose that the tail condition (3.1) holds, that ƒ is twice 
continuouslycontinuously differentiate, that (3.5) holds, the kernel K is continuous and 
thatthat hjy/t —> 0. Then for every compact interval J C ƒ we have 

Vt(ftMVt(ftM ~f)^H 

inin C(J) as t — oo, where H is a zero-mean Gaussian random map with 
covariancecovariance function (3.2). 

Thee second theorem gives a bound for the rate of uniform convergence 
off  the kernel estimators for the derivatives of the invariant density. 

Theoremm 3.2.3. Let m € {0,1,2,...}  be fixed. Suppose that the tail con­
ditiondition (3.1) holds, that ƒ is m + 2 times continuously differentiable, that 
(3.5)(3.5) holds and the kernel K is m times continuously differentiable. If the 
bandwidthsbandwidths ht | 0, but such that h^y/i remains bounded away from 0, then 

supp f$(x)-fM{x) ^ 0 
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forfor every compact interval J C I. If m G N and h™+2y/ï — 0, then 

sup p »-/<->H=OP„( )̂ ) 

forfor every compact interval J Q I. 

Prooff  of theorems 3.2.2 and 3.2.3. First we write 

/S?MM - /""'M = l/S?M - £ , & ) ) + (Ej$(x) - /(m)(x)) 
forr every x e I and m G {0,1,2,.. .}. Lemma 3.2.1 deals with the second 
termm in this decomposition, we have 

sup p 
xeJ xeJ 

Ej^(x)-f^(x)\Ej^(x)-f^(x)\ = 0(h2
t). (3.6) 

Lett us now consider the first term. Using the fact that ^it{dx) = ft(x) dx, we 
gett the relation 

h?VÏ(f%(x)h?VÏ(f%(x) - Ej$(x)) 

== [  K{m)(z)Pt{x~htz)dz 
JA JA 

forr every x G A and ht small enough, where Pt = Vt{ft — ƒ)  For t > 0 we 
definee the function Qt : J x A — R by Qt(x, z) — x — htz. Since ht J, 0 there 
existt a i0 > 0 and e > 0 such that Je = { i 6 / : rf(x, J) < e}  C ƒ and the 
functionn Qt takes values in J£ for every £ > to. For £ > £0 we can therefore 
rewritee (3.7) as 

wheree <f> : C(Je) x C(J x A, J£) — C(J) is given by 

<j>{P,Q){x)<j>{P,Q){x)  = f K^(z)P(Q(x,z))dz. 
JA JA 

Thee map </) is the composition of the maps <£i : C( J£) x C( J x A, J£) —
C(JJ x A) and <fo : C(^ x A ) ^ C(</) defined by 0i(#, h) = g o h and 

<A2(<?)(x)) = [  K™(z)g(x,z)dz. 
JA JA 
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Bothh 4>i and </>2 are easily seen to be continuous, so the same holds for (j>. By 
lemmaa 3.1.1 we have Pt => H in C(J£), where the covariance function of H 
iss given by (3.2). Obviously the maps Qt converge uniformly on J x A to the 
mapp Q{x,z) = x. We thus have the weak convergence (Pt,Qt) =>  (H,Q) in 
C(JC(J££)) x C(J x A). Hence, it follows from the continuous mapping theorem 
that t 

Kft(f$Kft(f$ - Ej$) = <KPu Qt) =*  <KH, Q) = [j  K^\z) dz^j H. 

Sincee K is a probability density, the integral on the right hand side is equal 
too 1 for m = 0 and for m € N it vanishes. So we find that 

K^(fSi~Ej^)^{K^(fSi~Ej^)^{HH 'lim=l  (3.8) 
[00 if m e N. 

Noww combine (3.6) and (3.8) to complete the proofs of the theorems. D 

3.33 Rates of convergence and asymptotic normalit y 

Theoremm 3.2.2 states that the exact rate of convergence of the estimator ft t̂ 

iss y/i, independent of the bandwidth ht. For m e N we only know from 
theoremm 3.2.3 that the exact rate must be faster than h™y/t. In this section 
wee show that for m G N the exact rate is \/thfm~1 and we find the weak 
limi tt of the normalized difference 

V^F'CS-/""') -- (3-9) 
Itt turns out that the behaviour is quite different than what we found for 
mm = 0. We do not have a functional weak limit like we found in theorem 
3.2.2.. Instead, we will see in theorem 3.3.4 that the values at different points 
off  the random function (3.9) are asymptotically independent. Before we can 
provee this, we need a number of technical lemmas. 

Wee first use lemma 2.4.1 to write the difference fff(x) - EfMf^\x) as 
thee sum of a stochastic integral with respect to the local martingale Y = s(X) 
andd a term of lower order. 
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Lemmaa 3.3.1. Let m € N be fixed. Suppose that (3.5) holds, that ƒ and 
KK are m times continuously differentiate and that ht 10. Then 

}§}{x)}§}{x)  - Ej$(x) = o,„  (J) - A j f /3m,(jI(y„) dY», 

wherewhere (3m,t,x is given by 

/w(«)) = / C » - # » #»> 
with with 

and and 

forr n = 1,... ,m. 

Proof.. We have the relation 

& >> - *US?(*) = I XpiK<m) ( £ ^ ) /(»)(A(») - !) *
wheree as usual pt = d\i,tjd\i. By lemma 2.4.1 and the stochastic Fubini 
theoremm (see Protter (1990), theorem IV.45) it thus follows that with Y = 
s(X)s(X) we have 

$?(*)) " EJÏMW = <*™,t,X - \ j l (3mtAYu) dYu 

underr P^, where 

aam>tm>t,,xx = \ j{ny{Yt) - i y ro) )^**» ) ^zl^j f(y)dy 

and d 

/w«)) = j««(*)^LK™ i^rr) f{v)dy-
Byy definition of 7ry(2:) it holds that 

/WxWW = 2m(-0 [ / <t>m,t,x(y) dv - H3'1^)) / <Pm,tAy) dy , 
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where e 

*^(» )) = ^ * ' » > ( ^ ) / ( v ) . 
Too find a useful expression for {3mttiX, we calculate for arbitrary a E I the 
integral l 

Lett the bandwidth ht > 0 be small enough to ensure that Z, r ^ {x} — htA. 
Inn that case, repeated partial integration gives 

/x^ ^^  (3io) 

forr every a 6 / - ( I , r ). It follows that 

1 1 

Jiht Jiht 
_l_lKK(x-s-\z) (x-s-\z) 

2m(iy 2m(iy 

~K~K ( ^ ) f{m\y) {l^is-Hz)) ~ F(s-\z))) dy 

1 ,(£ zf i ö ) /c-|w). . 
Too finish the poof we consider am i x . Clearly, we have 

t\at\amm,t,,t,xx\\ < sup|ny(yt) - Uy(Y0)\ I f-r^K  ̂ ( ^ A f(y)dy 
yeiyei \Ji flt \ nt / 

Thee first factor on the right-hand side is bounded in probability (see the 
prooff  of lemma 2.4.2). Using (3.10) and a change of variables we see that 
thee second factor is bounded. So indeed, 

ococmm,t,x,t,x = 0P(i ( - J . 

Thiss completes the proof of the lemma. D 
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Thee next two lemmas deal with the stochastic integrals appearing in 
thee statement of lemma 3.3.1. 

Lemmaa 3.3.2. Suppose that (3.5) holds, that ƒ is m times continuously 
differentiate,differentiate, that the tail condition (3.1) holds and that ht [ 0. Then 

f'0°f'0°mm,,tt,,xx(yu)dY(yu)dYuu = OPtt(Vi) 
Jo Jo 

ast—>oo. ast—>oo. 

Proof.. Clearly, we have 

wheree the local martingale Af*  is defined by 

11 fvi 

MtvMtv = v i l ^*{Yu)dYu' 
Usee a change of variables and dominated convergence to see that 

0bM*))0bM*)) "> 2m(I)f^\x)(lM(z) - F(z)) 

ass t — oo. In view of the tail condition we may use dominated convergence 
againn to find that 

ƒƒ O C X * ) ) ) 3 *>(* ) -> 4m2( / ) ( /W ) 2(x) ƒ(l, , ,r )(z) - F(z)fds(z), 

(3.11) ) 
andd the limit is finite by the tail condition as well. By relation (2.6) of 
theoremm 2.1.3 we have 

{M<){M<) 11 = \ j\t?m^(Y„))2 d{Yu) 

==  f(0L,av))2T^(y)dy 
JR JR 
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Consequently, , 

{M{M tt))ll < \\Pt\\^^j^ mtMz))f  ds{z). 

Byy theorem 2.2.3 and (3.11), it follows that (Mt)1 is tight. By theorem 1.1.1 
wee have 

M{M{  = W\Mt)i, 

wheree Wl is a Brownian motion. Therefore tightness of (Mt)l implies tight­
nesss if M\ and the proof is finished.

Lemmaa 3.3.3. Suppose that (3.5) holds and K isn-l times continuously 
differentiable,differentiable, ƒ is m - n times continuously differentiable, that ht | 0 and 
thatthat the scale function s is continuously differentiable. Then for all distinct 
xi,...xi,... ,Xd E I we have 

y^r~y^r~  Of ^iYu) dK> "  j f ^ < ( y « ) d Y u) ^  N*(°> ̂  
asas t — oo, where E = diag(£i, . . ., Sd) and 

ZiZi = 4m(/)(/^-")(xi ))2
S

/(zi ) / ( ^ " - ^ (w) ) 2 dw 

forifori  = 1,. .. ,d. 

Proof.. For every i = 1, . . ., d and t > 0, define the local martingale M*»*  by 

/

I j2n— 11 /»itf 

Wee have 

hh2n-\2n-\ ft 

-h?--h?-11 hzXi{y)^X3{y)\LY{y)dy 
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Thenn if i  ̂ j , the neighborhoods xt - htA and Xj - htA axe disjoint for ht 

smalll  enough, so the last integral vanishes as t — oo. If i — j , a change of 
variabless shows that for ht small enough 

== 4m{I) f (K^-^iw))2 {f(m-n){xl - htw))2s'(xi - htw)pt(xi - htw) dw 

^4m(/)( /<m-B ) (a:j ) )V( j : 00 f {K^w))2 dw, 
JR JR 

wheree the convergence follows from the continuity of ƒ (m_n) and s' and the­
oremm 2.2.4. So we have found that 

Thee assertion of the lemma thus follows from theorem 1.4.1. D 

Wee can now prove the main result of this section. 

Theoremm 3.3.4. Let m € N be given. Suppose that the tail condition 
(3.1)(3.1) holds, that the scale function s is continuously differentiable, that ƒ is 
mm + 2 times continuously differentiable, that (3.5) holds and K is m times 
continuouslycontinuously differentiable. Furthermore, suppose that th2m+3 — 0 as t —
oo.. Then for all distinct Xi,..., xd G (/, r) we have 

V ^ F 77 ( & i ) - /(m)(*i) ,  fSM - fim)M) Sf. Nd(o, s) 

ass t —» oo, where E = diag(Ei,..., E )̂ and 

E,, = 4m(/)/2(x i )s
/(x i ) / (K^-^iw))2 dw 

JR JR 

forfor i = 1,. .. ,d. 

Proof.. We have 
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Byy lemma 3.2.1 the first term on the right-hand side is 0((thfm+3)1/2). Hence, 
sincee we assume that t/i?m+3 —> 0, it vanishes as t —  oo. By lemmas 3.3.1, 
3.3.22 and 3.3.3 it holds that 

-*GK(*)-£*U« ) ) 
- \ jj  ^Xi{Yu)dYu 

Itt follows that 

V^F 77 (Ejglix,) - ƒ<»>(*,)) = -JOtl £^(yj dYu + OP.(1). 

Too complete the proof, apply lemma 3.3.3 again. D 
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Stochasticc differentia l equations 

Time-homogeneouss stochastic differential equations (SDE's) are an impor­
tantt source of diffusion processes. In this chapter we first review sufficient 
conditionss under which an SDE of the form dXt = b(Xt) dt + <r(X t) dWt gen­
eratess a regular diffusion on an interval and we determine the corresponding 
scalee function and speed measure in terms of the coefficients b and a of the 
SDE. . 

Usingg the results of first three chapters, we then study two statistical 
problemss involving stochastic differential equations. In section 4.2 we con­
siderr the classical maximum likelihood estimator for Euclidean parameters in 
thee drift function. This exposition is based on the paper Van Zanten (2001a). 
Inn section 4.3 we study the asymptotic properties of a nonparametric drift 
estimator.. The results of that section were first presented in Van Zanten 
(2001b)) and Van Zanten (2000c). 

4.11 Regular  diffusions generated by SDE's 

Lett I = (l,r) be a fixed, open interval (bounded or unbounded) and let 
b,b, a : I —  R be measurable functions. We consider the stochastic initial 
valuee problem 

'' dXt = b(Xt) dt + a(Xt) dWt, 

XX00 = z. I I 
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Iff  this SDE has a weak solution that takes values in the interval I and 
thatt is unique in law, then this solution generates a law Pz on the canonical 
spacee C(R+, ƒ) of continuous functions on R+ that take values in I. In this 
sectionn we give sufficient conditions on the drift coefficient b and the diffusion 
coefficientt a under which (4.1) has a unique weak solution for every z e I and 
thee generated laws (Pz : z E I) constitute a regular diffusion on the interval 
II  (see section 2.1 for the definitions). We also identify the scale function and 
speedd measure of such a diffusion. The statement of the theorem below is 
well-known,, but it seems useful to put the various arguments needed for its 
prooff  together in one place. 

Wee will need the following regularity conditions on the coefficients b and 
aa of the SDE. 

(i)) b and a are bounded on compact subsets of I; 

(ii )) <r 2(x) > 0 for all x € /; 

(iii )) For every x e /, there exists an e > 0 such that 

'' x+ex+ell  + \b(y)\ ƒ ƒ 
Jx-Jx-

o\y) o\y) 
dydy < oo; 

(iv)) It holds that 

where e 

lims(:r)) = —oo, lims(x) = oo, 

s(x)s(x)=L?*=L?* vv{-{-22LL vvMM dzdz))dydy (4-2) 
andd XQ is some fixed point in I. 

Notee that the function s given by (4.2) is well defined if (iii ) is assumed. Also 
observee that if b and a are continuous, conditions (i) and (iii ) are trivially 
satisfied. . 

Theoremm 4.1.1. Suppose that conditions (i)-(iv) are satisfied. Then for 
everyevery z e I, the SDE (4.1) has a weak solution that is unique in law and 
thatthat takes values in I. The laws (Pz : z G ƒ) that are generated by these 
solutionssolutions on the space C(R+, I) constitute a recurrent diffusion on I. The 
scalescale function is given by (4.2) and the speed measure m has density x t-> 
(s'(x)a(s'(x)a22(x))~(x))~11 with respect to the Lebesgue measure on I. 
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Proof.. The first step is to show the existence of a unique weak solution for 
everyy z e I. If b = 0 then s(x) = x - x0, so by (iv) we must have I = R. In 
vieww of (ii) and (iii) , the existence of a unique weak solution for every initial 
conditionn thus follows from theorem 5.5.7 of Karatzas and Shreve (1991) in 
thiss case. In the general case the function s : I —  R is a continuous, strictly 
increasingg function and by (iv) it has an inverse s_1 : K — I. Define the 
functionn ö : E -> R by 

d(x)d(x) = s'{s-\x))a{s-l{x)). 

Clearly,, a2(x) > 0 for every i e l . It follows from the continuity of s' and 
(iii )) that 1/a2 is locally integrable. So by the previous considerations the 
SDEE dYt = <r(Yt) dWt has a unique weak solution for every initial condition. 
Givenn such a solution Y, consider the process X = s~1(Y). It follows from 
thee definition of s that s_1 is almost everywhere twice differentiable and 

_ l w _ ,, 2b(s-l(x)) 
(a-(a-ll)"(x))"(x) = 

<r<r 22(s-(s-ll(x))(x)) (s>(s-l(x)))2 

forr almost every x € E (see Karatzas and Shreve (1991), formula (5.5.44)). 
Therefore,, by the generalized Ito formula, 

dXdXtt = ds-\Yt) = {s-l)'{Yt) dYt + \{s~l)"{Yt) d (Y)t 
==  b(s-1(Yt))dt + a(s-l(Yt))dWt 

==  b(Xt)dt + a(Xt)dWt. 

Soo indeed, we can construct for every z £ I a weak solution of the SDE 
(4.1)) that takes values in I and that is unique in law. By theorem 5.4.20 of 
Karatzass and Shreve (1991), assumption (i) implies that the generated laws 
(P(Pzz : z € I) constitute a canonical diffusion on /. That s is the scale func­
tionn of the diffusion follows from formula (5.61) in section 5.5.C of Karatzas 
andd Shreve (1991). The recurrence follows from Karatzas and Shreve (1991), 
propositionn 5.5.22. It remains to determine the speed measure of the diffu­
sion.. If we look at the proof of theorem 5.7 in section 5.5.A of Karatzas and 
Shrevee (1991) we see that a particular solution of the SDE dYt = a{Yt) dWt 

iss given by Yt = BTt, where B is a Brownian motion and rt is the right-
continuouss inverse of the process 

A*A* = I ^rr^r du. 
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Byy the occupation times formula we have 

JR°JR°22(X) (X) 

Itt follows that the speed measure mY of Y — s(X) has density x  l/d2{x) 
withh respect to Lebesgue measure (see theorem 2.1.1). Hence, in view of 
(2.4),, we have 

m(C)m(C) = mY{s{C)) = f ^ d x = [ \ dy. 
Js{c)Js{c) <72W Jc s'{y)o2{y) 

Thiss completes the proof.

4.22 Consistent parameter estimation 

Inn this section we consider the family of stochastic differential equations 

dXdXtt = be{Xt) dt + <r{X t) dWu (4.3) 

wheree 9 runs through a compact parameter space 0 C Rd. For every 0 e 9 
wee suppose that equation (4.3) generates a regular diffusion on the (possibly 
unbounded)) interval (l,r) C R, in the sense of theorem 4.1.1. The state 
spacee (/, r) is assumed to be independent of the parameter 6. We suppose 
thatt the speed measure is finite for every $ and we denote the normalized 
speedd measure by /i#. 

Forr every 0 € B the SDE generates a family (F* : z e I) of laws on 
C(IR+,, ƒ). As in chapter 3 we construct the stationary law P9 on C(R+, I) 
byy putting 

PP99(B)(B) = j I*(B)iH(dz) 

forr every B e B(C{R+,I)). Under Pe, the canonical process X on C(R+, I) 
iss a weak solution of the system 

dXdXtt = b9{Xt)dt + a{Xt)dWu 

C(XC(X00)) = /i0. 
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Noww suppose that for some unknown parameter value 6 = Oo, we observe 
thiss stationary weak solution of the SDE (4.3). The aim is to estimate the 
'truee parameter' 9Q from the observations (X3)3< t. We will use thee results of 
thee preceding chapters to give conditions under which the classical maximum 
likelihoodd estimator (MLE) is consistent for t —+ oo. 

Denotee by Pö)t the restriction of the measure P$ to the space C[0, t] of 
continuouss functions on [0, i\. It is well-known that under certain regularity 
conditions,, the measures Pe,t are absolutely continuous with respect to a 
dominatingg measure that is independent of 6. Up to a factor involving the 
initiall  random variable Xo, the likelihood process is given by 

^-KI'^-^K HH  (44) 

(seee for instance Liptser and Shiryayey (1977), chapter 7). The maximum 
likelihoodd estimator 6t is the maximizer of the random map 9 *-*  Lt{0), 
providedd it exists. Note that for the definition of the estimator 6t it is not 
relevantt that Lt{6) is in fact a likelihood ratio (up to a factor). To ensure 
thatt Lt(0) is well defined under Pe0 it is only needed to assume that 

/ / 
*^\d8<*^\d8< co Pfl0-a.s. (4.5) 

GG \Xs) 

Inn this section, we will never need the fact that Lt{9) is a likelihood. Instead 
off  conditions for absolute continuity, we shall therefore use condition (4.5) in 
thee statement of the theorems below. 

Expressionn (4.4) can be used to calculate the estimator 9t from the 
observationss (Xs)s<t. To study the (asymptotic) properties of the estimator, 
anotherr expression is more useful. Take logarithms in (4.4) and use (4.3) 
too see that under PQ0, maximizing 9 \—> Lt(9) is equivalent to maximizing 
66 i—»lt{0), where 

k(0)k(0) = I ÏVÏÏ  dW-~ *L JVQ ds (46) 

andd W is a standard Brownian motion under Pg0. So the maximum likelihood 
estimatorr 0t is also the maximizer of the log-likelihood 6 <-> lt(9), provided it 
exists. . 

Wee will consider two aspects of maximum likelihood estimation for the 
modell  (4.3). First we question the existence of a continuous version of the 
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log-likelihoodd (4.6), viewed as a function in 6. If such a continuous ver­
sionn exists, the maximizer 9t of that version also exists, by compactness of 
thee parameter space. We then investigate the consistency of the maximum 
likelihoodd estimator 8t. 

Thee problem of maximum likelihood estimation in nonlinear ergodic 
diffusionn models has been studied by several authors, see Kutoyants (1977), 
Lanskaa (1979), Prakasa Rao and Rubin (1981), Basu (1983), Kutoyants 
(1984),, Yoshida (1990) and Prakasa Rao (1999), to mention just a few. The 
empiricall  process-type approach that we take in this section allows us to re­
movee some undesirable regularity conditions that many authors needed. In 
particular,, we show that we can do without conditions that depend on the 
dimensionn d of the parameter space. 

4.2.11 Existence of a continuous likelihood 

Inn this subsection we prove that there exists a continuous version of the 
randomm map (4.6) if the following Holder condition is satisfied: 

Theree exist a number a > 0 and a function b e L2(fie0) such that 

bbee(x)(x) - b$(x) 
<T(X) <T(X) 

forr all 0, t\) e 6 and x eR. 

<\6-<\6- ip\ab(x) (4.7) 

Theoremm 4.2.1. Suppose that (4.5) holds for all 9 e & and t > 0. If the 
HolderHolder condition (4.7) is satisfied, then there exists a continuous modification 
ofof the random map lt given by (4.6). 

Proof.. Let t > 0 be fixed. It follows readily from the Holder condition that 
thee Lebesgue integral in (4.6) is continuous in 6, so we only have to show 
thatt there exists a continuous modification of the random map 

e~M*e~M* = ƒ (~^) (X,) dW.. (4.8) 
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Notee that by Fubini's theorem and the stationarity of X it holds that 

r&r&  hjri>\2 jf(^ ) ) EE6o6o{Mf{Mf  - MfY = EGO  ̂ * (Xs) ds = t 
be-b. be-b. 

LHveLHve00) ) 

Usingg assumption (4.7) we thus find that 

EeEe00(Mt-Mtf<t\e-^\\b\\\(Mt-Mtf<t\e-^\\b\\\ HMa) HMa) 

forr every 9, ip € 0. In particular, the random map 9 t—> Mf is continuous in 
probability,, i.e. if 0n —* 0, then Mfn —> Mf in probability. 

Noww let 0*  be a countable, dense subset of 0. We want to show that 
withh probability 1, the random map 9 i— Mf is uniformly continuous on 
0*.. To that end, we apply theorem 1.5.2 with the metric d defined by 
d(9,d(9, tfj) = \0 — ^|aA1. Since 0 is compact and therefore bounded, we have 

CC = sup }!!~tfM < oo. (4.9) 

Itt follows from (4.7) that the quadratic c?-modulus ||Mj|d of the random map 
99 h-¥ Mf satisfies 

11 x l f t ( b 9~ ^ | M | k << = ^ ^ ^ '  [ ^ " ] {Xs)ds 

<c <c 

Sincee b G L2(fie0) it holds in particular that ||M||d)t < oo, Pö0-almost surely. 
Ass for (1.13), use the well-known fact that this condition is always satisfied 
iff  0 is a bounded subset of Euclidean space and d is the Euclidean distance 
too some power 0 < j3 < 1. So by theorem 1.5.2 the random map 9 Y-+ Mf is 
indeedd uniformly continuous on 0*  (with respect to the metric d and therefore 
alsoo with respect to the Euclidean metric). 

Too conclude the proof, define the new random map Zt on 0 by taking 
itt equal t o o n Mf on 0*  and then extending it continuously to all of 0. 
Thenn Zt is continuous by construction and the continuity in probability of 
99 i-» Mf implies that Zt is a modification of this random map. D 
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4.2.22 Consistency of the ML E 

Lett us assume that condition (4.7) holds and denote by lt the continuous 
versionn of the log-likelihood (4.6) (see theorem 4.2.1). Since the parameter 
spacee B is compact and lt is continuous, the maximizer of lt (the maximum 
likelihoodd estimator) then exists. In fact, we can prove consistency for any 
estimatorr 0t that satisfies 

}k0t)>m}k0t)>m]]>il>il tt(O)-op(O)-op9n9n(l). (l). 
0ee e 

(4.10) ) 

Off  course, we can not expect to estimate the true parameter 90 consistently 
iff  we can not identify it properly. We will assure the identifiability of the 
parameterr by demanding that the function 

e e 
bebe — b '0o o 

^ 2 ( M Ö 0 ) ) 

(4.11) ) 

onlyy has a zero at 0O-

Theoremm 4.2.2. Suppose that (4.5) holds for all 0 e 0 and t > 0. If the 
HolderHolder condition (4.7) is satisfied, 0t is any estimator satisfying (4.10) and 
thethe function (4.11) only has a zero at 6Q, then 

00tt^6^60 0 

asas t oo. . 

Proof.. The law of large numbers for martingales and the law of large num­
berss for diffusions (see corollary 2.3.1) tell us that with increasing t, the 
randomm map lt/t approaches the limit map 

'(«)) = - I 
bsbs - b&0 

LL 22{H9{H9QQ) ) 

Wee might therefore expect that for large t the estimator 0t is close to the 
maximizerr of /, which is the true parameter #o. To make this reasoning 
precisee we apply corollary 3.2.3 of Van der Vaart and Wellner (1996). Using 
thee Holder condition (4.7) and the identifiability assumption we see that I 
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iss a continuous function that has a unique maximum at 0Q. The cited result 
off  Van der Vaart and Wellner (1996) therefore implies that to prove the 
consistency,, it suffices to show that 

supp If lt{0)-l{0)| 
flee flee 

0 0 (4.12) ) 

inn (outer) probability as t —  oo. Both lt and / are continuous in 0 so we have 
establishedd (4.12) as soon as we have proved that for the countable, dense 
subsett 0*  C 8 it holds that 

flee*flee* 11 Jo \ o J 

p*0 0 0 0 

and d 

sup p 
fl€Ö* fl€Ö* \f.{ \f.{ 

bobo — h % % {X{Xss)ds-)ds-
baba — h flo flo 

LL22(ne(ne00) ) 

PePe0 0 0. . 

(4.13) ) 

(4.14) ) 

Firstt we prove (4.13). Observe that we have the relation 

bebe - b0o 

sup p >ii  r (X(Xss)dW)dWs s == sup 
eee* eee* tt * 

wheree Mf is defined as in (4.8). It thus suffices to show that the random maps 
ZZtt defined by Zt{0) = Mffy/t have asymptotically tight in £°°{e*). Indeed, 
thiss implies that the random maps Zt/y/t converge weakly to 0 in ^°°(B*), 
whichh is equivalent to (4.13). Fix 0 € 0 for the moment. By assumption 
(4.7)) we have (bg — beQ)fv G L2(/xöo). So by law of large numbers of corollary 
2.3.1 1 

^P-ijfe^)"™* * * bobo — 6, '0o o 

i2(Wo) ) 

Hence,, theorem 1.4.4 implies that Zt(0) = Mf/y/i is asymptotically tight for 
everyy fixed 0. To show tightness of Zt in ^°°(0*) it therefore remains to show 
asymptoticc equicontinuity (see Van der Vaart and Wellner (1996), theorem 
1.5.7).. In view of theorem 1.5.3 and the entropy considerations in the proof 
off  theorem 4.2.1, the equicontinuity will follow if we have H^||d,t = Op9 (1), 
wheree d is again given by d(0,ip) = \0 — ^|aA1. It follows from the Holder 
conditionn (4.7) that with C as in (4.9) we have 

\d,t\d,t ^ 
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Soo by corollary 2.3.1 we indeed have \\Z\\dj = Opff (1). 
Itt remains to show that (4.14) holds. Observe that (4.14) is a statement 

off  the form (2.30), with 

r={f.:9e&},r={f.:9e&},  and f e = ( ^ J ^ \ 

Soo by theorem 2.5.1 it suffices to show that T has a /i0o-integrable envelope. 
Itt follows immediately from condition (4.7) that 

\fe\<\fe\< (sup|0-0o|2a 

\6ee \6ee 

Byy assumption we have b G L2(/z 0̂) and 6 is bounded. So the function on 
thee right-hand side is //0o-integrable and the proof is complete.

4.33 Nonparametric drif t estimation 

Inn the preceding section we considered the estimation of the drift function of 
ann SDE from the parametric point of view. The present section deals with 
nonparametricc drift estimation. We again consider a regular diffusion that is 
generatedd by the stochastic differential equation dXt = b(Xt) dt + (r(Xt) dWt 

inn the sense of theorem 4.1.1. By theorem 4.1.1 the scale function s is given 
byy (4.2) and the invariant density p, has a density ƒ given by 

I{X)I{X)  = s'(x)a*(x)m(iy ( 4 1 5) 

Itt follows from relations (4.2) and (4.15) that if b is continuous and a is 
continuouslyy differentiate, then ƒ is also continuously differentiate and we 
havee the relation 

b(x)b(x) = \J{x)^+a{x)a>(x) (4.16) 
J\J\xx) ) 

forr every x E I. If the diffusion coefficient a is known, an obvious nonpara­
metricc estimator for the drift function 6 is obtained by plugging the kernel 
estimatorss for ƒ and ƒ' in (4.16). So we define for every t, h > 0 

ƒ(!) ) 

hhtt,,hh = ^2  (4.17) 
Jt,h Jt,h 
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wheree the kernel estimators for ƒ and ƒ' are as in section 3.1 and the kernel 
iss a symmetric probability density with compact support (see (3.5)). This 
nonparametricc drift estimator was first introduced by Banon (1978). Banon 
alsoo gave conditions for pointwise consistency. The delta-method allows us 
too derive further asymptotic properties of the estimator from the results of 
thee preceding chapter. 

4.3.11 Unifor m convergence of the estimator 

Usingg the infinite-dimensional delta-method and theorems 3.2.2 and 3.2.3 
wee get the following result concerning the uniform convergence of the drift 
estimator. . 

Theoremm 4.3.1. Suppose that the tail condition (3.1) holds, that b is 2 times 
continuouslycontinuously differentiable, a is 3 times continuously differentiable, the kernel 
KK is continuously differentiable and that the bandwidths ht | 0, but such 
thatthat ht\fl remains bounded away from 0. Then for every compact J C I 

sup p bt(x)bt(x) - b(x) 0 0 

as s t ->oo.. Ifti*Vt-+0,  then 

sup p 
x€l x€l 

bbtt(x)(x) - b(x) 
== 0P» tó) 

asas t — oo. 

Proof.. In view of relations (4.2) and (4.15), the smoothness conditions on b 
andd a imply that the invariant density ƒ is 3 times continuously differentiable. 
Lett V QC(J)x C(J) be the collection of all pairs (p, q) for which q is positive. 
Thenn the map <f>:  V -*  C(J), with 

q q 

iss well defined and easily seen to be continuous on V. By theorem 3.2.3 we 
have e 



80 0 StochasticStochastic differential equations 

inn C(J) x C{ J). Since the pair (ƒ', ƒ) is clearly an element of V the continuous 
mappingg theorem implies that 

inn C{J), which proves the first part of the theorem. If h% y/i —> 0, then by 
theoremss 3.2.2 and 3.2.3 

htVt(f^htVt(f^ tt-f'J-f'J tMtM-f)^0 -f)^0 

inn C(J) x C{J). Since 

hhttVi(bVi(btt -b) = htVt fa (ƒ$,ƒ,,*) ~ <f>(f,  ƒ)) , 

wee can finish the proof by using the infinite dimensional delta-method (see 
Vann der Vaart and Wellner (1996), chapter 3.9). The only thing that remains 
too be shown is that the map <f>  is Hadamard-differentiable at the point (ƒ, ƒ'). 
Too that end, write 0 as a composition of maps 

(p,, q) i-+ (p, l/q)  ̂ p/q  ̂ \a2p/q + oo'. 

Byy lemma 3.9.25 of Van der Vaart and Wellner (1996), the map q i—  l/q is 
differentiatee on the domain of all functions that are bounded away from zero, 
whichh implies that the first map in the chain above is Hadamard-differentiable 
onn V. That the second map, multiplication of two functions, is Hadamard-
differentiablee is not hard to check. The last map is affine and therefore 
Hadamard-differentiable.. So by the chain rule (see Van der Vaart and Wellner 
(1996),, lemma 3.9.3) the map 4> is Hadamard-differentiable and the second 
assertionn of the theorem follows by the delta-method. D 

4.3.22 Rate of convergence and asymptotic normalit y 

Inn this section we determine the exact rate of convergence and we prove 
asymptoticc normality of the nonparametric drift estimator (4.17). Let us 
firstfirst specialize theorem 3.3.4 to the present case of diffusions generated by 
anSDE. . 
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Lemmaa 4.3.2. Let m e N be given. Suppose that the tail condition (3.1) 
holds,holds, that b is m + 1 times continuously differentiate, a is m + 2 times 
continuouslycontinuously differentiate and that K is m times continuously differentiate. 
Furthermore,Furthermore, suppose that th\m+z — 0 as t — oo. Then ƒ is m times 
differentiabledifferentiable and for all distinct xit..., x& € I we have 

v ^ F 11 (Z5?(*i) - /(m)(*i) .  & « ) - /*""(*<) ) ̂  w - E> 
ass £ — oo, where E = diag(Ei,..., Ed) and 

E i - 4 ^ - / ( ^ m " 1 ) H ) 2 ^ ^ 

forr i = 1,... ,d. 

Proof.. First note that the smoothness conditions on b and a imply that ƒ 
iss m + 2 times differentiable. The statement thus follows theorem 3.3.4 if we 
showw that 

m(I)f(x)s'(x)m(I)f(x)s'(x)  = £&. 

Butt this follows immediately from (4.15).

AA straightforward application of the delta-method now gives us the 
asymptoticc distribution of the estimator (4.17). It turns out that Banon's 
estimatorr has the same rate of convergence and limiting distribution as the 
regression-typee estimator for the drift function that was proposed by Tuan 
(1981). . 

Theoremm 4.3.3. Suppose that the tail condition (3.1) holds, that b is 2 times 
continuouslycontinuously differentiable, a is 3 times continuously differentiable and the 
kernelkernel K is continuously differentiable. Furthermore, suppose that tht — oo 
andd th\ —> 0 as t — oo. Then for all distinct Xi,...,xde (l,r) we have 

y/thy/thtt (btM(xi) ~ *(*i) .  MtM ~ b{xd)) S Nd(0, T) 

astast — oo, where T = diag(Ti,..., Yd) and 

f{Xi)f{Xi)  JR 

forfor i = 1, . .. , d. 
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Proof.. First we introduce some notation. Let the vectors S and T be given 
by y 

S=S= ( / ( s i ) , . . ., ƒ(*,)), T=(f'(Xl)t...,f'(xdj) 

andd let the random vectors St and Tt be the corresponding estimators 

St=(fiM(*i),--.JtM(xSt=(fiM(*i),--.JtM(xddj),j), Tt=(f$(x1)t...J$(xdj). 

Noww consider the m ap <j> : (0, oo)d x Rd —  Rd given by <j>  = (<j> u ..., <j> d) and 

4>i(y>4>i(y>zz)) = | ^ 2 ( ^ t ) — +<r(:Ci)<T'(:Cj) . 

Thenn by relations (4.16) and (4.17) it holds that 

VthtVtht (kht (xi) - 6(xi), . . ., btM (xd) - b{xd)} = y/tht (<f>(St, Tt) - <f>{S, T)). 

Underr the conditions of the corollary, the estimator fttht for ƒ has rate of 
convergencee y/i. Indeed, the random vector y/i(St - S) converges weakly to 
somee Gaussian random vector by theorem 3.2.2. Using lemma 4.3.2 we thus 
findfind that 

VthVthtt((S((SuuTTtt)) - (S,T)) =*  (o,v) 

inn Rd x Rd, where F has a Nd{0, E)-distribution with £ = diag(Ei,. . ., Ed) 
and d 

Thee map (f> is differentiable on its domain, which contains the point (S, T). 
Soo by the delta-method (see Van der Vaart (1998), theorem 3.1) 

V ^ ( « 5 t , T « ) - 0 ( 5 , T ) ) =^ ^ 

mr)(J J ' & ( S , DD ... ^ ( ^ (4.18) 
V. . 

Jff(S,T)) ... gj(S,T)/ 
Thee matrix of partial derivatives on the right hand side is easily seen to be 
equall  to 

Thee right hand side of (4.18) therefore has a Nd(0, redistribution, where 
TT = ASA. This is precisely the matrix that is described in the statement of 
thee corollary.
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Exponentiall  inequalities 

Inn section 1.2 we proved an exponential inequality (theorem 1.2.1) for con­
tinuouss local martingales. The present chapter, which is based on the paper 
Dzhaparidzee and Van Zanten (2001), is devoted to the derivation of similar 
inequalitiess for martingales with jumps. The technical tools of modern mar­
tingalee theory allows us to obtain very general results. However, the basic 
linee of reasoning is already visible in the simplest special case. To illustrate 
thesee basic ideas, we first consider the simple case of sums of bounded i.i.d. 
randomm variables. 

Lett X\,X2,  be independent and identically distributed, with EXi = 
00 and \Xi\ < a for all i and put Mn = Xx -\ h Xn. For every A > 0 we 
havee the multiplicative decomposition 

6AM„„  = J ] e * * = Zn(X) p j  Eexxt = Zn(X) (EexXly) 
Ï = 11 i = l 

where e 

Notee that for all A > 0, the process Zn(\) is a nonnegative martingale. We 
introducee the function 
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soo that exp(x) = l+x+x2f(x). The function ƒ is nonnegative and increasing 
onn R (see Shorack and Wellner (1986), p. 853). Since \X{\ < a this implies 
that t 

eAX '' = 1 + \Xi + \2X?f(\Xi) < 1 + XX, + X2X2f(Xa) 

andd therefore £exp(AXi) < l + A2<72/(Aa), where a2 = EX2. Using also the 
factt that exp(-x)(l + z) < 1 we find that exp{-X2a2f(Xa))Eexp{XXi) < 1 
andd it follows that the sequence 

^f(xaw^f(xawEeEexxXlXly y 

iss decreasing. Being the product of a nonnegative martingale and a nonneg­
ativee decreasing sequence, the process exp(AMn - X2f(Xa)na2) is therefore 
aa supermartingale. In particular, we have Eexp(AMn - A2ƒ(Xa)na2) < 1. 
Hence,, for all z > 0, L > na2 and A > 0 

P(MP(Mnn > Z) < P (e*
Mn-*2f(*a)n<T2

 > eXz-X2f(Xa)L\ < eX
2f(Xa)L-Xz_ 

Thee choice A = log(l + az/L) minimizes the right-hand side and yields for 
alll  z > 0 and L > na2 the inequality 

11 z1 az 1 z2 

P{MP{Mnn >z) < e " 2 T ^ T> <e 2L+«/3) (5-1) 

wheree the function ^ is defined by 

0(x)) = 2(*  + D'°g(*  + l ) - * , (5.2) 

(Forr the second inequality in (5.1), see Shorack and Wellner (1986), p. 441.) 
Thee random variables -Xu -X2:... are also bounded in absolute value by 
a,, so the same inequality holds with Mn replaced by —Mn. We conclude that 
forr all z > 0 and L > na2 

11 z1 az _ 1 z1 

P{\MP{\Mnn\\ >z)< 2e~2T,/'(T) < 2e "+az/3. (5.3) 

Thee first important step in the derivation of inequality (5.3) is the mul­
tiplicativee decomposition of the positive process exp(AM). Together with 
somee elementary inequalities involving the function ƒ and the exponential 
function,, this decomposition allows us to find a useful family of supermartin-
gales,, one for every A > 0. Once these supermartingales have been found, the 
prooff  of (5.3) is straightforward. In this chapter we will use the same basic 
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approachh to prove exponential inequalities for much more general classes of 
martingales.. A basic result of modern martingale theory states that (un­
derr some regularity conditions) every positive, special semimartingale can be 
writtenn as the product of a nonnegative local martingale and a nonnegative 
predictablee process (see Liptser and Shiryayev (1989), theorem 1, p. 127). 
Thiss decomposition result holds in great generality and the same will be true 
forr the inequalities that we derive. 

Thee classical inequality (5.3) for bounded, i.i.d. random variables was 
firstfirst derived by Bernstein (see for instance Bennett (1962)). Freedman (1975) 
extendedd Bernstein's result to the case of discrete-time martingales. Shorack 
andd Wellner (1986) further generalized it to the setting of general local mar­
tingaless with bounded jumps. The main result of this chapter, theorem 5.2.2, 
extendss the inequality of Shorack and Wellner (1986). Other relations with 
knownn results are given in corollary 5.2.3. 

Wee will work on a fixed stochastic basis (fi, T, {Ft)t>o, P)- Semimartin-
galess are always assumed to be cadlag (continuous from the right and with 
limitss from the left). If M is a local martingale, we denote its optional and 
predictablee quadratic variation processes by [M] and (M), respectively. The 
jumpp process of a semimartingale X is denoted by AX, so AXt = Xt — Xt~. 
Thee random measure o n E+ x l that is associated to the jumps of X is given 
by y 

jJljJlXX{uJ\dt,dx){uJ\dt,dx) = ^ £(g,AX s(u;))(<ft, dx)l{AXs(w)^Q}, 
s>0 s>0 

wheree Sa is the Dirac measure concentrated at the point a. The 'good version' 
off  the predictable compensator of fix (see Jacod and Shiryaev (1987), pp. 
77-78),, the so-called third predictable characteristic of X, is usually denoted 
byy v. At several places we will use the star-notation for integration with 
respectt to random measures. So if /x is a random measure on some space 
E++ x E and W is an optional random function on this space, the process 
WW * fi is defined by 

WW * fit(<^) = / W(u;s, x) n{uj;ds,dx), 
J[0,t]xE J[0,t]xE 

providedd of course that the integral exists. If the integrand W depends only 
onn x € E, say W(u; t, x) = f(x), then we also write f(x)*fi instead of W*fi. 
Iff  X is an arbitrary stochastic process, we denote by X* the process given 
byy XI = supa<t |X,|. For more background on general martingale theory, see 
Jacodd and Shiryaev (1987) or Liptser and Shiryayev (1989). 
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5.11 Exponential supermartingales 

Ass we recalled in the introduction, positive special semimartingales can (un­
derr some regularity conditions) be uniquely written as the product of a local 
martingalee and a predictable, bounded variation process. For semimartin­
galess of the form exp(X), where X itself is a special semimartingale, this 
resultt takes on the following form. 

Theoremm 5.1.1. Let X be a special semimartingale with canonical decom­
positionposition X = M + B, where M is a local martingale, B is predictable, 
boundedbounded variation process and MQ = B0 = 0. Denote the third predictable 
characteristiccharacteristic of X by v. Suppose that for all t > 0 

<p<p * vt < oo a.s., where <f>(x) = ex — 1 — x, (5.4) 

andand define the process 

GG = B + \ (Mc) + cj> * v, (5.5) 

wheree Mc is the continuous part of the local martingale M. Then there 
existsexists a nonnegative local martingale N such that exp(X) = N£(G), where 
thethe symbol E denotes the Doléans-Dade exponential. 

Proof.. By a straightforward application of Itö's formula we find that 
exp(X)) = 1 + Z + A, where Z is a local martingale and A = exp(X-)  G. 
Thenn theorem 1 on page 127 of Liptser and Shiryayev (1989) im­
pliess that there exists a nonnegative local martingale TV such that 
exp{X)exp{X) = N£(exp(-X-)  A) = N£{G), provided that we have 

AGAGtt > - 1 a.s. (5.6) 

forr every t > 0. To prove that relation (5.6) holds, observe that 

AGAGtt = ABt + f{ex - 1 - x)v({t} x dx). 

Byy proposition II.2.29 of Jacod and Shiryaev (1987) it holds that 

ABABtt = xv({t} x dx) 
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soo we have 
AGAGtt==  j{ex-l)v({i)  xdx). 

Sincee the exponential function is strictly positive and ƒ v{{i)  x dx) < 1 {y 
iss a 'good version'), we have (5.6). D 

Iff  the third predictable characteristic v of a special semimartingale X 
satisfiess (5.4), we say that X satisfies Cramer's condition. The process G 
definedd by (5.5) is then called the cumulant of X. The fact that we have 
(5.6)) implies that the Doléans-Dade exponential of the cumulant is given by 

£t(G)£t(G) = eG<Y[(l + AGs)e-AG*. 
3<t 3<t 

Sincee 0 < (1 + x)e~x < 1 for x > — 1, it follows in particular that the process 
£(G)exp(—G)) is decreasing. So theorem 5.1.1 implies that if X satisfies 
Cramer'ss condition, the process exp(X — G) can be written as the product of 
aa nonnegative local martingale and a decreasing process. By Fatou's lemma, 
aa nonnegative local martingale is a supermartingale and we can conclude 
thatt exp(X — G) is also a supermartingale. With a special choice for X we 
obtainn the following result. 

Theoremm 5.1.2. Let M be a iocaJ martingale with jump measure \i and 
thirdthird predictable characteristic v. Suppose that for a measurable function ƒ 
withwith ƒ (0) = 0 and a fixed X eR we have 

\f(\x)\\f(\x)\ * v < oo, 4>{\x - f{\x)) * v < oo a.s., (5.7) 

withwith 4> as in (5.4). Define the process 

H(X)H(X) = /(Aar) * (/x - v) 4- \\2 (Mc> + 4>{\x - f(Xx)) * v. 

ThenThen exp(AM — H(X)) is a supermartingale. 

Proof.. Define the semimartingale X = XM — f(\x)*fi. By the first relation 
inn (5.7), the semimartingale X is special and the canonical decomposition is 
givenn by X = Mx + Bx, where 

MMxx = XM - f(Xx) *{fi-  v), Bx = -f{Xx) * v. 
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Too find the third predictable characteristic vx of X, observe first that AX = 
AAMM — /(AAM) . It follows that for nonnegative, measurable functions g 
withh g(0) = 0, the jump measures /zx of X and \i of M are related by 

g(x)*tig(x)*ti xx = $>(AX S) = X > ( A A M *  " /(AAM 5)) = g(Xx - /(Ax)) *//,. 
s<ts<t s<t 

Thiss implies that <fi(x) * vx = <f>(\x — f(\x)) * v. By the second relation 
inn (5.7), the semimartingale X thus satisfies Cramer's condition and the 
cumulantt G of X is given by 

GG = Bx + \ (Mx'c) + <j)*v x = -f(Xx) * v + \\2 (Mc> + <t>(\x - ƒ (Ax)) * i/. 

Inn view of the remarks preceding the theorem, the process exp(X — G) is a 
supermartingale.. Since X — G = AM — i/(A) this completes the proof. G 

5.22 Inequalities for  locally square integrable 
martingales s 

Inn this section we will deal exclusively with locally square integrable martin­
gales.. Recall that a local martingale M with third predictable characteristic 
vv is locally square integrable if an only if for all t > 0 it a.s. holds that 
xx22 * vt < oo (see Jacod and Shiryaev (1987), proposition II.2.29). It will be 
shownn that in this case the conditions in (5.7) are satisfied if we take 

f(x)f(x) = ^2 l { | x |> A a} , (5.8) 

wheree a, A > 0. This will allow us to derive lemma 5.2.1 from theorem 5.1.2. 
Thee lemma will then provide the principal argument in the proof of theorem 
5.2.22 below. We use the following notation: for all a, A > 0 

0a(A)) = «A(aA)/a2 = i f ' ° * " ' (5.9) 
22,, a = 0, 

wheree <j>  is as in (5.4). 
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Lemmaa 5.2.1. Let M be a locally square integrable martingale and for 
aa > 0, define the process Ha by 

HtHt = ] T (AM,) 2 l{|AM,|>a}  + (M)t. (5.10) 

3<t 3<t 

ThenThen for all a, A > 0 the process 

eAM-<MA)H °° ( 5 .U ) 

isis a supermartingale, where 0a(A) is given by (5.9). 

Proof.. Let us first derive some useful properties of the functions <j) a defined 
byy (5.9). We have that (po{X) = X2/2 and for each fixed A > 0 the function 
0a(A)) is increasing in a (look at power series expansions). In particular, 
4>o(X)4>o(X) < 4>a(X) for a > 0. Moreover, if \x\ < a, then 

cf>(Xx)cf>(Xx) < 0(A|as|) = <p\x\(X)x2 < (f>a(\)x
2. (5.12) 

Besides,, for any x € 1R 

\4>(Xx\4>(Xx - \X2x2) - \\2x2\ < MX)x2 < <!>a{\)x 2- (5.13) 

Too see this check that | exp(x — \x2) — 1 — x\ < \x2. 
Usingg these inequalities we can verify the conditions (5.7) with ƒ of the 

formm (5.8), where a, A > 0 are now fixed. The first inequality is straight­
forward:: | ƒ (Arc) | * v = |A2a:2l{| a;|>a}  * v < oo a.s., since M is locally square 
integrable.. As for the second one, note that in this case 

<f>(Xx<f>(Xx  - f(Xx)) = <f>(\x - 2x2)l{lx>a}  +<£(A:r)l{ |x|<a}, 

hencee the second condition of (5.7) is verified by using (5.12), (5.13) and 
thee fact that M is locally square integrable. 

Sincee the conditions of theorem 5.1.2 are satisfied with the special choice 
(5.8)) for the function ƒ, we may conclude that the process exp(AM — H(X)) 
iss a supermartingale, where 

H(X)H(X) = /(Ax) *( / / -* / ) + \X2 (Mc) + (j>{Xx - f{Xx)) * v. 

Usingg (5.12) and (5.13) again it is easily verified that the difference H(X) — 
<t><t> aa(X)(X) Ha is a decreasing process. Being the product of a supermartingale and 
aa decreasing process, exp(AM — <pa(X) Ha) is therefore a supermartingale as 
well.. This completes the proof. D 
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Wee can now proceed to the main result of this section. 

Theoremm 5.2.2. Let M be a locally square integrable martingale and let 
HHaa be given by (5.10) for a > 0. Then for every finite stopping time r, a > 0 
andand z,L > 0 

11 z2 , /az\ 
P(M*P(M* >z,H$<L)< 2c -2 l * (T ), (5.14) 

wherewhere ip is given by (5.2). 

Proof.. Since Ha is nondecreasing we have for each A > 0 and z, L > 0 that 

PP (supMt >z,H?<L) <P (supZt(A) > eXz~MX)Lj (5.15) 

wheree Z{\) = exp(AM — 0O(A) Ha) is the positive supermartingale of (5.11). 
Sincee ZQ(X) = 1, the optional sampling theorem yields for any stopping time 
aa the inequality 

EZEZaa(\)l(\)l {ir<oo){ir<oo)  < 1 (5.16) 

(seee Liptser and Shiryayev (1989), p. 360). By applying this to a particular 
stoppingg time, namely to a = inf{ £ : Zt(X) > exp(Az — (f>a(\)L)}, we may 
extendd (5.15) as follows: 

PP (supZ((A) > e*"-**ML\  < p(CT < r ) < P(a < oo) < e0° (X)L-Xz (X)L-Xz 

Wee have first taken into consideration that r is finite and then applied in­
equalityy (5.16). So (5.15) turns into 

PP (supMt >z,H?<L}< eMX)L~Xz 

forr each A > 0. Clearly, the same inequality holds with M substituted by 
—M,, since the process Ha remains unaltered. Thus 

PP (M; >Z,H?<L)< 2e4>a{x)L-Xz (5.17) 

forr each A > 0. As is well-known from convex analysis, the choice A = 
logg (1 -(- az/L) /a for a > 0 (with A = z/L when a = 0) minimizes the right-
handd side and yields the desired inequality (5.14). D 
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Thee following corollary of theorem 5.2.2 gives a number of known in­
equalitiess that follow from the inequality (5.14). Assertion (i) of the corollary 
iss due to Barlow et al. (1986). The second assertion is the so-called Fuk-
Nagaevv inequality. See Courbot (1998), where the relationship is discussed 
withh the original paper by Fuk and Nagaev (1971), as well as with papers by 
Haeuslerr (1984) and Kubilius and Memin (1994). The last assertion is the 
well-knownn exponential inequality for local martingales with bounded jumps, 
seee Shorack and Wellner (1986). 

Corollar yy 5.2.3. Let M be a locally square integrable martingale and let r 
bebe a unite stopping time. 

(i)(i)  For allz,L>0 

PP (M; > z, [M] T + (Md)T <L)<  2e-3T, 

wherewhere Md = M — Mc is the purely discontinuous part of M. 

(ii)(ii)  For all a > 0 and z,L>0 

11 z2 . /az\ 

P(M;P(M; >Z)< 2e-aT*(T) + P{{M)T > L) + P ( |AM|; > a), 

wherewhere ip is given by (5.2). 

(in)(in) If | AM | < a, then for all z, L > 0 we have 
11 z2 ,raz\ 

P{M;P{M;  > z,(M)T <L)<  2e-2inr), 
wherewhere ip is given by (5.2). 

Proof.. Assertion (i) follows directly from theorem 5.2.2 upon the substitu­
tionn a — 0. To prove (ii) and (iii) , write Ha = Ia + (M), where 

/(
fll = ^ (AM s)

2 l ( | A M 8 |> f l } . (5.18) 

Clearlyy it holds that 

P(M;; > z, (M)T <L)<  P{M; >Z,H?<L) + P{I? > o) 
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forr all a > 0. By theorem 5.2.2, the first probability on the right-hand side 
iss bounded by 2 e x p ( - |̂  ( ^ ) ). For the second probability, observe that 
att any instant t > 0 the sum in (5.18) is positive if and only if at least one 
jumpp took place that exceeded a in absolute value, so 

P(I?P(I? > 0) = P( |AM|; > a). 

Wee get 

P{M;P{M;  > z, {M)T <L)<  2 e - 2 T n r) + P ( | A M |; > a) 

forr all a > 0. This yields the inequalities (ii) and (iii) . D 

Thee last result in this section, inequality (5.20), may be regarded as an 
asymptoticc Bernstein inequality. If M is a continuous local martingale, then 
inequalityy (iii ) of corollary 5.2.3 implies that for every finite stopping time r 
andd for all z, L > 0 we have 

PP {M; > z, (M)T <L)<  2e_5T 

(cf.. also theorem 1.2.1). Corollary 5.2.4 states that if a sequence of local mar­
tingaless is asymptotically continuous, then this inequality holds in the limit . 
Thee asymptotic continuity of the sequence of locally square integrable mar­
tingaless is expressed as usual in the form of the Lindeberg condition (5.19). 
Wee are going to deal with a sequence of locally square integrable martingales 
M n,, each martingale defined on its own stochastic basis. Therefore all its 
characteristicss and associated processes will be indexed by n as well. 

Corollar yy 5.2.4. Let Mn be a sequence of locally square integrable martin­
galesgales with predictable characteristics vn. Suppose that for a certain sequence 
ofof stopping times rn it holds that 

xx22ll {lx>£}{lx>£}  * < ^ 0 (5.19) 

forfor all e > 0. Then 

limsupp Pn (M £ > z, (Mn)Tn < L) < 2e"2T (5.20) 
n—»oo o 

forfor all z,L>0. 
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Proof.. Obviously, we can bound the probability in (5.20) from above by the 
summ Pn(M^* > z,H™ < K + L) + P " ^ > K) f o r e v e rv e,K > 0 (the 
processess Hna and I™ are again given by (5.10) and (5.18)). By theorem 
5.2.22 the first term does not exceed 2exp{-z2/2((ez/3) + L + K)} (to see 
thiss substitute a and L in (5.14) by £ and K + L respectively, and then 
takee into consideration the second inequality in (5.1)), while the second term 
vanishess as n —* oo by (5.19) and the Lenglart inequality (see e.g. Jacod and 
Shiryaevv (1987), lemma 1.3.30). Hence 

11 z2 

limsupp Pn (M% > z, (Mn)Tn <L)<2e 2<«/3)+L+*. 
n—>oo o 

forr every e, K > 0. The proof is completed by letting e j 0 and K [ 0. D 

5.33 An inequality under  an exponential moment 
condition n 

Thee only inequality in the preceding section that involved a predictable sec­
ondd order process is the one for local martingales with bounded jumps (see 
statementt (iii ) of corollary 5.2.3). The following inequality also involves a 
predictablee process, and requires only an exponential moment condition on 
thee jumps. An inequality closely related to theorem 5.3.1 was recently given 
byy Courbot (1998). For the special cases of discrete-time martingales and 
compensatedd point processes, similar results were obtained by Van de Geer 
(1995)) and Nishiyama (2000). 

Theoremm 5.3.1. Let M be local martingale with third predictable charac­
teristicteristic v. Suppose that there exists a positive constant a > 0 such that for 
allt>0 allt>0 

<j>(\x\/a)<j>(\x\/a)  * vt < oo a.s., (5.21) 

withwith 4> as in (5.4), and define the nondecreasing predictable process H = 
(M(Mcc)) + 2a2<p(\x\/o) * v. Then at each unite stopping time r 

PP (Af; > z, HT < L) < 2 e " 2 r̂ (5.22) 

forfor all z,L > 0. 



96 6 ExponentialExponential inequalities 

Proof.. For every A > 0 and i 6 t w e have 

0(Az)<£««A"M^ . . 
71! ! 

n>2 2 

Sincee {\x\/a)n/n\ < <f>(\x\/a) for n > 2, it follows that for A G (0,1/a) 

0(Ax)) < ( £ > A n ) 0(|x|/a) = 2aV«(A)</>(MA0, (5.23) 
,n>2 2 

wheree ipa(\) = A2/(2 — 2aA). Now fix A € (0,1/a) for the moment. Apply 
theoremm 5.1.2 with ƒ = 0 and use (5.23) and (5.21) to see that exp(AM — 
|A22 (Mc) — 4>{\x) * i/) is a supermartingale. By (5.23) and the fact that 

)) > A2/2, the difference {\\2 (Mc) + <fi(\x) *v)- ipa(X)H is a decreasing 
process.. Consequently, exp(AM — ipa(X)H) is a supermartingale for every 
AA G (0,1/a). Now argue as in the proof of theorem 5.2.2 to find that 

P{M;P{M;  >Z,HT<L)<  2e^a{x)L-Xz 

forr every A € (0,1/a). Finally, choose 

AA ^ z/L 
11 + zfaL 

too arrive at the desired inequality. D 

5.44 An inequality for  conditionally symmetric 
martingales s 

Itt is said that a local martingale is conditionally symmetric if its third pre­
dictablee characteristic v is such that for all f-integrable functions ƒ, it holds 
that t 

f(x)f(x) * v = f{-x) * v. 

Thiss notion occurs usually in the discrete time setup, in particular within the 
theoryy of decoupling (see De la Pena and Giné (1999) or De la Pena (1999)). 
Thee following theorem is an extension of a discrete-time result of De la Pena 
(1999). . 
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Theoremm 5.4.1. Let M be a locally square integrable and conditionally 
symmetricsymmetric martingale. Then at each finite stopping time r 

PP (MT*  > z, [M] T <L)<  2e-\*L (5.24) 

forfor all z,L>0. 

Proof.. First we apply theorem 5.1.2 with f{x) = \x2. It follows from the 
locall  square integrability of M that the conditions (5.7) are satisfied for every 
AA G R. The process H(X) defined in the statement of theorem 5.1.2 is in this 
casee equal to 

H(\)H(\) = \\2[M]  + (ex*-\* x2 - l\ * v. 

Takingg the conditional symmetry into consideration, we see that 

// Ax-§ W _1\^u= (e-\**
2

 COsh(\x) - 1J * v. 

Sincee coshx < exp(j:2/2) for all i G E , this process is decreasing. It follows 
thatt for every A 6 R, the process exp(AM - |A2[M] ) is a supermartingale, 
sincee it is the product of the supermartingale exp(AM-#(A)) and a decreas­
ingg process. Now apply the same arguments as in the proof of theorem 5.2.2 
too find that x 

P{M;P{M;  > : , [M] T <L)<  2e2x2L~Xz 

forr all A e R. To complete the proof, choose the A that minimizes the 
right-handd side. ^ 
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AA central limi t theorem 

Inn chapter 1 we proved central limit theorems for continuous local martin­
galess by means of the Dambis-Dubins-Schwarz time-change theorem. In the 
presentt chapter we deal with martingales that may have jumps. The Dambis-
Dubins-Schwarzz theorem can not be used in this situation, since it holds only 
forr martingales with continuous paths. Instead we use a general version of 
Skorohod'ss embedding theorem, developed in the papers by Monroe (1972), 
Kubiliuss (1985) and Coquet et al. (1994). 

Thee usual approach to martingale central limit theorems uses character­
isticc function-type methods or rather the 'method of stochastic exponentials' 
(seee Hall and Heyde (1980), Liptser and Shiryayev (1989), Feigin (1985), 
Jacodd and Shiryaev (1987)). In the literature on central limit theory, the 
Skorohodd embedding theorem has primarily been used to investigate the rate 
off  convergence of the (functional) central limit theorem for martingales (see 
Halll  and Heyde (1980), Kubilius (1985), Coquet et al. (1994) and Courbot 
(1998)). . 

Iff  the martingale M can written as a time-changed Brownian motion, 
sayy Mt = Wn, then the main difficulty is to relate the time change r to 
thee characteristics of the martingale. For continuous martingales this is no 
problem,, because the Dambis-Dubins-Schwarz theorem gives an embedding 
forr which rt = {M)t. For martingales with jumps however, the Skorohod 
embeddingg theorem only gives an embedding for which the difference [M]  — r 
iss a martingale (see theorem 6.1.1). In the particular setup of this chapter 
wee can control the martingale [M]  - r and the embedding technique yields 
aa short and elegant proof of the central limit theorem. 
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6.11 The Skorohod embedding theorem 

Beforee we state the result we introduce some terminology. If M is a cadlag 
stochasticc process, we can view M as a random element of the space D[Q, oo) 
off  cadlag functions on [0, oo), endowed with the Skorohod topology (see e.g. 
Jacodd and Shiryaev (1987), chapter VI) . If X is another random element on 
thee same probability space, with values in some Polish space X, then we say 
thatt X is measurable with respect to M if we can write X = 4>(M), where 
(j)(j) :: D[0, oo) — X is a map that is measurable with respect to the respective 
Borel-cr-algebras. . 

Thee classical Skorohod embedding theorem asserts that any random 
walkk with steps that have zero mean and finite variance can be embedded in 
aa Brownian motion (see for instance Billingsley (1995), section 37). In this 
chapterr we will use the following extension of that fact. 

Theoremm 6.1.1. On a filtered probability space (H, T,W,P), let M be a 
squaresquare integrable martingale and let X be a random element that takes 
valuesvalues in a Polish space X and that is measurable with respect to M. Then 
therethere exists a filtered probability space (£}',ƒ"', F',P') supporting a square 
integrableintegrable martingale M', an X-valued random element X' and a cadlag, 
adapted,adapted, increasing process r = (n)t>0 with the following properties: 

(i)(i)  £((M, [M],X)  | P) = C((M\ [MIX')  | P>). 

(ii)(ii)  M[ = Wn, where W is a process on (ü',Jr\Pf) that is a Brownian 
motionmotion with respect to its natural filtration. 

(in)(in) [AT] -r is a martingale. 

(iv)(iv) If Esups< t \MS\
4 < oo for all t>0, then the process 

( ££ (4(AM34 - (Ars)
2) 

\s<t \s<t 

isis a submartingale. 

Proof.. We refer to Monroe (1972), Kubilius (1985) and Coquet et al. (1994) 
forr the explicit construction and the proof of the properties (i)-(iv). A differ­
encee between theorem 6.1.1 and the embedding theorem presented in Coquet 

*>>n *>>n 
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ett al. (1994) is that we also 'copy' a random element X to the new probability 
space.. Since X is M-measurable, we have X = <j>(M)  for some measurable 
mapp <j>.  Then clearly, the random element X' = <f>(M')  has all desired prop­
erties.. '-' 

Thee Skorohod embedding theorem is different from the Dambis-Dubins-
Schwarzz theorem in a number of ways. An important difference is that we 
doo not have a useful relation between the filtration of the martingale and the 
filtrationn of the corresponding Brownian motion. In particular, we do not 
havee the property that nested martingales correspond to nested Brownian 
motionss in general. As a result, we can not use the Skorohod embedding 
too prove the analogue of lemma 1.4.2 for martingales with jumps. Despite 
thiss drawback, the embedding technique can be used to prove a central limit 
theoremm for a normalized, one-dimensional martingale with jumps. 

6.22 A central limi t theorem 

Thee following theorem is the main result of this chapter. 

Theoremm 6.2.1. Let M be a locally square integrable martingale. Suppose 
thatthat (kt)t>o is a collection of positive numbers increasing to infinity such that 
forfor some nonnegative random variable rj 

!Mli-^„ ,, 4rSup|AMs|-^0 (6.1) 
ktkt ykt s<t 

asas t — oo. Then for any M-measurable random element X defined on the 
samesame probability space as M with values in an arbitrary Polish space X, we 
havehave the weak convergence {MtlyfkuX) =» (y/rjZyX) in RxX, where Z is 
aa standard normal random variable that is independent of (rj, X). 

Thee proof of the theorem is split into two parts, see subsections 6.2.1 and 
6.2.22 below. In the first part, we work under the additional assumption that 
MM is a martingale satisfying condition (6.2). This allows us to use statement 
(iv)) of theorem 6.1.1. In the second part we provide the arguments that allow 
uss to remove the extra condition (6.2). 
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6.2.11 Proof of theorem 6.2.1, step 1 

Inn addition to the conditions of the theorem, we assume for the moment that 

£sup|Ms|
44 < oo (6.2) 

s<t s<t 

forr all t > 0. This extra moment condition will be removed in the next 
subsection.. Denote by (AT, r/, X') the 'copy' of (M, r?, X) on the filtered 
probabilityy space (Q', P,¥,P') constructed in theorem 6.1.1. Part (ii) of 
theoremm 6.1.1 states that M't = WTt, where W is a Brownian motion, and 
therefore e 

-JzK-JzK = w'Ti/ki, 
wheree Wl is the rescaled Brownian motion given by W\ — WktS/y/kf To show 
thatt Mt/y/h has a weak limit , we therefore need to control the quantity rt/kt 

ass t —> 00. 
Byy part (i) of theorem 6.1.1 we have the relation £((M', [M'j , 77') | P') = 

£((M,£((M, \M},rj)  I P) so it follows from (6.1) that 

y&Zrf,y&Zrf,  -j= sup |AMi | i ! no . (6.3) 
KKtt VKt 3<t 

Lett us show that (6.3) implies the convergence 

TtTt P'  / 

ii -*  ̂  (6-4) 
Considerr the martingale Z = [M'j - r (cf. part (iii ) of theorem 6.1.1). 

Clearly,, it suffices to show that 
Z*Z*  P' 

Observee that 
AZAZtt = A[M'] t - Art = (AM/) 2 - Art. 

Soo for the quadratic variation of Z we have 

[Z\[Z\ tt = £ ( A Z . ) 2 = £ ( ( A A ^ ) 2 - AT , ) 2 < 2^ ( (AM 5 ' ) 4 + (Ars)
2). 

s<ts<t S<t s<t 

Usingg the fact that Z2 - [Z]  is a martingale we thus find that Z2 is Lenglart 
dominatedd by the process 2£S<.((AM;) 4 + (Ars)

2). In view of assump­
tionn (6.2) we may conclude from part (iv) of theorem 6.1.1 that the process 
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£a <. (Ar 5)22 is Lenglart dominated by 4£3<.(AM a)
4. It follows that Z2 is 

Lenglartt dominated by 10£S<.(AM^) 4. So DY Lenglart's inequality (see e.g. 
Jacodd and Shiryaev (1987), lemma 1.3.30) we have 

PP11 (Z? > e) < i L + lOE'sup(&M'A + P' h o £ ( A Ms) 4 > rjJ (6.6) 

forr all e,rj,t> 0. For given \,n,t> 0, take £ = Afc2 and 77 = /2/c2 in (6.6) to 
findfind that 

+p,( io l?(i^H 2^) --
Hencee it follows from (6.3) that we indeed have (6.5), which completes the 
prooff  of (6.4). 

Noww that (6.4) has been established, we can finish this part of the proof 
off  theorem 6.2.1. It follows from corollary 1.3.2 and (6.4) that we have the 
weakk convergence 

(WSrt / k ,X ' )) =»(£ , ! / , * ') (6.7) 

i n C [ 0 , o o ) x l x ^,, where B is a Brownian motion that is independent of 
{rf,X').{rf,X'). Deftnethemap <f>:  C[0,(X))xRxX ^RxX by <f>(f,t,x) = (f(t)tx). 
Thiss map is continuous, so by part (ii) of theorem 6.1.1 and the continuous 
mappingg theorem 

{M'Jy/h.X'){M'Jy/h.X') = cf>(W\rt/kt,X') =*  0(B,t/,X') = ( ^ , X ' ) . 

inn R x X. Using part (i) of theorem 6.1.1 and noting that (BV>,X') has 
thee same law as (^/rjZ,X), where Z is a standard normal random variable 
thatt is independent of (77, X) we find that we indeed have the desired weak 
convergencee of (M/y/Ft,X). So under the additional assumption that (6.2) 
holdss for alH > 0, we have proved theorem 6.2.1. 
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6.2.22 Proof of theorem 6.2.1, step 2 

Inn this subsection the moment condition (6.2) is removed. Consider the 
stoppingg times 

TTnn = M{t:  Mt > ny/kt}. 

Clearly,, 7\ < T2 < . Moreover, since the constants kt are positive we have 
forr every T > 0 

P(TP(Tnn <T)< P{^M*T > n) - 0 

ass n —  oo. In other words, Tn -> oo in probability (and therefore also almost 
surely,, since (Tn) is increasing). Hence, we can find a collection (n()(>0 of 
positivee integers that increase to infinity such that 

P(TP(Tntnt <t)^0 (6.8) 

ass t —> oo. Define the process N and the filtration G = (Qt)t>o by putting 

NNtt = MTntAU Qt=Jr
TntAt 

forr all t > 0. Then it follows from the optional sampling theorem (see e.g. 
Liptserr and Shiryayev (1989), theorem 1.4.1) that N is a martingale with 
respectt to G and that 

mm = [M] TntAt. 

Noww observe that (6.1) implies that 

^ - ^^ ^ = s u p | A i Vs | - ^ 0. (6.9) 
KKtt \/kt s<t 

Indeed,, simply note that for all e > 0 

[M][M] tt [N] 

ktkt kt 
>e)<>e)<  P(Tnt <t)-+0 

ass t -  oo, which yields the first relation in (6.9). The second one follows 
immediatelyy from the fact that s u p^ |AJVa| < sups<f |AMS|. Also note that 
byy definition of the stopping times Tn, it holds that 

NNtt = M} At < nty/kt + |AMT At| < nty/k't + sup\AMs\. 
s<t s<t 

Inn particular, by the second condition in (6.1), we have 

£sup|iVa|
44 < oo 

3<t 3<t 
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forr all t > 0. We may thus conclude from the preceding subsection that 
(Nt/y/Ft,(Nt/y/Ft, X) =J> (y/rjZ,X) in R x X, where Z is a standard normal random 
variablee that is independent of {r),X). Using (6.8) again we see thatt the dif­
ferencee Nt/y/kt — Mt/y/kt converges to 0 in probability as t —» oo. Therefore, 
{M{M ttf\fkt,X)f\fkt,X) has the same weak limit as (Ntjy/kt,X). This concludes the 
prooff  of theorem 6.2.1. 
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Summary y 

Inn this thesis we study diffusion processes and martingales. Diffusions are 
usedd in many branches of applied stochastics. The basic example is the 
Browniann motion process, which models the irregular movements of pollen 
grainss suspended in water. Other classical examples are the Ornstein-
Uhlenbeckk process and the Wright-Fisher model that are used in physics and 
genetics,, respectively. Since Black and Scholes (1973) and Merton (1973) 
didd their important work on the pricing and hedging of options, diffusion 
processess and stochastic differential equations also play an important role in 
mathematicall  finance. They are used to model all kinds of financial phenom­
ena,, such as stock prices, exchange rates and interest rates. 

Theree exists already a vast amount of literature on statistical inference 
forr diffusion processes. It is a field of research that still expands rapidly, for a 
largee part motivated by applications in mathematical finance. Compared to 
otherr branches of statistical theory, statistics for diffusion processes is still a 
relativelyy young area. As a result, there are a lot of questions that still have 
too be answered. In this thesis we focus in particular on problems related to 
thee asymptotic behaviour of statistical procedures for diffusions. We develop 
neww limit theory for diffusion processes and apply this in the asymptotic 
analysiss of various parametric and nonparametric estimators. 

Martingaless play an important role in the theory of diffusions and 
stochasticc differential equations. To prove asymptotic statistical results for 
diffusionn processes one has to rely heavily on martingale limit theory. Al­
thoughh this area of probability theory is already very well developed, im­
provementss and extensions are sometimes desirable. A substantial part of 
thee thesis is therefore devoted to the study of martingales. This work is 
motivatedd by the statistical questions sketched above, but the area of appli­
cationss of martingale theory is of course much wider. 

Thee first four chapters deal with continuous martingales and diffusion 
processes.. In chapter 1 on continuous martingales, several well-known results 
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aree improved or extended, including the Bernstein inequality for continuous 
martingaless and the central limit theorem for multivariate, normalized con­
tinuouss local martingales. Moreover, we consider entropy methods for con­
tinuouss martingales. These tools are applied in chapter 2 when we prove new 
uniformm limit theorems for regular diffusion processes. In chapter 3 the limit 
theoryy developed in the first two chapters is put to use in the study of kernel 
estimatorss for regular diffusions. The asymptotic properties of estimators for 
thee invariant density and its derivatives are investigated. We consider uni­
formm convergence, rates of convergence and asymptotic distributions. Chap­
terr 4 treats diffusions that are generated by stochastic differential equations. 
Severall  aspects of the problem of drift estimation are studied, both from a 
parametricc as a from a nonparametric point of view. 

Inn chapters 5 and 6 we step into the realm of martingales with jumps, 
extendingg some of the material of chapter 1. The work in chapter 5 is mainly 
aimedd at unifying a number of different Bernstein-type inequalities that can 
bee found in the literature. We show that they can be viewed as special cases 
off  a more general result. In the final chapter 6 we use a general version 
off  Skorohod's embedding theorem to give a short proof of a central limit 
theoremm for martingales with jumps. 



Samenvatting g 

Martingale nn en diffusies 
limiett  theorie en statistiek 

Inn dit proefschrift bestuderen we diffusieprocessen en martingalen. Diffusies 
wordenn in vele takken van de toegepaste stochastiek gebruikt. Het funda­
mentelee voorbeeld is de Brownse beweging, die de onregelmatige bewegingen 
vann stuifmeel deeltjes in water modelleert. Andere klassieke voorbeelden 
vann diffusieprocessen in de natuurkunde en de genetica zijn het Ornstein-
Uhlenbeckk proces en het Wright-Fisher proces. Sinds het werk van Black en 
Scholess (1973) en Merton (1973) op het gebied van het prijzen en 'hedgen' 
vann opties, spelen diffusieprocessen en stochastische differentiaalvergelijkin­
genn ook een belangrijke rol in de financiële wiskunde. Ze worden gebruikt 
omm allerlei financiële tijdreeksen te modelleren, zoals aandelenprijzen, wis­
selkoersenn en rentestanden. 

Err bestaat al een enorme hoeveelheid literatuur over statistiek voor 
diffusieprocessen.. Het is een onderzoeksgebied dat nog steeds snel groeit, in 
belangrijkee mate gemotiveerd door toepassingen in de financiële wiskunde. 
Vergelekenn met andere deelgebieden van de statistiek is de statistiek voor 
diffusieprocessenn nog steeds relatief jong. Er zijn dan ook veel vragen die 
nogg beantwoord moeten worden. In dit proefschrift richten we ons in het 
bijzonderr op problemen die verband houden met het asymptotisch gedrag van 
statistischee procedures voor diffusies. We ontwikkelen nieuwe limiet theorie 
voorr diffusieprocessen en passen die toe in de asymptotische analyse van 
verschillendee parametrische en niet-parametrische schatters. 

Martingalenn spelen een belangrijke rol in de theorie van diffusies en 
stochastischee differentiaalvergelijkingen. Limietstellingen voor martingalen 
zijnn onmisbaar voor het bewijzen van asymptotische statistische resultaten. 
Martingaaltheoriee is een onderdeel van de kansrekening dat al zeer ver ont­
wikkeldd is, maar soms zijn aanvullingen of uitbreidingen toch wenselijk. Een 
aanzienlijkk deel van het proefschrift is daarom gewijd aan martingalen. Dit 
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werkk is steeds gemotiveerd door de statistische kwesties die hierboven zijn 
geschetst,, maar het toepassingsgebied van martingalen is natuurlijk veel 
groter. . 

Dee eerste vier hoofdstukken behandelen continue martingalen en 
diffusieprocessen.. In hoofdstuk 1 over continue martingalen wordt een aantal 
bekendee resultaten verbeterd of uitgebreid, waaronder de Bernstein ongelijk­
heidd voor continue martingalen en de centrale limietstelling voor multivari­
ate,, genormaliseerde continue locale martingalen. Verder beschouwen we 
entropiee methoden voor continue martingalen. Dit materiaal wordt ge­
bruiktt in hoofdstuk 2 om nieuwe uniforme limietstellingen voor reguliere 
diffusieprocessenn te bewijzen. In hoofdstuk 3 wordt de limiet theorie van 
dee eerste twee hoofdstukken gebruikt om kernschatters voor reguliere dif­
fusiess te bestuderen. De asymptotische eigenschappen van schatters voor de 
invariantee dichtheid en zijn afgeleiden worden onderzocht. We beschouwen 
uniformee convergentie, convergentiesnelheden en asymptotische verdelingen. 
Hoofdstukk 4 behandelt diffusies die worden gegenereerd door stochastische 
differentiaalvergelijkingen.. Verschillende aspecten van het probleem van het 
schattenn van de drift functie worden onderzocht, zowel vanuit parametrisch 
alss vanuit niet-parametrisch gezichtspunt. 

Inn hoofdstukken 5 en 6 verplaatsen we ons naar de wereld van de martin­
galenn met sprongen. Een aantal resultaten uit hoofdstuk 1 wordt verder 
uitgebreid.. Het werk in hoofdstuk 5 is gericht op het samenbrengen van een 
aantall  verschillende Bernstein-achtige ongelijkheden uit de literatuur. We 
latenn zien dat die opgevat kunnen worden als speciale gevallen van een meer 
algemeenn resultaat. In het afsluitende hoofdstuk 6 gebruiken we een algemene 
versiee van Skorohod's inbeddingsstelling om een kort bewijs te geven van een 
centralee limietstelling voor martingalen met sprongen. 












