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Part I

Introductory Chapters





Chapter 1

Introduction

1.1 Context of the project

The existence of gravitational radiation is predicted by Albert Einstein in his theory of Gen-
eral Relativity. If we could detect this radiation the use would be twofold. In the first place it
provides us with one of the most fundamental tests of Einstein’s theory. In the second place
it opens a whole new window on the universe. We are already familiar with the detection
of electromagnetic radiation. We hope to get more information on the universal structure
with the aid of the detection of these gravity waves. This is likely because gravitational
waves are almost unaffected by matter and therefore they can travel long distances with-
out being disturbed. However, this lack of interaction with matter also makes the waves
hard to detect. The expectation is that only the waves caused by binary stars (i.e. two stars
rotating about each other), supernovas and black holes will be strong enough to detect.

In 1993 prof. G. Frossati from the university of Leiden raised the idea to build a spherical
resonant-mass antenna. This antenna should be able to detect gravitational radiation arriving
at earth from extra galactic sources. This project is known as GRAIL

�
.

The antenna will consist of a sphere suspended in vacuum. This sphere is expected to
vibrate with a very small amplitude ( �

�������
	
m) because of the impinging gravitational

waves. A drawing of this GRAIL antenna is displayed in figure 1.1. The sphere will be
made of a copper alloy of which the exact composition is still under investigation and have
a diameter of three metres. The total mass will be about

�����
kg. Because of the tiny am-

plitudes special care must be taken to reduce noise. To reduce the thermal noise it has to
be cooled to a temperature below 100 mK. The suspension has to attain an attenuation of
at least 320 dB (a factor

��� 	�

) because of noise from the outside world. Transducers will be

attached to the surface of the sphere to detect the vibrations. An analysis of the electric sig-
nals from these transducers must give us information about the radiation which impinged
on the sphere. The detector should be operational in the year 2001 and the total costs are
estimated at about 45 million Dutch guilder (about 28 million US $).

�
GRAIL stands for Gravitational Radiation Antenna in Leiden. The participating academic institutes are

RUL, UT, TUE, UvA, NIKHEF/FOM, SRON and ESA/ESTEC.
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Figure 1.1: A drawing of the GRAIL sphere in a heat-isolating vacuum chamber. On top
the concrete arms to which it is suspended are visible.

1.2 Aim of the project

Gravitational waves will excite the quadrupole normal modes of the sphere (see [8] and [16]).
The frequencies and shapes of these modes were deduced analytically for a freely vibrating
perfect sphere over 50 years ago [9]. In our case we don’t have a freely vibrating perfect
sphere for a number of reasons:

� The sphere has to be suspended, so it is not freely vibrating.

� There is a hole through the sphere. In this hole a rod is placed to make the sphere rest
approximately at its centre of mass.

� It is impossible to cast such a large sphere perfectly. Therefore there will be small de-
viations of the spherical shape.

� The sphere will be deformed by it’s own weight, so it will become kind of a ‘pear’.

� Transducers will be attached to the sphere to measure the vibrations.

It is the task of our group to investigate the effects of the above points on the normal modes.
In this thesis we will show the analytical solutions for the elastic vibrations of a homo-

geneous isotropic sphere first. As we will see, the derivation of the solutions is rather te-
dious. It is presumably impossible to give an analytical solution for a system with all the
deviations from a spherical shape that we have at hand here. Therefore the procedure of
a numerical calculation to approximate the normal modes of various elastic objects will be
described. This procedure can be applied to various shapes, among others a sphere, an el-
lipsoid and a sphere with a hole through it. The computationally very intensive calculations
will be carried out on a CRAY C98 supercomputer.
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The results from these calculations can be used in two ways. In the first place it may be
possible to examine some of the influences on the normal modes mentioned above. In the
second place the results will be used to validate a finite element simulation which is also
performed in our group. With the finite element simulation it will be possible to investigate
more of the factors mentioned above.

1.3 Structure of the paper

The vibrations under consideration are forced elastic vibrations. Therefore we will discuss
the theory of elasticity first. Several general equations are deduced which rule the vibra-
tions. This is done in chapter 2.

In chapter 3 we are going to solve these equations analytically for the case of a homo-
geneous isotropic sphere.

In chapter 4 we confine our attention to a special case of the solutions. We consider the
quadrupole modes of a sphere here because these modes are expected to interact with the
gravitational radiation field (see e.g. [8] and [16]).

The numerical approximation procedure is introduced in chapter 5 and applied in chap-
ter 6.

A few plots additional to chapter 3 are shown in appendix A. The expressions plotted
here determine the allowed frequencies of the normal modes of a freely vibrating sphere.

Finally, a description how to use the computer programs to calculate the normal modes
is given in appendix B.
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Chapter 2

Theory of elasticity

The theory discussed in this chapter can be found in any textbook on elasticity theory, for
example [14]. The basic rules that we encounter here will be used in the other chapters.

2.1 Infinitesimal affine transformations

We consider transformations of a vector A by describing the change in the components��������� �
	��
	����
along the coordinate axes. A coordinate

���
is transformed into

���� and the
difference is called � � �

:
� � ��� � ���� � � ��� ��� � �

(2.1)

The coefficients
� ���

may be dependent on the coordinates. Take note that a repeated
index indicates summation as the index that is repeated takes the values 1,2,3, i.e.

�
	
� � � �

�
	 	

�
	�� �

	��
�
��� �

	 � � � . This is called the summation convention. A transformation of this
type is called an infinitesimal affine transformation if the coefficients

� ���
are so small that their

products can be neglected in comparison with their first powers. If two infinitesimal affine
transformations like (2.1) are performed, the resulting transformation can be found by just
adding the coefficients of the transformations. So if the first transformation has coefficients�"! 	$#�%� and causes a difference � �&! 	$#� and the second transformation has coefficients

�'! �(#��� and

causes a difference � �)! �(#� the resulting transformation is given by:

� �*�+� � �,! 	$#� � � �)! �(#� ���"! 	$#��� �'� � �"! �(#�%� �'���-�.�/! 	$#��� � �/! �(#��� � �0���������1�0�
(2.2)

From this we see that the order in which the transformations are performed doesn’t influ-
ence the result. So we can always decompose a transformation like (2.1) into other trans-
formations. Doing this in a special way we obtain:

� �����2�+���1�0���43 �� �.�+��� � �5��� � �
�

� �.�+��� � �5��� �76 �'�
(2.3)

We call the first coefficients 8 ��� :

8 ��� � 8 ���9� �

� �.� ��� � � ��� �
(2.4)
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So these coefficients are symmetric and therefore the transformation � �,� � 8 ���1�0�
corre-

sponds to pure deformation of the body under consideration. The coefficients 8 ��� are called
components of the strain tensor. A body is strained when the relative position of points in
it is altered.

On the contrary the second coefficients are skew-symmetric:� ��� � � � ����� �

� �.� ��� � � ��� �
(2.5)

The transformation � � � � � ��� � �
represents rigid body motion. We will show that this fol-

lows from the skew-symmetry of the coefficients � ���
now. Rigid body motion implies that

the length of any vector in the body doesn’t change:
� � � � ��� � � ���

. By using � � � �
	
�
�.� �%� � � �(� � � �

it follows from this condition of conservation of length that

3 � � �
�

� �.� �%� � � �(� � � � 6 �*��� �� (2.6)

After working out the square root and neglecting all products of coefficients
� ���

we obtain
� �%� � � � � ��� �(� � � � �

(2.7)

This condition is always true since the indices are only dummies because the summation
convention is used. So when we use the coefficients (2.5), the length of any vector in the
body is conserved. This implies that the coefficients (2.5) correspond with rigid body mo-
tion.

Now we introduce the displacement of the point
�����
	
	 �	�

�
	 �
�� � in a continuous medium.

If this point is at
��� �
	
� 	 � �

�
� 	 � �� � � after a deformation, we can define the displacement by:� � ��� � 	 	 � �� 	 � �� � ��� �� � � � �� (2.8)

Some other point
���
	
	 �

�
	 � � � in the neighbourhood will transform into

�����
	
	 � �

�
	 � � � � . Hence a

vector A which initially runs from
��� �
	
	 � �

�
	 � �� � to

���
	
	 �

�
	 � � � will be deformed into a vector

A
�

which runs from
���	�
	
� 	 �
�

�
� 	 �
�� � � to

��� �
	
	 � �

�
	 � � � � . With this knowledge we are able to write

down an expression for the components of � A = A
�
-A:

� � � � ��� ���� � �� � � � ��� � � � �� �
� ��� �� � � � � � ��� �� � � � �� �
� � � ��� � 	 � �

	
	 � �

� � �
�
	 � �� � � � � � � � ��� � 	 	 � �� 	 � �� �

� 
�� � �� � ��� � � �

We have neglected the higher order terms in the Taylor’s expansion of the function � � ���
�
	 ��

	
	 �
�

� � �
�
	 �
�� � � � � in the last line. Introducing the short notation� � �� � � � � ��� �

we can write:
� � � � � ��� � � �

(2.9)
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Comparing (2.9) with (2.1) we see that � � � � has the same use as
�����

. If we assume that the dis-
placements � � as well as their partial derivatives are small we can conclude that (2.9) again
defines an infinitesimal affine transformation which we can decompose into pure deforma-
tion and rigid body motion:

� � � � � ��� � � � �-3 �� � � � � � � � � � � � �
�

� � � ��� � � � � � � �76 � � �4� 8 ��� � � ��� � � �
(2.10)

where
8 ��� � �

� � � ��� � � � � � � � (2.11)

and � ��� � �

� � � � � � � � � � � � (2.12)

2.2 Equations of equilibrium of forces

There are mainly two kinds of forces which can act on a continuous medium. At first there
are the volume forces which are proportional to the mass contained in the volume element���

. We will represent these forces by the vector F. At second there are the surface forces.
These forces act on the surface

���
of the volume element

���
. The surface forces per unit

area are represented by the stress vector T. The stress vector is closely related to the nine

components of the stress tensor
� ���

. These are defined as follows. Let

�� denote the stress
vector acting on a planar surface element normal to the

� �
-axis. So the resolution of the

vector

�� into components along the coordinate axes gives

�� ��� � �� �
, with

� �
the unit vector

in the direction of the
� �

-axis. The convenience of the notation
�� � � � ���

(2.13)

should be clear now, because we can write with this:�� ��� � � ���
(2.14)

To interpret the quantity
� �%�

we must notice that this tension acts on a surface perpendicular
to the

� �
-axis. The second index indicates the direction of the stress. So for

� �
	
we have a

tension that acts normal to the surface and for
����
	

the stress acts in the plane perpendicular
to the

� �
-axis.

It is also possible to write down the components of the stress vector in terms of the com-
ponents of the unit normal 
 to the surface element

���
:� � ��� ����� �

(2.15)

To obtain the equations of equilibrium we state that the resultant force acting on a con-
tinuous medium should be zero for each component. To do this we must integrate the body
forces over all occupied space and the surface forces over the surface of the body:����� ��� � �

��� � ��� � � ����� ��� � �
��� � ����� ��� � � �
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where we have used (2.15). As before we define a short notation for the partial derivative:

� �(��� � � � � ���� � �
With the aid of the divergence theorem of Gauss

�
we can rewrite the surface integral into

a volume integral: � � � ����� � � � � � � � ��� � � � �
Hence we obtain ��� � � � � � ��� � � � � � � �

which has to hold for every region
�

. Thus at every interior point the equilibrium equation� � � � ��� � � � �
(2.16)

must be satisfied.
In a comparable manner we can show that the stress tensor is symmetric:

� ��� � � �(�
. Now

we don’t set the total force but the total torque (or moment of the force) due to body forces
and surface forces with respect to a randomly chosen point equal to zero (as in [7]):� �

� �%��� � � � � � � �
� �

� ����� � � � � � � � �
(2.17)

� ����� is the Levi-Civita tensor density and equals +1 if
� 	 	 	��

is equal to 1,2,3 or a cyclic per-
mutation of this row (so 2,3,1 or 3,1,2). It equals -1 if the

� 	 	 	��
are different and the order

1,2,3 is changed in an a-cyclic way. It equals zero if two of the indices are equal. So with the
aid of �

�����
we have written the cross product in tensor notation. When we substitute (2.15)

and use the Gauss theorem again we obtain���
� �%��� �
� � � � � �

���
� ����� � ��� ��� � � � � � ���

� �%��� �
� � � � � �
��� � � ����� �
� � ��� � � � � � � �

(2.18)

Working out the derivative and setting
� � � � � � ��� we obtain� �

� ����� � � � � � � � ��� � � � � � �
� �
� ����� � ��� � ��� � � � �

(2.19)

The first integral equals zero because of (2.16). When we take into account that the volume
can be chosen arbitrarily it follows that the integrand in the second integral must vanish.
This implicates that � ��� ��� ���

(2.20)
�
In conventional notation the Gauss theorem states:�

�
�
	���
���� �

�
��	���
��

which takes the form: �
�
����� � 
���� �

�
���� �� 
��
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2.3 Stress - strain relations

The dilatation is defined as: � � 8 � � � � ��� � (2.21)

The last step can be verified by looking at (2.11). The dilatation represents the expansion of
a unit volume due to strain produced in the medium.

We shall assume that – at a fixed temperature – there exists a one-to-one analytic relation
between the components of the stress tensor and the strain tensor. This relation is called
the generalized Hooke’s law. When it is expanded and we keep only the linear terms there
remains: � ��� ��� ������� 8 ��� (2.22)

A medium is called elastically homogeneous if the coefficients
� �������

are independent of the po-
sition in the medium. Without loss in generality we can state that the

� �%�����
are symmetric

with respect to the first two components as well as with respect to the second two compo-
nents. This leaves us with at most 36 independent constants while we had 81 coefficients.
So this is the time to introduce a new notation with fewer indices. Our new indices will
run from

�
to � so it suffices to give each of the 36 constants two indices. Consequently,

the number of indices of the stress and the strain will diminish from two to one. The new
notation is defined as follows:�

	 	
���

	
�
� �

� �
�

� � � ��� � �
� � ����� � �
	 ���

�
�
	��

� �



8 	 	 � 8 	 8 � � � 8 � 8 � � � 8 � � 8 � � � 8 � � 8 �
	 � 8 � � 8 	�� � 8 

With this (2.22) becomes: � � ��� ��� 8 � ��� 	 	 � �
	��
	

� � �

	 � � (2.23)

The constants
� ���

are called the elastic constants or moduli of the material.
It can be deduced [9] from the first law of thermodynamics that the strain-energy density

function exists for a process that takes place adiabatically. This function is given by

� � �

� � ��� 8 � 8 � (2.24)

It has the property � �� 8 � ��� �
� (2.25)

Evaluation of the derivative and substituting for
� �

the expression from (2.23) gives
� �%����� �(�

and this reduces the number of independent elastic constants to 21.
There are a few special cases to be considered. Symmetry with respect to a plane re-

duces the number of independent elastic constants to 13. When we have symmetry with
respect to three mutually perpendicular planes this number reduces to 9. When the elas-
tic properties of a body are identical in all directions we say that the body is isotropic. The
number of essential elastic constants diminishes to 2 in that case. This can be shown by im-
posing invariance of the coefficients under rotations about the axes. The two independent
constants we will use are denoted by � and 	 and are called the Lamé constants. They are
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lδ

T

l

w

wδ

Figure 2.1: Illustration of the Poisson ratio
�

and Young’s modulus � . A bar with initial
width � and length � is stretched by a stress T. The length is increased with ��� and the width
is decreased with ��� ,

� �����
�

�
� � and � �
	 �

� � .

related to the elastic moduli by
�
	 	

� � � � 	 ,
�
	��

� � and
� � ��� 	 The generalized Hooke’s

law for a homogeneous isotropic body can be written in the following form:� �%� � � � �%�
�

� � 	+8 ��� (2.26)

The quantity 	 is called the modulus of rigidity or the shear modulus. It suffices to have two
independent elastic constants. Instead of the Lamé constants it is possible to use two other
quantities which are called the Young’s modulus � and the Poisson ratio

�
. The transforma-

tion is given by

� � � �� � � � � � � � � � �

	 � �� � � � � �
or

� � �� � � � 	 � (2.27)

� � 	 � � � � � 	 �
� � 	 (2.28)

The two quantities both have a physical interpretation. � represents the ratio of the tensile
stress to the extension it produces. For a cylinder

�
denotes the ratio of the contraction of

an element perpendicular to the axis of the cylinder to the extension of the cylinder. This
is illustrated in figure (2.1). The constants as well as the densities � of a few materials are
listed in table 2.1 which is taken from [6].

2.4 Equations of motion

To obtain the equations of motion we set the resultant force which is calculated in (2.16)
equal to the inertial force �
�� � , with � the mass density and� � � ���� � � �� �
This is called d’Alemberts principle. Hence we obtain� �%� � � �

� � � �
�� � (2.29)
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material � (GPa) 	 (GPa)
�

� (GPa) � (kg � m �
)

Aluminum 58.2 26.1 0.345 70.3 2706.5
Brass (70 Zn, 30 Cu) 86.9 37.3 0.350 100.6 7674
Cadmium 28.8 19.2 0.300 49.9 8647
Chromium 83.5 115.4 0.210 279.1 7194
Copper 105.6 48.3 0.343 129.8 8933
Gold 198.6 27.0 0.44 78.0 19281
Lead 41.0 5.59 0.44 16.1 11343

Table 2.1: The elastic constants and the densities for a few materials at 293 K.

Now we can eliminate
� ���

in favour of � � . We start by substituting (2.11) in (2.26):� ��� � � � ��� � � � � � 	 � � � � � � � � � � � (2.30)

and this resulting expression for
� ���

is substituted in (2.29). We obtain for a homogeneous
isotropic elastic solid:

	 � ��� � � � � � � 	 � � � � ��� � � � � �
�� � (2.31)

or
	�� � � � � � � � 	 �

� � � �
� � � �
�� � (2.32)

This equation is also called the Navier equation.
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Part II

Analytical Solutions for Elastic
Spheres





Chapter 3

Solutions of the equation of motion
for a homogeneous isotropic sphere

3.1 Spherical solid harmonics

In equilibrium in the absence of body forces we have from (2.32):
� � � 	 �

� � � � 	�� � � � � �
(3.1)

Differentiating with respect to
� �

we obtain
� � � � 	 � � �

� � �
, so we must conclude:

� �
� � �

(3.2)

Because
�

satisfies the Laplace equation we say that it is a harmonic function.
We are interested in solutions of the equations of motion which are (a combination of)

spherical solid harmonics. These are functions which satisfy the Laplace equation and are ra-
tional homogeneous functions of the

� �
of positive or negative integral degree � . The latter

condition imposes that the functions, which we shall denote by
���

, are of the form
� � ��� ����� � �

	
� �
�
� � �

No summation convention should be used in this expression. The numbers
� 	�� 	 � and �

are of constant integer value and
� � � � � � � .

We will make use of spherical coordinates. The transformation is defined as�
	

� 	�

����������
���
�

� 	�

������

������ � � 	�����
��

	�� ��� � � � �"!�� �#� �%$ �&!

where
	

represents the distance to the origin of the coordinate system. In these new coor-
dinates

� �
is of the form

	 ��' �
with

' � � ' � �(� 	 � �
.
' � �(� 	 � �

is called the surface harmonic or
the zonal harmonic. The

' �
are equal to the ) �� �(����
�� � which are Legendre polynomials. The
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general form for a spherical solid harmonic can be obtained by solving the Laplace equation
with the method of separating variables. (See for example [12].) In this way the solutions
become � 	 � 8 � ��� ) �� �(����
�� � � 	 ��� �� �(� 	 � �

(3.3)

where
�

is a normalization constant. There is a restriction for the integer value of � : � � �
� � � . The

� �� �(� 	 � �
are spherical harmonics for which an explicit expression can be looked

up in a table.
It is possible to derive some formulas for the spherical solid harmonic functions

� �
.

These relations are listed below.
� � ��� � � � � � � � � � �

(3.4)

� � � 	 � � � � � � � � � � � � � � 	 � ��� � �
(3.5)

� � � 	 � � � � � � � � � � � � � � � � 	 � ��� � � � �
(3.6)� � � � � � � � � � (3.7)� � � � � 	 �

� � � �

� � � � � � 	 � ��� 		� � �
	 � �
� 	�� � ��
 (3.8)

It is always possible to add solutions of the differential equation. The solutions are built
up by spherical solid harmonics. There are three types of spherical solid harmonics which
we will frequently encounter:

� Type � . This type of spherical solid harmonic occurs in the solution in the following
manner: � � � 	 � � � � � � � � � � � � (3.9)
� �

depends on � , � and 	 and can be evaluated by substituting (3.9) into (3.1).

� Type
�

. This type contributes the following terms to the displacement:� � � � � � �
(3.10)

� Type � . This type contributes the following terms to the displacement:� � � � �%��� � � � � � � (3.11)

The three displacements (3.9), (3.10) and (3.11) all satisfy (3.1).

3.2 Solutions for a vibrating sphere by means of spherical
harmonics

In this section we will describe a derivation of the solution of the equation of motion as it
can be found in [9]. We assume that the motion of every particle of the sphere is simple
harmonic with a constant frequency. We denote the angular frequency by � . In this way
we can take � � � � �� ����
 � � � � � � (3.12)
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Here the � �� are functions of the
� �

but not of the time � . The constant � is independent of the� �
and only influences the phase of the vibration. The same shape is reached at different

times with varying � . Now we substitute this expression in (2.32) and take
� �"� �

. Hence
we obtain:

	�� � � � � � � � 	 �
� � � � � � � � � � �

(3.13)

Here we have omitted the accent of � �� . Since equation (3.13) holds for both � � and � �� , we
may restore at any time the factor

����
 � � � � � � in the solution. Differentiating (3.13) with
respect to

� �
we obtain � � � � � � � � � �

(3.14)

where
� � � ������ � �	� . Equation (3.13) can be rewritten as

� � � ��
 � � � � � 
 � � 
 �
� � � � � � (3.15)

where 

� � �����

� . One solution of (3.15) is� ! 	$#� � � �

� �
� � �

(3.16)

This can be verified by substituting this solution into (3.15). What remains is
� � � � � � �

� � ���
�
, and this relation holds because of (3.14). A more complete solution is obtained by adding

to solution (3.16) solutions of the system of equations.

� � � ��
 � � � �9� �
(3.17)

and � � � ��� � � �
(3.18)

If we call the solutions of this system of equations � ! �(#� we can write the total solution of
(3.13) as � � �-� � ! 	$#� � � ! �(#� � ����
 � � � � � � (3.19)

To obtain this total solution we have to find a
�

which satisfies (3.14) first.Then we can cal-
culate � ! 	$#� by means of (3.16). Finally we must solve the system (3.17) and (3.18) and add
the solution to � ! 	$#� .

To solve (3.14) we suppose
� ��
 � � 	 � ' � �(� 	 � �

, so separation of variables again.
' �

is
a spherical surface harmonic of degree n. After writing (3.14) in spherical coordinates and
separating variables we obtain
 � �� 	 � � � � � � � � � � �

	 � � � 	�
 � � � �
(3.20)

which can be shown to have the following solution:

	�
 � � 	 ��� 		� �	 �� 	 �
� � � 
 ��������	 � ��� � ����
 ����	 �	 (3.21)
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where
� �

and �
�

are arbitrary constants. Now we take for
�

:
� ��� � � ����� ��� 	 � (3.22)

where � � is a spherical solid harmonic.
��� ��� �

is given by:

� � ��� � � � �� �� � �
� 

��� �� (3.23)

Note that we have dropped the part
����
 ��� 	 � � 	 from the solution to get a physically valid

solution for
	�� �

. The functions
��� ��� �

are closely related to the spherical Bessel functions
of the first kind

	 � ��� �
: 	 � ��� � �-� � � � � ��� ��� � (3.24)

Two important relations for
� �

are the differential equation
 � �� � � �
� � � � � �� �� � � � � ��� ��� � � �

(3.25)

and the relation for consecutive values of n� � ��� � 	 ��� �� � � � � � � ��� � � � � �
���

��� � � � � � � � � � �
� 	

��� �
� (3.26)

We can write down an expression for � ! �(#� in the same manner as for
�

because (3.17) has
the same form as (3.14): � ! �(#� ��� � � ��� � 
 	 � (3.27)

The
� � �

are again spherical solid harmonics of degree n. But now (3.18) has to be satisfied
also. One way of doing so is taking � � � � � ����� � � � � � � (3.28)

A second way is taking the curl of (3.27) with
� � �

given by (3.28). This solution is allowed
because the curl of � � also satisfies the system (3.17) and (3.18). In this way we obtain after
rewriting with the aid of (3.8) and (3.26):

� ����� � ! �(#� � ! �(#� � � � �

� � � �
� � 
 	 � � � � � � �� � � �

�����
	
� 
 	 � 
 � 	 �

��� � � � �	 � �
� 	�� � � (3.29)

The spherical solid harmonic that occurs in this solution is of the
�

type, so we replace � �
by
� �

. We can add the solutions (3.16) with
�

given by (3.22), (3.27) with
� � �

given by (3.28)
and (3.29) now to write for the solution of (3.15)� � ��� �	� � �

� �
3 � �
� � ����	 �76 � � � ��� � 
 	 � � � ����� � � � � � � � � �
� 	 � � �

� � � �

� � � ����� � � 
 	 � 
 � 	 � �
� � � � �
� 		 � �
� � � � ��� (3.30)
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3.3 Boundary conditions and frequency equations for a vibrating
sphere

First we derive a formula for the boundary conditions because they determine the frequen-
cy equations. Only certain values for the frequency are allowed by these latter equations.

The boundary conditions we impose are traction boundary conditions. This means that
the sphere is maintained in equilibrium by applying suitable surface tractions on its bound-
ary. The conditions involve the stress tensor. Since no forces act on the surface of the sphere
we say that the boundaries are traction free and the applied surface traction vanishes. We
have for the components along the

� �
axis of the traction across a surface

	
=constant

�

	 �
� � ��� � �

	 3 � � � � � � � � 	 3 ��� � � � � � � � � � � �
� � � � � 6 6
� �

	 � � � � � � 	 ��� � � � � � � � 	 � 	 � � �� 	 � � � � � (3.31)

Where we have used (2.30) in the second step. The boundary conditions imply that these
tractions vanish at the surface of the sphere. So we have to impose that (3.31) equals zero
for
	)���

, where
�

denotes the radius of the sphere. When we substitute for
�

the expression
from (3.22) and for � � the form obtained in (3.30) we obtain after tedious calculations

� � � � � � ����� � � � � � � � � � � � � � � � � 	 � ��� � � � �
	 � �
� 	 � � �

� � � � � � � � � � 	 � ��� � � � �
	 � �
� 	 � � � � � �

(3.32)

with � � � � � � � � ��� � 
 � � ��
 � � �� � 
 � �
� � � �

� � � � � � � � 3 
 � � � � � ��� � � � � � � � � � � �
� 	

��� � �76

� � � � �

� � � �

�

 �
� �
��� ��� � � �

� � � � ���
� � � �� ��� � � 
 (3.33)

� � � 
 � � � ��� � 
 � � � � � � � � � ���
� 	

� 
 � �� � � 
 � �
� � � � ��� � 
 � � �

� � � � ���

 �

� �� � 
 � � �
where we used � �� � � � � �

� .
It is possible to derive a set of equations from (3.32) for � �� �

. The first one is obtained
by differentiating with respect to

�5�
and the second one is obtained by multiplying with

���
.

In this way we obtain: � � � � � � � � � � � �

� � � � � � � � � � � (3.34)

There are two separate cases for this set of equations to be considered and therefore the
vibrations fall in two classes.
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In the first class � � and
� �

vanish, so we have a unique solution of the set of equations
and the determinant of the coefficient matrix is not equal to zero. It follows from (3.32) that
for � � � � � � �

the frequency equation is given by:� � � �
(3.35)

In the second class � � vanishes and the determinant is zero. So there is no unique so-
lution and � � and

� �
are related by the set of equations (3.34). The frequency equation is

given by the determinant: � � � � � � � � � � �
(3.36)

For � � �
the spherical solid harmonics � � , � � and

� �
are constants. Therefore the terms

in (3.32) with � � , � � and
� �

vanish because of the derivative in them. Since the term with � �
disappears from the boundary condition, we have no vibrations of the first class for � � �

.
The coefficient

� �
also vanishes for � � �

, so
� � � �

is the frequency equation for � � �
for

the vibrations of the second class.
The numerical evaluation of the equations (3.35) and (3.36) is not trivial. The usual al-

gorithms have different domains for � and the argument of the
�

function where they are
stable [5]. As in [5] we have used three different algorithms. The expressions � � and

� � � � �
� � � �

are plotted as functions of the frequency for different � in appendix A.

3.4 Vibrations of the first class

These vibrations are also called toroidal modes. The displacement for vibrations of the first
class is obtained by substituting � � � � � � �

in (3.30) and restoring the factor
����
 � � � � � � :� � ������
 � � � � � � � � 3 ��� � 
 	 � � ����� � � � � � � 6 (3.37)

The frequency equation (3.35) becomes with (3.33)
� � � � � ��� � 
 � � ��
 � � �� � 
 � � � �

(3.38)

For fixed � this equation has infinitely many roots. A few of the roots are displayed in figure
3.1 for six values of � .

From (3.22) we see that the dilatation vanishes. Because of the cross product which
involves the radius in (3.37) the radial displacement also vanishes. This implies that the
sphere only undergoes twistings which keep its volume unchanged. From (3.37) we see
that the spherical surfaces determined by

� � � 
 	 � � �
are nodal surfaces. The displacement

vanishes at these surfaces. It can be shown that a gravitational radiation field has no effect
on vibrations of the first class (see [8] and [16]).

If � � �
we have rotatory vibrations. This means that all spherical shells concentric with

the boundary vibrate round the axis of the shell. Noting that ) �	 �(����
�� � � ����
��
we can

choose � 	 � 	�����
 �&���
. The displacements (3.37) become:��

�
� 	� �� �

���
� ������
 � � � � � � � 	 � 
 	 �

� �
�

�
�� �
	

�

���
� (3.39)
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Figure 3.1: The frequency spectrum for vibrations of the first class.

With this choice the spherical surfaces vibrate round the
�
-axis.

The frequency equation (3.38) turns out to become for � � �

��� ��� 
 � � � � 
 �� � 
 � � � (3.40)

The values of 
 and
�

must always satisfy this equation. The function
��� �+� 
 � � � � ���� � ! ��� # � has

infinitely many roots for the product 

�
. This is easy to see because the function behaves

as ��� �+� 
 � � , especially when 
 � is large. So for a fixed � infinitely many values of 

�

are
allowed and hence infinitely many frequencies.

In figure 3.2 a plot is made for several phases of the vibration. It shows the displacement� � on the
�
	 axis. � 	 equals zero everywhere because

�
� equals zero on the

�
	 axis. So the

displayed displacement is the total displacement on this axis. We can see that the amplitude
of the vibrations of the spherical shells is the largest near the centre of the sphere. The points
on the nodal surfaces are visible.

In figure 3.3 a 3D-plot is made of the displacement in the plane
�
�
� �

. This plane cuts
the vibrating spherical shells in two equal parts. The displacement vanishes on the

� � -axis.

3.5 Vibrations of the second class

This class of vibrations is also referred to as spheroidal modes. Radial as well as tangential
displacements take place. The displacement is obtained by substituting � � � �

in (3.30),
setting � � � � �

in the last two terms and restoring the phase factor:� � ������
 � � � � � � � �	� � �

� �
3 � � ��� ����	 �76 � � � ��� � 	 � � 	 � � � � �

� �
� � �

�����
	
� 
 	 � 
 ��	 �

�
� � � � �
	 � �
� 	 � � ��� (3.41)
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Figure 3.2: Rotatory vibrations for � � �
. The displacement in the
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Figure 3.3: Rotatory vibrations for � � �
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(corresponding to a frequency of 1122

Hz) and
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Some of the solutions of the frequency equation (3.36) are displayed in figure 3.4.
The next chapter is devoted to this class of vibrations for � � �

. In this case the modes
are called quadrupole modes. These modes couple to the gravitational radiation field [8].
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Figure 3.4: The frequency spectrum for vibrations of the second class.
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Chapter 4

Quadrupole modes

In this chapter we consider a special case of the solutions found in the previous one. For
� � �

the vibrations of the second class are called quadrupole modes. Our main attention
goes to these modes because they interact with the gravitational radiation field [16].

4.1 Frequencies of the quadrupole modes

There are several frequencies which satisfy (3.36) for � � �
. When the numerical values

of the Lamé constants are known we can eliminate either
�

or 
 from (3.36) and our other
equations. Therefore we recall the definitions:

� � � � � �
� � � 	


 � � � � �
	

With the values for copper from table 2.1 we find � �� �
�

��� 	 and
�

�� ���� � � . With this we
eliminate

�
from the frequency equation in favour of 
 . Note that 
 is a measure for the fre-

quency � because it equals a constant only depending on the material times the frequency:

� � �

�&!
� 	
�

 (4.1)

We denote the frequencies in ascending order by 
 	 	 
 � 	 
 � 	 � � � . The lowest root 
 	 corre-
sponds to a frequency of � � � ��� � �	� � Hz.

4.2 Expressions for the displacements

For � � �
there are five values of � allowed. For � �� �

the surface harmonics become
complex functions. To obtain real valued displacements we define real quadrupole spher-
ical harmonics as in [16]:� � � � �

�
� � �

� � !

 � � �	 � � � �
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�
	�� � �

� � � � � 	
�

� � �
	

�
� � � � �

� ! � � �	 � ��
	�� � �

� � � � � 	
� �

� �
	

�
� � � �

� ! ��� �	 � � (4.2)�
��� � �

� � � � ���
� �

� �
�

�
� � � � �

� � !

 � � � � �	 � ��

��� � �
� � � � ���

�
� � �

�
�

� � � � �

� ! � � �	 � �
According to [16] and [10] the displacements that are obtained by using these real spherical
harmonics can be written as follows:

	 � �-3 ����� 	 
 	 	 ��
� � �
��� 	 
 	 	 � � 6 � �
(4.3)

Here � denotes one of the modes
� � 	 � � 	 ��
 	�� � 	���
 �

and

� is the unit normal in the direction of	

. The functions
�5��� 	 
 	 	 � and

�
��� 	 
 	 	 � determine the motion in the radial and tangential
direction, respectively. We are able to obtain expressions for these functions by substituting� � � �

�
� 	 � � �

, � � � 	 � � 	 ��
�	�� � 	���

in (3.41). In this way we can deduce

�5��� 	 
 	 	 � � � �

� � �� 	 	 � ����	 � � ���


 � 	
	
�
� 
 	 � (4.4)

and �
��� 	 
 	 	 � � � �

� � 	 � ����	 � � �

� 
 �
�� 	 3 	�	 � � 
 	 �76 (4.5)	

� is the spherical Bessel function of the second order. With these forms for
����� 	 
 	 	 � and�
��� 	 
 	 	 � the displacements (4.3) are in correspondence with the ones deduced in [2]. The

functions are shown in figures 4.1 and 4.2 for several frequencies.
As is to be seen from the expressions for the real spherical quadrupole harmonics, the

modes
� �

,
��


and
��


have the same shape. This should be clear because the real spherical
quadrupole harmonics have the same form. The only difference is that other coordinates
appear in them. So the modes have the same shape but a different orientation. It turns out
that the

�
��� mode also has the same shape as these three modes. This is due to the fact that�

��� is equal to
�
��� under a rotation of 45 degrees in the

�
� -plane. This is shown as follows.

Consider a rotation of the coordinate system about an angle
�

as shown in figure 4.3. The
point ) at distance

	
from the origin has the coordinates

� � 	�����
��
and �

� 	�

�����
in the

old coordinate system. In the new coordinate system the coordinates become:� � � 	�����
�� � 	�����
 ��� � � � � 	 ����
�� ����
 � � 	�
 ����� 

���'� ��� ����
 � � �


���0�

�
� � 	�

����� � 	�

������� � � � � 	 
 ����� ����
 � � 	 ����
�� 

���'� �

�
����
 � � � 

���0�

By using this coordinate transformation with
� � 	� ! and denoting the rotated system with

an accent we can write

� �
��� � � �

� � �

� � !

 � � � � �

� �
	 � � � � � �

� ! � � �	 � � � �
��� (4.6)
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Figure 4.1: Spheroidal vibrations. n=2. The function
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 	 	 � appearing in the solution for

several frequencies.
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Figure 4.2: Spheroidal vibrations. n=2. The function
�
��� 	�� 	 	 �

appearing in the solution for
several frequencies.

So the orientation of the
� �

and
��


modes differs a rotation of
	� ! about the

�
-axis. It should

be clear that the orientation of the
� �

and
��


modes also differ a rotation about the
�
-axis.

In this latter case we have
� � 	

�
!

.

The �
� �

mode is a superposition of two of the other modes which are rotated. We
denote a rotation in the

� �
-plane with a double accent and a rotation in the �

�
-plane with
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Figure 4.3: The coordinate system built by the axes
�

and � is rotated about an angle
�

. The
new system consists of the
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and the �

�
axes. The point ) at distance

	
from the origin has

coordinates
� � 	�����
 �

and �
� 	�

�����

in the old system. In the new system the coordinates
are

� � �"	�����
 �
and �

� � 	�

�����
.

a triple accent. If we rotate about an angle of � 	� ! we get

� �
	�� � � � � � � �

� ! � � � � � � �	 � � � � � �

� � !

 � � � � �

	 � � (4.7)

and
� �
	�� � � � � � � � �

� ! ��� � � � � � � �	 � � � � � �

� � !

 � � � � �	 � � (4.8)

Addition of (4.7) and (4.8) gives
� � , except for a factor

� �
.

So the real quadrupole spherical harmonics (4.2) can only transform into each other by
using a rotation. Our conclusion is that they form an independent basis for all the quadru-
pole vibrations.

4.3 Visualization of the modes

The modes are displayed in figures 4.4, 4.6 and 4.5.
The � � �

mode is displayed in figure 4.4. The sphere is consecutively distorted into a
prolate and an oblate spheroid. A spheroid is an ellipsoid for which two of the three semi-
axes have equal length. For a prolate spheroid these two axes are shorter than the third one,
it resembles a cigar. This body can be made by revolving an ellipse about its long axis. In
the case of an oblate ellipsoid, the two semi-axes that have equal length are longer than the
third one. If the difference in length becomes large, the oblate ellipsoid comes to look like
a pancake. The shape may be obtained by revolving an ellipse about its short axis.

In the other four modes the sphere alternates between two mutually perpendicular oblate
ellipsoids. In the

� �
-mode (figure 4.5) the sphere distorts from an oblate form in which

it is stretched in the � -direction and flat in the
�

-direction into an oblate form in which it
is stretched in the

�
-direction and flat in the � -direction. One of the other three modes in

which the sphere alternates between two oblate forms is displayed in figure 4.6. The oblate
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Figure 4.4: The � � �
quadrupole mode displayed at two stages of the vibration. The stages

differ half a period.
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Figure 4.5: The �
� � �

quadrupole mode at two stages of the vibration. The stages differ
half a period. The sphere is distorted into an oblate ellipsoid in both the figures (a) and (b).

forms are not clear from this figure because we look at the flat side of the oblate ellipsoid in
figure (a) as well as in (b). The displacement in one coordinate direction vanishes for these
four oblate-oblate modes.

The displacements along the three planes which divide the sphere in two equal parts are
shown in figure 4.7 for �

� �
for the lowest frequency. We see that the sphere is stretched

along two axes (the x- and y-axis) and shortened along one axis (the z-axis) at this stage of
the motion. This corresponds to figure 4.4(a).

These displacements are shown for the
� �

mode in figure 4.8. This configuration corre-
sponds to figure 4.5(a).

For the second lowest frequency the displacements are shown in figures 4.9 for the �
� �

mode. Again the displacement in the �
�
-plane gives the same picture as the displacement
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Figure 4.6: The �
� � �

quadrupole mode at two stages of the vibration. The stages differ
half a period.

in the
� �

-plane. If we compare figure 4.7(a) with figure 4.9(a) we see that the displacements
are larger when the points are further away from the centre of the sphere in the first picture.
This is not the case in the second figure which corresponds to a higher frequency. We can
conclude that the higher the frequency, the more compressions and stretches we get in the
sphere. This fact can also be deduced from figures 4.1 and 4.2. The higher the frequency,
the more complex the functions

����� 	 
 	 	 � and
� ��� 	 
 	 	 � become.

Notice that the displacement almost vanishes near the surface of the sphere in figure
4.9. This indicates that these vibrations will be difficult to measure.

4.4 Deviations of the frequency

The frequencies of the normal modes are influenced by the following parameters.

� The Poisson ratio
�

. For copper we have
�2� �

�

� � �
. Now we vary this ratio in the

range from table 2.1 to see how it affects the normal mode frequencies. This is shown
in figure 4.10(a) for the lowest root and in figure 4.10(b) for the second root. It is re-
markable that in the first case the frequency decreases when the Poisson ratio is in-
creased, while in the second case the frequency increases with the Poisson ratio.

� The Young’s modulus � . In figures 4.11(a) and 4.11(b) we see how the frequency de-
pends on the Young’s modulus. Because we have varied the Poisson ratio and the
Young’s modulus both between the extreme values of real materials from table 2.1,
we can say that the sensitivity of the frequency to the Young’s modulus is much larger
than to the Poisson ratio.

� The radius of the sphere. The dependence of the two lowest roots 
 	 and 
�� of (3.36)
on the radius of the sphere is shown in figures 4.12(a) and 4.12(b). As was to be ex-
pected the curves in these figures are part of the hyperbola 


� �
constant.



4.4 Deviations of the frequency 39

(a) Displacement in the ��� -
plane.

(b) Displacement in the
��� -plane.

(c) Displacement in the ��� -
plane

Figure 4.7: The �
� �

quadrupole mode. Displacement in three planes through the sphere
for the lowest frequency.
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(a) Displacement in the ��� -
plane.

(b) Displacement in the
��� -plane.

(c) Displacement in the ��� -
plane

Figure 4.8: The �
� � �

quadrupole mode. Displacement in three planes through the sphere
for the lowest frequency.
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(a) Displacement in the ��� -
plane.

(b) Displacement in the
��� -plane.

Figure 4.9: The �
� �

quadrupole mode. Displacement in two planes through the sphere
for the second lowest frequency.
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Figure 4.10: Quadrupole modes. The frequency is plotted against the Poisson ratio. The
radius and the Young’s modulus are kept constant here at

� � �
�

�
m and �

� �1� �
�

�
GPa.
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(b) The second lowest frequency mode.

Figure 4.11: Quadrupole modes. The frequency is plotted against the Young’s modulus.
The radius and the Poisson ratio are kept constant here at

� � �
�

�
m and
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�
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(a) The lowest frequency mode.
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(b) The second lowest frequency mode.

Figure 4.12: Quadrupole modes. The frequency is plotted against the radius of the sphere.
The Poisson ratio
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m and Young’s modulus �
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GPa are held constant here.
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Variational Methods





Chapter 5

A variational approach to
approximate the normal modes of

elastic objects

As we have seen in the previous chapter the exact solutions to the differential equations are
quite complex, even in the case of a perfect homogeneous isotropic sphere. It is impossible
to solve them in general. Approximation procedures have been developed for this reason.
We will use an approach that is based on the variational principle, i.e. the stationarity of
the Lagrangian of the system in question, see [3] and [4]. The displacement functions will
be expanded into a truncated complete set of functions. The coefficients of the expansion
will be approximated numerically with the aid of the variational principle. As a basis we
will choose the functions proposed in [15].

5.1 Hamilton’s principle applied to elasticity theory

The theoretical background for the numerical approximation procedure is described in this
section.

In the theory of Hamilton we have a quantity called the Lagrangian. In general the La-
grangian

�
can be formed by subtracting the potential energy density from the kinetic en-

ergy density and integrating over the space occupied by the object under consideration:

� � � � � � � � � � �
(5.1)

In elasticity theory we take
� � 	

� � � � � � � � and
� � 	

�
� �%����� � ��� � � � � � . As before � is the density,� the angular frequency,

� �������
the elastic tensor appearing in (2.22) and � � the displacement

field. In this way we obtain

� � � � � �� � � � � � � � � �

� � ������� � ��� � � � � � � � � (5.2)

We will now show that the equations that describe free vibration of an elastic solid, with� �������
independent of the position, naturally follow from demanding stationarity of the La-

grangian. This is the variational principle. We want to know what the variation in
�

is
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when we vary � � by � � � . To deduce this we replace � � in (5.2) by � � � � � � and neglect terms
of order

� � � � � � . In this way we obtain:

� � � � � � � � �� � � � � � � � � � � � � � � � � � �

� � ������� � � ��� � � � � � � � � � � � � � � � � � ��� � � � � � � � � � � (5.3)

In this expression we can recognize the form for
�

given in (5.2). When we subtract (5.2)
from (5.3) and note that we can write

	
�
� ������� � � � � � � � ��� � � � � � � � � � � � � � � ������� � � � � � � � � � because of

the property
� �%����� ��� �������

we obtain:

� � � ��� � � � � � � � � � � � �%����� � � � � � � ��� � � � � (5.4)

After performing a partial integration we arrive at

� � � ��� � � � � � � � � � � � � � 3 � ������� � � � � 6 � � � 3 � ������� � � � � � � � 6 � � � � � (5.5)

Now we use the Gauss theorem to rewrite the last term in the volume integral into a surface
integral.

� � � � � � � � � � � � � ������� � � � � � � � � ��� � � � � � � � � ������� � � � � � � � � � � (5.6)� �
is the component in the direction of the

� �
-axis of the outward pointing unit normal on

the surface of the object. In the last step we also used
� ������� � � � �

. The expression between
brackets in the integrand of the surface integral is just the surface traction. This expression
is to be compared with the one in the upper line of (3.31) for a sphere. If we replace in the
case of the sphere

� � � 	 by
� �

and note that
� ��� � � ������� 8 ��� � � �%����� � � � � we obtain the more

general form for the surface traction given above. For a freely vibrating object the surface
traction equals zero. The volume integral also equals zero because the elastic wave equation
appears between the brackets. Now we have deduced that for a free vibrating elastic object
with

� �%�����
independent of position we have � � � �

. We are going to use this fact in the
following.

5.2 Numerical algorithm

We expand the displacements in a set of basis functions. There are several possibilities for
the choice of these functions. See for example [3] and [4]. In [15] the displacement vector
is expanded in the simplest possible set of functions. These functions are the products of
non-negative integer powers of the Cartesian coordinates:

� � � � �
�
� � �

(5.7)

� represents a set of three non-negative integers
�
� 	 � 	 � � . Later on we will see that it is a

convenient choice to take these simple functions, because their products will serve as inte-
grand in a volume integral. We will use these basis functions because many different shapes
can be studied with this choice of functions. The displacements can be written as� ��� �

�����
� � � � � (5.8)
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The
� � � are the coefficients to be determined. � defines a truncation of the set. For abso-

lute representation � should be the set in which � , � and ��� IN. Since we can not compute
infinitely many coefficients we have to truncate the set. For some � this truncation is spec-
ified by

� � � � � � � (5.9)

We hope that our approximation will be good enough.
Now we substitute (5.8) in (5.2) and replace all the summations by a convenient matrix

notation:
� � �

� � ����� � � � �

� ���
	�� (5.10)

The coefficients
� � � have been placed in a column vector

�
. The two matrices � and

	
are

given by:

� � � �
� � � � � � � � �
� �

� � � �
� � � (5.11)

	 � � �
� � � ��� ����� � � � � � � � � � � �
� � � � � � (5.12)

Note that the length of the vectors, the number of columns and the number of rows of the
matrices are all equal to three (three coordinate directions) times the number of functions
� � used. So the size of the matrices and vectors grows fast when � is increased. The size
of the matrices denoted by


�� 

is related to � according to


 � �

� � � � � � � � � ��� � � � ���

The fact � � � �
indicates that we must set all the derivatives of (5.10) with respect to

the indices
� � � equal to zero. This renders the following matrix eigenvalue equation:� � � � ��	
�

(5.13)

This generalized eigenvalue problem is implemented in a computer program. By solving
the problem we get to know the frequencies � of the normal modes and the coefficients

� � � .
With these coefficients we can also determine the shape of the modes with the aid off (5.8).
In our implementation a LAPACK [1] routine is used.

We can take advantage of the simple form of our basis functions when we have to cal-
culate the matrix elements from formulas (5.11) and (5.12). The integrands have the same
form as the basis functions and the integrals can be evaluated analytically for many shapes:� � � � ��� ��� � � � � � � 	��
	 	 �

(5.14)

Objects for which such a � � � 	��
	 	 �
can be found are spheres, hemispheres, ellipsoids, cylin-

ders, cones, pyramids, parallelepipeds and many others.
The

� �������
appearing in (5.12) depend on the Lamé parameters � and 	 in the following

way:
� �%����� � � � � 	 when all the indices are equal,

� ������� � � when
� � 	

and
� �

� and� ������� � 	 when
� � �

and
	 � � . In this last case the following symmetry properties of the

elastic tensor must be used:
� �%����� ��� ��� ��� ��� ����� �
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Chapter 6

Applications of the approximation
method

We will apply the variational method from the previous chapter here. First we will regard
the results for a solid sphere. In this way we can compare the approximation method with
the analytical one. Furthermore we will apply it to prolate and oblate spheroids, a sphere
with a concentric hole and a sphere with a bore hole.

6.1 A solid sphere

For a sphere with radius
�

centered at the origin we have an analytical solution for the in-
tegrals (5.11) and (5.12):��� � � ��� � � � � � �

���� �
�

���
� �
� � �

��� � �
� �
� � �

� �
� �
� � � � � �

�	� � �
� �
� � � � � � � � ��� ��� � � � � � �

� ��� � � � � � � � 	�
� ! � � � # 	�
� ! 	 � � #� � � � � � � � � � ���

� 	�


� ! 	
� � #

	�

� ! �

� � � � � � # �
	�

� ! �

� � #
	�

� ! �

� � � � � � #
��

� � ! � � � � � � � � � � � � ����� � � � � ����� � 	 � � �����
� � � � � � � 	 ����� (6.1)

	 �
is the Euler Gamma function and the double factorial is defined as � ��� � ���1��� � �

� � �

� � ,
with

� � ����� �4� � � ����� � �
. The last step from (6.1) can be verified by using the relation:

	 �
� 

�

� � � � � � �����
� � 	�


�
� � � � � � �����

� � � !
(6.2)

It should be noticed that the integral (6.1) vanishes when one or more of the � ,
�

or
	

are
odd. This is due to the facts that in this case the integrand becomes an odd function of the
coordinate pertinent to the odd power and that the sphere is symmetric with respect to the
origin. Hence the whole integral vanishes when the integration over a coordinate with an
odd power is performed.

In table 6.1 the results of the program are compared with the analytical solutions from
chapter 3 for the frequency range of our interest. The values converge well to the analytical
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� cl. analytical � � � � � � � � � � � � � � � � � ���

solution

 � � � � 
 � � � � 
 � � � � 
 � � � � 
 � � � � 
 � � � �

2 1 617.0786 617.183 617.079 617.079 617.079 617.079 617.079
2 2 654.0828 654.090 654.090 654.085 654.085 654.085 654.085
1 2 891.7504 893.488 891.796 891.796 891.788 891.788 891.788
3 1 953.4975 954.323 954.323 953.500 953.500 953.500 953.500
3 2 975.4565 988.374 975.550 975.550 975.464 975.464 975.464
4 2 1251.997 - 1281.98 1252.35 1252.35 1252.01 1252.01
4 1 1256.942 - 1259.45 1259.45 1256.96 1256.96 1256.94
2 2 1263.632 1270.78 1270.78 1263.78 1263.78 1263.68 1263.68
0 2 1395.698 1396.06 1396.06 1396.06 1396.06 1396.06 1396.06
1 1 1421.959 1444.79 1444.79 1422.48 1422.48 1421.96 1421.96
5 2 1510.716 - - - 1511.6 1511.65 1510.83
5 1 1545.889 - 1561.22 1551.12 1551.12 1545.95 1545.95
3 2 1661.032 - 1681.20 1681.20 1661.6 1661.63 1661.04
6 2 1760.268 - - - - 1762.42 1762.42
2 1 1760.594 - 1808.6 1808.6 1762.4 1762.43 1760.62
1 2 1793.638 - 1843.70 1843.70 1795.91 1795.81 1793.67

Table 6.1: The analytical and the calculated frequencies in Hz for a few modes of a sphere.

solution for most of the modes. The modes in the table are the only ones with a frequency in
this range.



stands for the size of the matrices. It is indicated whether a mode falls in the

first or in the second class in the column ”cl.”. These two classes are discussed in chapter
3.

There are two ways to distinguish the modes. First we can look at the degeneracy. The
program gives each eigenvalue

� � � �
times. In the second place we can make vector plots

like the ones in figure 4.7. The first six eigenvalues are always equal to zero. These values
correspond to three rotations and three translations. A dash is given in the table if a mode is
not yet found. The higher � , the more frequencies of modes with higher � are found. This
is caused by the fact that the modes with higher � have more nodal points and the expan-
sion also gets more roots when � gets higher. Higher modes need higher � for reasonable
representation.

6.2 Prolate and oblate spheroids

We have varied the length of one axis to see how this influences the normal modes of the
resulting spheroids. In general an ellipsoid is described by its three semi-axes

� � ,
� � and� � : � �� �� � � �� �� �

� �� �� � �
(6.3)

For a sphere these axes have equal length. When we make one semi-axis longer and keep
the other two constant at 1.5 m the object is called a prolate spheroid. If we make one semi-
axis shorter than the other two we have an oblate spheroid. For an ellipsoid the integral
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Figure 6.1: The vibrations of spheroids are considered. To do so, one of the semi-axes of a
sphere is varied, while the other two are kept constant at

�
�

�
m. The Lamé parameters for

copper are used. The quadrupole modes with the lowest frequencies are displayed. The
calculations are performed with � � � .

(6.1) becomes:

��� � � � � � � � � � � �����
��� � �

� � �� � 	
� � �� ������� � � � � �	 � 	
� � �� �� � � �� �� ��	� � � � � � � � � � � � � �
� � ! � � � 	� � � � 	� � � � 	� � � � � ����� � � � � ����� � 	 � � �����

� � � � � � � 	 ����� (6.4)

Again we have the restriction that the integral vanishes when one or more of the � ,
�

or
	

are odd.
In figure 6.1

� � is varied from
�
�

�
m to

�
�

�
m. We can see that the degeneracy is partially

removed because the five modes have three different frequencies now. The � � �
mode

gets a unique frequency. The four oblate-oblate modes get two different frequencies. The� �
and

��

modes, which have no displacement in the

�
direction, get the same frequency.

Their orientation with respect to the
�
-axis and hence with respect to the shape of the object

is the same. The
� �

and
��


modes do have a displacement in the
�

direction. These two
modes also have the same orientation with respect to the shape of the object. So they keep
the same frequency when we make a spheroid out of the sphere also.

When we take another semi-axis to vary we get the same figure. The computer program
always ”fits” the �

� �
mode onto the shape of the object. For a prolate spheroid, the prolate

form of the � � �
mode lines up with the prolate form of the object. For an oblate spheroid

the two oblate forms line up. The other modes rotate accordingly, so we maintain an inde-
pendent basis. In [11] it is also found that the asymmetry fixes the spatial orientation of the
quadrupole eigenfunctions.
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(a) Displacement in the ��� -
plane.

(b) Displacement in the
��� -plane.

(c) Displacement in the ��� -
plane

Figure 6.2: The � � �
quadrupole mode. Displacement in three planes through a prolate

spheroid for the lowest frequency.
� � � �

m,
� � � �

�

�
m and

� � � �
�

�
m.

The displacements in three planes through the spheroid are shown in figure 6.2 for the
� � �

mode and in figure 6.3 for the � � � �
mode.

In table 6.2 the calculated frequencies are shown for the different modes at different val-
ues of

� � and for increasing � . We see that a significant loss in efficiency of our approxi-
mation method only occurs in the

� �
and

��

modes for � � � when we stretch the sphere.

6.3 A concentric hole

The spherical shape is perturbed by making a concentric hole in the middle now. The outer
and inner radii are denoted by

�
and

�
, as is indicated in figure 6.4(a).

Formula (6.1) has to be modified in a simple way to implement this concentric sphere
in a computer program. We can just subtract from (6.1) a term of the same form with

�
substituted by

�
.
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(a) Displacement in the ��� -
plane.

(b) Displacement in the
��� -plane.

(c) Displacement in the ��� -
plane

Figure 6.3: The � � � �
quadrupole mode. Displacement in three planes through a prolate

spheroid for the lowest frequency.
� � � �

m,
� � � �

�

�
m and

� � � �
�

�
m.

An analytical solution has also been found for this shape (see [13]). It is argued that the
condition to get a physically valid solution in the origin can be abandoned. In chapter 3 we
have seen that this condition implied that we had to drop the part

����
 ����	 � � 	 from the solu-
tion (see the remark below formula (3.23)). Because of this extra part Neumann functions
(spherical Bessel functions of the second kind) appear in the solutions now. A traction free
boundary condition must be imposed on the inner surface as well. Hence expression (3.31)
should not only equal zero for

	)���
but also for

	)� �
.

In tables 6.3 and 6.4 the calculated frequencies are compared with the analytical ones. In
the first table the quadrupole modes with the lowest frequency are considered for several
values of the length of the inner radius. The small values of

�
are listed because we deal

with a hole of similar radius in the detector. The use of the large values is a validation of
the numerical approximation method. In the second table values for some other modes are
displayed for a fixed

�
.
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� � (m) � � � � � � � � � � � � �
1.00

�
805.111 805.094 805.094 805.094

� � ��

804.503 804.461 804.461 804.461� � ��

674.685 674.681 674.681 674.681

1.51
�

651.654 651.649 651.649 651.649
� � ��


652.155 652.150 652.150 652.150� � ��

653.627 653.622 653.622 653.622

5.00
�

254.074 254.074 254.074 254.074
� � ��


234.923 234.700 234.700 234.700� � ��

593.426 590.836 590.836 590.836

10.0
�

129.572 129.572 129.572 129.572
� � ��


74.469 74.438 74.438 74.438� � ��

591.915 585.120 585.120 582.209

15.0
�

86.689 86.689 86.689 86.526
� � ��


35.260 35.251 35.251 35.251� � ��

592.836 586.036 586.036 582.378

Table 6.2: The frequencies of the quadrupole modes in Hz when � is increased for a
spheroid for a few values of

� � .

b a

(a) A concentric hole.

ab

(b) A bore hole

Figure 6.4: Two spheres with different kind of holes. The inner radius is denoted by
�

and
the outer radius by

�
.

Since the spherical symmetry is conserved, the modes remain degenerate. We can see
from table 6.3 that the numerical approximation method gets less accurate if we increase
the inner radius. For a small

�
(0.1 m or less) the method stays accurate.

An important notion is that a hole of macroscopic size introduces a significant frequency
shift. This will be a considerable design issue for the resonant mass transducer system of a
future gravitational radiation detection system.
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�
(m) analytical � � � � � � � � � � � � � � ���

solution
0.075 653.723 653.898 653.891 653.891 653.890 653.890
0.10 653.227 653.637 653.625 653.625 653.623 653.623
0.15 651.221 652.572 652.533 652.533 652.507 652.507
0.75 480.26 502.172 489.503 489.503 486.725 486.725
1.00 393.28 401.950 398.663 398.663 395.301 395.301

Table 6.3: The frequencies of the spheroidal quadrupole modes in Hz for a sphere with a
concentric hole.

� cl. analytical � � � � � � � � � � � � � � ���

solution
2 1 617.078 617.078 617.078 617.078 617.078 617.078
1 2 892.462 892.470 892.470 892.466 892.466 892.466
3 1 953.499 954.323 953.500 953.500 953.497 953.497
3 2 975.441 975.541 975.541 975.454 975.454 975.454
4 2 1252.01 1281.98 1252.36 1252.36 1252.01 1252.01
4 1 1256.94 1259.45 1259.45 1256.96 1256.96 1256.94
2 2 1261.88 1270.15 1262.87 1262.87 1262.73 1262.73
0 2 1393.36 1395.23 1395.21 1395.21 1395.20 1395.20
1 1 1422.01 1444.82 1422.53 1422.53 1422.01 1422.01

Table 6.4: The analytical and the calculated frequencies in Hz for a few modes of a sphere
with a concentric hole.

� � �
�

���
m. The column ”cl.” indicates whether a mode falls in the

first (toroidal mode) or second class (spheroidal mode).

6.4 A bore hole

In this section the sphere is modified with a bore hole. This configuration is drawn schemat-
ically in figure 6.4(b). It approximates the suspension hole in the actual detector. The bore
hole can be decomposed into a cylinder and two caps at the ends of it. To calculate the vol-
ume integral over the basis functions we have to subtract the contributions of the cylinder
and the caps from solution 6.1 for the solid sphere. As an analytical solution for the integral
over the cylinder with height

� � � � � � � and radius
�

we have� � � � � � � � � � � � ! � � � � � � �(� � � � �1� 
� ! � � 	$# � � � � ����� � � � � �����
� 	 � � � � � � � � ������� (6.5)

A Monte Carlo integration has been implemented to calculate the contribution of the caps.
For this purpose the integral is evaluated at

��� �
randomly chosen points in

	� part of a cap.
The results for various values of the radius of the suspension hole are shown in table 6.5

and figure 6.5 for a bore hole around the
�
-axis. Analogous to the case of the spheroid the

modes which transform into each other with a rotation about the
�
-axis form doublets. Note

that the convergence is slightly worse than the case with the concentric hole in the previous
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�
(m) � � � � � � � � � � � � � � � ���

0.05
�

654.015 654.009 654.009 654.008 654.008
� � ��


653.346 653.329 653.329 653.323 653.323� � ��

652.609 652.587 652.587 652.576 652.576

0.075
�

653.919 653.908 653.908 653.902 653.902
� � ��


652.407 652.360 652.360 652.326 652.326� � ��

650.738 650.670 650.670 650.615 650.615

0.15
�

653.286 653.233 653.233 653.144 653.144
� � ��


647.3 646.673 646.673 646.155 646.155� � ��

640.3 639.456 639.456 638.561 638.561

Table 6.5: The frequencies of the quadrupole modes in Hz when � is increased for a sphere
with a bore hole for a few values of

�
.
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Figure 6.5: The frequencies of the quadrupole modes are shown for a sphere with a suspen-
sion hole of radius

�
. The five modes split into two doublets and a singlet.

section. This can be explained by the fact that we use spherically symmetric trial functions,
while our object now possesses cylindrical symmetry. Moreover, sharp edges occur at the
boundaries of the hole. Our smooth functions don’t fit nicely onto these edges.

We see with this configuration again that the asymmetry fixes the orientation of the
eigenmodes. When we make the suspension hole in the direction of another coordinate
axis, the eigenmodes rotate accordingly. The unique axis of the prolate-oblate �

� �
mode

always lines up with the bore hole.

Vector plots are not shown here because they are nearly identical to those for the solid
sphere.
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14.35 14.4 14.45 14.5 14.55 14.6 14.65
frequency (kHz)

numerical approximation
analytical solution

’tangential’
’radial’

Figure 6.6: The response of the test sphere to a tangential and a radial impulse. The ampli-
tudes of the sphere are compared with the values of the frequencies of the five quadrupole
modes obtained with our numerical approximation procedure. The analytical frequency
solution for a solid sphere is also indicated. Four peaks are distinguishable for the radial
and tangential measurements. The right most one is noise due to the detection system. The
other three should match with the three lines from the numerical approximation procedure.
The frequency shift for the measurements is much larger than for the calculations.

6.5 Comparison with experimental data

We have the opportunity to compare our calculations with actual measurements. Experi-
ments are performed with a small test sphere. It has a diameter of 15 cm and consists of an
alloy of 90% copper and 10% aluminum. The suspension hole has a diameter of 5 mm in
the upper half of the sphere and 8 mm in the lower half. The mass is given as 13.1 kg � m �

.
The computer program is modified to deal with a bore hole of two radii. The results are
shown in figure 6.6 for the lowest frequency spheroidal quadrupole modes and in figure
6.7 for a larger range of frequencies.

The Lamé parameters of the test sphere were determined to be
� � �

�

� � �
and � � �1� �

GPa by least square matching of the different columns in figure 6.7.
Some lines do not show up in the case of the measurements in figure 6.7. This is just be-

cause not all modes are excited with equal amplitude by applying an impulse on the sphere.
Note that the frequency shift is larger in the case of the measurements. This may have sev-
eral causes. Maybe our approximation for a sphere with a bore hole is not as good as it is
for the other shapes treated. It may also be caused by experimental error. For example it
may be due to the detection system on the sphere or to inhomogeneities in the test sphere.
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Figure 6.7: A comparison between the analytical solution, the numerical approximation
and measurements for the lowest frequencies of a small test sphere. On the left side the
analytical frequency solutions for a solid sphere are shown. The next column shows the
values obtained with the numerical approximation method. In the other two columns the
results of measurements with a test sphere are shown. In one case the sphere is excited by
a radial impulse, in the other a tangential impulse is imposed.
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Chapter 7

Concluding remarks and summary

In this thesis we have studied the normal modes of spheres and sphere-like objects. Our
main attention was paid to the spheroidal quadrupole modes because these modes are ex-
pected to interact with the gravitational radiation field. The vibrations are ruled by the the-
ory of elasticity. This theory with the resulting differential equations was described first.
The eigenmodes of homogeneous isotropic freely vibrating spheres could be found by solv-
ing these equations analytically. We saw that five degenerate quadrupole modes exist for
a solid sphere. For a sphere with the dimensions of the intended GRAIL antenna (i.e. a
sphere made of copper with a diameter of 1.5 m) these modes were found to vibrate with
a frequency of 654 Hz.

The analytical solutions to the differential equations from elasticity theory were found
to be quite complex. It is impossible to solve them in general. Our goal was to study the
normal modes of objects with deviations from a spherical shape. Because of the restricted
applicability of the analytical solutions we have used a numerical approximation method
[15] to calculate the eigenmodes of sphere-like objects. With this method we were able to
draw some conclusions about the quadrupole modes for a perturbed sphere:

� When we deform the sphere in an asymmetric way, the degeneracy is partially re-
moved. For example with a bore hole the quintuplet is split into two degenerate dou-
blets and a singlet.

� An asymmetric deviation from the spherical shape fixes the spatial orientation of the
quadrupole eigenmodes.

� We expect the frequency shift in the actual detector due to the bore hole to be much
larger than the shift arising form other perturbations of the spherical shape. With a
bore hole of radius 7.5 cm the frequency changes �

�
�

�
%. To reach the same order of

magnitude with a deformation into a prolate or oblate spheroid, we have to vary the
semi-axes with 1 cm. This is much larger than the expected error arising from casting
or deformation by weight.

� Concerning the actual measurements with the GRAIL detector we can state that the
frequency shift due to the bore hole is quite large. A rapid loss of phase information
because of the frequency splitting of the quadrupole modes must be taken into ac-
count. The frequency shift is also a design issue for the bandwidth of the transducer
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system. The change of the frequency was found to be even larger in actual measure-
ments.

A few reservations must be made with these conclusions. A number of factors from
section 1.2 have not been taken into account. We still don’t know the influences of the sus-
pension, the transducers and the strain in the sphere caused by the gravity of the earth.

Moreover, we were not able to make good estimations for the error bounds of the nu-
merical approximation method. We can state that the frequencies of the lowest eigenmodes
converge well to a certain value for all the investigated shapes when we took more func-
tions in the expansion. For the solid sphere we saw that the frequencies calculated with
the variational method approximated the analytical values well. However, for the shapes
for which we lack an analytical solution, we have no guarantee that the calculated value
approximates the desired value well.

We would like to have a better understanding of the accuracy of the approximation
method for the various perturbations of the spherical shape. Therefore a future research
issue could be the investigation of the convergence of the values for the frequencies when
the perturbations are made in an arbitrary direction.
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Appendix A

Additional plots

In this appendix plots are shown of the functions � � and
� � � � � � � � � . As is to be seen from

equations (3.35) and (3.36) the roots of these functions determine the allowed frequencies of
the normal modes of a freely vibrating sphere. The plots are made for a copper sphere with
a radius of 1.5 m. The algorithm proposed in [5] has been used for the numerical evaluation
of the Bessel functions.
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Figure A.1: Vibrations of the first class (toroidal modes). The function � � whose roots de-
termine the frequencies of the vibrations is plotted for different values of � . See equation
(3.33) for an explicit form of � � .
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Figure A.2: Vibrations of the second class (spheroidal modes). The function
� � � � � � � � �

whose roots determine the frequencies of the vibrations is plotted for different values of � .
See equation (3.33) for explicit expressions for the coefficients.
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Appendix B

Documentation for the computer
programs

In this appendix the computer programs and tools that were used are described. In the
first section we will treat the programs for the numerical approximation procedure. In the
second section the implementations of the analytical solutions will be described.

B.1 Numerical approximation

The different FORTRAN programsSphere.f,Ellipsoid.f,SphereConcentricHole.f
and SphereBoreHole.fare used to make calculations for the respective objects. They all
make use of the same LAPACK [1] routines which in turn make use of BLAS (see [1] and
references in there) routines. The files that have to be included for this purpose are called
lapack.f and blas.f. The programs for the numerical approximation can be found in
the directory GRAIL/NumericalApproximation/

We start to describe how Sphere.fworks. First the user is asked to enter a value for � .
This � occurs in equation (5.9) and defines the truncation of the set of basis functions. If �
is chosen to be lower than 5, no useful information will be calculated because not enough
basis functions are used. It is also not wise to choose � higher than 8. In this case the dou-
ble factorial in the denominator of (6.1) will exceed the integer domain

�
. After a while the

program outputs the calculated frequencies to the display and to the fileSphereFrequen-
cies. Each frequency is assigned a number and an error.

In general two types of errors arise: roundoff error and model error [1]. The first one
is due to rounding off results of floating-point operations during the execution of the LA-
PACK algorithm. Input error is error arising from our own algorithm. Only the roundoff
errors are considered here because we don’t know how large the error is that arises from
the truncation of our set of basis functions.

The user now has the possibility to make one or more files with data which can be used
to make plots. A choice between a two dimensional (2D) plot and a three dimensional (3D)
plot has to be made first. In the case of a 2D plot the files are suited to make vector plots like

�
We could solve this by declaring the function that calculates the double factorial as a double precision type.
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figure 4.7. The other case is for drawings like 4.4. The next step is to enter the number of a
mode. This number can be looked up in the first column of the file SphereFrequencies.

For a 2D plot the file is called out2D and is in a Mathematica
�

format. The user must
make a choice between one of the three planes that divide the sphere in two equal parts. A
package has to be loaded in Mathematica to make a vector plot from the file:

<<Graphics‘PlotField‘

Now the command to plot can be given:

ListPlotVectorField[<<out2D]

Note that the arrows in the figure only give the component of the displacement in that
plane.

Three files are made when the 3D option is selected: total, disp and place. A num-
ber of points on the surface of the sphere at rest are written to the file place. The respective
displacements of these points are written to disp. The sums of these two values are stored
in total. To make a plot from the file total the following sequence of commands can be
given in Mathematica:

pts = ReadList["total", Number, RecordLists -> True]

picture = Table[Map[Point, pts, 1]]

Show[Graphics3D[ picture]]

We have used the other two files to make MPEG movies of the vibrations.

The programs Ellipsoid.f, SphereConcentricHole.f and SphereBoreHole.f
work in an analogous way. The differences are as follows. The user is additionally prompted
for the length of the three semi-axes in the case of the Ellipsoid. These three axes appear in
formula (6.3). The frequencies and errors are written to the file EllipsoidFrequencies
now. It is not possible to make 3D plots for ellipsoids. For the two programs with a hole in
the sphere the user is asked to enter the radius of the hole. The output is respectively writ-
ten to SphereConcentricHoleFrequencies and SphereBoreHoleFrequencies.

B.2 Analytical solutions

We have implemented the analytical solutions for the frequencies of the normal modes of
a solid sphere in a C program. The file is called GRAIL/AnalyticalSolutions/Calc-
EigenFrequencies.c. The program prints the frequencies of a freely vibrating homo-

�
Mathematica is a registered trademark of Wolfram Research, Inc. It is a general software system for math-

ematical and other applications
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geneous isotropic sphere. Several options can be given. These options are displayed with
the command ”CalcEigenFrequencies -h”

Mathematica input files for a sphere with a concentric hole can be found in GRAIL/-
Mathematica/. The filesConHoleSpherandConHoleTorcan be used for the spheroidal
and toroidal modes respectively. ConHoleSphereprovides us with a function SpherDet
andConHoleTorprovides us with a functionTorDetwhen loaded into Mathematica. The
roots of these functions determine the frequencies of the normal modes of a freely vibrating
sphere with a concentric hole.
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