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Begin at the beginning, and go on till you come to the end. Then, .......

L. Carroll, Alice’s Adventures in Wonderland
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A probability space (Ω,G, P) is given. All the processes are assumed to

be G-adapted and càdlàg.

We denote

Bt = exp(
∫ t

0

r(s)ds)

the savings account, where r is deterministic.
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Self-Financing Trading Strategies and Dividend-paying Assets

Self-Financing Trading Strategies and

Dividend-paying Assets

Let Si, i = 1, . . . , k denote the price processes of securities that pay

dividends according to a process of finite variation Di, with Di
0 = 0,

and Sj , j = k + 1, . . . , m non-dividend-paying assets.

The wealth process associated to the strategy φ = (φ1, . . . , φm) is

Vt(φ) =
m∑

�=1

φ�
tS

�
t .

A strategy φ is said to be self-financing if Vt(φ) = V0(φ) + Gt(φ)

where the gains process G(φ) is

Gt(φ) =
k∑

i=1

∫
]0,t]

φi
u dDi

u +
m∑

�=1

∫
]0,t]

φ�
u dS�

u.
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Self-Financing Trading Strategies and Dividend-paying Assets

We say that Q, equivalent to P, is a martingale measure if

• the discounted price B−1
t Sj

t of any non-dividend paying traded

security is a Q-martingale with respect to G

• the ex-dividend price process Si associated with the dividend

process Di satisfies:

Si
t = Bt EQ

(
Si

T B−1
T +

∫
]t,T ]

B−1
u dDi

u

∣∣∣Gt

)
.

The processes Si
tB

−1
t +

∫
]0,t]

B−1
u dDi

u are Q-martingales.

For any self-financing trading strategy φ, the discounted wealth process

B−1
t Vt(φ) is a Q-martingale.
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Self-Financing Trading Strategies and Dividend-paying Assets

Defaultable Market

The probability space is endowed with a reference filtration F.

The default time τ is a non-negative random variable.

Ht = 11{τ≤t} is the default process, with natural filtration H. Note

that Ht = σ(t ∧ τ) and that τ is a H-stopping time.

We set G = F ∨ H.
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Self-Financing Trading Strategies and Dividend-paying Assets

Some examples

• τ is a stopping time in a Brownian filtration

• λ is a given non-negative F-adapted process and

τ = inf{t :
∫ t

0

λudu ≥ U}

where U is a non-negative r.v. independent of F.
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Defaultable claim

Defaultable claim

A defaultable claim maturing at T is a quadruple (X, A, Z, τ),

where

• X is an FT -measurable random variable,

• A is an F-adapted continuous process of finite variation

• Z is an F-predictable process.

The payoff X is done at time T if τ > T

The payoff Zτ is done at default time τ if τ ≤ T

The process A corresponds to a cumulative continuous payment till

default time.
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Defaultable claim

The dividend process D of a defaultable claim (0, A, Z, τ) equals, on

t ≤ T ,

Dt = Aτ∧t + 11τ≤tZτ

=
∫

]0,t]

(1 − Hu) dAu +
∫

]0,t]

Zu dHu
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Credit Default Swap

Credit Default Swap

A credit default swap with a constant rate κ and recovery at default

is a defaultable claim (0, A, Z, τ), where

• Zt ≡ δ(t)

• At = −κ t for every t ∈ [0, T ].

The function (or process) δ : [0, T ] → IR represents the default

protection, and the constant κ ∈ IR represents the CDS rate (also

termed the spread, premium or annuity of a CDS).
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Toy Model

Toy Model

We assume here that F is the trivial filtration. Let

G(t) = Q(τ > t) =
∫ ∞

t

f(u)du

be the Q-survival probability. In that case, for any function h,

E(h(τ)|Ht)11{t<τ} = 11{t<τ}
1

P(t < τ)
E(h(τ)11{t<τ})

= 11{t<τ}
1

G(t)
E

(∫ ∞

t

h(u)f(u)du

)
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Toy Model

We assume that r = 0.

The ex-dividend price of a CDS maturing at T with rate κ is

St(κ) = EQ

(
11{t<τ≤T}δ(τ)

∣∣∣Ht

)
− EQ

(
11{t<τ}κ

(
(τ ∧ T ) − t

) ∣∣∣Ht

)
= 11{t<τ}

1
G(t)

(∫ T

t

δ(u) f(u) du − κ

∫ T

t

G(u) du

)
.

For a CDS initiated at time 0, the value κ is determined so that

S0(κ) = 0, hence ∫ T

0

δ(u) f(u) du = κ

∫ T

0

G(u) du

Note that the price St can take negative values.
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Toy Model

The process

Mt = Ht −
∫ t

0

(1 − Hu)γ(u) du = Ht −
∫ t∧τ

0

γ(u) du,

where γ(u) = f(u)
G(u) is a (Q,H)-martingale.

The process

Lt = 11{t<τ}
1

G(t)

is a (Q,H)-martingale which satisfies dLt = −Lt−dMt.
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Toy Model

Using

St(κ) = Lt

(∫ T

t

δ(u) f(u)du − κ

∫ T

t

G(u) du

)
and IP formula, one proves that the dynamics of the ex-dividend price

St(κ) are

dSt(κ) = −St−(κ) dMt + (1 − Ht)(κ − δ(t)γ(t)) dt .
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Toy Model

The dividend process associated with the CDS is

dDt = −κ(1 − Ht)dt + δ(t)dHt

hence,

d(St(κ) + Dt) = −St−(κ) dMt + (1 − Ht) (κ − δ(t)γ(t)) dt

−κ(1 − Ht) dt + δ(t) dHt

= (δ(t) − St−(κ)) dMt

The function S̃t(κ) such that 11{t<τ}S̃t(κ) = 11{t<τ}St(κ) is the

predefault-price, it satisfies

dS̃t(κ) =
(
S̃t(κ)γ(t) + (κ − δ(t)γ(t))

)
dt,

We assume that S̃t(κ) �= δ(t) for every t ∈ [0, T ].
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Toy Model

Hedging with CDS

Our aim is to find a replicating strategy for the defaultable claim

(X, 0, Z, τ), where X is a constant and Zt = z(t).

Let ĝ and φ1 be two functions defined as

ĝ(t) =
1

G(t)

(∫ t

0

z(s)dG(s) + XG(T )
)

φ1(t) =
h(t) − ĝ(t)

δ(t) − S̃t(κ)
,

Let φ0
t = Vt(φ) − φ1(t)St(κ), where Vt(φ) = EQ(Y |Ht) and

Y = 11{T≥τ}z(τ) + 11{T<τ}X

Then the self-financing strategy φ = (φ0, φ1) based on the savings

account and the CDS is a replicating strategy.
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Toy Model

Proof: The terminal value of the wealth is

VT = z(τ)11τ<T + X11T<τ

On the one hand

E(VT |Ht) = Vt = z(τ)11τ≤t + 11τ<t
1

G(t)

(
XG(T ) +

∫ t

0

z(s)dG(s)
)

=
∫ t

0

z(s)dHs + (1 − Ht)
1

G(t)

(
XG(T ) +

∫ t

0

z(s)dG(s)
)

hence dVt = (z(t) − ĝ(t)) dMt with ĝ(t) = 1
G(t) (

∫ t

0
z(s)dG(s) + XG(T )).

On the other hand, dVt = φ1
t dSt(κ) = φ1

t (δ(t) − St−(κ)) dMt.
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First to default

First to default

We assume again that F is the trivial filtration.

We now assume that two CDS’s with default times τ1 and τ2 are given.

Let G be the survival probability of the pair (τ1, τ2)

G(t, s) = P(τ1 > t, τ2 > s) .

We assume that the pair (τ1, τ2) admits a density f . Some easy

computation lead to P(t < τ1|τ2) = h(t, τ2) where:

h(t, s) =
∂2G(t, s)
∂2G(0, s)
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First to default

Martingales

• Filtration Hi = σ(τi ∧ t) The processes

M i
t = Hi

t −
∫ t∧τi

0

fi(s)
1 − Fi(s)

ds

where

Fi(s) = P(τi ≤ s) =
∫ s

0

fi(u)du

are Hi
t-martingales. In terms of G:

1 − F1(t) = G(t, 0), f1(t) = −∂1G(t, 0)

19



First to default

• Filtration H = H1 ∨ H2 Let F (1) be the H2-submartingale

F
(1)
t = P(τ1 ≤ t|H2

t )

with decomposition F
(1)
t = Z

(1)
t +

∫ t

0
a
(1)
s ds where Z(1) is an

H2-martingale.

The process

M
(1)
t = H1

t −
∫ t∧τ1

0

a
(1)
s

1 − F
(1)
s

ds

is a H-martingale
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First to default

In a closed form, the process

M
(1)
t = H1

t −
∫ t∧τ1

0

a
(1)
s

1 − F
(1)
s

ds

is a H-martingale, where

• a
(1)
t = −H2

t ∂1h
(1)(t, τ2) − (1 − H2

t )∂1G(t,t)
G(0,t)

• h(1)(t, s) = ∂2G(t,s)
∂2G(0,s)

• F
(1)
t = P(τ1 ≤ t|H2

t )

21



First to default

Indeed, some easy computation enables us to write

F
(1)
t = H2

t P(τ1 ≤ t|τ2) + (1 − H2
t )

P(τ1 ≤ t < τ2)
P(τ2 > t)

= H2
t (1 − h(1)(t, τ2)) + (1 − H2

t )
G(0, t) − G(t, t)

G(0, t)

where

h(1)(t, v) =
∂2G(t, v)
∂2G(0, v)

.
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First to default

M
(1)
t = H1

t −
∫ t∧τ1∧τ2

0

γ1(s)ds −
∫ t∧τ1

t∧τ1∧τ2

γ1|2(s, τ2)ds

with

γ1(s) = −∂1G(s, s)
G(s, s)

γ1|2(t, s) = − f(t, s)
∂2G(t, s)

Note that γ1 is the intensity of τ1 before τ2 and γ1|2(t, τ2) is the

intensity of τ1 after τ2.
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First to default

The process

M2
t = H2

t −
∫ t∧τ2

0

a
(2)
s

1 − F
(2)
s

ds

where

• a
(2)
t = −H1

t ∂2h
(2)(τ1, 1) − (1 − H1

t )∂2G(t,t)
G(t,0)

• h(2)(t, s) = ∂1G(t,s)
∂1G(t,0) .

• F
(2)
t = P(τ2 ≤ t|H1

t )

is a H-martingale.
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First to default

It is rather easy to find the dynamics of S1. One starts from the fact

that, on the set {τ1 > t, τ2 > t}

S1
t =

1
G(t, t)

(
−
∫ T

t

δ(u)G(du, t) − κ

∫ T

t

du G(u, t)

)
= V 1(t)

and, on the set {τ1 > t > τ2}

S1
t =

1
∂2G(t, τ2)

(
−
∫ T

t

du δ(u)f(u, τ2) − κ

∫ T

t

du ∂2G(u, τ2)

)
= V 2(t, τ2)
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First to default

Hence

S1
t = (1 − H1

t )(1 − H2
t ) V 1(t) + (1 − H1

t ) H2
t V 2(t, τ2)

and

dS1
t = (1 − H1

t )(1 − H2
t ) dV 1(t) + (1 − H1

t ) H2
t dV 2(t, τ2)

−S1
t− dH1

t − (1 − H1
t ){V 1(t) − V 2(t, τ2)} dH2

t

where

dV 1(t) =
(
(γ1(t) + γ2(t)) V 1(t) + κ1 − δ1(t)γ1(t) − S1

t|2(κ1)γ2(t)
)

dt

dV 2(t, τ2) =
(
γ1|2(t, τ2)V 2(t, τ2) − γ1|2(t, τ2)δ1(t) + κ1

)
dt
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First to default

and the function S1
t|2(κ1) equals

S1
t|2(κ1) =

∫ T

t
δ1(u)f(u, t)du∫∞
t

f(u, t) du
− κ1

∫ T

t
du
∫∞

u
dzf(z, t)∫∞

t
f(u, t) du

.

Note that V 2(τ2, τ2) = S1
τ2|2(κ1)
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First to default

Let S1
t (κ1)11{t<τ(1)} = S̃1

t (κ1)11{t<τ(1)} where τ(1) = τ1 ∧ τ2.

The dynamics of the pre-default price S̃1
t (κ1) are

dS̃1
t (κ1) = (γ1(t) + γ2(t))S̃1

t (κ1) dt +
(
κ1 − δ1(t)γ1(t) − S1

t|2(κ1)γ2(t)
)
dt,
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First to default

The pre-default price of a FtD claim (X, 0, Z, τ(1)), where Z = (Z1, Z2)

and X = c(T ), equals

π̃(t) =

∫ T

t
duZ1(u)

∫∞
t

dv f(u, v) +
∫ T

t
dvZ2(v)

∫∞
t

du f(u, v)
G(t, t)

+c(T )
G(T, T )
G(t, t)

.

Moreover,

dπ̃(t) = (γ1(t) + γ2(t))π̃(t) dt −
n∑

i=1

Zi(t)γi(t) dt,

=
n∑

i=1

γi(t)
(
π̃(t) − Zi(t)

)
dt.
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First to default

Assume that the linear system

φ1
t

(
S̃1

t (κ1) − δ1(t)
)

+ φ2
t

(
S̃2

t (κ2) − S2
t|1(κ2)

)
= Z1(t) − π̃(t),

φ2
t

(
S̃2

t (κ2) − δ2(t)
)

+ φ1
t

(
S̃1

t (κ1) − S1
t|2(κ1)

)
= Z2(t) − π̃(t),

admits a unique solution φt = (φ1
t , φ

2
t ) and let

φ0
t = Vt(φ) − φ1

t S
1
t (κ1) − φ2

t S
2
t (κ2)

where

dVt(φ) =
2∑

i=1

φi
t

(
dSi

t(κi) − κidt
)
, V0(φ) = EQ(Y )

Then the self-financing strategy φ replicates the first-to-default claim

(X, 0, Z, τ(1)).
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Stochastic intensity

Stochastic intensity

We now assume that some reference filtration F such that Ft ⊆ Gt

is given. We set G = F ∨ H so that Gt = Ft ∨Ht = σ(Ft,Ht) for every

t ∈ IR+. The filtration G is referred to as to the full filtration.

We define the process

Ft = Q{τ ≤ t | Ft},
and the survival process Gt = 1 − Ft = Q{τ > t | Ft}.

31



Stochastic intensity

The process G

Gt = Q{τ > t | Ft}
is a supermartingale and admits a decomposition as

Gt = Zt − At

where Z is an F-martingale and A an F predictable increasing process.

We assume that G is a continuous process with G0 = 1 and Gt > 0.
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Stochastic intensity

From the remark that, if (Yt, t ≥ 0) is a G-adapted process, there exists

an F adapted process (yt, t ≥ 0) such that

Yt11t<τ = yt11t<τ

we obtain the key formulae:

• For any integrable GT measurable r.v. Y

E(11{T<τ}Y | Gt) = 11{t<τ}
1
Gt

E(GT Y | Ft) .

• Let y be an F-predictable process. Then,

E(yτ11τ<T |Gt) = yτ11{τ<t} + 11{τ>t}
1
Gt

E(
∫ T

t

yudFu|Ft)
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Stochastic intensity

The ex-dividend price of a credit default swap, with a rate process κ

and a protection payment δτ at default, equals, for every t ∈ [s, T ],

St(κ) = EQ

(
11{t<τ≤T}δτ

∣∣∣Gt

)
− EQ

(
11{t<τ}

∫ τ∧T

t

κsds
∣∣∣Gt

)
,

= 11{t<τ}
1
Gt

EQ

(
−
∫ T

t

δu dGu +
∫ ∞

t

dGu

∫ u∧T

t

κv dv
∣∣∣Ft

)
.
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Stochastic intensity

We now assume that (H) hypothesis holds between F and G, that is

F-martingales are G-martingales.

It is known that if the F market is complete and arbitrage free, and if

using G-adapted strategies in the F-market does not induce arbitrage

opportunities, then this hypothesis holds. It is well known that (H)

hypothesis is equivalent to

P(τ ≤ t|Ft) = P(τ ≤ t|F∞)

hence the process F is increasing ( G is decreasing). We assume that F

is a Brownian filtration and that F is absolutely continuous wrt

Lebesgue measure.
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Stochastic intensity

The process

Mt = Ht −
∫ t∧τ

0

γu du,

with γtdt = dFt

Gt
is a G-martingale. The dynamics of the ex-dividend

price St(κ) are

dSt(κ) = −St−(κ) dMt+(1−Ht)BtG
−1
t dmt+(1−Ht)(rtSt(κ)+κ−δtγt) dt,

where m is the (Q,F)-martingale given by

mt = EQ

(∫ T

0

B−1
u δuGuγu du − κ

∫ T

0

B−1
u Gu du

∣∣∣Ft

)
.
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Stochastic intensity

Hedging defaultable claims

Our aim is to hedge

Y = 11{T≥τ}Zτ + 11{T<τ}X.

using two CDS with maturities Ti, rates κi and protection payment δi.

We assume r = 0. Let ζi
t defined as

mi
t = EQ

(∫ T

0

δi
uGuγu du − κi

∫ T

0

Gu du
∣∣∣Ft

)
, dmi

t = ζi
tdWt

and

mZ
t = EQ(−

∫ ∞

0

ZudGu + GT X|Ft), dmZ
t = ζZ

t dWt
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Stochastic intensity

Assume that there exist F-predictable processes φ1, φ2 such that

2∑
i=1

φi
t

(
δi
t − S̃i

t(κi)
)

= Zt − ĝt,

2∑
i=1

φi
tζ

i
t = ζt,

where ĝ is given by

ĝt =
1
Gt

EQ

(
−
∫ T

t

Zu dGu + GT X
∣∣∣Ft

)
.

Let φ0
t = Vt(φ) −∑2

i=1 φi
tS

i
t(κi), where the process V (φ) is given by

dVt(φ) =
2∑

i=1

φi
t

(
dSi

t(κi) + dDi
t

)
with the initial condition V0(φ) = EQ(Y ). Then the self-financing

trading strategy φ = (φ0, φ1, φ2) is admissible and it is a replicating

strategy for a defaultable claim (X, 0, Z, τ).
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Stochastic intensity

Pricing First to default claims

We now assume that some reference filtration F is given. Let the

default times τi, i = 1, 2 be such that (H) hypothesis holds between F

and G = F ∨ H1 ∨ H2 hence between F and G1 = F ∨ H1 (resp.

G2 = F ∨ H2. We denote by

G(t, s; u) = P (τ1 > t, τ2 > s|Fu)

Under H hypothesis, G(t, t; t), G(0, t; t) and G(t, 0; t) are increasing

processes, supposed to be continuous. Furthermore, for t < u, s < u

P(τ1 ≤ t, τ2 ≤ s|Fu) = P(τ1 ≤ t, τ2 ≤ s|F∞)
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Stochastic intensity

Then, one can generalize the previous results, established in the case of

trivial filtration. In the case r = 0, the dynamics of the pre-default

price S̃1
t (κ1) are

dS̃1
t (κ1) =

(
(γ1(t) + γ2(t))S̃1

t (κ1) + κ1 − δ1(t)γ1(t) − S1
t|2(κ1)γ2(t)

)
dt+G−1

t dmt,

with

γ1(t) = −∂1G(t, t; t)
G(t, t; t)
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Stochastic intensity

Assume that the recovery Z, paid at first default time, is a

F-predictable process. The first default time τ(1) satisfies

P(τ(1) > t|Ft) = G(t, t; t) = G(t, t;∞) = G(1)(t)

and

E(Z(τ(1))11t<τ(1)<T |Gt) = 11τ(1)>tE(
∫ T

t

ZudG(1)(u)|Ft)
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Stochastic intensity

In the case where τ1 and τ2 are conditionally independent with

respect to Ft, then G(1)(u) = G1(u)G2(u) with Gi(t) = P(τi > t|Ft),

hence

dG(1)(u) = G1(u)dG2(u) + G2(u)dG2(u)
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Stochastic intensity

Begin at the beginning, and go on till you come to the end. Then, stop.

L. Carroll, Alice’s Adventures in Wonderland
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Stochastic intensity

Thank you for your attention
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