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Quantum noise in a laser with nonorthogonal polarization modes

A. M. van der Lee, A. L. Mieremet, M. P. van Exter, N. J. van Druten, and J. P. Woerdman
Huygens Laboratory, Leiden University, P.O. Box 9504, Leiden, The Netherlands

~Received 3 September 1999; published 15 February 2000!

We describe the quantum-noise behavior of a laser that has nonorthogonal polarization modes. The nonor-
thogonality of the modes leads to excess quantum noise. Theoretically, we derive the excess noise dynamics of
the laser, including the saturation of the gain medium. Experimentally, we have measured the noise dynamics
in the polarization, intensity and phase degrees of freedom of a 3.51-mm HeXe laser and we obtain good
agreement with theory. When the modes are made nonorthogonal we observe:~i! excess intensity and phase
noise,~ii ! spectral coloring of the excess intensity noise and~iii ! correlations between the polarization-angle
noise and the intensity noise. The excess phase noise is found to be partly suppressed by the polarization-
anisotropic part of the saturation of the gain medium.

PACS number~s!: 42.50.Lc, 42.60.Da, 42.55.Lt
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I. INTRODUCTION

Spontaneous emission sets a fundamental lower limi
the noise in a laser. This limit corresponds to a noise leve
‘‘one photon per mode’’@1#. It leads for instance to the quan
tum limit of the laser linewidth, first derived by Schawlo
and Townes@2#. The existence ofexcessquantum noise, en
hancement of the quantum noise by a factorK relative to the
‘‘one photon per mode’’ level, was first predicted by Pete
mann @3# for gain-guided systems. Subsequently, Siegm
@4# showed theoretically that excess noise is a direct con
quence of the mode nonorthogonality that is characteristi
open resonators. In addition, he showed thatK can reach
very large values in unstable-resonator lasers, where
transverse modes are nonorthogonal. The recent experim
tal demonstration of such very large excess noise fac
@5,6# has sparked considerable interest in this phenome
@7–12#.

Recently, it was shown that apart fromlongitudinal or
transverselaser modes alsopolarizationmodes can be mad
nonorthogonal to create excess quantum noise@13–15#. The
polarization variant has the advantage that the laser dyn
ics is restricted to two modes only and hence the situatio
inherently more simple than when dealing with a manifold
spatial modes. In addition, in practical lasers the polariza
dynamics is relatively slow, so that the nonorthogonal-mo
dynamics is easily accessible experimentally. We have u
these advantages to demonstrate that excess quantum no
colored@14#.

A quantum derivation of the excess noise factor for
‘‘toy model’’ of a laser that has two modes only was given
Ref. @7#. The case of a laser with two polarization mod
considered in the present paper is a realization of a two-m
system. However, this ’’toy model‘‘ neglects the nonlinea
ties in a laser above threshold, which we will show to be
great importance for the excess-noise properties.

In this paper we report a detailed study of the quant
noise in a laser with nonorthogonal polarization modes,
tending our previous results of Ref.@14#. We study the out-
put of the laser by measuring the fluctuations in polarizat
orientation, polarization ellipticity, optical intensity, and o
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tical phase. In addition, we measure correlations between
intensity fluctuations and the polarization-orientation fluctu
tions, as a function of output power and mode nonortho
nality. The relatively simple dynamics of the polarizatio
fluctuations allows a close comparison with theory. A simp
theory, based on a modal analysis of thelinear cavity modes,
can give a first indication of the excess noise and spec
coloring due to mode nonorthogonality. However, we w
show that a propernonlineardescription of the gain medium
including the saturation, is essential to accurately desc
the experimental results. For instance, the excess noise in
optical phase is not correctly predicted by the linear theo
while good agreement is obtained with our extended desc
tion.

In this paper we focus on the situation where the t
nonorthogonal polarization modes have a difference in l
but equal frequencies. Because of the difference in loss, t
is only one lasing mode and one can linearize the nonlin
laser dynamics around steady state. The case of two m
with equal loss but different frequencies has been treate
Ref. @13#. In that case, surprisingly good agreement w
found between the experiment and the linear theory. Inc
sion of saturation of the gain medium is very difficult in th
case oftwo lasing modes, and we only discuss it briefly he
@see the discussion after Eq.~13!#.

The experiments are performed close to threshold, in
regime where the spontaneous-emission noise is domin
This also means that the measured intensity-noise levels
still well above the shot-noise limit@16#.

The outline of the paper is the following. In Sec. II, w
briefly summarize the derivation of the excess noise fac
associated with the linear anisotropies of the cavity; next
extend the model, by including the nonlinearity of the ga
medium, and derive equations describing the power spe
of the quantities of interest. Section III contains the descr
tion of the experimental set-up to measure the various n
spectra. In Sec. IV, the experimental results are shown
Sec. V contains the concluding discussion. In the Append
we derive the equations that were used to analyze the m
sured~polarization! noise signals.
©2000 The American Physical Society12-1
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II. THEORY

A. Linear mode analysis

Excess quantum noise is associated with nonorthog
modes, which in our case are nonorthogonalpolarization
modes. In Ref.@13#, we showed how the introduction o
linear dichroism~difference in loss between orthogonal lin
ear polarizations! in combination with circular birefringence
~difference in refractive index betweens1 and s2 modes!
in the cavity leads to nonorthogonal polarization modes@an
alternative way to produce nonorthogonal polarizat
modes is to use linear birefringence and linear dichroism
45° ~Ref. @15#!#. We will review here briefly the polarization
properties of the laser neglecting the nonlinearity of the g
medium. These can be described using the Jones matrix
malism,

d

dt
EW 5MEW 1 fW , ~1!

where EW is a two-component complex-valued vector, d
scribing the polarization state of the light in the cavity,M is
a 232 Jones matrix andfW is the Langevin noise source de
scribing spontaneous emission;fW is taken to be polarization
isotropic. In our experiment we have circular birefringen
and linear dichroism in the cavity. The circular birefringen
V leads to a detuning of the two circularly polarized mod
and the linear dichroismA.0 induces dissipative couplin
between the two circularly polarized states. This leads to
following form of Eq. ~1! in a s1 , s2 basis

d

dt S E1

E2
D 5S iV 2A

2A 2 iV D S E1

E2
D 1S f 1

f 2
D , ~2!

whereE1 andE2 are the slowly varying amplitudes of th
s1 and s2-polarized light, respectively. The complex
valued Langevin noise sourcesf 1 and f 2 have uncorrelated
real and imaginary parts and obey

^ f i* ~ t ! f j~ t8!&5Rspd i j d~ t2t8!, for ~ i , j 51,2 !, ~3!

whereRsp is the spontaneous emission rate into each opt
mode. The eigenvectors of the matrixM give the polarization
eigenmodes of the resonator. The real and imaginary pa
its eigenvalues give their damping rates and correspon
frequencies~relative to the carrier frequency!, respectively.
Specifically, the eigenvalues arel1,256AA22V2. When
uVu,A the eigenmodes have the same frequency, but dif
ent losses. As the frequencies are the same, we call this
locked regime, in analogy to the frequency-locking in a rin
laser gyro@17#. When uVu.A, the losses are the same, b
the eigenfrequencies differ; we call this the unlocked regim

The exact behavior of the eigenvalues is depicted in F
1, where the dashed and solid curves give the losses
frequencies of the eigenmodes, respectively. Also the po
ization ellipses of the eigenmodes are indicated. In
locked regime, the polarizations of the eigenmodes are
ear, whereas in the unlocked regime the polarizations
elliptical with the same main axis but opposite helicity. Fi
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ure 1 also shows that the modes become more and m
identical ~i.e., more and more nonorthogonal! when uVu ap-
proachesA. In the linear description used in this subsectio
the excess noise that results from this nonorthogonality
be obtained in two different ways.

The usual approach, as pioneered by Siegman@4# for a
laser with nonorthogonal transverse modes, is to rewrite
~1! into the basis of its~generally nonorthogonal! eigenvec-
tors. The required nonunitary basis transformation diagon
izes the matrix M, but leads to correlated noise sourcesf 1
and f 2,

d

dt S E1

E2
D 5S l1 0

0 l2
D S E1

E2
D 1

1

sina S f 1

f 2
D , ~4!

where 2a is the angle between the polarization eigenmod
on the Poincare´ sphere@18#; in our case cosa5uV/Au when
uVu,A and cosa5uA/Vu when uVu.A. Note that cosa50
for orthogonal modes and cosa51 for parallel ~i.e., maxi-
mally nonorthogonal! eigenmodes. The correlated nois
sources in Eq.~4! obey

^ f 1* ~ t ! f 1~ t8!&5^ f 2* ~ t ! f 2~ t8!&5Rspd~ t2t8!,
~5!

^ f 1* ~ t ! f 2~ t8!&5Rspd~ t2t8!cosa.

In this framework the standard argument@4# to explain the
appearance of the excess quantum noise is as follows: w
one eigenmode has less loss than all other eigenmode~in
our case whenuVu,A), the lowest-loss eigenmode will b
the lasing mode, which has its loss compensated by the
medium. The assumption in the standard argument is tha
laser is effectively single mode and that the nonlasing mo
can be neglected. Thus the laser mode can be thought o
being independently driven by a noise source with a dif
sion coefficient that is enhanced by a factor sin22a. The
excess noise factor is then given by

K5
1

sin2a
5

A2

A22V2
. ~6!

FIG. 1. The normalized relative frequency~solid line! and
damping~dashed line! of the eigenmodes of the cavity as functio
of V/A. The polarization states of the eigenmodes are also in
cated.
2-2
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QUANTUM NOISE IN A LASER WITH NONORTHOGONAL . . . PHYSICAL REVIEW A 61 033812
Within this linear description the enhancement factor is
pected to multiply both the intensity noise and the ph
noise. Note thatK diverges foruVu→A; in this limit the
polarization eigenmodes become degenerate. The beh
of the K factor as a function ofV/A is plotted in Fig. 2.

An alternative description of excess noise is obtain
when using a unitary basis transformation to rewrite Eq.~1!
into an orthogonal basis that contains eigenmode 1 an
perpendicular modeb ~not an eigenmode!, to obtain@7#

d

dt S E1

Eb
D 5S l1 ~l12l2!AK21

0 l2
D S E1

Eb
D 1S f 1

f b
D .

~7!

In this orthogonal basis the noise sourcesf 1 and f b are un-
correlated and have equal strength, but the dynamical ev
tion is such that fluctuations in theb mode partially project
into mode 1, since matrixM is now triangular. This alterna
tive description gives a simple explanation for the appe
ance of excess noise: it originates through projection fr
fluctuations in the other modes@note the factorAK21 in the
off-diagonal matrix element in Eq.~7!#. It also shows that the
excess noise has certain dynamics which is related to
modal dynamics and eigenvalues, leading to the spectral
oring of the excess noise@14#.

Both approaches are easy to perform in two-mode c
text, but in a many-mode context the first approach@leading
to Eq. ~4!# is more suitable to calculate the magnitude of t
excess noise, as theK factor of the lasing mode appea
directly in the strength of its noise source@4#. The second
approach@leading to Eq.~7!# shows better the origin of the
dynamics of the excess noise and, as it uses an orthog
basis, this method is suitable for a quantum description
excess noise@7,8#.

B. Including the gain medium

We now extend the above analysis, and include the n
linearities of the gain medium by using a vector extension
Lamb’s third-order scalar theory@19# and include Langevin
noise sources to take into account the effect of quan

FIG. 2. The excess noise factor,Kpol as function ofV/A. Note
that Kpol increases as the two eigenmodes become more no
thogonal atV/A→1.
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noise. This gives the following semi-classical equations
the two amplitudesE1 andE2 of the s1 ands2 polariza-
tion modes

d

dt
E15~g2bsI 12bcI 2!E11 iVE12AE21 f 1 ,

~8a!

d

dt
E25~g2bsI 22bcI 1!E22 iVE22AE11 f 2,

~8b!

where g is the linear isotropic net gain,bs is the self-
saturation coefficient andbc the cross-saturation coefficien
I 65uE6u2 represents the intensity of thes6 mode. We re-
strict the discussion to a single-frequency laser tuned to g
maximum so thatg is real and the saturation coefficients a
real ~i.e. nonlinear dispersion is absent!. Equation~8! corre-
sponds to a class-A laser@20#; i.e., it assumes that the inver
sion dynamics is sufficiently fast that it may be adiabatica
eliminated. In the experiments, we observe clearly resol
relaxation oscillations, indicating that the inversion dynam
can in fact not be adiabatically eliminated~class-B laser!.
Nevertheless, a class-A description turns out to be suffici
since the polarization dynamics occurs at frequencies tha
considerably smaller than the relaxation oscillation f
quency~typically 2 MHz versus 15 MHz! @21, 22#

The quantum noise sources in Eq.~8! have been collected
into f 6 . In principle a Langevin noise source corresponds
each gain and loss term in this equation in accordance w
the fluctuation-dissipation theorem. As we assume to
close to threshold we neglect the influence of noise in
inversion on the intensity. Furthermore, we assume that
polarization-independent loss is much larger than the po
ization dependent loss, thus the noise sourcesf 1 and f 2 are
approximately equally strong and uncorrelated. With the
approximations spontaneous emission is the dominant n
source, and we may use Eq.~3! for f 1 and f 2 , both in Eqs.
~8! and ~2!.

Because of the nonlinear nature of Eqs.~8!, dealing with
the complex-valued field amplitudes becomes awkward.
stead, we can rewrite the two complex-valued Eqs.~8! into
four real-valued equations, by separating the complex e
tric fields in a real amplitude and a phase (E15E1eif1). It
is convenient to express these equations in the four exp
mental quantities: the polarization angleu (u50 when the
principal axis of the polarization ellipse is aligned along t
high loss axis of the dichroism,A), the ellipticity anglex,
the intensityI, and the optical phasef,

u5
f12f2

2
, ~9a!

tanx5
E22E1

E11E2
, ~9b!

I 5E1
2 1E2

2 , ~9c!

r-
2-3
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f5
f11f2

2
. ~9d!

The following equations are obtained@23#

1

2I

d

dt
I 52Acos 2u cos 2x1g

2bsI 1
bs2bc

2
I cos22x1 f Ĩ , ~10a!

d

dt
u5V1

A

cos 2x
sin 2u1 f u , ~10b!

d

dt
f5A tan 2x sin 2u1 f f , ~10c!

d

dt
x5A cos 2u sin 2x2

1

4
~bs2bc!I sin 4x1 f x .

~10d!

The Langevin noise sources in the above equation are c
acterized by the following correlation functions:

^ f i~ t ! f j~ t8!&5AiDd i j d~ t2t8!, ~11a!

AĨ 5Ax51, ~11b!

Af5Au5
1

cos22x
, ~11c!

whereD5Rsp /2I . We note that there are no cross corre
tions between the different Langevin noise sources, so
noise sources are independent.

From Eqs.~10! we can derive the stationary solution
(I 0 ,u0 ,x0) by setting the time derivatives equal to zero a
neglecting the noise sources. ForuVu,A, this leads to

I 05
2~g2A cos 2u0!

bs1bc
, ~12a!

sin 2u052V/A, ~12b!

x050. ~12c!

The overall optical phase,f, of the laser is undetermined. I
the locked regime, the stationary polarization states (u0 and
x0) are not changed by the inclusion of the gain mediu
and are the same as for the eigenmodes in the linear ana
The stationary states are linearly polarized (x050), and it
can be seen that the polarization angle has two solution
stable and an unstable solution corresponding to the la
and nonlasing eigenmodes found in the linear analysis
Sec. II A.

When uVu.A, we are in the unlocked regime, whe
there is no longer a stable polarization state. The polariza
angle of the laser will follow a nonuniform rotation makin
the full problem of the four coupled Eqs.~10! very difficult.
When we can neglect the variations in the intensity~laser far
03381
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enough above threshold!, and assume that the polarizatio
anisotropic saturation forces the polarization of the lase
be linear (bs2bc.0), the rotation of the polarization angl
can be derived from Eqs.~10!, leading to the Adler equation

d

dt
u5V1A sin 2u1 f u . ~13!

The properties of this equation, including the noise sou
f u , have been theoretically investigated by Cresseret al.
@24# in the context of a laser gyro.

In Ref. @13#, we have measured the quantum noise o
laser in the unlocked regime (uVu.A). The observed exces
quantum noise could be explained surprisingly well with
linear mode analysis. The effects of the nonlinear saturat
as incorporated in the Adler equation, only lead to a sm
correction of the linear result@13#. Further analysis of the
unlocked regime, beyond what is already present in R
@13# and @24#, seems prohibitively difficult and we do no
attempt it here. This difficulty is due to the presence of tw
eigenmodes that lase simultaneously in combination with
nonlinearity of the gain medium. If, in some way, the las
would be forced to lase in only one of the two linear eige
modes~for instance if the gain medium would be spectra
narrow enough to select only one mode! the problem could
be treated in the same manner as in the locked regime. A
other theories describe excess noise only in a single-las
mode context@4,8#. In our experiments we will only use th
deterministicpart of the dynamics in the unlocked regim
since this offers a diagnostic method to derive the values
V andA ~see Sec. IV A!.

Returning now to the locked regimeuVu,A, we linearize
around the stable steady state, i.e., we writeI 5I 0(1
12d Ĩ ), u5u01du, x5x01dx. Substitution in Eq.~10!
leads to the following equations:

d

dt
d Ĩ 522b i I 0d Ĩ 22Vdu1 f Ĩ , ~14a!

d

dt
du52gdu1 f u , ~14b!

d

dt
f522Vdx1 f f , ~14c!

d

dt
dx52~g12baI 0!dx1 f x . ~14d!

In these equations we have introduced the difference
tween the loss rates of the lasing and nonlasing modeg
52AA22V2, the polarization-isotropic saturation coeffi
cient b i5(bs1bc)/2 and the polarization anisotropic sat
ration coefficientba5(bs2bc)/2. Sincex050, the Lange-
vin noise sources have now identical diffusion constants@see
Eqs. ~11!#. For orthogonal polarization modes (V50) the
system simplifies further into four decoupled equations, a
all four laser parameters,d Ĩ ,du,dx,f, are driven only by
their respective noise sources. For nonorthogonal polar
2-4
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tion modes, the four equations separate into two subse
two coupled equations; polarization-angle fluctuationsdu are
coupled into the intensity fluctuationsd Ĩ , and ellipticity fluc-
tuationsdx enter into the phase fluctuationsf. In fact Eqs.
~14! are closely analogous to Eq.~7!. The variables (d Ĩ , du,
f, dx) are orthogonal, the noise sources are uncorrela
and the excess noise appears because noise in the ortho
direction (du, dx) couples into the lasing mode (d Ĩ , f).
The essential difference between Eqs.~7! and~14! is that the
latter is obtained after including the nonlinearity of the ga
medium and linearization around the steady state. Thus,
~14! explicitly include the saturation dynamics~throughb i
andba).

The physical mechanism of the coupling leading to exc
quantum noise can be understood as follows. When the
larization eigenmodes are nonorthogonal, the steady-s
polarization angle is not aligned with the principal axis of t
linear dichroism. As a consequence, polarization-angle fl
tuations result in a modulation of the net losses, leading
intensity fluctuations. The misalignment angle is given
sin 2u52V/A @Eq. ~12b!#, from which follows that the pro-
jection of polarization noise into intensity noise is given
2Adu sin 2u522Vdu @see Eq.~14a!#. Similarly, the elliptic-
ity fluctuations are converted to phase noise by the circ
birefringence. This strength is also determined by the non
thogonality of the modes@see Eq.~10c!# and leads to the
term 22Vdx.

Taking the Fourier transform of Eq.~14! and calculating
the noise power spectra of the four variables results in:

^ud Ĩ ~v!u2&5
D

~2b i I 0!21v2 F11
4V2

g21v2G , ~15a!

^udu~v!u2&5
D

g21v2
, ~15b!

^uf~v!u2&5
D

v2 F11
4V2

~g12baI 0!21v2G , ~15c!

^udx~v!u2&5
D

~g12baI 0!21v2
. ~15d!

The excess quantum noise is identified with the last term
the brackets in the equations for the intensity and phase n
@Eqs.~15a! and~15c!#. We now discuss some aspects of t
excess noise terms. Firstly, the excess noise is freque
dependent or colored, as first discussed in Ref.@14#. The
origin of this frequency dependence lies in the polarizat
dynamics. Secondly, we can compare the excess noise
rived in this section~i.e. including the nonlinearity of the
gain medium! to the prediction of the linear mode analysis
Sec. II A. For that we take the ratio of the noise atV50
~orthogonal modes! and the noise observed atVÞ0, at zero
frequency (v→0). In this way we calculate the excess noi
factor, K, both for the intensity and the phase noise. T
enhancement of the intensity noise is
03381
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KI511
V2

A22V2
5

A2

A22V2
, ~16!

which is the same as the excess noise factor following fr
linear mode analysis in Sec. II A, Eq~6!.

In contrast, when we calculate the enhancement of
phase noise we find

Kf511
V2

@AA22V21~baI !#2
, ~17!

i.e., less than expected from the linear mode analysis.
origin of this deviation lies in the suppression of the ellipti
ity noise by the polarization-anisotropic saturation,baI ,
which in turn results in a reduction of the excess phase no
Note that the enhancement of the phase noise depend
how far the laser is above threshold.

Equations~14! also imply a third consequence of th
mode nonorthogonality, namely correlations between the
tensity fluctuations and polarization-angle fluctuations, a
between the phase and ellipticity fluctuations. As reported
Sec. IV, we have measured correlations between the inten
and polarization angle. To describe these theoretically,
need power spectra of the form̂uc1d Ĩ (v)1c2du(v)u2&, for
various real-valued constantsc1 and c2 ~see also Appendix
A!. For the correlation term in these power spectra we fi

^d Ĩ * ~v!du~v!&52V
D

~g21v2!~2b i I 01 iv!
. ~18!

The magnitude of this correlation depends on the non
thogonality of the eigenmodes viaV andg. For orthogonal
modes (V50) the correlation is zero, but when the mod
become nonorthogonal (V→A), the correlation increases. I
addition, this correlation depends on the output power,
the b i I 0 term; for higher output powers the correlation ge
smaller. This is due to the fact that the intensity noise
reduced by the saturation and the polarization-angle nois
not.

III. EXPERIMENTAL SET-UP

The experiments were performed using a miniature He
gas laser~see Fig. 3!. The laser has a stable-cavity config
ration consisting of a 60-cm concave gold mirror and

FIG. 3. A schematic picture of the setup. The laser cavity c
tains a quasi Brewster-plate and coils are used to create an
magnetic field. The output of the laser can be routed through s
able polarization optics to measure polarization-noise signals.
resulting intensity of the transmitted light is measured with a cr
genic InSb detector.
2-5
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30-cm concave dielectric outcoupling mirror with a reflect
ity of R532%; the mirrors are separated by a distance o
cm. The HeXe gas was RF excited and operated at a pres
of 2 kPa. The 5 cm-long, 1.8-mm inner-diameter gas ca
lary containing the gas mixture was terminated by two
mm-thick Infrasil windows having 92% transmission each

The laser output is split by a 20–80 % beamsplitter
which the 20% part is directed to a large area InAs dete
to calibrate the output power and the 80% part is used
measure the noise spectra on a cryogenic InSb detector.
detector is connected to a home-built low-noise amplifi
This combination has a noise level of 1 pW/AHz and a
bandwidth of 11 MHz. The electronic signal of the amplifi
is fed into an RF-spectrum analyzer, which produces
noise spectra. The frequency resolution of the presen
spectra is determined by the resolution-bandwidth used~ei-
ther 30 kHz or 100 kHz!.

To introduce the polarization anisotropies in the cavi
we make use of an axial magnetic field and a tilted Ca2
plate. The axial magnetic field induces Faraday rotation
the gas medium and leads to circular birefringence in
cavity (V). The tilted CaF2 plate introduces linear dichroism
~A! through the difference in reflection ofs- andp-polarized
light. In the experiment we normally keep the angle of t
tilted CaF2 plate constant and change the current through
coils generating the magnetic field to modify the non
thogonality of the cavity modes~as the nonorthogonality de
pends on the ratio ofV andA).

By inserting polarization-optical elements~such as a
quarter-waveplate and a rotatable polarizer! between the la-
ser and the detector, we can measure polarization-angle
tuations, ellipticity fluctuations and correlations between
intensity and polarization-angle fluctuations. In practice,
stead of a rotatable polarizer we used a fixed optical isol
as a polarizer, in order to eliminate feedback from the de
tor into the laser, in combination with a rotatable ha
waveplate.

Typically the laser was operated 5250 % above thresh
old, yielding output powers around 5250 mW. Also taking
into account the effect of the incomplete inversion@27#, we
expect intensity-noise levels that are one to two orders
magnitude above the shot-noise limit, in agreement with
experimental observations.

To measure the quantum fluctuations in the optical pha
we use an interferometric method to convert the phase n
into intensity noise, namely self-heterodyning@25# ~see Fig.
4!. Schematically the self-heterodyne setup consists
Mach-Zehner-type interferometer where the laser beam
split in two; one beam is shifted in frequency by an amo
of 5-10 MHz by using two acousto-optic modulato
~AOMs! in series~one shifting 40 MHz up, the other shiftin
35-30 MHz down!. The other beam is delayed by letting
propagate through an optical delay line; this beam boun
back and forth between two curved mirrors that are space
meters, tracing a path length of 180 m. The two beams
recombined and the interference signal at the difference
quency is detected. The variation of the phase of the dela
beam with respect to that of the undelayed beam result
phase variations of the beat signal. This can be meas
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with the RF spectrum analyzer and yields the amount
optical phase diffusion@25#. We have added an optical iso
lator behind the laser to eliminate feedback and to avoid
polarization fluctuations influenced the self-heterodyne s
nal.

IV. RESULTS

The presentation of the experimental results in this sec
has been organized in the following way. In Sec. IV A, w
start with the method used to determineV andA, as these are
the crucial parameters defining the nonorthogonality of
eigenmodes. We check the dependence of the steady-
polarization on the applied magnetic field in Sec. IV B. Ne
Sec. IV C describes the measurements of the noise in
polarization parameters,u andx. Following that, the effects
of the nonorthogonality of the cavity modes are discussed
Sec. IV D the excess quantum noise in the intensity noise
Sec. IV E the correlations between the intensity and
polarization-angle noise, and in Sec. IV F the excess ph
noise.

A. Calibration of V and A

The excess intensity noise depends sensitively on the n
orthogonality of the eigenmodes, which is determined by
ratio V/A. Thus, it is important to know the values ofV and
A, and in particular that ofV/A. For this we use the fact tha
the polarization of the laser output rotates when
magnetic-field-induced circular birefringence is larger th
the linear dichroism (V.A). In this regime the anharmoni
rotation of the polarization angle is described by the Ad
equation@Eq. ~13!#. We measure this rotation rate by placin
a polarizer in the laser beam, and detecting the princ
frequency of the resulting intensity modulation@13#.

Figure 5 shows the result of a series of such meas
ments. Here, the intensity modulation frequency,v rot , is
plotted as function of the applied current through the co
I B . Fitting the experimental data to the expected relat
v rot52A(aIB1V0)22A2 gives us both the circular birefrin
genceV5aIB1V0 and the linear dichroism,A. Here, we
assume that the circular birefringence is a linear function
the applied currentI B , with V0 an offset due to stray mag
netic fields. Note the excellent agreement between the
curve and the experimental data.

FIG. 4. A schematic picture of the self-heterodyne setup. T
output of the laser passes an optical isolator and is split in two. O
part is sent through an optical delay line. The other part is shif
5-10 MHz up in frequency by a combination of two acouto-op
modulators~AOM’s!. At the end the two beams are recombined a
the fluctuations at the beat frequency are measured.
2-6
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B. Steady-state polarization

Next we measured the steady-state polarization angl
the laser light as function of the current through the magn
coils in the locked regime (uVu,A). The data in Fig. 6 were
taken using the same set-up as for Fig. 5.

The behavior of the polarization angle of the lasing mo
as function of the magnetic field is described by Eq.~12b!.
This is indicated by the solid curve in Fig. 6, where we us
the values ofa, V0, andA as determined from the fit in Fig
5. Clearly, the steady-state polarization of the laser beha
as predicted by theory.

C. Polarization noise

As is clear from Eqs.~15!, the origin of the excess inten
sity and phase noise lies in the fluctuations of the polar

FIG. 5. Intensity-modulation frequency due to the polarizat
rotation as a function of the magnetic field; the points are the
perimental data, the solid curve represents the theory. These
are used to determinein situ the value of the circular birefringence
V, as function of the applied current,I B , and the linear dichroism
A. From the fit we finda/2p52.64 MHz per Ampe`re, A/2p
50.89 MHz, andV0/2p520.19 MHz ~see text!.

FIG. 6. Steady-state polarization angle of the lasing modeu0, as
a function of I B , the current generating the magnetic field. T
points are experimental data, the solid curve is the theoretical
diction, Eq.~12b!.
03381
of
ic

e

d

es

-

tion angleu and the ellipticityx, respectively. To measur
the latter fluctuations, we use polarization optics that conv
the polarization noise into intensity noise, which is detec
~see Fig. 3!. To measure polarization-angle noise, we us
polarizer with its transmission axis under 45° with respec
the steady-state polarization of the laser output. For
choice of angle the polarization-angle noise is maxima
converted into intensity noise~see Appendix!.

In order to measure the ellipticity noise, we introduce
quarter-wave plate before the polarizer. The quarter-w
plate has its axes at 45° with respect to the steady-state
larization of the laser output, while the polarizer is set p
allel to this polarization direction. This combination tran
mits only one circularly polarized component of the las
output. Since fluctuations in the amplitude of a circular co
ponent are responsible for the ellipticity fluctuations, the
lipticity fluctuations are converted into intensity noise by th
configuration~see Appendix!. In fact, it is not necessary to
remove the quarter-wave plate when switching fro
ellipticity-noise to polarization-angle-noise measureme
For the polarization-angle noise measurement, the trans
sion axis of the polarizer is simply aligned with the fast/slo
axis of the quarter-wave plate so that the quarter-wave p
has no effect.

Apart from the converted polarization noise, the noise s
nal detected after these polarization elements still conta
the intrinsic intensity noise@see Eqs.~A1 and A2!#. In our
experiments the relaxation oscillations were at a higher
quency than the polarization dynamics, so that
polarization-noise contribution in the signal after the pol
izer was considerably larger in magnitude than the intrin
intensity-noise contribution. To demonstrate this, the mag
tude of the various noise signals is shown in Fig. 7. This d
was taken under same conditions as Fig. 5, forV50. Curve
1 is the ‘‘raw’’ intensity noise signal after the polarizer.
contains the polarization-angle fluctuations, the intrinsic
tensity fluctuations and the detector noise. Curve 3 shows

-
ata

e-

FIG. 7. Curve 1 represents the noise signal containing the
larization noise. Curve 2 is the result when only the intensity no
of the beam is measured; the curve is scaled to the amoun
intensity noise in curve 1. Curve 3 gives the noise signal when
light falls onto the detector. Curve 1 shows the frequency dep
dence of the polarization dynamics.
2-7
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A. M. van der LEEet al. PHYSICAL REVIEW A 61 033812
noise signal when no light falls on the detector; this is
intrinsic noise of our detector-amplifier combination. Cur
2 represents the amount of intrinsic intensity noise presen
curve 1. This curve was obtained by aligning the polari
and the quarter-wave plate with the laser polarization~see
Sec. IV D! to measure the intensity noise in isolation. As
next step, the detector noise signal~see curve 3! was qua-
dratically subtracted from this signal and the result w
scaled down by the ratio of its output power and the out
power of curve 1@about a factor of 2, cf. Eq.~A1!#, leading
to curve 2. The prominent peak at low frequencies (,4
MHz! of curve 1 shows that the polarization dynamics
spectrally well resolved, as the intrinsic intensity noise a
detector noise are much less. At high frequencies (.8 MHz!
the intrinsic intensity noise also becomes important due
the presence of relaxation oscillations.

We extracted the noise spectra of the polarization an
and the ellipticity by subtracting quadratically the intens
and detector noise@26#. Figure 8 shows an example of co
rected spectra of the polarization-orientation noise and of
ellipticity noise at V50. The spectra in this figure ar
Lorentzians as expected from theory@see Eq.~15!#, the width
of the Lorentzian fit to the polarization-orientation noi
spectrum is smaller than that to the ellipticity noise data. T
widths of these Lorentzian curves yield information abo
the polarization dynamics, since they correspond to the
laxation rates towards the steady polarization state. Theo
cally, for the polarization-angle noise the width at half ma
mum is expected to beDv1/25g52AA22V2, which is the
difference in loss between the two polarization modes. T
value found from the fitg/2p51.76 MHz agrees very wel
with Fig. 5 where we foundA/p51.78 MHz. The width of
the ellipticity fluctuations spectrum contains as an extra te
the anisotropic saturation,Dv1/25g12baI 0. This explains
the larger width at half maximum for the ellipticity noise
Fig. 8.

Figure 9 shows the measured width of the polarizat
noise spectra,du and dx, as a function ofV/A; the cavity
parameters were the same as for Fig. 5. It is seen tha
width of the spectra gets smaller as the magnetic field (V)

FIG. 8. Polarization-angle noise spectrum (du) and ellipticity
noise spectrum (dx) for V50 MHz; these spectra were correcte
for the intensity noise and detector noise contribution by the met
described in the text; see also Fig. 7. The curves through the
perimental data are Lorentzian fits, yielding a width of t
polarization-angle noise spectrumDv1/2/2p51.76 MHz, and of
the ellipticity noise spectrumDv1/2/2p53.59 MHz.
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gets larger. In other words, the polarization dynamics g
slower asuVu/A approaches 1, as is expected from Eqs.~14!.
It is also obvious that the widths of the ellipticity-fluctuatio
spectra are shifted by an offset. We attribute this shift to
polarization anisotropic saturation,baI 0 @cf. Eq. ~15d!#. The
curves in Fig. 9 are based on Eqs.~15b! and~15d! using the
parametersa, V0, and A as determined from the measur
ment of the rotation frequency~Sec. IV A!. The curve de-
scribing the ellipticity noise contains a fit parameter, nam
the offset ascribed to the anisotropic polarization saturat
we obtain a value of 2baI 051.83 MHz.

We have measured the power dependence of the
2baI 0 at zero magnetic field (V50). The result is plotted in
Fig. 10. This figure shows that whereas the width of t
ellipticity noise spectrum increases linearly with the pow
the width of the polarization-angle noise spectrum is ind
pendent of the power, as expected. The horizontal solid
is a fit to the polarization-angle noise data points, its hei
g/2p51.94 MHz corresponds excellently with the calibrat
value of the linear dichroism, which in this case w
2A/2p51.94 MHz. From the linear dependence on the o
put power we determine the anisotropic saturation coe
cient,ba517610 kHz/mW. The error in our estimate ofba
is so large becauseba varied significantly from measuremen
to measurement, we attribute this to fluctuations in la
alignment and in gas composition~due to the Xe clean-up
effect @27#!.

Not only the width of the noise spectra, but also the to
power contained in the noise spectra contains informat
The ratio of the ac noise power and the dc laser output w
measuring the polarization noise specifies the mean ex
sion from the steady-state polarization viâDu2&
5*0

`^udu(n)u2&dn. Using the area under the curves in Fig.
we can calculate the mean excursion of the polarizat

d
x-

FIG. 9. Width of the polarization-noise spectra as functionV/A.
The squares are the experimental data of the polarization-a
noise, the circles are the experimental data of the ellipticity no
The curves are theoretical; the curve through the polarization-a
noise data has no fit parameter. The curve through the ellipti
data contains one fit parameter, namely the strength of the an
tropic part of the polarization saturation. The horizontal solid line
a fit to the polarization-angle noise data, see text.
2-8
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angle from steady state. In the case of zero magnetic fi
this leads to the value ofA^Du2&515 mrad andA^Dx2&
511 mrad. As the magnetic field is increased these ex
sion angles get larger, proportional tog21. In the experi-
ments the value ofg decreased maximally by a factor of 5
so that the polarization fluctuations remain relatively sm
and the linearization approach still holds.

D. Intensity noise

The simplest way to measure the intensity noise of
laser is by removing all the polarization-sensitive eleme
between the laser and the detector, including the optical
lator. We verified with a rotatable half-wave plate placed j
after the laser outcoupling mirror that no hidden polarizat
sensitive elements were left between the laser mirror and
InSb detector. A disadvantage of this measurement schem
that, as the optical isolator was taken away, careful ali
ment was necessary to prevent optical feedback from
InSb detector back into the laser. Another way to detect
intensity noise signal is by having the polarization of t
laser output parallel to the transmission axis of the polariz
Here the disadvantage is that the signal is sensitive to m
orientation of the polarizer. We have checked that b
methods yielded the same result. The first method is m
convenient in experiments where the steady-state pola
tion is changed and we used it to measure the excess in
sity noise as function of the magnetic field. We used
second method when studying the correlations
polarization-angle noise and intensity noise as we alre
needed a polarizer to demonstrate the correlations in the
place.

In Fig. 11 intensity-noise spectra are depicted for differ
values of the magnetic field. This figure shows that the
tensity noise increases as the magnetic field gets larger
that this extra noise is frequency dependent. At low frequ
cies the excess noise signal is higher than at high frequ
cies. As an aside, we note that the divergence in the spec
around zero frequency is due to the zero-frequency pea

FIG. 10. Width of the ellipticity noise spectra~circles! and
polarization-angle noise spectra~squares! plotted as function of the
output power. The dashed line is a fit through the ellipticity no
data points, the slope of this curve gives the anisotropic satura
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the spectrum analyzer convoluted with the resolution ba
width of the spectrum analyzer. Although the resoluti
bandwidth is only 100 kHz in this case, the divergence s
affects the curve fromV50 up to roughly 0.5 MHz since
the intensity noise represents such a weak signal here.

In order to extract from the intensity noise spectrum t
excess noise contribution~the extra noise caused by the no
orthogonality of the modes!, we quadratically subtract the
detector noise and normalize the intensity noise spectrum
the nonorthogonal modes (uVu.0) with respect to the inten
sity noise spectrum for orthogonal modes (V50). This is
plotted in Fig. 12. This figure shows that for high frequenc
the excess noise is almost absent whereas it is stronges

n.

FIG. 11. Intensity-noise spectra for different values of the m
netic field. The extra noise contribution arising when the magn
field ~i.e., V) is increased is clearly visible at low frequencies.

FIG. 12. The normalized intensity noise spectra of Fig. 11 e
phasizing the enhancement of the noise due to the nonorthogon
of the cavity modes. This graph shows clearly that the excess n
is frequency dependent. At high frequencies the excess noise fa
approaches unity whereas at low frequencies it attains its maxim
value. Dashed curves are the Lorentzain fits. From these fits we
A/2p52.2(1) MHz, andV/A50.83 andV/A50.97, respectively,
which agree very well with the polarization-rotation calibratio
namely: A/2p52.1(1) MHz and V/A50.83(2) and V/A
50.97(2), respectively.
2-9
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A. M. van der LEEet al. PHYSICAL REVIEW A 61 033812
low frequencies, i.e. the excess noise is colored; this co
sponds to dynamics in the time domain@14#. The deviation
of the excess quantum noise in the experimental data at
low frequencies is due to the effect of the divergence at z
frequency. The dashed curves in Fig. 12 are fits to the n
malized intensity noise spectra using Eq.~15a!. The fit val-
ues obtained forV and A are in excellent agreement wit
those obtained from the polarization rotation calibration.

In the linear mode analysis, in which the excess no
follows from the eigenmode nonorthogonality, the dynam
is neglected~Sec. II A!. In our measured spectra this corr
sponds to looking at the excess noise at low frequencies
verify this interpretation, we have extracted the excess n
factor at low frequencies~0.5 MHz! from curves as depicted
in Fig. 12. The result is plotted in Fig. 13 as function ofV/A.
The observed enhancement at low frequencies is in g
agreement with the theoretical expectation, which is dra
in this figure as the solid line@KI51/(1-uV/Au2)#. We can
explain the deviation at higher values ofV/A as a conse-
quence of the fact that the enhancement was taken at ar
0.5 MHz ~instead of at zero frequency!.

E. Correlations between intensity noise and polarization-angle
noise

The polarization mode-nonorthogonality not only intr
duces excess intensity noise, but also gives rise to corr
tions between the intensity noise and the polarization-an
noise@see Eq.~18!#. We verified the existence of the corre
lations by mixing the polarization-angle fluctuations into t
intensity noise. This was conveniently done in our setup
placing a rotatable polarizer in the laser output. By chang
the angle between the transmission axis of the polarizer
the steady-state polarization of the laser output, we con
the magnitude of polarization-angle noise that is mixed
@see Eq.~A1!#.

In Fig. 14, the resulting noise spectra are shown for th
angles of the polarizer. The experimental conditions for th
curves were:V/A50.98(2), A/2p52.5(1) MHz and Pout
526 mW. The bump around 10 MHz in the spectra corr

FIG. 13. Excess noise at low frequencies as function of
nonorthogonality; the solid curve is the theoretical expectat
based on the linear mode analysis.
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sponds to the relaxation oscillations of the laser. Curve 1
taken when the orientation of the polarizer is aligned w
the steady-state polarization of the laser light. As noted
fore, we verified that this case is identical to the intrins
intensity noise spectrum measured without a polarizer. Cu
2 gives the spectrum when the polarizer is rotated by 15
one direction; this angle was chosen to minimize the
served noise at low frequencies. The fact that the obser
noise is less than for the first case, proves the existenc
correlations between polarization-angle and intensity no
if the polarization noise and intensity noise would have be
uncorrelated, adding the extra noise could only result in
creased total noise. Curve 3 shows the case when the p
izer is rotated from the position corresponding to curve 1
15° in the other direction. In this case the polarization
orientation noise is mixed ‘‘in phase’’ and the total amou
of excess noise power increases with about a factor of 4
expected.

To quantify the strength of the correlations we took as
measure the angle of the polarizer~with respect to the polar-
ization of the laser output! for which the low-frequency noise
is suppressed most. The resulting angles are plotted in
15 as a function of the magnetic field for three differe
output powers (Pout540 mW, Pout525 mW, and Pout
513 mW, respectively!. The figure shows that the streng
of the correlation increases asV ~i.e., the magnetic field!
increases. This is to be expected as the correlations incr
as the nonorthogonality increases@see Eq.~18!#. Furthermore
the figure shows that the strength of the correlations
creases as the output power gets higher. The solid lines
linear fits through the experimental data. The variation in
slope of the curves in Fig. 15 is due to the different outp
powers used. From the output power dependence of th
slopes~see inset of Fig. 15!, a value for the isotropic satura
tion can be derived@see Eq. ~A4!#, yielding b i50.6
60.2 MHz/mW.

e
n

FIG. 14. Intensity noise measured after a polarizer for differ
angles of the polarizer. Curve 1: the polarizer transmission axi
aligned with the polarization of the laser, this curve is equal to
intrinsic intensity noise. Curve 2: the polarizer is rotated by 15°
one direction, the correlation between the intensity noise and
polarization-angle noise is seen in the reduction of the noise sig
Curve 3: the polarizer is rotated by 15° in the other direction.
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F. Phase noise

We now discuss the last laser parameter described in
II, namely the optical phasef @see Eq. 15c#. As described in
Sec. II B, ellipticity fluctuations are coupled into the pha
noise, similar to the coupling of polarization-angle fluctu
tions into the intensity noise. However, in contrast to t
excess intensity noise, the excess phase noise is affecte
the anisotropic saturation as already discussed in Sec. II;
expected to decrease as a function of laser output power.
decrease will depend on the ratiobaI 0 /A. In order to make
this decrease visible, we measured the phase noise at a
power and a weak dichroism (Pout535 mW and A/2p
50.61 MHz! and at low power and strong dichroism (Pout
59 mW and A/2p52.32 MHz!. To detect the quantum
phase fluctuations we used a self-heterodyne set-up~Sec.
III !, and measured the phase linewidth of the laser as fu
tion of the magnetic field. The value at zero magnetic fi
gives the reference value for orthogonal polarization mo
~typically this corresponded to a linewidth in the range of 0
kHz–4 kHz!. The excess noise factor of the optical pha
Kf , follows from dividing the linewidth at nonzero mag
netic fields by this value. This is plotted in Fig. 16. The so
curves are theoretical curves based on the output power
the value of the anisotropic saturation as determined in S
IV C @ba517(10) kHz/mW#. Note the excellent agreemen
with the theoretical curves, which are based on the indep
dent ellipticity-noise data, without any free parameter. Fig
16 clearly shows the effect of the polarization-anisotro
saturation; for high output power the excess noise factor
the optical phase stays nearly the same as the magnetic
is increased, whereas for low power the excess quan
noise is hardly suppressed. This proves that the linear m
analysis gives a wrong result for the excess phase nois

FIG. 15. Anglec of the polarizer for minimal intensity noise
after the polarizer as function of the magnetic field, for differe
output powers.s, Pout540 mW; h, Pout525 mW; ,, Pout

513 mW. The figure shows that the strength of the correlation
proportional to the magnetic field and inversely proportional to
output power. The three sets of data points are fitted with stra
lines. The insert shows the slopes of the lines in the main fig
versus the inverse output powerPout

21 . The fitted straight line
through those points allows us to determineb i .
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the laser, the nonlinearity of the gain medium~specifically:
the polarization-anisotropic saturation! cannot be neglected.

V. CONCLUDING DISCUSSION

We have examined the quantum-noise properties o
HeXe gas laser both theoretically and experimentally,
function of the nonorthogonality of the polarization modes
the cavity. Theoretically, we have extended the usual
proach to excess quantum noise~namely a linear mode
analysis of the laser! to a model that explicitly includes the
gain saturation, taking into account both the isotropic a
anisotropic part thereof. Because the extended model is n
linear, the usual approach in the linear mode analysis to
tain excess noise factors, cannot be used. Instead, we
expanded the equations around the stable lasing mod
show how fluctuations in the polarization degrees of freed
~i.e., noise in the nonlasing mode! leads to excess noise i
the intensity and the phase~i.e., noise in the lasing mode!.
Specifically, we find that in our case the polarization-an
fluctuations couple into the intensity noise and that the el
ticity fluctuations couple into the phase noise.

The model also contains the noise dynamics, which
usually lost after projection in the linear mode analys
When the noise dynamics is negligible, i.e., at low freque
cies, the extended model predicts the same excess inte
noise as the linear mode analysis. Frequency-resolved m
surements of the intensity noise confirm the predicted m
nitude of the excess noise and show the dynamics of
excess quantum noise, i.e., its coloring. The frequency ba
width of the excess quantum noise is a few MHz, i.e.
much slower timescale than the cavity round-trip time (;1
ns!. This is a striking example of the fact that the exce
quantum noise takes usually many roundtrips to build
The coupling of the polarization-angle fluctuations and inte

t

s
e
ht
e

FIG. 16. Excess noise factors in the optical linewidth of t
laser as a function of the magnetic field for two different outp
powers. The circles are experimental data withA/2p50.61 MHz at
an output power of 35mW. The squares are experimental poin
with A/2p52.32 MHz at an output power of 9mW . Curves 1 and
2 are theoretical curves according to Eq.~17! for the corresponding
output powers. Dashed curve :Kf following from the linear mode
analysis~no polarization-anisotropic saturation!.
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sity fluctuations introduced by the nonorthogonality of t
polarization modes is also demonstrated by the experime
verification of the correlation between these two.

The influence of the polarization-anisotropic saturat
shows itself in the ellipticity fluctuations. Measured spec
confirm that the damping rate of the ellipticity fluctuations
faster due to the anisotropic saturation. This nonlin
mechanism cannot be taken into account in a linear m
analysis, and the observed excess phase noise is less tha
linear prediction. Experimentally, we measured that exc
phase noise is suppressed more for higher output pow
which confirms the role of the polarization-anisotropic sa
ration. This shows that the excess noise factor for the ph
can differ from the excess noise factor for the intensity.

From the power dependence of the strength of the co
lations and the power dependence of the width of
ellipticity-noise spectrum we can determine the ratio of
polarization isotropic saturation and the polarization ani
tropic saturation; this yieldsba /b i50.028. For a laser with-
out pressure broadening the theory based on the couplin
the atomic levels due to the light field yieldsba /b i50.4 for
J53 to J52 transitions@23#. Intuitively, one would expect
the collisions to randomize the Zeeman sublevel populatio
reducing the ratioba /b i by a factorgnat/gcoll.0.03, where
gnat is the natural linewidth (.5 MHz! andgcoll is the pres-
sure broadening (.150 MHz at 2 kPa! @28#, leading to
ba /b i50.012. The coincidence with the experimental va
ba /b i50.028 is within the same magnitude but may be f
tuitous.

In theory the excess-noise factor diverges whenV/A
→1; in the experiment we observed maximum enhan
ments of 50. One reason for this is that a high stability of
set up is required for highK factors; reachingKpol 5 50,
requiresV/A50.99, so accuracies of better than one perc
are needed to achieve higherK values. Another point is tha
when uVu/A→1 the influence of small, unintentional bire
fringence ~for instance due to strain in the capillary win
dows! will influence the mode nonorthogonality and limit th
maximum enhancement. If these technical limitations co
be overcome, the next limit would probably be that the e
cess quantum noise is no longer small enough to valida
linearized description of its effect. It would be interesting
study the noise properties of a device with this kind of gia
excess quantum noise.

It would also be interesting to see how far the insig
obtained here can be extended to nonorthogonaltransverse
modes. Unstable resonators are known to have nonorth
nal transverse modes and can have very large excess
factors@5,6#. The unstable resonator, however, is much m
complicated than the polarization mode case due to pres
of many more transverse modes than the two polariza
modes. A two-mode approximation does not describe
observed excess noise factors quantitatively@10#. Our results
point to the important role of the nonlinearity of the satu
tion. For instance, the anisotropic saturation of the gain m
dium can significantly modify the observed excess noise
tor. So far, such anisotropy has not been taken into acc
in the calculation of excess noise for nonorthogonal tra
verse modes@4,8,11# and it is completely unknown to wha
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extent it plays a role in that case. We also found the isotro
saturation (b i) to be important for a quantitative analysis
the power dependence of the excess noise, in particula
the observed correlations between intensity and polarizat
angle noise~cf. Fig 15!. Again a linear mode analysis cann
describe this power dependence. Furthermore, it would
interesting to explicitly demonstrate the coloring of exce
noise for nonorthogonal transverse modes.

Summarizing, the measured spectra of noise in the po
ization parameters, intensity and optical phase of the la
are in excellent agreement with a model including the n
linearity and anisotropy of the gain saturation. In contra
the linear mode description only gives good results for
enhancement in the intensity noise. For the phase noise
anisotropic saturation of the gain medium directly affects
observed excess noise factor.
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APPENDIX: NOISE SIGNAL AFTER A POLARIZER

In this appendix we will briefly derive the expressions f
the noise signal after several polarization elements. We t
thex axis along the polarization direction of the laser, so th
the field of the laser output in thex,y linearly polarized basis
is described by

EW 5S E01dEx

dEy
D .

With this definition, and linearizing around steady state,
polarization-angle fluctuations aredu'dEy /E0 and the in-
tensity fluctuations are dI 5(E01dEx)

21dEy
22E0

2

'2E0dEx . A polarizer is inserted with an anglec between
the transmission axis of the polarizer and thex axis. In first-
order approximation of small fluctuations the signal after
polarizer is:

I after'~ I 01dI !cos2c1I 0sin 2cdu. ~A1!

The equation shows that whenc50 the signal after the po
larizer does not contain any polarization-angle noise so
only the intensity noise signal will be measured. Whenc
545° and sin 2c51 the polarization-noise signal will be
maximal. In this case, the signal isI after5(I 01dI )/21I 0du.
Note that the signal not only contains polarization-an
noise, but also a contribution of the intensity noise of t
original laser output.

To detect the ellipticity noise we use a combination o
quarter-wave plate and a polarizer such that only one cir
larly polarized component~taken here to beI 1) is transmit-
ted. The resulting signal is
2-12
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I after5I 11dI 15
1

2
~ I 01dI 12I 0dx!. ~A2!

Again, apart from the ellipticity noise a contribution of th
intrinsic intensity noise is still present.

The spectra detected are the power spectra of the inte
noise after the polarization elements^uI after(v)u2&. These
contain the sum of the intensity and polarization-noise c
tributions. The polarization noise without the intensity no
contribution is obtained by subtracting the intrinsic intens
noise quadratically from the total spectrum@26#.

In order to measure the strength of the correlations
tween the intensity and the polarization angle we want
find the anglec that minimizes the noise after the polariz
tion elements. It is useful to write the intrinsic intensity noi
in the laser output as a sum of two terms, one that depe
on the polarization-angle fluctuations, and another that is
e

s

-

tt.

.

.

n

o-

ts

d

03381
ity

-

-
o

ds
-

dependent of the polarization-angle fluctuations. Taking
Fourier transform of Eqs.~14! and setting the frequencyv
50, yields the desired separation,

dI 52I 0d Ĩ 52I 0S f Ĩ

2b i I 0
2

Vdu

b i I 0
D . ~A3!

When polarization noise is mixed into the intrinsic intens
noise by a polarizer, this can act to compensate the pa
the intensity noise that originates from polarization-an
fluctuations. Combining Eq.~A3! with Eq. ~A1! yields the
angle cmin for which the polarization-angle fluctuations i
the intrinsic intensity noise are compensated for after
polarizer,

cmin'2
V

b i I 0
. ~A4!
n,

ys.
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