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Let p be a prime. Gauss counted the solutions f(x,y) =

0 (modp) for certain f(x,y) € Zlxr,y]. In §358 of his
Disquisitiones Arithmeticae he counts the number of solutions

of the Fermat curve C

22 +y° 4 2° = 0 (mod p)
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His answer: if p = 1(mod 3) write
4p = a* + 27b° with a = 1(mod3).
Then for p # 3 the number of solutions is:

p+1 if p £ 1(mod 3)

#C(Fp) = { p+1+a otherwise

Note that then |a| < 2,/p.
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During most of this long history nothing happened.

1830: Galois invented finite fields F, of cardinality ¢ = p™;
they are given by X?" — X = 0. But it took till 1893 that
Moore proved that these are all. Nobody seemed interested in
counting points on curves over finite fields till the turn of the

century (19/20th).
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The zeta function, introduced by around 1924 by Emil Artin,

Zo(t) = exp (Z #C(qu)t:>

stores the information about rational points over extension
fields and we know after Hasse (¢ = 1) and Weil that

P(t)
(1 —1t)(1 —qt)

Zc(t) =

with
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so that

(1 —ait)(1 —agt)
(1 —1%)(1 —qt)

Zc(t) =

with algebraic integers «; satisfying

il = \/q -
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We get the Hasse-Weil bound

29
#X(Fyr)=q +1-)» af <q"+ 14297
1=1

This upper bound is sharp: the Hermitian curve
qu—i_l _|_ yq+1 _|_ ZC]—|—1 — 0

has g =q(¢—1)/2 and #C(F2) = ¢° + 1 = ¢ + 1 + 29+/¢%

6
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IMPROVED UPPER BOUNDS

Interest was lost again till coding theory brought it back. lhara
had a simple and elegant idea: Note

#X(Fq) < #X(Fq2)§

Use #X (F ) = ¢"+1—>_._, af and apply Cauchy-Schwartz
to the g real numbers o; + @;.
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lhara's bound:

#X(F) <qg+1+[VB8a+1)g>+4(¢%>—q)g —g)/2]

which is better than Hasse-Well if

9> (q—q)/2.

This was generalized by Drinfeld-Vladuts.
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The question arises:

What is the maximum number of rational points on a curve
of genus g over a field F?

For a pair (q, g) we set
N,(g9) = m}z{xx{#X(Fq) : X/F, and g(X) =g}

The actual value of N,(g) for small values of ¢ and g is
Interesting.
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Serre transplanted the ‘formules explicites’ of number theory.
Take an even trigonometric polynomial

f= 1+22un008n9

n>1

with u,, € R>¢ such that f(#) > 0 on R and set

Y = Z u,t"”.

n>1

10
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Then one gets the estimate
Ny(g) < afg+ by,

where

ap = 1/9(1/va), by =1+4(/Q)/¥(1/V9).

Oesterlé found the optimal f: Oesterlé bounds.

11
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Serre initiated the study of N,(g). E.g., he determined N,(g)
forg=2and 1 < g <12.

By Hasse-Weil N,(g) < ¢+ 1+ [2g,/q]. Serre improved this
to

Ny(9) <q+1+ g[2\/q] .

12
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e Upper bounds (Hasse-Weil, Ihara, Serre, Oesterlé, Howe-
Lauter)

e Lower bound: best curve we know
How good are these bounds?

We have N,(g) € |a,b] with b = best upper bound, a =
maximum value we know for #C'(F,).

13



The Table of Wirtz.

9\q 2l 3 4 8 9 16 27 32 64 81 128
1 5| 7 9 14 16 25 38 44 81 100 150
2 6 8 10 18 20 33 48 53 97 118 172
3 7| 10 14 24 28 38| 55—58| 62-—66 113 136| 184 —195
4 8| 12 15 —29| 26 —30| 41-49| 55-68| 65-77 129 154| 200 — 217
5 9|-15 —18 -32 —36 =57 55-178 —88(101 — 145(152 — 172| 202 — 239
6 10|-17|17 - 21| 25—36| 29 —40 65| 64—88| 73-—99(137—161 190| 225 — 261
7 10{-19 —23| 256—-39| 28 -43| 49-70| 64-—98| 81 —110 177|160 — 208| 241 — 283
8 11|-21 -25 —43 —47 —76 —108 —121 —-193 —226| 257 — 305
9 121-23 —28| 33 —47| 37-51| 49-—81| 82 —118| 81 —132(173 — 209 244| 209 — 327

1012 — 13|-25 —30 —50 —-55| 61 —87 —128 —143|139 — 225|226 — 262 —349
11|13 - 14

12|14 - 15 3757 37-63| 61 —97| 91 —148 257|226 — 298| 193 — 393
13|14 - 15 169 — 273|163 — 316

14|15 - 16 65| 43 —70| 81 —108 113 — 187|193 — 289|218 — 334| 289 — 437
15 17 43 — 68 49 - 113 97 — 196|197 — 305 369 — 459
16|16 — 18 46 — 78 100 — 178 199 — 321 370

17117 - 18

1818 — 19 107 — 192 201 — 525
19 20

20(19 - 21

21 21 57 —89| 64 —97| 89— 145 121 — 244|257 — 401|250 — 460| 297 — 591
24 64 — 108 136 — 235 242 — 449|298 — 514

26 157 — 283

27 313 — 568

28 65 —114|73 — 123| 97 — 181|136 — 263|137 — 298 513|370 — 586 409 — 745
30 81 — 192|157 — 277|129 — 313|257 — 536 369 — 789
35 105 — 218

36 82 — 154 184 — 319 730

39 33

42 113 — 254|157 — 360

45 193 — 428|401 — 706 561 — 1119
48 244 — 402

49 129 — 291

50 40

November 17, 2005
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Around 1995 Van der Vlugt and | started a
Table of Curves with Many Points.

The outcome is distilled from the work of many people. We
have various methods to construct good curves (i.e. curves with
many points); for example:

1. Class field theory
2. Artin-Schreier and Kummer covers

3. Methods inspired by coding theory

15
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Class Field Theory

Xing and Niederreiter have employed this with a lot of
succes. Their examples are not always explicit.

Here we give a simple explicit example where the structure
of the class group is used.

Let C be the curve defined over Fg by the equation y° — y =
x + 1/x, equivalently by

y? — (z° —2)y +1=0.

Then #C(Fg) = 20 and Jac(C)(Fy) = Z/15Z x Z/15Z.

16
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There is a subgroup of index 3 in Jac(C')(Fg) containing the
differences
Pi—Pl fOI'iZl,...,lO

after suitable renumbering of the 20 points P;. Hence there
exists an unramified degree 3 cover C' of C

g(C) =4 #C(Fy) = 30.
This is optimal. Similarly, a degree 9 cover D of C with
g(D)=10 and #D(Fg9) =9 x 6 = 54

(interval [54 — 55]).

17
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Kummer Coverings (vdG-van der Vlugt)

We consider curves of the form y?~! = f, where

1. fis not a d-th power in F,[X] for 1 < d|q — 1.
2. f(x) =1 for many z € P(F,).
3. f has many multiple zeros and poles.

The Hurwitz formula gives the genus. How to find f7

18
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Take a F,, subspace L of F, with dim(L) = r. We write

R=T[(x-¢)=Y aX” €F,

cel

and split R as

1

r _ t
R=Ri+Ry=)Y bX"+) ¢ X7
1=s 1=0

with 0 < s <7, t <s, b.bs # 0 and cocy # 0. Zeros of R;
form space ;.

19
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Put
f=—Ri/Rs.

One has f(x) =1 for x € L — (L1 U Ls). Zeros of Ry and oo
have multiplicity > 1.

g = 5 ((pr—s _|_pt _ 5= 1)(q_ 2) _5p(m,s) _p(m,r—t) 428 4+ 92

#C(Fg) = (p" = 9)(¢ — 1)
where r = dim (L) and 6 = #(L1 N Ls).

20
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ExAMPLES. 1) Fi4. Take
R:X16_|_X: 2£16—|—X2—|—2£2—|—X
Ry R
The curve

yP = (X X))/ ( X+ X) =X+ + X,

has
g=49 and #C(Fi4) = 213.

(Compare the upper bound 286).

21
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2) q = p™ with m even.

1_Xq—aX\/a

Co, 1= =
Y WXV X

with a € F}, and a not a (/g — 1) th power. Then g(C),) =
(\/5—1)(\/_ 2) —/q+ 2 and #C,,(F,) = (¢ — 1)°.

q=81, g¢g(C,) =625 and #C,,(Fg1) = 6400
Oesterlé upper bounds 66 and 7824.

22
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A Method Using Coing Theory Let R,(s,m) be the g-ary
Reed-Muller code:

Pi= {f € FylX. ... X,] : deg(f) < s}
then R,(s, m) = Image((3) with 3 evaluation map

B:P,—F (n=q"), [ (f())oery

Heijnen-Pellikaan:  algorithm for determining minimum
weight r-dimensional subcode.

23
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Enumerate ¥, = {ag, a1,...,04-1}
Set @ ={0,1,...,g—1}. Order Q™ lexicographically.

An element o = (i1, ..., i) has degree deg(o) = > 7", i;.

UHf:fa:H] I z—|—1( — ).

Take the first r elements of degree > m(q — 1) — s, say
O1y.+.,0p.

Then (f1,..., fr) is the required subspace with weight

dr =1+ Z im—j—i—lqj_l-

j=1

24
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View now F,m as a F, -vectorspace of dimension m with
coordinates X4, ..., X,,.

For a € Fm then Tr(ax) is a linear form.

(Tr = Trgmy,) If ai,...,an are Fg-linearly independent
then Tr(aix),...,Tr(a,,x) can be viewed as coordinates
X1,y Xim.

Substitute in f:
m q—1
f=1] (Tr(ajz) — o)
j=1t=i;+1

:’[,j

25
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Use now the identity

m—1

Tr(ax)Tr(bx) = Tr(Tr(ax) bx) = Tr( Z a?’ bxpj+1).
j=0
We can write
f=Tr(R(x)) some R € Fm|z|.
The codeword is ¢y = Tr(R(x))zer,m- It defines a curve
Xp: y!—y=R(x).
with #X¢(F,) given by the weight.

26
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Example. We enumerate
F,={ap,a1,...,0p_1} ={p—1,p—2,...,0}.

and we consider R,(2,3) for an odd prime p.

The first four elements o € Q™ with degree > 3(p—1) — 2 =
3p — O are

(p_ 37p T 1,]9 o 1)7 (p T 2,]9 T 27p T 1)7

27
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The corresponding f; = [[;_; [[;— z]—|—1( — Q) are
fi=(X1—1)Xy, fo=X1Xo, f3=X1X3, fi1=Xi.
We get 3-dimensional subcode of R,(2,3)

<f17f27f3>

with
d3(Rp(2,3)) = p° —p* — 1.

28
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Using again
m—1
Tr(ax)Tr(bx) = Tr(Tr(ax)bx) = Tr(z a?
j=0
repeatedly we can write
f1= Tr(a;2 + P4 xp2+1) — Tr(x).

Since the trace map on F 3 satisfies

Tr(xp2+1) = Tr(xP™)

29
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we find for the corresponding codeword
cr, = Tr(22xPT 4 2% — x)CUEFp:S’
The curve Cy, associated to cy, Is
yP —y = 22PT 4+ 2% — 2.
From the number of zeros in cf, we immediately obtain
#Cp (Fys) = 2p° + 1,

and the genus satisfies

9(Cy,) = (p—1)p/2.

30
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ReEsvurLT 1. For p = 3 we obtain a curve over F o7 of genus 3
with 55 points.

(Here 56 is optimal.)

PROPOSITION 1. The curve Cp defined over F ;3
corresponding to D = {(cy,, cs,,cy,) has genus (p* — p)/2 and
#CD(Fp:s) =p°> +p + 1.

PROPOSITION 2. The curve Cp defined over F 3
corresponding to the subcode D = (cy,, cy,,Cf,, Ct,) has genus

(p* —p)p/2 and #Cp(F3) = p° + 1.

31
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ExAamMpPLE 1. For p = 3 the curve Cp over Fo7 has

g=117 and #Cp(Fa7) = 730.

Compare with Oesterlé's upper bound 859.
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LINEAR EQUATIONS Let C be a curve over k = F,. Take a
large set

P c C(Fy)

and a divisor D disjoint from P. We choose a F,-vector space
F C L(D) = {g € F,(C) : (g9) + D > 0} U {0}

such that

1. Fn{g?—g:g€k(C)}={0},

2. Try/p(f(P)) =0forall P€Pandall feF.

33
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An element f € k(C) defines the cover
Cy: 2P —z=f.

Let f1,.. fT be a basis of F' and consider the fibre product of
the O, : 27 — z; = f; with function field

K = k(C)(Zl, ce ,Zr,«).

34
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ExAMPLE. Take the elliptic curve C/F3 defined by
P —y=2°—1 with #C(F3) =7.
Llet P.,o =(0:1:0), @ =(1,0) and set

D = 8P, + 20.

We consider a suitable subspace W of L(D) with basis:

L(y+2)/Qr+y+1),(x+y+1)/y,y,

T+ 2,97, (x4 2)y, (z + 2)y°, (z +2)%y.

35
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We solve in W for the remaining 5 rational points P; of C

TrS/S(f(Pi)):f(Pi):O 1=1,...,9

and we get a 4-dimensional space F' generated by

fi =y+2)/Cx+y+1)+y+x+y°
fo=WwW+2)/Cr+y+1)+(x+y+1)/y+x+ 2y,
fs =24+ (y+2)/2x+y+1)+y+2y*+ ay?,

fi =2y+a23y

36



with the following curves 1° — y = f;

Ji = g(sz') #sz'(F?»)
fi 9 17
fa 10 17
f3 12 17
fa 10 19

November 17, 2005
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Analyzing the subspaces of F' we get:

F | g(Cp) | #Cp(F3)) Ny(9)
(F1, f2) 35 47 | 47 —51]
(f1 4+ 2f5, f4a) 36 46 48 — 52]
(F1, f3) 39 46 | [46 — 56
)

(f1, o, f2 128 136 | [136 — 149
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Table p=2.

g\q

2 4 8 16 32 64 128

1 5 9 14 25 44 81 150
2 6 10 18 33 53 97 172
3 7 14 24 38 64 113 192
4 8 15 25 45 71-74 129 215
5 9 17 29-30 49-53 83-85 | 132-145 | 227-234
6 10 20 33-35 65 86-96 161 | 243-258
7 10 | 21-22 34-38 63-69 98-107 177 | 262-283
8 11 | 21-24 35-42 62-75 97-118 | 169-193 | 276-302
9 12 26 45 72-81 | 108-128 209 | 288-322

10 13 27 42-49 81-87 | 113-139 225 | 296-345

11 14 | 26-29 48-53 80-91 | 120-150 | 201-236 | 294-366

12 | 14-15 | 29-31 49-57 83-97 | 129-161 257 | 321-388

13 15 33 5661 97-102 | 129-172 | 225-268

14 | 15-16 | 32-35 65 97-107 | 146-183 | 241-284 | 353-437

15 17 | 33-37 57-67 98-113 | 158-194 | 258-300 | 386-455

16 | 17-18 | 36-38 56-71 95-118 | 147-204 | 267-316

17 | 17-18 40 63-74 | 112-123 | 154-212

18 | 18-19 | 41-42 65-77 | 113-129 | 161-220 | 281-348

19 20 | 3743 60-80 | 129-134 | 172-228 | 315-364

20 | 19-21 | 40-45 68-83 | 127-139 | 177-236 | 297-380

21 21 | 41-47 72-86 | 129-145 | 185-243 | 281-396

22 | 21-22 | 42-48 74-89 | 129-150 321-412

23 | 22-23 | 45-50 68-92 | 126-155

24 | 21-23 | 49-52 81-95 | 129-161 | 225-267 | 337-444 | 513-653

25 24 | 51-53 86-97 | 144-165 335-460

26 | 24-25 55 | 82-100 | 150-171 385-476

27 | 24-25 | 50-56 | 96-103 | 145-176 | 213-290 | 401-492

28 | 25-26 | 53-58 | 97-106 | 145-181 | 257-298 513 | 577-745

29 | 25-27 | 52-60 | 97-109 | 161-186 | 227-305

30 | 25-27 | 53-61 | 96-112 | 162-191 | 273-313 | 401-535 | 609-784

November 17, 2005
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For references see

hitp/ /www.science.uva.nl/ geer

Next Update January 2006.
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