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Chapter 1

In tro duction

1.1 Preliminary remarks

Over the past 40 years, computer systemshave shown an explosive growth in their com-
puting power, pervading and in
uencing almost every aspect of our society. The scienti�c
community has greatly bene�ted from this continuous increasein computer performance,
which in a way is the reward for having provided the initial impetus for the pursuit of ever
faster computer systems.Equally important for the scienti�c community is the development
of fasterand increasinglysophisticatedsoftware that hasgradually expandedthe role of com-
puter systemsin sciencefrom a mere support tool for numerical analysisto a fully-
edged
environment to perform virtual experiments. The joint availabilit y in so-calledvirtual labo-
ratories of very powerful computer systemsand very fast and accuratenumerical algorithms
nowadays permits the reproduction in silico of natural phenomena,and has resulted in the
rise of Computational Scienceas a modern way of carrying out scienti�c research.

Traditionally, scienti�c investigation hasbeenbasedon two pillars, theory, and exper-
iments. The virtual laboratory, which provides the possibility of executinghighly accurate
simulations of complexnatural phenomena,hasled to the rise of simulation asa third pillar
of scienti�c research. Natural phenomenaasdiverseasthe interactionsamongthe molecules
that constitute a chemical solution, or the dynamics of stars that form a globular cluster,
or the growth of a coral subject to environmental conditions, can be studied by meansof
computer simulations.

Computer simulations have the great advantage of allowing the investigation of phe-
nomenathat are very di�cult, or even impossibleto reproduce in a real laboratory, as in
the casescited above. A theoretical study of the dynamicsof a chemical solution, or a star
cluster, is not possiblebecausethe equationsdescribingthe systemare unsolvable analyti-
cally. On the other hand, observingthe dynamicsof the constituents of the above systemsis
equally infeasiblefor an experimental scientist. The simulative approach is the only feasible
meansto tackle the study of such phenomena.

1



2 CHAPTER 1. INTR ODUCTION

The simulative approach also sharesmany of the di�culties with the other two ap-
proaches. The tasksneededto set up a computer experiment are all prone to mistakes,and
require both experimental and theoretical expertise. First, a mathematical model of the
physical system under study needsto be developed. Then the set of equations that con-
stitute the model needsto be discretised,and converted into a numerical algorithm, which
is implemented by a computer code. Finally, the computer experiment can be performed,
and the simulation results analysedas if they were obtained from measurements in a real
laboratory.

The modelling of natural phenomena,the development of software for their simulation,
together with the tasks of actually performing simulations and analysing the data output
characterisethe work of a computational scientist.

1.1.1 Thesis rationale

This thesis is concernedwith the analysis of tools developed to make the simulation of
so-called\ N -body systems"fast and accurate. The moleculesthat constitute a chemical
solution, or the stars that form a globular cluster are examplesof N -body systems. Our
focus in this thesis is on N -body systemssubject to the force of gravit y. The problem of
solving the equationsdescribingsuch systemsis the gravitational N-body problem(see,e.g.,
Heggie& Hut, 2003;Hockney & Eastwood, 1988).

The N -body problem is analytically unsolvable, and its numerical solution needshigh
performancecomputing and sophisticatedalgorithms. In fact, the numerical solution of the
gravitational N -body problem is so demandingin terms of computing power, that sophisti-
cated fast algorithms have beendevisedto reducethe numerical complexity of the problem,
trading higherspeedfor lower accuracy, and dedicatedhardwarehasbeendevelopedto speed
up N -body simulations requiring high numerical accuracy.

The central focusof this thesisis to explorethe possibility of usingdedicatedhardware
in connectionwith a powerful generalpurposehost, consistingof a parallel computer. Wecall
thesesystemshybrid architectures. We try, by integrating a fast special purposedeviceinto
a parallel computer, to hybridise the two approaches, generalisationversusspecialisation.
Peopleaiming at generalisationlook more favourably on commodity systems,e.g. Beowulf
systemsor grid systems.The goal of the other approach is to obtain very high performance
by meansof hardware specialisation,developing, e.g.,special purposedevices.Our research
aims at bridging the gap between thesetwo approaches,evaluating the viabilit y of hybrid
architectures, and their potential to solve large-scalesimulation problems.

It is very important to understand the interplay of the parallel host, the dedicated
hardware, and the application that runs on the hybrid architecture, in order to prevent bot-
tlenecks, and �nd the optimal con�guration. The tool we employ to study the interaction of
a hybrid architecture with the software applicationsexecutedon it is performance modelling.
By using performancemodelling, we adopt a simulative approach to study systemsthat are
usedthemselvesto perform simulations. This meta-simulation is a corecomponent of our re-
search aimedat �nding the optimal interaction betweenfast software and hardware in order
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to devisea very high performancecomputational environment for the N -body simulation.

A main objectiveof this thesisis to show the potential of hybrid architecturesto provide
the optimal computing environment for the solution of speci�c problems. In view of this,
we studied a numerical algorithm, and re�ned it for our hybrid architecture. This algorithm
allows us to usefast N -body codeson dedicatedhardware, with consequent computational
performancebene�ts. This numerical algorithm is the software counterpart of our hybrid
architecture, enablinga highly e�cien t computing environment for the N -body problem.

Finally, we look at the useof N -body simulations in astrophysical research. Speci�cally,
we study the infall of a massive object to the Galactic centre. N -body simulations are an
e�ective tool to study the time-scaleof this infall, giving support to (or ruling out) theoretical
models for the explanation of astronomicalobservations.

1.1.2 Chapter outline

The remainderof this chapter givesa brief introduction to the subjects that will bediscussed
in the thesis. Webeginby explaining in section1.2why N -body systemsarean important re-
search subject, what computational problemsthey present and how thesecanbe approached
using the specialhardware described in section1.3 and the software described in section1.4.
We also introduce the hardware and software systemsthat we study in particular in this
thesis. Namely, in section 1.3.4 we describe Hybrid Architectures, then, in section 1.5, we
introduce the code that we studied and re�ned to make optimal useof thesearchitectures.
Next, in section1.6, we explain how the performanceof this combination of hardware and
software can be evaluated and how this evaluation leadsto a performancemodel that can
be usedfor prediction. Finally, in section1.7, we present an exampleof the useof N -body
simulations in astrophysical research.

1.2 The computational N -b ody problem

In the study of N -body systems,Computational Scienceclearly demonstratesthe poten-
tial of the simulative approach to attain dramatic progressin the understandingof natural
phenomena.In the most generalformulation, an N -body systemis a mathematical model,
whereN point-lik e constituents interact through a given force(see,e.g.,Heggie& Hut, 2003,
p. 15). The importanceof N -body systemsin the physical sciencescomesfrom the fact that
natural systems,as diverseas a stellar globular cluster or a chemical solute-solvent system,
are instancesof an N -body system. Our focus in this thesis is on N -body systemssubject
to the force of gravit y, the so-calledgravitational N-body problem (see,e.g., Heggie& Hut,
2003;Hockney & Eastwood, 1988).

The computational N -body problem can be stated as follows: given the positions and
velocities of N point-lik e bodies, interacting with each other by meansof a speci�ed force,
solve the equation of motion for each body. For the gravitational N -body problem, the
interaction force betweenparticles is described by Newton's inversesquarelaw
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C OBTAINTHECURRENTFORCEONBODYI.
DO10 J = 1,N
IF (J.EQ.I) GOTO 10
A(1) = XX(J) - XI
A(2) = XY(J) - YI
A(3) = XZ(J) - ZI
A(4) = A(1)*A(1) + A(2)*A(2) + A(3)*A(3) + EPS2
A(5) = BODY(J)/(A(4)*SQRT(A(4)))
F1(1) = F1(1) + A(1)*A(5)
F1(2) = F1(2) + A(2)*A(5)
F1(3) = F1(3) + A(3)*A(5)

10 CONTINUE

Figure 1.1: A verbatim transcript of the direct code NBODY1 forcecomputation loop. XI , YI , and
ZI are the position coordinates of the particle on which force is currently computed (the so-called
i -particle). XX(J) , XY(J) , XZ(J) , and BODY(J)are the position coordinates and the massof the
j -th force sourceparticle, respectively. EPS2is the squareof the softeningparameter � , a numerical
parameter introducedto softenthe interaction betweenvery closepairs of particles. Modern versions
of the code solve these close interactions with much more accurate and sophisticated methods
(Funato et al., 1996;Aarseth, 1999).

F i = G
mj mi

jr j � r i j3
(r j � r i ) : (1.1)

Electrostatic interactions between electrically charged particles are described by the
Coulomb force which, apart from a scaling factor, has the sameform as the Newton force.
In fact, an algorithm that computesall particle-particle interactions directly could be used
in both casesequally well. But computing all interactions directly is a very expensive task,
requiring O(N ) operations per particle. Thus the computational complexity of the direct
particle-particle method is O(N 2) per iteration. In �g. 1.1 we show the force computation
loop of NBODY1 (Aarseth, 1963; Aarseth, 1985), one of the �rst direct particle-particle
methods used to study the dynamics of astrophysical N -body systems. This code is the
oldest of a classof algorithms developed by the computational stellar dynamicscommunity
for the study of systemsrequiring high computational accuracy(Aarseth, 1999). NBODY1
is oneof our case-studycodes;we describe it in more detail in section1.4.1.

In astronomy, there is a large number of problemsthat can be studied asgravitational
N -body systems. At the one extreme, cosmologicalproblems are characterisedby having
a very large number of particles, but a relatively low density and very long time-scalesfor
two-body interactions; at the other extremewe have the study of globular clustersand the
formation of planetary systems,which are characterisedby high densitiesand short time-
scalesfor two-body interactions. An important parameter that characterisesthesesystems
is the ratio of the so-calledrelaxation time and the ageof the system. The relaxation time is
de�ned as the time in which the velocity of a star is signi�cantly changedby the cumulative
e�ects of two-body encounters with background stars. In Heggie& Hut (2003, p. 136) the
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relaxation time for averagequantities inside the half massradius r h of a star cluster is given
as:

t r '
0:138N 1=2r 3=2

h

(Gm)1=2 ln 
 N
(1.2)

Where m is the massof the individual stars, and 
 is a factor of order unity.

The importance of the relaxation time stemsfrom the fact that this is the time-scale
on which three-body encounters in the denselypopulated core of a star cluster can lead to
the formation of binaries,or can causeexisting binaries to becomemore tightly bound. The
potential energythat is releasedin the formation or tightening of the binary, which causes
the accelerationof the third star, is an important sourceof kinetic energyin the system,thus
in
uencing the evolution of the systemasa whole (Bhattacharya & van den Heuvel, 1991).

An N -body systemis classi�edaccordingto its dynamicsascollisional, whenits lifetime
is greater than the relaxation time, collisionlessotherwise. The relaxation time of a galaxy,
which contains up to 1011 stars, is larger than the ageof the Universe,and hence,a fortiori ,
larger than the ageof the galaxy itself. Therefore,a galaxy is a collisionlesssystem. Globular
clusters include about one million stars. Their relaxation time is smaller than their age,
which is also approximately equal to the age of the Universe. Therefore globular clusters
are collisional systems. Approximate methods cannot be used for the simulation of such
systems,sincethey do not provide the necessaryaccuracyneededto compute the e�ect of
closeencounters. In the caseof collisionlesssystems,closeencounters arenot relevant for the
long term dynamicsof the system,henceapproximate methodscanbesafelyused. This leads
to the apparently paradoxical situation that systemsas large as galaxiesor galaxy clusters
including billions of particles can be routinely simulated, whereassimulations of globular
clusters are yet limited to several hundred thousand particles. Section 5.3.4 contains a
discussionon the relaxation time for the systemsstudied in our N -body simulations.

The O(N 2) scalingof the direct particle-particle method leadsto execution times for
realistic valuesof N that are unsustainableon ordinary computers, motivating the devel-
opment of the special purposedevicesdescribed in section 1.3. Besidesthe O(N 2) scaling
due to force computation, a further increasein computational complexity comesfrom time
integration. N -body systemsrequiring high computational accuracyalso require more time
stepsfor time integration. Seesection2.3.1 for a further discussionon this issue.

Several software techniques that have beendeveloped in order to reducethis compu-
tational complexity will be discussedin 1.4. Thesemethods, although reducing the compu-
tational complexity of the problem to O(N logN ), or even O(N ), introduceapproximations
that inevitably decreasethe computational accuracy. The simulation of collisionalsystemsas
globular clusters(see,e.g.,Meylan & Heggie,1997;Heggie& Hut, 2003)or proto-planetary
clouds(see,e.g.,Lissauer,1993),requiresa high accuracythat approximate methods do not
provide.

The need to retain the direct O(N 2) method, which ensuresexact force evaluation
(obviously limited by machine precision) but at the cost of huge computation times, led
to the development of a hardware solution. Instead of acceleratingthe computation by
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means of faster software, an improvement of orders of magnitude has been attained by
building a SpecialPurposeDevice(SPD) devoted to the only task of computing gravitational
interactions. This SPD, the GRAPE (GRAvit y PipelinE), is the subject of the next section.

1.3 Hardw are for the N -b ody problem

The GRAPE project (Sugimoto et al., 1990;Makino & Taiji, 1998),undertaken by a small
group of computational astrophysicists led by Jun Makino at the University of Tokyo, is one
of the most successfulenterprises in the development of an SPD for scienti�c computing.
The Gordon Bell prize, awarded yearly to the fastestcomputer simulation in the world, has
beenwon �v e times in recent years by simulations run on a GRAPE machine (Makino &
Taiji, 1995;Fukushige& Makino, 1996;Kawai et al., 1999;Makino et al., 2000;Makino &
Fukushige,2001). The GRAPE-4, completed in 1995 (Makino et al., 1997), was the �rst
computer to break the T
op/s peak speedbarrier. The current con�guration of the most
recent machine of the series,GRAPE-6, reachesthe 63 T
op/s peak speed(Makino et al.,
2002). Developing an SPD has been rewarding from a price/performanceperspective as
well. The GRAPE-6 peak speedis substantially higher than that of the two fastest general
purposecomputers in the world, the JapaneseEarth simulator,y developed for large scale
climate and solid earth sciencesimulation, which hasa peak speedof 40 T
op/s and a cost
of 350million dollars (Triendl, 2002),and the American ASCI-Q,z usedfor nuclearweapons
stockpile maintenance,whosepeakspeedis 30 T
op/s and its cost 215million dollars.x The
total development cost of the GRAPE-6 is about �v e million dollars (Makino, 2001c),two
ordersof magnitude lessthan the cost of the two generalpurposemachines,see�g. 1.2.

The availabilit y of GRAPE has allowed substantial progressin several �elds of stel-
lar dynamics, ranging from star cluster evolution (with the �rst clear evidenceof so-called
\gravothermal" oscillations in the core of a globular cluster (Makino, 1996)), to the under-
standingof black holespiral-in in galaxymergers(Makino & Ebisuzaki,1996;Makino, 1997),
to structure formation processes,as in the caseof planet formation from proto-planetary
clouds(Kokubo & Ida, 1996,1998).

The impressive performanceof the GRAPE comesmainly from three factors: �rst, the
fact that the GRAPE has beendeveloped with the purposeof performing only onespeci�c
task, trading generality for speed;secondly, the fact that this task consistsof a small, but
very demandingcomputational core,that canbe implemented very e�cien tly in hardware as
a pipelineof basicoperations. The third reasonis that this operation needsto be performed
a very large number of times on a relatively small number of input values,in a manner that
makesit very suitable for parallelisation.

The reasonsstated above also explain why the GRAPE project has beenable to stay
aheadin the competition for processorperformanceagainstgeneralpurposehardware. Since,
accordingto Moore's famouslaw, commodity processorsdouble their speedapproximately

ywww.es.jamstec .g o. jp /e sc/e ng/i ndex.h tml
zwww.llnl.gov/a sci/ pl at fo rms/ la nl _q/
xwww.lanl.gov/w or ld vi ew/n ews/ pdf/ HighPerf _Computi ng.p df
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Figure 1.2: Price versuspeak performancefor the GRAPE-6 and the two fastest generalpurpose
computers in the world. The physical size of the di�eren t systemscan also be appreciated from
the �gure. The GRAPE-6 picture shows both the system and (on the right hand side) its main
developer, Jun Makino.

every 18 months, the advantage in performanceof an SPD would be soon obliterated by the
progressin generalpurposecomputer technology. The explanation why the GRAPE project
is able to maintain its performanceadvantage comesfrom the relatively simple task that it
implements in hardware. GRAPE developers are thus able to redesigna new GRAPE chip
every three-four years,accordingto the most up-to-date microprocessortechnology, keeping
the GRAPE aheadin the performancecompetition.

As mentioned above, the task that the GRAPE accomplishesis the evaluation of the
gravitational interaction betweena pair of particles. The computation of the force exerted
on a particle i by a particle j involves18 mathematicaloperations,oneof which is a division,
and another oneis a squareroot evaluation, asshown in the verbatim transcript of the force
computation loop of NBODY1, �g. 1.1. In order to perform this computation, only four
valueshave to be input, i.e. the position coordinates and the massof particle j , while the
position of i is stored in three local registers.This sequenceof operations is repeatedN � 1
times for all the particles in the systemexcept i .

The fact that a relatively high number of operationsis performedon just four input val-
ues,and in a simple orderedsequence,makesthe hardware implementation of this sequence
as a pipeline relatively straightforward. Moreover, this task is easily parallelisable,because
force on di�erent i -particles can be computed concurrently using the samej -particle data
(it is commonpractice in the N -body community to call the particle that exerts force the
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Figure 1.3: The pipeline for the force computation on the GRAPE. Figure adapted from (Makino,
2001b,�g. 4), reproducedherewith author's permission. Herer i is the position vector of the particle
on which force is computed, stored in three pipeline registers. r j and m j are the position vector
and mass of the j -th source particle, stored in the board memory, " is the softening parameter
mentioned in the caption of �g. 1.1, x, y, and z are the components of r j � r i , q is the sum of
the squaresof x, y, z and ", and ai is the partial accumulation of the gravitational acceleration
on particle i . GRAPE-4 also includes a similar pipeline (not shown) for the computation of the
accelerationderivative.

j -particle, and the one on which force is exerted the i -particle; we adopt this jargon here).
In �g. 1.3we show a sketch of the GRAPE accelerationpipeline,y which givesthe nameitself
to the entire machine (GRAPE standsfor GRAvit y PipelinE, as mentioned above).

A pipeline also contains the circuitry to compute the gravitational potential for the
particle i , and the time derivative of the acceleration,also called jerk, which is neededfor
the high accuracy time integration according to the Hermite method (Makino & Aarseth,
1992).

1.3.1 GRAPE-4

A GRAPE-4 board consistsof an array of 96 such pipelines.z A GRAPE-4 board also
contains a pipeline for the extrapolation of the j -particle positions and velocities. The
j -particle velocity is neededfor the computation of the jerk. A board alsocontains memory
to storedata for about 44000j -particles(Kawai et al., 1997). A sketch of a GRAPE-4 board
is given in �g. 1.4.

yMore precisely, the pipelinecomputesthe force�eld at the i -particle position. This is equalto the particle
accelerationin the caseof gravitational interactions, but not in the caseof, e.g., electrostatic interactions.

zActually , a GRAPE-4 board contains 48 physical pipelines, having a clock frequency twice the board
clock frequency. In this way the board \sees"96 virtual pipelines. Appropriate hardwiring managesthe data
exchangebetweenthe board and the pipeline (Makino et al., 1997).
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Figure 1.4: Sketch of a GRAPE-4 board. Force is computed on up to 96 i -particles simultaneously.
At each cycle, a j -particle is loaded from the board memory, then its position and velocity are
extrapolated to the i -particle time, these data are then fed into the acceleration and jerk (i.e.
accelerationderivative) computation pipelines.

The performanceof a GRAPE-4 board can be determinedby consideringthe number
of 
oating point operationsexecutedby the pipelinesthat computethe accelerationand the
jerk. Computing the 18 arithmetic operations of a single contribution requires38 
oating
point operations(Karp, 1993;Warrenet al., 1997),and19morefor the accelerationderivative
(Makino et al., 2000).

The total operation count is thus 57 
oating point operations for a particle-particle
interaction. The GRAPE-4 needsthree clock cyclesto perform a completeforcecalculation,
whereasthe GRAPE-6 performs it in a single clock cycle. The performanceof a pipeline
is obtained by multiplying the number of 
oating point operations per cycle by the clock
frequencyof the board. The 96 pipelines of the GRAPE-4 run at 16 MHz,y which gives
57/3 � 16 MHz = 304M
op/s per pipeline, and �nally 304M
op/s � 96 ' 30 G
op/s per
board. The GRAPE-4 system in Tokyo consistsof 36 boards arranged in four clusters,
which givesan aggregatepeak performanceexceedingoneT
op/s (Makino et al., 1997). A
sketch of the GRAPE-4 systemis given in �g. 1.5. Sustainedperformanceof 332G
op/s has
beenreached, and this was worth a Gordon Bell prize in 1996(Fukushige& Makino, 1996)
for a simulation of galaxy formation.

yIn fact, the 48 physical pipelineshave a clock frequencyof 32 MHz.
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Figure 1.5: Sketch of the GRAPE-4 system at the University of Tokyo. The system consistsof
36 processorboards as the one sketched in �g. 1.4, grouped in four clusters of nine boards each.
The i -particle set is identical for each of the 36 boards. Each of the four control boards receives
a di�eren t j -particle subset, and gives an equal part of this subset to each of the nine processor
boardsunder its control. When the forcecomputation is completed, the control board receivesnine
partial forcesper i -particle from the processorboards, and sendsthe sum to the host, via the host
interface. This reducesthe communication bandwidth with the host, which communicateswith only
four peripherals, instead of 36. The host interface converts the internal GRAPE communication
protocol to the host I/O protocol. This allows oneto usethe GRAPE with di�eren t hosts,changing
only the host interface.

Our performanceanalysis and simulation studies, reported in chapters 2 and 3, are
basedon GRAPE-4 boardskindly madeavailable to us by Jun Makino.

1.3.2 GRAPE-6

The progressin microelectronicsmadeit possibleto include in the GRAPE-6 chip six phys-
ical pipelines, able to compute a complete force contribution in a single clock cycle at a
frequencyof 90 MHz, whereasthe GRAPE-4 needsthree cycles.The peakperformanceof a
GRAPE-6 chip is thus 6 � 57 � 90 MHz = 30.8G
op/s, comparableto an entire GRAPE-4.
In fact, a singleGRAPE-6 chip implements all the operations implemented in a GRAPE-4
board, including j -particle position and velocity extrapolation. Similarly to the GRAPE-4,
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Figure 1.6: Sketch of the GRAPE-6 system at the University of Tokyo. Four clusters including
four general purpose hosts and 16 processorboards are each connected by means of a Gigabit
Ethernet switch. The processorboards in a cluster are able to communicate directly with each
other by meansof the network boards. Each network board controls four processorboards, and is
directly linked with the other three boards in the cluster. In this way, each of the four hosts in a
cluster, connectedto a single network board via the host interface board, has direct accessto all
the processorboards in the cluster.

where48 physical pipelinesare seenas96 virtual pipelines,the six pipelinesof a GRAPE-6
chip are seenas 48 virtual pipelines,thus a GRAPE-6 chip is able to compute force on 48
di�erent i -particles per clock cycle (Makino et al., 2000).

A GRAPE-6 processorboard includes 32 chips, which gives a peak performanceof
about 1 T
op/s. The j -particle memory for a GRAPE-6 board is able to store data for
262000 particles (Makino, 2003). The current con�guration of the GRAPE-6 system in
Tokyo includes64boardsgroupedin four clusters,for a total peakperformanceof 63T
op/s
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(Makino et al., 2002). A sustainedperformanceof 22.72T
op/s has beenreached for the
simulation of planetesimaldynamics in the Uranus-Neptuneregion during the primordial
phaseof the Solar system's evolution (Makino et al., 2002). A sketch of the GRAPE-6
systemis given in �g. 1.6. It is much more complex than the GRAPE-4 system(shown in
�g. 1.5). Now the generalpurposefront endof the systemis a parallel computer,whosenodes
are connectedby meansof a Gigabit channel. The front end nodesare Pentium-4 2.53GHz,
overclocked to 2.81GHz (Makino 2003,private communication). The systemis partitioned
into clusters including four hosts, four host interface boards, four network boards, and 16
processorboards. A network board controls four processorboards,and is directly connected
to the other three network boardsof the cluster, allowing direct exchangeof data amongthe
boards,with no needto involve the host for communication.

The architecture of GRAPE-6, with its complexorganisationof interconnectedboards
attached to a multipro cessorgeneralpurposehost, can be seenas an instantiation of the
hybrid architecture model that westudy in this thesis. This model is discussedin section1.3.4
below.

1.3.3 GRAPEs in di�eren t �elds

The impressive performanceachievements of the GRAPE motivated the development of sim-
ilar dedicatedhardware in other contexts. The MD-GRAPE (Fukushigeet al., 1996) was
developed with the purpose of implementing the computation of inter-particle forces de-
pending on an arbitrary function of the particles' mutual distance. This also allows for the
computation of the short-rangedvan der Waals forces,which play a major role in Molecu-
lar Dynamics phenomena.MD-GRAPE also implements the hardware to compute inverse
squarelaw interactionswith the Ewald method (Ewald, 1921),that is widely usedin compu-
tational cosmologyand computational chemistry to simulate systemswith periodic boundary
conditions. The recently developed MDM (Molecular Dynamics Machine) is an upgraded
versionof the MD-GRAPE, with a target peak-performanceof 100T
op/s (Narumi et al.,
1999). MDM won a Gordon Bell prize for performancein 2000,sharedwith GRAPE-6, for
a moleculardynamicssimulation of 9 million NaCl ions (Narumi et al., 2000).

The approach proposedin this thesis,of connectinga highly specialisedSPD to a par-
allel generalpurposecomputer, aims at expanding the range of applications of the special
hardware in a di�erent way. Instead of building a new dedicatedhardware with new capa-
bilities for performing those operations that, if executedon a serial host, would lead to a
bottleneck, we still perform theseoperationson the parallel host of the hybrid architecture.
The bottleneck is removed by distributing the computation on the nodesof the parallel host.
In section 1.8 we discussa speci�c casewhere our hybrid architecture approach could be
e�ectively used.

We also expand the use of the GRAPE by meansof software modi�cations. In sec-
tion 1.5 we introducea method that allows for the useof the GRAPE to compute the force
from a multip ole expansionof a particle distribution. Multip ole expansionsgive force terms
that have not an inversesquareexpression,thus the GRAPE could not be usedfor this com-
putation. By converting the multip oleexpansioninto a pseudo-particledistribution (Makino,
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1999),we obtain a force expressionthat can be computedon the GRAPE. In the next sec-
tion, we look more in detail at the potential role of hybrid architectures in Computational
Science.

1.3.4 Hybrid architectures for the N -b ody problem

As already mentioned in section1.1.1,hybrid architectures are systemsconsistingof a com-
bination of a traditional parallel computer and special purposedevices. The needfor such
systemsariseswhen the tasks that needto be performed by the host of the SPD begin to
exceedthe capacity of a singlemachine. This may be the casebecausethe requiredcommu-
nication bandwidth to the SPD exceedsthat of a singlehost, or becausethe computational
tasks that needto be performedon that host becometoo large. Host computing is needed,
for instance, for the handling of special situations, such as the modelling of binaries and
of three-star encounters, for the modelling of additional physical processes,such as stellar
evolution, and especially, whena treecode is used,for the management of the tree structure.

In the sectionsabove, we presented the N -body problem, and the hardware techniques
that the Computational Astrophysicscommunity hasdevelopedfor its solution. In section1.2
we brie
y mentioned that software techniqueshave alsobeendeveloped to speedup N -body
simulations. Thesetechniques,namely the treecode, the FMM, and the PM method, will be
described in section1.4 below. The tool that we useto study the interplay of hardware and
software components in a computersystemis performancemodelling, which is introducedin
section1.6. Performancemodelling allows us to analysethe system,and designthe optimal
architecture with the help of performancesimulation.

One of our goals in this thesis is the study of architectures where a fast method,
namely the treecode, described in section 1.4.2 below, e�ectively pro�ts from the use of
a fast dedicated SPD, namely the GRAPE. A parallel computer is planned as the SPD
host, in order to provide computational power that is well-matched to the other tasks of
the method. Otherwise the host computations would easily becomethe systembottleneck.
The GRAPE-6 systemin Tokyo, described in section1.3, or the SIMD-MIMD architecture
described by Palazzariet al. (2000);CapuzzoDolcetta et al. (2001)areexamplesof this kind
of architecture. Part I of this thesisis devoted to the descriptionof the research carriedout in
developingour performancemodelling environment, exploring the computational properties
of the hardware and software tools described above, and analysing their interaction when
integrated into the hybrid architecture discussedin this section.

1.4 Soft ware for the N -b ody problem

Our research interest in this thesisis focussedon the interaction of algorithms developed for
N -body simulations with the GRAPE hardwarein hybrid architectures. Foremostamongthe
numerical algorithms developed in computational astrophysics for the solution of the grav-
itational N -body problem, those that have the characteristics to exploit the computational
power provided by the GRAPE are direct O(N 2) methods (Aarseth, 1999;Spurzem,1999;
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PortegiesZwart et al., 2001), and the O(N logN ) treecode (Barnes & Hut, 1986;Barnes,
1990;Warren & Salmon,1995;Springelet al., 2001).

Amongthe direct codes,wefocusonNBODY1 (Aarseth, 1963;Aarseth,1985). NBODY1
is the progenitor of a classof direct codes,of which NBODY6 is its last o�spring (Spurzem,
1999). The code's sophistication has grown dramatically from NBODY1 to NBODY6, pri-
marily in the treatment of closeencounters, and stellar evolution, allowing for increasingly
re�ned and reliable simulations of globular clustersand other collisional systems.

The other main software environment developed for the simulation of collisional sys-
tems is starlab (PortegiesZwart et al., 2001),originally written by Piet Hut, and currently
maintained by Steve McMillan. It includesthe high order integrator kira , the stellar evolu-
tion packageSeBadeveloped by SimonPortegiesZwart, the three- and four-body scattering
packagescatter , and a number of routines for the pre- and post-processingof simulation
data. All the above modulesare implemented as independent programs,and sharethe same
I/O data structure, so that they can easily be piped together to obtain the appropriate
program 
o w for the problem under study.

The inner computational core of an N -body code, in which almost all the execution
time is spent, consistsof the fewlinesshown in �g. 1.1. They havenot changedsincethe early
days of NBODY1, and are\compiled" in hardware in the GRAPE pipeline. Our interest is
in the interaction of N -body codesand GRAPE devices,which can conveniently be studied
by using NBODY1.

Direct codes ensurehigh accuracy, but at the cost of very high compute times. As
mentioned in section 1.2, approximate methods have been developed, that allow for the
simulation of collisionlesssystems. The approach adopted by these schemesis to group
particles accordingto their spatial proximit y, then evaluate a truncated multip ole expansion
of the aggregate,and use this expansionto compute the force exerted by the aggregate,
instead of evaluating directly the contribution of each singleparticle of the aggregate.This
approach allows us to reducethe number of operations neededto compute the force on a
particle to O(log N ).

Two main algorithms that implement this approach have been developed: The Fast
Multip ole Method (FMM) (Greengard, 1988; Carrier et al., 1988; Greengard& Rokhlin,
1997; Cheng et al., 1999) used for electrostatic computations, and the treecode (Barnes
& Hut, 1986; Barnes, 1990; Warren & Salmon, 1995; Springel et al., 2001) employed for
gravitational problems. Although both methods are used to compute inverse square law
interactions, neither is usedin the �eld of the other. The FMM is more suited for systems
where density is distributed homogeneously, like in plasmas,chemical solutions, and other
Coulomb force-dominatedsystems. The treecode is inherently adaptive, and is well suited
for highly clusteredsystems,such as thosedominated by the force of gravit y. This point is
further discussedin section1.4.3.

The treecode, becauseof its reducedcomputational complexity, provides a dramatic
speedupfor the N -body simulation. Part of its computational core,asdescribedbelow, is still
the evaluation of direct particle-particle interactions described by Newton's law, eq. (1.1).
This allows us to usethe GRAPE to further acceleratethis computation (see,e.g.,Makino,
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1991b). Yet only a fraction of the treecodeforceevaluationsarecomputedasparticle-particle
interactions. This limits the speedupachievable by using the GRAPE. The treecode can be
optimised in order to make full use of the GRAPE, as described later in section 1.5. We
study and re�ne this optimised versionof the treecode, in view of our research goal, where
a GRAPE powered hybrid architecture is used to run a treecode optimised for the use of
GRAPE. We give below an overview of the main featuresof NBODY1 and the treecode,
in the context of their usewith the GRAPE. We discussthe direct code and the treecode
extensively, as they are the principal codesdiscussedfor the remainderof this thesis. Then
we give a brief description of the FMM and Particle-Meshalgorithms.

1.4.1 The direct code

NBODY1 was one of the �rst codesfor N -body simulation to appear, developed by Sverre
Aarseth at the Institute of Astronomy in Cambridge as early as 1963(Aarseth, 1963). It
consistsof approximately 2000 lines of FORTRAN code (to be comparedwith the 34000
linesof NBODY6 (Aarseth, 1999)),with a very simpleprogram 
o w. A fundamental feature
of NBODY1 is that it assignsindividual times to each particle, as described below. As a
consequenceof this, particle data stored in memory refer to di�erent moments in time.

At each iteration, the particle i with the smallestupdate time t i + � t i is selectedfor
forcecomputation; then positionsand velocities of all the other particles are extrapolated to
the update time t i + � t i . The selectionrule for the i -particle guaranteesthat the smallest
update time t i + � t i is always in the future with respect to all individual times, so that
all other particle positions are extrapolated forward in time. The j -particle extrapolation
pipeline of the GRAPE servespreciselyto this extrapolation task.

Then gravitational interactions are computed, determining the valuesof ai and _ai at
time t i + � t i . Finally the i -particle orbit is integrated and its new � t i is determined. It is
clear how the GRAPE operational architecture re
ects this algorithmic sequence.

Still, NBODY1 cannot e�cien tly make useof the GRAPE computing power. In this
code, only oneparticle at a time is selectedfor forceevaluation, whereasa GRAPE board is
able to computea number of force interactions concurrently, up to 96 for the GRAPE-4. In
order to have a large number of particles that sharethe sameindividual time, the so-called
block time stepschemehas beendeveloped (McMillan, 1986;Makino, 1991a). In this case,
the time step value assignedto the particles can only be a (negative) integer power of 2.
This allows particles to have the sametime stepvalue,which makesit possibleto have many
particles per iteration that require forcecomputation, instead of only one.

Using this approach, force contributions on a large number of i -particles can be com-
puted in parallel using the sameextrapolated positions for the j -particles, i.e. the force-
exerting particles. Then, whena GRAPE deviceis available, it is possibleto make full useof
the multiple pipelinesprovided by the hardware, sinceeach pipeline can compute the force
on a di�erent i -particle. In this way, GRAPE provides ordersof magnitude increaseof per-
formancefor the direct N -body code execution. Simulation of globular clusterscontaining
105 particles or moreare possibleon the GRAPE-6, and even larger numberscanbe reached
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for the simulation of other systems(Makino, 2001a).

A detailed analysis of the direct code tasks, and its performanceon the GRAPE-4
boards is given in chapter 2. N -body simulations carried out with the direct code on
GRAPE-6 are reported and analysedin chapter 5.

1.4.2 The treeco de

The treecode (Barnes & Hut, 1986;Barnes,1990;Warren & Salmon,1995;Springel et al.,
2001), introducedby Josh Barnesand Piet Hut from the Institute for AdvancedStudies in
Princeton, is one of the most popular numerical methods for particle simulation involving
long range interactions. It is widely used in the Computational Astrophysics community
to simulate systemslike singlegalaxiesor clustersof galaxies. It reducesthe computational
complexity of the N -body problemfrom O(N 2) to O(N logN ), trading higherspeedfor lower
accuracy. The O(N logN ) scaling of the treecode allows the study of very large systems
exceeding108 particles, as in the caseof simulations of the large scale structure of the
Universe(Warren et al., 1997). Such simulations run on generalpurposesupercomputers.
Can the use of GRAPE provide a further speedup to treecode simulations? In practice,
using the GRAPE e�cien tly whenexecutingthe treecode is not an easytask, sinceparticle-
particle interactions, i.e. the computing task implemented on the GRAPE, are much less
computationally relevant for the treecode, with respect to the direct code (see,e.g.,Makino,
1991b). In fact, the superior O(N logN ) of the treecode is due to a decreasein the number
of direct particle-particle computations performedto evaluate gravitational interactions. A
description of the main treecode proceduresis given below.

Pro cedure description. The treecodeapproach for computing forceson a givenparticle i
is to group particles in larger and larger cellsastheir distancefrom i increases,and compute
force contributions from thesecells using truncated multip ole expansions.The grouping is
realisedby inserting the particles oneby one into the initially empty simulation cube. Each
time two particles are in the samecube, that cube is divided into eight \child" cubes,whose
linear sizeis one-halfthat of their parent's. This procedureis repeateduntil the two particles
�nd themselves in di�erent cubes. Hierarchically connectingsuch cubical cellsaccordingto
their parental relation leadsto a hierarchical tree data structure (see�g. 1.7).

When the forceon a given particle i hasto be computed,the tree is traversedsearching
for cellsthat satisfyan appropriateMultip oleAcceptability Criterion (MA C). If a cell satis�es
this criterion, the forcefrom the entire particle distribution within the cell is computedusing
the cell multip ole expansion,and the search skips the cell's children. Conversely, if the cell
does not satisfy the MAC, then its children are examined. By applying this procedure
recursively, starting from the tree root, i.e. the cell containing the wholesystem,all the cells
satisfying the acceptability criterion are found. The most commonlyusedexpressionfor the
MAC (see,e.g.,Barnes& Hut, 1986) is:

l
d

< � (1.3)



1.4. SOFTWARE FOR THE N -BODY PROBLEM 17

3 4

2 1

4321

Figure 1.7: Sketch of the treecode spacepartition, and corresponding hierarchical tree data struc-
ture. The root cell, the one that encompassesthe particle distribution, is recursively subdivided,
until every particle is contained in a di�eren t cell. The corresponding tree data structure is shown
on the right. The node corresponding to a given cell is marked with an empty circle if the cell
is terminal (i.e. if it contains only one particle, and hence is not further split), or a full circle if
the cell is not terminal. Cells containing no particles have no speci�c mark in the tree. The node
corresponding to the root cell, in spite of the name, is on top of the tree, and is connectedto the
nodescorresponding to the root's daughter cells. Mapping from cells to tree nodesis shown for the
�rst hierarchical level of the tree. This mapping is repeated recursively while traversing the tree
downwards.

where l is the cell size,d is the distancebetweeni and the cell's centre of massand � is an
input parameter,usually � . 1. The MAC in eq. (1.3) hasa simple physical interpretation.
l / d can be seenas a measureof the opening angleunder which an object of typical sizel is
seenfrom a distanced. Eq. (1.3) statesthat a cell is acceptedif its opening angleis smaller
than the threshold opening angle� .

Theoretical complexit y. The treecode force computation procedurescalesas N logN ;
in order to seethat, supposewe increaseN k-fold by replacingeach particle with k particles
having mass1=k of the replacedparticle mass. Then each cell will generatea number of
new cellsn, wheren � k. The particle i \sees"this �ner subdivision only within its nearest
neighbourhood. The MAC is such that when a cell C is further from i than its own size
divided by � , i will still interact with C, and not with the new\children" of C. The total
number of forceevaluationson the i -particle asN increasesis only dependent on the increase
of particles in the neighbourhood of i . We want to �nd out how this increasea�ects the
number of tree subdivisions, and show that the latter scalesas logN .
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The increaseof particles in the neighbourhood of i canbemeasuredby the interparticle
distance. In order to show that the latter is relatedto the number of cell subdivisions,assume
that the particles are uniformly distributed. The interparticle distanceis then proportional
to N � 1

3 . This can alsobe seenasa measureof the smallestcell size. But, sincethe cell size
halvesat each cell subdivision, the smallestcell size is proportional to 2� � , where � is the
highest tree order. Equating the two quantities gives 2� � / N � 1

3 , and �nally � / logN .
Thus the cell subdivision and the number of cells opened during the force evaluation for
a particle scale as logN ; so that the force computation scaling for the whole system is
O(N logN ).

In teracting with the GRAPE. The tree building and traversal, that allows the algo-
rithm to gain the O(N logN ) scaling,alsodramatically changesthe relative computational
load of the di�erent tasks of the program. Whereasin the direct method the force com-
putation is by far the most demanding task, taking virtually 100%of the execution time,
in the treecode this value decreasesto approximately 50%(Makino, 1991b). Moreover, the
forceis usually computedasa multip ole expansionup to the quadrupole term. The result of
this is that the particle-particle interactions, i.e. the monopole term contributions, are less
computationally demanding in the treecode, comparedto the direct code. This decreases
the e�ectivenessof using GRAPE to acceleratethe treecode execution. In fact, GRAPE is
usedwith the treecode with good results (Makino, 1991b;Athanassoulaet al., 1998),but in
thosecasesthe multip ole expansionis limited to the monopole term, increasingthe accuracy
by reducing the value of � in the MAC formula, eq. (1.3).

1.4.3 The Fast Multip ole Metho d and Particle-Mesh metho ds

The FMM and the PM methods are the other main schemesused in N -body simulations
of systemsdominated by an inversesquarelaw. The FMM subdivides the physical space
by meansof a regular grid, and repeats this subdivision recursively for each cell of the grid,
terminating the recursionafter a �xed number of steps. Multip ole expansionsfor the lowest
level cellsare computeddirectly from the particles contained in them. Then expansionsfor
the encompassingcellsarecomputedrecursively by propagatingthe daughter cell expansions
upwards. Then cell-cell interactions are computed at the highest level for non nearest-
neighbour sibling cells; the expressionfor the force exerted on each cell is then propagated
downwards to the cell's daughters. This force term represents the far �eld force inside the
daughter cells. The near �eld force is computedagain asa sum of cell-cell interactions from
non nearest-neighbour sibling and\cousin" cells (i.e. daughters of the parent cell's siblings).
This processis repeated for each cell until the particle level, at which point the near �eld
force is computeddirectly asa sum of particle-particle interactions.

This method is suitable for homogeneoussystems,but doesnot perform well for inho-
mogeneousdistributions. In this caseadaptive methods, that re�ne the spatial subdivision
according to the particle density, are better suited. The treecode has been developed to
be adaptive. In this case,as described in section 1.4.2, particle-cell interactions are com-
puted for the far �eld, and particle-particle interactions for the near �eld. There are no
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cell-cell interactions. In this way, it is easyto continue the cell subdivision further in high
density regions. The FMM is claimed to be O(N ), even though discussioncontinues on
this point (Aluru, 1996). In fact, asymptotic behaviour generally is not reached in FMM
simulations, so that no real di�erence with a O(N logN ) scalingis usually experienced(see,
e.g.,CapuzzoDolcetta & Miocchi, 1998).

Another schemethat is often usedfor N -body simulations is the particle-mesh(PM)
method (Hockney, 1965;Hockney & Eastwood, 1988;Couchman et al., 1996;Fellhaueret al.,
2000). In this case,the far �eld is not computedfrom multip ole expansions,but by meansof
a regulargrid. Density valuesarecomputedfor each grid point from the particle distribution
of its neighbour, then the Poissonequationis solvedon the grid usingfast Fourier transforms,
so that the gravitational (or electrostatic) potential is known for each grid point. Finally,
from the potential valueon the nearestgrid point, the potential on each particle is evaluated.

When neededfor additional accuracy, the near �eld forcecanbe computedby meansof
direct particle-particle interactions; in this case,the method is called P3M (particle-particle
particle-mesh). State-of-the-art codes use a recursive, spatially adaptive grid re�nement
(Couchman et al., 1996;McFarland et al., 1998;Fellhaueret al., 2000),in order to cope with
particle-particle computational bottlenecks arising in high density regions.We useda multi-
grid PM code (Fellhauer et al., 2000) in our comparative N -body simulations presented
in chapter 5. The PM method scalesas O(N � n3

c), where nc is the number of cells per
dimension. This clearly limits the possibility of increasingthe PM accuracyby meansof
meshre�nement.

1.5 Soft ware for hybrid architectures

The treecode, asdescribed in section1.4.2,providesa substantial speedupto N -body simu-
lations. Using it on a hybrid architecture asthe onediscussedin section1.3.4could leadon a
further substantial performanceimprovement. This perspective is generallyapplicable,and
is not limited to the gravitational N -body problem. The fact that both fast software and
dedicatedhardwarehave beendeveloped for its solution makesthe N -body problemideal for
studying the potential of hybrid architectures in Computational Science.Our aim is also to
make the techniquesdeveloped in Computational Astrophysicsavailable to the much larger
community that is involved in N -body simulations.

For instance,applications in scienceand engineeringthat involve Coulomb force com-
putations couldbene�t from the computational environment provided by the hybrid architec-
ture that we study. The FMM, asdescribed in section1.4.3,providesa robust mathematical
structure, by meansof which multip ole expansionscan be computed to any order, with an
analytically bound accuracyerror. The treecode is much more empirical in this sense. In
fact, since the dominant force in astrophysical systems,gravit y, is always attractiv e and
cannot be shielded, a multip ole expansionof such force will have a very large monopole
term, and terms up to the quadrupole are usually su�cien t to ensureacceptableaccuracy
in simulations where the treecode is used(see,e.g., McMillan & Aarseth, 1993). Multip ole
expansionsin Coulomb force-dominatedproblemsmust includea larger number of terms, be-
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causethe net e�ect producedby opposite-signchargesresults in very small low order terms.
The computation of higher multip ole terms can be implemented in the treecode (McMillan
& Aarseth, 1993),but then a problem arises:the computation of the forcecontribution from
terms of the expansionother than the monopole cannot be doneon the GRAPE, sincethe
GRAPE only computesparticle-particle interactions, i.e. monopole term contributions.

A solution to this problem comesfrom a technique originally introducedin the FMM
framework by Chris Anderson of the University of California at Los Angeles (Anderson,
1992),and further developed by Atsushi Kawai and Jun Makino to be implemented on the
GRAPE (Makino, 1999; Kawai & Makino, 1999). It consistsof converting the multip ole
expansioninto a pseudo-particledistribution; in other words, in �nding a distribution of
�ctitious particlesthat producesthe sameforce�eld asthe original distribution, up to a given
multip ole term. Now, sincethe multip ole expansionis expressedas a particle distribution,
the GRAPE is also able to compute the contributions of higher order terms. This allows
us to increasethe accuracyof GRAPE basedsimulations performedwith methods such as
the treecode, and paves the way for using our hybrid architecture in �elds like Molecular
Dynamics. Chapter 4 is devoted to the description of the pseudo-particleapproach, in the
framework of our research concernedwith multip ole temporal expansion,and improvement
in method accuracy.

Although with the pseudo-particleapproach the use of the GRAPE by the treecode
is optimised, the generalpurposecomputer that hosts the GRAPE still has a large compu-
tational load, and can easily becomethe systembottleneck. In order to improve the host
performance,so that the advantagesprovided by the treecode and the GRAPE can be fully
enjoyed, it is important to understandthe interplay betweenthe GRAPE, the host and the
treecode. The tool that we usefor this study is performancemodelling, as described in the
following section.

1.6 Performance modelling for the N -b ody problem

Performancemodelling (see,e.g., Jain, 1991;Sauer& Mani Chandri, 1981) is a useful tool
for the study of computer systembehaviour. It allows us to estimate the performanceof a
hardware or software architecture by meansof an abstract model, in which each task of the
systemunder study is speci�ed in terms of its executiontime as a function of a number of
parameters.

For a hardware system,theseparameterscan be basic performancemeasuressuch as
the processorclock speed, operations per second,or the bandwidth of a communication
line. For a software application, a typical parameter is the problem size. For example,for
NBODY1 or the treecode this is the number of particles N , or an input parameter of the
code, such as the treecode opening angle � . Building a performancemodel for the systems
studied in this thesis involvesthe formal description of both the software and the hardware
components.
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Figure 1.8: Performancemodelling process. Figure adapted from the slides of the ASCI y course
\P erformanceModeling of Parallel Systems", taught by Arjan van Gemund, reproduced here with
author's permission. The output of the simulation model, t, is the modelled execution time. The
rightmost sketch represents the speedupin the execution of a parallel application, for two di�eren t
valuesof a certain parameter N , as a function of the number of processorsP. The meaning of the
other symbols is explained in the text.

Our modelling approach is illustrated in �g. 1.8. In the application model, each task
of the application is described in terms of the operations performed,and the workload that
theseoperationsproduce. Workload is expressedasa function of the application parameters
P = f � 1; � 2; : : :g. In the machine model, each architecture resourceis speci�ed in terms
of the time spent accomplishingthe task it was designedto perform, as a function of the
machine parametersM = f � 1; � 2; : : :g. The calibration of this function is determined by
timing sampleruns of the real application. An important layer of the model is the mapping
of the application tasks,each onedependingon a subsetPi � P, to the appropriate machine
resources,which depend on a subsetM i � M . The mapping interface speci�es this. This
formal description of the systemis expressedin terms of a suitable language,which in our
caseis Pamela , developed by Arjan van Gemund at the Delft University of Technology
(van Gemund, 1993,2003). A languageinterpreter converts this formal description into the
machine executablesimulation model. The output of the simulation model is the execution
time of the application (which dependson the P [ M set of parameters),the utilisation of
the various hardware components, and other performancemeasures.

yASCI is the Advanced School for Computing and Imaging (seehttp://www.asc i. tu delf t. nl ). It is
unrelated, and predates, the homonym programme of the Department of Energy of the USA.



22 CHAPTER 1. INTR ODUCTION

A metaphor for the performancemodelling approach could be the sequenceof actions
performed when an executableis produced from a mathematical algorithm, as described
below.

The �rst step is to write a sourcecode in the programming languageof choice, that
implements the algorithm. Each function of the algorithm is expressedas a sequence
of commandsin a software module. This is the analogueof building the machine
model and the application model as a representation of the real machine and the real
application.

Then the various modulesare linked to producethe executable.The analogueof this
is the activit y of the mapping model, and the resulting executionmodel.

Finally, the executableis usedto perform the computation that it wasdesignedto do.
Correspondingly, the execution model is run, by giving it appropriate values for the
systemparametersas input, and obtaining the executiontime as output.

In order to show how performancemodelling actually works, we describe here the
modelling of the force evaluation task, i.e. the computation of the force exertedon a subset
of particles, by the particles assignedto a computing element. y Fig. 1.9 shows how this
task is modelled. A module in the application model calls the mapping interface, passing
it the number of particles that exert force, N j , and the number of particles for which the
force is to be computed,N i . The mapping interfaceselectsthe module that will accomplish
the task, choosing the function that models the computation on the GRAPE when present
(not unexpectedly this module is represented as a grape bunch in �g. 1.9), or the function
that modelsthe computation on a generalpurposeprocessorotherwise. The GRAPE model
includes the actual force computation and the communication between the host and the
GRAPE. The function that simulates the time spent by the GRAPE in performing the force
computation depends on N j and N i . This time function also includes the communication
delays between host and GRAPE. The general purpose machine model is much simpler,
sinceno communications are involved. The forcecomputation model in this caseconsistsof
a simple delay function.

Analysis of the simulation traces, in terms of appropriate metrics, e.g. speedupas in
the example sketched in �g. 1.8, allows us to understand which parametersare relevant
in a�ecting the system performance,and how a modi�cation in the application or in the
architecture in
uences the �nal performance.

Performancemodelling is alsoa very e�ective tool for the designof computer architec-
tures. The actual installation of a high performancecomputer system is a very expensive
enterprise, in terms of both economiccosts,and research and technology e�orts for system
planning and implementation. Obviously, nobody wants to incur the risk of embarking on
such an enterprise, to sadly discover at the end that the systemasconstructedis ine�cien t.
A tool that allows for fast and inexpensive prototyping is clearly desirable. Performance

yIn the forceevaluation task, a computing element is a GRAPE when the systemincludesit, or a common
processorwhen no GRAPEs are available.
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Figure 1.9: Sketch of the forceevaluation task, asperformedby our model. The application model
module passesits parametersto the mapping module, that selectsthe architecture component that
will perform the actual computation.

modelling provides a tool that simulates the planned architectures, allows one to discover
ine�ciencies in the interactions of the various systemcomponents, permits the exploration
of di�erent solutions to overcomesuch problems,and providesan environment in which the
optimal architecture can be developed.

The aim of our performancemodelling work is to realise an environment where the
interplay of fast specialhardware,generalpurposehost, andadvancedsoftwarecanbestudied
to determine the optimal interaction; i.e. an architecture wherehardware and software are
integrated to provide a very e�cien t tool for the simulation of N -body systems.We describe
our envisagedarchitecture in the following section.

1.7 N -b ody simulations: the reason for it all

In chapter 5 we usethe direct method, the treecode, and the particle- meshcode to perform
N -body simulations of dynamic astronomicalphenomena. Speci�cally, we study the infall
of a black hole towards the Galactic centre. This infall is due to dynamical friction (Chan-
drasekhar,1943),a drag force experiencedby a massive body moving within a background
populatedby lighter bodies,and interacting with them by meansof the forceof gravit y (see,
e.g., Binney & Tremaine,1987,sect.7.1). The net e�ect of this interaction on the massive
body is a force opposite to its velocity, which e�ectively acts as a friction force. When the
body is orbiting around a centre of gravit y, as the Galactic centre in our case-study, the
decelerationof the body results in a spiral-in orbit towards that centre. This processcan
explain the presenceof very young stars in the inner coreof the Galaxy. Theseyoung stars
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arenot likely to beborn in the Galactic centre becauseit is a hostile placefor star formation,
due to the strong tidal �eld that prevents interstellar gasfrom collapsingand forming a star.
A possibleexplanation(see,e.g.,Gerhard,2001)is that denseyoungclusters,formedoutside
the Galactic inner core, spiral towards the Galactic centre due to dynamical friction, thus
bringing the young stars in the cluster nuclei into the Galactic core. In the work presented
in chapter 5 we estimate the typical infall time of an inspiraling object, which provides a
constraint to this model. In fact, for this model to work, the cluster must reach the Galactic
core before it evaporates, i.e. before the dynamical evolution of the cluster causesall the
stars to escape from its gravitational potential well.

We study the infall processfor a single massive particle, which actually models the
spiral-in of a black hole. We carry out a comparative study of this spiral-in process,using
a direct code (seesection 1.4.1), a treecode (seesection 1.4.2), and a PM code (seesec-
tion 1.4.3). The direct code simulations are accurate, but highly granular, i.e. limited in
the number of particles, becauseof the direct code O(N 2) computational complexity. The
other methods are inherently lessaccurate, but allow us to use many more particles. We
comparethe accurateresultsof the direct method with the approximate resultsof the other
two methods, in order to understand how granularit y and inaccuracya�ect our simulation
results.

1.8 Hybrid codes on hybrid systems

Our case-studyis also a �rst step in the direction of simulating the infall of a star cluster.
In order to simulate the infall of a cluster on a star-by-star basis, the useof a direct code
is essential. In fact, an approximate-method simulation is not able to follow the internal
dynamicsof the cluster accurately enoughduring its spiral-in; the cluster would evaporate
much faster than is expectedfrom theory (see,e.g.,Kim & Morris, 2002). On the other hand,
a completedirect code simulation of a cluster infall, that includes the background stars of
the Galactic centre, is unfeasiblebecauseof the very large number of particles involved.
Our intention is to develop a hybrid code, wherea direct code simulates the cluster, and a
treecode simulates the Galactic centre. The cluster is represented asa particle with variable
massin the treecode. The masschange is a consequenceof the internal dynamics of the
cluster. The cluster massis an input value for the treecode co-simulation, and results from
the direct code simulation. The input of the direct code co-simulation is the current value
of the tidal �eld of the Galaxy, which is computedby the treecode asthe forceacting on the
cluster particle.

This hybrid code not only represents a challengewith respect to its development, but
is alsoquite demandingin terms of hardware performance.In order to run it e�cien tly, we
needan architecture which is very powerful, both to compute the gravitational interactions,
and to perform the other generalpurposetasks of the hybrid code. Our envisagedhybrid
architecture (cf. section1.3.4)would be an ideal computational platform for this application,
sinceit would e�cien tly run both the direct code and the treecode\phases"of the hybrid.
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1.9 Thesis outline

This dissertation is divided into three parts. The �rst part is devoted to performancemod-
elling and simulation, and consistsof two chapters. Chapter 2 reports on the performance
analysis of the direct code NBODY1 on our case-studyarchitecture, which includes two
GRAPE-4 boards connectedto a distributed computer. It contains a detailed description
of NBODY1 tasks, and presents performancemeasurements and analysisof various paral-
lelised versionsof NBODY1, running on our hybrid architecture. Thesemeasurements are
the basisfor our performancemodelling and simulation of di�erent architectureswheredirect
N -body codesand treecodesare executed.This performancemodelling and simulation work
is presented in chapter 3.

The secondpart of this dissertation is also divided into two chapters. Chapter 4 is
devoted to accuracy analysis and optimisation of the pseudo-particletreecode, which has
been developed for optimal use with the GRAPE. We study the error behaviour of the
pseudo-particletreecode with di�erent particle distributions, and improve the code accuracy
in the presenceof highly inhomogeneousdistributions. We alsostudy an optimisation of the
pseudo-particlescheme, introducing pseudo-particlevelocity, which allows us to retain the
pseudo-particledistributions for several time steps,whereasthe standardschemerecomputes
the pseudo-particlesat each step.

Then, in chapter 5, we present our comparative multi-method N -body simulations,
aimed at estimating quantitativ ely the e�ciency of the spiral-in of a black hole towards the
Galactic centre, and understanding the e�ect of particle granularit y and code inaccuracy
on the infall e�ciency . Finally, in part I I I we summariseour work and discussits future
developments.
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Chapter 2

N -b ody Codes on Hybrid Arc hitectures y

In this chapter we analyseNBODY1, the direct particle-particle code introduced in sec-
tion 1.4.1, and study the performanceof this N -body code on hybrid architectures, which
were presented in section 1.3.4. A detailed analysis of the N -body code performance,in
terms of the relative weight of each task of the code, and how this weight is in
uenced by
software or hardware modi�cations, is essential to understand the interaction of the code
with the hardware platform that executesit. Especially the interaction with the GRAPE,
the dedicateddevicefor N -body simulation introducedin section1.3, requiresa careful per-
formanceanalysis. The useof GRAPE results in a dramatic performanceleap for N -body
simulations, as it provides a very high performancefor the computation of gravit y interac-
tions, the most expensive computational task of an N -body code. The interaction of the
GRAPE, its generalpurposehost, and the N -body code run on the machine, gives rise to
complex execution patterns that need to be studied and understood to �nd the optimal
con�guration. We needthis performanceanalysis in order to acquire the necessaryexper-
imental data, for our performancemodelling and simulation research to devisea very high
performancecomputational environment for N -body simulations.

2.1 In tro duction

The importance of N -body codes for the simulation of the dynamics of astrophysical sys-
tems has beendiscussedin chapter 1. The core of an N -body code is the computation of

yThis chapter is basedon work published in:
P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Performance Analysis of Parallel N -Body Codes, in

M. Bubak; H. Afsarmanesh; R.D. Williams and L.O. Hertzberger, editors, Proceedingsof the HPCN2000
Conference,LNCS vol. 1823,pp. 249{260. Springer-Verlag, 2000.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Performance of N -body Codes on Hybrid Machines,
Future Generation Computer Systems,17, 951{959, 2001.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Performance Modelling of Distributed Hybrid Archi-
tectures, IEEE Transactionson Parallel and Distributed Systems,in press,2003.
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the gravitational interactions betweenall pairs of particles that composethe system. In sec-
tions 1.2 and 1.4 we discussedthe main algorithms developed for the computation of gravit y
interactions betweena given particle i and the rest of the system. In this chapter we study
the performanceof the direct particle-particle method (Aarseth, 1985,1999),which exactly
computesthe gravit y force that every particle in the systemexertson i . The high accuracy
of the direct method is obtained at the cost of a computational load which grows asN 2 per
time step.

The huge computational requirements of the direct N -body code led to the develop-
ment of the GRAPE, a special purposedevice for gravit y force computation, described in
section1.3. A principal objectiveof our research is the e�cien t integration of GRAPE boards
with a parallel generalpurposehost, to realisea hybrid architecture for N -body simulations,
asdiscussedin section1.3.4.

The performanceanalysisresearch presented in this chapter aimsat understandinghow
such architecturesinteract with the N -body code. For this purpose,weuseNBODY1 (Aarseth,
1963;Aarseth, 1985)asa referencecode. NBODY1 was introducedin section1.4.1. We use
it to determinethe scalingpropertiesof variousparallel versionsof the code, running on a hy-
brid architecture which includestwo GRAPE-4 boardsconnectedto a distributed computer
(see�g. 2.1). The performancedata obtainedwill beusedin chapter 3 for the realisationand
calibration of a performancemodel that we use to study hybrid architectures for N -body
simulations, and their interaction with various typesof N -body codes.

2.2 System description

2.2.1 Arc hitecture

Our hybrid architecture, sketched in �g. 2.1, is composedof a parallel generalpurposemul-
ticomputer, DAS (Bal et al., 2000), and an SPD, GRAPE (see,e.g., Makino et al., 1997;
Makino & Taiji, 1998). The DAS multicomputer is a wide-areadistributed computer in-
cluding 200 nodes in total, grouped into four clusters located at di�erent locations in the
Netherlands. The cluster at the University of Amsterdam, which served as a testbed for
our model, comprises24 processors. Technical characteristics of our testbed system are
summarisedin table 2.1.

In January 2002the newDAS-2cameinto service.DAS-2is alsoa wide-areadistributed
computer including in total 2001-GHz dual Pentium-I I I nodesgrouped in �v e local clusters
interconnectedvia the Dutch university Internet backbone. Local clustersare connectedby
a fast Myrinet network having a bandwidth of 250 GBytes/s peak-performance. We used
the DAS-2 for the N -body simulations presented in chapter 5.

The GRAPE project, as described in section 1.3, started in the late eighties, and
has produceda seriesof very high performancedevices,mainly for the computation of the
gravitational force. The GRAPE-4 system, completed in 1995, was the �rst computer to
reach the TFlop/s peak speed(Makino et al., 1997). The current peak performanceof the
latest machine, the GRAPE-6, is 63.6TFlop/s (Makino et al., 2002).
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Figure 2.1: The DAS cluster at University of Amsterdam, including 24 processornodes, two
GRAPEs, and 4 network switches.

We study the performanceof a systemconsistingof two GRAPE-4 boards, each one
attached to a host processorvia a PCI channel. The performanceof a single GRAPE-4
board can reach 30 GFlop/s. A singleboard comprisesan array of pipelines(up to 96 per
board). Each pipeline performs, at each clock-cycle, the computation of the gravitational
(or electrostatic) interaction betweena pair of particles. The main technical characteristics
of our systemare summarisedin table 2.1 below:

local net work Myrinet 150 MBytes/s peak-
performance

40� s latency

host PPro 200MHz 64 MB RAM 2.5 GB disk

GRAPE board up to 320 MFlop/s
per pipeline

62 resp.94 pipelines on-board memoryfor
� 44000particles

host-GRAPE
channel

PCI9080 33 MHz clock 133MBytes/s

Table 2.1: Technical data concerningour testbed architecture.
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2.2.2 Application

The direct N -body metho d

A formal solution for the N -body problem is known only for N = 2, making a numerical
approach necessarywhena solution for a largersystemis desired.As discussedin section1.4,
a rangeof techniqueshasbeendeveloped to implement a numerical solution for the N -body
problem(Aarseth, 1999;Barnes& Hut, 1986;Chenget al., 1999;Hockney& Eastwood, 1988).
Weareconcernedwith the direct method, which computesgravitational interactionsexactly,
and with the treecode, which approximates this forceevaluation, gaining in performance,at
the costof a lower accuracy. The treecode(Barnes& Hut, 1986)is ableto reach a O(N logN )
scaling,comparedto the O(N 2) scalingof the direct code. Other codes,asthe FMM (Cheng
et al., 1999)of the Particle-Mesh(PM) code (Hockney & Eastwood, 1988),reach O(N ) (see
section 1.2). The FMM is routinely usedin applications where the Coulomb force plays a
central role. The PM code is primarily usedin Computational Cosmology.

In chapter 3 we discussour simulations of direct code and treecode performanceon
hybrid architectures. In section3.4.4we comparethe direct code with two di�erent parallel
versionsof the treecode. In the sequelwe describe the main tasks of the direct code that
we analysein this chapter, i.e. NBODY1 (Aarseth, 1999), introduced in section1.4.1. The
original serial code hasbeenparallelised,and a number of modi�cations have beenmade,to
obtain an optimal useof the GRAPE's capabilities, as described in section2.3 below.

Code tasks

In the N -body computations,the particlesthat exert the forcearecommonlycalledj -particles,
and the particles that experiencethe force are the i -particles. As discussedbelow, for each
iteration, force is computedonly on a small subsetof particles, so that only a few particles
are usedasi -particles. On the other hand, sinceall particles in the systemexert force,every
particle plays the role of a j -particle, including the i -particles.

As mentioned in section1.4.1,NBODY1 implements the individual time step scheme:
particles experiencing a strong or rapidly changing force �eld need to be updated more
frequently than particlesmoving through a quiet, nearly constant potential region. NBODY1
computesforces,and integratesorbits for each particle at the rate required by the particle
dynamicsitself. The individual time step is described in more technical detail in section2.3
below.

A basictask graph of NBODY1 code-
ow is given in �g. 2.2, togetherwith the mapping
of each task on the appropriate hardware resource,in casethe GRAPE is available. If
GRAPE is not available, all tasks are executedon the generalpurposemachine. The tasks
shown in the �gure are described in the following.

1. The �rst task of the main cycle is to �nd the i -particles. This is implemented as a
search through a list of candidates,which is scrolledat each iteration, and rebuilt every
DTLISTtime units, whereDTLISTis the averageparticle time step. The i -particles are
selectedsimply by picking thoseparticles that needto be updated �rst.
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Figure 2.2: Basic task graph of NBODY1, and mapping of the tasks on the hardware resources.
If the GRAPE is not available, all tasks are executedon the generalpurposemachine.

2. Then, sincestoredvaluesof positionsand velocities of di�erent particles refer to di�er-
ent times becauseof the individual time step, an extrapolation of the position values
for the entire set of particles is done, to \synchronise" the systemto the time value of
the i -particles. The GRAPE also contains a pipeline to perform the extrapolation of
the j -particle positions (see�g. 1.4). Hence,when the GRAPE is available, this task
is executedon it. Still, the host hasto extrapolate the i -particle positions, thereforein
�g. 2.2 the extrapolation task is mapped on the host for the i -particle extrapolation,
and on the GRAPE for the j -particle extrapolation.

3. Now accelerationsare computed; when the GRAPE is available, i -particle data are
sent to it, and it will return the accelerations.

4. Finally, orbits are integrated using the forces computed in the previous task, and
relevant physical quantities are evaluated and updated.

Code parallelisation

In the parallel application, we distributed the j -particles equally betweentwo GRAPEs, i.e.
we loadedthe j -particle memory of each GRAPE with half of the particle set. All GRAPE
hostshave a copy of the entire set of particles. Each SPD computesthe partial forceexerted
on the i -particles by the j -particles that it stores; thesevaluesare then communicated to
the host. A global sum doneby the hostsmakesthe total force on each i -particle available
to all processors,that �nally integrate the i -particle orbits. When the GRAPE boards are
not available, the algorithm works in a very similar fashion. In this casethe j -particles are
distributed by assigningeach processora di�erent subsetof particles, so that a processor
will evaluate only forcesexertedby its own j -particles. In section2.3 below, we describe in
detail the parallel codesthat we studied.
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Figure 2.3: Sketch depicting the individual time step machinery. The update time is determined
as the smallest t i + � t i (which in this �gure is the value of particle #3). Particle positions are then
extrapolated from t i to the update time, in order to compute force on particle #3, and integrate
its orbit to the update time. Finally, the new � t for particle #3 is computed, and the next update
time is determined. In the �gure above, the next update time will probably be t 4 + � t4, unlessthe
new � t3 is very small.

2.3 Code parallelisation

In this section,we describe the parallelisation of the various 
a vours of the direct N -body
code usedfor our performanceanalysisand simulation. We choseNBODY1 (Aarseth, 1963)
as the instantiation of a direct N -body code to experiment with, becauseit is a rather
simple code, but usesalmost all the functionalities of GRAPE. This allows us to evaluate
the performanceof our system. A number of modi�cations have beenmadeto the code, in
order to paralleliseit, and to let it make full useof the functionalities of GRAPE.

An overview on the code is given below. We madeuseof MPI communication primi-
tives(MessagePassingInterfaceForum, 1997)to paralleliseit.

2.3.1 The basic: individual time-step

As already mentioned in section1.4.1,NBODY1 usesindividual time-steps. Each particle is
assigneda di�erent time at which the forcewill becomputed. Fig. 2.3depictsthis procedure.
The time-step value of each particle � t, sketched in �g. 2.3 for each particle as a segment,
dependson the particle dynamics(Aarseth, 1999). Smaller� t valuesareassignedto particles
having faster dynamics(i.e. thoseparticles which have large valuesin the higher order time
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derivativesof their acceleration)accordingto the formula (see,e.g.,Aarseth, 2001)

� t i =

s

�
jai jj •ai j + j _ai j2

j _ai jj _•ai j + j•ai j2
;

where � is an accuracyparameter of order unity. At each iteration, the code selectsthat
particle having the smallestt + � t value (particle 3 in �g. 2.3), and integratesonly the orbit
of that particle. This reducesthe computational complexity, with respect to a code where
a single global time step is used. The individual time step approach reducesthe temporal
complexity to O(N 1=3), whereasthe global time step approach is O(N 2=3) (Makino & Hut,
1988).1 This temporal complexity refersto the computational e�ort neededto integrate the
systemfor a dynamical time, i.e. the averagetime taken by a particle to crossthe system.

An e�ect of individual times is that, for each particle, valuesstored in memory refer
to a di�erent moment in time, i.e. the moment of the particle's last orbit integration. This
meansthat, before force on particle i is computed, an extrapolation of the other particle
positions to time t i + � t i is needed. The time value t i + � t i is marked in �g. 2.3 by the
\up date time" line.

Parallelisation

Sincecontributions to the gravit y forceon a given particle i are computedfrom all the other
particlesusingeq.(1.1), regardlessof their distancefrom i , a uniform distribution of particles
to each processingelement (PE), i.e. to each DAS node, su�ces to assureload balancing.
The force computation is done by broadcasting the coordinates of the currently selected
particle i . Then each PE computesthe partial component to the forceon i , by accumulating
contributions from its own particles. Finally such components aresent back to the PE which
hostsi , wherethe forceresultant is computed,the particle's orbit is integrated, and the new
valuesare stored.

To identify the particle i on which forcewill be computed,a global reduction operation
is done, in order to �nd which particle has the least t i + � t i value, and which PE owns it.
This information is broadcastto all PEs, sincethey must know the extrapolation time, and
the i -particle owner.

2.3.2 Towards a GRAPE code: blo ck time-step

Sinceits introduction, NBODY1 hasevolved to newer versions,which include several re�ne-
ments and improvements (see,e.g., Aarseth, 1999). In the versionof NBODY1 usedin our
study we implemented the so called hierarchical block time-step scheme (McMillan, 1986;
Makino, 1991a). In this case,after computing the new� t i , the valueactually assignedis the
value of the largest power of 2 smaller than � t i . This allows for more than one particle to
have the same� t, which makesit possibleto have many i -particles per time step, insteadof

1These�gures for the temporal complexity are valid for a uniformly distributed con�guration. More real-
istic distributions show a more complicated dependenceon N , although quantitativ ely only slightly di�eren t.
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Figure 2.4: Basic sketch of NBODY1 interfaced with GRAPE. Diagonal arrows symbolise com-
munication with GRAPE.

only one. Using this approach, forcecontributions on a, possiblylarge,number of i -particles
can be computed in parallel using the sameextrapolated positions for the force-exerting
particles, hereafter called j -particles. Moreover, when a GRAPE device is available, it is
possibleto make full useof its array of pipelines,sinceeach pipeline can compute the force
on a di�erent particle concurrently.

Parallelisation

Having many i -particles, insteadof just one,makesit pro�table to usea somewhatdi�erent
parallel code structure. If the i -particles reside on di�erent processors,distributing the
particlesasin the individual time-stepcasecould result in complexcommunication patterns,
with consequential increaseof code complexity. Therefore, we choseto let every PE have
a local copy of all particle data. The force computation is done in parallel by making each
PE compute force contributions only from its own set of j -particles, assignedto it during
initialisation. A global reduction operation sumsup partial forces,and distributes the result
to all PEs. Then each PE integratesthe orbits of all i -particles, and storesresults in its own
memory. Concerningthe search for i -particles, each PE searchesonly amongits j -particles,
to determinea set of i -particles candidates.Then a global reduction operation is performed
on the union of thesesets, in order to determine the real i -particles, i.e. those having the
smallest time. The resulting set is scattered to all PEs for the force computation. Since
every PE owns a local copy of all particle data, only a set of labelsidentifying the i -particles
is scattered,reducing the communication time.
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2.3.3 The GRAPE code

The software library interface for the GRAPE hardware consistsof a number of function
calls, the most relevant for performanceanalysisbeing thosewhich involve communications
of particles data to and from the GRAPE. Such communication operations include sending
j -particle data to GRAPE, sendingi -particle data to GRAPE, and receiving results from
GRAPE. A sketch of the program 
o w for an N -body code which usesGRAPE is given in
�g. 2.4.

Parallelisation

The presenceof the GRAPE boards introducesa certain degreeof complexity with respect
to code parallelisation. The GRAPE-hosts obviously play a special role within the PEs
set. This asymmetry somehow breaks the SPMD paradigm that parallel MPI programs
are expected to comply with. Besidesthe asymmetry in the code structure, also the data
distribution among PEs is no more symmetric. The force computation using GRAPE is
performed,similarly to the non-GRAPE case,by assigningan equalnumber of j -particles to
each GRAPE. The GRAPE computesthe partial force exerted by the j -particles assigned
to it on the i -particle set, which is the samefor all GRAPEs. After that, a global sum on
the partial results, performedon the parallel host, will �nally give the total force.

Sinceforcecomputationsand j -particle position extrapolationsaredoneon the GRAPE,
the only relevant work to executein parallel by the PE set is the search for i -particle candi-
dates,which is accomplishedexactly as in the code described in section2.3.2above.

2.4 Code performance

We describe and analysein this section the measurements that we carried out for the per-
formanceevaluation of the codesdescribed in section2.3. Our measurements are intended
to explore the scalability of parallel N -body codes. We performed runs varying both the
number of particles N and the number of processorsPEs; we scaledN from 1024to 16384,
and PEs from 1 to 24. NBODY1 does not needa large amount of run-time memory, just
about 200 bytes per particle, but is heavily compute-bound (Hut, 1996). Our timings were
carried out in order to show the relative computational requirements of the various code
tasks, and how thesechangeas a function of N and PEs. Reported valuesare averagesof
the valuesmeasuredfor each processor.Thesemeasurements showed a negligibledeviation,
which is thus not reported on the �gures below.

Our runs werestarted having a Plummer model distribution (Plummer, 1915)asinitial
condition, in which density decreasesoutward as the �fth power of the distance from the
cluster centre. The gravit y force is modi�ed by introducing a softening parameter, which
is a constant term, having the dimension of a length, whosesquaredvalue is inserted in
the denominator of the gravit y force expressioneq. (1.1) (seealso caption of �g. 1.1). The
softening parameter reducesthe strength of the force in caseof closeencounters and thus
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Figure 2.5: Global timings for the parallel individual time-step code, running for 1000iterations.

prevents the formation of tightly-b ound binaries. In this way very short time steps and
correspondingly long simulation times are avoided. In our runs, this parameterwasset equal
to 0.004. As a reference,the mean inter-particle distancein the central core of the cluster,
when N = 16384, is approximately equal to 0:037 in N -body units (Heggie & Mathieu,
1985).

2.4.1 Individual time step code

The essential tasks of this versionof the code (hereafter called IND) are shown in the code

o w sketched in �g. 2.2. As described in section 2.3.1, the parallel version of this code
implements communications in the i -particle search task, then whenthe i -particle position is
broadcast,and whenpartial forcesare gatheredby the PE that owns the i -particle. Fig. 2.5
shows the timings, and �g. 2.6 the performanceof the parallel versionof the IND code.

The metric we useto quantify the code performanceis the parallel e�ciency , de�ned
as:

Pn =
t1

n � tn

where n is the number of PEs used, and tn the execution time when using n PEs. The
timings shown in the �gures refer to 1000iterations of the code. The tn valuesdependabout
linearly on N , sincethe number of operationsto computethe forceon a given particle scales
linearly with N , and in each run the samenumber of force computations is performed, i.e.
1000,independently of the total number of particles. An interesting super-linear speedupis
visible in �g. 2.6,which canbeexplainedwith an optimisedcache utilisation. The IND code,
when the work-load is high (N � 8192), is highly compute-intense,as �g. 2.8 clearly shows.
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Figure 2.6: Performance of the parallel individual time-step code, running for 1000 iterations.
One iteration consistsof advancing a single particle per time step. A super-linear speedupe�ect,
discussedin the main text, can be seenfor intermediate valuesof the work-load per processor.

In this case,also when the number of processorsis high, thus with relative small number
of particles per processor,the communication overheadis still small. Sincethe number of
particles per processordecreasesas PEs increases,the number of cache missesdecreases
too, thus the cache is better exploited as PEs increases. This e�ect, combined with the
limited importanceof the communication overheadfor the high workload cases,leadsto the
super-linear speedupvisible in �g. 2.6.

Fig. 2.7 and 2.8 show the fractional time sharesof each task, and how these shares
changeasthe number of PEschanges.Fig. 2.7showsthe time sharesfor runs with N = 1024,
and �g. 2.8 for runs with N = 16384. Fig. 2.7 clearly shows how the IND code su�ers
from a communication overheadwhen the computational work-load is light. On the other
hand, as shown in �g. 2.8, the code performs quite satisfactorily when this ratio is high,
thanks to the compute-intensecharacteristicsof the N -body code,and the high performance
communication network of our architecture.

2.4.2 Blo ck Time-step Code

The basictasksof this versionof the code(BLOCK hereafter)are the sameasthe IND code.
The only di�erence is that now the number of i -particles per iteration can be larger than
one. As stated in section2.3.2,this optimisesthe forcecomputation procedure,also in view
of the use of GRAPE, but, on the other hand, increasesthe communication tra�c, since
information about many more particles must be exchangedat each time step.
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Figure 2.7: Execution time sharesvs number of processorsfor the IND code. Runs with 1024
particles.
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Figure 2.9: Global timings for the parallel block time-step code. In this case,at each time step,
force is computed on many particles.

N hN i i

1024 35.05

2048 43.91

4096 111.16

8192 207.52

16384 351.14
Table 2.2: Mean num-
ber of i -particles per iter-
ation in the BLOCK
code runs.

The e�ect of this is clearly shown in the �gures presented here.
Fig. 2.9 shows total timings, and �g. 2.10shows performanceof this
code. In this casethe execution time grows as a function of N 2

becausethe number of i -particles, i.e. the number of force compu-
tations, grows approximately linearly with N . Sincethe computa-
tional cost for the force on each particle also grows linearly with
N , the resulting total cost is O(N 2). The mean number of force
computations per iteration as a function of N is given in table 2.2.
Fig. 2.10showshow the performancegain of this codeis lessspectac-
ular than the gain of the IND code, sincecommunication overhead
plays a larger role in the total executiontime. This large overhead
can be seenin �g. 2.11and 2.12, that show how the executiontime

sharesevolve as a function of PEs number. These�gures show that for the BLOCK code,
almost all the computational part of the execution time is spent in the force computation
task. The j -particles extrapolation, that takesroughly 25%to 30%of the total time in the
IND code (see�gures 2.7 and 2.8), is reducedto lessthan onepercent.

2.4.3 GRAPE Code

The code version which makes use of GRAPE boards will be called GRP hereafter. We
present performanceresults of both the serial, and the parallel implementation. The com-
munication overhead of the parallel version is composedof host-GRAPE communication
and network communications. The parallel code runs have beendoneby usingonly the DAS
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Figure 2.10: Performanceof the parallel block time-step code.
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Figure 2.12: Execution time sharesvs number of processorsfor the BLOCK code. Runs with
16384 particles.

nodesconnectedto the GRAPE boardsat our disposal, thus the maximum number of PEs
in this caseis 2.

It is clear from �g. 2.13 that the parallel performanceis very poor. In that �gure,
GRAPE0 refers to the GRAPE with 62 pipelines, and GRAPE1 to the GRAPE with 94
pipelines. Fig. 2.13 also shows that runs on GRAPE1 are a bit faster, thanks to the larger
number of pipelinesavailable. The low parallel performanceshown in �g. 2.13 can be ex-
plained by the low number of i -particles, especially for the low-N runs, that prevents the
GRAPE boardsto be fully exploited. Moreover, a largecommunication overheaddominates
the GRP code, as �g. 2.14 for the GRAPE0 case,�g. 2.15 for the GRAPE1 case,and 2.16
for the parallel caseshow. These �gures also show that the time sharespent in GRAPE
computations(i.e. forcecomputations) is quite low, resulting in a low e�ciency of this code
in terms of GRAPE exploitation. One reasonfor that is of coursethe very high speedof
the GRAPE. This device is by far faster in accomplishingits task than its host and the
communication link betweenthem.

Another e�ect that can be seenin the �gures is the increaseof the time shareof the
orbit integration task whenN goesfrom 2048to 4192.This canbe explainedby the increase
of cache misseswhen this task is executed. The cache sizeof a node is 256 Kbytes, which
makesit able to contain data for about 1000particles (each particle carriesabout 200bytes
of data). The orbit integration task works on data which are located randomly on the
memory, thus the chanceof a cache miss when the cache doesnot contain the whole data
set is relatively high. This e�ect producesthe increaseof the orbit integration time share
betweenN = 2048and N = 4192. Subsequently, the timings are more and more dominated
by the increaseof the GRAPE computation time share.



44 CHAPTER 2. N -BODY CODES ON HYBRID ARCHITECTURES

0

2

4

6

8

10

12

14

16

18

0 2000 4000 6000 8000 10000 12000 14000 16000 18000

t (
se

c)

N

GRAPE0
GRAPE1

both GRAPEs

Figure 2.13: Execution time for 1000iterations of the GRP code.

The �gures clearly show that for our hardware con�guration the capabilities of the
GRAPE will only be fully utilised for problemsinvolving over 40000particles per GRAPE.
This number is, however, limited by the GRAPE on-board memory for j -particles, which is
only slightly higher than 40000.

Our measurements of the low level host-GRAPE communication routines show that
a large amount of time spent in communication is due to software overheadin copy opera-
tions and format conversions. As an example,we show in �g. 2.17 measurements done on
the j -particle sendoperation. Similar measurements (Kawai et al., 1997), performed on a
faster host, showed a higher communication speed,linearly dependent on the host processor
clock speed. Nevertheless,even though the GRAPE boardsare not exploited optimally, the
executiontimes for the GRP code are by far shorter than thosefor the BLOCK code. The
heaviest run on 2 GRAPEs is about one order of magnitude faster than the heaviest run
of the BLOCK code on 24 PEs. Consideringthe total amount of computing power usedin
thesetwo cases,i.e. the executiontime times the number of processorsused,shows that the
BLOCK code needsabout 140 times more computing time to perform the sameamount of
work as the GRP code. A global comparisonof the throughput of all codesstudied here is
given in section2.4.4below.

2.4.4 Code Comparison

In order to evaluate the relativeperformanceof the threeversionsof the N -body codestudied
in this chapter, a seriesof runs has beenmade, whereboth a 8192particles system,and a
32768 particles system were simulated for 7200seconds.We comparethe performanceof
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Figure 2.14: Execution time sharesvs number of particles for the GRP code. Runs on GRAPE0
(62 pipelines).
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Figure 2.15: Execution time sharesvs number of particles for the GRP code. Runs on GRAPE1
(94 pipelines).
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Figure 2.18: Performancecomparisonfor the three versionsof the N -body code. Runs with 8192
particles. The IND and BLOCK codes are run on 24 processors,the GRP code is run on two
processorseach connectedto a GRAPE.

the GRP code, with respect to the other codes run on the generalpurposehost, against
an increasingcomputational load. The fastest hardware con�guration is usedin each case,
i.e. 24 PEs for the IND and BLOCK code runs, and 2 PEs (and hence2 GRAPEs) for the
GRP run. Fig. 2.18and 2.19show the evolution of the simulation time, asa function of the
wallclock time. In this way, the performanceof each code is speci�ed in terms of how long
oneshouldwait beforea simulation reachesa certain N -body time. Those�gures show that
the GRP code outperformsthe other two codesby a factor 8, when the computational load
is lighter, and by a factor 20, with a heavier computational load. In both cases,the BLOCK
code is 1.5 times faster than the IND code, thanks to the optimisation of the j -particles
extrapolation step. Fig. 2.19 shows an initial overlapping of these two codes performance
curves,due to a start-up phase,which is not visible in �g. 2.18,becauseat the �rst timing
event (after 60s) this systemis already stabilised.

Fig. 2.18 and 2.19 clearly show the large performancegain obtained with GRAPE.
Using only two PEs, an order of magnitude better performancewas attained compared
to the BLOCK code on 24 PEs. Due to the reduction in the time neededfor the force
calculation, the communication overheadfor the GRP code accounts for approximately 50%
of the total executiontime (see�g. 2.15 and 2.16). Hencean even larger relative gain may
be expected for larger problems,as the relative weight of the communication overheadwill
decrease.The di�erence in performancebetweenthe two casesshown respectively in �g. 2.18
and 2.19clearly illustrates this e�ect.
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Figure 2.19: Sameas �g. 2.18. Runs with 32768 particles.

2.5 Discussion

Our performanceanalysisrevealsa very good parallel performanceof the BLOCK and espe-
cially the IND code. We alsoshow that the useof GRAPE leadsto a dramatic performance
gain, even at a low e�ciency in terms of GRAPE boards exploitation. Such low e�ciency
is mainly due to a very high communication overhead,even for the largestproblem studied.
This overheadcan be greatly reducedby the useof a faster host, and by the development
of an interfacerequiring fewer format conversions.The GRAPE-hosts in the systemstudied
in this chapter have a 200 MHz clock speed. Nowadays standard clock speedsare up to
oneorder of magnitude faster. The useof a state-of-the-art processorwould reducethe host
and communication times signi�cantly. The low utilisation of GRAPE, shown in �g. 2.14,
2.15 and 2.16, suggeststhat the problem sizehas to be increasedto attain a optimal SPD
utilisation.

The measurements described in this chapter are the basisfor the calibration and vali-
dation of our performancesimulation model. In chapter 3 our model will be described, and
usedto simulate di�erent classesof N -body codes,running on di�erent hybrid architectures.



Chapter 3

Mo delling and Simulation of Hybrid
Arc hitectures y

3.1 In tro duction

In this chapter the performancemodel that we developed to simulate the behaviour of hybrid
architectures is introduced. Hybrid architectures were presented in section1.3.4as systems
wherea high performancegeneralpurposecomputer is coupledto oneor more Special Pur-
poseDevices(SPDs). They can be seenas a special caseof computer systemsdescribed
by the heterogeneouscomputing paradigm (Freund & Siegel,1996;Palazzari et al., 2000).
In section1.3.4 we also discussedwhy such a systemcan be the optimal choice for several
�elds of Computational Science. The relevance of the GRAPE in the �eld of Numerical
Astrophysicshas beendiscussedin section1.3. Quantum Chromodynamics is another �eld
that hasbene�ted substantially from the useof SPDs. In a recent review on Computational
Quantum Chromodynamics the state of the art for the useof dedicatedcomputersin that
�eld has been presented, with the JapaneseCP-PACS computer (Aoki et al., 1999), the

yThis chapter is basedon work published in:
P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: A Simulator for Parallel Hybrid Computer Systems, in

R.L. Lagendijk; J.W.J. Heijnsdijk; A.D. Pimentel and M.H.F. Wilkinson, editors, Proceedingsof the seventh
annual conferenceof the AdvancedSchool for Computing and Imaging, pp. 210-219.ASCI, 2001.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Performance Prediction of N -body Simulations on a
Hybrid Architecture, Computer PhysicsCommunications, 139, 34{44, 2001.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: A Versatile Simulation Model for Hierarchical
Treecodes, in P.M.A. Sloot; C.J.K. Tan; J.J. Dongarra and A.G. Hoekstra, editors, Proceedingsof the
ICCS2002Conference,LNCS vol. 2329,pp. 176{185. Springer Verlag, 2002.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Performance Modelling of Hierarchical N -body Codes
Running on Hybrid Architectures, in E.F. Deprettere; A.S.Z. Belloum; J.W.J. Heijnsdijk and F. van der
Stappen, editors, Proceedingsof the eighth annual conferenceof the Advanced School for Computing and
Imaging, pp. 211{218. ASCI, 2002.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Performance Modelling of Distributed Hybrid Archi-
tectures, IEEE Transactionson Parallel and Distributed Systems,in press,2003.
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QCDSP machine built in the USA (Mawhinney, 1999), and the APE systemdeveloped in
Europe (Tripiccione, 1999).

Con�guring a hybrid systemand �nding the optimal mapping of the application tasks
onto the hybrid machine often is not straightforward. Performancemodelling, which we
discussedin section1.6, providesa tool to tackle and solve theseproblems. We developed a
performancemodel to simulate a hybrid architecture consistingof a parallel multipro cessor
wheresomenodesare the host of a GRAPE board. GRAPE, introducedin section1.3, is a
very high performanceSPD usedin Computational Astrophysics.

We present here the generalmodelling framework, and the methodological approach
that we usedto build our model. Basedon this modelling background, and on the experi-
mental data presented in chapter 2, we developed the performancemodelsdescribed in this
chapter. We present here the details of the implementation of both the model used for
the simulation of the direct code, introduced in section1.4.1and discussedin detail in sec-
tion 2.2.2,and the model for the simulation of the treecode, introducedin section1.4.2. We
validate the accuracyand versatility of our modelsby simulating existing con�gurations, and
usethem to forecastthe performanceof other architectures, in order to assessthe optimal
hardware-software con�guration.

Forecastingand analysingthe performanceof a hybrid architecture is not trivial. Per-
formancemodelling can provide a solution to this problem. The range of applications of
performancemodelling in Computer Scienceis vast. Recently, in a review of performance
modelling research, applicationswerepresented spanningthe rangefrom scheduling in global
computingsystems(Aida et al., 2000)to modelling of large-scalescienti�c applications(Adve
& Sakellariou, 2000),basedon both the analytical approach (e.g.,Gunther, 2000;Hoisieet al.,
2000)and on simulation (e.g., Kurc et al., 2000).

Analytic models(see,e.g.,Cremonesi& Gennaro,2002)easilybecomeintractable due
to the complexity of the simulated system,and usually show a limited 
exibilit y. Simulation
models(Bagrodia et al., 1998;Adve et al., 2000)allow for the study of very complexsystems.
Their high degreeof versatility makes it possibleto estimate the performanceof hardware
or software architectures during the various phasesof their development (see,e.g.,Pimentel
et al., 2001).

We have built a performancemodel, basedon functional task modelling (Dikaiakos
et al., 1996). Our model simulates the behaviour of a parallel multipro cessor,wherespeci�c
nodescanact asthe hostof an SPD. This helpsusto understandthe interactionsbetweenthe
SPD, the host, and the application that is run on the hybrid system. Our aim is to have the
possibility to adapt and modify the hardware model, in order to �nd the con�guration that
givesthe best performance,and to simulate a di�erent software application just by changing
the higher level softwarespeci�cations. Hencewedevelopeda model ableto makepredictions
of the performanceof the system for a given algorithm, and to tell us how hardware and
software can be adapted to oneanother to obtain the best performance.

The hybrid system that we used to validate our model consistsof a local cluster of
the DAS parallel computer (Bal et al., 2000), where two nodes are the host of a GRAPE
board. A direct summation N -body code (Aarseth, 1999) that, as described in chapter 2,
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we parallelisedand adaptedfor usewith the GRAPE, wasexecutedon this system. We val-
idated our performancemodel on this architecture, and usedthe model to make predictions
on the systembehaviour, when both hardware and software modi�cations are introduced.
Furthermore, we also studied the behaviour of a treecode (Barnes & Hut, 1986) on such a
system.

3.2 Design considerations

3.2.1 Requiremen ts

Hybrid Architectures can be complexto design,and expensive to realise.Performancemod-
elling is an e�ective tool to estimatetheir performancerapidly and inexpensively. We aimed
to build a versatile model, able to simulate di�erent applications running on di�erent com-
puter architectures. Therefore,we have structured our model soasto separatethe modelling
of the hardware from the modelling of the algorithm. This allows us to modify the model of
the application, leaving intact the underlying model of the machine, and vice versa.

Scope of our model

Generally, performancemodelsare designedto simulate an application or a hardware archi-
tecture in great detail, and needpowerful simulation environments, such as POEMS (Adve
et al., 2000), a comprehensive environment for the study of complexcomputer systems,or
Artemis (Pimentel et al., 2001), speci�cally developed for embedded systemsdesign and
analysis. In our case,we do not aim at simulating our application down to the single in-
struction level, or our machine at the single electronic component level. We focus on the
interaction of the SPD with the parallel host, and the interplay of thosetwo components with
the application executedon them. We usean iterativ e re�nement approach, starting coarse,
and, if necessary, re�ning those modules that produce unacceptableerrors. For this pur-
pose,we found it su�cien t to model the systemcomponents at a functional level (Dikaiakos
et al., 1996). This approach involvesmuch lessmodel complexity, still giving us su�cien tly
accurateresults.

Level of gran ularit y

The level of granularit y of our model is dictated by the accuracy that we want to reach
in our simulations, taking into account that the aim of our performanceanalysis research
is the optimal performanceof the software application, typically achieved by balancing the
hardware components' workload for a given set of software application tasks. As shown
below, we get a satisfactory accuracywith a rather \coarse grained" functional model. The
basicunit of our abstract algorithm is the task, de�ned asa code block which encompassesa
set of instructions performing a speci�c operation. This operation is characterisedby having
a non negligible execution time, accessinga set of resourceswhich is constant in time, and
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depending on a limited number of application parameters. Similarly, the model granularit y
for the architectural components has beenset at the level where the atomic units are the
major computing elements, such as the SPD and the host node.

Mo del structure

The computational environment that we model is speci�ed, at the more abstract level, by a
number of formal entities. Theseare the algorithm, the hybrid machine, and the mapping
interface. In the speci�c casedescribed here,the algorithm computesthe numerical solution
of the gravitational N -body problem. The algorithm model generatessimulation parameters,
and activatesbasicoperations. The di�erent operationsof this code have di�erent demands
for computational power, the forcecomputation beingby far the most demandingtask. The
designof the hybrid architecture on which this algorithm is executedmatchestheserequire-
ments, by including a model of a specialisedhardware for the gravitational forceevaluation.
A sequenceof tasks describes the behaviour of each component, and the concurrent access
to machine components by a set of application tasks is treated as a critical section.

3.2.2 Functional mo del and implemen tation environmen t

Our functional model approach has beenpresented in section1.6, wherewe described how
we identify the main constituents of the modelling environment. We make a model of the
software application in the application model, wherewe specify the time spent on each task
Ti as a function of the application parameters � i . Similarly, in the machine model, the
characteristics of the hardware resourcesR j depend on the machine parameters� i . The
mapping interface maps each Ti of the application model on the appropriate R j of the
machine model. The resulting simulation model returns the simulated executiontime, which
dependson both the � i and � i . In this way, wecanstudy the performanceof existing systems,
and forecastthe performanceof the systemsunder design.

The simulation languageusedto implement our model is Pamela (PerformAnceMod-
Eling LAnguage) (van Gemund, 1993,2003),developed by Arjan van Gemund at the Delft
University of Technology, aimedat either simulation or analytic performanceanalysis.Pamela
is a C-style procedure-oriented simulation languagewherea number of operators model the
basicfeaturesof a set of concurrent processes.In a procedure-oriented language,concurrent
processinteraction takes place via shared variables, in contrast to message-oriented lan-
guages,which describe communications in terms of explicit messagesbetween interacting
processes.

The execution time of a processis modelled by the delay statement; the sequential
executionof processesis implemented by the seq (pre�x) or ; (in�x) construct. Parallelism
is speci�ed by meansof the par (pre�x) and || (in�x) constructs, which are implemented
in a fork/join fashion (i.e. with implicit synchronisation). Explicit synchronisation between
a couple of processesis implemented with the wait and signal operators, while mutual
exclusion is realisedwith the P and V semaphorestatements, which implement Dijkstra's
classicalsolution to the resourcecontention problem (see,e.g.,Tanenbaum, 2001,x 2.3.5).



3.3. MODEL IMPLEMENT ATION 53

Pamela models the executionof processesin terms of the Discrete Event Simulation
paradigm, as the use of the delay primitiv e suggests. A model can be material-oriented,
when the execution 
o w of the processis speci�ed in terms of the various systemresources
that the processwill access,or machine-oriented, wherethe emphasisis on the resource,with
a speci�cation of the seriesof operations that each resourceshould accomplish.Pamela is
moresuited for the �rst proceduralapproach, although machine-oriented modelscan alsobe
built within this framework.

In order to show how Pamela is typically usedto describe a parallel system,we give as
an examplethe model of a client-server system,whereC concurrent clients executeN iter-
ations each. An iteration consistsof local processingwith duration � l , followed by a request
to accessthe server s which, onceaccessed,is usedfor a time � s. Such systemis modelledby:

par (p = 1 . . . C)
seq (i = 1 . . . N )

f delay (� l ) ; P(s) ; delay (� s) ; V(s) g

where line breaks and indentations are used for the sake of clarity, and have no syntactic
meaning. A detailed overview on Pamela is given in van Gemund (1993).

3.3 Mo del implemen tation

In this section we describe how our performancemodel reproducesthe tasks of the codes
under study. The direct code taskshave beendescribed in section2.2.2. Herewe specify the
dependenceof the execution time of each task on the application parameters,like N i , the
number of i -particles, and N j , the number of j -particles.1

3.3.1 Direct code

Our application model for the direct code is modelled as a sequenceof tasks,assketched in
�g. 3.1. Each computation task is implemented by a delay statement (seesection 3.2.2),
possibly followed by a support function that sets the value of time dependent parameters,
as N i and N j . As described in section2.3, there are communication operations at the end
of the i -particle search and force compute tasks, and both are global all-to-all operations.
They are implemented in the model by meansof a synchronisation operation, followed by
a delay statement. The delays in the model of each task depend on the model parameters
accordingto the formulae reported in table 3.1. Theseexpressionshave beenobtained by
analysing the data presented in chapter 2, and inferring the dependenceof the execution
time of each task on the model parameters. In the following sectionwe describe the subset
Pi of application parametersthat a�ect the performanceof each task Ti .

1We recall that i -particles are the particles on which force is computed, whereas j -particles are the
particles from which force is computed.
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if (not exit)

                      initialisation

extrapolate all particles' positions  

find new particles to be updated  

compute force

integr. particles orbits and store results

Figure 3.1: Basic sketch of the direct N -body code tasks.

tasks modelling form ulae

i -particle local search � P � � sr c � N=P

i-particle global communication � L � � ig l + � L � P + (� L � � inl + � B � � ib � log(P)) � N i

extrapolation on host (non-GRAPE
case)

� P � � xtr � N=P

extrapolation on host (GRAPE case) � P � � xtr � N i

local force (non-GRAPE case) � P � � f r c � N i � N=P

local force (GRAPE case) (� S + � G � N=G) �
l

N i
npipes

m

j -particle sendto GRAPE � P � � pr ep �
l

N j

90

m
+ � C � � j par t � N j

i -particle sendto GRAPE � C � � ipar t �
l

N i
npipes

m
� npipes

receive results from GRAPE � C � � r es �
l

N i
npipes

m
� pmax

forceglobal communication (� L � � f l + � B � � f b � log(P)) � N i

orbit integration � P � � orb � N i

Table3.1: Synopsisof the application tasks, and the modelling formulae for their time dependence
on the model parameters, whose values are given in table 3.2. Here, G is the total number of
GRAPE boards,npipes is the number of pipelinesin a GRAPE board, pmax is the maximal number
of pipelines in a GRAPE board; for the GRAPE-4 pmax = 96 (seesection 1.3 for details). The
other variables are de�ned in the text.
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Application model

For an N -body code, the most important parameter is obviously N , the total number of
particles, which is a measureof the problem size. Moreover, the dynamical parameter that
a�ects the performanceof each task in a block time step code is N i , the number of particles
for which force is going to be computed. We observed a highly oscillatory behaviour for this
parameter,shown in �g. 3.2. This oscillation of N i betweenhigh and low valuescan be due
to a small number of binary stars, which have a strong mutual interaction, requiring a small
time step, or to closeencounters betweenpairs of stars. The high occurenceof low values
of N i between iteration #60 and iteration #300, implying that one or two particles evolve
with a low time step, is an indication of the presenceof a binary systemin that simulation.
The number of particles having a larger time step is also larger; when they are selectedas
i -particles, the value of N i becomesmuch higher. We give the value of N i at each iteration,
obtained from the trace of real runs, as an input to our simulator.

i -particle search. The task of �nding the N i particles is modelled as a linear function
of N , sincethe search is done over a set of candidates,whosenumber is a nearly constant
fraction of N . In the parallel case,each processorsearchesa local list of candidates,which
is a subsetof the local particle set. The actual i -particles are chosenafter this local search
is completed,again by selectingfrom the candidatesthose particles with the smallest time
value.

This globalsearch usesa collective communication. The measuredcommunication time
shows both a linear dependenceon the number of processorsP, and on N i . The N i scaling
factor is modulated by a term proportional to logP. Basedon our measurements, we used
the �tting formula given in �g. 3.3 to model the global search task.

Fig. 3.3 shows the dependenceof this task on N i , for three di�erent representativ e sets
of values for N and P. A data point in this graph is the averagevalue of the timings on
each processorat a given iteration of the code. Occasionally, valuesmuch higher than the
averagehave beenmeasured,asshown in the �gure, arguably due to external data tra�c in
the network. The �tting formula is not a�ected by thesespuriousvalues.

Extrap olation. The extrapolation phase, in the non-GRAPE case,consistsof a �xed
number of operationsdoneon every particle in the system. Each processorextrapolatesonly
its own j -particle positions, thus the extrapolation time shows a linear dependenceon N / P,
i.e. the workload per processor.A sketch of the dependenceof the execution time for this
task on N / P is given in �g. 3.4. Each point here is the averagevalue over the entire run,
for a given pair (N , P). This �gure shows a jump in the dependenceof t on N / P, due to
a cache e�ect.2 We choseto model only the out-of-cache behaviour, becausewe are more
interestedin situations characterisedby a large workload.

2The cache sizeof our system is 256 Kbytes per processor,and each particle carries about 200 bytes of
data. Then a workload per processorlarger than about 1000particles will causethe problem to run out of
cache.
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machine parameters

� P (� s to perform a processorcycle) 1/200

� L (network latency in � s) 40

� B (� s to transmit a byte over the network) 1/150

� S (� s to startup the GRAPE pipeline) 75.6

� G (� s for the GRAPE to computea force interaction) 0.19

� C (� s to transmit a byte on the GRAPE-host channel) 1/133

application parameters

computations network communications host-GRAPE
communications

� sr c (i -particle
search)

54 � ig l (i -particle
commum.
startup)

3.5 � j par t (j -part. send
to GRAPE)

80

� xtr (part. pos.
extrapola-
tion)

260 � inl (i -particle
transmission)

0.0025 � ipar t (i -part. send
to GRAPE)

40

� f r c (force compu-
tation)

260 � f l (force data
transmission)

0.5 � r ec (receive re-
sults from
GRAPE)

130

� orb (orbit inte-
gration)

420 � ib (i -particle
broadcast)

22.5

� pr ep (format
conversions
in packet
preparation)

480 � f b (force broad-
cast)

105

Table3.2: Valuesof the performanceparametersappearing in the modelling formulae in table 3.1.

When GRAPE is used,the application code has to perform the extrapolation only for
the i -particles. The GRAPE contains an extrapolation pipeline for the j -particles, but it
doesnot extrapolate the i -particle positions;the host must perform this operation. Hence,in
this case,the extrapolation task is modelledasa linear function of N i , and is mapped on the
host. Sinceevery host must extrapolate all the i -particle positions, there is no dependence
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Figure 3.2: Time evolution of N i for a simulation with N = 32768. The �rst 20 values are
connectedby a line, to make the oscillation clear. The unit y (or twice the unit y) value that can be
seenon the bottom-righ t side is a hint of the presenceof a binary star.

on P. The GRAPE performs the j -particle extrapolation simultaneously with the force
computation. When the GRAPE computesthe force exerted by a certain particle j 1, the
j 1-data fetched from the GRAPE memory are passedthrough to the extrapolation pipeline.
The pipeline outputs the extrapolated position of j 1, which is input to the force pipeline.
The timing of the forcecomputation task also includesthe extrapolation. This is why there
is no separatemodelling for the j -particle extrapolation doneon the GRAPE in table 3.1.

Force computation. The forcecomputation task in the non-GRAPE casescaleslinearly
with N i � N=P. Fig. 3.5 shows this dependencefor a representativ e set of runs. Also in this
casea data point refersto a single iteration, and is the averagevalue of the timings for all
the processors.

When forcesarecomputedon the GRAPE, it doesthis task on Np particlesat the same
time, using its array of pipelines. Then the sameamount of time is spent to computeforces,
for a number of i particles ranging from 1 to Np. This time scaleslinearly with N=G (see
�g. 3.8) whereG is the number of GRAPEs available, sincethe force computation consists
in an iteration on the N=G particles constituting the particle subsetassignedto a GRAPE.
The operation of receiving the result data from GRAPE is similar to the i -particle send,
showing the samestep behaviour.

The force computation task performed on the GRAPE shows a rather complicated
structure. A number of communication proceduresbetweenthe GRAPE board and the host
must be performed, besidesthe actual force computation task. Figures 3.6, 3.7, and 3.8
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Figure 3.3: Timings averages of the global communication operation associated with
the i -particles search. The formula we obtain by �tting the measurement values,
which is used in the simulation model, and reproduced here as a contin uous curve, is:
t = 0:14+ 0:038� P + (0:97 � 10� 4 + 0:15 � 10� 3 � log(P)) � N i (see parameterised expressionin ta-
ble 3.1).
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Figure 3.4: Timings of the extrapolation task for the non-GRAPE case,and �tting formula used
into the model. A cache e�ect is clearly visible at N=P = 1024. We are interested in situations
with high workload, thus we �t only the out-of-cache subset.
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Figure 3.5: Timings and �tting formula for the local force computation in the non-GRAPE case,
for a set of representativ e runs.

illustrate these tasks. Before GRAPE computes forces, the host sendsit the j -particle
positions that have changedin the last iterations. SinceGRAPE storesthe j -particle data
in its internal memory, only the updated j -particle data need to be sent to it. Moreover,
also the time-advancedposition of the i -particles needto be sent in the samepacket as the
j -particles. In this way GRAPE avoids computing the self-interaction for the i -particles.
The actual delivery of data is done in packets of up to 90 particles, and shows a linear
dependenceon the amount of data sent, plus a �xed latency time for each actual send
operation. The j -particles send step is then a function of N i and N j . Fig. 3.6 shows the
measuredperformanceof this operation as a function of the data sent.

Another send operation is performed to send the i -particles to GRAPE. The actual
data delivery is done in packets of Np particles, whereNp is the number of active pipelines
on the GRAPE board (up to 96). The time dependenceof this operation with respect to N i ,
the number of particles sent, is then a simple step function. Fig. 3.7 shows this dependence,
for Np = 62.

Besidesthe local force computation, a global communication is also neededfor the
parallel GRAPE code, as the total force computation requiresa global sum. The execution
of this operation doesnot di�er betweenthe GRAPE and non-GRAPE codes. Measurements
of this operation from real runs show a communication time linear in N i � logP, asshown in
table 3.1.

i -particle up date. The �nal operation, i.e. orbit integration, updating and storing of the
particlesphysical quantities, is a linear function of N i , with no dependencyon P, sinceevery
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Figure 3.8: Sameas �g. 3.6; here we show timings of the force computation task. The pipeline
startup latency � S ' 75� s is clearly visible.

processorperformsthis task for all the i -particles.

3.3.2 Treecode

The treecode, introducedin section1.4.2, is widely usedin Computational Astrophysicsfor
the simulation of systemsthat do not requirehigh computational accuracy. By trading lower
accuracywith higher speed,the treecode is able to reducethe computational complexity of
the N -body problem from the O(N 2) scalingof the direct code to O(N logN ).

The treecode computesforce on a given particle i by grouping particles in larger and
larger cellsas their distancefrom i increases,forcecontributions from such cellsbeing trun-
cated multip ole expansions.A simple pseudo-code sketching the basic tasks of the treecode
is given in �g. 3.9.

The �rst task of a treecode iteration is to build a tree structure by hierarchically
connectingeach cell to the\child" cellsthat the cell encompasses(seesection1.4.2for details).
Then force is computed for each i -particle by traversing the tree, and looking for cells that
satisfy an appropriate acceptability criterion (seesection1.4.2and chapter 4 for details on
acceptability criteria).

The original treecode algorithm has beenmodi�ed in several ways to improve its per-
formance.An optimisation of the tree traversalphasehasbeenrealisedby groupingparticles
accordingto their spatial proximit y (Barnes,1990). Then a singletraversalfor each group is
performed,whereasthe original algorithm performs a tree traversal for each particle. This
drastically reducesthe number of tree traversals,and allows for concurrent force computa-
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t = 0
while (t < t_end)

build tree
for each i-particle

traverse tree to compute forces
integrate orbits
t = t + � t

Figure 3.9: Pseudocode sketching the basic tasks in a treecode.

tion on vector machines. This optimisation is also suited for the use of the treecode with
GRAPE, becauseeach pipeline of the array contained in a GRAPE board can compute
forceon a di�erent particle simultaneously. The drawback of this technique is an increasein
memory use. In fact, for each particle group, an interaction list containing the information
concerningall the cells interacting with the group must be written and stored in memory.

The use of interaction lists is also useful for parallelisation on distributed systems,
as in the parallel treecode (Warren & Salmon, 1993,1995). The possibility of decoupling
tree traversal and force computation through interaction list compilation, allows for the
implementation of latency hiding algorithms for the retrieval of cell information stored in a
remoteprocessormemory (Warren & Salmon,1995;Salmon& Warren, 1997). We will refer
to this versionof the parallel treecodeasHOT, the acronym of HashedOct-Tree,asthe code
was called by Salmonand Warren.

Another modi�cation, introducedin the code GADGET (Springel, Yoshida,& White,
2001), consistsin implementing the individual time step scheme, originally introduced in
the direct N -body code, as described earlier in sections1.4.1 and 2.3.1. In this manner,
each particle is assignedan individual time step, and at each iteration only those particles
having an update time below a certain time are selectedfor forceevaluation (Springel et al.,
2001), so that force is computed only on a small fraction of the N particles. In this code,
a di�erent approach for remote interactions computation is also implemented: data of the
selectedparticles are sent to the remoteprocessors,interactions are computedremotely, and
results are received back. A further modi�cation consistsin rebuilding the local tree less
frequently than at every iteration. This versionwill be referredasGDT, which is a short for
GADGET. In �g. 3.10 we give a pseudo-code representation of the genericalgorithm that
our model simulates.

Application model

Many di�erent versionsof the treecode have been proposed, implementing di�erent tools
and techniques. A recent report on this is given in (Springel et al., 2001). Our performance
model is designedto reproducethe behaviour of state-of-the-art parallel treecodes,running
on distributed architectures, and able to make useof dedicatedhardware. In this section,
we describe each task of our application model, together with their modelling expressions.
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t = 0
while (t < t_end)

if code is GDT
if it is time to rebuild tree

build local tree
else if code is HOT

build local tree
exchange data to build global tree

if code is GDT
for each selected particle

traverse local tree to compute local forces
send particles to remote nodes
receive particles from remote nodes
compute force on remote particles
send forces to remote nodes
receive forces from remote nodes

else if code is HOT
for each group

build interaction list
( communication needed for remotedata retrieval)

for each group
for each particle in group

compute forces
integrate orbits
t = t + � t

Figure 3.10: Pseudocode sketching the generic parallel treecode tasks. HOT and GDT are the
two versionsof the treecode modelled in this work. Tasksinvolving communication are highlighted
using a grey background .

Table3.3showsa synopsisof the modelling expressions,givenasfunctions of the appropriate
application parameters.

Tree building. The tree building task consistsof two operations: particle insertion into
the tree structure, and computation of multip ole terms for each cell of the tree. Both opera-
tions, as long as local treesare concerned,do not require communication amongprocessors.
The particle insertion operation scalesas n log(n), where n is the number of particles per
processor. The multip ole terms computation depends linearly on the number of cells per
processornc, which is set equal to 0:1n divided by the number of particles per leaf cell.
Each computing node processesall the particles independently to build a local tree. When



64 CHAPTER 3. MODELLING AND SIMULATION OF HYBRID ARCHITECTURES

task parameter de�nition modelling form ula

build local tree n: number of particles per processor

nc: number of cellsper processor

nmp : operationsper cell to computemulti-
poles

n � log(� bt � n)+
� mp � nc � nmp

data exchange
for HOT global
tree

P: number of processors � gt � P

tree traversal m: fraction of particles selectedfor force
computation (= 1 if code is HOT)

ng: number of groupsper processor

j loc: number of local force sources per
group

� : opening angle (accuracy parameter
for the forcecomputation)

K j : scalingcoe�cien t for forcesources

� tt � m � ng � j loc

j loc = K j �� � 3�log(� 3�n)

data exchange
for HOT global
lists

j r mt : number of sourcesper group from re-
mote processors

� gl � j r mt � ng

j r mt = K j � � � 3 � logP

compute forces j : total number of force sources per
group

N : total number of particles

� cf � m � n � j

j = K j � � � 3 � log(� 3 � N )

data exchange
for GDT remote
forces

for parameter de�nition see above � r f � m � N � logP

remote i -parti -
cle data sent to
GRAPE hosts

for parameter de�nition see above � gr � (m � n + j � ng)

force data sent
back by GRAPE
hosts

for parameter de�nition see above � gs � m � n

integrate orbits for parameter de�nition see above � or � m � n

Table 3.3: Synopsisof the modelling expressionsfor each task of the application model. All �
terms are constant factors depending on the operations per particle performed, or the bytes per
particle transmitted. Communication task expressionsare highlighted using a grey background .
Parameter valuesare given in table 3.4.
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the tree building task is accomplished,the local tree contains all the particles which are lo-
catedwithin the geometricaldomainassignedto the processor.GDT usesonly local treesfor
the forcecomputation task, henceit doesnot executeother operations to completethe tree
building task after the local tree building. Conversely, the HOT code exchangesinformation
amongthe processorsafter the local tree building, so that each processoris able to build a
global tree. In this way, no communication will be necessaryduring the force computation
task. The data exchanged to build the global tree, the so-calledlocal essential tree, are
assumedto be equal for each processor,so that this operation is assumedto scalelinearly
with the number of processorsP.

Tree tra versal. This task is performedby HOT beforethe forcecomputation, while GDT
performs,for each i -particle, tree traversaland forcecomputation asthe sametask. Namely,
HOT �rst traversesthe tree in order to build an interaction list for each group of nearby
particles (an input parameter states how many particles make up a group), then usesthe
list to compute forceson each particle of the group (seealso section 3.3.2 above). GDT
instead, for each particle selectedfor force computation, traversesthe tree and computes
force simultaneously. The local tree traversal has to be done oncefor each particle group
(GDT does not use groups, so in this casethe number of groups is equal to the num-
ber of particles). It depends linearly on the number of local force sources. An expression
for the total number of force sourcesj was found by Makino (Makino, 1991b), who gives
j / � � 3 log(� 3N ), where� is the opening parameter(seeequation 1.3 in section1.4.2). The
number of local forcesourcesis then j loc / � � 3 log(� 3N=P), and the number of remote force
sourcesis j r mt = j � j loc / � � 3 logP. GDT performsthis operation only for a fraction m of
the particles per processorn. In the caseof HOT, we simply set m = 1.

The HOT code completesthis task with a communication operation, where informa-
tion concerningremote force sourcesis received by each processor.This operation depends
linearly on the number of groups,and on the number of remote force sourcesj r mt .

Force computation. The cost of the forcecomputation task on each processoris propor-
tional to the number of i -particles per processorm � n, times the number of force sourcesj .
For the HOT code, this task does not require communication, sinceall information about
remote force sourceshas beenexchangedin the tree traversal task. In the GDT case,lo-
cal i -particles are sent to the remote processors,then remote partial forcesare retrieved to
�nally obtain the total force on each i -particle. This operations are global communication
operations,and are assumedto dependon logP, consistently with the modelling formulaeof
the global communication tasksof the direct code model in section3.3.1(seealsotable 3.1).
This task also depends linearly on the total amount of data exchanged, i.e. on the total
number of i -particles m � N .

If GRAPEs are used, the force computation task is performed only by the GRAPE
hosts. As a consequence,the communication operation executedin the HOT caseduring the
tree build task in order to build the global tree, is executedonly by the GRAPE hosts. As
far as the actual force computation is concerned,the GRAPE hosts �rst compute force on
their local particles, then receive remote i -particles and corresponding interaction lists from
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HOT on Delta GDT on T3E seq. tree on GRAPE-5

machine parameters

� P [ ns

ops ] 12.5 1 1.67

� N [ � s
bytes ] 0.05 0.002 n/a

code dependent application parameters

m 1 0.02 1

ng n n n � 0:0005

code independent application parameters

K j (force sourcesin tree traversal) 100

� bt (build local tree) 0.15

� mp (compute multip olesin local tree) 10

� gt (HOT global tree) 3200

� tt (tree traversal) 0.4

� gl (HOT global lists) 32

� cf (compute forces) 0.15

� r f (GDT remote forces) 48

� gr (remote i -part. sent to GRAPE hosts) 32

� gs (forcessent back by GRAPE hosts) 24

� or (integrate orbits) 0.3

Table 3.4: Valuesof the performanceparametersappearing in the modelling formulae in table 3.3

the \un-graped"processors,computeforceon remotei -particles, and �nally sendback forces
to the remoteprocessors.

The actual force computation operation on the GRAPE is modelled using the same
expressionas in table 3.1, wherethe number of i -particles is in the present caseput equal to
the number of particles per group n=ng, and the number of j -particles (N /GRAPEs in the
formula in table 3.1) now is equal to the total number of forcesourcesper group j .

The cost of the communication operation to sendremoteparticle data to the GRAPE
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host is proportional to the amount of bytes which are sent, which is proportional to the
number of i -particles sent, plus the length of the correspondent interaction lists. Henceit
is modelled as a linear function of the number of i -particles m � n plus the number of force
sourcesfor all groupsj �ng. The costof sendingback the forcesis proportional to the number
of i -particles m � n.

Orbit in tegration. This task consistsin the updating of the i -particles positions, and
does not require communication. It is modelled as a linear function of the i -particles per
processorm � n.

Computer architecture

The parallel systemsimulated in our machine model is a genericdistributed multicomputer,
where given nodes can be connectedto one or more SPDs. When SPDs are present, the
appropriate task is executedon them. The application model needsno modi�cation in this
case.According to an input parameterwhich tells whether SPDsare present, the mapping
interface choosesthe routine that maps the task to the SPD, or to the general purpose
processor.Sincewe are interestedin SPDsdedicatedto the gravit y force computation, the
machine model of the SPD reproducesthe GRAPE activit y, and its communication with the
host. The modelling of the fairly complicated data exchangemachinery between GRAPE
and its host is discussedin section3.3.1.

The hardwarecharacteristicsof the simulated multicomputer areparameterisedby two
constants, � P and � N , where� P accounts for the processorspeed,in nanosecondsper 
oating
point operations, and � N accounts for the network speed, its value being the transfer rate
in � s/B. In the execution model, each computation-related function will be multiplied by
� P , and each communication-related function (those highlighted with a gray background
in table 3.3) will be multiplied by � N . Parameter values for the simulations presented in
section3.4.3below are given in table 3.4.

3.4 Simulations

In section 3.3 the modelling of the various application tasks of the N -body codes that we
study have been described. In this section, we show how our models reproduce the real
system,and simulate possiblemodi�cations. The models consist in a sequenceof tasks, as
described in section3.3,each onespecifying, by meansof appropriate delay operations,how
much wall-clock time is spent to perform them. The accessto GRAPE is controlled by a
semaphore.Model results are comparedwith data obtained from the performanceanalysis
study of our systemreported in section2.4.
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Figure 3.11: Model validation. Points indicate the data obtained from actual timings, lines are
simulation results. GRAPE0 refers to the system where the GRAPE has 62 pipelines.

3.4.1 Serial direct code

Validation

The reliabilit y of our model hasbeencheckedby makinga comparisonbetweenthe simulation
results, and the actual measurements of a set of runs of NBODY1 on a systemconsistingof
a GRAPE connectedto its host, which is a node of the DAS, as described in section2.2.1.
Two separateseriesof runs have been performed, on each GRAPE at our disposal. The
GRAPE board with 62 pipelinesis labelled GRAPE0; the other board, with 94 pipelines,
GRAPE1. Each run consistsof 300 iterations, with N ranging from 1024 to 32768. The
initial condition is a Plummer model (Plummer, 1915), i.e. a star distribution with density
decreasingas the �fth power of the distancefrom the cluster centre (see,e.g.,Spitzer, 1987,
p. 13). In section 3.3.1 we comparedmeasurements with simulation for single tasks. Now,
in �g. 3.11 and 3.12, we present a global comparison,where we show how each task scales
with N . In these�gures we plot the time sharespent by the application in accomplishing
each task. These�gures show that our model producesresults in good agreement with the
real measurements. Thesemeasurements are presented in section2.4.3.

It can easilybe seenhow the systemperformanceis strongly penalisedby communica-
tion overhead,unlessthe workload is high (i.e. N � 16384). Even in such cases,GRAPE is
not fully exploited yet, due to the large time-sharetaken by host computations. It is clear
from this that a faster host and an improved communication interfaceare neededto achieve
an optimal GRAPE utilisation. A comparisonbetween�g. 3.11and 3.12shows that the time
sharefor the forcecomputation is smaller for GRAPE1. This is due to the higher number of
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Figure 3.12: Model validation. Same as �g. 3.11. GRAPE1 refers to the GRAPE where the
number of pipelinesis 94.

pipelinesin this GRAPE board, which makesthe forcecomputation faster. Seealso�g. 2.14
and 2.15on page45, wherethe sameperformancedata for the real systemare presented.

To test the versatility of our model, we also validated it with respect to a system
con�guration without GRAPE. In this casethe mapping interface of the model, instead of
selectingthe procedurewhere the useof GRAPE is modelled, maps the force computation
task on a di�erent procedure, where the force computation task is modelled as a linear
function of N i � N . The user selectswhether the force computation will be modelled as a
host related task, or as a task involving the use of GRAPE, simply by changing an input
parameter. Fig. 3.13showsthe task time shares,while �g. 3.14showsthe total executiontime
for the application that doesnot make useof GRAPE. Measurements data and simulation
results are compared.

Fig. 3.13 shows that the force computation task dominatesthe systemactivit y. From
a comparisonwith �g. 3.11, where the force computation share is remarkably smaller, it
becomesclear how e�ective is GRAPE in optimising this task. In �g. 3.14 the execution
time for the codethat usesGRAPE1 is alsoplotted to show how largeis the speedupachieved
thanks to the GRAPE.

Predictions

The above discussionhighlights the needfor a faster host and communication interface. Our
model hasbeenusedto forecastthe bene�t obtainable by operating such improvements.

We modi�ed our model to simulate a host twice as fast as our present host, and with
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Figure 3.13: Model validation for a system not using GRAPE. Since the force computation time
sharefor this code is by far larger than the other task shares,the y-axis scalehas beenchangedto
make data more readable.
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Figure 3.15: Simulated time sharesfor a system with a faster host and communication interface,
but with the sameGRAPE board as GRAPE1.

communication performancetwo times faster as well.3 In this manner we try to reproduce
the system measuredin Kawai et al. (1997), consisting of a DEC workstation 500MHz,
using a GRAPE board with 94 pipelinesof the GRAPE-4 cluster. The time-shares,and a
comparisonof the estimated performancegain of the simulated systemwith respect to the
systemdescribed in the previoussectionare given respectively in �g. 3.15and 3.16.

These�gures show that the GRAPE board is usedmoree�cien tly now, and the overall
systemperformancebene�ts of this. Nevertheless,it appearsthat whenthe workload is high,
this performancegain decreases.This is predictable, sincein this casethe relevanceof the
host and the communication interfaceis not aslargeaswith a lighter workload. The estimate
in Kawai et al. (1997) is in agreement with ours, it only attributes a larger time shareto the
host computation tasksat small valuesof N . This discrepancycan be explainedconsidering
that they model N i = 1:6 � N 1=2, with no oscillation. In this way, when N < 3600, N i is
always smaller than 96, i.e. the maximal number of pipelines in a GRAPE board. Now,
sincethe forcecomputation and communication step is always donein a singleiteration, the
relevanceof GRAPE and the communication interfaceis reduced.Conversely, if the valueof
N i can oscillateand assumevaluesgreaterthan the number of pipelinesin a GRAPE board,
as it happensin our model, two or more iterations are necessary, increasingthe relative load
of the communication and GRAPE computation tasks.

Another useof our model is the estimation of the performancegain that canbe reached
by improving the communication operations. As mentioned above, the i -particle sendand

3More precisely, the performance is set to be two times faster for the send operations, and �v e times
faster for the receive operations, in order to reproduce in any aspect the performance�gures given in Kawai
et al. (1997).
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Figure 3.16: Simulated performance gain for a system with a faster host and communication
interface, but with the sameGRAPE board as GRAPE1.

the result retrieval are performed in a bu�ered fashion, where data are sent for a number
of particles always equal to Np, also when N i is lessthan Np. For the result retrieval, the
situation is even worse; in that case,the operation is performedalways for 96 particles, i.e.
the maximal number of GRAPE pipelines.

Onemay then wonderhow much the systemperformancecouldbene�t, if this communi-
cation protocol is improved. We simulated a situation wherethe sendand receive operations
are accomplishedby transmitting a variable sizepacket of up to Np particles per time, in
a fashionsimilar to the j -particle send. However, an extra amount is addedto the packets
to represent the defective pipelinesin the GRAPE board. Every GRAPE board includes96
pipelines,but someof thosecan be defective. We assumethe worst-casesituation, in which
the Nd = 96� Np defective pipelinesare the �rst onesto be accessed.Assuming that data
regardingN i = ~N particles have to be transmitted, the operation that we model consistsin
writing to (or reading from) the �rst ~N non-defective pipelines. Then our packet contains
Nd + ~N items.

The results of this simulation are shown in �g. 3.17 and 3.18. The simulated board
has 94 pipelinesworking, and 2 defective. It can be seenhow little in
uence the discussed
modi�cation has on the system performance. In this case,the model forecastdiscourages
the enterprise of implementing such a modi�cation in the real system. This exampleshows
how performancemodelling can be useful in evaluating whether a new project is promising,
or, as in this case,it is likely to be unsuccessful.
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Figure 3.17: Simulated time sharesfor a system with modi�ed communication operations. The
GRAPE board is the sameas GRAPE1.
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Figure 3.18: Simulated performancegain for a system with modi�ed communication operations.
The GRAPE board is the sameas GRAPE1.
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Figure 3.19: Model validation: comparisonsof the overall execution times (real and simulated).

3.4.2 Parallel direct code simulations

Validation

In order to check the validit y and the versatility of our model, we compareour simulation
results with the performanceanalysis data presented in section 2.4. In the �rst case,we
considera situation with 2 processors,each oneconnectedto a GRAPE; in the secondcase,
we scaleup to 24 processors.This correspondsto the architecture at our disposal,described
in section2.2.1. Each run, either real or simulated, consistsof 300iterations, with N ranging
from 1024to 16384for the non-GRAPE case,and to 32768for the GRAPE case.As initial
condition in the real runs we used,as in the serial case,a Plummer model (Plummer, 1915).

Timing results for the overall executiontime arepresented in �g. 3.19. We show results
for the non-GRAPE case,with two di�erent valuesof P, and for the GRAPE casewith the
two GRAPEs each attachedto its own host. The abilit y of our model to �t the measurement
valuescan be readily inferred from this �gure. The worst caseerror amounts to ' 40%for
the non-GRAPE casewith P = 24, N = 2048(a casethat lies well outside the parameter
rangethat we are really interestedin), whereasthe averageerror is ' 10%.

Besidesthe overall timing, we also show the fraction of time spent to perform each
task. Fig. 3.20and 3.21are for the non-GRAPE case,and �g. 3.22is for the GRAPE case.
It can be seenin �gures 3.20and 3.21how the di�erent application tasks scalewith N , i.e.
with the total workload. For the casewith P = 24,shown in �g. 3.21,a largecommunication
overheadat low valuesof N is visible.

The largeshareof executiontime takenby the forcecomputation task is a clearevidence
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Figure 3.22: Model validation: time sharesof the GRAPE system. Seealso �g. 2.16 on page46
for the performancemeasurements of the real system.

of the needfor a tool to accomplishthis task faster. Fig. 3.22shows how e�ectively GRAPE
solvesthis problem. The relative importanceof the forcecomputation task hasbeendrasti-
cally reducedby using GRAPE, even though at the cost of a large communication overhead
with the SPD.

System comparison. Fig. 3.19shows that the GRAPE systemis two ordersof magnitude
faster than the non-GRAPE systemhaving the samenumber of processors,while with re-
spect to the most powerful non-GRAPE con�guration available, the onewith 24 processors,
the performancegain is still about one order of magnitude. Our model can reproduce the
behaviour of both systemsquite satisfactorily. In the following, we useour model to predict
how this behaviour changesas a consequenceof systemmodi�cations.

Predictions

In this section we present someexamplesof the use of our model in order to predict the
performanceof systemswhereeither hardware or software modi�cations have beencarried
out. Performanceestimation and algorithmic designare the main �elds of application that
our simulation model is designedto serve.

Clustered GRAPEs vs distributed GRAPEs. A fundamental questionthat we want
to answer is whether it is more e�cien t to connectseveral GRAPEs to the samehost node,
or to have a network with several nodes, each one being the host of a GRAPE. The �rst
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con�guration, which also re
ects the original systemarchitecture for this device,4 doesnot
exploit a multipro cessorhost in order to perform the particle search in parallel but, on the
other hand, does not incur any overheadcost for the two global communications required
by the parallel code. The con�gurations that we simulated contain 1, 2 or 4 GRAPEs,
either connectedto one singlehost, or distributed oneGRAPE per host. The result of our
simulation is shown in �g. 3.23. The total number of particles is increasedup to 32768
particles per GRAPE board. It can be seenthat the performancesare almost equal for all
caseshaving the samenumber of GRAPEs. The gain for the multipro cessorcon�guration to
distribute the local search, is roughly of the sameamount as the lossdue to communication
overhead. It can be inferred that both hardware con�gurations analysedhere, i.e. localised
SPDs versusdistributed SPDs, perform about equally well, the single host con�guration
performing slightly better.

A more realistic N -body code. The code modelled in the precedingsectionsis a basic
N -body code. State-of-the-art astrophysical codeswill contain additional functionality, e.g.
to model closeencounters to binary starsand the evolution of stars. In state-of-the-art direct
N -body codes,a binary star is treated as a singleentit y. When a third star approachesthe
binary, the motion of the two components of the binary, plus the encountering star, is resolved
analytically, by meansof a rather complexprocedure(Funato et al., 1996). This additional
functionality must be provided by the host, leading to an additional workload. In this case,

4I.e. the GRAPE-4 system at the University of Tokyo, consisting of 36 GRAPE boards connected,in a
hierarchical fashion, to a single workstation (seesection 1.3 and �g. 1.5).
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Figure 3.24: System performancecomparisonwhen an extra task, modelled as t = � � N i =P,
is added, where � is an experimental factor of proportionalit y. In this caseis N = 32 768.

it is interesting to seewhen the multiple host con�guration beginsto outperform the single
host con�guration. This extra task is assumedto be linearly dependent on N i through a
coe�cien t � , and perfectly parallelisable. This last condition is likely to hold in reality as
long asP remainsreasonablysmall.

We simulated the casewith N = 32768, and compared the \clustered" casewhere
one processorhosts four GRAPEs to the \distributed" casewhere four processorshost one
GRAPE each. From the previous section, the clustered con�guration is faster when the
algorithm without the extra task is used. The resultsare shown in �g. 3.24. We can seethat
the con�guration with P = 4 beginsto perform better at � ' 0:01, when the time spent in
the extra task is still negligible comparedto that spent in the force task (at least for the
distributed case). In order to compare� with the parametersreported in table 3.2, we have
to divide it by the processortime cycle,which is 0:5� 10� 5 ms. This results in � � ' 2000,i.e.
about ten times the valueof the extrapolation or local forcetask parameterin table 3.2. The
amount of computationsfor the closeencounters procedurementioned above, is of this order
of magnitude. This exampleshows that the multiple host con�guration is more appealing
becauseof its better performancepotential.

Distributed GRAPEs load balancing. A problem in the distributed GRAPEs con�g-
uration is the load balancingof the force computation task. When the number of pipelines
per board is not the samefor all the boards,the boardswith the highestnumber of pipelines
are faster in performing the force computation, becausethey handle more i -particles per
unit time. In our case,the idle time is up to 10% of the total averagedtime of the two
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GRAPEs on di�eren t hosts.

GRAPE boards,which meansthat the fastest board is idle for about 20%of the time. For
the sake of readability, the idle time wasnot shown explicitly in �g. 3.22,but wasincluded in
the communication with GRAPE task. We usedour performancemodel to �nd the optimal
partitioning of particles between the two GRAPEs in the distributed con�guration, where
each GRAPE is connectedto its own host.

Fig. 3.25 shows the result of this study. The con�guration analysedhere includes a
GRAPE with 62 pipelines,called G0, and a GRAPE with 94 pipelines,G1. The total num-
ber of particles is 32768. The �gure shows how the total execution time changes,as the
number of j -particles on G1 is increasedin order to better exploit its higher computational
potential. The optimal distribution, i.e. the one with the minimal idle time, is not reached
when the ratio r betweenthe j -particles on the two GRAPEs is equal to 94=62 ' 1:52, i.e.
the ratio betweenthe pipelines,but at a slightly higher value of r . Unbalancebetweenthe
two GRAPEs is due to both computation and communication. When r = 94=62, only com-
putation is balanced. The host-GRAPE communication time is faster for G1, becausethe
time cost of the receive result operation is inverselyproportional to the number of pipelines
(seetable 3.1). Then, at r = 94=62, G1 is still faster than G0, becauseof its better com-
munication performance. A further slight overload of G1, such that r ' 1:6, balancesthe
overall executiontime of the two devices.

This somehow unexpectedresult, producedby the complexdependenceof the compu-
tation and communication taskson N i and N j , illustrates how a detailed simulation is useful
to analysethe behaviour of a hybrid architecture.
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HOT on Delta GDT on T3E seq. tree on GRAPE-5

real simulated real simulated real simulated

build tree 112 144 0.175 0.145 3.00 4.07

traversetree 528 955 2.00 2.03

compute force 864 1433
0.394 0.468

6.90 9.57

host-GRAPE commun. - - - - 3.11 4.99

Table 3.5: Comparison of the timings breakdown betweenthe real measurements and the simula-
tion risults. Timings are in secondsfor a singlecode iteration. The HOT on Delta caserefersto a
8.8 million particle run on 32 i860 40 MHz processors;GDT on T3E refersto a 0.5 million particle
run on 16 Alpha 300 MHz processors,and seq. tree on GRAPE-5 to a one million particle run
on a 500 MHz Alpha processorconnectedto a GRAPE-5 board.

3.4.3 Parallel treeco de

Mo del validation

We present here the result of running our simulation model of the treecode, described in
section3.3.2. We usethis model with parametervaluessuch that performancemeasurements
reported in the literature are reproduced. We show for each casethe scalingwith the total
particle number N of each task of the code, comparedwith the corresponding real system
timings, as reported by the measurements authors. Finally we present a plot comparing
the total compute time for a code iteration of each con�guration. We had to deal with
the fact that in most casesdata were available only for one measurement run. Thereforea
conclusionon the abilit y of our performancemodel to reproducethe scalingbehaviour of the
simulated systemcan only be incomplete from thesedata. The partial information that we
obtain from this work is neverthelessfundamental to provide us the main guidelinesfor the
realisationof a parallel environment for the simulation of N -body systems,asreported in the
sectionon model forecasts.Oncethis environment will be realised,we will beableto validate
our performancemodel thoroughly, having a system of our own to carry out performance
measurements. In table 3.5 we show the comparisonbetweenthe timings breakdown of the
real measurements and our simulation results. In �g. 3.27the comparethe global timings of
the various cases.

HOT on Touchstone Delta. The TouchstoneDelta wasa one-of-a-kindmachine installed
at Caltech in the early nineties. It consistedof 512i860computing nodesrunning at 40MHz,
and connectedby a 20 MB/s network. The performancemeasurements reported in (Warren
& Salmon,1993)arebasedon a run usingthe whole512nodessystem,andconsistin a timing
breakdown of a code iteration taken during the early stageof evolution of a cosmological
simulation, when the particle distribution is closeto uniform. The total number of particles
is N = 8:8 � 106. Implementation limitations prevented our performancemodel to simulate
512 concurrent processes,so that we limited our simulation to 32 processes,and scaled
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Figure 3.26: Timings of the GDT tasks. The real systemtimings are also reported. The hardware
architecture is a Cray T3E. Performancescalingwith the number of processors,with N = 500000.

down 16-fold the measuredcompute time reported in (Warren & Salmon,1993). Sincethe
communication overheadfor that run was just ' 6%, we assumeda linear scalability of the
code. The timings breakdown of our simulation is presented in table 3.5. The real system
measurements are reported for comparison.

The table shows that the force computation task and the tree traversal are the most
expensive tasks. The relative computational weight of each task is qualitativ ely well repro-
duced by our model. Quantitativ ely, a large discrepancybetween our model and the real
systemtimings originatesfrom an over-estimationof the tree traversaland the forcecompu-
tation tasks, which also results in over-estimating the total time, as shown in �g. 3.27. We
must concludethat in this caseour model is not su�cien tly well matched.

GDT on T3E. This casereproducesthe con�guration described in (Springelet al., 2001),
wherethe GADGET code is run on the T3E hostedat the supercomputingcentre in Garch-
ing, Germany. Each computing node has a frequencyof 300 MHz, and the communication
network hasa throughput of 500MB/s. Three casesare reported in (Springel et al., 2001),
each running the samecosmologicalsimulation, wherea systemof 500000particles is evolved
for 3350time steps. The di�erence amongthe threecasesis in the number of processorsused.
Sincein this casemeasurements from three di�erent hardwarecon�guration are reported, we
could compareour model results with a larger set of timing values. As reported in (Springel
et al., 2001),we assumedthat only 5% of the particles are selectedon averageat each time
step for forcecomputation. Similarly, we assumedthat the local tree is rebuilt each 10 time
steps. Timing breakdowns are shown in �g. 3.26and in table 3.5.

Fig. 3.26shows the performancegain asthe number of processorsincreases.The trend
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in the measurements suggestsa saturation in the attained performance,arguably due to
an increasingload imbalance. This trend is not visible in our model results, becauseload
imbalanceis not modelled. Data in table 3.5 show that, with respect to the HOT case,now
the tree build task is more expensive, despite the fact that it is performed only every ten
iterations. This is to be expected, since the tree build task is performed for all particles,
while the tree traversaland forcecomputation tasks are performedonly for a small fraction
(5%) of the selectedparticles. Also in this caseour model results match the real system
timings. Springelet al. (2001) did not provide separatevaluesfor the tree traversaland the
forcecomputation tasks, so that only the aggregatevalue can be reported on the plot.

Sequential treeco de on GRAPE-5. Here we simulate the con�guration described in
(Kawai et al., 2000). In that case,a modi�ed treecodeis usedto simulate a systemcontaining
one million particles, and groups of ' 2000particles share the sameinteraction list. This
code is run on a Compaq workstation with a 500 MHz Alpha 21264processor,connected
to a GRAPE-5 board containing 96 virtual pipelines,5 each one able to compute a force
interaction in 75 ns. Estimating a force interaction as 30 
ops, the aggregateperformance
of a GRAPE-5 board is 38.4 G
op/s. Table 3.5 shows the results of our simulation model,
comparedwith the real systemtimings, as reported in Kawai et al. (2000).

In this case,the force computation task is performed by the GRAPE. An important
fraction of the total timing is takenby the communication betweenthe host and the GRAPE.
The decreaseof importanceof the tree traversaltask, due to the particle grouping technique,
is clearly observable.

Cases comparison. We compare here the three casespresented above. We show in
�g. 3.27a plot of the time takenby a codeiteration versusN , asobtainedfrom our simulation
model, comparedwith the real systemmeasurements. The value for the HOT code on the
TouchstoneDelta is 16 times greater than the value reported in Warren & Salmon(1993),
in order to scaletheir 512processorrun to our 32 processorsimulation. Conversely, scaling
our simulation data for 32 processorsto 512 processors,would have resulted in simulation
valuesoverlapping the valuesfor the GRAPE case.

The simulation valuesmatch within approximately a factor 2 the real systemmeasure-
ments. In the next sectionwe present results of a performancesimulation, whereour model
is usedto forecastthe behaviour of other con�gurations.

Mo del forecasts

In this sectionwe explore the possibility of using a hybrid architecture consistingof a dis-
tributed generalpurposesystem,wheresinglenodeshost zeroor more GRAPE boards. We
span the two-dimensionalparameter spacede�ned by the two quantities P, the number

5A GRAPE-5 board contains in fact 16 physical pipelines,each one running at 80 MHz, which is 6 times
the speedof the board bus. The board\sees"16*6 = 96 logical pipelines,running at 80/6 MHz. Appropriate
hardwiring managesthe data exchangebetweenthe pipelinesand the board.
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Figure 3.27: Predictions of a code iteration for the three simulated con�gurations. Note that
GADGET movesonly 5% of all particles on averagein a time step, and the HOT caserefers to a
systemwith 32 processors,instead of the 512 of the original system.

of nodes,and G, the number of GRAPEs. We assignto those quantities valuesas follows:
P 2 f 1; 2; 4; 8; 12; 16; 20; 24g, G 2 f 0; 1; 2; 4; 8; 12; 16g. Wesimulate the samesoftwarecon�g-
uration asdescribed in the previoussectionwith respect to the caserelated to the sequential
treecode on GRAPE-5. The SPD we simulate in this caseis the GRAPE-4 (Makino et al.,
1997),whoseperformanceper board is 30 G
op/s, comparableto GRAPE-5's. It provides
a higher accuracywith respect to GRAPE-5, and is usedin �elds as Globular Cluster dy-
namicson Planetesimalevolution (Hut & Makino, 1999),wherehigh computing precisionis
required. The generalpurposenodesare assumedto perform a 
oating point operation in
2 ns, and the communication network is assumedto have a 100MB/s throughput.

When a node of the distributed systemis a GRAPE host, forceson its local particles
can be computed on the GRAPE that it hosts. Forceson particles residing on nodesthat
do not host GRAPEs can be computed on remote GRAPEs, provided that both particle
positionsand particle interaction lists be sent to the appropriate GRAPE host. This implies
a very large communication tra�c. With our simulation we try to evaluate the e�ect of this
communication overhead.

Fig. 3.28 shows our results. It is clear that, as long as all nodes are connectedto
one or more GRAPEs, a signi�cant performancegain is obtained. For comparison,we also
provide timings of a system without GRAPEs. When not all nodes are GRAPE hosts,
the very large communication overheaddue to sendingparticle and interaction list data is
disruptive for performance.This result suggeststhat the communication task needsa very
careful analysis, in order to design an e�cien t parallel treecode for hybrid architectures.
Herewe assumedthat an\un-graped" node sendsall its data to a single\grap ed" node. We
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Figure 3.28: Timings for a systemwith P processorsand G GRAPEs. Comparison with a system
without GRAPEs (marked as 0 G) is also provided. The software con�guration is the sameas in
the treecode on GRAPE-5 described above. The total number of particles is N = 1000000.

discussthis point further in the next section. The plot in �g. 3.28alsofeaturesan oscillatory
behaviour, particularly evident in the casewith 8 GRAPEs. The local minima (i.e. better
performances)correspond to con�gurations whereP is an exact multiple of G. In this case
the computational load on the GRAPEs is perfectly balanced,whereasin the other cases
someGRAPE bearsa higher computational load from remote data.

3.4.4 Direct code vs treeco de

A main goal of our research is to develop a distributed hybrid architecture optimised for the
treecode. The treecodedoesnot computeall particle-particle interactionsdirectly. Instead,it
computespartial forceson a given i -particle from a truncated multip ole expansionof groups
of particles, seesection1.4.2. The force interaction from a group is computedif the group is
far enough,accordingto a Multip ole Acceptability Criterion (MA C). Groups becomelarger
and larger astheir distancefrom the i -particle increases.This techniqueallows a decreasein
the computing time of the forceevaluation to O(N logN ), at the cost of a reducedaccuracy,
dueto the truncated multip oleexpansion.Moreover, this asymptotic performanceis reached
for large valuesof N . Becauseof this, the treecode is widely usedto simulate systemslike
clustersof galaxies,or large scalestructures, where high accuracyis not needed,and N is
large.

For a su�cien tly large problem a treecode can outperform a direct code also for the
simulation of systemsthat requirehigh accuracy. In order to increasethe treecode accuracy,
we can tune two parameters: the highest term of the multip ole expansion,and the MAC
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parameter that decidesif a group is far enough to compute the interaction. As already
discussedin section1.4.2,the most widely usedMAC (see,e.g.,Barnes& Hut, 1986)states
that a multip ole expansionis acceptedif

l
d

< � (3.1)

wherel is the sizeof the cell containing the group, d is the distanceof the i -particle from the
cell, and � is the MAC parameter. For the low accuracycomputations that usually involve
the treecode, is � . 1. A more accuratecode will run more slowly.

In order to have a higher accuracycode, � has to be smaller. A realistic choice for
a multip ole expansionsup to the quadrupole term, is � = 0:2. For a comparableaccuracy
with a multip ole expansionup to the octupole term, we have to set � = 0:5 (McMillan &
Aarseth, 1993). There is a trade-o� between the two choices. A smaller � implies a much
larger amount of interactions to compute; it hasbeenshown that the number of interactions
scalesas� � 3 (Makino, 1991b). On the other hand, a multip ole expansionup to the octupole
term implies a larger number of computations to obtain the multip ole terms, and a larger
number of computation to evaluate the force contributions from the octupoles. With our
model, we can simulate the two cases,and obtain an indication of the most e�ective choice.
In our simulations, we assumethat also the force contributions from the multip olescan be
computedon the GRAPE, by meansof a pseudo-particletransformation (seechapter 4). In
this case,multip ole expansionsare converted to pseudo-particledistributions that produce
the sameforce. In this way, GRAPE canalsocomputeforcecontributions from the multip ole
terms.

Moreover, we comparethe performanceof two di�erent parallel treecodes,i.e. the HOT
and GDT codes described in section 3.3.2. The main di�erence between the two codes is
that in HOT, i.e. the parallel treecodeoriginally developed in Warren & Salmon(1995),each
processorcomputesforcesonly on the local i -particles. Information about remote particle
groups,the so-calledlocal essential tree, is obtained beforethe forcecomputation starts.

Conversely, in the GADGET code (Springel et al., 2001)(referred hereasGDT), pro-
cessorsdo not exchangeinformation about remoteparticle groups. Instead, local i -particles
are sent to remote processors.With our model, we can seewhich approach is better suited
for a distributed hybrid architecture.

Our comparisonhas the goal to assesswhether a systemsizeexistsat which treecodes
outperform the direct code for the simulations of systemsrequiring high accuracy. Then
we useour performancemodel to �nd which hardware-software combination gives the best
performance,provided that high accuracyis ensuredfrom the treecodes,either by decreasing
� , or increasingthe multip ole order. Therefore,we choosefor each method the most suitable
hybrid architecture. Namely, we simulate the direct code running on a systemincluding a
single host with 16 GRAPEs attached to it, sincethe clusteredcon�guration has the best
performance,as shown in section 3.4.2. As treecodesplace a higher load on the host, the
optimal systemfor them is a distributed 16 processorhybrid machine, each node hosting a
GRAPE board. High accuracyfrom treecodesis obtained by setting � = 0:5 with octupole
term expansion,and � = 0:2 with expansionsup to the quadrupole term.
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Figure 3.29: Performance of the treecode, compared to the direct code. We report here the
simulated execution times of 300 code iterations. The direct code runs on a single host connected
to a 16 GRAPE cluster, the treecodesrun on a 16 processormachine, each node hosting a GRAPE.
Quadrefers to multip ole expansionsup to the quadrupole term, with � = 0:2, and Oct to octupole
expansions,with � = 0:5. Other symbols are explained in the text.

Fig. 3.29shows the results of our simulation. We can seein the �gure how the direct
code performs better for low N , but is eventually outperformedby the treecodes. The two
treecode implementations show a very similar performance. Both perform better than the
direct code for high particle numbers,and are faster when an expansionup to the octupole
term is used. We can concludethat a distributed hybrid architecture can be the system
of choice for the simulation of large astrophysical systemsrequiring a high accuracy, such
as stellar globular clusters. A treecode equipped with the software tools for the accurate
treatment of closeencounters could supersedethe direct code for the realistic simulation
of phenomenasuch as globular cluster secularevolution, or black hole binary formation in
merginggalaxies(Hut & Makino, 1999).

3.5 Discussion

A hybrid architecture is a systemwith a high degreeof heterogeneity amongits components,
whosecomplex interplay requiresan appropriate tool in order to be understood and opti-
mised. Performancemodelling is an important tool to study the behaviour of such complex
systems. We implemented and tested a simulation model able to reproduce the behaviour
of hybrid architectures. We validated this model against our GRAPE-DAS system, both
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for the serial and the parallel case. We showed someexamplesof its usefor predicting the
performanceof other con�gurations, where hardware and/or software modi�cations have
beenintroduced. We simulated the useof several di�erent hardware systems,and numerical
algorithms for the solution of the N -body problem, as the direct particle-particle code, and
the treecode. We showed that performancesimulation allows us to discover unexpectedbe-
haviours of a complexcomputer system,as in the casedescribed at the end of section3.4.2.
In our case-studies,distributed hybrid architectures show their superior computational po-
tential, as comparedto \clustered" con�gurations, when large problems,at the higher limit
of the available computational capability, are considered.

Our research is particularly focussedon the e�cien t integration of treecodesand hybrid
architectures. This could lead to a very high performancecomputational environment for
the solution of the N -body problem. We validated our treecodemodel by simulating existing
con�gurations and comparingour resultsto real systemmeasurements, even though very few
measurement data were available, limiting the accuracyof our model calibration. We used
our model to evaluate the performanceof a hybrid architecture used to run the treecode,
and highlighted that an e�cien t implementation of the treecode on such architecture is
madedi�cult by an intrinsically high communication overhead. Issueslike latency hiding,
or partial redistribution of work to remove load imbalance,could help to solve this problem,
and will be the object of further research. The model would also bene�t from an accurate
parameterisationof load imbalance.

In the next chapter, we describe our research in the framework of the aforementioned
e�cien t integration of treecodesand hybrid architectures. We have implemented a version
of the treecode, which makesuseof pseudo-particles(Makino, 1999;Kawai & Makino, 2001)
in order to represent the multip ole expansionof the gravitational potential. This approach
allows us to make use of the GRAPE not only for the computation of the force from the
monopole term. The pseudo-particleschemeallows the GRAPE to compute forcecontribu-
tions from all terms of the multip oleexpansion.In chapter 4 the pseudo-particlemethod will
bedescribed, togetherwith the accuracyand performanceimprovements that we introduced.
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Chapter 4

Pseudo-P article Powered Treecode: Error
Analysis and Optimisation y

In this chapter we study the pseudo-particlescheme, which makes it possible to model
higher order multip ole moments for the treecode on the GRAPE. The treecode, introduced
in section1.4.2,o�ers excellent scalingfor the simulation of self-gravitating systems,but at
the cost of limited accuracy. The pseudo-particleapproach, wherea multip ole expansionis
expressedin terms of a particle distribution, provides an accuracythat it is easyto tune,
and is suitable for making full useof the ultra fast GRAPE Special PurposeDevice for the
gravit y forcecomputation. The GRAPE is introducedin section1.3 and extensively studied
in part I of this thesis. We study the error behaviour of this approach, comparing it with
the standard treecode, and introduceimprovements that reducethe errors. Furthermore we
present an extensionof the pseudo-particlescheme,wherepseudo-particlesare not �xed in
space,but move following the physical particle distribution. This extensiondecreasesthe
computational overheaddue to pseudo-particlerecomputation,and optimisesthe schemefor
the useon GRAPE and on parallel systems.

4.1 In tro duction

The treecode (Barnes & Hut, 1986), introducedin section1.4.2, is oneof the most popular
numerical methods for particle simulation involving long rangeinteractions in astrophysical
contexts. Its operation count scalesasO(N logN ), which is a great improvement compared

yThis chapter is basedon work published in:
P.F. Spinnato; S.F. PortegiesZwart; M. Fellhauer; G.D. van Albada and P.M.A. Sloot: Tools and Tech-

niques for N -body Simulations, in R. Capuzzo Dolcetta, editor, Proceedingsof the 1st workshop on Com-
putational Astrophysics in Italy: Methods and Tools, MemSAIt Suppl. Seriesvol. 1, pp. 54{65. Societ�a
Astronomica Italiana, 2003.

P.F. Spinnato; G.D. van Albada and P.M.A. Sloot: Pseudo-Particle Powered Treecode: Error Analysis
and Optimisation, to be submitted to Journal of Computational Physics,2003.
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with the O(N 2) scalingof the direct particle-particle method, wherethe force on a particle
is computedby directly evaluating the contributions of all other particles (seesection1.4.1
and 2.2.2). The treecodespeedupis obtainedat the costof a reducedaccuracy. The treecode
groupsparticles together accordingto a tree data structure, whereeach node of the tree is
associated with a cubical cell in three-dimensionalspace,and a cell corresponding to a given
node consistsof the eight cellscorresponding to the eight subnodeshierarchically connected
to the given node. The treecode attains its O(N logN ) scaling by computing force on a
particle i from larger and larger cellsastheir distancefrom i getsbiggerand bigger. In order
to decidewhether a cell is far enoughto be acceptedfor such force computation, a suitable
Multip ole Acceptability Criterion (MA C) must be provided. In section4.3 below MACs are
discussedfurther.

The forcecontribution is evaluated from a multip ole expansionof the particle distribu-
tion contained in the cell. The accuracyof the evaluation dependson the highestterm in the
multip oleexpansion,on the MAC used,and on the actual valuechosenfor the MAC parame-
ter. Usually, expansionsare truncated at the quadrupole term, leadingto an accuracyin the
force in the order of 1% (Salmon & Warren, 1994) for commonly usedMAC settings. This
makestreecodesunsuitable for applications that require a high numerical accuracy. Better
accuraciescan be obtained by using di�erent MAC settings, but this will greatly increase
the computing cost.

Research hasbeencarried out in order to improve the treecode accuracy, by increasing
the maximal multip ole expansionorder (McMillan & Aarseth, 1993). We aim at developing
a versionof the treecode that allows a tunable accuracy, while limiting the impact on code
performance. We designour code in order to be optimally run on a parallel platform that
includesthe GRAPE boards (Makino & Taiji, 1998). GRAPE, as described in section1.3,
is a special purpose device implementing an array of fully hardwired pipelines, each one
computing the gravitational interaction betweentwo particles in a singleclock cycle.

Our code derives from the pseudo-particleapproach proposedby Makino (1999), and
implemented by Kawai & Makino (2001), developing an early idea of Anderson (1992).
Makino and Kawai implemented a serialpseudo-particletreecode that makesuseof GRAPE
(Kawai, 1999;Kawai & Makino, 2001). The algorithm that they proposeplacesthe pseudo-
particles in �xed positions on a sphericalsurfacesurrounding the physical distribution, and
computesthe pseudo-particlemassesas weighted sumsof the physical particle masses(see
eq.(4.1) below). The pseudo-particleapproach allows the treecode to take advantageof both
the very high computing speedo�ered by the GRAPE, and makes it very easyto increase
the code accuracy by increasingthe maximal multip ole order. In the standard treecode,
multip olesare computedin terms of seriesexpansions(see,e.g.,McMillan & Aarseth, 1993).
Mathematical expressionsof the higher moment terms are increasingly cumbersome,and
not easyto implement. Conversely, in the pseudo-particlescheme, increasingthe maximal
multip ole order of the expansionis simply a matter of increasingthe number of pseudo-
particles that make up the expansion.

When one runs a code using multip ole expansions,such as the treecode, with the
GRAPE, a fundamental problem arises. GRAPE can only compute particle-particle inter-
actions, hencethe advantage of lumping particles to obtain a singlemultip ole expansionis
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wasted: in the standard treecode formulation, such expansionsare expressedin terms of
spatial derivativesof 1/ r 2, consequently GRAPE cannot computeparticle-multip ole interac-
tions. This implies that all interactions involving a multip ole term must be evaluated by the
host computer. The key idea of the pseudo-particleapproach is to usethe Anderson(1992)
formulation for the multip ole expansionwhich, insteadof a complicatedpolynomial, is given
in terms of a pseudo-particledistribution. In this way, GRAPE is able to computealso the
force contribution from higher multip ole terms, sincethey are now expressedin terms of a
particle distribution.

In order to have a quantitativ e estimateof the accuracyin the pseudo-particlescheme,
we have carried out an error analysisstudy, comparing the accuracyof the pseudo-particle
codewith two implementations of the standardtreecode. Wecompareour codewith the code
of Salmon& Warren (1994),and with GADGET (Springelet al., 2001). We introducea mod-
i�cation in the method that improvesits accuracywhen the physical particle distribution is
highly inhomogeneous.Moreover, we modify the Makino and Kawai pseudo-particlemethod
by introducing pseudo-particleposition extrapolation, in order to decreasethe overheaddue
to pseudo-particlere-evaluation. Instead of recomputing the pseudo-particleexpansionat
each iteration, we extrapolate the pseudo-particlepositionsfor a number of time-steps;in or-
der to accomplishthis, we de�ne a pseudo-particlevelocity. Such schemeis suited for useon
parallel systemshosting GRAPE boards,as discussedin section3.4.4. We �rst present the
pseudo-particlemethod, and discussthe improvement that we introduce. We continue with
the error evaluation, then present the moving pseudo-particlescheme,and �nally discussour
results and future work.

4.2 The pseudo-particle metho d

The pseudo-particlemethod approximates the multip ole expansionof a given set of particles
by meansof a pseudo-particledistribution. The pseudo-particlepositions are �xed, and lie
on a sphericalsurfacesurroundingthe real particle distribution (Makino, 1999;Kawai, 1999).
Optimised distributions, with minimal number of pseudo-particles,have beenobtainedup to
the quadrupole moment (Kawai, 1999;Kawai & Makino, 2001). The massof each pseudo-
particle is given by:

M k =
1
K

NX

j
1

mj

pX

l
0

� r j

a

� l
(2l + 1) Pl (cos
 j k) ; (4.1)

where M k is the massof pseudo-particlek, K is the total number of pseudo-particles,N
is the number of real particles from which the pseudo-particleexpansionis computed, m j

is the massof the real particle j , p is the maximal order of the multip ole expansion,r j is
the norm of the position vector of particle j , a is the radius of the pseudo-particlesphere,
Pl is the modi�ed Legendrepolynomial of order l, and �nally 
 j k is the angle betweenthe
position vectorsof particle j and pseudo-particlek.

As will be shown later, the pseudo-particleapproximation basedon a spherical dis-
tribution su�ers from limitations in representing non-uniform massdistributions. In order
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to solve this problem, we introduce a simple modi�cation, that substantially improves the
accuracyof the method. It consistsin retaining the sphericalpseudo-particledistribution,
with pseudo-particlemassesthat now represent only the higher multip ole moments of the
real particle distribution R, starting from the quadrupole moment. An extra pseudo-particle
is added at the centre of massof R, with massequal to the total massof R. The extra
pseudo-particleaccounts for the monopole and dipole moment, and improves the abilit y of
the pseudo-particledistribution to represent non-uniform real distributions.

The higher order expansionof R, i.e. the part that does not contains the monopole
and dipole terms, is obtained with a simple expedient. It consistsin computing the pseudo-
particle massesstill using equation (4.1), but adding to the N particles of R a \virtual"
particle which hasthe e�ect of removing the monopole and dipole moments from the expan-
sion of R. This virtual particle is placedat the centre of massof R, and has a massequal
to the opposite of the total massof R. The pseudo-particledistribution resulting from this
combination of the N real particles and the negative massparticle accounts for the higher
order expansionof R. Finally, we obtain the completemultip ole expansionby adding to this
pseudo-particledistribution the extra pseudo-particlelocated at the centre of massof R.

4.3 Error evaluation

4.3.1 Comparisons

First we validate our implementation of the unmodi�ed pseudo-particlemethod against the
implementation of Kawai and Makino. In Kawai & Makino (1999)the error on the potential
generatedby pseudo-particleexpansionsup to a givenmultip oleorderp is presented. The real
particle distribution consistsof a singleparticle i of unit massplacedat position p = (1; 0; 0)
in spherical coordinates. The potential � = � 1=jr � pj generatedby i is computed along
a straight line, at points r = (r; 2� =3; 0), for r varying within a certain range. The relative
error j(� p � �) =� j, where � p is the potential given by the pseudo-particleexpansionup to
order p, is presented in �g. 4.1 for both our implementation and the oneof Kawai & Makino
(1999).

Our values,labelled\PP" , are in very good agreement with Kawai and Makino's values,
labelled\KM" . Irregularities in the error pro�les lead to local di�erences, arguably due to
di�erences in the exact positions of the pseudo-particlesbetweenthe two implementations,
which result in local di�erences in the value of the potential. The global trend is however
very similar in the two cases.

In the next sectionwe will study the worst-caseerror behaviour of our implementation,
comparingour results with a similar analysiscarried out in Salmon& Warren (1994).
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Figure 4.1: Relativeerror in the evaluation of the potential generatedby a unit massparticle placed
at position p = (1; 0; 0) in sphericalcoordinates. The error is measuredat position r = (r; 2� =3; 0),
and plotted as a function of r . Values from our implementation are plotted with solid lines, and
labelled as PP. Valuesfrom Kawai & Makino (1999) are plotted with dashedlines, and labelled as
KM. p is the maximal multip ole expansionorder. The pseudo-particlesphereradius is a = 1.
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4.3.2 Worst-case error

It is important to analysethe behaviour of the method in the worst casecon�guration, i.e.
the situation leading to the highesterror in a forceevaluation, even though this situation is
unlikely to arise in actual simulations. This analysisgivesupper bounds to the code error,
and providesa good test for comparativeanalysisof di�erent multip oleacceptability criteria.
In order to perform the worst-caseanalysisof our code, we follow the sameprocedureas
Salmon& Warren (1994) (referred as SW hereafter). The worst-casecon�guration consists
of two point particles placedat two opposite cornersof a cubic cell.

Preliminary testsshowedthat the highesterror occurswhenthe massm1 of the particle
closer to the evaluation point is much lower than the other particle mass. We set then
m1 = 10� 5 and m2 = 1� m1. We computethe gravitational accelerationexertedby the two
particles along a straight line overlapping with the diagonal of the cell where the particles
are located. We compute both the exact accelerationa, and the accelerationgiven by the
pseudo-particleexpansionup to a given multip ole, ap. From that, the error is evaluated as:

� p =
ja � apj

jaj
: (4.2)
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Figure 4.2: Comparison of the worst-caseerrors in the acceleration. Data are plot as a function
of the opening parameter � . Results from our implementations are labelled PP for the canonical
pseudo-particle method, and PPmod, for the modi�ed method where an extra pseudo-particle is
added. The Salmon& Warren (1994) results are labelled SW; p is the maximal multip oleexpansion
order.

The Multip ole Acceptability Criterion (MA C) we adopt is the Minimal Distance(MD)
criterion (Salmon & Warren, 1994). According to the MD MAC, a multip ole expansionis
acceptedif

l
d

< � (4.3)

where l is the cell size,d is the minimal distanceof the evaluation point from the cell, and
� is an input parameter, usually � . 1. The original Barnes & Hut (1986) MAC di�ers
from the MD MAC in the de�nition of d. Barnes and Hut de�ne d as the distanceof the
evaluation point from the centre of massof the cell.

We evaluated the error de�ned in eq.(4.2) for p 2 f 1; 2; 4; 8g, and comparedour results
with the results presented by SW, �g. 5. The results are shown in �g. 4.2. Data are plotted
as a function of the opening parameter � , in order to show what is the largest error to
be expected for a given value of � . We plot our results, labelled \PP" , and SW's results,
labelled \SW" . Data for the casep = 2 are omitted for the sake of readability. We also
plot the error of our modi�ed pseudo-particlemethod, described above. Results from this
method are labelled\PPmo d". Sinceour modi�ed method adapts very well to highly non-
uniform distributions, the distribution usedfor the PP method is not the worst casefor the
PPmod method. Numerical tests showed that the worst caseis now when m1 is about one
order of magnitudesmaller than m2, with very little dependenceof the errorson the precise
value of the masses.We thus chosem1 = 0:1. In all cases,the cell size is l = 1, and the
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pseudo-particlesphereradius is a = 1.

The PP curvesare in very good agreement with the SW curves,with a tendencyfor the
PP curvesto have smallererrors for lower valuesof � in the high precisioncases(p 2 f 4; 8g).
The agreement of our results with the MD caseof Salmon and Warren is not surprising,
sincewe adopt the samecriterion and the samegeometryfor the error analysis. The PPmod
results are always better than the PP and SW cases,especially for the low precisioncases.
The improvement obtained with the PPmod method will be alsoobserved in the statistical
error analysis.

4.3.3 Statistical error

We compare the statistical error of the pseudo-particlecode with the standard treecode
resultspresented in Salmon& Warren(1994). Weusethis implementation asour benchmark,
sincemultip ole terms are computedthere with the standard method, i.e. by meansof series
expansions.Speci�cally, we compareour results with the isolated halo caseof SW. In that
experiment, 4942particles werechosenat random from a high density coredistribution, and
the error analysis was performed on them, using eq. (4.2) for the error estimation. Our
results,obtained using the MD MAC (in)eq. (4.3), and openingangle� = 1:1, are compared
with the samecasepresented in Salmon & Warren (1994), �g. 11. The con�guration that
we usedincludes4096particles. In our implementation of the pseudo-particletreecode, each
non-terminal cell is associated with a pseudo-particledistribution located on the surfaceof
a spherewhoseradius is one half of the cell size. A sphereradius smaller than the cell size
givesa better accuracy(Kawai, 1999),and preliminary tests gave us onehalf of the cell size
as the optimal value for the sphereradius. The pseudo-particledistribution of a parent cell
is obtainedrecursively from the distributions of its child cells. A particle-cell interaction now
becomesa set of particle-particle interactions betweenthe particle and the pseudo-particle
distribution of that cell. The multip oleexpansionis computedup to the quadrupolemoment.

The error distribution of the pseudo-particleschemeis shown in �g. 4.3. We computed
the relative error (eq. (4.2)) for the force on each particle, then obtained the cumulative
percentile distribution shown in the �gure. This method of analysing the error givesmuch
more insight into the accuracy of the code, than for instance rms or maximal error. An
optimal code hasa 
at error distribution, sothat the great majorit y of errorshave about the
samevalue. A codewith a wide spreadin error valuesleadsto a wasteof computetime, since
increasingthe accuracyin order to reducelarge errors, results in unnecessaryre�nement for
thoseforcecomputationswhoseerror wasalready small. SeeSalmon& Warren (1994) for a
more extensive discussion.

The \PP" casein �g. 4.3 shows how much larger are the errors in the unmodi�ed
PP code with respect to the standard code. These tests are performed on a dark halo
distribution (Hernquist, 1990),which is a highly inhomogeneousparticle distribution, having
a radial density � (r ) / [r � (1 + r 3)]� 1.1 A dark halo is the result of the gravitational collapse

1Nowadays � (r ) / [r � (1 + r )2]� 1 (Navarro et al., 1997) is the most accepteddensity pro�le. We choseto
usethe other pro�le, to be consistent with the pro�le usedby Salmon & Warren (1994).
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Figure 4.3: Error distribution for the PP code, compared with Salmon & Warren data (Salmon
& Warren, 1994). \PP" refers to the unmodi�ed code, \PPmo d" refers to the code with the extra
pseudo-particleplacedat the centre of mass.\PPmo d + CSL MAC" refersto the modi�ed PP code
with the MAC according to (in)eq. 4.4. The multip ole expansionis up to the quadrupole moment.

of intergalactic gasdue to random density peaks. Testsperformedwith more homogeneous
particle distributions showed that the PP code accuracyis much better is thosecases.The
sametests, performed with the standard code, showed that the canonical treecode is less
sensitive to the spatial distribution of the particles. Indeed,errorsare higher for the uniform
distribution, which, conversely, is the best casefor the pseudo-particlecode.

The pseudo-particleexpansionaccuracysu�ers strongly from a non-uniform distribu-
tion of particles. For this reason,as already mentioned, we modi�ed it by introducing in
the multip ole expansionan extra pseudo-particlelocated at the centre of massof the distri-
bution. This allows us to represent highly inhomogeneousdistributions much better. The
\PPmo d" casein �g. 4.3 shows the error behaviour of our modi�ed pseudo-particletreecode.
The errorsare now much smaller than the onesfor the unmodi�ed code. Yet, errors are still
higher than the onesof the standard treecode.

We observed that most of the large errors comefrom distant cells. In order to control
this error, we modi�ed the MAC in such a way that a multip ole expansionis acceptedif:

l
dp
d+1

< � ; (4.4)

wheresymbolshavethe samemeaningasin (in)eq. (4.3). The openingcriterion in (in)eq. (4.4)
reducesthe acceptability of far-away (hence large) cells, at the cost of an increasedcom-
putational load. This new Cell Size Limiting (CSL) criterion, applied to the modi�ed
pseudo-particlecode, gives a remarkable improvement in the code accuracy, as shown in
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Figure 4.4: Comparison of the error distributions for our code (labelled PPmod) and the treecode
GADGET (labelled GDT), where multip oles are computed in the standard way. The MAC of
(in)eq. 4.5 is usedhere. For consistencywith the standard treecode, cell-particle distancesin our
code are not minimal distancesas in the previous cases,but are measuredwith respect to the cell
centre of mass. The multip ole expansionis up to the quadrupole moment.

the \PPmo d + CSL MAC" casein �g. 4.3. Now the error of the pseudo-particlecode is
below the error of the standard treecode.

An extra factor that increasesthe pseudo-particlecode accuracyis the fact that in our
implementation a multip ole contribution is evaluated only if there are more particles in the
cell than the pseudo-particlesusedto represent the multip ole expansion.In the present case,
with expansionstruncated at the quadrupole term, each expansionhas13 pseudo-particles.
The pseudo-particlecode accuracybene�ts from this, since force from cells containing 13
particles or fewer is always computedexactly. Moreover, we alsogain in performance,since
fewer interactions are computedin this way. The e�ect of this feature of the pseudo-particle
code will be studied further in next section.

4.3.4 The GADGET MA C

The criterion in (in)eq. (4.3) and the modi�ed CSL versionin (in)eq. (4.4) are basedon the
principle that the error from a certain cell will be small if that cell is \seen" under a small
openingangle. A criterion that directly estimatesthe error that the cell expansionwill intro-
duceif accepted,could leadto a moree�cien t MAC. This approach wasproposedin Salmon
& Warren (1994),and is implemented in the recently developedtreecodeGADGET (Springel
et al., 2001), which we already studied in our performancemodelling studies presented in
chapter 3. According to the MAC discussedin Springelet al. (2001),a multip ole expansion
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Figure 4.5: Comparison of the error distributions for a highly clustered con�guration. Symbols
are the sameas in �g. 4.4. The multip ole expansionis up to the quadrupole moment.

is acceptedif:

M l4

d6
< � jaoldj ; (4.5)

where M is the cell mass, l is the cell size, d is the particle-cell distance, � a numerical
coe�cien t, and aold the previous value of the accelerationon the particle currently dealt
with. The left hand side of the above expressioncan be seenas a rough estimate of the
force contribution from the hexadecapole moment of the cell (Springel et al., 2001), and
aold is an estimate of the true current value of the particle acceleration. An estimate of
the error introducedby truncating a multip ole expansionat a certain order, is given by the
contribution of the �rst term not included in the expansion. In the caseof GADGET, the
truncation is at the quadrupole term. The octupole term should then be chosen. However,
the octupole term vanishesfor uniform distributions, in those casesthe hexadecapole term
shouldbeused. The authorschoseto usethe estimateof the hexadecapole term contribution
in all cases.This improves accuracy, and is also cheaper to compute, becauseit does not
involve squareroot evaluations. The criterion in (in)eq. (4.5), states that a cell is accepted
if the estimate of the hexadecapole term contribution is less than a small fraction of the
total forceon the particle. If higher accuracyis required, the estimateof a higher multip ole
term shouldbe usedin the left hand sideof (in)eq. (4.5). This MAC opensa cell only if the
expectederror from the cell is large. Nearby cells that would be openedwith the canonical
MAC (in)eq. (4.3) becausethey are\seen" under a large opening angle,now are not opened
if their e�ect on the total force error is small. Becauseaold is not de�ned in the �rst code
iteration, the very �rst forceevaluation is still performedusing the canonicalMAC.
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Figure 4.6: Relative di�erence between the error values of the two codes, measuredat the 50%
percentile, as a function of the accuracyparameter � .

We implemented the criterion de�ned in the (in)eq. 4.5, and comparedour resultswith
the standard treecode for two di�erent particle con�gurations: a uniform distribution, and a
highly concentrated (dark halo) distribution. Our resultsare presented in �g. 4.4and 4.5 for
three representativ e valuesof � . Except for the low accuracycasein the highly concentrated
distribution, the pseudo-particlecode shows a better accuracy than the GADGET code,
especially in the uniform distribution case.This con�rms the tendencyof the pseudo-particle
code to give better results with homogeneousdistributions.

In the uniform distribution case,the relative separation

� =
j� GD T

p � � P P
p j

(� GD T
p + � P P

p )=2
(4.6)

between the results of the two codesseemsto be dependent on � . In �g. 4.6 we show the
valuesof � , measuredaccordingto eq. (4.6) at the 50%percentile value of � p. Measuresfor
two more valuesof � have beenaddedin this case.The relative di�erence betweenthe two
codestendsto decreaseand saturatewith � . This canbeexplainedby the fact that a smaller
value of � causesa smaller sizeof the acceptedcells. Smaller cells contain fewer particles,
and if the number of particles is 13 or less(seediscussionat the end of previous section),
the PPmod code computesforcesfrom the cell directly, hencewith perfect accuracy. This
explainswhy the accuracyof the PPmod code is higher for smaller valuesof � .

The e�ect of this feature of the PPmod code will be lesspronouncedif the number of
particles is increased.In this case,fewer cells,amongthosethat passthe MAC (in)eq. (4.5)
will contain 13 particles or fewer. If the total number of particles is increasedby a factor n,
the number of particles in a given cell is also increasedby the samefactor. The fraction of
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Figure 4.7: Comparison of the error distributions for a uniform distribution, and 16384 particles.
Symbols are the sameas in �g. 4.4. The multip ole expansionis up to the quadrupole moment.

acceptedcellswhoseforce will be computedexactly by the PPmod code will then decrease,
sothat the accuracygain of the PPmod codewith respect to the standardcodewill decrease.
Fig. 4.7shows a comparisonof the PPmod codeand the standardcode with 16384particles.
The separationbetween the results of the two codes is clearly smaller with respect to the
onein �g. 4.4. For larger numbersof particles the separationbetweenthe two codesis likely
to becomenegligible.

We usedour pseudo-particlecode to comparethe two MACs of (in)eqs. (4.4) and (4.5),
in order to show the error pro�le that they produce,asa function of the accuracyparameter.
Our resultsarepresented in �g. 4.8. We comparethe two MACs usingcaseshaving the same
accuracy, measuredaccordingto the respective accuracyparameters,i.e. the opening angle
� of the CSL MAC (see(in)eq. (4.4)), and the accuracyparameter� of the GADGET MAC
(see(in)eq. (4.5)). It is clearhow the GADGET MAC givesbetter resultsin terms of 
atness
of the error pro�le. The total computational load, measuredin terms of the meannumber
of interactions per particle � , is of the sameorder for caseshaving comparableaccuracy.

4.4 Mo ving pseudo-particle scheme

The evaluation of the pseudo-particlemassesis computationally expensive, especially whena
high multip ole order is required (Kawai, 1999;Makino, 1999). Moreover, when the GRAPE
hardware is used,the recomputedpseudo-particledata must be reloadedat each iteration.
This introducesan high overhead,limiting the convenienceof the pseudo-particleapproach.
We proposea scheme that does not require a re-evaluation of the pseudo-particlemasses
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Figure 4.8: Comparison of the error pro�les of the two MACs of (in)eqs. (4.4) and (4.5). � is the
opening angle of the CSL MAC of (in)eq. (4.4), � is the accuracyparameter of the GDT MAC of
(in)eq. (4.5), � is the mean number of interactions per particle.

at each iteration. Instead, we assigna velocity to the pseudo-particles,and let them move
with this velocity. Velocities must be assignedso that the pseudo-particles'motion cor-
rectly reproducesthe changesin the moment distribution for each cell. The advantage of
this approach is that pseudo-particledata must be recomputedlessfrequently. Moreover,
when GRAPE is used,no reload is necessary, sinceGRAPE contains the hardware needed
to extrapolate particle positions. We compute the pseudo-particlemomenta adapting the
formula usedto compute the pseudo-particlemasseq. (4.1):

pk =
1
K

NX

j
1

p j

PX

l
0

� r j

a

� l
(2l + 1) Pl (cos
 j k) : (4.7)

Herepk is the momentum of pseudo-particlek, p j is the momentum of the real particle
j , all other symbols have the samemeaningas in eq. (4.1).

We present below a statistical error analysis of our moving pseudo-particlescheme,
similar to the analysispresented in the previoussection.

4.4.1 Statistical error

In order to carry out a statistical error analysisof the moving pseudo-particlescheme,weused
herea dark halo con�guration. In this case,we useda con�guration with 40000particles, in
order to reducethe fraction of cellscontaining 13particlesor less. In this way we increasethe
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Figure 4.9: Error distribution for the moving pseudo-particle code. The error pro�le at various
extrapolation times is comparedwith a canonical treecode error pro�le. We usethe MAC de�ned
in eq. (4.5), with � = 0:002. The time interval betweeneach error pro�le is equal to 0.04. In this
caseis N = 40000.

fraction of contributions from multip oleswith respect to contributions from singleparticles.
For each cell, the pseudo-particleexpansionis computed only at the �rst iteration. After
that pseudo-particlepositions are extrapolated using the velocities obtained according to
eq. (4.7). We set the time step � t = 0:01, to be comparedwith min(jv j=jaj) ' 0:04.

Fig. 4.9showsthe error percentiles for the con�guration asa function of time, compared
with the SW data usedas a benchmark in the previoussections. Initially the extrapolated
pseudo-particlesreproducethe real particle dynamical con�guration with an accuracycom-
parable with the static pseudo-particleexpansion(the error pro�le after 0.04 time units is
very closeto the initial pro�le). Subsequently, accuracyworsens,and after 0.2 time units
errorsareconsiderablylarger, with a fraction of largeerrors increasinglybigger(i.e. an error
pro�le increasinglysteeper). From t = 0 to t = 0:2, the particles having � p < 0:002decrease
from 99.53%to 64.35%.Particles contributing with largeerrors to the error pro�le in �g. 4.9
are thoselocatedin the inner coreof the distribution. Thosearealsothe particlesexperienc-
ing higher accelerations. This suggeststhat the pseudo-particletemporal expansioncould
be improved by adding a term, similar to eq. (4.7), that accounts for the pseudo-particle
acceleration.
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4.5 Discussion

In this chapter we presented an error analysisof both the pseudo-particletreecode, and the
moving pseudo-particleschemethat we proposeto reducethe compute time, and optimise
the useof this method with the GRAPE. We showed the error behaviour of this method,
and comparedit with previouswork on the standard treecode.

We modi�ed the pseudo-particledistribution, by adding an extra pseudo-particlelo-
cated at the cell centre of mass,which led to a oneorder of magnitude error decrease.Yet,
the pseudo-particleschemetends to be more accuratewith homogeneousparticle con�gura-
tions. This is promising for the simulation of systemssubject to the Coulomb force, which
are usually characterisedby nearly uniform density distributions. We alsointroduceda tem-
poral expansionfor the pseudo-particleschemeand showed that, as long asparticles are not
subject to high accelerations,the error remainscloseto the error of the standard caseup to
about 20 time steps. In order to improve the accuracyfor particles with high acceleration,
we are extending the pseudo-particletemporal expansionto include an accelerationterm.

The implementation of a pseudo-particletreecode �ne-tuned for the useof the GRAPE
is currently underdevelopment. The internal architecture of a GRAPE board,wherean array
of pipelines(up to 96 for GRAPE-4 (Makino et al., 1997),and up to 48 for the most recent
GRAPE-6 (Makino et al., 2000), seesection 1.3) computesforce concurrently on an equal
number of particles, is an ideal hardware counterpart of the algorithmic strategiesdeveloped
to group particles together in order to usethe samelist of forcesources,namely the sinking
strategy in Warren & Salmon(1995), or the equivalent grouping strategy in Barnes(1990).
Moreover, the internal particle memory of the GRAPE board acts as a cache, which can
contain up to about 44000 particles for the GRAPE-4 (Kawai et al., 1997), and 262000
particles for the GRAPE-6 (Makino, 2003). Therefore the caching strategiesdeveloped in,
e.g.,Salmon& Warren (1997),whereforcesourcesarecarefully groupedin logical pagessuch
that data in the samepageare likely to be accessedshortly, can be applied herein a natural
way. The sameforce sourcesset can be used for several reloadsof the GRAPE pipelines,
and this could considerably reduce the host-GRAPE communication overhead. The use
of the pseudo-particlemethod with the GRAPE can be improved by our pseudo-particle
extrapolation scheme. Moreover, this scheme is also suitable for optimal parallelisation,
becauseit allows to retain the multip ole expansionof remotecellsfor a number of iterations,
resulting in a substantial decreaseof communication amongprocessors.

We aim at using our moving pseudo-particlescheme as the computational core of a
parallel treecode running on a hybrid architecture that includes the GRAPE. Performance
simulations of this kind of hardware/software con�guration were presented in section3.4.4.
We showed there that a pseudo-particlepowered treecode running on the GRAPE can out-
perform the direct code even in caseof high accuracysimulations, sincethe pseudo-particle
treecode is able to use the GRAPE also for the evaluation of the force contribution from
higher-ordermultip ole terms. In chapter 5, we present a stellar dynamics study of a black
hole spiralling in towards the Galactic centre. This study is a �rst step in the direction of
simulating the infall of a star cluster. As discussedin chapter 5 and in section 1.7 above,
this problem is very di�cult to treat using either the treecode or the direct code. We plan
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to develop a hybrid code to solve it. The pseudo-particletreecode is very well suited for
playing the role of the treecode\phase" of this hybrid code, especially in view of using the
hybrid code on a hybrid architecture including GRAPEs.



Chapter 5

The E�ciency of the Spiral-in of a Blac k Hole
to the Galactic Centre y

In this chapter, we use the direct particle-particle method, the treecode, and the particle-
meshcode, introduced in section1.2 and 1.4, to study the e�ciency at which a black hole
or densestar cluster spirals in to the Galactic centre. As introduced in section 1.7, this
processis driven by a drag force, called dynamical friction, that results from the combined
gravitational pull exerted by a star distribution on a massive body moving through the
system.

This phenomenontakesplaceon a dynamical friction time scale,which dependson the
value of the so-calledCoulomb logarithm (ln �). We determine the accurate value of this
parameterusingthe threemethodsmentioned abovewith up to two million plusoneparticles.
We �nd that the three di�erent techniques are in excellent agreement. Our result for the
Coulomb logarithm appearsto be independent of the number of particles. We concludethat
ln � = 6:6 � 0:6 for a massive point particle in the inner few parsecof the Galactic bulge.
For an extendedobject, likea densestar cluster, ln � is smaller,with a valueof the logarithm
argument � inverselyproportional to the object size.

5.1 In tro duction

The region near the Galactic centre is populated by very young objects, such as the Quin-
tuplet star cluster (Nagata et al., 1990; Okuda et al., 1990), the Arches cluster (Nagata
et al., 1995) and the central star cluster (Tamblyn & Rieke, 1993; Krabbe et al., 1995),
which are of considerableinterest for the astronomicalcommunity. One of the more inter-
esting conundrums is the presenceof stars as young as few Myr (Tamblyn & Rieke, 1993;

yThis chapter is basedon work published in:
P.F. Spinnato; M. Fellhauer and S.F. PortegiesZwart: The E�ciency of the Spiral-in of a Black Hole to

the Galactic Centre, Monthly Notices of the Royal Astronomical Society, in press,2003.
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Krabbe et al., 1995)within a parsecfrom the Galactic centre (Gerhard, 2001). In situ for-
mation is problematic, due to the strong tidal �eld of the Galaxy, which makes this region
inhospitable for star formation. One possiblesolution is provided by Gerhard (2001), who
proposesthat a star cluster of 106 M � , whereM � is a solar mass,spirals in to the Galactic
centre within a few million yearsfrom a distance& 30 pc. The infall processis driven by dy-
namical friction (Chandrasekhar,1943). A quantitativ e analysisof this model by McMillan
& PortegiesZwart (2003)con�rms Gerhard's results. The main uncertainty in the e�ciency
of dynamical friction, and therewith the time scalefor spiral-in, is hidden in a single pa-
rameter, called the Coulomb logarithm ln �. Accurate determination of this parameter is
crucial for understandingthis process.Nevertheless,a precisevalue of ln � for the Galactic
central region is not available. In the work presented in this chapter, we determine ln � for
the Galactic centre. We focus on the e�ciency of the interaction betweenan intermediate
massblack hole (BH hereafter) and the stars in the Galactic central region. In section5.4
we comment on how this approach can be applied to star clustersthat sink to the Galactic
centre.

Dynamical friction is important for a large variety of astronomical phenomena,e.g.
planet migration (Goldreich & Tremaine 1980; Cionco & Brunini 2002), core collapsein
densestar clusters(PortegiesZwart et al., 1999)or mergersin galaxy clusters(Makino 1997;
Cora et al. 1997;van den Bosch et al. 1999). The physicsof the infall processof a satellite
in the parent galaxy is basically the sameas in the caseof a BH spiralling in to the Galactic
centre. The relevant parameters,however, are quite di�erent in the two cases.For example,
an inspiraling galaxy has �nite size,whereasa BH is a point mass. Dynamical friction also
plays an important role in the evolution of the black holebinary formedafter the mergingof
two galaxiesboth hosting a BH at their centre (Milosavljevi�c & Merritt, 2001). In this case,
dynamical friction is important in the early phaseof galaxy merging, when the BHs orbits
convergeand becomebound.

In the classicalstudy of Chandrasekhar(1943), dynamical friction is driven by the
drag forceexperiencedby a point massmoving through an in�nite medium of homogeneous
density. The consequencesof �niteness and non-homogeneity have beenanalysedin various
works (seeMaoz 1993;Milosavljevi�c & Merritt 2001). Just & Pe~narrubia (2003)carried out
an analytical study of dynamical friction in inhomogeneoussystems,leadingto a valueof the
Coulomb logarithm that dependson the infalling object position. Colpi & Pallavicini (1998)
developed a generaltheoretical framework for the interaction of a satellite with a primary
galaxy, able to describe dynamical friction in �nite, inhomogeneoussystems. They applied
their theory of linear responseto orbital decay of satellites onto a sphericalgalaxy (Colpi,
1998) and short-lived encounters with a high-speedsecondary(Colpi & Pallavicini, 1998).
They studied evolution of satellites in isothermal sphericalhaloeswith cores(Colpi et al.,
1999), extended in Ta�oni et al. (2003), treating satellite �nite size and massloss. Still,
the original expressionof Chandrasekharis usedto model dynamical friction in many astro-
nomical situations (seeBinney & Tremaine1987,x 7.1; Hashimoto et al. 2003). The cases
we study here are characterisedby a point mass,with a very small masscomparedto the
primary system. ThereforeChandrasekhar'sformulation is appropriate in our cases.

We determinethe value of ln � for a BH spiralling-in to the Galactic centre by means



5.2. METHODS AND MODEL 109

of self-consistent N -body simulations. This is by far not an easytask. N -body modelseither
lack in the number of particles (a direct N -body code can treat up to about 105 particles,
comparedto 108 for the real system) or have to introduce softening (Aarseth, 1963) and
approximation of the force calculation (treecode (Barnes & Hut, 1986) or particle-mesh
code (Hockney & Eastwood, 1988)). The softeningparameter � was introducedto limit the
strength of the mutual gravitational interaction during closestellar encounters. Without
softening, the very high accelerationsexperiencedby the encountering bodies would cause
very tiny integration steps, which would result in a n e�ective freezeof the global system
evolution, with consequent dramatic performancedegradation. The useof this approximation
should not invalidate the numerical results, as long as the simulated system is studied on
a time scaleshorter than the relaxation time scale (Binney & Tremaine 1987, ch. 4, see
also discussionin section 5.3.4 below). The dynamical friction time scaleof the systems
we simulate is in all casesshorter than the relaxation time scale,so we can safely use the
approximate methods.

Nevertheless,since closeencounters have an important e�ect on dynamical friction,
decreasingtheir strength by meansof softening also decreasesthe strength of dynamical
friction, i.e. lowers the value of ln �. The samerole of softening is played, in the particle-
meshcode, by the grid cell sizel.

Our methodologicalapproach for the present work (see�g. 5.1) consistsof comparing
the \exact" results obtained with the direct method for low particle numbers (up to 80000)
with the resultsof the treecode,which are lessaccurateand are in
uenced by forcesoftening,
to understand how the softening � in
uences the results and how they have to be scaled
accordingto the value of � . Then the results of the treecode are comparedto the results of
the particle-meshcode, to seehow softening(tree) and grid-resolution l (particle-mesh)can
becomparedand scaled.Finally, having the right scalingbetweenthe di�erent codes,wewill
be able to perform high particle number simulations (up to 4 � 107) with the particle-mesh
code to obtain the value of the Coulomb logarithm for the inner Galactic Bulge.

5.2 Metho ds and model

5.2.1 Direct metho d

For our direct N -body calculationswe usedthe kira integrator module of the Starlab soft-
ware environment1 (PortegiesZwart et al., 2001), introducedin section1.4. Conceived and
written asan independent alternative to Aarseth's NBODY4 and NBODY5 (Aarseth, 1985,
1999), the workhorsesof collisional N -body calculations for the past 25 years, kira is a
high-order predictor-correctorschemedesignedfor simulations of collisional stellar systems.
This integrator incorporatesa Hermite integration scheme(Makino & Aarseth, 1992)and a
block time stepscheduler(McMillan, 1986)that allowshomogeneoustreatment of all objects
in the system.

While kira is designedto operatee�cien tly on general-purposecomputers,it achieves
1See:http://manybo dy.o rg
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Figure 5.1: A sketch of the strategy that we adopt in order to explore the � -N parameter space.

by far its greatest speed when combined with GRAPE-6 special purpose hardware2 (see
section 1.3). For the work presented here we performed simulations with the GRAPE-6
systemat the University of Tokyo with up to 80000particles.

5.2.2 Treecode

The hierarchical treecode is widely used for the simulation of collisionlesssystems. We
described it in section1.4.2,and studied it extensively in chapter 3 and 4. Our treecode sim-
ulations were initially performedwith both a code written by Jun Makino (Makino, 1991b),
and with GADGET (Springel et al., 2001). We alsousedGADGET in the performancesim-
ulation work described in section3.4.3,and in the pseudo-particletreecodeaccuracyanalysis
in section4.3.4. In GADGET each particle is assignedan individual time-step, and at each
iteration only those particles having an update time below a certain time are selectedfor
force evaluation. This criterion was originally introduced in the direct N -body code (see
section2.3.1).

This code is parallelizedusing MPI (MessagePassingInterface Forum, 1997). In the
parallel version,the geometricaldomain is partitioned, and each processorhoststhe particles
located in the domain partition assignedto it. The computation of forceson the selected
i -particles is performed by scattering the particle data to remote processors.Then partial
forces from the particles hosted by the remote processorsare computed locally. Finally,
calculatedforcesare received back by the i -particle host, and addedup resulting in the total
force on the i -particles. We run our parallel treecode simulations on the DAS-2 distributed
supercomputer,mentioned in section2.2.1.

2See:http://www.as tr ogrape. or g
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Figure 5.2: The di�eren t grids of Superbo x for a number of cellsper dimensionn = 4. The �nest
and intermediate grids are focussedon the object of interest. Each grid is surroundedby a layer of
two halo cells. Such haloesare not shown here.

5.2.3 Particle-mesh code

To perform calculationsusingseveral millions of particles we usea particle-mesh(PM) code
named Superbo x (Fellhauer et al., 2000). As mentioned in section 1.2, in the particle-
mesh technique densities are derived on Cartesian grids. Using a fast Fourier transform
algorithm these densitiesare converted into a grid-basedpotential. Forcesacting on the
particlesarecalculatedusingthesegrid-basedpotentials, makingthe codenearlycollisionless.
Superbo x in particular completely neglectstwo-body relaxation, causingit to retain only
a small amount of grid-basedrelaxation (Fellhaueret al., 2000).

The adopted implementation incorporates some di�erences to standard PM-codes.
State-of-the-art PM codes use a cloud-in-cell (CIC) scheme to assign the massesof the
particles to the grid cells. Therefore the massof a particle i is split up into neighbouring
cellsaccordingto its distanceto the centre of the cell. Forcesare then calculatedby adding
up the samefractionsof the forcesfrom all cellsto particle i . In contrast, Superbo x usesthe
\old-fashioned"nearest-grid-point scheme,wherethe total massof the particle is assignedto
the grid cell the particle is located in. Forcesacting on the particle are then calculatedonly
from the forcesacting on this particular cell. To achieve similar precisionasCIC, Superbo x
usesspacederivativesup to the secondorder to compute the forces.

To achieve high resolution at the placesof interest, Superbo x incorporates for every
simulated object (e.g. each galaxy and/or star cluster or disc, bulge and halo) two levels
of sub-gridsco-moving with the objects of interest while the latter are moving through the
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simulated area(see�g. 5.2). This provides higher resolution only whereit is necessary.

5.2.4 The theory of the Coulom b logarithm

Dynamical friction a�ects a massmoving in a background seaof lower massobjects. A
practical expressionfor the strength of the drag forceon a point particle with massM B H is
(Binney & Tremaine1987,p. 424):

dvB H

dt
= � 4� G2 ln � �M B H

vB H

v3
B H

�
erf(X ) �

2X
p

�
e� X 2

�
: (5.1)

HereX = vB H =(
p

2� ), where� is the Maxwellian velocity dispersion,and � the background
stellar density.

The classicalvalue of � is (Binney & Tremaine1987,p. 423)

� =
bmax v2

ty p

G(MB H + m)
: (5.2)

Here bmax is the largest possibleimpact parameter for an encounter between the massive
point particle and a member of the background population, vty p is the typical speedof the
objects in the background population, and m is the massof each of the background stars.
Eq. (5.2) can then be generalisedto

� =
bmax

bmin
: (5.3)

Herebmin is the distancebelow which an encountering particle is captured, insteadof being
scatteredby the massive object. It is somewhatsmaller than the 90� turn-around distance.
With the direct N -body technique, � can be measuredprecisely. However, with approxi-
mate N -body methods, such as the treecode or the PM code, we have to take care of the
interferenceof the softeninglength/cell sizewith bmin , as discussedin section5.2.5.

McMillan & PortegiesZwart (2003) obtained an analytic expressionfor the distance
r (t) of the BH to the Galactic centre, with the assumptionsthat the BH's orbits are nearly
circular, and the masspro�le of the Galaxy is given by a power law:

M (R) = AR � : (5.4)

They obtained:

r (t) = R0
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and X =
vB Hp

2�
;
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� being the velocity dispersion. In McMillan & PortegiesZwart (2003) the value of X in
the Galactic centre is also computed, resulting in X =

p
2 � � . Finally, we take R0 equal

to the half-massradius of our systemRhm (seesection 5.2.6). The best �t of eq. (5.5) on
the simulation data gives the value of ln � for that simulation. The valuesobtained, for all
simulation performed,are reported in the last column of tables 5.3, 5.4 and 5.5.

5.2.5 The role of softening in the determination of the Coulom b
logarithm

Softeningwasintroducedin numerical stellar dynamicsto limit the strength of mutual forces
during closestellar encounters, mainly for computational performancepurposes.It consists
in a modi�cation of the Newton law for the gravit y exerted by a particle j on a particle i ,
as follows:

ai = G
mj

(r 2
ij + � 2)(3=2)

r ij ; (5.6)

where r ij = r j � r i , and � is the softeningparameter. As r ij ! 0, the presenceof � causes
the force to changefrom inversesquareto elastic,with constant Gmi mj =�3. In this way the
strength of the mutual force betweenencountering particles is limited.

Softening was �rst used by Aarseth (1963) in a particle-particle (PP) context (see
�g. 1.1 and caption therein). Accuracy requirements soon led to a more precisetreatment
of closeencounters and binaries by meansof an analytic approach (Kustaanheimo& Stiefel
1965;Aarseth 1972;Mikkola & Aarseth 1990). The softenedforce in eq. (5.6) is usedin the
treecode, where high accuracyin closeencounters treatment is not essential. Here we will
usethe softeningboth in the treecode simulations, whereit is necessary, and in the PP code
simulations, where it is usedto comparethe results of the two codes,in order to study the
relation between� and ln �.

For the PM code, as described in section 5.2.3, force is not computed by using the
Newton force, or the softenedforce in eq. (5.6). Instead, the fact that the gravitational
potential on each grid point of the meshis obtained from a density �eld de�ned on the same
mesh,leadsto an accuracyfor the force on each particle limited by the cell sizeof the grid,
l .

Here, we are concernedwith the accuracyof the computation of the encounters ex-
periencedby a black hole spiralling-in to the Galactic centre. Sincethe softening (PP and
treecode) and the cell size (PM code) a�ect this accuracy, we will use � and l to quantify
the accuracydecrement in our simulations. In section5.3.5we will study quantitativ ely the
dependenceof ln � on � and l.

The referencevalue for � in the work presented herewill be � 0 = 0:003735(units given
below in table 5.1). This value, accordingto Athanassoulaet al. (2000), is of the sameorder
of magnitudeasthe optimal softeningfor a Dehnenspheredistribution (Dehnen,1993). This
distribution is similar to the power law distribution that we use,at least for what concerns
the high central density peak, which is the key physical factor in the determination of the
optimal softening. For an 80000 particle distribution, � 0 is about 15 times smaller than
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Figure 5.3: Particle ranges for the simulations performed by each method. Crossesdenote the
particle valuesused.

the mean inter-particle distance ` at the initial BH position R0 ' 0:87 (seesection 5.2.6).
This value for � is small enoughto avoid spuriouse�ects in the force betweena star and its
neighbours, but is su�cien t to inhibit very closeencounters. The expressionfor ` can be
obtained as:

` = n� 1
3 =

� �
m

� � 1
3

= 3

r
4� R3� �

N A�
; (5.7)

wheren is the star number density, and

� =
1

4� R2

dM
dR

=
A�
4�

R� � 3 :

We usedthe expressionin eq. (5.4) for M , and the fact that the N stars in the systemhave
the samemassm = 1=N .

One of the e�ects of softening is a damping in the BH infall at very small valuesof
the galactocentric distance,more noticeableasN increases.This can be explainedwith the
fact that the inter-particle distance ` decreasesas the BH approaches the Galactic centre
(seeeq. 5.7). When ` becomescomparableto 2� , the role of softening in the force equation
becomesdominant, since particles begin to \overlap". With N = 400000, we get ` = 2� 0

when R ' 0:064,which is closeto the value at which the damping arises,as �g. 5.13below
clearly shows.

5.2.6 Initial condition

We generatethe initial massdistribution according to the power law given by eq. (5.4),
with � = 1:2, which reproducesthe massdistribution in the centre of the Galaxy, according
to Mezgeret al. (1999). The scalefactor is A = 4:25� 106M � , corresponding to 0:44 in the
N -body standard units (Heggie& Mathieu, 1985),which are reported in table 5.1. We use
the standard units hereafter, unlessother units are explicitly reported. The distributions
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G = 1 [V]2[L]=[M]

� 4:3007� 10� 3 km2pc=s2M �

� 4:49842� 10� 3 pc3=Myr 2M �

1 [L] = 8 pc

1 [M] = 1:18� 108 M �

1 [V] =

s
G � 1 [M]

1 [L]
= 251:86 km=s

1 [T] =

s
1 [L]3

G � 1 [M]
= 0:031Myr

Table 5.1: Conversiontable betweenthe N -body units usedin our work, and physical units.
Here [L], [M], [T], and [V] are respectively the length, mass,time, and velocity units. The
N -body units are such that G = 1, M tot = 1, and E tot = � 0:25.

that we generateare truncated at R = 1.7 = 13.6pc, with a total masswithin this radius
M tot = 1. The particles have equal massm. Particles are assignedMaxwellian velocities,
then the systemis virialised to dynamical equilibrium. Then, beforeinserting the black hole
(BH) particle, we let the systemevolve for a few crossingtimes. The systemreachesa stable
con�guration, whosemasspro�le is no more perfectly reproducedby Eq. 5.4. The best �t
for A and � on the masspro�le of the stable con�guration gives:

A = 0:53 ; (5.8)

� = 0:9 :

In fact, the masspro�le having thesecoe�cien ts divergesfrom the original oneas the
distance R increases. On the other hand, in the region R < 2, where we study the BH
infall, the discrepancybetweenthe two masspro�les is small. The relaxedpro�le valuesare
within 10%of the initial pro�le values. Nevertheless,for consistencywe will usethe values
in eq. (5.8) for A and � hereafter. This results in valuesof ln � ' 10%smaller than the ones
given by a masspro�le with coe�cien ts � = 1:2 and A = 0:44.

The BH particle is placed at the half-massradius Rhm ' 0:87 with a circular orbit
velocity, and its massis M B H = 0:000528. The background particles number varies from
16000 to 2 million. The low particle number simulations are performedwith the PP code,
the intermediate and high number simulations with the treecode and the PM code. Fig. 5.3
shows the rangeof N for each code. This allows us to spana largerangein particle number,
so that the in
uence of granularit y in the BH motion towards the Galaxy centre can be
studied.

In contrast to the other models,we choosephysical units for the PM code simulations.
The conversion factors from physical units to N -body units are shown in table 5.1, where
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n outer middle inner
32 10:00 0:69 0:17
64 4:67 0:32 0:08
128 2:26 0:15 0:04

Table 5.2: Resolutions(i.e. cell sizes)of the di�erent grid levels for the di�erent choicesof n
in the PM code. n denotesthe number of cellsper dimension. The cell sizesof the di�erent
grid-levels (outer, middle and inner) are given in pc.

[L] denotesthe unit length in N -body units, [M] the unit mass,[V] the unit velocity and [T]
the unit time.

The parametersof the PM calculationsare chosenin the following way: the grid sizes
are kept constant at

Rsystem = 140:0 pc

Rout = 9:6 pc (5.9)

Rcore = 2:4 pc

and are focussedon the center of massof the \bulge" model, as sketched in �g. 5.2. To
changethe resolution we alter the number of grid cells per dimension from 32 up to 128.
With this choice the cell sizeslisted in table 5.2 are achieved.

To speedup the simulations, the time step in the PM code simulations should be as
large aspossible,but small enoughto prevent spuriousresults. Thereforewe started with a
time step of 1000 yr and reducedit to 200 and 50 yr. The results of the 200 yr and 50 yr
time stepdo not di�er from each other, thereforethe global time step is chosento be 200yr.
Conversely, the time step in the treecodeand direct codesimulations is variable and di�erent
for each particle. Time step valuesare in this casein the range2{30000yr, with about 90%
of them in the range100{300yr.

5.3 Results

Wewill now study the dependenceof our resultson the number of particlesN in section5.3.2,
and comparethe various N -body methods with identical initial realisationsin section5.3.3.
After having convinced ourselvesthat the various techniquesproduceconsistent results, we
continue by studying the e�ect of softening/cell size (section 5.3.4) and black hole mass
(section 5.3.6) on the value of the Coulomb logarithm in the inner part of the Galaxy.

Our simulations aimed at several goals. 1) understanding the scaling of the system
dynamics with respect to the number of particles N , and within this scaling, how results
from di�erent methodscomparewith each other. 2) How, at a �xed valueof N , the softening
parameter in
uences the dynamics, changing the value of ln �. The particle-meshmethod
doesnot make useof softening. The cell sizein the PM code can be seenin this context asa
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N �=� 0 MB H =m �=bmin ln �
16K 0 8.5 0 3.8
16K 1 8.5 2.6 3.6
80K 0 42.3 0 6.6
80K 0.01 42.3 0.03 6.0
80K 0.1 42.3 0.3 5.3
80K 1 42.3 2.6 4.8
80K 2 42.3 5.3 3.5
80K 8 42.3 21.2 2.8
80K 16 42.3 42.4 1.8

Table 5.3: Overview of the PP runs. N is the number of particles, � is the softeningparam-
eter, � 0 = 0:003735, M B H =m is the ratio between the BH massand a particle mass,and
�=bmin the ratio betweenthe softeningparameterand the minimal impact parameter.

N �=� 0 MB H =m �=bmin ln �
80K 1 42.3 2.6 4.7

400K 1 211.3 2.6 5.0
2M 1 1056.5 2.6 4.9

80K 0.1 42.3 0.3 5.7
80K 2 42.3 5.3 4.1
80K 8 42.3 21.2 3.0
80K 16 42.3 42.4 2.0
80K 32 42.3 84.7 1.6
80K 1 84.5 1.3 5.4
80K 1 169.0 0.7 4.6

400K 1 422.6 1.3 4.6
400K 1 845.2 0.7 4.2

Table 5.4: Overview of the treecode runs. Meaning of symbols is the sameas in table 5.3
above.

softeninglength. In our framework, it is crucial to understandthe relation betweenthe PP
code and treecode softeningparameterand the PM code cell size. 3) We alsostudy how the
BH massin
uences the infall time. We doubledand quadrupledthe BH mass,and observed
how this a�ects the value of ln �.

A resumeof all the runs that we performed is reported in table 5.3 for the PP code
runs, table 5.4 for the treecode runs, and �nally table 5.5 for the PM code runs. In all of
our runs, the systemremainsin equilibrium during the whole BH infall, with no signi�cant
masslossfrom stellar escapes,and a masspro�le independent of time.
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N n m l Nc mc
M B H

mc

l
bmin

ln �
[M � ] [pc] [ #

cell ] [M �

cell ]
80K 16 1475 1.60 46.3 68287.0 0.9 114.3 n/a
80K 32 1475 0.69 3.6 5375.4 11.6 49.3 1.9

400K 295 0.69 18.2 5375.4 11.6 49.3 2.1
2M 59 0.69 91.1 5375.4 11.6 49.3 2.2

80K 64 1475 0.32 0.4 546.3 114.5 22.9 3.0
400K 295 0.32 1.9 546.3 114.5 22.9 3.4

2M 59 0.32 9.3 546.3 114.5 22.9 3.0
80K 128 1475 0.15 0.04 61.9 1011 10.7 2.8

400K 295 0.15 0.2 61.9 1011 10.7 3.7
2M 59 0.15 1.0 61.9 1011 10.7 3.8
2M 256 59 0.076 0.1 7.4 8483 5.4 4.1

Table5.5: Overviewof the PM runs. N is the number of particles, n the number of grid cells
per dimension,m the particle mass,l the intermediate grid cell size,Nc the averagenumber
of particles per cell, mc the averagemassof a cell, M B H =mc the ratio betweenthe BH mass
and the cell mass,and �nally l=bmin the ratio betweenthe cell sizeand the minimal impact
parameter.

Before we start with the analysisof the results of our simulations, we report on the
performanceof the PP code and the treecode runs.

5.3.1 Code performance

In table 5.6we give the averagetime, in seconds,neededto evolve the systemfor oneN -body
time unit (N -body time units are given in table 5.1). We report the data concerningthe
runs with N = 80000 and M B H = 0.000528, for both the PP and the treecode runs. The
PP runs have been executedon a partition of the GRAPE-6 (seesection 1.3.2) including
four GRAPE boards,for a peak-performanceof about four TFlop/s. The treecode runs have
beenexecutedon the DAS-2 (mentioned in section2.2.1),using a varying number of nodes,
as reported in table 5.6. This varying number of PEs obviously a�ects the performance
�gures of the treecode runs; in order to obtain an homogeneousset of data, we normalised
the �gures to 32 PEs assuminga linear scaling, i.e. we halved the timing valuesmeasured
on 16 PEs, and doubled the values measuredon 64 PEs. The peak performanceof the
normalisedsystemis 32 GFlop/s.

The normaliseddata are plotted in �g. 5.4, together with the PP code values (note
the shift in the X-axis, in order to show the value for � = 0 on a log-log plot). We can see
from the �gure that the normalisedtreecode data are not heavily in
uenced by � , while the
PP code runs are much faster as � increases.A possibleexplanation for this is that, as �
gets bigger, the chance for a closeencounter gets smaller. Sincethe role of � is to reduce
the strength of the gravitational interaction at low interparticle distance to prevent close
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PP code

� / � 0 s/[T]
0 1400� 400

0:1 1300� 200
1 1038� 19
2 785� 15
8 485.3� 7.9
16 440.5� 4.8

treecode

� / � 0 s/[T] PEs
0:1 183� 11 32
1 529� 84 16
2 126.3� 5.2 64
8 349� 38 16
16 213.8� 4.3 32
32 223� 12 32

Table 5.6: Performanceof the PP and the treecode runs. We report the averagednumber of
secondsneededto advancethe systemfor oneN -body unit. For all runs we have N = 80000
and MB H = 0.000528. The referencevalue for the accuracyparameter is � 0 = 0:003735.

encounters, a larger � implies a lower chancefor closeencounters to occur. The time advance
of the PP code is heavily a�ected by closeencounters, as its high numerical precision can
only be assuredby a detailed, and costly, treatment of particle tra jectories during close
encounters. Hence,a reducedfrequencyof closeencounters speedsup the executionof the
PP code. The treecode doesnot include a special treatment for closeencounters, henceits
executionspeedis not a�ected by a changein the closeencounters frequency.

Fig. 5.4 also shows that the runs with the treecode are faster than thosewith the PP
code, especially for low � values. This e�ect is even much larger if we take into account that
the PP runs have beenperformedon a four TFlop/s system,while the normalisedtreecode
runs have beenperformedon a 32 GFlop/s system. Normalising the PP code runs on this
performancewould result in values 125 times slower. This is again the price of the high
numerical precision of the PP code. In return for this, the energyconservation of the PP
code is in the order of 10� 6, while the treecode conservesthe energywithin about 1%.

5.3.2 Dep endence of ln � on N

In order to obtain a precisemeasureof ln �, ideally onewould run a direct N -body simulation
with N of the order of the number of stars in the Galactic bulge, which amounts to � 108.
Such high number makesa direct simulation unfeasible,and imposesthe useof approximate
methods instead. In order to evaluate the reliabilit y of the approximate methods, we com-
pared the PP code runs with the treecode runs. The PP code runs give a reliable picture
of the systemdynamicsat low particle numbers, i.e. at high granularit y. Using the treecode
we can reach a much higher number of particles, up to two million, which still is two orders
of magnitude lower than the real system. A comparisonof the results from the two methods
allows us to estimate the validit y of the treecode runs, up to 2 million particles. Then we
can comparethe treecode runs and the PM runs, in order to validate the results from the
latter, which has the capability to simulate systemsof about 100 million stars. In this way
we will eventually be able to study the infall of a BH into the Galactic centre in a simulation
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Figure 5.4: Performanceof the PP and the treecode runs. We plot here the averagednumber of
secondsneededto advancethe systemfor one N -body unit. For all runs we have N = 80000 and
M B H = 0.000528. The PP code runs are executedon a GRAPE-6 partition including four GRAPE
boards, the treecode runs are executedon the DAS-2, with varying number of nodes. The values
plotted here are normalised to 32 PEs. Note the shift in the X-axis, where we plot �=� 0 + 1.

environment with a realistic value of N .

In �g. 5.5 we show the evolution of the BH distance from the centre of massof the
systemfor three treecode simulations. N varies from 80000 to 400000 and 2 million, with
� = � 0 = 0:003735, corresponding to about 0.03pc. In �g. 5.6wepresent a similar �gure from
PM code simulations. Here is N 2 f 80000; 400000; 2000000g, with 32 cellsper dimension,
resulting in a cell sizeof about 0.69pc.

Fig. 5.5 and 5.6 show that increasingN results in a much smoother motion of the BH
in its infall towards the centre of the Galaxy. The BH infall rate (though very di�erent in
the two cases)is not much a�ected by a change in N . Accordingly, the value of ln � for
each of the two setsabove is consistent, asvaluesin table 5.4 (�rst three rows) and table 5.5
(rows with l = 0:69) show.

In order to study further the extent of the in
uence of N on the infall rate of the BH,
and hencein ln �, we comparein �g. 5.7 results from PM code simulations with increasing
grid re�nement, and extremedi�erence in N . To quantify the grid resolution,we usethe cell
length at intermediate re�nement, which is the cell length pertaining to the physical region
wherethe BH evolvesfor most of its infall. We measurethis length in units of � 0 = 0:003735,
which makesthe comparisonwith the softeningparameterof the treecode easier.N hasno
strong in
uence on the infall rate, exceptfor the casewherethe cell sizeis l = 0:15pc ' 5� 0.
In this casethe simulation with N = 80000 (data not reported in the �gure), shows an
incorrect BH infall, comparableto the casel = 0:32 ' 10� 0. This can be explained by the
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Figure 5.5: Time evolution of the radial distance of the black hole to the Galactic centre. The
various curves (identi�ed in the top right corner) present results obtained with the treecode. the
X-axis is presented in N -body time units: one N -body time unit corresponds to about 0.031Myr.
The distanceof the black hole to the Galactic centre (Y-axis) is given in terms of its initial distance.
In thesesimulations is � = 0:003735 ' 0:03 pc and M B H = 0:000528.
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Figure 5.6: Sameas �g. 5.5 above, but for PM code simulations. The intermediate grid cell sizeis
here l = 0:69 pc, and M B H = 0:000528.
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Figure 5.7: Black hole infall at various cell sizes,and large di�erence in N . Results here are from
PM code simulations. The caseN = 80000, l ' 5� 0 is not shown for readability reasons,since it
would overlap with the l ' 10� 0 results.

fact that in the low l, low N case,the cellsare sosmall, and the particles so few, that many
cells in the PM grid are empty (seealsothe Nc column in table 5.5, which givesthe average
number of particles per cell). When Nc � 1, the density �eld is incorrect, with many grid
points having a null value, becausethe corresponding cell is empty. In this condition, the
gravit y �eld computedby the PM code becomesunreliable, a�ecting the numerical results,
as in the simulation with N = 80000and l ' 5� 0.

5.3.3 Comparison of the codes

In this sectionwe comparethe results obtained from the various codes,to check their con-
sistency. The comparisonof the PM results with the two other codesresults is particularly
critical, since the PM code computesforcesusing a di�erent mathematical approach, i.e.
a grid basedforce derivation vs a direct particle-particle computation for the PP code, or
particle-multip ole computation for the treecode. A consequenceof this is a di�erent param-
eter to tune the accuracyof the simulation, namely the cell sizel for the PM code, and the
softening length � for the other two codes. We will study here how these two parameters
in
uence the black hole infall.

In �g. 5.8 we show the time evolution of the galactocentric BH distanceR simulated
by the PP code, accompaniedby a plot of the time evolution of � R=RP P for treecode and
PM simulations, where � R = (R � RP P ). The relative di�erence � R=RP P remains small
for a largefraction of the infall, and the �nal discrepancyis mostly due to the small valuesof
the quantities at that point, which are likely to amplify relative di�erences. As the following
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Figure 5.8: Top panel shows a black hole infall simulated by the PP code, with N = 80000,
M B H = 0:000528 and � = 8� 0. Bottom panel shows a comparisonof the PP results with treecode
and PM results. Parameter valuesare in all casesthe same,except for the PM cell size, which is
l = 10� 0. Plotted valuesare averagesover 10 time units.

�gures alsoshow, the BH infall is predicted with very good consistencybetweenthe codes.

In �g. 5.9 selectedtreecode runs with N = 80000and increasing� are comparedwith
the direct code runs having the samevaluesof N and � . At the sametime, the �gure shows
how the infall time increases(and implicitly how ln � decreases),as � increases.Fig. 5.9 and
table 5.7show that the results from the treecode, the PP code, and the PM code are in good
agreement. The agreement of the results from the three methods, and the scaling of ln �
with � , will be further studied quantitativ ely in section5.3.5.

In order to understandhow the cell length l of the PM codeand the softeningparameter
� of the PP code and treecode relate with each other, we comparein �g. 5.10 the results
from the PM code and treecode simulations with 80000 particles. The BH infall as shown
in �g. 5.10 dependson the value of l or � . Remarkably, l and � seemto play the samerole
not only qualitativ ely, but also quantitativ ely: in a PM run, a given value of l inducesan
infall which is very similar to the infall, in a treecode run, with � assumingthat samevalue.
In section5.3.5this relation will be studied further.

5.3.4 The e�ect of softening/grid

The in
uence of the softeningparameteron the BH dynamicshasbeenstudied by running a
number of simulations with the three codes. In table 5.7we report the valueof ln � obtained
from our simulations. For the PP code and treecode simulations, we increase� from 0 to
32� 0 = 0:1195' 0:96pc. For the PM code, we increasel from 2.5� 0 to 23� 0. In all casesis
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Figure 5.9: Comparison of results from the PP code with results from the treecode, at di�eren t
valuesof � . For all casesshown here is N = 80000 and M B H = 0:000528. The PP simulation with
� = 8� 0 has beenalready shown in �g. 5.8.
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Figure 5.10: Comparisonof PM results with treecode results. PM simulations have cell sizel equal
to resp. 10� 0 and 23� 0; softening parameters in the treecode runs are resp. 8� 0 and 16� 0. In all the
above cases,is N = 80000 and M B H = 0:000528.



5.3. RESULTS 125

� / � 0 PP code treecode
0 6.6

0:01 6.0
0:1 5.3 5.7
1 4.8 4.7
2 3.5 4.1
8 2.8 3.0
16 1.8 2.0
32 1.6

l/ � 0 PM code

2.5 4.1
5 3.8
10 3.0
23 2.2

Table 5.7: ln � versus� from PP code, treecode, and PM code runs. For the PP code and
treecode runs is N = 80000. For the PM code runs is N = 2 million. The referencevalue
for the accuracyparameter is � 0 = 0:003735.

MB H = 0:528� 10� 3 ' 62300M � .

For the PP code and the treecode, we selectedN = 80000 as a suitable value. The
relaxation time eq.(1.2) is for this valueof N t r ' 0:1N=ln N � R3=2 ' 2000, about oneorder
of magnitude larger than the typical BH infall time, so that the systemis collisionless,and
we can con�dently use the treecode to simulate it. With this choice for N , the BH mass
is MB H =m ' 42:3, (seetable 5.4). As a cross-check, we ran two PP runs with N = 16000
which, as expected, gave incorrect results (seetable 5.3). This is due to both a too small
MB H =m ratio, and a too short relaxation time (t r ' 400 in this case). We did not increase
� above 32� 0, sinceat this point � is already much bigger than bmin (seetable 5.4), and the
infall time is now closeto t r .

For the PM code simulations, we used N = 2million in order to have enoughparti-
cles to �ll all the cells, even for the simulations with a small l . As table 5.5 shows, for
l = 0:076pc ' 2:5� 0 the averagenumber of particles per cell is already Nc = 0:1. Sincea
PM simulation gives incorrect results for Nc � 1 (seealso the discussionat the end of sec-
tion 5.3.2), we did not decreasel below 2.5� 0.

The decreaseof the value of ln � as � or l increasesis clear from table 5.7. In the next
sectionwe focus on the relation between� and � , and provide a �tting formula for ln �( � ).
We usehereafter� to refer either to the softeninglength of the PP and treecode, or the cell
sizeof the PM code. As shown on �g. 5.10and discussedabove, thesetwo parametersplay
the samerole even quantitativ ely in a�ecting ln �. In this respect, we refer to � asa generic
accuracyparameter.

5.3.5 Determination of ln �

We will study herethe relation between� and ln �. As just said above, in this context � will
be usedas the accuracyparameter, and it will refer to either the softening length used in
the PP and treecode, or to the cell sizein the PM code.
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Figure 5.11: ln � vs � , and best �t for ln � = K � ln(a + � ). Values for K and a are given in ta-
ble 5.8. The inset in the �gure is a magni�cation of the low � region. In all casesis M B H = 0:000528.
For the PP and treecode runs is N = 80000, for the PM code runs is N = 2000000. Error bars are
omitted from the PP values to improve readability. For the samereason,ln � values for �=� 0 < 1
are shown only in the inset.

A mathematical expressionfor the relation between� and ln � can be found by consid-
ering how softeninga�ects two body scattering. The role of � is to prevent too closestellar
encounters. In this respect, the e�ect of introducinga softeninglength is to increasethe min-
imal impact parameter. Hence,we can de�ne an e�ective impact parameterbef f = bmin + � ,
and we modify eq. (5.3) to become:

ln � = ln
bmax

bef f
= ln

bmax

bmin + �
: (5.10)

We will now �t this equation with the valuesreported in table 5.7. In order to perform the
�t, we changeeq. (5.10) in a more suitable form, as follows:

ln � = ln bmax � ln(bmin + � ) = K � ln(a + � ) : (5.11)

We will refer to bmax and bmin as the theoretical values of the maximal and minimal im-
pact parameters,as they can be obtained from eq.s (5.2) and (5.3), and K and a as the
corresponding experimental valuesobtained with the �t.

The best �ts for K and a with respect to simulation valuesare reported in table 5.8
for all codes. Such �ts have beenperformedwith a �xed value for R0, i.e. the R0 = Rhm . In
fact, the not perfectly circular orbit of the BH results in an oscillatory behaviour for the BH
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PP code treecode PM code
K -0.94 � 0.21 -0.64� 0.10 -0.59� 0.05

a � 10� 3 0.80 � 0.28 0.88� 0.20 0.74� 0.08
�(ln �) 0.6 0.3 0.2

Table 5.8: Best values for the parameters K and a, and error on ln � for the �t of
ln � = K � ln(a + � ).

galactocentric radius. In this case,having R0 �xed could not bean appropriatechoicefor the
�t. We checked whether having R0 asa freeparameter in the �t leadsto di�erent results in
ln �. We obtained valuesfor ln � within the error bars in �g. 5.11,and valuesfor R0 within
Rhm � 0:05. We can concludethat, although the galactocentric BH radius doesnot decrease
smoothly, but in an oscillatory fashion, having R0 �xed to the actual initial BH radius in
the simulations leadsto correct �ts for the value of ln �. With respect to the PM values,
a further peculiarity is that when the BH enters the �nest grid area, i.e. approximately at
R = 0:3, the value of l decreases(seesection5.2.3and �g. 5.2). This causesbef f to become
smaller, increasingthe valueof ln �. In fact, a �t of the PM data limited to valuesof R > 0:3
givesvaluesof ln � systematicallyhigher by ' 0:3 ' 2�(ln �).

From the PP code value of K in table 5.8 we obtain for bmax the experimental value
bE

max = eK ' 0:39. This value is much smaller than what one would expect. Sincebmax has
the meaningof the maximal impact parameter,a natural choiceis to assignit a value of the
order of the systemsize,which in our casewould result in bmax = 2. The maximal radius for
dynamical friction in our systemis then about onequarter of what it is customarily assumed.
PM and treecode valuesare slightly higher, but still much smaller than bmax = 2. Also a
is smaller than the theoretical value bmin = G � (MB H + m)=v2

ty p = 1:41� 10� 3, by a factor 3.
The a value for all codesis perfectly consistent.

An explanation for the discrepancybetweenthe valuesof bmax and bE
max is that the BH,

while moving to the Galactic centre, is o�-centre with respect to the density peak (in fact
the BH is spiralising towards it). With respect to the BH position, the density distribution
is then asymmetric. This density peak clearly has a greater in
uence on the BH dynamics,
contributing more than the other regions of the system to the dynamical friction on the
BH. This leadsto a value of bmax a�ected by the galactocentric BH radius. This approach
is studied in detail by Hashimoto et al. (2003), who proposethe galactocentric radius as a
value for bmax in the context of the spiral-in of satellite galaxies.

In our simulations, the galactocentric radius variesfrom R ' 0:9 at the beginningof a
simulation, to R ' 0 at the endof it. The valueof bE

max that we �nd is within this range,and
it can be interpreted as an order 0 estimate of a maximal impact parameter that depends
on the galactocentric BH radius.

In order to explorethis aspect further, we simulated the infall of the sameBH, starting
at the quarter massradius Rqm ' 0:43, for � ranging from 0 to 16� 0. What we expect is a
smaller value of bE

max , hencesmaller valuesof ln �. All simulations are performedwith the
treecode, except for the � = 0 case,which is simulated with the PP code. Our results are



128 CHAPTER 5. EFFICIENCY OF BLACK HOLE SPIRAL-IN

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10 12 14 16

ln
 L

e/e0

R0 = Rhm data
R0 = Rhm fit    
R0 = Rqm data
R0 = Rqm fit    

Figure 5.12: Comparison of ln � vs � at di�eren t initial galactocentric BH radii. The smaller
values of ln � for the caseswith R0 = Rqm indicate that bmax is in
uenced by the galactocentric
BH radius.

in �g. 5.12. We can seethere that the values of ln � are smaller for the caseswhen the
BH starts at the quarter massradius. A �t on thesedata gives K ' � 1:1, which implies
bE

max ' 0:33, which is smaller than the value of bE
max obtained for the BH starting from the

half massradius. Our �ndings support the argument of Hashimotoet al. (2003).

5.3.6 Varying black hole mass

We also studied the e�ect of a variable BH masson the value of ln �. We simulated, using
the treecode, the infall of a BH of masstwo times and four times larger than the default
mass M 0 = 0:000528' 0:62� 105M � . We studied this infall in both the 80000 particles
con�guration, and the 400000 particles con�guration. In all cases,we used our standard
value for � , i.e. � 0 = 0:003735. In �g. 5.13the distancer of the BH from the centre of mass
of the system is shown for all the casesmentioned above, together with the M B H = M 0

cases.From eq. (5.11) and table 5.8, the appropriate value for ln � in the above casesis:

ln � = K � ln(a + � 0) � � =

� 0:64� ln(0:00088+ 0:003735)� 0:3 ' 4:7 � 0:3 :

Wealsoshow in �g. 5.13the analytic curve r (t), asgivenby eq.(5.5), with ln � = 4:7. An er-
ror bar gives,for each analytical curve, the spreadcorresponding to a variance�(ln �) = 0:3.

The results shown in �g. 5.13 are consistent with the hypothesis that a variation in
the BH masshasa little e�ect in the value of ln �. In fact, ln � shows a logarithmic depen-
denceon MB H through the parameterbmin , which dependslinearly on M B H (seeeq.s(5.2)
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Figure 5.13: Black hole infall for di�eren t values of the BH mass, and di�eren t values of N .
Simulations are performed with the treecode. Simulation results are compared with the analytic
solution, eq. (5.5), with ln � obtained from eq. (5.11) and table 5.8. The error bars at the bottom
of the analytic curvescorrespond to a variance �(ln �) = � 0:3.

and (5.3)). Assumingthat alsothe experimental valuea dependslinearly on M B H , we obtain
ln � ' 4:6 � 0:3, and ln � ' 4:4 � 0:3 respectively for the 2 M B H caseand the 4 MB H case.
This results in a small displacement towards the right of the corresponding analytic curves
in �g. 5.13, which doesnot a�ect the conclusionsthat can be drawn from the �gure. The
theoretical curve �ts very well with the M = 2M 0, N = 400000case.The other simulation
curvesare within, or very closeto, the error in r (t) associated to the error in ln �. We can
concludethat a variation in the massof the infalling object has little in
uence in the value
of ln �, which is important in view of extending this work to the caseof the infall of a star
cluster.

The �tting formula for ln � vs � wasobtained from simulations with M B H = M 0. This
formula predicts ln � for the caseswith M B H > M 0 with a very good accuracy, showing that
it can be applied in a more generalcontext, in order to forecast the value of the Coulomb
logarithm.

Fig. 5.13alsoshows a damping in the BH infall at very small valuesof R, especially for
the N = 400000 case. This e�ect, described in section 5.2.5, is clearer in the N = 400000
case,sincethe particle density is higher in this case,comparedto the N = 80000case.

5.3.7 Comparison with related work

Milosavljevi�c & Merritt (2001) study the dynamical evolution of two black holes,each one
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at the centre of a power law cusped galaxy core. They simulate the merging of the two
galaxies,and observe the evolution of the two black holes,which form a hard binary at the
centre of the mergedgalaxy. In section 3 of their paper they discussthe value of ln � in
their simulations. They measurethe decay rate of the two black holes, and comparethis
value with theoretical estimates.When they comparetheir experimental decay rate with an
estimate for the caseof the infall of an isolated black hole, they �nd a theoretical estimate
about 6 times lower than the measuredvalue, under the assumptionthat ln � ' 1:6. If the
valueof ln � is not theoretically pre-determined,and is insteadobtained from the decay rate
equation, the result is ln � ' 10. Similarly, they comparethe experimental value with an
estimatefor the caseof two mutually spiralling sphericaldistributions of matter. In this case
they assumeln � ' 1:0, and obtain an estimate for the decay rate about a factor of 2 lower
than the observed value. Determining ln � from the measurement would give in this case
ln � ' 1:87. The valuesof ln � that we �nd are betweenthe two valuesabove.

The value for ln � ' 1 that they assumein their theoretical estimates,comesfrom a
derivation that they present in appendix A of the samework. This derivation is basedon
results of Maoz (1993). Under the assumption that the stellar density obeys a power law
centered on the BH position:

� (r ) = � 0

�
r

bmin

� � �

; (5.12)

they obtain � ' 1=� ' 1, which actually implies bmax ' bmin , whereasit is customary to
considerbmax � bmin .

Their assumptionin fact is valid only when the BH is closeto the centre of the power
law distribution. In their context this is true when: 1) the separationbetweenthe two BHs
is much larger than the half massradius of the two galaxies. In this caseeach BH is at the
centre of its own galaxy, and at the sametime its motion is not yet heavily perturbed by the
other galaxy. 2) the BH binary hashardened,and occupiesthe centre of the mergedgalaxy.

During the transient phase,whenthe two BHs havenot yet formeda binary, the density
distribution that a�ects the motion of the BHs is double-cusped,with a BH in each of the two
cusps.This is substantially di�erent from the density distribution modelled by eq. (5.12).

This qualitativ e argument would make the density distribution in eq. (5.12) inapplica-
ble during the transient phase,and could explain why Milosavljevi�c & Merritt (2001) �nd
a higher than expected value of ln � in the transient. The analytical evaluation of ln � ac-
cording to the technique usedby them is by no meanstrivial, when symmetry arguments
cannot be straightforwardly applied. We will addressthis issuein future developments of
the present work; the theory of linear responseof Colpi & Pallavicini (1998) could be very
useful in this context.

5.4 Applications to star clusters

Recent observations of the Galactic Centre have revealeda population of very youngclusters
with ageslessthan 10 Myr. The presenceof such stars inside the inner parsecof the Galaxy
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is puzzling,asthe strong tidal �eld in the Galactic centre easilyprevents star formation. The
origin of thesestars is thereforedebated(Gerhard, 2001;McMillan & PortegiesZwart, 2003).
Morris (1993) proposedthat a star cluster at somedistancefrom the Galactic centre could
spiral-in due to dynamical friction (seealso Gerhard, 2001). The e�ciency of dynamical
friction dependssensitively on the actual value of the Coulomb logarithm ln �.

5.4.1 Sinking of massive black holes in the Galactic centre

We performedN -body simulations for a large rangeof conditions. In section5.3.2we varied
the number of particles, in section5.3.4we varied the sizeof the object, and in section5.3.6
we varied its mass. With direct N -body simulations we measuredthe actual value of the
Coulomb logarithm ln �. We study the behaviour of ln � for varioustypesof N -body solvers
and particle numbers. We also study the behaviour of ln � as a function of the softening
length � . Only the direct N -body code can perform a true measurement of the Coulomb
logarithm, becauseit is able to resolve even the smallestlength scalesand time scales.This,
however, makes the direct code very slow and, even using the very fast GRAPE-6 special
purposedevice,we are able to perform simulations with only 105 particles. This is a small
number comparedto the actual number of stars in the Galactic centre. With approximate
methods (treecode and particle-mesh)we are able to increasethe number of particles up to
2 million. The cost of this is a lower accuracyin calculating stellar motion below a typical
length scale� . We studied how this length scalein
uences ln �, by a�ecting the value of the
minimal impact parameter.

5.4.2 Young dense clusters in the Galactic centre

The study of the dependenceof ln � on � described above is also of astronomical interest,
because� can be interpreted as the typical length of a �nite sizeinfalling object. Basedon
this, our analysisof the dependenceof ln � on � can be seenasa �rst approach to the study
of the infall of a star cluster of typical size � toward the Galactic centre. We found (see
�g. 5.11) that the value of ln � decreasesquite rapidly as � increases,with the logarithm
argument � / 1=�. The typical sizeof the compactyoung clustersobserved in the Galactic
bulge is ' 0:3pc (Figer et al., 1999), which corresponds to � ' 10� 0. With this value of � ,
from eq.(5.11) and table 5.8,we obtain ln � ' 2:9, about 60%lessthan the value for a point
mass.The infall time is roughly doubled. For our choiceof object mass,M ' 62 300M � , and
initial galactocentric radius, R0 ' 7 pc, we have an infall time that increasesfrom ' 6Myr
for the point mass,to ' 12:5Myr for an object of typical size' 10� 0 ' 0:3pc.

We also studied the uncertainty associated with the maximal impact parameterbmax .
We found that for an infall to the Galactic centre, the infalling object is mostly in
uenced
by the density peakat the Galactic centre itself. A good choicefor bmax is then bmax ' � R0,
whereR0 is the initial galactocentric radius, and � ' 0:5
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5.5 Discussion

We simulated the evolution of a massive particle in a seaof lighter particles in a selfgravitat-
ing system. The main goal of this simulations is to obtain an accuratevalue of the Coulomb
logarithm (ln �). This helps us to understand the dynamics of the Galactic bulge and the
rate at which intermediate massblack holessink to the Galactic centre. We also study the
e�ect of the �nite sizeof the inspiraling object.

We ran both N -body particle-particle (PP) simulations, softenedtreecode simulations,
and particle-mesh(PM) simulations. The comparative simulations are performedfor 80000
particles, and all result in the samevalue of ln �. For a point particle near the Galactic
centre we �nd ln � = 6:6 � 0:6. In addition wemeasurethe changein the Coulomb logarithm
with respect to the softening parameter � , which reveals � / 1=�. We argue that � can be
interpreted as the typical length of a �nite sizeobject, such as a star cluster, so that ln �
as a function of � can be seenas a �rst approximation of the dependenceof the Coulomb
logarithm on the sizeof an infalling star cluster.

We also observed a value of the maximal impact parameter bmax di�erent from the
customarily assumedvalue, which is proportional to the system size. We found that our
results are more consistent to a value of bmax linearly dependent on the BH galactocentric
radius, which is in agreement with Hashimotoet al. (2003).

We performed simulations with up to two million particles using a treecode. The
obtained value of ln � does not depend on the number of particles. Apparently, 80000
particles is already enoughto eliminate any granularit y for our choice of initial conditions.
The results of the treecode, at the low N -limit, are in excellent agreement with the PP
simulations, and we �nd the samescalingwith respect to � . Increasingthe black hole mass
reducesthe time scalefor spiral-in asexpectedfrom theory (seeMcMillan & PortegiesZwart,
2003).

Finally we comparedthe results of our PP and treecode simulations with a particle
mesh(PM) method. We comparedthe methods for N up to two million. The results of our
PP, treecode, and PM calculationsare in good agreement. The cell sizein the PM model is
directly comparableto the softeninglength � in the PP and tree methods.

This work is a �rst step in the direction of performing a simulative study of the infall
of a young star cluster to the Galactic centre (seesection5.4.2). As discussedin section1.7,
a star-by-star simulation of a cluster infall is problematic. The total number of particles,
including both the cluster particles and the Galactic centre particles, is by far larger than
the number a direct code can manage.On the other hand, the useof a treecode would lead
to an incorrect treatment of the cluster dynamics,resulting in a too fast, unrealistic cluster
evaporation. A solution for this problem is the development of a hybrid code, consistingof a
direct code\phase" that is responsibleof the simulation of the cluster, and a treecode\phase"
that simulates the galactic centre. The data exchangebetweenthe two phasesis negligible:
the treecode input is the current massof the cluster, and the direct code input is the current
value of the galactic gravitational force.

A hybrid architecture of the kind described in part I is an ideal hardware platform for
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this hybrid code simulations, and the pseudo-particletreecode described in chapter 4 lends
itself very well to being included in the hybrid code as its low accuracycomponent.





Part I I I

Conclusions

135





In this thesiswe studied the useof hybrid architectures asa tool to acceleratethe numerical
solution of the N -body problem. We can de�ne the N -body problem as the challengeto
understand the motion of N point-lik e particles, subject to their mutual interactions. This
de�nition is inspired by the onegiven on page14 of the profound and delightful book on the
gravitational million body problem, written by DouglasHeggieand Piet Hut (2003). In this
thesis,we also focus on the gravitational N -body problem becauseof its highly demanding
computational requirements, that make it interesting and stimulating for a computational
scientist to examinethe computational characteristics, and explore the possibleavenues to
speed-upthe problem's numerical solution.

The analytic insolubility of the gravitational N -body problem for N > 2 led to the
development of numerical techniques to study it, as discussedin section 1.2. The needto
retain the full O(N 2) direct particle-particle scheme for the simulation of collisional sys-
tems, i.e. systemsrequiring high computational accuracy (seesection 1.2), led in turn to
the development of the GRAPE, specialisedhardware to acceleratethe computation of the
gravitational force interactions, introducedin section1.3.

The gravitational forcecomputational kernel of the O(N 2) schemeis sodemandingin
terms of hardware power, that its execution on the one T
op/s GRAPE-4 can be driven
by a host workstation which is about 104 times slower (seesection 1.2, �g. 1.5, and our
performanceanalysiswork presented in chapter 2).

Our research aims at exploring the possibilities of using the GRAPE to boost N -
body simulations other than those of astronomical collisional systems,which is the native
domain of application of the GRAPE. For the simulation of collisionlesssystems,fast and
more sophisticatedmethods like the treecode, the FMM (Fast Multip ole Method), or the
PM (Particle-Mesh), have been developed, as described in section 1.2. They reduce the
computational complexity of the N -body problem to O(N logN ), and even O(N ), trading
higher speedfor lower accuracy.

Usingthe GRAPE with thesemethods is not straightforward, sincethe particle-particle
forcecomputation, while still relevant, is no longer the most computationally expensive task
of the application. In this case,the relatively high computational load of the GRAPE-host
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could make the host activit y the systembottleneck.

The useof PerformanceModelling techniquesallows us to study the interplay of the
generalpurposehost, the specialpurposedevice,and the application executedon the hybrid
architecture. Chapter 3 describes our performancemodels of hybrid architectures which
include GRAPE boards to acceleratethe execution of direct particle-particle codes and
treecodes. We show that a distributed hybrid architecture running a treecode optimised for
the GRAPE has the potential to outperform a serial-hostGRAPE4-like monolithic system
running a direct code, even for simulations requiring high computational accuracy.

This supports our idea of hybrid architectures as an e�ective tool to speed up the
executionof applications characterisedby a heavy and small computational kernel, which is
amenableto hardware implementation, but also including auxiliary relevant computational
requirements. Further support for the hybrid architecture paradigm comesfrom the fact
that the GRAPE-6 architecture (seesection 1.3) is essentially an instance of this classof
computer systems.

In order to e�cien tly usethe hybrid architecture, the softwareapplication that is run on
it needsto be �ne-tuned. A �ne-tuning of the treecode to run optimally on a platform which
includesthe GRAPE is the pseudo-particlescheme(seechapter 4). In this formulation, the
gravitational potential of the particle aggregatescreatedby the treecode domain partition,
is converted from multip ole expansionto a pseudo-particledistribution. In this way, the
GRAPE is alsoable to computethe forcedue to particle aggregates,allowing for an optimal
executionof the treecode on the hybrid machine.

In chapter 4 we described the pseudo-particleapproach, and presented the accuracy
improvement that we developed. We showed that the original pseudo-particleformulation
(Makino, 1999;Kawai & Makino, 2001) is lessaccuratethan the canonicalmultip ole-based
treecode,especially in the caseof highly inhomogeneousmatter distributions. We introduced
an improvement, consistingin an extra particle addedto the pseudo-particleset, located at
the centre of massof the real particle distribution. In such a way the pseudo-particlesap-
proximate inhomogeneousreal particle distributions moreclosely, with a signi�cant accuracy
bene�t.

We also developed a temporal expansion scheme for the pseudo-particleapproach,
wherewe de�ne a pseudo-particlevelocity. In this way, we do not re-computethe pseudo-
particles at each time step, but we let them move, following the real particle evolution. This
not only reducesthe overheadfrom calculating the pseudo-particle,but also optimises the
communication with the GRAPE. The GRAPE needsto know the pseudo-particleexpansion
of particle aggregates,which must be communicated by the host at each time step. With our
scheme,pseudo-particleexpansionscan be retained in the GRAPE memory for a number of
time steps,and evolved locally by the GRAPE extrapolation pipeline (seesection 1.3 and
�g. 1.4), becausepseudo-particlesnow have a velocity assignedto them.

In chapter 5 we presented an actual exampleof N -body simulative study. Namely, we
carried out a comparative study of the infall of a massive black hole towards the Galactic
centre, in order to measurethe Coulomb logarithm. The Coulomb logarithm is the parameter
that quanti�es the e�ciency of a massive body slow-down due to its gravitational interaction
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with a background of lighter stars. If the body is orbiting a centre of gravit y, as in our case,
its decelerationresults in an inspiraling tra jectory.

We useda direct particle-particle code, a treecode, and a particle-meshcode for our
simulations, in order to understand how particle granularit y and code inaccuracyin
uence
the measureof the Coulomb logarithm. The direct code is accurate, but limited in the
number of particles becauseof its O(N 2) scaling. The other codes are lessaccurate, but
allow for higher numbersof particles, hencelow particle granularit y, which givesa smoother
representation of the gravit y �eld. Our measureof the Coulomb logarithm appears to be
independent of the number of particles, at least for the rangeof physical parameterschosen.
The parameterthat quanti�es the numerical inaccuracyin
uences the value of the Coulomb
logarithm. The logarithm argument is inverselyproportional to the inaccuracyparameter.

Future work

The work presented in chapter 5 is the �rst step towards the study of the infall of a star
cluster, i.e. an extendedobject. As described in section 1.7, phenomenaof this kind, con-
sisting of the interaction of a collisional and a collisionlesssystem,are not straightforward
to simulate, either with a direct code or an approximate method. Our solution is to devise
a hybrid code, wherethe star cluster collisional\phase" is simulated by the direct code, and
the Galactic centre collisionless\phase" is simulated by the treecode.

This hybrid code makes high demandsof the host computing platform, which must
provide both high computational power for the gravitational forceevaluation, and compara-
bly high power for the other tasks of the software, otherwisethe treecode executionwould
becomethe system bottleneck. A hybrid architecture of the kind discussedin this thesis
would be an ideal solution for this problem.

Our groupis planning to realisea hybrid systemincluding GRAPE-6 boards,con�gured
to optimally run the hybrid code. The computational asymmetry inherent in the coexistence
of a direct code \phase" and a treecode \phase" calls for a corresponding asymmetry in
the hardware architecture. The direct code requires a large computational power for the
gravitational forcekernel evaluation, and has few requirements for the other tasks. A single
host having a number of GRAPE boards connectedto it would ful�ll theseneeds. On the
other hand, the treecode hasa relatively lower needfor the forceevaluation part, but needs
more power for the other generalpurposetasks. A homogeneousdistributed con�guration
with each node of a parallel host connectedto the samenumber of GRAPEs would be more
appropriate in this case.

The ideal architecture to run the hybrid code would then be an amalgamof the two
platforms. One node should be connectedto a higher number of GRAPEs with respect to
the other nodes. A performancemodel will be very useful to con�gure this system, and
�ne-tune it to obtain the best performancewhen running the hybrid code. Our work on
performancemodelling that was presented in part I will be the basisof this model.

We have presented an exampleof the potential of hybrid architectures to solve speci�c,



140 CONCLUSIONS

highly demanding computational problems. We focussedon hybrid architectures for the
gravitational N -body problem,but other �elds of Computational Sciencecanpro�t from this
architectural paradigm. The useof special hardware like the APE series(Tripiccione, 1999)
developedfor Quantum Chromo-Dynamicssimulations, or the MDM machine (Narumi et al.,
1999,2000),the sibling of GRAPE usedfor Molecular Dynamicssimulations and mentioned
in section1.3.3,can be enhancedby a hybrid architecture approach. We believe that hybrid
architectures can be the platform of choicefor a sizablenumber of computational scientists.
With this thesiswe hope to contribute to a move in this direction.
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Samenvatting

In dit proefschrift analyserenwe hulpmiddelen die ontwikkeld zijn om de snelheiden de ac-
curatessevan zogenaamde\ N -body simulaties" te verhogen.De moleculenin eenchemische
oplossing,of de sterren in een sterrenhoop zijn voorbeeldenvan dergelijke N -body syste-
men. In dit proefschrift richten we ons op N -body systemendie gedreven worden door de
zwaartekracht, zoalsdie worden toepast in de sterrenkunde.

N -body problemen zijn analytisch onoplosbaar. Met behulp van high-performance
computing technieken en geavanceerdealgoritmen kunnen ze echter wel numeriek worden
aangepakt. Deze numerieke oplossingenvereisenzoveel computationeel vermogen,dat er
geavanceerdealgoritmen nodig zijn om het N -body probleemte versnellen. Hierbij wordt
echter op de nauwkeurigheidvan de oplossingingeleverd. Een andereaanpakis het gebruik
van gespecialiseerdehardware, die zich leent voor N -body problemendie meer numerieke
accuratessevereisen. Hiermeekan de numerieke oplossingvan het N -body probleem met
behoudvan accuratesseworden versneld.

In dit proefschrift onderzoeken we de mogelijkheidom dezetweebenaderingente com-
bineren,door desnelle,gespecialiseerdehardwarein eenconventionele, parallellecomputerte
integreren. We noemendergelijke systemenhybridearchitecturen. Veelonderzoekersstreven
naar generalisatieen zijn meer gecharmeerdvan conventionele systemen,die worden opge-
bouwd uit gewonehardware (PC's), zoalsde Beowulf of het Grid. In de anderebenadering
streeft men ernaar zeerhogeprestatiesdoor middel van hardwarespecialisatiete verkrijgen.
Het doel van onsonderzoek is, dezetweebenaderingente overbruggen.We onderzoeken de
levensvatbaarheid van hybride architecturen, en evaluerenhun potentieel om grootschalige
simulatieproblemenop te lossen.

De gespecialiseerdehardwaredie we bestuderenis deGRAPE. Dit is eenzeerkrachtige
machine die wordt gebruikt voor de simulatie van sterrenkundigeN -body systemen. Op
GRAPE uitgevoerdesimulaties hebben vijf keer in de laatste acht jaar de Gordon Bell prijs
gewonnen,die jaarlijks wordt toegekend aan de snelstesimulatie ter wereld.

Het is belangrijk om de interactie te begrijpen tussen de parallelle machine en de
gespecialiseerdehardware enerzijds,en anderzijds de softwaretoepassingdie op de hybride
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architectuur wordt uitgevoerd. Zo kunnenknelpunten in het verloop van desimulatie worden
gelocaliseerd, en kan de optimale con�guratie worden gevonden. Om deze interactie te
bestuderenmakenwegebruikvan performance modelling. In dezetechniek wordensimulaties
gebruikt om de prestatiesvan simulatiesystemente bestuderen. Dezemeta-simulatie is de
kern van onsonderzoek, en richt zich op het vinden van de optimale interactie tussensnelle
softwareenhardwaredie uiteindeljk zal kunnenleidentot deontwikkeling van eenzeersnelle
simulatieomgevingvoor N -body systemen.

Een belangrijk doel van dit proefschrift is om de potentie van hybride architecturen als
optimale berekeningsomgevingvoor de oplossingvan speci�eke problemenaan te tonen. In
dit licht hebben we eennumeriek algoritme bestudeerden aangepastaan de hybride archi-
tectuur. Dit algoritme maakt het mogelijk om geavanceerdeN -body codeste gebruiken op
gespecialiseerdehardware. Dit numerieke algoritme is het softwarematigedeelvan de hybri-
de architectuur, en vormt de basisvoor de ontwikkeling van eene�ci •ente simulatieomgeving
voor het N -body probleem.

Ten slotte bestuderenwe de toepassingvan de N -body simulaties in sterrenkundig
onderzoek. We bestuderende val van eenmassiefobject (een zwart gat) naar het centrum
van het melkwegstelsel.

N -body simulaties zijn eene�ectief hulpmiddel om de tijdschaal van dezeval te be-
studeren;ze kunnen ondersteuning(of bezwaren) biedenaan theoretische modellen voor de
verklaring van astronomische observaties.

Dit proefschrift bestaat uit drie delen. Het eerstedeelbehandelt de performance mo-
delling en de simulatie hiervan, en bestaatuit tweehoofdstukken. In hoofdstuk 2 analyseren
we de prestatie van de N -body-code NBODY1 op onzeexperimentele hybride architectuur,
die bestaat uit tweeGRAPE-4-bordenen eenparallelle computer. Het bevat eenuitvoerige
beschrijving van de taken van NBODY1, en bevat prestatiemetingenen eenanalysevan een
aantal versiesvan NBODY1 op onzehybride architectuur. Dezemetingen vormen de ba-
sis voor de performancemodelling en simulatie van de architecturen waarop N -body-codes
wordenuitgevoerd. Dit performance modelling and simulation werk wordt ge•�ntroduceerdin
hoofdstuk 3.

Deel tweevan dit proefschrift bestaat ook uit tweehoofdstukken. Hoofdstuk 4 behan-
delt de nauwkeurigheidsanalyseen optimalisering van een hybride N -body-code, die voor
optimaal gebruik met de GRAPE ontwikkeld is. Wij bestuderende foutpropagatie in de
code bij verschillende deeltjesverdelingen, en verbeteren de nauwkeurigheid van de code
wanneerze gebruikt wordt bij zeerinhomogenedistributies.

In hoofdstuk 5 introducerenwe onzevergelijkendemulti-methode N -body simulaties.
Met behulp van dezesimulaties beogenwe kwantitatiev e schattingen te doen van de e�ci-
•entie van de spiralisering van eenzwart gat naar het centrum van het melkwegstelsel.We
proberen het e�ect van deeltjesgranulariteit en codeonnauwkeurigheid op de vale�ci •entie
van de zwarte gat te begrijpen. Tot slot, vatten we in deel I I I onswerk samenen bespreken
we de toekomstigeontwikkelingen.
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