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Chapter 1

Introduction

1.1 Introduction

We have seen the rapid development of classical computers drtheir unprece-
dented in uence to human lives since the middle of the 28 century. Physi-
cally, classical computers are based on the rules of clasalgphysics. In contrast,
guantum computers are based on the rules of quantum physicslt is generally
believed that quantum computers are more powerful than clasical computers.
One clear piece of evidence for this viewpoint is Shor's faorization algorithm
[18], which requires O(n®) steps to factorize ann-bit integer, whereas the best
known classical algorithm is exponentially slower. It is, thus, interesting to
ask the question: which classes of quantum computation areamputationally
equivalent to classical computation? The answer to this qustion will provide
a clear picture about the relationship between quantum and tassical computa-
tions, which will give more insights into the quantum computation model. In
this thesis, we survey this area by reviewing the existing snulation methods
and comparing these methods together.

In this thesis, we will focus on the quantum computation modé based on
guantum circuits and quantum gates. A class of quantum circits is said to be
classically simulable if there exists an algorithm that canreproduce the outcome
of any circuit in the class in polynomial time with polynomial space required
to run the simulation. Hence the question of classical simubility of quantum
computation is closely related to the question of the real pawer of quantum
computers. People usually regard entanglement as a key dieence between
guantum computation and classical computation. It is true physically, i.e. en-
tanglement only exists in quantum systems. However, basedrothe results from
the area of classical simulation, Jozsa et al.1[0] showed that it is misleading to
view entanglement as a key resource for quantum computatioal power.

The study of simulation of quantum computing involves representing quan-
tum states, quantum operators, and computational steps. Insuch a represen-
tation formalism, classes of quantum computation with “smdl' descriptions will
be e ciently simulated. By “small' descriptions, we mean polynomial-size rep-
resentations of input states and computational steps. We ca categorize the
existing simulation methods into two di erent types. The r st type is related to
topological structures of quantum circuits. Within the sim ulation methods of
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this type, there is no restriction on the type of gates that can be used in circuits.
The matrix product formalism and the contracting tensor network formalism are
of this type. The second type is related to properties of gate used in circuits.
There is no restriction on the topological structures of circuits, but gates that
can be used must have some speci c properties. The stabilizdormalism and
the matchgate formalism are of this type.

1.2 Outline

The research done in this project was driven by the wish to corpare the sim-
ulation methods and combine some of them if possible. Chaptel gives an
introduction to quantum computation and preliminaries, which will be used
during the thesis. The rest of the thesis can be divided into wo parts. The rst
part includes Chapters 2 and 3, which cover the rst simulation type. Chapter
2 is devoted to studying the matrix product formalism, in whic h we will inves-
tigate the role of entanglement in quantum computation. Chapter 3 deals with
the contracting tensor network formalism. The second part ncludes the last two
chapters, which cover the second simulation type, in which w focus on some
classes of gates with certain properties. Chaptert is a study of the stabilizer
formalism. The improved simulation proposed by Aaronson etal. [1] can be
found here. Chapter5 is devoted to investigating the matchgate formalism. At
the end of each chapter, we have a section aiming to compare ¢hformalism
studied in the chapter with other formalisms.

In the following sections, we will introduce basic conceptsof quantum com-
putation, which are needed to understand the rest of the thes. For more details,
we refer to Chapters 1 and 2 in the book 15] of Nielsen and Chuang. We also
introduce some other mathematical preliminaries. Those wb are familiar with
these concepts can skip this chapter.

1.3 Basics of Quantum Computation
1.3.1 Qubits and Quantum States

Like classical computing with the elementary information unit called bits, which
can have value either O or 1, quantum computing also has the alog of a bit,
which is called qubit. A qubit can also have value 0 or 1. Moreover, a qubit can
have value other than these values. Mathematically, a qubitis described by a
unit vector in the Hilbert space C?, where C is the complex eld. The inner
product between two vectors § and { in this Hilbert space is de ned to be
xy + zt. We always use the following basis inC?,

0.
1
whereji is called a ket vector. The complex conjugate transpose of adt vector
is called a bra vector, denoted byh j, for example

Hoj = jOiY = (1;0); hj = j1i¥ = (0;1): (1.2)
The state of a qubit can be any linear combination of the basisstates of the
form jOi + jli suchthatj j2+j j?2=1.

joi = 1; jli =

0 (1.1)
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To describe larger quantum systems, we can combine severalibjts together.
In classical computing, bits are combined by using the Cartsian product of the
binary set f 0; 1g, whereas qubits in quantum computing are combined by using
the tensor product of the Hilbert spaceC?. There is a crucial di erence between
the two products. Let us consider two systemsS, and Sg. Throughout this
thesis, whenever we speak about a system, we mean some linegrace. Every
state in the Cartesian product systemS, Sg can be decomposed into two
substates, one lying inSa and the other lying in Sg. However, this statement
is not true in general for states in the tensor product systemof Sy and Sg . If
we want to have ann-qubit system, we need to combine the spac€? n times
by taking the tensor product C? C?, also denoted by C?) ". This is a
2"-dimensional linear space with a basis consisting of the fldwing vectors:

joi j Oi j O O
joi joij O L
joi joij 1 o (1.3)

it 1

The basis vectorjii j i2i j ini is denoted byjijiz:::ini or jii, where
i = i1ip::1in. An n-qubit quantum state is described by a unit vector in (C2) ",
Bnd hence can be expressed in the formyj0i + ¢1jli+  + con 1j2"  1i, where

2" 1. 2

iz JGj° =1

We will be interested in quantum states that are not decomposble into a
tensor product of two substates. These states are calledntangled states One
way of quantifying the amount of entanglement presence in atate is using the
Schmidt rank according to a certain partition. We will consider this issue in
Subsection1.3.5 Interesting examples are the so-calleBell states (or EPR
states), which we will use frequently in the thesis:

j0i + j11i jOOi_j 11 jOli + j10i jO%i j 101
L= ’ P = ’ P= y P= .

1.4
2 2 2 2 (1.4)

1.3.2 Quantum Gates

There are two types of operations that can act on a quantum syEm: uni-
tary operations and measurements. We will consider measuments in the next
section and unitary operations in this section.

A unitary operation on n qubits is a matrix U of dimension 22 2", which
satises UY = U 1. The notation 'y denotes the complex conjugate transpose
operator. A unitary operation on n qubits can be considered as a quantum gate
on n qubits. There are some basic gates, which are commonly used quantum
computing.

The NOT gate: like the classical NOT gate, the quantum NOT gate ips
jOi to jli, and jli to jOi. The matrix of the quantum NOT gate is

_ 01 |
NOT = | 4 (1.5)

The NOT gate is usually called the X gate, or Pauli-X gate.
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The Hadamar,g_ gate: the Hadamard gate takesjOi to (jOi + j1i):p 2 and
jli to (jOi j 1i)= 2. The matrix of the Hadamard gate is
1 1 1
H= 19—z 1 1 (1.6)
The phase gate: the phase gate take$0i to jOi and jli to ijli. The matrix
of the phase gate is

P =

1 io (1.7)

0

The Pauli-Z gate: the Pauli-Z gate takesjOi to jOi and jli to j 1li. The
matrix of the Pauli-Z gate is

_ 1 0 |
z= o5 (1.8)

The Pauli-Y gate: the Pauli-Y gate takesjOi to ijli and jli to ij0Oi. The
matrix of the Pauli-Y gate is
Y= : (1.9)
The =8 gate: the =8 gate takesj0i to jOi and jli to €7 4j1i. The matrix
of the =8 gate is I

1 0
0 gm4 (1.10)

The controlled-NOT  (CNOT) gate: the CNOT gate is a 2-qubit gate and
it takes jOOi to jOGi, jOli to jOLi, j10i to j11i, j11i to j1Gi. Its matrix is

Y =

(1.11)

The SWAP gate: the SWAP gate is a 2-qubit gate and it swaps the two
qubits it acts on, i.e. it takes jij i to jjii for all i;j 2f 0;1g. Its matrix is
0

1
1 000
_Boo1o0 §
SWAP = %O 1 0 oK" (1.12)
0 001
1.3.3 Measurements
A quantum measurement can be described by a collectiohM;:::; Mg, where

M; are called measurement operators, the indices refer to the measurement
outcomes that might occur.gThe measurement operators must &tisfy the com-

pleteness equation, namely :(:1 M?M; = |, wherel is the identity operator.
If we apply the measurement to a statej i, then the probability of observing
outcomei is given by p(i) = h jMYM;j i, and the post-measurement state is
Mij i
p—:
p(i)

4
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There is a special class of measurements, which are calledgjective mea-
surements. A projective measurement is described by an obsable, M, a
Hermitian operator on the state space being observed. Conder the spectral
decomposition ofM , X

M = mPm;

m
where Py, is the projector onto the eigenspace oM with eigenvalue . Note
that , runs over all the possible real eigenvaues dfl . The possible outcomes
are the possible values of the eigenvalues dfl . If we measure the statej i,
then the probability of observing outcome , is p(m) = h jPy,j i, and the
post-measurement state is

Pmj i |

p(m)

In Chapter 5 we will need to compute the expectation of the outcomes of
a projective measurement. LetE (M) denote the expectation of the outcome
values of the projective measurementM , then we have

X
E(M)= m p(m)

X o
= mh jPmj i
m I (1.13)
. X . .
=hj mPm i
m
= hjMj i:

1.3.4 The Density Matrix

The description of quantum states given in Sectionl.3.1is called the state vector
formulation of quantum states. The density matrix is an alternative formulation,
which is more convenient to use in some scenarios.

The density matrix of a quantum state j i is de ned by the equation

=jih j: (1.14)

The density matrix formulation is a convenient means of desdbing mixed
guantum states. A mixed quantum state is a quantum system cosisting of

X( - - .
= pj it (1.15)
i=1
We now consider how the action of a quantum gate to a quantum site de-
scribed in the density matrix formulation. Suppose we applya unitary operator

U to the mixed state in Equation (1.15. U takes eachj i to Uj ji. Hence
the resulting density matrix is given by
X

9= pUjiihjuy=uUuY:
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Suppose we perform a measurement described by measuremenievators
Mp, to . If the initial state is j i, then the probability of observing result m
is

p(mji) = h{ijMIMnj ii:
The probability of observ;?g result m frc;(m the mixed state , hence, is

p(m)= p(mji)pi = pihijMZMnj ji: (1.16)
I I
To get a neater formula for p(m), we introduce the trace operator. This operator
will be also used frequently. The trace of ann n matrix A, dgnoted by
tr (A), is de ned to be the sum of its diagonal elements, i.etr (A) = 2:1 Ak -
It is easily seen thattr (A+ B) = tr (A) + tr (B), and tr (cA) = c tr (A)
where A; B are arbitrary square matrices of the same size and is a complex
p,umber. The trgee operator is also cyclic, i.etr (AB) = tr (BA) sincetr (AB) =
kj Ak Bik = jx Ak By = tr (BA). Equation (1.16) becomes

X
p(m) = pitr MAMpj iih
'0 1
X
tr @MYM,  pij iih A (1.17)

=tr M}Mn

We sometimes describe subsystems of a composite system. Fhis purpose,
we use the reduced density matrix formulation. Suppose we ha two systems
A and B, whose composite density matrix is B . The reduced density matrix
for system A is de ned by

A=trg("®); (1.18)
wheretrg is called the partial trace over systemB. The partial trace is a linear
operator and its action on state ja;ihayj j biihbyj is de ned by

trg (jarihazj | biihbypj) = jasihagjtr jouihbyj ;
whereja;i;jazi are any two vectors in the state space of system, and jbi; jbyi
are any two vectors in the state space of systenB.

Supposegj i is a quantum state on a bipartite systemA B andj i can be
written as X
ji= SEE
[N}
where i;j run over some index sets;j Ai are orthonormal, j J-Bi are also or-
thonormal. Then the reduced d%nsity matrixlfor systemA is

X X
Az @ iojAj fih 4 (1.19)
i;i © j

and the reduced density matrix gor system B1 is

o X g

.. 0 H
i !
where " ' denotes the complex conjugate operation.

i oAj jB ih ].Boj; (1.20)
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1.3.5 The Schmidt Decomposition

Supposej i is a pure state in a composite systemAB. The Schmidt decom-
position states that there exist r orthonormal states j #i for system A, and r
orthonormal statesj Bi for systemB such that

. . Xr . . .
ji= TRUEE (1.21)
i=1
where ; are non-negative real numbers satisfying ; 2=1. j #i andj Bi are
called Schmidt vectors ofj i with respect to systemsA and B. ; are called

Schmidt coe cients and r is called Schmidt rank. The following theorem lists
some properties of the Schmidt decomposition.

Theorem 1.3.1. Supposej i is a quantum state in the systemAB . Consider
a Schmidt decomposition ofj i:

The following properties always hold:

1. The reduced density matrices of system#& and B are » and B, given
by
A X 2: Ak A B X 2: Bj; B;
= i T = tih 7
i=1 i=1
respectively. Furthermore, » and B have the same eigenvalues, namely
2

2. If j Bi is a state in B, which is orthogonal to all thej Bi, thenj i and
i Aij Bi are orthogonal for any statej i in A.

3. Applying local unitary operations on either A or B does not changes
the Schmidt vectors of the other system, the Schmidt coe ciats, or the
Schmidt rank of the composite system. By local operations, &mean op-
erations that act only on either A or B.

Proof. 1. By Equation (1.19, we have

AXr COA: A'XrZ'A' A
= i iJiih{j= b P

i=1 i=1
In a basis containingj £#i, * will be a diagonal matrix with non-zero
diagonal elements 2;:::; 2. Hence, 2 are all the eigenvalues of A.
The statement for systemB is proved in the same way.
2. The inner product betweenj Aij Bi andj #ij Biis equaltoh Aj Ai

hBj Bi = 0. Therefore the inner product betweenj “ij Bi andj i is
equal to 0 as well. This implies thatj i andj Aij Bi are orthogonal.
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3. Consider performing a unitary operationU locally on systemA. Let | ?Ai
denote Uj Ai. Since unitary operations preserve both the length of a
vector and the inner product between two vectors, the states; ?Ai are
also orthonormal. Hence the Schmidt decomposition of the reulting state
is

. . Op .. .
i G= M P
which proves Statement 3.
O

We see that ifj i has Schmidt rankr = 1, then it can be decomposed into
the tensor product of one state in systemA and one state in systemB. If r is
strictly larger than 1, then this decomposition is not possble. The biggerr is,
the more entangledj i is. For that reason, the Schmidt rank can be thought of
as a measure of entanglement of quantum states with respecbtthe partition
AjB. Statement 3 in Theorem 1.3.1 says that, with this measure, the amount
of entanglement of a quantum state does not change after pesfming local
unitary operations. Another entanglement measure for genmal n-qubit states
can be constructed as follows: rst, compute Schmidt ranks & i with respect
to all possible bipartite partitions of the system of qubits. Then, we compute the
maximum Schmidt rank among these Schmidt ranks. The maximumSchmidt
rank can be used as a measure of entanglement.

1.4 Other Preliminaries
1.4.1 Group Theory

A group (G; ) is a non-empty setG with a binary group operation " ' with the
following four properties:

Closure:a b2 G for all a;b2 G.

Associativity: (a b) c=a (b c)forall a;b;c2 G.

Identity: there exists e2 G suchthata e= e a= aforalla2 G.
Inverse: for alla 2 G, there existsa 12 Gsuchthata a '=a ! a=e.

We often omit * ' and write a basab. For example, the setG, = f I; X; Y;

Z; il; iX; iY; iZg,whereX;Y;Z are Pauli matrices, together with the
matrix multiplication operation forms a group with identit y element|. This
group is called the Pauli group on 1-qubit.

that G; is generated by three elements<;Y andil .

Given two groups (G; ) and (H; ), a group homomorphism from G; ) to
(H; )Yisafunctionf :G! H suchthatf(a b= f(a) f(b)forall a,b2 G.
Group homomorphisms are very important tools since they preide structural
relations between the two groups. They allow us to transformactions in one
group to the other. We use this tool when we study the stabilizr formalism.



Chapter 1. INTRODUCTION

1.4.2 The Matrix Exponential
The exponential of a square matrixX , denoted by €, is de ned by the power
series

X xn
e = ; (1.22)

|
n=0 n:

where X% = 1.
The following theorem states some basic properties of thisuhction.

Theorem 1.4.1. For square matrices X;Y :
1. The series (L.22) converges.
()= e,
If XY =YX, thene**Y = efe’ = e &X.
e is invertible and (&) 1=¢e X.
el * )X = eX eX for any complex numbers;

If C is invertible, then eX¢ ' = ceXC 1.

N oo o M 0w N

If X is an eigenvector ofX with eigenvalue , then x is also an eigenvector
of & with eigenvaluee .

8. The function f (t) = €* is a smooth function of complex variablet and
%f (1) = Xe™ = X X: (1.23)

9. If X is Hermitian, then €* is unitary.

Proof. 1. Let us consider a matrix normk k such thatkAk kBk k ABKk for
all square matricesA; B of the same size. We see th&X "k k X k", and
hence

Aoxn R K _ XK.
=0 n! =0 n!

Therefore, the series {.22) is absolutely convergent. It implies that the

series converges.

2. This follows from the fact that (X ")Y = (X ¥)" for every square matrix X
and integer numbern.

3. By multiplying out the two series representing e and e' , we get
X xkoynk X g X n!
kt(n Kt nt ‘o ki(n k)!

eX eY — kyn k.

n=0 k=0

SinceX and Y commute, we have

n!

"y kyn k.
, KI(n |<)!XY ’

X
(X+Y)" =
K=

9
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and, thus,

X
el = m(x+Y)“:e><+Y:
n=0

It is easily seen thateY eX = ' *X = X+ Y,

4. This follows directly from Statement 3 and the fact that X commutes with
X.

5. This follows directly from Statement 3 and the fact that X commutes
with X for any complex numbers and

6. We see that CXC 1)" = CX"C 1, and hence

LR X
eexC = c¢C t=cefc
n=0 !

7. SinceXx = x , we haveX"x = "x, and, thus,

Therefore, x is an eigenvector ofe* with eigenvalue e .
8. Di erentiating the power series e* term by term with respective to t gives
d Xogn ixn R n 1yn 1
af (t) = 71' = 71|X = etx X:
n=1 (n )! n=1 (n )!
We can also do the above computation as follows:

! th 1yn h th 1xn 1

d, .. .
&f(t)"nzl n 1 n_ 1) Xe™ :

n=1

9. This follows from the fact that (&% )Y = e(X)" = ¢ X =(&X) 1,

1.5 Summary

We have introduced essential concepts of quantum computingthat are fun-
damentally di erent from classical computing. We pointed out di erences be-
tween bits and qubits, also between the way bits and qubits a¢ combined to
build larger systems. We gave two di erent formulations for describing quan-
tum states. We also considered an informal de nition of entangled states and
gave two di erent ways of quantifying entanglement. The evdution of quan-
tum states was described by unitray operations and measureents, which we
treated in two di erent subsections due to their fundamental di erences. We
introduced the Schmidt decomposition, some elements of gup theory and the
matrix exponential, which we use in coming chapters.

10



Chapter 2

The Matrix Product
Formalism

The matrix product representation (MPR) of quantum states is a way of ex-
pressing quantum states using matrices. Instead of represting a quantum state

based on the computational basis, in the matrix product formalism, we try to

associate each qubit in the quantum state with a matrix. Using these matrices,
the quantum state can be uniquely determined. Moreover, theevolution of the

guantum state through a quantum circuit can be e ciently com puted by using
its MPR as long as the sizes of the matrices are small.

2.1 Introduction

Quantum states are often expressed in the conventional waysfollows

><L .. - -
CiywiJiaiiind; (2.2)

X
wherec,i,i, are complex numbers satisfying JCigipemi nj2 =1. The main
P10 n

advantage of this representation is that one can easily desibe a quantum state
in terms of complex coe cients corresponding to the basis vetors in the compu-
tational basis. This advantage, however, directly causes &ig disadvantage: the
number of coe cients needed to describe a state is exponendi in n. It would

be naive if we want to simulate quantum computations using the conventional
representation since it always requires exponential amourof space to just store
a quantum state. It is known that BQP ! is contained in PSPACE?. Unfortu-

nately, it does not mean that we can e ciently simulate quant um computations
in polynomial time. Therefore, any new representation of q@ntum states that
we want to use should be not only e cient (i.e., it can e cient ly describe a big
class of quantum states), but also suitable to simulate quatum operations.

1BQP is the class of problems e ciently solvable on a quantum ¢ omputer with bounded error
probability.

2PSPACE is the class of problems solvable on a classical compu ter using polynomial amount
of resources.

11



Chapter 2. THE MATRIX PRODUCT FORMALISM

Consider ann-qubit product quantum state, i.e., an n-qubit state that can
be decomposed as a product ai 1-qubit states

j M i i (2.2)

where j [l is a quantum state on the i" qubit. Each state j [li requires 2
complex coe cients to describe. In total, to describe the state (2.2) we need
only 2n complex coe cients. Of course, the simple form @.2) can not be used
to describe all quantum states since there do exish-qubit quantum states that

are not product states (e.g., EPR states). We need to extendZ.2) to a more
general form. The matrix product representation (MPR) is such a generaliza-
tion: instead of using one state for each qubit as in 2.2), we use a number of
states which form a matrix of states for each qubit

ji= jM i (2.3)

n 17

where eachj ['! i | (we implicitty mean 41 = 1 from now on) is a 1-
qubit state of the i™ qubit. The crucial point is that the ranges of the indices

1;:11; n would be small so that the number of coe cients needed to desidbe
j i is polynomial in n. If this is the case, then we only need a polynomial
amount of space to store a matrix product state.

Note that the rst and the last indices in ( 2.3) are the same and also summed.
[i]

Let [ be the matrix whose entries arg “; ., i. De ne a product between two

matrices whose entries are quantum states as follows: suppeA = jaji .,
xo

andB = jbyi m o Then AB = C whereC = jgj i N pandJCij i = k jaik i
=1

jbgi.

Lemma 2.1.1. (Jozsa [B]) The following equality always holds
ji=w ™y

_Note that the de nitions of 'l ensure that the number of columns of matrix
[l equals the number of rows of matrix [*1 . We, therefore, can properly take
the product of [M;:::; [,

Proof of Lemma 2.1.1. For the sake of simplicity, we consider the casen =

X2
A= W= jayi o wherejai = | Hij i LetB = A B =
1=1
jby i - We get
0 1
Xs X3 Xe X3 X
. . .. [3]- . . [2]. . [3]. . - [2].: [3]s.
jbji= jaik ij Lj]| = @ i[|1]|l |[k]|Aj LJ-]I = ] i[,l]u |[k]lj lel.
k=1 k=1 I=1 k=1 1=1
Xz X
Thereforetr ( M @ By= " joi="j M Fij Pi=ji.
i=1 i:k;l

This proves the lemma. The proof can be easily extended to thgeneral case. [

12



Chapter 2. THE MATRIX PRODUCT FORMALISM

Note that the state (2.2) is indeed a special case of(3). This can be seen
easily when allr; (de ned in the above proof) equal 1.

So far, we've assumed that there exists the so-called MPR #.3)). One
would ask a question: is it possible to describe any quantumtate by using the
MPR? The next sections will mention a method ([23]) to construct MPR from
any quantum state. Before that, we introduce some notation hat is often used
throughout this chapter.

2.2 Notation

Qubits in quantum systems are indexed from 1 ton.

[L:::i] (or [i +1 :::n)).

The it splitting (or decomposition) of the qubits is obtained by dividing the
qubits into two subsystems [1:::i]and [i +1 :::n].

The i™ Schmidt decompositionof an n-qubit quantum state j i is denoted
by

X . .
j i = [Ii]j [1i:::|]ij [|i+l :::n]i;
i=1
where [ are the Schmidt coe cients; | is the Schmidt rank; j 21 are the
Schmidt vectors corresponding to the rst subsystem;j !> “"Ji are the Schmidt
vectors corresponding to the second subsystem. Let be the maximal number

j i = [I.]J [1i...|]ij [|i+1 ...n]i:
i:l

(we implicitly mean that M =0if ;> )

Inner product of vectors acting on di erent systems: consider two subsystems
[1:::k] and [1:::1] where 1k < /| n; supposejiy:::ixi are vectors in
the computational basis of subsystem [1::k] and jj1:::jii be vectors in the
computational basis of subsystem [1::1]. Consider two vectorsjai;jbi in these
subsystems,

jai i1:::ikji1:::iki;

joi = TR FE 1Lk

0 1
X
|’Hjh = @ jl:::jk j1:ZZj|Ajjk+l J||

It means that the inner product between jai and jbi is a state on subsystem
[k+1:::1].

13



Chapter 2. THE MATRIX PRODUCT FORMALISM

2.3 Construction of the Matrix Product Repre-
sentation

Supposegj i is an n-qubit quantum state. Consider the rst Schmidt decompo-
sition
ji= S | I (2.4)
121
We always implicitly mean that the range of ; is from 1to . Therefore, from
now on, we ignore the ranges of ; in the sum notation.
Writing [ ]I in terms of the computational basisfj Oi;jlig gives

X .
j Wi= (Miajigi:
i1

We also implicitly mean that the range of indicesiy is f0; 1g. By substituting
this equation back into Equation (2.4) we get

ji= Ot Wjigiy Brndi (2.5)
131
Consider the second Schmidt decomposition
e TR
ji= el R
2
The crucial point in construction of MPR is to express each Shmidt vector
] [2 i of the rst Schmidt decomposition in terms of all Schmidt vectors

fj [3 ”]|g of the second Schmidt decomposition. To do this, notice thaf [2 n;
can always be written as
. X .s .
i EEi= i BN (2.6)
iz

[3 n]

where] i are possibly unnormalized vectors. Equation 2.6) is obtained by
[2 nl;

writing j 5 'i in terms of the vectors in the computational basis, then growping
together all components that share the same vaIue of qubit,. Also recall that

fj 3 ”]lg is orthonormal. Hence, if vectorSJ i are in the subspace spanned

by fi B*"lig, then we can write each vectorj [21 " in terms of fj " ig.

Lemma 2.3.1. ([23]) All vectors j [31:;:2”]i lie in the subspace spanned by B ig.

Proof. We recall that every vector in the subspace corresponding tgjubit system

[3:::n] can always be expressed in terms of a vector spanned fy [3 N ]|g and a
vector in subspacefj [32 ”] ? (wherefj [32 n]|g is the subspace that consists

of all vectors that are orthogonal to fj [32 n]|g) Let fj 35 n]|g be an orthonor-

2
mal basis of subspacdi >"lig?. Suppose thatj [3 ”] [l j BBndj 4

X : ) 2
@2 i B0l we need to show that all  #'2, equal 0.
12 2 1 2

14



Chapter 2. THE MATRIX PRODUCT FORMALISM

Substituting j [?;:;;”]i back into Equation (2.6) gives

X ) X .
j [2:::n]i — [21|22ji2ij [32:::n]i + [2]i2 J|2|J [30...n]i:
2

1 0
232 g;iz e
Then, substituting j %"l into Equation ( 2.4) we get
e N W@ mpLp Bl @ e mp i B
Jr= 1 12 izl , 1 + i . o] L0120 o |:
1, 22 1; g?iz ’ ‘
Therefore, h B} j = W Bhz 5 Wiji,i. By Theorem 1.3.1, we must
2 . 12
1:12
have h B i = 0. Moreover, fi Wiji,ig is orthonormal. Hence we get
M=z~ 0 for all ip; 1; 5. Thisis the casei @', = 0 since ™ are
1 2 12
non-zero for i. This proves LemmaZ2.3.1 O

Corollary 2.3.2. There are complex coe cients [2}”2 such that

X

- [3:n]. _ 2]i 2]: [3:n];.

J 102 = [llzz [lj [zn]I'
2

Substituting the above equation into (2.6) gives

Rl = X i @i @ Bl @i @ B

1 = “2' 1 22 2J 2 = 1 22 2]|2|j 2 I
iz 2 i2; 2

j

Now we can expand Equation @.5) as follows to get an intermediate state in
our MPR construction process
X . . 1
j i = [11|1 [11 [21|22 [21“1|2|J [32...n]|: (27)
1, 2ii1ii2
By repeating the procedure transforming from (2.5) to (2.7) (n  2) times,
we'll arrive at

ji= S L R T PR TR N
1 o1
135%5hn 1
. . [n] . P [n]in e . .
Rewriting j “/ ,i= ;" "]inl gives us the MPR ofj i
X : : . .
ji= [1111 [11 [21122 [21::: [nn lz]ln'1 L [n'1 11] [nn]Inljiliz:::ini: (2.8)
135 01
I1;550n

2.4 Space Required for Storing a Matrix Prod-
uct State

Let [ denote the tensor corresponding to qubitl. Let [l denote the vector
whose components are the Schmidt coe cients of thd™ Schmidt decomposition.
By Equation (2.8), j i can be written as

(KN KA R P P (1 [n 1] [n].

15



Chapter 2. THE MATRIX PRODUCT FORMALISM

Since is the maximal value amongf 1;:::; n 10, the number of entries in
tensor [l is at most 2 2 and the number of entries in vector [ is at most

. Therefore we need at most (22 + )n complex coe cients to describe the
matrix product state. Obviously, MPR requires only a polynomial amount of
resources i the maximal Schmidt rank is polynomial in n.

2.5 Reconstructing Schmidt Decompositions from
a Matrix Product State

From section 2.3, we know that a matrix product state was constructed by ap-
plying Schmidt decompositions on di erent decompositions Can we reconstruct
Schmidt decompositions from a matrix product state? The ansver is yes.
Suppose we are given matrix product stat§ i. In the construction of MPR,
we used the following relation between the Schmidt vectors bthe (I 1)
Schmidt decomposition and the Schmidt vectors of thel™ Schmidt decomposi-
tion X '
j [I:I::nl]i — [I?n1 | “h'l” [Irl:::n]i:
15

Applying this relation multiple times, we end up with

X ) . .
jlen = e T e I L T TIPS PY P X))

We also need to computg ™ . Consider the (1) Schmidt decom-

position X

- I 1]; [ 15 [kan ;.

Jr= [|1]J[|1 ]IJ [|1]|'
|1

We also have the following equation (it was an intermediate tate in the process
of constructing MPR)

j | = [11|1 [1;][ [2:]l|22 [21 [|| :|-2]|I| 11 [I| 11]J|1|2:::|I llj [I-l--n1]|:
1,000 11
s
sincej "™ Ji are orthonormal, the above two equations give us
T L | P PSS TR R - 0)!
i |I 12

By Equations (2.9) and (2.10), we have nished reconstructing the (I 1)
Schmidt decomposition since the Schmidt coe cients already are known from
the MPR.

2.6 Properties of the Matrix Product Represen-
tation

Lemma 2.6.1. The following properties of Schmidt vectors always hold

16



Chapter 2. THE MATRIX PRODUCT FORMALISM

Property 1: X
in ]i - [ [I]ji|ij [I+1:::n]i:
1 I |

11

j [|:I
1
Property 2: X
j [1|:::|]i — [|]|||1 | [I]IJ [1|:::|1 l]IJ i|i:
I
Proof. Property 1 can be directly implied from the construction of MPR. Prop-

erty 2 is a corollary of Equation (2.10) by using j i andj %+ i, O

2.7 Computations Using the Matrix Product Rep-
resentation

In this section, we investigate quantum computations usingthe MPR. The re-
sults show that computations related to 1-qubit gates, 2-qubit gates and 1-qubit
measurements cost polynomially many steps im and in

2.7.1 One-Qubit Unitary Operations

SupposeU is a 1-qubit unitary operator acting on qubit 1.
Theorem 2.7.1. (Vidal [23]) The computational cost of U is of O( 2) steps.
Proof of Theorem 2.7.1. Consider the (1) Schmidt decomposition

T e A

-

X X
— | ; il ; s [I+1in ]
- [| 11]J [1| 1 Hi mys

-

X b1y [z 1)y LK [ 01 [+1 0]
= CHj | jiji i W iy

We get X
j i = [I| 11] [I?n1 | [I?] [1|:::|1 1]”“” [||+1 :::n]i: (211)
T
By Theorem 1.3.1, all the Schmidt vectors j ' i do not change after
performing U. Neither doj ™"l and ! ; U sinceU is local under every

Schmidt splitting. Therefore the only components that are aected by U are
tensors [M; ;[0
Suppose we indexU's entries using binary indices, U; , where i)d's the row
index, j is the column index. We haveUjii = Ugj0i + Uyjjli = Ui jki;
k=0;1

17



Chapter 2. THE MATRIX PRODUCT FORMALISM

u i . Ug M jki. Theref
eI L (R L O erefore
k
0 1
X X . X X _
U@ [I?Ill IJ”IA = U [I]|I|1 |JIII = Uki [I]|I|1 |Jk|
i i ik
0 1
X X )
= @ yg M Ak

11

Hence [ changes according to

o[k X i

1 [
i=0;1

This update procedure needs to be done with all entries of ['l. Since there
are 2 2 entries and each update needs 3 steps, the whole update prahee
requires3 2 2=6 2= O( 2) steps. O

Note that if we view [lasa2 2 matrix, Equation ( 2.12 can be written
as a multiplication between the two matrices

M=y M

2.7.2 Two-Qubit Unitary Operations
SupposeV is a 2-qubit unitary operator acting on qubits ;1 + 1.

Theorem 2.7.2. (Vidal [ 23]) Updating the MPR of j i after performing oper-
ator V costsO( 3) steps.

The detailed proof of this theorem is given in Appendix A-1.

2.7.3 One-Qubit Measurements

Theorem 2.7.3. (Yoran and Short [24]) If a single qubit measurement is ap-
plied to a qubit ofj i, then the outcome probabilities can be calculated i®( 2)
steps and the updated MPR of the state can be calculated @(n #) steps.

The detailed proof of this theorem is given in Appendix A-2.

2.8 Summary

In this section, we considered the matrix product formalism in which an n-qubit
guantum state is represented by a set oh matrices. The sizes of the matrices
depend only on the maximal Schmidt rank over all the possiblepartitions of the
n qubits. We also studied updating of a matrix product state after performing
one-qubit gates, two-qubit gates acting on nearest-neighbr qubits and one-
qubit measurements. All these updates were shown to be polyamial in , the
maximal Schmidt rank. Therefore, if the maximal Schmidt rank is always kept
polynomially small during the execution of a circuit, then we can simulate the
action of the circuit in polynomial time.

18



Chapter 3

The Contracting Tensor
Network Formalism

Within the tensor formalism, Markov and Shi [13] describe quantum states and
guantum operators by a common mathematical object, the so-alled tensor.
With this representation, a quantum circuit and computatio nal steps are trans-
lated to a graph and edge contractions, respectively. The amplexity of the
contraction process on the graph can be upper-bounded by theeewidth of the
graph. If d denotes the graph's treewidth, andT denotes the number of gates
in the circuit, then the contraction of the whole graph can be done classically
in TOW exp[O(d)] time. Hence, quantum circuits whose corresponding graph
are of logarithmic treewidth can be e ciently simulated.

3.1 Introduction

Within the tensor formalism, quantum states and quantum operators are de-
scribed by tensors, which are direct generalizations of maices, and computa-
tional steps are translated to so-called tensor contractios. Hence a quantum
circuit is mapped to a graph whose vertices represent quantm gates, and whose
edges represent segments of qubit wires connecting two gateThe contraction
of the whole graph faithfully describes the evolution of thequantum state in the
circuit.

In Section 3.2, we will start by introducing the tensor and tensor network
concepts. Section3.3 considers the representations of quantum states, quantum
operators and quantum circuits using tensors and tensor natorks. The trans-
lation of computations on quantum circuits to contractions on graphs is studied
in Section 3.4. Section 3.5 is devoted to the relation of the complexity of a
graph's contraction to the graph's treewidth. In Section 3.6, we study an upper
bound of a circuit-graph's treewidth based on the so-calledjubit-crossing con-
cept, which is easily computed in the circuit. We then derivea class of quantum
circuits which can be classically simulated. These sectiaare mainly based on
paper [L3]. Finally, we study some relations between the tensor formksm and
the matrix product formalism in the last section; and give a conjecture about a
relation between the amount of entanglement of the nal state in a circuit and
the circuit's treewidth.
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Chapter 3. THE CONTRACTING TENSOR NETWORK FORMALISM

3.2 Notation

De nition 3.2.1. A rank-k tensorg =[0i,:i,:i ], €ach of whose indices ranges

over a set of sizem, is an m*-dimensional array of complex numbers. We also
denote byr(g) the rank of g, i.e. r(g) = k.

For example, a rank-0 tensor is a tensor with no index, which $ simply a
complex number. A rank-1 tensor in anm-dimensional space is a complex vector
with m elements. A rank-2 tensor in anm-dimensional space is a complex matrix
of sizem m. The tensor concept is obviously a generalization of the trditional
matrix concept. The tensor formalism aims to represent quatum states and
guantum operators by means of tensors. We also need to be abte describe
the evolution of a quantum circuit by means of some operatiorbetween tensors.
To this end, the tensor formalism introduces the so-called énsor contraction
operation.

De nition 3.2.2.  Given two tensors sharing a common subset of indiceg =

[Giy:ni v o] @A D =[hi ik ke, |- Contracting these two tensors gives a
new tenSOl’f = [fjl::::;j p;kl::::;k n] and
X
fil;::::j pikinka = Gissioviamiop hi1;:::;i kK o (3-1)
i1
where the indicesiq;:::;i; run over their ranges.

We consider the complexity of computing the new tensorf in De nition
3.2.2 Computing one element off costs usO(m') steps. The tensor consists of
mP*" elements. Computing the whole tensor, therefore, take©(m'* P* ") steps,
which is at most O(m" @)+ r(M),

There exists another way of interpreting a tensor using grap theory. We
consider graphs with open edges (an open edge is an edge whiths one end
point is a vertex of the graph, and the other end point is free) A rank-k tensor
g can be graphically represented as a vertex labelled witly, and having k open
wires which are labeled by thek indices ofg. Part (a) of Figure 3.1 illustrates
the graphic representation of tensorg =[G, :i,:is:i4l-

Figure 3.1: (a) Graphic representation of the tensor g =[i,:i,:i5:4]; (b) A network of three
tensors.

De nition 3.2.3. A tensor network is a collection of tensors, in which some
of the indices may be used by two tensors.
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Graphically, a tensor network is represented by an undirectd graph, whose
vertices correspond to the tensors and whose edges corresgoto the indices
of the tensors. An edge between two vertices corresponds to @mmon index
shared by the two corresponding tensors. Part (b) of Figure3.1 illustrates a
network consisting of three tensors.

The tensor contraction operation can be also interpreted usg graph theory.
Given a graph G, the contraction of a pair of vertices u and v produces a
graph in which the two nodesu and v are replaced with a single node such
that it is adjacent to the nodes to which u and v were originally adjacent. If
there exist edges betweenu and v, then these edges are simply removed upon
contraction. Consider the tensor contraction of two tensos g = [gi, i ;15 o)
and h = [hj .k, -k , ] based on Equation @.1). Graphically, this operation
is illustrated in Figure 3.2 The tensor contraction, hence, is graphically the
vertex contraction of the two vertices corresponding tog and h.

j1 k1
. k2
]2

jm kn

Figure 3.2: Graphical representation of the contraction of two tensors  sharing some common
indices.

We now introduce a property of contractions on tensor netwoks, which will
be used later as the main idea that the contracting tensor fomalism is based
on.

Theorem 3.2.4. Contracting all the closed edges of a tensor network in any
order will give us the same resulting tensor.

Proof. Let us consider a graphG which might contain open edges. We index

its
adjacent edges, wheral(v) means the degree of/, and v; < v, < < V(v)-
The tensor of v will be denoted by Ti\\lllivz:::ivd( - All merged tensors are also
01 <0< < Ok.

Consider an arbitrary edge ordering of the closed edges. We know that
the nal vertex left at the end of the contraction process acwording to  only

has k open edgesio,;io,;:::;io,. Let denote by T; ; .; o the tensor of this
vertex. T_; ., is the tensor contraction of T ®;T @;:::;T (N K 1 and
T (N K Equation (3.1) tells us that

I CI

iogi0,: oy Pl @ We @ @1 @25 @

(N k) .
Pov o v o2 N g vk

The sum above is taken over all indices corresponding to thelosed edges. A per-

mutation of (1);:::; (N Kk)results in changes of positions of; S))li W, W ;
d( (@)
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2 N k . .
i @ i - e ¢ )i - in the sum, which
@1 @2 @qg( (@) (Nt (N k2 (N kg (v Ky

do not change the nal result. Therefore, T; ; .; o does not depend on the
ordering . This proves the theorem. O

3.3 The Contracting Tensor Network Formalism

In this section, we introduce the tensor formalism in which quantum states and
guantum operations are represented by tensors. We also lookt the correspon-
dence between the evolution of a quantum circuit and the contaction process
of the tensor network describing the circuit.

We focus on tensors whose indices can take 4 values which aretgo be

elements of the set = fjiihjj:i;j 2f0;1gg.

De nition 3.3.1. Let be ana-qubit density operator. The tensor represen-
tation of is a rank-a tensor, denoted by{T .. ,... ], where 1; 1;:::; arun
over and

T, o, =t (R D))

.....

where the above dot operation is interpreted as the matrix nitiplication.

Graphically, the tensor of an a-qubit density operator is drawn as a vertex
with a open wires as depicted in Figures.3.

1

Figure 3.3: Graphical representation of the tensor of a density operato r on a qubits.

Let us consider the tensor of a general pure quantum state on fubit j i =
CojOi + ¢;j1i, whose density operatoris = j ih j. By de nition, the tensor of
is a rank-1 tensor, denoted byT where 2 , and

T =tr( )
Wherever = jiihjj is used as subscript, we decode it as a 2-bit string . We
have o
Ty =tr( (jiihjj)”)
= tr(j ih j jjihij)
= h jjihij i
= c‘ C:

Therefore, if we consider the tensofl  as a vector, it would be [yCy; CoCy; C1Cy; C1C4]-
Let us look at the matrix

_ CoCyp CoCy
Ci1C C1C
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We see that there is a one-one correspondence between theraénts of the tensor
T and the elements of . Indeed, this relation is stated in Proposition 3.3.2
Before that, we consider two maps mapping an element in " to n-bit binary

strings. The rst map takes all ket vectors of the elements in "

f: "If 019"

The second map takes all the bra vectors

s: "If 019"
jaaihbyj; i i janihbyj 70 (by;iii;by)
We usually write a; :::an instead of (@1;:::;an)

Proposition 3.3.2.  Given an n-qubit density operator and itstensorT ...
Then the following equality holds

Proof. For the sake of simplicity, f ( 1;:::; n) and s( 1;:::; n) are denoted
by f and s, respectively. Notice that [.; ; = jf ihsj and, hence,
L)Y = (jsihf]
(=) 0(J j) 1
X
=@ i Jiihj jA jsinf |
i;£(2f 0;1g"
= ij Jiihjjsihf j
ij 2f 0;1g"
i;j & 1g
= is jiinf j:
i2f 0;1g"
This givestr( ( Y, i)Y)= s, which proves the proposition. O

We now consider the tensor representation of a quantum opet&n. Let Q
be a general quantum operator acting ona input qubits and b output qubits,
i.e. it takes an a-qubit density operator to a b-qubit density operator.

De nition 3.3.3.  The tensor representation ofQ is a rank-(a+ b) tensor on a 4-
dimensional space, denoted bfT?. ... . . .. ] where 1; 1;::1; &) 15 2,005,
run over and

TQl; 200 al 1l 2 b tr(Q ( iazl i) Qy ( jbzl i)y):

The tensor T is graphically described by a single vertex with &+ b) open
wires as depicted in Figure3.4.

Consider the tensor of the NOT gate. It is a tensor with two indices, denoted
asTNOT = tr(N N Y ¥), where

= O
[N o
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Figure 3.4: Graphical representation of the tensor of a quantum operato r acting on a input
qubits and b output qubits.

We denote by TNJT the tensor TNOT where = jiihjj and = jaihbj. We get

Tha' = tr(Njiihj jNY(jaihb)”)
tr (jiihj jjbihaj)
H jbihajii

(where the bar notation denotes the bit complement operatia).
The tensor TNOT is given in Table 3.1

n {00|01|10]| 11
060 00| 0|1
0L, 00|10
10|, 0|10]|O0
11 (1|0 0|0

Table 3.1: The tensor representation of the NOT gate

The following proposition shows a relation between the tensr representation
and the tensor product of two operators.

Proposition 3.3.4.  Given two quantum operatorsA; B where A acts on a;
input qubits and b; output qublts andB acts on a mput qublts and b, output
quItS LetTA """"" 1 4 a a by +1 5t + by 1 ;ZZZ; 1yeens
represent the tensors oﬂ é and1 A B résﬁectlvely 'fhe foIIowmg equahty holds

1500 aj+ag: lin by + by 1505 aps 1:5 by ag+l ag+an: by+l 3 by+ by

Proof. We recall a property of the trace operation: given two square matrices
X;Y , the trace of theti,r tensor produg equals the product of lghe'r traces. This
is true sincetr (A) =, a&;,;tr(B) = j bj andtr(A B)= j i b . Using
this property, we get

TAl::::B; ag+azi 1 byeby tr (A B) a1+a2 (A B)( Ibl)rb2 i)
=t AC R DAY( L )Y B( R DBY( R )
=t AC T DAYC L )Yt BOOERE 0BV A )
= TA1 aps 145 by Ba1+1 S5 ag+ags byl 3N by+ by
O
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In the tensor formalism, measurement operators are descridd by the so-
called measurement scenario.

De nition 3.3.5.  Let m be an integer. Considerm single-qubit measurements
fM@Q);1 M@QgfM@2);1 M(2)g;:::;fM(m);l M (m)g, where eachM (i)
iS a measurement operator. A measurement scenario om qubits is a function
S:fl;:::;mg! GL(2) such thatS(i) is either M (i) or I M (i).

(GL(2) denotes the group of invertible 2 2 matrices over the complex eld).

We note that if a qubit i is not measured, we setS(i) to be the identity
operator.

In the next section, we show how to use the tensor formalism tesimulate
the computation of a circuit with a given input state.

3.4 Simulation of Quantum Circuits

We begin this section with the de nition of quantum circuit g raphs.

De nition 3.4.1.  Given a quantum circuit C with an input . Each segment
of qubit wires is marked by a distinct label. We index the ters of each gate in
C by the labels of its incoming qubit segments and outgoing qubegments. The
circuit graph of C is the tensor network of all these tensors.

By a segment of a qubit wire, we mean a part of the qubit wire lyihg in
between two consecutive gates on that wire. Figure.5illustrates an example.

ia

i i i i i

12 3. 4 1
\jZ '
4

j1

Figure 3.5: Graph representation of a quantum circuit.

Notice that open edges could appear in circuit graphs, e.g. e edgess;j»
in the example in Figure 3.5. If we contract all closed edges in the circuit
graph of a quantum circuit C on n qubits, we will end up with a single tensor
consisting of n open edges. The idea of simulating quantum circuits using tk
tensor formalism is that this nal tensor indeed representsthe outcome state
of the circuit C executed on the input . The main aim of this section is to
prove this statement, which enables us to work on the circuitgraph instead of
the quantum circuit.

We rst consider the situation when the circuit C has only one gate.

Theorem 3.4.2. Let C be a quantum circuit that has only one gatdJ acting
on n input qubits and m output qubits, and consider an input . Then the
contraction of the two tensors of U and gives us the tensor of the outcome
stateU U VY.
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J1

In Jm
Figure 3.6: Simulation of a quantum circuit consisting of one gate.

Proof. We rst rewrite the tensors of U, and the outcome °= U UV,

Til:::in =tr ( Ezlik)y ;
Tilf:::in;jl:::jm =tr U( Ezlik)uy( quljk)y )

=tr A Raiw)

0

T

jiim

tr UUY( Ljk)

Suppose thatix = jakihbj and jx = jecihdgj, where ag; b ; c; dk are binary,
anda= a;:::an;b=b:::by;c=ciiicn;d= dy:::dy. By Proposition 3.3.2
we getT; .. = apand

TiLlJ:::i nd1im = U( Ezl ik)Uy cd = UjaihbjUy cd .
(where the notation (X )m:n means the fn;n) element of matrix X )

Contracting the tensor T to the tensor TY gives us a new tensor, denoted
by T,7.;, . and

U —
le:::j mo Ti1:::inTiL1J:::in;j1:::j m
iv;nin
X
a;b cd
= U( aplaint)u’
c
;b '
6 0 1 1
X
=Bu@  pjainbA LK
a;b
cd
=(UUY)ca
0
= TJ'1:::J' -
which proves the theorem. O

We now generalize TheorenB.4.2to circuits of more than one gate.

Theorem 3.4.3. Let C be a quantum circuit and be an input. Then the
contraction of the whole circuit graph of C with the input gives us the tensor
of the outcome state when we appl€ to the input.
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Proof. We can always order the gates inC by the time order (from left to

contracting the tensor of to the tensor of G; gives us the tensor of the quantum
state after executing Gy, i.e. the state G; G J; contracting the new tensor to
the tensor of G, gives us the tensor of the quantum state after executingG,,
and so on. Finally, after contracting Gy, we get the nal tensor which is the
tensor of the outcome. O

Theorem 3.4.3 can be generalized to general quantum operators. Each gen-
eral quantum operation can be decomposed to a number of Kraws opera-
tors Kipsuch that, for every density operator that can act on, we have
( )= ;KiK. Notice that the tensor representation of will be

X
T1;z """ as 1, 255 b:tr( ) (Ki ( §=l k) K?,) ( ]'b=l j)y);

which can be written asP r(Ki (B W) KV ( jbzl i)¥). Theorem 3.4.3
does not require the unitary property of quantum gates. Hene it still holds
with Kraus operators. The linearities of the sum and trace operators guarantee
that the theorem will hold for general quantum operators.

We now consider measurement operators on the tensor formain. The prob-
ability of observing a measurement outcome can also be comped as follows:
rst attach the tensor of the corresponding measurement sceario to the circuit
graph, and then perform contraction of the whole resulting tensor network.

Theorem 3.4.4. (Markov and Shi [13]) Let C be a quantum circuit, be an
input, and be a measurement scenario. Contracting the tensor networkfdsc
together with  and gives a rank-0 tensor which is the probability that is
realized at the end of the circuit.

We have seen that computations on quantum circuits can be traslated to
contractions of circuit graphs. One advantage of using thistranslation in simu-
lating quantum circuits is that contractions of circuit gra phs can be performed
with any ordering of edges, whereas computations on the cirgt model must fol-
low gates in the time order. This order-independent advantaye gives us ways to
optimize the contraction processes by looking for an optimaordering in which
the contraction process requires the least number of compuattional steps.

Theorem 3.4.5. Contracting all the closed edges of a circuit graph in any orer
will give us the same resulting tensor.

Proof. Theorem3.4.5is a special case of Theorerd.2.4when the tensor network
is a circuit graph. O

In the next section, we will make use of the order-independenproperty of
the contraction operation to estimate the contraction complexity of a quantum
circuit graph.

3.5 Contraction Complexity and Treewidth

We begin this section by introducing the treewidth concept. Unless otherwise
stated, graphs mentioned here are undirected and may have niiiple edges or
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loops. For every graphG, the set of its edges is denoted bye (G) and the set
of its vertices is denoted byV (G).

De nition 3.5.1. Let G be a graph. A tree decomposition ofG is a tree T,
together with a function that maps each vertexv 2 V(T) to a subseB,, V(G),
which is called a bag, such that the following three conditis hold:

(C1) Each vertex of G must appear in at least on bag, i.e.[ yvov(t)Bv = V(G).

(C2) For each edge ofG, there is at least one bag containing both of its end
vertices.

(C3) All bags (vertices) in T containing a given vertex inG must form a con-
nected subtree ofT.

The width of a tree decomposition is the maximum size of a baginus one, i.e.
maxyov(t)jBwj 1. The treewidth of G, denoted bytw(G) is the minimum
width among all tree decompositions ofG.

The 1 in the de nition of the width of a tree decomposition is intr oduced
for convenience only: the smallest treewidth value is one amhit happens when
the graph is a tree. Intuitively, the smaller a graph's treewidth, the closer it
is to a tree, and a tree decomposition is a drawing of the graphto make it
look like a tree as much as possible. Figur&.7 illustrates an example of a tree

decomposition.
| SaGadad)
C f
AN &)

Figure 3.7: An example of a graph with a tree decomposition of width two.

a g

Computing the treewidth of a graph is a hard problem. Arnborg et al. [2]
showed that determining whether a graph has treedwidth at mat k is NP-
complete. Nevertheless, varieties of heuristic algorithra have been proposed
to nd upper bounds or lower bounds on a graph's treewidth. Bodlaender [3]
gave a survey of these algorithms. Instead of explaining thee algorithms here,
we give another de nition of treedwidth which is equivalent to De nition 3.5.1
This provides another way of interpreting a graph's treewicth.

De nition 3.5.2.  Given a graphG. A contraction ordering is an ordering of
all the edges of5. The complexity of , denoted bycd ), is the maximal rank of
a merged vertex during the contraction process. The contraion complexity of G,
denoted bycdG), is de ned as the minimum complexity among all contraction
orderings.

This type of contraction is called one-edge-at-a-time 13] since at every step
you contract exactly one edge. This diers from the tensor cantraction which
contract all edges between two tensors at one time. The onedge-at-a-time
contraction, however, increases the maximal rank of a mergkvertex by at most
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two-fold. The reason is: if we need to contract edges betweetwo vertices u
and v of degreed + k and | + k® respectively, which sharel common edges, the
one-edge-at-a-time contraction will create vertices of dgreesk + k%+ | 1;k +
KO+ 1 2;:::;k + kOwhich all do not exceedr (u) + r(v).

To introduce the relation between the treewidth and the contraction com-
plexity of a graph G, we consider the so-called line graph o6G.

De nition 3.5.3.  The line graph of G, denoted byG , is the graph whose vertex
set is the set of edges o6, and two vertices of G are adjacent if and only if
the two corresponding edges irc share a common vertex.

Figure 3.8 illustrates an example.

b

Figure 3.8: An example of a graph (on the left hand side) with 7 edges and it s line graph
(on the right hand side) with 3 vertices.

The following theorem states that the treewidth and the contraction com-
plexity measures are indeed equivalent as long as we considegasses of graphs
with bounded maximal degrees.

Theorem 3.5.4. (Markov and Shi [13]) For any graph G of maximal degree
G, we have

1. coG) = tw(G ).
2. (W(G) 1)=2 tw(G) ( G)(w(G)+1) L

We now have all necessary concepts to study the complexity afontracting a
whole circuit graph. We begin with Theorem 3.5.5which gives an upper bound
for that.

Theorem 3.5.5. (Markov and Shi [13]) Given a tensor network N of a sizeT
guantum circuit with a classical input and single qubit measrements at the end
of the circuit, and a contraction process speci ed by an ordeing of edges inN;
let d be the maximum rank of all the tensors that appear in the pross. The
contraction takes T O(16Y) steps; and there exists a contraction process that
takes T O[16°°(®)] steps.

Proof. The algorithm scans edge by edge in the given order and at eadime
compute the new tensor based on Equation3.1). The complexity of computing
a new tensor is at mostO(42%) sinced is the maximum rank of all the tensors.
The total runtime, hence, is bounded by I O(4%%) = O(T 16%).

Let us denote by D the maximum among all d%. It is obvious that there
exists a contraction process takingT O(16°) steps. We know, furthermore,
that cG) D. Hence, this contraction costs usT O(16°) steps.

O
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Theorem 3.5.5does not show us how to nd an optimal contraction process.
Nevertheless, given a tree decomposition o& , Markov and Shi show that we
can nd a contraction ordering of G of complexity not bigger than the width of
the tree decomposition.

Theorem 3.5.6. (Markov and Shi [13]) There is an e cient deterministic algo-
rithm that given a tree decomposition ofG of width d will output a contraction
ordering of G withcd ) d.

Finding an optimal tree decomposition is an NP-hard problem ([2]). How-
ever, Robertson and Seymour]7] gave us an algorithm for nding a "good"tree
decomposition of any given graph.

Theorem 3.5.7. (Robertson and Seymour 17]) There is a deterministic algo-
rithm that given a graph G will output a tree decomposition of widthO(tw (G))
in time jV (G)j°® exp[O(tw(G))].

We have had enough materials for our main simulation algorihm

Theorem 3.5.8. (Markov and Shi [13]) Let C be a quantum circuit of size
T, with n input and m output qubits, x 2 f0;1g" be an input, and be a
measurement scenario. Denote by the circuit graph of C. Then the probability
that is observed at the end of the circuit can be computed deternigtically in

time TOM exp[O(( G):tw(G))].

Proof. The algorithm is described below.

1. Apply the Robertson-Seymour algorithm to compute a tree decomposition
T of G of width w = O(tw(G )).

2. Find a contraction ordering  of complexity w from T by using Theorem
3.5.6

3. Contract G using the ordering . The unique element of the nal rank-0
tensor is output as the desired probability of observing .

The most computation-consuming parts of the algorithm are sep 2 and
step 4. Theorem3.5.7 tells us that step 2 costsjV (G )j°® exp[O(tw(G ))]
which equalsjV (G )j°® exp[O(( G) tw(G))] (by Theorem 3.5.4). We know,
furthermore, that the number of vertices of G is the number of edges ofG,
which is T. Step 2 of the algorithm, hence, costs u§ °® exp[O(( G) tw(G))]
steps. By Theorem 3.5.5 the complexity of step 4 is T O(exp(cq ))) =
T O(exp(tw(G ))) = T O(exp(( G) tw(G))). So the overall complexity
is TOW exp[O(( G) tw(G))]. O

3.6 A Class of Simulable Quantum Circuits
Theorem 3.5.8 gives us a simulation whose complexity depends solely on the
treewidth measure. Considering simulation of a quantum cicuit, we prefer to

use parameters related to the circuit itself. To this end, Theorem3.6.1 provides
a treewidth's estimation that is based on the so-called quhbi-crossing concept.

then G is said to cross the qubiti if and only if j1 i k.

30



Chapter 3. THE CONTRACTING TENSOR NETWORK FORMALISM

Theorem 3.6.1. (Markov and Shi [13]) Let C be a quantum circuit. De ne r to
be the maximum number of gates that cross any given qubit. Theahe treewidth
of the circuit graph G of C is bounded by 1; and therefore the circuit can be
simulated deterministically in time T°® exp[O(r ( G))].

Proof. We construct a tree decomposition of G as follows: for each qubiti,
wherel i n, dene bagB; to be the collection of all gates that cross qubiti.
Consider the tree T consisting of one path oh vertices (bags)B1 B Bn.
We now check the three conditions in De nition 3.5.2 Condition (C1) holds
since each gateG must act on some qubit, say qubiti, then G is contained in
the bag B;. Condition (C2) holds since every segment of a qubit, say qubii,
connecting two gates,B; contains both the two gates. Condition (C3) holds
since for each gate acting on qubitg; <j o < < j k, the set of bags that

T, hence, is a tree decomposition o6.
By the de nition of the parameter r, we haver = max; ; njBij. Therefore
the width of T isr 1 andtw(G¢) <r . O

We notice that O(r) is not always an optimal bound on the treewidth of
Gc. Let us consider the following example where the treewidth § indeed very
small, but r might be as large as we want: 2-qubit circuitC consisting of n
CNOT gates. The circuit graph will be a path connecting the n gates, and have
treewidth 1. However, the maximum qubit-crossing number ofthis circuit is n.

We now consider an alternative qubit-cross concept which wéave not been
able to compare with the one above. Consider a quantum circti C. Instead

arbitrary shape (in the original setup, the tree is of line shape). We notice that
this tree arrangement has no physical meaning. For a gat& acting on qubits
j1<ja2< <j, itis said that G crosses the qubiti if and only if there exist
jpiiq, Where 1 p;q Kk, such that, in the qubit tree, the qubit i is contained
in the path connecting j, to j4. Theorem 3.6.2 can be proven similarly as the
proof of Theorem 3.6.1

Theorem 3.6.2. Let C be a quantum circuit in which each gate has an equal
number of input and output qubits, and the qubits are arrangkin a tree. With
respect to this arrangement, de ned to be the maximum number of gates that
cross any given qubit. Then the treewidth of the circuit grap G of C is upper
bounded byd 1; and therefore the circuit can be simulated deterministiclly in
time T°Wexp[O(d ( G))].

Theorem 3.6.2 and Theorem 3.6.1 mean thatif d ( G) orr ( G) of a
guantum circuit is polylogarithmic, then the circuit can be classically simulated.
Let us consider a quantum circuit of sizeT . In any qubit-crossing concept above,
each gate crosses at least one qubit. The number of crosse®rite, is at leastT .
By the Pigeon Principle, both d and r are not smaller than T=n. Therefore, if
T is equal ton poly(n), then both theorems do not provide us any conclusion
on classical simulability of the circuit.
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3.7 Relation between the Contracting Tensor Net-
work and the Matrix Product Formalisms

In this section, we exploit a relation between the matrix product formalism and
the tensor formalism. It turns out that a matrix product stat e can be interpreted
as a tensor network if we do not restrict ourselves to tensor Wose indices are
in the set as de ned in De nition  3.3.1 , ,
Let us consider a tensor product statg i represented byn tensors [11'1; [21'22;
crop 0 Uie a0 \where each indexi can take two values, either 0 or 1, and
each index can take valuesxn the setfl;:::; g. Then if in the computa-

tional basis| i is described as ipigJiniitind, we have

= HE LN W @2

Therefore if we considerj i as a rankn tensor, then Equation (3.2) states that

the tensorj i is exactly the contraction product of the tensors [1}“; [2}”2;:::;

(Lo 2, [”]i”l. This interpretation is illustrated in Figure 3.9. Note, how-

n 2 n 1 n

i1

Figure 3.9: Tensor interpretation of an n-qubit tensor product state.

ever, that in order to have an e cient computation, we now exp ect not only

the rank of each tensor in the network but also the domain of eah index to be

small. The range of each indexy is xed, viz. the set f0; 1g. But the range of
x depends on the maximal Schmidt rank .

Applying a 1-qubit gate U to the qubit j now is just the contraction of the
tensor U1to U which might be interpreted as a rank-2 tensor on a 2-dimensioal
space Uy Jk;i 2 0:19- A justi cation of this statement is Equation ( 2.12). Figure
3.10depicts this contraction.

Applying a 2-qubit gate U is rather more complicated. The idea is: suppose
that we are applying U to two consecutive qubits k and k + 1, we have a
cycle between the three tensors [XI; k11 and U. The rst step is to make
contraction of this cycle to get only one resulting tensor. Now what we get is a
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i1 i1

[1] 11]
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n n
L2 O — [n]

Figure 3.10: Tensor interpretation of applying a 1-qubit gate to a tensor  product state
where the tensor  [@° is the contraction product of 12 and U.

network of (n 1) tensors with n open edges. To restore to the standard setting
which consists ofn tensors, we decompose the resulting tensor in the rst step
into two tensors connected by a new edge. This 2-step procede is depicted in
Figure 3.11

Figure 3.11: Contraction process corresponding to the process of applyi ng a 2-qubit gate
on two consecutive qubits on a tensor product state.

The tensor interpretation of the matrix product formalism a Iso allows us to
compute the inner product of two matrix product states. Let us consider two

statesj i andj i which are represented by Mit; Bz ... [0 Lo 1. [0l

and [, Be..... 00 2 [”]'” , respectively, in the matrix product for-
1 12 n2an 1

malism.

Theorem 3.7.1. The inner product of j i andj i is the result of the contraction

of the whole tensor network in Figure3.12. Furthermore, this can be achieved

in O(n 2 2) steps, where; are the maximal domain size among domains of
1;:07 nand q1;::1; n, respectively.

Proof. We notice that the tensor network consisting of [11] ; [21] ittt [”n 1] o

[”n] . on the right-hand side of Figure 3.12represents the stateh j. The tensor

network, therefore, represents the producth j i which is the inner product be-
tweenj i andj i. The contraction process with the edge ordefiy;:::;in; 1; 1;
11 n; ngcosts usO(n ? ?) steps. 0
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[ [

1
2

[n]

Figure 3.12: Tensor network computing the inner product between two matr  ix product
states, where the star * denotes the complex conjugation.

As consequence, Corollang.7.2 allows us to compute the length of an un-
normalized MPR state.

Corollary 3.7.2. The length of an unnormalized vectorj i, which ish j i,
can be computed inO(n #) steps.

Let us consider two MPR states| i, j i, and a measurementf Mo; Mg
whereMg = j ih j, My =1 j ih j. The probability of observing O isjh j ij?,
which can be e ciently computed as long as the matrix product representations
ofj i;j i are e cient. We, thus, have shown the following corollary of Theorem
3.7.1

Corollary 3.7.3. If j i;j i can be represented e ciently in the MPR, then the
probability distribution of the outcomes of the measuremenfMgy; Mg can be
computed e ciently as well.

We are currently working on the following combination of the contracting
tensor network formalism and the MPR formalism: consider a ggantum circuit
with a given input state. We use the MPR formalism to represen the input
state. The tensor representation of this MPR will then be comected to the
open input edges of the circuit graph of the quantum circuit. Instead of up-
dating quantum gates with the left-to-right ordering, we might do some edge
contractions rst. Updating the new tensors to the MPR state will then be
performed. We know that the maximum rank of a tensor is boundel by the
treewidth of the circuit. Furthermore, Theorem 3.7.4, as a generalization of
Lemma 4 in [9], tells us that applying a tensor of rank k to a state increases the
maximum Schmidt rank of the state by a factor of at most 42, These facts
suggest that the ratio between the maximum Schmidt ranks of he initial state
and the nal state might be bounded by exp(w), wherew is the treewidth of the
circuit. This conjecture, in cases it is true, would imply that starting with an
initial product state, the maximum Schmidt rank of the nal s tate is bounded
by exp(w).

Theorem 3.7.4. Let| i have Schmidt rankr for the partition at the ith qubit
1:::0j(i+1) :::n,andj 9 be obtained fromj i by applying ak-qubit gateU. Let
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r be the maximum Schmidt rank off 4 for the same partition. The following
inequality holds

0 4bk: 2c

r r

where bxc means the largest integer not bigger thax.

Proof. We consider two cases:

Case 1: all a ected qubits are in one half of the partition. Hence, the Schmidt
rank according to this partition does not change, i.e.r%=r.

Case 2: qubiti lies in between the a ected qubits. We use SWAP gates to move
the a ected qubits next to the border of the partition, as ill ustrated in Figure
3.13 These moves do not change the Schmidt rank since they act ladly in
the partition. If there are m a ected qubits in the rst half, and k m in the
second half, then after the movements, the a ected qubits ae qubits ranging
fromi m+1;:;500+1;i+k m.

Figure 3.13: Movement of the a ected qubits to the border of the partition at qubit i.

Let A denote the subsystem consisting ofn a ected qubits on the left hand
side of qubiti and B denote thg system consisting ok m a ected qubits on
the right hand side. Letj i = {:1 jaiijhi be the Schmidt decomposition for
the partition at qubit i after applying the SWAP gates. For eachl, let | be
the reduced state of subsystenB in jhi, which is a mixed density matrix of
k m qubits. Therefore, there exist at most X ™ eigenstates of |, denoted as

jetizjedi;iirjed i
In the new state j & = Uj i, we consider the subsytemC consisting of
qubits 1;:::;i, plus all the qubits in B. The reduced state of subsystemC will

2k mk m o py=4k M ¢ This impliesr® 4k M r,

Reasoning in the same way with the qubits in subsystemA will give us:
r® 4™ r. Since eitherk m or m must be at most bk=2c, we conclude that
r0 gbk=2c O

3.8 Summary

In this chapter, we consider the contracting tensor network formalism, rst
introduced by Markov and Shi in [13]. Within the formalism, elements of a
guantum circuits are represented by tensors. We also studyhe translation of
the computational evolution of a quantum circuit to the cont raction evolution
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of the corresponding circuit graph. Analysis on complexityshows that the con-
traction process can be estimated using the treewidth of thegraph. After that,
we relate the treewidth parameter to the maximal qubit-crossing parameter,
which can be more easily interpreted on quantum circuits. Fnally, we show
a relation between the previous formalism, the matrix prodwct formalism, and
the tensor formalism. From the point of view of this relation, a matrix product
state can be interpreted as a tensor network. Consequentlysome operations
can be computed using this new interpretation, such as the iner product of
two matrix product states, and the length of an unnormalized matrix product
state. We also propose a conjecture about the amount of entaglement (de ned
as maximum Schmidt ranks) of the nal quantum state associat with a circuit
and the treewidth of the circuit graph.
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Chapter 4

The Stabilizer Formalism

4.1 Introduction

The stabilizer formalism was, at the beginning, used in quatum error-correcting

codes to construct stabilizer codes. However people soonalzed that the for-

malism was also very useful in many other problems. In classal simulation

of quantum circuits, it plays a very important role as it give s us an interesting
class of quantum circuits that can be simulated e ciently by classical comput-
ers. This chapter focuses on the Gottesman-Knill theorem,fom which a class
of classically simulable quantum circuits can be derived. This chapter is based
mainly on [1, 8].

4.2 Notation

Throughout this note, we will frequently use the four Pauli matrices
_ 10 . _ 0 1 . _ 0 i _ 1 0
I_01’X_10'Y_i0'z_01

It is easy to check that these matrices have the following redtions

X?=Y2=72%=1|,
XY =izZ;YZ = iX;ZX =iY; (4.1)
YX = iZ;ZY = iX;XZ = iY:

Note by these identities that the Pauli matrices either comnute or anti-commute.
De nition 4.2.1.  The Pauli group on 1 qubit is de ned as
Gi=f I, X; Y, Z il; iX; iY; iZg

The group G; is generated byfX;Y;il g We will frequently write G; =
hX;Y;il i where the pointed brackets denote the group generated by thenclosed
elements.

De nition 4.2.2.  The Pauli group on n qubits, denoted byG,, is de ned as
(G1) ™.

37



Chapter 4. THE STABILIZER FORMALISM

Every element in G, can be written in the form  ; 2 n 2 Gp,
where 2f 1, ig; 2 Gy forall i = 1;:::;n. Theorem 4.2.3 lists some
properties of the Pauli group.

Theorem 4.2.3. The following statements are true:

1.

Proof.

G, is a subgroup ofU(2"), where U(2") is the group of unitary 2" 2"
matrices.

.tr(M)=0 foreveryM 2 G,nf 1I; il g, wheretr (M) is the trace of the

matrix M.

. Every two Pauli operators either commute or anticommute.

If M = 1 2 n 2 Gp has a real overall phase 2 f1; 1g,
then M is Hermitian; otherwise M is anti-Hermitian.

. If M is an n-qubit Hermitian Pauli operator, then M2 =1 "; if M is an
anti-Hermitian Pauli operator, then M2= | ",

1. It follows from the fact that all the Pauli matrices are uni tary.

2. It is easy to check thattr (X) = tr (Yé = tr (Z) = 0. Suppose that

M= n. We havetr (M) = Lotr( ). SinceM & I; il,
at least one of the matrices must dier from | and thus has trace 0.
Thereforetr (M) = 0.

This follows from the fact that two Pauli matrices either commute or
anticommute.

We notice that all the Pauli matrices are Hermitian. We have MY =

Y Y= 1 n,» Which equals M if = 1 and equals
Mif = .
We haveM? = 2 2 2= 2 |, which equalsl "if = 1

andequals | "if = 1.
O

There exists a very useful homomorphism betweerG, and the additive
binary group F3". This homomorphism maps an element ofG, to a 2n-
dimensional binary vector. Firstly, we consider the following mapping ([22])
for the 1-qubit case:

B:Gy! F3
| 7! (0;0)
X 7' (1;0) (4.2)
Z 7 (0;1)
Y 7! (1;1)

for every 2 f 1, ig. It can be easily checked that the above mapping is
a homomorphism from the matrix group G; to the additive group F3 (this
follows immediately from the equalities in Equation (4.1)). For convenience, we
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sometimes use oo; 10; o1; 11 forl;X;Z;Y , respectively. The homomorphism
B can be extended to the generah-qubit case:

B:G,! F3"
X121 X222 xnza TV (X1;000,Xn3 2150005 2Zn)
We dene a?2n 2n matrix as
0 1
I 0

where thel matrices on the o -diagonal are identity matrices of sizen. For any
two vectors u; v in F3", the formula u v de nes the so-called symplectic inner
product between them. The rst structural relation between the Pauli group
and the binary group F3" is stated in the following proposition.

Proposition 4.2.4.  (van den Nest P2])

1. The mapping B is an homomorphism from the multiplicative goup G, to
the additive groupF3".

2. Elementsg; ¢ of the Pauli group G, commute if and only if the symplectic
inner product of B(g) and B (g% vanishes, i.e. B(g) B(g9"T =0. They
anti-commute if and only if B(g) B(g9)" =1.

Proof. 1. It follows from the fact that the mapping ( 4.2) for the 1-qubit case
is a homomorphism.

2. Suppose thatg = X121 X222 xozo and g = O o0
X929 x0z0. We get B(g) = (X1;::5:%Xn1215::::20);B(09) =
(x3;::1ixpiz8i it z) and B(g) B(9)" = x12p XnZy 21X}

z,x%. By Equation (4.1) we observe that y,, commutes with X020
if and only if they are identical or one of them is|. ,; and x0z0 are
identical if x; = x%;z; = z0. One of them is| if either x; = z; = 0
or x = z9 = 0. We deduce that ,, commutes with o0 if and only
if x2 x§z; = 0. Hence, the symplectic inner product of B(g) and
B(g) is 0 if and only the number of commuting pairs ( x,z ; x0z0) IS
even. This happens if and only ifg commutes with g°. It implies that
B(g) B(g)" =0ifand only if g and g° commute, andB(g) B(g9)T =1
if and only if g and g° anticommute.

([l

Later on, we'll see that by using the homomorphismB, we can translate
actions on Pauli operators to appropriate actions on elemets of F3". This
enables us to simulate them easily on classical computers. r&position 4.2.4
also gives us a powerful tool when we study properties of Paubperators. Two
Pauli operators in G, commute if and only if their images in F3" are orthogonal
with respect to the symplectic inner product.

4.3 The Stabilizer Formalism

In the stabilizer formalism, a quantum system is described kg following the
evolution, not of its state as normal, but instead of the set d operators that
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could act on the system (B]). The set of operators needs to be chosen so that
in every time step, it is su cient to use this set to uniquely d etermine the state
of the system (maybe up to an unimportant global phase). For air simulation
purpose, we look for sets of operators which can be e cientlyrepresented.

Firstly, we consider how a quantum state is described by a sebf operators.
Let ug, consider an example: suppose we are given the stafei = (jOOi +
joli)= 2. It is easy to see that the following equalities

(2 X)ji=ji
(Z NDji=ji
hold since ZjOi = jOi; X jOi = jli;Xjli = jOi. Furthermore, if we consider

j 1 = CoojO0i + co1jOLi + €10j10i + c11j11i as a general 2-qubit state and look for
j i satisfying both equations in (4.3), we must have

ji=(z X)ji
ji=(z Nji
which imply that

(4.3)

CoojOli + Co1jO0I  C10j1li  €13j10i;
CoojOO0i + Co1jOLi  C10j10i  Cp1j1i;

Coo = Cp1,Ci0 = Ci1,
Cio = C10,C11 = Ci1!

We get cgo = Cp1 and c;p = €11 = 0. It means that j i = cgo(jO0i + jO1i), which
diers from j i only by a global phase. The 2-qubit states which satisfy both
equalities in (4.3) are called stabilized states off ZX; Zl g. We natice that, if we
ignore global phases, the statg i is the only stabilized state offZz X;Z Ig.
In this sense, we say that the statej i is represented byfZ X;Z Ig.

We now consider the general stabilizer formalism in which gantum states,
such asj i above, are represented by sets of Pauli operators.

De nition 4.3.1.  Given a quantum statej i and a Pauli operator U. We say
U stabilizesj i if j i is an eigenvector ofU with eigenvalue+1. If so, we also
say thatj i is a stabilized state ofU.

We notice that given a quantum state j i, if U and V are its stabilizers,
then so areU *;UV. Therefore, the set of operators which stabilize a quantum
state forms a multiplicative group of matrices. Also, ifj i andj 9 are stabilized
states of a unitary operator W, then so is every linear combination of them. The
set of stabilized states of a unitary operator, hence, forms vector space.

De nition 4.3.2.  Given a subgroupS of G,. SupposeVs is the set ofn-qubit
states which are stabilized by all elements &. Then Vs is called the stabilized
vector space ofS, and S is called the stabilizer of the spacéd/s.

If we have a subgroupS such that its stabilized vector spaceVs is non-trivial,
then the elements ofVs can be represented by the groufs. This representation
might not be e cient since in many cases, the size ofS is exponentially big.
Theorem 4.3.4, however, tells us that a group can be faithfully described
using a set of at most log(jGj) generators.

De nition 4.3.3. A set of elementsg;;:::;g in a group G is said to generate
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Theorem 4.3.4. (Nielsen and Chuang [L5]) A group G of sizejGj has a set of
at most log,(jGj) generators.

elementg in the subgroup, ug must lie outside the subgroup since, if otherwise,
then u = (ug)g * would be an element of the subgroup. For ever two distinct
elementsg; ¢ in the subgroup, ug and ug® must also be di erent. Therefore, the

size ofhgy;:::; @ ;Ui is at least twice as big as the size ofig;;:::; g i, from which
we conclude that G must have a set of generators containing at most log(jGj)
elements. O

We are interested in quantum states that can be described by aubgroup of
Pauli operators. It would mean that the stabilized vector space of the subgroup
is of dimension 1. We do not yet have all the tools to gure out in which
conditions, a Pauli subgroup will give us a 1-dimensional sabilized vector space.
We will answer this question at the end of this section. It is easy to show that
if Vs is non-trivial, i.e. Vs is of dimension bigger than 0, thenS is Abelian and

I 2 S. If, otherwise, S is not Abelian, then there exist g; ¢ anti-commuting
in S. For any vector x 2 Vs, x = gg% = g%x = x, which implies that
X = 0 and thus Vs is trivial. If | is an element ofS, then for any x 2 Vs,
X = Ix = x. This would imply that Vs is trivial.

Suppose we are given a subgrous generated byl commuting elements
01;:::; 09, which does not contain |. The generating set would also contain

of checking whether they are independent or not. To this endwe consider the
so-called check matrix of a generating set.

For example, let us consider the generating set consistingfawo Pauli oper-
atorsZ X;Z |. The check matrix of this set is given in (4.4)

0110

0 010 (4.4)

Theorem 4.3.6 gives us a way of checking if a generating set is independent
or not.

Theorem 4.3.6. (Nielsen and Chuang L5]) Given a generating setg:;:::; g
of G such that | is not an element ofhg;;:::;gi. The generatorsg; through

Proof. The check matrix of gi;:::; g is of rank smaller than| i5and only if its
rows are linearly dependent, i.e. there existy;:::;a suchthat ,aB(g)=0,
and a 6 O for somej. It can be shown that B is in fact a surjective homo-
morphi$n, and if we ignore global phases ier, B would be an isomorphism.
Hence, ;aB(g)isequaltoOifandonlyif ~,g* =1 uptoa gI@bal phase.
Since | 2Sand( il)?= IQ il is notin S neither. Therefore, ~; g& =1,
which implies that g = g 1= i8] g® and thus g1;:::; g are dependent. [
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We notice that determining the rank of a p  q binary matrix can be done
e ciently in  O(min f p; ag®) steps.
We now turn to the main question in this section. Given a subgoup S =

sion of Vs. We need to gather one more result before giving the solutiorto the
guestion.

Proposition 4.3.7.  (Nielsen and Chuang 15]) Let S = hg;:::;gi be gen-
erated by | independent generators and satisfy | 2 S. Fix a subsetE of

by Theorem 4.3.6 and thus there exists a Z1-dimensional vectory such that
Gy = ez, whereeg is the *-dimensional vector with 1s in the i position for all
i 2 E and Os elsewhere. Denote by the vector 'y, soG x = eg. Let g be
a Pauli operator such that B(g) = x". SinceG x = eg, B(g) B(g)" =1 for
alli 2 E andB(g) B(g)" =0 forall j 2 E. Therefore, by Proposition 4.2.4,
g anti-commutes with g; for all i 2 E and commutes with allg; forj 2 E. O

We now have all the tools to answer the main question in this setion.

Theorem 4.3.8. (Nielsen and Chuang L5]) Let S = hg;;:::;0n i be generated
byn k independent and commuting elements fronG, such that | 2 S. Then
the stabilized vector spacd/s of S is of dimension 2X.

Proof. Let x = (X1;:::;Xn «) be a vector of F} *. De ne
Qn « .
pX = s (1+( )Ng),
S = on k :

We notice that since g;; g commute, so dol +( 1)g and| +( 1)9g. We
know furthermore that (I + g;)=2 is the projector onto the +1 eigenspace ofy;,
hencepéo;:::; 0) i tha nrmiamtnr crnte all 41 AlNARCRa~ae Ay -«
words, PS 9 is the projector onto Vs. The dimension of P9 hence, is
the dimension of Vg

By Proposition 4.3.7, for eachx there exists g« such that it anti-commutes

with g; for all i such that x; = 1 and commutes with the other g;. We, hence, get

PZ. The dimension of P, therefore, is the same as the dimension dfs.

We notice that for two di erent binary bits  a; b, we always have (+( 1)2g)(l +
( 1)Pg)= I+( 212 °1+(( 1)2+( 1)®)g =0. Fortwodierences x;y 2 Fj X,
there existsi such that x; 6 y;. Sincel +( 1)%g;l +( 1)Yg commute for
all i and j, the matrix product P P contains (I +( 1)%g)(I +( 1) g)
as a factor. Hence we get to have®Z PZ = 0, which implies that PZ are the
projectors on orthogonal subspaces.
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The proof is concluded by the following observation,
X X

(n k 1) (n k 1)
X — X 0 X 1
Ps = Ps + Pg
x2Fj X x(n k Hopl K
(n k 1)
— X
= PS
x(n k 1)2|:g k (45)
_ X x©@ _
= P =
x© 2F>

We know that the identity matrix | is a projector onto a 2'-dimensional space,
while the left hand side of Equation (4.5) is a sum over 2 ¥ orthogonal projec-
tors of the same dimension as the dimension ofs. Hence the dimension ofVg
must be 2. This concludes the proof. O

Theorem 4.3.8tells us that the dimension of the stabilized spaceV/s depends
only on the number of generating elements of. For our simulation purpose, an
important implication of Theorem 4.3.8is the following: if S is a subgroup of
G, and generated byn independent and commuting elements such that | 2 S,
then the stabilized spaceVs is a 1-dimensional space. This space contains only
one pure statej i if we ignore an unimportant global phase. j i is called a
stabilizer state on n qubits and can be faithfully represented by the stabilizer
S.

As an example, we consider again the stabilizes = iz X;Z li in Ga.
Itis easy to checkthatZ X;Z | are commuting since g X) (Z )=
(Zz Z) (X 1)=(Z 1) (Z X). By Equation (4.3), (jO0Oi + joli)= 2 is
a stabilized state of S. Furthermore, Theorem 4.3.8 implies that S stﬁlgilizes a
vector space of dimension 1. We, hence, conclude thajq0i + jOli)= 2 is the
stabilizer state of S.

We notice that highly entangled states could be also stabilzer states. For
example, let us consider the maximally entangled 2-qubit sate j i = (j00i +
j11li)= 2. ltis easily veried that X X;Z Z stabilize j i, and they are
commuting. Hence,hX  X;Z  Zi is the stabilizer of the stabilizer statej i.

In the next section we will study how to use the stabilizer formalism to
simulate quantum circuits with Cliord gates . In general, we can use the
stabilizer formalism to simulate any quantum circuit. However, if a circuit
contains only Cli ord gates, Gottesman [8] showed that the simulation can be
done e ciently.

4.4 Unitary Gates in the Stabilizer Formalism

In this section we consider ann-qubit stabilizer state j i of the subgroupS =

determine the statej i. Suppose that we want to apply ann-qubit unitary gate
Utoj i. We are interested in the questions: Is the resulting statg 4 = Uj i
a stabilizer state? If so, what is its stabilizer?

1Cli ord gates will be introduced in the next section.
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For any elementg of S,
i %=Uji=Ug i=UgWuj i=uUglj 9; (4.6)
and thus the statej 9 is stabilized by Ugl. This suggests considering the set
SP= USWY := fUgW : g2 Sg. Theorem 4.4.1lists some properties of this set.

Theorem 4.4.1. The following statements are true:

Proof. 1. Itis easy to check that the mapping
Hy :u2"! ue
g7' Ugy,

2. For dierent i;j, we have UgUY)(Ug UY) = UgUYUgUY = Ugg UY
and also Ug UY)(UgUY) = UggUY. Sinceg; and gg commute, so do
UgUY and Ug UY.

O

assumption would mean that U takes elements ofS to elements of G, under
conjugation. If we consider all subsetsS in G,,, then U leaves the groupG, xed
under conjugation. The set of matrices which leave the groupG, xed under
conjugation is called the normalizer of G,,, denoted by N (G,). N(Gp) is also
called the Cli ord group, denoted by G,, for its relationship to the usual Cli ord
groups and Cli ord algebras ([8]). We will use N (G) and G, interchangeably.
We, hence, have shown the following theorem:

Theorem 4.4.2. Let]j i be a stabilizer state stabilized by independent, com-

plying U to j i will give us a new statej 9 satisfying the following properties:

1. j G is an n-qubit stabilizer state.

Gottesman [8] analyzed the structure of the Cliord group G,. It turns
out that the group can be analytically described by a set of three generating
operators.

Theorem 4.4.3. (Gottesman [8]) The Cliord group G, is generated by three
gates: Hadamard, Phase and CNOT, in the sense that every opgor in G, can
be decomposed as a (matrix multiplication/tensor) productof gates from these
three kinds of gates.
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For that reason, these three gates are called Cli ord gatesFor our simulation
purpose, we want to analyze in details how to represent a stabzer state in the
most e cient way and how to update the representation when performing a
Cli ord gate to the state. The next section will study these i ssues.

45 Cliord Gates in the Stabilizer Formalism

In all our later discussion of the stabilizer formalism, we wil use the convention
that an n-qubit stabilizer S is described in terms of independent commuting

e cient way. Let us consider, for instance, the rst generat or g;. Suppose that
O1= 1 xuzu x1n 210 - The mapping B allows us to represent y,, 7,

x1, 21, USING its binary representation. For the scalar coe cient 1, we
notice that it can be either 1 or 1. The reason is: suppose that ; = i, we
would getg; = |. Hence | 2 S which contradicts the assumption of S. For
our simulation purpose, if ;= 1, we setitto 0. We, therefore, can represent
S using its check matrix, plus an additional binary column representing scalar

coe cients of g;;:::;gn. All entries of the matrix are binary. The matrix looks
like (4.7) 0 1
X111 i1 Xin  Z11 it Z1n I
% et (4.7)
Xn1 i1 Xmn Zni1 i Znn Tn

wherer; represents the scalar coe cient ;. We notice that this representation
is extremely e cient since it contains all binary data. To re present ann-qubit
stabilizer state, we need onlyn(2n + 1) bits.

We now turn to the question: how to update the representationof the state
j i after applying a Cliord gate U. Since the Cli ord group is generated by
the Hadamard, Phase and CNOT gates, it is su cient to consider only these
three Cli ord gates.

45.1 Applying the Hadamard Gate
It is easy to check the following equalities:
HXHY=Z;HZHY= X;HYHY= Y: (4.8)

As a consequence we have Figuré.l, listing the transformations of the Pauli
matrices under conjugation by the Hadamard gate. The transbrmations in the
binary form obey the following rules: (x;z;r) 7! (x%z%r%, wherex®= z;2°=
x;r%=r (xz).

Pauli basis Binary Representation
Input | X z Y 001 | 011 101 111
Ouput | z X -Y 001| 101] 011 11(

Figure 4.1: Transformations of the Pauli matrices under conjugation by  the Hadamard gate.
Binary representations of inputs and outputs are also consi dered.

H on qubit a. The generatorg = ri x,,z, xin zn Will be transformed
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to glo— rl Xi1Zi1 xQ z% Xin Zin Wherexla = Zlarzla = Xija and
rO =1 (XiazZa). We, therefore have Algorithm 4.1 to update the state after
applying the Hadamard gate on qubit a:

Algorithm 4.1  Update the statej i after applying the Hadamard gate to qubit
a.
fori=1ton do
i ri (XazZa);
temp X,
Xia Zja ,
zip, temp;
end for

4.5.2 Applying the Phase Gate

It is easy to check the following equalities
PXPY=Y;PZPY= Z;PYPY= X: (4.9)

As a consequence we have Figuré.2, listing the transformations of the Pauli
matrices under conjugation by the Phase gate. The transformtions in the
binary form obey the following rules: (x;z;r) 7! (x%2z%r9, where z° = z,
x°=x zandr®=r (xz).

Pauli basis Binary Representation|
Input | X Y4 Y 001 | 011 101] 111
Ouput | Y Z -X 001| 111] 101 0i1d

Figure 4.2: Transformations of the Pauli matrices under conjugation by  the Phase gate.
Binary representations of inputs and outputs are also consi dered.

We now consider how the generatorsy;:::; g, are changed after performing
P on qublt a. The generatorg = ri x;,z, xin zn Will be transformed
0 g’= 1P x1z X0, 29 Xin o » WhErex, = Xia  Zia; 23 = Za

and r° =1 (XazZa)- We therefore have Algorithm 4.2 to update the state
after applying the Phase gate on qubita:

Algorithm 4.2 Update the statej i after applying the Phase gate to qubita.
fori=1ton do
noor (XazZa);
Xia Xia  Zia,
end for

4.5.3 Applying the CNOT Gate

Figure 4.3 lists the transformations of the 2-qubit Pauli operators under con-
jugation by the CNOT gate, where the rst qubit is the control qubit and
the second qubit is the target qubit. The transformations in the binary form
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Pauli Basis Binary Form
Input Output Input Output
(X1X2 Z]_Zgl’) (X’ X 2 Z’]_Z’Zr')
Il Il 00001 00001
IX IX 01001 01001
Y zY 01011 01111
4 Y4 00011 00111
Xl XX 10001 11001
XX Xl 11001 10001
XY YZ 11011 10111
XZ -YY 10011 11110
Yl YX 10101 11101
YX Yl 11101 10101
YY -XZ 11111 10010
YZ XY 10111 11011
ZI Zl 00101 00101
ZX ZX 01101 01101
zY Y 01111 01011
7z 1z 00111 00011

Figure 4.3: Transformations of the Pauli matrices under conjugation by ~ the CNOT gate.
We here denote by AB the tensor between A and B. Binary representations of inputs and
outputs are also considered.

obey the following rules ([L]): (X1;X2;z1;22;1) 7! (x§;x9;29;29; 1%, where x§ =
X1;X9= X1 x2:29=2z1 z2;28=z51%=r1  x1z2(x2 z1 1).

We now consider how the generatorgy;;:::; g, are changed after performing
CNOT on control qubit a and target qubit b. The generatorg = ri x,,z,
xin zn Will be transformed to g°= r? 4,4, X0, 20 xin zm » Where

X0 = Xia X} = Xia  Xib;ZQ = Zia  ZibiZp = ZinifP= i XaZb(Xip  Za 1)
We, therefore, have Algorithm 4.3 to update the state after applying the CNOT
gate.

Algorithm 4.3  Update the state | i after applying the CNOT gate to control
qubit a and target qubit b.
for i=1ton do
N ri XaZb(Xb Za 1)
Xib  Xia  Xib;
Zia Zia Zp,
end for

4.6 Measurements in the Stabilizer Formalism

Theorem 4.2.3 tells us that the matrices in G, are either Hermitian or anti-
Hermitian. The Hermitian matrices can be regarded as projetive measure-
ments. For example, the Pauli operatorZ = jOihOj +( 1)jlihlj can be thought
of as a measurement of one qubit in the computational basis wh two outcome
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possibilities, 1 and 1. In this section we will consider how these measurements
are performed in the stabilizer formalism.

surementg 2 G,. Sinceg is Hermitian, g?> = |. Therefore g can only have
two eigenvalues 1 and 1. Let P, = (1 + g)=2. For everyj i from (C?) ",
we haveg(P+j i)=9(j i+ g i)=2=(gj i +] i)=2= P+j i. It follows that
P. is the projector onto the eigenspace of eigenvalue 1. It is ab easy to check
that P =(1 (@)=2is the projector onto the eigenspace of eigenvalue1l. The
measurement probabilities, hence, are given by

p(+1) = tr '+ng ihj :
o( 1)=tr ng ih

We distinguish two cases based on the relationship betweegand the generators

j i. Thus gj i must be a multiple of j i. Therefore, gj i equals eitherj i
or j isinceg?=1.1Ifg i=ji, thenp(+1l)= tr j ih j =1 and thus
the measurement gets result 1 with probability one with the post-measurement
state P,j i = j i. The stabilizer, hence, does not change. 1§ i = j i, we
get a similar conclusion: the measurement gets result 1 with probability one
with the post-measurement state j i. The stabilizer does not change neither.
Case 2: g anti-commutes with one or more of the generators. Supposg
anti-commutes with g;. If g anti-commutes with any other generator, say g
wherej > 1, then we replaceg; by gjO = 01G;- Sincegq0 = gmg = o9 =
0109 = gjog, g commutes with gjo. Using this trick, we can assume, without loss

Let us compute the probability of observing the outcome 1:
l+g . . . O 09
5 G ihj o=t 5

* 9
2

p(+1) = tr

jih ]
g
2

-9
2

=tr gll jihj =tr i ih jo

tr jihj =p( 1)

where the last equality holds sinceg; = g} and g;j i = j i. We deduce that

p(+1) = pé 1) =1=2. If the result 1 occurs, then the post-measurement state
iSj +i = 2P.j i. Sincej iisan+1 eiger_aIue ofg, we hav%gl s = 4l

Foreachi=2;:::;n,4j +i =(g+ag09)j i= 2=(1+9g)gj i= 2=j ,i and

way shows that if the result 1 oceys, thenh g;@;:::;gni is the stabilizer of
the post-measurement statej i = 2P j i.

For our simulation purpose, we consider the binary represetation (4.7) of
the stabilizer state j i. We also distinguish the two cases. We notice that
checking whetherg commutes with a generatorg; can be done inO(n) steps by
comparing the symplectic inner productB(g) B(g)" to 0.
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Case 1. g commutes with all the generators. We have showed that the gen
erators did not change. The problem is how to determine if themeasurement

outcomeislor 1. Theoutcomeislifandonlyifgj i = j i meaning thatglies
inside the stabilizerhg,;:::; gni. Suppose thatg = x,z ! x,z, . gliesinside
the stabilizer hgy;:::; gni if and only if the vector (X1;X2; 100 Xn 21, 22,100 Zn; 1),
wherer =1if =l1landr =0if = 1,islinearly dependent onn row vectors

of the matrix (4.7). Coppersmith et al. [7] showed that checking this dependency
condition theoretically requires O(n?37%) steps. However, it normally requires
O(n®) steps in practice.

Case 2: g anti-commutes with g; and commutes with all other generators.
We only need to replaceg; by g (or g) if the measurement outcome is 1 (or

1). This requires O(n) steps.

We end this section with the Gottesman-Knill theorem which is essentially

the summary of the results in this section and in the previousone.

Theorem 4.6.1. (Gottesman [8]) Any quantum computer performing only:
Cli ord group gates, measurements of Pauli group operatorsand Cli ord oper-
ations conditioned on classical bits, which may be the restsl of earlier measure-
ments, can be simulated e ciently on a probabilistic classtal computer.

A quantum circuit consisting gates of the above kinds is caktd a Cli ord
circuit. The theorem says that the simulation complexity of a sizeT Cliord
circuitis T O(n®). The only portions of the simulation requiring O(n?®) steps
are updates of measurements which commute with all the genators. These
measurements would not take such time if we do not use the measement
outcome. Aaronson and Gottesman {] improved this to O(n?). We will study
this improvement in the next section.

4.7 Improved Simulation of Cli ord Circuits

Aaronson and Gottesman [] gave a signi cant improvement of simulating Clif-

ford circuits by using a more informative binary representaion of stabilizer

states. They considered not only the stabilizer generatorsbut also so-called
destabilizer generators, which are Pauli operators that t@ether with the stabi-

lizer generators form a generating set ofG,. Using binary representations of
these generators, we end up with a2 (2n + 1) binary matrix as in ( 4.10),

0 1
X11 . X1n Z11 M Zin I
Xn1 Xnn Zn1 Znn Mn ; (4.10)
Xm+nr o0 X+ n Zin+nt  --- Zin+)n o+
Xem1 - X@n)n Zon)t -+ Z@2n)n ran
where rows 1 ton represent the destabilizer generatorgy;:::; gn, and rowsn+1
to 2n represent the stabilizer generatorsgn+1 ;:::;02n. FoOr example, we know
that jOGi is a stabilizer state with stabilizer iz ;1 Zi. HenceZ I;1 Z are
the stabilizer generators. We choos&X ;1 X as the destabilizer generators
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sincefZz I;1  Z;X I;1  Xgtogether with multiplicative factors 1; i
generate the full groupG,,. The matrix representing jOGi is given below

We will generalize this example since it will be used as the sindard initial state
of the improved algorithm. Let us consider the n-qubit state j ¢i = j00:::0i.
For each 1-qubit Pauli matrix A, we denote by A; the n-qubit Pauli matrix
I A |, where A occurs at the i!" position. It is easy to check that

tors.

Theorem 4.7.1. The following statements are true for the above generators:

Proof. 1. It follows becausel and X commute.

2. SinceX and Z anti-commute, so do Xy and Zy, i.e. gy and gp+n anti-
commute.

3. Sincel; X commute and|;Z commute, so doX;;Z, forall i 6 h, i.e.
0i; Oh+n CcOmmute.
O

4.7.1 Applying the Cli ord Gates

Updating the Cli ord gates is done using the original updating algorithms (Al-
gorithms 4.1, 4.2, 4.3). The only di erence is we need to scan through 2 rows
instead of n rows.

4.7.2 Applying Measurements

For the sake of simplicity, Aaronson and Gottesman introdued a subroutine
called rowsum(h; i), which sets the generatorg, equal to g g,. We consider
the projective measurementg = Z, on qubit a. We still do the same as the
original algorithm. To check the commutativity of g and any stabilizer gn+1,
it is su cient to look at the i Pauli matrix of gn+;. If it is either X orY,
then gn+1 anti-commutes with g. Otherwise, they are commutative. To do that

Case 1: There does not exist such ap. It means that g commutes with
all the stabilizer generators. We do not need to update the rpresentation. For
determining if the measurement outcome is 1 or 1, Aaronson and Gottesman
used the following procedure: use an additional (8 + 1) row which is set to
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Xia = 1. The measurement outcome will be the nal result of ron+1 .

Case 2: Such ap exists. It means that g anti-commutes with some stabilizer
generators. In caseg anti-commutes with more than one stabilizer generators,
we can transform it to the situation where g anti-commutes with exactly only
one generator as follows: lep be the smallest such thatxp, = 1. For all other
p° we setgy equal to gygye. The analysis in Section4.6 shows that after the
replacements,g anti-commutes with g, and commutes with all other stabilizer
generators. The two measurement outcomes occur with the saenprobability.
If the result +1 occurs, we replaceg, by g. If the result 1 occurs, we replace
Op by 9. To update the binary representation, we do as follows: rst call

updating the destabilizer generators, we set entire ronp n equal to row p.
Third, to replace g, by either g or g, we set rowp to be all 0, exceptzy, =1
and r, yet to be determined. Flip a coin and decide which the measument
outcome to occur. Ifitis 1, setr, = 1. Otherwise, setr, = 0.

4.7.3 Correctness and Complexity of the Improved Simu-
lation

During the course of updating the stabilizer state, some prperties of the stabi-
lizer and destabilizer generators are invariant. These arestated in Proposition
4.7.2

Proposition 4.7.2.  (Aaronson and Gottesman [L]) The followings are invari-
ants during the course of the improved simulation.

1. hgn+1 ;0 02ni is the stabilizer of the statej i; and g1;:::; g generate

2. 01;::1;0n commute.
3. Forall h2f1;:::;ng, gy anti-commutes with gh+n.
4. For all i;h 2f1;:::;ng such thati 6 h, g commutes withgh+n.

The correctness of the updates of the Cli ord gates followsinmediately from
the analysis in Section4.5. For the measurement's update, Case 2 has no di er-
ence from the original case. We need to analyze Case 1. The nmaementZ,
commutes with all the stabilizer generators. It follows that either Z, or  Z, lies
in the stabilizer, i.e. one of them can be generated by +1 ;:::~02n. Therefore,
the& exist unique binary coe cients ci;:::; ¢, such thateither ~{_, g = Z,
or Ezl O, = Za. By multiplying all gn:+n with ¢, = 1, the phase of the
result will tell us the outcome: a positive phase implies theoutcome to be 1, a
negative @tlase implies the ou@&gme to bel.

Both " ., g%, = Zaand “[_; g, = Zaimplythat J_; ciB(Gh+n)=

By Proposition 4.2.4, we getB(g) B(g+n)" =1 and B(g) B(gh+n)" =0.
Hence

G = ha &B(G) B(Gh+n)" =B(G)  hesGnB(h+n)" = B(g) B(Za)";
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which is 1 if and only g anti-commutes with Z,, i.e. Xiz = 1. Therefore,

And the nal phase rjn+1 indeed tells us whether the outcome 1 or 1 occurs.

The procedure performed in Case 1 scans through the rsin rows of the
representation matrix and performs arowsum if necessary. Arowsum costs
O(n) steps. The procedure, hence, costs u9(n?) steps.

4.8 The Power of The Cli ord Gates

We have shown that Cliord circuits can be simulated e cient ly in classical
computers. How big is the class of Cliord circuits in quantum computation?

Nebe et al. in [L4] showed that the set of Cli ord gates together with any other

one-qubit gate, which is not in the Cli ord group, is a univer sal set for quantum
computation. For example, the set consisting of the CNOT, Hadamard, Phase
and =8 gates is a quantumly universal set. Buhrman et al. in §] gave another
property about the power of the Cliord gates by showing that probabilistic

mixtures of Cli ord gzbtgs can simulate arbitrary one-qubit gates with depolar-
izing noise =(6 2 2)=7 45%. By depolarizing noisep, we mean if a state
undergoes this noise, then with probability 1 p the state is not a ected and

with probability p the state is replaced with the completely mixed state. Adding

one-qubit gates with depolarizing noise , hence, will not change the power of
the set of Cli ord gates.

4.9 Summary

In this chapter, we considered the stabilizer formalism, rst introduced by
Gottesman [8]. The formalism uses subgroups of the Pauli groupgs, to repre-
sent quantum states. A quantum state is called a stabilizer gate if there exist

n independent commuting Pauli generators of which the state$ a common +1
eigenvector. Updating unitary gates to the state is done by leeping track of the
Pauli generators. This can be done e ciently as long as unitay gates are in
the Cliord group G,, which is the normalizer of G,. The measurement of an
observableg in G, can also be simulated inO(n®) steps, which was improved by
Aaronson and Gottesman [l] to O(n?). We also noticed that the representation
of a stabilizer state using the binary check matrix is very e cient since all data
is binary. The space for storing data required in the origind algorithm and the

improved algorithms wasn(2n + 1) and (2n + 1) 2 bits, respectively.
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Chapter 5

The Matchgate Formalism

5.1 Introduction

The matchgate concept was rst introduced by Valiant in [20] as a tool to
simulate a class of quantum circuits. The concept, since the, has been studied
by many other authors focusing on two main directions: one isabout classical
simulation of quantum computing, which is the main concern d the current

chapter; the other direction is about holographic algorithms (cf. [21]), which

are in fact inspired by the quantum computational model. Valiant constructed

matchgates by using the so-called Pfa an and Pfa an sum concepts in graph
theory. For further details of this contruction, we refer to the paper [6] of Cai,

Choudhary and Lu.

After the work of Valiant, Knill [ 12] and Terhal et al. [19] realized a re-
markable connection between matchgates and Fermionic quanm computation
(cf. [4]). It turned out that matchgates can be expressed using the anguage
of Fermions and Valiant's results can be reproved in this saing. Recently,
Jozsa et al. [L1] gave a di erent way of simulating circuits consisting of match-
gates by using a very smart trick for evaluating the probability distribution of
a single-qubit measurement's outcome.

In this chapter, we will study the matchgates and matchcircuits, which
are constructed from matchgates, from the point of view of tre language of
Fermionic quantum computation. We, therefore, will not mention de nitions of
matchgates and matchcircuits from the graph theory point of view. Instead, we
will de ne matchgates as matrices with speci ¢ properties. In the next section,
we will introduce some notation in the area of Fermionic quarium computation.
We will provide some simple examples of matchgates and theiproperties in
Section 5.3, In Section 5.4, we study the simulation of quantum circuits con-
sisting of Gaussian operations. Sectiorb.5 is devoted to explaining the relation
between matchgates and Gaussian operations. In Sectiof.6, we will show the
universality of matchgates acting on at most next-nearestaeighbor (n.n.n. )
qubits. We compare the matchgate formalism with the matrix product formal-
ism and the stabilizer formalism in Section5.7. This chapter is mainly based
on [11, 19].
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5.2 Notation
In this chapter, we shall consider 4 4 matrices of G(A;B) form (cf. [19]) as
follows: 0 1
ay 0 0 ap
0 by b O §
G(A;B) = % ; 5.1
(A;B) 0 by by O (5.1)
ao1 0 0 dpo
where
A= A &z g by bp

a1 axp b1 2

Let us consider the action of G(A; B) on a 2-qubit statej i = Cppj00i + Co1jOLi +
C10j10i + c11j11i. The resulting state isj %4 = ¢8,j00i + ¢8;j0%i + c§j10i + c§;j11i
where o o

080 = A Coo . Co1 - B Co1

Ci1 cr ' C C1o

The action of G(A; B), therefore, amounts to A acting on the even-parity sub-
space andB acting on the odd-parity subspace of the space of 2-qubit stas.
Thus G(A;B) preserves both the even and odd parity subspaces.

Let us denote byU(2) the group of 2 2 unitary matrices and by SU(2) the
group of 2 2 unitary matrices of determinant 1. A G(A; B) matrix with both
A;B in U(2) with the same determinant is called amatchgate matrix. For the
relation between matchgate matrices and graph-theoretickmatchgates de ned
by Valiant in [ 20], we will use a theorem in Cai et al. p] to prove that every
matchgate matrix can be realized by a graph-theoretical mathgate.

Theorem 5.2.1. (Cai, Choudhary and Lu [6]) Consider a4 4 complex matrix
U. Denote byD (ij; kl ) the determinant of the2 2 submatrix of B consisting
of rowsi andj, and columnsk and I, i.e. D(ij;kl ) = ui uy  uy Ujk . Matrix U
can be realized by a graph-theoretical matchgate if and onlfy the following 10
identities hold:

D(14;14) = D(23; 23); D (24;14) = D (24; 23);
D(34;14) = D (34; 23); D (14;34) = D(23; 34);
D (14; 24) = D (23; 24); D(12;14) = D(12; 23); (5.2)
D(13;14) = D(13; 23); D(14;12) = D(23; 12);
D(14;13) = D(23; 13); D (14;23) = D(23; 14):

For the G(A; B) matrices, except for the rst identity, the other 9 identit ies
in (5.2) are easily veri ed since both determinants in any of these dentities
are 0. The rst identity requires that det(A) = det(B), which holds for all
matchgate matrices. Therefore, all the matchgate matricescan be thought as
graph-theoretical matchgates. From now on, we restrict ourattention to the
matchgate matrices only. For the sake of simplicity, we callthem matchgates.

In this chapter, we shall use the language of Fermionic quantm computa-
tion. To this end, we shall brie y introduce some related de nitions. For more
details, [4, 16] provide overviews about Fermionic quantum computation ard its
connection with the standard model of quantum computation. Things related
to Fermions can be expressed in terms of annihilation and ciion operators,
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De nition 5.2.2.  (Bravyi and Kitaev [4]) In the n-qubit system, the annihila-
tion operator a acts on basis vectors as follows:

P
ajiziiiiy alijer tizini =( 1) k= 'kjll:::lj 10041 2iiind;
jiziiiiy 10ij41 1itini = 0;

and the creation operatorajy is the conjugate transpose of; and acts on basis
vectors as follows:

Py 1,
jis:iy 10ijas sitind = (1) k= jigity g dijar iad;
aljip:iiij 1lijeg 2itind =0:

The annihilation and creation operators satisfy the anti-commutation rules:

faj;awg=fa’;alg=0; fa;a/g= !l (5.3)
j i A j 5 A j

anti-commutator betweenA and B.

Given a set of annihilation and creation operatorsg, ;ajy, forj =1;:::;n, let
us consider the following 2 operators:
C 1= g +a; o =(g &)= (5.4)
for j = 1;:::;n. The operators ¢; are called Majorana Fermionic operators
[4, 11). It is easy to verify that ¢} | = ¢y 1 and ¢y = (& a)=i =

Cy;. Hence, allg are Hermitian. The following Proposition shows the anti-
commutation property of ¢;.

Proposition 5.2.3.  Operators ¢ satisfy the anti-commutation relation,

fG ag=2 jl; (5.5)

Proof. We consider the following 4 cases:
Case 1: j;k are both even. Suppose thaj =2j%k =2k% We have

fegjoicoog= f ajo  alo;ao  ayeg

fajo;acog+ falo;ageg f ao;afeg f alo;akeg

fayo;ay0g+ falo; akeg
=2 jokol =2 jk|Z

Case 2: |k are both odd. Suppose thatj = 2j° 1;k =2k° 1. We also
have

fego 150k 19 = fayo+ @ ake + aog

fajo; axog + falo; alog+ fayo afog + fals; axeg
fayo;ay0g+ falo; akog

=2 jool =2 i I:
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Case 3: | is even andk is odd. Suppose thatj =2j%k =2k° 1. We have

fCZj 0,Coko 10 = if qjo a}’o; ago + a{og

i fajo;acg f a's;afg+ fajo;aeg f as;axg

i fajo;ageg f a;axg

= i jool jokol =0= I
Case 4: | is odd andk is even. This case is similar to Case 3. O

We are mainly interested in such operatorsc; in this text. In fact, Jozsa
et al. [11] gave a direct de nition of them without using the Fermion la nguage.
They were de ned as 21 Hermitian operators satisfying the anti-commutation
relation in (5.5).

Given 2n Majorana Fermionic operatorsc;, we will consider only quadratic
Hamiltonians of the following form:

Xn
H=i hik ¢ C; (5.6)
j8kijk =1

whereh = (hjc ) isa 2n 2n matrix of coe cients, which is chosen to be a real

skew-symmetric matrix, i.e. hy = hy . This choice is to guarantee thatH is
Hermitian. To see that, we compute HY
Xn Xn Xn
Hy: i hjk (CjCk)y: i hjk C{CJy: i hijkC]' = H:
j6kijk =1 i 8k;ik =1 i 8k;ik =1

De nition 5.2.4. A unitary operation U is called a Gaussian operation ifU
can be written ase , whereH is a quadratic Hamiltonian of the above type.

By €*, we mean the exponential of square matrixA, which is de ned by the
power series
A? A"
|+ —+ — + + —+
2 n!
We refer to Theorem1.4.1in Section 1.4.2for more properties of the exponential
of matrices.
In showing the relation between matchgates and Gaussian opations, we
will focus on the Majorana Fermionic operators constructedfrom the so-called
Jordan-Wigner representation. In this representation, the Majorana Fermionic

operators will be

=X 1 I; it Ccxx 1=Z2 Z X |1 l;
=Y | I, o Cxx =2 Z Y | | (5.7)
forall k =1;:::;n, where in cox 1 and ¢y Pauli matrices X and Y occur at

the k' position. In the Jordan-Wigner representation, we can alsoexplicitly
express the annihilation and creation operators as follows

=1l z X I
Cj ’ iCy; (5.8)
SER L 12 4=z Z Xi | I;
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where X = jOihlj; X+ = j1lihQj. This de nition of & ;ajy is called the Jordan-
Wigner transform [16], which is the bridge between the Fermionic quantum
computation model and the standard quantum computation mocel.

We now have all necessary notation for this chapter. The nextsection will
provide more details about matchgates.

5.3 Some Properties of Matchgates

To study properties of matchgates, we rst transform matchgatesG(A;B) to a
simpler form, namely the direct sum formA B. To this end, we consider the
basis transformation based on the following matrix

Under this transformation, we have: jOGi 7!'j 00i;j01i 7!j 10i;j10i 7! 11i;j11i 7!
jOli. Therefore, the G(A; B) mapping will preserve the two subspaces spanned
by fj 00i;j0lig and fj 10i;j11ig in the new basis. The matrix corresponding to
the mapping in the new basis, hence, will beA B and we haveG(A;B) =
T(A B)T L

Theorem 5.3.1. The following statements are true:
1. G(A;B)G(A%B9 = G(AA%BBY.
2. If both A; B are invertible, then so isG(A;B); andG(A;B) 1= G(A ;B 1).

3. Let Ha;Hp denote the Hamiltonians corresponding toA; B, respectively,
i.e. A=¢e"~;B = e"e ., Then the Hamiltonian of G(A;B) is G(Ha;Hg).

Proof. 1. We have

G(A;B)G(A%BY

TA BT ! TA° BYT ! =T(A B)A° BYT !

T (AAY BBY T ?
G(AA%BBY):

2. This follows immediately from statement 1 above.

3. Let us consider the power series representing® (Ha:He):

G (HaiHe) — R i"G(Ha;Hg)".

|
n=0 n!
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By statement 1 above, we haveG(Ha;Hg)" = G((HA)";(Hg)"). Hence,

G (HaHB) — 2 iNG((Ha)"; (Hs)")

0 n!
_ R o M(HA)" i (He)")
- TR Y

"0 1
_ @ (Ha" X (iHe)" 5
- o n o _onl

G(eM~:eMe) = G(A;B):
O

To illustrate these concepts, we now consider some simple rtehgates, the
matrices and the circuits corresponding to them.

G(X; X ) equals 0 1
0 0 0 1

0 0 1 Oﬁ— _

%O 1 0 O =X X
1 0 0O

which is realized by the circuit in Figure 5.1

X

X

Figure 5.1: The circuit realizing the gate G(X; X )

G(Z; X)) equals
0 1

100 O
0 0 1 og_ _ o _

%0 1 0 o K=GZIG(;X)=CZ SWAP;
000 1

where CZ denotes the controlled-Z gate, and SWAP denotes thewap gate. Note
that neither CZ nor SWAP is a matchgate sincedet(Z) = det(X) = 16 det(l).

G(Z; X)) is realized by the circuit in Figure 5.2, where the rst gate denotes the
SWAP gate, the second gate denotes the CZ gate.

DS
&

v

Figure 5.2: The circuit realizing the gate G(Z;X )
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G(H; H) equals

0 1
10 0 1
1 %o 1 1 0 §
P5@0 1 1 o K’
1 0 O 1
which is realized by the circuit in Figure 5.3.

L4

Figure 5.3: The circuit realizing the gate  G(H;H )

G(X;Z) equals

0 1
00 0 1
01 0 o§_ _ L
%0 0 1 oX=GNG:Z):;
10 0 O

which is realized by the circuit in Figure 5.4.

I Bl

1% Z

Figure 5.4: The circuit realizes the gate G(X;Z )

G(Z;Z) equals

0 1
10 0 O
01 0 og_ _ L
%0 0 1 o K=6(:Z)GZ1);
00 0 1

which is realized by the circuit in Figure 5.5.

—_— X X

Figure 5.5: The circuit realizing the gate G(Z;Z)

5.4 Simulation of Quantum Circuits of Gaussian
operations

We start by considering actions of Gaussian operations undeconjugation to
Majorana Fermionic operators ¢ . It turns out that the resulting operators lie
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Theorem 5.4.1. (Terhal and DiVincenzo [19], Jozsa and Miyake [1]) Let
H be any quadratic Hamiltonian andU = € be the corresponding Gaussian

operation. Then for all j =1;:::;2n, we have
Xn
Uij U= Rjk Ck, (5.9)
k=1

where the matrix R = e*" is a matrix in SO(2n).

Proof. Let us consider the function U(t) = €Mt of real variable t, and the
function ¢ (t) = U(t)g U(t)Y. We know that U(t)Y = e Ht We recall that if
A is a matrix and f (t) = €™ is a function of real variable t, then d (t)=dt =
Af (t) = f (t)A. We now can compute the derivative ofg; (t) with respect to t:
dg (1) _ dU(t) | y du(t)Y
dt - dt C]U(t) + U(t)C] dt
U(t)(iH )g U(t)” + U(t)g ( H)U(t)

iU (t)(He; g H)U(t)Y = iU (1)[H; c;lU(t)Y;

(5.10)

where [A;B]= AB  BA denotes the commutator of matricesA; B .
For distinct k and p, if j 8 k;p, then [ccCp;G] = cCyG G CC = 0 since
these three operators anti-commute. We also havecf¢y; C] = CcCpCk  CkCkCp =
2c, and [CcCp; Cp] = CCpCp  CpCiCp = 20¢. Therefore, H; ;] equals

Xn Xn Xn
i hip[CkCo; G = 1 hip [C Gp; G ] + | hi [eGi 6]
k6 p;k;p=1 péj;p=1 k6 j;k=1
Xn Xn
=i hjp ( 2¢p) + i hyj (2c)
p6j;p=1 k6j:k=1
2n 2n (5.11)
= 2 hjp Co 2i hjk Ck
p=1 k6 j;k=1
Xn
p=1
We have used the fact thathy; = hy and h; =0 forall jjk 2f1;:::;2ng.
Substituting the result of (5.11) into (5.10 gives us
dec (t Xn Xn
GO 4™ e uGUE =4 hp e (5.12)
p=1 p=1
Consider the length-2h column vector C(t) whosej " entry is ¢ (t). (5.12
is equivalent to the di erential eBuation €M = 4h C(t), whose solution is

C(t) = e C(0). Hence,G(t) = 2 Rjp (1)cp, whereR = e Setting t =1
gives us 6.9).
To see whyR = e lies in SO(2n), we notice that RT = e*"" = e 4 and
RRT = e*e %" = | and by Theorem1.4.1, det(R) = e “M = g0 =1,
[l

60



Chapter 5. THE MATCHGATE FORMALISM

(5.9) is very crucial for our later study of simulation of quantum circuits.
Matrix U itself might require an exponential number of coe cients when ex-

under conjugation to operators¢; can described by keeping track of only the
2n  2n coe cient matrix h.
Let us consider a sizen circuit C consisting of Gaussian gates only with

outcome state will bej i = Uj ini, where O = Up U;. We consider
applying measurements to the outcome state. Since; are Hermitian, they can
be regarded as observables. The expectation of the outcoms i

E ¢ =houiGj oti =h injUij Oj ini: (5.13)
Applying (5.9) gives us

n

X
Wgo= R{U UL 6Un 1l

k=1
o o)gn 1 (5.14)
k=1 p=1

whereR(™); R(M 1) denote the matrices corresponding to the actions ob),, and
Um 1, respectively. We, furthermore, denote byR(™™ 1) the matrix product
of R(M and R(M b, (5.14) becomes

Xn _
Dgo= RY™ PYUYiniU) ,eUn 2:iiU (5.15)
p=1

Repeating this computation m 1 times brings us to

)(n
GO = RjsCs (5.16)
s=1

whereR = R(M RM 1) RM  Computing R can be done inm O(n®) steps.
Substituting (5.16) into (5.13) gives

)gn
E g = Rishinicj ni: (5.17)
s=1

We now switch our attention to the Majorana Fermionic operators in the
Jordan-Wigner representation. Eachcs is expressed as a tensor product of

Pauli matrices P{®)  p{® P, If we assume, furthermore, that the
initial state j ini is a product state, namelyj ini =] 1ij 2i:::j ni, then
0 1
Xn Y
Eg = Rs@ h,jp iA; (5.18)
s=1 k=1

which can be done inO(n?) steps.
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Let us consider the observableZ ("), i.e. the 1-qubit observableZ applied to
the r'" qubit. In the Jordan-Wigner representation, we haveZ (") = icy, 1Cy.
Let po and p; denote the probabilities of observing 0 and 1, respectively We
know that poy + p1 = 1 and, moreover,

po p1=E ZU =h nj0Y( icax 1Cr)Uj ini
(5.19)
= ihinj Ocy 10 Oy U j ini
Substituting (5.16) into (5.19 gives us
Xn
Po P1= Ror  1:5Rorp hinjCar 1Corj in
s;p=1
0 1 (5.20)
X0 ¥ 52r 1)5(@2r): A
= Rar 1:5Rorp @ n kIPy PO ki
sip=1 k=1

which can be computed inO(n®) steps. The probability distribution fpo;p10,
hence, can be computed i O(n?) steps. We have just proved the following
theorem.

Theorem 5.4.2. (Jozsa and Miyake [L1]) Consider a class of poly-sized quan-
tum circuits each of which contains Gaussian operations sutthat

The input state is a product state.

The output is a nal measurement's outcome in the computatimal basis
on any single qubit line.

Then the probability distribution of the measurement outcene can be computed
in m O(n®) steps, wherem is the number of Gaussian gates, and is the
number of qubits in the circuit.

5.5 Relation between Gaussian Operations and
Matchgates

Gaussian operations are de ned in terms of quadratic Hamilbnians. Surpris-
ingly, there is a close relation between Gaussian operatianand matchgates. In
this section, we will consider this relation and show that machgates are in fact
special cases of Gaussian operations in the Jordan-Wigneepresentation.

Theorem 5.5.1. (Jozsa and Miyake [L1]) The set of matchgates acting on
nearest-neighbor (n.n.) qubits is contained in the set of Gassian operations in
the Jordan-Wigner representation.

Proof. We consider Gaussian operations acting on qubits 1 and 2. The are
four Fermionic operators involved, which arec;;cp;c; and cs. Corresponding
Hamiltonians will be linear combinations (with real coe ci ents) of the following
6 terms:

icico= Z | icocz= X X
icicz=Y X icocs= X Y (5.21)
icia=Y Y icgca= | Z
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Let S denote the set of these Hamiltonians. Therfé” : H 2 Sgis the set
of Gaussian operations acting on qubits 1 and 2.

Let H denote the set of 2 2 Hermitian traceless matrices. ConsiderT =
fG(X;Y) 1 X;Y 2 Hg. We know that for every A 2 SU(2), there exists an
Hamiltonian Ha such that A = €~ and H, is Hermitian. The condition
det(A) = 1 requires that Hp is traceless. Suppose we have ad, 2 H, then
A = e" will be in SU(2). We now consider a matchgateG(A; B ) with A;B 2
SU(2), and suppose thatHa;Hg 2 H are Hamiltonians of A; B, respectively.
Theorem 5.3.1implies that G(Ha ; Hg) is the Hamiltonian of G(A;B). Hence,
the Hamiltonian of G(A;B) lies in T. Conversely, consider an elemenG(X;Y )
in T. By Theorem 5.3.1 we know that € (%Y ) equals G(€* ;€Y ), which is
a matchgate since botheX ;& are in SU(2). We have shown that the set
feH :H 2 Tgis exactly the set of matchgatesG(A; B ).

We are going to prove that S = T, which implies that the set of the match-
gatesG(A; B) equals the set of Gaussian operations acting on qubits 1 and.
It is easy to see that the action ofZ to a state does not change its parity, while
the action of each ofX;Y to a state adds 1 to its parity, i.e. ips the parity of
the state. Therefore,c;c,; and csc, preserve the even and odd parity subspaces.
So do the rest of the terms in 6.21) since each of them consists of two operators
that both ip the parity of the state that they are applied to. We can also easily
verify that all six operators in (5.21) are traceless. We remember, furthermore,
that Hamiltonians in S are always Hermitian. Therefore,S T.

We can view S as a linear space of dimension 6 since it can be easily shown
that c;Cp; C1C3; C1Cq; C2C3; C2Cy; C3C4 are linearly independent. Let us consider the
following 6 matrices

0 1 0 1 0 1
0 00 1 0 0 0 | 100 O
%oooog_%ooooﬁ_%ooo o§
000 0A" @0 00 OA"@0 0 0 O
1000 i 00 O 000 1
0 1 0 1 0 1 (5.22)
0000 00 0 O 00 0 O
%001o§_%00 |0§_%01 0 o§
010 0A @0 i 0 0A”"@0 0 1 0
0 00O 00 0 O 00 0 O

Linear combinations with real coe cients will generate the entire setT. There-
fore, T has dimension at most 6. We have already shown thaflf contains S
which is of dimension 6. We conclude thatS = T.

If matchgates G(A;B) act on qubits i and i + 1, we consider Fermionic
operators ¢y 1;Cpi;Coi+1; Coi+2 . The same reasoning as above proves that this
set of matchgates is equal to the set of Gaussian operationgting on only qubits
i andi +1. This concludes the proof. O

By Theorems5.4.2and 5.5.1, we have already proved the following theorem:

Theorem 5.5.2. (Valiant [ 20], Terhal and DiVincenzo [19]) Consider a class
of poly-sized quantum circuits each of which contains only atchgates such that

The matchgates act on n.n. qubit lines only.

The input state is a product state.
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The output is a nal measurement's outcome in the computatimal basis
on any single qubit line.

Then the probability distribution of the measurement outcane can be computed
in polynomial time.

We call circuits consisting of only matchgatesmatchcircuits and call the
circuits mentioned in Theorem 5.5.2 n.n. matchcircuits. Theorem 5.5.2 says
that the outcome of a single-qubit measurement in the compuational basis at
the end of an n.n. matchcircuit can be classically simulated Note that the
circuits mentioned in the theorem have gates acting only on m. qubits. The
n.n. condition is crucial since matchgates not restricted b act on n.n. qubits are
guantumly universal. This statement will be proved in the next section.

5.6 The Power of Matchgates

Jozsa et al. proved a surprising result, which showed that tle set of n.n. match-
gates and n.n.n. matchgates is quantumly universal. By nexin.n.n. matchgates,
we mean matchgates acting on qubits at distance 2. It implieghat the set of
n.n. matchgates and the SWAP gate is also quantumly universh We see that,
within the matchgate formalism, the SWAP gate is the key di e rence between
classical computing and quantum computing.

Theorem 5.6.1. (Jozsa and Miyake [L1]) Let C, be any family of quantum
circuits with output given by aZ basis measurement on the rst line. ThenC,
can be simulated by a circuit of matchgates acting on n.n. or @xt n.n. qubits
with at most a constant increase in the size of the circuit.

Proof. It is well-known that the CZ gate together with 1-qubit gates form a
guantumly universal set. Hence, given any quantum circuit,we can approximate
it by a circuit consisting of CZ gates and 1-qubit gates. Sine the SWAP gate
can be obtained from a sequence of three CNOT gates and each ©CN gate can
be obtained from one CZ gate and two Hadamard gates, i.el( H)CZ(I H),
the SWAP gate can be obtained from a sequence of CZ gates anddLibit gates.
Therefore, we can approximate the given circuit by a circuitC consisting of n.n.
interacting CZ gates and 1-qubit gates.

For each qubit line in the circuit C, we replace it by four qubit lines and
encode the original basis stateg0i and jli as logical statesj0i = j000d and
jLi = j1001. We also need to replace gates i€ by encoded gates in the new
circuit C°.

Suppose there is a 1-qubit gatéA acting on the rst qubit line of C. Let us
consider the following sequence of n.n. matchgatess(Z; X )12G(Z; X )34G(A; A)23
G(Z; X )12G(Z; X )34 acting on the rst four qubit lines of CP°as depicted in Fig-
ure 5.6, where notation G(:;:); means the gateG(:;:) is applied to qubit lines
iandj.

By Theorem 5.3.1we haveG(Z; X ) = G(Z;1)G(l; X ) =CZ SWAP. Now
supposeg i = jO0O0d + j1001i is the initial state, which is the encoded state
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G(Z,X) G(Z,X)

IG(A,A)

| G(Z,X) IG(Z,X)

Figure 5.6: The circuit realizing the encoded gate of the gate A.

of jOi + jli. The evolution of j i, i through the circuit is as follows

i wmi S92 joood + jo101
CF=  i0ooa + j0110 = jOi( jOOi + j11i)jOi
CHAE 0 (ay +ap )00 + (@ + axp )jlli O
:(all + aio )]OOOO +(a21 + apo )10110
CH% (a +ay, )j0000 + (8 + &z )j1010
G({;X )34

(a1 + a2 )j0000 + (a1 + a2 )j1001

where a;1;a12; az1; ax, are the elements ofA. Therefore, the circuit in Figure
5.6 is the encoded gate of the gateA.

We now consider the n.n. CZ gates inC. Suppose there is an n.n CZ gate
acting on qubit lines 1 and 2. Its actions on the basis states i@ as follows:
jO0i 7! j 00i;jO2i 7! j O%1i;j10i 7! j 10i;j11 7! j 11i. On the logical states, we
must have

j0000;j 00040 7! j 0000j 0004;
j0003j 1001 7! j 000dj 1001i;
j1001j 0004 7! j 1001j 000d;
j1001j 1001 7! j 1001j1001;
which can be achieved by applying a CZ gate on encoded qubitdes 4 and 5.

By Theorem 5.3.1, we have CZ = G(Z;1) = G(H;H )G(X;1 )G(H;H ) since
Z = HXH;l = HIH . Furthermore, CZ = G(H;H )G(X; X )G(I; X )G(H;H).
Except for G(I; X ), all other gates are matchgates. In fact,G(l; X ) is the SWAP
gate. So we have decomposed the CZ gate into a sequence of 3 ogfates and
one SWAP gate.

We have shown that: if a 1-qubit A occurs in qubit i of the circuit C,
then the encoded gate will consist of 5 n.n. matchgates actigp on qubit lines
4i  34i 2;4i 1,40 of the circuit C° If an n.n. matchgate occurs on qubit
lines i;i + 1 of the circuits C, then the encoded gate will consist of 3 n.n.
matchgates and one SWAP gate, which all act on qubit lines 4 4i + 1 of C°
This SWAP gate can be interpreted as swapping the two qubit Ines 4 and 4i +1.
These swappings, however, never move one qubit line more thaone position
from its original position. Therefore, each matchgate onCP° acts on qubit lines
of at most distance 2. This concludes the proof. O

(5.23)
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5.7 Comparison of the Matchgate, Matrix Prod-
uct, Contracting Tensor Network and Stabi-
lizer Formalisms

5.7.1 The Matchgate Formalism and the Matrix Product
Formalism

We recall that the main result in the matrix product formalis m says that quan-
tum states with bounded entanglement in the sense of the Schidt rank can
be e ciently described and any circuit that does not produce highly entangled
states from a given input state can be classically simulatedWe ask the question:
can matchcircuits produce highly entangled states from a gien input? The an-
swer is yes, and there even exist matchcircuits consistingf@nly n.n. matchgates
that can produce maximally entangled states. This result slows that the class
of n.n. matchcircuits is not included in the class of quantumcircuits simulable
by using the matrix product formalism. Conversely, we easiy see that there is
no restriction on the gates used in the matrix product formalism. Hence, the
class of quantum circuits simulable by using the matrix product formalism is
not included in the class of n.n. matchcircuits neither.

Theorem 5.7.1. For any integer n, there exists an n.n. matchcircuit that out-
puts a state of Schmidt rank2°™=2¢ from the input state jOi .

Proof. It is su cient to consider the theorem in case n is even, namelyn =
2k, and show that there exists an n.n. matchcircuit that given the input state
joi ™ will outputs a state of Schmidt rank 2 with respect to the partition
1::kj(k+1) :::2k. D
It is well-known that the circuit in Figure 5.7 produces the state (£ 2)
2 Liiijii from the input state jOi "

1
¢ FH———
—

2 &

Figure 5.7: The circuit producing a maximally entangled state from the i nput state jOi "

The action of the circuit can be interrpr_eted in the following way: the rst
step is to createk EPR pairs (jO0i + j11i)= 2 onk pairs of qubits (1; 2);:::; (2k
1; 2k). This task can be achieved by using the composed gateH 1) CNOT
as depicted in Figure5.8.

The second step is to swap the qubit lines according to the fédwing permu-
tation:

1 2 o k k+1 0 2k 1 2
1 k+1 ::: 2k 1 2 L k 2k
This task can be achieved by the following sequence of the SWAgates: SWAP, 1 ;
SWAP3.k+2;:::; SWAP.2¢ 1. There exists a sequence of n.n. SWAP gates,

(5.24)
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We will now construct two n.n. matchcircuits realizing the two steps and
then combining them sequentially will yield the desired n.n matchcircuit. The
circuit of the matchgate G(H;H ) in Fi%u_re 5.3, given the input state jOGi, will
outcome the EPR state (j00i + j11i)= 2. Therefore, if we replace each pair
of the Hadamard gate and CNOT gate in Figure 5.8 by the n.n. matchgate
G(H;H), then the resulting circuit will outcome the same output state as the
original state does from the input jOi 2.

To realize the above sequence of n.n. SWAP gates, we considbe matchgate
G(Z; X ) depicted in Figure 5.2. This gate can be decomposed into CZSWAP,
whose action is the same as the action of the SWAP gate on basistates
jOGi;jO1i;j1Gi. The basis statejlli is mapped to j 11 by G(Z;X) and is
unchanged by the SWAP gate. In this case,G(Z; X ) only adds a minus sign
to the state. Hence, if we replace each SWAP gate inptrE aboveeguence by a
G(Z; X ) gate and applg it toPthe state (jO0i + j11i) = 2k, the resulting state
will be of the form (1= 2K) izio ! ajiijii, wherea 2f1; 1g. This state also
has Schmidt rank 2. This concludes the proof. O

5.7.2 The Matchgate Formalism and The Stabilizer For-
malism

It is easy to see that the set of n.n. matchcircuits is neitherincluded nor contains
the set of Cli ord circuits, which is classically simulable by using the stabilizer
formalism. The stabilizer formalism allows gates such as ta CNOT gate that
is not a matchgate. Moreover, from the proof of Theorem5.6.1 we see that
every 1-qubit gate can be realized by n.n. matchgates, whilé¢he set of Cli ord
operations does not cover every 1-qubit gate, for example & =8 gate.

Still, there is a common technique used in both formalisms. Tie matchgate
formalism uses the important fact that the conjugation of every Gaussian oper-
ation with respect to any Majorana operator results in an opeator lying in the
linear span of the Z7h Majorana operators. If we denote byM the space spanned
by these operators, it will imply that UYMU lies insideM forall M 2 M and
any Gaussian operationU. Similarly, the stabilizer formalism uses the fact that
operators in the Cli ord group C x the Pauli group P under conjugation. Ex-
plicitly, we have CYPC is an element of P for any C 2 Cand P 2 P. This
suggests that there is some common mathematics technique bid the two

67



Chapter 5. THE MATCHGATE FORMALISM

formalisms. We leave it as an open question for further study

5.7.3 The Matchgate Formalism and the Contracting Ten-
sor Network Formalism

We recall that the contracting tensor network formalism allows us to classically
simulate quantum circuits with small treewidths of corresponding circuit graphs

(Theorem 3.5.8 with no restriction on the types of gates. Hence, the class b
simulable circuits from this formalism is not included in th e class of n.n. match-
circuits. There is also no restriction on the structure of nn. matchcircuits, i.e.

we always get an n.n. matchcircuit regardless of the way we pgition n.n. match-

gates in a circuit. Therefore, we can get matchcircuits whos circuit graphs have
big treewidths. These matchcircuits are not simulable by the contracting tensor
network formalism. The class of n.n. matchcircuits, hencejs not included in the

class of quantum circuits simulable by the contracting ten®r network formalism

neither.

5.8 Summary

In this chapter, we considered classical simulation of quatum circuits consist-

ing of nearest-neighbor interacting matchgates, which are2-qubit gates acting
locally on the odd-parity and even-parity subspaces. We fogsed on the interpre-
tation of matchgates using the language of Majorana Fermioit operators in the
Jordan-Wigner representation. To prove the classical simtability of such cir-

cuits, we rst proved the simulability of quantum circuits ¢ onsisting of Gaussian
operations. After that, the simulability of matchgate circ uits followed immedi-
ately from the fact that matchgates acting on n.n. qubits are actually Gaussian
operations. We ended the chapter with some comparison of thee formalisms,
namely the matchgate formalism, matrix product formalism and the stabilizer
formalism.
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APPENDIX

A-1 Proof of Theorem 2.7.2

We use the following form ofj i to prove the theorem:

e e e TR TR
115 1y 1+
TP

A derivation of this equation can be done similarly as with Equation (2.11).

Notice that the [I| 11] do not change after performingV since they are the

coe cients of the (I 1) Schmidt decomposition under whichV is local. The
[+1] .. [1::0 1],

same reason is also applied to "2 :j B i gng j 1250 )i Therefore we
only need to update, i - Wi gng 00
Let "' = oot 0l I we arrive at
|
. . X X i . 1| l T e |+2 .
Jr= II|II+11 |+1J [Iml ]IJIIII"']- 1) [|+1mn]|:
TS T e

We index V's entries using binary indice§< \/ij"I where ij is the row index,

kl is the column index. We haveVijkli = Vifjiji; vk kI =
X i5j
kI K P
Vi \ 1 1. Jij . Therefore
ij
0 1 0 1
X X X X X
ve Ko kiA = v K = @ v K Aiji:
K kil i i kil

i

Hence "'/'7 ,,, change after performingV according to

X
% iy - I I .
I|III11|+1 - Vi|i|+1 R (A-l)
k;l
The resulting state is
L0 X X Oijijer 5 [Linl A: o [142:n];.
yor= PR B RVEVES R B I
[T PSR T e
Now we need to update ['],i'l o ['f'l],fl'*l and ['],. In order to update
['fl]ljl'“ , we need to compute eigenvectors of reduced systerh 1 :::n] since
['fl]ljl'“ are Schmidt vectors corresponding to thd" decomposition. Rewriting
. 0. .
j i gives
i 0 X Oivier 5 [l 2D s (+2:n7;.
= T B L Y I
e
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By Theorem 1.3.1, the reduced density matrix of system [+ 1 :::n] is given by

0 1
[I+l n] = @ OI|I|I::‘1I+l I:I|:1 ?+1 AJII+1 [IT+21".n]IhI|0+l [I;g+21mn ]J
11 ;i|0+1 R
141 3 1e1
. (A-2)
(Note that |, 2f1;:::; 9,0, 2f0;10).
. .. 1+1 o . . . 0[|] . . 0[|+1 wn .
Diagonalizing ['*1 "] gives us its eigenvalue$ .'gand eigenvectorsj ig.

The range of new index | is from 1 up to the rank of [*1“n1 which is at most

/ Inge:
2 . Expressing] *"j interms of fj 727" lig gives us a new tensor 1+!
X i
- O+1n . O[1+1] i)+ N =nl:.
J [|+ Nl = [I+IL|. 1 “ﬂ“"l “|++21 nlj- (A-3)

1+1 501

In order to compute !, we rst compute eigenvectors of subsystem [1::1].

Then we express these vectors in terms df ”f”'l l]i|ig. These eigenvectors can
be calculated easily since we already have eigenvectors aflsystem [ +1 :::n]

0
and [||]

- O, 1 Ol+1::n]. O.
i = g T (A-4)
|
Expressingj O[Il”:']i in terms of fi " Yj|ig using Lemma2.6.1gives us 1
X )
P R P oy M [t 1]; s,
ps P B T (A-5)

N

Complexity of the update procedure: -

The rst computational step is to compute the tensor = "' where
i;j are binary indices, and can run from 1 up to . In total, there are
4 2 entries. Eagh entry requiresO( ) steps since it is computed by equa-
tion "' ., = (o dn - il i I+ Therefore we need 20° =

I
O( ®) steps to accomplish this.

The next computational step involves in computing updated ° by Equation
(A-1), which requires O( ?) steps.

Next, we need to compute the reduced density matrix ['*1 "1 by Equation
(A-2). The size of [*1=nlijs 2 2 . Each entry can be computed inO( )
steps from entries of °. Hence [*1:n]1 can be computed inO( 3) steps.

The next step is to compute eigenvalues and eigenvectors of ** "1 to ob-

- om - Ol+1 N, . . 3 . N

tain  "andj | i. This can be done inO( ~) steps. Notice that " and
0

i "] how are expressed in terms of the new basfij.; 2" lig instead

|
of in the conventional basisfj i|+; :::inig. However remember that eigenvalues

of a matrix do not change under a transformation from an orthonormal basis
0
to another orthonormal basis. Therefore, [f] are indeed what we expect. This

0 R
representation ofj '**“")j helps us to compute """t py Equation (A-3)

I1+1

directly from its coe cients (which takes only 1 division pe r entry). Therefore,

70



Appendix

it takes at most 2 steps to update [I|+1]|+i1|+1 since | runs from 1 up to at most

2 .
Let

0[|1":' li can be computed by (-4) as follows

Ol+1::n]

0
. denote components of vectoy [(+1zn Then, the

; |
l+1 141

j
X X

j o[%::“i _ Oi:i|I1|+1 0[||+1 in] - J [1|:::I1 1]i|i2
[T NI PER AP e
This step can obviously be done inO( 2) steps.
Orq ...
Sincej [,1""]i is expressed in basidj [1,""1 1]i|ig, the last update step can

be achieved in 2 steps by Equation (A-5).
All the above updates require at mostO( 3) steps. We conclude that up-
dating a state after applying a 2-qubit unitary operation V costsO( 2) steps.

A-2 Proof of Theorem 2.7.3

Suppose that a measurement is applied to qubit.
Letgi = U WU 0 By Equation (2.11) we get
ji= B j [ i end (A-6)
NI
Since the Schmidt vectors are orthonormal, the probability of observing the
outcomei is X _
p(ii) = B, (A7)
[
If we care only about the probability distribution of the out come, we are done.
However, if we want to reuse the MPR of the post-measurementtate, we need
to update all [ and [,
Without loss of generality, we assume that the outcome is 0. Te state after
the measurement is

j Oi = p 1_ X BO J [1::] l]IJOIJ [I+l:::n]i:
p(o) D 11 1 |
. Bil
I —_ |1 1
Let A" | = noﬁ,weget
i O X 0 ool n g [+l and;
j i= AT R o B e (A-8)
[
Tracing over qubits 1;:::;1 1, by Theorem 1.3.1, we obtain the reduced
density matrix of subsystem [:::n]
0 1
X X . . [|+1 n]
[xn] = @ AO AO ?A JO [|:—l r‘l]lho lo =nlj (A'9)

[ Y
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o0 1
[

Updated Schmidt coe cients, denoted by and updated Schmidt vectors,

denoted byj O[I'”T i, forthe (I 1) Schmidt decomposition are eigenvalues and

eigenvectors of [ 1 Notice that j O[I'”T i are expressed in basi§ 0 ! “"ig.

Therefore, if we letM | | | be its components, we instantly get the following
equation X

j = oM, jo B (A-10)

|

Ofl+1 :n ]i

(o]
To compute [||] and j , we need the reduced density matrix of

subsystem [+ 1 :::n]. It can be computed using Equation (A-8) and Theorem
1.3.1

0 1
X X
I+1:n] — 0 0 s+l ]y, [+1:n]s,
fi+1:n] = @ AIlIAllloAJ[I+ "lih N (A-11)
R
Let M , , be the components of vectoy 0[|'+1 “Mi we get
X
j 0[||+l...n]i — M | |j [I:—l:::n]i: (A'12)
|
The relation between | O[I'”T li and O[I'J'l”:”]i provides us O[I']i'l .
o — 1 opsiangs png..
I |1|_ o 1]hI I U (A-13)
I 1
To compute 'Y andj *2%"]i, we need the reduced density matrix of

1+1 1+1

suobsystem [+2:::n]. To do that, consider the I'"" Schmidt decomposition of
joi

X
j Oi - °[||]j °[|1...|]ij O[||+1 ...n]i
|
X 0 0
| P P = l:
- [llM i [| lj Oean;
1; 1
X 0 0 X .
| . UML) .. .. en 1.
- [|]M . [| ]I [I|+1]|+|1|+1 [I|++J;]JII+1 i [II++21...n]I
|§)|( 1+1 301
on i .. e Ol T . e 1.
- [|]M . [|I+1]|+|1|+1 [||++11]JII+1 i [|1 I]IJII+1 i “Ti'"n]'
[FR RN
X"
i .. e 0 e e .
— CII|+1|+1JI|+1 i [Il...I]IJIH_l j [II++21...n]|;
13 1+
h
i X o] 1+1] i 1+1
whereC"" =~ = M [l I By Theorem 1.3.1, the reduced
|
density matrix of subsystem | +1 :::n] is
1
X X ) )
I+2:n] = @ C||I+1|+1 CI|+1O AJ [I:—Z :::n]ih [|'(;-2:::r‘l]j; (A'14)
0 . 1+1 1+1
141 5 |41 1
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. . on+1) : . 420
from which we can nd updated eigenvalues ° '~ and eigenvector§ ' i
0
Let M ,,, ,,, bethe components of vectorg [I':'lz i that is
X
S 42N _ 1+2::n 15 .
[|+1 n]I - M 1+1 |+1J [:21 n]I'
1+1
0 0 (o] H
The relation betweenj '***"lj andj 1"2*"j givesus "1
Ol+1] 41 _ 1 . ofl+1::n]. °f+1::n7. .
[|+|+]1|| 1 _ e Hisy [|++1 n]J [|+ nlj. (A-15)
1+1
0 0 ; 0 [T
Computing *3,; T+&he..... [0 . Il can pe done in the same
1+2 1+1  1+2 n 1 n 1n
manner.

To compute new Schmidt coe cients new for qubits | 2;:::;1, we notice
the following equation (Lemma 2.6.1)
j [1|:::I]i — [|]|i|1 | [|]IJ [1|:::|1 1]IJ i|i:
1o
Therefore we can update these coe cients in the same mannersawe did before,
just in the other direction.

Complexity of the update procedure

Each entry of tensor B requires 2 steps. Computing whole tensoB, hence,
costs 4 2 steps.

The probability distribution f p(0); p(1)g computed by Equation (A-7) costs
4 2 steps.

Computing density matrix "1 py Equation (A-9) costs no more than
O( ®) steps.

Finding eigenvalues T

1

Oll:n ]
11

I and eigenvectors costsO( 3) steps.

Calculating O[']i'l , Is easy since by Equations £-10); (A-12) and (A-13) we

have | 8
2 ifij=1
o, _ S0 . X o
. > T M | |,\/I L1 |f|| =0
) 11 |

OIki

The complexity of this process isO( 2). However, updating other o will
oy
be dierent. Let's consider computing [|I+|131”+1 . Rewriting Equation (A-12)
gives , X
. Cll+1:n ] i .. .. e 1
j [|+1 n]I - M, [|I+1]|:|1.+1 [|I++11]JII+1 i “Ti'"n]':
o1 i
0 0
Since allj [||+1 “niandj [|I++22 “M1i are expressed in terms of [72“"j we can
o ant
compute updated [|I+|131| by Equation (A-15) as follows
. X
opeggio o 1 141 i1 .
. o[1+1] M [ [| ]|+I1I M 1+1 141 ! (A-16)
1 +1 17 1+1

which can be accomplished inO( #) steps.
In conclusion, the update procedure for one qubit costs at mst O( ) steps.
To update all n qubits, we needs to perform at mostO(n #) steps.
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