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Topics

• Computation, Games and Compu ter
Science

• Recognizing Languages by Ga mes;
Games as Acceptors

• Understanding the connection with
PSPACE (The Holy Quadri nity )

• Interactive Protocol s and Games
• Loose Ends  in the Mod el ?
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Games in Computer Science
• Evasive Graph p roperties (1972-74)
• Informat ion & Unc ertaint y (Traub ea. - 1980+)
• Pebble Game (Reg ister Allo cation , Theo ry 1970+)
• Tiling Game (Red uctio n Theo ry - 197 3+)
• Alternat ing Comp utatio n Mod el (1977-81)
• Interac tive Proof s /Arthu r Merlin Game s (1983+)
• Zero Kn owledg e Protoco ls (198 4+)
• Creating Coope ration o n the Internet (1999+)
• E-commerce (1999+)
• Logic and Ga mes (19 50+)
• Lang uage G ames, Argume ntatio n (500 BC)
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COMPUTATION
• Notion of Configurations :  Nodes
• Notion of Transitions :  Edges
• Non-uniqueness  of transition: 

Out-degree > 1 - Nondeterminism
• Initial Confi guration  : Root
• Terminal Confi guration  : Leaf
• Computation  : Branch  Tree
• Acceptance Condition :  

Property  of trees
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© Games Workshop © Games Workshop

URGAT
Orc Big Boss

THORGRIM
Dwarf High King

Introducing the Opponents

Games involve strategic interaction . .....Games involve strategic interaction . .....
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Bi-Matrix Games

© Games Work shop © Games Work shop© Games Work shop© Games Work shop

© Games Work shop© Games Work shop

Runesmith Dragon SquiggOgre

R

D

O S

1/-1

1/-1

-1/1

-1/1

A Game sp ecified by de scribing A Game sp ecified by de scribing 
the Pay -off M atrix ....the Pay -off M atrix ....
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Von Neumann’s Theorem

( )/2 :+ ( )/2+
© Games Work shop © Games Work shop© Games Work shop© Games Work shop

© Games Work shop© Games Work shop

R D SO

R

D

O S

1/-1

1/-1

-1/1

-1/1

Mixed Strategy Mixed Strategy Nash Equ ilibriumNash Equ ilibrium ; ; 
no pla yer can improve h is pay- off by devia tion.no pla yer can improve h is pay- off by devia tion.
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Game Trees
(Extensiv e Form - c lose to Comput ationExtensiv e Form - c lose to Comput ation )

Root

Terminal n ode:

Thorgrim’ s turn

Urgat’s turn

Terminal n ode:

Non Zero-Su m Game:
Payoffs explici tly 
designated at terminal no de

2 / 0

5 / -71 / 4

-1 / 4

3 / 1

-3 / 21 / -1
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Backward Induction

Root

Terminal n ode:

Thorgrim’ s turn

Urgat’s turn

Terminal n ode:

Non Zero-Su m Game:
Pay-offs comput ed for all
game nodes i ncludin g the Root .

2 / 0

5 / -71 / 4

-1 / 4

3 / 1

-3 / 21 / -1

2 / 0

3 / 1

1 / 4
-3 / 2

1 / 4
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A Game

©  Donald Du ck  1999 # 35

Starting with 15 matches
players alternativ ely take
1, 2 or 3  matches away until
none remain. T he player
ending up with a n odd
number of match es wins
the game

A Game sp ecified by de scribing A Game sp ecified by de scribing 
the rule s of t he game ....the rule s of t he game ....
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Analysis of the DD game
Extension u sed:
Thorgrim  wins if he has
an odd number when th e
game terminates.
This allo ws for even  n .

Four types of confi gurations remain:
T/E :  Thorgrim  has to p lay and ha s an even nu mber
T/O :  Thorgrim  has to pl ay and has a n odd n umber
U/E :  Urgat  plays, whi le Thorgrim  has an even number
U/O :  Urgat  plays, wh ile Thorgrim  has an o dd number

Relevant feat ure:  parity  of nu mber of matches coll ected
so far (not the number it self!)
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Backward Induction Table
n U / E U / O T / E T / O      

18  U  U  T  / 1  T  / 2
17  U  T  T  / 1  U
16  U  T  U  T  / 3
15  U  U  T  / 2  T  / 3
14  U  U  T  / 2  T  / 1
13  T  U  U  T  / 1
12  T  U  T  / 3  U
11  U  U  T  / 3  T  / 2
10  U  U  T  / 1  T  / 2
 9  U  T  T  / 1  U
 8  U  T  U  T  / 3
 7  U  U  T  / 2  T  / 3
 6  U  U  T  / 2  T  / 1
 5  T  U  U  T  / 1
 4  T  U  T  / 3  U
 3  U  U  T  / 3  T  / 2
 2  U  U  T  / 1  T  / 2
 1  U  T  T  / 1  U
 0  U  T  U  T  
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The Mechanism
Several o f the res ults y ou hea r in the  Computa tion
Theo ry and  t he Logic and Ga mes  Community are 
of th e form:

Formula   Φ  is OK (true , provab le, valid )  iff  t he 
game  G(Φ)  has a winni ng strat egy  for the first 
player ,  where G(Φ) is ob tained by so me explic it
const ruction .

Topic  in the se talk s:  This M echan ism
Which p roperties can b e charac terized t his way ??
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An Unfair  Reduction

If  Hoatlacotlin cotitli  faces an Oppone nt  which i s Worthy
he will ch allenge her to a game of HEX where she moves
first  (and con sequently  she can win ). Otherwise she is the 
First Player  in a game of NIM with pil es of sizes  
5,6,9  and 10  (which  she will loo se if  Hoatl  plays well ).

Hence:  Only Worthy  Opponen ts have a winning stategy  ....

©Games Workshop©Games Workshop
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Restrictions are Needed

In the Hoa tl scenario th e transformation f rom input
to the game is Arbitrary .

We should rather use Polynomial Ti me Reductions .

Resulting Games must have Polynomial Size 
Descriptions .

The latte r doesn’t ent ail that th e resulting Games 
can be played in Polynomial Time  ! (repeating
moves  can’t b e excluded. ...)
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The Model: Games as Acceptors

Input   X   is mapped to some game  G(X)

The mappin g  X àààà   G(X)   is easy to comput e
(computab le in Polynomial Ti me or  Logarith mic Space )

Consequen ce:  G(X)  has a Polynomial Size  Description .   
(Leaving open wha t the Proper Descriptio ns are.)

LG  :=  { X  |   G(X)  has a winni ng strategy  f or
the first pl ayer   }

Which Lan guages  L  can be ch aracterized in this way ?
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Types of Games ( and Computatio ns)

• Single p layer - no ch oices  :  Routi ne :
Determinis m

• Single p layer - choic es : Solitaire   :
Nonde terminism

• Two pl ayers – choic es : Finite Combinat orial
Games  :  Alternat ing Comp utatio n

• Single p layer - random mo ves  : Gamblin g :
Probabilis tic Algo rithms

• Two pl ayers - choic es and random mo ves   :
Interac tive Proof Systems

• Several p layers - conc urrent mov es   :     
Multi Prov er Systems
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Tiling Games
Tile Ty pe:  squ are divid ed in  4
colou red triang les.
Infinit e stoc k avail able
No rotat ions  or reflectio ns  allowe d

Tiling :  Cov ering of region o f the 
plane such t hat adjace nt  tiles h ave
matchin g colou rs

Bound ary con dition : colou rs given along 
(part o f) edge  of reg ion, or  s ome given
tile  at so me given p ositio n.
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Turing Machine

Finite Control
Program : P

Tape

Read/Write
Head

P ⊆  (Q × Σ) × (Q × Σ × {L,0,R})  :
(q,s,q ’,s ’,m)  ∈  P  deno tes th e instruc tion :
when re ading   s  in sta te  q  print   s’  perform
move   m  and g o to st ate  q’ .  Nond terminism!

Q:  state s
Σ:  tape 
      symbo ls
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Computations
Config uration   c :  finit e string in  Σ*(Q×Σ) Σ*
Comput ation St ep  c --> c ’  obta ined by 
 performing an ins tructio n in  P
Comput ation : seq uence of ste ps
Final C onfigu ration : no in struct ion ap plicable
Initial C onfigu ration : sta rt state & leftmos t 

symbol scann ed
Complet e Comput ation : comp utatio n start ing

in initi al conf iguratio n and terminatin g
in finit e one

Accep ting / Re jecting compu tation  ....
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Turing Machines and Tili ngs
Idea:  tile a region and let succe ssive 
color se quen ces  along rows  corresp ond t o
succe ssive c onfig uration s.....

s

s

symbol 
passing

tile

s

qs

state 
accepting

tiles
q

s

qs
q

s’

qs instruction 
step
tiles

q’
s’

qs
q’

q’s’

qs

(q,s,q’ ,s’,0) (q,s,q’ ,s’,R) (q,s,q’ ,s’,L)

SNAG:  Pairs of phanto m heads  appearing o ut of n owhere...
Solution :  Right  and Left Mo ving  States....

Peter van Emde Boas: The Games of Compute r Science, April 2000

Example Turing Machine

K = {q,r,_}
S = {0,1,B}
P = { (q,0,q,0,R),

(q,1,q,1,R),
(q,B,r,B,L),
(r,0,_,1,0),
(r,1,r,0,L),
(r,B,_,1,0) }

q0  1   0   1   1   B
 0  q1  0   1   1   B
 0   1  q0  1   1   B
 0   1   0  q1  1   B
 0   1   0   1  q1  B
 0   1   0   1   1  qB
 0   1   0   1  r1   B
 0   1   0  r1   0   B
 0   1  r0   0   0   B
 0   1   1   0   0   BSuccessor Machin e;

adds  1  t o a binary in teger.
_  denot es empty halt st ate. 11 + 1 =  12
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Reduction to Tilings

q0  1   0   1   1   B
 0  q1  0   1   1   B
 0   1  q0  1   1   B
 0   1   0  q1  1   B
 0   1   0   1  q1  B
 0   1   0   1   1  qB
 0   1   0   1  r1   B
 0   1   0  r1   0   B
 0   1  r0   0   0   B
 0   1   1   0   0   B

© Peter v an Emde Boas ; 1 9921029
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Implementation in Hardware

© Peter v an Emde Boas ; 1 9950310 © Peter v an Emde Boas ; 1 9950310 © Peter v an Emde Boas ; 1 9921031
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Tiling reductions
initial configu ration

accepting con figuration /
by constructi on uni que

blank 
border

space

blank 
border

time

Program  :  Tile T ypes
Input :  Boun dary

   cond ition

Space :  Width region
Time:  Heig ht regio n
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Tiling Problems
Square T iling :  Tiling a give n squa re with

boun dary co ndition :  Complete for  NP .
Corridor Tili ng :  Tilin g a recta ngle wi th

boun dary co ndition s on e ntrance and e xit
(leng th is un determin ed): 
Complet e for PSPACE  .

Origin Co nstraine d Tilin g: Tilin g the e ntire pl ane
with a given T ile at t he Origin .
Complet e for  co -RE  henc e Undecid able

Tiling : Tilin g the entire p lain with out c onstrain ts. 
Still Complet e for co- RE
(Wang/Berg er’s The orem ). Hard to Prove!
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THE HOLY QUADRINITY

FINITE 
COMBINAT ORIAL

GAMES

QUANTIFIED
PROPOSITIONAL

LOGIC:
ALTERNAT ION

PSPACE

UNRESTRICTED
UNIFORM

PARALLELISM
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Walter Savitch

ICSOR; CWI, Aug 1976 San Diego, Oct 1983

© Peter van Em de Boas © Peter van Em de Boas© Peter van Em de Boas



15

Peter van Emde Boas: The Games of Compute r Science, April 2000

UNDERSTANDING PSPACE

• The mo st Robu st Complex ity Clas s
• Solitaire Prob lem: findi ng an Accep ting

path in an Expone ntially large , but highly
Regula r Graph

• Matrix Po wering Alg orithm : Parallelism
• Recursiv e Procedu re: Savitch Theo rem
• Logic : QBF, Alternat ion , Games
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Parallel Computation Thesi s

// PTIME  =  //  NPTIME  =  PSPACE

True fo r Computa tional Models which combine
Expone ntial Gro wth  pote ntial wi th
Uniform Be havior .

The Second Machine Class
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Polynomial Space
Configuration Graph

• Configurations & Transitions:
– (finit e) State , Focu s of In teractio n &

Memory  Conte nts
– Transit ions  are Local  (involv ing Stat e

and M emory loc ations in Foc us onl y;
Focu s may sh ift ). Only a Finite  number
of Tran sition s in a Co nfigu ration

– Input Space  does n´t co unt fo r Space
Measu re
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Polynomial Space
Configuration Graph

• Exponential S ize Configurati on Graph:
–  input lengh t:  |x| = k  ; Spac e bou nd:  S(k)
– Number of States :  q  (con stant )
– Number of Focu s Loca tions:  k.S(k) t

(where  t  deno tes th e numb er of “he ads”)
– Number of Memory Co ntent s:  CS(k)

– Toge ther:    q.k.S(k )t. CS(k)   =  2O(S(k))

(assu ming  S(k) =  Ω(log(k )  )
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Polynomial Space
Configuration Graph

• Uniqueness Ini tial & Final Accepting
Configuration:
– Before Ac cepti ng Erase Ev erything
– Return F ocus to Startin g Positi ons
– Halt in Unique Accept ing Stat e

Start Goal
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Unreasonable Algorithm
• Step 1: genera te Expone ntially  large

struct ure
• Step 2: Perform Expone ntially  long heavy

comput ation on thi s struct ure
• Step 3: Extract a single  bit of informatio n

from the result - the rest of th e effo rts are
waste d.

• : Ακουε Παντων, Εκλεγε δε ‘α συµφερεισ
• And th is is jus t what the Parall el Mod els

do.....
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Adjacency Matrix

1   0   0   1   1
0   1   1   0   0
1   0   1   0   0
0   0   0   1   1
1   0   0   0   1

1

5

4

3

2

Matrix describes Presenc e of 
Edges in Graph ;
1 on diag onal: length ze ro  paths

M :=
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Adjacency Matrix
1   0   0   1   1
1   1   1   0   0
1   0   1   1   1
1   0   0   1   1
1   0   0   1   1

1

5

4

3

2

In Boolean  Matrix Algeb ra
M2 :  Paths up to length 2
M4 : path s up to length 4 

M2 =

1   0   0   1   1
1   1   1   1   1
1   0   1   1   1
1   0   0   1   1
1   0   0   1   1

1

5

4

3

2

M4 =
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Matrix Squaring

M[i,j] :=      ( M[i,k]      M[k,j] )
k

On an  N  node g raph, a singl e squaring requ ires  
O(N3)  operation s

Log(N)   squaring s are required to co mpute  N-th 
Power of the M atrix

Remember that  N = 2O(S)
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Think Parallel
• O( N3 ) proces sors can compu te the se

squarin gs in t ime
– O( log(N))   if unb ounded f an-in is al lowed
– O( log(N) 2 )  if fan -in is bou nded

• This is the b asis fo r recogni zing PSPACE
in poly nomial t ime on PRAM models

• See Seco nd Mac hine Cla ss pa per and/ or
chapt er in Han dbook of TCS
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Recursive Matrix Squaring

M[i,j,p+1] :=      ( M[i,k,p]      M[k,j,p] )
k

Log(N)   recursion dep th is required to compute  N-th 
Power of the M atrix
Log(N)   recursion dep th is required to replace  N fold  
Iteration b y Recursion
Overall Recursion d epth:  Log(N) 2

M[i,j,0]  is the given Adj acency Matrix
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Recursive Path Finding
Reach (x,y,0)  :=  x = y      trans( x,y)

Reach (x,y,p+1 ) := 
∃z [ Reac h(x,z,p)       Reach (z,y,p)   ]

Reach (x,y,p+1 )  :=
  ∃z [∀u,v [  (u =x    v=z)     (u=z    v=y)  ==>
              Reach(u ,v,p)  ] ]  

Rabin, Meyer & Sto ckmeye r trick!  Th e 
Expone ntial Gro wth of the fo rmula is 
preven ted!   Size ≈  O( S ) . O(Rec-dept h)  

Cook/Levin Formula
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Recursive Path Finding

• Space Consumpti on of Recursive
Procedure:  O( | stackframe |.d epth )

• In this case: | stackframe |  and depth
are both O(S)

• For path findi ng Nondetermin ism of
the original machine is i rrelevant!

• Savitch Theorem :  
PSPACE = NPSPACE

Peter van Emde Boas: The Games of Compute r Science, April 2000

Quantified Boolean
Formulas  (QBF)

INSTANCE:  Formula o f the form:
F  =   Qx[ Qy[Qz[… ..   [ P(x,y ,z,  ……  )   ] ]] … ]
Where   P  is propo sition al and   Q is   ∃  or   ∀

QUESTION:  is  F  t rue  ?

THEOREM:   QBF  is PSPACE-Complete
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QBF is PSPACE Complete
Reach (x,y,0)  :=  x = y      trans( x,y)

Reach (x,y,p+1 ) := 
∃z [ Reac h(x,z,p)       Reach (z,y,p)   ]

Reach (x,y,p+1 )  :=
  ∃z [∀u,v [  (u =x    v=z)     (u=z    v=y)  ==>
              Reach(u ,v,p)  ] ]  
The res ulting formula is polyn omial size
and red uces a n arbitra ry PSPACE 
comput ation to QBF  .
Brute fo rce Evalu ation  runs in PSPACE.

Cook/Levin Formula
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The Power of your Editor
A Simple mod el of a Text Ed itor  (EDITRAM)
solves  QBF in poly nomial time .

Similar sequ ential models w ith the power o f
paralleli sm:
Vector M achine s (Pratt, Rab in & Stoc kmeyer 74 )
MRAM (Hartmani s & Simon 74 , Berton i et. al  8 1)
ASSM (Tromp & vEB 93 )
Vector M achine s (Iwama & Iwa moto 98 )

So have pat ience when y our word processo r makes 
you wait . ....
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EDITRAM

Program

RAM
Memory
Integers

Text f iles

Cursors
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EDITRAM Instructions
The stand ard   RAM instru ctions on th e 
main memory (store , load , store-I , load-I , ....)

Read at cu rsor posit ion
Write  at curs or posit ion
Move cursor  (one posit ion, to addres s, to en d,..)
Copy  segmen t of t ext (mark ed by p air of cu rsors)
Systemat ic string replace ment  (literal s trings
only ) :  C / aab /  aacba /
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EDITRAM Program for QBF
1.  Eliminat e Quan tifiers a nd varia bles:
   Starting at inn ermost q uantif ier replace
   ∀x i F(...x i ...)    by   ( F(... 0 ....) ∧ F(... 1 ... ) )
   ∃ x i F(...x i ...)    by   ( F(... 0 ....) ∨ F(... 1 ... ) )
2.  Eliminat e conn ective s
   Working inside out ev aluate logica l 
   conn ective s:   C / (0 ∨ 1) / 1 /   etc.
3.  The result is a literal  0  or  1 . 
     Read the an swer .

step  1  requ ires a subroutin e for identifyin g
and marking  variables ( due to li teral only con dition ) 
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Similar new model s
ASSM:  A va riant of a pointe r machine  
(Kolmogoro v, Uspe nski, Sch önhag e) which
acces ses an d gen erate no des in parallel b y
allowin g for reverse d edge s in pa ths....

Vector M achine  (I & I):  tran sforms ve ctors
in square  matrices b y row  (column ) replica tion
with  c orrespon ding c onverse foldin g opera tions.
(far more rest ricted  compared to orig inal VM)
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Part  II, Connecting Games
and Computer Science

© Games Workshop
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Topics

• Computation, Games and Compu ter
Science

• Recognizing Languages by Ga mes;
Games as Acceptors

• Understanding the connection with
PSPACE (The Holy Quadri nity )

• Interactive Protocol s and Games
• Loose Ends  in the Mod el ?
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THE HOLY QUADRINITY

FINITE 
COMBINAT ORIAL

GAMES

QUANTIFIED
PROPOSITIONAL

LOGIC:
ALTERNAT ION

PSPACE

UNRESTRICTED
UNIFORM

PARALLELISM
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Alternating Computatio n

+ -

+ +- - - +
+

-
Comput ation T ree

Configurati on Type

Existential

Universal

Negating

Accepting

Rejecting
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Alternating Computatio n

+ -

+ +- - - +

+

-
Evaluation Full Computa tion Tree

This Tree Accepts
This is ju st backward in duction on a game tree  ;

But what is the Game ??

Configurati on Type:  Game meaning

Existential:  Thorgrim moves

Universal: Urgat moves

Negating:  Role Swit ch

Accepting:  win 
(for Thorgrim )

Rejecting: L oose

+

+

+

+

+

+

-

- -

- -

-

--

++

+

+
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Alternating Computatio n as
a Game

Negat ing sta tes  are unn ecessa ry - by dualiz ing
parts o f the c omputa tion t ree they can b e removed .

Infinit e branc hes  don ’t cont ribute t o the game
value  (non- trivial to prove )

What remai ns is a Computa tion Ga me where b oth
Thorgrim  and Urgat  contro l nond eterminist ic
choic es in the comput ation. Thorgrim  wants t he
comput ation to accep t. Urgat  want s to prevent 
this  from hap penin g......
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QBF as a LOGIC GAME

• Game is a Proposit ional F ormula 
Φ(x1,x2,  ....  xn,  y1,y2,  ....  yn)

• THORGRIM and URGAT selec t valu es for
the  x i  and  y i  in a sp ecified order

• THORGRIM wins if the fo rmula even tually
evalua tes to true : othe rwise URGAT wins
the g ame.

• Easy to solve on an ATM
• Cook- Levin R educt ion  from ATM to QBF

shows that   QBF is  ATM-P ha rd.
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The Alternation Theorems

THM 1:   APTIME  ⊆  PSPACE:

Recursive evaluati on of th e quality o f the root of the
Alternating Co mputation Tree:
Depth = O(ti me) ,  | Stackframe | = O(time)  

Resulting Overhead:  Square
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The Alternation Theorems

THM 2:   PSPACE  ⊆  APTIME:

QBF trivially can be solved by an ATM
QBF is PSPACE-hard
What Furthe r Evidence do we Need?

Resulting Overhead:  Polynomial:  O(n 4) 

The reduct ion to QBF squares the sp ace and th e number
of variables. Aside from substit uting 0 o r 1 for these
variables the Q BF evaluatio n takes linea r time …

Exercise !
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The Alternation Theorems

THM 3:   ALOGSPACE  ⊆  PTIME:

Iterative evalua tion of t he qualit y of the all nodes in the
Alternating Co mputation Tree:

#Nodes = Expon ential in S; # Stages = O(# Nod es ) 

In terms of Gam es:  This is Backward
Induction o n a Game Graph.
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Backward induction on Game Graph s
start

T
U

Initial labeling :
only sin ks are 
labeled. 
Player unable to
move looses

start

T
U

Final l abeling:
iterative apply  BI rules
until no new nodes are
labeled. Remaining 
nodes are Draw  D

D
T

U
U

U

T

T

T
T

D D
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The Alternation Theorems

THM 4:   PTIME  ⊆  ALOGSPACE:

Guess a Space- Time diagram of Accep ting
Computation , (thinki ng in terms of a correct tiling)
starting from th e “accepting ” tile and mov ing 
Backwards in time:

At cell  X  guess  content s of three up per neighb ors;
Universally  validate t hese three up per neighbo rs.

THIS IS CORRECT DUE TO DETERMINISM!
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Guess and Validate

“accepti ng Confi gurati on”
Coherence of vali dated 
Guesses is enfo rced from
Top to bottom
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Two Player Tiling G ame
1 3

119

752

10

864

Thorgrim  and Urgat  fill successive ro ws from left to righ t in ord er; 
Thorgrim  fills th e odd col umns, and Urgat  the even ones. 
Board wid th is even. Thorgrim  wins if legal til ing  is con structed;
otherwise Urgat  wins th e game.
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Two Person Tiling Gam e

If the Ti ling represents a Turing Mach ine Computat ion
Constructin g a Legal Tilin g, respecting t he Border
Conditio n, correspond s to an Accepting  Alternating
Computation .
Thorgrim  wins by simul ating a winning strategy  on the 
Alternating  Turing M achine ( understoo d as game ).
Urgat , however h as addition al possib ilities: he may
destroy  the legal encod ing  of a machin e computatio n

Urgat  therefore must b e forced to stay within the
constraints allowed by the encod ing.
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Conventions on ATM

• Tape uses even number of cel ls
• Universal  and Existential  States

Alternate
• Left  or Right  moving States only
• All Instruction s Move
• Unique Accepting  Configuration
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Chlebus´ Bag of Tricks

Thorgrim  and Urgat , each obt ain their own set of
tile types;  this is en forced by in troducing two flavors
of the ve rtical colors, ind icated by a pink  shade.

Base Shading 
for Thorgrim

Base Shading 
for Urgat

Both borde rs of Rectangle to be tiled are shaded white .
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Chlebus´ Bag of Tricks

Tiles type s representing t he Turing M achine inst ructions
are replaced by pairs :  Decide  & Move

s’

q’

qs

q’s’

qs

q’

q’s’

s’

Decide

MoveThe blu e shading
indicates a right
moving stat e  q’
for left movin g states
use grey  shadin g
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THORGRIM’S TILES

s

s

s

s

q

pass symbol &
prevent  intro
from right

pass symbol &
force  intro  from 
right fo r Urgat q’

qs

q’s’

q’s’

s’

q’

qs

q’s’

q’s’

s’

Decide  &
move  right

Decide  &
move  leftqs

s

qs

s

qq

accept 
from left

accept  
from  right
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URGAT’S TILES

s

s

pass symbol;
accept from
right i s prevented q’

qs

q’s’

q’s’

s’

q’

qs

q’s’

q’s’

s’

Decide  &
move  right

Decide  &
move  leftqs

s

qs

s

qq

accept 
from left

accept 
from right
is forced

q
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Known Examples of Games used
in Complexity Theory (1980+)

• Tiling Gam es   (NP, PSPACE, 
NEXPTIME,....)

• Pebbling Game  (PSPACE)
• Geography  ( PSPACE)
• HEX (generaliz ed or pure) ( PSPACE)
• Checkers, Go ( PSPACE)
• Block Moving Problems ( PSPACE)
• Chess ( EXPTIME)

The Common View i s that Games Characterize  PSPACE
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Types of Games ( and Computatio ns)

• Single p layer - no ch oices  :  Routi ne :
Determinis m

• Single p layer - choic es : Solitaire   :
Nonde terminism

• Two pl ayers – choic es : Finite Combinat orial
Games  :  Alternat ing Comp utatio n

• Single p layer - random mo ves  : Gamblin g :
Probabilis tic Algo rithms

• Two pl ayers - choic es and random mo ves   :
Interac tive Proof Systems

• Several p layers - conc urrent mov es   :     
Multi Prov er Systems
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One vs Two Sided Error
On inpu t  x  a random comput ation is p erformed with 
probabilit y  p(x)  to accept. Purpose: determine
membership in some la nguage  L.

One sided error :  for  some  ε > 0 it hol ds that:
x  ∈  L  => p(x)  >  ε x  ∉  L => p(x)  = 0

Two sided bound ed error :  for  some  ε > 1/2  it ho lds that:
x  ∈  L => p(x)  >  ε x  ∉  L => p(x)  <  1-ε 

Two sided unbou nded error :  it hol ds that:
x  ∈  L => p(x)  >  1/2 x  ∉  L => p(x)  < 1/2
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Randomized Complex ity Classes

RP:  class of lang uages recogn ized by P-time 
one s ided error  devic es

BPP: class of lang uages recogn ized by P-time 
two sid ed bo unded error  devic es

PP:  class of lang uages recogn ized by P-time 
two sid ed un bound ed error  device s
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Amplification for One Sided Error

The compu tation on input  x  is repeated  k  times:

x  ∈  L => 
probabilit y of at least on e succes  > 1 – (1-ε)k

x  ∉  L => probability  of at least on e succes  = 0

So the chan ce of false jud gement  can be made 
arbitrarily small. In fac t:   for all  c > 0  smaller than
O(|x| -c), provided the initia l error rate  ε > |x| -c’ for some
c’ > 0 .
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Amplification for Two Sided Error
Given a Rand om  Event  X  with po ssible out comes  
0  and  1  with a probabil ity  of succe eding  p ∈ [0,1].

If  p ≠ 1/2  the chan ce of one outcome is g reater than that 
of the o ther. We want an other event where the chan ce of
the more frequen t outcome is even larger, in fac t as 
close to  1  as one lik es.

Idea:  make  k  indepe ndent ob servations, an d select th e
majority  outco me....

Question : how large sh ould  k  be in o rder to reach 
chance  >  1 - δ  for a give n   δ > 0  ?
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Amplification Lemm a
Answer:  it suff ices to selec t  k  =  O( | log(  δ ) | )

Proof:   let  γ  :=  ε ( 1-ε ) ,  the n   γ  <  1/4
WLOG:  ε > 1/2  so  1  is more probab le.
The p robabilit y that the maj ority eve nt is  0 is 
boun ded by :

k

j

k

jj

k
j k j

j

k
k k





−( ) ≤ 





−( ) =
=

−

=
∑ ∑

0

2

0

2
2 21 1

/
( )

/
/ ( / )( ) ( )ε ε ε ε

= 





≤ =
=
∑γ γ γk

j

k
k k k

k

j
/

/
/ /( )2

0

2
2 22 4

Peter van Emde Boas: The Games of Compute r Science, April 2000

Use of Amplificati on
When   ε  is unequ al from  1/2  the Majority Experiment
decides th e more probable o utcome  with an error rate
decreasing Expo nentially in the nu mber of trials .

The implicit co nstant  depends o n how fa r  ε  is bounded
away from  1/2 .

The majority exp eriment can be p erformed both 
sequenti ally  and in parallel .

If  ε  =  1/2  Amplification  is not po ssible .  So errors in the
two sided bound ed error model  can be made arbitrarily
small , but in the unbou nded error model  performing 
more trials achieves n othing ....
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The Basic Interactive Model

Prover Verifier

input t ape

communicatio n 
tapes

work tapes

random tapes
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Example: Graph Isomorphism

GG HHKK
Claim :   G  and  H  are Isomorph

Prover :  submits   K  obtained by permuting either   G or  H
Verifier : asks at rando m to show   K ≈ G  or  K ≈ H
Prover :  provides requ ired isomorphism
Failure Probabil ity  (in case no n-isomorph g raphs)  = 1/2

ZERO KNOWLEDGE !!!  
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Example: Graph Non-Isomorphism

GG HHKK

Claim :   G  and  H  are Non-Isomorph

Verifier :  Submits   K  obtained by permuting either   G or  H
Prover :  Tells whet her  K results from    G  or from   H
Failure Probabil ity  (in case no n-isomorph g raphs)  = 1/2 

 ZERO KNOWLEDGE !!!  
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Using the Interactive M odel

One of   P  or  V  opens th e Communication

Next both Participants Exchange a Sequ ence of
Messages , based on :

Contents Private Memory
Input
Visible Coin Flips
Earlier Messages (Send and) Received so far
Current Message

At some poin t  V  decides t o Accept  the inpu t (I am 
convinced  -  you win )  or to Reject  it  (I do n’t Believe 
you  -  you loo se)
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Computational Assumptions

• Verifier  is a P-tim e bounded
Probabilistic  Device

• Prover  (in princip le) can do
everything (restrictions => feasibi lity)

• All messages and the number o f
messages are P-bounded .
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Accepting a Language  L
• For every  x  in  L  the Prover   P  has

a Strategy which with High
Probability  will conv ince the Verifier

• For every  x  outside  L , regardless
the strategy followed by the  Prover ,
the Verifier  will reject with High
Probability

IP  =  class of lan guages accepted by  
Interactive  Proof Systems  =  PSPACE
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The Participants

Thorgrim; our wi se Prover Urgat; our skepti cal Verifier

Stragtos; ful ly determini stic
Orion; Random moves on ly

© the Games Workshop
© the Games Workshop

© the Games Workshop
© the Games Workshop
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Various Models
Verifier    vs.  Prover

Stragtos vs.  Orion :   Probabilis tic Comp utatio n
Rabin, Strassen Solovay

Orion  vs.  Thorgrim :  Games ag ainst Nature
unbo unded error Papadimit riou’s mod el

Orion  vs.  Thorgrim : Arthur Me rlin Games
Babai & Moran

Urgat  vs.  Thorg rim : Interac tive Proto cols
Goldwa sser Mic ali Racko ff
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Where is the Beef ?

The n ame of t he area: Interac tive Proto cols ,
sugg ests th at Interac tion  is the newly a dded
ingredi ent.

Interac tion  already resides in the 
Alternat ing Comp utatio n Mod el! 

The Ke y Addit ion th erefore is Rando mization .
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Leaf Languages

++-+---+-+---++----.....--+-+

Nondeterministi c Computation
Tree with Ordered  Binary 
Choices  Everywhere.

Yields string  of  2T labels  at leafs.

Accepts  on th e basis of so me
property  of this string .

Backward Indu ction  only fo r
Regular  properties ( but where
is the Game??  )

Can Leaf L angua ges  be ana lyzed b y Games?
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GEOGRAPHY

Object s Select ed:  Directe d Edges

Const raint : Edge is conn ected to th e 
previou sly sel ected edge

Winning :  Player u nable to move looses

Morale :  Bot h playe rs build a maximal
Eulerian Pa th.
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GEOGRAPHY is PSPACE HARD

Proof:  Reduction from QBF

Special Contrain ts on QBF:
Propositional Formula i n CNF

Qx1 Qx2 .... Qxk [  C1 ∧ C2 ∧  ... ∧ Cm ]

Q = ∀  or  ∃ ,   Cj  are clauses
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GEOGRAPHY is PSPACE HARD
Compon ent Des ign: Vars

selection component
for ∃ x i   followe d

by ∀ x i+1

x ix i

c i

c i+1

d i

x ix i

c i

c i+1

d i

selection component
for ∀ x i   followe d

by  ∃ x i+1

if no alt ernation occ urs the
nodes d i and c i+1 are identifi ed
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GEOGRAPHY is PSPACE HARD
Compon ent Des ign: Cla uses

cn

yky1 ym

towards tho se
x i  and  x i  
which occ ur in
C1

Here it is crucial t hat Urgat  choo ses fo r a claus e
and Thorgrim  choo ses a literal  in the claus e
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SCHAEFER´s Variations
• Positive  formulas onl y (in CNF)
• Thorgrim  selects always true , 

Urgat  selects only false
• Explicit Orderi ng Relaxed or

Removed
• Shared Variabl es are Possible
• Both players flip a variable to true ;

the last player to move wins (lo oses)
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GEOGRAPHY is PSPACE HARD
c1  is the startno de

First Play er depe nds on the T ype of First 
Quant ifier :  if it is Existen tial, Thorgrim  will
start t he game as usu al.

Play :  eac h play w ill first tra verse th e vars
compon ents and se lect a truth assign ement .
Subseq uentl y Urgat  select s a claus e, Thorgrim
one o f its literals . Only if this literal n ode  is
unvis ited in the first stage Urgat  has a mo ve left .
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STRATEGY MAPPING
Players s elect truth v alues  for th eir variable s 
as in t he QBF logic  game.

If the formula  now is false  Urgat  can se lect it;
and a ll literals  chos en by Thorgrim  will be 
unvis ited, an d Urgat  still ha s a free move  to
a visited out-d egree 1 node . Urgat  wins .

If the formula  now is true  Urgat  must se lect a
true  claus e, so Thorg rim  can s elect a visite d
literal . Urgat  can’t g o any where. Thorgrim  wins .
NB! Urgat  is to mo ve, eve n if at t his no de 
Thorgrim  had t o move p revious ly !
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NODE KAYLES

Object s Select ed:  Node s

Const raint : Node is not conn ected to
any p reviousl y selec ted no de

Winning :  Player u nable to move looses

Morale :  Bot h playe rs build a maximal
Indep enden t Set.
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NODE KAYLES is PSPACE HARD

Proof:  Re ductio n from QBF

Special Contrain ts on QBF:
Quant ifiers alt ernate
First an d last quant ifier are Existen tial
Proposit ional F ormula in C NF
C1 = x1 ∨  x1 

Qxn Qxn-1 .... Qx1 [  C1 ∧ C2 ∧  ... ∧ Cm ]
Q = ∀  or  ∃ ,   Cj  are cla uses
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NODE KAYLES is PSPACE HARD
Vars: true false Enforcers:  y ij  for i < j

Clauses

Clique; 
Edges  to cliq ue =
edges to al l nodes 
in cliq ue

V3

V2

V1

edges f rom
clauses to
their literals enforce r edges from   to  Vk when

k < j  and  k ≠ iV0
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NODE KAYLES is PSPACE HARD

Regular Play :  Players select truth valu e in order.
Next Urgat  must select a clause  node. Th is requires
that no ne of its literal  nodes h as been selec ted, 
so the fo rmula should evaluate to false  and Urgat  has
selected th e false clause .

Deviant Play : a Player which sel ects any no de which
is legal bu t violates the protocol o f order  is pun ished
by an immediate loss : 
Selection vars  node in Vk with  k < i  ==>  yki  is lethal
Selection o f enforcer  yki   ==>   xk  is lethal .


