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Abstract. We present a first-order extension of the algebraic theory
about processes known as ACP and its main models. Useful predicates
on processes, such as deadlock freedom and determinism, can be added
to this theory through first-order definitional extensions. Model theory
is used to analyse the discrepancies between identity in the models of the
first-order extension of ACP and bisimilarity of the transition systems
extracted from these models, and also the discrepancies between dead-
lock freedom in the models of a suitable first-order definitional extension
of this theory and deadlock freedom of the transition systems extracted
from these models. First-order definitions are material to the formaliza-
tion of an interpretation of one theory about processes in another. We
give a comprehensive example of such an interpretation too.

1 Introduction

Model theory is for some time now a very active branch of mathematical logic.
Therefore, it looks to be worthwhile to introduce various techniques from model
theory into the field of process algebra. This forms the greater part of our mo-
tivation to take up the work presented in this paper. With great pleasure, we
contribute this paper to the Liber Amicorum in honor of the 60th birthday of
Jan Willem Klop.

Usually, theories about processes such as ACP [1,2] and CCS [3,4] are equa-
tionally axiomatized. However, it is also possible to give first-order theories. An
important advantage of a first-order approach is that it makes available the tool
of first-order definition of predicates and operations on processes.

In this paper, we present a first-order extension of ACP and its main models.
The first-order extension concerned includes a binary reachability predicate on
processes with an associated first-order axiom schema for subprocess induction.
The reachability predicate can be used to give first-order definitions of many
general properties of processes, such as deadlock freedom and determinism, and
the axiom schema for subprocess induction can then be used to verify whether



processes have these properties. This is one of the interesting applications of
first-order definitions of predicates on processes.

First-order definitions of predicates and operations on processes are generally
indispensable for the formalization of an interpretation of one theory about pro-
cesses in another. For example, a first-order definition of the deadlock freedom
predicate permits the formalization of the interpretation of BPA in BPA;s [2]
(both are subtheories of ACP). By first-order definitions of operations on pro-
cesses, we are able to formalize more complicated interpretations, such as the
interpretation of BPPA [5,6] in the first-order extension of ACP. If one theory
is interpretable in another theory, then a model of the former theory can be
obtained from each model of the latter theory by taking a submodel of a re-
striction of an expansion by definitions. The expansion concerns the first-order
definable operations on processes needed in the formalization of the interpreta-
tion concerned; and the first-order definable predicate on processes needed in the
formalization of the interpretation determines the domain of the submodel. This
technique to construct models can be regarded as a first-order generalization of
the SRM-technique from [7].

In this paper, we analyse the discrepancies between identity in the models of
the first-order extension of ACP and external bisimilarity, i.e. bisimilarity of the
transition systems extracted from these models. Besides external bisimilarity,
we pay attention to observational equivalence; and we have a look at other
related issues such as bisimilarity based on structural operational semantics and
modal characterization of external bisimilarity. We also analyse the discrepancies
between deadlock freedom in the models of a suitable first-order definitional
extension of the first-order extension of ACP and external deadlock freedom,
i.e. deadlock freedom of the transition systems extracted from these models.
Additionally, we briefly consider the comparable discrepancies for determinism.

It happens that the first-order extension of BPAg, which is a subtheory of
the first-order extension of ACP, gets great expressive power in case it is ex-
tended with restricted reachability predicates. Even the first-order extension of
ACP can be interpreted in it. In this paper, we formalize the interpretation con-
cerned. Thus, we provide a comprehensive example of the formalization of an
interpretation of one theory about processes in another.

The structure of this paper is as follows. First of all, we introduce BPAf;O,
the (finitary) first-order extension of an important subtheory of ACP, to wit
BPA; (Sect. 2). Next, we consider some useful infinitary and second-order ax-
ioms (Sect. 3). After that, we introduce transition systems, bisimilarity of tran-
sition systems (Sect. 4) and full bisimulation models, the main models of BPA
(Sect. 5). Thereupon, we analyse the discrepancies between external bisimilarity
and identity in models of BPAX (Sect. 6) and investigate the related external
equivalence known as observational equivalence (Sect. 7). Following this, we have
a closer look at bisimilarity based on structural operational semantics (Sect. 8)
and the modal characterization of external bisimilarity (Sect. 9). Then, we ex-
tend BPAf;O with a deadlock freedom predicate and analyse the discrepancies
between external deadlock freedom and internal deadlock freedom in models



of the extension of BPAY concerned (Sect. 10). We also briefly consider the
extension with a determinism predicate (Sect. 11). After that, we consider the
addition of restricted reachability predicates to BPAY (Sect. 12). Next, we intro-
duce ACP™ the first-order extension of ACP (Sect. 13) and the full bisimulation
models of ACP™ (Sect. 14). Thereupon, we consider interpretations of one the-
ory in another (Sect. 15) and give as an example the interpretation of ACP™ in
the extension of BPAY with restricted reachability predicates (Sect. 16). Finally,
we make some concluding remarks (Sect. 17).

Some familiarity with model theory is required. The desirable background
can be found in [8-10].

2 The First-Order Theory BPAY

In this section, we present BPAf;O, a first-order extension of an important sub-
theory of ACP, being known as BPAjs. In BPAf;O, it is assumed that there is a
fixed but arbitrary finite set of actions A with § & A.

The first-order theory BPAf;O has the following nonlogical symbols:

the deadlock constant 0;

— for each a € A, the action constant a;

the binary alternative composition operator + ;

the binary sequential composition operator - ;

the binary summand inclusion predicate symbol LC ;

— for each a € A, the unary action termination predicate symbol ./
— for each a € A, the binary action step predicate symbol % ;

— the binary reachability predicate symbol —» .

We use infix notation for the binary operators, postfix notation for the unary
predicate symbols and infix notation for the binary predicate symbols. The fol-
lowing precedence conventions are used to reduce the need for parentheses. Oper-
ators bind stronger than predicate symbols, and predicate symbols bind stronger
than logical connectives and quantifiers. Moreover, the operator - binds stronger
than the operator +, the logical connective — binds stronger than the logical
connectives A and V, and the logical connectives A and V bind stronger than
the logical connectives = and <. Quantifiers are given the smallest possible
scope. We often use t # t', where ¢ and t' are terms of L(BPA), as a shorthand
for =t =1t'.

The constants and operators of BPAX are the same as the constants and
operators of BPAy. The additional nonlogical symbols of BPAf;O are all predicate
symbols. In the context of BPAy, the summand inclusion predicate symbol is
sometimes used in abbreviations for equations expressing summand inclusions.
The action termination and action step predicate symbols are used in the de-
scription of the structural operational semantics of BPAs. That usage is related
to the usage in the theory BPAf;O, but the one should not be mistaken for the
other. A similar remark applies to the reachability predicate symbol.

Let t and ¢’ be closed terms of £(BPAX). Intuitively, the constants and
operators can be explained as follows:



0 cannot perform any action;

a first performs action a and then terminates successfully;

t + ¢’ behaves either as ¢ or as t/, but not both;

t - t' first behaves as ¢, but when ¢ terminates succesfully it continues by
behaving as t'.

Intuitively, the predicates can be explained as follows:

— ¢ C t/ means that ¢’ is capable of behaving as t;

— t %/ means that ¢ is capable of performing action a and then terminating
successfully;

— t % t' means that ¢ is capable of performing action a and then behaving as
t;

— t — t/ means that ¢ is capable of performing a number of actions and then
behaving as t'.

Before we give the axioms of BPAf;O, we introduce an important notational
convention which will be used throughout this paper. If we introduce a term ¢
as t(x1,...,x,), where x1,...,x, are distinct variables, this indicates that all
variables that have occurrences in t are among x1, ..., z,. In the same context,
t(t1,...,ty) is the term obtained by simultaneously replacing in ¢ all occurrences
of z1 by t; and ... and all occurrences of x,, by t,. Similarly, if we introduce a
formula ¢ as ¢(z1,...,z,), where 1, ..., z, are distinct variables, this indicates
that all variables that have free occurrences in ¢ are among z1,...,x,. In the
same context, ¢(t1,...,t,) is the formula obtained by simultaneously replacing
in ¢ all free occurrences of z1 by t; and ... and all free occurrences of x,, by t,.
Bound variables are first renamed if needed to avoid free occurrences of variables
in the replacing terms becoming bound.

The axioms of BPA are given in Table 1. Many axioms in this table are ac-
tually axiom schemas. RDPf and RSPf are axiom schemas where ¢1(x1,...,Zy),

o to(z1,. .. 2,) are terms of £(BPAX) in which all occurrences of variables
are guarded. We call an occurrence of a variable x in a term ¢ guarded if ¢t has
a subterm of the form a - ¢ with ¢’ containing this occurrence of z. BS and RS
are axiom schemas where ¢(z,y) is a formula of £(BPAX). SI2-SI9, TR1 TR2
and R2 are axiom schemas where a and b are action constants. The instances of
axiom schema SI4 are restricted by a side condition to those in which a is not
(syntactically) identical to b.

Axioms A1-A7 are the axioms of BPAs. So BPAY imports the (equational)
axioms of BPAs. Axiom schemas RDPf and RSPf are relevant to the use of
recursion for describing (potentially) non-terminating processes. They will be
explained separately below. Axiom SI1 is the defining axiom of the summand in-
clusion predicate. Axiom schemas SI2—-S19 exclude models that identify processes
that cannot be related by a bisimulation (a precise definition of bisimulation is
given in Sect. 4). Axiom SI10 is an extensionality axiom for summand inclusion.
The instances of axiom schema TR1 are the defining axioms of the action ter-
mination predicates and the instances of axiom schema TR2 are the defining



Table 1. Axioms of BPA (in t;,...,t, all occurrences of variables must be guarded)

r+y=y+z Al
(z+y)+z=z+(y+2) A2
r+r==zx A3
(z+y) z=x-24+y- -z A4
(z-y)-z=z-(y 2) A5
z+d== A6
d-z=94 AT
3$1,.--,$n0/\1§i§n1’i:ti(Il,.--,fn) RDPf
Algignxi :ti(xh...,l’n) N Algignyi:ti(ylv"'vyn):>/\1§i§n1’i:yi RSPf
sCyeszty=y SI1
—al 9 SI2
—a-zC§ SI3
-alb ifazb Sl4
—a-xCb SI5
“aClzx-y S16
a-zCy- 2= (aCyAxz=2)V We(la-yYCyAaxz=y2) SI7
aCz4+y=alzxValy SIS
a-rCy+z=a-z2CyVa-xCz SI19
Necall@aExz = aCy) AVze(a-2Cx = a-2Cy)) = 2Ly SI10
r-5%y & alox TR1
xSy ayCo TR2
oz, y) A

vl‘l, y/ ° (¢(l‘/7 y/) =
Naeal@ v &y 5v) A

V' e (2’ S 2" = ' o (v Sy A d(2",y"))) A

YY" e () Sy = T2 e (@ S 2" A 9(”,y"))) = w=y BS
T —»x R1
TSYNY—»2z=>T—>2 R2

T —>y N
Va'y' 2 e (3, 2') N Noeal®” =0 A Gy, 7)) = 6(a',2)) = z,y) RS

axioms of the action step predicates. Axiom schema BS, called the bisimilarity
axiom schema, excludes models that do not identify processes that can be re-
lated by a first-order definable bisimulation. Axiom R1 and axiom schemas R2
and RS concern the reachability predicate. Axiom schema RS is an induction



schema, called the subprocess induction schema. It is unknown to us whether the
reachability predicate is implicitly defined by BPAX.

We do not claim that the axioms of BPAf;O are independent. For example,
axiom SI2 is derivable from axioms A7 and SI6. Axiom SI10 and axiom schema
BS are dependent in a weak sense: extensionality for equality, i.e.

Necal(@Exz & aCy) ANVze(a-2Cx < a-2Cy) = =y,

is not only derivable from SI10 and SI1, but also from BS, TR1 and TR2.

The axiom schemas RDPf and RSPf are called the recursive definition prin-
ciple and the recursive specification principle for finite guarded recursive spec-
ifications. A guarded recursive specification (over BPA) is a set of equations
E ={x =1t, | x € V} where V is a set of variables and each t, is a term
of £L(BPAY) in which only the variables in V may have occurrences and all
those occurrences are guarded. There is an instance of RDPf and an instance
of RSPf for each finite guarded recursive specification E. We write RDPfF for
the instance of RDPf for £ and RSPf¥ for the instance of RDPf for E. RDPf¥
expresses that F has at least one solution and RSPf¥ expresses that E has at
most one solution.

Because the implications from right to left are derivable, the (outmost) oc-
currence of “=" in SI7-SI10 and BS can be replaced by “ < ”. The equivalences

r=y& sy ANyLlax,
z+yCze Lz AyL 2.

are easily derived from axiom SI1 and axiom SI10, respectively. Both equivalences
are used in the proof of Theorem 1 (see below).

Using the reachability predicate, we can give explicit definitions of other
properties of processes. For example, deadlock freedom, absence of termination,
and determinism can be explicitly defined as follows:

dif(z) & -~z —4,

perp(z) & —x —> 4§ A /\ﬂEIy-(x—»y ANy 5Y),

a€cA
det(z) < Vyo(x—»y = /\((yin/ = Vz.ﬂyiz) A
oA Vz, 2 e (y B2 Ay 52 = z:z'))).
Using the subprocess induction schema, we can derive a formula according to
which case distinction with respect to reachability can be made.

Proposition 1 (Case distinction for reachability). The following formula
is derivable from BPA:
xr—»1Y =

r=yV \/xﬂy\/ﬂz.(z;«éx/\ \/(miz/\z—»y))
a€A acA



Proof. We use cdr(z,y) as an abbreviation for the right-hand side of the above
implication. We will apply RS, taking  — y A cdr(z,y) for ¢(x,y). When we
have shown that © — y = (v — y A cdr(z,y)), we can immediately conclude
that © — y = cdr(z,y) and we are done.

It remains to be shown by means of RS that x — y = (z — y A cdr(z,y)).
First of all, we conclude from R1, because obviously cdr(z, z), that

Va' e (' — ' A cdr(a/,2")) .
Moreover, we easily derive the following implications:
m’Ly’ Ny =2 = a2 — 2,

x/i)y//\y/_»z/ /\y/:Z/:> \/x'inz’,
a€A
x'Ly' ANy — 2 A \/y’inz’ =
a€A
Vx’i>z' v Hzo(z#x' A \/(x’imz A z—»z')) ,
aeﬁ acA
Sy Ay =2 A Elz.(z;«éy’ A \/(y’ﬂz A z—»z’)) =
a€cA
Elz.(z;téa:’ A \/(m’imz A z—»z’))
acA
The first implication is derived using R2, the second implication is derived by
elementary logical reasoning, the third implication is derived using R1 and R2
(with distinction between the cases @' = ¢/, v/ = 2/ and o’ £y A ¢y # 2'),
and the fourth implication is derived by elementary logical reasoning (with dis-
tinction between the cases 2’ =y’ and 2’ # y'). The left-hand sides of the second,
third and fourth implication are conjunctions of ' %+ 3’ A y’ —» 2’ and one of
the disjuncts of cdr(y’, 2’). The right-hand sides of these implication consists of
one or two of the disjuncts of cdr(z’, z"). Hence, we also conclude that

vz, y' 2 e
/\ (z/ Ll»y' Ay — 2 Acd(y,2) = 2’ — 2/ A cdr(2,2)) .
a’ €A

Using the subprocess induction schema, it follows from these conclusions that
x—>y = (x—>y A cde(z,y)). O

A well-known subtheory of BPA is BPA, which is BPAs without the deadlock
constant and consequently without axioms A6 and A7. Analogously, we have a
subtheory of BPAY, to wit BPA™. As to be expected, the first-order theory
BPA" is BPAf;O without the deadlock constant and without axioms A6, A7, SI2
and SI3. In other words, the possibility that a process gets into a deadlock is
not covered by BPA™.

To prove a statement for all closed terms of £(BPAX), it is sufficient to
prove it for all basic terms over BPAR. The set B of basic terms over BPAY is
inductively defined by the following rules:



—-6eb;

if a € A, then a € B;
—ifaeAandte B, thena-teB;
if t1,t2 € B, then t1 + 1t € B.

We can prove that all closed terms of £(BPAX) are derivably equal to a basic
term over BPA,

Proposition 2 (Elimination). For all closed terms t of L(BPAY) there exists
a basic term t' € B such that BPAR ¢ =1

Proof. This follows immediately from the elimination property for BPAgs: the
closed terms of £(BPA) are the same as the closed terms of £(BPA;), and the
equational axioms of BPAY are the same as the axioms of BPAs. O

For closed equations, BPAf;O is a complete theory.

Theorem 1 (Complete theory for closed equations). For all closed terms
t1,t2 of E(BPASO), we have either BPAf;O Ft, =ty or BPAf;O F =t = tg, but
not both.

Proof. In Sect. 5, we will show that there exist models of BPAY. From this,
it follows by the Extended Completeness Theorem (see e.g. [9]) that there are
no closed terms tq,ty of E(BPASO) such that both t; = t5 and — t; = to are
derivable. Moreover, the equivalence r =y < z C y A y C z is derivable.
For these reasons, and Proposition 2, it is sufficient to prove that for all basic
terms t1,ty € B, either BPAf;O F 1t C ¢y or BPAf;O F = t; C to. This is easily
proved by induction on the sum of the lengths of ¢; and ¢5. All cases follow
immediately from axioms SI1-SI9, sometimes using the induction hypothesis,
except the cases a-t] T b-th and ] + t] T t5. Those cases follow immediately
from the derivable equivalences a -z Cb-y < aCb Az Cy A y C x and
r+yCz < xC 2z A yLC z, using the induction hypothesis. O

For arbitrary closed formula, BPA is not a complete theory. This follows from
the fact that there are models of BPA that are not elementary equivalent (see
Theorems 4 and 8).

3 Infinitary and Second-Order Axioms

It appears to be of use to add certain infinitary and second-order axioms to
BPAgO. In this section, we consider those axioms.

The recursive definition principle and recursive specification principle for
finite guarded recursive specifications (RDPf and RSPf) do not exclude models
in which there are countably infinite guarded recursive specifications without a
unique solution. The infinitary axiom schemas RDP and RSP from Table 2 would
exclude all such models. Like in the case of axiom schemas RDPf and RSPf, we
write RDP® and RSP¥ for the instances of RDP and RSP, respectively, for
guarded recursive specification E.



Table 2. Infinitary first-order axioms

31’1,1’2,...0/\i>11’i:ti(l‘l,l‘g,...) RDP
/\ile‘i =ti(xz1,22,...) A /\iZIyi =ti(x1,x2,...) = /\1211‘1' =1y, RSP

The instances of axiom schema RSP are formulas of £, (BPAY), the first-
order language of BPAf;O with conjunctions and disjunctions of countable sets of
formulas. The instances of axiom schema RDP are formulas of £, ., (BPAX), the
first-order language of BPAf;O with conjunctions and disjunctions of countable
sets of formulas and quantification on countable sets of variables. RDP and RSP
are not axiomatizable in the usual finitary first-order language £(BPAY).

Theorem 2 (RDP and RSP are not axiomatizable in £L(BPAXY)). There
does not exist a finitary first-order extension of BPAf;O of which all models satisfy
RDP and there does not exist a finitary first-order extension of BPAf;O of which
all models satisfy RSP.

Proof. First, we show that there does not exist a finitary first-order extension
of BPA®, say BPAL U H, such that BPAY U H = RDP. Suppose that BPAL U
H = RDP. A contradiction is found as follows. By the Downward Lowenheim-
Skolem Theorem (see e.g. [10]), there exists a countable model of BPAR U H.
Take a countable model 2 |= BPAf;O U H. Let a and b be different actions.
Consider the guarded recursive specifications By = {X; = a- X;41 |1 € V} U
{X;=b-X;41|1¢&V}for VCN. Ey encodes the characteristic function of
V. Because BPAf;O U H = RDP by our supposition, and 2 = BPAf;O U H, there
exists a solution py of Ey for X in & for each V' C N. There exist uncountably
many V such that V C N; and it is easily proved by induction on the smallest ¢
such that i € V < i € V' that V # V' implies py # py. Hence, 2 must be an
uncountable model, which contradicts the fact that 2 is a countable model.

Next, we show that there does not exist a finitary first-order extension of
BPA, say BPA® U H, such that BPAY U H = RSP. Suppose that BPAY U
H | RSP. A contradiction is found as follows. Let cg, c1, ¢, . .. and do, d1, da, . . .
be different new constants; and let a,a’,a” be different actions. Consider the
following sets of formulas:

H/ Z{Co%do}U{Ci:a'Cﬂ_l |120}U{d1=ad1+1 |ZZO},
HLZ{Co%dQ}U{Ci:a'CH_l|0§i<n}U{d¢:&'di+1|0§i<n}
U{en=d,d,=0a"}
(forn >0).
Take an arbitrary model 2 of BPAf;O U H. It follows easily from the axioms
of BPAY that, for each n > 0, H!, is satisfied in the definitional expansion of

2 determined by the definitional extension of BPA® U H with the constants
Coy---5Cn,y do,...,d, and the equations ¢; = a" " -a’ for 0 < i < n, ¢, = d,



d; =a"*.a" for 0 <i < mn, d, = a".* Hence, for each n > 0, H/, is consistent
with BPAYX U H. Each finite H” C H' is consistent with BPAY U H because
there is an n > 0 for which H” C H/. From this, it follows by the Compactness
Theorem (see e.g. [9]) that H' is consistent with BPAX U H. Now consider
an arbitrary model 2’ of BPAR U H U H’. Because 2 satisfies H’, we have
& £ d¥ . Both ¢ and d2" are solutions of the guarded recursive specification
E={X, =a-X;41 |1 €N} for Xy. Hence, by RSP, it must be the case that
" = d¥, which contradicts the fact that ¢ # d2’. O

If we restrict ourselves to recursively enumerable theories, we can even give an
instance of RDP that is not axiomatizable.

Theorem 3 (Instance of RDP is not axiomatizable in £L(BPAX)). Let T
be a finitary first-order extension of BPAf;O that is recursively enumerable, let a,b
be different actions, let V be a subset of N that is not recursively enumerable,
and let Ey be the guarded recursive specification {X; = a- X1 | i € V} U
{X;=b-Xiy1|i¢V}. Then T = RDPEV,

Proof. Let ¥, (x), for each n > 0, be the following formula:

Hyoﬂzo,...,zno(x:zo-...-zn-y/\ /\ zi=a N /\ zi:b).
i<n,ieV i<n,igV

Let & be the set of formulas {,,(z) | n € N}. It is easy to see that there does not
exist a solution of Ey in a model of BPAf;O iff that model omits ¥. Moreover, by
the Omitting Types Theorem (see e.g. [9]), there exists a model that omits ¥ if
T or some consistent extension of T locally omits ¥. Thus, when we have shown
that T or some consistent extension of 1" locally omits ¥, we can immediately
conclude that 7'~ RDP®Y and we are done.

We prove that some consistent extension of T" locally omits ¥ by constructing

such an extension of T. Let ¢o(x), P1(x), pa(x),... be an enumeration of all
formulas of £(BPA) in which no variable other than z has free occurrences.
We start to construct a non-decreasing sequence 70,7 T2, ... of consistent
extensions of T" as follows:

T° =T,

T2+ = T2k U {gp(z)} if not T2% = ¢y (z) ,

T2+ =72k U {= ¢p(2)} otherwise ,

T2k+2 _ T2k+1 if T2k+1 F=3re ¢k (x) ’

T2+2 = T2k+1 Y {3z e (¢r(7) A = Yn(x))} otherwise ,
for some n € N such that not T?**1 - = 3z e (¢r(z) A = Yn(2)) .

For all k, there exists an n such that not 7251 - = Jxe(¢y(z) A = ¥, (z)). This
is easily proved by contradiction. If it was not the case for some k, then we would

4 For each action a and each n > 1, the term a” is defined by induction on n as follows:

a' is a and "' is a - a™.



Table 3. Second-order axioms

JR e (R(z,y) A
vz’ y" o (R(z',y') =
Nacal(@" 5v &y 50) A
Vo' e (z' S 2" = " o (v =9 A R(E",y"))) A

a

vyll . (y/ i} y// = ax// . (l‘/ N x// /\ R(l‘”,y")))))) =

=y B
VRe(z —y A
Va',y', 2" e (R(2,2") A N,eal@ =" A R(Y',2) = R(2,2))) =
R(z,y)) R

have T?**! |- V2 o (¢r(x) = tn(z)). Because of the recursive enumerability of
T (and therefore also T2%*1), it would follow that V is recursively enumerable.
This contradicts the fact that V is not recursively enumerable.

For each k € N, T* is consistent by construction. Let T°° = (J, T*. Then
T is also consistent by construction. Moreover, T locally omits ¥ by con-
struction. a

The bisimilarity axiom schema (BS) from Table 1 does not exclude all models
that distinguish between processes that can be related by a bisimulation. It only
excludes models that distinguish between processes that can be related by a
first-order definable bisimulation. The second-order axiom B from Table 3 would
exclude all such models. Axiom B is called the bisimilarity axiom. It is a second-
order axiom because of the existential quantification on R, which is a variable
ranging over binary relations on processes instead of a variable ranging over
processes.

The subprocess induction schema (RS) from Table 1 does not exclude all
models in which there are processes that have more reachable processes than
needed to satisfy axiom R1 and the instances of axiom schema R2. The second-
order axiom R from Table 3 would exclude all such models. Axiom R is called
the subprocess induction axiom.

Let 2 be a model of BPAY, i.e. A = BPAY. Then 2 is a bisimulation model
if 2 = B; and 2 is a model with standard reachability if 2 = R.

4 Transition Systems and Bisimilarity

In this section, we introduce transition systems and bisimilarity of transition
systems. In Sect. 5, we will make use of transition systems and bisimilarity of
transition systems to construct the main models of BPAf;O.

A transition system T consists of the following:

— aset S of states;
—aset & C S xS, for each a € A;



—aset %/ C S, for each a € A;
— an initial state s° € S.

If (s,s") € = for some a € A, then we say that there is a transition from state
s to state s’. We usually write s - s’ instead of (s,s’) € - and s -/ instead
of s € %,/. Furthermore, we write — for the family of sets (—),ea and —/ for
the family of sets (==/)aca.

A transition system may have states that are not reachable from its initial
state by a number of transitions. Unreachable states, and the transitions between
them, are not relevant to the behaviour represented by the transition system.
We exclude transition systems with unreachable states as follows.

Let T = (S, —, —/, s°) be a transition system. Then the reachability relation
of T is the smallest relation — C S x S such that:

— 5 8;

. a
—if s % s’ and s’ — s”, then s — s”.

We write RS(T') for {s € S | s — s}. T is called a connected transition system
if S = RS(T'). Henceforth, we will only consider connected transition systems.
However, this often calls for extraction of the connected part of a transition
system that is composed of connected transition systems.

Let T = (S,—,—v,s") be a transition system that is not necessarily con-
nected. Then the connected part of T, written T'(T), is defined as follows:

3
3
I

(8", =", =V, 5%,
where

S’ =RS(T),
and for every a € A:

= =508 x 8,

L/ =%5/n8".

It is assumed that for each infinite cardinal x a fixed but arbitrary set S,

with the following properties has been given:

— the cardinality of Sy is greater than or equal to k;
— if Sl,SQ - S,{, then Sl (] SQ - SK and Sl X SQ - SK.E)

Let x be an infinite cardinal number. Then TS, is the set of all connected
transition systems T = (S, —,—/, s") such that S C S, and the branching
degree of T is less than x, that is, for all s € S, the cardinality of the set
{(a,s) eAx S |s-5stU{a€A|s -5y} is less than k.

The condition S C S, guarantees that TS, is indeed a set.

5 We write AW B for the disjoint union of sets A and B, i.e. AW B = (A x {#}) U

(B x {{0}}). We write p1 and ug for the associated injections p1 : A — AW B and
w2 : B — AW B, defined by p1(a) = (a,0) and ua2(b) = (b, {0}).



A connected transition system is said to be finitely branching if its branching
degree is less than Ry. Otherwise, it is said to be infinitely branching.

The identity of the states of a connected transition system is not relevant to
the behaviour represented by it. Connected transition systems that differ only
with respect to the identity of the states are isomorphic.

Let Th = (S1,—1,—v1,80) and Ty = (Sa, —2, — /5, 89) be connected transi-
tion systems. Then T} and T, are isomorphic, written T7 = T5, if there exists a
bijective function b:S; — S5 such that

— b(s}) = s5;
— 51 51 84 iff b(s1) B2 b(s));
— S i>\/1 IH b(S) i>\/2.

Henceforth, we will always consider two connected transition systems essentially
the same if they are isomorphic.

Remark 1. The set TSy, is independent of S;;.. By that we mean the following. Let
TS. and TS/, result from different choices for S;. Then there exists a bijection
b: TS, — TS|, such that for all T € TS, T = b(T).

Bisimilarity of transition systems from TS, is defined as follows.

Let T7 = (S’l,—q,—»\/l,s?) € TS, and Ty = (SQ,_72,_)\/2788) e TSk (/i >
Rg). Then a bisimulation B between T and T is a binary relation B C S7 x Sy
such that B(s{,s9) and for all s1, sy such that B(sy,s2):

a . a
— 51—y M s2 =y
— if 81 %1 s}, then there is a state s, such that sy %5 s, and B(s), s5);
— if 85 %5 sh, then there is a state s| such that s; 1 s} and B(s], sb).

Two transition systems 71,75 € TS, are bisimilar, written T7 < Tb, if there
exists a bisimulation B between T7 and T5. Let B be a bisimulation between T}
and T5. Then we say that B is a bisimulation witnessing T <= Ts.

Note that < is an equivalence on TS. Let T' € TS,. Then we write [T'] for
{T" € TS, | T = T"}, i.e. the = -equivalence class of T'. We write TS, /< for the
set of equivalence classes {[T'] | T € TS,}.

In Sect. 5, we will use TS, /< as the domain of a structure that is a model
of BPA®. As the domain of a structure, TS, /< must be a set. That is the case
because TS, is a set. The latter is guaranteed by considering only connected
transition systems of which the set of states is a subset of Si.

Remark 2. The question arises whether S, is large enough if its cardinality is
greater than or equal to k. This question can be answered in the affirmative.
Let T = (S, —,—, s°) be a connected transition system of which the branching
degree is less than k. Then there exists a connected transition system T’ =
(8", —',—/, %) of which the branching degree is less than  such that T < T”
and the cardinality of S’ is less than .

It is easy to see that, if we would consider transition systems with unreachable
states as well, each transition system would be bisimilar to its connected part.



This justifies the choice to consider only connected transition systems. It is easy
to see that isomorphic transition systems are bisimilar. This justifies the choice
to consider transition systems essentially the same if they are isomorphic.

In the construction of the main models of BPAY in Sect. 5, we also make use
of subsystems of transition systems.

Let T = (S,—,—y,s%) € TS, and s € S. Then the subsystem of T with
initial state s, written (T)s, is defined as follows:

(T)s =T(S,—,—v,s) .

5 Full Bisimulation Models of BPAgO

In this section, we introduce the full bisimulation models of BPA. They are
models of which the domain consists of equivalence classes of connected transi-
tion systems modulo bisimilarity. The qualification “full” will be explained later
on.

The models of BPAf;O are structures that consist of the following:

— a non-empty set D, called the domain of the model,;

— for each constant of BPAf;O, an element of D;

— for each n-ary operator of BPAf;O, an n-ary operation on D;

— for each n-ary predicate symbol of BPAf;O, an n-ary relation on D.

In the full bisimulation models of BPAY that are introduced in this section,
the domain is TS, /< for some k > Yy. We obtain the models concerned by
associating certain elements of TS, /<, certain operations on TS, /< and cer-
tain relations on TS, /< with the constants, operators and predicate symbols of
BPAf;O. We begin by associating elements of TS, and operations on TS, with
the constants and operators, and a binary relation on TS, with the reachability
predicate symbol. The result of this is subsequently lifted to TS, /<.

It is assumed that for each infinite cardinal x a fixed but arbitrary function
chy : (P(Ss) \ 0) — S, such that for all S € P(Sx) \ 0, ch,(S) € S has been
given.

We associate with each constant ¢ of BPAY an element ¢ of TS, and with
each operator f of BPAf;O an operation f on TS, as follows.

— 0 = ({s°},0,0,s°) .

where
5% = ch,(S,) .
S U EVADR
where
s =ch.(Ss),
Sy = {SO} )

and for every a’ € A such that a’ # a:

a—/>\/:®



— Let T; = (S;, =i, =/, 89) € TSy, for i = 1,2. Then
T+ T =T(S, = —v,s") ,
where
5% = ch. (S, \ (S1 W S7)),
S ={s"U(S1¥S,),
and for every a € A:
L = {(% m(s)) | 89 1 sfU{(s% pa(s)) | 83 2 s}
U {(n(3) () | 5 1 8} U {(pals), () | 5 2 5} |
Sy ={s"] s Byt u{s® | s S}
U {pa(s) | s SvitU{pa(s) | s v} -
— Let T; = (S;, =i, =/, 89) € TS, for i = 1,2. Then
T Ty =T(S,—,—v,sY),
where
S =549,

s0 = Hl(s?) )

and for every a € A:

= = {(ul(s),,ul(s’)) | sy s’} U {(ul(s),ug(sg)) | s i>\/1}
O {(pals) () | 5 23 o}

Sy ={pa(s) | s Sva} -

We associate with the reachability predicate symbol — a relation = on TS,
as follows.

— Let T; = (S;, =i, =/, 89) € TSy, for i = 1,2. Then
Ty STQ iffEIseSlo(Tl)S:Tz.

In the definition of alternative composition on TS,, the connected part of a
transition system is extracted because the initial states of the transition systems
T1 and T> may be unreachable from the new initial state. The new initial state
is introduced because, in T7 and/or T, there may exist a transition back to the
initial state. In the definition of sequential composition on TS, the connected
part of a transition system is extracted because the initial state of the transition
system T may be unreachable from the initial state of the transition system T4
— due to absence of termination in 7T7j.

We do not associate relations on TS, with the summand inclusion, action ter-
mination and action step predicate symbols. They have defining axioms, which
explicitly define them in terms of the other nonlogical symbols of BPAf;O. There-
fore, it is known how to obtain the relations on TS, /< to be associated with
these predicate symbols from the elements of TS,; /<, operations on TS, /< and
relations on TS, /< to be associated with the other nonlogical symbols of BPAf;O.



Remark 3. The elements of TS, and the operations on TS, defined above are
independent of ch,. Different choices for ch, lead for each constant of BPAf;O to
isomorphic elements of TS, and lead for each operator of BPAgO to operations
on TS, with isomorphic results.

We can easily show that bisimilarity is a congruence with respect to alterna-
tive composition and sequential composition.

Proposition 3 (Congruence). For all T1,T5,T{,T5 € TS, (k > Ng), T1 & T}
and Ty =Ty imply Ty T To 2T + Ty and Ty = To = T) = Ty.

Proof. Let T; = (S;, —i, —/;,8%) and T = (S}, =%, —/4,8Y) for i = 1,2. Let
R; and Ry be bisimulations witnessing T < T} and T < T3, respectively. Then
we construct relations R; and R~ as follows:

— Ry = ({(s°,8")} Ui (R1) U p2(R2)) N (S x S”), where S and S’ are the sets
of states of T} F Ty and T} F T4, respectively, and s and s*’ are the initial
states of Ty F Ty and T] F Ty, respectively;

— R = (1 (R1) Upe(R2)) N (S x S"), where S and S’ are the sets of states of
Ty = Ty and T} = Ty, respectively.

Here, we write p;(R;) for {(ui(s), ui(s')) | Ri(s,s’)}, where p; is used to denote
both the injection of S; into S W Sy and the injection of S} into S] W .S5. Given
the definitions of alternative composition and sequential composition, it is easy
to see that Ry and R~ are bisimulations witnessing T + 1> < Ty F+ T4 and
Ty = Tp = T = T}, respectively. O

The full bisimulation models P, one for each k > Ny, consist of the follow-
6

ing:
— a set P, called the domain of *B,;
— for each constant ¢ of BPAf;O, an element ¢ of P; N
— for each n-ary operator f of BPAgO, an n-ary operation f on P;
— for each n-ary predicate symbol R of BPAf;O, a n-ary relation R on P;

where those ingredients are defined as follows:

P =TS./<

5 =[9], (] C[Tz] iff [Th]+[T2]=[T2],
a =(al, (1] %y i @ (T,

(T F[R]=[TTR], [1]% (D) if a7 [R] [0,
(T )7 [T2] = [T " Te], [Ty [Th] iff AT €[Ty]eT1 ST.

Alternative composition and sequential composition on TS /< are well-defined
because £ is a congruence with respect to the corresponding operations on TS.

6 9B is the Gothic capital P.



Reachability on TS, /< is well-defined because < preserves reachability on TS
up to <: if T3 & T} and Ty = Tb, then there exists a T4 such that T < T3 and
T = Ty

The structures B, are models of BPAf;O.

Theorem 4 (Soundness of BPAY). For all k > N, we have B, = BPA.

Proof. The soundness of all axioms, except RDPf and RSPf, follows easily from
the definitions of the ingredients of ... The soundness of RDPf and RSPf follows
immediately from Theorem 5 (see below), which states the soundness of RDP
and RSP. a

All finite and countably infinite guarded recursive specifications have a unique
solution in the full bisimulation models.

Theorem 5 (Soundness of RDP and RSP). For all k > g, we have
PBx = RDP and P, = RSP.

Proof. This is essentially the proof of soundness of RDP and RSP in the graph
models of ACP.. given in [11] adapted to the case without silent steps. a

Moreover, B and R are valid in the full bisimulation models.

Theorem 6 (Soundness of B and R). For all k > Ry, we have B, = B and
B F R

Proof. The soundness of B follows easily from the definitions of a7 v and z,
the definition of bisimilarity of transition systems and Proposition 4. The sound-
ness of R follows easily from the definitions of < and =%, the definition of the
reachability relation of a transition system and Corollary 2.7 a

As to be expected, the full bisimulation models are related by isomorphic
embeddings.

Theorem 7 (Isomorphic embedding). Let Ry < x < k’. Then P, is iso-
morphically embedded in B .

Proof. Tt follows immediately from the definitions of TSy, TS,/ and < that for
each p € TS, /<, there exists a unique p’ € TS,/ /< such that p C p’. Now
consider the function h : TS, /< — TSy /< where for each p € TS, /<, h(p)
is the unique p’ € TS,/ /< such that p C p’. Tt follows immediately from the
definition of h that A is injective. Moreover, it follows easily from the definitions
of the operations and relations on TS, /< and TS /< that h is a homomorphism
from P, to P... O

" Proposition 4 and Corollary 2 are in Sect. 6 and Sect. 10, respectively, because they
need definitions of auxiliary notions which are better in place in there.



In Sect. 6, we will show that every bisimulation model with standard reachability,
i.e. every model that additionally satisfies the second-order axioms B and R, is
isomorphically embedded in the models B, from some x > Ny. This explains
why the models 3, are called full bisimulation models: within the bound on the
branching degree set by k, B, is full.

The question whether all full bisimulation models are elementary equivalent
must be answered in the negative.

Theorem 8 (No elementary equivalence). We have Pyr, Z Poro, Pr, #
SB22N0 and m2“0 7_é mgzNO .

Proof. Py, Z Paro and Py, # Poono are proved as follows. Let a be an action.
Let ¢ be the following formula of £(BPAX):

Jre(z 50 AVye(z-Sy=Tze(z£yAa-S2zAz5Y))).
Clearly, Pu, = ¢, but Pax, = ¢ and Pooxy = ¢

Poso # P,one is proved as follows. Let a,a’,b,b" be different actions. Let
¢(x) be the following formula of £(BPAX):

Vy.(m—»y:>EI!zoyiz/\—'(ya—/x/(:)yb—lx/)).

For all k > R, there exist 2%0 different z in the domain of 9B,; for which ¢(z).
Let 1 be the following formula of £(BPAX):

Jwe (Vzo (d(z) = w LN z)) .
Clearly, Poro £ ¢ and Poono = 9. O

We conjecture that there exists a countably infinite set of infinite cardinal num-
bers U such that, for k, k" € U, P, Z Py if & # K.

We can summarize the state of affairs as follows. The full bisimulation models
P are models of BPAf;O in which RDP, RSP, B and R are valid. If k < &/, then
B, is essentially included in PB,/. Moreover, not all full bisimulation models
satisfy exactly the same formulas of £(BPAX). In subsequent sections, we will
see that the full bisimulation models have many more interesting properties.

6 External Bisimilarity

Each model of BPAf;O induces a transition system for each element of its domain.

Let 2 be a model of BPAY with domain P, a binary relation %’ on P for
each predicate symbol %, and a unary relation %,/ on P for each predicate
symbol -%./. Moreover, let p € P. Then the transition system of p induced by
A, written TS(, p), is defined as follows:

TS(A,p) =T(P, =", =V p) .

In each of the full bisimulation models, every element of the domain is an equiv-
alence class of transition systems. The transition system of an element induced
by the model is (up to isomorphism) a representative of that element.



Lemma 1 (.. induces representatives). Let p € TS, /< for some k > Ng.
Then TS(Px,p) € p.

Proof. Let TS(Px,p) = (P,—',—/,p). Take an arbitrary transition system
T =(S,—",—",s%) € TS, such that [T'] = p. Consider the relation B C Px S
defined as follows:

B=A{([(T)s],s) | s € 5}.

It is easy to see that B is a bisimulation between TS(P.,p) and T. Hence,
TS(Br,p) € [T] =p. O

Let 2 be a model of BPA with domain P. Then bisimilarity on P is defined
as follows:

p1r oy pe iff TS(A,pr) = TS(A, p2) .

Bisimilarity on the domain of a model of BPAY as defined above is called ez-
ternal bisimilarity. In each of the full bisimulation models, external bisimilarity
coincides with identity.

Proposition 4 (External bisimilarity is identity in ). Let p1,p2 €
TS,/ for some k > Ro. Then p1 2, p2 iff p1 = pa.

Proof. Follows immediately from Lemma 1. O

There does not exist a consistent extension of BPA with first-order axioms that
has only models in which external bisimilarity coincides with identity.

Theorem 9 (Undefinability of external bisimilarity). FEach first-order
consistent extension of BPAf;O has a model in which external bisimilarity is not
identity.

Proof. Suppose that there exists a first-order consistent extension of BPAf;O, say
BPAf;O U H, that has only models in which external bisimilarity is identity. A
contradiction is found as follows. Let cg, c1,co, ... and dg,dy, ds, ... be different
new constants; and let a, a’,a” be different actions. Consider the following sets
of formulas:

H/ Z{Co%do}U{Ci:a'Ci_H |ZZO}U{dZ=adH_1 |ZZO},
HLZ{Co%dQ}U{CZ’:a'CH_l|0§i<n}U{d¢:&'di+1|0§i<n}
U{en=d,d,=0a"}
(forn >0) .
Take an arbitrary model 2 of BPAY U H. It follows easily from the axioms
of BPAY that, for each n > 0, H!, is satisfied in the definitional expansion of
2 determined by the definitional extension of BPA® U H with the constants

€0y Cn, do,...,d, and the equations ¢; = a” % -a’ for 0 < i < n, ¢, = @,
d; =a"""a" for 0 <i < n,d, =a". Hence, for each n > 0, H/ is consistent with



BPAX U H. Each finite H” C H' is consistent with BPA® U H because there is
an n > 0 for which H” C H] . From this, it follows by the Compactness Theorem
that H’ is consistent with BPAY U H. Now conslder an arbitrary model A of
BPA® U H U H'. Because 2 satisfies H', we have ¢ # d2'. Since TS(QI' &)
and TS(Q[’ dQl ) are isomorphic tran81t10n systems, we have c%l v dQl Hence
because external bisimilarity is identity, it must be the case that cO = d3

which contradicts the fact that ¢ # d2'. O

We can summarize the state of affairs as follows. It is obvious that equality
derivable from BPA implies external bisimilarity in each model of BPA®. In the
full bisimulation models, external bisimilarity coincides with identity. However,
there also exist models of which the domain contains pairs of different elements
that are externally bisimilar. Moreover, those models cannot be excluded by
extending BPAY with first-order axioms.

The above-mentioned discrepancy can for the greater part be eliminated in
second-order logic, as indicated below by Theorem 10. This theorem states that
each bisimulation model with standard reachability is isomorphic to a substruc-
ture of one of the full bisimulation models.

Theorem 10 (Isomorphic embedding). Let A be a model of BPAY such that
A ER. Then A = B iff A is isomorphically embedded in P, for some k > Ng.

Proof. The implication from left to right is proved as follows. Let P be the
domain of 2, " be the cardinality of P, and x > x’. It follows immediately from
the definitions of TS and TS, that for each p € P, TS(, p) € TS,. Now consider
the function h: P — TS, /<2 such that for each p € P, h(p) = [TS(2, p) ]. Because
2 &= B, it follows immediately that h is injective. Because the implications from
right to left are derivable, the occurrence of “=-" in axioms SI7—SI9 (Table 1) can
be replaced by “ < 7. It follows easily from these equivalences and the definitions
of alternative composition and sequential composition on TS, /< (Sect. 5) that
h is a homomorphism with respect to these operations. From this, it follows
immediately by axioms SI1, TR1 and TR2 that h is also a homomorphism with
respect to the summand inclusion, action termination and action step relations.
Because 2 | R, it follows immediately that h is a homomorphism with respect
to the reachability relation. The implication from right to left is trivial. a

Models of BPAf;O other than bisimulation models with standard reachability
are to BPAf;O as nonstandard models of number theory are to number theory.

7 Observational Equivalence

In this section, we have a closer look at observational equivalence as defined
n [12]. This equivalence on the domain of models of BPAY is closely related to
external bisimilarity. Observational equivalence is defined in the following way.

Let 2 be a model of BPAY with domain P, a binary relation %’ on P for
each predicate symbol -%, and a unary relation %,/ on P for each predicate
symbol %,/. Then equivalences ~,C P x P for each n > 0 are defined as follows:



Table 4. Approximation induction principle

T~y OBSo

T ~ntl Y &
Naeal(z v &y =5v) A

Vo'e(z 52" = W ey >y A ~y)) A

Vy' e (y Sy = Az’ e (z 52" A 2’ ~ny))) OBSn+1
T~y S NS~y OBS

T~y > T=Y ATP

— p1 ~o p2 for all py,ps € P;

= P1 ~nt1 p2 if
o p1 5V iff pp SV
o if p; -/ p}, then there is a p), € P such that py ' ph and p) ~,, ph;
o if py -/ ph, then there is a pj € P such that p; ' p| and p}| ~,, ph.

Now, p1 and py are observationally equivalent in A, written py ~g p2, if p1 ~n D2
for all n > 0.

If all transition systems that can be extracted from a model are finitely
branching, then observational equivalence and external bisimilarity coincide.

Theorem 11 (Observational equivalence vs external bisimilarity). Let
2 be a model of BPAY with domain P. Then ~g = <y if TS(2, p) € TSy, for
allp e P.

Proof. The proof is analogous to the proof of the corresponding property for
process graphs given in [13]. O

An interesting extension of BPAX is obtained as follows. We add to the
nonlogical symbols of BPAf;O, for each n > 0, a binary observational equivalence
up to depth n predicate symbol ~, and a binary observational equivalence
predicate symbol ~ . Moreover, we add the axioms given in Table 4 to the
axioms of BPAgO. OBS, 41 is actually an axiom schema with an instance for each
n > 0.

Axiom OBSy is the defining axiom of the observational equivalence up to
depth 0 predicate; and OBS,;; is an axiom schema whose instances are the
defining axioms of the observational equivalence up to depth n + 1 predicates.
Axiom OBS is the defining axiom of the observational equivalence predicate.
Axiom AIP is called the approzimation induction principle.

We write P2 (k > Vo) for the unique definitional expansion of 3, determined
by the definitional extension of BPAf;O with the binary predicate symbols ~q, ~1,
~2, ... and ~ and axioms OBSg, OBSy, ... and OBS. AIP is valid in By , but
not in P with k > N;.

Theorem 12 (Soundness of AIP). We have P77 = AIP iff k = V.



Proof. Tt follows immediately from Proposition 4 and Theorem 11 that P77 |=
AIP if k = Ng. For k > Xy, we have the following counterexample. Fix an a € A.
Consider the transition systems T = (S1, —1,0,0) and Ty = (Sa, —2, 0, 0) where

Si ={0}U{(i,j) [i,jeNi>j=>1},
<51 ={(0,(5,1)) i € N,i = 13 U{((4,5), (i,5+1)) [ 1,5 €Nyi > j > 1},
=0 for every a’ € A such that o’ # a,
and
Sy =S1UN,
Ly =S U {(i,i+1)|ieN},
2y =0 for every a’ € A such that a’ # a.

Clearly, T1,T5 ¢ TSy,. Because T3 has no infinite branch and 7% has an infinite
branch, T7 % g~ To. However, Ty ~gp~ To. O

All models of BPAf;O U AIP satisfy B. Here, and in Theorem 23, we abuse the
name AIP for the set of axioms {OBS,, | n > 0} U {OBS, AIP}.

Proposition 5 (AIP implies B). We have BPA® U AIP = B.

Proof. Take a model 2 of BPAf;O UAIP with domain P. Let p,p’ € P. It is easily
proved by induction on n that p ©g p’ implies p ~, p’ (in 2A) for each n > 0.
Because AIP is satisfied, it follows immediately that B is satisfied. a

We can summarize the state of affairs as follows. In the models of BPAY from
which only finitely branching transition systems can be extracted, observational
equivalence coincides with external bisimilarity. It happens that observational
equivalence can be used to formulate AIP. The strength of AIP is witnessed
by the fact that B3 is the only full bisimulation model in which AIP is valid.
Moreover, in all models in which AIP is valid, B is also valid.

ATP was first formulated in [14]. To the best of our knowledge, the formulation
given here is the first one using observational equivalence explicitly. In [15,16],
more can be found on bisimulation models in which AIP is valid. However, in
those papers, only bisimulation models of PA, i.e. ACP without communication
(see also Sect. 13), are considered.

Note that the defining axiom of observational equivalence is a formula of
L.,.(BPAR). Observational equivalence is not definable in £(BPAX). Tt is shown
in [17] that external bisimilarity is not even definable in £, ., (BPAK).

8 SOS-Based Bisimilarity

It is customary to associate transition systems with closed terms of the language
of an ACP-like theory about processes by means of structural operational se-
mantics and to identify closed terms if their associated transition systems are
bisimilar. In this section, we briefly dwell on this approach.



Table 5. Axiom schema for the constants (X |E)

Ni<icn (Xl E) = ti((Xa|E), ..., (Xn|E))

Table 6. Structural operational semantics of BPAL

a2y

TSy y Sy x5 Y-y

Ty Sy xtySy xty-Sa zdySy

xSy L

zySy zoyLa-y

LB Xl B) Sy
(Xi|B) Sv

t((X1|E), ..., (Xn|E)) = o’
(Xi|E) = o'

In the presence of recursion the approach requires a special provision, namely
constants for the solutions of recursive specifications.

We add to the nonlogical symbols of the first-order theory BPAf;O, for each
finite guarded recursive specification F and each variable X that occurs as the
left-hand side of an equation in F, a constant standing for the unique solution
of E for X. This constant is denoted by (X|E). Moreover, we add the axiom
(schema) given in Table 5 to the axioms of BPA®. We write BPAQ for the
resulting theory. RDPc is an axiom schema with an instance for each guarded
recursive specification E. Note that the models of BPAf;OC are simply the expan-
sions of the models of BPA® obtained by associating with each constant (X |E)
the unique solution in the model concerned of E for X.

The structural operational semantics of BPA is described by the transition
rules given in Table 6. It determines a transition system for each process that can
be denoted by a closed term of £L(BPAX). These transition systems are special
in the sense that their states are closed terms of £L(BPAX).

Let ¢ be a closed term of £(BPAL). Then the transition system of ¢ induced
by the structural operational semantics of BPA written TS(t), is the connected
transition system I'(S, —, —/, s°), where:

— S is the set of closed terms of E(BPAf;‘f:);

— the sets % C S x S and %/ C S for each a € A are the smallest subsets of
S x S and S, respectively, for which the transition rules from Table 6 hold;

—sYeSist.



Clearly, the structural operational semantics does not give rise to infinitely
branching transition systems. In other words, for each closed term t of £L(BPAR),
we have TS(t) € TSy,

Let ¢, and t5 be closed terms of £(BPAX). Then we say that ¢; and ¢, are
bisimilar, written t1 S5 to, if TS(t1) & TS(t2).

We have the following relationship between bisimilarity of terms, which is
based on structural operational semantics, and validity of equations in models
of BPAL.

Theorem 13 (SOS-based bisimilarity and validity of equations).

1. Let ty,ts be closed terms of E(BPAf;O). Then t1 Seos Lo tmplies A = t1 = to
for all models A of BPA®.

2. Let t1,to be closed terms of L(BPASOC). Then t1 Zsos ta tmplies A =1 # to
for all models A of BPA®.

Proof.
Proof of part 1. It follows easily from the structural operational semantics of
BPAf;% that, for all closed terms 1, to of L(BPASO), t1 S0 o i BPAf;‘f: Ft =1
(see also [18]). From this, it follows immediately that, for all closed terms t1,t2
of E(BPAf;O), 11 Sos to implies A = ¢ = to for all models 2 of BPAE%.
Proof of part 2. It follows easily from the structural operational semantics of
BPA that, for all closed terms ¢, t5 of L(BPAR), ¢ <o t2 iff BPAR U{OBS, |
n > 0} F ¢ ~y, to for all n > 0 (see also [18]). Moreover, for all closed terms
t1,ty of L(BPAR) and n > 0, either BPA U {OBS, | n > 0} F t; ~, t5 or
BPAX U {OBS, | n > 0} F = t; ~, ta, but not both. This is easily proved
by induction on n. As a consequence, for all closed terms ¢q,ts of L(BPAEZ),
t1 Pos to iff BPAR U{OBS, | n > 0} F = t; ~, ty for some n > 0. From this,
it follows easily that, for all closed terms t1, s of L(BPAS‘;), t1 Zsos to implies
BPAY - = t; = t,. From this, it follows immediately that, for all closed terms
t1,to of E(BPAf{é), t1 Psos to implies A |= = 1 = to for all models A of BPAf;OC.
O

This theorem implies that, for closed equations of £(BPAY), validity in all mod-
els coincides with (SOS-based) bisimilarity of the closed terms concerned.

We could have introduced constants for the solutions of unguarded recursive
specifications as well. In that case, the structural operational semantics would
have given rise to countably branching transition systems. Moreover, it would
have fixed a particular solution for each unguarded recursive specification. In
this paper, we do not consider unguarded recursion.

The following remark on fixing a particular solution in the case of unguarded
recursion is in order. Suppose that we also add to the nonlogical symbols of
the first-order theory BPAX a constant, denoted by (X|E), for each finite un-
guarded recursive specification E and each variable X that occurs as the left-
hand side of an equation in E. Consider the two unguarded recursive specifica-
tions X =a- X+Xand Y =0b-Y +Y, where a and b are different actions. The
structural operational semantics of BPA described in Table 6 fixes the obvious



solution for each of these unguarded recursive specifications. However, as usual
with unguarded recursive specifications, both have more than one solution. The
problem is not so much that they have more than one solution, but that the sets
of solutions are not disjoint. For example, the solution of the guarded recursive
specification Z = a - Z + b - Z is a common solution of X = a- X + X and
Y =b-Y +Y. The common solutions exclude any possibility to achieve that
AE(XH{X =a- X+ X})#FH{Y =b-Y +Y}) for all models 2, although
(X|{X =a- X + X}) s (Y{Y =b-V +Y}).

9 A Modal Fragment of £L(BPAY)

In this section, we have a closer look at a modal fragment of £(BPAY). This
fragment corresponds to a variant of HML (Hennessy-Milner Logic), a simple
modal logic introduced in [12] to give a modal characterization of bisimilarity.

The set M of modal fragment formulas of E(BPASO) is inductively defined as
follows:

— if z is a variable, then z = z € M;

— if ¢ € M, then = ¢ € M;

— if (;51,(;52 € M, then ¢1 A ¢g € M;

— if @ € A and z is a variable, then z %,/ € M;

— ifa € A, z,y are different variables and ¢ € M, then Jye(z >y A ¢) € M.

We write M for the subset of M that contains all formulas from M in which
exactly one variable occurs free. The set M of one-variable modal fragment
formulas has an interesting property: M; is essentially the set of formulas of
L(BPA) that are invariant for external bisimulation.

Theorem 14 (Invariance for external bisimilarity). Let 2 be a model of
BPAY with domain P, and let ¢ be a formula of L(BPAX). Then the following
are equivalent:

— A E olp1] iff A = dlp2] for all p1,p2 € P such that p1 Sy pa;
— there exists a formula ¢' € My such that ¢ < ¢'.

Proof. The proof is analogous to the proof of the corresponding property for
first-order formulas that correspond to HML-like modal formulas given in [17].
O

We have the following corollary of Theorem 14.

Corollary 1 (External bisimilarity implies indistinguishability). Let 2
be a model of BPAgO with domain P, and let p1,ps € P. If p1 &y pe, then for

all € My we have A = dp1] iff A = Plp2).

In general, we do not have the converse of Corollary 1. The transition systems
from the counterexample used in the proof of Theorem 12 provide a counterexam-
ple here as well. However, we do have the converse in the case of finite branching.



Theorem 15 (Indistinguishability implies external bisimilarity). Let 2
be a model of BPAf;O with domain P, and let p1,p2 € P. If for oall ¢ € My we
have A |= ¢[p1] iff A = ¢[p2] and moreover TS(A, p1), TS(A, p2) € TSy,, then
P12 p2-

Proof. The proof is analogous to the proof of the corresponding property for
HML-like modal formulas given in [19]. O

Now we come back to the variant of HML of which the formulas correspond
to the formulas in M. HML is a modal logic introduced in [12] to be used
in a setting where no distinction is made between successful termination and
deadlock. The variant of HML considered here is adapted to a setting where
distinction is made between successful termination and deadlock. This variant is
henceforth also called HML. The set H of HML formulas is inductively defined
as follows:

- TeH;

— if ¢ € H, then - ¢ € H;

— if Y1,y € H, then Y1 A 9 € H;
— if a € A, then (a)y € H;

— ifa € A and ¢ € H, then (a) ¢ € H.

There is a “standard translation” from HML formulas to formulas of £(BPA).
Let x be a fixed but arbitrary variable. Then the translation of HML formulas
is defined as follows:

T =x=ux,

=¥ ==,

(V1 A h2)® =11® A ihe®

(@)ve =75y,

(ayv)* =3Fye(z Sy A v*(y)) where y is a fresh variable.

This translation is justified by the fact that satisfaction for HML formulas v is
defined such that A |= o iff A |= Vo e )°.

Clearly, the image of the translation from HML formulas to formulas of
L(BPAY) consists of all formulas from M of which the free variable is . HML is
a modal logic which has been devised to complement the process algebra CCS [3,
4] with a formalism that allows one to express and verify properties of processes
which are definable directly in terms of the action steps that are possible at any
stage. Apparently, BPAf;O can be considered to include a process algebra and a
variant of HML as fragments.

10 Deadlock Freedom

In this section, we add a deadlock freedom predicate to BPAf;O. In Sect. 2, we
demonstrated that the deadlock freedom predicate can be explicitly defined by



Table 7. Axioms for deadlock freedom

~ dIf() DLF1
NaeaVZ,y o (dif(z) Az 5y = dif(y)) DLF2
2 P(0) AN NogeaVZ,y o (P(z) A Sy = YP(y)) = Yxe(P(z) = dif(z)) DLFS

using the reachability predicate. Here, the deadlock freedom predicate will be
implicitly defined without using the reachability predicate.

We add to BPAf;O the unary deadlock freedom predicate symbol dIf and the
axioms given in Table 7. We write DLF for this set of axioms. DLFS is an axiom
schema where 9 (z) is a formula of £L(BPAY UDLF). Axiom schema DLFS is an
induction schema.

The deadlock freedom predicate that is implicitly defined by DLF is equiva-
lent to the one that is explicitly defined by using the reachability predicate.

Theorem 16 (Explicit definability of deadlock freedom). We have
BPAX UDLF F dif(z) & =z — 6.

Proof. We will apply RS, taking dIf (z) = y # ¢ for ¢(x, y), to prove the implica-
tion dIf(z) = — & — 0. When we have shown that x — y = (dIf(x) = y #9),
we can first conclude by substitution of ¢ for y that x — 6 = - dIf(z), and
then by contraposition that dif(z) = - 2 — 4.

It remains to be shown by means of RS that x — y = (dIif(z) = y # 9).
First of all, we immediately conclude from DLF1 that

Va' e (dIf(z') = 2/ #9).
Moreover, we conclude from DLF2, using substitutivity of implication, that
V' y' 2 e /\ («/ <, y A (dIf(y) = 2/ #6) = (dif(z') = 2/ #9)) .
a’eA
Using the subprocess induction schema, it follows from these conclusions that
x—y = (dif(z) = y #£9).
We will apply DLFS, taking - & — 6 for 1(z), to prove the reverse implica-

tion =z — § = dif(x).
First of all, we immediately conclude from R1 that

(= d—9).

Moreover, we conclude from R2, because (v % y A y — 2 = 1 —» 2) &
(nx—>2zAx-Sy = -y— 2), that

/\Vx,y-(ﬂx—»é/\mﬂyé —y—0).
a€A

Using DLF'S, it follows from these conclusions that Vze(— z — 0 = dif(z)). O

Using Proposition 1 and Theorem 16, we can easily prove that, for example, the
solution of the guarded recursive specification X = a - X is deadlock free.



Proposition 6 (Solution of X = a- X is deadlock free). We have BPAY U
DLFF X =a-X = dIf(X).

Proof. Suppose — dIf(X). By Theorem 16, then also X — §. We distinguish
three cases according to Proposition 1:

— X = 4. Then, because X = a- X, also § = a-§. This is equivalent to a-§ C 6,
which contradicts axiom SI3.

— X % § forsome a € A. Then a-J C X. Because X = a-X, this is equivalent
toa-0 C a-X. This in turn implies 6 = X, which contradicts the conclusion
of the previous case that X # 4.

— X % z for some a € A and z # X with 2 — 6. Then a - z C X. Because
X = a- X, this is equivalent to a - z C a - X. This in turn implies z = X,
which contradicts the fact that z # X.

So — dIf(X) leads in all cases to contradiction. From this, we conclude that
dIf (X). O

Let 2 be a model of BPAX U DLF with domain P. Then reachability and
deadlock freedom on P are defined as follows:

p1 —»ap2 iff pr—pa2,

where — is the reachability relation of TS(2, p1);
difg(p) iff not p —»g 6% .

Reachability and deadlock freedom on the domain of a model of BPAY U DLF
as defined above are called external reachability and external deadlock freedom,
respectively.

We write 4 (k > Rg) for the unique definitional expansion of B, deter-
mined by the definitional extension of BPAf;O with the unary predicate symbol
dIf and the formula dIf(z) & — = — §. In the proof of Proposition 8 (see be-
low), we will use the next lemma. It states that in the models P4, external
reachability coincides with internal reachability.

Lemma 2 (External reachability is internal reachability in PB4f). Let
p1,p2 € TS, /< for some k > Rg. Then py —par P2 iff p1 = pa.

Proof. By Lemma 1, TS(B,,p1) € p1 and TS(P,,p2) € p2. Hence, p; = py iff
[TS(Ps,p1)] = [ TS(Px,p2) . It is easy to see that p is a state of TS(Py, p1) iff
p1 — p where —» is the reachability relation of TS(B.,p1); and also that, if p is
a state of TS(P, p1), (TS(Pw,p1))p = TS(P«, p). From this, and the definitions
of = and =, it follows that [TS(Bx,p1)] = [TS(Pk,p2)] iff there exists a
p such that p; —q, p and TS(Psx,p) € [TS(P, p2) ]. Moreover, by Lemma 1,
TS(Px,p) € [TS(Pr, p2) | iff p = pa. Thus, we conclude that py — po iff p1 — g,
p2. Because P is a definitional expansion of B, it follows immediately that
also p; = po iff py i P2. O



A wuseful corollary of the proof of Lemma 2 is the following.

Corollary 2 (External reachability is internal reachability in 93,). Let
p1,p2 € TS,/ for some k > Rg. Then p1 —»gq,. p2 iff p1 = poa.

In the models of BPAY U DLF, internal deadlock freedom implies external
deadlock freedom.

Proposition 7 (Internal deadlock freedom implies external deadlock
freedom). Let A be a model of BPAY U DLF with domain P and let p € P.
Then dIf* (p) implies difg((p).

Proof. By Theorem 16, dIf? (p) iff not p —' 6%, where —’ is the binary relation
on P associated with the predicate symbol — in 2. By the definition of external
deadlock freedom, dIfg(p) iff not p —" 6%, where —"' is the reachability relation
of TS(, p). It follows immediately from axioms R1, R2 and RS of BPAY (Ta-
ble 1) and the definition of reachability relation of a transition system (Sect. 4)
that for all p’,p” € P, p’ —" p" implies p’ —' p”. Hence, p —" §* implies
p —' §%; and by the above-mentioned equivalences dlfm(p) implies dify(p). O

dif

K

In the full bisimulation models external deadlock freedom coincides with

internal deadlock freedom.

Proposition 8 (External deadlock freedom is internal deadlock free-
dom in PB4, Let p € TS, /< for some k > Ng. Then difgar (p) iff dif (p).

Proof. By Lemma 2, p —»qar 6 iff p = §. Hence, dIfgar (p) iff not p — J. By
Theorem 16, also (]ﬁ(p) iff not p = 0. From this, it follows immediately that
dlfmilf (p) iff dif(p). O

There does not exist a consistent extension of BPAX U DLF with first-order
axioms that has only models in which external deadlock freedom coincides with
internal deadlock freedom.

Theorem 17 (Undefinability of external deadlock freedom). Fach first-
order consistent extension of BPAUDLF has a model in which external deadlock
freedom is not internal deadlock freedom.

Proof. Suppose that there exists a first-order consistent extension of BPAf;O U
DLF, say BPAf;O UDLF U H, that has only models in which external deadlock
freedom is internal deadlock freedom. A contradiction is found as follows. Let
cp,C1,Ca,... be different new constants; and let a be an action. Consider the
following sets of formulas:

H ={-dlif(co)}U{ci=a-cit1]i>0},
H) = {=dlf(co)} U{ci =a-ciy1 |0 <i<n}U{c, =0} .

Take an arbitrary model 2 of BPAgO U DLF U H. It follows easily from the
axioms of BPAY U DLF that, for each n > 0, H/, is satisfied in the definitional



expansion of 2 determined by the definitional extension of BPAY UDLF U H
with the constants cg,...,c, and the equations ¢; = a™ % -4 for 0 < i < n and
cn = 8. Hence, for each n > 0, H/, is consistent with BPAf;O UDLF U H. Each
finite H” C H’ is consistent with BPAX UDLF U H because there is an n > 0
for which H” C H/. From this, it follows by the Compactness Theorem that
H' is consistent with BPAY U DLF U H. Now consider an arbitrary model 2’
of BPAX UDLF U H U H'. Because 2’ satisfies H', not dif (). Tt is easy to
see that the reachability relation — of TS(, ¢’) is such that not ¢ — 6%
This means that dIfg (c%‘,). Hence, because external deadlock freedom is internal
deadlock freedom, dIf* (¢2'), which contradicts the fact that not dif* (¢2). O

Apparently, there is a discrepancy in relation to deadlock freedom which is sim-
ilar to the discrepancy in relation to bisimilarity found in Sect. 6.

We can summarize the state of affairs as follows. Deadlock freedom derivable
from BPAY UDLF implies external deadlock freedom in each model of BPAY U
DLF. In the full bisimulation models 3¢, external deadlock freedom coincides
with internal deadlock freedom. However, there also exist models of which the
domain contains elements that are externally deadlock free, but not internally
deadlock free. Moreover, those models cannot be excluded by extending BPAf;O U

DLF with first-order axioms.

11 Determinism

In the previous section, the relation between external deadlock freedom and
internal deadlock freedom in models of BPA U DLF was analysed in detail.
It is obvious that there are other properties of processes of which the relation
between the external version and the internal version can be analysed. In this
section, we briefly consider one other property, namely determinism.

The determinism predicate symbol det is explicitly defined in terms of
L(BPA) by

det(z) & Vye (x—»y = /\((y Ly = Vzemy S z) A
acA Vz, 2 e (y B2 Ay 52 = z:z'))).
External determinism can be defined in the same vein as external deadlock free-
dom.

In this case, it is easy to see that there exist models of the extension of
BPAf;O with determinism in which external determinism does not coincide with
internal determinism. We know from Theorem 9 that each first-order extension
of BPAX has a model of which the domain contains pairs of different elements
that are externally bisimilar. Let 2( be such a model, and let p and p’ be elements
from the domain of 2 such that p < p’ and not p = p’. Clearly, the element
a® 2 p 42 o™ 2 p is externally deterministic, but not internally deterministic.

It is also easy to see that external determinism coincides with internal deter-
minism in the unique expansions of the full bisimulation models B, determined



Table 8. First-order and second-order axioms for restricted reachability

T T RR1
THYANY 2 =Tz RR2
Iy e P (z,y) ifaZb RR3
x y N

Va',y', 2 e (o(a',2") A (@ Sy A oY, 2) = (@) = o(z,y) RRS

VRe(z >y A
vz’ y' 2" e (R(z',2") A (2" Sy A R(Y,2') = R(z',2")) = R(z,y)) RR

by the explicit definition of det. We know from Proposition 4 that external bisimi-
larity coincides with identity in those models; and we know from Corollary 2 that
external reachability coincides with internal reachability in those models. From
this, it is clear that external determinism coincides with internal determinism in
those models.

12 Restricted Reachability

In this section, we present an interesting extension of BPAY, called BPAL . It is
obtained as follows. We add to the nonlogical symbols of BPAf;O, for each a € A,
a binary reachability by a-steps predicate symbol -*» . Moreover, we add the
axioms given in Table 8, with the exception of RR, to the axioms of BPAf;O.
In axiom RR3 and henceforth, *®(z,v), where a and b are different actions,
stands for the formula

y L e AVTe(y 2T = 2=1) A
Vy' e (yi»y’ = Elx’,x”o(y’im:’ A \/a:’i>x” =
a’ €A
E”y//.(y/i)y// A y//i)x//)) A
Elx’,y”o(y’im:’ A ylﬁy// =
E“m//.(\/x/a_')x// A y//i)x//)))
a’€A

RR1-RR3 are axiom schemas where a and b are action constants. RRS is an ax-
iom schema where a is an action constant and ¢(z, y) is a formula of L(BPAL ).
The differences of RR1, RR2 and RRS with R1, R2 and RS reflect that —Z»
is the restricted kind of reachability in which only action «a is involved. We will
return to the additional axiom schema RR3 below. Axiom schema RRS is called
the restricted subprocess induction schema.

Similar to RS, the first-order axiom schema RRS does not exclude all models
in which there are processes that have more processes reachable by a-steps than
needed to satisfy the instances of axiom schemas RR1 and RR2. Similar to R,



the second-order axiom schema RR from Table 8, where a is an action constant,
would exclude all such models.

One can think of ¢¥*?(x,y) as a formula expressing that y produces an in-
dexing of the processes reachable from x with a set of processes reachable from y
by a-steps only. Axiom schema RR3 excludes models in which such an indexing
cannot be produced for all processes. This looks to be indispensable to establish
that the (unrestricted) reachability predicate is explicitly definable by means of
a restricted reachability predicate. It is unknown to us whether RR3 is derivable
from the other axioms of BPAL .

Note further that axiom schema RR3 induces the existence of an indexing
operator for each pair of different actions a and b. The formula

Xap(T) =y & *(z,y)

is an explicit definition of this operator in terms of £(BPAX ). Thus, a defini-
tional extension of BPAY is obtained. Hence, every model of BPAX can be
expanded in a unique way with an indexing operation that satisfies this formula.

Using an auxiliary operator X, ;, we can equationally characterize x4, as follows:

where ¢ stands for an arbitrary constant of BPAR  (i.e. c € AU {d}).

orr
Now we come back to the explicit definability of unrestricted reachability.

Theorem 18 (Explicit definability of unrestricted reachability). We
have BPA® + 2 — y o P_ (x,y), where P_ (z,y) stands for the following
formula of L(BPAX ):

orr
Fzo (P*0(2,2) A T2 e (22 A2 LN y)) .
with a and b different actions.

Proof. We will apply the subprocess induction schema RS, taking P_, (x,y) for
¢(x,y), to prove the implication x — y = P_, (z,y).

First of all, we conclude from RR1 and RR3, because z/J“7b(x, z) = z LN x,
that

Vo' e P_, (2, 2) .
Moreover, using SI1, SI9, TR2 and RR2, we easily derive the following:
2 2yl A V(Y u) A Fu" e (W S u A LR Z) =

Y a-u +b-2') AT e (@ +b-2) B U A u”inz’).



Hence, we conclude from RR3, using existential generalization, that

V', y' 2 e /\ (z/ <, Yy AP_(y.2) = P_(2/,2)).
a’€A

Using the subprocess induction schema, it follows from these conclusions that
x—y = P_(x,y).

In the proof of the implication P_.(x,y) = z — y given below, p(u,u’)
stands for the formula

3z o 0 (z,u) =
Az e (V2P (2,u) A u-»u’ A lye (v Loy A z—y)) .

We will apply the restricted subprocess induction schema RRS, taking p(z, y) for
¢(x,y). When we have shown in this manner that v = v’ = p(u,u’), we can
conclude that P_, (z,y) = x — y as follows. Assume P_, (z, y). Then there exist
wand v’ such that Y®?(z,u) A u 2w A u' 5 y. Because u 2> v/ = p(u,u’),
also p(u,u’). This immediately gives x —» y.

It remains to be shown by means of RRS that u » v’ = p(u,v’). First of
all, we conclude from RR1 and R1, because ¢¥%°(x,u) = u LN x, that

YVu o p(u,u) .

Moreover, using RR2 and R2, we easily derive from the hypothesis 3z e)®(z, u)
the following implications:

!’
w5 u A P(a u) = e (w“’b(x,u) A \/xi»x’) )
a’€A
u-u Au B = uB

\/mimj’ /\EI!y.(u”gy/\x’—»y) :>E|!y.(u”i>y/\x—»y).
a’€A

The left-hand sides of the first and second implication are conjunctions of u % '’
and (an instance of) one of the first two conjuncts occurring in the right-hand
side of p(u’,u”). The left-hand side of the third implication is a conjunction of
the second conjunct occurring in the right-hand side of the first implication and
(an instance of) the third conjunct occurring in the right-hand side of p(u’, u").
Hence, we also conclude that

Vu,u' u” o (u 5w’ A p(u/ ) = p(u,u)) .
Using the restricted subprocess induction schema, it follows from these conclu-
sions that u < v’ = p(u,u’). o
The following is a corollary of the proof of Theorem 18.
Corollary 3 (RRS implies RS). We have BPA® \ RS = RS.

orr

Moreover, in the models of BPA | R holds if RR holds.

orrs



Theorem 19 (RR implies R). We have BPA® URR = R.

Proof. Suppose Va',y', 2 o(R(2',2') N N,ea(@ =y A R(y',2') = R(2,2))).
Then we must show that BPA® URR =z — y = R(z,y). BZ Theorem 18, it
is sufficient to show that Yu,u’ e (v*(z,u) A u 2 u' A v 2y = R(x,y)).
This is done by induction on the number of steps, say k, required for u Z» u'.
If £ =0, then we immediately have R(z,y). If kK = n + 1, then there exists a u”
such that u - u” and u” <> «’. It follows from ¢**(z,u), that there exists a
unique 2" such that z <> 2 for some action o’ and v’ - 2”’. By the induction

hypothesis, R(z",y). From z <, 2" and R(x",y), it follows that R(x,y). O

For each k > Ng, PBi7 is the expansion of B, that additionally has for each
predicate symbol -“» a binary relation —» on TS, /< defined as follows:

(Ty] % [Tp] iff 3T € [To] o Ty % T,

where 2+ is a binary relation on TS, which will be defined below. However,
we first introduce an auxiliary notion. Let T = (S, —, —/, s") be a transition
system. Then, for each a € A, the reachability by a-steps relation of T is the
smallest relation 2» C S x S such that:
a

— 5 —» 8

— if s % 5" and s’ 2 s, then s 2» 5.
We write RS, (T) for {s € S | s¥ %» s}. Now the relation —» on TS, is defined
as follows. Let 11,715 € TS,.. Then

Ty 5 Ty iff 35 € RSo(T) o (T1)s = Tb -

Reachability by a-steps on TS, /< is well-defined because & preserves reacha-
bility by a-steps on TS, up to <.
The structures P are models of BPAL .

Theorem 20 (Soundness of BPAX ). For all k > R, we have P = BPAL .

Proof. Because P’ is an expansion of P, it is sufficient to show that the ad-
ditional axioms for restricted reachability are sound. The soundness of all addi-
tional axioms for restricted reachability follows easily from the definitions of the
ingredients of Pr. O

The extension of BPA® to BPA® may seem at first sight rather far-fetched.
However, unrestricted reachability is explicit definable in BPAX . Moreover, in
all models of BPA | the validity of RS is implied by the validity of RRS and
the validity of R is implied by the validity of RR. All this strongly suggests that
restricted reachability is more basic than unrestricted reachability. In addition,
we will see in Sect. 16 that ACP™ i.e. the first-order extension of ACP presented
in Sect. 13, can be interpreted in BPAL

orr*



Table 9. Bar induction schema

Naeat(@) A Vze(m00(z) = (Vye Apenle =y = ¢(y) = $(2))) =
Vz e (- oo(z) = ¢¥(z)) BAR

It is unknown to us whether the restricted reachability predicates -%» are
definable in terms of £(BPA®) in BPAYX. In any case, the extension turns out

to have great expressive power. Consider the following formula of £(BPAD ):

EIz.(Vu-(zi»u = MWeu v A

b 7
' eu = u' A /\ —\Elw.uiwu) A
a’€A,a’#a,b
b
z—=x N

Vu,v.(zi»u/\uﬂvé

b b !
Elu’,v’-(u—>u’/\v—>1//\ \/u’iw/))),
a’eA

where a and b are different actions. We use oo(z) as an abbreviation of the
above formula. Let 2 be a model of BPAY with domain P, and let p € P. Then
A = —oo(x) [p] only if p has no infinite path in TS(2, p). If 2 is one of the full
bisimulation models P, “only if” can be replaced by “if and only if”. It looks
to be that there is no formula of £(BPAX) with analogous properties.

The axiom schema BAR given in Table 9 can be used to prove properties of
all processes that have no infinite path. BAR is an axiom schema where ¢ () is
a formula of £(BPA ). Axiom schema BAR is an induction schema, called the
bar induction schema.

BAR is valid in the full bisimulation models 3.
Theorem 21 (Soundness of BAR). For all k > Rg, we have P = BAR.

Proof. We define an ordinal function |-| on the domain P of B} as follows:

— it {p’ [p = p'} = 0, then |p] = 0;

—if{p’ | p = p'} # 0 and {|p| | p = p'} has a maximal element, then
Ipl = max{[p'] | p = p'} +1;

—if{p | p > p'} # 0 and {|p'| | p = p'} has no maximal element, then
Ipl = supf{lp’[ | p = p'}-

Because p a, p’ implies |p’| < |p| if p has no infinite path, it is easily proved by
transfinite induction on |z| that BAR is valid in 3. O

13 The First-Order Theory ACP®

In this section, we present ACP, a first-order extension of ACP. Like in BPA™,
it is assumed that there is a fixed but arbitrary finite set of actions A with § ¢ A.



Table 10. Additional axioms for ACP™ (a,b,c € As)

zlly=z|ly+yllz+z|y CMI alb="bla C1
allz=a =z CM2 (a|b)|c=a](b]c) C2
a-zlly=a-(z|y) CM3 dla=94 C3
(z+y)|lz==x]z+y|lz CM4
a-z|b=(al|b)- x CM5 du(a) =a ifag H D1
alb-z=(al|b)- x CM6 Ou(a) =10 ifae H D2
a-x|b-y=(alb)-(z]y) CMT7T  Ou(

(

z+y)=0u(z)+9du(y) D3
(z+y)|lz=z|z4+y]|=z CM8 Ou ) =0u(z) - 0u(y) D4

z|l(y+2)=z|y+zx|=z CM9

We write As for AU{8}. In ACP™, it is further assumed that there is a fixed but
arbitrary commutative and associative communication function |:As x As — As
such that § | a = ¢ for all a € As. The function | is regarded to give the result of
synchronously performing any two actions for which this is possible, and to be
0 otherwise.

The first-order theory ACP™ is an extension of BPAf;O. It has the nonlogical
symbols of BPA and in addition:

the binary parallel composition operator || ;

the binary left merge operator | ;

the binary communication merge operator |;

— for each H C A, the unary encapsulation operator Jp.

We use infix notation for the additional binary operators as well. The precedence
conventions for the binary operators are now as follows. The operator - binds
stronger than all other binary operators and the operator + binds weaker than
all other binary operators.

The constants and operators of ACP are the same as the constants and
operators of ACP.

Let t and ¢’ be closed terms of £(ACPf°). Intuitively, the additional operators
can be explained as follows:

— t ||t/ behaves as the process that proceeds with ¢ and ¢’ in parallel;

t || ¢ behaves the same as t || t/, except that it starts with performing an
action of t;

t|t’ behaves the same as t||t’, except that it starts with performing an action
of t and an action of ¢’ synchronously;

— Oy (t) behaves the same as ¢, except that it does not perform actions in H.

The axioms of ACP® are the axioms of BPAY and the additional axioms
given in Table 10. CM2-CM3, CM5-CM7, C1-C3 and D1-D2 are axiom schemas
where a, b and ¢ are constants of ACP®. In D1-D4, H stands for an arbitrary
subset of A. So, D3 and D4 are axiom schemas as well.



Axioms A1-A7, CM1-CM9, C1-C3 and D1-D4 are the axioms of ACP. So
ACP™ imports the (equational) axioms of ACP.

A well-known subtheory of ACP is PA, which is ACP without communi-
cation. Likewise, we have a subtheory of ACP™, to wit PA®. The first-order
theory PA™ is ACP™ without the communication merge operator, without ax-
ioms CM5-CM9 and C1-C3, and with axiom CM1 replaced by z ||y = x| y+y| =
(M1). In other words, the possibility that actions are performed synchronously
is not covered by PA™.

To prove a statement for all closed terms of £L(ACP™), it is sufficient to prove
it for all basic terms over BPAY. The reason for this is that all closed terms of
L(ACP™) are derivably equal to a basic term over BPAY.

Proposition 9 (Elimination). For all closed terms t of L(ACP™) there exists
a basic term t' such that ACP™ -t =t

Proof. This follows immediately from the elimination property for ACP: the
closed terms of £L(ACP™) are the same as the closed terms of £(ACP), and the
equational axioms of ACP™ are the same as the axioms of ACP. O

For closed equations, ACP® is a complete theory.

Theorem 22 (Complete theory for closed equations). For all closed terms
t1,t2 of E(ACPfO), we have either ACP®  t1 =ty or ACP® F = t; = to, but
not both.

Proof. This follows immediately from Proposition 9 and Theorem 1. a

We have not yet investigated the decidability of ACP™, but it is to be ex-
pected that it is an undecidable theory. By adaptation of the proof of a similar
theorem from [20], we can easily establish the undecidability of ACP™ U AIP.

Theorem 23 (Undecidability). ACP™ U AIP is an undecidable theory.

Proof. We consider a register machine with three registers, numbered 1, 2 and 3.
A program for the register machine is a finite sequence I, ..., I of instructions
of the following form:

— (add;, j): add 1 to the contents of register ¢ and go to instruction j;

— (suby, j): if the contents of register i equals 0, then go to instruction j, oth-
erwise subtract 1 from the contents of register ¢ and go to instruction j;

— (zero;, j,7'): if the contents of register i equals 0, then go to instruction j,
otherwise go to instruction j';

— halt: halt;

where i € {1,2,3} and 5,5’ € {1,...,k}.

Let K be a recursively enumerable but not recursive subset of N, and let
n € N. Then there exists a program for this register machine such that, if the
registers are initialized to n, 0 and 0, the program halts iff n € K (see e.g. [21]).
Let P =14,...,I; be this program. We will show that P can be represented in
ACP™ U ATP.



Let A = {ai,si,zi | 1< < 3} and A = {ai,&,zi | 1<i< 3} We fix the set
of actions A and the communication function | as follows: A = AU AU {¢,h};
and a |b =t if either a € A, b€ Aand@=1b,ora € A, b€ Aand a = b, and
a| b= 4 otherwise.

Let E be the guarded recursive specification that consists of the following
equations:

R, =% -Ri+7a; R,

K2

‘R; forie{1,2,3},

XJ:[[IJ]] fOI'jG{]-;”'al}v
T :tTa

where the map [] from register machine instructions to terms of £(ACP™) is
defined as follows:

[(addi, )] =ai- X;

[(subi, /)] = (zi + i) X
[(zeroi, 4,7")] = zi - Xj + 85 - ai - Xjr
[halt] —h.

We introduce for m > 0 the abbreviation R;(m) defined by R;(0) = R; and
R;(m+1) = R}-R;(m). Note that R;(m) represents register  in the state where
its contents is m.

It is easy to see that P does not halt iff

ACPP UAIP + E = 9p(X, || Ri(n) || R2(0) | R3(0)) =T,

where H = AU A. Therefore, the problem whether n ¢ K is one to one reducible
to the problem whether a given formula of £(ACP™ U AIP) is derivable. Because
the former problem is undecidable, we conclude that the latter problem is un-
decidable as well. This shows that ACP™ U AIP is an undecidable theory. O

In this section, BPAY has been extended to ACP®. BPAX can be extended
with the same nonlogical symbols and axioms as BPA| resulting in ACP™.

14 Full Bisimulation Models of ACP®

In this section, we expand the full bisimulation models of BPA® to ACP™. We
will use the abbreviation s = s’ 18" for s = &' V (s 5y A s = s").

First of all, we associate with each additional operator f of ACP™ an oper-
ation f on TS, as follows.

— Let T; = (S;, =i, =/, 89) € TSy, for i = 1,2. Then

T[T = (S, —, —v,s%) ,



§° = (8?788) )

S‘/:Ch,{(sﬁ\(leJSQ)),
S = (51U {s¥}) x (82 U{sVI)\ {(s%, %)}
and for everya eA:
= {((s1,52), (s, 52)) | (s],52) € S A 51 51 81215V}
U {((s1,2), (s1,55)) | (51,85) €5 A s2 5o shisv}
{ $1,82), (81, 85)) ‘ (sh,s5) €S A
\/ (s1 —>181st A szb—/>25’225“ A a/|b’:a)},
/b EA
Ly ={(s1,8Y) | s1 Bvi} U{(sY,52) | ;2 S}
U {(81782) ‘ \/ (s1 i A sz vy A a’|b’:a)} :
al b eA
— Let T; = (Si,—i,—v;,8Y) € TS, for i = 1,2. Suppose that T} ﬂTQ =

(S, —,—, s°) where S zz((Sl U{sv}) x (SeU{sV}))\{(s,sY)} and sV =
ch, (S, \ (81U S2)). Then

T[T =T(8", —', —v,s"),
where

0" = ch(S. \ 9),

S ={s"1uU8S,
and for every a € A:

S ={(sY,(5,89)) | sY D1 stsVPUS .

— Let T; = (Si,—i,—v;,8Y) € TS, for i = 1,2. Suppose that T} ﬂTQ =

(S,—,—v, ") where S =Z((51 U{sv}) x (S2U{sv})) \{(s¥,sv)} and sV =
chy (S, \ (S1 U Sz)). Then

T Ty =T(8',~',—v',s)
where
07 = ch.(Sc \ 9),
S ={s"us,
and for every a € A:
- {(so', (s1,82)) ‘ (s1,52) €5 A
\ (8 Dorsinsy A 83y sasv A “/W:a)}ui”

a’,b’'eA

i’\//:{sm‘ \/ (8§ "=vi A 89 v A al|b/:a)}ui’\/'
a’ b’eA



— Let T = (S, —,—v,s%) € TS,. Then

gl\{(T) = F(Sv _)/7 _7\//7 SO) 9
where for every a & H:

/

Il
s

a
)

/ a
—V,

s

v
and for every a € H:

/

s
Il

0,
17\// = (Z) .

We can easily show that bisimilarity is a congruence with respect to parallel
composition, left merge, communication merge and encapsulation.

Proposition 10 (Congruence). For all T1,T3,T7,T35 € TS, (k> No), T1 &
Tl mﬂ TQ TQ zmply T1 || T2 Tl || TQ, Tl uTQ Tl uTQ, Tl | T2 Tl | T2
and 8H(T1) = 8H(T1)

Proof. Let T; = (S;, —i, —v;, %) and T = (S!, =%, —/4,8Y) for i = 1,2. Let
R; and Ry be bisimulations witnessing T < T} and T < T4, respectively. Then
we construct relations Rﬂ, RTL’ RT and Ry as follows:

— Ry = {((s1,52),(s1,83)) € § x & [ (s1,51) € Ri URY,(s2,83) € Rg URY},
where S and S’ are the sets of states of T1/||\T2 and T{ﬂTQ’, respectively, and
R = {(Chﬁ(sﬂ \ (Sl U SQ))7ChK(SK \ (Si U Sé)))},

- Ry = ({(s% s} U Ry) N (S x 8'), where S and S' are the sets of states
of Ty H_TQ and Tl H_TQ, respectively, and s” and s% are the initial states of
Ty [ T2 and T} [ T}, respectively;

- Ry = ({(s% s} U Ry) N (S x 8'), where S and S’ are the sets of states
of Th | Ty and T} | Ty, respectively, and s and s” are the initial states of
Ty | Ty and T} | T}, respectively;

— Rg, = RN (S xS'), where S and " are the sets of states of Op (T1) and
Or (T7), respectively.

Given the definitions of parallel composition, left merge, communication merge
and encapsulation, it is easy to see that Rﬂ, RTL’ RA| and Rg. are bisimulations

witnessing 7y [T = T [ T5, Ty [ To =2 T{ [ T3, Ty | Ty = T ] T4 and 95 (T1) =
On (T7), respectively. O

The full bisimulation models P!, of ACP®, one for each k > No, are the
expansions of the full bisimulation models 3, of BPAf;O with an n-ary operation



f on the domain of P, (TS, /<) for each additional n-ary operator f of ACP™.
Those additional operations are defined as follows:

on([T1]) =

Parallel composition, left merge, communication merge and encapsulation on
TS, /< are well-defined because < is a congruence with respect to the corre-
sponding operations on TS.

The structures 9, are models of ACP™.

Theorem 24 (Soundness of ACP™). For all k > N, we have P!, = ACP®,
Proof. Because B/ is an expansion of P, it is sufficient to show that the addi-

tional axioms for ACP® are sound. The soundness of all additional axioms for
ACP™ follows easily from the definitions of the ingredients of .. O

It is easy to see that Theorems 5, 7 and 8 go through for ..

In this section, the full bisimulation models 3, of BPAf;O have been expanded
to obtain the full bisimulation models 9B’, of ACP™. The full bisimulation models
P of BPAL  can be expanded in the same way to obtain the full bisimulation
models P of ACPY.

15 Interpretation of One Theory in Another

Let T be a first-order theory with non-logical symbols Y. Then we say that X
is the signature of T'. We write X(T") for the signature of 7.

Let T and T be first-order theories, and d ¢ X(7) U X(T"). Then an inter-
pretation © of T in T is a family of formulas that consists of the following;:

— an explicit definition @ of a unary predicate 0 in terms of £(T");
— for each o € X(T) \ X(T”), an explicit definition O, in terms of L(T");

such that the following holds for 7" =T" U {6, | o € (X(T) \ (T")) U {0} }:
T" dz e D(I) 5
T'Fo(x1) A oo Ad(xy) = 0(f(z1,-..,20))
for each n-ary operator f € (T,
for each axiom ¢ of T',

where ¢* is the formula obtained from ¢ by first taking the universal closure
of ¢ and then replacing each subformula Va e ¢’ by Vz e (0(2) = ¢') and each
subformula 3z « ¢’ by Jz e (0(z) A ¢).



This notion of interpretation of one theory in another is more general than
the corresponding notion from [8], but in line with the notion of interpretability
of one theory in another from [8]. It is less general than the corresponding notion
in [10]. In the terminology of [10], an interpretation as defined here is an injective
one-dimensional interpretation. We believe that higher dimensional interpreta-
tions are irrelevant to the case where theories about processes are considered.
So long as we only consider bisimilarity as the intended notion of identity, non-
injective interpretations are irrelevant as well. Note that the last condition in
the definition given above can be replaced by

TF¢ implies T+ ¢* for each formula ¢ of L(T) .

The following is an important property of interpretations. For each interpre-
tation © of a theory T in a theory T, T" = T'U{O, | ¢ € (X(T)\X2(T"))U{0}}
is a definitional extension of T”. This means that, for each model 2’ of T”, there
is a unique expansion of 2’ that is a model of T".

Let © be an interpretation of theory T in theory 77, and let 7" = T' U {6, |
o€ (X(T)\X(T"))U{d}}. Suppose that 2’ is a model of T”. Then a model A of
T can be obtained from 2’ in the following steps:

. take the unique expansion 2" of 2’ such that 2" = T";

. take the restriction A" |5 (ryugey of A” to X(T) U {0};

. take the unique substructure 2* of A”|5;1)u(p} such that A* = Va e 0(z);
. take the restriction 2 = A* |51y of A* to X(T).

=W N

The most simple example of this construction is the following: The interpre-
tation of BPA in BPAX consists only of the explicit definition d(z) < — x — 4.
That is, 0 is in this case just another symbol for the deadlock freedom predi-
cate. If we apply the construction described above to one of the full bisimulation
models of BPA then we obtain one of the main models of BPA.

MPA, Minimal Process Algebra with deadlock, provides another simple ex-
ample. MPA;, introduced in [22], differs from BPA;s by having a unary action
prefizing operator a . for each a € A instead of the binary sequential compo-
sition operator of BPAs.® The axioms of MPA;s are axioms Al, A2, A3 and
A6 from Table 1. The interpretation of MPA; in BPAf;O consists of the explicit
definition d(z) < A,ca— e (r — y A y ) and an explicit definition
a.x =y < a-x =y for each a € A. If we apply the construction described
above to one of the full bisimulation models of BPAX, then we obtain one of the
main models of MPAs.

It needs no explaining that an interpretation of a theory T in a theory T’
includes an explicit definition of each non-logical symbol of T that T" does not
have in common with 7”. The examples given above make clear why it also

8 For action prefixing and sequential composition different kinds of dot, viz. the low dot
and the centered dot, are used. In MPA s, we have action prefixing without variable
binding. In [7], the semicolon is used for action prefixing with variable binding.



includes an explicit definition of a special unary predicate symbol 0. BPA is only
concerned with processes that are deadlock free and MPA; is only concerned
with processes that are free of successful termination. In the interpretations of
BPA and MPA; in BPAY described above, d takes care of the restriction to the
processes concerned.

16 Interpretation of ACP™ in BPA®

orr

In this section, we consider the interpretation of ACP® in BPAY . This interpre-
tation consists of explicit definitions of the predicate symbol ? and the operators
I, I, | and On (one for each H C A). The explicit definition of d is simply
0(x) & x = z. The explicit definitions of the operators are quite unusual in
the sense that they involve an auxiliary process (u) that is used to represent a
bisimulation.

First, we consider the explicit definition of the parallel composition operator.
We begin by introducing the abbreviation Pil (x,y, z,u), which enables us to

formulate the explicit definition of || as z ||y = 2z < Ju e Pil (x,y,z,u). We fix
different actions 4, I,  and m. We use Pﬁ (z,y,z,u) as an abbreviation of the

following formula of £(BPA ):

¢1(x7y727u) A qbg(x,y,,%u) A ¢3(u) A ¢4(u) A ¢5(u) A
de(u) A dr(u) A @s(u) A do(u) A dro(u) A d11(u);

where:
¢1(x,y, z,u) is the formula
Vu' e (u Lol =
'y e (x> ANy—y Az—2 A
Wb AW Dy A u 52 A

’
/\ —\Elv’-u'iw)’),

a’€Aa’ #i,l,r,m
¢2(x,y, z,u) is the formula
!
U= AUy Au—z,
¢3(u) is the formula
! ! / / 1!
Vo' y', 2 u x e
. . ,
/\(ui»u’ AN =2 AN Sy Ad 2 AN Do =
a’ €A HUH,ZHO

7 l T m a’
(u/ Su" AU S e AW D y/ A u PN Z”)) ’



¢4(u) is the formula
! ! / / 1
VCE Y ,2,U,Y e
) ! /
N@wsu Aw Sa A Sy Au T2 Ay sy
a’eA Hu”,z".
) ! /
(u’ S A S AU Dy A A YL z”)) ,
¢5(u) is the formula

vx/7 yl7 Z/, ’U//, xl/’ y/I.
A N e S T T
a’,b'eAa’|b/ £ ! a—/>$” A y/ b_/>y// -
Ju", 2" o
(u/i)u// A u”im:” A u//L)y// A I LA
2! ﬂ} Z”)) ,
¢6(u) is the formula

V' y', 2 ue
/\( - ! r A [Ny rom
u—>u ANu —z ANu =y ANu — 2z A
’ ’
VAT By = Sy,
¢7(u) is the formula

V' y', 2 ue
/\( - ! r [Ny romo oy
u—>u ANu —z ANu =y ANu — 2z A
’ ’
VA sy = 2 e al)
¢s(u) is the formula

Vo' y' 2 1 e
i ! , m

/\ (u_»u//\ulﬁxl/\u/—ﬁy//\u/%z’/\

o/ b EAAb A

1t
\

VRN
¢9(u) is the formula

/ ! / / 1
vx7y727uay'
i l
/\ (ui»u’/\u’—mc’/\u’Ly’/\ulﬂ)Z//\

/b/A/b/(s ’ b( a/b
a,E,a|¢x/a_)\//\y/_)y//:>z, \ y,,)’

’

¢10(u) is the formula

vx’,y’,z’,u’.
] l r
/\ (ui»ul/\u’—>x’/\u/—>y//\u/—>m Z A

', a2 ! v’ a b’
N e



¢11(u) is the formula

Vo' y' 2 2" e
i l T m a’
/\(u—»u’ ANu =2 Au Sy A S22 A2 52 =
€A
CEX I e

(U/Lu// A u”—l>$” A u//L)y/ A a1 A JJILJ:”) V
Ely”,u”-

(u/i')u// A u”—l>ac’ A u”i>y” A a1 A y/i)y//) .
Iz, y//7 u’ e

(u/_i>u// A u”—lwc” A i»y” A w2 A

b/ /
\/ (CC/ DA y/ C_>y//)) .
b ,c’€Aa’=b|c!

(z/ <y A 2=y Vv (v LINYN Z=a') v

\/ (z/ A y C—/>\/) Y
b ,c'€Aa’=b"|c!
\/ (z/ Yuny S z”)) A
b’,c'€Aa’=b"|c!
v,y 2 u e
/\ (u—i»u’ AL A Sy Au A PN

@A \/ (x’ b—,>\/ Ay C—,>\/)) )

b’,c'€Aa’=b"|c!

Formula ¢, expresses that each process reachable by i-steps from wu relates a
process reachable from = and a process reachable from y to a process reachable
from z. Formula ¢, expresses that u relates  and y to z. The conjunction of
formulas ¢3—¢19 expresses that, if 2’ and 3’ are related to 2/, then 2’ is capable
of behaving as 2’ || 3": formula ¢3 expresses that, if 2’ and y' are related to 2’ and
x' <= 2", then there exists a z” such that z’ <= 2" and 2 and y' are related to
2"; formula ¢4 expresses that, if 2’ and y’ are related to 2" and ¥’ > 3", then
there exists a 2" such that 2’ = 2" and 2’ and y" are related to 2”; formula ¢s
expresses that, if 2’ and y’ are related to 2/, 2/ > 2, ¢/ Ly and o | #6,
then there exists a 2’ such that 2’ 1% > and &’ and y” are related to z”;
etc. Formula ¢11 expresses that, if 2’ and 3’ are related to 2/, then 2’ || ¢/ is
capable of behaving as z’. In other words, Pi‘ (z,y, z,u) expresses that u encodes
a bisimulation witnessing the bisimilarity of z || y and z.

The formula z ||y =2 < Jue Pi‘ (z,y, z,u) is only admissible as an explicit
definition of || if EI!z-EIu.Pil (z,y, z,u) is derivable. This admissibility condition for
|| can be split into an ezxistence condition 3z e Ju -Pi‘ (z,y, z,u) and a uniqueness
condition Ju e Pi‘ (,y,z,u) A Jue Pi‘ (x,y,Z,u) = z = Z. The uniqueness

fo

condition for || is derivable in BPAj) .



Proposition 11 (Uniqueness for parallel composition). We have BPAarr F
Ju e P”(x,y,z,u) A EIu.P”(a:,y,z,u) = z=72.

Proof. Assume P|| (z,y, z,u) and Pﬂ (z,y,Z,u). Then we derive z = Z by applying
the bisimulation axiom schema BS, taking the following formula for ¢(z, z):

_ ; !
Ay T e(usu AU Tz AU S Au Sy A

— 1 — — m_ = — 1 — T
Uu—>»U AT SZANT =2 ANT SY).

We will come back to the existence condition for || later on.

As mentioned in Sect. 13, left merge and communication merge are the
same as parallel composition except that the actions that can be performed
at the start are restricted. As a consequence, the explicit definitions of the left
merge operator and the communication merge operator can be formulated as
r|y=z & HuoP’lL(x,y7z7u) andz|y=2 HU-PT(QC,y,z,u)7 where the for-
mulas for which P’[L(x Y, z,u) and PT(x Y, z,u) stand are simply obtained from
the formula for which PH(x Y, z,u) stands by replacing at appropriate places
uw-u by u-»u A —wu=u. We refrain from giving the precise formulas
for which P[L(a:, Y, z,u) and P (x, Y, z,u) stand. We mention that the uniqueness
conditions for || and | are derivable in BPAY .

Next, we consider the explicit definition of the encapsulation operators. As
in the case of parallel composition, we begin by introducing the abbreviation

:3H (z,y,u), which enables us to formulate the explicit definition of 9y as
Or(r) =y < JuePy (v,y,u). We fix different actions i, I and e. We use

5y (7, y,u) as an abbreviation of the following formula of L(BPAR ):

¢1(x,y,u) A ¢2($7y7u) A ¢3(u) A ¢4(u) A (;55(’11,);

where:
¢1(x,y,u) is the formula

Vu’o(ui»u’ =
',y e (z— o Ay—y Au 5o Au Sy) A

’
/\ —\Elv’-u’iw/),

a’€Aa’ #i,le
¢2(x,y,u) is the formula
l e
u—x Nu—y,
¢3(u) is the formula
\v/m/’ y/’ u/’ x//
. ’
/\ (u " A Wb AW Sy A S =

’ ; l ’
a’€A\H Hu”,y”o (u/ i)u// A w52 A u =N y// A y/ a y//)) ’



Table 11. Existence conditions

3z e FueP|(z,y,2,u) X1
JzeJue Pl (z,y,2,u) X2
3zeJueP|(z,y,2,u) X3
JyeJue Py, (z,y,u) X4

¢4(u) is the formula
Gt N et A Ll S ey sy ),
a’eA\H
¢5(u) is the formula
\vlm/ y/ u/ y//.
/\ (u—i»u’ AL A u Sy A y/L’,y// =
a’€A T " e
(u/ _i>u// A o i>$” Ao iy// A \/ x —>$”)) A
v EA\H,a'=b/
V' gy u e
(u—i»u’/\u’—l>x’/\u’i>y’/\y’a—/>\/:> \/ x/b_’>\/).
a’ €A b’ €A\ H,a'=b’
The uniqueness condition for 9 is derivable in BPA .
Proposition 12 (Uniqueness for encapsulation). We have BPAlf;‘;r -
Jue Py (z,y,u) A JuePy (z,7,u) = y=7.
Proof. The proof follows the same line as to the proof of Proposition 11. a

The formulas of £(BPA ) that are given in Table 11 are existence conditions
for ||, ||, | and Op. We write X for this set of formulas. X4 is actually an axiom
schema with an instance for each H C A. The existence conditions from Table 11
are valid in the full bisimulation models P (k > Ng). It is unknown to us
whether they are derivable from BPA .

Theorem 25 (Interpretation of ACP™ in BPAX ). The following is an
interpretation of ACP™ in BPAR UX:

Wz) & x=u,

z||y=2 < EIu.Pil(a:,y,z,u),
zlly=z & EIu.P’lL(x,y,z,u),
z|ly=z & HuoPT(x,y,z,u),

On(z) =y & JuePy (v,y,u) foreach H CA.



Proof. Because 0(x) < x = x, the first two conditions made in the definition of
interpretation are trivially fulfilled. Because d(x) < x = x, the third condition
becomes

BPAR UXUEF ¢ for each axiom ¢ of ACP™ |

where E is the set of explicit definitions given above. For each axiom ¢ of BPAf;O,
we immediately have BPAY UX UE F . Hence, it is sufficient to establish
BPAX UXUE F ¢ only for each axiom ¢ of ACP™ that is not an axiom of
BPA°.

All axioms in question are atomic formulas of £(BPAY U E). Each atomic
formula ¢ of £L(BPA UE) is equivalent in BPAX UXUE to an existential formula
¢' of L(BPA® UE) in which no other terms occur than terms of £(BPAX ) and
terms ¢ || to, t1 || t2, t1 | t2 and g (1) of which the subterms ¢; and ty are terms
of L(BPAL ) (see e.g. [10]). Because E contains the explicit definitions for ||, |,
| and 9y, this existential formula ¢’ is equivalent in BPAY UXUE to a formula

¢" of L(BPAX ). Because definitional extensions are conservative extensions (see

orr
e.g. [8]), BPARX UXUEF ¢ iff BPA® U X I ¢”. This suggests the following
three-steps approach to establish that BPAf;‘?r UXUEF ¢:

1. eliminate from ¢ all nested terms other than terms of £(BPAX ), resulting
in ¢

2. eliminate from ¢’ all atomic formulas in which ||, ||, | or Ou occur, resulting
in ¢

3. derive ¢" from BPAR UX.

For each axiom of ACP™ that is not an axiom of BPAY, the first two steps are
short and simple. The last step is generally straightforward, but tedious. We
outline the proof for axioms CM3 and CM4.

The first two steps result for CM3 in the formula

Jze (Fue Pl(a-z,y,a-z,u) A 3 «P(z,y,z, u'))
and for CM4 in the formula

Jv,w e (HUoP’lL(x+y,z,v+w,u) A
Ju' e P’u(x,z,uu') A Ju" e P’u(y,z,w,u”)) )

The last step for CM3 goes as follows. First of all, it follows from X that 3z e
Ju’ e Pil (z,y, z,u"). Therefore, it is sufficient to show that Ju’ e Pi‘ (z,y,z,u') =
Ju e P’u(a - x,y,a - z,u). This is done as follows. Assume Pil (x,y,z,u'). Take
l-(a-x)+r-y+m-(a-z)+i-u for u. Then P’ (a-x,y,a-z,u) is easily derived.

The last step for CM4 follows essentially t“he same line as the last step for
CM3. However, there are two complications in the construction of u from u’ and
u”. The first complication is that four cases have to be distinguished according
to the reachability of z from x in one or more steps and the reachability of
y from y in one or more steps. The second complication is that u has to be
constructed from subprocesses of v’ and u” instead of w' and u” themselves.



Thus, although the construction of w is rather straightforward, it becomes very
tedious to express it in £(BPA ) and to derive P’lL(a:—i—y, z,v+w, u). We refrain
from outlining the last step for CM4 further.

The proofs for CM2, CM5-CM7 and D4 are similar to the proof for CM3.
The proofs for CM1, CM8-CM9 and D3 are similar to the proof for CM4. The
proofs for C1-C3, D1 and D2 are easy. O

17 Concluding Remarks

In this paper, we build on earlier work on ACP. The algebraic theory ACP
was first presented in [1] and RDP, RSP and AIP were first formulated in [14].
Moreover, the full bisimulation models are basically the graph models of ACP,
which are most extensively described in [11]. In this paper, we extend ACP to
a first-order theory and look into that theory from the point of view of classical
model theory. Some open problems that arise from this work are:

— TIs the reachability predicate — of BPA first-order definable in Py, if the
cardinality of A is given?

— What are the relations between RDP, RSP (Table 2), B, R (Table 3) and
AIP (Table 4) in the presence of BPA®? In particular, do all models of BPA
extended with R satisfy B?

— Is it derivable from BPAX or a finitary first-order extension thereof, for all
pairs of guarded recursive specifications of which the solutions in Py, are
not identical, that their solutions are not equal?

— TIs axiom RR3 (Table 8) derivable from the other axioms of BPA ?

— Are the restricted reachability predicates % of BPA first-order definable
in Py, if the cardinality of A is given (they are if the cardinality of A is 1)7

— Are ‘Ehe existence conditions for ||, ||, | and 0y (Table 11) derivable from
BPAG,.?

orr*

To the best of our knowledge there is no related work. Many options for future
work remain. We mention:

— Development of extensions of ACP® with additional operators, such as the
iteration operators from [23-25].

— Development of first-order extensions of variants of ACP with timing, such
as the ones from [26-28].

— Re-development of the a/S-calculus [29] in the setting of ACP™,

— Further analysis of the relation between external and internal versions of
predicates on processes.

— Further investigations into interpretation of existing process algebras in
ACP™.

— Investigations into interpretation of other related algebraic theories, such as
the network algebra from [30], in ACP™.

— Exploration of the strong and weak points of ACP™ for process specification
and verification.
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