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Chapter 1

Introduction

1.1 Introduction

We have seen the rapid development of classical computers and their unprece-
dented influence to human lives since the middle of the 20th century. Physi-
cally, classical computers are based on the rules of classical physics. In contrast,
quantum computers are based on the rules of quantum physics. It is generally
believed that quantum computers are more powerful than classical computers.
One clear piece of evidence for this viewpoint is Shor’s factorization algorithm
[18], which requires O(n3) steps to factorize an n-bit integer, whereas the best
known classical algorithm is exponentially slower. It is, thus, interesting to
ask the question: which classes of quantum computation are computationally
equivalent to classical computation? The answer to this question will provide
a clear picture about the relationship between quantum and classical computa-
tions, which will give more insights into the quantum computation model. In
this thesis, we survey this area by reviewing the existing simulation methods
and comparing these methods together.

In this thesis, we will focus on the quantum computation model based on
quantum circuits and quantum gates. A class of quantum circuits is said to be
classically simulable if there exists an algorithm that can reproduce the outcome
of any circuit in the class in polynomial time with polynomial space required
to run the simulation. Hence the question of classical simulability of quantum
computation is closely related to the question of the real power of quantum
computers. People usually regard entanglement as a key difference between
quantum computation and classical computation. It is true physically, i.e. en-
tanglement only exists in quantum systems. However, based on the results from
the area of classical simulation, Jozsa et al. [10] showed that it is misleading to
view entanglement as a key resource for quantum computational power.

The study of simulation of quantum computing involves representing quan-
tum states, quantum operators, and computational steps. In such a represen-
tation formalism, classes of quantum computation with ‘small’ descriptions will
be efficiently simulated. By ‘small’ descriptions, we mean polynomial-size rep-
resentations of input states and computational steps. We can categorize the
existing simulation methods into two different types. The first type is related to
topological structures of quantum circuits. Within the simulation methods of
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Chapter 1. INTRODUCTION

this type, there is no restriction on the type of gates that can be used in circuits.
The matrix product formalism and the contracting tensor network formalism are
of this type. The second type is related to properties of gates used in circuits.
There is no restriction on the topological structures of circuits, but gates that
can be used must have some specific properties. The stabilizer formalism and
the matchgate formalism are of this type.

1.2 Outline

The research done in this project was driven by the wish to compare the sim-
ulation methods and combine some of them if possible. Chapter 1 gives an
introduction to quantum computation and preliminaries, which will be used
during the thesis. The rest of the thesis can be divided into two parts. The first
part includes Chapters 2 and 3, which cover the first simulation type. Chapter
2 is devoted to studying the matrix product formalism, in which we will inves-
tigate the role of entanglement in quantum computation. Chapter 3 deals with
the contracting tensor network formalism. The second part includes the last two
chapters, which cover the second simulation type, in which we focus on some
classes of gates with certain properties. Chapter 4 is a study of the stabilizer
formalism. The improved simulation proposed by Aaronson et al. [1] can be
found here. Chapter 5 is devoted to investigating the matchgate formalism. At
the end of each chapter, we have a section aiming to compare the formalism
studied in the chapter with other formalisms.

In the following sections, we will introduce basic concepts of quantum com-
putation, which are needed to understand the rest of the thesis. For more details,
we refer to Chapters 1 and 2 in the book [15] of Nielsen and Chuang. We also
introduce some other mathematical preliminaries. Those who are familiar with
these concepts can skip this chapter.

1.3 Basics of Quantum Computation

1.3.1 Qubits and Quantum States

Like classical computing with the elementary information unit called bits, which
can have value either 0 or 1, quantum computing also has the analog of a bit,
which is called qubit. A qubit can also have value 0 or 1. Moreover, a qubit can
have value other than these values. Mathematically, a qubit is described by a
unit vector in the Hilbert space C2, where C is the complex field. The inner
product between two vectors

(

x
y

)

and
(

z
t

)

in this Hilbert space is defined to be

xy + zt. We always use the following basis in C2,

|0〉 =
(

1

0

)

, |1〉 =
(

0

1

)

, (1.1)

where |·〉 is called a ket vector. The complex conjugate transpose of a ket vector
is called a bra vector, denoted by 〈·|, for example

〈0| = |0〉† = (1, 0), 〈1| = |1〉† = (0, 1). (1.2)

The state of a qubit can be any linear combination of the basis states of the
form α|0〉+ β|1〉 such that |α|2 + |β|2 = 1.

2



Chapter 1. INTRODUCTION

To describe larger quantum systems, we can combine several qubits together.
In classical computing, bits are combined by using the Cartesian product of the
binary set {0, 1}, whereas qubits in quantum computing are combined by using
the tensor product of the Hilbert space C2. There is a crucial difference between
the two products. Let us consider two systems SA and SB. Throughout this
thesis, whenever we speak about a system, we mean some linear space. Every
state in the Cartesian product system SA × SB can be decomposed into two
substates, one lying in SA and the other lying in SB . However, this statement
is not true in general for states in the tensor product system of SA and SB. If
we want to have an n-qubit system, we need to combine the space C2 n times
by taking the tensor product C

2 ⊗ · · · ⊗ C
2, also denoted by (C2)⊗n. This is a

2n-dimensional linear space with a basis consisting of the following vectors:

|0〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉 ⊗ |0〉,
|0〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉 ⊗ |1〉,
|0〉 ⊗ |0〉 ⊗ · · · ⊗ |1〉 ⊗ |0〉,
...

|1〉 ⊗ |1〉 ⊗ · · · ⊗ |1〉 ⊗ |1〉.

(1.3)

The basis vector |i1〉 ⊗ |i2〉 ⊗ · · · ⊗ |in〉 is denoted by |i1i2 . . . in〉 or |i〉, where
i = i1i2 . . . in. An n-qubit quantum state is described by a unit vector in (C2)⊗n,
and hence can be expressed in the form c0|0〉+ c1|1〉+ · · ·+ c2n−1|2n−1〉, where
∑2n−1

i=0 |ci|2 = 1.
We will be interested in quantum states that are not decomposable into a

tensor product of two substates. These states are called entangled states. One
way of quantifying the amount of entanglement presence in a state is using the
Schmidt rank according to a certain partition. We will consider this issue in
Subsection 1.3.5. Interesting examples are the so-called Bell states (or EPR
states), which we will use frequently in the thesis:

|00〉+ |11〉√
2

,
|00〉 − |11〉√

2
,
|01〉+ |10〉√

2
,
|01〉 − |10〉√

2
. (1.4)

1.3.2 Quantum Gates

There are two types of operations that can act on a quantum system: uni-
tary operations and measurements. We will consider measurements in the next
section and unitary operations in this section.

A unitary operation on n qubits is a matrix U of dimension 2n × 2n, which
satisfies U † = U−1. The notation ‘†’ denotes the complex conjugate transpose
operator. A unitary operation on n qubits can be considered as a quantum gate
on n qubits. There are some basic gates, which are commonly used in quantum
computing.

The NOT gate: like the classical NOT gate, the quantum NOT gate flips
|0〉 to |1〉, and |1〉 to |0〉. The matrix of the quantum NOT gate is

NOT =

(

0 1
1 0

)

. (1.5)

The NOT gate is usually called the X gate, or Pauli-X gate.

3



Chapter 1. INTRODUCTION

The Hadamard gate: the Hadamard gate takes |0〉 to (|0〉 + |1〉)/
√

2 and
|1〉 to (|0〉 − |1〉)/

√
2. The matrix of the Hadamard gate is

H =
1√
2

(

1 1
1 −1

)

. (1.6)

The phase gate: the phase gate takes |0〉 to |0〉 and |1〉 to i|1〉. The matrix
of the phase gate is

P =

(

1 0
0 i

)

. (1.7)

The Pauli-Z gate: the Pauli-Z gate takes |0〉 to |0〉 and |1〉 to −|1〉. The
matrix of the Pauli-Z gate is

Z =

(

1 0
0 −1

)

. (1.8)

The Pauli-Y gate: the Pauli-Y gate takes |0〉 to i|1〉 and |1〉 to −i|0〉. The
matrix of the Pauli-Y gate is

Y =

(

0 −i
i 0

)

. (1.9)

The π/8 gate: the π/8 gate takes |0〉 to |0〉 and |1〉 to eiπ/4|1〉. The matrix
of the π/8 gate is

Y =

(

1 0

0 eiπ/4

)

. (1.10)

The controlled-NOT (CNOT) gate: the CNOT gate is a 2-qubit gate and
it takes |00〉 to |00〉, |01〉 to |01〉, |10〉 to |11〉, |11〉 to |10〉. Its matrix is

CNOT =









1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0









. (1.11)

The SWAP gate: the SWAP gate is a 2-qubit gate and it swaps the two
qubits it acts on, i.e. it takes |ij〉 to |ji〉 for all i, j ∈ {0, 1}. Its matrix is

SWAP =









1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1









. (1.12)

1.3.3 Measurements

A quantum measurement can be described by a collection {M1, . . . ,Mk}, where
Mi are called measurement operators, the indices i refer to the measurement
outcomes that might occur. The measurement operators must satisfy the com-
pleteness equation, namely

∑k
i=1M

†
i Mi = I, where I is the identity operator.

If we apply the measurement to a state |φ〉, then the probability of observing

outcome i is given by p(i) = 〈φ|M †
i Mi|φ〉, and the post-measurement state is

Mi|φ〉
√

p(i)
.
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Chapter 1. INTRODUCTION

There is a special class of measurements, which are called projective mea-
surements. A projective measurement is described by an observable, M , a
Hermitian operator on the state space being observed. Consider the spectral
decomposition of M ,

M =
∑

m

λmPm,

where Pm is the projector onto the eigenspace of M with eigenvalue λm. Note
that λm runs over all the possible real eigenvaues of M . The possible outcomes
are the possible values of the eigenvalues of M . If we measure the state |φ〉,
then the probability of observing outcome λm is p(m) = 〈φ|Pm|φ〉, and the
post-measurement state is

Pm|φ〉
√

p(m)
.

In Chapter 5 we will need to compute the expectation of the outcomes of
a projective measurement. Let E (M) denote the expectation of the outcome
values of the projective measurement M , then we have

E (M) =
∑

m

λmp(m)

=
∑

m

λm〈φ|Pm|φ〉

= 〈φ|
(

∑

m

λmPm

)

|φ〉

= 〈φ|M |φ〉.

(1.13)

1.3.4 The Density Matrix

The description of quantum states given in Section 1.3.1 is called the state vector
formulation of quantum states. The density matrix is an alternative formulation,
which is more convenient to use in some scenarios.

The density matrix of a quantum state |φ〉 is defined by the equation

ρ = |φ〉〈φ|. (1.14)

The density matrix formulation is a convenient means of describing mixed
quantum states. A mixed quantum state is a quantum system consisting of
a number of states |φi〉, where i = 1, . . . , k for some integer k, with respec-
tive probabilities pi such that

∑

i pi = 1. Such a mixed state is denoted by
{(p1, |φ1〉), . . . , (pk, |φk〉)}. The density matrix of this mixed state is defined by

ρ =

k
∑

i=1

pi|φi〉〈φi|. (1.15)

We now consider how the action of a quantum gate to a quantum state de-
scribed in the density matrix formulation. Suppose we apply a unitary operator
U to the mixed state ρ in Equation (1.15). U takes each |φi〉 to U |φi〉. Hence
the resulting density matrix is given by

ρ′ =
∑

i

piU |φi〉〈φi|U † = UρU †.

5



Chapter 1. INTRODUCTION

Suppose we perform a measurement described by measurement operators
Mm to ρ. If the initial state is |φi〉, then the probability of observing result m
is

p(m|i) = 〈φi|M †
mMm|φi〉.

The probability of observing result m from the mixed state ρ, hence, is

p(m) =
∑

i

p(m|i)pi =
∑

i

pi〈φi|M †
mMm|φi〉. (1.16)

To get a neater formula for p(m), we introduce the trace operator. This operator
will be also used frequently. The trace of an n × n matrix A, denoted by
tr (A), is defined to be the sum of its diagonal elements, i.e. tr (A) =

∑n
k=1Akk.

It is easily seen that tr (A+B) = tr (A) + tr (B), and tr (cA) = c · tr (A)
where A,B are arbitrary square matrices of the same size and c is a complex
number. The trace operator is also cyclic, i.e. tr (AB) = tr (BA) since tr (AB) =
∑

k,j AkjBjk =
∑

j,k AjkBkj = tr (BA). Equation (1.16) becomes

p(m) =
∑

i

pitr
(

M †
mMm|φi〉〈φi|

)

= tr



M †
mMm

∑

i

pi|φi〉〈φi|





= tr
(

M †
mMmρ

)

.

(1.17)

We sometimes describe subsystems of a composite system. For this purpose,
we use the reduced density matrix formulation. Suppose we have two systems
A and B, whose composite density matrix is ρAB. The reduced density matrix
for system A is defined by

ρA = trB(ρAB), (1.18)

where trB is called the partial trace over system B. The partial trace is a linear
operator and its action on state |a1〉〈a2| ⊗ |b1〉〈b2| is defined by

trB(|a1〉〈a2| ⊗ |b1〉〈b2|) = |a1〉〈a2|tr
(

|b1〉〈b2|
)

,

where |a1〉, |a2〉 are any two vectors in the state space of system A, and |b1〉, |b2〉
are any two vectors in the state space of system B.

Suppose |Φ〉 is a quantum state on a bipartite system A⊗B and |Φ〉 can be
written as

|Φ〉 =
∑

i,j

λij |φA
i 〉|ψB

j 〉,

where i, j run over some index sets; |φA
i 〉 are orthonormal, |ψB

j 〉 are also or-
thonormal. Then the reduced density matrix for system A is

ρA =
∑

i,i′





∑

j

λijλ
∗
i′ j



 |φA
i 〉〈φA

i′
|, (1.19)

and the reduced density matrix for system B is

ρB =
∑

j,j′





∑

i

λijλ
∗
ij′



 |ψB
j 〉〈ψB

j′
|, (1.20)

where ‘∗’ denotes the complex conjugate operation.

6



Chapter 1. INTRODUCTION

1.3.5 The Schmidt Decomposition

Suppose |Φ〉 is a pure state in a composite system AB. The Schmidt decom-
position states that there exist r orthonormal states |φA

i 〉 for system A, and r
orthonormal states |φB

i 〉 for system B such that

|Φ〉 =

r
∑

i=1

λi|φA
i 〉|φB

i 〉, (1.21)

where λi are non-negative real numbers satisfying
∑

i λ
2
i = 1. |φA

i 〉 and |φB
i 〉 are

called Schmidt vectors of |Φ〉 with respect to systems A and B. λi are called
Schmidt coefficients and r is called Schmidt rank. The following theorem lists
some properties of the Schmidt decomposition.

Theorem 1.3.1. Suppose |Φ〉 is a quantum state in the system AB. Consider
a Schmidt decomposition of |Φ〉:

|Φ〉 =

r
∑

i=1

λi|φA
i 〉|φB

i 〉.

The following properties always hold:

1. The reduced density matrices of systems A and B are ρA and ρB, given
by

ρA =
r
∑

i=1

λ2
i |φA

i 〉〈φA
i |, ρB =

r
∑

i=1

λ2
i |φB

i 〉〈φB
i |,

respectively. Furthermore, ρA and ρB have the same eigenvalues, namely
λ2

i .

2. If |ξB〉 is a state in B, which is orthogonal to all the |φB
i 〉, then |Φ〉 and

|ψA〉|ξB〉 are orthogonal for any state |ψA〉 in A.

3. Applying local unitary operations on either A or B does not changes
the Schmidt vectors of the other system, the Schmidt coefficients, or the
Schmidt rank of the composite system. By local operations, we mean op-
erations that act only on either A or B.

Proof. 1. By Equation (1.19), we have

ρA =

r
∑

i=1

λiλ
∗
i |φA

i 〉〈φA
i | =

r
∑

i=1

λ2
i |φA

i 〉〈φA
i |.

In a basis containing |φA
i 〉, ρA will be a diagonal matrix with non-zero

diagonal elements λ2
1, . . . , λ

2
r. Hence, λ2

i are all the eigenvalues of ρA.

The statement for system B is proved in the same way.

2. The inner product between |ψA〉|ξB〉 and |φA
i 〉|φB

i 〉 is equal to 〈ψA|φA
i 〉 ·

〈ξB|φB
i 〉 = 0. Therefore the inner product between |ψA〉|ξB〉 and |Φ〉 is

equal to 0 as well. This implies that |Φ〉 and |ψA〉|ξB〉 are orthogonal.

7
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3. Consider performing a unitary operation U locally on system A. Let |φ′A
i 〉

denote U |φA
i 〉. Since unitary operations preserve both the length of a

vector and the inner product between two vectors, the states |φ′A
i 〉 are

also orthonormal. Hence the Schmidt decomposition of the resulting state
is

|Φ′〉 =

r
∑

i=1

λi|φ
′A
i 〉|φB

i 〉,

which proves Statement 3.

We see that if |Φ〉 has Schmidt rank r = 1, then it can be decomposed into
the tensor product of one state in system A and one state in system B. If r is
strictly larger than 1, then this decomposition is not possible. The bigger r is,
the more entangled |Φ〉 is. For that reason, the Schmidt rank can be thought of
as a measure of entanglement of quantum states with respect to the partition
A|B. Statement 3 in Theorem 1.3.1 says that, with this measure, the amount
of entanglement of a quantum state does not change after performing local
unitary operations. Another entanglement measure for general n-qubit states
can be constructed as follows: first, compute Schmidt ranks of |Φ〉 with respect
to all possible bipartite partitions of the system of qubits. Then, we compute the
maximum Schmidt rank among these Schmidt ranks. The maximum Schmidt
rank can be used as a measure of entanglement.

1.4 Other Preliminaries

1.4.1 Group Theory

A group (G, ·) is a non-empty set G with a binary group operation ‘·’ with the
following four properties:

• Closure: a · b ∈ G for all a, b ∈ G.

• Associativity: (a · b) · c = a · (b · c) for all a, b, c ∈ G.

• Identity: there exists e ∈ G such that a · e = e · a = a for all a ∈ G.

• Inverse: for all a ∈ G, there exists a−1 ∈ G such that a ·a−1 = a−1 ·a = e.

We often omit ‘·’ and write a · b as ab. For example, the set G1 = {±I,±X,±Y,
± Z,±iI,±iX,±iY,±iZ}, where X,Y, Z are Pauli matrices, together with the
matrix multiplication operation forms a group with identity element I. This
group is called the Pauli group on 1-qubit.

Consider a set of elements g1, . . . , gl in G. An element h ∈ G is said to
be dependent on {g1, . . . , gl} if h = gi1gi2 . . . gik

, where k is some integer and
ij ∈ {1, . . . , l} for all j = 1, . . . , k. The group G is said to be generated by
{g1, . . . , gl} if every element of G is dependent on {g1, . . . , gl}. It is easily seen
that G1 is generated by three elements X,Y and iI.

Given two groups (G, ·) and (H, ∗), a group homomorphism from (G, ·) to
(H, ∗) is a function f : G→ H such that f(a · b) = f(a) ∗ f(b) for all a, b ∈ G.
Group homomorphisms are very important tools since they provide structural
relations between the two groups. They allow us to transform actions in one
group to the other. We use this tool when we study the stabilizer formalism.

8



Chapter 1. INTRODUCTION

1.4.2 The Matrix Exponential

The exponential of a square matrix X , denoted by eX , is defined by the power
series

eX =

∞
∑

n=0

Xn

n!
, (1.22)

where X0 = I.
The following theorem states some basic properties of this function.

Theorem 1.4.1. For square matrices X,Y :

1. The series (1.22) converges.

2. (eX)† = eX†

.

3. If XY = Y X, then eX+Y = eXeY = eY eX .

4. eX is invertible and (eX)−1 = e−X .

5. e(α+β)X = eαXeβX for any complex numbers α, β.

6. If C is invertible, then eCXC−1

= CeXC−1.

7. If x is an eigenvector of X with eigenvalue α, then x is also an eigenvector
of eX with eigenvalue eα.

8. The function f(t) = etX is a smooth function of complex variable t and

d

dt
f(t) = XetX = etXX. (1.23)

9. If X is Hermitian, then eiX is unitary.

Proof. 1. Let us consider a matrix norm ‖·‖ such that ‖A‖ ·‖B‖ ≤‖AB‖ for
all square matrices A,B of the same size. We see that ‖Xn‖ ≤‖X‖n, and
hence

∞
∑

n=0

∥

∥

∥

∥

Xn

n!

∥

∥

∥

∥

≤
∞
∑

n=0

‖X‖n
n!

= e‖X‖.

Therefore, the series (1.22) is absolutely convergent. It implies that the
series converges.

2. This follows from the fact that (Xn)† = (X†)n for every square matrix X
and integer number n.

3. By multiplying out the two series representing eX and eY , we get

eXeY =

∞
∑

n=0

n
∑

k=0

Xk

k!

Y n−k

(n− k)! =

∞
∑

n=0

1

n!

n
∑

k=0

n!

k!(n− k)!X
kY n−k.

Since X and Y commute, we have

(X + Y )n =
n
∑

k=0

n!

k!(n− k)!X
kY n−k,

9



Chapter 1. INTRODUCTION

and, thus,

eXeY =

∞
∑

n=0

1

n!
(X + Y )n = eX+Y .

It is easily seen that eY eX = eY +X = eX+Y .

4. This follows directly from Statement 3 and the fact that X commutes with
−X .

5. This follows directly from Statement 3 and the fact that αX commutes
with βX for any complex numbers α and β.

6. We see that (CXC−1)n = CXnC−1, and hence

eCXC−1

=

∞
∑

n=0

C
Xn

n!
C−1 = CeXC−1.

7. Since Xx = αx, we have Xnx = αnx, and, thus,

eXx =

∞
∑

n=0

αn

n!
x = eαx.

Therefore, x is an eigenvector of eX with eigenvalue eα.

8. Differentiating the power series etX term by term with respective to t gives

d

dt
f(t) =

∞
∑

n=1

tn−1Xn

(n− 1)!
=

∞
∑

n=1

tn−1Xn−1

(n− 1)!
X = etXX.

We can also do the above computation as follows:

d

dt
f(t) =

∞
∑

n=1

tn−1Xn

(n− 1)!
=

∞
∑

n=1

X
tn−1Xn−1

(n− 1)!
= XetX .

9. This follows from the fact that (eiX)† = e(iX)† = e−iX = (eiX)−1.

1.5 Summary

We have introduced essential concepts of quantum computing, that are fun-
damentally different from classical computing. We pointed out differences be-
tween bits and qubits, also between the way bits and qubits are combined to
build larger systems. We gave two different formulations for describing quan-
tum states. We also considered an informal definition of entangled states and
gave two different ways of quantifying entanglement. The evolution of quan-
tum states was described by unitray operations and measurements, which we
treated in two different subsections due to their fundamental differences. We
introduced the Schmidt decomposition, some elements of group theory and the
matrix exponential, which we use in coming chapters.

10



Chapter 2

The Matrix Product

Formalism

The matrix product representation (MPR) of quantum states is a way of ex-
pressing quantum states using matrices. Instead of representing a quantum state
based on the computational basis, in the matrix product formalism, we try to
associate each qubit in the quantum state with a matrix. Using these matrices,
the quantum state can be uniquely determined. Moreover, the evolution of the
quantum state through a quantum circuit can be efficiently computed by using
its MPR as long as the sizes of the matrices are small.

2.1 Introduction

Quantum states are often expressed in the conventional way as follows

1
∑

i1,...,in=0

ci1...in
|i1...in〉, (2.1)

where ci1i2...in
are complex numbers satisfying

∑

i1,...,in

|ci1i2...in
|2 = 1. The main

advantage of this representation is that one can easily describe a quantum state
in terms of complex coefficients corresponding to the basis vectors in the compu-
tational basis. This advantage, however, directly causes a big disadvantage: the
number of coefficients needed to describe a state is exponential in n. It would
be naive if we want to simulate quantum computations using the conventional
representation since it always requires exponential amount of space to just store
a quantum state. It is known that BQP1 is contained in PSPACE2. Unfortu-
nately, it does not mean that we can efficiently simulate quantum computations
in polynomial time. Therefore, any new representation of quantum states that
we want to use should be not only efficient (i.e., it can efficiently describe a big
class of quantum states), but also suitable to simulate quantum operations.

1BQP is the class of problems efficiently solvable on a quantum computer with bounded error
probability.

2PSPACE is the class of problems solvable on a classical computer using polynomial amount
of resources.

11
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Consider an n-qubit product quantum state, i.e., an n-qubit state that can
be decomposed as a product of n 1-qubit states

|φ[1]〉 ⊗ · · · ⊗ |φ[n]〉, (2.2)

where |φ[i]〉 is a quantum state on the ith qubit. Each state |φ[i]〉 requires 2
complex coefficients to describe. In total, to describe the state (2.2) we need
only 2n complex coefficients. Of course, the simple form (2.2) can not be used
to describe all quantum states since there do exist n-qubit quantum states that
are not product states (e.g., EPR states). We need to extend (2.2) to a more
general form. The matrix product representation (MPR) is such a generaliza-
tion: instead of using one state for each qubit as in (2.2), we use a number of
states which form a matrix of states for each qubit

|ψ〉 =
∑

α1,...,αn

|φ[1]
α1α2
〉 ⊗ · · · ⊗ |φ[n]

αnα1
〉, (2.3)

where each |φ[i]
αiαi+1〉 (we implicitly mean αn+1 = α1 from now on) is a 1-

qubit state of the ith qubit. The crucial point is that the ranges of the indices
α1, . . . , αn would be small so that the number of coefficients needed to describe
|ψ〉 is polynomial in n. If this is the case, then we only need a polynomial
amount of space to store a matrix product state.

Note that the first and the last indices in (2.3) are the same and also summed.

Let Φ[i] be the matrix whose entries are |φ[i]
αiαi+1〉. Define a product between two

matrices whose entries are quantum states as follows: suppose A =
[

|aij〉
]

n×m
,

andB =
[

|bij〉
]

m×p
. Then AB := C where C =

[

|cij〉
]

n×p
and |cij〉 =

m
∑

k=1

|aik〉⊗

|bkj〉.

Lemma 2.1.1. (Jozsa [9]) The following equality always holds

|ψ〉 = tr(Φ[1] · · ·Φ[n]).

Note that the definitions of Φ[i] ensure that the number of columns of matrix
Φ[i] equals the number of rows of matrix Φ[i+1]. We, therefore, can properly take
the product of Φ[1], . . . ,Φ[n].

Proof of Lemma 2.1.1. For the sake of simplicity, we consider the case n =
3. Suppose that the range of αi is {1, . . . , ri} where ri is some integer. Let

A = Φ[1]Φ[2] =
[

|aik〉
]

r1×r3
where |aik〉 =

r2
∑

l=1

|φ[1]
il 〉|φ

[2]
lk 〉. Let B = AΦ[3] =

[

|bij〉
]

r1×r1
. We get

|bij〉 =

r3
∑

k=1

|aik〉|φ[3]
kj 〉 =

r3
∑

k=1





r2
∑

l=1

|φ[1]
il 〉|φ

[2]
lk 〉



 |φ[3]
kj 〉 =

r3
∑

k=1

r2
∑

l=1

|φ[1]
il 〉|φ

[2]
lk 〉|φ

[3]
kj 〉.

Therefore tr(Φ[1]Φ[2]Φ[3]) =

r1
∑

i=1

|bii〉 =
∑

i,k,l

|φ[1]
il 〉|φ

[2]
lk 〉|φ

[3]
ki 〉 = |ψ〉.

This proves the lemma. The proof can be easily extended to the general case.
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Note that the state (2.2) is indeed a special case of (2.3). This can be seen
easily when all ri (defined in the above proof) equal 1.

So far, we’ve assumed that there exists the so-called MPR ((2.3)). One
would ask a question: is it possible to describe any quantum state by using the
MPR? The next sections will mention a method ([23]) to construct MPR from
any quantum state. Before that, we introduce some notation that is often used
throughout this chapter.

2.2 Notation

Qubits in quantum systems are indexed from 1 to n.
The subsystem that contains qubits 1, . . . , i (or i + 1, . . . , n) is denoted by

[1 . . . i] (or [i+ 1 . . . n]).
The ith splitting (or decomposition) of the qubits is obtained by dividing the

qubits into two subsystems [1 . . . i] and [i+ 1 . . . n].
The ith Schmidt decomposition of an n-qubit quantum state |ψ〉 is denoted

by

|ψ〉 =

χi
∑

αi=1

λ[i]
αi
|φ[1...i]

αi
〉|φ[i+1...n]

αi
〉,

where λ
[i]
αi are the Schmidt coefficients; χi is the Schmidt rank; |φ[1...i]

αi 〉 are the

Schmidt vectors corresponding to the first subsystem; |φ[i+1...n]
αi 〉 are the Schmidt

vectors corresponding to the second subsystem. Let χ be the maximal number
among {χ1, . . . , χn−1}. Then we can write

|ψ〉 =

χ
∑

αi=1

λ[i]
αi
|φ[1...i]

αi
〉|φ[i+1...n]

αi
〉.

(we implicitly mean that λ
[i]
αi = 0 if αi > χi)

Inner product of vectors acting on different systems: consider two subsystems
[1 . . . k] and [1 . . . l] where 1 ≤ k < l ≤ n; suppose |i1 . . . ik〉 are vectors in
the computational basis of subsystem [1 . . . k] and |j1 . . . jl〉 be vectors in the
computational basis of subsystem [1 . . . l]. Consider two vectors |a〉, |b〉 in these
subsystems,

|a〉 =
∑

i1,...,ik

αi1...ik
|i1 . . . ik〉,

|b〉 =
∑

j1,...,jl

βj1...jl
|j1 . . . jl〉.

The inner product between two vectors |a〉, |b〉 is defined by the equation

〈a|b〉 =
∑

jk+1,...,jl





∑

j1,...,jk

α∗
j1...jk

βj1...jl



 |jk+1 . . . jl〉.

It means that the inner product between |a〉 and |b〉 is a state on subsystem
[k + 1 . . . l].
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2.3 Construction of the Matrix Product Repre-

sentation

Suppose |ψ〉 is an n-qubit quantum state. Consider the first Schmidt decompo-
sition

|ψ〉 =

χ
∑

α1=1

λ[1]
α1
|φ[1]

α1
〉|φ[2...n]

α1
〉. (2.4)

We always implicitly mean that the range of αi is from 1 to χ. Therefore, from
now on, we ignore the ranges of αi in the sum notation.

Writing |φ[1]
α1〉 in terms of the computational basis {|0〉, |1〉} gives

|φ[1]
α1
〉 =

∑

i1

Γ[1]i1
α1
|i1〉.

We also implicitly mean that the range of indices ik is {0, 1}. By substituting
this equation back into Equation (2.4) we get

|ψ〉 =
∑

α1;i1

Γ[1]i1
α1

λ[1]
α1
|i1〉|φ[2...n]

α1
〉. (2.5)

Consider the second Schmidt decomposition

|ψ〉 =
∑

α2

λ[2]
α2
|φ[12]

α2
〉|φ[3...n]

α2
〉.

The crucial point in construction of MPR is to express each Schmidt vector

|φ[2...n]
α1 〉 of the first Schmidt decomposition in terms of all Schmidt vectors

{|φ[3...n]
α2 〉} of the second Schmidt decomposition. To do this, notice that |φ[2...n]

α1 〉
can always be written as

|φ[2...n]
α1

〉 =
∑

i2

|i2〉|τ [3...n]
α1i2

〉, (2.6)

where |τ [3...n]
α1i2

〉 are possibly unnormalized vectors. Equation (2.6) is obtained by

writing |φ[2...n]
α1 〉 in terms of the vectors in the computational basis, then grouping

together all components that share the same value of qubit i2. Also recall that

{|φ[3...n]
α2 〉} is orthonormal. Hence, if vectors |τ [3...n]

α1i2
〉 are in the subspace spanned

by {|φ[3...n]
α2 〉}, then we can write each vector |φ[2...n]

α1 〉 in terms of {|φ[3...n]
α2 〉}.

Lemma 2.3.1. ([23]) All vectors |τ [3...n]
α1i2

〉 lie in the subspace spanned by {|φ[3...n]
α2 〉}.

Proof. We recall that every vector in the subspace corresponding to qubit system

[3 . . . n] can always be expressed in terms of a vector spanned by {|φ[3...n]
α2 〉} and a

vector in subspace {|φ[3...n]
α2 〉}⊥ (where {|φ[3...n]

α2 〉}⊥ is the subspace that consists

of all vectors that are orthogonal to {|φ[3...n]
α2 〉}). Let {|θ[3...n]

α
′

2

〉} be an orthonor-

mal basis of subspace {|φ[3...n]
α2 〉}⊥. Suppose that |τ [3...n]

α1i2
〉 =

∑

α2

Ω[2]i2
α1α2
|φ[3...n]

α2
〉+

∑

α
′

2

∆
[2]i2

α1α
′

2

|θ[3...n]

α
′

2

〉. We need to show that all ∆
[2]i2

α1α
′

2

equal 0.
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Substituting |τ [3...n]
α1i2

〉 back into Equation (2.6) gives

|φ[2...n]
α1

〉 =
∑

α2;i2

Ω[2]i2
α1α2
|i2〉|φ[3...n]

α2
〉+

∑

α
′

2;i2

∆
[2]i2

α1α
′

2

|i2〉|θ[3...n]

α
′

2

〉.

Then, substituting |φ[2...n]
α1 〉 into Equation (2.4) we get

|ψ〉 =
∑

α1,α2;i2

λ[1]
α1

Ω[2]i2
α1α2
|φ[1]

α2
〉|i2〉|φ[3...n]

α2
〉+

∑

α1,α
′

2;i2

λ[1]
α1

∆
[2]i2

α1α
′

2

|φ[1]
α2
〉|i2〉|θ[3...n]

α
′

2

〉.

Therefore, 〈θ[3...n]

α
′

2

|ψ〉 =
∑

α1;i2

λ[1]
α1

∆
[2]i2

α1α
′

2

|φ[1]
α2
〉|i2〉. By Theorem 1.3.1, we must

have 〈θ[3...n]

α
′

2

|ψ〉 = 0. Moreover, {|φ[1]
α2〉|i2〉} is orthonormal. Hence we get

λ
[1]
α1∆

[2]i2

α1α
′

2

= 0 for all i2, α1, α
′

2. This is the case iff ∆
[2]i2

α1α
′

2

= 0 since λ
[1]
α1 are

non-zero for αi ≤ χi. This proves Lemma 2.3.1.

Corollary 2.3.2. There are complex coefficients Γ
[2]i2
α1α2 such that

|τ [3...n]
α1i2

〉 =
∑

α2

Γ[2]i2
α1α2

λ[2]
α2
|φ[3...n]

α2
〉.

Substituting the above equation into (2.6) gives

|φ[2...n]
α1

〉 =
∑

i2

|i2〉
∑

α2

Γ[2]i2
α1α2

λ[2]
α2
|φ[3...n]

α2
〉 =

∑

i2;α2

Γ[2]i2
α1α2

λ[2]
α2
|i2〉|φ[3...n]

α2
〉.

Now we can expand Equation (2.5) as follows to get an intermediate state in
our MPR construction process

|ψ〉 =
∑

α1,α2;i1,i2

Γ[1]i1
α1

λ[1]
α1

Γ[2]i2
α1α2

λ[2]
α2
|i1i2〉|φ[3...n]

α2
〉. (2.7)

By repeating the procedure transforming from (2.5) to (2.7) (n − 2) times,
we’ll arrive at

|ψ〉 =
∑

α1,...,αn−1

i1,...,in−1

Γ[1]i1
α1

λ[1]
α1

Γ[2]i2
α1α2

λ[2]
α2
. . .Γ[n−1]in−1

αn−2αn−1
λ[n−1]

αn−1
|i1i2 . . . in−1〉|φ[n]

αn−1
〉.

Rewriting |φ[n]
αn−1〉 =

∑

in
Γ

[n]in
αn−1 |in〉 gives us the MPR of |ψ〉

|ψ〉 =
∑

α1,...,αn−1

i1,...,in

Γ[1]i1
α1

λ[1]
α1

Γ[2]i2
α1α2

λ[2]
α2
. . .Γ[n−1]in−1

αn−2αn−1
λ[n−1]

αn−1
Γ[n]in

αn−1
|i1i2 . . . in〉. (2.8)

2.4 Space Required for Storing a Matrix Prod-

uct State

Let Γ[l] denote the tensor corresponding to qubit l. Let λ[l] denote the vector
whose components are the Schmidt coefficients of the lth Schmidt decomposition.
By Equation (2.8), |ψ〉 can be written as

Γ[1]λ[1]Γ[2]λ[2] . . .Γ[n−1]λ[n−1]Γ[n].
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Since χ is the maximal value among {χ1, . . . , χn−1}, the number of entries in
tensor Γ[l] is at most 2χ2 and the number of entries in vector λ[l] is at most
χ. Therefore we need at most (2χ2 + χ)n complex coefficients to describe the
matrix product state. Obviously, MPR requires only a polynomial amount of
resources iff the maximal Schmidt rank is polynomial in n.

2.5 Reconstructing Schmidt Decompositions from

a Matrix Product State

From section 2.3, we know that a matrix product state was constructed by ap-
plying Schmidt decompositions on different decompositions. Can we reconstruct
Schmidt decompositions from a matrix product state? The answer is yes.

Suppose we are given matrix product state |ψ〉. In the construction of MPR,
we used the following relation between the Schmidt vectors of the (l − 1)th

Schmidt decomposition and the Schmidt vectors of the lth Schmidt decomposi-
tion

|φ[l...n]
αl−1
〉 =

∑

αl;il

Γ[l]il
αl−1αl

λ[l]
αl
|il〉|φ[l+1...n]

αl
〉.

Applying this relation multiple times, we end up with

|φ[l...n]
αl−1
〉 =

∑

αl...αn−1

il,...,in

Γ[l]il
αl−1αl

λ[l]
αl

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1

. . .Γ[n]in
αn−1
|ilil+1 . . . in〉. (2.9)

We also need to compute |φ[1...l−1]
αl−1 〉. Consider the (l− 1)th Schmidt decom-

position

|ψ〉 =
∑

αl−1

λ[l−1]
αl−1
|φ[1...l−1]

αl−1
〉|φ[l...n]

αl−1
〉.

We also have the following equation (it was an intermediate state in the process
of constructing MPR)

|ψ〉 =
∑

α1,...,αl−1

i1,...,il−1

Γ[1]i1
α1

λ[1]
α1

Γ[2]i2
α1α2

λ[2]
α2
. . .Γ[l−1]il−1

αl−2αl−1
λ[l−1]

αl−1
|i1i2 . . . il−1〉|φ[l...n]

αl−1
〉.

Since |φ[l...n]
αl−1 〉 are orthonormal, the above two equations give us

|φ[1...l−1]
αl−1

〉 =
∑

α1,...,αl−2

i1,...,il−1

Γ[1]i1
α1

λ[1]
α1

Γ[2]i2
α1α2

λ[2]
α2
. . .Γ[l−1]il−1

αl−2αl−1
λ[l−1]

αl−1
|i1i2 . . . il−1〉. (2.10)

By Equations (2.9) and (2.10), we have finished reconstructing the (l − 1)th

Schmidt decomposition since the Schmidt coefficients already are known from
the MPR.

2.6 Properties of the Matrix Product Represen-

tation

Lemma 2.6.1. The following properties of Schmidt vectors always hold

16
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Property 1:

|φ[l...n]
αl−1
〉 =

∑

αl,il

Γ[l]il
αl−1αl

λ[l]
αl
|il〉|φ[l+1...n]

αl
〉.

Property 2:

|φ[1...l]
αl
〉 =

∑

αl−1,il

Γ[l]il
αl−1αl

λ[l]
αl
|φ[1...l−1]

αl−1
〉|il〉.

Proof. Property 1 can be directly implied from the construction of MPR. Prop-

erty 2 is a corollary of Equation (2.10) by using |φ[1...l]
αl 〉 and |φ[1...l−1]

αl−1 〉.

2.7 Computations Using the Matrix Product Rep-

resentation

In this section, we investigate quantum computations using the MPR. The re-
sults show that computations related to 1-qubit gates, 2-qubit gates and 1-qubit
measurements cost polynomially many steps in n and in χ.

2.7.1 One-Qubit Unitary Operations

Suppose U is a 1-qubit unitary operator acting on qubit l.

Theorem 2.7.1. (Vidal [23]) The computational cost of U is of O(χ2) steps.

Proof of Theorem 2.7.1. Consider the (l − 1)th Schmidt decomposition

|ψ〉 =
∑

αl−1

λ[l−1]
αl−1
|φ[1...l−1]

αl−1
〉|φ[l...n]

αl−1
〉

=
∑

αl−1

λ[l−1]
αl−1
|φ[1...l−1]

αl−1
〉
∑

il

|il〉|τ [l+1...n]
αl−1il

〉

=
∑

αl−1

λ[l−1]
αl−1
|φ[1...l−1]

αl−1
〉
∑

il

|il〉
∑

αl

Γ[l]il
αl−1αl

λ[l]
αl
|φ[l+1...n]

αl
〉.

We get

|ψ〉 =
∑

αl−1,αl;il

λ[l−1]
αl−1

Γ[l]il
αl−1αl

λ[l]
αl
|φ[1...l−1]

αl−1
〉|il〉|φ[l+1...n]

αl
〉. (2.11)

By Theorem 1.3.1, all the Schmidt vectors |φ[1...l−1]
αl−1 〉 do not change after

performing U . Neither do |φ[1+1...n]
αl 〉 and λ

[l−1]
αl−1 , λ

[l]
αl since U is local under every

Schmidt splitting. Therefore the only components that are affected by U are
tensors Γ[1], · · · ,Γ[n].

Suppose we index U ’s entries using binary indices, Uij , where i is the row

index, j is the column index. We have U |i〉 = U0i|0〉 + U1i|1〉 =
∑

k=0;1

Uki|k〉;

17
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U
(

Γ
[l]il
αl−1αl |il〉

)

=
∑

k

UkiΓ
[l]il
αl−1αl

|k〉. Therefore

U





∑

il

Γ[l]il
αl−1αl

|il〉



 =
∑

il

U
(

Γ[l]il
αl−1αl

|il〉
)

=
∑

il

∑

k

UkiΓ
[l]il
αl−1αl

|k〉

=
∑

k





∑

il

UkiΓ
[l]il
αl−1αl



 |k〉.

Hence Γ[l] changes according to

Γ
′[l]k
αl−1αl

=
∑

i=0;1

UkiΓ
[l]i
αl−1αl

. (2.12)

This update procedure needs to be done with all entries of Γ[l]. Since there
are 2χ2 entries and each update needs 3 steps, the whole update procedure
requires 3× 2χ2 = 6χ2 = O(χ2) steps.

Note that if we view Γ[l] as a 2×χ2 matrix, Equation (2.12) can be written
as a multiplication between the two matrices

Γ
′[l] = UΓ[l].

2.7.2 Two-Qubit Unitary Operations

Suppose V is a 2-qubit unitary operator acting on qubits l, l+ 1.

Theorem 2.7.2. (Vidal [23]) Updating the MPR of |ψ〉 after performing oper-
ator V costs O(χ3) steps.

The detailed proof of this theorem is given in Appendix A-1.

2.7.3 One-Qubit Measurements

Theorem 2.7.3. (Yoran and Short [24]) If a single qubit measurement is ap-
plied to a qubit of |ψ〉, then the outcome probabilities can be calculated in O(χ2)
steps and the updated MPR of the state can be calculated in O(nχ4) steps.

The detailed proof of this theorem is given in Appendix A-2.

2.8 Summary

In this section, we considered the matrix product formalism, in which an n-qubit
quantum state is represented by a set of n matrices. The sizes of the matrices
depend only on the maximal Schmidt rank over all the possible partitions of the
n qubits. We also studied updating of a matrix product state after performing
one-qubit gates, two-qubit gates acting on nearest-neighbor qubits and one-
qubit measurements. All these updates were shown to be polynomial in χ, the
maximal Schmidt rank. Therefore, if the maximal Schmidt rank is always kept
polynomially small during the execution of a circuit, then we can simulate the
action of the circuit in polynomial time.
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Chapter 3

The Contracting Tensor

Network Formalism

Within the tensor formalism, Markov and Shi [13] describe quantum states and
quantum operators by a common mathematical object, the so-called tensor.
With this representation, a quantum circuit and computational steps are trans-
lated to a graph and edge contractions, respectively. The complexity of the
contraction process on the graph can be upper-bounded by the treewidth of the
graph. If d denotes the graph’s treewidth, and T denotes the number of gates
in the circuit, then the contraction of the whole graph can be done classically
in TO(1)exp[O(d)] time. Hence, quantum circuits whose corresponding graphs
are of logarithmic treewidth can be efficiently simulated.

3.1 Introduction

Within the tensor formalism, quantum states and quantum operators are de-
scribed by tensors, which are direct generalizations of matrices, and computa-
tional steps are translated to so-called tensor contractions. Hence a quantum
circuit is mapped to a graph whose vertices represent quantum gates, and whose
edges represent segments of qubit wires connecting two gates. The contraction
of the whole graph faithfully describes the evolution of the quantum state in the
circuit.

In Section 3.2, we will start by introducing the tensor and tensor network
concepts. Section 3.3 considers the representations of quantum states, quantum
operators and quantum circuits using tensors and tensor networks. The trans-
lation of computations on quantum circuits to contractions on graphs is studied
in Section 3.4. Section 3.5 is devoted to the relation of the complexity of a
graph’s contraction to the graph’s treewidth. In Section 3.6, we study an upper
bound of a circuit-graph’s treewidth based on the so-called qubit-crossing con-
cept, which is easily computed in the circuit. We then derive a class of quantum
circuits which can be classically simulated. These sections are mainly based on
paper [13]. Finally, we study some relations between the tensor formalism and
the matrix product formalism in the last section; and give a conjecture about a
relation between the amount of entanglement of the final state in a circuit and
the circuit’s treewidth.
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3.2 Notation

Definition 3.2.1. A rank-k tensor g = [gi1,i2,...,ik
], each of whose indices ranges

over a set of size m, is an mk-dimensional array of complex numbers. We also
denote by r(g) the rank of g, i.e. r(g) = k.

For example, a rank-0 tensor is a tensor with no index, which is simply a
complex number. A rank-1 tensor in anm-dimensional space is a complex vector
withm elements. A rank-2 tensor in anm-dimensional space is a complex matrix
of size m×m. The tensor concept is obviously a generalization of the traditional
matrix concept. The tensor formalism aims to represent quantum states and
quantum operators by means of tensors. We also need to be able to describe
the evolution of a quantum circuit by means of some operation between tensors.
To this end, the tensor formalism introduces the so-called tensor contraction
operation.

Definition 3.2.2. Given two tensors sharing a common subset of indices, g =
[gi1,...,il,j1,...,jp

] and h = [hi1,...,il,k1,...,kn
]. Contracting these two tensors gives a

new tensor f = [fj1,...,jp,k1,...,kn
] and

fj1,...,jp,k1,...,kn
=
∑

i1,...,il

gi1,...,il,j1,...,jp
· hi1,...,il,k1,...,kn

, (3.1)

where the indices i1, . . . , il run over their ranges.

We consider the complexity of computing the new tensor f in Definition
3.2.2. Computing one element of f costs us O(ml) steps. The tensor consists of
mp+n elements. Computing the whole tensor, therefore, takes O(ml+p+n) steps,
which is at most O(mr(g)+r(h)).

There exists another way of interpreting a tensor using graph theory. We
consider graphs with open edges (an open edge is an edge which has one end
point is a vertex of the graph, and the other end point is free). A rank-k tensor
g can be graphically represented as a vertex labelled with g, and having k open
wires which are labeled by the k indices of g. Part (a) of Figure 3.1 illustrates
the graphic representation of tensor g = [gi1,i2,i3,i4 ].

Figure 3.1: (a) Graphic representation of the tensor g = [gi1,i2,i3,i4 ]; (b) A network of three
tensors.

Definition 3.2.3. A tensor network is a collection of tensors, in which some
of the indices may be used by two tensors.
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Graphically, a tensor network is represented by an undirected graph, whose
vertices correspond to the tensors and whose edges correspond to the indices
of the tensors. An edge between two vertices corresponds to a common index
shared by the two corresponding tensors. Part (b) of Figure 3.1 illustrates a
network consisting of three tensors.

The tensor contraction operation can be also interpreted using graph theory.
Given a graph G, the contraction of a pair of vertices u and v produces a
graph in which the two nodes u and v are replaced with a single node such
that it is adjacent to the nodes to which u and v were originally adjacent. If
there exist edges between u and v, then these edges are simply removed upon
contraction. Consider the tensor contraction of two tensors g = [gi1,...,il,j1,...,jp

]
and h = [hi1,...,il,k1,...,kn

] based on Equation (3.1). Graphically, this operation
is illustrated in Figure 3.2. The tensor contraction, hence, is graphically the
vertex contraction of the two vertices corresponding to g and h.

 
 
  
 
 
 
 

 
 
 

kn 

k1 

k2 

jm jm 

j1 

j2 

kn 

k1 

k2 

i l 

i1 

i2 
g f h 

j1 

j2 

Figure 3.2: Graphical representation of the contraction of two tensors sharing some common
indices.

We now introduce a property of contractions on tensor networks, which will
be used later as the main idea that the contracting tensor formalism is based
on.

Theorem 3.2.4. Contracting all the closed edges of a tensor network in any
order will give us the same resulting tensor.

Proof. Let us consider a graph G which might contain open edges. We index
edges of a graph G using i1, i2, . . . , iN where N is the number of edges in G.
The tensor of a vertex is indexed with increasing order of the subscripts of the
indices. For examples, consider a vertex v and denote by iv1 , iv2 , . . . , ivd(v)

its
adjacent edges, where d(v) means the degree of v, and v1 < v2 < · · · < vd(v).
The tensor of v will be denoted by T v

iv1 iv2 ...ivd(v)
. All merged tensors are also

indexed in this way. Let O = {io1 , io2 , . . . , iok
} denote all open edges with

o1 < o2 < · · · < ok.
Consider an arbitrary edge ordering π of the closed edges. We know that

the final vertex left at the end of the contraction process according to π only
has k open edges io1 , io2 , . . . , iok

. Let denote by T π
io1 io2 ...iok

the tensor of this

vertex. T π
io1 io2 ...iok

is the tensor contraction of T π(1), T π(2), . . . , T π(N−k−1) and

T π(N−k). Equation (3.1) tells us that

T π
io1 io2 ...iok

=
∑

T
π(1)
iπ(1)1

iπ(1)2
...iπ(1)d(π(1))

T
π(2)
iπ(2)1

iπ(2)2
...iπ(2)d(π(2))

. . .

T
π(N−k)
iπ(N−k)1

iπ(N−k)2
...iπ(N−k)d(π(N−k))

.

The sum above is taken over all indices corresponding to the closed edges. A per-

mutation of π(1), . . . , π(N−k) results in changes of positions of T
π(1)
iπ(1)1

iπ(1)2
...iπ(1)d(π(1))

,
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T
π(2)
iπ(2)1

iπ(2)2
...iπ(2)d(π(2))

, . . . , T
π(N−k)
iπ(N−k)1

iπ(N−k)2
...iπ(N−k)d(π(N−k))

in the sum, which

do not change the final result. Therefore, T π
io1 io2 ...iok

does not depend on the

ordering π. This proves the theorem.

3.3 The Contracting Tensor Network Formalism

In this section, we introduce the tensor formalism in which quantum states and
quantum operations are represented by tensors. We also look at the correspon-
dence between the evolution of a quantum circuit and the contraction process
of the tensor network describing the circuit.

We focus on tensors whose indices can take 4 values which are set to be
elements of the set Π = {|i〉〈j| : i, j ∈ {0, 1}}.

Definition 3.3.1. Let ρ be an a-qubit density operator. The tensor represen-
tation of ρ is a rank-a tensor, denoted by [T ρ

σ1,σ2,...,σa
], where σ1, σ1, . . . , σa run

over Π and
T ρ

σ1,σ2,...,σa
= tr(ρ · (⊗a

i=1σi)
†),

where the above dot operation is interpreted as the matrix multiplication.

Graphically, the tensor of an a-qubit density operator is drawn as a vertex
with a open wires as depicted in Figure 3.3.

 
 
 
  
 

 

�1 

�2 

�a 

Figure 3.3: Graphical representation of the tensor of a density operator on a qubits.

Let us consider the tensor of a general pure quantum state on 1 qubit |ψ〉 =
c0|0〉+ c1|1〉, whose density operator is ρ = |ψ〉〈ψ|. By definition, the tensor of
ρ is a rank-1 tensor, denoted by T ρ

σ where σ ∈ Π, and

T ρ
σ = tr(ρ · σ†).

Wherever σ = |i〉〈j| is used as subscript, we decode it as a 2-bit string ij. We
have

T ρ
ij = tr(ρ · (|i〉〈j|)†)

= tr(|ψ〉〈ψ| · |j〉〈i|)
= 〈ψ|j〉〈i|ψ〉
= c∗jci.

Therefore, if we consider the tensor T ρ as a vector, it would be [c0c
∗
0, c0c

∗
1, c1c

∗
0, c1c

∗
1].

Let us look at the matrix ρ

ρ =

(

c0c
∗
0 c0c

∗
1

c1c
∗
0 c1c

∗
1

)

.
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We see that there is a one-one correspondence between the elements of the tensor
T ρ and the elements of ρ. Indeed, this relation is stated in Proposition 3.3.2.
Before that, we consider two maps mapping an element in Πn to n-bit binary
strings. The first map takes all ket vectors of the elements in Πn

f : Πn → {0, 1}n
(

|a1〉〈b1|, . . . , |an〉〈bn|
)

7→ (a1, . . . , an)

The second map takes all the bra vectors

s : Πn → {0, 1}n
(

|a1〉〈b1|, . . . , |an〉〈bn|
)

7→ (b1, . . . , bn)

We usually write a1 . . . an instead of (a1, . . . , an).

Proposition 3.3.2. Given an n-qubit density operator ρ and its tensor T ρ
σ1,...,σn

.
Then the following equality holds

T ρ
σ1,...,σn

= ρf(σ1,...,σn),s(σ1,...,σn).

Proof. For the sake of simplicity, f(σ1, . . . , σn) and s(σ1, . . . , σn) are denoted
by f and s, respectively. Notice that ⊗n

i=1σi = |f〉〈s| and, hence,

ρ · (⊗n
i=1σi)

† = ρ(|s〉〈f |)

=





∑

i,j∈{0,1}n

ρi,j |i〉〈j|



 |s〉〈f |

=
∑

i,j∈{0,1}n

ρi,j |i〉〈j|s〉〈f |

=
∑

i∈{0,1}n

ρi,s|i〉〈f |.

This gives tr(ρ · (⊗n
i=1σi)

†) = ρf,s, which proves the proposition.

We now consider the tensor representation of a quantum operation. Let Q
be a general quantum operator acting on a input qubits and b output qubits,
i.e. it takes an a-qubit density operator to a b-qubit density operator.

Definition 3.3.3. The tensor representation of Q is a rank-(a+b) tensor on a 4-
dimensional space, denoted by [TQ

σ1,σ2,...,σa,τ1,τ2,...,τb
], where σ1, σ1, . . . , σa, τ1, τ2, . . . , τb

run over Π and

TQ
σ1,σ2,...,σa,τ1,τ2,...,τb

= tr(Q · (⊗a
i=1σi) ·Q† · (⊗b

j=1τj)
†).

The tensor TQ is graphically described by a single vertex with (a+ b) open
wires as depicted in Figure 3.4.

Consider the tensor of the NOT gate. It is a tensor with two indices, denoted
as TNOT

σ,τ = tr(NσN †τ†), where

N =

(

0 1
1 0

)

.
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Figure 3.4: Graphical representation of the tensor of a quantum operator acting on a input
qubits and b output qubits.

We denote by TNOT
ij,ab the tensor TNOT

σ,τ where σ = |i〉〈j| and τ = |a〉〈b|. We get

TNOT
ij,ab = tr(N |i〉〈j|N †(|a〉〈b|)†)

= tr(|̄i〉〈j̄||b〉〈a|)
= 〈j̄|b〉〈a|̄i〉.

(where the bar notation denotes the bit complement operation).
The tensor TNOT is given in Table 3.1.

τ\σ 00 01 10 11

00 0 0 0 1

01 0 0 1 0

10 0 1 0 0

11 1 0 0 0

Table 3.1: The tensor representation of the NOT gate

The following proposition shows a relation between the tensor representation
and the tensor product of two operators.

Proposition 3.3.4. Given two quantum operators A,B where A acts on a1

input qubits and b1 output qubits, and B acts on a2 input qubits and b2 output
qubits. Let TA

σ1,...,σa1 ,τ1,...,τb1
, TB

σa1+1,...,σa1+a2 ,τb1+1,...,τb1+b2
, TA⊗B

σ1,...,σa1+a2 ,τ1,...,τb1+b2

represent the tensors of A,B and A⊗B respectively. The following equality holds

TA⊗B
σ1,...,σa1+a2 ,τ1,...,τb1+b2

= TA
σ1,...,σa1 ,τ1,...,τb1

· TB
σa1+1,...,σa1+a2 ,τb1+1,...,τb1+b2

.

Proof. We recall a property of the trace operation: given two square matrices
X,Y , the trace of their tensor product equals the product of their traces. This
is true since tr(A) =

∑

i aii, tr(B) =
∑

j bjj and tr(A⊗B) =
∑

ij aiibjj . Using
this property, we get

TA⊗B
σ1,...,σa1+a2 ,τ1,...,τb1+b2

= tr
(

(A⊗B)(⊗a1+a2

i=1 σi)(A⊗B)†(τb1+b2
i=1 σj)

†
)

= tr

(

(

A(⊗a1

i=1σi)A
†(⊗b1

j=1τj)
†
)

⊗
(

B(⊗a1+a2

i=a1+1σi)B
†(⊗b1+b2

j=b1+1τj)
†
)

)

= tr
(

A(⊗a1

i=1σi)A
†(⊗b1

j=1τj)
†
)

tr
(

B(⊗a1+a2

i=a1+1σi)B
†(⊗b1+b2

j=b1+1τj)
†
)

= TA
σ1,...,σa1 ,τ1,...,τb1

TB
σa1+1,...,σa1+a2 ,τb1+1,...,τb1+b2

.
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In the tensor formalism, measurement operators are described by the so-
called measurement scenario.

Definition 3.3.5. Let m be an integer. Consider m single-qubit measurements
{M(1), I−M(1)}, {M(2), I−M(2)}, . . . , {M(m), I−M(m)}, where each M(i)
is a measurement operator. A measurement scenario on m qubits is a function
S : {1, . . . ,m} → GL(2) such that S(i) is either M(i) or I −M(i).

(GL(2) denotes the group of invertible 2×2 matrices over the complex field).
We note that if a qubit i is not measured, we set S(i) to be the identity

operator.
In the next section, we show how to use the tensor formalism to simulate

the computation of a circuit with a given input state.

3.4 Simulation of Quantum Circuits

We begin this section with the definition of quantum circuit graphs.

Definition 3.4.1. Given a quantum circuit C with an input ρ. Each segment
of qubit wires is marked by a distinct label. We index the tensor of each gate in
C by the labels of its incoming qubit segments and outgoing qubit segments. The
circuit graph of C is the tensor network of all these tensors.

By a segment of a qubit wire, we mean a part of the qubit wire lying in
between two consecutive gates on that wire. Figure 3.5 illustrates an example.

 
 

 
 
 
 
 

i4 
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j1 j1 j2 
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H H

H 
H 

CNOT 
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Figure 3.5: Graph representation of a quantum circuit.

Notice that open edges could appear in circuit graphs, e.g. the edges i4, j2
in the example in Figure 3.5. If we contract all closed edges in the circuit
graph of a quantum circuit C on n qubits, we will end up with a single tensor
consisting of n open edges. The idea of simulating quantum circuits using the
tensor formalism is that this final tensor indeed represents the outcome state
of the circuit C executed on the input ρ. The main aim of this section is to
prove this statement, which enables us to work on the circuit graph instead of
the quantum circuit.

We first consider the situation when the circuit C has only one gate.

Theorem 3.4.2. Let C be a quantum circuit that has only one gate U acting
on n input qubits and m output qubits, and consider an input ρ. Then the
contraction of the two tensors of U and ρ gives us the tensor of the outcome
state UρU †.
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Figure 3.6: Simulation of a quantum circuit consisting of one gate.

Proof. We first rewrite the tensors of U , ρ and the outcome ρ′ = UρU †.

T ρ
i1...in

= tr
(

ρ(⊗n
k=1ik)†

)

,

TU
i1...in,j1...jm

= tr
(

U(⊗n
k=1ik)U †(⊗m

k=1jk)†
)

,

T ρ′

j1...jm
= tr

(

ρ′(⊗m
k=1jk)†

)

= tr
(

UρU †(⊗m
k=1jk)†

)

.

(where the indices i1, . . . , in, j1, . . . , jm run over the set Π).
Suppose that ik = |ak〉〈bk| and jk = |ck〉〈dk|, where ak, bk, ck, dk are binary,

and a = a1 . . . an, b = b1 . . . bn, c = c1 . . . cm, d = d1 . . . dm. By Proposition 3.3.2,
we get T ρ

i1...in
= ρa,b and

TU
i1...in,j1...jm

=
(

U(⊗n
k=1ik)U †

)

c,d
=
(

U |a〉〈b|U †
)

c,d
.

(where the notation (X)m,n means the (m,n) element of matrix X )
Contracting the tensor T ρ to the tensor TU gives us a new tensor, denoted

by TUρ
j1...jm

, and

TUρ
j1...jm

=
∑

i1,...,in

T ρ
i1...in

TU
i1...in,j1...jm

=
∑

a,b

ρa,b

(

U |a〉〈b|U †
)

c,d

=
∑

a,b

(

U(ρa,b|a〉〈b|)U †
)

c,d

=






U





∑

a,b

ρa,b|a〉〈b|



U †







c,d

= (UρU †)c,d

= T ρ′

j1...jm
.

which proves the theorem.

We now generalize Theorem 3.4.2 to circuits of more than one gate.

Theorem 3.4.3. Let C be a quantum circuit and ρ be an input. Then the
contraction of the whole circuit graph of C with the input ρ gives us the tensor
of the outcome state when we apply C to the input.
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Proof. We can always order the gates in C by the time order (from left to
right): G1, G2, . . . , Gk for some k. Applying Theorem 3.4.2 repeatedly, we get:
contracting the tensor of ρ to the tensor of G1 gives us the tensor of the quantum
state after executing G1, i.e. the state G1ρG

†
1; contracting the new tensor to

the tensor of G2 gives us the tensor of the quantum state after executing G2,
and so on. Finally, after contracting Gk, we get the final tensor which is the
tensor of the outcome.

Theorem 3.4.3 can be generalized to general quantum operators. Each gen-
eral quantum operation Φ can be decomposed to a number of Kraus opera-
tors Ki such that, for every density operator ρ that Φ can act on, we have
Φ(ρ) =

∑

iKiρK
†
i . Notice that the tensor representation of Φ will be

TΦ
σ1,σ2,...,σa,τ1,τ2,...,τb

= tr(
∑

i

(Ki · (⊗a
k=1σk) ·K†

i ) · (⊗b
j=1τj)

†),

which can be written as
∑

i tr(Ki · (⊗a
k=1σk) ·K†

i · (⊗b
j=1τj)

†). Theorem 3.4.3
does not require the unitary property of quantum gates. Hence it still holds
with Kraus operators. The linearities of the sum and trace operators guarantee
that the theorem will hold for general quantum operators.

We now consider measurement operators on the tensor formalism. The prob-
ability of observing a measurement outcome can also be computed as follows:
first attach the tensor of the corresponding measurement scenario to the circuit
graph, and then perform contraction of the whole resulting tensor network.

Theorem 3.4.4. (Markov and Shi [13]) Let C be a quantum circuit, ρ be an
input, and τ be a measurement scenario. Contracting the tensor network of GC

together with ρ and τ gives a rank-0 tensor which is the probability that τ is
realized at the end of the circuit.

We have seen that computations on quantum circuits can be translated to
contractions of circuit graphs. One advantage of using this translation in simu-
lating quantum circuits is that contractions of circuit graphs can be performed
with any ordering of edges, whereas computations on the circuit model must fol-
low gates in the time order. This order-independent advantage gives us ways to
optimize the contraction processes by looking for an optimal ordering in which
the contraction process requires the least number of computational steps.

Theorem 3.4.5. Contracting all the closed edges of a circuit graph in any order
will give us the same resulting tensor.

Proof. Theorem 3.4.5 is a special case of Theorem 3.2.4 when the tensor network
is a circuit graph.

In the next section, we will make use of the order-independent property of
the contraction operation to estimate the contraction complexity of a quantum
circuit graph.

3.5 Contraction Complexity and Treewidth

We begin this section by introducing the treewidth concept. Unless otherwise
stated, graphs mentioned here are undirected and may have multiple edges or
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loops. For every graph G, the set of its edges is denoted by E(G) and the set
of its vertices is denoted by V (G).

Definition 3.5.1. Let G be a graph. A tree decomposition of G is a tree T ,
together with a function that maps each vertex w ∈ V (T ) to a subset Bw ⊆ V (G),
which is called a bag, such that the following three conditions hold:

(C1) Each vertex of G must appear in at least on bag, i.e. ∪v∈V (T )Bv = V (G).

(C2) For each edge of G, there is at least one bag containing both of its end
vertices.

(C3) All bags (vertices) in T containing a given vertex in G must form a con-
nected subtree of T .

The width of a tree decomposition is the maximum size of a bag minus one, i.e.
maxw∈V (T )|Bw| − 1. The treewidth of G, denoted by tw(G) is the minimum
width among all tree decompositions of G.

The −1 in the definition of the width of a tree decomposition is introduced
for convenience only: the smallest treewidth value is one and it happens when
the graph is a tree. Intuitively, the smaller a graph’s treewidth, the closer it
is to a tree, and a tree decomposition is a drawing of the graph to make it
look like a tree as much as possible. Figure 3.7 illustrates an example of a tree
decomposition.

g h

f

e

c

d

a

b

a
bc

c
f
a a

f
g g h

c d
e

Figure 3.7: An example of a graph with a tree decomposition of width two.

Computing the treewidth of a graph is a hard problem. Arnborg et al. [2]
showed that determining whether a graph has treedwidth at most k is NP-
complete. Nevertheless, varieties of heuristic algorithms have been proposed
to find upper bounds or lower bounds on a graph’s treewidth. Bodlaender [3]
gave a survey of these algorithms. Instead of explaining these algorithms here,
we give another definition of treedwidth which is equivalent to Definition 3.5.1.
This provides another way of interpreting a graph’s treewidth.

Definition 3.5.2. Given a graph G. A contraction ordering π is an ordering of
all the edges of G. The complexity of π, denoted by cc(π), is the maximal rank of
a merged vertex during the contraction process. The contraction complexity of G,
denoted by cc(G), is defined as the minimum complexity among all contraction
orderings.

This type of contraction is called one-edge-at-a-time [13] since at every step
you contract exactly one edge. This differs from the tensor contraction which
contract all edges between two tensors at one time. The one-edge-at-a-time
contraction, however, increases the maximal rank of a merged vertex by at most
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two-fold. The reason is: if we need to contract edges between two vertices u
and v of degrees l+ k and l+ k′, respectively, which share l common edges, the
one-edge-at-a-time contraction will create vertices of degrees k + k′ + l− 1, k +
k′ + l− 2, . . . , k + k′ which all do not exceed r(u) + r(v).

To introduce the relation between the treewidth and the contraction com-
plexity of a graph G, we consider the so-called line graph of G.

Definition 3.5.3. The line graph of G, denoted by G∗, is the graph whose vertex
set is the set of edges of G, and two vertices of G∗ are adjacent if and only if
the two corresponding edges in G share a common vertex.

Figure 3.8 illustrates an example.

a
b

c

d

f
e
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b c

d

ei

f

i

Figure 3.8: An example of a graph (on the left hand side) with 7 edges and its line graph
(on the right hand side) with 3 vertices.

The following theorem states that the treewidth and the contraction com-
plexity measures are indeed equivalent as long as we consider classes of graphs
with bounded maximal degrees.

Theorem 3.5.4. (Markov and Shi [13]) For any graph G of maximal degree
∆G, we have

1. cc(G) = tw(G∗).

2. (tw(G) − 1)/2 ≤ tw(G∗) ≤ ∆(G)(tw(G) + 1)− 1.

We now have all necessary concepts to study the complexity of contracting a
whole circuit graph. We begin with Theorem 3.5.5 which gives an upper bound
for that.

Theorem 3.5.5. (Markov and Shi [13]) Given a tensor network N of a size-T
quantum circuit with a classical input and single qubit measurements at the end
of the circuit, and a contraction process specified by an ordering of edges in N ;
let d be the maximum rank of all the tensors that appear in the process. The
contraction takes T · O(16d) steps; and there exists a contraction process that
takes T ·O[16cc(G)] steps.

Proof. The algorithm scans edge by edge in the given order and at each time
compute the new tensor based on Equation (3.1). The complexity of computing
a new tensor is at most O(42d) since d is the maximum rank of all the tensors.
The total runtime, hence, is bounded by 2T ·O(42d) = O(T · 16d).

Let us denote by D the maximum among all d′s. It is obvious that there
exists a contraction process taking T · O(16D) steps. We know, furthermore,
that cc(G) ≤ D. Hence, this contraction costs us T ·O(16D) steps.
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Theorem 3.5.5 does not show us how to find an optimal contraction process.
Nevertheless, given a tree decomposition of G∗, Markov and Shi show that we
can find a contraction ordering of G of complexity not bigger than the width of
the tree decomposition.

Theorem 3.5.6. (Markov and Shi [13]) There is an efficient deterministic algo-
rithm that given a tree decomposition of G∗ of width d will output a contraction
ordering π of G with cc(π) ≤ d.

Finding an optimal tree decomposition is an NP-hard problem ([2]). How-
ever, Robertson and Seymour [17] gave us an algorithm for finding a ”good” tree
decomposition of any given graph.

Theorem 3.5.7. (Robertson and Seymour [17]) There is a deterministic algo-
rithm that given a graph G will output a tree decomposition of width O(tw(G))
in time |V (G)|O(1)exp[O(tw(G))].

We have had enough materials for our main simulation algorithm

Theorem 3.5.8. (Markov and Shi [13]) Let C be a quantum circuit of size
T , with n input and m output qubits, x ∈ {0, 1}n be an input, and τ be a
measurement scenario. Denote by G the circuit graph of C. Then the probability
that τ is observed at the end of the circuit can be computed deterministically in
time TO(1)exp[O(∆(G).tw(G))].

Proof. The algorithm is described below.

1. Apply the Robertson-Seymour algorithm to compute a tree decomposition
T of G∗ of width w = O(tw(G∗)).

2. Find a contraction ordering π of complexity w from T by using Theorem
3.5.6.

3. Contract G using the ordering π. The unique element of the final rank-0
tensor is output as the desired probability of observing τ .

The most computation-consuming parts of the algorithm are step 2 and
step 4. Theorem 3.5.7 tells us that step 2 costs |V (G∗)|O(1)exp[O(tw(G∗))]
which equals |V (G∗)|O(1)exp[O(∆(G) · tw(G))] (by Theorem 3.5.4). We know,
furthermore, that the number of vertices of G∗ is the number of edges of G,
which is T . Step 2 of the algorithm, hence, costs us TO(1)exp[O(∆(G) · tw(G))]
steps. By Theorem 3.5.5, the complexity of step 4 is T · O(exp(cc(π))) =
T · O(exp(tw(G∗))) = T · O(exp(∆(G) · tw(G))). So the overall complexity
is TO(1)exp[O(∆(G) · tw(G))].

3.6 A Class of Simulable Quantum Circuits

Theorem 3.5.8 gives us a simulation whose complexity depends solely on the
treewidth measure. Considering simulation of a quantum circuit, we prefer to
use parameters related to the circuit itself. To this end, Theorem 3.6.1 provides
a treewidth’s estimation that is based on the so-called qubit-crossing concept.
Let us consider a quantum circuit C whose qubits are indexed by 1, 2, . . . , n. If
a gate G acts on qubits j1, j2, . . . , jk (and suppose that j1 < j2 < · · · < jk),
then G is said to cross the qubit i if and only if j1 ≤ i ≤ jk.
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Theorem 3.6.1. (Markov and Shi [13]) Let C be a quantum circuit. Define r to
be the maximum number of gates that cross any given qubit. Then the treewidth
of the circuit graph G of C is bounded by r − 1; and therefore the circuit can be
simulated deterministically in time TO(1)exp[O(r ·∆(G))].

Proof. We construct a tree decomposition of G as follows: for each qubit i,
where 1 ≤ i ≤ n, define bag Bi to be the collection of all gates that cross qubit i.
Consider the tree T consisting of one path of n vertices (bags) B1−B2−· · ·−Bn.
We now check the three conditions in Definition 3.5.2: Condition (C1) holds
since each gate G must act on some qubit, say qubit i, then G is contained in
the bag Bi. Condition (C2) holds since every segment of a qubit, say qubit j,
connecting two gates, Bj contains both the two gates. Condition (C3) holds
since for each gate acting on qubits j1 < j2 < · · · < jk, the set of bags that
contain the gate is {Bj1 , Bj1+1, . . . , Bjk

}, which forms a subtree of T . The tree
T , hence, is a tree decomposition of G.

By the definition of the parameter r, we have r = max1≤i≤n|Bi|. Therefore
the width of T is r − 1 and tw(Gc) < r.

We notice that O(r) is not always an optimal bound on the treewidth of
GC . Let us consider the following example where the treewidth is indeed very
small, but r might be as large as we want: 2-qubit circuit C consisting of n
CNOT gates. The circuit graph will be a path connecting the n gates, and have
treewidth 1. However, the maximum qubit-crossing number of this circuit is n.

We now consider an alternative qubit-cross concept which we have not been
able to compare with the one above. Consider a quantum circuit C. Instead
of indexing the qubits by 1, . . . , n, we arrange the qubits in a virtual tree of
arbitrary shape (in the original setup, the tree is of line shape). We notice that
this tree arrangement has no physical meaning. For a gate G acting on qubits
j1 < j2 < · · · < jk, it is said that G crosses the qubit i if and only if there exist
jp, jq, where 1 ≤ p, q ≤ k, such that, in the qubit tree, the qubit i is contained
in the path connecting jp to jq. Theorem 3.6.2 can be proven similarly as the
proof of Theorem 3.6.1.

Theorem 3.6.2. Let C be a quantum circuit in which each gate has an equal
number of input and output qubits, and the qubits are arranged in a tree. With
respect to this arrangement, define d to be the maximum number of gates that
cross any given qubit. Then the treewidth of the circuit graph G of C is upper
bounded by d− 1; and therefore the circuit can be simulated deterministically in
time TO(1)exp[O(d ·∆(G))].

Theorem 3.6.2 and Theorem 3.6.1 mean that if d · ∆(G) or r · ∆(G) of a
quantum circuit is polylogarithmic, then the circuit can be classically simulated.
Let us consider a quantum circuit of size T . In any qubit-crossing concept above,
each gate crosses at least one qubit. The number of crosses, hence, is at least T .
By the Pigeon Principle, both d and r are not smaller than T/n. Therefore, if
T is equal to n · poly(n), then both theorems do not provide us any conclusion
on classical simulability of the circuit.
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3.7 Relation between the Contracting Tensor Net-

work and the Matrix Product Formalisms

In this section, we exploit a relation between the matrix product formalism and
the tensor formalism. It turns out that a matrix product state can be interpreted
as a tensor network if we do not restrict ourselves to tensor whose indices are
in the set Π as defined in Definition 3.3.1.

Let us consider a tensor product state |ψ〉 represented by n tensors Γ
[1]i1
α1 ,Γ

[2]i2
α1α2 ,

. . . ,Γ
[n−1]in−1
αn−2αn−1 ,Γ

[n]in
αn−1 where each index ik can take two values, either 0 or 1, and

each index αk can take χ values in the set {1, . . . , χ}. Then if in the computa-

tional basis |ψ〉 is described as
∑

i1,...,in

ψi1...in
|i1 . . . in〉, we have

ψi1...in
=

∑

α1,...,αn

Γ[1]i1
α1

Γ[2]i2
α1α2

. . .Γ[n−1]in−1
αn−2αn−1

Γ[n]in
αn−1

. (3.2)

Therefore if we consider |ψ〉 as a rank-n tensor, then Equation (3.2) states that

the tensor |ψ〉 is exactly the contraction product of the tensors Γ
[1]i1
α1 ,Γ

[2]i2
α1α2 , . . . ,

Γ
[n−1]in−1
αn−2αn−1 ,Γ

[n]in
αn−1 . This interpretation is illustrated in Figure 3.9. Note, how-
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Figure 3.9: Tensor interpretation of an n-qubit tensor product state.

ever, that in order to have an efficient computation, we now expect not only
the rank of each tensor in the network but also the domain of each index to be
small. The range of each index ik is fixed, viz. the set {0, 1}. But the range of
αk depends on the maximal Schmidt rank χ.

Applying a 1-qubit gate U to the qubit j now is just the contraction of the
tensor Γ[j] to U which might be interpreted as a rank-2 tensor on a 2-dimensional
space [Uki]k,i∈{0,1}. A justification of this statement is Equation (2.12). Figure
3.10 depicts this contraction.

Applying a 2-qubit gate U is rather more complicated. The idea is: suppose
that we are applying U to two consecutive qubits k and k + 1, we have a
cycle between the three tensors Γ[k],Γ[k+1] and U . The first step is to make
contraction of this cycle to get only one resulting tensor. Now what we get is a
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Figure 3.10: Tensor interpretation of applying a 1-qubit gate to a tensor product state

where the tensor Γ[2]′ is the contraction product of Γ[2] and U .

network of (n−1) tensors with n open edges. To restore to the standard setting
which consists of n tensors, we decompose the resulting tensor in the first step
into two tensors connected by a new edge. This 2-step procedure is depicted in
Figure 3.11.
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Figure 3.11: Contraction process corresponding to the process of applying a 2-qubit gate
on two consecutive qubits on a tensor product state.

The tensor interpretation of the matrix product formalism also allows us to
compute the inner product of two matrix product states. Let us consider two

states |ψ〉 and |φ〉 which are represented by Γ
[1]i1
α1 ,Γ

[2]i2
α1α2 , . . . ,Γ

[n−1]in−1
αn−2αn−1 ,Γ

[n]in
αn−1

and Ω
[1]i1
β1

,Ω
[2]i2
β1β2

, . . . ,Ω
[n−1]in−1

βn−2βn−1
,Ω

[n]in

βn−1
, respectively, in the matrix product for-

malism.

Theorem 3.7.1. The inner product of |ψ〉 and |φ〉 is the result of the contraction
of the whole tensor network in Figure 3.12. Furthermore, this can be achieved
in O(nα2β2) steps, where α, β are the maximal domain size among domains of
α1, . . . , αn and β1, . . . , βn, respectively.

Proof. We notice that the tensor network consisting of Ω
[1]∗
β1

,Ω
[2]∗
β1β2

, . . . ,Ω
[n−1]∗
βn−2βn−1

,

Ω
[n]∗
βn−1

on the right-hand side of Figure 3.12 represents the state 〈φ|. The tensor

network, therefore, represents the product 〈φ|ψ〉 which is the inner product be-
tween |ψ〉 and |φ〉. The contraction process with the edge order {i1, . . . , in, α1, β1,
. . . , αn, βn} costs us O(nα2β2) steps.
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Figure 3.12: Tensor network computing the inner product between two matrix product
states, where the star * denotes the complex conjugation.

As consequence, Corollary 3.7.2 allows us to compute the length of an un-
normalized MPR state.

Corollary 3.7.2. The length of an unnormalized vector |ψ〉, which is 〈ψ|ψ〉,
can be computed in O(nα4) steps.

Let us consider two MPR states |ψ〉, |φ〉, and a measurement {M0,M1}
where M0 = |φ〉〈φ|, M1 = I − |φ〉〈φ|. The probability of observing 0 is |〈φ|ψ〉|2,
which can be efficiently computed as long as the matrix product representations
of |ψ〉, |φ〉 are efficient. We, thus, have shown the following corollary of Theorem
3.7.1.

Corollary 3.7.3. If |ψ〉, |φ〉 can be represented efficiently in the MPR, then the
probability distribution of the outcomes of the measurement {M0,M1} can be
computed efficiently as well.

We are currently working on the following combination of the contracting
tensor network formalism and the MPR formalism: consider a quantum circuit
with a given input state. We use the MPR formalism to represent the input
state. The tensor representation of this MPR will then be connected to the
open input edges of the circuit graph of the quantum circuit. Instead of up-
dating quantum gates with the left-to-right ordering, we might do some edge
contractions first. Updating the new tensors to the MPR state will then be
performed. We know that the maximum rank of a tensor is bounded by the
treewidth of the circuit. Furthermore, Theorem 3.7.4, as a generalization of
Lemma 4 in [9], tells us that applying a tensor of rank k to a state increases the
maximum Schmidt rank of the state by a factor of at most 4k/2. These facts
suggest that the ratio between the maximum Schmidt ranks of the initial state
and the final state might be bounded by exp(w), where w is the treewidth of the
circuit. This conjecture, in cases it is true, would imply that starting with an
initial product state, the maximum Schmidt rank of the final state is bounded
by exp(w).

Theorem 3.7.4. Let |ψ〉 have Schmidt rank r for the partition at the ith qubit
1 . . . i|(i+1) . . . n, and |ψ′〉 be obtained from |ψ〉 by applying a k-qubit gate U . Let
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r′ be the maximum Schmidt rank of |ψ′〉 for the same partition. The following
inequality holds

r′ ≤ 4⌊k/2⌋ · r,
where ⌊x⌋ means the largest integer not bigger than x.

Proof. We consider two cases:
Case 1: all affected qubits are in one half of the partition. Hence, the Schmidt
rank according to this partition does not change, i.e. r′ = r.
Case 2: qubit i lies in between the affected qubits. We use SWAP gates to move
the affected qubits next to the border of the partition, as illustrated in Figure
3.13. These moves do not change the Schmidt rank since they act locally in
the partition. If there are m affected qubits in the first half, and k −m in the
second half, then after the movements, the affected qubits are qubits ranging
from i−m+ 1, ..., i, i+ 1, i+ k −m.
 
 
 
 
 

 
 

Figure 3.13: Movement of the affected qubits to the border of the partition at qubit i.

Let A denote the subsystem consisting of m affected qubits on the left hand
side of qubit i and B denote the system consisting of k −m affected qubits on
the right hand side. Let |ψ〉 =

∑r
l=1 |al〉|bl〉 be the Schmidt decomposition for

the partition at qubit i after applying the SWAP gates. For each l, let σl be
the reduced state of subsystem B in |bl〉, which is a mixed density matrix of
k−m qubits. Therefore, there exist at most 2k−m eigenstates of σl, denoted as

|e1l 〉, |e2l 〉, . . . , |e2
k−m

l 〉.
In the new state |ψ′〉 = U |ψ〉, we consider the subsytem C consisting of

qubits 1, . . . , i, plus all the qubits in B. The reduced state of subsystem C will

be spanned by the 2k−m·r vectors U(|al〉|e1l 〉), . . . , U(|al〉|e2
k−m

l 〉) for l = 1, . . . , r.
For each state U(|al〉|ep

l 〉), tracing out all (k −m) qubits in B gives a reduced
density matrix of qubits 1, . . . , i, which has rank at most 2k−m. Hence, the
reduced density matrix of qubits 1, . . . , i in the state |ψ′〉 will have rank at most
2k−m(2k−m · r) = 4k−m · r. This implies r′ ≤ 4k−m · r.

Reasoning in the same way with the qubits in subsystem A will give us:
r′ ≤ 4m · r. Since either k −m or m must be at most ⌊k/2⌋, we conclude that
r′ ≤ 4⌊k/2⌋ · r.

3.8 Summary

In this chapter, we consider the contracting tensor network formalism, first
introduced by Markov and Shi in [13]. Within the formalism, elements of a
quantum circuits are represented by tensors. We also study the translation of
the computational evolution of a quantum circuit to the contraction evolution
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of the corresponding circuit graph. Analysis on complexity shows that the con-
traction process can be estimated using the treewidth of the graph. After that,
we relate the treewidth parameter to the maximal qubit-crossing parameter,
which can be more easily interpreted on quantum circuits. Finally, we show
a relation between the previous formalism, the matrix product formalism, and
the tensor formalism. From the point of view of this relation, a matrix product
state can be interpreted as a tensor network. Consequently, some operations
can be computed using this new interpretation, such as the inner product of
two matrix product states, and the length of an unnormalized matrix product
state. We also propose a conjecture about the amount of entanglement (defined
as maximum Schmidt ranks) of the final quantum state associate with a circuit
and the treewidth of the circuit graph.
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Chapter 4

The Stabilizer Formalism

4.1 Introduction

The stabilizer formalism was, at the beginning, used in quantum error-correcting
codes to construct stabilizer codes. However people soon realized that the for-
malism was also very useful in many other problems. In classical simulation
of quantum circuits, it plays a very important role as it gives us an interesting
class of quantum circuits that can be simulated efficiently by classical comput-
ers. This chapter focuses on the Gottesman-Knill theorem, from which a class
of classically simulable quantum circuits can be derived. This chapter is based
mainly on [1, 8].

4.2 Notation

Throughout this note, we will frequently use the four Pauli matrices

I =

(

1 0
0 1

)

, X =

(

0 1
1 0

)

, Y =

(

0 −i
i 0

)

, Z =

(

1 0
0 −1

)

.

It is easy to check that these matrices have the following relations

X2 = Y 2 = Z2 = I,

XY = iZ, Y Z = iX, ZX = iY,

Y X = −iZ, ZY = −iX,XZ = −iY.
(4.1)

Note by these identities that the Pauli matrices either commute or anti-commute.

Definition 4.2.1. The Pauli group on 1 qubit is defined as

G1 = {±I,±X,±Y,±Z,±iI,±iX,±iY,±iZ}.

The group G1 is generated by {X,Y, iI}. We will frequently write G1 =
〈X,Y, iI〉 where the pointed brackets denote the group generated by the enclosed
elements.

Definition 4.2.2. The Pauli group on n qubits, denoted by Gn, is defined as
(G1)

⊗n.
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Every element in Gn can be written in the form ασ1 ⊗ σ2 ⊗ · · · ⊗ σn ∈ Gn,
where α ∈ {±1,±i}, σi ∈ G1 for all i = 1, . . . , n. Theorem 4.2.3 lists some
properties of the Pauli group.

Theorem 4.2.3. The following statements are true:

1. Gn is a subgroup of U(2n), where U(2n) is the group of unitary 2n × 2n

matrices.

2. tr (M) = 0 for every M ∈ Gn\{±I,±iI}, where tr (M) is the trace of the
matrix M .

3. Every two Pauli operators either commute or anticommute.

4. If M = ασ1 ⊗ σ2 ⊗ · · · ⊗ σn ∈ Gn has a real overall phase α ∈ {1,−1},
then M is Hermitian; otherwise M is anti-Hermitian.

5. If M is an n-qubit Hermitian Pauli operator, then M2 = I⊗n; if M is an
anti-Hermitian Pauli operator, then M2 = −I⊗n.

Proof. 1. It follows from the fact that all the Pauli matrices are unitary.

2. It is easy to check that tr (X) = tr (Y ) = tr (Z) = 0. Suppose that
M = ασ1⊗· · ·⊗σn. We have tr (M) = α·∏n

i=1 tr (σi). SinceM 6= ±I,±iI,
at least one of the σ matrices must differ from I and thus has trace 0.
Therefore tr (M) = 0.

3. This follows from the fact that two Pauli matrices either commute or
anticommute.

4. We notice that all the Pauli matrices are Hermitian. We have M † =
α∗σ†

1 ⊗ · · · ⊗ σ†
n = α∗σ1 ⊗ · · · ⊗ σn, which equals M if α = ±1 and equals

−M if α = ±i.

5. We have M2 = α2σ2
1⊗· · ·⊗σ2

n = α2I⊗· · ·⊗I, which equals I⊗n if α = ±1
and equals −I⊗n if α = ±i.

There exists a very useful homomorphism between Gn and the additive
binary group F2n

2 . This homomorphism maps an element of Gn to a 2n-
dimensional binary vector. Firstly, we consider the following mapping ([22])
for the 1-qubit case:

B : G1 → F
2
2

αI 7→ (0, 0)

αX 7→ (1, 0)

αZ 7→ (0, 1)

αY 7→ (1, 1)

(4.2)

for every α ∈ {±1,±i}. It can be easily checked that the above mapping is
a homomorphism from the matrix group G1 to the additive group F2

2 (this
follows immediately from the equalities in Equation (4.1)). For convenience, we
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sometimes use σ00, σ10, σ01, σ11 for I,X, Z, Y , respectively. The homomorphism
B can be extended to the general n-qubit case:

B : Gn → F
2n
2

ασx1z1 ⊗ σx2z2 ⊗ · · · ⊗ σxnzn
7→ (x1, . . . , xn, z1, . . . , zn)

We define a 2n× 2n matrix Λ as

Λ =

(

0 I
I 0

)

,

where the I matrices on the off-diagonal are identity matrices of size n. For any
two vectors u, v in F2n

2 , the formula uΛvT defines the so-called symplectic inner
product between them. The first structural relation between the Pauli group
and the binary group F2n

2 is stated in the following proposition.

Proposition 4.2.4. (van den Nest [22])

1. The mapping B is an homomorphism from the multiplicative group Gn to
the additive group F2n

2 .

2. Elements g, g′ of the Pauli group Gn commute if and only if the symplectic
inner product of B(g) and B(g′) vanishes, i.e. B(g)ΛB(g′)T = 0. They
anti-commute if and only if B(g)ΛB(g′)T = 1.

Proof. 1. It follows from the fact that the mapping (4.2) for the 1-qubit case
is a homomorphism.

2. Suppose that g = ασx1z1 ⊗ σx2z2 ⊗ · · · ⊗ σxnzn
and g′ = α′σx′

1z′
1
⊗

σx′
2z′

2
⊗ · · · ⊗ σx′

nz′
n
. We get B(g) = (x1, . . . , xn, z1, . . . , zn), B(g′) =

(x′1, . . . , x
′
n, z

′
1, . . . , z

′
n) and B(g)ΛB(g′)T = x1z

′
1 ⊕ · · · ⊕ xnz

′
n ⊕ z1x

′
1 ⊕

· · · ⊕ znx
′
n. By Equation (4.1) we observe that σxizi

commutes with σx′
i
z′

i

if and only if they are identical or one of them is I. σxizi
and σx′

iz
′
i

are
identical if x1 = x′1, z1 = z′1. One of them is I if either x1 = z1 = 0
or x′1 = z′1 = 0. We deduce that σxizi

commutes with σx′
i
z′

i
if and only

if x1z
′
1 ⊕ x′1z1 = 0. Hence, the symplectic inner product of B(g) and

B(g′) is 0 if and only the number of commuting pairs (σxizi
, σx′

iz
′
i
) is

even. This happens if and only if g commutes with g′. It implies that
B(g)ΛB(g′)T = 0 if and only if g and g′ commute, and B(g)ΛB(g′)T = 1
if and only if g and g′ anticommute.

Later on, we’ll see that by using the homomorphism B, we can translate
actions on Pauli operators to appropriate actions on elements of F2n

2 . This
enables us to simulate them easily on classical computers. Proposition 4.2.4
also gives us a powerful tool when we study properties of Pauli operators. Two
Pauli operators in Gn commute if and only if their images in F2n

2 are orthogonal
with respect to the symplectic inner product.

4.3 The Stabilizer Formalism

In the stabilizer formalism, a quantum system is described by following the
evolution, not of its state as normal, but instead of the set of operators that
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could act on the system ([8]). The set of operators needs to be chosen so that
in every time step, it is sufficient to use this set to uniquely determine the state
of the system (maybe up to an unimportant global phase). For our simulation
purpose, we look for sets of operators which can be efficiently represented.

Firstly, we consider how a quantum state is described by a set of operators.
Let us consider an example: suppose we are given the state |ψ〉 = (|00〉 +
|01〉)/

√
2. It is easy to see that the following equalities

(Z ⊗X)|ψ〉 = |ψ〉,
(Z ⊗ I)|ψ〉 = |ψ〉 (4.3)

hold since Z|0〉 = |0〉, X |0〉 = |1〉, X |1〉 = |0〉. Furthermore, if we consider
|φ〉 = c00|00〉+ c01|01〉+ c10|10〉+ c11|11〉 as a general 2-qubit state and look for
|φ〉 satisfying both equations in (4.3), we must have

|φ〉 = (Z ⊗X)|ψ〉 = c00|01〉+ c01|00〉 − c10|11〉 − c11|10〉,
|φ〉 = (Z ⊗ I)|ψ〉 = c00|00〉+ c01|01〉 − c10|10〉 − c11|11〉,

which imply that

c00 = c01, c10 = −c11,
c10 = −c10, c11 = −c11.

We get c00 = c01 and c10 = c11 = 0. It means that |φ〉 = c00(|00〉+ |01〉), which
differs from |ψ〉 only by a global phase. The 2-qubit states which satisfy both
equalities in (4.3) are called stabilized states of {ZX,ZI}. We notice that, if we
ignore global phases, the state |ψ〉 is the only stabilized state of {Z⊗X,Z⊗ I}.
In this sense, we say that the state |ψ〉 is represented by {Z ⊗X,Z ⊗ I}.

We now consider the general stabilizer formalism in which quantum states,
such as |ψ〉 above, are represented by sets of Pauli operators.

Definition 4.3.1. Given a quantum state |ψ〉 and a Pauli operator U . We say
U stabilizes |ψ〉 if |ψ〉 is an eigenvector of U with eigenvalue +1. If so, we also
say that |ψ〉 is a stabilized state of U .

We notice that given a quantum state |ψ〉, if U and V are its stabilizers,
then so are U−1, UV . Therefore, the set of operators which stabilize a quantum
state forms a multiplicative group of matrices. Also, if |φ〉 and |φ′〉 are stabilized
states of a unitary operatorW , then so is every linear combination of them. The
set of stabilized states of a unitary operator, hence, forms a vector space.

Definition 4.3.2. Given a subgroup S of Gn. Suppose VS is the set of n-qubit
states which are stabilized by all elements of S. Then VS is called the stabilized
vector space of S, and S is called the stabilizer of the space VS.

If we have a subgroup S such that its stabilized vector space VS is non-trivial,
then the elements of VS can be represented by the group S. This representation
might not be efficient since in many cases, the size of S is exponentially big.
Theorem 4.3.4, however, tells us that a group can be faithfully described by
using a set of at most log2(|G|) generators.

Definition 4.3.3. A set of elements g1, . . . , gℓ in a group G is said to generate
the group G if every element of G can be written as a product of elements from
g1, . . . , gℓ. If G is generated by g1, . . . , gℓ, we write G = 〈g1, . . . , gℓ〉.
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Theorem 4.3.4. (Nielsen and Chuang [15]) A group G of size |G| has a set of
at most log2(|G|) generators.

Proof. Suppose that g1, . . . , gℓ is a set of elements in G. Denote by 〈g1, . . . , gℓ〉
the subgroup spanned by g1, . . . , gℓ and suppose, furthermore, that the subgroup
is not the entire group G. Let us consider an element u /∈ 〈g1, . . . , gℓ〉. For each
element g in the subgroup, ug must lie outside the subgroup since, if otherwise,
then u = (ug)g−1 would be an element of the subgroup. For ever two distinct
elements g, g′ in the subgroup, ug and ug′ must also be different. Therefore, the
size of 〈g1, . . . , gℓ, u〉 is at least twice as big as the size of 〈g1, . . . , gℓ〉, from which
we conclude that G must have a set of generators containing at most log2(|G|)
elements.

We are interested in quantum states that can be described by a subgroup of
Pauli operators. It would mean that the stabilized vector space of the subgroup
is of dimension 1. We do not yet have all the tools to figure out in which
conditions, a Pauli subgroup will give us a 1-dimensional stabilized vector space.
We will answer this question at the end of this section. It is easy to show that
if VS is non-trivial, i.e. VS is of dimension bigger than 0, then S is Abelian and
−I /∈ S. If, otherwise, S is not Abelian, then there exist g, g′ anti-commuting
in S. For any vector x ∈ VS , x = gg′x = −g′gx = −x, which implies that
x = 0 and thus VS is trivial. If −I is an element of S, then for any x ∈ VS ,
x = −Ix = −x. This would imply that VS is trivial.

Suppose we are given a subgroup S generated by l commuting elements
g1, . . . , gℓ, which does not contain −I. The generating set would also contain
redundant elements if g1, . . . , gℓ are dependent. We, hence, want to have a way
of checking whether they are independent or not. To this end, we consider the
so-called check matrix of a generating set.

Definition 4.3.5. Given a generating set g1, . . . , gℓ of a subgroup of Gn. The
check matrix of the set is the l × 2n matrix whose rows are binary vectors
B(g1), . . . , B(gℓ).

For example, let us consider the generating set consisting of two Pauli oper-
ators Z ⊗X,Z ⊗ I. The check matrix of this set is given in (4.4)

[

0 1 1 0
0 0 1 0

]

. (4.4)

Theorem 4.3.6 gives us a way of checking if a generating set is independent
or not.

Theorem 4.3.6. (Nielsen and Chuang [15]) Given a generating set g1, . . . , gℓ

of Gn such that −I is not an element of 〈g1, . . . , gℓ〉. The generators g1 through
gℓ are independent if and only if the corresponding check matrix is of rank l.

Proof. The check matrix of g1, . . . , gℓ is of rank smaller than l if and only if its
rows are linearly dependent, i.e. there exist a1, . . . , aℓ such that

∑

i aiB(gi) = 0,
and aj 6= 0 for some j. It can be shown that B is in fact a surjective homo-
morphism, and if we ignore global phases in Gn, B would be an isomorphism.
Hence,

∑

i aiB(gi) is equal to 0 if and only if
∏

i g
ai

i = I up to a global phase.
Since −I /∈ S and (±iI)2 = −I, ±iI is not in S neither. Therefore,

∏

i g
ai

i = I,
which implies that gj = g−1

j =
∏

i6=j g
ai

i and thus g1, . . . , gℓ are dependent.
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We notice that determining the rank of a p × q binary matrix can be done
efficiently in O(min{p, q}3) steps.

We now turn to the main question in this section. Given a subgroup S =
〈g1, . . . , gℓ〉 of Gn, where all gi are independent and −I /∈ S, what is the dimen-
sion of VS . We need to gather one more result before giving the solution to the
question.

Proposition 4.3.7. (Nielsen and Chuang [15]) Let S = 〈g1, . . . , gℓ〉 be gen-
erated by l independent generators and satisfy −I /∈ S. Fix a subset E of
{1, . . . , l}. There exists g ∈ Gn such that it anti-commutes with gi for all i ∈ E
and commutes with all gj for j /∈ E.

Proof. Let G be the check matrix of g1, . . . , gℓ. Its rows are linearly independent
by Theorem 4.3.6, and thus there exists a 2n-dimensional vector y such that
Gy = eE, where eE is the ℓ-dimensional vector with 1s in the ith position for all
i ∈ E and 0s elsewhere. Denote by x the vector Λ−1y, so GΛx = eE. Let g be
a Pauli operator such that B(g) = xT . Since GΛx = eE , B(gi)ΛB(g)T = 1 for
all i ∈ E and B(gj)ΛB(g)T = 0 for all j /∈ E. Therefore, by Proposition 4.2.4,
g anti-commutes with gi for all i ∈ E and commutes with all gj for j /∈ E.

We now have all the tools to answer the main question in this section.

Theorem 4.3.8. (Nielsen and Chuang [15]) Let S = 〈g1, . . . , gn−k〉 be generated
by n−k independent and commuting elements from Gn such that −I /∈ S. Then
the stabilized vector space VS of S is of dimension 2k.

Proof. Let x = (x1, . . . , xn−k) be a vector of F
n−k
2 . Define

P x
S =

∏n−k
j=1 (I + (−1)xjgj)

2n−k
.

We notice that since gi, gj commute, so do I + (−1)xigi and I + (−1)xjgj . We
know furthermore that (I + gi)/2 is the projector onto the +1 eigenspace of gi,

hence P
(0,...,0)
S is the projector onto all +1 eigenspaces of g1, . . . , gn−k. In other

words, P
(0,...,0)
S is the projector onto VS . The dimension of P

(0,...,0)
S , hence, is

the dimension of VS

By Proposition 4.3.7, for each x there exists gx such that it anti-commutes
with gi for all i such that xi = 1 and commutes with the other gj . We, hence, get

gx(I + gi) = (I + (−1)xigi)gx for all i ∈ {1, . . . , n− k} and thus gxP
(0,...,0)
S g†x =

P x
S . The dimension of P x

S , therefore, is the same as the dimension of VS .
We notice that for two different binary bits a, b, we always have (I+(−1)agi)(I+

(−1)bgi) = I+(−1)a+bI+((−1)a+(−1)b)gi = 0. For two differences x, y ∈ F
n−k
2 ,

there exists i such that xi 6= yi. Since I + (−1)xigi, I + (−1)xjgj commute for
all i and j, the matrix product P x

S · P
y
S contains (I + (−1)xigi)(I + (−1)yigi)

as a factor. Hence we get to have P x
S · P y

S = 0, which implies that P x
S are the

projectors on orthogonal subspaces.
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The proof is concluded by the following observation,

∑

x∈F
n−k
2

P x
S =

∑

x(n−k−1)∈F
n−k
2

(

P x(n−k−1)0
S + P x(n−k−1)1

S

)

=
∑

x(n−k−1)∈F
n−k
2

P x(n−k−1)

S

. . .

=
∑

x(0)∈F2

P x(0)

S = I

(4.5)

We know that the identity matrix I is a projector onto a 2n-dimensional space,
while the left hand side of Equation (4.5) is a sum over 2n−k orthogonal projec-
tors of the same dimension as the dimension of VS . Hence the dimension of VS

must be 2k. This concludes the proof.

Theorem 4.3.8 tells us that the dimension of the stabilized space VS depends
only on the number of generating elements of S. For our simulation purpose, an
important implication of Theorem 4.3.8 is the following: if S is a subgroup of
Gn and generated by n independent and commuting elements such that −I /∈ S,
then the stabilized space VS is a 1-dimensional space. This space contains only
one pure state |ψ〉 if we ignore an unimportant global phase. |ψ〉 is called a
stabilizer state on n qubits and can be faithfully represented by the stabilizer
S.

As an example, we consider again the stabilizer S = 〈Z ⊗X,Z ⊗ I〉 in G2.
It is easy to check that Z ⊗X,Z ⊗ I are commuting since (Z ⊗X) · (Z ⊗ I) =
(Z · Z) ⊗ (X · I) = (Z ⊗ I) · (Z ⊗X). By Equation (4.3), (|00〉 + |01〉)/

√
2 is

a stabilized state of S. Furthermore, Theorem 4.3.8 implies that S stabilizes a
vector space of dimension 1. We, hence, conclude that (|00〉 + |01〉)/

√
2 is the

stabilizer state of S.
We notice that highly entangled states could be also stabilizer states. For

example, let us consider the maximally entangled 2-qubit state |ψ〉 = (|00〉 +
|11〉)/

√
2. It is easily verified that X ⊗ X,Z ⊗ Z stabilize |ψ〉, and they are

commuting. Hence, 〈X ⊗X,Z ⊗ Z〉 is the stabilizer of the stabilizer state |ψ〉.
In the next section we will study how to use the stabilizer formalism to

simulate quantum circuits with Clifford gates1. In general, we can use the
stabilizer formalism to simulate any quantum circuit. However, if a circuit
contains only Clifford gates, Gottesman [8] showed that the simulation can be
done efficiently.

4.4 Unitary Gates in the Stabilizer Formalism

In this section we consider an n-qubit stabilizer state |ψ〉 of the subgroup S =
〈g1, . . . , gn〉 of Gn, where g1, . . . , gn are independent and commuting, and −I /∈
S. Results from the previous section show that n elements g1, . . . , gn uniquely
determine the state |ψ〉. Suppose that we want to apply an n-qubit unitary gate
U to |ψ〉. We are interested in the questions: Is the resulting state |ψ′〉 = U |ψ〉
a stabilizer state? If so, what is its stabilizer?

1Clifford gates will be introduced in the next section.
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For any element g of S,

|ψ′〉 = U |ψ〉 = Ug|ψ〉 = UgU †U |ψ〉 = UgU †|ψ′〉, (4.6)

and thus the state |ψ′〉 is stabilized by UgU †. This suggests considering the set
S′ = USU † := {UgU † : g ∈ S}. Theorem 4.4.1 lists some properties of this set.

Theorem 4.4.1. The following statements are true:

1. Ug1U
†, . . . , UgnU

† are independent.

2. Ug1U
†, . . . , UgnU

† are commuting.

3. Ug1U
†, . . . , UgnU

† generate S′.

Proof. 1. It is easy to check that the mapping

HU : U(2n)→ U(2n)

g 7→ UgU †,

is an isomorphism. Hence the independence of g1, . . . , gn implies the in-
dependence of Ug1U

†, . . . , UgnU
†.

2. For different i, j, we have (UgiU
†)(UgjU

†) = UgiU
†UgjU

† = UgigjU
†

and also (UgjU
†)(UgiU

†) = UgjgiU
†. Since gi and gj commute, so do

UgiU
† and UgjU

†.

3. It follows from the fact that g1, . . . , gn generate S.

If we assume that all Ug1U
†, . . . , UgnU

† are in Gn, then we can conclude
that |ψ′〉 is a stabilizer state and S′ = 〈Ug1U †, . . . , UgnU

†〉 is its stabilizer. The
assumption would mean that U takes elements of S to elements of Gn under
conjugation. If we consider all subsets S in Gn, then U leaves the groupGn fixed
under conjugation. The set of matrices which leave the group Gn fixed under
conjugation is called the normalizer of Gn, denoted by N(Gn). N(Gn) is also
called the Clifford group, denoted by Cn, for its relationship to the usual Clifford
groups and Clifford algebras ([8]). We will use N(Gn) and Cn interchangeably.
We, hence, have shown the following theorem:

Theorem 4.4.2. Let |ψ〉 be a stabilizer state stabilized by n independent, com-
muting elements g1, . . . , gn from Gn; and U be a Clifford operator in Cn. Ap-
plying U to |ψ〉 will give us a new state |ψ′〉 satisfying the following properties:

1. |ψ′〉 is an n-qubit stabilizer state.

2. S′ = 〈Ug1U †, . . . , UgnU
†〉 is the stabilizer of |ψ′〉.

Gottesman [8] analyzed the structure of the Clifford group Cn. It turns
out that the group can be analytically described by a set of three generating
operators.

Theorem 4.4.3. (Gottesman [8]) The Clifford group Cn is generated by three
gates: Hadamard, Phase and CNOT, in the sense that every operator in Cn can
be decomposed as a (matrix multiplication/tensor) product of gates from these
three kinds of gates.
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For that reason, these three gates are called Clifford gates. For our simulation
purpose, we want to analyze in details how to represent a stabilizer state in the
most efficient way and how to update the representation when performing a
Clifford gate to the state. The next section will study these issues.

4.5 Clifford Gates in the Stabilizer Formalism

In all our later discussion of the stabilizer formalism, we will use the convention
that an n-qubit stabilizer S is described in terms of independent commuting
generators g1, . . . , gn such that −I /∈ S. We want to represent g1, . . . , gn in an
efficient way. Let us consider, for instance, the first generator g1. Suppose that
g1 = α1σx11z11 ⊗ · · · ⊗ σx1nz1n

. The mapping B allows us to represent σx11z11 ⊗
· · · ⊗ σx1nz1n

using its binary representation. For the scalar coefficient α1, we
notice that it can be either 1 or −1. The reason is: suppose that α1 = ±i, we
would get g2

1 = −I. Hence −I ∈ S which contradicts the assumption of S. For
our simulation purpose, if α1 = −1, we set it to 0. We, therefore, can represent
S using its check matrix, plus an additional binary column representing scalar
coefficients of g1, . . . , gn. All entries of the matrix are binary. The matrix looks
like (4.7)









x11 . . . x1n z11 . . . z1n r1
...

. . .
...

...
. . .

...
...

xn1 . . . xnn zn1 . . . znn rn









, (4.7)

where ri represents the scalar coefficient αi. We notice that this representation
is extremely efficient since it contains all binary data. To represent an n-qubit
stabilizer state, we need only n(2n+ 1) bits.

We now turn to the question: how to update the representation of the state
|ψ〉 after applying a Clifford gate U . Since the Clifford group is generated by
the Hadamard, Phase and CNOT gates, it is sufficient to consider only these
three Clifford gates.

4.5.1 Applying the Hadamard Gate

It is easy to check the following equalities:

HXH† = Z;HZH† = X ;HYH† = −Y. (4.8)

As a consequence we have Figure 4.1, listing the transformations of the Pauli
matrices under conjugation by the Hadamard gate. The transformations in the
binary form obey the following rules: (x, z, r) 7→ (x′, z′, r′), where x′ = z, z′ =
x, r′ = r ⊕ (xz).

 Pauli basis Binary Representation 
Input I X Z Y 001 011 101 111 
Ouput I Z X -Y 001 101 011 110 

 

Figure 4.1: Transformations of the Pauli matrices under conjugation by the Hadamard gate.
Binary representations of inputs and outputs are also considered.

We now consider how the generators g1, . . . , gn are changed after performing
H on qubit a. The generator gi = riσxi1zi1 ⊗ · · · ⊗ σxinzin

will be transformed
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to g′i = r′iσxi1zi1 ⊗ · · · ⊗ σx′
ia

z′
ia
⊗ · · · ⊗ σxinzin

, where x′ia = zia, z
′
ia = xia and

r′i = ri ⊕ (xiazia). We, therefore, have Algorithm 4.1 to update the state after
applying the Hadamard gate on qubit a:

Algorithm 4.1 Update the state |ψ〉 after applying the Hadamard gate to qubit
a.

for i = 1 to n do
ri ← ri ⊕ (xiazia);
temp← xia;
xia ← zia;
zia ← temp;

end for

4.5.2 Applying the Phase Gate

It is easy to check the following equalities

PXP † = Y ;PZP † = Z;PY P † = −X. (4.9)

As a consequence we have Figure 4.2, listing the transformations of the Pauli
matrices under conjugation by the Phase gate. The transformations in the
binary form obey the following rules: (x, z, r) 7→ (x′, z′, r′), where z′ = z,
x′ = x⊕ z and r′ = r ⊕ (xz).

 
 Pauli basis Binary Representation 
Input I X Z Y 001 011 101 111 
Ouput I Y Z -X 001 111 101 010 

Figure 4.2: Transformations of the Pauli matrices under conjugation by the Phase gate.
Binary representations of inputs and outputs are also considered.

We now consider how the generators g1, . . . , gn are changed after performing
P on qubit a. The generator gi = riσxi1zi1 ⊗ · · · ⊗ σxinzin

will be transformed
to g′i = r′iσxi1zi1 ⊗ · · · ⊗ σx′

iaz′
ia
⊗ · · · ⊗ σxinzin

, where x′ia = xia ⊕ zia, z
′
ia = zia

and r′i = ri ⊕ (xiazia). We, therefore, have Algorithm 4.2 to update the state
after applying the Phase gate on qubit a:

Algorithm 4.2 Update the state |ψ〉 after applying the Phase gate to qubit a.

for i = 1 to n do
ri ← ri ⊕ (xiazia);
xia ← xia ⊕ zia;

end for

4.5.3 Applying the CNOT Gate

Figure 4.3 lists the transformations of the 2-qubit Pauli operators under con-
jugation by the CNOT gate, where the first qubit is the control qubit and
the second qubit is the target qubit. The transformations in the binary form
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Pauli Basis Binary Form 

Input Output Input 
(x1x2 z1z2r) 

Output 
(x’1x’2 z’1z’2r’) 

II II 00001 00001 
IX IX 01001  01001 
IY ZY 01011 01111 
IZ ZZ 00011 00111 
XI XX 10001 11001 
XX XI 11001 10001 
XY YZ 11011 10111 
XZ -YY 10011 11110 
YI YX 10101 11101 
YX YI 11101 10101 
YY -XZ 11111 10010 
YZ XY 10111 11011 
ZI ZI 00101 00101 
ZX ZX 01101 01101 
ZY IY 01111 01011 
ZZ IZ 00111 00011 

 
Figure 4.3: Transformations of the Pauli matrices under conjugation by the CNOT gate.
We here denote by AB the tensor between A and B. Binary representations of inputs and
outputs are also considered.

obey the following rules ([1]): (x1, x2, z1, z2, r) 7→ (x′1, x
′
2, z

′
1, z

′
2, r

′), where x′1 =
x1, x

′
2 = x1 ⊕ x2, z

′
1 = z1 ⊕ z2, z′2 = z2, r

′ = r ⊕ x1z2(x2 ⊕ z1 ⊕ 1).
We now consider how the generators g1, . . . , gn are changed after performing

CNOT on control qubit a and target qubit b. The generator gi = riσxi1zi1⊗· · ·⊗
σxinzin

will be transformed to g′i = r′iσxi1zi1 ⊗· · ·⊗σx′
iaz′

ia
⊗· · ·⊗σxinzin

, where
x′ia = xia, x

′
ib = xia⊕ xib, z

′
ia = zia⊕ zib, z

′
ib = zib, r

′
i = ri⊕ xiazib(xib ⊕ zia⊕ 1).

We, therefore, have Algorithm 4.3 to update the state after applying the CNOT
gate.

Algorithm 4.3 Update the state |ψ〉 after applying the CNOT gate to control
qubit a and target qubit b.

for i = 1 to n do
ri ← ri ⊕ xiazib(xib ⊕ zia ⊕ 1);
xib ← xia ⊕ xib;
zia ← zia ⊕ zib;

end for

4.6 Measurements in the Stabilizer Formalism

Theorem 4.2.3 tells us that the matrices in Gn are either Hermitian or anti-
Hermitian. The Hermitian matrices can be regarded as projective measure-
ments. For example, the Pauli operator Z = |0〉〈0|+ (−1)|1〉〈1| can be thought
of as a measurement of one qubit in the computational basis with two outcome
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possibilities, 1 and −1. In this section we will consider how these measurements
are performed in the stabilizer formalism.

Let us consider a stabilizer state |ψ〉 with stabilizer 〈g1, . . . , gn〉 and a mea-
surement g ∈ Gn. Since g is Hermitian, g2 = I. Therefore g can only have
two eigenvalues 1 and −1. Let P+ = (I + g)/2. For every |φ〉 from (C2)⊗n,
we have g(P+|φ〉) = g(|φ〉 + g|φ〉)/2 = (g|φ〉 + |φ〉)/2 = P+|φ〉. It follows that
P+ is the projector onto the eigenspace of eigenvalue 1. It is also easy to check
that P− = (I − g)/2 is the projector onto the eigenspace of eigenvalue −1. The
measurement probabilities, hence, are given by

p(+1) = tr

(

I + g

2
|ψ〉〈ψ|

)

,

p(−1) = tr

(

I − g
2
|ψ〉〈ψ|

)

.

We distinguish two cases based on the relationship between g and the generators
g1, . . . , gn.

Case 1: g commutes with all the generators. Since gig|ψ〉 = ggi|ψ〉 = g|ψ〉
for each i = 1, . . . , n, g|ψ〉 is in VS . The 1-dimensional space VS also contains
|ψ〉. Thus g|ψ〉 must be a multiple of |ψ〉. Therefore, g|ψ〉 equals either |ψ〉
or −|ψ〉 since g2 = I. If g|ψ〉 = |ψ〉, then p(+1) = tr

(

|ψ〉〈ψ|
)

= 1 and thus
the measurement gets result 1 with probability one with the post-measurement
state P+|ψ〉 = |ψ〉. The stabilizer, hence, does not change. If g|ψ〉 = −|ψ〉, we
get a similar conclusion: the measurement gets result −1 with probability one
with the post-measurement state −|ψ〉. The stabilizer does not change neither.

Case 2: g anti-commutes with one or more of the generators. Suppose g
anti-commutes with g1. If g anti-commutes with any other generator, say gj

where j > 1, then we replace gj by g′j = g1gj. Since gg′j = gg1gj = −g1ggj =
g1gjg = g′jg, g commutes with g′j . Using this trick, we can assume, without loss
of generality, that g commutes with each of g2, . . . , gn.
Let us compute the probability of observing the outcome 1:

p(+1) = tr

(

I + g

2
g1|ψ〉〈ψ|

)

= tr

(

g1 − g1g
2

|ψ〉〈ψ|
)

= tr

(

g1
I − g

2
|ψ〉〈ψ|

)

= tr

(

I − g
2
|ψ〉〈ψ|g1

)

= tr

(

I − g
2
|ψ〉〈ψ|

)

= p(−1),

where the last equality holds since g1 = g†1 and g1|ψ〉 = |ψ〉. We deduce that
p(+1) = p(−1) = 1/2. If the result 1 occurs, then the post-measurement state
is |ψ+〉 =

√
2P+|ψ〉. Since |ψ+〉 is an +1 eigenvalue of g, we have g|ψ+〉 = |ψ+〉.

For each i = 2, . . . , n, gi|ψ+〉 = (gi + gig)|ψ〉/
√

2 = (I + g)gi|ψ〉/
√

2 = |ψ+〉 and
thus 〈g, g2, . . . , gn〉 is the stabilizer of the state |ψ+〉. Reasoning in the same
way shows that if the result −1 occurs, then 〈−g, g2, . . . , gn〉 is the stabilizer of
the post-measurement state |ψ−〉 =

√
2P−|ψ〉.

For our simulation purpose, we consider the binary representation (4.7) of
the stabilizer state |ψ〉. We also distinguish the two cases. We notice that
checking whether g commutes with a generator gi can be done in O(n) steps by
comparing the symplectic inner product B(g)ΛB(gi)

T to 0.
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Case 1: g commutes with all the generators. We have showed that the gen-
erators did not change. The problem is how to determine if the measurement
outcome is 1 or−1. The outcome is 1 if and only if g|ψ〉 = |ψ〉meaning that g lies
inside the stabilizer 〈g1, . . . , gn〉. Suppose that g = ασx1z1 . . . σxnzn

. g lies inside
the stabilizer 〈g1, . . . , gn〉 if and only if the vector (x1, x2, . . . , xn, z1, z2, . . . , zn, r),
where r = 1 if α = 1 and r = 0 if α = −1, is linearly dependent on n row vectors
of the matrix (4.7). Coppersmith et al. [7] showed that checking this dependency
condition theoretically requires O(n2.376) steps. However, it normally requires
O(n3) steps in practice.

Case 2: g anti-commutes with g1 and commutes with all other generators.
We only need to replace g1 by g (or −g) if the measurement outcome is 1 (or
−1). This requires O(n) steps.

We end this section with the Gottesman-Knill theorem which is essentially
the summary of the results in this section and in the previous one.

Theorem 4.6.1. (Gottesman [8]) Any quantum computer performing only:
Clifford group gates, measurements of Pauli group operators, and Clifford oper-
ations conditioned on classical bits, which may be the results of earlier measure-
ments, can be simulated efficiently on a probabilistic classical computer.

A quantum circuit consisting gates of the above kinds is called a Clifford
circuit. The theorem says that the simulation complexity of a size-T Clifford
circuit is T · O(n3). The only portions of the simulation requiring O(n3) steps
are updates of measurements which commute with all the generators. These
measurements would not take such time if we do not use the measurement
outcome. Aaronson and Gottesman [1] improved this to O(n2). We will study
this improvement in the next section.

4.7 Improved Simulation of Clifford Circuits

Aaronson and Gottesman [1] gave a significant improvement of simulating Clif-
ford circuits by using a more informative binary representation of stabilizer
states. They considered not only the stabilizer generators but also so-called
destabilizer generators, which are Pauli operators that together with the stabi-
lizer generators form a generating set of Gn. Using binary representations of
these generators, we end up with a 2n× (2n+ 1) binary matrix as in (4.10),























x11 . . . x1n z11 . . . z1n r1
...

. . .
...

...
. . .

...
...

xn1 . . . xnn zn1 . . . znn rn
x(n+1)1 . . . x(n+1)n z(n+1)1 . . . z(n+1)n rn+1

...
. . .

...
...

. . .
...

...
x(2n)1 . . . x(2n)n z(2n)1 . . . z(2n)n r2n























, (4.10)

where rows 1 to n represent the destabilizer generators g1, . . . , gn, and rows n+1
to 2n represent the stabilizer generators gn+1, . . . , g2n. For example, we know
that |00〉 is a stabilizer state with stabilizer 〈Z⊗I, I⊗Z〉. Hence Z⊗I, I⊗Z are
the stabilizer generators. We choose X ⊗ I, I ⊗X as the destabilizer generators
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since {Z ⊗ I, I ⊗ Z,X ⊗ I, I ⊗X} together with multiplicative factors ±1,±i
generate the full group Gn. The matrix representing |00〉 is given below









1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0









.

We will generalize this example since it will be used as the standard initial state
of the improved algorithm. Let us consider the n-qubit state |ψ0〉 = |00 . . .0〉.
For each 1-qubit Pauli matrix A, we denote by Ai the n-qubit Pauli matrix
I ⊗ · · · ⊗ A ⊗ I, where A occurs at the ith position. It is easy to check that
{Z1, Z2, . . . , Zn} are the stabilizer generators of |ψ0〉 and {X1, X2, . . . , Xn} are
its destabilizer generators. Let g1 = X1, . . . , gn = Xn; gn+1 = Z1, gn+2 =
Z2, . . . , g2n = Zn. Theorem 4.7.1 lists some properties of these special genera-
tors.

Theorem 4.7.1. The following statements are true for the above generators:

1. g1, . . . , gn commute.

2. For all h ∈ {1, . . . , n}, gh anti-commutes with gh+n.

3. For all i, h ∈ {1, . . . , n} such that i 6= h, gi commutes with gh+n.

Proof. 1. It follows because I and X commute.

2. Since X and Z anti-commute, so do Xh and Zh, i.e. gh and gh+n anti-
commute.

3. Since I,X commute and I, Z commute, so do Xi, Zh for all i 6= h, i.e.
gi, gh+n commute.

4.7.1 Applying the Clifford Gates

Updating the Clifford gates is done using the original updating algorithms (Al-
gorithms 4.1, 4.2, 4.3). The only difference is we need to scan through 2n rows
instead of n rows.

4.7.2 Applying Measurements

For the sake of simplicity, Aaronson and Gottesman introduced a subroutine
called rowsum(h, i), which sets the generator gh equal to gi · gh. We consider
the projective measurement g = Za on qubit a. We still do the same as the
original algorithm. To check the commutativity of g and any stabilizer gn+i,
it is sufficient to look at the ith Pauli matrix of gn+i. If it is either X or Y ,
then gn+1 anti-commutes with g. Otherwise, they are commutative. To do that
checking, we check whether there exists a p ∈ {n+1, . . . , 2n} such that xpa = 1.

Case 1: There does not exist such a p. It means that g commutes with
all the stabilizer generators. We do not need to update the representation. For
determining if the measurement outcome is 1 or −1, Aaronson and Gottesman
used the following procedure: use an additional (2n + 1)th row which is set to
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be identically 0. Call rowsum(2n + 1, i + n) for all i ∈ {1, . . . , n} such that
xia = 1. The measurement outcome will be the final result of r2n+1.

Case 2: Such a p exists. It means that g anti-commutes with some stabilizer
generators. In case g anti-commutes with more than one stabilizer generators,
we can transform it to the situation where g anti-commutes with exactly only
one generator as follows: let p be the smallest such that xpa = 1. For all other
p′, we set gp′ equal to gpgp′ . The analysis in Section 4.6 shows that after the
replacements, g anti-commutes with gp and commutes with all other stabilizer
generators. The two measurement outcomes occur with the same probability.
If the result +1 occurs, we replace gp by g. If the result −1 occurs, we replace
gp by −g. To update the binary representation, we do as follows: first, call
rowsum(i, p) for all i ∈ {1, . . . , 2n} such that i 6= p and xia = 1. Second, for
updating the destabilizer generators, we set entire row p − n equal to row p.
Third, to replace gp by either g or −g, we set row p to be all 0, except zpa = 1
and rp yet to be determined. Flip a coin and decide which the measurement
outcome to occur. If it is 1, set rp = 1. Otherwise, set rp = 0.

4.7.3 Correctness and Complexity of the Improved Simu-

lation

During the course of updating the stabilizer state, some properties of the stabi-
lizer and destabilizer generators are invariant. These are stated in Proposition
4.7.2.

Proposition 4.7.2. (Aaronson and Gottesman [1]) The followings are invari-
ants during the course of the improved simulation.

1. 〈gn+1, . . . , g2n〉 is the stabilizer of the state |ψ〉; and g1, . . . , g2n generate
Gn.

2. g1, . . . , gn commute.

3. For all h ∈ {1, . . . , n}, gh anti-commutes with gh+n.

4. For all i, h ∈ {1, . . . , n} such that i 6= h, gi commutes with gh+n.

The correctness of the updates of the Clifford gates follows immediately from
the analysis in Section 4.5. For the measurement’s update, Case 2 has no differ-
ence from the original case. We need to analyze Case 1. The measurement Za

commutes with all the stabilizer generators. It follows that either Za or −Za lies
in the stabilizer, i.e. one of them can be generated by gn+1, . . . , g2n. Therefore,
there exist unique binary coefficients c1, . . . , cn such that either

∏n
h=1 g

ch

h+n = Za

or
∏n

h=1 g
ch

h+n = −Za. By multiplying all gh+n with ch = 1, the phase of the
result will tell us the outcome: a positive phase implies the outcome to be 1, a
negative phase implies the outcome to be−1.

Both
∏n

h=1 g
ch

h+n = Za and
∏n

h=1 g
ch

h+n = −Za imply that ⊕n
h=1chB(gh+n) =

B(Za). For each i ∈ {1, . . . , n}, Proposition 4.7.2 shows that gi anti-commutes
with gi+n and commutes with all gh+n for h ∈ {1, . . . , n} such that h 6= i.
By Proposition 4.2.4, we get B(gi)ΛB(gi+n)T = 1 and B(gi)ΛB(gh+n)T = 0.
Hence

ci = ⊕n
h=1

(

chB(gi)ΛB(gh+n)T
)

= B(gi)Λ
(

⊕n
h=1chB(gh+n)T

)

= B(gi)ΛB(Za)T ,
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which is 1 if and only gi anti-commutes with Za, i.e. xia = 1. Therefore,
whenever xia = 1 for i ∈ {1, . . . , n}, rowsum(2n + 1, i+ n) needs to be called.
And the final phase r2n+1 indeed tells us whether the outcome 1 or −1 occurs.

The procedure performed in Case 1 scans through the first n rows of the
representation matrix and performs a rowsum if necessary. A rowsum costs
O(n) steps. The procedure, hence, costs us O(n2) steps.

4.8 The Power of The Clifford Gates

We have shown that Clifford circuits can be simulated efficiently in classical
computers. How big is the class of Clifford circuits in quantum computation?
Nebe et al. in [14] showed that the set of Clifford gates together with any other
one-qubit gate, which is not in the Clifford group, is a universal set for quantum
computation. For example, the set consisting of the CNOT, Hadamard, Phase
and π/8 gates is a quantumly universal set. Buhrman et al. in [5] gave another
property about the power of the Clifford gates by showing that probabilistic
mixtures of Clifford gates can simulate arbitrary one-qubit gates with depolar-
izing noise θ = (6− 2

√
2)/7 ≈ 45%. By depolarizing noise p, we mean if a state

undergoes this noise, then with probability 1 − p the state is not affected and
with probability p the state is replaced with the completely mixed state. Adding
one-qubit gates with depolarizing noise θ, hence, will not change the power of
the set of Clifford gates.

4.9 Summary

In this chapter, we considered the stabilizer formalism, first introduced by
Gottesman [8]. The formalism uses subgroups of the Pauli group Gn to repre-
sent quantum states. A quantum state is called a stabilizer state if there exist
n independent commuting Pauli generators of which the state is a common +1
eigenvector. Updating unitary gates to the state is done by keeping track of the
Pauli generators. This can be done efficiently as long as unitary gates are in
the Clifford group Cn, which is the normalizer of Gn. The measurement of an
observable g in Gn can also be simulated in O(n3) steps, which was improved by
Aaronson and Gottesman [1] to O(n2). We also noticed that the representation
of a stabilizer state using the binary check matrix is very efficient since all data
is binary. The space for storing data required in the original algorithm and the
improved algorithms was n(2n+ 1) and (2n+ 1)2 bits, respectively.
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The Matchgate Formalism

5.1 Introduction

The matchgate concept was first introduced by Valiant in [20] as a tool to
simulate a class of quantum circuits. The concept, since then, has been studied
by many other authors focusing on two main directions: one is about classical
simulation of quantum computing, which is the main concern of the current
chapter; the other direction is about holographic algorithms (cf. [21]), which
are in fact inspired by the quantum computational model. Valiant constructed
matchgates by using the so-called Pfaffian and Pfaffian sum concepts in graph
theory. For further details of this contruction, we refer to the paper [6] of Cai,
Choudhary and Lu.

After the work of Valiant, Knill [12] and Terhal et al. [19] realized a re-
markable connection between matchgates and Fermionic quantum computation
(cf. [4]). It turned out that matchgates can be expressed using the language
of Fermions and Valiant’s results can be reproved in this setting. Recently,
Jozsa et al. [11] gave a different way of simulating circuits consisting of match-
gates by using a very smart trick for evaluating the probability distribution of
a single-qubit measurement’s outcome.

In this chapter, we will study the matchgates and matchcircuits, which
are constructed from matchgates, from the point of view of the language of
Fermionic quantum computation. We, therefore, will not mention definitions of
matchgates and matchcircuits from the graph theory point of view. Instead, we
will define matchgates as matrices with specific properties. In the next section,
we will introduce some notation in the area of Fermionic quantum computation.
We will provide some simple examples of matchgates and their properties in
Section 5.3. In Section 5.4, we study the simulation of quantum circuits con-
sisting of Gaussian operations. Section 5.5 is devoted to explaining the relation
between matchgates and Gaussian operations. In Section 5.6, we will show the
universality of matchgates acting on at most next-nearest-neighbor (n.n.n. )
qubits. We compare the matchgate formalism with the matrix product formal-
ism and the stabilizer formalism in Section 5.7. This chapter is mainly based
on [11, 19].
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5.2 Notation

In this chapter, we shall consider 4 × 4 matrices of G(A,B) form (cf. [19]) as
follows:

G(A,B) =









a11 0 0 a12

0 b11 b12 0
0 b21 b12 0
a21 0 0 a22









, (5.1)

where

A =

(

a11 a12

a21 a22

)

, B =

(

b11 b12
b21 b22

)

,

Let us consider the action of G(A,B) on a 2-qubit state |ψ〉 = c00|00〉+c01|01〉+
c10|10〉+c11|11〉. The resulting state is |ψ′〉 = c′00|00〉+c′01|01〉+c′10|10〉+c′11|11〉
where

(

c′00
c′11

)

= A ·
(

c00
c11

)

,

(

c′01
c′10

)

= B ·
(

c01
c10

)

.

The action of G(A,B), therefore, amounts to A acting on the even-parity sub-
space and B acting on the odd-parity subspace of the space of 2-qubit states.
Thus G(A,B) preserves both the even and odd parity subspaces.

Let us denote by U(2) the group of 2×2 unitary matrices and by SU(2) the
group of 2× 2 unitary matrices of determinant 1. A G(A,B) matrix with both
A,B in U(2) with the same determinant is called a matchgate matrix. For the
relation between matchgate matrices and graph-theoretical matchgates defined
by Valiant in [20], we will use a theorem in Cai et al. [6] to prove that every
matchgate matrix can be realized by a graph-theoretical matchgate.

Theorem 5.2.1. (Cai, Choudhary and Lu [6]) Consider a 4×4 complex matrix
U . Denote by D(ij, kl) the determinant of the 2 × 2 submatrix of B consisting
of rows i and j, and columns k and l, i.e. D(ij, kl) = uikujl− uilujk. Matrix U
can be realized by a graph-theoretical matchgate if and only if the following 10
identities hold:

D(14, 14) = D(23, 23), D(24, 14) = D(24, 23),
D(34, 14) = D(34, 23), D(14, 34) = D(23, 34),
D(14, 24) = D(23, 24), D(12, 14) = D(12, 23),
D(13, 14) = D(13, 23), D(14, 12) = D(23, 12),
D(14, 13) = D(23, 13), D(14, 23) = D(23, 14).

(5.2)

For the G(A,B) matrices, except for the first identity, the other 9 identities
in (5.2) are easily verified since both determinants in any of these identities
are 0. The first identity requires that det(A) = det(B), which holds for all
matchgate matrices. Therefore, all the matchgate matrices can be thought as
graph-theoretical matchgates. From now on, we restrict our attention to the
matchgate matrices only. For the sake of simplicity, we call them matchgates.

In this chapter, we shall use the language of Fermionic quantum computa-
tion. To this end, we shall briefly introduce some related definitions. For more
details, [4, 16] provide overviews about Fermionic quantum computation and its
connection with the standard model of quantum computation. Things related
to Fermions can be expressed in terms of annihilation and creation operators,
denoted as aj , a

†
j for j = 1, . . . , n.
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Definition 5.2.2. (Bravyi and Kitaev [4]) In the n-qubit system, the annihila-
tion operator aj acts on basis vectors as follows:

aj|i1 . . . ij−11ij+1 . . . in〉 = (−1)
Pj−1

k=1 ik |i1 . . . ij−10ij+1 . . . in〉,
aj|i1 . . . ij−10ij+1 . . . in〉 = 0,

and the creation operator a†j is the conjugate transpose of aj and acts on basis
vectors as follows:

a†j|i1 . . . ij−10ij+1 . . . in〉 = (−1)
Pj−1

k=1 ik |i1 . . . ij−11ij+1 . . . in〉,
a†j|i1 . . . ij−11ij+1 . . . in〉 = 0.

The annihilation and creation operators satisfy the anti-commutation rules:

{aj , ak} = {a†j , a
†
k} = 0, {aj , a

†
k} = δjkI (5.3)

for all j, k ∈ {1, . . . , n}, where we recall that {A,B} = AB + BA denotes the
anti-commutator between A and B.

Given a set of annihilation and creation operators aj , a
†
j , for j = 1, . . . , n, let

us consider the following 2n operators:

c2j−1 = aj + a†j , c2j = (aj − a†j)/i, (5.4)

for j = 1, . . . , n. The operators cj are called Majorana Fermionic operators

[4, 11]. It is easy to verify that c†2j−1 = c2j−1 and c†2j = −(a†j − aj)/i =
c2j . Hence, all cj are Hermitian. The following Proposition shows the anti-
commutation property of cj .

Proposition 5.2.3. Operators cj satisfy the anti-commutation relation,

{cj, ck} = 2δjkI, (5.5)

for all j, k ∈ {1, . . . , 2n}.

Proof. We consider the following 4 cases:
Case 1: j, k are both even. Suppose that j = 2j′, k = 2k′. We have

{c2j′ , c2k′} = −{aj′ − a†j′ , ak′ − a†k′}

= −
(

{aj′ , ak′}+ {a†j′ , a
†
k′} − {aj′ , a

†
k′} − {a†j′ , ak′}

)

= {aj′ , a
†
k′}+ {a†j′ , ak′}

= 2δj′k′I = 2δjkI.

Case 2: j, k are both odd. Suppose that j = 2j′ − 1, k = 2k′ − 1. We also
have

{c2j′−1, c2k′−1} = {aj′ + a†j′ , ak′ + a†k′}
= {aj′ , ak′}+ {a†j′ , a

†
k′}+ {aj′ , a

†
k′}+ {a†j′ , ak′}

= {aj′ , a
†
k′}+ {a†j′ , ak′}

= 2δj′k′I = 2δjkI.
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Case 3: j is even and k is odd. Suppose that j = 2j′, k = 2k′ − 1. We have

{c2j′ , c2k′−1} = −i{aj′ − a†j′ , ak′ + a†k′}

= −i
(

{aj′ , ak′} − {a†j′ , a
†
k′}+ {aj′ , a

†
k′} − {a†j′ , ak′}

)

= −i
(

{aj′ , a
†
k′} − {a†j′ , ak′}

)

= −i
(

δj′k′I − δj′k′I
)

= 0 = δjkI.

Case 4: j is odd and k is even. This case is similar to Case 3.

We are mainly interested in such operators cj in this text. In fact, Jozsa
et al. [11] gave a direct definition of them without using the Fermion language.
They were defined as 2n Hermitian operators satisfying the anti-commutation
relation in (5.5).

Given 2n Majorana Fermionic operators cj , we will consider only quadratic
Hamiltonians of the following form:

H = i

2n
∑

j 6=k;j,k=1

hjkcjck, (5.6)

where h = (hjk) is a 2n× 2n matrix of coefficients, which is chosen to be a real
skew-symmetric matrix, i.e. hjk = −hkj . This choice is to guarantee that H is
Hermitian. To see that, we compute H†

H† = −i
2n
∑

j 6=k;j,k=1

hjk(cjck)† = −i
2n
∑

j 6=k;j,k=1

hjkc
†
kc

†
j = i

2n
∑

j 6=k;j,k=1

hkjckcj = H.

Definition 5.2.4. A unitary operation U is called a Gaussian operation if U
can be written as eiH , where H is a quadratic Hamiltonian of the above type.

By eA, we mean the exponential of square matrix A, which is defined by the
power series

I +
A

1!
+
A2

2!
+ · · ·+ An

n!
+ . . .

We refer to Theorem 1.4.1 in Section 1.4.2 for more properties of the exponential
of matrices.

In showing the relation between matchgates and Gaussian operations, we
will focus on the Majorana Fermionic operators constructed from the so-called
Jordan-Wigner representation. In this representation, the Majorana Fermionic
operators will be

c1 = X ⊗ I ⊗ · · · ⊗ I, . . . c2k−1 = Z ⊗ · · · ⊗ Z ⊗X ⊗ I ⊗ · · · ⊗ I,
c2 = Y ⊗ I ⊗ · · · ⊗ I, . . . c2k = Z ⊗ · · · ⊗ Z ⊗ Y ⊗ I ⊗ · · · ⊗ I (5.7)

for all k = 1, . . . , n, where in c2k−1 and c2k Pauli matrices X and Y occur at
the kth position. In the Jordan-Wigner representation, we can also explicitly
express the annihilation and creation operators as follows:

aj =
c2j−1 + ic2j

2
= Z ⊗ · · · ⊗ Z ⊗X− ⊗ I ⊗ · · · ⊗ I,

a†j =
c2j−1 − ic2j

2
= Z ⊗ · · · ⊗ Z ⊗X+ ⊗ I ⊗ · · · ⊗ I,

(5.8)
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where X− = |0〉〈1|, X+ = |1〉〈0|. This definition of aj , a
†
j is called the Jordan-

Wigner transform [16], which is the bridge between the Fermionic quantum
computation model and the standard quantum computation model.

We now have all necessary notation for this chapter. The next section will
provide more details about matchgates.

5.3 Some Properties of Matchgates

To study properties of matchgates, we first transform matchgates G(A,B) to a
simpler form, namely the direct sum form A⊕B. To this end, we consider the
basis transformation based on the following matrix

T =









1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0









.

Under this transformation, we have: |00〉 7→ |00〉; |01〉 7→ |10〉; |10〉 7→ |11〉; |11〉 7→
|01〉. Therefore, the G(A,B) mapping will preserve the two subspaces spanned
by {|00〉, |01〉} and {|10〉, |11〉} in the new basis. The matrix corresponding to
the mapping in the new basis, hence, will be A ⊕ B and we have G(A,B) =
T (A⊕B)T−1.

Theorem 5.3.1. The following statements are true:

1. G(A,B)G(A′, B′) = G(AA′, BB′).

2. If both A,B are invertible, then so is G(A,B); and G(A,B)−1 = G(A−1, B−1).

3. Let HA, HB denote the Hamiltonians corresponding to A,B, respectively,
i.e. A = eiHA , B = eiHB . Then the Hamiltonian of G(A,B) is G(HA, HB).

Proof. 1. We have

G(A,B)G(A′, B′) =
(

T (A⊕B)T−1
)(

T (A′ ⊕B′)T−1
)

= T (A⊕B)(A′ ⊕B′)T−1

= T
(

(AA′)⊕ (BB′)
)

T−1

= G(AA′, BB′).

2. This follows immediately from statement 1 above.

3. Let us consider the power series representing eiG(Ha,HB):

eiG(Ha,HB) =

∞
∑

n=0

inG(HA, HB)n

n!
.
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By statement 1 above, we have G(HA, HB)n = G((HA)n, (HB)n). Hence,

eiG(HA,HB) =

∞
∑

n=0

inG((HA)n, (HB)n)

n!

=

∞
∑

n=0

G(
in(HA)n

n!
,
in(HB)n)

n!

= G





∞
∑

n=0

(iHA)n

n!
,

∞
∑

n=0

(iHB)n

n!





= G(eiHA , eiHB ) = G(A,B).

To illustrate these concepts, we now consider some simple matchgates, the
matrices and the circuits corresponding to them.

G(X,X) equals








0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0









= X ⊗X,

which is realized by the circuit in Figure 5.1.

Figure 5.1: The circuit realizing the gate G(X, X)

G(Z,X) equals









1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1









= G(Z, I)G(I,X) = CZ · SWAP,

where CZ denotes the controlled-Z gate, and SWAP denotes the swap gate. Note
that neither CZ nor SWAP is a matchgate since det(Z) = det(X) = −1 6= det(I).
G(Z,X) is realized by the circuit in Figure 5.2, where the first gate denotes the
SWAP gate, the second gate denotes the CZ gate.

Figure 5.2: The circuit realizing the gate G(Z, X)
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G(H,H) equals

1√
2









1 0 0 1
0 1 1 0
0 1 −1 0
1 0 0 −1









,

which is realized by the circuit in Figure 5.3.

Figure 5.3: The circuit realizing the gate G(H, H)

G(X,Z) equals








0 0 0 1
0 1 0 0
0 0 −1 0
1 0 0 0









= G(X, I)G(I, Z),

which is realized by the circuit in Figure 5.4.

Figure 5.4: The circuit realizes the gate G(X, Z)

G(Z,Z) equals








1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









= G(I, Z)G(Z, I),

which is realized by the circuit in Figure 5.5.

Figure 5.5: The circuit realizing the gate G(Z, Z)

5.4 Simulation of Quantum Circuits of Gaussian

operations

We start by considering actions of Gaussian operations under conjugation to
Majorana Fermionic operators cj . It turns out that the resulting operators lie
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inside the 2n-dimensional space spanned by c1, . . . , c2n.

Theorem 5.4.1. (Terhal and DiVincenzo [19], Jozsa and Miyake [11]) Let
H be any quadratic Hamiltonian and U = eiH be the corresponding Gaussian
operation. Then for all j = 1, . . . , 2n, we have

U †cjU =

2n
∑

k=1

Rjkck, (5.9)

where the matrix R = e4h is a matrix in SO(2n).

Proof. Let us consider the function U(t) = eiHt of real variable t, and the
function cj(t) = U(t)cjU(t)†. We know that U(t)† = e−iHt. We recall that if
A is a matrix and f(t) = eAt is a function of real variable t, then df(t)/dt =
Af(t) = f(t)A. We now can compute the derivative of cj(t) with respect to t:

dcj(t)

dt
=
dU(t)

dt
cjU(t)† + U(t)cj

dU(t)†

dt

= U(t)(iH)cjU(t)† + U(t)cj(−iH)U(t)†

= iU(t)(Hcj − cjH)U(t)† = iU(t)[H, cj ]U(t)†,

(5.10)

where [A,B] = AB −BA denotes the commutator of matrices A,B.
For distinct k and p, if j 6= k, p, then [ckcp, cj ] = ckcpcj − cjckcp = 0 since

these three operators anti-commute. We also have [ckcp, ck] = ckcpck−ckckcp =
−2cp and [ckcp, cp] = ckcpcp − cpckcp = 2ck. Therefore, [H, cj ] equals

i

2n
∑

k 6=p;k,p=1

hkp[ckcp, cj ] = i

2n
∑

p6=j;p=1

hjp[cjcp, cj] + i

2n
∑

k 6=j;k=1

hkj [ckcj , cj]

= i

2n
∑

p6=j;p=1

hjp(−2cp) + i

2n
∑

k 6=j;k=1

hkj(2ck)

= −2i
2n
∑

p=1

hjpcp − 2i
2n
∑

k 6=j;k=1

hjkck

= −4i

2n
∑

p=1

hjpcp.

(5.11)

We have used the fact that hkj = −hjk and hjj = 0 for all j, k ∈ {1, . . . , 2n}.
Substituting the result of (5.11) into (5.10) gives us

dcj(t)

dt
= 4

2n
∑

p=1

hjpU(t)cpU(t)† = 4

2n
∑

p=1

hjpcp(t). (5.12)

Consider the length-2n column vector C(t) whose jth entry is cj(t). (5.12)

is equivalent to the differential equation dC(t)
dt = 4h · C(t), whose solution is

C(t) = e4htC(0). Hence, cj(t) =
∑2n

p=1Rjp(t)cp, where R = e4ht. Setting t = 1
gives us (5.9).

To see why R = e4h lies in SO(2n), we notice that RT = e4hT

= e−4h and
RRT = e4he−4h = I, and by Theorem 1.4.1, det(R) = etr(4h) = e0 = 1.
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(5.9) is very crucial for our later study of simulation of quantum circuits.
Matrix U itself might require an exponential number of coefficients when ex-
pressed in terms of c1, . . . , c2n and their products. However, the action of U
under conjugation to operators cj can described by keeping track of only the
2n× 2n coefficient matrix h.

Let us consider a size-m circuit C consisting of Gaussian gates only with
the following chronological order: U1, . . . , Um, and an initial state |ψin〉. The
outcome state will be |ψout〉 = Ũ |ψin〉, where Ũ = Um · · ·U1. We consider
applying measurements to the outcome state. Since cj are Hermitian, they can
be regarded as observables. The expectation of the outcome is

E
(

cj
)

= 〈ψout|cj |ψout〉 = 〈ψin|Ũ †cjŨ |ψin〉. (5.13)

Applying (5.9) gives us

Ũ †cjŨ =

2n
∑

k=1

R
(m)
jk U †

1 . . . U
†
m−1ckUm−1 . . . U1

=
2n
∑

k=1

R
(m)
jk





2n
∑

p=1

R
(m−1)
kp U †

1 . . . U
†
m−2cpUm−2 . . . U1



 ,

(5.14)

where R(m), R(m−1) denote the matrices corresponding to the actions of Um and
Um−1, respectively. We, furthermore, denote by R(m,m−1) the matrix product
of R(m) and R(m−1). (5.14) becomes

Ũ †cjŨ =

2n
∑

p=1

R
(m,m−1)
jp U †

1 . . . U
†
m−2cpUm−2 . . . U1 (5.15)

Repeating this computation m− 1 times brings us to

Ũ †cjŨ =
2n
∑

s=1

R̃jscs, (5.16)

where R̃ = R(m) ·R(m−1) · · ·R(1). Computing R̃ can be done in m ·O(n3) steps.
Substituting (5.16) into (5.13) gives

E
(

cj
)

=

2n
∑

s=1

R̃js〈ψin|cs|ψin〉. (5.17)

We now switch our attention to the Majorana Fermionic operators in the
Jordan-Wigner representation. Each cs is expressed as a tensor product of

Pauli matrices P
(s)
1 ⊗ P (s)

2 ⊗ · · · ⊗ P (s)
n . If we assume, furthermore, that the

initial state |ψin〉 is a product state, namely |ψin〉 = |ψ1〉|ψ2〉 . . . |ψn〉, then

E
(

cj
)

=

2n
∑

s=1

R̃js





n
∏

k=1

〈ψk|P (s)
k |ψk〉



 , (5.18)

which can be done in O(n2) steps.
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Let us consider the observable Z(r), i.e. the 1-qubit observable Z applied to
the rth qubit. In the Jordan-Wigner representation, we have Z(r) = −ic2r−1c2r.
Let p0 and p1 denote the probabilities of observing 0 and 1, respectively. We
know that p0 + p1 = 1 and, moreover,

p0 − p1 = E
(

Z(r)
)

= 〈ψin|Ũ †(−ic2r−1c2r)Ũ |ψin〉

= −i〈ψin|
(

Ũ †c2r−1Ũ
)(

Ũ †c2rŨ
)

|ψin〉
(5.19)

Substituting (5.16) into (5.19) gives us

p0 − p1 =

2n
∑

s,p=1

R̃2r−1,sR̃2r,p〈ψin|c2r−1c2r|ψin〉

=

2n
∑

s,p=1

R̃2r−1,sR̃2r,p





n
∏

k=1

〈ψk|P (2r−1)
k P

(2r)
k |ψk〉



 ,

(5.20)

which can be computed in O(n3) steps. The probability distribution {po, p1},
hence, can be computed in m ·O(n3) steps. We have just proved the following
theorem.

Theorem 5.4.2. (Jozsa and Miyake [11]) Consider a class of poly-sized quan-
tum circuits each of which contains Gaussian operations such that

• The input state is a product state.

• The output is a final measurement’s outcome in the computational basis
on any single qubit line.

Then the probability distribution of the measurement outcome can be computed
in m · O(n3) steps, where m is the number of Gaussian gates, and n is the
number of qubits in the circuit.

5.5 Relation between Gaussian Operations and

Matchgates

Gaussian operations are defined in terms of quadratic Hamiltonians. Surpris-
ingly, there is a close relation between Gaussian operations and matchgates. In
this section, we will consider this relation and show that matchgates are in fact
special cases of Gaussian operations in the Jordan-Wigner representation.

Theorem 5.5.1. (Jozsa and Miyake [11]) The set of matchgates acting on
nearest-neighbor (n.n.) qubits is contained in the set of Gaussian operations in
the Jordan-Wigner representation.

Proof. We consider Gaussian operations acting on qubits 1 and 2. There are
four Fermionic operators involved, which are c1, c2, c3 and c4. Corresponding
Hamiltonians will be linear combinations (with real coefficients) of the following
6 terms:

ic1c2 = −Z ⊗ I ic2c3 = −X ⊗X
ic1c3 = Y ⊗X ic2c4 = −X ⊗ Y
ic1c4 = Y ⊗ Y ic3c4 = −I ⊗ Z

(5.21)
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Let S denote the set of these Hamiltonians. Then {eiH : H ∈ S} is the set
of Gaussian operations acting on qubits 1 and 2.

Let H denote the set of 2 × 2 Hermitian traceless matrices. Consider T =
{G(X,Y ) : X,Y ∈ H}. We know that for every A ∈ SU(2), there exists an
Hamiltonian HA such that A = eiHA and HA is Hermitian. The condition
det(A) = 1 requires that HA is traceless. Suppose we have an HA ∈ H, then
A = eiHA will be in SU(2). We now consider a matchgate G(A,B) with A,B ∈
SU(2), and suppose that HA, HB ∈ H are Hamiltonians of A,B, respectively.
Theorem 5.3.1 implies that G(HA, HB) is the Hamiltonian of G(A,B). Hence,
the Hamiltonian of G(A,B) lies in T . Conversely, consider an element G(X,Y )
in T . By Theorem 5.3.1 we know that eiG(X,Y ) equals G(eiX , eiY ), which is
a matchgate since both eiX , eiY are in SU(2). We have shown that the set
{eiH : H ∈ T } is exactly the set of matchgates G(A,B).

We are going to prove that S = T , which implies that the set of the match-
gates G(A,B) equals the set of Gaussian operations acting on qubits 1 and 2.
It is easy to see that the action of Z to a state does not change its parity, while
the action of each of X,Y to a state adds 1 to its parity, i.e. flips the parity of
the state. Therefore, c1c2 and c3c4 preserve the even and odd parity subspaces.
So do the rest of the terms in (5.21) since each of them consists of two operators
that both flip the parity of the state that they are applied to. We can also easily
verify that all six operators in (5.21) are traceless. We remember, furthermore,
that Hamiltonians in S are always Hermitian. Therefore, S ⊆ T .

We can view S as a linear space of dimension 6 since it can be easily shown
that c1c2, c1c3, c1c4, c2c3, c2c4, c3c4 are linearly independent. Let us consider the
following 6 matrices









0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0









,









0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0









,









1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1









,









0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0









,









0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0









,









0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0









.

(5.22)

Linear combinations with real coefficients will generate the entire set T . There-
fore, T has dimension at most 6. We have already shown that T contains S
which is of dimension 6. We conclude that S = T .

If matchgates G(A,B) act on qubits i and i + 1, we consider Fermionic
operators c2i−1, c2i, c2i+1, c2i+2. The same reasoning as above proves that this
set of matchgates is equal to the set of Gaussian operations acting on only qubits
i and i+ 1. This concludes the proof.

By Theorems 5.4.2 and 5.5.1, we have already proved the following theorem:

Theorem 5.5.2. (Valiant [20], Terhal and DiVincenzo [19]) Consider a class
of poly-sized quantum circuits each of which contains only matchgates such that

• The matchgates act on n.n. qubit lines only.

• The input state is a product state.
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• The output is a final measurement’s outcome in the computational basis
on any single qubit line.

Then the probability distribution of the measurement outcome can be computed
in polynomial time.

We call circuits consisting of only matchgates matchcircuits and call the
circuits mentioned in Theorem 5.5.2 n.n. matchcircuits. Theorem 5.5.2 says
that the outcome of a single-qubit measurement in the computational basis at
the end of an n.n. matchcircuit can be classically simulated. Note that the
circuits mentioned in the theorem have gates acting only on n.n. qubits. The
n.n. condition is crucial since matchgates not restricted to act on n.n. qubits are
quantumly universal. This statement will be proved in the next section.

5.6 The Power of Matchgates

Jozsa et al. proved a surprising result, which showed that the set of n.n. match-
gates and n.n.n. matchgates is quantumly universal. By next n.n.n. matchgates,
we mean matchgates acting on qubits at distance 2. It implies that the set of
n.n. matchgates and the SWAP gate is also quantumly universal. We see that,
within the matchgate formalism, the SWAP gate is the key difference between
classical computing and quantum computing.

Theorem 5.6.1. (Jozsa and Miyake [11]) Let Cn be any family of quantum
circuits with output given by a Z basis measurement on the first line. Then Cn

can be simulated by a circuit of matchgates acting on n.n. or next n.n. qubits
with at most a constant increase in the size of the circuit.

Proof. It is well-known that the CZ gate together with 1-qubit gates form a
quantumly universal set. Hence, given any quantum circuit, we can approximate
it by a circuit consisting of CZ gates and 1-qubit gates. Since the SWAP gate
can be obtained from a sequence of three CNOT gates and each CNOT gate can
be obtained from one CZ gate and two Hadamard gates, i.e. (I ⊗H)CZ(I ⊗H),
the SWAP gate can be obtained from a sequence of CZ gates and 1-qubit gates.
Therefore, we can approximate the given circuit by a circuit C consisting of n.n.
interacting CZ gates and 1-qubit gates.

For each qubit line in the circuit C, we replace it by four qubit lines and
encode the original basis states |0〉 and |1〉 as logical states |0l〉 = |0000〉 and
|1l〉 = |1001〉. We also need to replace gates in C by encoded gates in the new
circuit C′.

Suppose there is a 1-qubit gate A acting on the first qubit line of C. Let us
consider the following sequence of n.n. matchgates: G(Z,X)12G(Z,X)34G(A,A)23
G(Z,X)12G(Z,X)34 acting on the first four qubit lines of C′ as depicted in Fig-
ure 5.6, where notation G(., .)ij means the gate G(., .) is applied to qubit lines
i and j.

By Theorem 5.3.1 we have G(Z,X) = G(Z, I)G(I,X) = CZ · SWAP. Now
suppose |ψin〉 = α|0000〉+β|1001〉 is the initial state, which is the encoded state
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Figure 5.6: The circuit realizing the encoded gate of the gate A.

of α|0〉+ β|1〉. The evolution of |ψin〉 through the circuit is as follows

|ψin〉
G(Z,X)12−→ α|0000〉+ β|0101〉
G(Z,X)34−→ α|0000〉+ β|0110〉 = |0〉(α|00〉+ β|11〉)|0〉
G(A,A)23−→ |0〉

(

(a11α+ a12β)|00〉+ (a21α+ a22β)|11〉
)

|0〉
= (a11α+ a12β)|0000〉+ (a21α+ a22β)|0110〉

G(Z,X)12−→ (a11α+ a12β)|0000〉+ (a21α+ a22β)|1010〉
G(Z,X)34−→ (a11α+ a12β)|0000〉+ (a21α+ a22β)|1001〉

where a11, a12, a21, a22 are the elements of A. Therefore, the circuit in Figure
5.6 is the encoded gate of the gate A.

We now consider the n.n. CZ gates in C. Suppose there is an n.n CZ gate
acting on qubit lines 1 and 2. Its actions on the basis states are as follows:
|00〉 7→ |00〉, |01〉 7→ |01〉, |10〉 7→ |10〉, |11〉 7→ −|11〉. On the logical states, we
must have

|0000〉|0000〉 7→ |0000〉|0000〉,
|0000〉|1001〉 7→ |0000〉|1001〉,
|1001〉|0000〉 7→ |1001〉|0000〉,
|1001〉|1001〉 7→ −|1001〉|1001〉,

(5.23)

which can be achieved by applying a CZ gate on encoded qubit lines 4 and 5.
By Theorem 5.3.1, we have CZ = G(Z, I) = G(H,H)G(X, I)G(H,H) since

Z = HXH, I = HIH . Furthermore, CZ = G(H,H)G(X,X)G(I,X)G(H,H).
Except forG(I,X), all other gates are matchgates. In fact, G(I,X) is the SWAP
gate. So we have decomposed the CZ gate into a sequence of 3 matchgates and
one SWAP gate.

We have shown that: if a 1-qubit A occurs in qubit i of the circuit C,
then the encoded gate will consist of 5 n.n. matchgates acting on qubit lines
4i− 3, 4i− 2, 4i− 1, 4i of the circuit C′. If an n.n. matchgate occurs on qubit
lines i, i + 1 of the circuits C, then the encoded gate will consist of 3 n.n.
matchgates and one SWAP gate, which all act on qubit lines 4i, 4i + 1 of C′.
This SWAP gate can be interpreted as swapping the two qubit lines 4i and 4i+1.
These swappings, however, never move one qubit line more than one position
from its original position. Therefore, each matchgate on C′ acts on qubit lines
of at most distance 2. This concludes the proof.
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5.7 Comparison of the Matchgate, Matrix Prod-

uct, Contracting Tensor Network and Stabi-

lizer Formalisms

5.7.1 The Matchgate Formalism and the Matrix Product

Formalism

We recall that the main result in the matrix product formalism says that quan-
tum states with bounded entanglement in the sense of the Schmidt rank can
be efficiently described and any circuit that does not produce highly entangled
states from a given input state can be classically simulated. We ask the question:
can matchcircuits produce highly entangled states from a given input? The an-
swer is yes, and there even exist matchcircuits consisting of only n.n. matchgates
that can produce maximally entangled states. This result shows that the class
of n.n. matchcircuits is not included in the class of quantum circuits simulable
by using the matrix product formalism. Conversely, we easily see that there is
no restriction on the gates used in the matrix product formalism. Hence, the
class of quantum circuits simulable by using the matrix product formalism is
not included in the class of n.n. matchcircuits neither.

Theorem 5.7.1. For any integer n, there exists an n.n. matchcircuit that out-
puts a state of Schmidt rank 2⌊n/2⌋ from the input state |0〉⊗n.

Proof. It is sufficient to consider the theorem in case n is even, namely n =
2k, and show that there exists an n.n. matchcircuit that given the input state
|0〉⊗n will outputs a state of Schmidt rank 2k with respect to the partition
1 . . . k|(k + 1) . . . 2k.

It is well-known that the circuit in Figure 5.7 produces the state (1/
√

2k) ·
∑2k−1

i=0 |i〉|i〉 from the input state |0〉⊗n.

Figure 5.7: The circuit producing a maximally entangled state from the input state |0〉⊗n

The action of the circuit can be interpreted in the following way: the first
step is to create k EPR pairs (|00〉+|11〉)/

√
2 on k pairs of qubits (1, 2), . . . , (2k−

1, 2k). This task can be achieved by using the composed gate (H ⊗ I) · CNOT
as depicted in Figure 5.8.

The second step is to swap the qubit lines according to the following permu-
tation:

(

1 2 . . . k k + 1 . . . 2k − 1 2k
1 k + 1 . . . 2k − 1 2 . . . k 2k

)

. (5.24)

This task can be achieved by the following sequence of the SWAP gates: SWAP2,k+1,
SWAP3,k+2, . . . ,SWAPk,2k−1. There exists a sequence of n.n. SWAP gates,
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Figure 5.8: The circuit producing the state (|00〉+ |11〉)⊗k/
√

5k from the input state |0〉⊗2k .

which also achieves this: SWAPk,k+1, SWAPk−1,k, . . . ,SWAP2,3; SWAPk+1,k+2,
SWAPk,k+1, . . . ,SWAP3,4; . . . ; SWAP2k−2,2k−1, SWAP2k−3,2k−2, . . . ,SWAPk,k+1.

We will now construct two n.n. matchcircuits realizing the two steps and
then combining them sequentially will yield the desired n.n. matchcircuit. The
circuit of the matchgate G(H,H) in Figure 5.3, given the input state |00〉, will
outcome the EPR state (|00〉 + |11〉)/

√
2. Therefore, if we replace each pair

of the Hadamard gate and CNOT gate in Figure 5.8 by the n.n. matchgate
G(H,H), then the resulting circuit will outcome the same output state as the
original state does from the input |0〉⊗2k.

To realize the above sequence of n.n. SWAP gates, we consider the matchgate
G(Z,X) depicted in Figure 5.2. This gate can be decomposed into CZ · SWAP,
whose action is the same as the action of the SWAP gate on basis states
|00〉, |01〉, |10〉. The basis state |11〉 is mapped to −|11〉 by G(Z,X) and is
unchanged by the SWAP gate. In this case, G(Z,X) only adds a minus sign
to the state. Hence, if we replace each SWAP gate in the above sequence by a
G(Z,X) gate and apply it to the state (|00〉+ |11〉)⊗k/

√
2k, the resulting state

will be of the form (1/
√

2k)
∑2k−1

i=0 ai|i〉|i〉, where ai ∈ {1,−1}. This state also
has Schmidt rank 2k. This concludes the proof.

5.7.2 The Matchgate Formalism and The Stabilizer For-

malism

It is easy to see that the set of n.n. matchcircuits is neither included nor contains
the set of Clifford circuits, which is classically simulable by using the stabilizer
formalism. The stabilizer formalism allows gates such as the CNOT gate that
is not a matchgate. Moreover, from the proof of Theorem 5.6.1 we see that
every 1-qubit gate can be realized by n.n. matchgates, while the set of Clifford
operations does not cover every 1-qubit gate, for example the π/8 gate.

Still, there is a common technique used in both formalisms. The matchgate
formalism uses the important fact that the conjugation of every Gaussian oper-
ation with respect to any Majorana operator results in an operator lying in the
linear span of the 2n Majorana operators. If we denote byM the space spanned
by these operators, it will imply that U †MU lies inside M for all M ∈ M and
any Gaussian operation U . Similarly, the stabilizer formalism uses the fact that
operators in the Clifford group C fix the Pauli group P under conjugation. Ex-
plicitly, we have C†PC is an element of P for any C ∈ C and P ∈ P . This
suggests that there is some common mathematics technique behind the two
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formalisms. We leave it as an open question for further study.

5.7.3 The Matchgate Formalism and the Contracting Ten-

sor Network Formalism

We recall that the contracting tensor network formalism allows us to classically
simulate quantum circuits with small treewidths of corresponding circuit graphs
(Theorem 3.5.8) with no restriction on the types of gates. Hence, the class of
simulable circuits from this formalism is not included in the class of n.n. match-
circuits. There is also no restriction on the structure of n.n. matchcircuits, i.e.
we always get an n.n. matchcircuit regardless of the way we position n.n. match-
gates in a circuit. Therefore, we can get matchcircuits whose circuit graphs have
big treewidths. These matchcircuits are not simulable by the contracting tensor
network formalism. The class of n.n. matchcircuits, hence, is not included in the
class of quantum circuits simulable by the contracting tensor network formalism
neither.

5.8 Summary

In this chapter, we considered classical simulation of quantum circuits consist-
ing of nearest-neighbor interacting matchgates, which are 2-qubit gates acting
locally on the odd-parity and even-parity subspaces. We focused on the interpre-
tation of matchgates using the language of Majorana Fermionic operators in the
Jordan-Wigner representation. To prove the classical simulability of such cir-
cuits, we first proved the simulability of quantum circuits consisting of Gaussian
operations. After that, the simulability of matchgate circuits followed immedi-
ately from the fact that matchgates acting on n.n. qubits are actually Gaussian
operations. We ended the chapter with some comparison of three formalisms,
namely the matchgate formalism, matrix product formalism and the stabilizer
formalism.
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APPENDIX

A-1 Proof of Theorem 2.7.2

We use the following form of |ψ〉 to prove the theorem:

|ψ〉 =
∑

αl−1,αl,αl+1

il,il+1

λ[l−1]
αl−1

Γ[l]il
αl−1αl

λ[l]
αl

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1
|φ[1...l−1]

αl−1
〉|ilil+1〉|φ[l+2...n]

αl+1
〉.

A derivation of this equation can be done similarly as with Equation (2.11).

Notice that the λ
[l−1]
αl−1 do not change after performing V since they are the

coefficients of the (l− 1)th Schmidt decomposition under which V is local. The

same reason is also applied to λ
[l+1]
αl+1 , |φ[1...l−1]

αl−1 〉 and |φ[l+2...n]
αl+1 〉. Therefore we

only need to update Γ
[l]il
αl−1αl ,Γ

[l+1]il+1
αlαl+1 and λ

[l]
αl .

Let Ω
ilil+1
αl−1αl+1 =

∑

αl

λ[l−1]
αl−1

Γ[l]il
αl−1αl

λ[l]
αl

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1

. We arrive at

|ψ〉 =
∑

αl−1,αl+1

∑

il,il+1

Ωilil+1
αl−1αl+1

|φ[1...l−1]
αl−1

〉|ilil+1〉|φ[l+2...n]
αl+1

〉.

We index V ’s entries using binary indices, V kl
ij where ij is the row index,

kl is the column index. We have V |kl〉 =
∑

i,j

V kl
ij |ij〉; V

(

Ωkl
αl−1αl+1

|kl〉
)

=

∑

i,j

V kl
ij Ωkl

αl−1αl+1
|ij〉. Therefore

V





∑

kl

Ωkl
αl−1αl+1

|kl〉



 =
∑

k,l

∑

i,j

V kl
ij Ωkl

αl−1αl+1
|ij〉 =

∑

i,j





∑

k,l

V kl
ij Ωkl

αl−1αl+1



 |ij〉.

Hence Ω
ilil+1
αl−1αl+1 change after performing V according to

Ω
′ilil+1
αl−1αl+1

=
∑

k,l

V kl
ilil+1

Ωkl
αl−1αl+1

. (A-1)

The resulting state is

|ψ′〉 =
∑

αl−1,αl+1

∑

il,il+1

Ω
′ilil+1
αl−1αl+1

|φ[1...l−1]
αl−1

〉|ilil+1〉|φ[l+2...n]
αl+1

〉.

Now we need to update Γ
[l]il
αl−1αl ,Γ

[l+1]il+1
αlαl+1 and λ

[l]
αl . In order to update

Γ
[l+1]il+1
αlαl+1 , we need to compute eigenvectors of reduced system [l + 1 . . . n] since

Γ
[l+1]il+1
αlαl+1 are Schmidt vectors corresponding to the lth decomposition. Rewriting

|ψ′〉 gives

|ψ′〉 =
∑

αl−1,il

αl+1,il+1

Ω
′ilil+1
αl−1αl+1

|φ[1...l−1]
αl−1

il〉|il+1φ
[l+2...n]
αl+1

〉.
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By Theorem 1.3.1, the reduced density matrix of system [l+ 1 . . . n] is given by

ρ[l+1...n] =
∑

αl+1,il+1

α
′

l+1,i
′

l+1





∑

αl−1,il

Ω
′ilil+1
αl−1αl+1

Ω
′ili

′

l+1

αl−1α
′

l+1



 |il+1φ
[l+2...n]
αl+1

〉〈i′l+1φ
[l+2...n]

α
′

l+1

|.

(A-2)
(Note that α

′

l+1 ∈ {1, . . . , χ}, i
′

l+1 ∈ {0, 1}).
Diagonalizing ρ[l+1...n] gives us its eigenvalues {λ

′[l]
βl
} and eigenvectors {|φ

′[l+1...n]
βl

〉}.
The range of new index βl is from 1 up to the rank of ρ[l+1...n], which is at most

2χ. Expressing |φ
′[l+1...n]
βl

〉 in terms of {|φ[l+2...n]
αl+1 〉} gives us a new tensor Γ

′[l+1]

|φ
′[l+1...n]
βl

〉 =
∑

αl+1,il

Γ
′[l+1]il+1

βlαl+1
λ[l+1]

αl+1
|il〉|φ[l+2...n]

αl+1
〉. (A-3)

In order to compute Γ
′[l], we first compute eigenvectors of subsystem [1 . . . l].

Then we express these vectors in terms of {|φ[1...l−1]
αl−1 il〉}. These eigenvectors can

be calculated easily since we already have eigenvectors of subsystem [l+ 1 . . . n]

and λ
′[l]
βl

|φ
′[1...l]
βl

〉 = 1

λ
′[l]
βl

〈φ
′[l+1...n]
βl

|ψ′〉. (A-4)

Expressing |φ
′[1...l]
βl

〉 in terms of {|φ[1...l−1]
αl−1 il〉} using Lemma 2.6.1 gives us Γ

′[l]

|φ
′[1...l]
βl

〉 =
∑

αl−1,il

Γ
′[l]il

αl−1βl
λ

′[l]
βl
|φ[1...l−1]

αl−1
il〉. (A-5)

Complexity of the update procedure:
The first computational step is to compute the tensor Ω = Ω

ilil+1
αl−1αl+1 , where

i, j are binary indices, α and β can run from 1 up to χ. In total, there are
4χ2 entries. Each entry requires O(χ) steps since it is computed by equa-

tion Ω
ilil+1
αl−1αl+1 =

∑

αl

λ[l−1]
αl−1

Γ[l]il
αl−1αl

λ[l]
αl

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1

. Therefore we need 20χ3 =

O(χ3) steps to accomplish this.
The next computational step involves in computing updated Ω

′

by Equation
(A-1), which requires O(χ2) steps.

Next, we need to compute the reduced density matrix ρ[l+1...n] by Equation
(A-2). The size of ρ[l+1...n] is 2χ × 2χ. Each entry can be computed in O(χ)
steps from entries of Ω

′

. Hence ρ[l+1...n] can be computed in O(χ3) steps.
The next step is to compute eigenvalues and eigenvectors of ρ[l+1...n] to ob-

tain λ
′[l]
βl

and |φ
′[l+1...n]
βl

〉. This can be done in O(χ3) steps. Notice that λ
′[l]
βl

and

|φ
′[l+1...n]
βl

〉 now are expressed in terms of the new basis {|il+1φ
[l+2...n]
αl+1 〉} instead

of in the conventional basis {|il+1 . . . in〉}. However remember that eigenvalues
of a matrix do not change under a transformation from an orthonormal basis

to another orthonormal basis. Therefore, λ
′[l]
αl are indeed what we expect. This

representation of |φ
′[l+1...n]
βl

〉 helps us to compute Γ
′[l+1]il+1

βlαl+1
by Equation (A-3)

directly from its coefficients (which takes only 1 division per entry). Therefore,
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it takes at most 2χ steps to update Γ
[l+1]il+1
αlαl+1 since βl runs from 1 up to at most

2χ.

Let
(

φ
′[l+1...n]
βl

)

il+1αl+1

denote components of vector |φ
′[l+1...n]
βl

〉. Then, the

|φ
′[1...l]
βl

〉 can be computed by (A-4) as follows

|φ′[1...l]
αl

〉 =
∑

αl−1,il

∑

αl+1,il+1

[

Ω
′ilil+1
αl−1αl+1

(

φ
′[l+1...n]
βl

)∗

il+1αl+1

]

|φ[1...l−1]
αl−1

il〉.

This step can obviously be done in O(χ3) steps.

Since |φ
′[1...l]
αl 〉 is expressed in basis {|φ[1...l−1]

αl−1 il〉}, the last update step can
be achieved in 2χ steps by Equation (A-5).

All the above updates require at most O(χ3) steps. We conclude that up-
dating a state after applying a 2-qubit unitary operation V costs O(χ3) steps.

A-2 Proof of Theorem 2.7.3

Suppose that a measurement is applied to qubit l.

Let Bil
αl−1αl

= λ
[l−1]
αl−1Γ

[l]il
αl−1αlλ

[l]
αl . By Equation (2.11) we get

|ψ〉 =
∑

αl−1,αl;il

Bil
αl−1αl

|φ[1...l−1]
αl−1

〉|il〉|φ[l+1...n]
αl

〉. (A-6)

Since the Schmidt vectors are orthonormal, the probability of observing the
outcome il is

p(il) =
∑

αl−1,αl

|Bil
αl−1αl

|2. (A-7)

If we care only about the probability distribution of the outcome, we are done.
However, if we want to reuse the MPR of the post-measurement state, we need
to update all Γ[l] and λ[l].

Without loss of generality, we assume that the outcome is 0. The state after
the measurement is

|ψ′〉 = 1
√

p(0)

∑

αl−1,αl

B0
αl−1αl

|φ[1...l−1]
αl−1

〉|0〉|φ[l+1...n]
αl

〉.

Let Ail
αl−1αl

=
B

il
αl−1αl√

p(il)
, we get

|ψ′〉 =
∑

αl−1,αl

A0
αl−1αl

|φ[1...l−1]
αl−1

〉|0〉|φ[l+1...n]
αl

〉. (A-8)

Tracing over qubits 1, . . . , l − 1, by Theorem 1.3.1, we obtain the reduced
density matrix of subsystem [l . . . n]

ρ[l...n] =
∑

αl,α
′

l





∑

αl−1

A0
αl−1αl

A0∗
αl−1α

′

l



 |0φ[l+1...n]
αl

〉〈0φ[l+1...n]

α
′

l

|. (A-9)
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Updated Schmidt coefficients, denoted by λ
′[l−1]
βl−1

, and updated Schmidt vectors,

denoted by |φ
′[l...n]
βl−1

〉, for the (l−1)th Schmidt decomposition are eigenvalues and

eigenvectors of ρ[l...n]. Notice that |φ
′[l...n]
βl−1

〉 are expressed in basis {|0φ[l+1...n]
αl 〉}.

Therefore, if we let Mβl−1αl
be its components, we instantly get the following

equation

|φ
′[l...n]
βl−1

〉 =
∑

αl

Mβl−1αl
|0φ[l+1...n]

αl
〉. (A-10)

To compute λ
′[l]
βl

and |φ
′[l+1...n]
βl

〉, we need the reduced density matrix of
subsystem [l+ 1 . . . n]. It can be computed using Equation (A-8) and Theorem
1.3.1

ρ[l+1...n] =
∑

αl,α
′

l





∑

αl−1

A0
αl−1αl

A0∗
αl−1α

′

l



 |φ[l+1...n]
αl

〉〈φ[l+1...n]

α
′

l

|. (A-11)

Let Mβlαl
be the components of vector |φ

′[l+1...n]
βl

〉, we get

|φ
′[l+1...n]
βl

〉 =
∑

αl

Mβlαl
|φ[l+1...n]

αl
〉. (A-12)

The relation between |φ
′[l...n]
βl−1

〉 and |φ
′[l+1...n]
βl

〉 provides us Γ
′[l]il

βl−1βl

Γ
′[l]il

βl−1βl
=

1

λ
′[l−1]
βl−1

〈ilφ
′[l+1...n]
βl

|φ
′[l...n]
βl−1

〉. (A-13)

To compute λ
′[l+1]
βl+1

and |φ
′[l+2...n]
βl+1

〉, we need the reduced density matrix of

subsystem [l + 2 . . . n]. To do that, consider the lth Schmidt decomposition of
|ψ′〉

|ψ′〉 =
∑

βl

λ
′[l]
βl
|φ

′[1...l]
βl

〉|φ
′[l+1...n]
βl

〉

=
∑

βl,αl

λ
′[l]
βl
Mβlαl

|φ
′[1...l]
βl

〉|φ[l+1...n]
αl

〉

=
∑

βl,αl

λ
′[l]
βl
Mβlαl

|φ
′[1...l]
βl

〉
∑

αl+1,il

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1
|il+1〉|φ[l+2...n]

αl+1
〉

=
∑

βl,αl,αl+1

il

λ
′[l]
βl
Mβlαl

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1
|il+1〉|φ

′[1...l]
βl

〉|il+1〉|φ[l+2...n]
αl+1

〉

=
∑

βl,αl+1

il

C
il+1

βlαl+1
|il+1〉|φ

′[1...l]
βl

〉|il+1〉|φ[l+2...n]
αl+1

〉,

where C
il+1

βlαl+1
=
∑

αl

λ
′[l]
βl
Mβlαl

Γ[l+1]il+1
αlαl+1

λ[l+1]
αl+1

. By Theorem 1.3.1, the reduced

density matrix of subsystem [l + 1 . . . n] is

ρ[l+2...n] =
∑

αl+1,α
′

l+1





∑

βlil

C
il+1

βlαl+1
C

il+1

βlα
′

l+1



 |φ[l+2...n]
αl

〉〈φ[l+2...n]

α
′

l+1

|, (A-14)
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from which we can find updated eigenvalues λ
′[l+1]
βl+1

and eigenvectors |φ
′[l+2...n]
βl+1

〉.
Let Mβl+1αl+1

be the components of vectors |φ
′[l+2...n]
βl+1

〉, that is

|φ
′[l+2...n]
βl+1

〉 =
∑

αl+1

Mβl+1αl+1
|φ[l+2...n]

αl+1
〉.

The relation between |φ
′[l+1...n]
βl

〉 and |φ
′[l+2...n]
βl+1

〉 gives us Γ
′[l+1]il+1

βlβl+1

Γ
′[l+1]il+1

βlβl+1
=

1

λ
′[l+1]
βl+1

〈il+1φ
′[l+1...n]
βl+1

|φ
′[l+1...n]
βl

〉. (A-15)

Computing λ
′[l+2]
βl+2

,Γ
′[l+2]il+2

βl+1βl+2
, . . . , λ

′[n−1]
βn−1

,Γ
′[n]in

βn−1βn
can be done in the same

manner.
To compute new Schmidt coefficients new Γ for qubits l−2, . . . , 1, we notice

the following equation (Lemma 2.6.1)

|φ[1...l]
αl
〉 =

∑

αl−1,il

Γ[l]il
αl−1αl

λ[l]
αl
|φ[1...l−1]

αl−1
〉|il〉.

Therefore we can update these coefficients in the same manner as we did before,
just in the other direction.

Complexity of the update procedure
Each entry of tensor B requires 2 steps. Computing whole tensor B, hence,

costs 4χ2 steps.
The probability distribution {p(0), p(1)} computed by Equation (A-7) costs

4χ2 steps.
Computing density matrix ρ[l...n] by Equation (A-9) costs no more than

O(χ3) steps.

Finding eigenvalues λ
′[l−1]
βl−1

and eigenvectors φ
′[l...n]
βl−1

costs O(χ3) steps.

Calculating Γ
′[l]il

βl−1βl
is easy since by Equations (A-10), (A-12) and (A-13) we

have

Γ
′[l]il

βl−1βl
=











0 if il = 1
1

λ
′[l−1]
βl−1

∑

αl

M∗
βlαl

Mβl−1αl
if il = 0

The complexity of this process is O(χ3). However, updating other Γ
′[k]ik

βk−1βk
will

be different. Let’s consider computing Γ
′[l+1]il+1

βlβl+1
. Rewriting Equation (A-12)

gives

|φ
′[l+1...n]
βl

〉 =
∑

αl,αl+1,il+1

Mβlαl
Γ[l+1]il+1

αlαl=1
λ[l+1]

αl+1
|il+1〉|φ[l+2...n]

αl+1
〉.

Since all |φ
′[l+1...n]
βl

〉 and |φ
′[l+2...n]
βl+2

〉 are expressed in terms of |φ[l+2...n]
αl+1 〉, we can

compute updated Γ
′[l+1]i
βlβl+1

by Equation (A-15) as follows

Γ
′[l+1]i
βlβl+1

=
1

λ
′[l+1]
βl+1

∑

αl,αl+1

Mβlαl
Γ[l+1]il+1

αlαl+1
M∗

βl+1αl+1
, (A-16)

which can be accomplished in O(χ4) steps.
In conclusion, the update procedure for one qubit costs at most O(χ4) steps.

To update all n qubits, we needs to perform at most O(nχ4) steps.
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