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Introduction

In this thesis we study diffusion processes and martingales. Diffusions are
used in many branches of applied stochastics. The basic example is the
Brownian motion process, which models the irregular movements of pollen
suspended in water. Other classical examples are the Ornstein-Uhlenbeck
process and the Wright-Fisher model that are used in physics and genetics,
respectively. Since Black and Scholes (1973) and Merton (1973) did their
important work on the pricing and hedging of options, diffusion processes and
stochastic differential equations also play an important role in mathematical
finance. They are used to model all kinds of financial phenomena, such as
stock prices, exchange rates and interest rates.

There exists already a vast amount of literature on statistical inference
for diffusion processes. It is a field of research that still expands rapidly, for
a large part motivated by applications in mathematical finance. A partial
overview of recently developed methods can be found in the paper Dzha-
paridze et al. (2000). Compared to other branches of statistical theory, statis-
tics for diffusion processes is still a relatively young area. As a result, there
are a lot of questions that still have to be answered. In this thesis we focus
in particular on problems related to the asymptotic behaviour of statistical
procedures for diffusions. We will develop new limit theory for diffusion pro-
cesses and apply this in the asymptotic analysis of various parametric and
nonparametric estimators.

Martingales play an important role in the theory of diffusions and
stochastic differential equations. To prove asymptotic statistical results for
diffusion processes one has to rely heavily on martingale limit theory. Al-
though this area of probability theory is already very well developed, im-
provements and extensions are sometimes necessary. A substantial part of
this dissertation is therefore devoted to the study of martingales. This work
is motivated by the statistical questions sketched above, but the area of ap-
plications of martingale theory is of course much wider.



2 Introduction

The thesis is divided into two parts. Part I deals with continuous mar-
tingales and diffusions, the second part is concerned with cadlag martingales
(martingales with sample paths that are right continuous and that have lim-
its from the left). The parts can be read independently. The remainder of
this introduction gives a brief overview of the presented results.

Overview of Part 1

The first chapter deals with continuous local martingales. The material in
this chapter is applied throughout part I of the thesis. We start by recalling
a fundamental result in the theory of continuous martingales: the Dambis-
Dubins-Schwarz theorem. This theorem states that each continuous local
martingale is in fact a time-changed Brownian motion. The result can be
used to reduce all kinds of questions regarding continuous local martingales
to questions concerning Brownian motion. We use the time-change theorem
to improve a number of well-known results. We first provide an extension
of the classical Bernstein inequality for continuous martingales. Later in the
chapter, this inequality will be used as the starting point in our treatment of
entropy methods for continuous martingales. The Dambis-Dubins-Schwarz
theorem is also used to relax the conditions of the central limit theorem for
multivariate, normalized martingales given by Kiichler and Sgrensen (1999).
An important step in the proof of this central limit theorem is a result
on so-called nested Brownian motions that is of independent interest. If W
is a standard Brownian motion and a,, is a sequence of positive numbers that
increase to infinity, then the scaling property of Brownian motion implies that
the processes W defined by W* = W,,,//a, are again Brownian motions.
The sequence W™ is a typical example of the nested sequences that we will
consider. It turns out that such nested Brownian motions are asymptotically
independent of any other random element on the same probability space.
This result will allow us to prove the central limit theorem for normalized
continuous martingales, by embedding them in nested Brownian motions.
Chapter 1 is closed with a treatment of entropy methods for continuous
martingales. In particular, we give a bound on the modulus of continuity
of an indexed family of continuous martingales in terms of the entropy of
the index set. In chapter 2 we use this result to prove the uniform weak
convergence of certain families of martingales. Entropy methods for con-
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tinuous martingales have recently been studied systematically by Nishiyama
(1997, 1999, 2000). We give new proofs of his results, relying on general re-
sults on sub-Gaussian random maps taken from Van der Vaart and Wellner
(1996). This approach is simpler and therefore more transparent than the
direct arguments of Nishiyama.

Chapter 2 is devoted to limit theory for one-dimensional, regular diffu-
sion processes. We consider a regular diffusion X whose speed measure m
has finite total mass on the state space of the diffusion. It is well-known that
for such processes, the empirical measures y;, defined by

u(B) = 7 / 15(X,) du,

are absolutely continuous with respect to the normalized speed measure p.
The random density p; = du/dp is the main object of investigation. To
study the asymptotic properties of this density we rely again on time-change
arguments. Indeed, a central result in diffusion theory states that a regular
diffusion X in natural scale is a time-changed Brownian motion. It holds
that X; = W,,, where W is a Brownian motion and the time-change 7,
is determined by the speed measure. This result is closely related to the
Dambis-Dubins-Schwarz theorem for continuous martingales.

The first new theorem states that 7,/t> converges in distribution as
t — oo. Once this has been established, various ‘laws of large numbers’ for
the random density p; can be proved. In particular, we prove a weak law
of large numbers, assuming nothing more than the finiteness of the speed
measure. An interesting consequence of this result is the fact that a regular
diffusion with finite speed measure is necessarily recurrent. It seems that
this basic fact has not been explicitly noted before in the literature, at least
not for general regular diffusions.

If v is a signed measure with finite total variation on the state space,
we prove that

/h%—UdVHO

in probability. The attention is then turned to the corresponding uniform
central limit problem. We consider a (possibly infinite) collection A of signed
measures on the state space and give conditions that imply weak convergence
of the random maps

yHﬁ/m*n@
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in the space £>°(A) of bounded functions on A. The most important require-
ment is a metric entropy condition. This is a mathematical formulation of
the intuitively obvious fact that the collection A should not be ‘too large’ if
we want to have uniform convergence on A. Nishiyama’s entropy methods
for continuous martingales play a key role in the proof of our central limit
theorem.

Chapter 2 is closed with a section that gives some interesting conse-
quences and special cases of the general results mentioned above. It turns
out for instance that a uniform law of large numbers is valid under a very
mild condition. If F is a class of functions on the state space and F has a
p~integrable envelope, then it holds that

U pxdu— [ faul o
] [

in (outer) probability. Note that the stated requirement on the class F is
much weaker than the conditions that are needed for the i.i.d. counterpart of
this result (see for instance Van der Vaart and Wellner (1996)). For certain
special classes of diffusions, a number of uniform limit theorems was recently
given by Kutoyants (1998) and Negri (1998). We extend these results to the
more general setting of regular diffusions.

In chapter 3 we use the limit theory of the first two chapters to study
nonparametric estimators for regular diffusions. We consider a stationary,
regular diffusion X with finite speed measure. The normalized speed measure
( is then the marginal distribution of the process. It is assumed that g has a
density f and the objective is to estimate f and its derivatives f™ (if they
exist), based on the observation of a sample path (X,)u<;. The standard
kernel estimator for f is defined by

R 1 [t z— X,
ft,h(x) = m/o K( B ) du,

where K is some appropriate kernel function and the parameter h > 0 is the
bandwidth. Obvious estimators for the derivatives f(™) of f are obtained by
differentiating this expression. If the kernel K has an m-th derivative K™

we put.
t
A(m) _ 1 (m) T — Xu
th (L) = hm“t/o K ( - du.

These kernel estimators have been studied by several authors. The cases
m = 0 and m = 1 were first considered by Banon (1978). In Banon’s

sup
feF
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paper, conditions are given for pointwise mean-square consistency. For m =
0, uniform consistency was proved by Nguyen (1979). Kutoyants (1998)
recently studied the kernel estimator for the density f for a special class of
diffusions generated by stochastic differential equations. He proved pointwise
consistency, asymptotic normality with rate v/ and asymptotic efficiency.
Note that the rate is independent of the bandwidth, so the situation is quite
different from the i.i.d. setting.

We further investigate the asymptotic properties of the kernel estimators
and obtain a number of new results. Firstly, the asymptotic normality for
m = 0 turns out to hold uniformly in z. More precisely, for every compact
subinterval J of the state space we have weak convergence

\/i(ft,ht -fi=H

in the space C(J) of continuous functions on J, where H is a Gaussian
random map in C(J). The estimator of the m-th derivative f(™ of f is also
uniformly consistent, but its asymptotic distributional properties are quite
different. Under some conditions on the bandwidths, we show that

Fm) N _ p(m) - 1 )
SUD | fo b ()-f (x)| op (h;,l 7

for every compact subinterval J of the state space. Clearly, this does not yet
give the exact rate of the estimator, it only implies that it must be faster
than h{"\/f. The exact rate turns out to be 4/ th:™!, but the convergence is
not uniform at this rate. Instead we prove that for different z, the normalized

differences
VR (5 (@) — £ (z))

converge weakly to independent Gaussian random variables.

Solutions of stochastic differential equation are probably the most im-
portant examples of diffusions. In the chapter 4 we study the problem of
drift estimation for such processes. We first consider the parametric model

dX, = be(X:) dt + o(X.) AW,

where @ ranges over a subset 8 of Euclidean space. The classical estimator
for the true parameter in this model is the maximum likelihood estimator.
The maximum likelihood method for nonlinear diffusion models has been
studied by many authors, see for instance Kutoyants (1977), Lanska (1979),
Prakasa Rao and Rubin (1981), Basu (1983), Kutoyants (1984), Yoshida
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(1990) and Prakasa Rao (1999). It turned out to be quite difficult to derive
the asymptotic properties of the maximum likelihood estimator under rea-
sonable regularity conditions. In particular, most authors needed conditions
that depend on the dimension of the parameter space ©. In the first part of
this chapter we show that this is not necessary. Using uniform limit theo-
rems from chapters 1 and 2, the continuity of the likelihood and consistency
of the estimator are proved under a Holder condition that is independent of
the dimension of the parameter space. In other branches of statistics the
application of entropy methods lead to a better understanding of asymptotic
behaviour, see for instance Van de Geer (1995) and Nishiyama (1999). Our
results in the first part of chapter 4 show that this approach is also very
useful in asymptotic statistics for diffusions.

In the second part of the chapter 4 we study a nonparametric drift esti-
mator that was proposed by Banon (1978). Under some technical conditions,
the drift function b and the diffusion function o are related to the density f
of the speed measure and its derivative f’ by the equation

!
b(z) = %02(3:)% + o(z)o' ().

The drift estimator Bt,h that Banon proposed is obtained by simply plugging
in the kernel estimators for f and f’ that are studied in chapter 3. Banon only
proved that this estimator is pointwise consistent. Using the delta-method it
is relatively easy to derive additional asymptotic properties from the results
of chapter 3. We prove that the estimator is uniformly consistent, that the
exact rate of convergence is v/th; and that for different z, the normalized
differences

V/the(bep () = b(x))

converge weakly to independent Gaussian random variables.

Overview of Part 11

In the chapter 5 we study Bernstein-type inequalities for martingales with
jumps. Such inequalities have many applications in probability and statistics.
See for instance Shorack and Wellner (1986) and Van de Geer (1995) for
applications in empirical process theory for i.i.d. and dependent data. Other
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applications include the study of the rate of convergence in the functional
central limit theorem for martingales (see Coquet et al. (1994) and Courbot
(1998)) and the theory of decoupling (see De la Pefia and Giné (1999) and
De la Pefia (1999)).

The work presented in chapter 5 unifies a number of different known
inequalities. The Bernstein inequality for martingales with bounded jumps
states that if the jumps of the local martingale M are bounded in absolute
value by a constant a > 0, then for every finite stopping time 7 it holds that

1_22
P (sup|Mt| >z, (M), < L) < 2¢ 2L+az3

t<t

for every z, L > 0. On the other hand, Barlow et al. (1986) proved that if M
is locally square integrable (not necessarily with bounded jumps) then

P (sup M| >z, (M), + ) (AM)* < L) <2e73%
t<r

t<r

for every z, L > 0. Both inequalities may be applied if M is a local martingale
with bounded jumps, but the results are clearly different.

It turns out however that the two inequalities can be viewed as extreme
cases of a more general result. If M is locally square integrable martingale
and a > 0, we can consider the process

Hta - Z (AM5)2 1{IAM3|>a} + <M>t .

s<t
We prove in chapter 5 that for every finite stopping time 7 it holds that

1 22

P (sup [M;| > 2, H? < L) < 2¢ 2L+az/3
t>T

for every a,z,L > 0. The inequality for martingales with bounded jumps
is then obtained if we choose a such that |[AM| < a. If we take a = 0
the result reduces to the inequality of Barlow et al. (1986). The method we
use in the proof of our general inequality can be used to prove several other
useful exponential inequalities for general martingales. To illustrate this, we
extend results of Van de Geer (1995) and Nishiyama (2000) for martingales
that satisfy an ‘exponential moment condition’ and a result of De la Pena
(1999) for conditionally symmetric martingales.
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In the final chapter 6, a central limit theorem for martingales with jumps
is presented. In chapter 1 the central limit theorem for continuous martin-
gales is proved by using the Dambis-Dubins-Schwarz time-change theorem.
If the martingales in question have jumps this method cannot be used. In
chapter 6, we show that it is possible to use another time-change device in
this case. Instead of the Dambis-Dubins-Schwarz theorem, we use a general
version of Skorohod’s embedding theorem to prove a central limit theorem for
normalized martingales with jumps. The usual approach relies on character-
istic function-type methods or rather the ‘method of stochastic exponentials’
(see Hall and Heyde (1980), Liptser and Shiryayev (1989), Feigin (1985),
Jacod and Shiryaev (1987)). In the literature on central limit theory, the
Skorohod embedding theorem has primarily been used to investigate the rate
of convergence of the (functional) central limit theorem for martingales (see
Hall and Heyde (1980), Kubilius (1985), Coquet et al. (1994) and Courbot
(1998)). The embedding technique does not seem suitable to prove central
limit theorems of the same generality as can be done with the characteristic
function methods. However, in the particular setup of chapter 6 it yields a
short and elegant proof of the central limit theorem.



Part 1

Continuous Martingales and
Diffusions







Continuous martingales

In this chapter we study continuous local martingales. There are several ex-
cellent textbooks treating the general theory of continuous semimartingales.
Let us mention in particular the books by Kallenberg (1997), Karatzas and
Shreve (1991), Revuz and Yor (1991) and Rogers and Williams (1987). We
assume that the reader is familiar with the classical theory of continuous
semimartingales that is treated in those textbooks.

The present chapter deals with aspects of martingale theory that are
somewhat less classical. We focus in particular on recently developed re-
sults that have important applications in diffusion theory and in asymptotic
statistics. Examples of applications of the material can be found throughout
part I of this thesis. In part IT we will consider the extension of some of the
results to the realm of martingales with jumps.

1.1 Continuous local martingales

The most important example of a continuous martingale is of course Brown-
ian motion. If W is a Brownian motion and (7;):>0 is an increasing family of
finite stopping times (a so-called time-change) such that the function ¢ — 7, is
almost surely continuous, then the optional sampling theorem shows that the
time-changed Brownian motion M; = W,, is a continuous local martingale
with quadratic variation process (M), = 7,. The well-known Dambis-Dubins-
Schwarz theorem states that the converse is also true: every continuous local
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martingale is in fact a time-changed Brownian motion. The only requirement
is that the underlying probability space is rich enough.

If the latter requirement is not met, the underlying probability space
has to be enlarged. As in Revuz and Yor (1991), we call the filtered prob-
ability space (€, (F,), F, P) an enlargement of the filtered probability space
(Q, (F:), F, P) if there exists a map 7 from Q onto © such that 7~ 1(F,) C F,
for every t and P = Pon~!. A process X defined on 2 may then be viewed
as defined on €2 by putting X(@) = X (w) if (@) = w. With this notion of
enlargement at our disposal we can state the Dambis-Dubins-Schwarz time-
change theorem.

Theorem 1.1.1 (Dambis-Dubins-Schwarz). Let M be a continuous local
martingale on a filtered probability space (Q, F,(F:), P). For every t > 0,
define 7, = inf{s > 0: (M), > t} and G; = F,,. If (M)_ = oo almost
surely, then there exists a (G;)-Brownian motion W such that M; = Wiy,
for all t > 0. If (M), < oo with positive probability, then there exists an
enlargement of (2, F, (G,), P), supporting a Brownian motion W, such that
Mt = W(M)t for all t > 0.

Proof. See for instance Karatzas and Shreve (1991), section 3.4.B or Revuz
and Yor (1991), section V.1. O

The time-change theorem plays an important role in this chapter. It
allows us to reduce a problem concerning general continuous local martingales
to the corresponding problem for Brownian motion.

1.2 An exponential inequality

In this section we present the first application of the Dambis-Dubins-Schwarz
theorem. We prove a Bernstein-type inequality for continuous local martin-
gales. This result will be the starting point of our treatment of entropy
methods for martingales in section 1.5. In chapter 5 we treat Bernstein-type
inequalities for martingales with jumps.

The random time 7 in the statement of theorem 1.2.1 below is arbi-
trary, it is not necessarily a stopping time. This improvement of the classical
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exponential inequality for continuous local martingales is a consequence of
the time-change method. Our line of reasoning is similar to that of Bar-
low et al. (1986), who proved Burkholder-Davis-Gundy-type inequalities for
continuous local martingales at arbitrary random times.

Theorem 1.2.1. Let M be a continuous local martingale and let T be a
nonnegative random variable defined on the same probability space as M.
Then we have
122
P (suplati > =, (1), <L) < 27¥E

t<r

for all z, L > 0.

Proof. By theorem 1.1.1, the underlying probability space can be enlarged
to ensure that there exists a Brownian motion W such that M; = Wy, for
all £ > 0. It then holds that
sup M, =

t<rt
Clearly, this implies that
P (suth >z, (M), < L) <P (supVVt > z) .
t<r t<L

The distribution of the running maximum of Brownian motion is well-known,
see for instance Karatzas and Shreve (1991), section 2.8.A. The random ‘
variable sup,<; W; has density |‘
|
I
|
J

with respect to the Lebesgue measure on R*. Using the Gaussian tail bound

1 ® 1 1
72_—/ 6_2“2du§ %e 27 >0
mJzx

we thus find that

2 % _1z2
P(suthZz) = e 2L dzx

t<L
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Consequently, we have the bound

22
L

=

P(swp 22, (), < L)se
t<r

for all z, L > 0. Since the quadratic variation processes of M and —M are

equal, the same bound holds with —M in the place of M. Combination of

the inequality for M and the inequality for —M yields the assertion of the

theorem. O

1.3 Nested Brownian motions

The Dambis-Dubins-Schwarz theorem is also useful tool in the study of the
central limit problem for continuous local martingales. In the next section we
will prove a central limit theorem for d-dimensional continuous local martin-
gales. If M is such a martingale, we will assume that there exist deterministic
normalizing matrices K, such that K; — 0 as t — oo and

K, (M), K:T % ’7’7T’

where 7 is some random matrix. It will turn out that under this condition,
the normalized martingale K;M; converges weakly to a mixture of normals.
The degree of difficulty of this problem depends mainly on whether or not
the matrix 7 is random. To be able to handle the case of a random 7 we
treat so-called nested sequences of Brownian motions in this section.

Before we explain this in more detail, let us introduce some notation.
By C[0,00) we denote the space of all continuous functions f : [0,00) — R,
endowed with the local uniform metric

d(f,g) = 22"(maXIf) (t)|/\1>.

Recall that under this metric, C[0, 00) is a Polish space. We can view one-
dimensional, continuous random processes as random elements of C[0,00),
i.e. as measurable maps on the underlying probability space, with values in
C[0,00). Weak convergence and convergence in probability in Polish spaces
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are denoted by the symbols = and —P>, respectively. We refer to Billingsley
(1968) for the basic theory of weak convergence in Polish spaces.

Now let M be a one-dimensional continuous local martingale and sup-
pose that there exist deterministic normalizing constants (k;):>o such that as
t — oo, we have k; — oo and

%” En (1.1)

where 7 is a nonnegative, real number. Let W be the Brownian motion cor-
responding to M via theorem 1.1.1. For each ¢ > 0 define the process W* by
putting W! = W;,,/Vk;, for all s > 0. Then the well-known scaling prop-
erty of Brownian motion implies that each process W' is again a Brownian
motion. We have M, = W, M), hence for all ¢ > 0 it holds that

M,

— =W,
Each W! is a Brownian motion, so we trivially have the weak convergence
Wt = B in C|0,00), where B is a Brownian motion. Since 7 is deterministic,
Slutsky’s lemma gives the implication

{W‘ = B, M};I—t)t LN n} implies {(Wt, M:—t)f) = (B,n)}. (1.2)

By the continuous mapping theorem it thus follows that for any continuous
map ¢ on C|[0,00) x R*, we have

) (W‘, U\I;I,)t) = ¢(B,n). (1.3)

In the special case of the map ¢ : C[0,00) xR* — R defined by ¢(f, z) = f(z)
the left-hand side is equal to M,/+/k; and the right-hand side equals B,, so

(1.3) yields

M;
— = N(0,n).
/o (0,m)

So if n in (1.1) is deterministic, the time-change device already gives
us a desired result, a central limit theorem for the normalized martingale
M,/Vk;. But when 7 is random, the matter is more complicated. Then we
can not apply Slutsky’s lemma to justify the implication (1.2). Below we
will prove that thanks to the special nesting relation between the Brownian




16 Continuous martingales

motions W*, they are asymptotically independent of (M), /k;. This means
that in the case of a random 7 the implication (1.2) also holds, with B a
Brownian motion that is independent of 1. As a result, M;/v/k; will then
converge weakly to a mixture of normals.

The following theorem states that nested Brownian motions are asymp-
totically independent of any other random element. The nesting condition is
formulated in terms of the corresponding filtrations.

Theorem 1.3.1. Let W = (W}, F : t > 0) be a sequence of Brownian
motions on a common probability space (2, F, P). Suppose that for every
n, there exists an (F}*)-stopping time T, such that

(i) T 50,
(ii) Fr C f;tll for every n

(iij) V;ozl -FZ = Vf:lf:o-

Then for every random element X on (0, F, P), with values in a Polish
space (X, B(X)), we have (W™, X) = (W, X) in C[0,00) x X, where W is a
Brownian motion that is independent of X.

Proof. For every n, define the process V" by

Vi=Wo.-Wro.

Tn

Then we can write
W™ — V" = ¢(W™, 1) — (W™, 1), (1.4)
where ¢ and ¢ are the continuous maps given by
¢:C[0,00) x [0,00) = R, ¢(f,t) = f(2),
¥ : C[0,00) x [0,00) — C[0,00), ¥(f,t) = f(t+-)~ ().

Of course, the processes W" converge weakly to a Brownian motion W.
Together with assumption (i) this implies that (W™",7,,) = (W,0). Hence,
using (1.4) and the continuous mapping theorem we see that W™ — V™ = (.
It thus suffices to show that (V* X) = (W, X), where W is a Brownian
motion that is independent of X.
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We will show that for all W-continuity sets A € B(C[0,00)) and X-
continuity sets B € B(X), we have

P(V*e A, X € B) - P(W € A)P(X € B)

(this is sufficient, see theorem 3.1 of Billingsley (1968)). The fact that W™ —
V™ = 0 implies in particular that V™ converges weakly to a Brownian motion.
Hence, by the portmanteau theorem, we have

P(V" € A) —» P(W € A)
for all W-continuity sets A € B(C[0, 00)). In view of the inequality

|IP(V" € A,X € B)— P(W € A)P(X € B)| <
|[P(V* e A, X € B) - P(V" € A)P(X € B)|+
|[P(V™ € A)P(X € B) — P(W € A)P(X € B)|
it thus remains to show that |P(V" € A,X € B)—- P(V* € A)P(X € B)| —
0.

For notational convenience, put G = /-, . From assumptions (ii)
and (iii) it follows, by the martingale convergence theorem, that for all B €
B(X)

P(x e B|F~) L P(X € B G).
Consequently, we have for all A € B(C[0,00)) and B € B(X)

E[l{VnEA}P(X S Bl-}-:;‘)] - E[I{V"EA}P(X € B}g)] — 0.

By the strong Markov property of Brownian motion, V” is independent of
JF7.. This implies that the first expectation in the preceding display is equal
to P(V™ € A)P(X € B). The G-measurability of V" implies that the second
expectation is equal to P(V"™ € A, X € B). O

In chapter 6 we will need the following corollary of theorem 1.3.1.

Corollary 1.3.2. Let W be a Brownian motion and suppose that we have
positive numbers (k;);>o that increase to infinity ast — oo. For every t > 0,
define the Brownian motion Wt by W¢ = Wy,,//k;. Then for every random
element X on the same probability space, with values in a Polish space
(X,B(X)), we have (W', X) = (B, X) in C[0, 00) x X', where B is a Brownian
motion that is independent of X.
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Proof. Let a, be an arbitrary sequence that increases to infinity. If W is a
Brownian motion with respect to the filtration (F;), the process W~ defined
in the statement of the corollary is a Brownian motion with respect to (F7*) =
(Fk.,t)- For every n, define the deterministic stopping time 7, = (ka, )~ V2.
Clearly, the filtrations (F}*) and the stopping times 7, satisfy the conditions
of the preceding theorem. We may thus conclude that (W, X) = (B, X),
where B is independent of X. Since the sequence a, is arbitrary, the proof
is completed. |

1.4 Central limit theorems

Using the time-change theorem and the results of the preceding sections we
can prove a number of useful central limit theorems for continuous local
martingales. We begin with a simple one that will be used in chapter 3.
It is just a special case of the general limit theorems for semimartingales
that can be found for instance in Jacod and Shiryaev (1987) or Liptser and
Shiryayev (1989). As usual, we denote the d-dimensional normal distribution
with mean 0 and covariance matrix £ by N4(0, ¥).

Theorem 1.4.1. Foreveryt > 0 and i = 1,...,d let M“ be a continuous
local martingale. Suppose that for i,j = 1,...,d there exist deterministic
numbers ¥; ; such that

(a4, mt9), B3

ast — oo. Then (MY, ..., MM = Ny(0,%), where ¥ is the d x d matrix
with elements ¥; ;.

Proof. By the Cramér-Wold device, it suffices to consider the case d = 1.
By theorem 1.1.1 we can enlarge the underlying probability space to ensure
that there exist Brownian motions W* such that M>' = WZM“)l' By the
assumption on the quadratic variation processes and Slutsky’s lemma we
have (W*, (M%)} = (W,%,,), where W is a Brownian motion. So by the
continuous mapping theorem M}"' = Ws, ,. This completes the proof, since
Wy, , has a N(0, X, )-distribution. O
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The remainder of this section is devoted to the proof of a central limit
theorem for normalized, multivariate continuous local martingales. The first
step is a lemma concerning nested, one-dimensional martingales. Again, it
will be convenient to formulate the nesting condition in terms of filtrations.
Following Feigin (1985), we call a sequence of filtrations (F7*) on a probability
space (2, F, P) nested if there exists a sequence ¢, | 0 such that

+1
Fin & Frua

for all n € N, and

VrF=\7
n=1 n=1

Any sequence t, | O for which these conditions are satisfied is called an
N-sequence. A sequence of adapted processes X" = (X", F7* : t > 0) on
(Q, F, P) is called nested if the corresponding filtrations (F7*) are nested.

Lemma 1.4.2. Let (M*,F* : t > 0) be a nested sequence of continuous
local martingales such that (M™) = oo almost surely and assume that
there exists an N-sequence t, such that (M"), £o. Suppose that for a
fixed t > 0 there exists a nonnegative random variable C such that

(M™y, 5 ¢ (1.5)

asn — 0o. Then for each random element X defined on the same probability
space, with values in some Polish space X, we have (M}', X) = (W¢, X) as
n — oo, where W is a Brownian motion that is independent of (C, X).

Proof. Let (W,G} : t > 0) be the Brownian motion corresponding to
(MP,F7 : t 2 0) via theorem 1.1.1. Then the random variable 7, = (M™),
is a (G7')-stopping time. By construction, all conditions of theorem 1.3.1 are
satisfied. Using also (1.5) the theorem implies that

(Wn, (M), X) = (W, C, X),

where W is a Brownian motion that is independent of the pair (C, X). Now
write (M?,X) = &W™, (M), X), with £ : C[0,00) x Rt x & - R x X
defined by £(f,t,z) = (f(t),z). Then by the continuous mapping theorem
we have (M, X) = (W™, (M), X) = £&(W,C, X) = (W¢, X). O
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We will need a simple result from linear algebra. Euclidean norms of
vectors are denoted by |-|. If A is an n xm matrix we write || A|| = sup{|Az| :
z € R™, |z| = 1} for the operator norm of A.

Lemma 1.4.3. Let A, be a sequence of symmetric, nonnegative definite
d x d matrices and suppose that A,, — A, where A is symmetric and (strictly)
positive definite. Then if z,, is a sequence of vectors in R? such that |z,| — oo,
it holds that T Az, — oo.

Proof. Observe that 2T A, z, > A,|z,|?, where A, is the smallest eigenvalue
of A,. It thus suffices to show that A, — A, where A > 0 is the smallest
eigenvalue of A. Since the determinant is a continuous function and the
matrix A is invertible, the matrices A, are also invertible for n large enough.
The matrix map B — B~ is continuous on the domain of all invertible d x d
matrices. It follows that A;? — A~! and therefore also ||A;|| — ||A7Y|. It
is easily seen that the operator norm of a symmetric, positive definite matrix
is equal to its largest eigenvalue. So we find that the largest eigenvalue of
A;! converges to the largest eigenvalue of A~!. Since the eigenvalues of the
inverse B~! of a matrix B are the reciprocals of the eigenvalues of B, this
implies that the smallest eigenvalue of A, of A, converges to the smallest
eigenvalue \ of A. O

We can now prove our multivariate central limit theorem for continuous
local martingales, which was first presented in the paper Van Zanten (2000a).
Recently, Kiichler and Sgrensen (1999) reported a result that is similar to
ours. In their setup M is a multi-dimensional square integrable martingale
(not necessarily continuous) with covariance matrices &y = E(M,MT). In
addition to our condition (1.6) and a Lindeberg-type condition (if M has
jumps), they needed the assumption that there exists a (strictly) positive
definite limit of K,%; K] ast — co. The latter condition can be very tedious
to verify in applications. This is the case for instance in the asymptotic
analysis of the maximum likelihood estimator for multi-dimensional, linear
stochastic differential equations (see Kiichler and Sgrensen (1999), p. 489).

Theorem 1.4.4. Let (M;, F; : t > 0) be a d-dimensional continuous local
martingale. Suppose that there exist invertible, deterministic d x d matrices
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(K¢t)t>0 such that | K¢|| — 0 as t — oo and
Ky (M), KT 5, (1.6)

where 1 is an invertible, random d x d matrix. Then for each R*-valued
random vector X defined on the same probability space as M we have
(KiM;, X) = (nZ, X) ast — oo, where Z has a N4(0, I)-distribution and Z
is independent of (n, X).

Proof. First observe that for all z € R% and y € R¥, we have
EeizTnZ+inX — Ee—,bl,.rTrmTz+inX

So in terms of characteristic functions we have to prove that for all z € R¢

and y € R*
EeizTKgM¢+-inX N Ee—%xT'rmT::+inX_

That is, we need to prove that
(xTK;M,,Y) = (zTnZ,Y) (1.7)

for all z € R? and all real-valued random variables Y, where Z has a N4(0, I)-
distribution and Z is independent of (7,Y).

Let a,, be an arbitrary sequence such that a, — co. We introduce the
one-dimensional continuous processes M™" by putting

n T
M =1"K, M,.,.

Observe that for every n € N the process M™" is a continuous local martingale
with respect to the filtration (F,,;) and that its quadratic variation is given
by

(M™), =2TK,, (M), KT z. (1.8)

In this notation (1.7) reduces to
(M}Y) = (z"nZ,Y). (1.9)

In order to prove (1.9) we will show that every subsequence q,, of a, has a
further subsequence ay,, such that

(M, Y) = (zT92,Y).
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We can choose a subsequence ay, of a;, and numbers 0 < ¢, | 0, so that

axtn Too and |K, K ', | —0. (1.10)

Ckp = "k, ln

Indeed, since ||K,, || — 0 and 1 = ||I|| < ||Kq, IKZ} ||, we have |[Kg!|| —
00. So we can choose the subsequence ay, in such a way that the following
inequalities are satisfied:

1
1Ko || < =5+ and  ag, > na,. (1.11)
0Tl K

Now put t, = a;, /ax,. By the second of the inequalities we have t,, < 1/n,
so t, | 0. Moreover, ag, t, = a;,, which tends to co so that the first condition
in (1.10) is satisfied. The second condition in (1.10) is satisfied as well since
by the inequality in (1.11)

1Ko, Ko e | < 1Ko, MK | <

(2779

S

’

which means that the sequences ax, and t, possess the desired properties.

We are going to apply lemma 1.4.2 to the local martingales M*~. We
saw already that M*» is a continuous local martingale with respect to the
filtration (F,, ), so it is clear that the M*~ are nested. By the first relation
in (1.10), t, is an N-sequence. Moreover, by (1.8) we have

(M), || = llz" Kay, (M), .. Kz, 2]
= 2T (Ko, Ko ) Kartn M)y 1. Ky, 10 (Kar, Kb o )]
< ”Kakn K;itnllzllKakntn <M>ak"tn Kg;nt,,mxlz—

So it follows by the second relation in (1.10) and by the assumption on (M)
that (M*=) . £ 0. Also observe that for fixed n € N

(M), =y Kag,t (M), Kg;ntyti

with
Yt = (KT

17T
aknt) Kaknm'

We have [y > ||K£nx||/||Kaknt||. So if z # 0, which we may assume without
loss of generality, then |y;| — co as t — co. Lemma 1.4.3 thus implies that

(a1, £ oo












































































































































































































































































































