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Chapter 1

Introduction

1.1 From macro to micro

It is well-known that incompressible viscous fluid flow can be described by
the Navier-Stokes (NS) equations:

∇ � u � 0 � (1.1)

∂u
∂t
���

u � ∇ � u ��� 1
ρ

∇p
� ν∇2u � (1.2)

where u is the velocity, ρ is the density, p is the pressure and ν is the kinematic
viscosity of the fluid.

Indeed, in most of the cases it is difficult to find an exact solution of sec-
ond order nonlinear partial differential equations (1.1)-(1.2). It is mainly so due
to the fact that the required solution cannot be expressed by using only known
elementary functions. For this reason a lot of efforts were put to construct dif-
ferent numerical techiques to resolve (1.1)-(1.2), especially with appearance of
high-efficiently computers.

Instead of dealing with NS equations, one can go to the kinematic level and
look at the Boltzmann equation. Bhatnagar, Gross and Krook in 1954 (see [1])
derived so called Boltzmann BGK equation:

∂ f
∂t
� ξ � ∇ f ��� 1

λ

	
f � f 
 eq �
� � (1.3)

where f � f
�
x � ξ � t � is the single-particle distribution function at position x in

the space with the microscopic velocity ξ at time t, λ is the relaxation time due

1
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to collision and f 
 eq � is the Maxwell-Boltzmann distribution function given by
formula:

f 
 eq � � ρ�
2πRT � D � 2 exp

� � � ξ � u � 2
2RT � � (1.4)

in which R is the ideal gas constant, D is the dimension of space, ρ is the macro-
scopic density, u is the macroscopic velocity and T is the macroscopic tem-
perature. For an isothermal model temperature T has no physical significance.
Macroscopic variables can be calculated as moments of the distribution function
f , namely:

ρ ��� f dξ ��� f 
 eq � dξ � ρu ��� ξ f dξ ��� ξ f 
 eq � dξ (1.5)

Moreover, macroscopic variables satisfy NS equations (1.1)-(1.2) in the limit of
low Mach number.

The first advantage of going from macro level to micro level is that now we
have to solve ordinary differential equation (1.3) instead of partial differential
equations (1.1)-(1.2). However, solving equation (1.3) exactly is also far from
trivial due to nonlinear terms. Fortunately, there is another advantage.

By introducing the Lagrangian derivative Dt � ∂t
� ξ � ∇, we can rewrite the

continuous Boltzmann BGK equation (1.3) in the form of an ordinary differential
equation:

Dt f ��� 1
λ

	
f � f 
 eq �
� (1.6)

By formally integrating (1.6) over time t from 0 to � t, we get:

f
�
x
� ξ � t � ξ � t � � t � � f

�
x � ξ � t �

��� 1
λ
��� t

0

	
f
�
x
� ξt 	 � ξ � t � t 	 � � f 
 eq � � x � ξt 	 � ξ � t � t 	 � � dt 	 (1.7)

Assuming that � t is small enough, f 
 eq � is smooth enough locally and evaluating
the collision integral on the right-hand side of (1.7) explicitly, namely at t 	 � 0,
we get

f
�
x
� ξ � t � ξ � t � � t � � f

�
x � ξ � t � ��� 1

τ

	
f
�
x � ξ � t � � f 
 eq � � x � ξ � t � � (1.8)

where τ � λ� t is the dimensionless relaxation time. By discretizing equation (1.8)
in phase space, He and Luo (see [2]) derived the following well-known D2Q9
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Lattice BGK model (LBM)

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � ��� 1

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � � i � 0 ������� � 8 (1.9)

where ei
�
i � 0 ������� � 8 � are the lattice velocities shown in Figure 1.1.

e1e3 e0

e5

e4 e8e7

e6 e2

Figure 1.1: Nine velocities for the D2Q9 model.

Accordingly, the hydrodynamic moments of Eqs.(1.5) can be computed by:

ρ � 8

∑
i � 0

fi
� 8

∑
i � 0

f 
 eq �
i � ρu � 8

∑
i � 0

ei fi
� 8

∑
i � 0

ei f 
 eq �
i � (1.10)

The equilibrium distributions f 
 eq �
i only depend on local density and velocity:

f 
 eq �
i

� wiρ
�

1
�

3
� ei
� u � � 9

�
ei
� u � 2

2
� 3u2

2 � � i � 0 ������� � 8 (1.11)

where weights are:

wi
� �	�
 4

9 � i � 0
1
9 � i � 1 � 2 � 3 � 4
1

36 � i � 5 � 6 � 7 � 8
Equation (1.9) is the time evolution of the LBM. It is much more easier to im-
plement such a model than any other numerical method. Despite the simplicity,
LBM recovers NS equations (1.1)-(1.2) (see [3]) in the limit of low Mach num-
ber with the kinematic viscosity ν � � τ � 0 � 5 � c2

s � t, where the speed of sound for
D2Q9 model cs

� 1�
3
. This was shown by applying a Chapman-Enskog analysis.

Moreover, there is a big opportunity for parallel computing due to the locality of
collision and streaming operations.

By now we briefly introduced three main objects we have to deal with: NS
equations, LBM and Boltzmann BGK equation. We summarize the relations be-
tween them in Figure 1.2.
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explicit time discretization

discretization in phase space

Continuous Boltzmann
BGK equation (1.3)

LBM  (1.9)

NS equations (1.1)−(1.2)Chapman−Enskog

analysis

Figure 1.2: NS equations, LBM and Boltzmann BGK equation.

1.2 Motivation of project

In this project we study implicit schemes for Boltzmann equation (1.3). First of
all, let us briefly outline the main drawbacks of LBM. It is well-known that the
explicit scheme (1.9) becomes numerically unstable as τ � 1

2 (see [4]), which
basicly means low viscosity. We also know that the simulation time step � t in
LBM is severely restricted. It is due to the CFL restriction. Since the LBM is the
explicit discretization of the equation (1.3), the CFL number for stability reasons
should be equal to 1. This couples the simulation time step and grid size.

So, by using the LBM a large number of iterations is required for conver-
gence. It makes the simulations computationally expensive. This is really a cru-
cial point, especially in simulations of time dependent flows. So, the motivation
of the project is to find implicit schemes to solve (1.3) which allow us to

� expand the parameter space of LBM, i.e. simulate low-viscosity flows;

� increase the simulation time step � t.

There are two terms in the continuous Boltzmann equation (1.3) : advection
and collision. Depending on how we treat this terms, explicitly or implicitly, we
can get a variety of semi-implicit and implicit schemes. By discretising the colli-
sion term implicitly, we have collision semi-implicit schemes and by discretising
the advection term implicitly, we have advection semi-implicit schemes. By dis-
cretising both terms terms implicitly, we obtain fully implicit schemes.
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Since there is a relation between the relaxation time τ and viscosity ν and
the relaxation time is present only in the collision term, we dare to make our first
hypothesis: collision-implicit scheme may allow us to expand the parameter space
of LBM, i.e. to simulate low-viscosity flows.

Another important issue is that the time for advection is much larger than the
time for collision. So, we make the second hypothesis: an advection-implicit
scheme may allow us to increase the time step � t.

In this project we derive a number of implicit schemes and numerically verify
whether these hypothesises are correct or not. Whatever scheme we use to resolve
(1.3), we also have to keep in mind a possibilty for parallel computing:

”A good algorithm is not simply the one that converges faster but
also the one that is parallelizable”

G.E.Karniadakis, R.M.Kirby (2003)

1.3 Literature overview

Some relevant works have appeared recently. In [5-8] the implicit approach was
introduced for steady form, i.e. time independent flows. In this project we are
more interested on time dependent case. In [9-12] some new implicit schemes for
time dependent case were proposed. Let us give a brief overview of these works.

By evaluating the integral on the right-hand side of (1.7) implicitly by using
the trapezoidal method and discretizing it in momentum space and configuration
space, Sankaranarayanan, Shan, Kevrekidis and Sundaresan (see [9]) obtained:

fi
�
x
�

ei � t � t � � t � � fi
�
x � t �

� � 1
τ

�
fi
�
x � t � � f 
 eq �

i
�
x � t �

2
� fi

�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x
�

ei � t � t � � t �
2 �

(1.12)
(1.12) coupled with (1.10)-(1.11) is the collision implicit scheme which has second-
order accuracy both in time and space. Implementation of this scheme requires
iterative calculations. However, these iterations are local in nature. It becomes
obvious if we rewrite (1.12) as

fi
�
x � t � � t � � fi

�
x � ei � t � t �
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� � 1
τ

�
fi
�
x � ei � t � t � � f 
 eq �

i
�
x � ei � t � t �

2
� fi

�
x � t � � t � � f 
 eq �

i
�
x � t � � t �

2 �
So, iterations at each node can be done independent of other nodes. It was shown
that (1.12) reduces to NS equations in the low Mach number limit, with the kine-
matic viscosity ν � τc2

s � t. A two-component system was considered and the
collision implicit scheme (1.12) was applied for each component. A number of
computational experiments comparing LBM and collision implicit scheme were
performed. The authors found that the collision implicit scheme (1.12) could be
solved by simple successive substitution (fixed point iteration) in no more than
three substitution steps. This added some computational burden to each time
step over that for the LBM. The premium is the stability of the collision implicit
scheme for small kinematic viscosity ν at high Reynolds number. However, the
possibility to increase the simulation time step was not discussed by the authors.

The continuous Boltzmann BGK equation (1.3) discretized in momentum space
has the following form:

∂ fi

∂t
�

ei
� ∇ fi

��� 1
λ � fi

� f 
 eq �
i � (1.13)

Equation (1.13) is called the Discrete Boltzmann equation (DBE).
By using a first order upwind space discretization for the advection term

ei
� ∇ fi

�
x � t � � fi

�
x � t � � fi

�
x � ei � x � t �� x

�
by replacing the time derivative ∂ fi 
 x � t �∂t with a first order time difference, and by
evaluating the collision term implicitly at t

� � t, Cao, Chen, Jin and Martinez
(see [10]) obtained the following collision semi-implicit scheme

fi
�
x � t � � t � � fi

�
x � t � � � t� x � fi

�
x � t � � fi

�
x � ei � x � t ���

� � t
λ

	
fi
�
x � t � � t � � f 
 eq �

i
�
x � t � � t � � (1.14)

Scheme (1.14) was only proposed by the authors but not implemented. Moreover,
the accuracy in time and space of this scheme was not discussed. Obviously, it
also requires solving a system of nonlinear equations on each node.
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By taking the advection term implicitly and keeping the collision term explicit,
Seta and Takahashi (see [11]) derived the following advection semi-implicit finite
difference scheme

fi
�
x � t � � t � � fi

�
x � t �� t

���
ei � α fi

�
xα � t � � t � � fi

�
xα
� � xα � t � � t �� xα

��� 1
λ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � � �

ei � α � 0 (1.15)

fi
�
x � t � � t � � fi

�
x � t �� t

���
ei � α fi

�
xα
� � xα � t � � t � � fi

�
xα � t � � t �� xα

��� 1
λ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � � �

ei � α � 0 (1.16)

where α denotes the Cartesian component of a vector. The authors only analyzed
the numerical stability of scheme (1.15) - (1.16) by means of a von Neumann
stability analysis.

At this point, we should note that a closer look at schemes (1.14) and (1.15)-
(1.16) by applying the Chapman-Enskog analysis reveals that they recover accu-
rate physics only at steady state (see [12]). Obviously, this is not what we want.
We would like to derive implicit schemes which are able to simulate both time-
dependent and time-independent flows.

Different numerical techniques to derive implicit schemes for DBE were intro-
duced by Lee and Lin (see [12]). DBE (1.13) was dicretized along characteristics
by using the θ-method.

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � ��� 1 � θc

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � �

� θc

τ

	
fi
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x
�

ei � t � t � � t � � (1.17)

where θc � � 0 � 1 � . To solve (1.17) the solution procedure was split into the follow-
ing steps:

� Pre-streaming collision step

f̃i
�
x � t � � fi

�
x � t � � 1 � θc

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � (1.18)
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� Streaming step
f̃i
�
x
�

ei � t � t � � t � � f̃i
�
x � t � (1.19)

� Post-streaming collision step

fi
�
x
�

ei � t � t � � t � � f̃i
�
x
�

ei � t � t � � t �
� θc

τ

	
fi
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x
�

ei � t � t � � t � � (1.20)

Equation (1.20) can be rearranged as

fi
�
x
�

ei � t � t � � t � � f̃i
�
x
�

ei � t � t � � t � � θc
τ f 
 eq �

i
�
x
�

ei � t � t � � t �
1
� θc

τ
(1.21)

(1.21) requires solving a system of nonlinear equations on each node. To avoid
it, the authors used the following approximation: the macroscopic density and

velocity used in calculation of f 
 eq �
i at time t

� � t in (1.21) were obtained by
taking moments of f̃i at time t

� � t

ρ � ∑
i

f̃i � ρu � ∑
i

ei f̃i

In the conventional LBM the grid points coinside with lattice points and the
streaming step expressed by equation (1.19) becomes a perfect shift. The Courant-
Friedrichs-Lewy (CFL) number for perfect shift equals unity, which couples grid
distance and time step. As a result, large time step is achieved at the expense of
spatial resolution. To get rid off this fact, the authors expressed equations (1.18)-
(1.20) in an Eulerian framework as is shown below:

� Pre-streaming collision step

f̃i
�
x � t � � fi

�
x � t � � 1 � θc

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � (1.22)

� Streaming step
∂ f̃i

∂t
�

ei
� ∇ f̃i

� 0 (1.23)

� Post-streaming collision step

fi
�
x � t � � t � � f̃i

�
x � t � � t � � θc

τ

	
fi
�
x � t � � t � � f 
 eq �

i
�
x � t � � t � � (1.24)
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Here x is defined at grid points not necessarily lining up along characteristics.
Streaming step equation (1.23) can be resolved by any second-order accurate
scheme suited for the pure advection equation to replace the perfect shift on uni-
form lattice.

Implicit Taylor-Galerkin finite element method was used to solve (1.23)

f̃ n � 1
i

� f̃ n
i� t
� � � ei � s ∂ f̃ n

i

∂xs

� � t
2
�
ei � r ∂

∂xr

� �
ei � s ∂

∂xs

�
θa f̃ n � 1

i
���

1 � θa � f̃ n
i � � (1.25)

where θa � � 0 � 1 � . Scheme (1.25) is explicit for θa
� 0 and implicit for 0 � θa � 1.

Numerical experiments were performed to compare explicit and implicit schemes
in terms of stability and time step. The main conlusion of the authors was that
while collision implicit scheme

�
0 � θc � 1 � has no advantage over collision

explicit scheme
� θc
� 0 � in terms of time step, the advection implicit scheme�

0 � θa � 0 � can indeed allow a larger time step than the advection explicit scheme� θa
� 0 � .

1.4 Outline of contents

Let us give a brief outline of contents of this thesis.
In Chapter 2 we further investigate the collision implicit scheme. The scheme

will be directly derived from the continuous Boltzmann BGK equation (1.3). In
Appendix A we will provide a Chapman-Enskog analysis of the scheme to show
that it recovers NS equations (1.1)-(1.2) when the proper relation between relax-
ation time and kinematic viscosity is chosen. We will give a detailed decsription
of the implementation aspects of the collision implicit scheme, such as algorithm,
boundary conditions and iterative method. We will use the Newton-Raphson it-
erative method to resolve the collision implicit scheme. The reader can find a bit
more information about it in Appendix B. Numerical experiments for steady 2D
Poiseuille Channel flow, for flow over Backward-Facing step and for unsteady 2D
Pulsatile Channel flow will be conducted to compare the collision implicit scheme
with common LBM.

In Chapter 3 we will study the advection implicit scheme. The scheme will
be directly derived from DBE (1.13). Numerical experiments for 2D Poiseuille
Channel flow will be conducted for different CFL numbers.

In Chapter 4 we will give a brief summary of the thesis and outline future
plans.
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Chapter 2

Collision implicit scheme

2.1 Theory

We derive the collision implicit scheme directly from the continuous Boltzmann
BGK equation. First, we rewrite (1.7) as

f
�
x
� ξ � t � ξ � t � � t � � f

�
x � ξ � t �

� � 1 � θc

λ
� � t

0

	
f
�
x
� ξt 	 � ξ � t � t 	 � � f 
 eq � � x � ξt 	 � ξ � t � t 	 � � dt 	

� θc

λ
� � t

0

	
f
�
x
� ξt 	 � ξ � t � t 	 � � f 
 eq � � x � ξt 	 � ξ � t � t 	 � � dt 	 (2.1)

where θc � � 0 � 1 � .By evaluating the first integral on the right-hand side of (2.1) explicitly, namely
at t 	 � 0 and evaluating the second integral on the right-hand side of (2.1) implic-
itly, namely at t 	 � � t , we get

f
�
x
� ξ � t � ξ � t � � t � � f

�
x � ξ � t � � � 1 � θc

τ

	
f
�
x � ξ � t � � f 
 eq � � x � ξ � t � �

� θc

τ

	
f
�
x
� ξ � t � ξ � t � � t � � f 
 eq � � x � ξ � t � ξ � t � � t � � (2.2)

By discretizing equation (2.2) in the phase space in the same way as it was
done by He and Luo (see [2]), we derive the following implicit scheme

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � ��� 1 � θc

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � �

11
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� θc

τ

	
fi
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x
�

ei � t � t � � t � � (2.3)

We call (2.3) coupled with (1.10)-(1.11) collision implicit scheme for D2Q9 model.
Note that by putting θc

� 0 in (2.3), we get LBM (1.9), and that by putting θc
� 1

2 ,
we get the collision implicit scheme (1.12).

Scheme (2.3) has second order accuracy both in space and time and recovers
NS equations (1.1)-(1.2) in the limit of low Mach number when the relaxation
parameter satisfies

v � � τ � 0 � 5 � θc � c2
s � t (2.4)

Derivation of (2.4) is given in Appendix A. We summarize all in Figure 2.1.

Continuous Boltzmann
BGK equation (1.3)

NS equations (1.1)−(1.2)Chapman−Enskog

analysis

Collision Implicit
Scheme (2.3)

discretization in phase space

implicit time discretization

Figure 2.1: NS equations, Boltzmann BGK equation and Collision Implicit
Scheme.

Let us try to analyse whether the implicit scheme may have advantages over
LBM or not. Since for LBM we have ν � � τ � 0 � 5 � c2

s � t, we rewrite (1.9) as

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � � 1

ν
c2

s � t
�

0 � 5 	 fi
�
x � t � � f 
 eq �

i
�
x � t � � (2.5)

Now we look at the collision implicit scheme. By rearranging the terms in (2.3),
we obtain

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � � 1

τ � θc

	
fi
�
x � t � � f 
 eq �

i
�
x � t � �
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� θc

τ � θc

	
f 
 eq �
i
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x � t � � (2.6)

By using (2.4), (2.6) gets the following form

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � � 1

ν
c2

s � t
�

0 � 5 	 fi
�
x � t � � f 
 eq �

i
�
x � t � �

� θc

τ � θc

	
f 
 eq �
i
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x � t � � (2.7)

The difference between (2.5) and (2.7) is only in last term of (2.7). By using
Taylor expansion, we have

f 
 eq �
i
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x � t � � � t

�
∂ f 
 eq �

i

∂t
�

ei
� ∇ f 
 eq �

i � � O
� � t2 � (2.8)

By neglecting the term O
� � t2 � in (2.8) and using Lagrangian derivative, we obtain

f 
 eq �
i
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x � t � � � tDt f 
 eq �

i

For time-independent flows derivative in time is equal to zero. So, the last term in
(2.7) does not affect stability at all and the collision implicit scheme has the same
stability range as LBM.
For time-dependent flows the last term in (2.7) has order O

� � t � . It might not
be essential for stability range of the scheme. The answer will follow from our
numerical experiments.

We conduct a number of simulations by using both LBM (1.9) and colli-
sion implicit scheme (2.3) for steady 2D Poiseuille channel flow, flow over a
Backward-Facing Step (BFS) and unsteady 2D Pulsatile channel flow, to verify
whether collision implicit scheme (2.3) allows us to expand the parameter space
of LBM or not.

2.2 Implementation aspects

2.2.1 Algorithms

Before we start our simulations let us discuss implementation aspects. First of
all, the following pseudo code is used for the explicit LBM:
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Start Program
Initialize lattice
Set initial density and velocity
Set initial ditribution
Do {
Move fluid particles
Apply boundary conditions
Calculate density and velocity by using (1.10)
Calculate equilibrium distributions by using (1.11)
Collide fluid particles
} While(condition for convergence is not satisfied)
Write data to file
End Program

For the collision implicit scheme we use the following pseudo code:

Start Program
Initialize lattice
Set initial density and velocity
Set initial ditribution
Do {
Resolve the system of nonlinear equations on each node
Apply boundary conditions
Calculate density and velocity by using (1.10)
Calculate equilibrium distributions by using (1.11)
} While(condition for convergence is not satisfied)
Write data to file
End Program

A few words about these pseudo codes. Initially, for both LBM and collision
implicit scheme, on each node we set the density ρ and velocity components u
and v to some initial values. Using these values, we set the initial distributions fi

to the equilibrium distributions f 
 eq �
i evaluated by (1.11).

The simulation loop continues until the condition for convergence is no longer
satisfied. In all simulations for convergence the following condition is used:

∑
 i � j �
� �

u
�
i � j � � u

�
i � j � � 2 ��� v � i � j � � v

�
i � j � � 2

∑
 i � j �
�

u
�
i � j � 2 � v

�
i � j � 2 � ε � (2.9)
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where above sums are over all fluid nodes
�
i � j � ; u

�
i � j � and v

�
i � j � are values of

velocity components on the previous time step. Basicly, (2.9) means convergence
in l2 norm.

2.2.2 Boundary conditions

One of the most crucial questions in implementation is the way of applying bound-
ary conditions. Basicly, there are two different kind of boundaries: walls and
inlet-outlet.

No-slip boundary condition

On the walls we consider no-slip boundary condition, which means zero fluid
velocity there. In our simulations we use two different implementations: on-grid
and mid-grid.

Mid-grid bounce back boundary condition for the node on the North wall is
shown in Figure 2.2. Filled nodes are fluid nodes, empty nodes are solid nodes and
dashed line indicates the wall. After the streaming operation some populations are
out of our fluid area. We should revert them back into the fluid. So, populations 7,
4, 8 on the adjacent to the wall fluid nodes receive populations 5, 2, 6, respectively,
from the solid node on the wall. The similar procedure is applied for the nodes on
the South wall.

26 5

7 4 8

Figure 2.2: Mid-grid bounce back, no-slip boundary condition.

On-grid bounce back boundary condition is shown in Figure 2.3. It is well-
known that directly reverting the populations into the fluid gives only first order
accuracy. We use a slightly different way, proposed by Zou and He (see [13]).
Unknown populations for the node on the North wall are defined in the following
way:

f4
� f2 � f7

� f5
� 1

2
�
f1
� f3 � � f8

� f6
� 1

2
�
f1
� f3 �
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6 5

47

2

8

Figure 2.3: On-grid bounce back, no-slip boundary condition.

These assure the zero fluid velocity on the node:

ρu � f1
�

f5
�

f8
� f3

� f6
� f7

� 0 � ρv � f2
�

f5
�

f6
� f4

� f7
� f8

� 0

Unknown populations for the node on the South wall are defined in a similar way:

f2
� f4 � f5

� f7
� 1

2
�
f1
� f3 � � f6

� f8
� 1

2
�
f1
� f3 �

We will call this way ”modified on-grid bounce back no-slip boundary condition”.
This way adds some extra computation but gives the second order accuracy.

Inlet-outlet boundary conditions

For inlet-outlet boundary conditions there are two common ways: periodic
boundary condition and pressure difference boundary condition.

Periodic boundary condition is easy to implement by assigning the incoming
populations on the inlet to the corresponding outgoing populations on the outlet
and assigning the incoming populations on the oulet to the corresponding outgoing
populations on the inlet. Despite the simplicity, it perfectly fits the simulations of
fluid flow on symmetric geometries, such as a simple 2D channel. However, for
complex asymmetric geometries, such as a Backward-facing step, we cannot use
the periodic boundary condition.

In all numerical simulations we apply pressure difference boundary condition.
To implement it we use the way proposed by Zou and He (see [13]). Let us briefly
describe it here.

On the inlet we define the parabolic velocity profile for the velocity component
u in x-direction, while the velocity component v in y-direction is assigned to zero.
The density and unknown incoming populations are calculated in the following
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way:

ρ � f0
�

f2
�

f4
�

2
�
f3
�

f6
�

f7 �
1 � u

f1
� f3

� 2
3

ρu

f5
� f7

� 1
6

ρu � 1
2
�
f2
� f4 �

f8
� f6

� 1
6

ρu
� 1

2
�
f2
� f4 �

On the outlet we define the density ρ, i.e. the pressure is fixed. Moreover, we
assume that v � 0. Then unknowns are calculated as:

u � f0
�

f2
�

f4
�

2
�
f1
�

f5
�

f8 �
ρ

� 1

f3
� f1

� 2
3

ρu

f6
� f8

� 1
6

ρu � 1
2
�
f2
� f4 �

f7
� f5

� 1
6

ρu
� 1

2
�
f2
� f4 �

This approach we call velocity - pressure boundary condition (VPB).
If the density is given both on the inlet and on the outlet, we have pressure -

pressure boundary condition (PPB). Velocity for (PPB) on the inlet is calculated
by:

u � 1 � f0
�

f2
�

f4
�

2
�
f3
�

f6
�

f7 �
ρ

All other unknowns are calculated exactly in the same way as for VPB.
In numerical simulations we also use another way, which we call velocity - free

flux boundary condition. On the inlet we define the parabolic velocity profile and
calculate the unknowns in the same way as for VPB. On the outlet we assume that
∂u
∂x
� 0, which basicly means free flux. This can be implemented just by copying

the values from the second last nodes to the corresponding outlet nodes. The
length of the channel should be long enough for this assumption. Then uknowns
are calculated again in the same way as for VPB.
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2.2.3 Iterative method

To resolve (2.3) we use an iterative method. First, we rewrite it in the following
form:

fi
�
x � t � � t � � θc

τ � θc
f 
 eq �
i
�
x � t � � t �

� � 1 � 1
τ � θc

� fi
�
x � ei � t � t � � 1 � θc

τ � θc
f 
 eq �
i
�
x � ei � t � t � (2.10)

Note that all terms on right-hand side of (2.10) are known. By applying (2.10)
for all i on lattice node, we get the system of nine nonlinear equations for our
collsion implicit scheme. However, it is clear that the system of nonlinear equa-
tions on each node can be resolved independently. This retains the possibility
for parallel computing. To solve the system of nonlinear equations we use the
Newton-Raphson (NR) iterative method. We describe the implementation of NR
iterative solver in Appendix B.

2.3 Numerical Experiments

2.3.1 2D Poiseuille Channel Flow

Theory

We consider Poiseuille flow in a 2D channel. The geometry is shown in Figure
2.4. Velocity of fluid is V � � u � v � ; u and v are the velocity components in the
x-direction and y-direction, respectively.

For the steady flow in a tube we have u � u
�
y � � � 0 � y � H � and v � 0, where

H is the height of the channel. Equation of continuity (1.1) is satisfied identically.
From equation (1.2) we obtain

∂P
∂y
� 0 � (2.11)

� 1
ρ

∂P
∂x
� ν

d2u
dy2

� 0 (2.12)

Equation (2.11) shows that the pressure is independent on y, i.e. it is constant
along the y-axis. By differentiating (2.12) with respect to x, we get ∂2P

∂x2
� 0, which

means that ∂P
∂x
� const. Then from (2.12) we obtain

d2u
dy2

� 1
ρν

∂P
∂x
� const
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H

L

u(y)

Figure 2.4: 2D Channel Flow.

By using boundary conditions u
�
0 � � u

�
H � � 0, we can trivially find a solution

for last equation:

u ��� 1
2ρν

∂P
∂x

y
�
H � y � � 0 � y � H (2.13)

So, the velocity component u has a parabolic profile with maximum value on the
center of tube

umax
� u
�
H � 2 � � � H2

8ρν
∂P
∂x

(2.14)

By combining (2.14) and (2.13), we obtain the analytical solution of 2D Poiseuille
channel flow

u � 4umax

H2 y
�
H � y � � v � 0 � 0 � y � H (2.15)

Since ∂P
∂x � const, it can be replaced by Poutlet � Pinlet

L , where L is the length of
the channel. Then from (2.14) we get

umax
� H2 � Pinlet

� Poutlet �
8Lρν

� (2.16)

Simulations

We conduct a number of experiments by using both LBM (1.9) and the collision
implicit scheme (2.3) for the 2D Poiseuille flow. In all simulations for tube flow
we use the following conditions:

� The length of the tube is twice larger than the height, so L � 2H;

� Initial density is ρ0
� 1 � 0;

� Initial velocity components are u0
� 0 � 01 and v0

� 0 � 0;
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� VPB is used for inlet-outlet and modified on-grid bounce back no-slip bound-
ary condition is used for walls;

� Density at the outlet is ρout
� 1 � 0;

� In convergence condition (2.9) we use ε � 10 � 12;

� θ � 0 � 5 is chosen in (2.3);

� Relative error E is measured as

E �
∑
 i � j �
���

u
�
i � j � � u

�
i � j � �
��� v � i � j � � v

�
i � j � � �

∑
 i � j �
���

u
�
i � j � � ��� v � i � j � � � � (2.17)

where above sums are over all fluid nodes
�
i � j � ; u

�
i � j � and v

�
i � j � are ana-

lytical solutions defined by (2.15).

Experiment 1

Relaxation time is τ � 1 � 0 for LBM and τ � 0 � 5 for collision implicit scheme,
so viscosity ν � 1 � 6 in both cases. We conduct simulations with different lattice
sizes Nx � Ny

� 20 � 10 � 40 � 20 � 80 � 40 � 160 � 80. Centreline velocity in the
tube is chosen umax

� 0 � 1 � 0 � 05 � 0 � 025 � 0 � 0125 � accordingly. So, Reynolds number
Re � umaxH

ν
� 6 is fixed in all cases.

Experiment 2

Relaxation time is τ � 0 � 6 for LBM and τ � 0 � 1 for collision implicit scheme, so
viscosity ν � 1 � 30 in both cases. We conduct simulations with different lattice
sizes Nx � Ny

� 20 � 10 � 40 � 20 � 80 � 40 � 160 � 80. Centreline velocity in the
tube is chosen umax

� 0 � 1 � 0 � 05 � 0 � 025 � 0 � 0125 � accordingly. So, Reynolds number
Re � umaxH

ν
� 30 is fixed in all cases.

Results

We performed our first experiments to study the convergence of both the LBM
and the collision implicit scheme. Relative errors as the function of lattice size
using the LBM and the collision implicit scheme are shown in Figure 2.5. We
see the same error behaviour, which is in agreement with analysis we made in
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theoretical part of this chapter. Since the lines have slope -2, both schemes have
second order convergence. We also observed that the number of simulation time
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Figure 2.5: Relative errors for Re � 6 and Re � 30 using the LBM (a) and using
the collision implicit scheme (b).

steps, it takes for convergence, is the same in both cases. This is not surprising for
us because in derivation of collision implicit scheme we assumed that � t is the
same as it was for LBM. We measured the total simulation time for both schemes.
It turned out that the collision implicit scheme is approximately 12 times more
expensive than LBM. In all cases we obtain a fully developed parabolic velocity
profile at the outlet of the tube. Velocities normalised by umax for Re � 30 and
lattice size Nx � Ny

� 80 � 40 using both LBM and the collision implicit scheme
are shown in Figure 2.6. From these plots we see that simulation results perfectly
fit the analytical solution (solid line).

Experiment 3

Relaxation time is τ � 0 � 56 for LBM and τ � 0 � 06 for collision implicit scheme,
so viscosity ν � 0 � 02 in both cases. We conduct simulations with lattice size
Nx � Ny

� 80 � 40. Centreline velocity in the tube is chosen umax
� 0 � 1 in both

cases. So, Reynolds number Re � umaxH
ν
� 200 and the Mach number Ma

� umax
cs

�
0 � 173205 � 1.
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Figure 2.6: Normalised velocity profiles at the outlet of the channel for Re � 30
and lattice size Nx � Ny

� 80 � 40 using the LBM (a) and using the collision
implicit scheme (b).

Results

Both schemes are unstable. Note that higher Reynolds numbers can be achieved
by increasing the lattice size.

Conclusion

From results of numerical experiments for the 2D Poiseuille Channel Flow we
confirm that the collision implicit scheme does not allow us to expand the param-
eter space of the LBM for steady flows.

2.3.2 Backward-Facing Step

Model

Now we conduct simulation of flow over a Backward-Facing Step (BFS) by using
LBM (1.9) and collision implicit scheme (2.3). The BFS model, which is the
channel with sudden enlargement, is shown in Figure 2.7. It is well-known that in
the laminar flow over BFS there is a recirculation zone 0 � x � r with the negative
velocity u. At x � r velocity component u changes sign and becomes positive. We
define the reattachment length as xr

� r
h . The values of reattachment length were
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OutletInlet

H

x=0 x=r

h

l

L

Figure 2.7: Backward-Facing Step.

measured experimentally by Armaly, Durst, Pereira, and Schonung (see [14]).

Simulations

In all simulations of flow over a Backward-Facing Step we use the following con-
ditions:

� The inlet channel length is l � 5h and the channel length is L � 21h; the ratio
between the step height h and the channel height H is 23/47; the number of
lattice nodes on the inlet is 23;

� Initial mass density ρ0
� 1 � 0;

� Initial velocity u0
� 0 � 01;v0

� 0 � 0 are defined on all lattice nodes;

� For inlet - outlet we use velocity - free flux boundary condition and for walls
we use mid-grid bounce back no-slip boundary condition;

� Parabolic velocity profile defined on the inlet has centreline velocity umax
�

0 � 1, so the Mach number Ma
� umax

cs

� 0 � 173205 � 1;

� ε � 10 � 7 is used in convergence condition (2.9);

� θc
� 0 � 5 is used in (2.3).



24 CHAPTER 2. COLLISION IMPLICIT SCHEME

Experiment 1

Relaxation time is τ � 0 � 692 for LBM and τ � 0 � 192 for collision implicit scheme.
So, viscosity ν � 0 � 064 and the Reynolds number Re � 4umax 
 H � h �

3ν
� 50 are the

same in both cases.

Results

Convergence condition is satisfied after 30000 simulation time steps in both sim-
ulations. Reattachment length obtained by both schemes is the same xr

� 1 � 7391.

Experiment 2

Relaxation time is τ � 0 � 596 for LBM and τ � 0 � 096 for the collision implicit
scheme. So, viscosity ν � 0 � 032 and the Reynolds number Re � 100 are the same
in both cases.

Results

Convergence condition is satisfied after 41800 simulation time steps in both sim-
ulations. Reattachment length obtained by both schemes is the same xr

� 2 � 9565.
For both cases we measure the velocity at four different places in the channel
x � L

4 , x � L
3 , x � L

2 , x � L and normalise it by umax. In Figure 2.8 there are
normalised velocity profiles by using LBM and collision implicit scheme.

From the plots we observe that both schemes produce the same velocity pro-
files. At the outlet of the channel for both cases we have a fully developed
parabolic velocity profile.

Experiment 3

Relaxation time is τ � 0 � 564 for LBM and τ � 0 � 064 for collision implicit scheme.
So, viscosity ν � 0 � 021333 and the Reynolds number Re � 150 are the same in
both cases.

Results

Convergence condition is satisfied after 51900 simulation time steps in both sim-
ulations. Reattachment length obtained by both schemes is the same xr

� 4 � 0435.
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Figure 2.8: Normalised velocity profiles at four different places of the channel for
Re � 100 by using the LBM (a) and using the collision implicit scheme (b).

It is interesting to make the comparison between obtained values of reattach-
ment length with the experimental data obtained in [14]. This is provided in Fig-
ure 2.9. We see the small difference between numerical and experimental results.
Probably, it is due to the different ratio between the step height h and the channel
height H, 23/47 in our case against 49/51 used in [14].
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Figure 2.9: Comparison of simulation results and the experimental data of reat-
tachment length for Re=50,100,150
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Experiment 4

Relaxation time is τ � 0 � 548 for LBM and τ � 0 � 048 for collision implicit scheme.
So, viscosity ν � 0 � 016 and the Reynolds number Re � 200 are the same in both
cases.

Results

Both schemes are unstable.

Conclusion

From the results of the simulations of the flow over a BFS we observe again the
fact that the collision implicit scheme does not allow us to improve the stability
range of LBM.

2.3.3 2D Pulsatile Channel Flow

It is well known that NS equations can be resolved analytically for time-dependent
2D Pulsatile channel flow (see [16]).

Artoli, Hoekstra and Sloot used LBM to obtain accurate numerical solutions
of 2D Pulsatile channel flow (see [17]).

We conduct a number of experiments here by using both LBM and collision
implicit scheme for this test problem. In all simulations we use the following
conditions:

� The length of the tube is ten times larger than the height, with lattice size
Nx � Ny

� 200 � 20;

� Initial density is ρ0
� 1 � 0;

� Initial velocity components are u0
� 0 � 0 and v0

� 0 � 0;

� PPB is used for inlet-outlet and modified on-grid bounce back no-slip bound-
ary condition is used for walls;

� Density at the outlet is ρout
� 1 � 0;

� The period of the driving pressure is T � 1800;

� Density at the inlet varies with time ρin
� 1 � 0 � Acos

� 2πt
T � , where A � 0 � 1;
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� θc
� 0 � 5 is chosen in (2.3);

� Convergence criterion is: difference between results from two successive
periods in l2 norm less than 10 � 7.

Experiment 1

Relaxation time is τ � 0 � 6 for LBM and τ � 0 � 1 for collision implicit scheme, so

viscosity ν � 1
30 in both cases. So, Womersley number α � H

2

�
2π
Tν � 3 � 236

Results

Velocity profiles at the middle of the tube at t � 0 � T8 � T4 � 3T
8 � T2 produced by both

schemes are shown in Figure 2.10. Although the shapes are quite similar, there is
a small time shift between them.

Time shift between analytical solutions and simulation results, obtained by
LBM, was observed in [17]. Unfortunately, the reason of this time delay is not
clear. At this point we do not know whether this shift is removed by collision
implicit scheme or not.
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Figure 2.10: Velocity profiles at the middle of the channel at different times within
the same period by using the LBM (a) and using the collision implicit scheme (b).
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Experiment 2

Relaxation time is τ � 0 � 56 for LBM and τ � 0 � 06 for collision implicit scheme,

so viscosity ν � 0 � 02 in both cases. So, Womersley number α � H
2

�
2π
Tν � 4 � 1777

Results

Both schemes are unstable.

Conclusion

Even with unsteady flows we don’t gain any improvments in terms of stability
range when we use collision implicit scheme to compare with LBM.

2.4 Conclusions and discussion

Numerical experiments for steady 2D Poiseuille Channel flow, flow over BFS and
for unsteady 2D Pulsatile Channel flow were conducted by using LBM and colli-
sion implicit scheme. Both schemes have second order convergence. Numerically
it was verified that the collision implicit scheme does not enlarge the parameter
space of LBM for both time-independent and time-dependent flows.

However, as we mentioned before, the collision implicit scheme (2.3) with
θc
� 0 � 5 was succefully applied for the two-component system (see [9]). Surpris-

ingly, it allowed to simulate flows with lattice viscosity as smal as ν � 0 � 01.



Chapter 3

Advection implicit scheme

3.1 Theory

The discretization in phase space we used in derivation of collision implicit LBE
and common LBM was based on results from [2]. He and Luo accomplished it
by discretizing momentum space in such a way that a lattice structure in config-
uration space was obtained directly. So, the discretization of configuration space
is determined by the discretization of momentum space. However, these can be
done independently (see [10]). Let us assume that continuous BGK equation (1.3)
is discretized in momentum space. So, some set of discrete velocities is defined.
Then we arrive to DBE (1.13). For the last one we can use any implicit schemes
for the time and space discretization to obtain advection implicit LBE. We sum-
marize this in Figure 3.1.

For simplicity we assume that we have a uniform Cartesian grid. So, � x �� y. We define a Courant-Friedrichs-Lewy (CFL) number as CFL � � tmax � ei �� x .
By using the Crank-Nikolson scheme for time discretization in DBE, we ob-

tain
fi
�
x � t � � t � � fi

�
x � t �� t

� 1
2
�
ei
� ∇ fi

�
x � t � � t � � ei

� ∇ fi
�
x � t � �

� � 1
2λ � fi

�
x � t � � f 
 eq �

i
�
x � t � � � 1

2λ � fi
�
x � t � � t � � f 
 eq �

i
�
x � t � � t � � (3.1)

For spatial derivatives we use the second order upwind scheme. Then we get

fi
�
x � t � � t � � CFL

4 � 3 fi
�
x � t � � t � � 4 fi

�
x � ei � x � t � � t � � fi

�
x � 2ei � x � t � � t ���
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Continuous Boltzmann

BGK equation (1.3)

discretization in momentum space

DBE (1.13)

implicit time−space discretization

Implicit Advection
Scheme

Chapman−Enskog

analysis
NS equations (1.1)−(1.2)

Figure 3.1: NS equations, Boltzmann BGK equation, DBE and Advection Implicit
Scheme.

� fi
�
x � t � � CFL

4 � 3 fi
�
x � t � � 4 fi

�
x � ei � x � t � � fi

�
x � 2ei � x � t ���

� 1
2τ � fi

�
x � t � � f 
 eq �

i
�
x � t � � � 1

2τ � fi
�
x � t � � t � � f 
 eq �

i
�
x � t � � t � � (3.2)

We split the solution procedure into the following steps, as it was done in [12]:

� Pre-streaming collision step

f̃i
�
x � t � � fi

�
x � t � � 1

2τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � (3.3)

� Streaming step
f̃i
�
x � t � � t �

� CFL
4

�
3 f̃i
�
x � t � � t � � 4 f̃i

�
x � ei � x � t � � t � � f̃i

�
x � 2ei � x � t � � t ���

� f̃i
�
x � t � � CFL

4

�
3 f̃i
�
x � t � � 4 f̃i

�
x � ei � x � t � � f̃i

�
x � 2ei � x � t ��� (3.4)
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� Post-streaming collision step

fi
�
x � t � � t � � f̃i

�
x � t � � t � � 1

2τ

	
fi
�
x � t � � t � � f 
 eq �

i
�
x � t � � t � � (3.5)

The macroscopic density and velocity used in calculation of f 
 eq �
i at time t

�� t in (3.4) are obtained by taking moments of f̃i at time t
� � t

ρ � ∑
i

f̃i � ρu � ∑
i

ei f̃i

Another possible way could be the following approximation

f 
 eq �
i
�
x � t � � t � � 2 f 
 eq �

i
�
x � t � � f 
 eq �

i
�
x � t � � t � � (3.6)

proposed by Mei and Shyy (see [18]). However, as it was pointed out by the
authors, the extrapolation (3.5) may contribute to instability of the scheme.

Note that Eqs.(3.2)-(3.4) correspond to Eqs.(1.22)-(1.24) when θc
� 1

2 . Then
by using (2.4), we find the kinematic viscosity for advection implicit scheme ν �
τc2

s � t. Moreover, we conclude that scheme (3.1) has second order accuracy both
in time and space.

In advection implicit schemes (3.1) we have the CFL number, which was not
the case for collision implicit scheme. The CFL number allows us to control
simulation time step � t. It is clear that we can increase the simulation time step� t by increasing the CFL number. So, the question is: can we take the CFL
number in advection implicit scheme larger than the unity or not. This will be
checked in our numerical experiments.

3.2 Implementation aspects

Pre-streaming collision step and post-streaming collision step, defined by (3.2)
and (3.4), are local and can be implemented trivially. For distributions correspond-
ing to the lattice velocity e0 (3.3) gives the trivial solution f̃0

�
x � t � � t � � f̃0

�
x � t � .

To find all other distributions in (3.3), we have to find the solution of linear sparce
system Ax � b of size 8N, where N is the number of lattice nodes.

Due to the boundary conditions, A is not a symmetric matrix. This increases
the computational cost significantly. Moreover, it is much more difficult to paral-
lelize the work now to compare with common LBM.
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For the matrix A we use LU decomposition. Then the system can be resolved
by forward substitution and backward substitution (see [19]).

Advanced optimisation methods, such as bi-conjugate gradient stabilized solver
(see [15]), could be used to improve the efficiency.

3.3 Numerical Experiments

We conduct the number of experiments by using the advection implicit scheme
(3.1) for the 2D Poiseuille flow. In all simulations for tube flow we use the fol-
lowing conditions:

� The lattise size is Nx � Ny
� 20 � 10;

� CFL number varies from 1 to 10;

� Relaxation time corresponding to the case CFL � c is τ � 1
2c ;

� Initial density is ρ0
� 1 � 0;

� Initial velocity components are u0
� 0 � 01 and v0

� 0 � 0;

� VPB is used for inlet-outlet and modified on-grid bounce back no-slip bound-
ary condition is used for walls;

� Parabolic velocity profile defined on the inlet has the centreline velocity
umax

� 0 � 1, so the Mach number Ma
� umax

cs

� 0 � 173205 � 1;

� Density at the outlet is ρout
� 1 � 0;

� In convergence condition (2.9) we use ε � 10 � 12.

Results

The advection implicit scheme (3.1) is stable only for CFL � 5. The relative error
for 1 � CFL � 5, measured by (2.17), is 0.0437 in all cases. Density difference� ρ between inlet and outlet of the tube for 1 � CFL � 5 is measured. In all cases� ρ � 0 � 089.

By using (2.16), we find the viscosity

ν � H2 � ρ
24L

� ρout
� � ρ

2 � umax
� 0 � 1775
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It is the same for all 1 � CFL � 5. This assures that the Reynolds number Re �
5 � 6338 is fixed in all simulations.
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Figure 3.2: Number of iterations required for convergence for different CFL num-
bers.

The number of iterations required for convergence as a function of CFL num-
ber is shown in Figure 3.2. The number of iterations decreases almost by the
factor of 2. However, the total simulation CPU time even for CFL � 5 is more
than 20 times larger than the time for LBM. It is not surprising for us because LU
decomposition is computationally expensive.

3.4 Conclusions and discussion

The advection implicit scheme (3.1) allowed us to increase the simulation time
step � t only 5 times. So, Crank-Nikolson scheme for time discretization is con-
ditionally stable for DBE. Implicit second order Taylor-Galerkin scheme is more
stable in this case (see [12]). We could also go to the third order unconditionally
stable implicit schemes.

Solving the sparse linear system by using LU decomposition is computation-
ally expensive. More advanced techniques should be used to decrease the total
simulation time.
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Chapter 4

Summary and Future Plans

4.1 Summary

The collision implicit schemes is derived directly from continuous Boltzmann
BGK equation and the advection implicit scheme is derived directly from Discrete
Boltzmann equation. Constructed implicit schemes recover Navier-Stokes equa-
tions in the limit of low Mach number and have second order accuracy both in time
and space. It is numerically verified that while the collision implicit scheme has
no advatage in terms of stability range over conventional LBM for both steady and
unsteady flows, the advection implicit scheme allows us to increase the simulation
time step used in LBM.

4.2 Future Plans
� Apply unconditionally stable second or higher order implicit finite differ-

ence schemes to derive the advection implicit schemes from DBE;

� Apply iterative solvers, such as bi-conjugate gradient stabilized solver, to
resolve the sparce linear system;

� Parallelize the implementation of advection implicit schemes;

� Use nonuniform grids;

� Simulate 2D and 3D time dependent flows by using advection implicit schemes.

35
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Chapter 5

Appendixes

5.1 Appendix A

In this Appendix we study Chapman-Enskog expansion for the collision implicit
LBGK scheme:

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � ��� 1 � θc

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � �

� θc

τ

	
fi
�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x
�

ei � t � t � � t � � (A-1)

At first we rewrite it in the following way:

fi
�
x
�

ei � t � t � � t � � fi
�
x � t � � � 1

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � �

� θc

τ

	
fi
�
x � t � � f 
 eq �

i
�
x � t � � fi

�
x
�

ei � t � t � � t � � f 
 eq �
i
�
x
�

ei � t � t � � t � � �
(A-2)

where time increment � t can be regarded as small parameter of order ε.
To derive NS equations (1.1)-(1.2) we apply Chapman-Enskog multi-scale ex-

pansion:
∂
∂t
� ε

∂
∂t1

� ε2 ∂
∂t2
� ∂

∂x
� ε

∂
∂x1

(A-3)

Single-particle distribution fi can be expanded formally about the local equilib-

rium distribution function f 
 eq �
i as:

fi
� f 
 eq �

i
� ε f 
 neq �

i � (A-4)
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where single-particle distribution fi and local equilibrium distribution f 
 eq �
i satisfy

the following equalities:

ρ � ∑
i

fi
� ∑

i
f 
 eq �
i � ρu � ∑

i
ei fi

� ∑
i

ei f 
 eq �
i (A-5)

and nonequilibrium distribution can be written as:

f 
 neq �
i

� f 
 1 �i
� ε f 
 2 �i

�
O
� ε2 � (A-6)

By combining (A-4), (A-5) and (A-6), we obtain the following constraints:

∑
i

f 
 1 �i
� 0 � ∑

i
ei f 
 1 �i

� 0 � ∑
i

f 
 2 �i
� 0 � ∑

i
ei f 
 2 �i

� 0 (A-7)

By combining (A-4) and (A-6) and neglecting the term O
� ε3 � , we get

fi
� f 
 eq �

i
� ε f 
 1 �i

� ε2 f 
 2 �i (A-8)

By using (A-4), we rewrite (A-2) as:
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ei � t � t � � t � � fi
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τ
f 
 neq �
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ei � t � t � � t � � (A-9)

Now we use Taylor expansion
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�
x � t � � � t

∂ fi
�
x � t �

∂t
� � tei

� ∇ fi
�
x � t � � � t2

2
∂2 fi

�
x � t �

∂t2

� � t2

2
eiei∇∇ fi

�
x � t � � � t2ei

� ∇∂ fi
�
x � t �

∂t
�

O
� � t3 � (A-10)

f 
 neq �
i

�
x
�

ei � t � t � � t � � f 
 neq �
i

�
x � t � � � t

∂ f 
 neq �
i

�
x � t �

∂t
� � tei

� ∇ f 
 neq �
i

�
x � t �

� � t2

2
∂2 f 
 neq �

i
�
x � t �

∂t2
� � t2

2
eiei∇∇ f 
 neq �

i
�
x � t � � � t2ei

� ∇∂ f 
 neq �
i

�
x � t �

∂t
�

O
� � t3 �
(A-11)
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By putting (A-10) and (A-11) into (A-9), neglecting the O
� � t3 � term and dividing

both sides by � t, we get
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Now we apply multi-scale expansions (A-3) to terms in (A-12).
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By neglecting the term O
� ε3 � in all (A-13)-(A-22), putting them in (A-12) and

dividing both sides by ε, we obtain
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From (A-23) we obtain the equation to the order ε0
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and equation to the order ε1
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We can rewrite (A-25) as:
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Now by using (A-24), from last equation we obtain
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∂x1α � (A-27)

or

∂ f 
 1 �i

∂t1

� ∂ f 
 eq �
i

∂t2

�
eiα

∂ f 
 1 �i

∂x1α

� 2θc
� 1

2τ

�
∂ f 
 1 �i

∂t1

�
eiα

∂ f 
 1 �i

∂x1α � � � 1
τε

f 
 2 �i (A-28)

By taking zeroth order velocity moment of (A-24) and using (A-5) and (A-7), we
obtain

∂ρ
∂t1

� ∂ρuα
∂x1α

� 0 (A-29)
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By taking zeroth order velocity moment of (A-28) and using (A-5) and (A-7), we
obtain

∂ρ
∂t2
� 0 (A-30)

We multiply (A-29) by ε, (A-30) by ε2 and add them

ε
∂ρ
∂t1

� ε
∂ρuα
∂x1α

� ε2 ∂ρ
∂t2
� 0 (A-31)

By using (A-3) in (A-31), we obtain the mass conservation equation

∂ρ
∂t
� ∇ � � ρu � � 0 (A-32)

For incompressible fluid flow density ρ is constant. Then (A-32) reduces to (1.1).
By taking first order velocity moment of (A-24) and applying (A-5) and (A-7), we
obtain

∂ρuα
∂t1

� ∑
i

eiαeiβ
∂ f 
 eq �

i

∂x1β

� 0 (A-33)

By taking first order velocity moment of (A-28) and applying (A-5) and (A-7), we
obtain

∂ρuα
∂t2

� 2θc
�

2τ � 1
2τ ∑

i
eiαeiβ

∂ f 
 1 �i

∂x1β

� 0 (A-34)

We multiply (A-33) by ε, (A-34) by ε2 and add them

ε
∂ρuα
∂t1

� ε∑
i

eiαeiβ
∂ f 
 eq �

i

∂x1β

� ε2 ∂ρuα
∂t2

� ε2 2θc
�

2τ � 1
2τ ∑

i
eiαeiβ

∂ f 
 1 �i

∂x1β

� 0 (A-35)

By using (A-3) in (A-35), we obtain

∂ρuα
∂t

� ∂
∂xβ

∑
i

eiαeiβ

�
f 
 eq �
i

� ε
2θc

�
2τ � 1

2τ
f 
 1 �i � � 0 (A-36)

or in the vector notation

∂ � ρu �
∂t

� ∇ � 	 Π 
 0 � � Π 
 1 � � � 0 � (A-37)

where the momentum flux tensors are defined by

Π 
 0 � � ∑
i

eiαeiβ f 
 eq �
i

� Pδαβ
� ρuαuβ (A-38)
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Π 
 1 � � ε
2θc

�
2τ � 1

2τ ∑
i

eiαeiβ f 
 1 �i
� v

�
∂ρuβ

∂xα

� ∂ρuα
∂xβ � (A-39)

with kinematic viscosity defined as:

v � � τ � θc
� 0 � 5 � c2

s � t (A-40)

5.2 Appendix B

In this Appendix we describe the Newton-Raphson iterative procedure to solve
the system of nonlinear equations (2.10) as it is given in [19]. First, we rewrite
(2.10) in the following form:

Fi
�
y0 � y1 ������� � y8 � � yi

� a � gi
�
y0 � y1 ������� � y8 � � ci

� 0 � i � 0 � 1 ������� � 8 (B-1)

where

yi
� fi

�
x � t � � t � � a � θc

τ � θc
� gi

�
y0 � y1 ������� � y8 � � f 
 eq �

i
�
x � t � � t � �

ci
� � 1 � 1

τ � θc
� fi
�
x � ei � t � t � � 1 � θc

τ � θc
f 
 eq �
i
�
x � ei � t � t �

Initially we put y0
i
� fi

�
x � t � . Newton-Raphson iterative method implies finding

the corrections � yi by solving the system of linear equations

8

∑
j � 0

αi j � yi
� βi � i � 0 � 1 ������� � 8 (B-2)

where coefficients

αi j
� ∂Fi

∂y j
� βi

� � Fi

are evaluated for the old values yn
i .

System (B-2) can be resolved by LU decomposition. The corrections are then
added to the solution vector

yn � 1
i

� yn
i
� � yi � i � 0 � 1 ������� � 8

Iterations continue until all � yi have values smaller than some small number. In
our simulations this number is equal to 10 � 6.
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Finally, we describe the way to find the partial derivatives ∂Fi
∂y j

. By using (1.12)-
(1.13), we write the equations of system (B-1) explicitely

F0 � y0
� a

4ρ
9

�
1 � 3

2
�
u2 � v2 � � � c0

� 0 �

F1 � y1
� a

ρ
9

�
1
�

3u
�

3u2 � 3
2
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� 0 �
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ρ
9

�
1
�
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2
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ρ
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2
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ρ
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2
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ρ
36
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ρ
36
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� a

ρ
36

�
1 � 3u � 3v

�
3u2 � 3v2 � 9uv � � c7

� 0 �
F8 � y8

� a
ρ
36

�
1
�

3u � 3v
�

3u2 � 3v2 � 9uv � � c5
� 0 �

where

ρ � 8

∑
i � 0

yi � u � y1
�

y5
�

y8
� y3

� y6
� y7

ρ
� v � y2

�
y5
�

y6
� y4

� y7
� y8

ρ

Now, by doing some trivial calculations, we find all partial derivatives ∂Fi
∂y j

. We
give here, as example, only the case for i � 0.

∂F0

∂y0

� 1 � 4a
9

�
1
� 3

2
�
u2 � v2 � � �

∂F0

∂y1

� � 4a
9

�
1
� 3

2
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u2 � v2 � � 3u � �

∂F0
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� � 4a
9
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1
� 3

2
�
u2 � v2 � � 3v � �
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∂F0
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