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Abstract

This paper considers elimination methods to solve dense linear systems, in particular a variant due to Hi
Gaussian elimination [13]. This variant reduces the system to an equivalent diagonal system just as !
Jordan elimination, but does not require more floating-point operations than Gaussian elimination. Ht
method may be advantageous for use in computers with hierarchical memory, such as cache, and in dist|
memory systems.

An error analysis is given showing that Huard's elimination method is as stable as Gauss-Jordan elimi
with appropriate pivoting strategy. This result was announced in [5] and is proven in a similar way as the
of stability for Gauss-Jordan given in [4].
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1. Introduction

Gaussian elimination still seems to be the most popular method to solve dense linear systems. It re

roughly 2/3 n3 floating-point operations and can be organized such that it performs well on vector proce:
and parallel systems [9] [12] [16].

Two other elimination algorithms which reduce the given matrix not to triangular ti#tgonalform (or the
identity matrix) are the following. Gauss-Jordan elimination requires aBdiatating-point operations, which
is 50 % more than Gaussian elimination. It is however very suitable for vector processors, because it of
on full n-vectors (not decreasing in length at each elimination step) and it requires the same total num
vector operations as Gaussian elimination. Thus only for very large systems Gaussian elimination is fas
vector computers [9]. Moreover, Gauss-Jordan with an appropriate pivoting strategy is fairly stable [4].
Another variant due to Huard [13], also treated by Cosnard et al. [2], also reduces the given matrix to di¢
form, as Gauss-Jordan does, but surprisingly requires only abedtfloating-point operations, the same as
for Gaussian elimination. Implementation of this variant on a vector computer yielded fully satisfactory re:
The method appears to be numerically stable and to be competitive in speed with Gaussian eliminat
particular, Huard's variant may, for large n, be faster on a shared-memory system, because it requir
cache memory on average. This appears from experiments by Hoffmann [11] and Potma [15]. Further re
is continued on the performance of these algorithms on various parallel systems.

In this paper we show that Huard's method is as stable as Gauss-Jordan with the same appropriate |
strategy, which result we have announced in [5].

In the next section we briefly describe Gaussian elimination and (known) results of its error analysis. In s
3 we similarly describe Gauss-Jordan and results of error analysis. In section 4 we describe Gauss-Hui
give a proof of our new result on error analysis.

Notations and preliminaries
We consider given n-th order matrix A and given right-hand side vector b, for which we want to find vec
solving the linear system

(1.1) Ax=Dh.

Elimination algorithms are mostly performed with pivoting, which in its most general form may entail both
and column interchanges. Let P denote the permutation matrix of the row interchanges and Q the perm
matrix of the column interchanges. Accordingly, we define



(1.2) A' ;= PAQ, b' := Pb, X' = Qlx.
Thus, system (1.1) is equivalent with the system
(1.3) A X' = Db

and any algorithm with pivoting can be viewed as applying the corresponding basic algorithm wit
interchanges to this equivalent system.

In the theorems and proofs on error analysis given below we use the following notations. Absolute values
and comparisons of vectors and matrices are to be understood elementwise. O(n) denotes some appropr
small multiple of n, and is the machine precison.

We assume that, with this machine precision, the arithmetic satisfies Wilkinson's axioms for floating-point
arithmetic [19] [8], and that no arithmetic exceptions, such as overflow and underflow occur in the
calculations considered. Moreover, as usual, we assumeln Thusg is small enough to ensure that the
higher order terms in the error analysis, @€hand higher, can be subsumed in the main terms given.
Therefore, we always omit the higher order terms.

2. Gaussian Elimination
Gaussian elimination consists of three parts, namely LU factorization and forward and back substitution.

LU factorization with pivoting can be described fisd lower triangular L, upper triangular U and suitable
permutation matrices P and Q such that

(2.1) PAQ = LU.

Thus the LU factorization can be considered as starting from matrix A' = PAQ, i.e. we may describ
process as if the row and/or column permutations have been performed beforehand, and the pivot i
elimination step is in the proper diagonal position. Matrix A" is then reduced to an upper triangular matri
by means of n-1 successive elimination steps.

In fact the diagonals of L and U can here be chosen in different ways. The most general form c
decomposition is LDU, where D is an appropriate diagonal matrix [9]. For simplicity, we have taken D = |
the identity matrix) and have chosen L (as usuiaif) lower triangular, i.e. the main diagonal elements of L ar
eqgual to one.

Thus, LU factorization reduces the given system to the equivalent system
(2.2) LU x' = b,

which is subsequently solved by forward and back substitution.
Forward substitution solves the lower triangular system

(2.3) Ly=b
and back substitution solves the upper triangular system
(2.4) Ux' =vy.

Pivot selection strategies

Gaussian elimination is mostly performed with pivoting, i.e. selecting a matrix element of sufficiently le
magnitude as pivot of the elimination process, and correspondingly interchanging rows and/or columns
matrix to bring the pivot in proper position. Partial pivoting can be eitherraxthnterchanges only (then Q =
I) or with column interchanges only (then P = 1). Complete pivoting requires both row and colu
interchanges.

The pivoting is practically always needed to ensure numerical stability. In direct methods for sparse matri
is also used to reduce fill-in in the factor matrices L and U, see Duff et al. [9]. Mostly, partial pivotini



performed, and complete pivoting is seldom used. For large systems, however, numerical stability can ¢
guaranteed with complete pivoting, as shown by Wilkinson [18].

Complete pivoting requires about 50 % more operations (namely comparisons) than partial pivoting. More
it requires a substantial communication overhead on distributed parallel systems. It is possible, howe!
combine partial and complete pivoting as follows. Partial pivoting is performednvatiitoring the pivot
growth, i.e. in each elimination step an upper bound of the pivot growth is calculated and compared v
certain threshold. When this threshold is exceeded, complete pivoting is used in the remaining elimination
A careful choice of the threshold parameter ensures that the algorithm practically is as economic as Ge
elimination with partial pivoting and as reliable as Gaussian elimination with complete pivoting [1]
Moreover, the partial pivoting with monitoring requires only little extra overhead on a distributed-mernr
system, as appears from experiments by Hoffmann & Potma [12].

Error analysis
The results of error analysis of Gaussian elimination, established by Wilkinson, is well known [18] [19]. W

briefly mention these results in a form suitable for our subsequent analysis of Gauss-Huard, similar to the
formulation of Golub & Van Loan [8].

Gaussian elimination to solve system (2.1) satisfies the following theorem. Note that we use the notations
mentioned in section 1.

2.5.TheoremGaussian elimination with (partial or complete) pivoting, calculating in floating-point
arithmetic with machine precisian assuming that no arithmetic exceptions oc@axactlysatisfies the
following relations,where £ Ep, Ez are appropriate matrices:

(2.5.1) A'+ E; = LU, |E1l <€ O(n) (JA'| + |L| |U]), (LU factorization);
(2.5.2) (L+E)y=Db, |Ep| <€ O(n) L], (forward substitution);
(2.5.3) U+ EB) X =, |E3| <€ O(n) |U], (back substitution).

Hence, the total result for Gaussian elimination is as follows:

(2.5.4) A+dA)X' =(L+B) (U+BR) X =D,

(2.5.5) BA| =B+ E2U+LE3+ E2E3|<eO(n) (A + L] [U]),
or in terms of matrix norms:

(2.5.6) IBAI = [PA'l] < € O(n) (IIAIl + ILII 1UII)-

Remark Wilkinson formulated his error analysis in terms of the growth, g, i.e. the largest magnitude of the
elements obtained in the Gaussian elimination process. We then have

IL| lV|<ng,
and we obtain, for any matrix norm:
IBAI| = [PA]| < € O()g [|All.

For (different forms of) proof of this theorem we refer to [8] [18] [19].

3. Gauss-Jordan elimination

The algorithm of Gauss-Jordan transforms matrix A by means of elementary transformations into a dia
matrix (or into the identity matrix), and performs similar transformations to the right-hand side vector b in ¢
to find the solution vector x. We first consider the basic elimination algorithm and then the algorithm
pivoting and the pivoting strategy.



Basic Gauss - Jordan algorithm
The transformation of A is achieved in n successive elimination steps. Starting fmAA= PAQ, the k-th

elimination step, k = 1, ... , n, transform&#A) into AK) such that the off-diagonal elements in the k-tr
column, not only below but also above the main diagonal, become zero. Thus, after n steps the diagonal

D = A" is obtained.

The k-th elimination step can be formulated as follows.

The pivot of the k-th elimination stepag = Al-1), |, as in Gaussian elimination. Let e the column vector
given by

(3.1) o = Ak g -3 g,
i.e. the vector obtained from the k-th column &R by replacing its diagonal element by zero.

Then the k-th elimination step, to introduce the required zeros in the k-th column of the matrix, consis
premultiplying Ak-1) by the matrix

(3.2) Tk = |- 6k_1 gk Q<T.
In other words, A is obtained from £-1) as follows
(3.3) AR =T AlkD = AkD - §lg AKD, .

The corresponding transformation of right-hand side vector b proceeds as follows. Startind®erh' b
Pb, the k-th elimination step, k = 1, ... , n, transforflihinto k) according to

(3.4) bk) = Tk b(k-1) = pk-1) - 5k-1 b(k'l)k Ok-

Thus, the given linear system is transformed into the equivalent systelr B, which is easily solved by
calculating

(3.5) x=QDly.

Gauss - Jordan with pivoting
The selection of pivots and the corresponding interchanges take place in a similar way as in Ga
elimination. In the k-th elimination step, k=1, ..., n, the k-th pivot is selected in the lower right (n-k+1)-th o

submatrix of Ak-1), where in principle the same pivoting strategies can be chosen as for Gaussian elimina

Mostly, partial pivoting is performed, which, as explained above in section 2, can use either row interchi
or column interchanges. The numerical behaviour of the Gauss-Jordan algorithm is quite different, hov
for these two strategies, in contrast to the behaviour of Gaussian elimination. The accuracy of the calc
solution is of the same order of magnitude in all cases. The difference manifests itself in the size of the re
r=b - Ax, of a calculated approximate solution x.

Gauss-Jordan using partial pivoting withw interchanges often yields a much larger residual corresponding
the calculated solution than Gaussian elimination does, as has been shown by Peters & Wilkinson [14].
other hand, Gauss-Jordan using partial pivoting eetbmninterchanges yields a residual which is mostly no
larger than the residual obtained by Gaussian elimination of the same system. This follows from an
analysis by Dekker & Hoffmann [4] which we present below in a slightly modified form.

Error analysis
The main difference between Gaussian elimination and Gauss-Jordan is that the latter algorithm calculs

LU factorization of the matrix and the explicit inverse of matrix U during the reduction of the matrix to diagc
form. The result of the whole algorithm can be described as follows. Let V denote the calculated inverse
Then Gauss-Jordan to solve system (1.1) satisfies the following theorem (note that we use notation (1
assume P =1 here).



3.6. Theorem.Gauss-Jordan using partial pivoting with column interchanges, calculating in floating-po
arithmetic with machine precisiosn, assuming that no arithmetic exceptions oc@&xactly satisfies the
following relations, where jEfor = 1, ..., 4, are appropriate matrices:

(3.6.1) A'+ E; = LU, |[E1l <€ O(n) (JA'| + L] |[U]), (LU factorization);
(3.6.2) (L+E)y=h, |Ep| <€ O(n) L], (forward substitution);
(3.6.3) VU =1+ Eg, |E3| <€ O(n) |V] |U], (inversion of U);
(3.6.4) (V+Egy=X, | E4|<eO(n) V], (calculate solution).

Hence, the calculated solution vector x = Qx' satisfiegkaetrelation:

(3.6.5) (A" + E1 + BU) (I + E3 + E4U)1x' = b.
Defining

Es=R+BU, Ee =B+ R U,
we obtain

|Es| <& O(n) (JA'| + |L| |U]), |Es| <€ O(n) V] |U],
(A" +B8A) X' = (A" + Bs) (1 + Es) Ix' = b,

3A' = (Es - A'Eg) (I + Eg) ™.

Hence, for any vector norm and associated matrix na@Aj| §nd residual r := b - A x 3A x satisfy,
provided ||E6| < 1:

|I6All < (lIEsll + IIAIT 161)) / (1 - [ElD),
[Irll< 1Al it X1 (sl + HAITTED 7 (2 - 1Ell).-

The first two relations, (3.6.1) and (3.6.2), are the same as for Gaussian elimination; relations (3.6.:
(3.6.4) are different and reflect the calculation of id the Gauss-Jordan algorithm described. Note thig E
lower triangular (as in Gaussian elimination) and thgdrttl & are upper triangular matrices.

A proof of a slightly different theorem, formulated in terms of bounds for the norms of the error matrice
i=1, ..., 4, is given in [4]. That proof is easily adapted to establish the theorem as formulation above. (Se
the proof of our theorem in the next section.)

Gauss-Jordan can also be performed with complete pivoting or with monitoring the pivot growth, in ord
obtain a more reliable algorithm for very large systems. Obviously, theorem (3.6) also holds for these ve
of Gauss-Jordan.

The results of experiments on numerical stability and timing of this algorithm and a similar algorithm for m
inversion have been published elsewhere [3] [4]. These results show that Gauss-Jordan can be rather ef
implemented on a supercomputer. Although it requires more work, it is competitive with Gaussian elimin
for order n up to nearly 50.

Gauss-Jordan elimination is particularly suitable for calculating the inverse of a matrix. Matrix inversior
means of Gauss-Jordan or Gaussian elimination, requires aSollb&@ing-point operations. Gauss-Jordan

matrix inversion can, however, be arranged such that énhgctor operations are needed [3]. This cannot b
achieved using Gaussian elimination.

4. Gauss-Huard algorithm "méthode des paramétres"



As an illustration we display matrix and right-ha
side vector at the start of the fourth step. Here a a
denote original elements, and x denotes gim
which have been modified in previous steps.

®» X X X

LI

A variant of Gauss-Jordan algorithm introduced by Huard [13], also treated by Cosnard et al. [2], redL
given matrix to the identity matrix, i.e. yields the same result as Gauss-Jordan, possibly apart from a dit
diagonal scaling.
Huard's algorithm requires only abatig n3 floating-point operations, the same as needed for Gaussi
elimination. The algorithm proceeds in n steps, numbered k = 1, ..., n. Only partial pivoting with col
interchanges is possible. Thus, as earlier, we defiPle=pA' = AQ and K) = b' = b.
H 100x ..
010X .. T
DO01Xx..x= =
D 3 =
w aaa.. D 43) D
%a aaa..a : : b
At the start of the k-th step, the first k-1 rows have been transformed such that the upper left submatrix o
k-1 is transformed into the identity matrix. The remaining n-k+1 rows are, however, unchanged at this mo
contrary to what happens in Gaussian elimination and Gauss-Jordan. The k-th elimination step consists
following three parts.

A) Row eliminationThe first k-1 elements of the k-th row are eliminated using the first k-1 rows. Tl
requires k-1 vector updates of vectors of length n-k+1, or equivalently, one row vector times matrix subtre
from the k-th row. Hence, 2 (k-1) (n-k+1) floating-point operations are needed.

B) Pivoting and row scalingThe k-th pivot is selected in the k-th row obtained in the previous step ¢
columns are interchanged accordingly. Subsequently, the k-th row is scaled such that its diagonal el
becomes one; this takes one division and n-k multiplications.

C) Column eliminationThe elements in the k-th column above the main diagonal are eliminated, wt
the k-th diagonal element is used as pivot; this final part is quite similar as in Gauss-Jordan elimination; it «
viewed as a rank-one update of the upper-right (k-1) by (n-k) submatrix, which requires 2 (k-1) (n-k) floa
point operations.

Thus, the amount of floating-point operations in the k-th step equals
2 (k-1) (n-k+1) + (n-k+1) + 2 (k-1) * (n-k) = 4 (k-1) (n-k) + n+k-1,
so that the total amount of floating-point operations equals
2/3n3-1/2n2 +5/6n.
This is precisely the same as for Gaussian elimination.
Note that the calculated results of Gauss-Jordan and Gauss-Huard, although mathematically the same, v

are numerically different. The main difference is that in Gauss-Huard matrix L is not explicitly calculated, b
only implicitly in product form. This explains the saving in number of operations.

Pivot selection and strategies

In Gauss-Huard algorithm only partial pivoting withlumninterchanges is possible, i.e. in the k-th step afte
performing part A of the eliminations, the pivot is selected in therkthand, if needed, a corresponding
interchange of columns is performed. Gauss-Huard with this pivoting strategy has about the same nun
behaviour and stability as Gauss-Jordan using partial pivoting with column interchanges, explained abov
follows from the followingnewresult.

4.1. Theorem.Gauss-Huard using partial pivoting with column interchanges, calculating in floating-poi
arithmetic with machine precisios, assuming that no arithmetic exceptions oc@&xactly satisfies the
following relations, where jEfor = 1, ..., 4, are appropriate matrices:

(4.1.1) A"+ Ep = LU, |Ea| <e O(n) |AY [V |U];



(4.1.2) (L+E2)y=h, |Eol <& O(n) A [VI;

(4.1.3) VU = | + Eg, |Esl <& O(n) V| |U[;

(4.1.4) (V+Eg)y=xX, |E4l <& O(n) |VI.

Hence, the calculated solution vector x = Qx' satisfieexattrelation of the form:
(4.1.5) (A" + E1 + BU) (I + E3 + E4U)1x = b.

Note that (4.1.1) and (4.1.2) reflect the effects of row elimination and row scaling of the matrix and the
right-hand side vector, and (4.1.3) and (4.1.4) the effects of the column eliminations.

Putting 5= E; + B U, Eg = E3 + E4 U, we obtain:
|Esl<e O(n) |ATIVI U], [Eel<eO(n) V] |U],
(A" +3A) X' = (A" + Es) (1 + Bg) L x' = b,
3A' = (Es - A' Eg) (I + Eg) L.

Hence, for any vector norm and associated matrix norm, ||E6|| and residual r := bdAACsatisfy,
provided ||E6|| < 1:

|I6All < (lIEsll + IIAIT 161) / (1 - [ElD),
[Irll< 1A i 1111 Il + AT TBID/ACL - [1ElD-

Proof
We first analyse Huard's method. The pivoting is performed with column interchanges only. Hence, P = |
and we write

AQ = A = AQ, b© = p.
As indicated above, the k-th elimination step consists of the following parts:

A) Elimination in k-th row, reducing first k-1 elements to 0, i.&B and similarly k1) are premultiplied
by the matrix | - @ he', where

he' = (Ak1, .. Akk-1, O, ..., 0).
This yields
WkT = Q(T(l - e hkT) A(k-l) - Q(T A - hkT A(k_l),
o= (1 - e hT) b = b - T D,
B) Pivoting, followed by scaling of k-th row, reducing its k-th element to 1. The row scaling is performed
by multiplying the k-th row by the inverse of the k-th pidpt= wk k.
In other words the whole matrix and the righ-hand side vector are premultiplied by the inverse of
Dk :=diag (4, ..., 19k, 1, ..., 1).

This yields the new k-th row of the matrix and the new k-th element of the right-hand side vector

e’ A = qT U =51 w" b®y =y = &t o



C) Elimination in k-th column, reducing k-1 elements to O, i.e. the k-th column, and similarly the updated
right-hand side vectorlY), is premultiplied by the matrix | wac, where

Vk = (A(k-l)l,ki LERE A‘(k-l)k-l,k ' Oa reny 03—

This latter part is quite similar as in Gauss-Jordan.
Summarizing, the k-th step of Huard's method can be written in the form:

AL, B4 = (- wea) DIt (1 - & i) (AL, BB,
Let VK be the unit upper triangular matrix andMhe lower triangular matrix defined by
v .=, vk = (1 -y g VD, k>1,
MO =1 MK =pt(- g mT) MKD), k>1,
where
(4.2) m := h VKD,
Then we have
Dt (1 - e ") VD = VD Dt (1 - g my).
Hence, after k steps we obtain
AK = &) MG A b® = vk MK p.

So, the first k rows of &) are equal to those of ¥ U, and, similarly, the first k elements dkbare equal
to those of K y, in formula:

(4.3) g’ AK =qT (V(KU), i<k,
(4.4) b®); = (VKy);, i <k.
Finally we obtain a product form of the matrix
L=MM)T =Dy (1+em") Da... D1 (1+e (M) Dn

and, moreover, V = ® as an approximation of Uand ") = Vy as an approximation of X'.

We now are ready to prove the error analysis results stated. We use backward analysis to prove formulas
(4.1.1) and (4.1.2) and forward analysis to prove (4.1.3 and (4.1.4).

Proof of (4.1.1).

The row elimination (part A) in the k-th step yields a new k-th rq whose elementsyy are bounded by
the quantitiesyg; as follows:

I j | < scj = 1A%+ (| JAKD)Y;, j > k.

Hence, using well known results of error analysis of inner products [19], the rounding errors in these
elements are bounded b s ;.

Similarly, the subsequent row scaling in part B yields an additional contribution to the error in these eleme
bounded by s .



Hence, the total error of row elimination and row scaling in the k-th step is bounded by
g (k+1) %j <& O(K) (IAK | + (1] JAK-Dy), j>k

Adding these contributions together for all elimination steps, and using formula (4.3), we obtain
|E1l < € O(n) (IAUpl + [Alow] MKWU) < € O(n) |AT] V] U],

where Ajp denotes the upper triangular part angyfthe lower triangular part of A'.
This proves (4.1.1).

Proof of (4.1.2).
We consider parts A and B of the k-th step operating on the right-hand side vector. Part A calculates the k

element ¢ of (I - & h") b%Y and part B divides this by the k-th piit The exact calculated value can
therefore be written in the form

yik = B = 8 I(bi (1 +&x) - Ti=1k1 (1 +& O(K)) (he" b*Dyp,

where §x| < € O(k). In order to obtain an error formula without error jinve throw the error factor (1 +
gk) back to the elemently = &, according to backward error analysis, so that we obtain, using (4.4) and
(4.2):

Si=1k1 (1 +€ OK)) (MT y)i) + (1 +&) 2 3k vk = .

Hence,

o - (T y + w3k < € O(k) (Im"| + Bl &) Iyl) =¢ O(K) & IL| Iyl.
Adding these contributions together for all elimination steps, we obtain (4.1.2).
Proof of (4.1.3).

We consider part C (column elimination) of the k-th step. This is a rank-one update yielding a contribution
the error bounded by

e (JAKDy i1+ 2 Ml Ui, i<k, j>k
Adding this for all elemination steps yields, using (4.3):
|Es| < € O(n) (JAK-D] + V] [U])x € O(n) V] |U],
which proves (4.1.3).
Proof of (4.1.4)

We consider part C of the k-th step applied to the right-hand side vector. This is a vector update operation
yielding a contribution to the error bounded by

e (D +2 Mul ), i<k

Adding this for all elimination steps and using (4.4), we obtain (4.1.4).
This completes the proof of Theorem 4.1. 1
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